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1 Introduction

We consider free boundary problem governing the motion of two different viscous fluids,
compressible and incompressible, contained in a fixed bounded domain Ω ⊂ R

3 and separated
by a variable interface Γt, t > 0. It is assumed that the incompressible fluid fills a strictly
interior subdomain Ω−

t ⊂ Ω and a compressible fluid fills the domain Ω+
t = Ω\Ω−

t surrounding
Ω−
t . The boundary Σ of Ω is bounded away from Γt: Σ ∩ Γt = ∅. The fluids are subject to

the mass forces f(x, t), x ∈ Ω, and to the capillary forces at the interface Γt. The motion of
the fluids is governed by the system of equations





ρ−(Dtv
− + (v− · ∇)v−)−∇ · T−(v−) +∇p− = ρ−f ,

∇ · v− = 0 in Ω−

t
,

ρ+(Dtv
+ + (v+ · ∇)v+)−∇ · T+(v+) +∇p(ρ+) = ρ+f ,

Dtρ
+ +∇ · (ρ+v+) = 0 in Ω+

t
,

v±|t=0 = v±

0 in Ω±

0 , ρ+|t=0 = ρ+0 in Ω+
0 ,

v+|Σ = 0, [v]|Γt
= 0, Vn = v · n|Γt

,

(−p(ρ+) + p−)n+ [T(u)n] = −σHn on Γt,

(1.1)

where the unknowns are the velocity vector fields of both fluids v±(x, t), x ∈ Ω±
t , the density

ρ+(x, t) > 0 of the compressible fluid and the pressure p−(x, t) of the incompressible one. The
pressure in the compressible fluid is given by a positive strictly monotone increasing function
of density p(ρ+); ρ− > 0 is a given constant density of the incompressible fluid. The viscous
parts of the stress tensors are denoted by T

±(v±):

T
−(v−) = µ−S(v−), T

+(v+) = µ+S(v+) + µ+1 I∇ · v+,

where µ± > 0, µ+1 > −2µ+/3 are constant viscosity coefficients,

S(w) = (∇⊗w) + (∇⊗w)T

is the doubled rate-of-strain tensor, the superscript T means transposition, I is the identity
matrix, σ is a positive constant coefficient of the surface tension, H is the doubled mean
curvature of Γt, Vn is the velocity of evolution of Γt in the direction of n, the exterior normal
to Γt with respect to Ω−

t , [u]|Γt is the jump of the functions u± given in Ω±
t on the surface

Γt, i.e.,
[u]|Γt = u+|Γt − u−|Γt .

Since one of the fluids is incompressible, the quantities |Ω±
t | = mesΩ±

t and the mean value
of the density ρ+ = M+/|Ω+

t |, where M+ is a total mass of the compressible fluid, are
independent of t. Upon setting

ϑ+ = ρ+ − ρ+, ϑ− = p− − p(ρ+)− 2σ

R0
,

where R0 is the radius of the ball B−
R0

such that |Ω−
t | = 4πR3

0/3, the jump conditions on Γt

can be written as follows:

[v] = 0, −
(
p(ρ+ + ϑ+)− p(ρ+)− ϑ−

)
n+ [T(v)n] = −σ

(
H +

2

R0

)
n.
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It is clear that ∫

Ω+
t

ϑ+(x, t) dx = 0.

We write (1.1) as a nonlinear problem in a fixed domain Ω+
0 ∪ Γ0 ∪ Ω−

0 by passing to the
Lagrangian coordinates y ∈ Ω+

0 ∪Γ0∪Ω−
0 related to the Eulerian coordinates x ∈ Ω+

t ∪Γt∪Ω−
t

by the equation

x = y +

t∫

0

u(y, τ)dτ ≡ Xu(y, t), (1.2)

where u(y, τ) is the velocity vector field written as a function of the Lagrangian coordinates.
Then problem (1.1) takes the form





ρ−Dtu
− −∇u · T−

u(u
−) +∇uθ

− = ρ−f̂ ,

∇u · u− = 0 in Ω−
0 ,

ρ̂+Dtu
+ −∇u · T+

u(u
+) +∇up(ρ̂

+) = ρ̂+f̂ ,

Dtρ̂
+ + ρ̂+∇u · u+ = 0, ρ̂+|t=0 = ρ+0 in Ω+

0 ,

u±|t=0 = u±
0 ≡ v±

0 in Ω±
0 , u+|Σ = 0, [u]|Γ0 = 0,

(−p(ρ̂+) + p(ρ+) + θ−)n + [Tu(u)n] = −σ(Ĥ + 2
R0

)n on Γ0,

(1.3)

where f̂(y, t) = f(Xu(y, t), t), ρ̂+ = ρ+ + θ+, Ĥ = H(Xu), θ
± = ϑ±(Xu, t), ∇u =

(L−1)T∇y = L
−T∇y is the transformed gradient ∇x, L =

(
∂x
∂y

)
is the Jacobi matrix of

the transformation (1.2), the subscript T means transposition, L̂ = L
−TL, L = detL, L = 1

in Ω−
t , Su(u) = ∇u ⊗ u+ (∇u ⊗ u)T is the transformed doubled rate-of-strain tensor,

T
−
u(u

−) = µ−Su(u
−), T

+
u(u

+) = µ+Su(u
+) + µ+1 I∇u · u+.

The elements of the transposed co-factor matrix L̂
T are given by

(L̂T )im = (∇Xj ×∇Xk)m, (1.4)

where Xj = (Xu)j and (i, j, k) is a cyclic permutation of (1, 2, 3).
The kinematic condition Vn = u · n is fulfilled automatically. The normal n(Xu) to Γt is

related to the normal n0 to Γ0 by the formula

n =
L̂
Tn0(y)

|L̂Tn0(y)|
. (1.5)

Since Hn = ∆(t)Xu, where ∆(t) is the Laplace–Beltrami operator on Γt, it can be shown
that the corresponding linear problem has the form





ρ+Dtv
+ − µ+∇2v+ − (µ+ + µ+1 )∇(∇ · v) + p1∇θ+ = f+,

Dtθ
+ + ρ+∇ · v+ = h+ in Ω+

0 ,

ρ−Dtv
−−µ−∇2v−+∇θ−=f−, ∇ · v−=h− in Ω−

0 , v+|Σ=0,

v|t=0 = v0 in Ω+
0 ∪ Ω−

0 , θ+|t=0 = θ+0 in Ω+
0 ,

[v]|Γ0 = 0, [µΠ0S(v)n0]|Γ0 = b,

−p1θ++θ−+[n0 · T(v)n0]+σn0 ·
t∫
0

∆(0)v(y, τ) dτ |Γ0 =b+
t∫
0

B dτ,

(1.6)
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where f±, h±, b, b, B, v0, θ
+
0 are some given functions, p1 = p′(ρ+) > 0.

In the present paper problems (1.3) and (1.6) are studied in the Sobolev–Slobodetskĭı

spaces W r
2 (Ω) and W r,r/2

2 (QT ) with the norms

‖u‖2W r
2 (Ω) =

∑

06|j|6r

‖Dju‖2L2(Ω) ≡
∑

06|j|6r

∫

Ω

|Dju(x)|2 dx,

if r = [r], i.e., r is an integer, and

‖u‖2W r
2 (Ω) = ‖u‖2

W
[r]
2 (Ω)

+
∑

|j|=[r]

∫

Ω

∫

Ω

|Dju(x)−Dju(y)|2 dxdy

|x− y|n+2ρ
,

if r = [r] + ρ, ρ ∈ (0, 1); here, Ω ⊂ R
n, QT = Ω × (0, T ), r > 0. As usual, Dju denotes a

(generalized) partial derivative ∂|j|u

∂x
j1
1 ...∂xjn

n

where j = (j1, j2, . . . jn) and |j| = j1+ · · ·+ jn. The

anisotropic space W r,r/2
2 (QT ) can be defined as

L2((0, T ),W
r
2 (Ω)) ∩W

r/2
2 ((0, T ), L2(Ω)) ≡W r,0

2 (QT ) ∩W 0,r/2
2 (QT )

and supplied with the norm

‖u‖2
W

r,r/2
2 (QT )

=

T∫

0

‖u( · , t)‖2W r
2 (Ω) dt+

∫

Ω

‖u(x, · )‖2
W

r/2
2 (0,T )

dx

≡ ‖u‖2
W r,0

2 (QT )
+ ‖u‖2

W
0,r/2
2 (QT )

.

(1.7)

In addition, we set ‖u‖Ω = ‖u‖L2(Ω),

|||u|||(r+l,l/2)
QT

=
(
‖u‖2

W r+l,0
2 (QT )

+ ‖u‖2
W

l/2
2 (0,T );W r

2 (Ω))

)1/2
, (1.8)

and
‖u‖W r

2 (∪Ω±) =
(
‖u‖2W r

2 (Ω
+) + ‖u‖2W r

2 (Ω
−)

)1/2
,

if Ω = ∪Ω± and u(x) can be discontinuous on Ω̄+ ∩ Ω̄−. Finally,

‖u‖2
Hr,r/2(QT )

= ‖u‖2
Ŵ

r,r/2
2 (QT )

+
∑

0<k<r/2−1/2

sup
t<T

‖Dk
t u( · , t)‖2W r−1−2k

2 (Ω)
, (1.9)

where
‖u‖

Ŵ
r,r/2
2 (QT )

= ‖u‖
W

r,r/2
2 (QT )

(1.10)

if r/2 is an integer or r/2 = [r/2] + ρ, 1/2 < ρ < 1,

‖u‖2
Ŵ

r,r/2
2 (QT )

= ‖u‖2
W

r,r/2
2 (QT )

+
1

T 2ρ
‖D[r/2]

t u( · , t)‖2L2(QT ) (1.11)

if ρ ∈ (0, 1/2) (the case of ρ = 1/2 is excluded).
For arbitrary T > 0, the norms (1.9)–(1.11) are equivalent to the norm (1.7); they are

useful in the analysis of problems (1.3) and (1.6) in a small time interval (0, T ) (see [1] and
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§2). Functions with finite norm (1.11), where r ∈ (0, 1/2), can be extended by zero into the
domain t < 0 with preservation of regularity, and the norm (1.11) is equivalent to the norm
‖u‖

W
r,r/2
2 (Ω×(−∞,T ))

defined by

‖u‖2
W

r,r/2
2 (Ω×(−∞,T ))

= ‖u‖2
W r,0

2 (QT )
+ ‖u‖2

Ẇ
0,r/2
2 (Ω×(−∞,T ))

,

‖u‖2
Ẇ

0,r/2
2 (Ω×(−∞,t))

=

∞∫

0

dh

h1+r

T∫

0

‖∆t(−h)u( · , t)‖2L2(Ω) dt,

where ∆t(−h)u(x, t) = u(x, t− h)− u(x, t) is a finite difference of u with respect to t.
Our starting point is the following theorem.

Theorem 1 (see [6, 7]). Suppose that Σ ∈ W
l+3/2
2 , Γ0 ∈ W

l+3/2
2 , l ∈ (1/2, 1). For arbitrary

f ∈W
l,l/2
2 (∪Q±

T ), h
− ∈W

l+1,(l+1)/2
2 (Q−

T ) such that

Dth
− = ∇ ·H +H1, H,H1 ∈W

0,l/2
2 (Q−

T ),

h+ ∈W l+1,0
2 (Q+

T ) ∩W
l/2
2 ((0, T );W 1

2 (Ω
+
0 )), b ∈W

l+1/2,l/2+1/4
2 (GT ),

b ∈W
l+1/2,0
2 (GT ) ∩ Ŵ l/2

2 ((0, T ),W
1/2
2 (Γ0)), B ∈ Ŵ l−1/2,l/2−1/4

2 (GT ),

v0 ∈W l+1
2

(
Ω±
0

)
, h+0 ∈W l+1

2 (Ω+
0 ),

where Q±
T =Ω±

0 × (0, T ), GT =Γ0×(0, T ), satisfying the compatibility conditions

∇ · v−
0 (y) = h−0 (y) in Ω−

0 , [µΠ0S(v0)n0]|Γ0 = b(y, 0),

b · n0 = 0, [v+
0 ]|Γ0 = 0, v+

0 |Σ = 0,
(1.12)

problem (1.6) has a unique solution in an arbitrary finite time interval (0, T ), and we have

‖v‖H2+l,1+l/2(∪Q±
T ) + ‖θ−‖

Ŵ
l/2
2 ((0,T );W 1

2 (Ω
−
0 ))

+ ‖θ−‖
W l+1,0

2 (Q−
T )

+ ‖θ+‖
Ŵ

l/2
2 ((0,T );W 1

2 (Ω
+
0 ))

+ ‖θ+‖
W l+1,0

2 (Q+
T )

+ ‖Dtθ
+‖

Ŵ
l/2
2 ((0,T );W 1

2 (Ω
+
0 ))

+ ‖Dtθ
+‖

W l+1,0
2 (Q+

T )

6 c(T )
(
‖f‖

W
l,l/2
2 (∪Q±

T )
+ ‖h−‖

W l+1,0
2 (∪Q−

T )
+ ‖H‖

Ŵ
0,l/2
2 (Q−

T )
(1.13)

+ ‖H1‖Ŵ 0,l/2
2 (Q−

T )
+ ‖h+‖

W l+1,0
2 (∪Q+

T )
+ ‖h+‖

Ŵ
l/2
2 ((0,T );W 1

2 (Ω
+
0 ))

+ ‖b‖Hl+1/2,l/2+1/4(GT ) + ‖b‖
W

l+1/2,0
2 (GT )

+ ‖b‖
Ŵ

1/2
2 ((0,T );W

1/2
2 (Γ0))

+ ‖B‖
Ŵ

l−1/2,l/2−1/4
2 (GT )

+ ‖v0‖W l+1
2 (∪Ω±

0 ) + ‖θ+0 ‖W l+1
2 (Ω+

0 )

)
,

where Π0g = g − n0(g · n0), c(T ) is a monotone nondecreasing function of T .

We recall that

‖u‖2
H2+l,1+l/2(Q±

T )
=‖u‖2

W 2+l,0
2 (Q±

T )
+‖Dtu‖2

Ŵ
l,l/2
2 (Q±

T )
+sup

t<T
‖u( · , t)‖2

W l+1
2 (∪Ω±

0 )
,

‖b‖2
Hl+1/2,l/2+1/4(GT )

=‖b‖2
W

l+1/2,l/2+1/4
2 (GT )

+sup
t<T

‖b( · , t)‖2
W

l−1/2
2 (Γ0)

.
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For a nonlinear problem (1.3), the existence of a unique solution in a finite time interval is
established in §2. In §§3 and 5 estimates of the solution with exponential weight eβt, β > 0,
are obtained, and the solution is extended into the infinite time interval (0,∞) if the data of
the problem satisfy some smallness conditions. It is shown that the solution tends to a rest
state of the problem (1.1) as t → ∞: v = 0, p−, ϑ± are constants in Ω±

∞, Ω−
∞ is a ball of

radius R0 centered at a point h∞ close to the barycenter of Ω−
0 . For two incompressible fluids

these results were obtained in [2–5], see also [10].
Theorem 1 and the local existence theorem for a nonlinear problem were proved earlier

in [6] under some additional assumptions on the viscosity coefficients, which were lifted in
[3, 7–10]. The case of σ = 0 was studied in [7–9].

2 Local solution of problem (1.3).

In this section, we study problem (1.3) in a finite time interval (0, T ) with T > 1 fixed later.
By separating linear and nonlinear terms, we transform (1.3) into





ρ−Dtu
− −∇ · T−(u−) +∇θ− = l−1 (u

−, θ−) + ρ−f̂ ,

∇ · u− = l−2 (u
−) in Ω−

0 , t > 0,

ρ+Dtu
+ −∇ · T+(u+) + p1∇θ+ = l+1 (u

+, θ+) + (ρ+ + θ+)f̂ ,

Dtθ
+ + ρ+∇ · u = l+2 (u

+, θ+) in Ω+
0 , t > 0,

u±|t=0 = u±
0 in Ω±

0 , θ+|t=0 = θ+0 = ρ+0 − ρ+,

[u]|Γ0 = 0, [µΠ0S(u)n0]|Γ0 = l3(u)|Γ0 ,

−p1θ+ + θ− + [n0 · T(u)n0]
∣∣
Γ0

+ σn0 ·
t∫
0

∆(0)u(y, τ) dτ
∣∣
Γ0

= l4(u)−
t∫
0

(l5(u) + l6(u)) dτ − σ(H0 +
2
R0

), u|Σ = 0,

(2.1)

where H0 = H|t=0,

l−1 (u, θ)=∇u ·T−
u(u

−)−∇·T−(u−)+(∇−∇u)θ
−,

l+1 (u, θ)=∇u ·T+
u(u

+)−∇ · T+(u+)

+p1(∇−∇u)θ
+−∇u

(
p(ρ++θ+)−p(ρ+)−p1θ+

)
−θ+Dtu

+,

l−2 (u)=(∇−∇u)·u−=∇·L(u−), L(u−)=(I−L
−1)u−=(I−L̂)u−,

l+2 (u, θ)=ρ
+(∇−∇u) · u+ − θ+∇u · u+,

l3(u)=[µ(Π0(Π0S(u)n0−ΠSu(u)n)]
∣∣
Γ0
,

l4(u, θ)=[n0 ·T(u)n0−n · Tu(u)n]+(p+(ρ++θ+)−p+(ρ+)−p1θ+)
∣∣
Γ0
,

l5(u)=σDt(n∆(t))·
t∫

0

u(y, τ) dτ+σ(n ·∆(t)−n0 ·∆(0))u,

l6(u)=σ(ṅ∆(t) + n∆̇(t))·y
∣∣∣
Γ0

, ṅ=Dtn, ∆̇(t)=Dt∆(t),

Π0g=g−n0(n0 · g), Πg=g−n(n · g). (2.2)
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Remark. 1. Since L̂
T∇·u− = ∇· L̂u−, the expression l−2 (u) can be written in the divergence

form: l−2 (u
−) = ∇ · Lu−, L = (I− L̂).

2. The relation Π0[µS(u)n0] = l3(u) is equivalent to Π0Π[µSu(u)n] = 0, which implies
Π[µSu(u)n] = 0, provided that n · n0 > 0. This condition will be justified later as a conse-
quence of the smallness condition (2.10).

The operator ∆(t) is given by

∆(t) =
1√
g

2∑

α,β=1

∂

∂sα
gαβ

√
g
∂

∂sβ
, (2.3)

where g = det(gαβ),α, β = 1, 2, the gαβ = ∂Xu

∂sα
· ∂Xu

∂sβ
are elements of the metric tensor on

Γt, gαβ and ĝαβ are elements of the inverse and transposed co-factors matrices to (gαβ),
respectively. We assume that (s1, s2) are local Cartesian coordinates on the tangential plane
to Γ0 with the origin at the point y0 ≡ 0. Let Γ′

0 ⊂ Γ0 be a neighborhood of the origin defined
by the equation

s3 = φ(s1, s2) ∈W
5/2+l
2 (K), K = {s21 + s22 6 d2},

the y3-axis being directed along n0(y0). Then the set Γ′
t = XuΓ

′
0 ⊂ Γt is given by the

equations

zγ = sγ +

t∫

0

ũγ(s1, s2, φ(s1, s2), τ) dτ, γ = 1, 2,

z3 = φ(s1, s2) +

t∫

0

ũ3(s1, s2, φ(s1, s2), τ) dτ,

(2.4)

where the ũi are the projections of u to the si-axes and

gαβ=

3∑

i=1

∂zi
∂sα

∂zi
∂sβ

=δαβ+φαφβ+φαU3β+φβU3α+Uαβ+Uβα+

3∑

i=1

UiαUiβ ,

Uiα=

t∫

0

( ∂ũi
∂sα

+ φα
∂ũi
∂s3

)
dτ, φα=

∂φ

∂sα
. (2.5)

The time derivative ∆̇(t) of ∆(t) is given by

∆̇(t) = − ġ

2g
∆(t) +

1√
g

2∑

α,β=1

∂

∂sα
g̃αβ

∂

∂sβ
, (2.6)

where g̃αβ = Dt
ĝαβ√

g , ġ = Dtg.
The main result of the present section is the following theorem.

Theorem 2. Assume that Γ0 ∈ W
l+5/2
2 , Σ ∈ W

l+3/2
2 , l ∈ (1/2, 1), p(ρ+) is a C2-function

with Lipschitz continuous second derivatives, and the compatibility conditions (1.12), i.e.,

∇ · v−
0 = 0, [µΠ0S(v0)n0]|Γ0 = 0, [v0]|Γ0 = 0, v0|Σ = 0,
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as well as the smallness conditions

‖u0‖W l+1
2 (∪Ω±

0 )+‖θ+0‖W l+1
2 (Ω+

0 )
+σ

∥∥∥H0+
2

R0

∥∥∥
W

l+1/2
2 (Γ0)

+‖f‖
W

l,l/2
2 (QT )

6ε≪1, (2.7)

are satisfied with ε = ε(T ), moreover, f ,∇f± ∈ W
l,l/2
2 (Q±

T ), where Q±
T = Ω±

0 × (0, T ). Then

problem (1.3) has a unique solution (u±, θ±) such that

u± ∈W 2+l,1+l/2
2 (∪Q±

T ), θ+,Dtθ
+ ∈W l+1,0

2 (Q+
T ) ∩W

l/2
2 ((0, T );W 1

2 (Ω
+
0 )),

θ− ∈W l+1,0
2 (Q−

T ) ∩W
l/2
2 ((0, T );W 1

2 (Ω
−
0 ))

and we have the estimate

Y (u, θ) ≡ ‖u‖H2+l,1+l/2(∪Q±
T ) + ‖θ−‖

Ŵ
l/2
2 ((0,T );W 1

2 (Ω
−
0 ))

+ ‖θ−‖
W l+1,0

2 (Q−
T )

+ ‖θ+‖
W l+1,0

2 (Q+
T )

+ ‖θ+‖
Ŵ

l/2
2 ((0,T );W 1

2 (Ω
+
0 ))

+ ‖Dtθ
+‖

W l+1,0
2 (Q+

T ))
+ ‖Dtθ

+‖
Ŵ

l/2
2 ((0,T );W 1

2 (Ω
+
0 ))

6 c(T )
(
‖u0‖W l+1

2 (∪Ω±
0 ) + σ

∥∥∥H0 +
2

R0

∥∥∥
W

l+1/2
2 (Γ0)

+ ‖θ+0 ‖W l+1
2 (Ω+

0 ) + ‖f‖
Ŵ

l,l/2
2 (QT )

)
,

(2.8)

where c(T ) is a monotone nondecreasing function of T .

