HPEITPUHTBI IIOMU PAH

I'JTABHBIN PEJIAKTOP

C.B. Kucnsaxos

PEAKOJUIEI'NA

B.M.ba6wuu, H.A.BaBunos, A.M.Bepmuk, M.A.Bcemupnos, A.W.I'enepanos, U.A.MGparumos,
JLYO.Konotununa, b.b.JIypse, F0.B.Marusicesny, H.}O.Heueraes, C.U.Penun, I'.A.Ceperun

Yupenutens: OenepanbHOe rOCYyJapCTBEHHOE OIOKETHOE YUPEIKICHUE HAYKU
Cankr-IlerepOyprckoe oTaeneHne MareMaTH4eCKOro HHCTUTYTA
uM. B. A. Creknoa Poccuiickoil akageMun HayK

CBHIETENBCTBO O pErucTpanuu cpeactsa maccoBoit nHpopmaruu: IJI NedC 77-33560 ot 16
okTs10ps 2008 r. Bergano ®enepanbHoil ciyk00i 1o Haa30py B cpepe CBA3H U MACCOBBIX
KOMMYHUKaIUN

Konraktueie qannsie: 191023, r. Cankr-IletepOypr, Ha6. peku PoHTaHKH, T0M 27
tenedonsr:(812)312-40-58; (812) 571-57-54

e-mail: admin@pdmi.ras.ru

http://www. pdmi.ras.ru /preprint/

3aBeayromnas HHPOPMAITMOHHO-U3AaTeNbCKUM cekTopoM Cumonosa B.H


mailto:admin@pdmi.ras.ru

PDMI Preprint — 07/2019

Lo-theory for two viscous fluids of different type: compressible
and incompressible

V. A. Solonnikov

Dedicated to the memory of Dr. Gérard Tronel

St.Petersburg Department of the Steklov Mathematical Institute 27 Fontanka emb., 191023
St.Petersburg, Russia

e-mail: solonnik@pdmi.ras.Tu

Abstract. We prove the stability of the rest state in the problem of evolution of two
viscous fluids, compressible and incompressible, contained in a bounded vessel and sepa-
rated by a free interface. The fluids are subject to mass and capillary forces. The proof
of stability is based on “maximal regularity” estimates for the solution in the anisotropic
Sobolev—Slobodetskif spaces W, /2 Wwith an exponential weight.

Key words and phrases: free boundaries, compressible and incompressible fluids,
Sobolev—Slobodetskil spaces

Supported by the RFBR grant 17-01-00099



I[TPEIIPUHTBI
Cankr-IleTepbyprckoro orieieHust
Maremarudeckoro uncruryTa uM. B. A. Crekiosa
Poccuiickoit akajieMnn Hayk

PREPRINTS
of the St. Petersburg Department of Steklov Institute of Mathematics

I'JIABHBII PEJAKTOP
C. B. Kucnakos

PEAKOJIJIETMNA
B. M. babuu, H. A. Bamios, A. M. Beprmuk, M. A. Becemupros, A. . I'enepasios,
N. A. Uoparumos, JI. FO. Kosoruinuna, B. B. JIyproe, FO. B. Marusicesuu, C. 1. Penumn,
I'. A. Ceperun



1 Introduction

We consider free boundary problem governing the motion of two different viscous fluids,
compressible and incompressible, contained in a fixed bounded domain  C R? and separated
by a variable interface I'y, ¢ > 0. It is assumed that the incompressible fluid fills a strictly
interior subdomain ;" C € and a compressible fluid fills the domain Q;” = Q\Q, surrounding
Q, . The boundary ¥ of € is bounded away from I';: ¥ NI'y = &. The fluids are subject to
the mass forces f(x,t), z € Q, and to the capillary forces at the interface I';. The motion of
the fluids is governed by the system of equations

p (D= + (v~ -V)o )=V -T (v )+ Vp =p f,

V-v~ =0in Q,,

pt (Dt + (vh - V)vt) = V- TH(vh) + Vp(pT) = p* f,

Dipt + V- (ptot) =0in Qf, (1.1)
'U:t|t:() = ’U(j)[ in ng P =0 = PS_ in Q(T,

’U+|2:O, [v”Ft =0, Vn:v'n|Ft’

(—p(pT) +p )n+ [T(u)n] = —cHn on Iy,

where the unknowns are the velocity vector fields of both fluids v*(z,t), x € Qti, the density

pT(z,t) > 0 of the compressible fluid and the pressure p~(z,t) of the incompressible one. The
pressure in the compressible fluid is given by a positive strictly monotone increasing function
of density p(p™); p~ > 0 is a given constant density of the incompressible fluid. The viscous
parts of the stress tensors are denoted by T+ (v*):

T (v7)=pSM™), TH")=p"S@")+uIV. o™,
where pt > 0, ,uf > —2u7" /3 are constant viscosity coefficients,
S(w) = (Vo w) + (Vew)!"

is the doubled rate-of-strain tensor, the superscript T' means transposition, I is the identity
matrix, o is a positive constant coefficient of the surface tension, H is the doubled mean
curvature of I'y, V,, is the velocity of evolution of I'; in the direction of n, the exterior normal
to I'; with respect to €, [u]|r, is the jump of the functions u* given in Q:f on the surface
Ty, ie,

[u”Ft = u+|Ft - uihﬂt'

Since one of the fluids is incompressible, the quantities || = mes QF and the mean value
of the density pt = M7T/|Q|, where Mt is a total mass of the compressible fluid, are
independent of t. Upon setting

O =pt =0 0T =p —p(p") -
0

where Ry is the radius of the ball By such that €| = 4w R} /3, the jump conditions on I
can be written as follows:

W] =0, —(p(p" +07) = p(p*) ~ V") + [T()n] = o (H + - )n.



It is clear that
/19+(:c,t) dz = 0.
Qf
We write (1.1) as a nonlinear problem in a fixed domain Qar UTo Uy by passing to the

Lagrangian coordinates y € Q(J)r UT'gUS), related to the Eulerian coordinates x € Qj ur,uQ,

by the equation
t

r=y+ [ u(y,7)dr = Xu(y,1), (1.2)
[

where u(y, 7) is the velocity vector field written as a function of the Lagrangian coordinates.
Then problem (1.1) takes the form

p D — Vg -Ta(u) + Vb~ =p~f,

Vu-u~ =0in Q,

PO’ — Vo - Ty (u™) + Vup(p™) =5 f,

,Dtﬁ+ + ﬁvu : u+ = 07 ﬁ’t:o = P(—)’— n Q+7

utlimg =uf =vfin QOF, utls =0, [u]lr, =0,

(—p(p") +p(P") + 67 )n + [Tu(u)n] = —o(H + £)n on Iy,

(1.3)

~

where f(y,t) = f(Xu(y,t),t), pt = 5t + 0%, H = H(Xy), 05 = 05(Xy,t), Vy =
L-HT'v, = LTV, is the transformed gradient V,, L = (g—g) is the Jacobi matrix of

the transformation (1.2), the subscript 7 means transposition, L=LTL L=detL, L=1
inQ,, Sy(u) =Vyu+ (Vy ® u)T is the transformed doubled rate-of-strain tensor,

Ty (u™ ) =p Su(u™), Ti(uh)=putSu(ut) +puf1V, -u™.
The elements of the transposed co-factor matrix LT are given by
L) im = (VX X VX, (1.4)
where X; = (Xy); and (i, ], k) is a cyclic permutation of (1,2, 3).
The kinematic condition V,, = u - n is fulfilled automatically. The normal n(X,,) to I'y is
related to the normal ngy to I'g by the formula
_ IET’”O(?/)
LT mo(y)|
Since Hn = A(t)X,,, where A(¢) is the Laplace-Beltrami operator on I';, it can be shown
that the corresponding linear problem has the form

Dt — VPt — (ut 4 )V(V - 0) + 1 VO = fT

DT +pV vt =ht in Q,

p D —pu Vi +VO0 =f", V.-v =h"inQ;, v |x=0,

vlimo = v iIn QT UQY, 01— =0 in QF, (1.6)
[v]lr, =0,  [plloS(v)no]lr, = b,

—p10t+0"+[ng - T(v)ng]+ong - OftA(O)'v(y,T) dr|r, :b+0fth7',

(1.5)
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where f%, h*, b, b, B, vy, 03 are some given functions, p; = p/(p") > 0.
In the present paper problems (1.3) and (1.6) are studied in the Sobolev—Slobodetskii
spaces W3 (£2) and Wzr’r/z(QT) with the norms

o= 3 1Dl = > [ 1Dl ds
o<pjl<r o<l<r o
if r = [r], i.e., r is an integer, and
. . dx dy
HUH%/V; = [Jul|? | Wiy T Z //!Dju(x)—DJu(y)’2m7
lil=lrlq
if r =1[r]+p, p€(0,1); here, @ C R", Q7 = Q2 x (0,T), r > 0. As usual, D/u denotes a

dlily
8J1 8]71

(generalized) partial derivative where j = (j1,J2,...Jn) and |j| = j1+ -+ -+ jn. The

anisotropic space W, i/ 2(QT) can be defined as
Ly((0,7), W3 () N W5*((0,7), La(€) = W5°(Qr) n Wy *(Qr)

and supplied with the norm

||UH rr/Q(Q /HU ||WT(Q dt+/||u . 7A/Q(OT) dSC (17)
= gy + Wil e
In addition, we set [lullo = [|lullz,(q),

r41,1/2) 1/2
[l =l oy + 102172 0 sy (1.8)

and 12
[ullwy ety = (HUH%;(m) + HUH%/V;(W))

)

if @ = UQT and u(x) can be discontinuous on QT N Q™. Finally,

k
gy = i+ S supIDRUC gy, (19)
2 o<k<r/2—1/2 ' <T
where
el 72y = Il 2y (1.10)
if r/2 is an integer or r/2 = [r/2] +p, 1/2 < p < 1,
2,
Il = Wl sy + 705 1P 2 Ol (111)

if p € (0,1/2) (the case of p =1/2 is excluded).
For arbitrary T' > 0, the norms (1.9)—(1.11) are equivalent to the norm (1.7); they are
useful in the analysis of problems (1.3) and (1.6) in a small time interval (0,7) (see [1] and



§2). Functions with finite norm (1.11), where r € (0,1/2), can be extended by zero into the
domain ¢ < 0 with preservation of regularity, and the norm (1.11) is equivalent to the norm
||| W2 (@ (—o0T)) defined by

2 _ 2 2
HuHW;’T/Q(QX(foo,T)) - H’U’HWQNO(QT) + HUHWQO’T/Q(QX(foO,T))’
2 2
[l 020 ey / el / |A=hyu(- )], g dt.

where Ay(—h)u(z,t) = u(x,t — h) — u(x,t) is a finite difference of u with respect to t.
Our starting point is the following theorem.

Theorem 1 (see [6,7]). Suppose that ¥ € VVH‘?/2 Ty € W21+3/2, le(1/2,1)

. For arbitrary
fewy Z/Q(UQT) h™ew, " (l+1)/2(Q ) such that

Dih~ =V-H+Hy, H, H <W)"*Q7),
e Wyt @QR) w0, 1) W (@), be WA Gy,
ber+1/2O(G )le/z((O,T),W;/z(Fo)), B GWZ 1/2,l/2— 1/4(GT),
w e WEQE), K e W),
where Q%:Qg[ x (0,T), Gpr=Tox(0,T), satisfying the compatibility conditions

Vv (y) = hy (y) in Qy,  [plloS(ve)nollr, = b(y,0), (1.12)
b-ng=0, [vfllr, =0, vflx=0, .

problem (1.6) has a unique solution in an arbitrary finite time interval (0,T), and we have

ol 214072 0az) + 187 I o, myawp gy 19 hwgrroior,y
n +
IO Iz oy apy T 19" hwioar
n +
PO Gz o, mywg gy T 1P ooy

< @) (g2, + I Iyt gy + 1 Igpnarsor) (1.13)
+ +

+ ||H1|| Ol/Q(Q ) + ||h ||W21+1,O(UQ+ + ||h H/\l/2 ((0, T)vwgl(ﬂa_))

+ ”b”Hl+l/2,l/2+l/4(GT) + HbHW21+1/2 pen + Hb” WL2((0,1): W22 (Do)

+ HBHW\QI—I/Q,ZN—IM(GT) + HUOHWQlJrl(UQOi) + HHO HWQZH(Qar))v

where Ilpg = g — no(g - ng), ¢(T') is a monotone nondecreasing function of T'.
We recall that
HUHHQJM 1+l/2(Qi Hu”2 2+l 0( %)‘i_ H,Dt'quWé,l/Q(Q%)—i_fgg Hu( : 7t)HI2/V21+1(UQOi)7

HbH?{l+1/271/2+1/4(GT): HbHW21+1/2,l/2+1/4(G +SLIP Hb( ’ ’t)H2

) et W, 2(ro)’



For a nonlinear problem (1.3), the existence of a unique solution in a finite time interval is
established in §2. In §§3 and 5 estimates of the solution with exponential weight e, 8 > 0,
are obtained, and the solution is extended into the infinite time interval (0, c0) if the data of
the problem satisfy some smallness conditions. It is shown that the solution tends to a rest
state of the problem (1.1) as t — oco: v = 0, p~,9F are constants in QL, Q is a ball of
radius Ry centered at a point hs, close to the barycenter of ). For two incompressible fluids
these results were obtained in [2-5], see also [10].

Theorem 1 and the local existence theorem for a nonlinear problem were proved earlier
in [6] under some additional assumptions on the viscosity coefficients, which were lifted in
[3,7-10]. The case of o = 0 was studied in |7-9].

2 Local solution of problem (1.3).

In this section, we study problem (1.3) in a finite time interval (0,7") with 7" > 1 fixed later.
By separating linear and nonlinear terms, we transform (1.3) into

p Du” =V -T (u)+VO =1l (u",07)+ o,
Vou™ =0 (") inQy, t>0,
Dt — VT (ub) +pi VOT =1 (uh,07) + (5t +607)f,
DOt +ptV - u=15(ut,07)in Qf, t>0,
wFlio = ug in QOF, 0to =65 =pf — 7", 2.1)
[u]lr, =0, [pIIoS(w)no]|r, = I3(w)[ry,
t
—p10T + 67 + [ng - ’]I‘(u)nOHFO +omng - [ A(0)u(y,T) dT‘FO
0

\:l4(u)—Oft(l5(u)+l6(u))dT—J(H0+Rlo), ’u‘g :0’

where Hy = H|;—o,

17 (w,0)=Vy Ty(u )—V-T (u )+ (V-Vy,)0,
I (u,0)=Vy TH(u™) =V - Tt (uh)
+p1(V=Vu)0 =V (p(p™+0") —p(@") —p10") -0 Deut,
Iy (u)=(V=Vyu)u =V-Lu"), Liu )=1-L Yu =I-L)u",
I3 (u,0)=p"(V=Vy) - ut =0TV, ut,
U3 () = [pu(Tlo (TS (w)mo — ISy (w)n)] |
I4(w,0)=[ng-T(u)ng—n - Ty(u)n]+(p* (ﬁ++9+)—p+(ﬁ+)—p10+)|ro,
l5(u):0Dt(nA(t))-/u(y,7') dr+o(n - A(t)—ng-A(0))u,
0
ls(u)=c(nA(t) + nA(t))y

L. =D, A(M)=DA(®),
0

Mog=g—mno(no-g), Ig=g—n(n-g). (2.2)




Remark. 1. Since L7V-u~ = V-Lu~, the expression /5 (u) can be written in the divergence

form: I (u™) =V -Lu~, L= (1- IE)

2. The relation Iy[uS(u)ng] = l3(u) is equivalent to ITpII[uS, (u)n] = 0, which implies
ISy (u)n] = 0, provided that m - ng > 0. This condition will be justified later as a conse-
quence of the smallness condition (2.10).

