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ÀÍÍÎÒÀÖÈß

Â îãðàíè÷åííîé îáëàñòè O ⊂ R3 êëàññà C1,1 ðàññìàòðèâàåòñÿ ñòà-
öèîíàðíàÿ ñèñòåìà Ìàêñâåëëà ïðè óñëîâèÿõ èäåàëüíîé ïðîâîäèìîñòè
íà ãðàíèöå. Ïðåäïîëàãàåòñÿ, ÷òî äèýëåêòðè÷åñêàÿ è ìàãíèòíàÿ ïðîíè-
öàåìîñòè èìåþò âèä η(x/ε) è µ(x/ε), ãäå η(x) è µ(x) � ñèììåòðè÷íûå
(3 × 3)-ìàòðèöû-ôóíêöèè, ïåðèîäè÷åñêèå îòíîñèòåëüíî íåêîòîðîé ðå-
øåòêè, îãðàíè÷åííûå è ïîëîæèòåëüíî îïðåäåëåííûå. Çäåñü ε > 0 � ìà-
ëûé ïàðàìåòð. Èçâåñòíî, ÷òî ïðè ε → 0 ðåøåíèÿ ñèñòåìû Ìàêñâåëëà
� ýëåêòðè÷åñêàÿ íàïðÿæåííîñòü uε, ýëåêòðè÷åñêàÿ èíäóêöèÿ wε, ìàã-
íèòíàÿ íàïðÿæåííîñòü vε è ìàãíèòíàÿ èíäóêöèÿ zε ñëàáî ñõîäÿòñÿ â
L2(O) ê ñîîòâåòñòâóþùèì óñðåäíåííûì ïîëÿì u0, w0, v0, z0 (ðåøåíè-
ÿì óñðåäíåííîé ñèñòåìû Ìàêñâåëëà ñ ýôôåêòèâíûìè êîýôôèöèåíòàìè).
Ìû óñèëèâàåì êëàññè÷åñêèå ðåçóëüòàòû è íàõîäèì àïïðîêñèìàöèè äëÿ
ïîëåé uε, wε, vε è zε ïî íîðìå â L2(O). Ïîãðåøíîñòè îöåíèâàþòñÿ ÷åðåç
C
√
ε(‖q‖L2 +‖r‖L2), ãäå ñîëåíîèäàëüíûå âåêòîð-ôóíêöèè q è r � ïðàâûå

÷àñòè óðàâíåíèé ñèñòåìû Ìàêñâåëëà.

Êëþ÷åâûå ñëîâà: ïåðèîäè÷åñêèå äèôôåðåíöèàëüíûå îïåðàòîðû,
óñðåäíåíèå, îïåðàòîðíûå îöåíêè ïîãðåøíîñòè, ñòàöèîíàðíàÿ ñèñòåìà
Ìàêñâåëëà.

Èññëåäîâàíèå âûïîëíåíî ïðè ïîääåðæêå ÐÍÔ (ïðîåêò 17-11-01069).
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Ââåäåíèå

Ðàáîòà îòíîñèòñÿ ê òåîðèè óñðåäíåíèÿ (ãîìîãåíèçàöèè) ïåðèîäè÷å-
ñêèõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ. Ëèòåðàòóðà ïî òåîðèè óñðåäíåíèÿ
îáøèðíà; ìû îãðàíè÷èìñÿ óïîìèíàíèåì ìîíîãðàôèé [BeLPap, BaPa, Sa,
ZhKO].

0.1. Îïåðàòîðíûå îöåíêè ïîãðåøíîñòè. Ïóñòü Γ ⊂ Rd � ðåøåòêà.
Äëÿ Γ-ïåðèîäè÷åñêèõ ôóíêöèé â Rd èñïîëüçóåì îáîçíà÷åíèå

f ε(x) := f(x/ε), ε > 0.

Â ñåðèè ñòàòåé [BSu1, BSu2, BSu3] Áèðìàíà è Ñóñëèíîé áûë ïðåäëî-
æåí è ðàçâèò òåîðåòèêî-îïåðàòîðíûé ïîäõîä ê òåîðèè óñðåäíåíèÿ. Èçó-
÷àëñÿ øèðîêèé êëàññ ìàòðè÷íûõ ñèëüíî ýëëèïòè÷åñêèõ îïåðàòîðîâ Aε
âòîðîãî ïîðÿäêà, äåéñòâóþùèõ â L2(Rd;Cn) è äîïóñêàþùèõ ôàêòîðèçà-
öèþ âèäà

Aε = b(D)∗gε(x)b(D). (0.1)

Çäåñü ìàòðèöà-ôóíêöèÿ g(x) îãðàíè÷åíà, ïîëîæèòåëüíî îïðåäåëåíà è
ïåðèîäè÷íà îòíîñèòåëüíî ðåøåòêè Γ, à b(D) � ìàòðè÷íûé îïåðàòîð

ïåðâîãî ïîðÿäêà âèäà b(D) =
∑d

j=1 bjDj , ïðè÷åì åãî ñèìâîë èìååò

ìàêñèìàëüíûé ðàíã. Ïðîñòåéøèé ïðèìåð îïåðàòîðà (0.1) � ýòî ñêà-
ëÿðíûé ýëëèïòè÷åñêèé îïåðàòîð Aε = −div gε(x)∇ = D∗gε(x)D (îïå-
ðàòîð àêóñòèêè). Îïåðàòîð óïðóãîñòè òàêæå äîïóñêàåò çàïèñü â âèäå
(0.1). Â ýëåêòðîäèíàìèêå âîçíèêàåò âñïîìîãàòåëüíûé îïåðàòîð Aε =
rot aε(x)rot −∇νε(x)div , êîòîðûé ìîæíî çàïèñàòü â ôîðìå (0.1).
Â [BSu1] áûëî ïîêàçàíî, ÷òî ïðè ε→ 0 ðåçîëüâåíòà (Aε+I)−1 ñõîäèòñÿ

ïî îïåðàòîðíîé íîðìå â L2(Rd;Cn) ê ðåçîëüâåíòå ýôôåêòèâíîãî îïåðà-
òîðà A0 = b(D)∗g0b(D). Çäåñü g0 � ïîñòîÿííàÿ ïîëîæèòåëüíàÿ ìàòðèöà,
íàçûâàåìàÿ ýôôåêòèâíîé ìàòðèöåé. Ñïðàâåäëèâà îöåíêà ïîãðåøíîñòè

‖(Aε + I)−1 − (A0 + I)−1‖L2(Rd)→L2(Rd) 6 Cε. (0.2)

Â [BSu3] áûëà íàéäåíà àïïðîêñèìàöèÿ ðåçîëüâåíòû (Aε + I)−1 ïî íîð-
ìå îïåðàòîðîâ, äåéñòâóþùèõ èç L2(Rd;Cn) â ïðîñòðàíñòâî Ñîáîëåâà
H1(Rd;Cn):

‖(Aε + I)−1 − (A0 + I)−1 − εK(ε)‖L2(Rd)→H1(Rd) 6 Cε. (0.3)

Çäåñü K(ε) � òàê íàçûâàåìûé êîððåêòîð. Îí ñîäåðæèò áûñòðî îñöèë-
ëèðóþùèé ìíîæèòåëü; ïðè ýòîì ‖K(ε)‖L2→H1 = O(ε−1).
Îöåíêè (0.2), (0.3) òî÷íû ïî ïîðÿäêó. Ðåçóëüòàòû òàêîãî òèïà ïîëó-

÷èëè íàçâàíèå îïåðàòîðíûõ îöåíîê ïîãðåøíîñòè â òåîðèè óñðåäíåíèÿ.
Äðóãîé ïîäõîä ê îïåðàòîðíûì îöåíêàì ïîãðåøíîñòè � ìîäèôèöèðî-
âàííûé ìåòîä ïåðâîãî ïðèáëèæåíèÿ èëè ìåòîä ñäâèãà � áûë ïðåäëîæåí
Æèêîâûì. Â ðàáîòàõ [Zh, ZhPas1] ýòèì ìåòîäîì îöåíêè (0.2), (0.3) áûëè
óñòàíîâëåíû äëÿ îïåðàòîðîâ àêóñòèêè è óïðóãîñòè. Äàëüíåéøèå ðåçóëü-
òàòû îáñóæäàþòñÿ â íåäàâíåì îáçîðå [ZhPas2].
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Îïåðàòîðíûå îöåíêè ïîãðåøíîñòè èçó÷àëèñü òàêæå è äëÿ êðàåâûõ
çàäà÷ â îãðàíè÷åííîé îáëàñòè O ⊂ Rd ñ äîñòàòî÷íî ãëàäêîé ãðàíèöåé;
ñì. [ZhPas1, ZhPas2, Gr1, Gr2, KeLiS, PSu, Su3, Su4, Su5]. Ïóñòü AD,ε
è AN,ε � îïåðàòîðû â L2(O;Cn), çàäàííûå âûðàæåíèåì b(D)∗gε(x)b(D)
ïðè óñëîâèè Äèðèõëå ëèáî Íåéìàíà íà ãðàíèöå. Ïóñòü A0

D è A0
N � ñî-

îòâåòñòâóþùèå ýôôåêòèâíûå îïåðàòîðû. Ñïðàâåäëèâû îöåíêè

‖(A[,ε + I)−1 − (A0
[ + I)−1‖L2(O)→L2(O) 6 Cε, (0.4)

‖(A[,ε + I)−1 − (A0
[ + I)−1 − εK[(ε)‖L2(O)→H1(O) 6 Cε

1/2. (0.5)

Çäåñü [ = D,N , à K[(ε) � ñîîòâåòñòâóþùèé êîððåêòîð. Îöåíêà (0.4)
èìååò òî÷íûé ïîðÿäîê O(ε) (òàêîé æå, êàê äëÿ çàäà÷è â Rd). Ïîðÿäîê
îöåíêè (0.5) õóæå ïî ñðàâíåíèþ ñ (0.3); ýòî îáúÿñíÿåòñÿ âëèÿíèåì ãðà-
íèöû îáëàñòè.
Â [ZhPas1] ñ ïîìîùüþ ìåòîäà ñäâèãà äëÿ îïåðàòîðîâ àêóñòèêè è óïðó-

ãîñòè áûëà ïîëó÷åíà îöåíêà (0.5) è àíàëîã îöåíêè (0.4), íî ñ ïîãðåø-
íîñòüþ O(

√
ε). Àíàëîãè÷íûå ðåçóëüòàòû íåçàâèñèìî áûëè óñòàíîâëåíû

Ãðèçî [Gr1, Gr2] äëÿ îïåðàòîðà àêóñòèêè ñ ïîìîùüþ ìåòîäà àíôîëäèí-
ãà. Îöåíêà òî÷íîãî ïîðÿäêà (0.4) âïåðâûå áûëà ïîëó÷åíà â [Gr2]. Ñëó÷àé
ìàòðè÷íûõ ýëëèïòè÷åñêèõ îïåðàòîðîâ èçó÷àëñÿ â [KeLiS] (ãäå ðàññìàò-
ðèâàëèñü ðàâíîìåðíî ýëëèïòè÷åñêèå îïåðàòîðû ïðè íåêîòîðûõ óñëîâè-
ÿõ ðåãóëÿðíîñòè êîýôôèöèåíòîâ) è â ðàáîòàõ [PSu, Su3, Su4, Su5] (ãäå
áûëè ïîëó÷åíû îöåíêè (0.4), (0.5) äëÿ îïèñàííîãî âûøå êëàññà ñèëüíî
ýëëèïòè÷åñêèõ îïåðàòîðîâ).