The proof is based on Theorem1 and on the estimate of nonlinear terms (2.2).

Proposition 1. Let

Z(u, θ) = ‖l±1 ‖Ŵ l,l/2
2 (∪Q±

T )
+ ‖l±2 ‖W l+1,0

2 (∪Q±
T )

+ ‖DtL(u)‖
Ŵ

0,l/2
2 (QT )

+ ‖l4(u)‖Ŵ l/2
2 ((0,T );W

1/2
2 (Γ0))

+ ‖l3(u)‖Hl+1/2,l/2+1/4(GT )

+ ‖l±2 ‖Ŵ l/2
2 ((0,T );W 1

2 (Ω
±
0 ))

+ ‖l5(u)‖Ŵ l−1/2,l/2−1/4
2 (GT )

.

(2.9)

If

sup
t<T

‖θ+( · , t)‖W l+1
2 (Ω+

0 ) + sup
t<T

‖U( · , t)‖W l+2
2 (∪Ω±

0 )

6 sup
t<T

‖θ+( · , t)‖W l+1
2 (Ω+

0 ) + (1 +
√
T )‖u‖

W l+2,0
2 (∪Q±

T )
6 δ ≪ 1,

(2.10)

where U(ξ, t) =
t∫
0

u(ξ, τ) dτ, then

Z(u, θ) 6 c
√
TY 2(u, θ) 6 δY (u, θ) (2.11)

and

‖l6(u)‖Ŵ l−1/2,l/2−1/4
2 (GT )

6 c
(
‖∇u‖

W
l+1/2−κ,0
2 (GT )

+ ‖∇u‖
Ŵ

l−1/2
2 ((0,T );W

3/2−l
3 (Γ0))

)
,

(2.12)

where κ ∈ (0, l − 1/2). If f ∈W
l,l/2
2 (QT ) and ∇f ∈ L2(QT ), then

‖f̂‖
W

l,l/2
2 (∪Q±

T )
6 c

(
‖f‖

W
l,l/2
2 (QT )

+ ‖∇f‖L2(QT ) sup
QT

|u(y, t)|
)
. (2.13)
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Proof. We cite some auxiliary inequalities (see [1,4]), namely,

‖uv‖W l
2(Q) 6 c‖u‖W l

2(Q)‖v‖W s
2 (Q),

‖uv‖L2(Q) 6 c‖u‖W l
2(Q)‖v‖Wn/2−l

2 (Q)
, if l < n/2,

‖uv‖W l
2(Q) 6 c

(
‖u‖W l

2(Q)‖v‖W s
2 (Q) + ‖v‖W l

2(Q)‖u‖W s
2 (Q)

)
, if l > n/2,

(2.14)

where Q is a bounded domain in R
n, n = 2, 3, s > n/2. If u, v depend also on t ∈ (0, T ), then

(2.14) implies

‖uv‖
W l,0

2 (QT )
6c‖u‖

W l,0
2 (QT )

sup
t∈(0,T )

‖v( · , t)‖
W

n/2+κ

2 (Q)
, QT =Q×(0, T ), (2.15)

where l < n/2, κ ∈ (0, l − 1/2). In addition, from

‖∆t(−h)uv‖Q 6 sup
Q

|v(y, t)|‖∆t(−h)u( · , t)‖Q + ‖∆t(−h)v‖Lq(Q)‖u‖Lp(Q)

it follows that

‖uv‖
Ẇ

0,l/2
2 (QT )

6 c sup
Q′

T

|v(y, t)|‖u‖
Ẇ

0,l/2
2 (QT )

+ c‖v‖
W

l/2
2 ((0,T );W

n/2−l
2 (Q))

sup
t<T

‖u( · , t)‖W l
2(Q

′)),
(2.16)

where l − n/2 + n/p = 0, 1/q = 1/2 − 1/p, l < n/2. If l > n/2, then

‖uv‖
Ẇ

0,l/2
2 (QT )

6c
(
sup
Q′

T

|u(y, t)|‖v‖
Ẇ

0,l/2
2 (QT )

+ sup
QT

|v(y, t)|‖u‖
Ẇ

0,l/2
2 (QT )

)
. (2.17)

We pass to the estimates of expressions li on the right-hand side of (2.1). Inequality (2.10)
implies

‖L̂− I‖W 1+l
2 (∪Ω±

0 ) + ‖n −n0‖W l+1/2
2 (Γ0)

6 c
√
T‖∇u‖W l+1

2 (∪Q±
T ) 6 cδ,

‖DtL̂‖W l+1
2 (∪Ω±

0 ) 6 c‖∇u‖W l+1
2 (∪Ω±

0 ),
(2.18)

hence the expressions l±1 (u, θ
±), l±2 , ∇uT

±
u(u

±) − ∇T
±(u±), θ+Dtu

+, as well as l3, [n0 ·
T(u)n0 −n ·Tu(u)n)]Γ0 are estimated by the same arguments as in [1] (see also calculations

in §4), by cδY , i.e., the norms of all these expressions satisfy (2.11). The W l,l/2
2 (QT )-norm

of f̂ is estimated as in [4], i.e., by passing to the Eulerian coordinates under the integral sign
and by using the relation

f(Xu(y, t), t) − f(Xu(y, t− τ), t) = −
1∫

0

∇f(Xu(y, t− λτ), t)u(y, t− λτ)τ dλ.

Indeed, we have

‖f(Xu, t)‖2L2(Q
±
T )

=

T∫

0

∫

Ω±
0

|f(Xu(y, t), t)|2 dy dt
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=

T∫

0

dt

∫

Ω±
t

|f(x, t)|2L−1 dx 6 c‖f‖2L2(QT ),

T∫

0

dt

∫

Ω±
0

∫

Ω±

|f(Xu(y, t), t)− f(Xu(z, t), t)|2
dy dz

|y − z|3+2l

6 c

T∫

0

dt

∫

Ω±
t

∫

Ω±
t

|f(x, t)− f(x′, t)|2 dxdx′

|x− x′|3+2l

6 c

T∫

0

dt

∫

Ω

∫

Ω

|f(x, t)− f(x′, t)|2 dxdx′

|x− x′|3+2l
,

T∫

0

T∫

0

∫

Ω±
0

|f(Xu(y, t), t)− f(Xu(y, t), t
′)|2 dy dt dt′

|t− t′|1+l

6 c

T∫

0

T∫

0

∫

Ω

f(x, t)− f(x, t)|2 dxdt dt′

|t− t′|1+l
,

T∫

0

dt

t∫

0

dτ

τ1+l

∫

Ω±
0

|f(Xu(y, t), t) − f(Xu(y, t− τ), t)|2 dy

6

1∫

0

dλ

T∫

0

dt

t∫

0

dτ

τ1+l

∫

Ω±
0

∣∣∇f(Xu(y, t−λτ), t)
∣∣2|u(y, t−λτ)|2τ2 dy

6 cT 2−l‖∇f‖2L2(QT ) sup
Q±

T

|u(y, t)|2.

Hence
‖f̂‖

Ŵ
l,l/2
2 (Ω±

0 )
6 c

(
‖f‖

Ŵ
l,l/2
2 (Ω)

+ T 1−l/2‖∇f‖L2(QT ) sup
Q±

T

|u(y, t)|
)
.

Let us consider the term

P ≡ ∇u(p(ρ
+ + θ+)− p(ρ+)− p1θ

+) = ∇u

1∫

0

(p′(ρ+ + sθ+)− p′(ρ+)) dsθ+.

Since p ∈ C2+1(min ρ+,max ρ+), we have

‖P ‖
W l,0

2 (Q+
T )

6 c‖∇θ+‖W l
2(Q

+
T ) sup

t<T
‖θ+‖W l+1

2 (Ω+
0 ) 6 cδ‖∇θ+‖W l

2(Q
+
T ),
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‖∆t(−h)P ‖L2(Ω
+
0 )

6 c(‖∆t(−h)∇θ+‖L2(Ω
+
0 ) sup

Q+
T

|θ+(y, t)|+ ‖∆t(−h)θ+‖L6(Ω
+
0 )‖∇θ+‖L3(Ω

+
0 )

6 c‖∆t(−h)θ+‖W 1
2 (Ω

+
0 )‖θ+‖W 1+l

2 (Ω+
0 )

6 c

h∫

0

‖Dtθ
+( · , t− τ)‖W 1

2 (Ω
+
0 ) dt‖θ+‖W 1+l

2 (Ω+
0 ),

1

T l

T∫

0

‖P ‖2
L2(Ω

+
0 )

dt 6 cT 1−l sup
t<T

‖∇θ+( · , t)‖2
L2(Ω

+
0 )

sup
Q+

T

|θ+(y, t)|2,

which implies

‖P ‖
Ŵ

l,l/2
2 (Q+

T )
6 c(T )δ

(
‖Dtθ

+‖
W l+1,0

2 (Q+
T )

+ ‖θ+0 ‖W l+1
2 (Ω0)

)
,

because

‖θ+‖W l+1
2 (Ω0)

6 ‖θ+0 ‖W l+1
2 (Ω0)

+

t∫

0

‖Dtθ
+‖

W l+1,0
2 (Q+

T )
dτ.

The term in l4 containing the expression (p(ρ+ + θ+) − p(ρ+) − p1θ
+)

∣∣
Γ0

is estimated in a
similar way.

We proceed with the estimates of l5(u) and l6(u). From formulas (2.3)–(2.6) it follows
that the the coefficients gαβ in ∆(t) are uniformly bounded and coefficients ġαβ in ∆̇(t) are
controlled by sup |∇u|. By (2.2), l5 is equal to the sum l5 = l51 + l52 with l51 = σDt(n∆(t)) ·∫ t
0 u(y, τ) dτ , whence

‖l51‖W l−1/2
2 (Γ0)

6c‖∇u‖
W

l+1/2−κ

2 (Γ0)

∥∥∥
t∫

0

udτ
∥∥∥
W

l+3/2
2 (Γ0)

6cδ‖∇u‖
W

l+1/2−κ

2 (Γ0)
,

‖∆t(−h)l51‖L2(Γ0) 6 c‖∆t(−h)∇u‖
W

3/2−l
2 (Γ0)

t∫

0

‖u( · , τ) dτ‖
W

3/2+l
2 (Γ0)

+ ‖∇u‖
W

3/2−l
2 (Γ0)

h∫

0

‖u( · , t − τ)‖
W

3/2+l
2 (Γ0)

dτ,

1

T l−1/2

T∫

0

‖l51‖2L2(Γ0)
dt 6

c

T l−1/2

T∫

0

‖∇u‖2
W

3/2−l
2 (Γ0)

dt
( t∫

0

‖u‖
W

l+3/2
2 (Γ0)

dτ
)2

6
cδ2T

T l−1/2

t∫

0

‖∇u‖2
W

l+1/2−κ

2 (Γ0)
dτ, κ 6 l − 1/2,
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which implies

‖l51‖Ŵ l−1/2,l/2−1/4
2 (GT )

6 c(T )δ
(
‖∇u‖

Ŵ
l/2−1/4
2 ((0,T );W 1−κ

2 (Γ0))

+ ‖u‖
W

l+3/2−κ,0
2 (GT )

)
.

(2.19)

The expression l52 = σ(
t∫
0

ṅ dτ ·∆(t)u+ n0 ·
t∫
0

∆̇(τ) dτu) is estimated in the same way.

It remains to estimate l6(u). We have

‖l6‖W l−1/2
2 (Γ0)

6 c
(
‖ṅ‖

W
l+1/2−κ

2 (Γ0)
+ ‖∇u‖

W
l+1/2−κ

2 (Γ0)

)
‖y‖

W
l+3/2
2 (Γ0)

6 c‖∇u‖
W

l+1/2−κ

2 (Γ0)
,

1

T l−1/2

T∫

0

‖l6‖2L2(Γ0)
dt 6 cT 3/2−l sup

t<T
‖∇u‖2

W
3/2−l
2 (Γ0)

,

‖△t(−h)l6‖L2(Γ0)6c
(
‖△t(−h)∇u‖

W
3/2−l
2 (Γ0)

+‖∇u‖
W

l+1/2−κ

2 (Γ0)

√
h‖∇u‖

W
l+1/2−κ,0
2 (Gt−h,t)

)
‖y‖

W
l+3/2
2 (Γ0)

,

hence

‖l6‖Ŵ l−1/2,l/2−1/4
2 (GT )

6c
(
‖∇u‖

Ŵ
l/2−1/4
2 ((0,T );W 1−κ

2 (Γ0))
+sup

t<T
‖∇u‖

W
l+1/2−κ

2 (Γ0)

)
.

In view of Propositions 1 and 2 in [1], the estimates of the expressions (2.2) obtained above
imply inequalities (2.11), (2.12) with the constants bounded for small T .

We continue the estimate of l6 by applying the interpolation inequality with the constants
bounded for small T . According to Proposition 1 in [1], the vector field u± admits an ex-
tension U±(x, t) into the domain t < 0 such that the norms ‖U±‖

W
2+l,1+l/2
2 (Ω±

0 ×(−∞,T ))
and

‖u±‖H2+l,1+l/2(Q±
T )) are equivalent and

‖U±‖
W

2+l,1+l/2
2 (Ω±

0 ×(−∞,0))
6 c‖u0‖W l+1

2 (Ω±
0 )
.

The inequality

‖∇u‖
Ŵ

l/2−1/4
2 ((0,T );W

l+1/2−κ

2 (Γ0))
+ sup

t<T
‖∇u‖

W
l+1/2−κ

2 (Γ0)

6 ǫ1‖U‖
W

2+l,1+l/2
2 (∪Ω±

0 ×(−∞,T ))
+ c(ǫ1)‖U‖L2(∪Ω±

0 ×(−∞,T ))

6 c(ǫ1)‖u‖H2+l,1+l/2(∪Q±
T ) + c(ǫ1)(‖u‖L2(Q

±
T ) + ‖u0‖W l+1

2 (Γ0)
)

yields the desired result:

‖l6‖Ŵ l−1/2,1/2−1/4
2 (GT )

6 cǫ1‖u‖H2+l,1+l/2(G±
T )

+ c(ǫ1)
(
‖u‖L2(Q

±
T ) + ‖u0‖W l+1

2 (Γ0)

)
.

(2.20)

Similar inequalities hold for l5 and P . This completes the proof of Proposition 1.
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Proof of Theorem 2. We seek a solution of (1.3) in the form u = u1 +w, θ = θ1 + θ2, where
u1, θ1 and w, θ2 are defined as the solutions of





ρ−Dtu
−
1 −∇·T−(u−

1 )+∇θ−1 =0, ∇ · u−
1 = 0 in Ω−

0 ,

ρ+Dtu
+
1 −∇ · T+(u+

1 ) + p1∇θ+1 = 0,

Dtθ
+
1 + ρ+∇ · u+

1 = 0 in Ω+
0 , t > 0,

u+
1 |Σ=0, u±

1 (y, 0) = u±
0 (y) in Ω±

0 , θ+1 (y, 0)=θ
+
0 (y) in Ω+

0 ,

[u1]|Γ0 = 0, [µΠ0S(u1)n0]|Γ0 = 0,

−p1θ+1 + θ−1 + [n0 · T(u1)n0] + σn0 ·∆(0)
t∫
0

u1(ξ, τ) dτ |Γ0

= −σ(H|t=0 +
2
R0

),

(2.21)





ρ−Dtw
− −∇ · T−(w−) +∇θ−2 = l−1 (u, θ) + ρ−f̂−,

∇ ·w− = l−2 (u) in Ω−
0 ,

ρ+Dtw
+ −∇ · T+(w+) + p1∇θ+2 = l+1 (u, θ) + (ρ+ + θ+)f̂+,

Dtθ
+
2 + ρ+∇ ·w+ = l+2 (u, θ), θ+2 (y, 0) = 0 in Ω+

0 ,

w+|Σ = 0, w±(y, 0) = 0,

[w]|Γ0 = 0, [µΠ0S(w)n0]|Γ0 = l3(u),

−p1θ+2 + θ−2 + [n0 · T(w)n0] + σn0 ·∆(0)
t∫
0

w(y, τ)dτ |Γ0

= l4(u)−
t∫
0

(l5(u) + l6(u)))dτ

(2.22)

By Theorem 1, problem (2.21) is uniquely solvable and the solution satisfies the inequality

Y (u1, θ1) 6 c(T )
(
‖u0‖W 1+l

2 (∪Ω±
0 ) + ‖θ+0 ‖W l+1

2 (Ω+
0 )

+ σ
∥∥∥H0 +

2

R0

∥∥∥
W

l+1/2
2 (Γ0)

)
6 c(T )ǫ.

(2.23)

The solution of (2.22) can be constructed by iteration in accordance with the following
scheme: 




ρ−Dtw
−
m+1 −∇ · T−(w−

m+1)+∇θ−2,m+1= l−1 (um, θm)+ρ−f̂−
m,

∇ ·w−
m+1 = l−2 (um) in Ω−

0 ,

ρ+Dtw
+
m+1 −∇ · T+(w+

m+1) + p1∇θ+2,m+1

= l+1 (um, θm) + (ρ+ + θ+2,m)f̂+
m,

Dtθ
+
2,m+1 + ρ+∇ ·w+

m+1 = l+2 (um, θm),

w−
m+1|Σ = 0, wm+1(y, 0) = 0, θ+2,m+1(y, 0) = 0 in Ω+

0 ,

[wm+1]|Γ0 = 0, [µΠ0S(wm+1)n0]|Γ0 = l3(um),

−p1θ+2+θ−2+[n0 ·T(wm+1)n0]|Γ0+σn0 ·∆(0)
t∫
0

wm+1(y, τ) dτ |Γ0

= l4(um)−
t∫
0

(l5(um) + l6(um)) dτ,

(2.24)
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wherem = 1, 2, . . . , f̂m = f(Xum , t), um = wm+u1, θm = θ1+θ2,m; we also set w1 = 0, θ2,1 =
0. In view of Theorem 1 and Proposition 1, Problem (2.24) with given wm ∈ H2+l,1+l/2(Q±

T ),

∇θ+2,m ∈ Ŵ
l,l/2
2 (Q±

T ), θ2,m ∈ Ŵ
0,l/2
2 (GT ) satisfying (2.10) is uniquely solvable and the solution

satisfies the inequality

Y (wm+1, θ
+
2,m) 6 c(T )

(
Z(um, θ

+
m) + ‖l4(um, θ

+
m)‖

W
l/2
2 ((0,T ),W

1/2
2 (Γ0))

+ ‖l5(um)‖
W

l−1/2,l/2−1/4
2 (GT )

+ ‖l6(um)‖
W

l−1/2,l/2−1/4
2 (GT )

+ ‖f̂m‖
W

l,l/2
2 (∪Q±)

+ ‖θ+mf̂+
m‖

W
l,l/2
2 (Q+

T )

)
.

In view of Proposition 1, we have

‖f̂m‖
W

l,l/2
2 (Q±

T )
6 c

(
‖f‖

W
l,l/2
2 (QT )

+ sup
t<T

‖um‖W l+1−κ

2 (∪Ω±
0 )

)
,

‖θ+mf̂m‖
W

l,l/2
2 (Q+

T )
6 c

((
‖f‖

W
l,l/2
2 (QT )

+ sup
t<T

‖um‖W l+1−κ

2 (∪Ω±
0 )

)

× sup
t<T

‖θ+m( · , t)‖W l+1
2 (Ω+

0 ) + ‖f‖
W l,0

2 (QT )
‖Dtθ

+
m‖W 1,0

2 (Q+
T )

)

6 c
(
‖f‖

W
l,l/2
2 (QT )

+ δ
)
Ym(T ).

Assume that
(1 +

√
T )Ym(T ) 6 δ, (2.25)

where Ym(T ) = Y (um, θm) (this condition implies (2.10), because

‖θ+‖W l+1
2 (Ω+

0 ) 6 ‖θ+0 ‖W l+1
2 (Ω+

0 ) +

t∫

0

‖Dtθ
+‖W l+1

2 (Ω+
0 ) dτ

6 ‖θ+0 ‖W l+1
2 (Ω+

0 )
+

√
t‖Dtθ

+‖
W l+1,0

2 (Q+
t )
).

Then, collecting the above estimate, we arrive at

Ym+1(T ) 6 Y (u1, θ1) + Y (wm, θ2,m)

6 c(T )δ1Ym(T ) + c(δ1)‖um‖L2(QT ) + cF (T ),
(2.26)

where δ1 = δ + ǫ and

F (T ) = ‖u0‖W 1+l
2 (∪Ω±

0 ) + ‖θ+0 ‖W l+1
2 (Ω+

0 ) + ‖H0 +
2

R0
‖
W

l+1/2
2 (Γ0)

+ ‖f‖
W

l,l/2
2 (QT )

.

Inequality (2.26) is valid for arbitrary t < T , and it implies

Y 2
m+1(t) 6 δ2Y

2
m(t) + c1

t∫

0

Y 2
m(τ) dτ + c2F

2(t), δ2 = 2c2(T )δ21 , (2.27)
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because

‖um( · , t)‖2Ω0
6 ‖u0‖2Ω0

+ 2

t∫

0

‖um‖Ω0‖Dtum‖Ω0 dτ 6 ‖u0‖2Ω0
+ 2Y 2

m(t)

and
t∫

0

‖um‖2Ω0
dτ 6 t‖u0‖2Ω0

+ 2

t∫

0

Y 2
m(τ) dτ.

If (2.25) is true for all Yj(T ), j = 1, . . . ,m, then (2.27) yields

Y 2
m+1(t) 6 c2F

2(t) +A(Y 2
m + c2F

2(t))

6 Am+1Y 2
0 (t) + c2(F

2 +AF 2 + · · ·+AmF 2(t)),

where Af(t) = δ2f(t) + c1
t∫
0

f(τ) dτ, hence Ajf(t) 6
∑m

j=0C
j
mδ

m−j
2

(c1t)j

j! f(t). From the for-

mula ∞∑

m=0

m∑

j=0

Cj
mδ

m−j
2

(c1t)
j

j!
=

1

1− δ
e

c1t
1−δ (2.28)

which is due to N. D. Filonov, it follows that

Y 2
m+1(t) 6 c(T )

1

1 − δ2
e

c1t
1−δ2 |F 2(t)

with a constant independent of m. For ǫ sufficiently small, the right-hand side is smaller than
δ/(1 +

√
T ), hence (2.25) is fulfilled for Ym+1(T ) and consequently for all Yj(T ), j = 1, 2, . . . .

