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Abstract. We prove stability of the rest state in the problem of evolution of two viscous
fluids, compressible and incompressible, contained in a bounded vessel and separated by a free
interface. The liquids are subject to mass and capillary forces. The proof of stability is based
on the “maximal regularity” estimates of the solution in anisotropic Sobolev—Slobodetskii
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spaces WQT /% with an exponential weight.
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1 Introduction

We consider free boundary problem governing the motion of two different viscous fluids,
compressible and incompressible, contained in a fixed bounded domain  C R? and separated
by a variable interface I'y, ¢ > 0. It is assumed that the incompressible fluid fills a strictly
interior subdomain 2;” C  and a compressible fluid fills the domain Q;f = Q\Q, swrrounding
;. The boundary ¥ of Q is bounded away from I';: ¥ N T, = 0. The fluids are subject to
the mass forces f(x,t), z € Q, and to the capillary forces at the interface I';. The motion of
the fluids is governed by the system of equations

p D +(w Vo )=V-T (v )+V0 =p f,

V-v~7=01in Q,,

pt (D™ + (v - V)oT) =V -TH(v") + Vp(p") = p f,

Dipt + V- (pFvt) =0, in Q, (1.1)
vEimo = vy in QF, ptleo=pf in Q,

vilg =0, [v]=0, V,=v-n,

(—p(p") +p )n+ [T(u)n] = —cHn on Ty,

where the unknowns are the velocity vector fields of both fluids ’Ui(:t?, t), x € Qti, the density
pT(x,t) of the compressible fluid and the pressure p~(x,t) of the incompressible one. The
pressure in the compressible fluid is given by a positive strictly increasing function of density
p(pt); p~ is a given constant density of the incompressible fluid. By T*(v¥) viscous parts of
the stress tensors are denoted:

T (v7) =p S ), THu')=u'S(u")+ufIv -v*,

pt > 0, ui > —2ut/3 are constant viscosity coefficients, S(w) = (Vw) + (Vw)7T is the
doubled rate-of-strain tensor, the superscript 1" means transposition, I is the identity matrix,
o is a positive constant coefficient of the surface tension, H is the doubled mean curvature of
Iy, Vi, is the velocity of evolution of I',, in the direction of n, the exterior normal to I'; with
respect to €, . By [u] the jump of the functions u* given in Qfﬁ on the surface I'y is denoted,
ie.,

+

fu] =t~

Since one of the fluids is incompressible, the quantities |QF| = mesQF, and the mean
value of the density p;, = M*/|Q;|, where M7 is a total mass of the compressible fluid, are
independent of t. Upon setting

I =p" = pm 0T =p (")~ 5
0
where Ry is the radius of the ball By such that [, | = 47Rj/3, the jump conditions on T
can be written as follows:

W] =0, —(p(pf +9%) — plpf) — 9" )n + [T(w)n] = —o(H + %)”



It is clear that ng It (z,t)dz = 0.

We write (1.1) as a nonlinear problem in a fixed domain Qar U T Uy by passing to
the Lagrangian coordinates y € Qg UTg U, connected with the Eulerian coordinates x &
Qf UT; U Q; by the equation

r=y-+ /0 u(y, 7)dr = Xu(y,t), (1.2)

where u(y, 7) is the velocity vector field written as a function of the Lagrangian coordinates.
Then problem (1.1) takes the form

(p Do~ — Vo Ty (w™) + Vb~ = p~ f,

Vy-u™ =0 in Qf,

pDut — Vo T (uh) + Vaup(p7) = 5 f,

Dipt +pTVy-ut =0, pMlimo=pf in Qf, (1.3)

u |t=0 = uoi = ’vat n Qi, U+|2 =0, [UHFO =0,

(=p(F") + (o) + 07+ [Tulwn] = —o(H + 5-)m on To,

where f(y,t) = f(Xu(y.1),t), pT = = pf + 0, 0F = 95(Xy,t), Vy = LTV, is the trans-
formed gradient V,, L = ( Z) is the Jacobi matrix of the transformation (1.2), L = L~'L,
L=detL, L =1inQ;, Sy(u) = Vy@u+ (Vy®u)? is the transformed rate-of-strain tensor,

Ty(u™) =p Su(u”), Ty(u®)=p"Su(u®)+p/IVy - u*
H = H(X,,t). The elements of the transposed co-factors matrix LT are given by
L) = (VXj X VX ), (1.4)

where X; = (Xy); and (i, ], k) is a cyclic permutation of (1,2, 3).
The kinematic condition V;, = u - n is fulfilled automatically. The normal n(X,,t) to I';
is connected with the normal ng to I'g by the formula

_ HAATno(y)
L0 (y)]

Since Hn = A(t)X,,, where A(t) is the Laplace-Beltrami operator on I', it can be shown
that the corresponding linear problem has the form

(1.5)

pr Dot = pt VP — (ut + V(Y - v) + VOt = f

D" + pEV vt = bt i QF,

p Dw —p Vo +VO =f, V.o =h" in Qp,

Vli—o = v in QF UQy, 0|0 =07 in Qf, (1.6)
[wllr, =0, [ TeS(v)nolr, = b,

t
—p10T + 07 + [ng - T(v)ng] + ong - / A0)v(y,7)dT|r, = b+ 0/ Bdr,
0 T'o
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where f%, h*, b, b, B, vy, 07 are some given functions, p; = p'(p;’,) > 0.
In the present paper problems (1.3) and (1.6) are studied in the Sobolev-Slobodetskii
spaces W3 (£2) and Wzr’r/z(QT) with the norms

s = 3 IDulte= 3 [ Du@) da.
o<|j)<r og|jl<r
if r = [r], i.e. r is an integral number, and
dz dy
2 2
lullfvgcoy = Nl gy + lz[] / / Diu(o) - D) il

if 7 =1[r]+p, p€(0,1); here, @ C R”, Q7 = Q x (0,T), r > 0. As usual, D/u denotes a
|71 . .. . . . .
D0 \hore § = (j1, jo,n) a0 j| = j1 + - + ju. The

eneralized) partial derivative —*—%—
(g ) p 8xil...8m¥[‘

anisotropic space W, i/ 2(QT) can be defined as
La((0,7), W5 (@) W5 "((0.7), La())

and supplied with the norm

T
vy = [ gy @+ [ ooy (1.7
In addition, we set [lullo = [|ullz,(q),
(r+1,1/2) _ 2 1/2
| | (|U’H T-HO(Q + H || 1/2(0T),W2T(Q))) Y (18)
and 1o
||UHW2T(UQi) = (||UH12/V§(Q+) + ||uH12/V27“(Q—)) )

if © =UQ* and u(z) can be discontinuous on O+ N Q~. Finally,

iy = W02+ D0 SR IPRUC DI ngy (19)
o<k<r/2-1/2 <7
where
gy = Nl o (1.10)
if /2 is an integer or r/2 = [r/2] + p, 1/2 < p < 1,
2 2 2] 2
HUHWQT’T/Q(QT) - HUHWQT’T/Q(Q ) T2PHDT/ Z‘E)HL2(QT)’ (1.11)

if p € (0,1/2) (the case p = 1/2 is excluded).
For arbitrary 7" > 0 the norms (1.9)-(1.11) are equivalent to the norm (1.7); they are
useful in the analysis of problems (1.3) and (1.6) in the small time interval (0,7) (see [1]).
Our starting point is the following theorem.



Theorem 1 [6,7]. Let ¥ € W2l+3/2, Iy € W2l+5/2, l € (1/2,1). For arbitrary f €
W UQE), h= e Wi TI2(Q1 such that Dih~ = V- H + Hy, H, Hy € Wo*(Q7),
ht e WEOQH) n W2 ((0, T); WHQ)), vo € WETHUQD), hi € WEN(Q), satisfying the

compatibility conditions

V. 'Ua (y) =h" (y7 t) mn Qav [MHOS(UO)TLO”FO - b(y7 0)7 HOb = 07 [’UO”FO = 07 vO’Z - 07
(1.12)
problem (1.6) has a unique solution in arbitrary finite time interval (0,T), and the inequality

Fellzsiasirzoar) + 107 Iy 0 mmyapy 10 Iwiogn + 19 gy omary @y

+ - +
0% lygrsoag) + 1P I o myawg oy + 100 sy <A@ (1 sz gz,

I lgtenooomy + 1 Igpaera gy + B lgnars gy + I o

(@) @) (UQ7)

+
+ ||~ HWW (O.T)WEH QDY) + HbHW2l+1/2,l/2+1/4(GT) + HbHW2l+1/2,o(GT)

F10ll172 0 part 2ay + ONBlgprvaa-iis gy + I0llresoom + 163 lhwiss o )

(1.13)
holds, where Gp =Ty x (0,T), Illog = g — no(g - no), c(T) is non-decreasing function of T.
For a nonlinear problem (1.3), the existence of a unique solution in a finite time interval
is established in Sect. 2. In Sect. 3 and 5 estimates of the solution with exponential weight
ePt. B > 0, are obtained, and the solution is extended into the infinite interval (0,00), if the
data of the problem satisfy some smallness conditions. It is shown that the solution tends to
a rest state of the problem (1.1) as t — oo: v = 0, p~,#F are constant in Q% , QF is a ball
of radius Ry centered at a point h. close to the barycenter of {}y. For two incompressible
fluids these results were obtained in [2,3,4,5], see also [10].
Theorem 1 and local existence theorem for a nonlinear problem were proved earlier in

[6] under some additional assumptions on the viscosity coefficients that were removed in
[7,8,9,3,10]. The case o = 0 was studied in [7,8,9].

2 Local solution of problem (1.3)

In this section, we study problem (1.3) in a finite time interval (0,7") with 7" > 1 fixed later.
By separating linear and nonlinear terms we transform (1.3) into

(P Du™ —V-T (w ) +V0 =1, (u,07)+p f,
Vou =105 (u) inQy, t>0,
pEDut — V- TH(uh) +p VO =1 (™, 607) + (o + 07) F,
DO +phVou=15(u",0") in Qf, t>0,
wFlimo = uy in Qp, 07 l—o =05 = pg — P, 2.1)
[u]lry =0, [pIloS(u)no]lr, = ls(w)[ry,

—p10T + 0 +[ng- ’]I‘(u)nOHFO —ong - /0 A(0)u(y, T) dT|FO

\

= l4(u) — /0 (l5(u) + lG(U)) dr + J(HQ + Rio) ’u‘g = 0,
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where Hy = H |-,

I (0,60) = Vo - Ty u™) = VT~ (u) + (V = V)0,

I (u, 0) =V ']I‘+(u+) — V- -TH(u")

+p1(V = V)0 = Vu(p(ph, +607) = p(p) — p167) — 07 Diu™,

I (W) = (V= Vo) -~ = V- L), L) =({-Lu =(-Lu,
l;(u,ﬁ) = p;;(v — Vo) ut =0TV, -u',
) = [T (TS (w)mo — TS, (w)n)] 22)

la(u) = [no - T(w)no — n - Tu(u)n] — (0" (o, +07) =" (pr) = p107)| .,

(1) = oDy(nA(L)) - /0 w(€,7)dr + o(n - A(t) — ng - A0))u,
lo(w) = o (RA(L) + nA(t ( i =D, At)=DA(l),

Iog =g —no(no-g), llg=g—n(n-g).

The operator A(t) is given by

5T o

7/8 1

where g = det(gap),a, B = 1,2, gop = %)s(“ . %f;‘ are elements of the metric tensor on T'y, g7

and g, are elements of the inverse and transposed co-factor matrices to (gag), respectively.
We assume that (s1,s2) are local Cartesian coordinates on the tangential plane to I'g with
the origin at the point yo = 0 and a neighborhood I, C Ty of the origin is defined by the
equation

s3= ls,s0) € WK, K = (st + 53 < ),

the ys-axis being directed along mg(yp). Then the set I', = X,I, C I'; is given by the
equations

t
Zy = Sy +/0 ﬂfy(slaSQagb(SlaSQ)’T) dr v=12,

. (2.4)
z3 = ¢(51552)+/ a»y(81,82,¢(51,82),7') dT)
0
where u; are projections of u on the s;-axes and
0z 0z; &
Gop =D, 55— = das + Padp + 6aUss + 63Usa + Uas + Usa + D _ UiaUss,
=1 oaYep i=1 (2.5)
t o, ou; 8¢
o = o' d ) a —
Uin = [ G+ daat)dr, 60 = 52
The time derivative A(t) of A(t) is given by
g 1 & 9 o
Alt)=—=—A@{t)+ — — o= 2.6
0= =380+ 5 3 5o (26)



where go5 = Dt‘ti;f, g = Dqg.

Theorem 2. Assume that Ty € W2l+5/2, Ye WQHB/Q, 1 €(1/2,1), p(pT) is C%-function
with Lipschitz continuous second derivatives, and the compatibility conditions (1.12), i.e.,

V-vg=0, [pullpS(vo)nollr, =0, [vo]lr, =0, wolx =0,

as well as the smallness conditions

2
+
sl gy + 106 g gy + o NHo + T llygosagyy + If gy <o <1 2)

are satisfied with € = £(T), moreover, f,Vf* c W ”/Q(QT) where Q% = QF x (0,T). Then
problem (1.3) has a unique solution (u*,0%) such that u € W2+l 1+l/2(UQT) 0T, D,0" ¢
W@ N w0, 1) W), 07 € WaT0(Q7) N ”2<<o T); W) and the in-
equality

Y (w,0) = |l gesnssizooz) + 10 Igm o myamacamy + 10 Ttttz + 10* g

+ 1167 [l + D0  llyisr0gr +\|Dt9 I

(0,7);W () Wa/2((0,7):; W ()

2
< eT)(ollygr ) + o1 Ho + 7

o H z+1/2 + H(9+HWL+1 ) + HfH 11/2

(Qr ))
(2.8)
holds, where ¢(T) is a non-decreasing function of T.
The proof is based on Theorem 1 and on the estimate of nonlinear terms (2.2).