0.2. Óñðåäíåíèå ñèñòåìû Ìàêñâåëëà â R3. Îáñóäèì òåïåðü çàäà÷ó
îá óñðåäíåíèè ñòàöèîíàðíîé ñèñòåìû Ìàêñâåëëà â R3.
Ïðåäïîëîæèì, ÷òî äèýëåêòðè÷åñêàÿ è ìàãíèòíàÿ ïðîíèöàåìîñòè çà-

äàíû ìàòðèöàìè-ôóíêöèÿìè ηε(x) è µε(x), ãäå η(x) è µ(x) îãðàíè÷åíû,
ïîëîæèòåëüíî îïðåäåëåíû è ïåðèîäè÷íû îòíîñèòåëüíî ðåøåòêè Γ. ×å-
ðåç J(R3) îáîçíà÷èì ïîäïðîñòðàíñòâî âåêòîð-ôóíêöèé f ∈ L2(R3;C3),
äëÿ êîòîðûõ div f = 0 (â ñìûñëå ðàñïðåäåëåíèé). ×åðåç uε, vε îáîçíà-
÷èì íàïðÿæåííîñòè ýëåêòðè÷åñêîãî è ìàãíèòíîãî ïîëåé; wε = ηεuε,
zε = µεvε � âåêòîðû ýëåêòðè÷åñêîé è ìàãíèòíîé èíäóêöèé. Îïåðà-
òîð Ìàêñâåëëà Mε ìû çàïèñûâàåì â òåðìèíàõ èíäóêöèé, ñ÷èòàÿ ïîëÿ
wε, zε ñîëåíîèäàëüíûìè. Òîãäà îïåðàòîð Mε äåéñòâóåò â ïðîñòðàíñòâå
J(R3)⊕ J(R3) è çàäàåòñÿ âûðàæåíèåì

Mε =

(
0 irot (µε)−1

−irot (ηε)−1 0

)
íà åñòåñòâåííîé îáëàñòè îïðåäåëåíèÿ. ÎïåðàòîðMε ñàìîñîïðÿæåí, åñëè
ðàññìàòðèâàòü J(R3)⊕ J(R3) êàê ïîäïðîñòðàíñòâî â âåñîâîì ïðîñòðàí-
ñòâå L2(R3;C3; (ηε)−1) ⊕ L2(R3;C3; (µε)−1). Òî÷êà λ = i ÿâëÿåòñÿ ðåãó-
ëÿðíîé òî÷êîé äëÿ îïåðàòîðà Mε.
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Îáñóäèì çàäà÷ó î ïîâåäåíèè ðåçîëüâåíòû (Mε − iI)−1 ïðè ìàëîì ε.
Èíà÷å ãîâîðÿ, íàñ èíòåðåñóåò ïîâåäåíèå ðåøåíèé (wε, zε) ñèñòåìû Ìàêñ-
âåëëà

(Mε − iI)

(
wε

zε

)
=

(
q
r

)
, q, r ∈ J(R3;C3), (0.6)

à òàêæå ïîâåäåíèå ïîëåé uε = (ηε)−1wε è vε = (µε)−1zε.
Óñðåäíåííûé îïåðàòîð Ìàêñâåëëà M0 èìååò êîýôôèöèåíòû η0, µ0;

õîðîøî èçâåñòíî, ÷òî ýôôåêòèâíûå ìàòðèöû η0 è µ0 � òàêèå æå, êàê
äëÿ ñêàëÿðíûõ ýëëèïòè÷åñêèõ îïåðàòîðîâ −div ηε∇ è −divµε∇. Ïóñòü
(w0, z0) � ðåøåíèå óñðåäíåííîé ñèñòåìû Ìàêñâåëëà

(M0 − iI)

(
w0

z0

)
=

(
q
r

)
,

è u0 = (η0)−1w0, v0 = (µ0)−1z0. Èç êëàññè÷åñêèõ ðåçóëüòàòîâ (ñì., íà-
ïðèìåð, [BeLPap, Sa, ZhKO]) èçâåñòíî, ÷òî ïðè ε → 0 âåêòîð-ôóíêöèè
uε,wε,vε, zε ñëàáî ñõîäÿòñÿ â L2(R3;C3) ê ñîîòâåòñòâóþùèì óñðåäíåí-
íûì ïîëÿì u0,w0,v0, z0.
Îïåðàòîðíûå îöåíêè ïîãðåøíîñòè äëÿ ñèñòåìû Ìàêñâåëëà (0.6) èçó-

÷àëèñü â ðàáîòàõ [BSu1, ãëàâà 7], [BSu2, �14], [BSu3, �22], [Su1, BSu4] è
[Su2]. Â [BSu1, BSu2, BSu3] ðàññìàòðèâàëñÿ ñëó÷àé µ = 1 è áûëè ïîëó÷å-
íû àïïðîêñèìàöèè íå äëÿ âñåõ ôèçè÷åñêèõ ïîëåé; â [Su1] ðàññìàòðèâàë-
ñÿ îáùèé ñëó÷àé, íî àïïðîêñèìàöèè áûëè íàéäåíû íå äëÿ âñåõ ïîëåé;
â [BSu4] çàäà÷à áûëà ïîëíîñòüþ ðåøåíà â ñëó÷àå ïîñòîÿííîé ìàãíèò-
íîé ïðîíèöàåìîñòè; íàêîíåö, â [Su2] çàäà÷à áûëà ïîëíîñòüþ ðåøåíà â
îáùåì ñëó÷àå. Ìåòîä ñîñòîÿë â ðåäóêöèè ê çàäà÷å óñðåäíåíèÿ äëÿ âñïî-
ìîãàòåëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà. Ðåøåíèå ñèñòåìû (0.6) ìîæíî

çàïèñàòü â âèäå wε = w
(q)
ε +w

(r)
ε , zε = z

(q)
ε +z

(r)
ε , ãäå (w

(q)
ε , z

(q)
ε ) � ðåøå-

íèå ñèñòåìû ïðè r = 0, à (w
(r)
ε , z

(r)
ε ) � ðåøåíèå ñèñòåìû ïðè q = 0. Ðàñ-

ñìîòðèì äëÿ ïðèìåðà (w
(r)
ε , z

(r)
ε ). Ïåðâîå óðàâíåíèå w

(r)
ε = rot (µε)−1z

(r)
ε

ïîäñòàâèì âî âòîðîå è ïðèäåì ê ñëåäóþùåé çàäà÷å äëÿ ïîëÿ z
(r)
ε :

rot (ηε)−1rot (µε)−1z(r)
ε + z(r)

ε = ir, div z(r)
ε = 0.

Ïîñëå çàìåíû f
(r)
ε = (µε)−1/2z

(r)
ε è ñíÿòèÿ óñëîâèÿ ñîëåíîèäàëüíîñòè, ïî-

ëó÷àåì, ÷òî f
(r)
ε ÿâëÿåòñÿ ðåøåíèåì ýëëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî

ïîðÿäêà

Lεf
(r)
ε + f (r)

ε = i(µε)−1/2r, (0.7)

ãäå

Lε = (µε)−1/2rot (ηε)−1rot (µε)−1/2 − (µε)1/2∇div (µε)1/2. (0.8)

Ïðè ýòîì ïîëå w
(r)
ε âûðàæàåòñÿ ÷åðåç ïðîèçâîäíûå ðåøåíèÿ:

w(r)
ε = rot (µε)−1/2f (r)

ε .

Â ñëó÷àå ïîñòîÿííîãî µ îïåðàòîð (0.8) îòíîñèòñÿ ê êëàññó îïåðàòî-
ðîâ (0.1), ÷òî ïîçâîëÿåò ïðèìåíèòü ê óðàâíåíèþ (0.7) îáùèå ðåçóëüòàòû
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ðàáîò [BSu1, BSu2, BSu3]. Â ñëó÷àå ïåðåìåííîãî µ ýòî óæå íå òàê, îäíà-
êî óäàåòñÿ âîñïîëüçîâàòüñÿ ðåçóëüòàòàìè àáñòðàêòíîé ñõåìû èç [BSu1,
BSu2, BSu3] äëÿ èçó÷åíèÿ îïåðàòîðà (0.8); ýòî áûëî ïðîäåëàíî â [Su1,
Su2]. Èòîãîì ýòèõ ðàññìîòðåíèé ÿâèëàñü àïïðîêñèìàöèÿ ðåçîëüâåíòû
(Mε − iI)−1. Â îòëè÷èå îò ðåçîëüâåíòû îïåðàòîðà (0.1) â îáùåì ñëó÷àå
ýòà ðåçîëüâåíòà íå èìååò ïðåäåëà ïî îïåðàòîðíîé íîðìå, íî äëÿ íåå ìîæ-
íî óêàçàòü àïïðîêñèìàöèþ ÷åðåç ñóììó ðåçîëüâåíòû (M0−iI)−1 è íåêî-
òîðîãî êîððåêòîðà íóëåâîãî ïîðÿäêà (ñëàáî ñõîäÿùåãîñÿ ê íóëþ); îöåíêà
ïîãðåøíîñòè èìååò òî÷íûé ïîðÿäîê O(ε). Â òåðìèíàõ ðåøåíèé ýòî âëå-
÷åò àïïðîêñèìàöèè äëÿ âñåõ ôèçè÷åñêèõ ïîëåé ïî íîðìå â L2(R3;C3) ñ
îöåíêàìè ïîãðåøíîñòåé ïîðÿäêà O(ε). Ê ïðèìåðó, âûïèøåì ðåçóëüòàò
äëÿ uε:

‖uε − u0 − u(1)
ε ‖L2(R3) 6 Cε(‖q‖L2(R3) + ‖r‖L2(R3)).

Çäåñü ïîïðàâêà u
(1)
ε èíòåðïðåòèðóåòñÿ êàê êîððåêòîð íóëåâîãî ïîðÿäêà;

îíà âûðàæàåòñÿ ÷åðåç u0, ðåøåíèå íåêîòîðîé �ïîïðàâî÷íîé� ñèñòåìû
Ìàêñâåëëà è íåêîòîðûé áûñòðî îñöèëëèðóþùèé ìíîæèòåëü. Ïðè ýòîì

ñëàáûé ïðåäåë ïîïðàâêè u
(1)
ε ðàâåí íóëþ.

0.3. Ïîñòàíîâêà çàäà÷è. Îñíîâíûå ðåçóëüòàòû. Â íàñòîÿùåé ðàáî-
òå èçó÷àåòñÿ óñðåäíåíèå ñòàöèîíàðíîé ñèñòåìû Ìàêñâåëëà â îãðàíè÷åí-
íîé îáëàñòè O ⊂ R3 ñ ãðàíèöåé êëàññà C1,1. Ìû îïèðàåìñÿ íà îáùóþ
òåîðèþ îïåðàòîðà Ìàêñâåëëà â ïðîèçâîëüíûõ îáëàñòÿõ, ðàçâèòóþ â ðà-
áîòàõ [BS1, BS2] Áèðìàíà è Ñîëîìÿêà.
Ïî-ïðåæíåìó ñ÷èòàåì, ÷òî äèýëåêòðè÷åñêàÿ è ìàãíèòíàÿ ïðîíèöàå-

ìîñòè çàäàíû áûñòðî îñöèëëèðóþùèìè ìàòðèöàìè ηε(x) è µε(x). Íà
ãðàíèöå îáëàñòè ñòàâÿòñÿ óñëîâèÿ èäåàëüíîé ïðîâîäèìîñòè. Äëÿ ôè-
çè÷åñêèõ ïîëåé èñïîëüçóþòñÿ òå æå îáîçíà÷åíèÿ, ÷òî è âûøå â ï. 0.2.
Îïåðàòîð ÌàêñâåëëàMε, çàïèñàííûé â òåðìèíàõ èíäóêöèé, äåéñòâóåò
â ïðîñòðàíñòâå J(O) ⊕ J0(O), ãäå J(O) è J0(O) � ñîëåíîèäàëüíûå ïîä-
ïðîñòðàíñòâà â L2(O;C3), îïðåäåëåííûå íèæå â (1.3), (1.4). Îïåðàòîð
Mε çàäàåòñÿ âûðàæåíèåì

Mε =

(
0 irot (µε)−1

−irot (ηε)−1 0

)
íà åñòåñòâåííîé îáëàñòè îïðåäåëåíèÿ, ó÷èòûâàþùåé êðàåâûå óñëîâèÿ
(ñì. (2.1) íèæå). Îïåðàòîð Mε ñàìîñîïðÿæåí, åñëè ðàññìàòðèâàòü
J(O)⊕ J0(O) êàê ïîäïðîñòðàíñòâî â âåñîâîì ïðîñòðàíñòâå

L2(O;C3; (ηε)−1)⊕ L2(O;C3; (µε)−1).

Ìû èçó÷àåì ðåçîëüâåíòó (Mε−iI)−1. Èíûìè ñëîâàìè, íàñ èíòåðåñóåò
ïîâåäåíèå ðåøåíèé (wε, zε) ñèñòåìû Ìàêñâåëëà

(Mε − iI)

(
wε

zε

)
=

(
q
r

)
, q ∈ J(O), r ∈ J0(O), (0.9)

à òàêæå ïîâåäåíèå ïîëåé uε = (ηε)−1wε è vε = (µε)−1zε.
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ÏóñòüM0 � óñðåäíåííûé îïåðàòîð Ìàêñâåëëà ñ êîýôôèöèåíòàìè η0,
µ0. Óñðåäíåííàÿ ñèñòåìà Ìàêñâåëëà èìååò âèä

(M0 − iI)

(
w0

z0

)
=

(
q
r

)
.