The operator A(t) is given by

A(t)—i ZQ: 9 aﬁ\/—i (2.3)
N \/gaﬂzl 8Sag 9885’ '

where g = det(gag),a, 8 = 1,2, the gog = %)s(“ . %)s(; are elements of the metric tensor on

Iy, ¢*? and Jap are elements of the inverse and transposed co-factors matrices to (gag),
respectively. We assume that (s1, s2) are local Cartesian coordinates on the tangential plane
to I'gp with the origin at the point yo = 0. Let I'{; C Iy be a neighborhood of the origin defined
by the equation

83 =¢(81,82) S W25/2+Z(K), K = {8%4‘8% <d2},

the ys-axis being directed along mg(yo). Then the set I';, = X,I, C I'; is given by the
equations

t
By = Sy + /a7(81)82)¢(51)82))7—) dT) Y= 1)25
0

. (2.4)
z3 = ¢(s1,52) + /ﬂ3(81,827¢(81,82)77) dr,
0
where the u; are the projections of u to the s;-axes and
92 0z 3
aff = Z—Z:(Sa a ozU Ua Ua Ua Uian )
9op D50 035 g+ Pads+dalUss+¢sUsa+Uap+Up +; s
t
o O _0¢
Uia= [ (G2 + duger ) dr. 0= (25)
0
The time derivative A(t) of A(t) is given by
2
. g 1 g . 0
At)= =AMt +—= D 5—Japn— (2.6)
29 N ) 0sq,""" 053

where o5 = Dt?"Tg, g = Dyg.

The main result of the present section is the following theorem.

Theorem 2. Assume that Iy € W21+5/2, IS W2l+3/2, 1 € (1/2,1), p(p*) is a C?-function
with Lipschitz continuous second derivatives, and the compatibility conditions (1.12), i.e.,

V- vO_ =0, [:U’HOS('UO)”O”FO =0, [UOHFO =0, 'U0|E =0,



as well as the smallness conditions

N F g <e<l, (2.7)

2
||U0||w21+1(u9§)+\|95r‘|w2l+1(ﬂg)+JHH0+ ROHWlJrl/Q

are satisfied with € = £(T), moreover, f,Vf* € Wl l/z(Qi), where QE = QF x (0,T). Then
problem (1.3) has a unique solution (u™,0%) such that
11+l : L
Fewy LR, 0%, D0t e W@ n WY ((0.T): W (@),
0” € W Qp) NI (0,7 WE ()
and we have the estimate
Y(,U‘?H) = HuHHQ‘FlJ‘FZ/Q(UQ%) + HeiHWé/Q((O,T)’W%(QO_))
- + +
+ ||‘9 ||W2l+1’O(Q;) + ||‘9 ||W2l+1’O(Q;) + HH ||/V[721/2((0,T),W21(Qar))

+ +
D0 My rer0 iy + 1P 2 o, 1y i) (2.8)

2
< e (lualbgrson) * || Fo+ 75 g,
2

+ 105 oy + 1z g,),

where ¢(T) is a monotone nondecreasing function of T
The proof is based on Theorem 1 and on the estimate of nonlinear terms (2.2).

Proposition 1. Let

2(,6) = 55 g2 gy + 15 Dty + IDE@ gz,

+ [[14( U)HAZ/Q((O,T);WJ/Q(FO)) + ng(u)HH1+1/2,1/2+1/4(GT) (2.9)
+ Hl H l/2 ((0, T),WQI(QE)E)) + ||l5(u)||/W721*1/2»l/2*1/4(GT)'
If
(. .
Supll67 (- Dllwger oy +5WR U Ollwire gy 010
N .
< sup 16 D)l gy + (L + ﬁ)uunwéﬂ,o(u%) <6<,
t
where U (€,t) = [w(&, 7)dr, then
0
Z(u,0) < VTY?(u,0) < 6Y (u, ) (2.11)
and
Hlﬁ(U)H/W21—1/2,l/2—1/4(GT) < C(HVUH l+1/2—%,0(GT)
(2.12)
+ HVUH z 1/2 ((0,7); W3/2 l(FO))),
where » € (0,1 —1/2). If f € W. ll/z(QT) and Vf € La(Qr), then
HfHWQZ,z/Q(UQ%) < C(HfHWQZ,l/Q(QT) + vaHLQ(QT) Sclglf ’u(yat)’) (2.13)



Proof. We cite some auxiliary inequalities (see [1,4]), namely,
lwvllys ) < ellullwy o llvliwg @),
luvllzy ) < ellullwyolvllynre-r g), i T <n/2, (2.14)
[wollwya) < C(HUHWQZ(D)HUHWQS(D) + ol llullws @) if 1> n/2,

where 9 is a bounded domain in R", n = 2,3, s > n/2. If u,v depend also on ¢t € (0,T"), then
(2.14) implies

[uvllyro g, < CHUHWQLO(QT%GS(ISI;) € Ollymrzen ), Qr=2x(0,T), (2.15)

where | <n/2, » € (0,1 —1/2). In addition, from
[A:(=h)uv]la < SHP!U v OlIA(=h)u(-, Dl + 18:(=h)vllL, @) lullL,w@)

it follows that

. )<cs5§>|v<y, Ollll oz o

(2.16)
+CHUH l/2 T); W, "/2 Z(D)) SupHu( )HWQZ(D’))a
where [ —n/2+n/p=0,1/g=1/2—-1/p, | <n/2. If | > n/2, then
el <500 WDl g5+ 20 P Dl ) CAT)

We pass to the estimates of expressions /; on the right-hand side of (2.1). Inequality (2.10)
implies

IE Ty + = ol < VTVl gn <0
IPE o) < el Vel oz

hence the expressions 15 (u, 0%), I3, Vo, TE (ut) — VT (u®), 0t Diut, as well as I3, [ng -
T(u)ng —n - Ty(u)n)|r, are estimated by the same arguments as in [1] (see also calculations
in §4), by ¢dY, i.e., the norms of all these expressions satisfy (2.11). The WQZ’Z/Q(QT)—norm
of f is estimated as in [4], i.e., by passing to the Eulerian coordinates under the integral sign
and by using the relation

1

f(Xu(yvt)vt) - f(Xu(yvt - T)vt) - - /Vf(Xu(y,t - )‘T)vt)u(yvt - )‘T)Td)"

0

Indeed, we have

T
15O gy = | [ 1Kt 0P dy

OQOi

10



T

/dt/ |F (@, )PL " da < el £1I7,on

0 Qti
T dyd
y z
[t [ 1.0 - oxu.0r e
0 OFf Of
T
dz da’
gc/dt//\fwt )‘2’ —1‘”3+2l
0 Qf of

dx da’
/dt//|f$t )|2’ /’3+2l’

T

dy dtdt
[ [ [t - st 22
0 0

rr dadtdt/

o drdtdt

<c///f:ct xt)|| T
0 0 Q

t
d
</d)\/dt/TL/\Vf(X (. t=27), )| |uly, t—A7) Pr? dy
T
0

< CTQ*lHVfH%Q(QT) sup u(y, ).
Qr

Hence N
Hf||w2l,l/2(ﬂ§) < C(||f\|w2u/2(ﬂ) + Tlil/znfoLQ(QT) sup lu(y,t)]).
Qr

Let us consider the term

1
P =Vt +07) —p(p") —p107) = Vu /(p’(ﬁ+ +s07) —p'(p")) dsf™.
0

Since p € C**1(min p™, max p™), we have

I1Plysoap) < IV8 g SR 10 ygor gy < BV Iy
2 (Qr) (Qg) =

11



1A(=h)P 0
< A=)V 1y g 5P 107 ()] + A (=1H 1y )IT0 g
Qr

< c”At(_h)0+“W21(Qa‘)H6+HW21H(QSF)

c/H'DteJr(-,t—T)HWJ(QBL)dtHGJrHWQIH(Qa')’

1-l + + 2
= / I g4 7300 [0 O 500 070

which implies
I1Pllgsorzop < ADIDE ytenoge) + 165 lyreson)
because

16" gt ) < 166 w1 + / 1P g2 gy 47
0

The term in Iy containing the expression (p(p* + 61) — p(p™) — p19+)‘ro is estimated in a
similar way.

We proceed with the estimates of I5(u) and lg(w). From formulas (2.3)—(2.6) it follows
that the the coefficients g,s in A(t) are uniformly bounded and coefficients gos5 in A(t) are
controlled by sup |[Vu|. By (2.2), 5 is equal to the sum l5 = l51 + 52 with l51 = 0Dy (nA(t)) -
fg u(y, 7)dr, whence

t
Hl51”w2z—1/2(ro)<CHVUHW2l+1/2—%(FO)H/udT“Wé+3/2(FO)<C(5HVUHW2H1/2—%(FO),

1Ae(=P)l51llLy(re) < llAe(=R) V| yar2r /Ilu T) A7z gy

=+ HquWS/Ql(Fo)/Hu("t_T)HWS/QH(FO) dT,
0

T T t
1 2 c 2 2
7 | st B ey dt < 77575 / R / el g5 7)
0

c8*T
Tl Ti—1/2 /||V’LLH2 1+1/2— ( T, %gl_l/g’

12



which implies
Wstllgpg-vzira-sra gy < ATV Ul 2173 o 2o (2.19)
+ ”uHWQHB/%”’O(GT))'
t ‘.
The expression lso = o([ nd7r - A(t)u + ng - [ A(7) dru) is estimated in the same way.
0 0
It remains to estimate lg(u). We have
Mol -17200y < e(llygenronyy + 198 n ) g gorng

< CHVU||WQZ+1/27%(F0)’

T
1 2 3/2—1 2
i [ sl @t < T sup [Vl e
0
|80y Sl Tulynr,

+ HVUHW;A/Q*“(FO)\/EHvu”leJrl/Q*%vo(Gtih’t)) HyHW2l+3/2(FO)’

hence

Hl@ HW21_1/2,1/2—1/4(GT) < C(Hvu"/v[72”2‘1/4((0,T);W21*"(F0)) +§3¥ HVUHWQZ'H/Q_”(FO)) .

In view of Propositions 1 and 2 in [1], the estimates of the expressions (2.2) obtained above
imply inequalities (2.11), (2.12) with the constants bounded for small 7T'.

We continue the estimate of lg by applying the interpolation inequality with the constants
bounded for small T. According to Proposition 1 in [1], the vector field u* admits an ex-

tension UT (x,t) into the domain ¢ < 0 such that the norms HUiHW22+1,1+1/2(901X(7007T)) and

HuiHH2+l,1+l/2(Q§)) are equivalent and

+
HU HWQQ-H’I_H/Q(QétX(fOO,O)) < CHUOHWQZJfl(QOi)
The inequality

Vu Tl/2—-1/4 -+ sup Vu
IVallgea-ira sup [V

0,T);Wit/277(1y)) WiT/27 (1)

< 51”UHW;HJH/?(UQ(J)EX(_OoyT)) + C(EI)HUHLQ(UQgX(foO,T))

< 0(61)HU||H2+1,1+1/2(UQ%) + C(El)(HUHLQ(q%) + HUOHWQIH(FO))
yields the desired result:

HZGHW\Ql—I/Q,IN—l/‘l(GT) < cerllull gariaz g (2.20)
+e(er) (lull 1y o) + o llypie gy )-

Similar inequalities hold for l5 and P. This completes the proof of Proposition 1. O
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Proof of Theorem 2. We seek a solution of (1.3) in the form v = u; + w, 6 = 6 + 65, where
u1, 601 and w, Oy are defined as the solutions of

(0~ Dyuy —V- T~ (u])+VO; =0, V-u] =0 in Qs

oDl -V -TH(u]) +p Ve =0,

D +p"V -uf =0 in QFf, t>0,

ufls=0, wy(y,0)=ug(y) in Qy, 67(y,0)=67(y)inQf,
[ui][r, = 0,  [IoS(u1)mo]|r, = 0,

t
—p16i + 67 + [no - T(ur)no] + ong - A(0) [y (&, 7)dr|r,
0

(2.21)

~o(Hliy + ).

p Daw™ —V-T (w )+ V0; =1 (u,0)+p f,
V-w™ =15 (u) in Qf,
P Dawt — V- THw™h) +p1 VO =1 (u,0) + (57 + 601 FT,
Dby +pV - wt =15 (u,0), 65(y,0)=0inQ,
whs =0, w(y,0)=0, (2.22)
[w]r, =0, [ulloS(w)no]lr, = I3(w),

—;010;r + 05 + [no - T(w)ng] + ong - A(0) [ w(y, 7)dr|r,

o o

=mm—j%mwuwmmf

By Theorem 1, problem (2.21) is uniquely solvable and the solution satisfies the inequality

Y(uy,60p) < C(T)(HUOHWQHZ(UQEE) + H‘%FHWQ”I(QJ)

(2.23)

2
it 2 ggy) <0
ol 2 pa) <o

The solution of (2.22) can be constructed by iteration in accordance with the following

scheme:

~

p~Duw,, = V- Ti(wr_n—f—l)—i_veim—f—l:ll_(um’Hm)—i_pifr;v
Veow, =I5 (uy)in Qf,
ptDaw,, =V -TH(w,) ) +p1v‘9;—m+1
= li”(um,ﬁm) + (" + ‘9 ) ms
Dtﬁim_,_l +ptV- ’w;rl_,_l = 12 (W, Hm),
Wi oiln =0, Wi (y,0) =0, 65,1 (y,0) =0 in QF, (2:24)

[Wimi1]lr, = 0, [plloS(wpm1)n0]lr, = l3(wm),
t

—p105+05+[no- T (Wi 1)10]|rg+ 010 A0) [Wii1(y, 7) dT|r,
0

¢
= ly(um) — [(I5(wm) + l(un)) dr,
0

14



wherem =1,2,..., fm = f(Xu,n»t), U = wyptu, 0 = 01+02,,; we alsoset w; =0, 631 =
0. In view of Theorem 1 and Proposition 1, Problem (2.24) with given wy,, € H>**H1+/2(Qk),

VH;m ”/Q(QT) O2.m € WQO /2 (Gr) satisfying (2.10) is uniquely solvable and the solution
satisfies the inequality

Y (W1, 05,,) < () (2 1ty 05) + s @tons 05l y72 0 w2 o

+ Hl5(um)H 1—1/2,1/2—1/4(G ) + HlG(um)HWQZ_l/Q’l/Q_IM(GT)
1 Fmllyrir2 gy + 105 FE Nz )-

In view of Proposition 1, we have

| Fllgi sy < o0 hggera gy + 502 il oo )

L
163 ol gy < (1 Igrn gy + S0 Nl )

+(. +
xsup 04 Ollwges o + 1 g o, 1P Iwion o)
C(HfHWQlJ/Q(QT) + 5)Ym(T)

Assume that

(1 4+ VT)Y,(T) < 9, (2.25)
where Y,,,(T) = Y (e, 0,,) (this condition implies (2.10), because
10 w108y < 165 g gy + / D07 My A7
0

< HH(-}_HWQIH(QSF) + \/g“DtHJrHWéH,O(Qj))-

Then, collecting the above estimate, we arrive at

Y41 (T) < Y(u1,61) + Y (wp,, 02.m) (2.26)
< A(T)01Yi(T) + c(0n)|tmll Lo @r) + cF(T),
where 01 = 6 + € and
FT) = ol + 108 g gy + 1o+ o ygonray + 18t g
Inequality (2.26) is valid for arbitrary ¢ < 7', and it implies
t
V21 (t) < 62Y2( / ) AT 4+ e F2(t), 0y = 2¢3(T)6%, (2.27)

0
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because
[ (-, 0)[I3 < lluolld, + 2/ [l | Detem lloe A7 < [luollg, + 2Y,a (%)

and
t t
/ lttnlf3, dr < tlluolB, +2 / Y2 (r)dr
0

If (2.25) is true for all Y;(T), j = 1,...,m, then (2.27) yields

V2, 1(t) < coF?(t) + A(Y,2 + caF%(1))

<
SA™YE () + co(F? + AF? + -+« + A™F2(1)),

where Af(t) = d2f(t) + &1 ff )d7, hence A7 f(t) < > OC] 5y g (Clt) f(t). From the for-

mula

1 c
ZZCJ oy i ) = 1_561%2 (2.28)

m=0 j=0
which is due to N. D. Filonov, it follows that

cqt
Y21 (t) < o(T)——eT2 | F2(t)

1— 09
with a constant independent of m. For € sufficiently small, the right-hand side is smaller than
/(1 ++V/T), hence (2.25) is fulfilled for Y;,41(T) and consequently for all Y;(T), j = 1,2,....