Proposition 1. Let

_|yx +
Z(u,0) = [ a2y + Wyt o) + IDE@gurs gy + 11072 o zyas2ny

() g 0z oy + 1o myanaaieyy + W@ vz g,

(2.9)
1
f Sp 1107 (o Dllwgr gy + SURIU GOt gy < 590 1070 D) s o 2.10
+ x/T||u\|Wl+2,o(UQi) <I<1, (2.10)
where U (1) fo 7)dr, then
Z(u,0) < eVTY?(u,0) < c6Y (u,0) (2.11)
and

o) g7 g, < elIVulggi172 w0y + IVl 2yt sy (212)
where » € (0,1 —1/2). If f € W. ll/z(QT) and Vf € La(Qr), then

1Pl < elFlyairs gy + 19 F L iair) sup lu(y. ). (2.13)
2 2 QT



Proof. We cite some auxiliary inequalities (see [1,4]), namely,

cllullw oy lvliwg @)
/2 I(Q) if 1< n/27 (214)

luollwia)

<
[uv]| Ly 0) < ellullwygyllvlly,
fuvllwsa < eQlulbwsgan lelhwse + ol lulhwse). i > n/2,
where 9 is a bounded domain in R", n = 2,3, s > n/2. If u,v depend also on ¢t € (0,T"), then
(2.14) implies

< ° n > == .
oy < ellhygoiny S 100Dl Br=x0.1) (215

where | <n/2, » € (0,1 —1/2). In addition, from
18:(=h)uvlla < sup foly, Ol Ad(=R)u( Olla + [ Ad(=R)ulzy@ 1]z, )
it follows that

HUUHWSJ/?(DT) < CSQu/p ”U(yv t)‘HuHWgJ/Q(QT) + CHU”W2l/2((O,T);W;/Q_Z(D)) HUHWQZ’O(QT))v (216)
T

where | —n/2+n/p=0,1/¢=1/2—-1/p, 1 <n/2. If | > n/2, then

oy 072 < P (0 D0y 2+ SO0 Dl g0, ) (207

We pass to the estimates of expressions /; in the right hand side of (2.1). Inequality (2.10)
implies
L = T+ ooy + I = noll sz < cﬁnwuwyl(u%) < o, o1
1Dyt < IVl oo

hence the expressions lf(u,@i), lzi, Vo TE(ut) — V,TT(ut), 07 Dyu, as well as I3, [ng -
T(u)ng —n - Ty(u)n)|r, are estimated by the same arguments as in [1] (see also calculations

in Sect. 4), by ¢dY, i.e., the norms of all these expressions satisfy (2.11). The Wl l/Q(Q )-

norm of f is estimated as in [4], i.e., by passing to the Eulerian coordinates and by using the
relations

PO 00) = Xl 71,00 = [ VKl = 37) 0wty Ay o,
[ at [ [ 1500000~ £t =)0 dy < T IV 500 o
<SR,

Let us consider the term

1
P =Vaup(ph, +07) —p(pf) —pb") = Vu/ (' (ph, + s01) — D' (p;h,)) dsb ™.
0



Since p € C?**(min p*, max p*), we have
+ +
I1Phwsoras < 198 g Sup 16 g

+ + + +
1A(=h) Pl L, ) < clllAd(=R)VOT| L, o) s;glf) (¥, O + IAe(=R)0 lly0) 107 721 o

T

1
& / IPI ) 48 < TV sup 967 (I, o) 500 167 (3.6
Q7
which implies
IPllgggurs sy < 0T gz o gy 16" Twgrro e 107 lytioop
+ +
OO W20 mymz oy T 107 lwgro )

in view of (2.10). The term l4 containing the expression (p(p;, + 601) — p(p;t) — p19+)|1“0 is
estimated in a similar way.

We proceed with the estimates of [5(u) and lg(w). From the formulas (2.3) - (2.6)
it follows that the coefficients g,s in A(t) are uniformly bounded and coefficients go5 in
A(t) are controlled by Sup|Vu| By (2.2), l5 is equal to the sum l5 = l5; + l52 with
51 = oDy(nA(t fo 7) dr, whence

t
5t g2y < IVlygersaonqpy | | wdrlypsna) < oIValygoneng,
t
uAt(—h)zmuLQ(rO)<cuAt<—h>wHW§/H(FO) |t =yl

h
IVlygntgy [ =Dl dn
% <1 —1/2, which implies
stllgpi-1/202-174 g,y < OUNNVUIm172 o 1y gzt gy F 1l err2-0 6, )

The expression l55 = o fo - (NA(T)dT - u is estimated in the same way.
It remains to estimate l6( ). We have
Mol 1720y < bl oy + IV lytoa73 o Ml sz,
NS CHVUHW21+1/2—;((FO),

1 r 2 3/2—1 2
o | Mol < T2 sup [V,

186 (=)l o (ro) < e[| Be(=R) V]| 572

o) (2.19)

(o)
9l o1/ VEIT00lyr2m g Il sors e

hence

Hl6‘|/m72l*1/271/271/4(GT) < C(||VUH@/%lM((O,T);W;m Hro)) +SUP [Vl L4172 )

10



In view of propositions 1 and 2 in [1], the estimates of the expressions (2.2) obtained above

imply inequalities (2.11), (2.12), with the constants bounded for small 7. This completes the
proof of Proposition 1.

From the last inequality it follows that

”16”/‘4721_1/2,1/2—1/4(Gt) < €1HUHW22+1,1+1/2(UQti) + C(el)HUHLQ(Qt)v ekl t<£T. (2.20)

Scheme of proof of Theorem 2
We seek the solution of (1.3) in the form

u=u; +w, 6=0~0]+0,,
where u1, 607 and w, 05 are defined as solutions of

(p Diuy —V-T (u])+ VO =0, V-u; =0 in Q,

p D) =V -TH(u]) +p Ve =0,

D) +phV-uf =0 in Qf, t>0,

ulls =0, wf(y,0)=ud(y) in QF, 67 (y,0)=07(y) in O, (2.21)
[ur]lr, =0, [pIloS(u1)nollr, =0,

t

2

—p16f + 07 + [ng - T(ui)ng] — ong - A(O)/ u1(§,7)d7|r, = o(H|i=0 + —R0)7
0

(0 Daw™ =V -T (w )+ V=17 (u",0 ) +p f, V-w=Il(u) in Q,
pDw =V - T (w™) + p1 VO = 1] (u,0) + p* f,

Db} + otV -wt = I (ut,0M),

whls =0, w(y,0)=0, 65(y,0)=0, in QF,

[w]lr, =0,  [plloS(w)nollr, = ls(w),

—p105 + 05 + [ng - T(w)no) — ong - A(O)/O w(y, 7)dr|r, = la(u) —|—/0 (I5(u) + lg(w)))dr,

(2.22)
By Theorem 1, problem (2.21) is uniquely solvable and the solution satisfies the inequality

2
Y (1,600) < T (uollyg s g + 108 g )+ 91Ho + - Iypaorvage,) = e (223

11



The solution of (2.22) can be constructed by iterations according to the following scheme:

p Diw,, =V -T (w, )+ VOy i1 =1 (U, 0p) + Pffm,
Vew, =15 (u,) in Q,

PO,y = VT (wy ) + piVOs =1 (wh, 00) + P Fm,
Dt‘92 m1 T P+V wm+1 = l+( 7—'|—m 0?7:)

W, |y =0, wWpi1(y,0) =0, 063,,,(y,0)=0 in QF, (2.24)

[Wins1]lr, =0, [ oS (Wet1)m0]|r, = Ls(wm),

t
— 165 07 + o T mollr, — om0 - AO) [ w3 1) el
0

= l4(um) + /0 (l5(um) + lg(um)) dT,

wherem = 1,2, ..., fm = f(Xu,,t), U = W1, O, = 01+02,,; we alsoset wy =0, 031 =
0. In view of Theorem 1 and Proposition 1, problem (2.24) with given w,, € H2+l’1+l/2(Q%),

Voo, € Wl UQ(Q%), O2.m € W;’lm(GT) is uniquely solvable and the solution satisfies the
inequality

Y (Wi, 02.m11) < (T)WVTY? (w1 + Wi, 01 + 02.) + | Full, 112o.) (2.25)
+e1Y (ur + Wiy, 01 + O2,) + c1(er)||ur + wilQr,
in view of (2.20). From (2.23) and (2.25) it follows that
Y (wmt1,0mr1) < Y(u1,01) + Y (wmi1,02m11)
< ATIWTY* (W, 0m) + |V flloy sup [umlle) + €Y (um) + cr(e) lumllor + cFm)

< AT)Y(VTY (U, 0n) + 261Y () + c1(€1)|[mlQp + cFn(T)),
where
2
Fo(T) = Huollwyl(ugg)+H90\|W2z+1(ugoi)+||H0+R—0||Wz+1/2 +||fm|| L2(00"

We obtain a uniform estimate for Y (u,,0,) = Y,,(t), t < T, assuming that €, €1, are
sufficiently small. If
VTY(T) <6< 1, (2.26)

then
Ym+1(t) < 51Ym(t) +c (Gl)HumHQt + 62(617 T)Fm(t)v

where §; = ¢(T')0 + 2¢;. Moreover, from
1 t
FXt) = ) = | VS0 O) A [ ) o
it follows that
| Folirscgny < e ggorsiguy + VAV Ttz g limlgga—ss )
< (I s g + Vel g o)
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I+1— 2,0

We estimate the W, norm of u,, by interpolation inequality (2.20) and obtain

t
Y2, 1(t) < 6Y2(1) + 03/0 Y2(7)dr 4 e F2(t), te€(0,T), (2.27)
with d = 462, because

t
e (-, 1)y < Iluolld, + 2/0 [l | Dewm e, d7 < fluollfy, +2Y,5(2),

and . .
| el a < o, +2 [ V(s
If (2.26) holds for all Y;(T'), j = 1,...,m then (2.27) implies

V2 1(t) < caF?(t) + A(Y,2 1 + caF2(t)) < A™TYE () + ca(F2 4+ AF? + ..+ AT F2(1),

where
Af () = Saf (2) / fir

One can show that this implies

Yo (t) < o(T)(02Y5 (1) + FA(1))) < ce?,

hence inequality (2.26) for Y, follows.

The convergence of the sequence (up, 0y,) to the solution 0f (1.3) is established by esti-
mating V(W41 — Wi, 02.m11 — 02.m) = Ym+1(t), t € (0,T). For this function it is possible
to prove that

Y () < c /O Y () dr. (2.28)

The details of the proof are omitted; in particular, the condition V f € WQZ’Z/ 2(QT) should be
used. Hence -

Ymt1 < Cmm(t%

ie.
\/Etm/2
(m —1)!
which implies convergence of (w; + wp,, 01 + b2,,,) to the solution of (1.6) and completes the
proof of solvability of this problem and of estimate (2.8).
The uniqueness of the solution follows from the same estimate (2.29) for the difference of
two possible solutions of (1.6). Theorem 2 is proved.
We proceed with establishing some additional properties of the solution of problem (1.3)
that are necessary for the construction of the solution in the infinite time interval. We notice
that the boundedness of the norm Y (u,#) in (2.8) implies

Y (Wimt1 — Wi, O2,m41 — O2.m) < Y (we —wi, 022 —021), (2.29)

H=n-A{t)X, € We*Gr), DHeW VY (Gy).
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Since I'y is close to Sg,, we assume that I'g is given by the equation

y=mn+ N(n)ro(n), (2.30)

where N(n) = n/|n|, n € Sr, and 7o is a given small function belonging to W21+5/2(SRO).
Without restriction of generality we may assume that the origin is a barycenter of €2, . For
t > 0, the barycenter of {2, is located at the point with the coordinates h; = |Qg |~} Jo- xid,
i =1,2,3, hence ‘

dhi(t) 1

1 1
= — V-zv (z,t)dx = —/ vi(x,t)de = —/ u;i(y,t) dy,
Q] Jo; Q] Jag Q01 Jag

1 t
hlt:—_/ dT/ Uq ,Td.
(t) o o - (y,7)dy

The surface I'y can be defined by the equation similar to (2.30) on the sphere of radius
Ry with the center at the point h(t). This is equivalent to the fact that the shifted surface
Ft,h = {.%' = X’u(yvt) - h(t) = X’u.,h(yvt)v Yy € FOv} is given by

r=n+N(n)r(nt), n€ESg,. (2.31)

It is clear that 7 is the point of Sg, closest to I'y, 5:

X
wh = X(y,t), (2.32)

u,

whereas (1, t) = | Xy n| — Ro = r'(y,t) is the signed distance of X, 5(y,t) to Sg,. For small
0 and €, equation x = X, (y,t) establishes one-to-one correspondence between Qar and Q;, as
well as between I'g and T'y, and (2.32) maps I'g onto Sg,. It follows that

erll Fllwiee) < Mrllwicsn ) < el fllwio): (2.33)

where fi1(n) = f(Xu,n) and g < 14 3/2, in particular, we have

I Oy tearzgs ) < el otz < el Xunl = Rollyrsarzg) < cllyl = Rolllygpsarg,,

t
d
[ I XDz 47 < ellly oo, + Vilullygeonogs,) < 6+ )

(2.34)
where 1'(y,t) = | Xun| — Ro. The relation |Q; | = 47R3/3 and the fact that the origin is a
barycenter of the shifted domain €2, can be expressed in terms of r(n,t) as follows:

/ (Ro+r(n, 1)) — R3)dS = 0, / i ((Bo-+r(n, ) — RYAS =0, i=1,2,3. (2.35)
Sro SR

In the variables n € Sg,, the equation —(p(p}t, +607) — p(p})) + 0~ + [n - Ty(u)n] =
—o(H + Rlo) has the form

— (p(p+ + 0+) —p(p+)) +0 4 [n- To(w)n]|,—x—1(pn = _U( R(z) o VSROT i N
m m y= (n:t) RO Ly Rg \/§ \/g
(2.36)
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where g = (Ro + 7)% + |R0VSROT|2; it can be viewed as a nonlinear elliptic equation on
Spr, with respect to 7 with —(p(pm + 01) — p(plh)) + 0~ + [n - Tyn] € W2l+1/2’0(ST) N
l/2((0 T); W21/2(SRO)) St = Sgr, x (0,T), the solution of which satisfies inequality (2.34).