Ïîëîæèì u0 = (η0)−1w0, v0 = (µ0)−1z0. Êàê è â ñëó÷àå çàäà÷è â R3,
êëàññè÷åñêèå ðåçóëüòàòû (ñì. [BeLPap, Sa, ZhKO]) äàþò ñëàáóþ ñõî-
äèìîñòü â L2(O;C3) âåêòîð-ôóíêöèé uε,wε,vε, zε ê ñîîòâåòñòâóþùèì
óñðåäíåííûì ïîëÿì u0,w0,v0, z0.
Ìû íàõîäèì àïïðîêñèìàöèè äëÿ âñåõ ÷åòûðåõ ïîëåé uε,wε,vε, zε ïî

íîðìå â L2(O;C3). Ýòè àïïðîêñèìàöèè àíàëîãè÷íû äðóã äðóãó. Íàïðè-
ìåð, äëÿ uε ðåçóëüòàò èìååò âèä

‖uε − u0 − u(1)
ε ‖L2(O) 6 Cε

1/2(‖q‖L2(O) + ‖r‖L2(O)). (0.10)

Ïîïðàâêó u
(1)
ε ìîæíî èíòåðïðåòèðîâàòü êàê êîððåêòîð íóëåâîãî ïîðÿä-

êà; îíà âûðàæàåòñÿ ÷åðåç u0, ðåøåíèå íåêîòîðîé �ïîïðàâî÷íîé� ñèñòåìû
Ìàêñâåëëà è íåêîòîðûé áûñòðî îñöèëëèðóþùèé ìíîæèòåëü. Ïðè ýòîì

ñëàáûé ïðåäåë ïîïðàâêè u
(1)
ε ðàâåí íóëþ. Óõóäøåíèå ïîðÿäêà îöåíêè

(0.10) ïî ñðàâíåíèþ ñî ñëó÷àåì çàäà÷è â R3 îáúÿñíÿåòñÿ âëèÿíèåì ãðà-
íèöû îáëàñòè.
Â ñëó÷àå, êîãäà ìàãíèòíàÿ ïðîíèöàåìîñòü çàäàíà ïîñòîÿííîé ìàò-

ðèöåé µ0 è q = 0 â ïðàâîé ÷àñòè (0.9), ðåçóëüòàò äîïóñêàåò óñèëå-
íèå. Ýòîò ñëó÷àé áûë èññëåäîâàí îòäåëüíî â ðàáîòå [Su6]. Îêàçàëîñü,
÷òî ïðè òàêèõ ïðåäïîëîæåíèÿõ ïîëÿ vε è zε ñõîäÿòñÿ ê v0 è z0 ñî-
îòâåòñòâåííî ïî íîðìå â L2(O;C3), à ïîãðåøíîñòü îöåíèâàåòñÿ ÷åðåç
Cε‖r‖L2(O). Äëÿ ïîëåé uε è wε áûëè íàéäåíû àïïðîêñèìàöèè ñ ïîãðåø-

íîñòüþ Cε1/2‖r‖L2(O).

0.4. Ìåòîä. Êàê è äëÿ çàäà÷è â R3, ìåòîä èññëåäîâàíèÿ îñíîâàí íà
ðåäóêöèè ê èçó÷åíèþ íåêîòîðûõ êðàåâûõ çàäà÷ äëÿ óðàâíåíèé âòîðîãî
ïîðÿäêà. Â ñëó÷àå q = 0 âîçíèêàåò çàäà÷à{

rot (ηε)−1rot (µε)−1z
(r)
ε + z

(r)
ε = ir, div z

(r)
ε = 0,

(z
(r)
ε )n|∂O = 0, ((ηε)−1rot (µε)−1z

(r)
ε )τ |∂O = 0.

(0.11)

Â ñëó÷àå r = 0 äåëî ñâîäèòñÿ ê çàäà÷å{
rot (µε)−1rot (ηε)−1w

(q)
ε + w

(q)
ε = iq, div w

(q)
ε = 0,

((ηε)−1w
(q)
ε )τ |∂O = 0, (rot (ηε)−1w

(q)
ε )n|∂O = 0.

(0.12)

Çàäà÷è (0.11) è (0.12) ïîõîæè äðóã íà äðóãà, íî îòëè÷àþòñÿ òèïîì êðà-
åâûõ óñëîâèé. Ýòè çàäà÷è èññëåäóþòñÿ ïî îòäåëüíîñòè.
Îáñóäèì äëÿ ïðèìåðà çàäà÷ó (0.11). Ìû îïèðàåìñÿ íà ðåçóëüòàòû äëÿ

çàäà÷è â R3 è èùåì ïðèáëèæåíèå ðåøåíèÿ z
(r)
ε â âèäå ñóììû òðåõ ÷ëå-

íîâ: ýôôåêòèâíîãî ïîëÿ z
(r)
0 , êîððåêòîðà (ïîõîæåãî íà êîððåêòîð â R3)

è ïîïðàâêè òèïà ïîãðàíè÷íîãî ñëîÿ. Ýòà ïîïðàâêà ÿâëÿåòñÿ ðåøåíèåì
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íåêîòîðîé êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ ñ áûñòðî îñöèëëèðóþùèìè êî-
ýôôèöèåíòàìè. Âûÿñíÿåòñÿ, ÷òî ïîãðåøíîñòü òàêîãî òðåõ÷ëåííîãî ïðè-
áëèæåíèÿ â ýíåðãåòè÷åñêîé íîðìå èìååò òî÷íûé ïîðÿäîê O(ε). Îäíà-
êî, ïîïðàâêó òèïà ïîãðàíè÷íîãî ñëîÿ òðóäíî êîíòðîëèðîâàòü. Îñíîâíàÿ
òåõíè÷åñêàÿ ðàáîòà ñâÿçàíà ñ îöåíèâàíèåì ïîïðàâêè òèïà ïîãðàíè÷íî-
ãî ñëîÿ. Îêàçûâàåòñÿ, ÷òî îíà èìååò ïîðÿäîê O(

√
ε) â ýíåðãåòè÷åñêîé

íîðìå. Ýòè ðàññìîòðåíèÿ ïîçâîëÿþò ïðèáëèçèòü ðåøåíèå z
(r)
ε ñóììîé

ýôôåêòèâíîãî ïîëÿ è êîððåêòîðà ñ òî÷íîñòüþ O(
√
ε).

Àíàëîãè÷íûì îáðàçîì èçó÷àåòñÿ çàäà÷à (0.12). Ñîïîñòàâëÿÿ ðåçóëü-
òàòû äëÿ çàäà÷ (0.11) è (0.12), ìû èçâëåêàåì ðåçóëüòàòû äëÿ ñèñòåìû
Ìàêñâåëëà.

0.5. Ïëàí ñòàòüè. Ðàáîòà ñîäåðæèò ñåìü ïàðàãðàôîâ. Â �1 ñîáðàíû
ïðåäâàðèòåëüíûå ñâåäåíèÿ. Â �2 äàíà ïîñòàíîâêà çàäà÷è è ñôîðìóëè-
ðîâàíû îñíîâíûå ðåçóëüòàòû. Â �3 ïðîâåäåíà ðåäóêöèÿ çàäà÷è ê èçó÷å-
íèþ êðàåâûõ çàäà÷ (0.11), (0.12). Â �4 èññëåäóåòñÿ çàäà÷à (0.11), îòâå-
÷àþùàÿ ñëó÷àþ q = 0. Îïèñûâàåòñÿ ýôôåêòèâíàÿ çàäà÷à, îïðåäåëÿåòñÿ
ïåðâîå ïðèáëèæåíèå ê ðåøåíèþ è ââîäèòñÿ ïîïðàâêà òèïà ïîãðàíè÷íîãî
ñëîÿ. Ôîðìóëèðóåòñÿ òåîðåìà 4.6 îá îöåíêå ïîïðàâêè òèïà ïîãðàíè÷íîãî
ñëîÿ; èç ýòîé òåîðåìû âûâîäÿòñÿ îêîí÷àòåëüíûå ðåçóëüòàòû äëÿ ñèñòå-
ìû Ìàêñâåëëà â ñëó÷àå q = 0. �5 ïîñâÿùåí äîêàçàòåëüñòâó òåîðåìû 4.6.
Àíàëîãè÷íîå èññëåäîâàíèå çàäà÷è (0.12) (ñëó÷àé r = 0) ïðîâåäåíî â �6
è �7.

0.6. Îáîçíà÷åíèÿ. Ïóñòü H, H∗ � êîìïëåêñíûå ñåïàðàáåëüíûå ãèëü-
áåðòîâû ïðîñòðàíñòâà. Ñèìâîëû ( · , · )H è ‖ · ‖H îçíà÷àþò ñêàëÿðíîå
ïðîèçâåäåíèå è íîðìó â H; ñèìâîë ‖ · ‖H→H∗ îçíà÷àåò íîðìó ëèíåéíîãî
íåïðåðûâíîãî îïåðàòîðà èç H â H∗.
Ñèìâîëû 〈 · , · 〉 è | · | îçíà÷àþò ñêàëÿðíîå ïðîèçâåäåíèå è íîðìó â

Cn, 1 = 1n � åäèíè÷íàÿ (n × n)-ìàòðèöà. Åñëè a � (n × n)-ìàòðèöà, òî
ñèìâîë |a| îçíà÷àåò íîðìó ìàòðèöû a êàê ëèíåéíîãî îïåðàòîðà â Cn. Èñ-
ïîëüçóåì îáîçíà÷åíèÿ x = (x1, x2, x3) ∈ R3, iDj = ∂j = ∂/∂xj , j = 1, 2, 3,
D = −i∇ = (D1, D2, D3). Êëàññû Lp âåêòîð-ôóíêöèé â îáëàñòè O ⊂ R3

ñî çíà÷åíèÿìè â Cn îáîçíà÷àåì ÷åðåç Lp(O;Cn), 1 6 p 6∞. Êëàññû Ñî-
áîëåâà Cn-çíà÷íûõ ôóíêöèé â îáëàñòè O îáîçíà÷àþòñÿ ÷åðåç Hs(O;Cn).
×åðåç H1

0 (O;Cn) îáîçíà÷àåòñÿ çàìûêàíèå êëàññà C∞0 (O;Cn) â ïðîñòðàí-
ñòâå H1(O;Cn). Ïðè n = 1 ïèøåì ïðîñòî Lp(O), Hs(O) è ò. ä., íî èíî-
ãäà ìû ïðèìåíÿåì òàêèå óïðîùåííûå îáîçíà÷åíèÿ è äëÿ ïðîñòðàíñòâ
âåêòîð-ôóíêöèé èëè ìàòðè÷íîçíà÷íûõ ôóíêöèé. Ðàçëè÷íûå îöåíî÷íûå
ïîñòîÿííûå îáîçíà÷àþòñÿ ñèìâîëàìè c, C, C, C (âîçìîæíî, ñ èíäåêñàìè
è çíà÷êàìè).
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1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

1.1. Ðåøåòêà. Ïóñòü Γ ⊂ R3 � ðåøåòêà, ïîðîæäåííàÿ áàçèñîì
a1,a2,a3, ò. å.,

Γ =
{
a ∈ R3 : a = z1a1 + z2a2 + z3a3, zj ∈ Z

}
.

×åðåç Ω ⊂ R3 îáîçíà÷èì ýëåìåíòàðíóþ ÿ÷åéêó ðåøåòêè Γ:

Ω =
{
x ∈ R3 : x = t1a1 + t2a2 + t3a3, −1/2 < tj < 1/2

}
.

Ïóñòü b1,b2,b3 ∈ R3 � áàçèñ, äâîéñòâåííûé ê a1,a2,a3, ò. å., 〈bl,aj〉 =
2πδlj . Íèæå èñïîëüçóåì îáîçíà÷åíèÿ

2r0 = min
j=1,2,3

|bj |, 2r1 = diam Ω.

Äëÿ Γ-ïåðèîäè÷åñêèõ ôóíêöèé f(x) â R3 áóäåì ïîëüçîâàòüñÿ îáî-
çíà÷åíèåì f ε(x) := f(x/ε), ãäå ε > 0. Äëÿ êâàäðàòíûõ ïåðèîäè÷åñêèõ
ìàòðèö-ôóíêöèé f(x) îáîçíà÷àåì

f := |Ω|−1

∫
Ω

f(x) dx, f :=
(
|Ω|−1

∫
Ω

f(x)−1 dx
)−1

.