The convergence of the sequence (up,,0:,) to the solution of (1.3) is established by esti-
mating

Y2(um+1 — Um, Hm—l—l - Hm) - YQ(wm-l—l — W, 02,m+1 - ‘92,m) = ym—i—l(t)

by the differences I(w,, ) — {(Wpm—1,0m—1) of the expressions (2.2) and by
11
fm - fmfl = //v.f(Xml + )‘(Xm - mel) d)‘(Xm - mel)a Xm = Ay, -
0 0

The details of a lengthy proof are omitted; in particular, the conditions V f € Wl Y 2(QT) and
D; f € La(Qr) should be used. As a result, we obtain

t

Ym+1(t) < Oym + ¢ / Ym(7)dr < Aym (2.29)
0

and, as a consequence, Yn,+1(t) < A™y;(t), which guarantees the convergence of the sequence
(U, Opn)-

The uniqueness of the solution of Problem (1.3) follows from the same estimate (2.29)
applied to the difference of two possible solutions of (1.6). Theorem 2 is proved. O

16



In view of (1.4), (1.5), and (2.10), we have n - ng = % >0
0

We proceed with establishing some additional properties of the solution of problem (1.3)
that are necessary for the construction of the solution in the infinite time interval. We notice
that the boundedness of the norm Y (u,#) in (2.8) implies

H=n- A{t)X, € We*Gr), DHeW, VY (aGy).
We assume that I'g is close to Sg, = {|y| = Ro} and can be defined by the equation

y=n+ N(n)ro(n), (2.30)

where N(n) = n/|n|, n € Sg,, and rg is a given small function belonging to W21+5/2(SRO).
Without loss of generality we may assume that the origin is the barycenter of . For ¢ > 0,
the barycenter of Q; is located at the point with the coordinates h; = |Qy |~ [ i dz,
i=1,2,3, hence t

V-zv (x,t)dx / t)de=—— / (y,t)dy,
dt e !/ e \ €2 |
o
1 _
hi(t) = —_/dT/ui (y,7)dy
jy
0 Qy

The surface I'; can be defined by an equation similar to (2.30) on the sphere of radius
Ry with center at the point h(¢). This is equivalent to the fact that the shifted surface

Ft,h = {.%' = Xu(yvt) - h(t) = X’u.,h(yvt)v Yy € FOv} is given by
x=n+N()r(nt), n€ESk,. (2.31)

It is clear that 7 is the point of Sg, closest to Fu,hi

n=x= 7'u.,h( ) RO = X(yv t)v (232)

’Xu h’

whereas 7(1,t) = | Xy n| — Ro = '(y,t) is the signed distance of X, ,I'g to Sg,. For small §
and €, equation = = X, (y,t) establishes one-to-one correspondence between Q(J)r and Qf , as
well as between I'g and I'y, and (2.32) maps I'g onto Sg,. It follows that

all sy < Wil smy < e2llf g roy (2.33)
where f1(n) = f(Xun) and g <1+ 3/2, in particular, we have
I Oy
< el Dy gy, < el Xl — Follyssorer,

Fod (2.34)
< ellyl = Rolllygeomyy + [ I X (o7 lhygoars iy 47)
0

(HPOH l+3/2 +\/E||’U,H 1+3/2,0 C(5+6),
(Sry) Wy

(FO)) S
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where 7/(y,t) = |Xu.n| — Ro. The relation |Q; | = 47R3/3 and the fact that the origin is a
barycenter of the shifted domain €, can be expressed in terms of r(n,t) as follows:

/ ((Ro+7(n,1))* — R§) dS =0,

Sro

/ ni((Ro+r(n,t)* = R3)dS =0, i=1,23.

SRrg

(2.35)

In the variables n € Sg,, the equation —(p(p™ + 6%) — p(p")) + 0~ + [n - Ty(u)n] =
—o(H + Rlo) has the form

- (p(ﬁ+ + ‘9+) - p(_+)) +07 + [n ’ Tu(u)n”yzz\f_l(n,t)
_ _U( R} Vg,' 2 2 ) (2.36)

v _ 2
Ro+r "% g g R

where g = (Ro + 7)% + [RoV s, r|%; it can be viewed as a nonlinear elliptic equation on
Spr, with respect to r with —(p(p* + 6%) — p(pT)) + 0~ + [n - Tyn] € WQZH/Q’O(ST) N
Wzl/z(((), T); W;/z(SRO)), St = SR, x (0,T), the solution of which satisfies inequality (2.34).

Hence one can conclude from the regularity theorem for elliptic equations that r € W2l+5/ 2’0(ST)
and
Ilhygrzsso sy < €32 (105 ygoarao gy + IV ygrnogs, )
c(uuouwéﬂ(uﬂg) " H9o+||w21+1(90+) (2.37)

2
4 0lHo + gy + 1 F g,

We also estimate the time derivative of r(n,t). Let Sh C Sg, and let (¢1,¢2) be local
coordinates on 33%03 they can be regarded also as local coordinates on I',, C T'y), = {z =
n+ Nn)r(n,t),n € Sg,}. Since

Z Ir(n, t) Opal( y,
Dtr,(y7 ) ,Dt/r. 777 + asp - ) n*Xﬁl(y t)’ y 6 Slfﬂo?
(o3 - )

a=1

”'Dtrl”w21+3/2,o(GT) < CHUHWQH?,/Q,O(GT),

we show, in view of (2.32) and

on(y,t) _ 9 Xun
ot 00t | Xl

:RO<<“(y’t)_dZ§t))|Xi,h| I;((:thB’(( %it))'X“’h))’

18



that the inequalities

||THW2H5/2’°(ST) + HDtTHWQZH/Q’O(ST)

<c( ; (165 17205, HIVEE iz, ) +Huuwé+1/2,o(sﬂ) (2.38)

2
<elT) (ol o 168 g | ot oo 1 )

and, consequently,

sup ||THW1+2(S

2 R, )
t<T ’ (2.39)
<)ol o 7108 Tz ol s s 7+ 05 s )

are satisfied (see [1]).

Thus, we have proved that under the assumptions of Theorem 2 problem (1.3) is solvable
and the solution satisfies (2.8), (2.38), and (2.39). Inequality (2.10) is fulfilled with § = ¢(T')e,
which can be made small by the choice of e.

In §4 it will be shown that r(y,t) € I/V2l+5/2 if t > 0 and p, f satisfy some additional
assumptions.

3 Estimate of the solution in the norms with exponential weight.

In this section, we obtain estimates of the solution of problem (1.3) that are necessary for its
extension into an infinite time interval. We notice that inequalities (2.11) and (2.38) extend
to the weighted Sobolev-Slobodetskil spaces with the exponential weight e, 8 > 0. For
technical reasons, we fix T' > 2.

Proposition 1°. If (2.10) is fulfilled, then the solution of (1.3) satisfies the inequalities

Z(e”'u, e”0) < oY (e”'u, e710),
e lellyys-rrniavss gy Sellle™ully oo,
Bt
S [CRAYTT] NSV RO, &

Bt Bt
e THWQHS/Q’O(ST)+H6 DtTHWéH/Q’O(ST)

tpt t +
<o U0 hygosnogsyy + 1V lygenogs, ) )

1% P72 gy <™ g g+ 1V S sy S0 e s, 1)
T

The proof is the same as that of Proposition 1 and inequality (2.38).
We pass to the estimates of the solution of (1.3) in weighted norms.
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Theorem 3. The solution of problem (1.1) constructed above satisfies the inequality

(Il DI + 197155 + I Ols )

t
+ [ (ol I+ 107 C DI + I Dl sy ) dr
0

t
< c(loolls + ol sy + 165 12 + [ 1FC ).
0

with a certain B > 0 and with a constant ¢ independent of t € (0,T).

Proof. We make use of the energy relation for the solution of (1.1):

3 dtH\/_UHQ / Vvdx—/p(p+)v-v+dx
+

% (3.2)
—U/Hn-'vdS:/pf-'vd:c.
Ty Q

Since fﬂf V-vdr = $19f| =0, th Hv-ndS = —-$[Iy|, we have

/p(p*)V-vd:c:m/WV-’vdﬂH/(p(p+)—p(ﬁ+)—pﬂ9+)v'vdfC

ok

: of o
and
d
o / 92 dz = / (207D + V- (vT91?)) da
of of

= / (=20tV - (" + Mot + V- (v197?)) dz
of

_+/79+V-v+dx+/79+2v-v+dx,
+

where J(z,t) = pt —pt = 0% (y,t). Moreover, (3.2) implies

1d
35 (ol = 220713, + 20 (10 — 4n78)) + [ T(0): Voda
Qf

:/pif-'vdx—i—[(l,

Q

(3.3)

where

K= / (p(/ﬁ)—p(ﬁ*)—p1ﬁ+)v-vdx+2%/79+2v-v+ dz.
of of
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Next, we construct an auxiliary vector field W € W4 (£2) such that
~V, - WH(z,t) =9 (z,t) in Qf, -V, -W(2,t) =0in Q;,

T 3.4
r ‘/‘/|2 — 0, ( )

I \ETnoy ‘yzxgl(m,ﬂ’
where 7(y,t) = r'(y,t) |F i fF t)dSy and 7’(y,t) = |Xun| — Ro. In the Lagrangian
coordinates, (3.4) takes the form

~V, wh(y,t) = Lo (y,t) in Qf, -V, w (y,t) =0in Q,

o (3.5)

r, = Mo, wly =0,

where w(y,t) = IEW(XU, t). Since the compatibility condition
/L¢9+(y,t) dy = /FdSy =0
QF Lo
is satisfied, the vector field w belongs to W, (Q) and satisfies the inequality
lwllwy@) < U070 + 17 a2 r,))-
Moreover, W € Wi (), because [LT no]]po = 0 (by virtue of (1.4)) and
Wl @) < (9N, + 17 172y

By differentiating (3.5) with respect to time, we obtain a problem for D,w the solution of
which is subject to the inequality

IDewll i) <UDl 1y o) HIDir | Lo (re) S e(IDer oy + 1Vl )
Now, from

D,W (2,1) = DIW (Xu,t) = Vo W (2, hul,_y1,

x,t)?

1D lry < [P < el — DR,

|Xu h|
we conclude, taking account of the estimates obtained in §2, that
IDW || 1y0) < [ De(Lw (-, 1)) || o) + SUp [u(y, )IIVaW (-, )l o)

< (D[] Ly(ro) + IVl Ly lwl o) + sup [u(y, )|IVaW (-, ), 0))

< el oz + 16700 + Ir' HW;/Q(FO)).

Multiplying the first and the third equations in (1.1) by W, and integrating we arrive at

((iit pv - de—/pv-(8tW+(v-V)W)dx+/T(v):VWd:c
Q Q Q
2 T
- 5T Hv . — H4+ =) —
/p(p 9V W ds a/( +RO)|IETnO|‘y=Xu1(x,t) ds 36)
Qf I
Q
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because th |11f+~no||y=Xil dS,; = fFo 7(y,t) dSy = 0. Since fﬂf V-Wdr =— fﬂf It (z,t)de =

0, we have
— /p(ﬁ+ +I9T)V-Wdz = / (p(p" +97) —p(p*) —pr9 )9 dz +p / 02 da,
Qf of Qf

moreover, the surface integral in (3.6) can be written as

_|IETN
J:—/ (H+R—) M ds,,
Shy 0 ‘ nO(y)’ y=X-1(n,t)
where £ = (8%(77 + N(n)r(n,t)) (see [13]) and
R? Vgt 2
= _1 : o _ 2 — (R 24 |R 2, 3.7
R0+rvSR0 77 77 9= (Ro+1r)"+ |RoVsg,r| (3.7)
As shown in [2],
2\~ 2
_/<H—|—R—O)rd5y— / (195m,? — Ro r?) ds, + Ko,

Srg Srg

where |Ks| < 0 HrH%V;( Sro)’ and the same inequality is satisfied by

o= [ (s g (e 1)

Ro

ds,,
y:X71 (ﬂ:t)

Now, we add (3.2) and (3.6) multiplied by a small positive 7o, which leads to

F + o070 / (]VSROM — ﬁr )dSn + /’]T(v) :Vodz

SRy o
+’YOP1 /19+2d$+K /f +70W)d
28 o
where
1
EO = 5”\/5'U||%2(Q H’l9+||L (Q+ + 0'(|Ft| — 47TR0) +’YO/pi’U W dzx

Q

and K = K1 + v(K2 + K3). If r is a small function satisfying (2.35), then

2
el By 5y < (T = 4mR0) + [ (195,117 = 557%) 40 < el
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which implies

(||’U||L2(Q + H,"9+||L2(Q+) + ||THI2/VQl(SR0))

< Bo(t) < ea(1ol 00 + 19120y + 17a )

By estimating the positive form fQ T(v) : Vudz from below with the help of the Korn
inequality, we prove that the expression

Ei(t) = o /(yvsRor\Q - —2r2)dSn+/’]I‘(v) : Vo da + 1L /192+ do + K
Pm
Q

S 0
satisfies
E1(1) > vl 0 + 012, ) + ur||%v21<SRO>> > 2aBy(1),
if § and ~y are small. Thus, we have dEO(t) + Eq(t |fQ v + W) dz|, which implies
(3.1) (with 8 < a) and completes the proof of the theorem O

The idea and method of estimating “the generalized energy” Ey used above are due to
M. Padula [15,16].
From (3.1) it follows that

7 (O + 10 12+ 1 Oy s, )

t
+ / 27 (-, PG + 107Gy + (R ) A7 .
/ .
t
< c(loolls + rolByg sy + 165 12 + [ 1FC Dlar). teT
0
We proceed with the estimate of the norm [|€* 07| o1/2, _..
Wy (Qr)
Theorem 4. The function 0~ satisfies the inequalities
le®6 Nl < c(lle”gllay + Ie”Vullg. + e £l ) (3.9)
and
Bt p— Bt p— Bt
1670 yyoar2 -y < e(l1e”0 gy + e gllyyo1r2(q,, o)
Bt Bt ’
117 Vulyoirz gy + e Flyyorra -y )
where
_ _ _ 2
9=0"|p, =p(F" +0%) = p(F") ~ [0 Tu(win] — o (H +3-). (3.11)
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Proof. We start with the proof of (3.9) by using the relations
— ——2 - 1 — . —
Diu~ —v Viu +p—_vu0 =f, 0 ‘Fo =g.
Let 9(y,t) be a solution of the Dirichlet problem
Vi =0"inQy, |, =0.