Hence one can conclude from the regularity theorem for elliptic equations that r € Wl+5/ 2 O(ST)

and the inequality

7 llyy3r2+00 s, <C;(||‘9i||w21+1/20 + [ Vu®| l+1/20(3T))
) (2.37)
+
c(llwollyyr+r oz + 1105 Iy gy + ol Ho + R_OHWQI“/Q(Fo) + H.fHWQLlﬂ(QT))

holds. We also estimate the time derivative of r(n,t). Let S C Sg, and let (p1,p2) be
local coordinates on 53305 they can be considered also as the local coordinates on Fg’ p =1z =
y+r(n,t),n € Sr,}. Since

or(n,t) 0pa( y,
Dtr/(yv ) Dt?" 7]7 + Z 6@(1 < )‘77=X_1(y,t)7 Yy € Sg{ov

a=1

||Dt7“ || z+3/20(GT) C||’LLH l+3/20(G )

we show, in view of (2.32) and

677(y,t) 0 Xun
— — t —
ot = Rogy Y0t | Xunl R"((“(y’ )

that the inequalities

dh(t), 1 Xun

)  dh()
’Xu,,h’ ’Xu, h’g

dt

((u ) Xun)),

g sy + 1P gy < el 32 10 g,
<

F T8 [y errz0gs,, + g, ,) < o) (luollyrs oz + 16 yiv s (2:38)

2
+alHo + gz + 1 F 22 g,)
and, consequently,

sup HTHWQHQ(SRO) < C(T)(HUOHWQPJ(UQOi) + HHS_HWéH(Qg)
t<T (2.39)
+ HTOHWQHWQ(SRO) + HfHWQU/Q(QT))'

are satisfied (see [1]).

Thus, we have proved that under the assumptions of Theorem 2 problem (1.3) is solvable
and the solution satisfies (2.8), (2.38), (2.39). Inequality (2.10) holds with 6 = ¢(T")e that can
be made small by the choice of e.

In Section 4 it will be shown that r(y,t) € W2l+5/2
assumptions.

,if t > 0 and p, f satisfy some additional
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3 Estimate of solution in the norms with exponential weight.

In this section, we obtain estimates of the solution of problem (1.3) that are necessary for its
extension into an infinite time interval. We notice that inequalities (2.11) and (2.38) extend
to the weighted Sobolev-Slobodetskii spaces with the exponential weight e®*, 3 > 0. For

technical reasons, we assume that 1" > 2.
Proposition 1. If (2.10) holds, then the solution of (1.3) satisfies the inequality

Z(ePtu, ePt9) < céY(eBtu e9),

Heﬁtl6HW2171/2,z/271/4( ) He UH /2= %O(GT)-FHGB VOU” L2=1/4((0 1y w2 l(Fo))’

HeﬂtrHWQH‘WQO( +H€6 'DtTH 1+3/20(g S<c g Heﬂte ”WQHI/Q’O(ST)

+ Heﬂtvuiuwé‘Fl/ZO(ST))v

1% 72 gy < U™ Sy gy + IV S o) P (s, 1)
T

The proof is the same as that of Proposition 1 and inequality (2.38).
We pass to the estimates of the solution of (1.3) in weighted norms.
Theorem 3. The solution of problem (1.1) constructed above satisfies the inequality

(O + 19125+ IO By s )
t
+ [ UG + 19 I + I g, o (3.1)
t
ool + 170l s + 10125 + [ 157 B,

with a certain B > 0 and with a constant ¢ independent of t € (0,T).
Proof. We make use of the energy relation for the solution of (1.1):

SVl + [ Tw) Voo — [ o)V 0" s
—0’/ Hn-vdS:/pif-vdx.
T Q

Since fﬂf V-vdr = $19f| =0, Jp, Hv-ndS = —-L|Iy|, we have

(3.2)

| eV evda =i [ 9 vdat [ o) = ploh) ~pii)V - vdo

: QF
and
A gy = / (20 DI +V-(0"9+2)) da = / (=20 V- (p 40 Yo +V- (v 972)) da
dt Q+ Q+ Q+

t t

= _QP;;/ 9TV vt dr + / IV v T da,
Qf Qf
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where 9(z,t) = p* — pft = 07 (y,t). Moreover, (3.2) implies

UVl + TR, 200 —4xB) + | (@) Voda = [ gty vdes i

2 dt h
(3.3)
where
K, = / (p(p*) = p(p}) = POV -vda + 2 [ 92V vt da
QF 2pm Jof
Next, we construct the auxiliary vector field W € W3 (£2) such that
— V- WH(z,t) =9 (z,t) in Q, -V, -W(2,t) =0in Q,
T 3.4
Ir, = ~ ‘ o Wl =0 34
t |LTTL0| y=Xu (z,t)
where 7(y,t) = 7'(y,t |F ‘ fF t)dS, and 7/(y,t) = |Xyun| — Ro. In the Lagrangian
coordinates, (3.4) takes the form
~V, wh(y,t) =07 (y,t) in Qf, -V, w (y,t) =0in Q) (3.5)

w!ro =rng, w|y=0,

where w(y,t) = LW (X4, ). Since the compatibility condition

0 (y,t)dy = / rdS, =0

Qo To

holds, the vector field w belongs to W3 (£2) and satisfies the inequality
ol < 10y + 19 e
Moreover, W € W} (Q2), because [f[:T’I'L()”FO =0, and
IWllwy @) < (H19+”L2(Q+) + 1My, 12 ))-

By differentiating (3.5) with respect to time, we obtain a problem for D;w, the solution of
which is subject to the inequality

IPewl Ly < eID07 ] o) + 1P| Lo(ro) < el Per ooy + 1VU T o))

Now, from

DW (2,t) = DW (Xu,t) = Vo W (2, hul,_ g1,

x,t)?

X,
[Der’ vy < €l|De

X |||F0\CHU Dih(t)]Ir
u

we deduce

DWW | Ly 0) < [ De(Law (-, 6)) ||y o) + sup [u(y, O)[[VeW (-, 1)l o0
(1P| ooy + VUl (o 1]l £ () + sup (v, OV W () Lo )

< cllwllwy oz + 1071 L0 + HTIHVVQI/Q(Fo))'
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Multiplying the first and the third equations in (1.1) by W and integrating we arrive at
d
dt/ prv- de—/ pro - (OW + ('v-V)W)dx—l—/ T(v): VW dz
Q

Q
2
gt
- 4 V-de—a/ Ht=)—|
/Q:"p(p ) Ft( Ry |LTnO|‘£—Xul(z7t)

(3.6)
ds = /Qpif-de,

because th mbzxal dS,; = fFo 7(y,t) dSy = 0. Since fﬂ? V-Wdr =— fﬂ? It (z,t)de =
0, we have
— | plph, #9)WV-Wdz= | (p(py, +97) —p(p,) —pr9T)0F dz+py | 0 da,
Qf QF Qf

moreover, the surface integral in (3.6) can be written as

Vs
N
S [ e 2N i,
Sk Ro" |LTng(y)| lv=x"1(nt)
where £ = (8%(77 + N(n)r(n,t)) (see [13]) and
R? Vg, 7 2
7 g DR 2 g 2 2 .
R0+TVSRO NN g=(Ro+7)"+ RV (3.7)

As shown in [2],

2 2
[+ 2)Fds :/ ([Vsp 2 — —572)dS, + Ko,
/SRO RO Y Sk, Ry R% Y
where
ol < 8173

and the same inequality is satisfied by

TN
ng/ (H+R) (7| . (””—1)(7 s,

Now, we add (3.2) and (3.6) multiplied by a small positive 79 which leads to

T +J’yO/SR (IVsg,rl” — R—%’F )dSnﬂ—/QT('v) :Vodz

0

+% Q+79+2dx+K / - (v + W) daz,
m

where
1
Ey = 5V =L, + —+H19*H2 @) T o(Te] —4mRo) +'yo/ pro-Wds

and K = K +v(K2 + K3). If r is a small function satisfying (2.35), then

2

2
R—gr )dSn <

el By sy < (T = 47R0) + [ (s < allr s sp
R

0

18



which implies
(110109 + 1912, + 17 B s o) < Eolt) < a0l ) + 1971 ) + Iy s )

By estimating the positive form fQ T(v) : Vodz from below with the help of the Korn
inequality we prove that the expression

2
El(t):rry@/ (|VSROT|2—ﬁr2)dSn+/ T(v): Vodo + 1221 [ 92t do+ K
0 Q

SRy Pm JQf
satisfies
Eu1) > ol 0y + 1012, 00, + Iy s ) > 20Eo(t).
if § and « are small. Thus, we have dEO(t + Ey(t) <| Jo f - (v+~+W) dx|, which implies (3.1)

(with 8 < a) and completes the proof of the theorem

The idea and method of estimating "the generalized energy" FEy used above are due to
M.Padula [15,16].

From (3.1) it follows that

()1 + 16 13 + IOy si )
t
+ [t 10 )+ 1 s ) 07 (38)
t
< ool + 0l s + 10713 + [ 718G IRdr), teT

We proceed with the estimate of the norm HemH*HWo,l/g(Q_).
2 T
Theorem 4. The function 0~ satisfies the inequalities

€07l < clle®glcy + e Vully- + e £llo-) (3.9)
and
%07 o0z gp) (3.10)
(1”0 gz + 1% gl 02 gy + 1e® Tl ypiraion + 167 Fll i)
where
9= 07|, = b5+ 0) = bl ~ [ Tulwln] — o(H + 7). (3.11)

Proof. We start with the proof of (3.9) by using the relations
_ _ 1 _
Diu~ — v Viu +pfvu9 =f 0 |F0 =g
Let ¥(y,t) be a solution of the Dirichlet problem
Vi =60 in Qy, |, =0.

If § in (2.10) is small, then
[Pllwz ) < ell0 Mg -
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Indeed, since
Vip=L"TV .- LTVy =V -LIL7TVy =V - (L7IL7T - )Vy 4 V%,

(LT'L™T — 1] < esup |[VU| <
uQE

IV T) - Follgr < VL LTl 0o V65 0m) < U200 1 hwzi0r

we obtain
||7/)HW22(Q(;) < CHA¢||L2(Q(;) < C(Heiung + 05H¢||w22(95)),

from which the desired inequality follows.
Now, we make use of the relation

1 ~
/ (Dyu~ v~ Viu~ + FV”H_) - Vautp dy :/ f - Varpdy. (3.12)
o Q

By passing to the Eulerian coordinates under the integral sign we prove that fQO_ Viu
Vv dy = 0, because V,, - u = 0 and L\Qa = 1. We also have

Diu~ -Vt dy = — V- L 'Dwu )y dy = DL YWV - u" ¢ dy,
Q5 Q o
0 0 0

Vb~ Vutbdy = — / 02 dy + / gng - L™V, dS,
Q Q r

0 0

hence (3.12) implies

10713, < (gl I + 11Vl gz sup [9] + 1 Flo- 199 o )

0

< 07 Moz (glive + IV - ullor + 1 Fllo; )
0 0 0

from which (3.9) follows. Next, we evaluate the norm

1/2 B
([ 5 [ 1o - 0=l @) = 10 g0

We make use of the equation

/(Dtu — V*Viu* — pivqﬁ - f) : vu(¢ - ¢/) dy
0 . R (3.13)
= [ (D = Vi =V = ) Vv = ) dy =

where u'(y,t) = u(y,t — h); we set w,6 = 0 for t < 0. The terms containing VZu and Vv’
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vanish and other terms can be calculated as follows:
| (Fub V= 0) = Va0 dy
0
—— [ 6 VEw =) -0 Th - )y
0
+ [ L9Vl = ) ~ L g Vs — 0) S
0

- /F (0= — 02 (6 — o) — (V% — V2) (0 — o)) dy
’ ' , 3.14
+ / (L7 —L g moVu(y —¢)dS + / L g'ng - (Vu — V) (¥ —¢)dS (44
Fo I—‘O

- / 0 —0)dy— / (07— 07)(VE - V2 dy

— [ (V- VR — ) dy + / Ly L' neVu(t — ') dS

0

5
+ [ Lm0 (V= V)@ = #)ds = Y i,
k=1

| FVuts =)~ Pl - o)y
’ R (3.15)
= [ (F=PIVult =) + F (T = T = ) dy = i,
/ (D V@ — ) — Dot~ Vo (9 — ) dy
0 (3.16)
—— [ (@t - L) V- e dy =

because D;V,, - u = 0. Thus, (3.14) is equivalent to ZZ:1 Jip = 0.
We proceed with the estimate of the expression

(V2 —V2)p =V -MVy =M: VV)+ VM - Vi),
where M = L7!L-7 — L'-'L'-T. We have

12 = V2)0llg. < elsup MG Dl s oy + 19ML 00 IV o)

0

h
gc(/o sup [Vu™ (-, ¢ )]deup]U H—/ ™ (ot = T)llywzop )deup]VU])\WHWQ(Q )
Qy

< C\/ﬁénﬂ)uwg(g*)

and, similarly,

(V2 = Vi) @ = ¥)lg; < eVhsllv =4 lwzqy):
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moreover, since 1) — 1)’ is a solution of the Dirichlet problem
Ve —¢) =07 =0 — (Vi = Vi)', v —d/In =0,

we obtain

I = sy < A6 = &l + VI g )-

From the above inequalities it follows that

1/2
028t 2 2 2 Bt n— Bt n—
/ S / I(V2 - V20 _dt) < B0 ourz gy €70 g

hdh _ _
/ h1+l/ 2ﬁt‘13’dt<c‘5</o e R U P
[ [ e s at < Aol gm0 g gy

[ [ el < el Sl g g 1 g g

dh 28t Bt Bt g—
- < .
/0 e /OO e’ I7| dt < c|le V’LLHW2(J,1/2(Q;)H€ 0 ||W2O,l/2(Q;)
Collecting the above estimates we arrive at (3.10) after easy calculations. The theorem is

proved.
By (3.9) and (3.10), it holds

€707 o172y < (X + €7 Fllyyo1r2 - ) (3.17)
where
't = 1207 o0 gy + DNVt ooy + 1 VU youe g
+ (3.18)
+
1™t 720 myazcroyy < LYE + el ullgr + €76 lar + le™rllor),
€1 < 1, and

Bt n+ l+1l 2 B +(1+1,0/2
( Qi +| te | / +|e t'DtH I( /)
- He T H l+5/2 0( He Dt7 H l 3/2, 0( T).