Ïðè îïðåäåëåíèè f ñ÷èòàåòñÿ, ÷òî f ∈ L1,loc(R3), à ïðè îïðåäåëåíèè f

ïðåäïîëàãàåòñÿ, ÷òî ìàòðèöà f(x) íåîñîáàÿ è f−1 ∈ L1,loc(R3).

×åðåç H̃1(Ω;Cn) îáîçíà÷àåòñÿ ïîäïðîñòðàíñòâî òåõ ôóíêöèé èç
H1(Ω;Cn), Γ-ïåðèîäè÷åñêîå ïðîäîëæåíèå êîòîðûõ íà R3 ïðèíàäëåæèò
H1

loc(R3;Cn).

1.2. Ñãëàæèâàíèå ïî Ñòåêëîâó. Íàì ïîíàäîáèòñÿ îïåðàòîð S
(n)
ε ,

ε>0, äåéñòâóþùèé â L2(R3;Cn) (ãäå n ∈ N) ïî ïðàâèëó

(S(n)
ε u)(x) = |Ω|−1

∫
Ω

u(x− εz) dz, u ∈ L2(R3;Cn), (1.1)

è íàçûâàåìûé ñãëàæèâàþùèì îïåðàòîðîì ïî Ñòåêëîâó. Ìû îïóñêà-
åì èíäåêñ n è ïèøåì ïðîñòî Sε. Î÷åâèäíî, SεD

αu = DαSεu ïðè
u ∈ Hσ(R3;Cn) è ëþáîì ìóëüòèèíäåêñå α, òàêîì ÷òî |α| 6 σ. Çàìåòèì,
÷òî

‖Sε‖L2(R3)→L2(R3) 6 1. (1.2)

Íàì ïîíàäîáÿòñÿ ñëåäóþùèå ñâîéñòâà îïåðàòîðà Sε (ñì. [ZhPas1, ëåì-
ìû 1.1 è 1.2] è [PSu, ïðåäëîæåíèÿ 3.1 è 3.2]).

Ïðåäëîæåíèå 1.1. Äëÿ ëþáîé ôóíêöèè u ∈ H1(R3;Cn) âûïîëíåíî

‖Sεu− u‖L2(R3) 6 εr1‖Du‖L2(R3),

ãäå 2r1 = diam Ω.
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Ïðåäëîæåíèå 1.2. Ïóñòü f � Γ-ïåðèîäè÷åñêàÿ ôóíêöèÿ â R3, ïðè÷åì

f ∈ L2(Ω). Ïóñòü [f ε] � îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ f ε(x). Òîãäà
îïåðàòîð [f ε]Sε íåïðåðûâåí â L2(R3) è ñïðàâåäëèâà îöåíêà

‖[f ε]Sε‖L2(R3)→L2(R3) 6 |Ω|−1/2‖f‖L2(Ω).

1.3. Ôóíêöèîíàëüíûå êëàññû. Ïóñòü O ⊂ R3 � îãðàíè÷åííàÿ îá-
ëàñòü. Åñëè ãðàíèöà ∂O è âåêòîð-ôóíêöèÿ u(x) äîñòàòî÷íî ãëàäêèå, òî
êîððåêòíî îïðåäåëåíû íîðìàëüíàÿ è êàñàòåëüíàÿ êîìïîíåíòû íà ãðà-
íèöå: un è uτ ñîîòâåòñòâåííî. Â íåãëàäêîé ñèòóàöèè ìîæíî ïîíèìàòü
ðàâåíñòâà un|∂O = 0 è uτ |∂O = 0 â îáîáùåííîì ñìûñëå. Íàïîìíèì ñëå-
äóþùèå îïðåäåëåíèÿ; ñì. [BS1, BS2].

Îïðåäåëåíèå 1.3. Ïóñòü u ∈ L2(O;C3). Åñëè div u ∈ L2(O), òî ðà-

âåíñòâî un|∂O = 0 ïî îïðåäåëåíèþ îçíà÷àåò, ÷òî

(u,∇ω)L2(O) = −(div u, ω)L2(O), ∀ω ∈ H1(O).

Îïðåäåëåíèå 1.4. Ïóñòü u ∈ L2(O;C3). Åñëè rot u ∈ L2(O;C3), òî
ðàâåíñòâî uτ |∂O = 0 ïî îïðåäåëåíèþ îçíà÷àåò, ÷òî

(u, rot z)L2(O) = (rot u, z)L2(O), ∀z ∈ L2(O;C3) : rot z ∈ L2(O;C3).

Ïóñòü s(x) � ñèììåòðè÷íàÿ (3×3)-ìàòðèöà-ôóíêöèÿ â O ñ âåùåñòâåí-
íûìè ýëåìåíòàìè, ïðè÷åì s, s−1 ∈ L∞ è s(x) > 0. Ïîìèìî îáû÷íîãî
ïðîñòðàíñòâà L2(O;C3) íàì ïîíàäîáèòñÿ âåñîâîå ïðîñòðàíñòâî âåêòîð-
ôóíêöèé L2(O; s) = L2(O;C3; s) ñî ñêàëÿðíûì ïðîèçâåäåíèåì

(f1, f2)L2(O;s) =

∫
O

〈s(x)f1(x), f2(x)〉 dx.

Ââåäåì äâà ïîäïðîñòðàíñòâà ñîëåíîèäàëüíûõ âåêòîð-ôóíêöèé â L2:

J(O) :=
{
u ∈ L2(O;C3) :

∫
O
〈u,∇ω〉 dx = 0, ∀ω ∈ H1

0 (O)
}
, (1.3)

J0(O) :=
{
u ∈ L2(O;C3) :

∫
O
〈u,∇ω〉 dx = 0, ∀ω ∈ H1(O)

}
. (1.4)

Ïîäïðîñòðàíñòâî (1.3) ñîñòîèò èç âñåõ ôóíêöèé u ∈ L2(O;C3), äëÿ êîòî-
ðûõ div u = 0 â ñìûñëå ðàñïðåäåëåíèé. Ïîäïðîñòðàíñòâî (1.4) îáðàçóþò
ôóíêöèè u ∈ L2(O;C3) òàêèå, ÷òî div u = 0 è un|∂O = 0 (â ñìûñëå
îïðåäåëåíèÿ 1.3). Ìíîæåñòâà (1.3), (1.4) ìîæíî ðàññìàòðèâàòü êàê ïîä-
ïðîñòðàíñòâà â âåñîâîì ïðîñòðàíñòâå L2(O; s).

1.4. Îöåíêè â îêðåñòíîñòè ãðàíèöû. Â ýòîì ïóíêòå ìû ôîðìóëèðó-
åì äâà âñïîìîãàòåëüíûõ óòâåðæäåíèÿ, ñïðàâåäëèâûõ äëÿ îãðàíè÷åííûõ
îáëàñòåé O ⊂ R3 ñ ëèïøèöåâîé ãðàíèöåé; ñì. [ZhPas1] èëè [PSu, �5].
Òî÷íåå, ïðåäïîëàãàåòñÿ ñëåäóþùåå.

Óñëîâèå 1.5. Ïóñòü O ⊂ R3 � îãðàíè÷åííàÿ îáëàñòü. Ïîëîæèì

(∂O)ε = {x ∈ R3 : dist{x; ∂O} < ε}. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò
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÷èñëî ε0 ∈ (0, 1] òàêîå, ÷òî ïîëîñêó (∂O)2ε0 ìîæíî ïîêðûòü êîíå÷-

íûì ÷èñëîì îêðåñòíîñòåé, äîïóñêàþùèõ äèôôåîìîðôèçìû êëàññà C0,1,

ðàñïðÿìëÿþùèå ãðàíèöó ∂O. Îáîçíà÷èì ε1 = ε0(1+r1)−1, 2r1 = diam Ω.

Óñëîâèå 1.5 ãàðàíòèðóåòñÿ ëèïøèöåâîñòüþ ãðàíèöû. ×èñëî ε0 çàâèñèò
ëèøü îò îáëàñòè O, à ε1 çàâèñèò îò îáëàñòè O è ïàðàìåòðîâ ðåøåòêè Γ.

Ëåììà 1.6. Ïóñòü âûïîëíåíî óñëîâèå 1.5. Îáîçíà÷èì B2ε = (∂O)2ε∩O.
Òîãäà èìåþò ìåñòî ñëåäóþùèå óòâåðæäåíèÿ.

1◦. Äëÿ ëþáîé ôóíêöèè u ∈ H1(O) âûïîëíåíî íåðàâåíñòâî∫
B2ε

|u(x)|2 dx 6 β0ε‖u‖H1(O)‖u‖L2(O), 0 < ε 6 ε0.

2◦. Äëÿ ëþáîé ôóíêöèè u ∈ H1(R3) âûïîëíåíî íåðàâåíñòâî∫
(∂O)2ε

|u(x)|2 dx 6 β0ε‖u‖H1(R3)‖u‖L2(R3), 0 < ε 6 ε0.

Ïîñòîÿííàÿ β0 çàâèñèò òîëüêî îò îáëàñòè O.

Ëåììà 1.7. Ïóñòü âûïîëíåíî óñëîâèå 1.5. Ïóñòü f(x) � Γ-
ïåðèîäè÷åñêàÿ ôóíêöèÿ â R3 òàêàÿ, ÷òî f ∈ L2(Ω). Ïóñòü Sε � îïå-

ðàòîð (1.1). Òîãäà ïðè 0 < ε 6 ε1 äëÿ ëþáîé ôóíêöèè u ∈ H1(R3;Cn)
âûïîëíåíî íåðàâåíñòâî∫

(∂O)2ε

|f ε(x)|2|(Sεu)(x)|2 dx 6 β∗ε|Ω|−1‖f‖2L2(Ω)‖u‖H1(R3)‖u‖L2(R3).

Çäåñü β∗ = β0(1 + r1), 2r1 = diam Ω.

2. Ïîñòàíîâêà çàäà÷è. Îñíîâíûå ðåçóëüòàòû

2.1. Ïîñòàíîâêà çàäà÷è. Ïóñòü â R3 çàäàíû ñèììåòðè÷íûå ìàòðèöû-
ôóíêöèè η(x) è µ(x) ðàçìåðà 3× 3 ñ âåùåñòâåííûìè ýëåìåíòàìè, ïåðè-
îäè÷åñêèå îòíîñèòåëüíî ðåøåòêè Γ è òàêèå, ÷òî

η, η−1 ∈ L∞, η(x) > 0; µ, µ−1 ∈ L∞, µ(x) > 0.

Ïðåäïîëîæèì, ÷òî O ⊂ R3 � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé êëàññà
C1,1. Ìû èçó÷àåì ýëåêòðîìàãíèòíûé ðåçîíàòîð, çàïîëíÿþùèé îáëàñòü
O. Ñ÷èòàåì, ÷òî äèýëåêòðè÷åñêàÿ è ìàãíèòíàÿ ïðîíèöàåìîñòè çàäàíû
ìàòðèöàìè ηε(x) = η(ε−1x) è µε(x) = µ(ε−1x).
Íàïðÿæåííîñòè ýëåêòðè÷åñêîãî è ìàãíèòíîãî ïîëåé îáîçíà÷àþòñÿ ÷å-

ðåç uε(x) è vε(x) ñîîòâåòñòâåííî. Âåêòîðû ýëåêòðè÷åñêîé è ìàãíèòíîé
èíäóêöèé ñâÿçàíû ñ ïîëÿìè uε, vε ñîîòíîøåíèÿìè wε(x) = ηε(x)uε(x),
zε(x) = µε(x)vε(x).
Îïåðàòîð ÌàêñâåëëàMε, çàïèñàííûé â òåðìèíàõ èíäóêöèé, äåéñòâó-

åò â ïðîñòðàíñòâå J(O)⊕ J0(O), ðàññìàòðèâàåìîì êàê ïîäïðîñòðàíñòâî
â âåñîâîì ïðîñòðàíñòâå

L2

(
O;C3; (ηε)−1

)
⊕ L2

(
O;C3; (µε)−1

)
,
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è çàäàåòñÿ âûðàæåíèåì

Mε =

(
0 irot (µε)−1

−irot (ηε)−1 0

)
íà îáëàñòè îïðåäåëåíèÿ

DomMε =
{

(w, z) ∈ J(O)⊕ J0(O) : rot (ηε)−1w ∈ L2(O;C3),

rot (µε)−1z ∈ L2(O;C3), ((ηε)−1w)τ |∂O = 0
}
.