The convergence of the sequence (um, θm) to the solution of (1.3) is established by esti-
mating

Y 2(um+1 − um, θm+1 − θm) = Y 2(wm+1 −wm, θ2,m+1 − θ2,m) ≡ ym+1(t)

by the differences l(um, θm)− l(um−1, θm−1) of the expressions (2.2) and by

f̂m − f̂m−1 =

1∫

0

1∫

0

∇f(Xm−1 + λ(Xm −Xm−1) dλ(Xm −Xm−1), Xm = Xum .

The details of a lengthy proof are omitted; in particular, the conditions ∇f ∈W
l,l/2
2 (QT ) and

D2
yf ∈ L2(QT ) should be used. As a result, we obtain

ym+1(t) 6 δym + c

t∫

0

ym(τ) dτ 6 Aym (2.29)

and, as a consequence, ym+1(t) 6 Amy1(t), which guarantees the convergence of the sequence
(um, θm).

The uniqueness of the solution of Problem (1.3) follows from the same estimate (2.29)
applied to the difference of two possible solutions of (1.6). Theorem 2 is proved.
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In view of (1.4), (1.5), and (2.10), we have n · n0 =
n0·L̂Tn0

|L̂Tn0|
> 0.

We proceed with establishing some additional properties of the solution of problem (1.3)
that are necessary for the construction of the solution in the infinite time interval. We notice
that the boundedness of the norm Y (u, θ) in (2.8) implies

H = n ·∆(t)Xu ∈W
l−1/2,0
2 (GT ), DtH ∈W

l−1/2,0
2 (GT ).

We assume that Γ0 is close to SR0 = {|y| = R0} and can be defined by the equation

y = η +N(η)r0(η), (2.30)

where N(η) = η/|η|, η ∈ SR0 , and r0 is a given small function belonging to W
l+5/2
2 (SR0).

Without loss of generality we may assume that the origin is the barycenter of Ω−
0 . For t > 0,

the barycenter of Ω−
t is located at the point with the coordinates hi = |Ω−

0 |−1
∫
Ω−

t
xi dx,

i = 1, 2, 3, hence

dhi(t)

dt
=

1

|Ω−
0 |

∫

Ω−
t

∇ · xiv−(x, t) dx=
1

|Ω−
0 |

∫

Ω−
0

v−i (x, t) dx=
1

|Ω−
0 |

∫

Ω−
0

u−i (y, t) dy,

hi(t) =
1

|Ω−
0 |

t∫

0

dτ

∫

Ω−
0

u−i (y, τ) dy.

The surface Γt can be defined by an equation similar to (2.30) on the sphere of radius
R0 with center at the point h(t). This is equivalent to the fact that the shifted surface
Γt,h = {x = Xu(y, t)− h(t) ≡ Xu,h(y, t), y ∈ Γ0, } is given by

x = η +N(η)r(η, t), η ∈ SR0 . (2.31)

It is clear that η is the point of SR0 closest to Γu,h:

η = x = Xu,h(y, t) = R0
Xu,h

|Xu,h|
≡ X (y, t), (2.32)

whereas r(η, t) = |Xu,h| − R0 ≡ r′(y, t) is the signed distance of Xu,hΓ0 to SR0 . For small δ
and ǫ, equation x = Xu(y, t) establishes one-to-one correspondence between Ω+

0 and Ω+
t , as

well as between Γ0 and Γt, and (2.32) maps Γ0 onto SR0 . It follows that

c1‖f‖Wµ
2 (Γ0) 6 ‖f1‖Wµ

2 (SR0
) 6 c2‖f‖Wµ

2 (Γ0), (2.33)

where f1(η) = f(Xu,h) and µ 6 l + 3/2, in particular, we have

‖r( · , t)‖
W

l+3/2
2 (SR0

)

6 c‖r′( · , t)‖
W

l+3/2
2 (Γ0)

6 c‖|Xu,h| −R0‖W l+3/2
2 (Γ0)

6 c(‖y| −R0|‖W l+3/2
2 (Γ0)

+

t∫

0

‖ d

dτ
Xu,h( · , τ)‖W l+3/2

2 (Γ0)
dτ)

6 c(‖ρ0‖W l+3/2
2 (SR0

)
+

√
t‖u‖

W
l+3/2,0
2 (Γ0)

) 6 c(δ + ǫ),

(2.34)
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where r′(y, t) = |Xu,h| − R0. The relation |Ω−
t | = 4πR3

0/3 and the fact that the origin is a
barycenter of the shifted domain Ω−

t can be expressed in terms of r(η, t) as follows:
∫

SR0

(
(R0 + r(η, t))3 −R3

0

)
dS = 0,

∫

SR0

ηi
(
(R0 + r(η, t))4 −R4

0

)
dS = 0, i = 1, 2, 3.

(2.35)

In the variables η ∈ SR0 , the equation −(p(ρ+ + θ+) − p(ρ+)) + θ− + [n · Tu(u)n] =
−σ(H + 2

R0
) has the form

− (p(ρ+ + θ+)− p(ρ+)) + θ− + [n · Tu(u)n]|y=X−1(η,t)

= −σ
(

R2
0

R0 + r
∇SR0

·
∇SR0

r
√
g

− 2√
g
+

2

R0

)
,

(2.36)

where g = (R0 + r)2 + |R0∇SR0
r|2; it can be viewed as a nonlinear elliptic equation on

SR0 with respect to r with −(p(ρ+ + θ+) − p(ρ+)) + θ− + [n · Tun] ∈ W
l+1/2,0
2 (ST ) ∩

W
l/2
2 ((0, T );W

1/2
2 (SR0)), ST = SR0 × (0, T ), the solution of which satisfies inequality (2.34).

Hence one can conclude from the regularity theorem for elliptic equations that r ∈W
l+5/2,0
2 (ST )

and

‖r‖
W

5/2+l,0
2 (ST )

6 c
∑

±

(
‖θ±‖

W
l+1/2,0
2 (ST )

+ ‖∇u±‖
W

l+1/2,0
2 (ST )

)

6 c
(
‖u0‖W l+1

2 (∪Ω±
0 ) + ‖θ+0 ‖W l+1

2 (Ω+
0 )

+ σ‖H0 +
2

R0
‖
W

l+1/2
2 (Γ0)

+ ‖f‖
W

l,l/2
2 (QT )

)
.

(2.37)

We also estimate the time derivative of r(η, t). Let S′
R0

⊂ SR0 and let (ϕ1, ϕ2) be local
coordinates on S′

R0
; they can be regarded also as local coordinates on Γ′

t,h ⊂ Γt,h = {x =
η +N(η)r(η, t), η ∈ SR0}. Since

Dtr
′(y, t) = Dtr(η, t) +

2∑

α=1

∂r(η, t)

∂ϕα

∂ϕα(y, t)

∂t

∣∣∣
η=X−1(y,t)

, y ∈ S′
R0
,

‖Dtr
′‖

W
l+3/2,0
2 (GT )

6 c‖u‖
W

l+3/2,0
2 (GT )

,

we show, in view of (2.32) and

∂η(y, t)

∂t
= R0

∂

∂t

Xu,h

|Xu,h|

= R0

((
u(y, t)− dh(t)

dt

) 1

|Xu,h|
− Xu,h

|Xu,h|3
((

u− dh(t)

dt

)
·Xu,h

))
,
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that the inequalities

‖r‖
W

l+5/2,0
2 (ST )

+ ‖Dtr‖W l+3/2,0
2 (ST )

6c
(∑

±

(
‖θ±‖

W
l+1/2,0
2 (ST )

+‖∇u±‖
W

l+1/2,0
2 (ST )

)
+‖u‖

W
l+1/2,0
2 (ST )

)
(2.38)

6c(T )
(
‖u0‖W l+1

2 (∪Ω±
0 )+‖θ+0 ‖W l+1

2 (Ω+
0 )+σ

∥∥∥H0+
2

R0

∥∥∥
W

l+1/2
2 (Γ0)

+‖f‖
W

l,l/2
2 (QT )

)

and, consequently,

sup
t<T

‖r‖W l+2
2 (SR0

)

6c(T )
(
‖u0‖W l+1

2 (∪Ω±
0 )+‖θ+0 ‖W l+1

2 (Ω+
0 )+‖r0‖W l+5/2

2 (SR0
)
+‖f‖

W
l,l/2
2 (QT )

)
,

(2.39)

are satisfied (see [1]).
Thus, we have proved that under the assumptions of Theorem 2 problem (1.3) is solvable

and the solution satisfies (2.8), (2.38), and (2.39). Inequality (2.10) is fulfilled with δ = c(T )ǫ,
which can be made small by the choice of ǫ.

In §4 it will be shown that r(y, t) ∈ W
l+5/2
2 if t > 0 and p,f satisfy some additional

assumptions.

3 Estimate of the solution in the norms with exponential weight.

In this section, we obtain estimates of the solution of problem (1.3) that are necessary for its
extension into an infinite time interval. We notice that inequalities (2.11) and (2.38) extend
to the weighted Sobolev–Slobodetskĭı spaces with the exponential weight eβt, β > 0. For
technical reasons, we fix T > 2.

Proposition 1’. If (2.10) is fulfilled, then the solution of (1.3) satisfies the inequalities

Z(eβtu, eβtθ)6cδY (eβtu, eβtθ),

‖eβtl6‖W l−1/2,l/2−1/4
2 (GT )

6c
(
‖eβtu‖

W
l+1/2−κ,0
2 (GT )

+‖eβt∇0u‖W l/2−1/4
2 ((0,T );W

3/2−l
2 (Γ0))

)
,

‖eβtr‖
W

l+5/2,0
2 (ST )

+‖eβtDtr‖W l+3/2,0
2 (ST )

6c
(∑

±

(
‖eβtθ±‖

W
l+1/2,0
2 (ST )

+ ‖eβt∇u±‖
W

l+1/2,0
2 (ST )

))
,

‖eβtf̂‖
W

l,l/2
2 (QT )

6c
(
‖eβtf‖

W
l,l/2
2 (QT )

+ ‖∇f‖L2(QT ) sup
QT

eβt|u(y, t)|
)
.

The proof is the same as that of Proposition 1 and inequality (2.38).
We pass to the estimates of the solution of (1.3) in weighted norms.
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Theorem 3. The solution of problem (1.1) constructed above satisfies the inequality

e2βt
(
‖v( · , t)‖2Ω + ‖ϑ+‖2

Ω+
t
+ ‖r( · , t)‖2W 1

2 (SR0
)

)

+

t∫

0

e2βτ
(
‖v( · , τ)‖2Ω + ‖ϑ+( · , τ)‖2

Ω+
t
+ ‖r( · , τ)‖2W 1

2 (SR0
)

)
dτ

6 c
(
‖v0‖2Ω + ‖r0‖2W 1

2 (SR0
) + ‖θ+0 ‖2Ω+

0
+

t∫

0

e2βτ‖f( · , τ)‖2Ωdτ
)
,

(3.1)

with a certain β > 0 and with a constant c independent of t ∈ (0, T ).

Proof. We make use of the energy relation for the solution of (1.1):

1

2

d

dt

∥∥√ρ±v
∥∥2
Ω
+

∫

Ω

T(v) : ∇v dx−
∫

Ω+
t

p(ρ+)∇ · v+ dx

− σ

∫

Γt

Hn · v dS =

∫

Ω

ρf · v dx.

(3.2)

Since
∫
Ω+

t
∇ · v dx = d

dt |Ω
+
t | = 0,

∫
Γt
Hv · n dS = − d

dt |Γt|, we have

∫

Ω+
t

p(ρ+)∇ · v dx = p1

∫

Ω+
t

ϑ+∇ · v dx+

∫

Ω+
t

(
p(ρ+)− p(ρ+)− p1ϑ

+
)
∇ · v dx

and

d

dt

∫

Ω+
t

ϑ+2 dx =

∫

Ω+
t

(
2ϑ+Dtϑ

+ +∇ · (v+ϑ+2)
)
dx

=

∫

Ω+
t

(
− 2ϑ+∇ · (ρ+ + ϑ+)v+ +∇ · (v+ϑ+2)

)
dx

= −2ρ+
∫

Ω+
t

ϑ+∇ · v+ dx+

∫

Ω+
t

ϑ+2∇ · v+ dx,

where ϑ(x, t) = ρ+ − ρ+ = θ+(y, t). Moreover, (3.2) implies

1

2

d

dt

(∥∥√ρv
∥∥2
Ω
+
p1
ρ+

‖ϑ+‖2
Ω+

t
+ 2σ

(
|Γt| − 4πR2

0

))
+

∫

Ω+
t

T(v) : ∇v dx

=

∫

Ω

ρ±f · v dx+K1,

(3.3)

where

K1 =

∫

Ω+
t

(
p(ρ+)− p(ρ+)− p1ϑ

+
)
∇ · v dx+

p1
2ρ+

∫

Ω+
t

ϑ+2∇ · v+ dx.
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Next, we construct an auxiliary vector field W ∈W 1
2 (Ω) such that

−∇x ·W+(x, t) = ϑ+(x, t) in Ω+
t , −∇x ·W−(x, t) = 0 in Ω−

t ,

W
∣∣
Γt

= n
r̃

|L̂Tn0|

∣∣∣
y=X−1

u (x,t)
, W |Σ = 0,

(3.4)

where r̃(y, t) = r′(y, t) − 1
|Γ0|

∫
Γ0
r′(y, t) dSy and r′(y, t) = |Xu,h| − R0. In the Lagrangian

coordinates, (3.4) takes the form

−∇y ·w+(y, t) = Lθ+(y, t) in Ω+
0 , −∇y ·w−(y, t) = 0 in Ω−

0 ,

w
∣∣
Γ0

= r̃n0, w|Σ = 0,
(3.5)

where w(y, t) = L̂W (Xu, t). Since the compatibility condition
∫

Ω+
0

Lθ+(y, t) dy =

∫

Γ0

r̃ dSy = 0

is satisfied, the vector field w belongs to W 1
2 (Ω) and satisfies the inequality

‖w‖W 1
2 (Ω) 6 c

(
‖θ+‖L2(Ω

+
0 ) + ‖r′‖

W
1/2
2 (Γ0)

)
.

Moreover, W ∈W 1
2 (Ω), because [L̂Tn0]|Γ0 = 0 (by virtue of (1.4)) and

‖W ‖W 1
2 (Ω) 6 c

(
‖ϑ+‖L2(Ω

+
t ) + ‖r′‖

W
1/2
2 (Γ0)

)
.

By differentiating (3.5) with respect to time, we obtain a problem for Dtw the solution of
which is subject to the inequality

‖Dtw‖L2(Ω)6c(‖Dtθ
+‖L2(Ω

+
0 )+‖Dtr

′‖L2(Γ0))6c
(
‖Dtr

′‖L2(Γ0)+ ‖∇u+‖L2(Ω
+
0 )

)
.

Now, from

DtW (x, t) = DtW (Xu, t)−∇xW (x, t)u|y=X−1
u (x,t),

‖Dtr
′‖Γ0 6 c

∥∥∥Dt
Xu,h

|Xu,h|
∥∥∥
Γ0

6 c‖u−Dth(t)‖Γ0

we conclude, taking account of the estimates obtained in §2, that

‖DtW ‖L2(Ω) 6 ‖Dt(Lw( · , t))‖L2(Ω) + sup
Ω

|u(y, t)|‖∇xW ( · , t)‖L2(Ω)

6 c
(
‖Dtr

′‖L2(Γ0) + ‖∇u‖L3(Ω)‖w‖L6(Ω) + sup
Ω

|u(y, t)|‖∇xW ( · , t)‖L2(Ω)

)

6 c
(
‖u‖W 1

2 (∪Ω
±
0 ) + ‖θ+‖L2(Ω

+
0 ) + ‖r′‖

W
1/2
2 (Γ0)

)
.

Multiplying the first and the third equations in (1.1) by W , and integrating we arrive at

d

dt

∫

Ω

ρv ·W dx−
∫

Ω

ρv · (∂tW + (v · ∇)W ) dx+

∫

Ω

T(v) : ∇W dx

−
∫

Ω+
t

p(ρ+ + ϑ+)∇ ·W dx− σ

∫

Γt

(
H +

2

R0

) r̃

|L̂Tn0|

∣∣∣
y=X−1

u (x,t)
dS

=

∫

Ω

ρf ·W dx,

(3.6)
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because
∫
Γt

r̃

|L̂Tn0|

∣∣
y=X−1

u

dSx =
∫
Γ0
r̃(y, t) dSy = 0. Since

∫
Ω+

t
∇·W dx = −

∫
Ω+

t
ϑ+(x, t) dx =

0, we have

−
∫

Ω+
t

p(ρ+ + ϑ+)∇ ·W dx =

∫

Ω+
t

(
p(ρ+ + ϑ+)− p(ρ+)− p1ϑ

+
)
ϑ+ dx+ p1

∫

Ω+
t

ϑ+2 dx,

moreover, the surface integral in (3.6) can be written as

J = −
∫

SR0

(
H +

2

R0

)
r̃
|L̂TN(η)|
|L̂Tn0(y)|

∣∣∣∣∣
y=X−1(η,t)

dSη,

where L =
(

∂
∂η (η +N(η)r(η, t)

)
(see [13]) and

H =
R2

0

R0 + r
∇SR0

·
∇SR0

r
√
g

− 2√
g
, g = (R0 + r)2 + |R0∇SR0

r|2. (3.7)

As shown in [2],

−
∫

SR0

(
H +

2

R0

)
r̃ dSy =

∫

SR0

(
|∇SR0

r|2 − 2

R2
0

r2
)
dSy +K2,

where |K2| 6 δ‖r‖2
W 1

2 (SR0
)
, and the same inequality is satisfied by

K3 =

∫

SR0

(
H +

2

R0

)
r̃

( |L̂TN(η)|
|L̂Tn0(y)|

− 1

)∣∣∣∣
y=X−1(η,t)

dSη.

Now, we add (3.2) and (3.6) multiplied by a small positive γ0, which leads to

dE0

dt
+ σγ0

∫

SR0

(
|∇SR0

r|2 − 2

R2
0

r2
)
dSη +

∫

Ω

T(v) : ∇v dx

+
γ0p1
ρ+

∫

Ω+
t

ϑ+2 dx+K =

∫

Ω

f · (v + γ0W ) dx,

where

E0 =
1

2
‖√ρv‖2L2(Ω) +

p1
ρ+

‖ϑ+‖2
L2(Ω

+
t )

+ σ(|Γt| − 4πR0) + γ0

∫

Ω

ρ±v ·W dx

and K = K1 + γ0(K2 +K3). If r is a small function satisfying (2.35), then

c1‖r‖2W 1
2 (SR0

) 6 (|Γt| − 4πR0) +

∫

SR0

(
|∇SR0

r|2 − 2

R2
0

r2
)
dSη 6 c2‖r‖2W 1

2 (SR0
),
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which implies

c2
(
‖v‖2L2(Ω) + ‖ϑ+‖2

L2(Ω
+
t )

+ ‖r‖2W 1
2 (SR0

)

)

6 E0(t) 6 c4
(
‖v‖2L2(Ω) + ‖ϑ+‖2

L2(Ω
+
t )

+ ‖r‖2W 1
2 (SR0

)

)
.

By estimating the positive form
∫
Ω T(v) : ∇v dx from below with the help of the Korn

inequality, we prove that the expression

E1(t) = σγ0

∫

SR0

(|∇SR0
r|2 − 2

R2
0

r2) dSη +

∫

Ω

T(v) : ∇v dx+
γ0p1

ρ+m

∫

Ω+
t

ϑ2+ dx+K

satisfies
E1(t) > c(‖v‖2W 1

2 (Ω) + ‖ϑ+‖2
L2(Ω

+
t )

+ ‖r‖2W 1
2 (SR0

)) > 2aE0(t),

if δ and γ0 are small. Thus, we have dE0(t)
dt + E1(t) 6 |

∫
Ω f · (v + γ0W ) dx|, which implies

(3.1) (with β < a) and completes the proof of the theorem.

The idea and method of estimating “the generalized energy” E0 used above are due to
M. Padula [15, 16].

From (3.1) it follows that

e2βt
(
‖u( · , t)‖2Ω + ‖θ+‖2

Ω+
0
+ ‖r( · , t)‖2W 1

2 (SR0
)

)

+

t∫

0

e2βτ
(
‖u( · , τ)‖2Ω + ‖θ+( · , τ)‖2

Ω+
0
+ ‖r( · , τ)‖2W 1

2 (SR0
)

)
dτ

6 c
(
‖v0‖2Ω + ‖r0‖2W 1

2 (SR0
) + ‖θ+0 ‖2Ω+

0
+

t∫

0

e2βτ‖f( · , τ)‖2Ωdτ
)
, t ∈ T.

(3.8)

We proceed with the estimate of the norm ‖eβtθ−‖
W

0,l/2
2 (Q−

T )
.

Theorem 4. The function θ− satisfies the inequalities

‖eβtθ−‖Q−
T
6 c

(
‖eβtg‖GT

+ ‖eβt∇u‖Q−
T
+ ‖eβtf‖Q−

T

)
(3.9)

and

‖eβtθ−‖
W

0,l/2
2 (Q−

T )
6 c

(
‖eβtθ−‖Q−

T
+ ‖eβtg‖

W
0,l/2
2 (GT )

+ ‖eβt∇u‖
W

0,l/2
2 (Q−

T )
+ ‖eβtf‖

W
0,l/2
2 (Q−

T )

)
,

(3.10)

where

g = θ−
∣∣
Γ0

= p(ρ+ + θ+)− p(ρ+)− [n · Tu(u)n]− σ
(
H +

2

R0

)
. (3.11)
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Proof. We start with the proof of (3.9) by using the relations

Dtu
− − ν−∇2

uu
− +

1

ρ−
∇uθ

− = f̂−, θ−
∣∣
Γ0

= g.

Let ψ(y, t) be a solution of the Dirichlet problem

∇2
uψ = θ− in Ω−

0 , ψ|Γ0 = 0.

If δ in (2.10) is small, then
‖ψ‖W 2

2 (Ω
−
0 ) 6 c‖θ−‖Ω−

0
.