Y = |etul,, TR

We pass to the estimate of higher order weighted Sobolev norms of the solution of (1.3).
We make use of the localization method and estimate the solution in the neighborhood of the
surfaces X, I'g and in the interior of QS—L. We start with the interior estimates and consider
two model problems

{p_Dtu_ —V-T (u")+Vo~ =f", V-u" =h" (3.20)

in Q={|zo| <dy, a=1,2, 0<z3<2dp}, u |=0=0
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and

{p;%Dtu'F V- Tt u")+mV-o" =f", Diotph +V -ut =ht (3.21)

in Q, ’U,+|t:0 == O, O'+|t:0 = 0.

Concerning (u~,07) and (u™,0") we assume that these functions are compactly sup-
ported in Q and are defined for ¢ € (0,00). Applying the Fourier-Laplace transform we
convert (3.20) into

_ _ 1 =~ 1 =~ _
(s+v |E'P)u” —v Doa + Fve* = Ff, V-u =h", (3.22)

where ¢ = ”k/ V= (i€1,1&2, Dy,). The parameter Res can take small negative values (such
that |s + \5’]2 > c(|s| + |€']?)). If |K'| > 0, then the solution of (3.22) is sought in the form
(u™ =u; +u,,0), where

i = — 2|§,v/ ((e sz o ~l€lwstasl)y | 9y o€ lustasI = dz

If’/ T el ataalf— g

This formula is a periodical analog of (2.18) in [17]; if |k’| > 0, then the function u] satisfies
the equation V- u; = h™ and the inequality

HeﬁtuIHWg-H(Q) < CHeﬁthiHW;‘H(Q)a Q = Q/ X (ano)a
where Q' = {y,| < do,« = 1,2.} In addition, if D;h~ =V - H + Hy, then
c(le” H],, 01/2

Heﬁt,DtU’lHWgJ/Q + HeﬁtHl“Wg’l/Q(QT))7 QT = Q X (07T)7

(@ ) (Qr)

since H|y,—o = 0 and Res < 0. From these inequalities it follows that

‘|65tu1_‘|w22+lv1+l/2(QT) < C(||6ﬁth7HW2l+1,O(QT)+||6ﬁtHHW20J/2(QT)+||6ﬁtH1||W20»l/2 323)

(QT)). (

Now, we estimate (u,,0” ), assuming again that |k’| > 0. These functions satisfy the
Stokes system

1
Diuy — v~ Viu, + p—_VJ_ =fi, V-u; =0, usly—0=0, (3.24)

where fi = pL_ f — Dyu; + v~ V2u]. Taking the Fourier-Laplace transform we obtain

_ ~ B o =~ ~
(s+v ]f’]2)u2 —v D23u2 + p—_VU =fi, V-u,; =0, Uyly=0=0.
By using the energy relation we obtain

(sl + €' llay I* + 1Dy, @5 |* < el A%,
(Is[* + ¢/ "Res) ||y [|* + Res|| Dy, @iy |1 < elsll|filll1a@ |,
(Is] + [€P)IE Pl I1? + €171 Dy @5 1 < el¢’ ez 11 £l
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where all the norms are in Lo (Ri) For small Res, these estimates yield the inequality
le™ w5 ey (@ry < clle” fillar,

where "tan" means that only the tangential derivative of u, enter into the norm. Moreover,
the relations

V2J_ :p_V-fl, U‘yBZO =0
yield the estimate of Vo~ and, as a consequence, of Dzsug . Thus, we have
o5 [y 20, + 1€V air) < clle filaian)-

It follows that

3
Bty . — B2 . — Bt —
" Dyu, ||ng:i{ﬁl(QT)+ »§1H6 Dy u, HWQl:iﬁ(QT)HW Vo ngj{f ) < clfill WAV Q)
i

Finally, the missing norms ||D2 u.,
Y, g H Yj 2HW21:23(QT

interpolation inequalities for the mixed derivatives (see [18]). As a result, we obtain

) are estimated by using the equations (3.24) and

||66tu5‘|w22+z,1+1/2( + HGBtVO' H L2 C||6 f1|| L2 (g (3.25)
Together with (3.24), this yields the desired estimate of u=, 0.
If ¥ =0, then u™ = ﬁﬁ_(azg,t), o = ﬁ&‘, and u—, o satisfy the relations
Sa -V Dy3ua - flaa a(;|y3:0,2d0 = 0) o = 1) 25
— 1 ~ — v
Sug —V D2 JU3 + — o Dy,0~ = f13, Dyug =h™, ug ’y3=072d0 =0.

We expand u, and fla in the Fourier series in sin kggé’:”, ks = 1,... in the interval (0,2dp).

For the Fourier coefficients 1, we obtain the relation
- ksm
(s + v 1)ty = fias =5
hence
¥z 1002 g, < e Fillrirg, D =2 0.7).
In addition, we have
ys _

Y3 _ —
ﬂg_:/o h™(z3)dzs, sus; = Hs(ys)+ ; H(23) dzs,

if h~ =V -H + H;. Hence
\\eﬁtu;rrwg+z,l+z/2( 1Dy gy < e fillyaiag,

+ ||h7HW21+1 o T HH3H 01/2(5,) T HHl—HWS’l/Q(QT))'
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Collecting estimates of u] ,uy ,0™, we obtain

Bt — Bto — Bt p—
e u HW22+1,1+1/2 + [le”" Vo HW;W(QT)gc(He I HWQl,l/z(QT)

(Qr)

3.26)
Bty — Bt Bt (
+ |le”*h HWQZH’O(DT) + |le HHWQO,Z/Q(DT) + |le H1||W20,l/2

(QT))'

As for Problem (3.21), similar problems are studied in [14] (see for instance (2.43), (2.47)).
Final estimate of the solution is as in [14], (2.54):
141,1/2 141,1/2
|€Bt0+|£3T /2 4 |eﬁt'DtJ+|£2T /2)

Heﬁtu—i_H W2HIH2 (| £ 0k Q) +

3.27
< el iz, + e HT 1), 20

We apply (3. 26) (3.27) to the problems arising in the estimates of the solution of (1.3)
inside 2y and Q7. Let the cube Q= = {|y; — Yol < do}, j =1,2,3, be contained in Q. We
mtroduce smooth cut-off functions ((¢) and ¢~ (z) such that 0 < {(¢),¢p ™ (2) < 1, {(t) = 0 for
t<1/2,¢(t)=1fort > 1, p=(2) =1 for |z| < dp/2, ¢ (2) =0 for |z] > dy. The functions
w(y, 1) =u (y,t)y (v, 1) and x~ (y,1) =6~ (y,1)7" (y,¢), where v~ (y,t) = C(t)¢™ (¥ — g ),
satisfy the equations

pi’thi -V ']I‘*('w*) + fo = ll_(wi,Xifui) + ml_(uiaoi) +p7f777 (3 28)
Vew =L (wu )+my(u ) in Q, w |=0=0,
where B
Li(w ,x u,07)=(Va—V)- T (w )+ (V- Va)x
m; =V T (yu )+ Vyu Ty(u ))+«9 Vauy™ +p u Dy,
w iu)=(V-Vy)w =10-L )WV w =V (I-L w,
my (u) =u~ - Vv .
Similarly, if QF = {|y; — ] do}, j = 1,2,3, is contained in Qg , then the functions

wt(y,t) = uh(u, )7 (y, 1), x (y,t) = 0" (y,t)7" (y,t), where v (y,t) = ()T (y — y)
satisfy the equations
phDawt — V- TH (wh) + V™ = I (wh, xFiut) + mi (uh,0F) + (o, +07) Fryt
DixT 4 p V- wt =1 (whut) +mf(uh) in QF, wimg=0, xF|i=0 =0,
(3.29)
where
I (wh, xHu®,07) = (Vy = V) - THw ™) + p1(V = Vu)xt
@' (o, +07) =0 (o)) VX' — 0" Dyw™,
mi ==V - TH (v u®) + 7"V - T, (w) + p10"Vuy + (o, + 07 )ut DA™,
( ,XJF"U, 0):p$(V—VU)-w+—0+VU-w+,
m?( 07 = (o + 01 ut - Vuyt + 0Dy

We proceed with the estimates of w™, x~. Let

Yr(w™,x") = Heﬁtw_ngﬂ,m/z + HeﬁtVX_HWQW

(Qr) Qr)
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We have

€501 (w0 x5, 07y a1z g, < 6+ OV,
2

(Qr)

HeﬁtmlHWQZ’l/Q(QT) < c(HeBtu_HW21+1A1/2+1/2(QT) + Heﬁt‘g_HWQl,z/z(DT)),

and similar inequalities hold for the norms of l; , m; . Moreover, from h™ =15 +m,, Dih™ =
V - H + Hy, where

H=Dy(I-L Hw + L 'Ty(u) =L\ )Vur,
H, = _(L_TTu(u_) - L_TH_)V ~Vauy+ f Vauy ™,
it follows that in the case of small § and €

YT(eﬁtwf, gﬁtX*) < C(Yq’q(eﬁtuf, eﬁtef) + ||6ﬁtf’YHW2l’l/2(QT))’ (3.30)

where Y/.(u™, x™) is the sum of lower order norms of u~ and 6~ (in comparison with Y7)
that can be estimated by the interpolation inequality

Y < Ve + ) (1 | agan + 1670 i) (3:31)
For the functions (w™, x1) satisfying (3.29) we have a similar inequality
YT(eBthra eﬁtXJr) < C(Y’I/’(eﬁtqua €5t9+) + ||6ﬁtf7||w2l»l/2(g;)) (332)
where
141,1/2 141,1/2
YT(eﬁthF’eBtXJr) — HeﬁthrHW;H’lH/Q(DT) + |eBtX+|)(:2T) /2) + IeﬁtDtXJrI)(:zT) / )) (333)

Yr(P'ut, e?97) < exYr(eut, 70%) + clea) (17w | Lyar + 116707 |y ar)-

Our main attention is given to the most complicated estimates of solution of (1.3) near
the interface I'g. We pass to the local Cartesian coordinates in the neighborhood of arbitrary
point yg € I'g. Without restriction of generality it can be assumed that yo = 0 and the ys-axis
is directed along m(0). Let

ys = o(y')
be equation of I'g near the origin. The coordinates transformation
z=Fy: 2=y, z=1y3—9{%) (3.34)
establishes one-to one correspondence between Q' = {|z,| < dp o = 1,2} and a subset

It ={y € Q' y3 =0(y)} near zero, if dy is small. We set Q' x (—dy, dp) = Q(2dp). Since
¢ € WE2(9) and ¢(0), D, $(0) = 0, we have |¢| < cdZ, |Vo| < cdy in Q(2dp). The Jacobi
matrix of the transformation F is given by

1 0 0
J = (%) = 0 1 0], ¢a= §—¢.
Y ~$1 —¢y 1 Yo



As above, we introduce the functions ((¢) and ¢(z) such that {(¢) =0 for 0 < ¢t < 1/2,
Ct)y=1fort =1, p(z) =1 for z € Q(dp), ¢(y") = 0 outside Q(2dy), 0 < {(t),¢(z) < 1, and
we set y(z,t) = ¢(2)¢(t), wF(z,t) = uFy and xF(2,t) = 5. From (1.3) it follows that

(p Dyw™ — VT (w) + Vx~ =1y (w ™, x 1u) +my (u,0) + Ay (w™,x ") +p F7,
V-ow™ =X; +l( w;u) +my (u) in Q7
pmDiw™ — +(’w+) +pVx*
=1y (wh xTu,0) + my (u,07) + A] (wh, xT)
+ (o, + 9+)7f+,
DixT +phVowt =1 (wh, xT5ut,07) +my (u,01) + A5 (wh, xT) in QF,
wl—0 =0, X |=0=0,
[w]25=0 = 0, [N(Dygwa + Dyawii)”zszo = l30 + M3a + A3a(w), a=1,2,

_ 2
—pixT X+ 20Dy ws)|ssm0 = la + myg + M(w) — oy(H + R—O),

(3.35)
where [;, m;, A\; are defined by

L(w,x u,07)=(Vu=V) T (w) + (V= Vo)X |y=rF-12,
my =—Vu T (yu") +7Vy - Ty(u)) + 0" Vuy +p u - Diyly—r-1.,
U (wh xHu®,0%) = (Vu = V) - TH(w™) +p1(V = Vau)x*
— @' (o, +07) =D (p)) VX = 0 Dew™ |51,
mi =~V T (yu) + 7V - Ty () + 10" Vay + (o, + 0 )u" Diyly—r12,
Lwu)=(V-Vy)w =1-LV-w =V - [-L Hw |,—r1.,
my (u) =u™ - Vuyly=r-1.,
Iy (W xT5u,0) = pi(V = V) - wh =67V, - 'wﬂy:}‘*lzv
m;’( 07) = (o, + 0 )u" - Vuy + 0+Dt7‘y:}'*1zv
I3(w; u) = [ TS (w)ng — oISy (w)n]|,— -1,
m3(u) = [NiHOH(u QO Vuy+ Vur ® u)n] |y=]—'—1za