(2.1)

Çäåñü êðàåâîå óñëîâèå äëÿ w ïîíèìàåòñÿ â ñìûñëå îïðåäåëåíèÿ 1.4. Çà-
ìåòèì, ÷òî â îáùåì ñëó÷àå DomMε íå ñîäåðæèòñÿ âH

1(O;C6), ïîñêîëü-
êó êîýôôèöèåíòû íå ïðåäïîëàãàþòñÿ ãëàäêèìè.
ÎïåðàòîðMε ñàìîñîïðÿæåí; ñì. [BS1, BS2]. Ïîýòîìó òî÷êà λ = i ÿâ-

ëÿåòñÿ ðåãóëÿðíîé òî÷êîé îïåðàòîðàMε. Íàøà öåëü � èçó÷èòü ïîâåäå-
íèå ðåçîëüâåíòû (Mε− iI)−1. Èíûìè ñëîâàìè, íàñ èíòåðåñóåò ïîâåäåíèå
ðåøåíèé (wε, zε) óðàâíåíèÿ

(Mε − iI)

(
wε

zε

)
=

(
q
r

)
, q ∈ J(O), r ∈ J0(O), (2.2)

à òàêæå ïîâåäåíèå ïîëåé uε = (ηε)−1wε è vε = (µε)−1zε. Â ïîäðîáíîé
çàïèñè ñèñòåìà Ìàêñâåëëà (2.2) èìååò âèä

i rot (µε)−1zε − iwε = q,
−i rot (ηε)−1wε − izε = r,

div wε = 0, div zε = 0,
((ηε)−1wε)τ |∂O = 0, (zε)n|∂O = 0.

Çàìå÷àíèå 2.1. Âìåñòî òî÷êè λ = i ìîæíî áûëî áû âçÿòü äðóãóþ

ðåãóëÿðíóþ òî÷êó äëÿ îïåðàòîðàMε.

2.2. Ýôôåêòèâíûå ìàòðèöû η0 è µ0. ×òîáû îïðåäåëèòü ýôôåêòèâ-
íóþ ìàòðèöó η0, ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó íà ÿ÷åéêå Ω.

Ïóñòü e1, e2, e3 � ñòàíäàðòíûå îðòû â R3. Ïóñòü Φj ∈ H̃1(Ω) � ïåðè-
îäè÷åñêîå ðåøåíèå çàäà÷è

div η(x)(∇Φj(x) + ej) = 0,

∫
Ω

Φj(x) dx = 0. (2.3)

(Ðåøåíèå ïîíèìàåòñÿ â ñëàáîì ñìûñëå.) Îïðåäåëèì (3×3)-ìàòðèöó Yη(x)
ñî ñòîëáöàìè ∇Φj(x), j = 1, 2, 3, è ìàòðèöó

η̃(x) := η(x)(Yη(x) + 1). (2.4)

Ýôôåêòèâíàÿ ìàòðèöà η0 îïðåäåëÿåòñÿ êàê ñðåäíåå çíà÷åíèå ìàòðèöû
(2.4):

η0 := |Ω|−1

∫
Ω

η̃(x) dx.
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Îêàçûâàåòñÿ, ÷òî ìàòðèöà η0 ïîëîæèòåëüíà. Íàì ïîíàäîáèòñÿ òàêæå
ìàòðèöà

Gη(x) := η̃(x)(η0)−1 − 1.

Àíàëîãè÷íûì îáðàçîì îïðåäåëÿåòñÿ ïîëîæèòåëüíàÿ ýôôåêòèâíàÿ

ìàòðèöà µ0. Ïóñòü Ψj ∈ H̃1(Ω) � ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è

divµ(x)(∇Ψj(x) + ej) = 0,

∫
Ω

Ψj(x) dx = 0. (2.5)

Îïðåäåëèì (3 × 3)-ìàòðèöó Yµ(x) ñî ñòîëáöàìè ∇Ψj(x), j = 1, 2, 3, è
ìàòðèöó

µ̃(x) := µ(x)(Yµ(x) + 1). (2.6)

Ýôôåêòèâíàÿ ìàòðèöà µ0 îïðåäåëÿåòñÿ ðàâåíñòâîì

µ0 := |Ω|−1

∫
Ω

µ̃(x) dx. (2.7)

Íàì ïîíàäîáèòñÿ òàêæå ìàòðèöà

Gµ(x) := µ̃(x)(µ0)−1 − 1.

Îòìåòèì íåêîòîðûå ñâîéñòâà ýôôåêòèâíûõ ìàòðèö, à òàêæå ñâîéñòâà
ðåøåíèé çàäà÷ (2.3) è (2.5).

Çàìå÷àíèå 2.2. 1) Ñëåäóþùèå îöåíêè äëÿ ýôôåêòèâíûõ ìàòðèö èç-

âåñòíû êàê âèëêà Ôîéãòà � Ðåéññà:

η 6 η0 6 η, µ 6 µ0 6 µ.

Îòñþäà âûòåêàþò íåðàâåíñòâà

|η0| 6 ‖η‖L∞ , |(η0)−1| 6 ‖η−1‖L∞ ; |µ0| 6 ‖µ‖L∞ , |(µ0)−1| 6 ‖µ−1‖L∞ .

2) Ìàòðèöû-ôóíêöèè Yη, Gη, Yµ, Gµ ïåðèîäè÷íû è èìåþò íóëåâîå ñðåä-

íåå çíà÷åíèå.

3) Íåñëîæíî ïðîâåðèòü îöåíêè

‖Yη‖L2(Ω) 6 ‖η‖
1/2
L∞
‖η−1‖1/2L∞

|Ω|1/2,

‖Yµ‖L2(Ω) 6 ‖µ‖
1/2
L∞
‖µ−1‖1/2L∞

|Ω|1/2,
(2.8)

‖Φj‖L2(Ω) 6 (2r0)−1‖η‖1/2L∞
‖η−1‖1/2L∞

|Ω|1/2,

‖Ψj‖L2(Ω) 6 (2r0)−1‖µ‖1/2L∞
‖µ−1‖1/2L∞

|Ω|1/2.
(2.9)

4) Ñîãëàñíî [LaUr, ãë. 3, òåîðåìà 3.1], ïåðèîäè÷åñêîå ðåøåíèå Φj çàäà÷è

(2.3) è ïåðèîäè÷åñêîå ðåøåíèå Ψj çàäà÷è (2.5) îãðàíè÷åíû, ïðè÷åì

‖Φj‖L∞ 6 Ĉη, ‖Ψj‖L∞ 6 Ĉµ, j = 1, 2, 3.

Ïîñòîÿííàÿ Ĉη çàâèñèò òîëüêî îò ‖η‖L∞ , ‖η−1‖L∞ è Ω; ïîñòîÿííàÿ

Ĉµ çàâèñèò òîëüêî îò ‖µ‖L∞ , ‖µ−1‖L∞ è Ω.
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Íàì ïîíàäîáèòñÿ òàêæå ñëåäóþùåå ìóëüòèïëèêàòîðíîå ñâîéñòâî ìàò-
ðèö Y ε

η è Y ε
µ ; ñì. [PSu, Ñëåäñòâèå 2.4].

Ëåììà 2.3. Äëÿ ëþáîé ôóíêöèè u ∈ H1(R3) ïðè ε > 0 âûïîëíåíû

îöåíêè∫
R3

|Y ε
η (x)|2|u(x)|2 dx 6 β1,η

∫
R3

|u(x)|2 dx + β2,ηε
2Ĉ2

η

∫
R3

|∇u(x)|2 dx,∫
R3

|Y ε
µ (x)|2|u(x)|2 dx 6 β1,µ

∫
R3

|u(x)|2 dx + β2,µε
2Ĉ2

µ

∫
R3

|∇u(x)|2 dx.

Ïîñòîÿííûå β1,η è β2,η çàâèñÿò òîëüêî îò ‖η‖L∞ è ‖η−1‖L∞ ; ïîñòîÿí-
íûå β1,µ è β2,µ çàâèñÿò òîëüêî îò ‖µ‖L∞ è ‖µ−1‖L∞ .
Èç ëåììû 2.3 ñëåäóåò, ÷òî ìàòðèöû-ôóíêöèè Y ε

η è Y ε
µ ÿâëÿþòñÿ ìóëü-

òèïëèêàòîðàìè èç êëàññà Ñîáîëåâà H1(R3;C3) â L2(R3;C3).

2.3. Ýôôåêòèâíûé îïåðàòîð Ìàêñâåëëà. Ýôôåêòèâíûé îïåðàòîð

ÌàêñâåëëàM0 äåéñòâóåò â ïðîñòðàíñòâå J(O)⊕J0(O), ðàññìàòðèâàåìîì
êàê ïîäïðîñòðàíñòâî â âåñîâîì ïðîñòðàíñòâå

L2

(
O;C3; (η0)−1

)
⊕ L2

(
O;C3; (µ0)−1

)
,

è çàäàåòñÿ âûðàæåíèåì

M0 =

(
0 irot (µ0)−1

−irot (η0)−1 0

)
íà îáëàñòè îïðåäåëåíèÿ

DomM0 =
{

(w, z) ∈ J(O)⊕ J0(O) : rot (η0)−1w ∈ L2(O;C3),

rot (µ0)−1z ∈ L2(O;C3), ((η0)−1w)τ |∂O = 0
}
.

Áëàãîäàðÿ óñëîâèþ ∂O ∈ C1,1 îáëàñòü îïðåäåëåíèÿ DomM0 ñîäåðæèòñÿ
â H1(O;C6) è äîïóñêàåò ñëåäóþùåå îïèñàíèå:

DomM0 =
{

(w, z) ∈ H1(O;C6) : div w = 0, div z = 0,

((η0)−1w)τ |∂O = 0, zn|∂O = 0
}
.

(2.10)

Çäåñü êðàåâûå óñëîâèÿ íà w è z ïîíèìàþòñÿ â ñìûñëå òåîðåìû î ñëåäàõ.
Óêàçàííîå ñâîéñòâî áûëî óñòàíîâëåíî â [BS1, òåîðåìà 2.3] ïðè óñëîâèè

∂O ∈ C2 è â [F, òåîðåìà 2.6] ïðè óñëîâèè ∂O ∈ C3/2+δ, δ > 0.
Ðàññìîòðèì ýôôåêòèâíóþ ñèñòåìó Ìàêñâåëëà

(M0 − iI)

(
w0

z0

)
=

(
q
r

)
, (2.11)

è ïîëîæèì u0 = (η0)−1w0 è v0 = (µ0)−1z0. Â ïîäðîáíîé çàïèñè ñèñòåìà
Ìàêñâåëëà (2.11) èìååò âèä

i rot (µ0)−1z0 − iw0 = q,
−i rot (η0)−1w0 − iz0 = r,

div w0 = 0, div z0 = 0,
((η0)−1w0)τ |∂O = 0, (z0)n|∂O = 0.
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Êëàññè÷åñêèå ðåçóëüòàòû (ñì. [BeLPap, Sa, ZhKO]) ïîêàçûâàþò, ÷òî
ïðè ε → 0 âåêòîð-ôóíêöèè uε,wε,vε, zε ñëàáî ñõîäÿòñÿ â L2(O;C3) ê
ñîîòâåòñòâóþùèì óñðåäíåííûì ïîëÿì u0,w0,v0, z0.

2.4. Îñíîâíûå ðåçóëüòàòû. Ìû óñòàíàâëèâàåì àïïðîêñèìàöèè äëÿ
ïîëåé uε,wε,vε, zε ïî íîðìå â L2(O;C3). Äëÿ ôîðìóëèðîâêè ðåçóëüòàòîâ
íàì ïîíàäîáèòñÿ åùå îäíà �ïîïðàâî÷íàÿ� ñèñòåìà Ìàêñâåëëà:

(M0 − iI)

(
ŵε

ẑε

)
=

(
qε
rε

)
. (2.12)

Ýòî ñèñòåìà ñ ýôôåêòèâíûìè êîýôôèöèåíòàìè, íî âåêòîð-ôóíêöèè qε,
rε â ïðàâîé ÷àñòè çàâèñÿò îò ε. Îíè îïðåäåëåíû ñëåäóþùèì îáðàçîì.
Ïðîäîëæèì ôóíêöèè q è r íóëåì íà R3 \ O:

q̃(x) =

{
q(x), x ∈ O,
0, x ∈ R3 \ O,

r̃(x) =

{
r(x), x ∈ O,
0, x ∈ R3 \ O.