Indeed, since

∇2
uψ = L

−T∇ · L−T∇ψ = ∇ · L−1
L
−T∇ψ = ∇ · (L−1

L
−T − I)∇ψ +∇2ψ,

|(L−1
L
−T − I| 6 c sup

∪Ω±
0

|∇U | 6 cδ,

‖∇(L−1
L
−T ) · ∇ψ‖Ω−

0
6 c‖∇L

−1
L
−T‖L3(Ω

−
0 )‖∇ψ‖L6(Ω

−
0 )

6 c‖U‖
W

5/2
2 (∪Ω±

0 )
‖ψ‖W 2

2 (Ω
−
0 ),

we obtain
‖ψ‖W 2

2 (Ω
−
0 ) 6 c‖∆ψ‖L2(Ω

−
0 ) 6 c

(
‖θ−‖Ω−

0
+ cδ‖ψ‖W 2

2 (Ω
−
0 )

)
,

from which the desired inequality follows.
Now, we make use of the relation

∫

Ω−
0

(
Dtu

− − ν−∇2
uu

− +
1

ρ−
∇uθ

−
)
· ∇uψ dy =

∫

Ω−
0

f̂ · ∇uψ dy. (3.12)

By passing to the Eulerian coordinates under the integral sign, we prove that
∫
Ω−

0
∇2

uu ·
∇uψ dy = 0, because ∇u · u = 0 and L|Ω−

0
= 1. We also have

∫

Ω−
0

Dtu
− · ∇uψ dy = −

∫

Ω−
0

(∇ · L−1Dtu
−)ψ dy =

∫

Ω−
0

(DtL
−T )∇ · u−ψ dy,

∫

Ω−
0

∇uθ
− · ∇uψ dy = −

∫

Ω−
0

θ−2 dy +

∫

Γ0

gn0 · L−1∇uψ dS,

hence (3.12) implies

‖θ−‖2
Ω−

0
6 c

(
‖g‖Γ0‖∇ψ‖Γ0 + ‖|∇u|2‖Ω−

0
sup
Ω−

0

|ψ|+ ‖f‖Ω−
0
‖∇ψ‖Ω−

0

)

6 c‖θ−‖Ω−
0

(
‖g‖Γ0 + ‖∇u−‖Ω−

0
+ ‖f‖Ω−

0

)
,
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from which (3.9) follows. Next, we evaluate the norm

( T∫

0

dτ

τ1+l

T∫

0

e2βt‖θ−( · , t) − θ−( · , t− τ)‖2
Ω−

0
dt
)1/2

≡ ‖eβtθ−‖
Ẇ

0,l/2
2 (Q−

T )
,

assuming that θ = 0 for t < 0. We make use of the equation
∫

Ω−
0

(
Dtu

− − ν−∇2
uu

− − 1

ρ−
∇uθ

− − f̂
)
· ∇u(ψ − ψ′) dy

−
∫

Ω−
0

(
Dtu

′− − ν−∇2
uu

′− − 1

ρ−
∇u′θ′− − f̂ ′

)
· ∇u′(ψ − ψ′) dy = 0,

(3.13)

where u′(y, t) = u(y, t− h); we set u, θ = 0 for t < 0. The terms containing ∇2
uu and ∇2

u′u
′

vanish and other terms can be calculated as follows:
∫

Ω−
0

(∇uθ
− · ∇u(ψ − ψ′)−∇u′θ

′−∇u′(ψ − ψ′)) dy

= −
∫

Ω−
0

(θ−∇2
u(ψ − ψ′)− θ′−∇2

u′(ψ − ψ′)) dy

+

∫

Γ0

L
−1n0g · ∇u(ψ − ψ′)− L

′−1n0g
′ · ∇u′(ψ − ψ′)) dS

= −
∫

Γ0

(
(θ− − θ

′−)∇2
u(ψ − ψ′)− θ

′−(∇2
u −∇2

u′)(ψ − ψ′)
)
dy

+

∫

Γ0

(L−1g − L
′−1g′)n0∇u(ψ − ψ′) dS +

∫

Γ0

L
′−1g′n0 · (∇u −∇u′)(ψ − ψ′) dS

= −
∫

Ω−
0

(θ− − θ
′−)2 dy −

∫

Ω−
0

(θ− − θ
′−)(∇2

u −∇2
u′)ψ′ dy

−
∫

Ω−
0

θ
′−(∇2

u −∇2
u′)(ψ − ψ′) dy +

∫

Γ0

(L−1g − L
′−1g′)n0∇u(ψ − ψ′) dS

+

∫

Γ0

L
′−1g′n0 · (∇u −∇u′)(ψ − ψ′) dS =

5∑

k=1

Jk, (3.14)

∫

Ω−
0

(f̂∇u(ψ − ψ′)− f̂ ′∇u′(ψ − ψ′)) dy

=

∫

Ω−
0

((f̂ − f̂ ′)∇u(ψ − ψ′) + f̂ ′(∇u −∇u′)(ψ − ψ′)) dy = J6, (3.15)
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∫

Ω−
0

(Dtu
− · ∇u(ψ − ψ′)−Dtu

′− · ∇u′(ψ − ψ′)) dy

= −
∫

Ω−
0

((DtL
−1) : ∇u− − (DtL

′−1) : ∇u
′−)(ψ − ψ′)) dy = J7, (3.16)

because Dt∇u · u = 0. Thus, (3.14) is equivalent to
∑7

r=1 Jk = 0.
We proceed with the estimate of the expression

(∇2
u −∇2

u′)ψ = ∇ ·M∇ψ = M : ∇∇ψ +∇M · ∇ψ,

where M = L
−1

L
−T − L

′−1
L

′−T . We have

‖(∇2
u −∇2

u′)ψ‖Ω−
0
6 c

(
sup
Ω−

0

|M( · , t)|‖ψ‖W 2
2 (Ω−

0 ) + ‖∇M‖L3(Ω
−
0 )‖∇ψ‖L6(Ω)

)

6 c
( h∫

0

sup
Ω−

0

|∇u−( · , t − τ)|dτ sup
Ω−

0

|U( · , t)|

+

h∫

0

‖u−( · , t − τ)‖W 2
2 (Ω

−
0 ) dτ sup

Ω−
0

|∇U |
)
‖ψ‖W 2

2 (Ω
−
0 )

6 c
√
hδ‖ψ‖W 2

2 (Ω
−
0 )

and, similarly,
‖(∇2

u −∇2
u′)(ψ − ψ′)‖Ω−

0
6 c

√
hδ‖ψ − ψ′‖W 2

2 (Ω0);

moreover, since ψ − ψ′ is a solution of the Dirichlet problem

∇2
u(ψ − ψ′) = θ− − θ

′− − (∇2
u −∇2

u′)ψ′, ψ − ψ′|Γ0 = 0,

we obtain
‖ψ − ψ′‖W 2

2 (Ω
−
0 ) 6 c

(
‖θ− − θ′−‖Ω−

0
+ δ

√
h‖θ′−‖Ω−

0

)
.

From the above inequalities it follows that

T∫

0

dh

h1+l

T∫

0

e2βt|J2|dt 6
( T∫

0

dh

h1+l

T∫

0

e2βt‖θ− − θ
′−‖2

Ω−
0
dt
)1/2

×
( T∫

0

dh

h1+l

T∫

0

e2βt‖(∇2
u −∇2

u′)ψ′‖2
Ω−

0
dt
)1/2

6 cδ‖eβtθ−‖
Ẇ

0,l/2
2 (Q−

T )
‖eβtθ−‖Q−

T
,

T∫

0

dh

h1+l

T∫

0

e2βt|J3|dt 6 cδ
( T∫

0

hdh

h1+l

)1/2
‖eβtθ−‖Q−

T
‖eβtθ−‖

Ẇ
0,l/2
2 (Q−

T )
,
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T∫

0

dh

h1+l

T∫

0

e2βt(|J4|+ |J5|) dt 6 c‖eβtg‖2
W

0,l/2
2 (GT )

‖eβtθ−‖
Ẇ

0,l/2
2 (Q−

T )
,

T∫

0

dh

h1+l

T∫

0

e2βt|J6|dt 6 c‖eβtf‖
W

0,l/2
2 (Q−

T )
‖eβtθ−‖

Ẇ
0,l/2
2 (Q−

T )
,

T∫

0

dh

h1+l

T∫

0

e2βt|J7|dt 6 c‖eβt∇u‖
W

0,l/2
2 (Q−

T )
‖eβtθ−‖

W
0,l/2
2 (Q−

T )
.

Collecting the above estimates we arrive at (3.10) after easy calculations. The theorem is
proved.

By (3.9) and (3.10), we have

‖eβtθ−‖
W

0,l/2
2 (Q−

T )
6 c

(
Y

′
T + ‖eβtf‖

W
0,l/2
2 (Q−

T )

)
, (3.17)

where

Y
′
T = ‖eβtθ+‖

W
0,l/2
2 (GT )

+
∑

±
‖eβt∇u±‖

W
0,l/2
2 (GT )

+ ‖eβt∇u−‖
W

0,l/2
2 (Q−

T )
+ ‖eβtr‖

W
l/2
2 ((0,T );W 2

2 (Γ0))

6 ǫ1Y
(+)
T + c(ǫ1)

(
‖eβtu‖QT

+ ‖eβtθ+‖GT
+ ‖eβtr‖GT

)
,

(3.18)

ǫ1 ≪ 1, and

Y
(+)
T = ‖eβtu‖

W
2+l,1+l/2
2 (∪Q±

T )
+ |||eβtθ+|||(l+1,l/2)

Ω+
0

+ |||eβtDtθ
+|||(l+1,l/2)

Ω+
0

+ ‖eβtr‖
W

l+5/2,0
2 (ST )

+ ‖eβtDtr‖W l+3/2,0
2 (ST )

.
(3.19)

We pass to the estimate of higher order weighted Sobolev norms of the solution of (1.3).
We make use of the localization method and estimate the solution in the neighborhood of the
surfaces Σ, Γ0 and in the interior of Ω±

0 . We start with the interior estimates and consider
two model problems

{
ρ−Dtu

− −∇ · T−(u−) +∇σ− = f−, ∇ · u− = h−

in Q = {|zα| 6 d0, α = 1, 2, 0 < z3 < 2d0}, u−|t=0 = 0
(3.20)

and {
ρ+Dtu

+−∇·T+(u+)+p1∇·σ+=f+, Dtσ
++ρ+∇·u+=h+ in Q,

u+|t=0 = 0, σ+|t=0 = 0.
(3.21)

Concerning (u−, σ−) and (u+, σ+), we assume that these functions are compactly sup-
ported in Q and are defined for t ∈ (−∞,∞) and vanished for t < 0. Applying the Fourier–
Laplace transform, we convert (3.20) into

(s+ ν−|ξ′|2)ũ− − ν−D2
y3ũ

− +
1

ρ−
∇̃θ̃− =

1

ρ−
f̃ , ∇̃ · ũ− = h̃−, (3.22)
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where ξ′ = πk′

d0
, ∇̃ = (iξ1, iξ2,Dy3). The parameter Re s can take small negative values (such

that |s+ ν−|ξ′|2| > c(|s|+ |ξ′|2)). If |k′| > 0, then the solution of (3.22) is sought in the form
(ũ− = ũ−

1 + ũ−
2 , σ

−), where ũ−
1 = ∇̃Φ̃, Φ̃ solves the problem

∇̃2Φ̃ = h̃−, Φ̃|y3=0 = 0, Φ̃ → 0 as y3 → ∞

and is given by

ũ−
1 =

1

2|ξ′| ∇̃
( ∞∫

0

e−|ξ′|(y3+z3)h̃−(z3) dz3 −
∞∫

0

e−|ξ′||y3−z3|h̃−(z3) dz3
)
.

It is easily verified that ∇ · u−
1 = h− and

‖eβtu−
1 ‖W 2+l,0

2 (QT )
6 c‖eβth−‖

W 1+l,0
2 (QT )

,

‖eβtDtu
−
1 ‖W 0,l/2

2 (QT )
6 c

(
‖eβtH‖

W
0,l/2
2 (QT )

+ ‖eβtH1‖W 0,l/2
2 (QT )

)
,

provided that Dth
− = ∇ ·H +H1; here, QT = Q× (0, T ), Q = Q′ × (0,∞), β = −Re s. It

follows that

‖eβtu−
1 ‖W 2+l,1+l/2

2 (QT )
6 c

(
‖eβth−‖

W l+1,0
2 (QT )

+ ‖eβtH‖
W

0,l/2
2 (QT )

+ ‖eβtH1‖W 0,l/2
2 (QT )

)
.

(3.23)

Now, we estimate (u−
2 , σ

−), assuming again that |k′| > 0. These functions satisfy the
Stokes problem

Dtu
−
2 − ν−∇2u−

2 +
1

ρ−
∇σ− = f1, ∇ · u−

2 = 0, u2|y3=0 = 0, (3.24)

where f1 =
1
ρ−f −Dtu

−
1 + ν−∇2u−

1 . Taking the Fourier–Laplace transforms, we obtain

(s+ ν−|ξ′|2)ũ−
2 − ν−D2

y3ũ
−
2 +

1

ρ−
∇̃σ̃− = f̃1, ∇̃ · ũ−

2 = 0, ũ−
2 |y3=0 = 0.

By using the energy relation we obtain

(|s|+ |ξ′|2)‖ũ−
2 ‖2 + ‖Dy3 ũ

−
2 ‖2 6 c‖f̃1‖2,

(|s|2 + |ξ′|2Re s̄)‖ũ−
2 ‖2 +Re s̄‖Dy3 ũ

−
2 ‖2 6 c|s|‖f̃1‖‖ũ−

2 ‖,
(|s|+ |ξ′|2)|ξ′|2‖ũ−

2 ‖2 + |ξ|2‖Dy3 ũ
−
2 ‖2 6 c|ξ′|2‖ũ−

2 ‖‖f̃1‖,

where all the norms are in L2(R+). For small negative Re s, these estimates yield the inequality

‖eβtu−
2 ‖W 2,1

2,tan(QT ) 6 c‖eβtf1‖L2(QT ),

where “tan” means that only the tangential derivative of u−
2 enters into the norm. Moreover,

the relations
∇2σ− = ρ−∇ · f1, σ|y3=0 = 0
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yield the estimate of ∇σ− and, as a consequence, of D2
y3u

−
2 . Thus, we have

‖eβtu−
2 ‖W 2,1

2 (QT ) + ‖eβt∇σ−‖L2(QT ) 6 c‖eβtf1‖L2(QT ).

It follows that

‖eβtDtu
−
2 ‖W l,l/2

2,tan(QT )
+

3∑

j=1

‖eβtD2
yju

−
2 ‖W l,l/2

2,tan(QT )
+ ‖eβt∇σ−‖

W
l,l/2
2,tan(QT )

6 c‖f1‖W l,l/2
2,tan(QT )

.

Finally, the missing norms ‖eβtD2
yju

−
2 ‖W l,0

2,y3
(QT )

are estimated by using equations (3.24) and

interpolation inequalities for the mixed derivatives (see [18]). As a result, we obtain

‖eβtu−
2 ‖W 2+l,1+l/2

2 (QT )
+ ‖eβt∇σ−‖

W
l,l/2
2 (QT )

6 c‖eβtf1‖W l,l/2
2 (QT )

. (3.25)

Together with (3.23), this yields the desired estimate of u−, σ−.
If k′ = 0, then ũ−, σ̃− satisfy the relations




sũ−α − ν−D2

y3 ũ
−
α = f̃1α, ũ−α |y3=0,2d0 = 0, α = 1, 2,

sũ−3 − ν−D2
y3 ũ

−
3 +

1

ρ−
Dy3σ̃

− = f̃13, Dy3 ũ
−
3 = h̃−, ũ−3 |y3=0,2d0 = 0.

We expand ũ−α and f̃1α in a Fourier series in sin k3πy3
2d0

, k3 = 1, . . . , in the interval (0, 2d0). For
the Fourier coefficients ǔ−α we obtain the relation

(s+ ν−|ξ3|2)ǔ−α = f̌1α, ξ3 =
k3π

2d0
,

hence
‖eβtu−α ‖W 2+l,1+l/2

2 (IT )
6 c‖eβtf1‖W l,l/2

2 (IT )
,

where IT = I × (0, T ). I = (0, 2d0). In addition, we have

ũ−3 =

y3∫

0

h̃−(z3, s) dz3, sũ−3 = H̃3(y3, s) +

y3,s∫

0

H̃1(z3, s) dz3

if Dth
− = ∇ ·H +H1. Hence

‖eβtu−
2 ‖W 2+l,1+l/2

2 (IT )
+ ‖eβtDy3σ

−‖
W

l,l/2
2 (IT )

6 c
(
‖eβtf1‖W l,l/2

2 (IT )
+ ‖h−‖

W l+1,0
2 (IT )

+ ‖H3‖W 0,l/2
2 (IT )

+ ‖H1‖W 0,l/2
2 (IT )

)
.

Collecting the estimates of u−
1 ,u

−
2 , σ

−, (both for |k′| > 0 and k′ = 0) we obtain

‖eβtu−‖
W

2+l,1+l/2
2 (QT )

+ ‖eβt∇σ−‖
W

l,l/2
2 (QT )

6 c
(
‖eβtf−‖

W
l,l/2
2 (QT )

+ ‖eβth−‖
W l+1,0

2 (QT )
+ ‖eβtH‖

W
0,l/2
2 (QT )

+ ‖eβtH1‖W 0,l/2
2 (QT )

)
,

(3.26)
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where QT = Q(0, T ).
As for Problem (3.21), similar problems were studied in [14] (see, for instance, (2.43),

(2.47)). A final estimate of the solution is as in [14], (2.54):

‖eβtu+‖
W

2+l,1+l/2
2 (QT )

+ |||eβtσ+|||(l+1,l/2)
QT

+ |||eβtDtσ
+|||(l+1,l/2)

QT

6 c(‖f+‖
W

l,l/2
2 (QT )

+ |||eβth+|||(l+1,l/2)
QT

), QT = Q× (0, T ).
(3.27)

We apply (3.26), (3.27) to the problems arising in the estimates of the solution of (1.3)
inside Ω−

0 and Ω+
0 . Let the cube Q− = {|yj − y−j0| 6 d0}, j = 1, 2, 3, be included in Ω−

0 . We
introduce smooth cut-off functions ζ(t) and ϕ(z) such that 0 6 ζ(t), ϕ−(z) 6 1, ζ(t) = 0 for
t 6 1/2, ζ(t) = 1 for t > 1, ϕ(z) = 1 for |z| 6 d0/2, ϕ(z) = 0 for |z| > d0. The functions
w−(y, t) = u−(y, t)γ−(y, t) and χ−(y, t) = θ−(y, t)γ−(y, t), where γ−(y, t) = ζ(t)ϕ−(y − y−0 ),
satisfy the equations

ρ−Dtw
−−∇·T−(w−)+∇χ−= l−1 (w

−, χ−;u−)+m−
1 (u

−, θ−)+ρ−f̂γ−,

∇·w−= l−2 (w
−;u−)+m−

2 (u
−) in Q−, w−|t=0 = 0,

(3.28)

where

l−1 (w
−, χ−,u−, θ−)=(∇u−∇)·T−(w−)+(∇−∇u)χ

−,

m−
1 =−∇u ·T−(γ−u−)+γ−∇u·T−

u(u
−))+θ−∇uγ

−+ρ−u−·Dtγ
−,

l−2 (w
−;u)=(∇−∇u)w

− = (I− L
−T )∇ ·w− = ∇ · (I− L

−1)w,

m−
2 (u)=u− · ∇uγ

−.

Similarly, if Q+ = {|yj − y+j0| 6 d0}, j = 1, 2, 3, is included in Ω+
0 , then the functions

w+(y, t) = u+(u, t)γ+(y, t), χ+(y, t) = θ+(y, t)γ+(y, t), where γ+(y, t) = ζ(t)ϕ+(y − y+0 ),
satisfy the equations





ρ+Dtw
+ −∇ · T+(w+) +∇χ+

= l+1 (w
+, χ+;u+) +m+

1 (u
+, θ+) + (ρ+ + θ+)f̂+γ+,

Dtχ
+ + ρ+∇ ·w+ = l+2 (w

+;u+) +m+
2 (u

+) in Q+,

w+|t=0 = 0, χ+|t=0 = 0,

(3.29)

where

l+1 (w
+, χ+;u+, θ+) = (∇u −∇) · T+(w+) + p1(∇−∇u)χ

+

− (p′(ρ+ + θ+)− p′(ρ+))∇χ+ − θ+Dtw
+,

m+
1 = −∇u · T+(γ+u+) + γ+∇u · T+

u(u
+))

+ p1θ
+∇uγ

+ + (ρ+ + θ+)u+Dtγ
+,

l+2 (w
+, χ+;u+, θ+) = ρ+(∇−∇u) ·w+ − θ+∇u ·w+,

m+
2 (u

+, θ+) = (ρ+ + θ+)u+ · ∇uγ
+ + θ+Dtγ

+.

We proceed with the estimates of w−, χ−. Let Q±
T = Q± × (0, T ),

YT (e
βtw−, eβtχ−) = ‖eβtw−‖

W
2+l,1+l/2
2 (Q−

T )
+ ‖eβt∇χ−‖

W
l,l/2
2 (Q−

T )
.
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We have

‖eβtl−1 (w−, χ−;u−, θ−)‖
W

l,l/2
2 (Q−

T )
6 c(δ + ǫ)YT (e

βtw−, eβtχ−),

‖eβtm−
1 ‖W l,l/2

2 (QT )
6 c

(
‖eβtu−‖

W
l+1.l/2+1/2
2 (QT )

+ ‖eβtθ−‖
W

l,l/2
2 (QT )

)
,

and similar inequalities are true for the norms of l+2 ,m
+
2 . Moreover, h− ≡ l−2 +m−

2 satisfies
Dth

− = ∇ ·H +H1, where

H = Dt(I− L
−1)w− + (L−1

Tu(u
−)− L

−1χ−)∇uγ
−,

H1 = −(L−T
Tu(u

−)− L
−T θ−)∇ · ∇uγ + f̂ · ∇uγ

−,

hence in the case of small δ and ǫ we have

YT (e
βtw−, eβtχ−) 6 c

(
Y ′
T (e

βtu−, eβtθ−) + ‖eβtfγ‖
W

l,l/2
2 (Q−

T )

)
, (3.30)

where Y ′
T (u

−, χ−) is the sum of lower order norms of u− and θ− (in comparison with YT ),
which can be estimated by the interpolation inequality

Y ′
T 6 ǫ1YT + c(ǫ1)

(
‖eβtu−‖L2(Q

−
T ) + ‖eβtθ−‖

W
0,l/2
2 (Q−

T )

)
. (3.31)

For the functions (w+, χ+) satisfying (3.29), we have the inequality

YT (e
βtw+, eβtχ+) 6 c

(
Y ′
T (e

βtu+, eβtθ+) + ‖eβtfγ‖
W

l,l/2
2 (Q+

T )

)
(3.32)

similar to (3.30) where

YT (e
βtw+, eβtχ+) = ‖eβtw+‖

W
2+l,1+l/2
2 (Q+

T )

+ |||eβtχ+|||(1+l,l/2)

Q+
T

+ |||eβtDtχ
+|||(1+l,l/2)

Q+
T

;

Y ′
T (e

βtu+, eβtθ+) 6 ǫ2YT
(
eβtu+, eβtθ+

)

+ c(ǫ2)
(
‖eβtu+‖L2(Q

+
T ) + ‖eβtθ+‖L2(Q

+
T )

)
.