1
la(w, x;u,0) = [ng - T(w)ng] — [n - Ty(w)n)] +/O (' (pm + 507) = P (o)) dsx ™ |z5=0

m4(U) = [Hi’n’ : (’U, ® Vu’Y + VU,Y ® u)n”y:}—_lza

(3.36)
e M (w)=p VA(JIT' —)Vw + (I - J)Vx~,
s (w) =p$( ~IV-w=phV-([-T"w
A (w)=(V-=IV)w=V-1-T"w
Mt xH) =ptv - (TIT —D)Vw + (ut + 1) (VT) @ (TTV)w (3.37)
+p(I-T)Vx~,

Aga(w) = [Mi(D%wa + D, w3 — (LoS(w)mno)alz=o,
Ma(w) = [ (2D, w3 — 10S(w) )5 =0.
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To get estimates of w* and xT satisfying (3.35), we take the Fourier transform

ﬂ(fl,z;g,t) = / eiigl'zlu(z,t) dZ/,
0

/
2dg

where ¢ = ( k1, a ka), k1,ke = 0,£1,.... We treat differently the transformed problems
with k' =0 and [K’] > 0. In the first case we have U = [, u(2,t) d2" and (3.35) is converted
into
~ - 1 - . .
th JngS éﬁ = ,0 (lJr +mj, + )\ o) +7fo in IQido’ Walt=0 = 0,
m
[@a]lz3=0 = 0, Wy |25=+2dy = O, (3.38)
1Dy | = Roa(w) + Ta(w) + ga(w), o =1,2,
( - 9 1 . ~ o ~ —~
Dyws — v D wy + p_DZSX =13+ M3+ A3 +7f3,
Dywg :’[2_ +my in IQd )
o - 1 ~ - ~ —
Dywif — (2vF + v ) D2, w4 pi DX = —+(l;r3 +mfy +AG) + /s,
Pm Pm
DtX +meZ3w3 = lJr —1—77@ in ]24&0’ (3.39)
[@3]]25=0 = 0,  W3|zy—t2dy =0, Wslt=0 = X" |t=0 =0,
- plX + X + (2M + Ml)ngwg 2M D23w3 ’23 0
:)\4—|—l4+ﬁz4—0/ 'y(H—i——)dz'.
Y Ro
2dg
In the case |k’'| > 0, we transform the jump condition once more. We set v = ¢D;(,
w' = upDi(, X' = 09Dy,
1
la(w', X';u,0%) = [no - T(w')ng — n - Tu(w')n] + / (' (P + 507) = P (p)) dsx’,
0
my(u) = [ng - T(uy)ng — ny'Tu(u)n], N, = [pF(2D.,wh — ng - S(w')ng)]
and write the normal jump condition in (3.35) as follows:
t
—pix" +xT A+ [Ts(w)] — / (Tss(w)] —=pix T+ x )dr =Xa+ lu+my
0
= —/ (L) +my+ Ny)dr + oy (H+—)—a/ '"(H+ —-)dr.
0 Ry 0 Ry

Since H = n - A(t) Xy, we have

2 2 ¢
V(H + R—O) -/ Dry(H + R—O)dT :/0 VD7 (n - A(t) Xy) dr
_ / - A()wdr + / Y(RAF) + nA(F) Xu(y, 7) dr
0 0
; Awsz dr + /0 (nA(t) — esAN))wdr + /0 Y(RA(T) + nA(T)) Xy dT.
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Hence (3.40) implies

t t
—p1X++X_+[T33(’w)]—U/ A'wng:l4+m4+)\4—/(lfl—i-mﬁl—i-)\ﬁl)dT
0 0
t

(Is(w;u) + lg(w;u)dr = b+ J/O B(z,7)dr,
(3.41)

+ [ (T =y ar+ |
where I5(w;u) = o((n - A(t) — e3 - Aw), lg(w;u) =oy(n - A(T) +n-A(1)Xy),

t t

b=ls+my+ My — / (I} +mjy + Xy) dr + / [T33(w', x)] dr,
0 0

B=(n-A(t)—es-Aw+~(n-A(1) —n - A(1) X,

Now, we estimate the functions (3.36) assuming that [K'| > 0, ie., [y w*dz = 0,
fDJ *dz’ = 0. We extend w, x by zero into the domain |z3] > dy and make use of Theorem
Lin [14]. Let Qf = 9 x (0,T). Since lj(w™,x ;u~,07) is a linear differential expression
with respect to the first pair of arguments w™, x~ With coefficients dependent of uw™,67, one
has the following estimate (in view of Proposition 1’):

Pt w ™, X u™, 0z gy < €0 + ¥or (e w™, X7,

The expressions lf, l;r , 13,14 have similar structure and satisfy similar inequalities:

%t .. 0) a2 ) + 1™ o, s, )2

Bt Bt l+1/2 1/2) Bt (3.42)
+ ||6 lg(w;u)||Wz+12z/2+1/4(D, + |€ l4 'w , XU, 0 | < 0 YOT( 'w (& X),
where 6; < (6 +¢€), QF = Q' x R,
We also need to compute the time derivative of 5 +m, + A5 . We have
Di(ly +my +Xy) =V -H+Hy=D,V -w",
where )
H=D,(I[-L "w)+ (- J)w+ ;(L_lTu(u) —167)Vuy,
_ 1 _ 2
Ho=u" D,V — F(Tu(u) — 160" + f)V2y
These functions satisfy the inequalities
% H 12 o) + 1e® Hollyyours ) < (5 + €+ dolle™Deawl oo .

1Tl gy + 170 s gy + e g )

The expressions m; in (3.36) contain some lower order derivatives of u and 6 in comparison
with the corresponding /;, hence

e (o, O) vz gy + N malg 2™ 4 e mi(u) sz
l il Ll
+|eﬁtm4(u,0)|(+1/2 /2) < (He UH 112417208 + | Bt0+|(1+ /2)+ I Bt~ I W20 ))

(3.44)
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We proceed with the estimates of )\Z-i, A3, Ag. Since the elements of 1 — 7, i.e., the
derivatives D, ¢, a = 1,2, satisfy the inequalities

Vil <edo,  [DEo| < e, DDLUl pye) < el 27

in £/, and to the same kind of inequalities also n,g, 1 —n3g are subject, it is not hard to show
that

(1+l 1/2)

€7 X (w, x; w0, )], L2 o) + P Ao (w, x; Nl o+

© (3.45)

+ 1€ A3 (w; u) | LL20/241/4 g ) + Pty (w, x; u, 0)| l+1/2 12 « ey Yr(ePlw, ePly),

Ww.

0o = do + €.
To complete the analysis in the case |k| > 0, we need to estimate the W,
norms of

ls(w;u) = ((n —ng) - A(t) + no(A(t) — A))w

= /O n(y,7) drA)w(y, t) + ng - /0 A(7) drw(y, t) + no(A(0) — A)w(y,t),
ls = (RA +nA) X, (y, 7),

lr = —(l) +mj + Ny + ([Ts3(w))] — p1x ™+ x7).

1-1/2,1/2— 1/4(GT)‘

In view of (1.4), (2.3) and (2.6), we have

Hl5HW21—1/2(F /HVU W27 (pg) dr|lw(, )HWQS/Q'H(FO)+d0Hw('7t)HW2l+3/2(FO)’
I(Rislar < e/ / I I gy A2 0y

ol g-1720yy < T8 erae gy | Xallasore

HAt hlGHLg(Fo) K C HAt — )VUHW23/2—Z(FO)HXUHW21+3/2(FO)7
which implies

\|€5tl5||w2171/20 < (6 + do) e w] LHL2 gy

(Gr) =

HCBtZGHWg’l/Q_l/z;(G ) C Heﬁ V'U,H l/2 1/4(( W, 23/2—1(1—,0)) (346)

+ ”eﬁtquWéHp—%(Fo) HUHWQQ,O(GT).

finally, since l7 vanishes for £ > 1, we have

HeﬁthHW21—1/2,1/2—1/4(G1) < C(; ”eﬁtvuHW21_1/2,1/2—1/4(G1) =+ ”eﬁtaiHW21_1/2,1/2—1/4(G1)).

Collecting the estimates of the nonlinear terms in (3.34), (3.42) and making use of Theorem
1 in [14], we show that in the case |k| > 0 the inequality

Yr(ew, efty) < (Vi (e u, o)

3.47
Y0, e0) 4 7 g0 247

(QT))’
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holds where

_ 1,0
YT(eﬁt’w,eﬁtx) = H@Bt'l.U||W22+l,1+l/2(UQi + |6 pt | (1+41/2)

141,1/2 1+1,1/2
gt Y 1 DI
Y.(ePtu, €’0) is the sum of lower order norms admitting the estimate

¥ < ¥+ elea) (e ulaan) + 1670 puigp) + 1670 ypouaggo)): e <1, (3.48)

(@r) )
finally,

Y1 (ePtu, e’0) = HGBtUHWQ-H,l-H/Q +|ePto- | (1+1/2)
2

(UQY)
+ |eﬁt9+|(1j_rlvl/2) + |€6tDt9+|(1il’l/2).
Ql Ql

In the case k' = 0 we need to estimate functions w, X satisfying (3.38), (3.39). It is easily
seen that w, y satisfy the same inequalities as in the case |k| > 0 with the additional norm of
do 17 in the right hand side where

2 7 |[E'N@)
J:/ H+—dz—/ H+ — = —x- dsS,,
H + ) S R TS0 [ 00 95

Sk, =1{n € Sry : ' C Q'}, and H is given by (3.7).

Since 87N (n) and IETnO(y) are bounded functions with time derivatives controlled by
Dyr and Vu, respectively, we have

€% T zagor) < edolrllyzoqs

!!eﬁtJHWQZ/2 < edo(le”r %

(0.7) (0.T):W(S,))

T lleft] s\b“ﬂNw
ePlr| 210, o\ SUP || Dy e—
We T St) ILT o] W37 (Sp,)

)

< o™l gy + 167 T wzeeoisy) SRVl -1y
1/2,24+1

+ HeBtDtTHW;’(sa))) < CdOIeBtTL(Sé .

Putting together the cases |k| > 0 and k = 0 we see that the solution of (3.35) satisfies
the inequality

Yr(ePtw, e’ty) < c(Yqﬁ(eﬁtu, E))

3.49
£ Yi(Pha, e0) + e F v (3:49)
2

Bt 1 (1/2,2+1)
(@r) Tl .
Now we outline the scheme of estimates of the solution of our problem near the exterior
boundary . Assume that yo = 0 € X, the y3-axis is directed along the interior normal n(yp)
to X, z3 = Y(2) € W2l+3/2(§3’) is the equation of 3 near xzg. Upon introducing the functions
v(z,t) = (2)¢(t), wt = wu™, xT = 6T and passing to the coordinates z € QT as above,
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we arrive at the problem

ot Diwt — V- TH(w) +p VT =

I (wh x 5w 0)+m1< w0 )+ A + fr=F7,

DixT +ptVw” (3.50)
=I5 (wh, xT;u,07) + mJ (ut,07) + A\ (w,x") = H" in QF,

Wli=0 =0, XxTli=0=0, wl|;—0=0,

where l;, m;, \; are defined as above, i.e., by (3.23) with the normal n; to ¥ instead of ny and

95 1 0 0

J=(+)= 0 1 0
dy

—1 —tpp 1

The problems of this type have been considered in [14]; see (2.43), Subsection 2.3. In the case
|k| > 0 it was shown that

HwHWQ-H’I-H/Q(QT) + |X I(lz,l/2) + |D +|(1l,l/2)

< elF gy + |H+|““ "), o
and in the case k = 0 the problem was reduced to the system
{D@a — v D2 Wy = F, in 7, (3.5
Wo|t=0 = 0, Walz=02d, =0, a=1,2,
Dyws — (v + 1] )D2 w3 + mez3X+ = F3
DX + pi Dy = HY in I, (3.53)

&;3|t=0 - 0) /&73|Z3:0,d0 - 0) a = 1) 25

(cf. (2.58), (2.59), Subsection 2.3 in [14]), and estimate (3.51) was obtained as well. By taking
the Laplace transform & = [ e5'w dt problems (3.52) and (3.53) were reduced to

SWe — V Dzwa—Fa, a=1,2,

sws — (2vt + ] )D2 w3 + —DZ3X Fy, s\ +phD. s = H
m
with v = pu/pt yfr = pt/p}. Upon eliminating Y, the last system for w3, ¥ was converted

into

) LV SN
R(s) — D2 )3 = - —H)=G,
(R(s) = D3 o = (- L)
where R(s) = as‘fpl', a =2vt 4+ v > 0. By decomposing w in the Fourier series in sin %?kg,
ks =1, ..., one obtains
~ ﬁa =~ G km
Woy = —T77 75, ()[:1,2, W3 = /= ; = 7
TSR RO R YT
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where w are the Fourier coefficients of . Since |€3] > ¢, it follows that

1+1,1/2 1+1,1/2
PFIG 1 1P DI 5P < el Fu|

HeﬁtwaHWQQH,lH/z(Q;ro) + e allyiizgry

where o = 1, 2,

(1+1, 1/2))

Bt Bt Bt
lle w?’HWQQH’Hl/Q(Q;Z) < c|le F3HW21’Z/2(QO+O(2d + e H|Q+ 2do)

We recollect that F =17 + mq1 + A\ + wf, H = Iy + mso + X9 and conclude that w™, x*
satisfy inequality (3.32) where

YT(eﬁtw+’65tX+): Heﬁt +|| +|€Bt +|(1+ll/2 +|6ﬁtD +| 1+”/2

2+l 1+l/2( Q;)

and
Yr<eYr+ 0(61)(Heﬁtu+HLg(DT) + Heﬁte-i_HLg(D;))'

Now, we go back to Problem (1.3) and prove the main result of this section.
Theorem 5. Let (u,0) be the solution of Problem (1.3) given fory € QB—L, t<T, T>0,
possessing finite norm

Yo = |7 ully2nnsirzgn) + €7 VO |02 + 11”07 072

(UQF)
e 5t0+|(1+l 1/2) e Bt 0+|(1+l l/2)+| Bt |5/2+ll/2 + HeBtDtrH

(Qr)

3/2+l O(S )

Assume that inequality (2.10) holds and the data (ePf, uy, 03’,7“0) satisfy the smallness con-
dition wn Theorem 2. Then
YT < CFT7 (354)

where
FT = HeﬁtfHWQl,l/Q(QT) + H'U()HWQZJrl(Uﬂét) + HH(THWQlJrl(Qaﬁ) + HTOHW21+2(SRO)7

Q% = QF x (0,T), Sr=Sg, x (0,T).