If § in (2.10) is small, then
[Pllwz gy < cll0 Mg -

Indeed, since

Vip=L"TV . LTV =V -LIL7TVy =V - (L7IL7T - )Vy 4 V%,

(LT'L™T — 1| < esup VU] < ¢f,
uQE

IVILTLT) - Vg < CHVL_lL_THLg(Qg)HVW’LG(QO*)
R L -

we obtain
||71Z)HW22(QS) < CHA¢||L2(QO—) < C(HH_HQO_ + 05H¢||W22(Qa))a

from which the desired inequality follows.
Now, we make use of the relation

1 ~
/ (Dtu_ — v Viu + p—_VuH_) Vb dy = / - Vaudy. (3.12)
Q Qo

By passing to the Eulerian coordinates under the integral sign, we prove that fﬂf Viu -
0
Vv dy = 0, because V4, - u = 0 and L\Qa = 1. We also have

/Dtu Vauthdy = — /(V-LlDtu)@Z) dy = /(DtLT)V-u@Z) dy,
o

Qq Qy
/ Vol - Vet dy = — / 0-2dy + / gmo - L Va0 ds,
Qy Q o

hence (3.12) implies

10712 < e(llglraI Vel + NIVl sup ] + [ llo. V¥l )
0 0 Q- 0 0

0

< 07 llgz (l9llro + IV o= + 1Fllg- ).

24



from which (3.9) follows. Next, we evaluate the norm

T T
dr 28t (19— - 2 172 _ Bt n—
([ [0 =0 Car= I at) " = 10 i

T
0 0
assuming that 0 = 0 for t < 0. We make use of the equation
1 R

[ (P = Vi — V0~ ) - ulo— i) ay

Q

/ ’ 1 ~,
- / (Dtu T v Viu o — Fvu/a’* - f’) V(Y =) dy = 0,

Qo

(3.13)

where u'(y,t) = u(y,t — h); we set u,0 = 0 for ¢ < 0. The terms containing VZu and V2,u/
vanish and other terms can be calculated as follows:

/ (Vb - VW) — ) — Varll Vi (4 — ') dly

%
. / (07920 — ') — 0V, (6 — o)) dy
Qqy
+ /L_lnog V() =) =L ngg - V(v —¢')) dS
o
—— [0 =0 )Thw =)~ 0 (T = TR - ) dy
o
* /(L_lg - L/_lg')novu(lﬂ - ¢/) ds + /L,_lg/no : (vu - Vu/)(lﬂ - W) ds
Fo F0
—— [ =0 2a- [0 -0 )TE-Rway
Qg Q
— / 0~ (V2 —V2)(y — ') dy + /(ng — L' YnoVu( —¢')dS
Qy To
) 5
T / L'Yg'no - (Va— V) (& — ) dS = 3 Ji, (3.14)
o k=1

/ (FVuw — ') — PV — ') dy

Qo

- / (F = P)Vul— ) + F(Va— V) (& — ') dy = Jo, (3.15)

Qo
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/ (D™ Vit — ') — D™ - Vs (o — ) dy
0y
_ /((Dt}L_l) Vu — (DY) V) — ) dy = o, (3.16)
0y

because D;V,, - u = 0. Thus, (3.14) is equivalent to ZZ:1 J, = 0.
We proceed with the estimate of the expression

(V2 —V2)p =V -MVy =M: VVi) + VM - Vi),
where M = L7!L-7 — L'-'L'-T. We have

102 = V2)9llg. < e sup M D1l oz + VMl o) 19 oo

Qy
h
<C</S‘1P’VU(' t —7)|drsup |[U(-,1)|
Qy Qo
0
/Hu ot =)z )dTSUp’VU’>H¢HW2

S C\/—5H¢HW22(Q(;)

and, similarly,

(Ve = Ve (@ = )llg: < eVhsd = ¢ llwz(qy):
moreover, since 1) — 1) is a solution of the Dirichlet problem
Va =9) =07 =07 = (Vi = Ve v, ¥ —4'In, =0,

we obtain
1 = ¥ lhzis ) < (6™ — 0 llg. + VROl ).

From the above inequalities it follows that

’ dh ’ ’ dh 1/2
2pt 2Bt 9— =12

/h1+l/e | J2] dt < /h1+l/ 107 =0~ 1o dt)

0 0 0

T T

dh 1/2
([ amm [ U= Vw1 @)

0 0
< e s o170 oy

T T T

dh [ 4 hdhy1/2, 4 s
/W/e |J3|dt<ca(/h—) 107l ™0 sz -,
0 0 0



2

T T

dh 28t Bt 112 Bt g—
[ [ 1Dt < lle® g1 s g 170 s
0 0

T T
dh 28t Bt Bt p—

[ [ e < e Flgurs g 16707 lygon g
0 0
T T

Ah [ 26t 1) dt < ef| PV ul eto |

hi+l s Wy 2(Qr) Wy (Qr)
0 0

Collecting the above estimates we arrive at (3.10) after easy calculations. The theorem is
proved.
By (3.9) and (3.10), we have

Btn— / Bt
|70 ng,m@;)@(YTJrHe fHWQo,z/z(Q;)), (3.17)
where
! 1,.Btp+ Bt +
Y'r = |0 ng,l/g(GT)+§i:He vt oz g, )
Btx,, — st (3.18)
e VuTllyouz ooy + 1€ iz o mywz o)
<a ¥y +e(e)(le®ullg, + 170" o, + e’ 6r),
€1 < 1, and
Yfgj_) = HeﬁtuH 24-1,141/2 + + Ieﬁt(g—‘_l(li—l’l/m + Ieﬁt’Dt(g—‘_l(lIl’l/m
Wa (@) & % (3.19)

Bt Bt
+ He T‘|W2l+5/2’O(ST) + He DtTHW2l+3/2»0(ST)’

We pass to the estimate of higher order weighted Sobolev norms of the solution of (1.3).
We make use of the localization method and estimate the solution in the neighborhood of the
surfaces X, 'y and in the interior of Qoi. We start with the interior estimates and consider
two model problems

p Diu=—V-T (u )+Vo =f", V-u =h" (3.20)
inQ:{|za| Sdp, a=1,2 0<z <2d0}a u_|t=0:0 '
and
DTV TH(ut)+p1VioT=FfT, Diot+p"V-ut=hTt in Q,
(3.21)
’U,+|t:0 = 0, O'+|t:0 =0.

Concerning (u~,07) and (ut,0"), we assume that these functions are compactly sup-
ported in Q and are defined for ¢t € (—o0, 00) and vanished for ¢t < 0. Applying the Fourier—
Laplace transform, we convert (3.20) into

_ _ 1 =~ 1 = =
(s+v |P)u” —v Doa + p—_w* = p—_f, V-a =h", (3.22)
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where ¢ = Td—lzl, V= (#1,1&2, Dy,). The parameter Re s can take small negative values (such
that |s +v7[¢'?| > ¢(|s| +[¢'|?)). If |K’| > 0, then the solution of (3.22) is sought in the form
(u™ =u; +u,,07), where u] = V®, ® solves the problem

62&):%7, ‘5|y3:0 =0, d—0 as Y3 — 00

and is given by

o0 o0

~_ 1 -~ et z -~ et —z -~
i = 2|£/|V(/e &+, (Zg)dzg_/e €l =221h (25) dzg).
0 0

It is easily verified that V- u; = h™ and

Bt — Bty —
€07 Iy 211010, < elle™h™ lyyasen gy

tT 0~ t ¢
Heﬁ Dyuy HWQO’Z/Q(QT) S C(”eﬁ HHWQO’W(QT) * Heﬁ HlHWQO’l/Q(QT))’

provided that Dsh™ = V- H + Hy; here, Qr = Q x (0,T), Q@ = Q' x (0,00), 8 = —Res. It
follows that

lePur Iy zrtasz g, < e(leP R 0
2 (@) 2 (@) (3.23)

+ e Hllyourz g, + 1™ Hall o0

(Qr (QT)) '

Now, we estimate (u,,0” ), assuming again that |k’| > 0. These functions satisfy the
Stokes problem

1
Diuy — v~ Vi, + p—_VJ_ =fi, V-u; =0, usly—0=0, (3.24)

where f; = p% f—Diyuy + Z/_V2u1_. Taking the Fourier—Laplace transforms, we obtain

_ _ 1 = _ =~ ~_
(s+ 1/_|§’|2)'u,2 —v D;B'u,2 + FVJ =fi, V-uy; =0, uyly—0=0.
By using the energy relation we obtain
(Is| +1E€'M)az [I* + Dy az I* < cll £l
(Is* + |€'[ Re 5)[[ay |* + Re 5[ Dy, a; || < el s|| £l |,
(Is] + 1€ Pllay 1 + €I Dy, s 1 < cle' Pl [ £l
where all the norms are in Lo (R ). For small negative Re s, these estimates yield the inequality

HeﬁtUQ_HWQQ’,}m(QT) < CHeﬁt.fIHLz(QT)’

where “tan” means that only the tangential derivative of u, enters into the norm. Moreover,
the relations
V36~ =p V- fi, Olys=0 =0
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yield the estimate of Vo~ and, as a consequence, of DZBug . Thus, we have

Heﬁtu;HW;’l(QT) + ||66tvo'7”L2(QT) < CHeﬁtleLz(QT)'
It follows that
||€ﬁtDtU5||Wé,i/2 + Z ||€ﬁtD ;Uo H ll/2 2 (Qr) + ||66 Vo~ H ll/2

7j=1

< CHleWQl:iﬁ(Q

n(QT)

. . . ﬁt 2 —
Finally, the missing norms [le”Dy u, HWQl:Zg(QT

interpolation inequalities for the mixed derivatives (see [18]). As a result, we obtain

) are estimated by using equations (3.24) and

HeﬁtUEHWQQ-H,I-H/Q(QT) + HeﬁtVU_HWQJ,z/z(QT) < cHeBtleWQL,z/Q(QT). (3.25)

Together with (3.23), this yields the desired estimate of u=, 0.
If k' =0, then w™, o~ satisfy the relations

~_ — N2 ~— rs ~_
Sy —V Dygua = flaa Uy |y3:0,2d0 = 0) o= 1) 25

1 N -
P ~ P _
sug — v Dy ug + p__DUBJ = f13, Dygiz =h™, Uz |ys=0,24, = 0

We expand u, and fi, in a Fourier series in sin k%?, ks =1,..., in the interval (0,2dp). For

the Fourier coeflicients i, we obtain the relation

_ kam
(s +v7 &)y = fia 53—%

hence

Heﬁtu;HWg‘H,l-H/Q(jT) < CHeBtfl“WQZ’l/Q(jT)’

where Jp =1 x (0,T). I =(0,2dp). In addition, we have

Y3 Y3,S
Us Z/h(Z:s,S) dzs, suy = Hs(ys,s) + /ﬁl(z?ns) dzs
5 0

if Dish~ =V - H + Hy. Hence
€%z Iy zeta502 0y + 1€ P iy

(1€ Fllyg g2y + 1B Iyss1000gy + 1Bl s, + 1Hillynaras, ).
Collecting the estimates of uy ,u5,0~, (both for |k’'| > 0 and k' = 0) we obtain

Bty v .
lle” u HW22+1,1+1/2(QT)+H6 Vo HWQI’Z/Q(Q) (He r ” 2"(ar) (3.26)

+ 167 h” oy + e Hllyouzq,) + ”eﬁtHl“WS’”Q(DT))’
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where Qr = Q(0,7T).
As for Problem (3.21), similar problems were studied in [14] (see, for instance, (2.43),
(2.47)). A final estimate of the solution is as in [14], (2.54):

+1,l 1+1.1
[Pt | W )+|eﬂt0+|£3;rl, /2)+|eBtDtJ+|)(3—;1, /2)

(3.27)
< el vz, + 1B 1G ), Qe = 2% (0,1).

We apply (3. 26) (3.27) to the problems arising in the estimates of the solution of (1.3)
inside €, and Q . Let the cube Q7 = {|y; — y;0| < do}, 7 =1,2,3, be included in Q. We
mtroduce 5m00th cut-off functions ((t) and ¢(z) such that 0 < ((¢),¢ () < 1, ¢(¢) = 0 for
t<1/2,((t) =1fort > 1, ¢(z) =1 for |z| < do/2, ¢(z) = 0 for |z| > dp. The functions
w(y,t) =u (y,t)y (y,t) and X~ (y,t) = 0~ (y, 1)y~ (y,t), where v~ (y, 1) = ()¢ (¥ —¥o ),
satisfy the equations

p Diw —V-T (w)+Vx =l (w, x ;u H+mi (u, 0 ) o Fv,

o oo B (3.28)
Vw = (w;u )+my(u)inQ", w |=0 =0,

where
L(w™ x7u™,07)= (Ve V) T (w )+ (V-Vu)x~
my =V T (vu )+7 VuTy,(u))+6" Vuy +pu"Diy,
Lw u)=V-Vy)w =0-LT)WV-w =V-(I-L"w,
my (w)=u" - Vyuy .