(3.33)

Our main attention is paid to the most complicated estimates of solution of (1.3) near the
interface Γ0. We pass to local Cartesian coordinates in a neighborhood of an arbitrary point
y0 ∈ Γ0. Without loss of generality, it may be assumed that y0 = 0 and the y3-axis is directed
along n0(0). Let

y3 = φ(y′)

be an equation of Γ0 near the origin. The coordinate transformation

z = Fy : z′ = y′, z3 = y3 − φ(y′) (3.34)

establishes one-to-one correspondence between Q′ = {|zα| 6 d0 α = 1, 2} and a subset
Γ′
0 = {y′ ∈ Q′, y3 = φ(y′)} near zero if d0 is small. We set Q′ × (−d0, d0) ≡ Q(2d0). Since

φ ∈W
l+5/2
2 (Q′) and φ(0),Dz3φ(0) = 0, we have |φ| 6 cd20, |∇φ| 6 cd0 in Q(2d0). The Jacobi

matrix of the transformation F is given by

J =
(∂z
∂y

)
=




1 0 0
0 1 0

−φ1 −φ2 1


 , φα =

∂φ

∂yα
.
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As above, we introduce two functions ζ(t) and ϕ(z) such that ζ(t) = 0 for 0 6 t 6 1/2,
ζ(t) = 1 for t > 1, ϕ(z) = 1 for z ∈ Q(d0), ϕ(y′) = 0 outside Q(2d0), 0 6 ζ(t), ϕ(z) 6 1, and
we set γ(z, t) = ϕ(z)ζ(t), w±(z, t) = u±γ and χ±(z, t) = θ±γ. From (1.3) it follows that





ρ−Dtw
− −∇ · T−(w−) +∇χ−

= l−1 (w
−, χ−;u) +m−

1 (u, θ) + λ−
1 (w

−, χ−) + ρ−f̂−γ,

∇ ·w− = λ−2 + l−2 (w
−;u) +m−

2 (u) in Q−,

ρ+Dtw
+ −∇ · T+(w+) + p1∇χ+

= l+1 (w
+, χ+;u, θ)+m+

1 (u, θ)+λ+
1 (w

+, χ+)+(ρ+ + θ+)γf̂+,

Dtχ
+ + ρ+∇ ·w+

= l+2 (w
+, χ+;u+, θ+) +m+

2 (u
+, θ+) + λ+2 (w

+, χ+) in Q+,

w|t=0 = 0, χ+|t=0 = 0, [w]|z3=0 = 0,

[µ
(
Dz3wα +Dzαw3

)
]|z3=0 = l3α +m3α + λ3α(w), α = 1, 2,

−p1χ+ + χ− + [T33]|z3=0 = l4 +m4 + λ4(w)− σγ(H + 2
R0

),

(3.35)

where li, mi, and λi are defined by

l−1 (w
−, χ−,u−, θ−) = (∇u −∇) · T−(w−) + (∇−∇u)χ

−|y=F−1z,

m−
1 = −∇u · T−(γu−) + γ∇u · T−

u(u
−)) + θ−∇uγ + ρ−u− · Dtγ|y=F−1z,

l+1 (w
+, χ+;u+, θ+) = (∇u −∇) · T+(w+) + p1(∇−∇u)χ

+

− (p′(ρ+ + θ+)− p′(ρ+))∇χ+ − θ+Dtw
+|y=F−1z,

m+
1 = −∇u · T+(γu) + γ∇u · T+

u(u)) + p1θ
+∇uγ + (ρ+ + θ+)u+Dtγ|y=F−1z,

l−2 (w
−;u) = (∇−∇u)w

− = (I− L
−T )∇ ·w− = ∇ · (I− L

−1)w−|y=F−1z,

m−
2 (u) = u− · ∇uγ|y=F−1z,

l+2 (w
+, χ+;u, θ) = ρ+(∇−∇u) ·w+ − θ+∇u · ·w+|y=F−1z,

m+
2 (u

+, θ+) = (ρ+ + θ+)u+ · ∇uγ + θ+Dtγ|y=F−1z,

l3(w;u) = [µ(Π2
0S(w)n0 −Π0ΠSu(w))n]|y=F−1z,

m3 = [µ(Π0Π(Su(uγ)− γSu(u))n]|y=F−1z,

l4(w, χ;u, θ)=[n0 ·T(w)n0]−[n·Tu(w)n]+

1∫

0

(p′(ρ++sθ+)−p′(ρ+)) dsχ+|z3=0

m4(u) = [n · (Tu(uγ)n − γTu(u)n)]|y=F−1z (3.36)

and

λ−1 (w) = µ−∇ · (JJ T − I)∇w + (I− J T )∇χ−,

λ+2 (w) = ρ+(I− J T )∇ ·w = ρ+∇ · (I− J )w,

λ−2 (w) = (∇− J T∇)w = ∇ · (I− J )w,

λ+1 (w
+, χ+) = µ+∇ · (JJ T − I)∇w

+ (µ+ + µ+1 )
(
∇J (J T : ∇w)−∇(∇ ·w)

)
+ p1(I− J T )∇χ−,

λ3α(w) = [µ(Dz3wα +Dzαw3 − (Π0S(w)n0)α)]|z3=0,
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λ4(w) = [T33(w)− n0 · T(w)n0)]z3=0. (3.37)

To get estimates of w± and χ± satisfying (3.35), we take the Fourier transform

ũ(ξ′, z3, t) =
∫

Q′
2d0

e−iξ′·z′u(z, t) dz′,

where ξ′ = ( π
d0
k1,

π
d0
k2), k1, k2 = 0,±1, . . . . We treat differently the transformed problems

with k′ = 0 and |k′| > 0. In the first case we have

ũ =

∫

Q′

u(z, t) dz′

and (3.35) is converted into




Dtw̃
±
α − ν+D2

z3w̃
±
α = 1

ρ+
(l̃+1α + m̃+

1α + λ̃+1α) + γf̃α in I±2d0 ,

w̃α|t=0 = 0,

[w̃α]|z3=0 = 0, w̃±
α |z3=±2d0 = 0,[

µDy3w̃α

]∣∣∣
z3=0

= λ̃3α(w) + l̃3α(w) + m̃3α(u), α = 1, 2,

(3.38)





Dtw̃
−
3 − ν−D2

z3w̃
−
3 + 1

ρ−Dz3 χ̃
− = l̃−13 + m̃−

13 + λ̃−13 + γ̃f3,

Dz3w̃
−
3 = l̃−2 + m̃−

2 in I−2d0 = (−2d0, 0),

Dtw̃
+
3−(2ν++ν+1 )D2

z3w̃
+
3+

p1
ρ+

Dz3χ̃
+= 1

ρ+
(l̃+13+m̃

+
13+λ̃

+
13)+γ̃f3,

Dtχ̃
+ + ρ+Dz3w̃

+
3 = l̃+2 + m̃+

2 in I+2d0 = (0, 2d0),

[w̃3]|z3=0 = 0, w̃3|z3=±2d0 = 0, w̃3|t=0 = χ̃+|t=0 = 0,

−p1χ̃+ + χ̃− + (2µ+ + µ+1 )Dz3w̃
+
3 − µ−Dz3w̃

−
3 |z3=0

= λ̃4 + l̃4 + m̃4 − σ
∫

Q′
2d0

γ(H + 2
R0

) dz′.

(3.39)

In the case where |k′| > 0, we transform the jump condition once again. We set γ′ = ϕDtζ,
w′ = uϕDtζ, χ

′ = θϕDtζ,

l4(w
′, χ′;u, θ+)=[n0 ·T(w′)n0−n·Tu(w

′)n]+

1∫

0

(p′(ρ++sθ+)−p′(ρ+)) dsχ′,

m′
4(u)=[n0 ·T(uγ′)n0−nγ′Tu(u)n], λ′4=[T33(w

′)−n0 ·T(w′)n0)]

and write the normal jump condition in (3.35) as follows:

−p1χ++χ−+[T33(w)]−
t∫

0

([T33(w
′)]−p1χ

′++χ
′−) dτ

=λ4+l4+m4−
t∫

0

(
l′4+m

′
4+λ

′
4

)
dτ−σγ

(
H+

2

R0

)
+σ

t∫

0

γ′
(
H+

2

R0

)
dτ.

(3.40)
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Since H = n ·∆(t)Xu, we have

γ(H +
2

R0
)−

t∫

0

Dτγ(H +
2

R0
) dτ =

t∫

0

γDτ (n ·∆(t)Xu) dτ

=

t∫

0

n ·∆(τ)w dτ +

t∫

0

γ(ṅ ·∆(τ) + n · ∆̇(τ))Xu(y, τ) dτ

=

t∫

0

∆′w3 dτ+

t∫

0

(n·∆(t)−e3 ·∆′)w dτ+

t∫

0

γ
(
ṅ·∆(τ)+n·∆̇(τ)

)
Xu dτ.

Hence (3.40) implies

−p1χ++χ−+[T33(w)]+σ

t∫

0

∆′w3 dτ = l4 +m4 + λ4 −
t∫

0

(l′4 +m′
4 + λ′4) dτ

+

t∫

0

([T33(w
′]− p1χ

′+ + χ
′−) dτ +

t∫

0

(l5(w;u) + l6(w;u) dτ

= b+ σ

t∫

0

B(z, τ) dτ, (3.41)

where l5(w;u) = σ((n ·∆(t)− e3 ·∆′)w), l6(w;u) = σγ(ṅ ·∆(τ) + n · ∆̇(τ))Xu),

b= l4 +m4 + λ4 −
t∫

0

(l′4 +m′
4 + λ′4) dτ +

t∫

0

[T33(w
′, χ′)] dτ, B= l5(w;u) + l6(w;u).

Now, we estimate the functions (3.36) assuming that |k′| > 0, i.e.,
∫

Q′

w± dz′ = 0,

∫

Q′

χ± dz′ = 0.

We extend w, χ by zero into the domain |z3| > d0 and make use of Theorem 1 in [14]. Let
Q±

T = Q± × (0, T ), Q′
T = Q′ × (0, T ). Since l1(w

−, χ−;u, θ) is a linear differential expression
with respect to the first pair of arguments w−, χ− with small coefficients dependent of u−, θ−,
one has the following estimate (in view of Proposition 1’):

‖eβtl1(w−, χ−;u, θ)‖
W

l,l/2
2 (Q−

T )
6 c(δ + ǫ)YT (e

βtw−, eβtχ−).

The expressions l+1 , l
+
2 , l3, l4 have similar structure and satisfy similar inequalities:

‖eβtl1(w+, χ+;u, θ)‖
W

l,l/2
2 (∪Q+

T )
+ |||eβtl2(w+, χ+;u, θ)|||(1+l,l/2)

Q+
T

+ ‖eβtl3(w;u)‖
W

l+1,2,l/2+1/4
2 (Q′

T )
+ |||eβtl4(w, χ;u, θ)|||(l+1/2,l/2)

Q′
T

6 δ1YT (e
βtw, eβtχ),

(3.42)
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where δ1 6 c(δ + ǫ), Q± = Q′ × R
±.

We also need to compute the time derivative of l−2 +m−
2 + λ−2 . We have

Dt(l
−
2 +m−

2 + λ−2 ) = ∇ ·H +H0 = Dt∇ ·w−,

where

H = Dt

(
(I− L

−1)w
)
+ (I− J )Dtw +

1

ρ−
(
L
−1

Tu(u)− L
−1θ−

)
∇uγ

∣∣∣
y=J−1z

,

H0 = u− · Dt∇uγ − 1

ρ−
(
Tu : ∇u∇uγ − θ−∇2

uγ
)
+ f̂∇uγ

∣∣∣
y=J−1z

These functions satisfy the inequalities

‖eβtH‖
W

0,l/2
2 (Q−

T )
+ ‖eβtH0‖W 0,l/2

2 (Q−
T )

6 c(δ + ǫ+ d0)‖eβtDtw
−‖

W
0,l/2
2 (Q−

T )

+ c(δ1)
(
‖eβt∇u−‖

W
0,l/2
2 (Q−

T )
+ ‖eβtθ−‖

W
0,l/2
2 (Q−

T )
+ ‖eβtf‖

W
l,l/2
2 (QT )

)
.

(3.43)

The expressions mi in (3.36) contain some lower order derivatives of u and θ in comparison
with the corresponding li, hence

‖eβtm1(u, θ)‖W l,l/2
2 (∪Q±

T )
+ |||eβtm2|||(1+l,l/2)

Q±
T

+ ‖eβtm3(u)‖W l+1,l/2+1/4
2 (Q′

T )
+ |||eβtm4(u, θ)|||(l+1/2,l/2)

Q′
T

6 c
(
‖eβtu‖

W
1+l,1/2+l/2
2 (∪Q±

T )
+ |||eβtθ+|||(1+l,l/2)

Q+
1

+ ‖eβtθ−‖
W

l,l/2
2 (Q−

T )

)
.

(3.44)

We proceed with the estimates of λ±i , λ3, λ4. Since the elements of I − J , i.e., the
derivatives Dzαφ, α = 1, 2, satisfy the inequalities

|∇z′φ| 6 cd0, |D2
z′φ| 6 c, ‖D3

z′φ( · + η)−D3
z′φ( · )‖L2(Q′) 6 c|η|l/2−1/2

in Q′, and inequalities of the same kind are fulfilled also for nα0, 1 − n30, it is not hard to
show that

‖eβtλ1(w, χ;u, θ)‖W l,l/2
2 (∪Q±

T )
+ |||eβtλ2(w, χ;u, θ)|||(1+l,l/2)

Q+
T

+ ‖eβtλ3(w;u)‖
W

l+1,2,l/2+1/4
2 (Q′

T )
+ |||eβtl4(w, χ;u, θ)|||(l+1/2,l/2)

Q′
T

6 cδ2YT (e
βtw, eβtχ),

(3.45)

δ2 = d0 + ǫ.
To complete the analysis in the case where |k| > 0, we need to estimate theW l−1/2,l/2−1/4

2 (GT )-
norms of

l5(w;u) =
(
(n− n0) ·∆(t) + n0(∆(t)−∆′)

)
w

=

t∫

0

ṅ(y, τ) dτ∆(t)w(y, t) + n0 ·
t∫

0

∆̇(τ) dτw(y, t)

+ n0 · (∆(0)−∆′)w(y, t),

l6 = (ṅ∆+n∆̇)Xu(y, τ),

l7 = −(l′4 +m′
4 + λ′4) +

(
[T33(w

′)]−p1χ
′+ + χ

′−).

(3.46)

35



In view of (1.4), (2.3), and (2.6), we have

‖l5‖W l−1/2
2 (Γ0)

6 c

t∫

0

‖∇u( · , τ)‖
W

l+1/2−κ

2 (Γ0)
dτ‖w( · , t)‖

W
3/2+l
2 (Γ0)

+ d0‖w( · , t)‖
W

l+3/2
2 (Γ0)

,

‖∆t(−h)l5‖L2(Γ0) 6 c
√
h
( h∫

0

‖ṅ( · , τ)‖2
W

3/2−l
2 (Γ0)

dτ
)1/2

‖w‖
W

l+3/2
2 (Γ0)

,

‖l6‖W l−1/2
2 (Γ0)

6 c‖∇u‖
W

l+1/2−κ

2 (Γ0)
‖Xu‖W l+3/2

2 (Γ0)
,

‖∆t(−h)l6‖L2(Γ0) 6 c‖∆t(−h)∇u‖
W

3/2−l
2 (Γ0)

‖Xu‖W l+3/2
2 (Γ0)

,

which implies

‖eβtl5‖W l−1/2,0
2 (GT )

6 c(δ + d0)‖eβtw‖
W

l+1/2−κ

2 (GT )
,

‖eβtl6‖W 0,l/2−1/4
2 (GT )

6 c
(
‖eβt∇u‖

W
l/2−1/4
2 ((0,t);W

3/2−l
2 (Γ0))

+ ‖eβt∇u‖
W

l+1/2−κ

2 (Γ0)
‖u‖W 2,0

2 (GT )

)
.

Finally, since l7 vanishes for t > 1, we have

‖eβtl7‖W l−1/2,l/2−1/4
2 (G1)

6 c
(∑

±
‖eβt∇u±‖

W
l−1/2,l/2−1/4
2 (G1)

+ ‖eβtθ±‖
W

l−1/2,l/2−1/4
2 (G1)

)
.

Collecting the estimates of the nonlinear terms in (3.36), (3.37) and making use of Theorem 1
in [14], we show that in the case of |k| > 0 we have

YT (e
βtw, eβtχ) 6 c(Y ′

T (e
βtu, eβtθ)

+ Y1(e
βtu, eβtθ) + ‖eβtfγ‖

W
l,l/2
2 (QT )

),
(3.47)

where

YT (e
βtw, eβtχ) = ‖eβtw‖

W
2+l,1+l/2
2 (∪Q±

T )

+ |||eβtχ−|||(1+l,l/2)

Q−
T

+ |||eβtχ+|||(1+l,l/2)

Q+
T

+ |||eβtDtχ
+|||(1+l,l/2)

Q+
T

,

Y ′
T (e

βtu, eβtθ) is the sum of lower order norms admitting the estimate

Y ′
T 6 ǫ3YT + c(ǫ3)(‖eβtu‖L2(QT ) + ‖eβtθ+‖L2(Q

+
T )

+ ‖eβtθ−‖
W

0,l/2
2 (Q−

T )
), ǫ3 ≪ 1,

(3.48)
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finally,

Y1(e
βtu, eβtθ) = ‖eβtu‖

W
2+l,1+l/2
2 (∪Q±

1 )
+ |||eβtθ−|||(1+l,l/2)

Q−
1

+ |||eβtθ+|||(1+l,l/2)

Q+
1

+ |||eβtDtθ
+|||(1+l,l/2)

Q+
1

.

In the case where k′ = 0, we need to estimate functions the w̃, χ̃ satisfying (3.38), (3.39).
It is easily seen that w, χ satisfy the same inequalities as in the case of |k′| > 0 with the
additional norm of d−1

0 J on the right-hand side, where

J=σ

∫

Q′

γ
(
H +

2

R0

)
dz′=σ

∫

S′
R0

(
H+

2

R0

) γ√
(1+|∇φ|2)

|L̂TN(η)|
|L̂Tn0|

∣∣∣∣
y=X−1(η,t)

dSη,

S′
R0

= {η ∈ SR0 : z ∈ Q′}, and H is given by (3.7).

Since L̂TN(η) and L̂
Tn0(y) are bounded functions with time derivatives controlled by

Dtr and ∇u, respectively, we have

‖eβtJ‖L2(0,T ) 6 cd0‖eβtr‖W 2,0
2 (S′

T ),

‖eβtJ‖
W

l/2
2 (0,T )

6 cd0

(
‖eβtr‖

W
l/2
2 ((0,T );W 2

2 (S
′
R0

))

+ ‖eβtr‖
W 2+l,0

2 (S′
T )

sup
t<T

∥∥∥Dt
|L̂TN |
|L̂Tn0|

∥∥∥
W 1−l

2 (S′
R0

)

)

6 cd0

(
‖eβtr‖

W
l/2
2 ((0,T );W 2

2 (S
′
R0

))

+ ‖eβtr‖
W 2+l,0

2 (S′
T )

sup
t<T

(
‖∇u‖W 1−l

2 (G′
0)

+ ‖Dtr‖W 1−l
2 (S′

0)

))
6 cd0|||eβtr|||(l/2,2+l)

S′
T

.

Putting together the cases of |k| > 0 and k = 0, we see that the solution of (3.35) satisfies
the inequality

YT (e
βtw, eβtχ) 6 c

(
Y ′
T (e

βtu, eβtθ)

+ Y1(e
βtu, eβtθ) + ‖eβtfγ‖

W
l,l/2
2 (QT )

+ δ1|||eβtr|||(l/2,2+l)
S′
T

)
.

(3.49)

Now we give an outline of estimates of the solution of our problem near the exterior
boundary Σ. Assume that y0 = 0 ∈ Σ, the y3-axis is directed along the interior normal n(y0)

to Σ, z3 = ψ(z′) ∈ W
l+3/2
2 (Q′) is an equation of Σ near x0. Upon introducing the functions

γ(z, t) = ϕ(z)ζ(t), w+ = γu+, χ+ = γθ+ and passing to the coordinates z ∈ Q+, as above,
we arrive at the problem





ρ+Dtw
+ −∇ · T+(w) + p1∇χ+

= l+1 (w
+, χ+;u, θ) +m+

1 (u
+, θ+) + λ+

1 + f̂γ ≡ F+,

Dtχ
+ + ρ+∇ ·w+

= l+2 (w
+, χ+;u, θ+) +m+

2 (u
+, θ+) + λ+2 (w, χ

+) ≡ H+ in Q+,

w|t=0 = 0, χ+|t=0 = 0, w|z3=0 = 0,

(3.50)
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where li,mi, λi are defined as above, i.e., by (3.36), (3.37) with

J =
(∂z
∂y

)
=




1 0 0
0 1 0

−ψ1 −ψ2 1


 .