The constant in the inequality (3.40) is independent of T > 2.
Proof. Let wy be the covering of €2 with the sets

we ={ly —url <do, yr€XL} for k=1,....,m

wr = {ly—wk| <do, yr€QF} for k=1+mq,..,ma,
we ={ly —y| <do, wyr€Tlo} for k=1+mo,.. ms,
wr ={ly —yk| <do, yr€Qy} for k=1+ms,...,my

We assume that the multiplicity of this covering is finite and wg, & = m1 + 1,...mg, k =
m3 + 1,...,mq are strictly interior subdomains of Qar and €y, respectively. Clearly, wy,
k=1,...,m; and Kk = mg + 1,...m3 are sufficiently dense coverings of ¥ and I'g of finite
multiplicity; we assume that it is independent of dy and djy is small. We introduce a smooth
and monotone function ((¢) equal to one for ¢ > 1 and vanishing for ¢ < 1/2, and we set
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Yi(y,t) = o (y)C((t), where @i (y), are smooth functions equal to one for |y — yx| < dp and to
zero for |y — yi| = 2dp, moreover,

mq
> pily)zex1
j=1

in Q. It is clear that the functions (yxu,vx0) = (wg, xx) satisfy the relations
phDiw — VT (w) + p1 VX =1 (w), x5 w) + mi (u,0)

+ (o +0) F ks
Dix; + V- w;h = 13 (wy; w) + my (w) in Wl NQY,

w,j]Z;C:O, w;\tZO:O, X;’t:O:O for k=1,..,mq,

(3.55)

pmDawy =V T (wl) + piVxgd = U (wi, xi55w) +my (w,0) + (o, + X0 F,

Dixi + ph V- w; =13 (wi;w) +my (uw) in w, QTUToNI) =0, (3.56)
w0 =0, Xfl=o=0 for k=mi+1,.. +my,

p;Qth,j -V T*(w,j) + prXkF = lf('w,‘:, X;j;; u) +mf (u,0)

+ (o +00) Fu,

Dixi + phV - wih =15 (wi; ug) + my (ug) in w; NQY,

p Dyw, =V -T (w, )+ Vx, =1 (wg,x;;u) +mi (u,0)+p~ fu,

Vw, =15 (wg;u) +my (w) in w, NQ,

wy |y =0, wilimo =0, X |t=0 = 0, (3.57)
[wk”l—‘ék = 0) w]j|t=0 = 0) X;;r|t=0 = 0)

[pIloS(wi)no]r, = ls(wi; u) + ms(u),

—pixg, + X + [0 - T(wi)nolr, = la(wg, xx;u, 0) +ma(u, x)

2
+ oy (H + =), k=mo+1,...,m3,
Ry

p Dyw, =V -T (w, )+ Vx, =17 (w,,x;;u) +mi (u,0)+p" fy,
V-w, =15 (wg;u) +my (u) in w;;, (3.58)
Wili—=0 =0, Xgli=o=0 for k=m3z+1, .. 5my,
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U (wg,x,,u,07)=(Vy = V) - T (w;) + (V= Vau)xy

m; =~V T (pu”) +%Va Ty(u)) +0"Vuy +p u™ - Dy,

U (wi X u®,07) = (Vo = V) - THw)) + pi(V = Va)xi = 07Dy,
mf = =V - T" (W) + 1% Ve - Top (w) + p10 Vi + (0, + 07w D,
Iy (wisu)=(V-Vyw, =1-L 77 T)WV.-w, =V-(1-J 'L Hw,
my (u) =u™ - Vi,

15 (wy, xk;u,0) = pit(V — V) - wf — 07V, - wy, (3.59)

my (u',0%) = (o, + 01 )u - Vayk + 9+Dt’)’ka

I3 (wy; w) = [ulIgS(wg)mo — TolISy (wy)n),

ma(u) = [l (u ® Vuyk + Vayk @ u)n),

La(wi X 3w, 07) = [no - T (wy)no] — [ - T (w))n]

= (o +07) = plom) — P10))x

my = [pFn - (u @ Ve + Ve @ u)n)],

In each problem (3.54), (3.56) we pass to the local Cartesian coordinates z € Q™ or z € QF

(in (3.55), (3.57) the change of variables is not required). As shown above, the solutions of
these problems satisfy the inequalities of the form (3.49), (3.26), (3.32). Taking the squares

of these inequalities and summing up with respect to k, we arrive, in the case of small 9, €, €;,
at the estimate equivalent to

— (141,172 14+4,1/2
Yﬁ(eﬁtw,eﬁtx) — Heﬁth;/;H,Hlﬂ + |eBtX |(Q; /2 4 |€5tx+|((42; /2)

(VQT)
+ |eBtDtX+|(Qlfl’l/2) < c(Y/Q(eﬁtu, eP10) + Y2(ePtu, eP9) (3.60)
+ lcF1? e ),

”/2(Q

where w = ), wy, x = > _j Xk, and YO”T is the sum of lower order norms of eftu and 6
admitting the interpolation estimate of the type (3.33).
By adding Y (e%*u, e”'0) to (3.61) and taking account of (2.8) (with T'= 1) we obtain

V(e tu, e?0) < Y (ePlu, e?0) + Y7 (eP'w, ePly)
< C(YT (etu,ePt0) + F2 + |66tT|§(f+l’l/2))
Now we make use of the inequality

e T ivs/20 5, ) + 167 Peryvsrno g, ) + 17Tl 12

(Sr) ((0,1);W5?(SRy))

< c(|eﬁtvu|g;rl/2’l/2) + |6ﬁt9|(GlJTrl/2J/2)) < F2?

that is proved in the same way as (2.38) ; this leads to
ng(eﬁtu’ eﬁte’ eﬁtr) = Heﬁtruivé%/zo(sﬂ + HeBtDtrH?,VéH/zo S + ng(eﬁtuv eﬁte)

: 22411/2) (o) (3.61)
c(F? + Y2 (ePtu, 70) + |eﬁtr|ST ).
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The sum of lower order norms in the right hand side can be estimated by the interpolation
inequality

Y2 (ePtu, e10) + |eﬂtr|§f+l’l/2) < e3Yp(ePlu, €710, ePr) + c(e3) V3 (ePlu, €19, €Plr),  (3.62)
where €3 < 1 and

= 1™l ) + 170" iy igpy + 170 s gy + 1™l

(@r)

The norm of 6~ satisfies inequality (3.10); the norm of f in the right hand side of (3.10) can
be included in Fr, whereas other terms satisfy (3.18),(3.19). Hence if €3 is sufficientrly small,
then we arrive at

Y7 (e u, e, ¢%r) < ¢(Ff + [le”ul 1, g, + HeBtWHQ(Q;) +le”rl L)

The Lo-norms of u, 0% and r can be estimated by (3.1), which leads to (3.54).

4 On the smoothness of the free boundary I’

In the present section it is shown that under some additional assumptions on p(p) and f the
function r(-,t), t > 0, belongs to Wl+5/ (SRr,)- The proof is based on the following theorem.
Theorem 6. Assume that p € C3t!(minp, maxp) and f satisfies additional restric-
tions £ € W ((0,T); WL(Q)) U W H2(Qr) with a1 € (1/2,1), VF € W2(Qr). Then
ul) (y,t) = u(y,t) — u(y,t —s) and 0 (y,t) = O(y,t) — 0(y,t — s) satisfy the inequality
¢ 1+1,1/2)
(UQtiQ 0" + |€B (9 |22t2 tl/

+ |eﬁt9<8>+|gilvl/2 + |7 Do | L2 < O(u, 0, 7)s

to,tq i2 t1

Y (to, 1) = Heﬁtu@uww,lﬂﬂ
(4.1)

where a > 1/2, O0<to <t <T, ty = (tl — (tl — to)/4), 0<s< min(t1 —tz,to), Qi,tl =
Qoi X (ta,t1) and C is a constant dependent of the norms of the solution of (1.3).

The theorem is proved in several steps. First we make some auxiliary constructions. Let
A € (0, (t1 —tp)/4) and let ¢)(t) be a smooth monotone function of ¢ equal to one for t > tg+ A,
to zero for t < to 4+ A/2 and satisfying the inequality |DFCy| < eA™%, k = 1,2,3. It can be

shown that u{” (y,1) = (1) (w(y, t) — u(y, t — 5)), 05 (y,1) = Cr(0(y, 1) — Oy, t — 5)), satisfy

the equations

(p D)™ — V2 + V0T = F, VW) = Fy
(ot + 0Dl = p Vaul™ — (0 + u] )V (V- )
+ 9 (o) + 07V, = FF
Dteg\SH +(ph 07V - ug\SH = Fy,

)+|t:O =0, 9(s)+|t0 =0 =0, U(;) s =0,

W ley =0, [y Sy(u{)n]|r, = Fs
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for ¢ < t1. The last jump condition for (uf\s), 0(5)) is obtained by the calculation similar to

that carried out in Section 3 (see (3.41)). We start with the equation

20

n-Ty(u,0)n] —on - A(t) Xy =p+ o (4.3)
0
where
Ty (u®,07) =T (uh) —p107, Ty(u™,07)=T,(u") -6,
p=plph +07) —plpy) — 16"
It implies
Ty(u,0)n] —on - A(t) X, — p)
(4.4)
/ DA (7) ([ - T, 0)m] — om - A(t) X, — p) d.

By subtracting from (4.4) a similar equation written for the time instant ¢ — s, i.e.,

GO)([n' - T (u', 0] — on’ - A1) X, — p')

=/ DiCa(T + 8))([n - Tu(u, 0)n] — on - A(t) Xy — p)dr,

where v'(t) = v(t — s), vy = (\(t)v(t), we obtain after simple calculations (integration by
parts) the relation

t t 8
- Ty (u®, 09)n] —0/ - AU drir, :F4+/ S Fjdr+F. (45)
0

=5
The nonlinear terms in (4.2) and (4.5) are given by

Fl = —u (V- vu/m + (V= V)05 = p DGy + pm G F,
Fy = (Va — Vauy, =V-Fo, Fo=(L-L)uy,

Fir = —pt (V4 = V2 ul — (0t + 1) (Ve @ V= Var ® Vi )u|
+p (o + 07) (V= V)0 + (o, + 07D Gut™)

+ (' (o, +07) =1 (o), + «9+/))V 07 + (o + 00 FO0 + 07O F
FzJr = _(P;’—n + 9+)(vu - vu’) 9+(8)vu’u>\ )

Fy = —[pI(TIS,y (u))n — H/Su’(uk) ],

Fy=[n' Ty(uy, 00)n] — [n- Tu(u),0)n)],

Fy = =Dy(x([n- Tu(w',0)n] — [0 - Tw (w,0))n]) = DiGx[n - Tu(u), 09))n],
Fs = o(nA(r) = n'Al(1)) - u)(y, 7),

Fr = 0\ (Di(nA — n'A)X,, = 0 (H) (RA — 2/A) + (nA —n/A')) X

t S
Fy = o(\(Dy(n/A) - /t . w(y,7)dr) = oln(t) (W' A" +n/A) /0 u(y,t —7)dr,

(4.6)

t
Fy=p - /0 Dicap® dr.
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We consider (4.2), (4.5) as the initial-boundary value problem where unknowns are ug\ ), ()

and the coefficients in the system and in the boundary conditions are close to constants Cor—
responding to w = 0, § = 0 (in view of (2.7), (2.10), (3.42)), while n is close to ng. It follows
that the estimate similar to (3.54) holds, i.e.,

e

W v g PO TIGE ) e

+
U
Qto O»tl to,t1

Bty pls)+ (1+1,1/2) Bt p— Bt p—
+ |e”' D, |Qt0 ; < (He F, sz,z/z @) + l|le”" Fy HW1+1,0(Q_0¢1)
Bt Bt Bt o+ (1+11/2)
+ e Dt.FQHWg,l/Q(Q - + lle F I 11/2(Q+ + |’ Fy | Quonn (47)

t (1+1/2,1/2) t
+ [|e” Fy|| w22 G, +| ﬁF|G,got1 +Z;H6ﬁFJ'”W§1/2”/21/4((;,50,,51)
j:

+Heﬁt@\p(s)HW21+1/2,1/2+1/4(G o + HeBtDtC,\p( H 1-1/21/2- 1/4(Gt0,t1))’
where Gy, = I'g X (to,t1). This can be justified by using inequality (3.42) and conditions

(2.10). We outline the estimates of the functions F;. They contain many terms, so we can
give detailed estimates only of several typical ones. We make use of the relation

[t =l oy 0 < e [ et = g At = Dl dr
« a 1—a/2
<es'™ /2 / HUHWl Q) dr) QHUHLQ(Q/i)’

where v = {3/l < 1, hence 1 — /2 > 1/2. In addition, in view of (1.4) and (2.18) we have

(4.8)

||DIEIL'||VW(Qi < CHVUHWQT(QOi), r<l+1,

IA(~R)DAL,, a2 g2 S C([Ad(=R)Vull a2t g
4.9
+ IVullyr2-t g /0 IVal, ¢ = 7)oz d7) Y
h 2 1/2
C(HAI‘/(_h)quWQB/Q*l(QOi) + ﬁ||vu‘|W§/2l,O(Qg)(A HquWQlH*”(Q(T) dr)
We proceed with the estimate of (V,, — Vo )VOE . By (4.8) and (4.9), it holds
/ ! L
(Ve = V)0l o) < VO oz /0 IDLCst = )l 47 (4.10)

Bt _ .\ 1—a/2y Bty
[ (V= Valhillwgoz ) S O3 TVOwiogz )

where o = (I +2 — 5) /1 + 2, e € (0,1 — 1/2).
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The W2O A/ 2 norm of the same function is estimated as follows:

A =R)(F = Py < IRV o) [ 1D E = 7 ygir- g O

/ 1A(=RIDUEC, = 7l szt ) 71V g
_ AV NI
He Vu) >\H 01/2(Qt0t1)
c sup / IVu(-, HW1+1 %O(Qi)dT) ||eﬁtv9)\||2 0./2
te(to,t1) (Qto tl)
Btwral 12 it dh
+ e V@,\HWQI,O(Q%’H)S((/O dT/O |Ay(—=h)Vu(-,t — )le o) th)
bt dh )
X (/O 1A (—h)yu(-,t —7)|2, Qi)hm) T+ (/0 IVl /2t g 47)°)
< CS2 O‘Heﬁtve/\H ll/g(Q Otl).