Similarly, if Q7 = {|y; — y;f)\ < do}, j = 1,2,3, is included in €, then the functions
wh(y,t) = u(u, )y (y, 1), xT(y,1) = 07 (y,)v* (y,1), where v¥(y,1) = ()T (y — yg),
satisfy the equations

ﬁJrthJr . v ']TJF('er) + VXJr

— L (w*, xut) +mi (L 0%) + (5 + 00) Fr
DixT +p"V-wh =15 (wh;ut) + mj (uh) in QF,

w+‘t:0 - 07 X+’t:0 = 07

(3.29)

where

U (wh xTu™,0%) = (Ve = V) - TH(w) + p1(V - Vu)x
~@ @ +07) - () VX -0 D™,
mi = —Vy T (v u®) + 7"V, - T (uh))
+ 10 VT + (BT 0T )u DT
I (wh xTut,07) =pH(V-V,) wh —07V,  -wT,
my (ut,07) = (pt + 0 u™ - Vuy™ + 0 Dy

We proceed with the estimates of w™, x~. Let QJT[ = 9% x (0,7),

Yir(ePlaw ™. ePlyv™) = |leflaw™ Btxz—
T(e w ,e" X ) He w HW;‘H’I‘H/Q +H€ VX HW2U/2

Q7) Qr)
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We have
12T (w™, x5 u, 0_)HW21’l/2(Q;) < c(0+ e)Yr(ePw, e’y 7),
||66tmf‘|w2l’l/2(QT) < C(H@Bt’u_‘|W2l+1.l/2+1/2(DT) + ||€Bt9_HW2lJ/2(QT))’

and similar inequalities are true for the norms of l;r , m;r Moreover, h™ = I, + m, satisfies
Dih~ =V - H + Hy, where

H=Dy(I-L Hw + L 'Ty(u) =L '\ )Vur,
Hy = _(L_TTu(u_) - L_TH_)V Vv + f Vauy ™,
hence in the case of small § and € we have
Yor(ePtw—. e ) < e(Vi(ePtu—, P10 Bt )
T(e w ,e X ) C( T(e u e )+ ||6 f’YHWQZ’l/Q(QT))’ (330)

where Y/ (u™, x™) is the sum of lower order norms of v~ and 6~ (in comparison with Y7),
which can be estimated by the interpolation inequality

Y < eaYr+ c(el)(Heﬁtu_Hm(D;) + Heﬂte—uwg,l/g(ﬂ;)). (3.31)
For the functions (w™, x") satisfying (3.29), we have the inequality
Yor(ePtaw™. Pt < o(Vi(ePtut. Plot Bt
(" w, e xT) < e(Vr(eut, e 0) + e fyll e ) (3.32)
similar to (3.30) where
YT(eﬁthF’ eﬁtXJr) — HeﬁthFHWQQHJHN(Q;)
Bt +|(1+11/2) Bty A+ |(AHLL/2),
+le + |e”*D ;

YT'(eﬁtqu, eﬁtc9+) < EQYT(Cﬁtu+, eﬁt9+)
+ c(62)(||gﬁtu+”L2(DJTr) + \|€5t‘9+l|L2(Q;))'

Our main attention is paid to the most complicated estimates of solution of (1.3) near the
interface I'g. We pass to local Cartesian coordinates in a neighborhood of an arbitrary point
yo € I'g. Without loss of generality, it may be assumed that yy = 0 and the ys-axis is directed
along no(0). Let

yz = 9(y)
be an equation of I'y near the origin. The coordinate transformation
z=Fy: 2=y, sm=ys- o) (3.34)
establishes one-to-one correspondence between Q' = {|z4| < dy a = 1,2} and a subset

Iy ={y €9, ys = ¢(vy)} near zero if dy is small. We set Q' x (—dp,dp) = Q(2dp). Since
¢ € W2(9) and ¢(0), D.,(0) = 0, we have |¢| < cd2, |Vo| < cdo in Q(2dg). The Jacobi

matrix of the transformation F is given by

1 0 0
0 0
=@ 1 0) -
4 —¢p1 —¢p2 1 Yo



As above, we introduce two functions ((¢) and ¢(z) such that ((t) =0 for 0 <t < 1/2,
Ct)y=1fort =1, p(z) =1 for z € Q(dp), ¢(y") = 0 outside Q(2dy), 0 < {(t),¢(z) < 1, and
we set y(z,t) = ¢(2)¢(t), wF(z,t) = uFy and xF(2,t) = 5. From (1.3) it follows that

() Dyw™ — V- T (w- )+vx
=1 (w™, x5 u) + my (w,0) + AL (w™,x7) + o7 F 7,
Vow™ =X +15 (w;u)+m; (u) in Q,
P Dwt =V - TH(w™) + p1 VX"
= I (wh x T w, 0)+mif (uw,0)+ A (wh, x )+ (@ + 07 f T,
DixtT+pTV - wt
=I5 (wr, xT;ut,0%) + mI (ut,07) + A\ (wh, xT) in QF,
wl—0 =0, xT|i=0=0, [w]z;=0=0,
[M(Dz;gwa + Dzaw3)]|2320 =130 +M30 + A3a(w), a=1,2,
—p1xT 4+ X + [Ts3)]z5=0 = la + myg + M(w) — oy(H + £ ),

(3.35)

where [;, m;, and \; are defined by

X u L, 07) = (Vu = V) T (w7 ) + (V= V)X ly=r-12,

—V T (yu”) + 9V - Ty (u™)) + 07 Vuy + p7u” - Deyly—r-12,
ut,07) = (Vy = V) - T (w") +p1(V — Vu)x*

~@'@E+07) P @)V - 0Dy,
my = =V T (yu) + 7V, - T (u ))+p10+vuv+(ﬁ*+0*)u*Dtv!y:plz,

L (wu) = (V-Vy)w =I-L V- w =V - I-L Hw |_r,

my (u ) =u" - Vuly=r-1z,

Iy (wh xT5u,0) =757 (V = Vy) w" =01V, - 'wﬂy:}‘*lzv

m3 (u”,07) = (57 + 0" )u" - Vuy + 0 Dy 51,

I3(w; w) = [u(TES(w)ng — oISy (w))n]|,_ -1,

m3 = [p(IoIl(Sy(wy) — YSu(w))n]|)=7-1.,

b (w
my
I (w

+||

la(w, x; 4, 0) = [ng-T(w)ng] = [n-Tu(w)n] +/(p’(ﬁ++se+) —p'(p")) dsx |0

my(u) = [n - (Tu(uy)n —Tu(w)n)]ly—r-1. (3.36)

and

=p V- (JI"-DVw+ [1-T")Vx,
=p -V -w=p"V-(I-J)w,
= (V-I"V)w=V-(I-J)w,
=tV (7T -DVw
+ (1" (VI V) = V(V-w) + (I TH)Vx T,
Asa(w) = [N(D23wa + D, w3 — (HOS(w)nO)a)HZ3=O’
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M(w) = [T33(w) — ng - T(w)ng)]z=0- (3.37)

To get estimates of w* and x* satisfying (3.35), we take the Fourier transform
~( ¢l _ —igl2! /
U(ﬁ,zg,t) - / e u(z,t)dz,
D,

where ¢ = (dlokl, %kg), ki,ko = 0,£1,.... We treat differently the transformed problems
with k' = 0 and |k’| > 0. In the first case we have

u= /u(z,t) dz’
D/

and (3.35) is converted into

Dy — v D2 at = L (U, + Wi, + A,) + v/ in I,

2dp?
ﬁ}/Oz|25=0 = 0)
_ _ 3.38
(@allzsmo = 0. T |symtod = O, (3.38)
[wygaa} = o (W) + lsa(w) + Mza(uw), a=1,2,
zZ3=
(Diiy — v DLy + EDay X~ = Ly + i + Ay + 773,
D,y = Iy +my in Iy, = (~2do,0),
,Dtﬂ)/;__ (2V++VY)D§3’&7§_+ %DZBSZJFZ % (lﬁ+m13+)‘ii_3) +7f37
DXt + 0 Doy =y +my in Iy = (0,2dp), (3.39)

[W3]]25=0 =0, W3|zy—t2dy =0, W3lt=0 = X" |t=0 =0,
—p~1>7+ 'l' X + (2ﬂ+ + NT)DZSZE;— - M_D23@§|Z3:0
= M+li+ma—o [ y(H+4)dZ.

/
DQdO

In the case where |k’| > 0, we transform the jump condition once again. We set v/ = pD;(,
w' = upDi(, X' = 09Dy,

la(w', X';u,0%) = [ng-T(w')ng—n-Ty(w)n] +/(p’(ﬁ++80+) —p'(p")) dsx’,

my(u) =[no-T(uy')no—ny'Tyu(u)n], Ny=[Tsz(w’) —no-T(w')ng)]

and write the normal jump condition in (3.35) as follows:

X [T (w)] = / (Ts3(w')] —prx +x ") dr
0

. . (3.40)

2 2
:)\4+l4+m4—/(lg+mﬁl+)\ﬁl) dT—U'y(H—f—R_) +o 7'<H+—) dr.

0
0 0
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Since H = n - A(t) Xy, we have

t t
H+— /DTV H+— dr =/VDT(H-A(t)Xu)dT
0 0

/n A(T ’wdT—i-/’)’(’fl-A(T)+n-A(T))Xu(y,T)dT
0 0

Awzdr+ [(n-A(t)—e3-A)wdr+ ’y(h-A(T)—i—n-A(T))XudT.
[ /

Hence (3.40) implies

t t
—plx++x‘+[T33(w)]+a/A’w3 dr =1y +my+ Mg —/(lﬁ1 +my + Ny)dr
0 0

¢ ¢
—i—/ [T33(w —pix T X dT—i—/(lg,(w;u)—l—lg(w;u)dT
0 0
¢
:b+U/B(z,T) dr, (3.41)
0

where I5(w;u) = o((n - A(t) — e3 - A)w), lg(w;u) = oy(n - A(T) +n - A1) Xy),
¢ ¢
b=Ily+my+ M\ —/(lfl +mj + Ny) dr +/ Ty3(w', x") B=I5(w;u) + ls(w;u).
0 0

Now, we estimate the functions (3.36) assuming that k| > 0, i.e.,
/'widz—O /Xidz':().
D/

We extend w, x by zero into the domain |z3| > dy and make use of Theorem 1 in [14]. Let
Q% = 0F x (0,T), 2 = Q' x (0,T). Since ly(w~,x ;u,0) is a linear differential expression
with respect to the first pair of arguments w™, x~ with small coefficients dependent of u™,67,
one has the following estimate (in view of Proposition 1°):

Heﬁtll('w_, X s u, H)HWé,l/Q(Q;) <6+ E)YT(eBtw_, eBtX_)-
The expressions 1,15, 13,14 have similar structure and satisfy similar inequalities:
Pl (wT, x i, 0)] Wi ot [Pl (w, 0)|(1+l 1/2)
+ Heﬁtlg(w;u)nwm2l/2+1/4(2/ 1Pty (w, x;u, 0 |(l+1/2 1/2) (3.42)
< 0 Yr(eflw,efly),
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where 6; < ¢(6 +€), QT = Q' x RE.
We also need to compute the time derivative of l5; +m; + A, . We have

where

H = D((I- L Yw) + (I - 7)Dyw + — (L~ "Ty(u) - L_lﬂ_)vuy‘ ,
P y=J"1z

1 —~
Ho =™ DiVuy = = (Tu: VuVuy — 07 Vi) + [V

y=J "'z
These functions satisfy the inequalities
lle tHH Ol/Q(Q + ||6 H()H 01/2(QT)
0(5 + e+ d0)||6 th ||W2O,l/2(Q;) (3.43)

tx7,,— tg— t
+c(6) (e’ Vu 012y + [Ea ng,l/z(Q;) +||e” Pl

(Qr) (QT)).

The expressions m; in (3.36) contain some lower order derivatives of w and # in comparison
with the corresponding I;, hence

2|(1Il,l/2)

e ma (e, 0)l arz ) + e m

(z+1 /2,1/2)

+ [le? mg(w)|| WL/ + e ma(u, 0 | (3.44)

Q/

1,1
<c(He uH L+, 1/2+l/2(UQ +| Bt(9+|(1+ /2)+ I Pt I ”/2(Q ))

We proceed with the estimates of )\i , A3, A4. Since the elements of I — 7, i.e., the
derivatives D, ¢, o = 1,2, satisfy the inequalities

Vgl Sedo, DGl <, [D2G(- +n) = DIl Loy < clnl/>7172

in ', and inequalities of the same kind are fulfilled also for n,g,1 — ngg, it is not hard to
show that

)|(1+z 1/2)

||eﬁt)\1(w,x;u,9)\|wl,1/g + |e EXo(w, x;u, 0
2

(UQ7F)

1+1/2,1/2
07 N w5 )y 20721071 g + 1M a0, u,e>|g; P (3.45)

< 052YT(eﬁtw, eﬁtx),

52 do + €.
To complete the analysis in the case where |k| > 0, we need to estimate the Wl 1/21/2= 1/4(GT)—
norms of

Is(wiu) = ((n = no) - A(t) + no(A(t) — A'))w

t

/n% ) drA()w ()+nm/Nﬂ&w@ﬁ
0

0 (3.46)
g+ (A(0) — Aw(y, 1),

ls = (A +nA)X,(y, 7),
Iy = — (I +ml + Ny) + ([T (w))] —prx " +x7).

35



In view of (1.4), (2.3), and (2.6), we have

t
Hl5HW2l*1/2(FO) < C/ HVU( : aT)HWQlJrl/?*%(FO) dTH’lU( : ’t)HWS/QJrl(FO)
0

+ doH’UJ( : ’t)‘|W2l+3/2(FO)’

h
) 1/2
|2 (=R)ls sy < eVi( / I P sty 47) 0 gz -
0

HlGHWé’l/Q(FO) < CHVUHWQZ“/Q*"(FO)HX“HWé”’/Q(FO)’
HAt(_h)ZGHLg(Fo) < CHAt(_h)quWS/Q_l(FO) HXUH{/VQZ'*'S/Q(FO)’
which implies
Heﬁtl5||w21_1/2,o(GT) < 6(6 + d0)||66tw||w21+1/2—“(GT)’

Bt Bt
lle ZGHWQO’UQ_IM(GT) <C(He vu”W2l/2_1/4((0,t);W23/2_l(Fo))

+ HeﬁtVUHWfI/Q”‘(Fo)HUHWE’O(GT))'

Finally, since l7 vanishes for ¢ > 1, we have
Bt < Bt +
He l7||W21—1/2,l/2—1/4(G1) XX C(; ||€ Vu HW21—1/2,1/271/4(G1)

Btpt
PO yiazamarngg,) )

Collecting the estimates of the nonlinear terms in (3.36), (3.37) and making use of Theorem 1
in [14], we show that in the case of |k| > 0 we have

Yy (e w, ePtx) < c(Yi (e ru, e7'0)

s o 5 (3.47)
+ Yi(e”'u,e”0) + |le f’YHWQHN(QT))a
where
YT(eﬁtw,eﬁtX) = HeﬁthWQQ-H,I-H/Q(UQ%)
[P |UHH) B UHR) | Ptpy | U,
QT QT QT

YT’(eﬁtu, eﬁtﬂ) is the sum of lower order norms admitting the estimate

Y7 < es¥r + c(es)(le™ullLy@r) + 1€ 0F 1 (3.48)

Btp—
+ ||€ 0 HW2(J,1/2( €3 < 1,

Q;))’
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finally,

(141,1/2)

Yi(e®tu, ef0) = HeﬁtuHW;H,HZ/Q(UQi +|ePto- |

14+1,1/2 14+1,1/2
+|65t6+|(Ql+ / )+ |65t7.)t9+|(1+ / ).