The problems of this type was considered in [14]; see (2.43), Subsection 2.3. In the case of
|k| > 0 it was shown that

‖w‖
W

2+l,1+l/2
2 (QT )

+ |||χ+|||(1l,l/2)
Q+

T

+ |||Dtχ
+|||(1l,l/2)

Q+
T

6 c(‖F+‖
W

l,l/2
2 (Q+

T )
+ |||H+|||(1+l,l/2)

Q+
T

),
(3.51)

and in the case of k = 0 the problem was reduced to the system
{
Dtw̃α − ν+D2

z3w̃α = F+
α in I+ = (0, 2d0),

w̃α|t=0 = 0, w̃α|z3=0,2d0 = 0, α = 1, 2,
(3.52)





Dtw̃3 − (2ν+ + ν+1 )D2
z3w̃3 +

p1
ρ+

Dz3χ
+ = F+

3

Dtχ̃
+ + ρ+Dz3w̃3 = H+ in I+,

w̃3|t=0 = 0, w̃3|z3=0,d0 = 0, α = 1, 2

(3.53)

(cf. (2.58), (2.59), Subsection 2.3 in [14]), and estimate (3.51) was obtained as well. By taking
the Laplace transform w̌ =

∫∞
0 e−stw̃ dt, problems (3.52) and (3.53) were reduced to

sw̌α − ν+D2
z3w̌α = F̌+

α , α = 1, 2,

sw̌3 − (2ν+ + ν+1 )D2
z3w̌3 +

p1
ρ+

Dz3 χ̌ = F̌+
3 , sχ̌+ ρ+Dz3w̌3 = Ȟ+

with ν+ = µ/ρ+, ν+1 = µ+/ρ+. Upon eliminating χ̌, the last system for w̌3, χ̌ was converted
into (

R(s)−D2
z3

)
w̌2
3 =

s

as+ p1

(
F̌+
3 − p1

ρ+s
Ȟ+

)
= Ǧ,

where R(s) = s2

as+p1
, a = 2ν+ + ν+1 > 0. By expanding w̌ in a Fourier series in sin πz3

d0
k3,

k3 = 1, . . . , one obtains

˜̃wα =
˜̃
F

+

α

s+ ν+|ξ3|2
, α = 1, 2, ˜̃w3 =

˜̃
G

R(s) + |ξ3|2
, ξ3 =

kπ

d0
,

where the ˜̃w are the Fourier coefficients of w̌. Since |ξ3| > c, it follows that

‖eβtwα‖W 2+l,1+l/2
2 (Q+

∞)
+|||eβtχ+|||(1+l,l/2)

Q′
∞

+|||eβtDtχ
+|||(1+l,l/2)

Q′
∞

6c‖eβtF+
α ‖

W
l,l/2
2 (Q+

∞)
,

where α = 1, 2,

‖eβtw3‖W 2+l,1+l/2
2 (Q+

∞)
6 c(‖eβtF+

3 ‖
W

l,l/2
2 (Q+

∞(2d0))
+ |||eβtH+|||(1+l,l/2)

Q+
∞(2d0)

).
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We recall that F+ = l1 +m1 + λ1 + ωf̂ , H+ = l2 +m2 + λ2 and conclude that w+ and
χ+ satisfy inequality (3.32), where

YT
(
eβtw+, eβtχ+

)
=‖eβtw+‖

W
2+l,1+l/2
2 (Q+

T )
+|||eβtχ+|||(1+l,l/2)

Q+
T

+|||eβtDtχ
+|||(1+l,l/2)

Q+
T

and
Y ′
T 6 ǫ1YT + c(ǫ1)

(
‖eβtu+‖L2(QT ) + ‖eβtθ+‖L2(Q

+
T )

)
.

Now, we go back to Problem (1.3) and prove the main result of this section.

Theorem 5. Let (u, θ) be the solution of Problem (1.3) given for y ∈ Ω±
0 , t 6 T, T > 2,

fixed, and possessing finite norm

YT = ‖eβtu‖
W

2+l,1+l/2
2 (∪Q±

T )
+ ‖eβt∇θ−‖

W
l,l/2
2 (Q−

T )
+ ‖eβtθ−‖

W
0,l/2
2 (Q−

T )

+ |||eβtθ+|||(1+l,l/2)

Q+
T

+ |||eβtDtθ
+|||(1+l,l/2)

Q+
T

+ |||eβtr|||(5/2+l,l/2)
ST

+ ‖eβtDtr‖W 3/2+l,0
2 (ST )

,

Assume that the data (eβtf ,u0, θ
+
0 , r0) satisfy the smallness condition in Theorem 2. Then

YT 6 cFT , (3.54)

where

FT = ‖eβtf‖
W

l,l/2
2 (QT )

+ ‖v0‖W l+1
2 (∪Ω±

0 ) + ‖θ+0 ‖W l+1
2 (Ω+

0 ) + ‖r0‖W l+2
2 (SR0

),

Q±
T = Ω±

0 × (0, T ), ST = SR0 × (0, T ).

Proof. Let ωk be the covering of Ω with the sets

ωk = {|y − yk| 6 d0, yk ∈ Σ} for k = 1, . . . ,m1,

ωk = {|y − yk| 6 d0, yk ∈ Ω+
0 } for k = 1 +m1, . . . ,m2,

ωk = {|y − yk| 6 d0, yk ∈ Γ0} for k = 1 +m2, . . . ,m3,

ωk = {|y − yk| 6 d0, yk ∈ Ω−
0 } for k = 1 +m3, . . . ,m4.

We assume that the multiplicity of this covering is finite and ωk, k = m1 + 1, . . . m2, k =
m3 + 1, . . . ,m4 are strictly interior subdomains of Ω+

0 and Ω−
0 , respectively. Clearly, ωk,

k = 1, . . . ,m1 and k = m2 + 1, . . . m3, are sufficiently dense coverings of Σ and Γ0 of finite
multiplicity; we assume that it is independent of d0 and d0 is small. We introduce a smooth
and monotone function ζ(t) equal to one for t > 1 and vanishing for t < 1/2, and we set
γk(y, t) = ϕk(y)ζ(t), where the ϕk(y) are smooth functions equal to one for |y− yk| 6 d0 and
to zero for |y − yk| > 2d0, moreover,

c1 >

m4∑

j=1

ϕj(y) > c > 1

in Ω. It is clear that the functions (γku, γkθ) ≡ (wk, χk) satisfy the relations




ρ+Dtw
+
k −∇ · T+(w+

k ) + p1∇χ+
k = l+1 (w

+
k , χ

+
k ;u) +m+

1 (u, θ)

+(ρ+ + θ+)f̂γk,

Dtχ
+
k + ρ+∇ ·w+

k = l+2 (wk;u) +m+
2 (u) in ω+

k ∩ Ω+
0 ,

w+
k |Σ′

k
= 0, w+

k |t=0 = 0, χ+
k |t=0 = 0 for k = 1, . . . ,m1,

(3.55)
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



ρ+Dtw
+
k −∇ · T+(w+

k ) + p1∇χ+
k

= l+1 (w
+
k , χ

+
k ;u) +m+

1 (u, θ) + (ρ+ + χ+
k )f̂γk,

Dtχ
+
k + ρ+∇ ·w+

k

= l+2 (wk;u) +m−
2 (u) in ω+

k , ω+
k ∩ (Γ0 ∪ Σ) = ∅,

w+
k |t=0 = 0, χ+

k |t=0 = 0 for k = m1 + 1, . . . ,+m2,

(3.56)





ρ+Dtw
+
k −∇ · T+(w+

k ) + p1∇χ+
k = l+1 (w

+
k , χ

+
k ;u) +m+

1 (u, θ)

+(ρ+ + θ+)f̂γk,

Dtχ
+
k + ρ+∇ ·w+

k = l+2 (wk;uk) +m−
2 (uk) in ω+

k ∩ Ω+
0 ,

ρ−Dtw
−
k −∇ · T−(w−

k ) +∇χ−
k

= l−1 (w
−
k , χ

−
k ;u) +m−

1 (u, θ) + ρ−f̂γk,

∇ ·w−
k = l−2 (wk;u) +m−

2 (u) in ω−
k ∩ Ω−

0 ,

wk|t=0 = 0, χ+
k |t=0 = 0,

[wk]|Γ′
0k

= 0, w+
k |t=0 = 0, χ+

k |t=0 = 0,

[µΠ0S(wk)n0]Γ′
0k

= l3(wk;u) +m3(u),

−p1χ+
k + χ−

k + [n0 · T(wk)n0]Γ′
0k

= l4(wk, χk;u, θ) +m4(u, χ)

+σγk(H + 2
R0

), for k = m2 + 1, . . . ,m3,

(3.57)





ρ−Dtw
−
k −∇ · T−(w−

k ) +∇χ−
k

= l−1 (w
−
k , χ

−
k ;u) +m−

1 (u, θ) + ρ−f̂γk,

∇ ·w−
k = l−2 (wk;u) +m−

2 (u) in ω−
k ,

wk|t=0 = 0, χ−
k |t=0 = 0 for k = m3 + 1, . . . ,m4,

(3.58)

where

l−1 (w
−
k , χ

−
k ,u

−, θ−) = (∇u −∇) · T−(w−
k ) + (∇−∇u)χ

−
k ,

m−
1 = −∇u · T−(γku

−) + γk∇u · T−
u(u

−)) + θ−∇uγk + ρ−u− · Dtγk,

l+1 (w
+
k , χ

+
k ;u

+, θ+) = (∇u −∇) · T+(w+
k ) + p1(∇−∇u)χ

+
k − θ+Dtγ

+
k ,

m+
1 = −∇u · T+(γku) + γk∇u · T+

u(u)) + p1θ
+∇uγk + (ρ+ + θ+)u+

k Dtγk,

l−2 (w
−
k ;u) = (∇−∇u)w

−
k = (I− L

−TJ −T )∇ ·w−
k = ∇ · (I− J−1

L
−1)wk,

m−
2 (u) = u− · ∇uγk,

l+2 (wk, χk;u, θ) = ρ+(∇−∇u) ·w+
k − θ+∇u ·wk,

m+
2 (u

+, θ+) = (ρ+ + θ+)u · ∇uγk + θ+Dtγk,

l3(wk;u) = [µΠ2
0S(wk)n0 −Π0ΠSu(wk)n],

m3(u) = [µΠ0Π(u⊗∇uγk +∇uγk ⊗ u)n],

l4(w
+
k , χ

+
k ;u, θ) = [n0 · T+(wk)n0]− [n · T+

u(w
+
k )n]

− (p(ρ+ + θ+)− p(ρ+)− p1θ
+))χ+

k ,

m4 = [n · Tu(uγ)n− γn · T(u)n]. (3.59)

In each problem (3.55), (3.57), we pass to local Cartesian coordinates z ∈ Q− or z ∈ Q±

(in (3.56), (3.58) a change of variables is not required). As shown above, the solutions of these
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problems satisfy certain inequalities of the form (3.49), (3.26), (3.32). Taking the squares of
these inequalities and summing up with respect to k, we arrive, in the case of small δ, ǫ, ǫi, at
an estimate equivalent to

Y 2
T (e

βtw, eβtχ) = ‖eβtw‖2
W

2+l,1+l/2
2 (∪Q±

T )

+ |||eβtχ−|||(1+l,l/2)

Q−
T

+ |||eβtχ+|||(1+l,l/2)

Q+
T

+ |||eβtDtχ
+|||(1+l,l/2)

Q+
T

6 c
(
Y

′2
T (eβtu, eβtθ) + Y 2

1 (e
βtu, eβtθ)

+ ‖ζf‖2
W

l,l/2
2 (QT )

+ |||eβtr|||2(2+l,l/2)
ST

)
,

(3.60)

where w =
∑

k wk, χ =
∑

k χk, and Y ′
T is the sum of lower order norms of eβtu and eβtθ

admitting an interpolation estimate of type (3.33).
By adding Y 2

1 (e
βtu, eβtθ) to (3.60) and taking account of (2.8) (with T = 1), we obtain

Y 2
T (e

βtu, eβtθ) 6 c(Y 2
1 (e

βtu, eβtθ) + Y 2
T (e

βtw, eβtχ))

6 c
(
Y

′2
T (eβtu, eβtθ) + F

2
T + |||eβtr|||2(2+l,l/2)

ST

)
.

Now we make use of the inequality

‖eβtr‖2
W

l+5/2,0
2 (ST ))

+ ‖eβtDtr‖2
W

l+3/2,0
2 (ST )

+ ‖eβtr‖2
W

l/2
2 ((0,1);W

5/2
2 (SR0

))

6 c
∑

±

(
|||eβt∇u±|||(l+1/2,l/2)

GT
+ |||eβtθ±|||(l+1/2,l/2)

GT

)
6 cF2

T ,

that is proved in the same way as (2.38); this leads to

Y 2
T (e

βtu, eβtθ, eβtr)≡‖eβtr‖2
W

l+5/2,0
2 (ST )

+‖eβtDtr‖2
W

l+3/2,0
2 (ST )

+Y 2
T (e

βtu, eβtθ)

6c
(
F
2
T + Y

′2
T (eβtu, eβtθ) + |||eβtr|||2(2+l,l/2)

ST

)
. (3.61)

The sum of lower order norms on the right-hand side can be estimated by the interpolation
inequality

Y
′2
T (eβtu, eβtθ) + |||eβtr|||2(2+l,l/2)

ST

6 ǫ3YT (e
βtu, eβtθ, eβtr) + c(ǫ3)Y2

0 (e
βtu, eβtθ, eβtr),

(3.62)

where ǫ3 ≪ 1 and

Y2
0 =

∑

±
‖eβtu‖2

L2(Q
±
T )

+ ‖eβtθ+‖2
L2(Q

+
T )

+ ‖eβtθ−‖2
W

0,l/2
2 (Q−

T )
+ ‖eβtr‖2L2(ST ).

The norm of θ− satisfies inequality (3.10); the norm of f on the right-hand side of (3.10) can
be included in FT , whereas other terms satisfy (3.18) and (3.19). Hence if ǫ3 is sufficientrly
small, then we arrive at

Y 2
T (e

βtu, eβtθ, eβtr) 6 c
(
F
2
T + ‖eβtu‖2L2(QT ) + ‖eβtθ+‖2

L2(Q
+
T )

+ ‖eβtr‖2L2(GT )

)
.

The L2-norms of u, θ+, and r can be estimated by (3.1), which leads to (3.54).
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4 On the smoothness of the free boundary Γt

In the present section it is shown that under some additional assumptions on p(ρ) and f the

function r( · , t), t > 0, belongs to W l+5/2
2 (SR0). The proof is based on the following theorem.

Theorem 6. Assume that p ∈ C3+1(min ρ,max ρ) and f satisfies the following additional

restrictions: f ∈ Wα1
2 ((t0, T );W

l
2(Ω)) ∩ W

0,α1+l/2
2 (Qt0,T ) with α1 ∈ (1/2, 1 − l/2). Then

u(s)(y, t) = u(y, t)− u(y, t− s) and θ(s)(y, t) = θ(y, t)− θ(y, t− s) satisfy the inequality

Y (t0, t1) ≡ ‖eβtu(s)‖
W

2+l,1+l/2
2 (∪Q±

t2,t1
)
+ |||eβtθ(s)−|||(l+1,l/2)

Q−
t2,t1

+ |||eβtθ(s)+|||(l+1,l/2)

Q+
t2,t1

+ |||eβtDtθ
(s)+|||(l+1,l/2)

Q+
t2,t1

6 C(u, θ, r)sa,
(4.1)

where a > 1/2, 0 < t0 < t1 < T, t2 = (t1 − (t1 − t0)/4), 0 < s < min(t1 − t2, t0), Q
±
t2,t1 =

Ω±
0 × (t2, t1), and C is a constant independent of the norms of the solution of (1.3).

The theorem is proved in several steps. First we do some auxiliary constructions. Let
λ ∈ (0, (t1−t0)/4) and let ζλ(t) be a smooth monotone function of t equal to one for t > t0+λ,
to zero for t < t0 + λ/2, and satisfying the inequality |Dk

t ζλ| 6 cλ−k, k = 1, 2, 3. It can be

shown that u
(s)
λ (y, t) = ζλ(t)(u(y, t) − u(y, t− s)), θ

(s)
λ (y, t) = ζλ(θ(y, t)− θ(y, t− s)) satisfy

the equations




ρ−Dtu
(s)−
λ − µ−∇2

uu
(s)−
λ +∇uθ

(s)−
λ = F−

1 , ∇u · u(s)−
λ = F−

2 ,

(ρ+ + θ+)Dtu
(s)+
λ − µ+∇2

uu
(s)+
λ − (µ+ + µ+1 )∇u(∇u · u(s)+

λ )

+p′(ρ+ + θ+)∇uθ
(s)+ = F+

1 ,

Dtθ
(s)+
λ + (ρ+ + θ+)∇u · u(s)+

λ = F+
2 ,

u
(s)+
λ |t=0 = 0, θ

(s)+
λ |t0=0 = 0, u

(s)+
λ |Σ = 0,

[u
(s)
λ ]|Γ0 = 0, [µΠuSu(u

(s)
λ )n]|Γ0 = F3

(4.2)

for t 6 t1. The last jump condition for (u
(s)
λ , θ

(s)
λ ) is obtained by a calculation similar to that

carried out in §3 (see (3.41)). We start with the equation

[n · Tu(u, θ)n] + σn ·∆(t)Xu = p− 2σ

R0
, (4.3)

where

T
+
u(u

+, θ+) = T
+
u (u

+)− p1θ
+
I, T

−
u(u

−, θ−) = T
−
u (u

−)− θ−I,

p = p(ρ+ + θ+)− p(ρ+)− p1θ
+.

It implies

ζλ(t)
(
[n · Tu(u, θ)n] + σn ·∆(t)Xu − p

)

=

t∫

0

Dtζλ(τ)
(
[n · Tu(u, θ)n] + σn ·∆(t)Xu − p

)
dτ.

(4.4)
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By subtracting from (4.4) a similar equation written for the time instant t− s, i.e.,

ζλ(t)([n
′ · Tu′(u′, θ′)n′] + σn′ ·∆′(t)X ′

u − p′)

=

t−s∫

0

Dtζλ(τ + s))([n · Tu(u, θ)n] + σn ·∆(t)Xu − p) dτ,

where v′(t) = v(t − s), vλ = ζλ(t)v(t), after simple calculations (integration by parts) we
obtain the relation

[
n · Tu(u

(s), θ(s))n
]
+ σ

t∫

0

n ·∆(τ)u(s) dτ |Γ0 = F4 +

t∫

0

8∑

j=5

Fj dτ + F9. (4.5)

The nonlinear terms in (4.2) and (4.5) are given by

F−
1 = −µ−(∇2

u −∇2
u′)u−′

λ + (∇u −∇u′)θ−
′

λ − ρ−Dtζλu
(s) + ρ−ζλf̂

(s),

F−
2 = (∇u′ −∇u)u

−′

λ = ∇ · F2, F2 = (L̂− L̂
′)u−′

λ ,

F+
1 = −µ+(∇2

u −∇2
u′)u+′

λ − (µ+ + µ+1 )(∇u ⊗∇u −∇u′ ⊗∇u′)u+′

λ

+ p′
(
ρ+ + θ+

′)
(∇u −∇u′)θ+

′

λ + (ρ+ + θ+)Dtζλu
+(s)

+
(
p′(ρ+ + θ+)− p′(ρ+ + θ+

′
)
)
∇uθ

+′

λ + (ρ+ + θ+)f̂ (s)ζλ + θ+(s)ζλf̂
′,

F+
2 = −(ρ+ + θ+)(∇u −∇u′)u+′

λ − θ+(s)∇u′u+′

λ ,

F3 = −
[
µΠ(ΠSu′(u′

λ)n −Π′
Su′(u′

λ)n
′],

F4 =
[
n′ · Tu′(u′

λ, θ
′
λ)n

′]−
[
n · Tu(u

′
λ, θ

′
λ)n)

]
,

F5 = −Dtζλ
([
n · Tu(u

′, θ′)n
]
−[n′ · Tu′(u′, θ′)n′]

)
−Dtζλ

[
n · Tu(u

(s), θ(s))n
]
,

F6 = σ
(
n∆(τ)− n′∆′(τ)

)
· u′

λ(y, τ),

F7 = σζλDt(n∆− n′∆′)Xu = σζλ(t)
(
(ṅ∆− ṅ′∆) + (n∆̇− n′∆̇′)

)
Xu,

F8 = σζλDt(n
′∆′) ·

t∫

t−s

u(y, τ) dτ) = σζλ(t)(ṅ
′∆′ + n′∆̇′)

s∫

0

u(y, t− τ) dτ,

F9 = p
(s)
λ −

t∫

0

Dtζλp
(s) dτ. (4.6)

We view (4.2), (4.5) as an initial-boundary value problem where the unknowns are u(s)
λ , θ

(s)
λ

and the coefficients in the system and in the boundary conditions are close to constants
corresponding to u = 0, θ = 0 (in view of (2.7), (2.10)), while n is close to n0. It follows that
an estimate similar to (3.54) holds, i.e.,

‖eβtu(s)
λ ‖

W
2+l,1+l/2
2 (∪Q±

t0,t1
)
+ |||eβtθ(s)−λ |||(l+1,l/2)

Q−
t0,t1

+ |||eβtθ(s)+λ |||(l+1,l/2)

Q+
t0,t1

+ |||eβtDtθ
(s)+
λ |||(l+1,l/2)

Q+
t0,t1

6 c
(
‖eβtF−

1 ‖
W

l,l/2
2 (Q−

t0,t1
)
+ ‖eβtF−

2 ‖
W 1+l,0

2 (Q−
t0,t1

)

+ ‖eβtDtF2‖W 0,l/2
2 (Q−

t0,t1
)
+ ‖eβtF+

1 ‖
W

l,l/2
2 (Q+

t0,t1
)
+ |||eβtF+

2 |||(1+l,l/2)
Qt0,t1
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+ ‖eβtF3‖W l+1/2,l/2+1/4
2 (Gt0,t1)

+ |||eβtF4|||(l+1/2,l/2)
Gt0,t1

+

8∑

j=5

‖eβtFj‖W l−1/2,l/2−1/4
2 (Gt0,t1)

+ ‖eβtζλp(s)‖W l+1/2,l/2+1/4
2 (Gt0,t1)

+ ‖eβtDtζλp
(s)‖

W
l−1/2,l/2−1/4
2 (Gt0,t1)

)
, (4.7)

where Gt0,t1 = Γ0 × (t0, t1). This can be justified by using inequality (3.42) and conditions
(2.10). We outline the estimates of the functions Fj . They involve many terms, so we can
give detailed estimates only of several typical ones. We make use of the relation

s∫

0

‖u( · , t−τ)‖
W

l1
2 (Ω±)

dτ6c

s∫

0

‖u( · , t−τ)‖α
W l

2(Ω
±)
‖u( · , t−τ)‖1−α

L2(Ω±)
dτ

6cs1−α/2
( s∫

0

‖u‖2
W l

2(Ω
±)

dτ

)α/2

sup
τ<t

‖u‖1−α/2
L2(Ω±)

,

(4.8)

where α = l1/l < 1, hence 1− α/2 > 1/2. In addition, in view of (1.4) and (2.18), we have

‖DtL̂‖W r
2 (Ω

±
0 ) 6 c‖∇u‖W r

2 (Ω
±
0 ), r 6 l + 1,

‖∆t(−h)DtL̂‖W 3/2−l
2 (Ω±

0 )
6 c

(
‖∆t(−h)∇u‖

W
3/2−l
2 (Ω±

0 )

+ ‖∇u‖
W

3/2−l
2 (Ω±

0 )

h∫

0

‖∇u(·, t− τ)‖W l+1−κ

2 (Ω±
0 ) dτ

)

6 c(‖∆t(−h)∇u‖
W

3/2−l
2 (Ω±

0 )

+
√
h‖∇u‖

W
3/2−l,0
2 (Ω±

0 )

( h∫

0

‖∇u‖2
W l+1−κ

2 (Ω±
0 )

dτ

)1/2

(4.9)

We proceed with the estimate of (∇u −∇u′)∇θ±′

λ . By (4.8) and (4.9), we have

‖(∇u −∇u′)θ′λ‖W l
2(Ω

±
0 ) 6 c‖∇θ′λ‖W l

2(Ω
±
0 )

s∫

0

‖DtL̂( · , t − τ)‖W l+1−κ

2 (Ω±
0 ) dτ,

‖eβt(∇u −∇u′)θ′λ‖W l,0
2 (Q±

t0,t1
)
6 Cs1−α/2‖eβt∇θ′λ‖W l,0

2 (Q±
t0,t1

)
, (4.10)

where α = (l + 2− κ)/(l + 2), κ ∈ (0, l − 1/2).