(4.11)
The numbers 1 — «/2 € (1/2,1) in (4.10), (4.11) etc. are all different but we shall always
use this generic symbol taking the minimal of the corresponding a.
The expression

(V2 = V2 )l = pt (ET ~L™WV.LTV+LTV. (LT - ET’))vu; (4.12)

has only slightly more complicated form than (V, — V)0, however it contains the term
that can be estimated only by C's'/2. Indeed, we have

BT T (7T _ 7T / < Bt (7T T /
||6 LV (L L )Vu)\HWz,o Qio,tl)\cne (L )vukHWéH’o(QtiO’tl)

<ec sup /Hwn 10,8, AT a0
te t07t1) W (Q W (Q 0751)

< cy/s sup HVUHWQ’H»O(Q;{SQ”eﬁtvuz\HWQ’“»O(Q
te(to,t1)

ii;)atl)'
On the other hand, the norm of the first term in (4.12) is controlled by C's'~/2:

lePHLT — LTV - ]ETVu;HWZ,o

(o7
<c sup / IVu(-,t —7) || yit1-» ) ar||e®V - LTVl ||, o
te(to,t1) W () A Wy (Qotl)
< 1— CM/2 5t
B Cs He u’\HWE’/QH’O(Q%,tl)’

since s > 0. Similar estimate holds for the W;’Z/Q(Qtiwl) -norm of (4.12).
The same kind of terms arises in the estimate of the norm of FQi:

Heﬁt(vu — Vu/)ul)\HWlJrl,o(ng W)

< c¢ sup /HVu T g1 ) dr||Vuh || .0, 4+
te(to.tr) Wy Q) MW, 2(QF +y)
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<evs sup ||Vl o e € V| pirio, o+
te(to, tl) W, (Qt—s,t) W, (Qto,tl)

and of other terms where the equation
r_ IET’I’LO _ IET/’I’LO

[LTno|  |LT'nol

is used, in particular, in F5 and Fjy.
We also treat the expressions containing u®) and 6(®). We have

1
F'= (o), +07) = (ph, +07) VO = /0 P (pf + 67 + 09Ty aretvet
in Ffr Since p is sufficiently smooth, we have

BtF’ < Btp(s)+ B
lle ”Wé’O(Q?B,zl) < |Vt HWQZO(QtO il)t;z%l)“e 0 HW’“ @by
/ (4.13)
€7 F|| o072 <e s [P0 s g VO i

(Qf4,) tE(to,t1)

(t0+A/27t1)7Wé(Q§)) )

Other terms in F 1+ are treated as above.
As for F2+ , we have

HFQJFHWQZH(QJ) < C/o [Vu™(,t _T)HWQZH(QJ)dTHvuj\r('vt)HWéH(Qar)
+ ||e<s>+(.,t)\|w2l+1 ) V) (-, t)||Wl+1(Q+)
A (—h)Fy HWI(Q+) / [A¢(— _7')HW21(QSF) dTHV“j\_HWQZH*%(QJ)

+/O IV [y oy AT A=) Vgl ) + HAt(—h)H(AS)JrHW;(Qg)HVu/+”W§+1*”(Qg)
+ 1057 o1 oy 1A (=B) VUt 1 )

and, as a consequence,

Bt -+
5 B oo ) < el sup Vil uw

dr) 2Pt ut || i
te(to,tr) AW,

)HWlJrl(QJr) (Q%,tl)

+ sup [P0 i g [V H LG, )
te(to,t1) Wy @) A TRy )

Heﬁ F H l/2 tO tl).w1(9+ < C(Heﬁtpte(s HWlO Q Hvu ”Wl+1 %O(Gto,tl)
Bt (s)+
+t€?2}21)ue O g @i IV g gy

t t1—t dh 1/2 ,
+ d / Ay(—=h)Vu™ Vu,’ o
\/gtes(z};%)(/t s ¢ 0 14—V ”Wl(QO)hHl) Va3 g @)

S
Bt + Bt +
+t§$l>/o eV uX iy A7l Vsl e g i o)

(4.14)
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The last term is controlled by C's'=%/2 «a € (0,1).
We turn to the expression Fy. The estimate of Fy reduces to the estimate of (n — n’)Vu’/\
and (n —n')0). We have

Bt o +
He (n n)VuAH z+1/2,0(Gt07t1)

<c sup /HVU T)HWQH'I/Q(FO)dTHeBtvui:HWéJrl/Q’O

te(to t1) (Gegty)

< \V4 2 1/2 Btv +
¢ S tE?tl(l)Izl / H UH H_I/Q(F ) ||€ u)‘HWQlJrl/ZO(GtOyH)’

l + * +
|8 (=h) (1 = )T 172, < € /0 1A =RVl /2 ATV e,

s

+ ||Vu(-,t — T)HWHU%” dTHAt(—h)V’ufH 1/2

0 2 (I'o) W, (o)’
hence
Ieﬁt |2(f+1/2 1/2) < C\/— sup / HVu )H l+1/2 dT)1/2
01 te(to,t1) (To)
t t1—t dh
A, (— . 12
" te?;;gl)(/t—s df/o lAd=h)Val ’g)”Wzl/Q(Fo)hHl) ) (4.15)

X(Heﬁtvufu l+1/2,0(G0 +H€ 49 I l+1/20(G ))

L Oosl- a/2(|eﬁtv i|cl:j1t/2 1/2 +|e5t0f|é:;t/l2 1/2))'

The expression F3 satisfies similar inequalities.
Now we estimate F5 = Ff + Fé/. By repeating the proof of (4.11) and taking the behavior
of D¢y into account we obtain

e A AL O I Ca C R

(Gfoh) (Gto»tl)

tnt
IOy gorvmzcris )

4.16)
" _9 + (
Heﬁth) ‘|W2l—1/2,l/271/4(Gt07t1) < cA ; (Heﬁtvug\s) ‘|W2l,1/2,z/271/4(c

to.t1)

tg(s)+
+ Heﬁ 05 HWQZ_I/Q’I/Q_IM(Gto»tl))'

We proceed with the analysis of the terms involving the Laplace-Beltrami operator A(t)
and its time derivative. We consider the expression

Fs=o(nA({t)—n'A(t—s))-u\ =0 /Os(h(y, t—7)A(t—7)+n(y,t— T)A(t —7))d7-u)(y, t).

It suffices to estimate the first term F{ in the right hand side (the second one is treated in
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the same way). Since [|A(t)ull,,, 12y S < cfjul] W/ (rg) Ve have

I [ =) A=) dra Ol g,

< [ I9att = Dl g,

8= Falliry) < of [ 18D Tulygram sy ATl oo

T /0 sup [Va(y, t = )] A7l Ar(=h)e
0

which implies
< Cslfa/2|6ﬁt |(2 /2= 1/4 (417)

Bt o1
He F6HW2“1/2J/2*1/4 Gtotl

(Gto,tl)
Now we pass to the estimate of Fy = F. 4+ F, where
= o0 — ) A + i/ (A(t) — A (1)) X
F =o(\((n—n)A+n/(A-A)X
We restrict ourselves to the estimate of Fé Since
HXu(7 t)HW2l+3/2(F0) < C7

IA) = At = )Xol 2y < [ IT8lggevn gy A7 Kl

we have for arbitrary ¢ € (t1,%9):

HFéHWQl_I/Q(FO) g c(”vug‘S)“W2l+1/2_%(F0)

s
+ Hvu/\HWQZ"Fl/Q—%(FO) /0 HquWé'*‘l/Q—“(po) dT) HXU'HW;/Q'H(FO)?

(s ’
1AL(=h)F7 |l Lyro) < C(HAt(_h)vu,\)HW23/2—1(F0) + HAt(—h)VUAHW;/z—l(FO)/O o
+ HVUAHWQHW—x(FO)/O [A(=R) V]l st ) dT)HXuHWS/w(FO),
which implies

l* Fllyiir206,, ) < c\|eﬁtvU§S>\|W2l+1/H,o Gy T o [ T (e

BtF/ _
lle 7HW20J/2 1/4

(Gtp,ty)’

Gy S c||eﬁtw§5>||w2l/gfl/4

+ Cslfa/Q(HVu,\HWHl/z_x
2

((to,t1);Wa/2 7 (o))

+ HVUHWQZ/Q_U4

(Gtoty) ((tost1); W3/ H(ro»)'

(4.18)
Slightly more complicated calculations lead to similar inequalities for F7H.
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We turn to the expression Fg:

Py < IVl [ et =)y 0
H65 FSHWQI—l/Q,O(GtO’tI) < CHeBtVU/\HWS/Q_Z,O(GtOvtl)\/gte?;lg HuHWS/QH(Gz—s,z)’
0,t1)
8= Pl r) < A0 Vusllygnetyy [ Tty 0
s 4.19
+sup Tur( )] [ 1A DAD ] O (19)
0
HeBtFSHWQO’Z/271/4(G10,11)
< CHeBtvu’\HWé/2_1/4((t0,t1);WS/Q_Z(Fo) \/EHUH W36, )
Bt
+ ||6 VWHWQ’“”’”’O(GM,H)‘/gt;;l)gl)HUH 1/2— 1/4((tfs,t)§w22(FO))’
To evaluate the contribution of f, we use the equations
f(Xuat) - .f(X’U/)t - 8) = (-f(X’llnt) - .f(Xu/)t)) + (.f(Xu/)t) - .f(X’u/at - 5)))
1 s
FXurt) = FXurt) = [ VFCw+ X0t du [yt =)
0 0
whence
Heﬁtj:\( )|| ll/Q(Q c(HeBtVfHWl,zm(Qto tes;lli / ||’LLHW1+1 “(UQE. )d
(tost1)
Bt
IV o, D tetons / . it (s w3 oy dT)
< Crls|®
The function fy\ = (\(¢)f is estimated in a similar way.
In conclusion, we estimate the expression Fy in (4.6). We have
QP = G(Plph +01) = plpih) — p107) = (o, +07) = plp) — p16™))
1
= [ Wi 0 )~ pr) ape
0
1 1 " ’ ’ (S)+
- /0 dji /0 P (0, + (0 + i 8) du(0 + 1109,
HC/\p(S)HWQlH/z(FO) g CH@JFH l+1/2 T )/ H'Dte;\’—('ﬂf - 7’)” l+1/2(F )dT,
18- 1ty < AR gy [ I Cot = Dl dr

+ H6+HW§J_1/2(F0) /0 HDte,\ (,t— 7_)HW23/2_I(F0) dr,
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which implies

HeﬁtcpHW2Z+I/2’Z/2+1/4(GtO,t) (HeBH H l+1/20 / H'Dte H l+1/2(F )1/2—1—0‘3‘0{).
(4.20)
Finally,

Heﬁtp(s DiCa(t )|| 1-1/20/2-1/4(q,
-2 Bt p+
(AHQW%U%w&WQH@mw@M) (4.21)
Bty o+ ° + -2 .«
+ |le”*D,0 ||W211/2’0(Gt0,t1)/0 |IVé HWS/%“O(F) dr) < CA 7s%.
From the estimates obtained above it follows that the sum of norms in the right-hand side
of (4.7) is controlled by the sum of terms proportional to C's'=*/2 o € (0,1), or to
s t
VAt =) 4 1072 a2 = VA (IR + 10717 )2, (422)

or to the norms of e®'u(®) and e’0) of a lower order in comparison with the norms in
Y (ePtu, e#10) possibly multiplied by A=2. We set

+ |66t9(5)—|2(1+lvl/2)

) to+A,ty

Y2(to+ A\ t) = ||ePtu®]|?
(to + A, t) = ||e” u'™|| 2+l,1+l/2(UQ

+ |eﬁt9(s +|2(1+l 1/2) + |65tD 9(s) +|2(1+l l/2)

i0+>\ ty to+,t1

and we denote by Y'(tg + A/2,1;) the sum of the some weaker norms of u(®) and 6®)* in
Qo x (to + A/2,tp). As shown above,

Y(to+ \t1) <A 2Y(tg + \/2,t1) + F(s), (4.23)

where F(s) is the sum of terms controlled by the powers of s.
We estimate each term in Y'(tg + A/2,t1) by interpolation inequality of the type (3.33);

the norm |e”t0(*)~|| Wi, ) that is a part of Y’ (in view of (4.16)) being estimated
to+Aty
as follows:
Btn(s)—112 Btp(s)—|2 —ma1 || ,Btp(s)—112
He b HWQO’Z/Q_IM(Gto-M/z,n) EIHe o H Ol/Q(Gt0+A/2 tl) + “ He g HLQ(G’foJrA/Qﬂﬁ)7

m1 > 0, € < 1. Thus,
Y(t0+)\/2 t) €1Y(t0+)\/2 tl)-f-CEl ™Y,

where my > 0, Yy = |[e®ul®)]|?
view of (4.23),

2 -2 i
TaUQE .. + Heﬁte(SH”LQ(Q%M) + ||efto(s) HLQ(GtO,tI)’ and in

(to-i—)\ tl) cleEiA Y(t0+)\/2 t1)+6261m1)\ 21/0+03F( ) m > 0.