In the case where k' = 0, we need to estimate functions the w, Y satisfying (3.38), (3.39).
It is easily seen that w, x satisfy the same inequalities as in the case of |k’'| > 0 with the
additional norm of d L7 on the right-hand side, where

T
N
Jza/ (H+ —) dz'za/<H+ —) i > |£,\ ()] ds,,
Q Ro 5 Ro (1+[VeP) [LTno| ly=x-1(nt)
Ro

Sk, =1{n € Sgy : 2 € Q'}, and H is given by (3.7).
Since £7N(n) and LTng(y) are bounded functions with time derivatives controlled by
Dyr and Vu, respectively, we have

€% T ooy < edolle®rlyyzo s,

Bt
™ Ty 120,y < CdO(”e Tl 22O T)WE(Sh)

N )
ILTno| W3 (S,)

+ ||e? THWQ-HO(S/ supHDt

< (16" oz

+||e? THWQQH,O(S/T) iEIT) (||quW21_l(G6)

e < Bt (l/2,2+l).
Dl -1(5p)) ) < edole™ 1

Putting together the cases of |k| > 0 and k = 0, we see that the solution of (3.35) satisfies
the inequality

Yr(ePtw, e’y < C(YT'(eﬁtu, )

(3.49)
+ Y1(eﬁtu, eﬁte) + Heﬁtf")/HWQl,z/z

(1/2,2+1)
@n T 51"36%'3} )-

Now we give an outline of estimates of the solution of our problem near the exterior
boundary . Assume that yop = 0 € ¥, the ys-axis is directed along the interior normal n(yg)
to 3, z3 = (2') € W2l+3/2(53') is an equation of ¥ near z9. Upon introducing the functions
Y(z,t) = p(2)¢(t), wt = yu™, x* = 70" and passing to the coordinates z € Q% as above,
we arrive at the problem

pTDiwt — V- TH (w) +p Vx*

=17 (wh xT;u,0) + mi(ut,07) + A] + fv=F*,

Dixt+p"V-wt (3.50)
=I5 (wr, xT;u,0) + m (ut,07) + A\ (w,xT) = HT in QF,

wli=0 =0, xt|t=0=0, w|;=0=0,
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where [;, m;, \; are defined as above, i.e., by (3.36), (3.37) with

92 1 0 O
A

The problems of this type was considered in [14]; see (2.43), Subsection 2.3. In the case of
|k| > 0 it was shown that

[|lwl| 2+11+z/2(Q )+| ""|(1l’l/2 |D +|(1z,l/2

(3.51)
1+1,1/2
<c(|F* m@waQ++4H+ﬂ ),
and in the case of k = 0 the problem was reduced to the system
Diwg — v D2w =FinI"=(0,2d
e ° (0,2do), (3.52)
’U)a’t:() - 07 wa‘23=0,2d0 — 07 o = 17 27
Dyws — (v + 1] )D2 w3 + DZSXJr =F;
pt
DXt + Dty = HY in I, (3.53)

&;3|t=0 - 0) /&73|Z3:0,d0 — Oa a = 15 2

(cf. (2.58), (2.59), Subsection 2.3 in [14]), and estimate (3.51) was obtained as well. By taking
the Laplace transform @ = [; e~ *'w d¢, problems (3.52) and (3.53) were reduced to

SWe — V+D§3uv)a = v(j, a=1,2,
sws — (2vT 4+ 1] )D2 w3 —|— o ngX =F, s{+7p Dyuwg=HT

with v+ = u/pt, Z/fr = ut/pT. Upon eliminating ¥, the last system for w3, ¥ was converted
into

) S (a4 D1 g -
R(s) — D2 )uw} = (5 - 2Lit) =,
( (s) 23)w3 astp V3 Bts
where R(s) = ass—_im, a = 2vT + v > 0. By expanding w in a Fourier series in sin %?kg,
ks =1,..., one obtains
~+ 5
~ F, =~ km
w = 7’ a = 1’2’ w3 = 7’ 53 = _’
B T R(s) + &) d

where the w are the Fourier coefficients of . Since |€3] > ¢, it follows that

N N
e wallyzrtasiz e +He X gl P+ Dot I < el B i g
where a = 1, 2,
1+1,1/2
e w3y zrtasarz gy < e i iz g aapy) + 1€ H QL)
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We recall that FT =1, +mq + X\ + wf, H* = ly 4+ mg + Ay and conclude that w™' and
X" satisfy inequality (3.32), where

Bt gyt Bt Y || 6Byt Bt 4+ (A+11/2) | Bt +(HH,1/2)
YT(e w e x )_He w HW22+Z,1+Z/2(D;)+|6 X IQ; +|€ DtX IQ;

and
vi < e¥r + () (7w yap + 1607 a2 )- .

Now, we go back to Problem (1.3) and prove the main result of this section.

Theorem 5. Let (u,0) be the solution of Problem (1.3) given fory € QF, t < T, T > 2,
fized, and possessing finite norm

Yo = [le” Ao~ _ Pto=
T He uHW22+lv1+l/2(UQ$) + He ||W2H/2(QT) + ||6 HW20’1/2(Q )

T

141,1/2 141,1/2 5/241,1/2
+|eﬁt6+|(Q; /)+|eﬁt,Dt0+|(Q¥ /)+|eﬁtr|591{ /)+ Heﬁt,DtrHWS/QH’O(ST)’

Assume that the data (eﬁtf,uo,ﬂar,ro) satisfy the smallness condition in Theorem 2. Then
Yo < cFrp, (3.54)

where
Fr = HeﬁtfHWéJ/?(QT) + H”OHWQlH(UQOi) + He(—)FHWQHl(QSr) + HTOHWQlH(SRO),

QF = QF x (0,T), Sr=Sg, x (0,T).
Proof. Let wy be the covering of €2 with the sets

wr ={ly —uykl <do, yreX} for k=1,...,my,

wr={ly —wkl <do, wyr€Qf} for k=14mq,...,ma,

wr ={ly —uykl <do, yxr €To} for k=1+my,...,ms,

we={ly—w| <do, yr€Qy} for k=1+ma,...,my.
We assume that the multiplicity of this covering is finite and wg, k = m1 + 1,...mo, k =
ms + 1,...,my are strictly interior subdomains of Q(J)r and ), respectively. Clearly, wy,
k=1,...,m1 and k = mo + 1,...mg, are sufficiently dense coverings of ¥ and I'¢ of finite
multiplicity; we assume that it is independent of dy and dg is small. We introduce a smooth
and monotone function ((¢) equal to one for ¢ > 1 and vanishing for ¢ < 1/2, and we set

Y (y,t) = vk (y)((t), where the i (y) are smooth functions equal to one for |y — yi| < dp and
to zero for |y — yi| = 2dy, moreover,

my
a > pily) ze>1
j=1

in . It is clear that the functions (ypu,v,0) = (wy, xx) satisfy the relations

pIDw; — V- TH(w!) + ;i Vi = 1 (wib, xi5u) + mif (u,0)
+@" +07) fw,
Dtxzr +ptV- 'w,j =I5 (wg;u) +m3 (u) in wz_r N Qar,

w]:»|2;€ :Oa w]:r|t=0:0) XZ|25=0:0 fOT kzl)"’)ml)

(3.55)
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where

7D — V- TH(wl) + p1 V)
= U7 (w;, x5 u) +mif (w,0) + (57 + X)) Fe,

Dixi +p"V - w; (3.56)
=13 (wi;u) + my (u) nw!, wiNTHUX)=0
'w,j|t:0:O, X2—|t=0 =0 for k=myi+1,...,4+mao,

(7 Dyw) — V- THw) +p1 Vi = U (w), x5 u) + m] (u,0)
+(p +0)F,
Dixi + 97V - w =13 (wiug) +my (uy) inwl NOQF,
p Dyw, —V - -T (w, )+ Vx,
= 1y (wy, ) +my (w,0) + o~ Fe
Vew, =1y (wg;u) +my (w) inw” NQg, (3.57)
'wk‘t:O =0, X;’t:O =0,
[w]|r,, =0, wii=0 =0, x{|=0=0,
[ploS(wi)no]r, = ls(wi; u) + ms(u),
—pixy + X; + [no - T(wg)nolr, = la(wg, Xk, 0) + ma(u, x)
(+tow(H + &), for k=mg+1,...,ms,

p Daw, —V - -T (w, )+ Vx;
=1 (W, x5 u) +my (w,0) + p~ f,

o coo (3.58)
Vw, =15 (wg;u) +my (u) inw,,
Wili=0 =0, Xjlt=0 =0 for k=mg+1,... my,
(wy, xg,u™,07) = (Vy = V) - T (wy) + (V= Vu)xy
my ==V T (ypu” )+ 7V Ty (u™)) + 0" Vv + p u™ - Diyy,
lf( poxesut07) = (V= V) - T (wyf) +p1(V = Vu)xy — 07Dy
my = =V - T (yu) + ’ka T+( ) + 010"V + (p7 + 0w Dy,
Iy (wiiu)=(V-Vyw, =1-L 77 NV.-w, =V-(1-7 'L Hw,
my (u) =u" - Vo,
I3 (Wi, x5 u,0) =07 (V = Vy,) - w)l — 07V, - wy,
my (u™,607) = (p" + 0" )u- Vu’Yk+9+Dt’Yka
Is(wy; w) = [pIIES (wi)ng — oISy (wy)n),
m3(u) = [plloIl(u ® Vuvg + Vuy @ u)nl,
L(wi, x;5u,0) = [no - T (w)ne] — [n - T (w))n]
— (At +6) —p(E") = p107))x) s
mg = [n - Ty(uy)n —yn - T(u)n]. (3.59)

In each problem (3.55), (3.57), we pass to local Cartesian coordinates z € Q= or z € QF
(in (3.56), (3.58) a change of variables is not required). As shown above, the solutions of these

40



problems satisfy certain inequalities of the form (3.49), (3.26), (3.32). Taking the squares of
these inequalities and summing up with respect to k, we arrive, in the case of small d, €, €;, at
an estimate equivalent to

Y:/g(eﬁtwv eﬁtX) = Heﬁth?,V?z,lJrl/z(UQ%)

9r 9 i (3.60)
< C(Yrﬁ(eﬁtu, eP10) + Y2 (Plu, eP0)
2 ¢ 12(2+1,1/2)
+ ”Cwaé’l/Q(QT) + e’ rls, ),
where w = Y, wy, x = Y, Xk, and Y7 is the sum of lower order norms of ePty and Pt

admitting an interpolation estimate of type (3.33).
By adding Y (e’*u, e%0) to (3.60) and taking account of (2.8) (with T'= 1), we obtain

YA(ePu, eP0) < c(YE(e u, e0) + Y (Pw, et y))
< C(YT/Q(eﬁtu, eﬁtﬁ) + F2 + |eﬁtr|§(T2+l’l/2)).
Now we make use of the inequality

Bt .12 Bt 2 Bt..112
e’'r + ||e”*"Dyr + |le”'r
| HWQ’*S/ >0(sr)) €7D ”Wé“”/ >0(Sy) ” ”Wé/ 2((0,1);W5"* (Sry))

< CZ (Ieﬁtvuilg‘;l/2vl/2) + |65t9i|g‘;1/27l/2)> < CF%,
+

that is proved in the same way as (2.38); this leads to

2 — 2 2 2
YT(eBtu, eﬁte, eﬁtr) = ||eﬁtrHW2l+5/27o(ST)+ ||€BtDtT||W21+3/2,0(3T)+YT(eﬁtu’ 65“9)

<c(F7+ Y2 (ePtu, e7t0) + |eﬂtr|§f+l’l/2)). (3.61)

The sum of lower order norms on the right-hand side can be estimated by the interpolation
inequality

Y/I/"2(€Btu, eﬁte) + |€Bt’r|§f+l7l/2)

(3.62)
< 63YT(65tu, ePto, eﬁtr) + 0(63)y02(65tu, o, eﬁtr),

where €3 < 1 and

;) + Heﬁt’rH%Q(ST)'

Vi = Zi: e S P

The norm of §~ satisfies inequality (3.10); the norm of f on the right-hand side of (3.10) can
be included in Fp, whereas other terms satisfy (3.18) and (3.19). Hence if €3 is sufficientrly
small, then we arrive at

VR (ePu, ¢70,¢r) < o(F3 + e ul? g, + 1€%07 12, o) + ¥ )

The Lo-norms of u, 0", and r can be estimated by (3.1), which leads to (3.54).
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4 On the smoothness of the free boundary I’

In the present section it is shown that under some additional assumptions on p(p) and f the
function r(-,t), t > 0, belongs to W21+5/2(SRO). The proof is based on the following theorem.

Theorem 6. Assume that p € C3T!(min p, maxp) and f satisfies the following additional
restrictions: f € W5 ((to, T); Wi(Q)) OWQO’OQHM(QtO,T) with a1 € (1/2,1 —1/2). Then
ul (y,t) = u(y,t) —u(y,t — s) and 0 (y,t) = 0(y,t) — 0(y,t — s) satisfy the inequality

Y (to,t1) = Heﬁt )H 241, A2 Qi |66t9(5)_|gt1’l/2)
2,11
4.1
| Bte s)+|(l+1 1/2) +| BtD 0(5 +| (I+1,1/2) < C(u 0 T)Sa ( )
t2 tq i2 31 Y

where a > 1/2, O<ty<t1i <T,ty = (tl — (tl — to)/4), 0<s< min(t1 —tg,to), Qtig,tl =

QF x (t2,t1), and C is a constant independent of the norms of the solution of (1.3).
The theorem is proved in several steps. First we do some auxiliary constructions. Let

A € (0, (t1 —tp)/4) and let () (t) be a smooth monotone function of ¢ equal to one for t > to+ A,
to zero for t < to + \/2, and satisfying the inequality |DF¢y| < eA™F, k = 1,2,3. Tt can be

shown that u (y,£) = G()(w(y, t) — w(y, t = 5)), 057 (y,1) = (r(0(y,1) — 0(y,t — 5)) satisty

the equations

'pf,Dtug\S) — v2 (3) +vu6§\5)_ =F, V- ug\s) =F,,
(7 + 01D R (4 i)V )
+0/ (T + 0Vt = FYf,
DO + (5t + 00V, - uT = B
)+|t=0 = 0) 9§\S) |t0=0 - Oa u&8)+|2 = Oa
Wl ]r, = 0, [uMluSu(ul)n]lr, = Fy

(4.2)

)

for ¢ < t;. The last jump condition for (u)’,0,”) is obtained by a calculation similar to that
carried out in §3 (see (3.41)). We start with the equation

2
- To(uw, 0)n] +on - A(t) Xy =p — R—“, (4.3)
0
where
T (u®,0) =T Hut) —p107L, T,(u,07)=T,(u)—071,
p=p@"+07) —p(E") —p0".
It implies

Cx (t)([n w(u,0)n] +on - A(t) X, —p)

(4.4)
/DtC,\ - Tu(u,0)n] + on - A(t) X, — p) dr.
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By subtracting from (4.4) a similar equation written for the time instant ¢ — s, i.e.,

GO T (w', 0)n'] + on' - A'($) X, — p')

tf
/ Dica(r + 9))([n - T, 0)n] + on - A(t) Xy, — p) dr,
0

where v/(t) = v(t — s), vy = (\(H)v(t), after simple calculations (integration by parts) we
obtain the relation

t t
[ Ty(u®,06)n] + o / n - A(r)u® drjp, = Fy + /28: F;dr + Fy. (4.5)
0 0 J=°
The nonlinear terms in (4.2) and (4.5) are given by
Fi =~ (Vo = Va)uy + (Vu = Va)by = p DiGyul +p~ G F Y,
Fy = (Va — Va)uy = v Fo, Fo=(L—L)uy,
Fir = —pt (V= V2 ul — (u" + 1) (Vu ® Vi — Vi ® Vo )uf