The W 0,l/2
2 -norm of the same function is estimated as follows:

‖∆t(−h)((∇u −∇u′)θ′λ)‖L2(Ω
±
0 )

6 ‖∆t(−h)∇θ′λ‖L2(Ω
±
0 )

s∫

0

‖DtL̂( · , t− τ)‖W l+1−κ

2 (Ω±
0 ) dτ
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+

s∫

0

‖∆t(−h)DtL̂( · , t − τ)‖
W

3/2−l
2 (Ω±

0 )
dτ‖∇θ′λ‖W l

2(Ω
±
0 ),

‖eβt(∇u −∇u′)θ′λ‖2Ẇ 0,l/2
2 (Q±

t0,t1
)

6 c

(
sup

t∈(t0,t1)

( s∫

0

‖∇u( · , t− τ)‖
W l+1−κ,0

2 (Ω±
0 )

dτ
)2

‖eβt∇θ′λ‖2Ẇ 0,l/2
2 (Q±

t0,t1
)

+ ‖eβt∇θ′λ‖2W l,0
2 (Q±

t0,t1
)
s

s∫

0

dτ

( t1−t∫

0

‖∆t(−h)∇u( · , t − τ)‖2
W 1

2 (Ω
±
0 )

dh

h1+l

)α

×
( t1−t∫

0

‖∆t(−h)u( · , t − τ)‖2L2(Ω±)

dh

h1+l

)1−α

dτ+

( s∫

0

‖∇u‖
W

3/2−l
2 (Ω±

0 )
dτ

)2)

6 Cs2−α‖eβt∇θ′λ‖2W l,l/2
2 (Q±

t0,t1
)
. (4.11)

The numbers 1− α/2 ∈ (1/2, 1) in (4.10), (4.11) etc. are all different but we shall always
use this generic symbol taking the minimal of the corresponding α.

The expression

µ±(∇2
u −∇2

u′)u′
λ = µ±

(
(L̂T − L̂

T ′
)∇ · L̂T∇+ L̂

T ′∇ · (L̂T − L̂
T ′
)
)
∇u′

λ (4.12)

has only slightly more complicated form than (∇u −∇u′)θ′λ, however it involves a term that
can be estimated only by Cs1/2. Indeed, we have

‖eβtL̂T ′∇ · (L̂T − L̂
′T )∇u′

λ‖W l,0
2 (Q±

t0,t1
)

6 c‖eβt(L̂T − L̂
′T )∇u′

λ‖W l+1,0
2 (Q±

t0,t1
)

6 c sup
t∈(t0 ,t1)

s∫

0

‖∇u‖
W l+1,0

2 (Ω±
0 )

dτ‖eβt∇u′
λ‖W l+1,0

2 (Q±
t0,t1

)

6 c
√
s sup
t∈(t0,t1)

‖∇u‖
W l+1,0

2 (Q±
t−s,t)

‖eβt∇u′
λ‖W l+1,0

2 (Q±
t0,t1

)
.

On the other hand, the norm of the first term in (4.12) is controlled by Cs1−α/2:

‖eβt(L̂T − L̂
T ′
)∇ · L̂T∇u′

λ‖W l,0
2 (Q±

t0,t1
)

6 c sup
t∈(t0 ,t1)

s∫

0

‖∇u( · , t − τ)‖W l+1−κ

2 (Ω±
0 ) dτ‖e

βt∇ · L̂T∇u′
λ‖W l,0

2 (Q±
t0,t1

)

6 Cs1−α/2‖eβtuλ‖W 3/2+l,0
2 (Q±

t0,t1
)
,

because κ > 0. A similar estimate holds true for the W 0,l/2
2 (Q±

t0,t1)-norm of (4.12).

45



The same kind of terms arises in the estimate of the norm of F±
2 :

‖eβt(∇u −∇u′)u′
λ‖W l+1,0

2 (Q±
t0,t1

)

6 c sup
t∈(t0 ,t1)

s∫

0

‖∇u( · , t − τ)‖W l+1
2 (Ω±

0 ) dτ‖∇u′
λ‖W l+1,0

2 (Q±
t0,t1

)

6 c
√
s sup
t∈(t0,t1)

‖∇u‖
W l+1,0

2 (Q±
t−s,t)

‖eβt∇uλ‖W l+1,0
2 (Q±

t0,t1
)

and of other terms where the equation

n− n′ =
L̂
Tn0

|L̂Tn0|
− L̂

T ′
n0

|L̂T ′
n0|

is used, in particular, in F3 and F4.
We also treat the expressions containing u(s) and θ(s), for instance, the term

F ′ =
(
p′(ρ+ + θ+)− p′(ρ+ + θ+

′
)
)
∇uθ

+′

λ =

1∫

0

p
′′(
ρ+ + θ+

′
+ λθ(s)+

)
dλθ

(s)+
λ ∇uθ

+′

in F+
1 . Since p is sufficiently smooth, we have

‖eβtF ′‖
W l,0

2 (Q+
t0,t1

)

6 c‖∇uθ
+′‖

W l,0
2 (Q+

t0,t1
)

sup
t∈(t0 ,t1)

‖eβtθ(s)+λ ‖
W l+1−κ

2 (Ω+
0 )
,

‖eβtF ′‖
W

0,l/2
2 (Q+

t0,t1
)

6 c sup
t∈(t0,t1)

‖eβtθ(s)+λ ‖
W

3/2−l
2 (Ω+

0 ))
‖∇uθ

+′‖
W

l/2
2 ((t0+λ/2,t1),W l

2(Ω
+
0 ))
.

(4.13)

The other terms in F+
1 are treated as above.

As to F+
2 , we have

‖F+
2 ‖W l+1

2 (Ω+
0 ) 6 c

s∫

0

‖∇u+( · , t− τ)‖W l+1
2 (Ω+

0 ) dτ‖∇u+
λ ( · , t)‖W l+1

2 (Ω+
0 )

+ ‖θ(s)+( · , t)‖W l+1
2 (Ω+

0 )‖∇u+′

λ ( · , t)‖W l+1
2 (Ω+

0 ),

‖∆t(−h)F+
2 ‖W 1

2 (Ω
+
0 )6c

( s∫

0

‖∆t(−h)∇u+( · , t−τ)‖W 1
2 (Ω

+
0 ) dτ‖∇u+

λ ‖W l+1−κ
2 (Ω+

0 )

+

s∫

0

‖∇u+‖W l+1−κ

2 (Ω+
0 ) dτ‖∆t(−h)∇u+

λ ‖W 1
2 (Ω

+
0 )

+ ‖∆t(−h)θ(s)+λ ‖W 1
2 (Ω

+
0 )‖∇u

′+‖W l+1−κ

2 (Ω+
0 )
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+ ‖θ(s)+λ ‖W l+1−κ

2 (Ω+
0 )‖∆t(−h)∇u+‖W 1

2 (Ω
+
0 )

)

and, as a consequence,

‖eβtF+
2 ‖

W l+1,0
2 (Q+

t0,t1
)

6 c
(

sup
t∈(t0,t1)

√
s
( s∫

0

‖∇u+( · , t− τ)‖2
W l+1

2 (Ω+
0 )

dτ
)1/2

‖eβt∇u+
λ ‖W l+1,0

2 (Q+
t0,t1

)

+ sup
t∈(t0,t1)

‖eβtθ(s)+‖W l+1−κ

2 (Ω+
0 )‖∇u

′+
λ ‖

W l+1,0
2 (Q+

t0,t1
)

)
,

‖eβtF+
2 ‖

W
l/2
2 ((t0,t1);W 1

2 (Ω
+
0 ))

6 c(‖eβtDtθ
(s)+
λ ‖W 1,0

2 (Q+
t0,t1

)‖∇u+‖
W l+1−κ,0

2 (Gt0,t1 )

+ sup
t∈(t0,t1)

‖eβtθ(s)+‖W l+1−κ

2 (Ω+
0 )‖∇u+

λ ‖W l/2
2 ((t0,t1);W 1

2 (Ω
+
0 ))

+
√
s sup
t∈(t0,t1)

( t∫

t−s

dξ

t1−t∫

0

‖∆t(−h)∇u+‖2
W 1

2 (Ω
+
0 )

dh

h1+l

)1/2
‖∇u

′+
λ ‖

W l+1−κ,0
2 (Q+

t0,t1
)

+ sup
t∈(t0,t1)

s∫

0

‖eβt∇u+
λ ‖W l+1−κ

2 (Ω+
0 ) dτ‖e

βt∇u+
λ ‖W l/2

2 ((t0,t1);W 1
2 (Ω

+
0 ))
. (4.14)

The last term is controlled by Cs1−α/2, α ∈ (0, 1).
We turn to the expression F4. The estimate of F4 reduces to the estimate of (n−n′) ·∇u′

λ

and (n− n′)θ′λ. We have

‖eβt(n − n′)∇u±
λ ‖W l+1/2,0

2 (Gt0,t1 )

6 c sup
t∈(t0,t1)

s∫

0

‖∇u±( · , t− τ)‖
W

l+1/2
2 (Γ0)

dτ‖eβt∇u±
λ ‖W l+1/2,0

2 (Gt0,t1 )

6 c
√
s( sup

t∈(t0 ,t1)

s∫

0

‖∇u±‖2
W

l+1/2
2 (Γ0)

dτ)1/2‖eβt∇u±
λ ‖W l+1/2,0

2 (Gt0,t1)
,

‖∆t(−h)((n − n′)∇u±
λ )‖W 1/2

2 (Γ0)

6 c

s∫

0

‖∆t(−h)∇u±‖
W

1/2
2 (Γ0)

dτ‖∇u±
λ ‖W l+1/2−κ

2 (Γ0)

+

s∫

0

‖∇u±( · , t− τ)‖
W

l+1/2−κ

2 (Γ0)
dτ‖∆t(−h)∇u±

λ ‖W 1/2
2 (Γ0)

,

hence
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|||eβtF4|||2(l+1/2,l/2)
Gt0,t1

6 c
√
s
∑

±

(
sup

t∈(t0,t1)

( s∫

0

‖∇u±( · , t− τ)‖2
W

l+1/2
2 (Γ0)

dτ
)1/2

+ sup
t∈(t0,t1)

( t∫

t−s

dξ

t1−t∫

0

‖∆t(−h)∇u±( · , ξ)‖
W

1/2
2 (Γ0)

dh

h1+l

)1/2
)

×
(
‖eβt∇u±

λ ‖W l+1/2,0
2 (Gt0,t1 )

+ ‖eβtθ±λ ‖W l+1/2,0
2 (Gt0,t1 )

)

+ Cs1−α/2
(
|||eβt∇u±

λ |||
(l+1/2,l/2)
Gt0,t1

+ |||eβtθ±λ |||
(l+1/2,l/2)
Gt0,t1

)
. (4.15)

The expression F3 satisfies similar inequalities.
Now we estimate F5 = F ′

5 + F
′′

5 . By repeating the calculation in (4.11) and taking the
behavior of Dtζλ into account, we obtain

‖eβtF ′
5‖W l−1/2,l/2−1/4

2 (Gt0,t1)
6 Cλ−2s1−α/2

∑

±

(
‖eβt∇u±

λ ‖W l−1/2,l/2−1/4
2 (Gt0,t1 )

+ ‖eβtθ±λ ‖W l−1/2,l/2−1/4
2 (Gt0,t1 )

)
,

‖eβtF ′′

5 ‖W l−1/2,l/2−1/4
2 (Gt0,t1)

6 cλ−2
∑

±

(
‖eβt∇u

(s)±
λ ‖

W
l−1/2,l/2−1/4
2 (Gt0,t1)

+ ‖eβtθ(s)±λ ‖
W

l−1/2,l/2−1/4
2 (Gt0,t1 )

)
. (4.16)

We proceed with the analysis of the terms involving the Laplace–Beltrami operator ∆(t)
and its time derivative. We consider the expression

F6 = σ
(
n∆(t)− n′∆(t− s)

)
· u′

λ

= σ

s∫

0

(
ṅ(y, t− τ)∆(t− τ) + n(y, t− τ)∆̇(t− τ)

)
dτ · u′

λ(y, t).

It suffices to estimate the first term F ′
6 on the right-hand side (the second one is treated in

the same way). Since ‖∆(t)u‖
W

l−1/2
2 (Γ0)

6 c‖u‖
W

3/2+l
2 (Γ0)

, we have

∥∥∥∥
s∫

0

ṅ( · , t− τ) ·∆(t− τ) dτu′
λ( · , t)

∥∥∥∥
W

l−1/2
2 (Γ0)

6

s∫

0

‖∇u( · , t− τ)‖
W

l+1/2−κ

2 (Γ0)
dτ‖u′

λ‖W 3/2+l
2 (Γ0)

,

‖∆t(−h)F6‖L2(Γ0) 6 c
( s∫

0

‖∆t(−h)∇u‖
W

3/2−l
2 (Γ0)

dτ‖u′
λ‖W l+3/2

2 (Γ0)

+

s∫

0

sup
Γ0

|∇u(y, t− τ)|dτ‖∆t(−h)u′
λ‖W 2

2 (Γ0)

)
,
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which implies
‖eβtF ′

6‖W l−1/2,l/2−1/4
2 (Gt0,t1)

6 Cs1−α/2|||eβtuλ|||(2,l/2−1/4)
Gt0,t1

. (4.17)

Now we pass to the estimate of F7 = F ′
7 + F

′′

7 , where

F ′
7 = σζλ((ṅ − ṅ′)∆ + ṅ′(∆(t)−∆′(t))Xu,

F ′′
7 = σζλ((n − n′)∆̇ + n′(∆̇− ∆̇′))Xu.

We restrict ourselves to the estimate of F ′
7. Since

‖Xu( · , t)‖W l+3/2
2 (Γ0)

6 c,

‖(∆(t)−∆(t− s))Xu‖W l−1/2
2 (Γ0)

6 c

s∫

0

‖∇u‖
W

l+1/2−κ

2 (Γ0)
dτ‖Xu‖W l+3/2

2 (Γ0)
,

for arbitrary t ∈ (t1, t0) we have:

‖F ′
7‖W l−1/2

2 (Γ0)
6 c

(
‖∇u

(s)
λ ‖

W
l+1/2−κ

2 (Γ0)

+ ‖∇uλ‖W l+1/2−κ

2 (Γ0)

s∫

0

‖∇u‖
W

l+1/2−κ

2 (Γ0)
dτ

)
‖Xu‖W 3/2+l

2 (Γ0)
,

‖∆t(−h)F ′
7‖L2(Γ0) 6 c

(
‖∆t(−h)∇u

(s)
λ ‖

W
3/2−l
2 (Γ0)

+ ‖∆t(−h)∇uλ‖W 3/2−l
2 (Γ0)

s∫

0

‖∇u‖
W

l+1/2−κ

2 (Γ0)
dτ

+ ‖∇uλ‖W l+1/2−κ

2 (Γ0)

s∫

0

‖∆t(−h)∇u‖
W

3/2−l
2 (Γ0)

dτ
)
‖Xu‖W 3/2+l

2 (Γ0)
,

which implies

‖eβtF ′
7‖W l−1/2,0

2 (Gt0,t1 )
6 c‖eβt∇u

(s)
λ ‖

W
l+1/2−κ,0
2 (Gt0,t1)

+ Cs1−α/2‖eβt∇uλ‖W l+1/2−κ

2 (Gt0,t1)
,

‖eβtF ′
7‖W 0,l/2−1/4

2 (Gt0,t1 )
6 c‖eβt∇u

(s)
λ ‖

W
l/2−1/4
2 ((t0,t1);W

3/2−l
2 (Γ0))

+ Cs1−α/2(‖∇uλ‖W l+1/2−κ

2 (Gt0,t1 )

+ ‖∇u‖
W

l/2−1/4
2 ((t0,t1);W

3/2−l
2 (Γ0))

).

(4.18)

Slightly more complicated calculations lead to similar inequalities for F
′′

7 .
We turn to the expression F8:

‖F8‖W l−1/2
2 (Γ0)

6 c‖∇uλ‖W l+1/2−κ

2 (Γ0)

s∫

0

‖u( · , t− τ)‖
W

3/2+l
2 (Γ0)

dτ,
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‖eβtF8‖W l−1/2,0
2 (Gt0,t1 )

6 c‖eβt∇uλ‖W 3/2−l,0
2 (Gt0,t1)

√
s sup
t∈(t0 ,t1)

‖u‖
W

3/2+l
2 (Gt−s,t)

,

‖∆t(−h)F8‖L2(Γ0) 6 c‖∆t(−h)∇uλ‖W 3/2−l
2 (Γ0)

s∫

0

‖u( · , t)‖
W

3/2+l
2 (Γ0)

dτ

+ sup
Γ0

|∇uλ(y, t)|
s∫

0

‖∆t(−h)∆(t)u‖L2(Γ0) dτ,

‖eβtF8‖Ẇ 0,l/2−1/4
2 (Gt0,t1 )

6 c‖eβt∇uλ‖Ẇ l/2−1/4
2 ((t0,t1);W

3/2−l
2 (Γ0))

√
s‖u‖

W
3/2+l,0
2 (Gt−s,t)

+ ‖eβt∇uλ‖W l+1/2−κ,0
2 (Gt0,t1)

√
s sup
t∈(t0,t1)

‖u‖
W

l/2−1/4
2 ((t−s,t);W 2

2 (Γ0))
, (4.19)

To evaluate the contribution of f̂ , we use the equations

f(Xu, t)−f(Xu′ , t−s)=(f(Xu, t)−f(Xu′ , t))+(f(Xu′ , t)−f(Xu′ , t−s)),

f(Xu, t)−f(Xu′ , t)=

1∫

0

∇f(Xu′+µX
(s)
u , t) dµ

s∫

0

u(y, t−τ) dτ,

whence

‖eβtf̂ (s)‖
W

l,l/2
2 (Qt0,t1 )

6 c
(
‖eβt∇f‖

W
l,l/2
2 (Qt0,t1 )

sup
t∈(t0,t1)

s∫

0

‖u‖W l+1−κ

2 (∪Q±
t−τ,t)

dτ

+ ‖eβt∇f‖
W l,0

2 (Qt0,t1)
sup

t∈(t0,t1)

s∫

0

‖u( · , t − τ)‖
W

l/2
2 ((t−s,t);W

3/2−l
2 (Γ0))

dτ

+ ‖eβtf‖
W

l,l/2
2 (Qt1,t0)

|s|α1

)
6 Cf |s|α,

in view of assumptions of Theorem 6. The function fλ = ζλ(t)f is estimated in a similar way.
In conclusion, we estimate the expression F9 in (4.6). We have

ζλp
(s) = ζλ

(
(p(ρ+ + θ+)− p(ρ+)− p1θ

+)− (p(ρ+ + θ+
′
)− p(ρ+)− p1θ

+′
)
)

=

1∫

0

(p′(ρ+ + θ+
′
+ µθ(s)+)− p1) dµθ

(s)+
λ

=

1∫

0

dµ1

1∫

0

p
′′
(ρ+ + µ(θ+

′
+ µ1θ

(s)+)) dµ(θ+
′
+ µ1θ

(s)+)θ
(s)+
λ ,

‖ζλp(s)‖W l+1/2
2 (Γ0)

6 c‖θ+‖
W

l+1/2
2 (Γ0)

s∫

0

‖Dtθ
+
λ ( · , t − τ)‖

W
l+1/2
2 (Γ0)

dτ,
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‖∆t(−h)ζλp(s)‖L2(Γ0)

6 c(‖∆t(−h)θ+‖W 3/2−l
2 (Γ0)

s∫

0

‖Dtθ
+
λ ( · , t − τ)‖

W
l−1/2
2 (Γ0)

dτ

+ ‖θ+‖
W

0,l−1/2
2 (Γ0)

s∫

0

‖Dtθ
+
λ ( · , t − τ)‖

W
3/2−l
2 (Γ0)

dτ,

which implies

‖eβtζp‖
W

l+1/2,l/2+1/4
2 (Gt0,t1 )

6c

(
‖eβtθ+‖

W
l+1/2,0
2 (Gt0,t1 )

√
s

( s∫

0

‖Dtθ
+
λ ‖2W l+1/2

2 (Γ0)
dτ

)1/2

+C|s|α
)
.