Äàëåå, ðàññìîòðèì âåêòîð-ôóíêöèè Sε(Y
ε
η )∗q̃ è Sε(Y

ε
µ )∗r̃, ïðèíàäëå-

æàùèå L2(R3;C3). Ìû ó÷ëè, ÷òî îïåðàòîðû Sε[(Y
ε
η )∗] = ([Y ε

η ]Sε)
∗ è

Sε[(Y
ε
µ )∗] = ([Y ε

µ ]Sε)
∗ íåïðåðûâíû â L2(R3;C3) â ñèëó ïðåäëîæåíèÿ 1.2.

Ïóñòü Pη0 � îðòîïðîåêòîð ïðîñòðàíñòâà L2(O; (η0)−1) íà J(O) è P0
µ0

� îðòîïðîåêòîð ïðîñòðàíñòâà L2(O; (µ0)−1) íà J0(O). Ñóæàÿ âåêòîð-
ôóíêöèè Sε(Y

ε
η )∗q̃ è Sε(Y

ε
µ )∗r̃ íà îáëàñòü O è ïðèìåíÿÿ ïðîåêòîðû Pη0

è P0
µ0 ñîîòâåòñòâåííî, îïðåäåëèì ôóíêöèè

qε := Pη0Sε(Y ε
η )∗q̃, rε := P0

µ0Sε(Y
ε
µ )∗r̃. (2.13)

Òàêèì îáðàçîì, qε ∈ J(O) è rε ∈ J0(O). Èñïîëüçóÿ ïðåäëîæåíèå 1.2 è
íåðàâåíñòâà (2.8), îöåíèì íîðìû ôóíêöèé (2.13):

‖qε‖L2(O) 6 ‖η‖L∞(Ω)‖η−1‖L∞(Ω)‖q‖L2(O),

‖rε‖L2(O) 6 ‖µ‖L∞(Ω)‖µ−1‖L∞(Ω)‖r‖L2(O).
(2.14)

Ïî ðåøåíèÿì ñèñòåìû (2.12) îïðåäåëèì �ïîïðàâî÷íûå� ïîëÿ

ûε = (η0)−1ŵε, v̂ε = (µ0)−1ẑε. (2.15)

Â ñèëó (2.10) èìååì ûε, ŵε, v̂ε, ẑε ∈ H1(O;C3).

Çàìå÷àíèå 2.4. �Ïîïðàâî÷íûå� ïîëÿ ûε, ŵε, v̂ε, ẑε ñëàáî ñõîäÿòñÿ ê íó-
ëþ â L2(O;C3) ïðè ε → 0. Ýòî íåòðóäíî ïðîâåðèòü, èñïîëüçóÿ �ñâîé-

ñòâî ñðåäíåãî çíà÷åíèÿ� è òîò ôàêò, ÷òî ïðàâûå ÷àñòè qε, rε ñèñòåìû
(2.12) ñîäåðæàò áûñòðî îñöèëëèðóþùèå ìíîæèòåëè ñ íóëåâûì ñðåä-

íèì çíà÷åíèåì; ñì. (2.13).

Íàø îñíîâíîé ðåçóëüòàò � ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2.5. Ïóñòü (wε, zε) � ðåøåíèå ñèñòåìû (2.2) è uε = (ηε)−1wε,

vε = (µε)−1zε. Ïóñòü (w0, z0) � ðåøåíèå ýôôåêòèâíîé ñèñòåìû (2.11)
è u0 = (η0)−1w0, v0 = (µ0)−1z0. Ïóñòü (ŵε, ẑε) � ðåøåíèå ïîïðàâî÷íîé
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ñèñòåìû (2.12), à ûε, v̂ε îïðåäåëåíû â (2.15). Ïóñòü Yη, Gη, Yµ, Gµ �

ïåðèîäè÷åñêèå ìàòðèöû-ôóíêöèè, ââåäåííûå â ïóíêòå 2.2. Ïóñòü ÷èñëî
ε1 ïîä÷èíåíî óñëîâèþ 1.5. Òîãäà ïðè 0 < ε 6 ε1 âûïîëíåíû îöåíêè

‖uε − (1 + Y ε
η )(u0 + ûε)‖L2(O) 6 C1ε

1/2
(
‖q‖L2(O) + ‖r‖L2(O)

)
, (2.16)

‖wε − (1 +Gεη)(w0 + ŵε)‖L2(O) 6 C2ε
1/2
(
‖q‖L2(O) + ‖r‖L2(O)

)
, (2.17)

‖vε − (1 + Y ε
µ )(v0 + v̂ε)‖L2(O) 6 C3ε

1/2
(
‖q‖L2(O) + ‖r‖L2(O)

)
, (2.18)

‖zε − (1 +Gεµ)(z0 + ẑε)‖L2(O) 6 C4ε
1/2
(
‖q‖L2(O) + ‖r‖L2(O)

)
. (2.19)

Ïîñòîÿííûå C1, C2, C3, C4 çàâèñÿò îò íîðì ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ ,
‖µ−1‖L∞ , îò ïàðàìåòðîâ ðåøåòêè Γ è îò îáëàñòè O.

Çàìå÷àíèå 2.6. 1) Çàìåòèì, ÷òî (1 + Y ε
η )(u0 + ûε) ∈ L2(O;C3), ïî-

ñêîëüêó u0 + ûε ∈ H1(O;C3), à ìàòðèöà-ôóíêöèÿ Y ε
η ÿâëÿåòñÿ ìóëü-

òèïëèêàòîðîì èç H1(O;C3) â L2(O;C3); ñì. ëåììó 2.3. Àíàëîãè÷íî,
àïïðîêñèìàöèè äëÿ ïîëåé wε,vε, zε òàêæå ïðèíàäëåæàò L2(O;C3). 2)
Àïïðîêñèìàöèè äëÿ uε, wε, vε è zε àíàëîãè÷íû äðóã äðóãó. Íàïðèìåð,

ïîëå uε ïðèáëèæàåòñÿ ñóììîé ÷åòûðåõ ÷ëåíîâ:

uε ∼ u0 + Y ε
η u0 + ûε + Y ε

η ûε.

Çäåñü ïåðâîå ñëàãàåìîå � óñðåäíåííîå ïîëå, à îñòàëüíûå òðè ÷ëåíà ñëà-

áî ñõîäÿòñÿ ê íóëþ è ìîãóò áûòü èíòåðïðåòèðîâàíû êàê êîððåêòî-

ðû íóëåâîãî ïîðÿäêà. 3) Ïîðÿäîê îöåíîê èç òåîðåìû 2.5 óõóäøàåòñÿ ïî

ñðàâíåíèþ ñ àíàëîãè÷íûìè îöåíêàìè äëÿ çàäà÷è â R3; ýòî îáúÿñíÿåò-
ñÿ âëèÿíèåì ãðàíèöû îáëàñòè. 4) Ðåçóëüòàò òåîðåìû 2.5 äîïóñêàåò

ôîðìóëèðîâêó â îïåðàòîðíûõ òåðìèíàõ:

‖(Mε − iI)−1 − (I + Gε)(M0 − iI)−1(I + Zε)‖ 6 Cε1/2,

ãäå

Gε =

(
Gεη 0
0 Gεµ

)
, Zε =

(
Pη0Sε(Y ε

η )∗Π 0
0 P0

µ0Sε(Y
ε
µ )∗Π

)
,

à Π � îïåðàòîð ïðîäîëæåíèÿ íóëåì.

3. Ðåäóêöèÿ çàäà÷è ê óðàâíåíèÿì âòîðîãî ïîðÿäêà

Ïðåäñòàâèì ðåøåíèå ñèñòåìû (2.2) â âèäå

wε = w(q)
ε + w(r)

ε , zε = z(q)
ε + z(r)

ε ,

ãäå (w
(q)
ε , z

(q)
ε ) � ðåøåíèå ñèñòåìû (2.2) ïðè r = 0, à (w

(r)
ε , z

(r)
ε ) � ðåøå-

íèå ñèñòåìû (2.2) ïðè q = 0. Ïîëîæèì

u(q)
ε = (ηε)−1w(q)

ε , v(q)
ε = (µε)−1z(q)

ε ,

u(r)
ε = (ηε)−1w(r)

ε , v(r)
ε = (µε)−1z(r)

ε .
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Òîãäà (w
(r)
ε , z

(r)
ε ) � ðåøåíèå çàäà÷è

w
(r)
ε = rot (µε)−1z

(r)
ε ,

rot (ηε)−1w
(r)
ε + z

(r)
ε = ir,

div w
(r)
ε = 0, div z

(r)
ε = 0,

((ηε)−1w
(r)
ε )τ |∂O = 0, (z

(r)
ε )n|∂O = 0.

(3.1)

Ïàðà (w
(q)
ε , z

(q)
ε ) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

z
(q)
ε = −rot (ηε)−1w

(q)
ε ,

rot (µε)−1z
(q)
ε −w

(q)
ε = −iq,

div w
(q)
ε = 0, div z

(q)
ε = 0,

((ηε)−1w
(q)
ε )τ |∂O = 0, (z

(q)
ε )n|∂O = 0.

(3.2)

Èç (3.1) âèäíî, ÷òî z
(r)
ε ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé êðàåâîé çàäà÷è

äëÿ óðàâíåíèÿ âòîðîãî ïîðÿäêà{
rot (ηε)−1rot (µε)−1z

(r)
ε + z

(r)
ε = ir, div z

(r)
ε = 0,

(z
(r)
ε )n|∂O = 0, ((ηε)−1rot (µε)−1z

(r)
ε )τ |∂O = 0.

(3.3)

Â ñèëó (3.2) ôóíêöèÿ w
(q)
ε ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è{

rot (µε)−1rot (ηε)−1w
(q)
ε + w

(q)
ε = iq, div w

(q)
ε = 0,

((ηε)−1w
(q)
ε )τ |∂O = 0, (rot (ηε)−1w

(q)
ε )n|∂O = 0.

(3.4)

Çàäà÷è (3.3) è (3.4) ïîõîæè äðóã íà äðóãà, íî îòëè÷àþòñÿ ïåðåìåíîé
ðîëåé êîýôôèöèåíòîâ ηε è µε, êðàåâûìè óñëîâèÿìè, à òàêæå óñëîâèÿìè
íà ïðàâûå ÷àñòè: r ∈ J0(O), q ∈ J(O). Ìû èññëåäóåì ýòè çàäà÷è ïî-
îòäåëüíîñòè, à çàòåì ñîïîñòàâèì ðåçóëüòàòû.
Ýôôåêòèâíûå ïîëÿ u0,w0,v0, z0 è ïîïðàâî÷íûå ïîëÿ ûε, ŵε, v̂ε, ẑε

òàêæå ïðåäñòàâèì â âèäå ñóììû äâóõ ñëàãàåìûõ � ñ èíäåêñàìè (q) è
(r) ñîîòâåòñòâåííî. Ñëàãàåìûå ñ èíäåêñîì (q) îòâå÷àþò ñëó÷àþ r = 0, à
ñëàãàåìûå ñ èíäåêñîì (r) � ñëó÷àþ q = 0.

4. Èññëåäîâàíèå çàäà÷è â ñëó÷àå q = 0

4.1. Ñèììåòðèçàöèÿ. Çàìåíà ϕε = (µε)−1/2z
(r)
ε ñâîäèò çàäà÷ó (3.3) ê{

(µε)−1/2rot (ηε)−1rot (µε)−1/2ϕε +ϕε = i(µε)−1/2r, div (µε)1/2ϕε = 0,

((µε)1/2ϕε)n|∂O = 0, ((ηε)−1rot (µε)−1/2ϕε)τ |∂O = 0.
(4.1)

Çäåñü r ∈ J0(O). Àâòîìàòè÷åñêè ϕε ÿâëÿåòñÿ òàêæå ðåøåíèåì ýëëèïòè-
÷åñêîãî óðàâíåíèÿ

(Lε + I)ϕε = i(µε)−1/2r, (4.2)

ãäå îïåðàòîð Lε ôîðìàëüíî çàäàí äèôôåðåíöèàëüíûì âûðàæåíèåì

Lε = (µε)−1/2rot (ηε)−1rot (µε)−1/2 − (µε)1/2∇div (µε)1/2
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ñ ãðàíè÷íûìè óñëîâèÿìè èç (4.1). Ñòðîãî ãîâîðÿ, îïåðàòîð Lε � ýòî
ñàìîñîïðÿæåííûé îïåðàòîð â L2(O;C3), îòâå÷àþùèé çàìêíóòîé íåîò-
ðèöàòåëüíîé êâàäðàòè÷íîé ôîðìå

lε[ϕ,ϕ] =

∫
O

(
〈(ηε)−1rot (µε)−1/2ϕ, rot (µε)−1/2ϕ〉+ |div (µε)1/2ϕ|2

)
dx,

Dom lε = {ϕ ∈ L2(O;C3) : div (µε)1/2ϕ ∈ L2(O),

rot (µε)−1/2ϕ ∈ L2(O;C3), ((µε)1/2ϕ)n|∂O = 0}.
(4.3)

Çàìêíóòîñòü ôîðìû (4.3) âûòåêàåò èç ðåçóëüòàòîâ [BS1, BS2].