+9' (3" +07) (V= Vu)05 + (7" + 07D Gut
+ (@ ET+0T) =BT+ 0T))Vul + (5T + 01 FIG 4+ 0T F,
Ff ==@" +0")(Vu - vu/)uj\_/ - 0+(8)Vu/u:\"/,
F;=— [ﬂH(HSu’(ul)\)n - H/Su/(u//\)n']’
Fy=[n' Ty (u),05)n'] — [n-Tyu(u),0))n)],
Fy = —Dt@\([n T 0’)71,] — [ T (W, Hl)n’]) —DiCy [n . Tu(u(s),ﬁ(s))n],
Fs = o(nA(r) —n'A'(7)) - uj\(y, 7),
= d(\Di(nA — n'A) Xy = o\ (t) (RA — 7/ A) + (nA — n'A")) Xy,
t s
Fy = 03 Di(n/A) - / w(y, 7)dr) = o0y () (/A + /A / w(y,t —7)dr,
0

t—s

t
Fg = pg\s) — /Dté_)\p(s) dr. (46)
0

We view (4.2), (4.5) as an initial-boundary value problem where the unknowns are ug\s), 0&5)

and the coefficients in the system and in the boundary conditions are close to constants
corresponding to u = 0, # = 0 (in view of (2.7), (2.10)), while n is close to ng. It follows that
an estimate similar to (3.54) holds, i.e.,

+ |66t9§8)*|(l+171/2) + Ieﬁt0§3)+|(l+l,l/2)

(s)
e s ”W;H’HW(UQizl Qg ity
14+1,1/2) —
DB NG < (1M s+ 1€ Fy ooy,
st Bt gt Bt ot (11:1/2)
+H€ DtFQ“Wg,l/Q(Q%7t1)+”e Fl HW2U/2(Q - +|e F I Qtg.tq
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T ety /20

- HeﬁtF:sHWZHI/?J/?“/“(GtO Gty

8
+ 25 ||eﬁtFj ‘|W571/27l/271/4(Gt0,t1)
j:

+ HeﬁtC/\P(s)HW21+1/2,1/2+1/4(Gt07t1) + HeBtDtC)\P(S)HW21—1/2,1/2_1/4 (4.7)

(Gto,t1)> ’

where Gy, 1, = I'g X (to,t1). This can be justified by using inequality (3.42) and conditions
(2.10). We outline the estimates of the functions Fj. They involve many terms, so we can
give detailed estimates only of several typical ones. We make use of the relation

JIa =7y sy dr /||u Mg e (- =)
0

2
o - /2
. /2(/Hu||wl o > sup [l

where o = {3/l < 1, hence 1 — /2 > 1/2. In addition, in view of (1.4) and (2.18), we have
IDiLllyy ) < ellVullyrgr), r<i+1,
A (— )DtLH 3/2-1 ) < C(HAt( )VUH 3271 )
+ HVUHWS/Q—l(Qg[) / IVu(-,t — T)HWQLH—%(QOi) dT)
0

< C(HAt(—h)VUHWQS/Q—l(QOi)

h
1/2
2
+ \/E||VUHW23,/24,O(Q§) (/ HVU||W2L+1_K(Q§) dT) (49)
0
We proceed with the estimate of (V, — Vu/)VHK—U. By (4.8) and (4.9), we have

[(Va — vu’)as\Hwé(Qoi) < CHveg\Hwé(Qoi) / |D:L(-,t — T)HWQZ“*%(QOi) dr,

Heﬁt(vu - vu/)ei\HwévO(Q%’tl) < Csl_a/QHeBtvei\Hwévo (4.10)

@ 4,)’
where o = (I +2 — 5) /(I +2), > € (0,l —1/2).

The WQO A/ 2_norm of the same function is estimated as follows:

1A(=h)(Vu = V)0 1,08

< 1AV ey [ IPEL ot = )lygoros g o
0
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+ / |A(—R)DL( -t — T)HW23/2—1(96E) d7'||v‘9£\”w2l(ﬂ§)’

167 (V= Vur) G517, 0.2

@,
C( sup /HVU ||Wl+1 xO(Qi)dT> H@Btve>\‘|2 01/2
tG to,t1 (QtO tl)
" dh \*
[t /12
+ le VH)\HWQI,O(QtOt /dT(/ 1Ay (— )HWI(Qi h1+z>
t1—t

dh 2
HAt )HL2 Qi)hl—i—l dT+ HVU’H 3/2 I(Qi) dr

<C 2 e VOAIT, 12 (4.11)

@)

The numbers 1 — «/2 € (1/2,1) in (4.10), (4.11) etc. are all different but we shall always
use this generic symbol taking the minimal of the corresponding a.
The expression

pE (V2 = V2 ) = pt ((HZT L™V .L"V+L"V. (L" - IET/))VU’/\ (4.12)

has only slightly more complicated form than (V,, — V)0, however it involves a term that
can be estimated only by Cs/2. Indeed, we have

Btr T o (7T _7'T /
He LV (L L )V’UJAHWI,O Q%h)

< CHeBt(]LT )VU)\HWlJrl 0(QE

otl)

< Bt /
RS Ct;;l)lil)/ Hvu||w21+1,0(ﬂoi) dTHe V“A”WQZH’O(Q%H)
0

< Bt /
xC Stes(tl;l;l)HVU||W21+1’O(Qti—s,t)He VUXHWQI“’O(QQH)’

On the other hand, the norm of the first term in (4.12) is controlled by C's'~/2:

A =7
Heﬁt(}L -L*)V-L VUS\HWQI,O(Q%M)

<c sup /HVU sz+1 (k) dr|eftv - LTVU/\HWM

+
te(to,t1) (Qzg.t,)

1-a/2 6t
<C$ He UAHWQS/QJFZ,O(Q;&E,Q)’

because s > 0. A similar estimate holds true for the Wg’lﬂ(Qi’tl)—norm of (4.12).
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The same kind of terms arises in the estimate of the norm of FQi:

Heﬁt(vu - vu/)ug\HWHl’O(Q%,H)
<c su Vu(-,t—T1 dr|| V! ,
e / H Mz ey IV oo

< pt
X € Stes(zgl)HquWéH’O(Qis,t)He vu’\HWQlH’O(Q?B,tI)

and of other terms where the equation

~ A~
/ LT’I’LO _ LT no

LTng|  |LT'my|

is used, in particular, in F3 and Fj.
We also treat the expressions containing u®) and ), for instance, the term

1
F = (p/(ﬁ++0+)_p/(ﬁ++0+,))vu6;\_, :/p//(ﬁ++0+/+)\0() )d)\e( )+v 6+
0

in F1+. Since p is sufficiently smooth, we have

Bt
e F oz , )

< ||Vt sup Heﬁtﬁg\sH

[T—
te(to,t1) 2 ()

”Wé’O(Qro,tl)

4.13)
Bt (
He F HWS’Z/Q(QZ),H)

<c sup H65t0§\3)+

+/
te(to,th) gzt IVal™ w2 o wiep )y

The other terms in F1+ are treated as above.
As to FQJF, we have

1B s oy < / 190t (-t = 1)l g 71905 (0 g

10 Dl V08 2D i -

HAt(—h)F;HWg(Qg) <C</”At(—h)vu+( : 775—7)”1/1/21(9;) dTHvuj\rHWQHP%(Qg)
0

+ / V0 g1 o) AT ARV [y o
+ 1A (~h)8IT| V2 1
(RO lwp o) Wit o)
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s)+
10 laygr-wo 180V g )
and, as a consequence,

Bt
6% Fyf 10z )

<e( s VE( 190t =D gy 7)1 Vet e

te(to,t1) 0t1)

+ sup Heﬂte@ﬂy 1y V2t |0 o )
tG(to,h) W Q A W (Q O,tl)

HeﬁtFQ || l/2 to,t1)W1(Q+))

Bt +
< c|le DH leo @F ., HV’u le“‘”’o(GtOtl)

Bte (s)+ . \V
+tes<glil>ue HWl“ @IV w2 o ey )
T dh \1/
2 /
+vs su Ay(—h)Vu™ > Vut .
Vi s / & / I8V Ry 7). IV g o )

+ sup /HeﬁtVuj{HWm x(Q+)d7H6 VUAH 1/2 (4.14)

B2t +13)
te(to,t1) ((to,t1);W5 (925))

The last term is controlled by C's'~%/2, o € (0,1).
We turn to the expression Fy. The estimate of Fy reduces to the estimate of (n—n')- Vu)
and (n —n')0). We have

+
||6ﬁt(n — fn,’)V'UJ)\ | W20, L)

+
< c¢ sup /HV’U )HW21+1/2(FO)dTHeﬁtVu>\HW21+1/2,0(Gt0’t1)

te(to,t1)

< cy/s( sup /HVU H W2 (1) )1/2H€Btvu>\” Wi 20(Gy )

te(to,t1)

[Ae(~h ><<n—n>VuA>HW21/2(FO)

C/ ||At(—h)V’uiHW21/2(FO) dTHV’ufHWQH-l/Q—x(FO)

+ / HVui( St — T)HWQH'I/Q_”(FO) dTHAt(—h)V’ufHW;/z(FO),

hence
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to,t1

Bt (2041/2./2) 0, 9 1/2
|e” Fyl| \C\/g;( sup)(/HVu (-,t 7')||W21+1/2(F0)d7'>

te(to,t1
P ah \1/
1/2
+ swp / a¢ / 1A =RV () rje S )
e (ts O W o) 7

X (Heﬁtvui\tHWé+1/2,o i) + “eﬁteitllwé+1/2,o

(Gth (Gtoatl))
a 1+1/2,1/2 1+1/2,1/2
L os /2(|eﬁtvu§|(c:to,t/l /)+|eﬁt0f\[|§¥t0,z/l /)), (4.15)

The expression F3 satisfies similar inequalities.
Now we estimate F5 = F} + F5”. By repeating the calculation in (4.11) and taking the
behavior of D;() into account, we obtain

PRI oim1 /202
e 5HW21 1/2,1/2-1/4

(Gto,t1)

21— +
< COA 2! a/2 Zi: (HeﬁtvuA HW21_1/2,1/2—1/4(Gt0’t1)

tpt
IO ygorvmrecrisg, )

t ! -2 t7,,(s)E
Heﬁ Fy HW21—1/2,1/2_1/4(G o) <cA Zi: (Heﬁ Vu)\s HW21_1/2,1/2—1/4(G

to,t1 to»tl)

tp(s)E
+ ||e”6) Hwé_l/g,l/g_l/zl(Gto’tl)). (4.16)

We proceed with the analysis of the terms involving the Laplace—Beltrami operator A(t)
and its time derivative. We consider the expression

Fs =o(nA®t) —n/A(t — s)) - u)
= O'/ (n(y, t—T)At—7)+n(y,t —7)At — T)) dr - u)\(y,t).
0

It suffices to estimate the first term F{ on the right-hand side (the second one is treated in

the same way). Since [[A(t)u|;1-1/2 ) S cllull , we have
2

(To w32t (o)

| [ = ate=rrarai-.o|
0

W, (Io)

S
< [ 19Ut = Doy T e
0

I8u-1Eullarg < e[ 1800Vl Al oo,

+ [ sup Fuly.t = )l dr| A (-h)h hzr )
0
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which implies

N

Cslfa/2|eﬁtu)\|(2’l/271/4). (4.17)

Bt g
lle F6‘|W2l—1/2,l/271/4 Gtg.ty

(Gto,tl)
Now we pass to the estimate of Fy = F4 + F7N, where
Fl = oC((0 — 1) A + 0/ (A(t) - A(8)) X,
FY = ola((n —n)A +n'(A - A)X,,.

We restrict ourselves to the estimate of Fé Since

1Xa (- )2y < €

AW = A = )Xl < [ 178l ATl
0
for arbitrary ¢ € (t1,t9) we have:

HF7/HW2171/2(F0) < C(HVUE\S)HWéH/Qﬁ(FO)
S
+ HVU,\HWQIH/Q—%(FO) / ”quWQIH/Q_”(FO) dT) HX“”WQS/QH(FO)’
0

|AU=R) oo < (A1) VU /-1,

+HAt(_h)vu)‘HWQS/Q_l(Fo)/||VUHWQZ+1/2_%(FO) dr
0

T lygorrn gy | 18RVl gy A7) Xl
0

which implies

HeﬁtFéHWé—l/Q,O ) < cHeﬁtVug\s)HWQM/z_%,o

(Gto,tl (Gt()atl)

1—a/2y .6t
+ O eV llya-eg, )
le* Billyyoirein g,y < le® Vi o oot (4.18)
1—a/2
+Cs (Hvu’\HWQHUQ_%(GtO,tI)

TNVl g g ==t

Slightly more complicated calculations lead to similar inequalities for F7H.
We turn to the expression Fg:

S
||F8\|W£71/2(F0) < C”VUAHWQ’“/%”(FO) / lw(-,t— 7—)HW23/2+Z(FO) dr,
0
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Bt
||6 F8|| 11/20(G0,t1)<c||6 vu}‘HW;/H’O(Gtoh)\/gt;,};gl)”uH 3/2+1(G

U1 Bl < AR Vurlggraniry [l Olygrnen iy o7
0

+5up [Vur (3. ) / 1A= R) At Ly ey A,
0

Bt
||6 F8||W20»l/2*1/4(Gt0,t1)

< cHeﬁtvu)‘HV'V2l/2_1/4((to,tl);WQS/Q_l(Fo))\/EHUHWS/QJFZ’O(ths,t)
Bt
+ |le vu’\HWé“/Q_”’O(GtO,tl)\/g sup

te(to 1) HUHW2l/2_1/4((tfs,t);w22(r0))v

To evaluate the contribution of f, we use the equations

whence

t—

s,t)’

f(X.l“t)—f(Xu/,t—S):(f(Xujt)—f(Xu/’t))+(f(Xu/,t)—f(Xu/,t—S))’

1

F(Xut)— F (X 1) = / VF (X +uX$) ) du / u(y,t—7)dr,

0 0
Bt 3s) ( Bt
lle” £ ll/Q(Qt <C lle vf”wé’l/Q(Qto t:;ﬁgl /HuHWlJrl *(UQi Tt)d
Bt
+ e VfHWQ”O( Qto to tl /Hu 5/2((t*svt);W§’/2_l(F0)) dr

Bt a1 @
+ e fHWsz(Qtl,tO)ISI )<0f|s| ,

(4.19)

in view of assumptions of Theorem 6. The function f\ = (\(¢)f is estimated in a similar way.
In conclusion, we estimate the expression Fy in (4.6). We have

OGP = G (P +0%) = p(p*) = p16%) = (07 +07) = p(7*) = p26™"))

= /(p/(ﬁJr + 0 4+ p0F) —pp) duHE\SH

1 1
N / d#l/P P+ (07 + 0O du(0 + 090
0 0

||<)‘p(S)HW2l+1/2(FO) < cHngHWQHl/g(FO) / HDtH;\r( <t — 7—)HW2l+1/2(F0) dr,
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12 (=h)GP |, )

< B0 Iy, / D3 (-t = P12, 07

+ —
+ |0 HWQO’ZUQ(FO)/HDt A (-,t T)HWS/%l(FO)dT’
0

which implies

HeﬁtCPHW2l+1/2,l/2+1/4(G o)