This implies
FON) < eF(/2) + Yo + s F(s), (4.24)
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where § = e A722™F2 f(\) = N2TM§PY (4 + A\ 1), ¢ = ¢12™F2. We fix § such that
cd < 1/2 and, iterating (4.24), arrive at f(A) < 2(cYy + ¢3F'(s)). The norms in Yj can be
estimated by the inequalities

Heﬁtu(S)HLQ(QtO,tl) < CSHQBtDtuHLQ(QtOJl), \|eﬁt9(s)+||L2(Qto’tl) < CSHG&D“%HHLg(QtO,tl)’
finally, since
0 |r, = plog, +67) —p(pg, +67) + [0 - Tu(w)n] — [0 - To (w)n] + o H
(see (3.11)), the inequality

107 | L ()

a

< C(“66t9(5)+”L2(Gt0,t1) + “eﬁtvu(S)i“Lg(Gzo,tl) + ”eﬁtr(S)_HWQQ(SROX(to,tl))) < cs
holds with @ > 1/2, due to

||66t0(5)+||L2(Gt0,t1) < CSHQBtDt‘g(SH—HLQ(GzO,zl)’ Heﬁtvu(S)iHLg(GtO,tl) < CSZ/2+1/4a

1% r w2 (o) < eslle” PPz o

Hence Yj can be included into F'(s); by setting A = Ao = (t1 — t9)/4 we obtain f(\g) < c¢F(s)
or
Y (to + Ao, 1) < e ™A 2T (s) < Os'/2.

This implies the boundedness of the norms

Bt pt
e “”W;?((tQ,tl);W§+l(UQ§))’ e u||w§‘2“/2’°(Gt2,t1))’

||6ﬁt0i||w2‘12+l/2 ) + H65t9i||w2‘12/2( Qg € (O’ 1/2)

((t2,t1); W3 (QF (t2,t1); Wi (QF)

We separate out the terms of the type sI in F?(s). The sum of the integrals I does not
exceed

t
2 12
C(/t (Hu(-jf)HWQQ-Q»l(UQa:) + ||D:0 ”WéH/Q(FO))df

—S

t t1—t 9 dh
+/ts df/o 1A:(=h) V(- Ol ax) 710
dh

t t—t
2
+ /t_s df/o HAt(—h)VU('v5)HW21/2(FO)W) =c(ly + I+ 1I3), tE(tat1)

We have

: d¢
< ‘ 2 +112 S
I <s /H(Hu(,5)||W§H(UQ§)+HDt9 HWQIH/Q(FO))@_,S)M

The last integral is controlled by a finite norm

[

+112
W;2/2((t2,t0);W22+l(U96t)) + HDt9 HWQOQ/Q

(t2,t0); WL /2(T0))’
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moreover,

N t d{ t1—t dh
e [ g ) IRVl o

we assume that [/2 + a3/2 < 1. By analyzing two cases: t — & < h and t — & > h it is not
hard to show that

I < cs™ .
2 S es®lullyevoarz g, e oot

The third integral is estimated in the same way. Thus, s(I; + Iy + I3) < Cs'*°2 which
completes the proof of (4.1).
It follows that

Hu("t)HW?’l(uﬂgt) + || Dru, )le(ugi + Z Hai HWL+1 Qo)
(4.25)
D™ ()l gy + I )”Wé%/Q(SRO) <C, te(tot)

5 Construction of solution in the infinite time interval

We describe the procedure of extension of the solution of Problem (1.3) from the interval
(0,T) into the infinite interval ¢ > 0. It is done step by step: first the solution is defined for
€ (T,2T), then for t € (27,3T) and so forth. We have proved that the solution satisfies
(3.54) in Q7. By the trace theorem for the Sobolev spaces, it also satisfies the inequalities
([l Dy oy + 107 6D gy + IrCG DI, )
< YE(ePu® eP'0F ) < c||uoll?

+ HH(—)’—HI%VQFH(QS-)

).

ol e, )+ 112 0,

By passing to the Eulerian coordinates, we obtain
Hv("T)H?/Vé-‘rl(UQi + H,ﬂJrHWl-H Q-‘r) + ||T("T)||?/V21+2(SRO) < 6167257162' (52)
We define (uM,00) for t € (T,2T) as a solution of the problem (1.3) in the domain Qg
with the initial data u(V)(2,T) = v(2,T), z € Qr, 07V (2,T) = 97 (2,T), z € Q. Since
€ W2l+5/ 2 , this problem has a unique solution, if € is chosen sufficiently small. The

condition of the type (2.20), i.e.,

sup (|00 ()l iy + sup [UDC)llyreege) < e sup (1070 (1) [y g
te(T,2T) W (@) te(T,2T) We " (07) te(T,2T) W ()
+ \/THu(l)HWQl-&-Q,O(UQ%)) <ok,

is established as above in Theorem 2, i.e., by iterations. The function r(n,t), t € (T,2T') can
be defined as above in section 2 (see (2.38)), hence

He Bt=T),,(1) || o 1+l/2(UQi +H€ Bt-T) 9~ 1)H2 L + Heﬁ(t T)p—(1) H2

(UQE SQE )
+ ||6ﬁ(t7T THW2’+5/2’°(3T2T)+H6 B(t—T) Dtr”wﬁ’/?vo(smT +|e B(t— T)‘9+(1)|22(;J;lTl/2)
+ |65(t—T)Dt‘9+(1)|2Q(;gil/2)) < 06_25T((H’U("T)H?/VZ%H(UQ;) + ||T("T)||W§+2(SRO)
+[19FC, )HWl+1 af) ) + He A= T)fH2 WH2(Qrs ))
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where Q% o = Q% x (T,2T), Srar = Sgry x (T,2T). Multiplying this inequality by e?*T and
taking (5.1) into account we obtain

12 1))12 112(1+1,1/2)
ePta )HW;H»HZ/?(UQ; + |leftve—())| WA Gar) + |ePigH( )|Q¥,2T
2 1)(2(141,1/2)
+ Heﬁtr”Wé%/Q,o(sT,zT) + Heﬁt,DtrHW21+3/2,0(ST’2T) + IeBtDt6+( )lQ;QT (5.3)

)+ 6ol

< C(H’UOHI%VQI-H(UQO W2Z+I(UQ§) + HTOHI%VQI-F?(SRO) + ”eﬁtfo/VéJ/?

(Qo,2T) ) '

Now we go back to the Eulerian coordinates

¢
r=z +/ ul (z,7)dr = X&l)(z,t) €Oy, te(T,27),
T

and obtain the extension
v(z,t) = uD (X)), 0),0), Iz, t) = OD)(x7H L),

of the solution of (1.3) into the interval (T),2T"). Applying Theorems 3 and 5 for ¢ € (0,27
we obtain
Y2 (ePlut, eP10F, ePlr) < cF2p

We continue by defining (u(®),0?)) for ¢t € (2T,3T) as a solution of the problem (1.3)
in the domain Qop with the initial data u(®(z,2T) = v(z,27T), z € Qor, 673 (2,2T) =
97 (2,2T), z € Q;T. This solution expressed in the Eulerian coordinates yields the extension
of (v(z,t),¥(x,t)) into the interval ¢ € (27, 3T).

We go on further in the same way, and we notice that on the k — th step the inequality
(5.2) takes the form

28kT 2

lo(-, kT)II; < cpe T

+ (12
W2l+1(UQ§T) + H,ﬂ H

witiapy) I AT

2
)||W21+2(SRO)

hence after a final amount of steps we shall have ¢;e*?*T < 1, and € need not be changed any

more. The condition (2.10) for ¢ < kT follows from the inequality
Yir(ePtut eP0F ePlr) < cF2p < el

Finally we notice that the displacement of the barycenter of QZT with respect to the origin
(the barycenter of Q) equals |h(kT)| = 47TR3 | f fﬂar v(y,t)dS| < Y < ce < 1, 50 Q7
has no points of a contact with X.

We summarize the results of the present paper.

Theorem 7. Assume that the data of Problem (1.3) possess finite norm F (3.54) in an in-
finite time interval (0, 00), moreover, compatibility and smallness conditions of Theorem 2 are
satisfied, as well as additional assumptions of Theorem 6: p € C3F!(min p(y,t), max p(y,t))
and f € W3 ((0,T); W(Q)) with aq € ((1/2,1). Then Problem (1.3) is uniquely solvable
in the infinite time interval (0,00) in the class of functions with finite norm Y, the solution
satisfies inequality (3.54) with T = oo and T € I/V2l+5/2 for positive values of t. Ast — oo,
the functions w, 0%, r tend to zero and Q, tends to the sphere of the radius Ry centered at the
point h(oo) = lims—ch(t) close to the origin-the barycenter of € .
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These results extend to the case of several incompressible fluids contained in non-intersecting
domains Q 4, as in [3,5], and to the case where compressible fluid is surrounded with incom-
pressible one, as in |2,6,7]. Analysis of the problem in sz 1 as in [3,5], is also possible.

In conclusion, we consider briefly the case where the compressible fluid occupies the domain
Q; and the incompressible one fills Q;". Problem (1.1) takes the form

(PP Dt + (vF - V)ot) = V- TH(wT) + Vp* =" f,
V-vT=0in Q;r,

p (D + (@ - V) )=V -T (v )+ Vp(p") =p f,

_ - _ o (5.4)
Dip” +V-(p v )=0, pli=o=p; in Q,
vi]tzo = ’U(:)t in Qéc, v |y =0, [v]lr, =0,
(—=p(p™) +p")n +[T(u)n] = —oHn on T,
where
Tt (v") = p™S(v™), T (v )=p S )+u IV -v".
For the sake of convenience, we assume that [u]lr, = u~ — u™. By setting 9= = p~ — p,,

20

It =pT —p(p;,,) — 7 We convert (5.4) into

p Dt + (vt V)ut) = V- TH(wh) + Vot =ptf,

V.ot =0in Qf,

(i + 97 ) (D™ + (0 - V)o7) = V- (07) + Vol +9°)

= (pp, +U7)F, (5.5)
DWW~ + V- ((ph+97)v7 ) =0, 9 |10 =1, in Q,

vF | = 'va—L in Qac, v g =0, [v]|r, =0,

| (9o +97) + Do) + 9 + [T(w)n] = —o(H + R%)n on T,

The corresponding linear problem has the form
(P Div™ —p V20~ — (0 +p )V(V v ) +p VO = f7,

D0~ +p,V-v =h" in Qf,

p Dt — Vit Vot = Voot =4t in QF,

Vo =vo in QF Uy, 0 |1=o =10, in Q, (5.6)
[ollr, =0, [ oS(v)no]r, = b,

t
—p10” + 07 + [ng - T(v)ng] + ong - / A(0)v(y,7)dr|r, = b+ 0’/ Bdr.
0 T'o
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The local problem (analog of (2.1)) is

ptDut — V- THut) + VOr =1 (u®,07) +pt 7,

V-ut =I5 (u') inQf, t>0,

prDiu” =V -T (uw ) +p VO =17 (w™,07) + (p,, +67)f,

D~ +p,V-u" =l (u,07) in Qp, t>0,

whlimo =uy in Qf, 0|0 =105 =p5 — P, (5.7)
[ullry =0, [ HoS(u)no]|ry = I3(w)[r,

—p10” + 01+ [ng- ']I'(u)nOHFO —ong - /0 A0)u(y, 7) dT!FO

~ y(w) —/0 (Is(w) +z6(u))d7+a(H0+Rio), wtly = 0,

where

I (u,0) =Vy ThH(u™) =V -TH(u") + (V- V)07,

I (u,0) =V, -Ty(u )=V -T (u)

+p1(V -V ) T = Vu(p(pm +07) = plpy,) —107) — 60~ Dyu”,

15 (u) = Vo) ut =V L"), L") =0-LYHut=@O-L)u",
l;(u,&)— m(V—Vu)~u_—«9_Vu-u_,

I3(u) = [uFTo(ITS(u)ng — HSu(U)n)HFO,

la(u) = [no - T(w)ng — n - Tu(u)n] — (p(py, +07) = plpm) = p107)|p,

I5(u) = oDy (nA(t)) - /0 w(§,7)dT +o(n - A(t) —ng - A0))u,

lo(w) = o(RA() + nA(H) -y

(5.8)

) n - Dtn7 A(t) = DtA(t)7

0

The local solution is constructed as above. A final estimate is (2.8), but with the places of
0T and 0~ interchanged.

We pass to the definition of r. As above, we introduce the sphere with the center at the
origin and with the radius Ry such that |, | = 47TR° . We assume that the barycenter of €2,

is the point y = 0. Let € be given by the relatlon R(w,t) < |y] < R(w,t), w € S1, and let
Bt =Q\ B~ be defined by Ry < |yl < R(w t). The condition that the barycenters of these
two domains coincide is

R R4 R4 R4
/ wi(— — —)dSw = / wi(— — =9)dS,, i=1,2,3,
Sl 4 Sl

4 4 4
ie.,

/ w;R*dS,, = / w;Ry dS, = 0.
51 Sl

This is exactly the second equation in the relations (2.35). Also the first equation fSI(RTS -
RO)dS = 0 holds, in view of [, | = 47FRO
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This shows that it is possible to use the same representation of I'; as above (see (2.30),
(2.31)), i.e., as if 2, was filled with the incompressible fluid, and carry out all the estimates of
the solution (inequality (2.39), Theorems 2,3,4,5 etc.) exactly as above; details are omitted.
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