Çàìå÷àíèå 4.1. 1) Âîîáùå ãîâîðÿ, Dom lε 6⊂ H1(O;C3). 2) Âòîðîå ãðà-
íè÷íîå óñëîâèå â (4.1) � åñòåñòâåííîå, îíî íå îòðàæàåòñÿ â îáëàñòè

îïðåäåëåíèÿ êâàäðàòè÷íîé ôîðìû lε. 3) Ôîðìà lε è îïåðàòîð Lε ðàñïà-
äàþòñÿ â îðòîãîíàëüíîì ðàçëîæåíèè

L2(O;C3) = J0(O;µε)⊕ G(O;µε),

ãäå

J0(O;µε) = {f : (µε)1/2f ∈ J0(O)},

G(O;µε) = {(µε)1/2∇ω : ω ∈ H1(O)}.

4.2. Ýôôåêòèâíàÿ çàäà÷à. Ïóñòü η0 è µ0 � ýôôåêòèâíûå ìàòðèöû,

îïðåäåëåííûå â ï. 2.2. Ïîëîæèì ϕ0 = (µ0)−1/2z
(r)
0 . Òîãäà ϕ0 ÿâëÿåòñÿ

ðåøåíèåì çàäà÷è{
(µ0)−1/2rot (η0)−1rot (µ0)−1/2ϕ0 +ϕ0 = i(µ0)−1/2r, div (µ0)1/2ϕ0 = 0,

((µ0)1/2ϕ0)n|∂O = 0, ((η0)−1rot (µ0)−1/2ϕ0)τ |∂O = 0.
(4.4)

Àâòîìàòè÷åñêè ϕ0 ÿâëÿåòñÿ òàêæå ðåøåíèåì ýëëèïòè÷åñêîãî óðàâíåíèÿ

(L0 + I)ϕ0 = i(µ0)−1/2r, (4.5)

ãäå L0 � ñàìîñîïðÿæåííûé îïåðàòîð â L2(O;C3), îòâå÷àþùèé çàìêíó-
òîé íåîòðèöàòåëüíîé êâàäðàòè÷íîé ôîðìå

l0[ϕ,ϕ] =

∫
O

(
〈(η0)−1rot (µ0)−1/2ϕ, rot (µ0)−1/2ϕ〉+ |div (µ0)1/2ϕ|2

)
dx,

Dom l0 ={ϕ ∈ L2(O;C3) : div (µ0)1/2ϕ ∈ L2(O),

rot (µ0)−1/2ϕ ∈ L2(O;C3), ((µ0)1/2ϕ)n|∂O = 0}.
(4.6)

Çà ñ÷åò óñëîâèÿ ãëàäêîñòè ãðàíèöû (∂O ∈ C1,1) ìíîæåñòâî Dom l0 ñîâ-
ïàäàåò ñ

Dom l0 = {ϕ ∈ H1(O;C3) : ((µ0)1/2ϕ)n|∂O = 0}.

Ôîðìà (4.6) êîýðöèòèâíà: ñïðàâåäëèâû äâóñòîðîííèå îöåíêè

c1‖ϕ‖2H1(O) 6 l0[ϕ,ϕ] + ‖ϕ‖2L2(O) 6 c2‖ϕ‖2H1(O), ϕ ∈ Dom l0. (4.7)
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Ïîñòîÿííàÿ c1 çàâèñèò îò ‖µ‖L∞ , ‖µ−1‖L∞ , ‖η‖L∞ è îò îáëàñòè O, à c2
çàâèñèò îò ‖µ‖L∞ , ‖µ−1‖L∞ , ‖η−1‖L∞ è îò îáëàñòè O. Óêàçàííûå ñâîé-
ñòâà áûëè óñòàíîâëåíû â [BS1, òåîðåìà 2.3] ïðè óñëîâèè ∂O ∈ C2 è â [F,

òåîðåìà 2.6] ïðè óñëîâèè ∂O ∈ C3/2+δ, δ > 0.
Îïåðàòîð L0 ÿâëÿåòñÿ ñèëüíî ýëëèïòè÷åñêèì îïåðàòîðîì ñ ïîñòîÿí-

íûìè êîýôôèöèåíòàìè. Óñëîâèå ãëàäêîñòè ãðàíèöû ∂O ∈ C1,1 îáåñïå÷è-
âàåò ñâîéñòâî ïîâûøåíèÿ ãëàäêîñòè: ðåçîëüâåíòà (L0 + I)−1 íåïðåðûâíà
èç L2(O;C3) â H2(O;C3). Âûïîëíåíà îöåíêà

‖(L0 + I)−1‖L2(O)→H2(O) 6 c∗, (4.8)

ãäå ïîñòîÿííàÿ c∗ çàâèñèò ëèøü îò ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ , ‖µ−1‖L∞ è îò
îáëàñòè O. Òåì ñàìûì, îïåðàòîð L0 ìîæíî çàäàòü äèôôåðåíöèàëüíûì
âûðàæåíèåì

L0 = (µ0)−1/2rot (η0)−1rot (µ0)−1/2 − (µ0)1/2∇div (µ0)1/2

íà îáëàñòè îïðåäåëåíèÿ

DomL0 = {ϕ ∈ H2(O;C3) : ((µ0)1/2ϕ)n|∂O = 0,

((η0)−1rot (µ0)−1/2ϕ)τ |∂O = 0}.

Çàìå÷àíèå 4.2. 1) Ïðè óñëîâèè ∂O ∈ C1,1 (è äîñòàòî÷íî ãëàäêèõ êî-

ýôôèöèåíòàõ) ïîäîáíîå ñâîéñòâî ïîâûøåíèÿ ãëàäêîñòè ðåøåíèé çàäà-

÷è Äèðèõëå ëèáî Íåéìàíà äëÿ ñèëüíî ýëëèïòè÷åñêèõ óðàâíåíèé âòî-

ðîãî ïîðÿäêà ìîæíî íàéòè, íàïðèìåð, â êíèãå [McL, ãëàâà 4]. Äîêàçà-
òåëüñòâî îñíîâàíî íà ìåòîäå ðàçíîñòíûõ îòíîøåíèé è ñóùåñòâåííî

îïèðàåòñÿ íà óñëîâèå êîýðöèòèâíîñòè êâàäðàòè÷íîé ôîðìû. Â íàøåì

ñëó÷àå êîýôôèöèåíòû îïåðàòîðà L0 ïîñòîÿííû è âûïîëíåíî óñëîâèå êî-

ýðöèòèâíîñòè (4.7), õîòÿ ãðàíè÷íûå óñëîâèÿ èìåþò ñìåøàííûé òèï.

Íåòðóäíî òåì æå ìåòîäîì óñòàíîâèòü ñâîéñòâî ïîâûøåíèÿ ãëàäêî-

ñòè è äëÿ îïåðàòîðà L0. 2) Ôîðìà l0 è îïåðàòîð L0 ðàñïàäàþòñÿ â

îðòîãîíàëüíîì ðàçëîæåíèè

L2(O;C3) = J0(O;µ0)⊕ G(O;µ0),

ãäå
J0(O;µ0) = {f : (µ0)1/2f ∈ J0(O)},

G(O;µ0) = {(µ0)1/2∇ω : ω ∈ H1(O)}.

Â ñèëó (4.5) è (4.8) âûïîëíåíî ϕ0 ∈ H2(O;C3), ïðè÷åì

‖ϕ0‖H2(O) 6 c∗‖µ−1‖1/2L∞
‖r‖L2(O). (4.9)

Ïóñòü PO : H2(O;C3)→ H2(R3;C3) � ëèíåéíûé íåïðåðûâíûé îïåðà-
òîð ïðîäîëæåíèÿ. Îáîçíà÷èì

‖PO‖H2(O)→H2(R3) =: CO. (4.10)

Ïîëîæèì ϕ̃0 := POϕ0 ∈ H2(R3;C3). Ñîãëàñíî (4.9) è (4.10),

‖ϕ̃0‖H2(R3) 6 C1‖r‖L2(O), (4.11)
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ãäå C1 = COc∗‖µ−1‖1/2L∞
.

4.3. Ïîïðàâî÷íàÿ çàäà÷à. Ïîëîæèì ρε = (µ0)−1/2ẑ
(r)
ε . Òîãäà ρε ÿâëÿ-

åòñÿ ðåøåíèåì çàäà÷è{
(µ0)−1/2rot (η0)−1rot (µ0)−1/2ρε + ρε = i(µ0)−1/2rε, div (µ0)1/2ρε = 0,

((µ0)1/2ρε)n|∂O = 0, ((η0)−1rot (µ0)−1/2ρε)τ |∂O = 0.
(4.12)

Àâòîìàòè÷åñêè ρε ÿâëÿåòñÿ òàêæå ðåøåíèåì ýëëèïòè÷åñêîãî óðàâíåíèÿ

(L0 + I)ρε = i(µ0)−1/2rε.

Â ñèëó (2.14) è (4.8) âûïîëíåíî ρε ∈ H2(O;C3), ïðè÷åì

‖ρε‖H2(O) 6 c∗‖µ‖L∞‖µ−1‖3/2L∞
‖r‖L2(O). (4.13)

Ïîëîæèì ρ̃ε := POρε ∈ H2(R3;C3). Ñîãëàñíî (4.10) è (4.13),

‖ρ̃ε‖H2(R3) 6 C2‖r‖L2(O), (4.14)

ãäå C2 = COc∗‖µ‖L∞‖µ−1‖3/2L∞
.

4.4. Ïåðâîå ïðèáëèæåíèå ê ϕε. Ïóñòü ϕε � ðåøåíèå óðàâíåíèÿ (4.2).
Áóäåì èñêàòü ïåðâîå ïðèáëèæåíèå ψε ê ðåøåíèþ ϕε â ôîðìå, ïîõîæåé
íà ïåðâîå ïðèáëèæåíèå ê ðåøåíèþ àíàëîãè÷íîé çàäà÷è â R3, èçó÷åí-
íîé â [Su2]. Ââåäåì ñíà÷àëà íåîáõîäèìûå îáúåêòû. Ïóñòü W ∗µ(x) � Γ-
ïåðèîäè÷åñêàÿ (3× 3)-ìàòðèöà-ôóíêöèÿ, îïðåäåëåííàÿ âûðàæåíèåì

W ∗µ(x) = µ(x)−1/2µ̃(x)(µ0)−1/2 = µ(x)1/2(1 + Yµ(x))(µ0)−1/2, (4.15)

ãäå µ̃(x) � ìàòðèöà (2.6). Ïîëîæèì cj := (µ0)−1/2ej , j = 1, 2, 3. Ïóñòü

Ψ̌j(x) � Γ-ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è

divµ(x)(∇Ψ̌j(x) + cj) = 0,

∫
Ω

Ψ̌j(x) dx = 0.

Ïóñòü flj(x) (ãäå l, j = 1, 2, 3) � Γ-ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è

µ(x)−1/2rot η(x)−1
(

rotµ(x)−1/2flj(x) + iel × (∇Ψ̌j(x) + cj)
)

− µ(x)1/2∇
(

divµ(x)1/2flj(x) + iel · (µ(x)(∇Ψ̌j(x) + cj)
)

= 0,∫
Ω

flj(x) dx = 0.

(4.16)

Ïóñòü Λl(x) (ãäå l = 1, 2, 3) � Γ-ïåðèîäè÷åñêàÿ (3× 3)-ìàòðèöà-ôóíêöèÿ
ñî ñòîëáöàìè flj(x), j = 1, 2, 3. Îòìåòèì îöåíêó

‖Λl‖L2(Ω) 6 CΛ|Ω|1/2, (4.17)

ãäå ïîñòîÿííàÿ CΛ çàâèñèò îò ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ , ‖µ−1‖L∞ è îò
ïàðàìåòðîâ ðåøåòêè Γ; ñì. [Su2, ï. 5.3].
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Çàìå÷àíèå 4.3. Íåòðóäíî ïðîâåðèòü (ñì. [Su1, ï. 4.4]), ÷òî äëÿ ðåøå-
íèÿ çàäà÷è (4.16) âûïîëíåíû ñîîòíîøåíèÿ

divµ(x)1/2flj(x) = iel · ((µ0)1/2ej)− iel · (µ̃(x)(µ0)−1/2ej), (4.18)

η(x)−1rotµ(x)−1/2flj(x) = i(1 + Yη(x))(η0)−1
(
el × ((µ0)−1/2ej)

)
+ iη(x)−1

((
(1 + Yµ(x))(µ0)−1/2ej

)
× el

)
.