(4.20)

Finally,

‖eβtp(s)Dtζλ(t)‖W l−1/2,l/2−1/4
2 (Gt0,t1)

6 cλ−2
( s∫

0

‖Dtθ
+‖

W
l−1/2
2 (Γ0)

dτ‖eβtθ+‖
W

3/2−l,0
2 (Gt0,t1)

+ ‖eβtDtθ
+‖

W
l−1/2,0
2 (Gt0,t1)

s∫

0

‖∇θ+‖
W

3/2−l,0
2 (Γ)

dτ
)
6 Cλ−2sα.

(4.21)

From the estimates obtained above, it follows that the sum of the norms on the right-hand
side of (4.7) is controlled by a sum of terms proportional to Cs1−α/2, α ∈ (0, 1), or to

√
s
( s∫

0

(‖u±( · , t − τ)‖2 + ‖θ+‖2) dτ
)1/2

=
√
s
( t∫

t−s

(‖u±( · , ξ)‖2 + ‖θ+‖2) dξ
)1/2

,

(4.22)

or to the norms of eβtu(s) and eβtθ(s) of a lower order in comparison to the norms in
Y (eβtu, eβtθ) possibly multiplied by λ−2. We set

Y 2(t0 + λ, t) = ‖eβtu(s)‖2
W

2+l,1+l/2
2 (∪Qt0+λ,t1

)
+ |||eβtθ(s)−|||2(1+l,l/2)

Q−
t0+λ,t1

+ |||eβtθ(s)+|||2(1+l,l/2)

Q+
t0+λ,t1

+ |||eβtDtθ
(s)+|||2(1+l,l/2)

Q+
t0+λ,t1

and we denote by Y ′(t0 + λ/2, t1) the sum of certain weaker norms of u(s) and θ(s)± in
Ω0 × (t0 + λ/2, t0). As shown above,

Y (t0 + λ, t1) 6 c1λ
−2Y ′(t0 + λ/2, t1) + F (s), (4.23)
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where F (s) is the sum of terms controlled by powers of s.
We estimate each term in Y ′(t0 + λ/2, t1) by an interpolation inequality of type (3.33);

the norm ‖eβtθ(s)−‖2
W

0,l/2−1/4
2 (Gt0+λ,t1

)
, which is a part of Y ′ (in view of (4.16)), estimated as

follows:

‖eβtθ(s)−‖2
W

0,l/2−1/4
2 (Gt0+λ/2,t1

)
6 ǫ4‖eβtθ(s)−‖2

W
0,l/2
2 (Gt0+λ/2,t1

)

+ cǫ−m1
4 ‖eβtθ(s)−‖2L2(Gt0+λ/2,t1

),

m1 > 0, ǫ4 ≪ 1. Thus,

Y ′(t0 + λ/2, t) 6 ǫ1Y (t0 + λ/2, t1) + cǫ−m1
4 Y0,

where m1 > 0,

Y0 = ‖eβtu(s)‖2
L2(∪Q±

t0,t1
)
+ ‖eβtθ(s)+‖2

L2(Q
+
t0,t1

)
+ ‖eβtθ(s)−‖2L2(Gt0,t1)

,

and in view of (4.23),

Y (t0 + λ, t1) 6 c1ǫ4λ
−2Y (t0 + λ/2, t1) + c2ǫ

−m1
4 λ−2Y0 + c3F (s).

This implies
f(λ) 6 cδf(λ/2) + c2δ

−m1Y0 + c3λ
2m1+2F (s), (4.24)

where δ = ǫ4λ
−22m1+2, f(λ) = λ2+m1Y (t0 + λ, t1), c = c12

m1+2. We fix δ such that cδ 6 1/2
and, iterating (4.24), arrive at f(λ) 6 2(cδ−m1Y0 + c4λ

2m1+2F (s)). The norms in Y0 can be
estimated by the inequalities

‖eβtu(s)‖L2(Qt0,t1 )
6 cs‖eβtDtu‖L2(Qt0,t1)

,

‖eβtθ(s)+‖L2(Qt0,t1 )
6 cs‖eβtDtθ

+‖L2(Qt0,t1 )
;

finally, since

θ(s)−|Γ0 = p(ρ+ + θ+)− p(ρ+ + θ+
′
) + [n · Tu(u)n]− [n′ · Tu′(u′)n′] + σH(s)

(see (3.11)), the inequality

‖eβtθ(s)−‖L2(Gt0,t1)
6c

(
‖eβtθ(s)+‖L2(Gt0,t1 )

+
∑

±
‖eβt∇u(s)±‖L2(Gt0,t1)

+‖eβtr(s)‖W 2
2 (SR0

×(t0,t1))

)
6csa

holds true with a > 1/2, due to

‖eβtθ(s)+‖L2(Gt0,t1)
6 cs‖eβtDtθ

+‖L2(Gt0,t1)
,

‖eβt∇u(s)±‖L2(Gt0,t1)
6 Csl/2+1/4,

‖eβtr(s)‖W 2
2 (Gt0,t1)

6 cs‖eβtDtr‖W 2
2 (Gt0,t1)

.
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Hence Y0 can be included into F (s); by setting λ = λ0 = (t1− t0)/4, we obtain f(λ0) 6 cF (s)
or

Y (t0 + λ0, t1) 6 cδ−m1λ−2−m1
0 F (s) 6 Cs1/2.

This implies the boundedness of the norms

‖eβtu‖
W

α2/2
2 ((t2,t1);W

2+l
2 (∪Ω±

0 ))
, ‖eβtu‖

W
(α2+l)/2,0
2 (Gt2,t1))

,

‖eβtθ±‖
W

(α2+l)/2
2 ((t2,t1);W 1

2 (Ω
±
0 ))

+ ‖eβtθ±‖
W

α2/2
2 ((t2,t1);W

l+1
2 (Ω±

0 )
, α2 ∈ (0, 1/2).

We separate out the terms of type sI in F 2(s). The sum of the integrals I does not exceed

c

( t∫

t−s

(‖u( · , ξ)‖2
W 2+l

2 (∪Ω±
0 )
+ ‖Dtθ

+‖2
W

l+1/2
2 (Γ0)

) dξ

+

t∫

t−s

dξ

t1−t∫

0

‖∆t(−h)∇u( · , ξ)‖2W 1
2 (∪Ω±)

dh

h1+l

+

t∫

t−s

dξ

t1−t∫

0

‖∆t(−h)∇u( · , ξ)‖2
W

1/2
2 (Γ0)

dh

h1/2+l

)
= c(I1+I2+I3), t∈(t2, t1).

We have

I1 6 sα2

t∫

t−s

(
‖u( · , ξ)‖2

W 2+l
2 (∪Ω±

0 )
+ ‖Dtθ

+‖2
W

l+1/2
2 (Γ0)

) dξ

(t− ξ)α2
.

The last integral is controlled by a finite norm

‖u‖2
W

α2/2
2 ((t2,t0);W

2+l
2 (∪Ω±

0 ))
+ ‖Dtθ

+‖2
W

α2/2
2 ((t2,t0);W

l+1/2
2 (Γ0))

;

moreover,

I2 6 sα2

t∫

t−s

dξ

(t− ξ)α2

t1−t∫

0

‖∆t(−h)∇u‖2
W 1

2 (∪Ω
±
0 )

dh

h1+l
;

we assume that l/2 + α2/2 < 1. By analyzing two cases: t − ξ < h and t − ξ > h, it is not
hard to show that

I2 6 csα2‖u‖
W

l/2+α2/2
2 ((t2,t1);W 2

2 (∪Ω
±
0 ))
.

The third integral is estimated in the same way. Thus, s(I1 + I2 + I3) 6 Cs1+α2 , which
completes the proof of (4.1).

It follows that

‖u( · , t)‖W 2+l
2 (∪Ω±

0 ) + ‖Dtu( · , t)‖W l
2(∪Ω

±
0 ) +

∑

±
‖θ±( · , t)‖W l+1

2 (Ω±
0 ) (4.25)

+‖Dtθ
+( · , t)‖W l+1

2 (Ω0±) + ‖r( · , t)‖
W

l+5/2
2 (SR0

)
6 C, t ∈ (t2, t1).
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5 Construction of a solution in the infinite time interval

We describe the procedure of extension of the solution of Problem (1.3) from the interval
(0, T ) to the infinite interval t > 0. It is done step by step: first the solution is defined for
t ∈ (T, 2T ), then for t ∈ (2T, 3T ) and so forth. We have proved that the solution satisfies
(3.54) in QT . By the trace theorem for the Sobolev spaces, it also satisfies the inequalities

e2βT
(
‖u( · , T )‖2

W l+1
2 (∪Ω±

0 )
+‖θ+( · , T )‖2

W l+1
2 (Ω+

0 )
+‖r( · , T )‖2

W l+2
2 (SR0

)

)

6cY 2
T

(
eβtu±, eβtθ±, eβtr

)

6c
(
‖u0‖2W l+1

2 (∪Ω±
0 )
+‖θ+0 ‖2W l+1

2 (Ω+
0 )
+‖r0‖2W l+2

2 (SR0
)
+‖eβtf‖2

W
l,l/2
2 (QT )

)
.

(5.1)

By passing to Eulerian coordinates, we obtain

‖v( · , T )‖2
W l+1

2 (∪Ω±
T )

+ ‖ϑ+‖2
W l+1

2 (Ω+
T )

+ ‖r( · , T )‖2
W l+2

2 (SR0
)
6 c1e

−2βT ǫ2. (5.2)

We define (u(1), θ(1)) for t ∈ (T, 2T ) as a solution of problem (1.3) in the domain Ω+
T ∪ΓT ∪Ω−

T

with the initial data u(1)(z, T ) = v(z, T ), z ∈ Ω±
T , θ+(1)(z, T ) = ϑ+(z, T ), z ∈ Ω+

T . Since

ΓT ∈W
l+5/2
2 , this problem has a unique solution if ǫ is chosen sufficiently small. A condition

of the type (2.20), i.e.,

sup
t∈(T,2T )

‖θ+(1)( · , t)‖W l+1
2 (Ω+

T ) + sup
t∈(T,2T )

‖U (1)( · , t)‖W l+2
2 (∪Ω±

T )

6c
(

sup
t∈(T,2T )

‖θ+(1)( · , t)‖W l+1
2 (Ω+

0 )+
√
T‖u(1)‖

W l+2,0
2 (∪Q±

T,2T )

)
6 δ ≪ 1,

is established as above in Theorem 2, i.e., by iterations. The function r(η, t), t ∈ (T, 2T ), can
be defined as above in §2 (see (2.38) and Proposition 1’), hence

‖eβ(t−T )u(1)‖2
W

2+l,1+l/2
2 (∪Q±

T,2T )

+ ‖eβ(t−T )∇θ−(1)‖2
W

l,l/2
2 (∪Q±

T,2T )
+ ‖eβ(t−T )θ−(1)‖2

W
0,l/2
2 (Q±

T,2T )

+ ‖eβ(t−T )r‖2
W

l+5/2,0
2 (ST,2T )

+ ‖eβ(t−T )Dtr‖2
W

l+3/2,0
2 (ST,2T )

+ |||eβ(t−T )θ+(1)|||2(1+l,l/2)

Q+
T,2T

+ |||eβ(t−T )Dtθ
+(1)|||2(1+l,l/2)

Q+
T,2T

)

6 c
(
(‖v( · , T )‖2

W l+1
2 (∪Ω±

T )
+ ‖r( · , T )‖2

W l+2
2 (SR0

)

+ ‖ϑ+( · , T )‖2
W l+1

2 (Ω+
T )
) + ‖eβ(t−T )f‖2

W
l,l/2
2 (QT,2T )

)
,
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where Q±
T,2T = Ω±

T × (T, 2T ), ST,2T = SR0 × (T, 2T ). Multiplying this inequality by e2βT and
taking (5.1) into account, we obtain

‖eβtu(1)‖2
W

2+l,1+l/2
2 (∪Q±

T,2T )
+ ‖eβt∇θ−(1)‖2

W
l,l/2
2 (∪Q−(1)

T,2T )

+ |||eβtθ+(1)|||2(1+l,l/2)

Q+
T,2T

+ ‖eβtr‖2
W

l+5/2,0
2 (ST,2T )

+ ‖eβtDtr‖2
W

l+3/2,0
2 (ST,2T )

+ |||eβtDtθ
+(1)|||2(1+l,l/2)

Q+
T,2T

6 c(‖v0‖2W l+1
2 (∪Ω±

0 )
+ ‖θ0‖2W l+1

2 (∪Ω±
0 )

+ ‖r0‖2W l+2
2 (SR0

)
+ ‖eβtf‖2

W
l,l/2
2 (Q0,2T )

).

(5.3)

Now we go back to the Eulerian coordinates

x = z +

t∫

T

u(1)(z, τ) dτ ≡ X
(1)
u (z, t) ∈ Ωt, t ∈ (T, 2T ),

and obtain an extension

v(x, t) = u(1)
((
X

(1)
u

)−1
x, t

)
, ϑ(x, t) = θ(1)

((
X

(1)
u

)−1
x, t

)
,

of the solution of (1.3) to the interval (T, 2T ). Applying Theorems 3 and 5 for t ∈ (0, 2T ), we
obtain

Y
2
2T (e

βtu±, eβtθ±, eβtr) 6 cF2
2T .

We continue by defining (u(2), θ(2)) for t ∈ (2T, 3T ) as a solution of the problem (1.3)
in the domain Ω2T with the initial data u(2±)(z, 2T ) = v±(z, 2T ), z ∈ Ω±

2T , θ(2+)(z, 2T ) =
ϑ+(z, 2T ), z ∈ Ω+

2T . This solution expressed in the Eulerian coordinates yields an extension
of (v(x, t), ϑ(x, t)) to the interval t ∈ (2T, 3T ).

We go on further in the same way, and we notice that on the kth step inequality (5.2)
takes the form

‖v( · , kT )‖2
W l+1

2 (∪Ω±
kT )

+ ‖ϑ+‖2
W l+1

2 (Ω+
kT )

+ ‖r( · , kT )‖2
W l+2

2 (SR0
)
6 c1e

−2βkT ǫ2,

hence after a final number of steps we shall have c1e2βkT < 1, and ǫ need not be changed any
more. Condition (2.10) for t 6 kT follows from the inequality

YkT (e
βtu±, eβtθ±, eβtr) 6 cF2

kT 6 cǫ2.

Finally, we notice that the displacement of the barycenter of Ω+
kT with respect to the origin

(the barycenter of Ω+
0 ) equals

|h(kT )| = 3

4πR3
0

∣∣∣∣
kT∫

0

∫

Ω+
0

v(y, t) dS

∣∣∣∣ 6 cYkT 6 cǫ ≪ 1,

so Ω−
kT has no points of contact with Σ.

We summarize the results of the present paper.
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Theorem 7. Assume that the data of Problem (1.3) possess finite norm F (3.54) on the infi-

nite time interval (0,∞), moreover, the compatibility and smallness conditions of Theorem 2
are satisfied, as well as additional assumptions of Theorem 6 : p ∈ C3+1(min ρ(y, t),max ρ(y, t))
and

f ∈Wα1
2

(
(0,∞);W l

2(Ω)
)
∩W 0,l/2+α1

2 (Q∞),

Dj
yf ∈ L2(Qt,t+T ), |j| = 1, 2, ∀t > 0

with α1 ∈ (1/2, 1 − l/2), ‖eβtf‖
W

l,l/2
2 (Q∞

6 ǫ. Then problem (1.3) is uniquely solvable in the

infinite time interval (0,∞) in the class of functions with finite norm Y , the solution satisfies

inequality (3.54) with T = ∞, and Γt ∈ W
l+5/2
2 for positive values of t. As t → ∞, the

functions u, θ±, r tend to zero and Ω−
t tends to the sphere of radius R0 centered at the point

h(∞) = limt→∞ h(t) close to the origin, i.e., to the barycenter of Ω−
0 .

These results extend to the case of several incompressible fluids contained in noninter-
secting domains Ωk,t, as in [3,5], and to the case where compressible fluid is surrounded with
incompressible one, as in [2,6,7]. Analysis of the problem in W 2,1

p , as in [3,5], is also possible.
In conclusion, we consider briefly the case where the compressible fluid occupies the domain

Ω−
t and the incompressible one fills Ω+

t . Problem (1.1) takes the form




ρ+Dtv
+ + (v+ · ∇)v+)−∇ · T+(v+) +∇p+ = ρ+f ,

∇ · v+ = 0 in Ω+
t ,

ρ−(Dtv
− + (v− · ∇)v−)−∇ · T−(v−) +∇p(ρ−) = ρ−f ,

Dtρ
− +∇ · (ρ−v−) = 0, ρ−|t=0 = ρ−0 in Ω−

t ,

v±|t=0 = v±
0 in Ω±

0 , v+|Σ = 0, [v]|Γt = 0,

(−p(ρ−) + p+)n + [T(u)n] = −σHn on Γt,

(5.4)

where
T
+(v+) = µ+S(v+), T

−(v−) = µ−S(v−) + µ−1 I∇ · v−.

For the sake of convenience, we assume that [u]|Γt = u− − u+. By setting

ϑ− = ρ− − ρ−, ϑ+ = p+ − p(ρ−)− 2σ

R0
,

where ρ− =M−/|Ω−
0 |, we convert (5.4) into





ρ+Dtv
+ + (v+ · ∇)v+)−∇ · T+(v+) +∇ϑ+ = ρ+f ,

∇ · v+ = 0 in Ω+
t ,

(ρ− + ϑ−)(Dtv
− + (v− · ∇)v−)−∇ · T−(v−) +∇p(ρ− + ϑ−)

= (ρ− + ϑ−)f ,

Dtϑ
− +∇ · ((ρ− + ϑ−)v−) = 0, ϑ−|t=0 = ϑ−0 in Ω−

t ,

v±|t=0 = v±
0 in Ω±

0 , v−|Σ = 0, [v]|Γt = 0,

(−p(ρ− + ϑ−) + p(ρ−) + ϑ+)n+ [T(u)n] = −σ(H + 2
R0

)n on Γt,

(5.5)
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We pass to Lagrangian coordinates by formula (1.2) and convert Problem (5.5) into





ρ+Dtu
+ −∇ · T+(u+) +∇θ+ = l+1 (u

+, θ+) + ρ+f̂ ,

∇ · u+ = l+2 (u
+) in Ω+

0 , t > 0,

ρ−Dtu
− −∇ · T−(u−) + p1∇θ− = l−1 (u

−, θ−) + (ρ− + θ−)f̂ ,

Dtθ
− + ρ−∇ · u− = l−2 (u

−, θ−) in Ω−
0 , t > 0,

u±|t=0 = u±
0 in Ω±

0 , θ−|t=0 = θ−0 = ρ−0 − ρ−,

[u]|Γ0 = 0, [µ±Π0S(u)n0]|Γ0 = l3(u)|Γ0 ,

−p1θ− + θ+ + [n0 · T(u)n0]
∣∣
Γ0

+ σn0 ·
t∫
0

∆(0)u(y, τ) dτ
∣∣
Γ0

= l4(u)−
t∫
0

(l5(u) + l6(u)) dτ − σ(H0 +
2
R0

), u+|Σ = 0,

(5.6)

where

l+1 (u, θ) = ∇u · T+
u(u

+)−∇ · T+(u+) + (∇−∇u)θ
+,

l−1 (u, θ) = ∇u · T−
u(u

−)−∇ · T−(u−)

+ p1(∇−∇u)θ
− −∇u

(
p(ρ− + θ−)− p(ρ−)− p1θ

−)− θ−Dtu
−,

l+2 (u) = (∇−∇u) · u+ = ∇ ·L(u+), L(u+) = (I− L
−1)u+ = (I− L̂)u+,

l−2 (u, θ) = ρ−(∇−∇u) · u− − θ−∇u · u−,

l3(u) = [µ±Π0(Π0S(u)n0 −ΠSu(u)n)]
∣∣
Γ0
,

l4(u) = [n0 · T(u)n0 − n · Tu(u)n]− (p(ρ− + θ−)− p(ρ−)− p1θ
−)

∣∣
Γ0
,

l5(u) = σDt(n∆(t)) ·
∫ t

0
u(y, τ) dτ + σ(n ·∆(t)− n0 ·∆(0))u|Γ0 ,

l6(u) = σ(ṅ∆(t) + n∆̇(t)) · y
∣∣∣
Γ0

, ṅ = Dtn, ∆̇(t) = Dt∆(t), (5.7)

A local solution of Problem (5.6)–(5.7) is constructed as above.
The corresponding linear problem has the form





ρ−Dtv
− − µ−∇2v− − (µ− + µ−1 )∇(∇ · v−) + p1∇θ− = f−,

Dtθ
− + ρ−∇ · v− = h− in Ω+

0 ,

ρ+Dtv
+ − µ+∇2v+ +∇θ+ = f+, ∇ · v+ = h+ in Ω+

0 ,

v|t=0 = v0 in Ω+
0 ∪ Ω−

0 , θ−|t=0 = θ−0 in Ω−
0 ,

[v]|Γ0 = 0, [µΠ0S(v)n0]Γ0 = b,

−p1θ−+θ++[n0 ·T(v)n0]+σn0 ·
t∫
0

∆(0)v(y, τ) dτ |Γ0=b+ σ
∫
Γ0

B dτ.

(5.8)

The solution of this problem satisfies inequality (2.8), but with the roles of θ+ and θ−

interchanged.
We pass to the definition of r. As above, we introduce the sphere with center at the origin

and with radius R0 such that |Ω−
t | =

4πR3
0

3 . We assume that the barycenter of Ω−
t is the point

y = 0. Let Ω+
t be given by the relation R(ω, t) 6 |y| 6 R̃(ω, t), ω ∈ S1, and let B+ = Ω \ B̄−
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be defined by R0 6 |y| 6 R̃(ω, t). The condition that the barycenters of these two domains
coincide is ∫

S1

ωi

(R̃4

4
− R4

4

)
dSω =

∫

S1

ωi

( R̃4

4
− R4

0

4

)
dSω, i = 1, 2, 3,

i.e., ∫

S1

ωiR
4 dSω =

∫

S1

ωiR
4
0 dSω = 0.

This is exactly the second equation in the relations (2.35). Also the first equation
∫
S1
(R

3

3 −
R3

0
3 ) dSω = 0 holds true, in view of |Ω−

t | =
4πR3

0
3 .

This shows that it is possible to use the same representation of Γt as above (see (2.30),
(2.31)), i.e., as if Ω−

t was filled with the incompressible fluid, and carry out all the estimates
of the solution of Problem (5.6), (5.7) (inequality (2.39), Theorems 2, 3, 4, 5 etc.) exactly as
above; details are omitted.
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