1/2 (4.20)
<C<H€69 I W06, </||Dt9 || W2 (1) 7'> +C|5|Oé)-

Finally,

Btyy(s)
1P D) lyy-1/2072-104

to.t1)

S
([ 00y 0
c 1D 172 gy ATl 0 Ny 20, (4.21)

[t + + -2
DO 0,y [ 196 Iygrantogy dr) < O 25

From the estimates obtained above, it follows that the sum of the norms on the right-hand
side of (4.7) is controlled by a sum of terms proportional to C's'=%/2 « € (0,1), or to

S

Vo( [t o= )P + o7y ar)

0

= Va( [t ol + oy ag)

t

(4.22)

or to the norms of e*u(®) and ef'0() of a lower order in comparison to the norms in
Y (ePtu, e#10) possibly multiplied by A=2. We set

Y2(to + A, t) = Heﬁt )H W22, | + |eﬁt9(5)_|2(1+l’l/2)

) to+A,ty
+ |66t9 s)+| (1+1,1/2) + |eBtD 9(s) +|2(1+l 1/2)
t0+>\ t1 to+A,t1

and we denote by Y’(tg + \/2,t1) the sum of certain weaker norms of u(®) and #(*)*
Qo x (to + A/2,t9). As shown above,

Y (to 4+ M\ t1) <A 2Y (to + A/2,t1) + F(s), (4.23)
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where F'(s) is the sum of terms controlled by powers of s.
We estimate each term in Y'(tg + A\/2,¢1) by an interpolation inequality of type (3.33);

the norm [|e#t0()— |2 12-1/4 , which is a part of Y’ (in view of (4.16)), estimated as
Wy’ (Gt0+>\,t1)
follows:

[Pt |12 0,1/2-1/4

W < €4H€6t‘9(8)_”2 0,1/2
2

(Gro+r/2,t1) (Gio+r/2,t1)

+ce, ™ Heﬁte HL2 (Grg4r/2,ty)’

m1 > 0, ¢4 < 1. Thus,
Y(t0+)\/2 t) €1Y(t0+)\/2 t1)+664 1Yy,

where mp > 0,

= |lefta Bt +112 Bt -2
= 1PN g , ) T IO e+ 10O, .

and in view of (4.23),
(t0+)\ tl) ClLEAN™ 2Y(t0+)\/2 tl) +6264m1)\ 2YO+63F( )

This implies
FO) < edf(A/2) + cad ™Yy + 3N H2F(s), (4.24)

where § = es]A"22™1F2 f(\) = AN2T™1Y (1 + A\, t1), ¢ = ¢12™ 2. We fix § such that c§ < 1/2
and, iterating (4.24), arrive at f(A) < 2(cd"™ Yy + c4A?™ T2 F(s)). The norms in Yy can be
estimated by the inequalities

||€Btu(s)||L2(Qt0,t1) < CSHGBtDtuHM(Qto,H)’
”€Bt9(5)+”L2(Qt0,t1) < CS”eBtDt9+”L2(Qto,t1);
finally, since

- py = p(p" +0%) —p(p" +0%) + [n- Ty (u)n] — [0/ - Ty (w)n'] + o H®

(see (3.11)), the inequality

H6 9(5 ||L2(Gt0 t1) C<||66t‘9 S)+HL2 (Gto,t1)

)E=

+Z Heﬁtvu(s HLQ(GtO,tl)+Heﬁtr(S)HW22(SR0><(tO’t1))) gCSa

+

holds true with a > 1/2, due to
‘|€5t¢9(8)+”L2(Gzo,t1) < CS||€BtDt0+HL2(Gto,t1)’
i 1/24+1/4
Heﬁtvu(s) HLQ(GtO,tl) < sl )
<

1% w260y < eslle” Dirlwz iy, o,)-



Hence Yj can be included into F'(s); by setting A = A\g = (t1 —tg)/4, we obtain f(Ag) < cF(s)
or

Y (to + Ao, 1) < 6 ™A P F(s) < Os'/2.

This implies the boundedness of the norms

Bt
le u”W§2/2((t2,t1);W§+l(Uﬂ§))’ le™ul Wyt 20(Gy ))

HeﬁteiuwéO‘Q"’l)/Q(( W%(Qg:)) + He tei”w;Q/Q 07 1/2)

Q
t2,t1); ((t2,t1);WAFH(QE)’ 2 € (

We separate out the terms of type sI in F2(s). The sum of the integrals I does not exceed

t
( / (- )12, 20 gy DO g0, )

dh

2
+ §)HW21(U91)W

t

de HAt

o\

—t
dh

+ [A{(=h)Vu(-,9)l? 1/Q(FO)W>:c(h+1’2+1'3), te (t2,t1).

t

o'a\w o'a\w
o\

We have

t
d§
[e% 2 + 112
I < 5% / (HU(-,S)HW;H(UQ@+H77t9 HWQzH/a(FO))W-
t—s

The last integral is controlled by a finite norm

+112 .
||uH 0‘2/2((t tO) W2+Z(Ugi + HDt9 HW;Q/Q((tg,to);WéJrl/Q(FO))’
moreover,
/ dg et dh
Iy < s / / [A¢(— VUHW1 (UQF) I+

we assume that [/2 + as/2 < 1. By analyzing two cases: t —& < h and t — & > h, it is not
hard to show that
oz
IQ < cs HuH l/2+0¢2/2((t2 tl) WQ( Qi))

The third integral is estimated in the same way. Thus, s(I1 + Iy + I3) < Cs'*?2 which
completes the proof of (4.1).
It follows that

- Dbz + 1P Olhgongy + S I05C Dl (429
+
+(| D™ (- ’t)HWQHl(Qo:I:) + |Ir(- ’t)HWQHSM(SRO) <C, teE(tatr). [l
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5 Construction of a solution in the infinite time interval

We describe the procedure of extension of the solution of Problem (1.3) from the interval

(0,T) to the infinite interval ¢ > 0. It is done step by step: first the solution is defined for
€ (T,2T), then for t € (2T,3T) and so forth. We have proved that the solution satisfies

(3.54) in Q7. By the trace theorem for the Sobolev spaces, it also satisfies the inequalities

26T . 2 + . 2
e (Hu( Dy oy HI07 (- )me oyl ,T)HWQM(SRO))
<oV (eﬁtui,emﬁi,emr) (5.1)

2 2 2
<C<HU’0HW2l+1(UQOi)+HH(J)FHW2l+1(9+ +HTOHWZ+2 S 0)+”eﬁtfHW2lJ/2(QT)>'
By passing to Eulerian coordinates, we obtain
] 2 +12 ] 2 —28T 2
o0 I gy + 1012y + I T Rpings, ) S @7 (52

We define (u),0M)) for t € (T, 2T) as a solution of problem (1.3) in the domain QF UT7UQ
with the initial data u™(z,T) = v(2,T), z € QF, 7 (2,T) = 9*(2,T), 2 € QF. Since

€ W21+5/ 2 , this problem has a unique solution if € is chosen sufficiently small. A condition
of the type (2.20), i.e.,

sup ||67 1) 1oty + osup JUD 8 |lyirzy o
o 1 Dl + e 000 Dl

< +(1) (. (1) ) <
\C(teiﬁé’n”o (,t)uwéﬂ(%ﬂﬂ/fuu lwiroos,y) <3< L,

is established as above in Theorem 2, i.e., by iterations. The function r(n,t), t € (T,2T), can
be defined as above in §2 (see (2.38) and Proposition 1’), hence

||66(t T) I)H 2+ll+l/2(UQi 5

+ [Pt~ H2 LU200% 1) + [P~ 12 WO )

t—T) 112 =T 2
I s s, gy 1P 20,

+ |6ﬁ(t7T)‘9+(1)|22(J1r+l,l/2) + Ieﬁ(th)DteJr(l)|22(J1r+l,l/2))
T,2T

T,2T

(0 T gy + I s,

+ 2 B(t=T) £)/2
+ H79 ( 7T)Hw2l+1(ﬂ;)) + He fHWQZ’l/Q(QT,QT))j
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where Q% o = Q% x (T,2T), Stor = Sk, % (T, 2T). Multiplying this inequality by 2?7 and
taking (5.1) into account, we obtain

||€ﬁt @ H w2t 1+l/2(UQi +||€ﬁt 0~ (1)H

11/2( QT(l))
Ll

+ e+ >|2<i* /2 +He‘”rH 5/20

QT,QT (S T,2T)
+ 1P Der|2 1120 +|e% o2 (5.3)

W2 (’5 ,2 T2T

c(l[vollfyrs1 (e + H@oHWm o)
Bt

1ol gez sy + 167 FIGnirn g o)

Now we go back to the Eulerian coordinates
t
x=z+ /u(l)(z,T) dr = Xq(})(z,t) €Qy, te(T,2T),
T

and obtain an extension

v(x,t) = uM ((X&l))_lx,t), Ha,t) = oM ((X&l))_lx,t),

of the solution of (1.3) to the interval (7,2T). Applying Theorems 3 and 5 for ¢ € (0,27), we
obtain
Y2 (Plut ef0F, ePlr) < cF3p.

We continue by defining (u(®,0?)) for ¢t € (2T,3T) as a solution of the problem (1.3)
in the domain Qyp with the initial data w(®)(z,2T) = v*(2,27T), 2 € Q;ET, 00H)(z,2T) =
97(2,2T), z € Q;T. This solution expressed in the Eulerian coordinates yields an extension
of (v(z,t),¥(x,t)) to the interval ¢t € (27, 3T).

We go on further in the same way, and we notice that on the kth step inequality (5.2)
takes the form

lo(- KT}

+112
W21+1(UQ§T) + H,ﬂ H

2
Wit @}, + [|7( -,kT)||W21+2(SRO) < ce

hence after a final number of steps we shall have ¢;e*?*T < 1, and € need not be changed any

more. Condition (2.10) for ¢ < kT follows from the inequality
Yir(ePtut eP0F ePlr) < cF2p < el

Finally, we notice that the displacement of the barycenter of Q:T with respect to the origin

(the barycenter of f) equals
kT
//'v(y,t) dS‘ <cYir <cekl,

OQEJF

h(kT)| =

so ;- has no points of contact with 3.
We summarize the results of the present paper.
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Theorem 7. Assume that the data of Problem (1.3) possess finite norm F' (3.54) on the infi-
nite time interval (0,00), moreover, the compatibility and smallness conditions of Theorem 2
are satisfied, as well as additional assumptions of Theorem 6 : p € C3+1(min p(y, t), max p(y, t))
and

F € W5 ((0,00); WA(Q)) n WP H(Qu),
Dif € Lay(Qretr), l71=1,2, ¥Yt>0

with oy € (1/2,1 —1/2), ||eﬂtf||wé,l/2(Qoo
infinite time interval (0,00) in the class of functions with finite norm 'Y, the solution satisfies
inequality (3.54) with T = oo, and T'y € VVzlJFE)/2 for positive values of t. Ast — oo, the
functions u, 0,1 tend to zero and Q. tends to the sphere of radius Ry centered at the point
h(oo) = limy o0 h(t) close to the origin, i.e., to the barycenter of € .

< e. Then problem (1.3) is uniquely solvable in the

These results extend to the case of several incompressible fluids contained in noninter-
secting domains €2 4, as in [3,5], and to the case where compressible fluid is surrounded with
incompressible one, as in |2,6,7]. Analysis of the problem in Wp2 1 asin [3,5], is also possible.

In conclusion, we consider briefly the case where the compressible fluid occupies the domain
Q; and the incompressible one fills ;. Problem (1.1) takes the form

("D + (F - Vo) = V- T*(vF) + Vpt = p*f,
V.ot =0in Qf,
p~ (D= 4 (v=-V)v ) =V-T (v") + Vp(p~) = p~ f,
Dip~+V-(p7v7)=0, p |i=o=py in Yy,
'vi|t:0 = ’vat in Qi, ’U+|2 =0, [v]|r, =0,
(=p(p™) +p*)n + [T(u)n] = —oHn on Ty,

(5.4)

where
Tt (v") = pS(v™), T (v7)=p S )+u IV -v".

For the sake of convenience, we assume that [u]|r, = v~ —u™. By setting

_ - _ 20
VT =p =P, 19+:p+—p(/))_R—0,
where p~ = M~ /|Q |, we convert (5.4) into

p Dt + (vt - V)ot) =V -TH(vT) + VIt = ptf,

V.ot =0in Qf,

(P~ +9)(Dw™ + (v -V)o )=V -T (v )+ Vpp~ +97)

=(p~ +97)f, (5.5)
D~ + V- (- +0 )0 ) =0, 0 |imo =1y inQ,

’Z =0, ['U”Ft =0,

vi|i—g = véc in QF, v
(—p(p~ +97) +p(@") + 9" )n+ [T(u)n] = —o(H + £ )n on I,

56



We pass to Lagrangian coordinates by formula (1.2) and convert Problem (5.5) into

ptDut — V- TH(ut) + VOt =1 (uh,07) + pt £,

V-ut =15 (ut) inQf, t>0,

D —V T (u)+pi VO =17 (w,07)+(p~ +67)f,
DO +5V-u =l (u,07) inQy, t>0,

uFlimo =uy in QF, 0 li=o=0; =py =7, (5.6)
[u]lr, =0,  [pFIS(u)ng]|r, = ls(u )‘Fov
—p107+9+ [’n() T ’no |F +ong - fA T)dT‘FO
t
f +l6 ))dT—J(H0+R—O), qu’Z:O,
\ 0

where

ls(u) = o(RA®) +nA®) -yl , n=Dm, A(t)=DA({), (5.7)

o

A local solution of Problem (5.6)—(5.7) is constructed as above.
The corresponding linear problem has the form

7 D —p VT — (u +p )V(V o) +piVO = f,
DO~ +p V-v~=h" in Q(J)r,
pTDwwt — Vit + VOt = f Voot =hTin QF,
V)imo = v in QF UQy, 0 |i=o =0, in Qy, (5.8)
V][, =0,  [ploS(v)nolr, = b,
—p10 +601+ [no-']T(v)no]—i—ano-b;A(O)v(y, 7)dr|ry=b+ o [ Bdr.
r

The solution of this problem satisfies inequality (2.8), but with the roles of ™ and 6~
interchanged.

We pass to the definition of . As above, we introduce the sphere with center at the origin
and with radius Ry such that |, | = TR We assume that the barycenter of €2, is the point
y = 0. Let Q be given by the relation R(w,t) < |y| < R(w,t), w € S1, and let Bt = Q\ B~

o7



be defined by Ry < |y| < R(w,t). The condition that the barycenters of these two domains

coincide is =, . ~, A
R R R Ry )
/wi<T—Z)dSw—/Wi(I_I)dSw’ 1_1)253)
S1 S1

ie.,

/ w;R'dS,, = / wiREdS,, = 0.
Sl Sl

This is exactly the second equation in the relations (2.35). Also the first equation |, Sl(RTB -

%g) dS,, = 0 holds true, in view of |Q; | = 4ﬂf8.

This shows that it is possible to use the same representation of I'; as above (see (2.30),
(2.31)), i.e., as if ©, was filled with the incompressible fluid, and carry out all the estimates
of the solution of Problem (5.6), (5.7) (inequality (2.39), Theorems 2, 3, 4, 5 etc.) exactly as

above; details are omitted.
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