(4.19)

Ïóñòü ôóíêöèè ϕ̃0, ρ̃ε ∈ H2(R3;C3) ââåäåíû â ïóíêòàõ 4.2 è 4.3 ñîîò-
âåòñòâåííî. Ïóñòü Sε � îïåðàòîð ñãëàæèâàíèÿ ïî Ñòåêëîâó (ñì. (1.1)).
Ïåðâîå ïðèáëèæåíèå ψε ê ðåøåíèþ ϕε óðàâíåíèÿ (4.2) èùåì â âèäå

ψ̃ε = (W ε
µ)∗Sε(ϕ̃0 + ρ̃ε) + ε

3∑
l=1

ΛεlSεDl(ϕ̃0 + ρ̃ε),

ψε = ψ̃ε|O.

(4.20)

Âûðàæåíèå (4.20) ïîäñêàçàíî âèäîì ïåðâîãî ïðèáëèæåíèÿ ê ðåøåíèþ
óðàâíåíèÿ â R3, àíàëîãè÷íîãî (4.2); ñì. [Su2].

Ëåììà 4.4. Âûïîëíåíû ñîîòíîøåíèÿ ψε ∈ L2(O;C3), rot (µε)−1/2ψε ∈
L2(O;C3), div (µε)1/2ψε ∈ L2(O) è îöåíêè

‖ψε − (W ε
µ)∗Sε(ϕ̃0 + ρ̃ε)‖L2(O) 6 C3ε‖r‖L2(O), (4.21)

‖(ηε)−1rot (µε)−1/2ψε − (1 + Y ε
η )(η0)−1rot (µ0)−1/2Sε(ϕ̃0 + ρ̃ε)‖L2(O)

6 C4ε‖r‖L2(O),
(4.22)

‖div (µε)1/2ψε‖L2(O) 6 C5ε‖r‖L2(O). (4.23)

Ïîñòîÿííûå C3, C4, C5 çàâèñÿò ëèøü îò íîðì ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ ,
‖µ−1‖L∞ , ïàðàìåòðîâ ðåøåòêè Γ è îáëàñòè O.

Äîêàçàòåëüñòâî. Â ñèëó ïðåäëîæåíèÿ 1.2 è (4.17), (4.20) èìååì

‖ψε − (W ε
µ)∗Sε(ϕ̃0 + ρ̃ε)‖L2(O) = ε

∥∥ 3∑
l=1

ΛεlSεDl(ϕ̃0 + ρ̃ε)
∥∥
L2(O)

6 εCΛ

√
3‖ϕ̃0 + ρ̃ε‖H1(O).

Âìåñòå ñ (4.11) è (4.14) ýòî âëå÷åò îöåíêó (4.21) ñ ïîñòîÿííîé C3 =
CΛ

√
3(C1 + C2).

Ïðîâåðèì òåïåðü (4.23). Ñîãëàñíî (4.15) è (4.20) èìååì:

(µε)1/2ψ̃ε = µ̃ε(µ0)−1/2Sε(ϕ̃0 + ρ̃ε) + ε
3∑
l=1

(µε)1/2ΛεlSεDl(ϕ̃0 + ρ̃ε).
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Èç óðàâíåíèé (2.5) ñëåäóåò, ÷òî div µ̃(x) = 0 (ò. å., äèâåðãåíöèÿ îò ñòîëá-
öîâ ìàòðèöû µ̃(x) ðàâíà íóëþ). Ñëåäîâàòåëüíî,

div (µε)1/2ψ̃ε =
3∑
j=1

(µ̃ε(µ0)−1/2ej) · ∇[Sε(ϕ̃0 + ρ̃ε)]j

+ ε

3∑
l=1

[div (µε)1/2Λεl ]SεDl(ϕ̃0 + ρ̃ε)

+ ε
3∑

l,j=1

((µε)1/2f εlj) · ∇Dl[Sε(ϕ̃0 + ρ̃ε)]j .

(4.24)

Çäåñü [Sε(ϕ̃0 + ρ̃ε)]j � j-àÿ êîîðäèíàòà âåêòîð-ôóíêöèè Sε(ϕ̃0 + ρ̃ε),

à div (µε)1/2Λεl � ýòî ìàòðèöà-ñòðîêà (ñ ýëåìåíòàìè div (µε)1/2f εlj , j =

1, 2, 3). Îáîçíà÷èì ïîñëåäîâàòåëüíûå ñëàãàåìûå â (4.24) ÷åðåç J1(ε),
J2(ε), J3(ε). Ïîñëåäíèé ÷ëåí îöåíèì ñ ïîìîùüþ ïðåäëîæåíèÿ 1.2 è (4.17):

‖J3(ε)‖L2(O) 6 3ε‖µ‖1/2L∞
CΛ‖ϕ̃0 + ρ̃ε‖H2(R3) 6 C′5ε‖r‖L2(O), (4.25)

ãäå C′5 = 3‖µ‖1/2L∞
CΛ(C1 + C2). Ìû ó÷ëè (4.11) è (4.14).

Â ñèëó (4.18), εdiv (µε)1/2Λεl � ýòî ìàòðèöà-ñòðîêà ñ ýëåìåíòàìè

iel · ((µ0)1/2ej)− iel · (µ̃ε(µ0)−1/2ej), j = 1, 2, 3.

Ñ ó÷åòîì ýòîãî âûðàæåíèå äëÿ J1(ε) + J2(ε) óïðîùàåòñÿ:

J1(ε) +J2(ε) =
3∑
j=1

(∇[Sε(ϕ̃0 + ρ̃ε)]j) · ((µ0)1/2ej) = div (µ0)1/2Sε(ϕ̃0 + ρ̃ε).

Â ñèëó ïðåäëîæåíèÿ 1.1 è (4.11), (4.14) èìååì

‖div (µ0)1/2(Sε − I)(ϕ̃0 + ρ̃ε)‖L2(R3)

6 εr1‖µ‖1/2L∞
‖ϕ̃0 + ρ̃ε‖H2(R3) 6 C′′5ε‖r‖L2(O),

ãäå C′′5 = r1‖µ‖1/2L∞
(C1 + C2). Ó÷èòûâàÿ, ÷òî div (µ0)1/2(ϕ0 + ρε) = 0 â

îáëàñòè O (ñì. (4.4), (4.12)), ïîëó÷àåì

‖J1(ε) + J2(ε)‖L2(O) 6 C′′5ε‖r‖L2(O). (4.26)

Èç (4.25) è (4.26) âûòåêàåò îöåíêà (4.23) ñ ïîñòîÿííîé C5 = C′5 + C′′5 .
Îñòàåòñÿ ïðîâåðèòü (4.22). Èìååì:

(µε)−1/2ψ̃ε = (1 +Y ε
µ )(µ0)−1/2Sε(ϕ̃0 + ρ̃ε) + ε

3∑
l=1

(µε)−1/2ΛεlSεDl(ϕ̃0 + ρ̃ε).
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Ïîñêîëüêó Yµ(x) � ìàòðèöà ñî ñòîëáöàìè ∇Ψj(x), òî rot (Y ε
µ + 1) = 0.

Ñëåäîâàòåëüíî,

(ηε)−1rot (µε)−1/2ψ̃ε

= (ηε)−1
3∑
j=1

(∇[Sε(ϕ̃0 + ρ̃ε)]j)×
(

(Y ε
µ + 1)(µ0)−1/2ej

)

+ ε(ηε)−1
3∑
l=1

[rot (µε)−1/2Λεl ]SεDl(ϕ̃0 + ρ̃ε)

+ ε(ηε)−1
3∑

l,j=1

bj(µ
ε)−1/2ΛεlSεDlDj(ϕ̃0 + ρ̃ε).

(4.27)

Çäåñü èñïîëüçîâàíî ïðåäñòàâëåíèå rot =
∑3

j=1 bjDj , ãäå

b1 =

0 0 0
0 0 −i
0 i 0

 , b2 =

 0 0 i
0 0 0
−i 0 0

 , b3 =

0 −i 0
i 0 0
0 0 0

 .

Âûðàæåíèå rot (µε)−1/2Λεl åñòü ìàòðèöà ñî ñòîëáöàìè rot (µε)−1/2f εlj ,

j = 1, 2, 3. Îáîçíà÷èì ïîñëåäîâàòåëüíûå ñëàãàåìûå â (4.27) ÷åðåç F1(ε),
F2(ε), F3(ε). Â ñèëó ïðåäëîæåíèÿ 1.2 è (4.11), (4.14), (4.17)

‖F3(ε)‖L2(O) 6 ε‖η−1‖L∞‖µ−1‖1/2L∞
3CΛ‖ϕ̃0 + ρ̃ε‖H2(R3) 6 C4ε‖r‖L2(O),

(4.28)

ãäå C4 = ‖η−1‖L∞‖µ−1‖1/2L∞
3CΛ(C1 + C2).

Ñîãëàñíî (4.19), ε(ηε)−1rot (µε)−1/2Λεl � ýòî ìàòðèöà ñî ñòîëáöàìè

i(1+Y ε
η )(η0)−1

(
el ×

(
(µ0)−1/2ej

))
+i(ηε)−1

((
(1 + Y ε

µ )(µ0)−1/2ej

)
× el

)
.

Ýòî ïîçâîëÿåò óïðîñòèòü âûðàæåíèå äëÿ ñóììû F1(ε) + F2(ε):

F1(ε) + F2(ε) = (1 + Y ε
η )(η0)−1rot (µ0)−1/2Sε(ϕ̃0 + ρ̃ε).

Âìåñòå ñ (4.28) ýòî äîêàçûâàåò èñêîìóþ îöåíêó (4.22). �

4.5. Ââåäåíèå ïîïðàâêè òèïà ïîãðàíè÷íîãî ñëîÿ. Îáîçíà÷èì

Rε[ζ] := ((1 + Y ε
η )(η0)−1rot (µ0)−1/2Sε(ϕ̃0 + ρ̃ε), rot (µε)−1/2ζ)L2(O)

+ ((W ε
µ)∗Sε(ϕ̃0 + ρ̃ε), ζ)L2(O) − i((µε)−1/2r, ζ)L2(O).

(4.29)
Ââåäåì ïîïðàâêó òèïà ïîãðàíè÷íîãî ñëîÿ sε êàê âåêòîð-ôóíêöèþ â îá-
ëàñòè O, óäîâëåòâîðÿþùóþ óñëîâèÿì

sε ∈ L2(O;C3), div (µε)1/2sε ∈ L2(O), rot (µε)−1/2sε ∈ L2(O;C3), (4.30)
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òîæäåñòâó

((ηε)−1rot (µε)−1/2sε, rot (µε)−1/2ζ)L2(O)

+ (div (µε)1/2sε, div (µε)1/2ζ)L2(O) + (sε, ζ)L2(O) = Rε[ζ], ∀ζ ∈ Dom lε,
(4.31)

è êðàåâîìó óñëîâèþ

((µε)1/2sε)n|∂O = ((µε)1/2ψε)n|∂O. (4.32)

Íàïîìíèì, ÷òî Dom lε îïðåäåëåíî â (4.3).
Ïîêàæåì, ÷òî ðàçíîñòü ïåðâîãî ïðèáëèæåíèÿ ψε è ïîïðàâêè sε äàåò

ïðèáëèæåíèå òî÷íîãî ïîðÿäêà O(ε) â �ýíåðãåòè÷åñêîé� íîðìå ê ðåøåíèþ
ϕε çàäà÷è (4.1).

Ëåììà 4.5. Ïóñòü ϕε � ðåøåíèå çàäà÷è (4.1). Ïóñòü ψε � ïåðâîå

ïðèáëèæåíèå ê ðåøåíèþ, îïðåäåëåííîå â (4.20). Ïóñòü sε � ïîïðàâêà,

óäîâëåòâîðÿþùàÿ ñîîòíîøåíèÿì (4.30)�(4.32). Ïîëîæèì Vε := ϕε −
ψε + sε. Òîãäà Vε ∈ Dom lε è âûïîëíåíà îöåíêà

‖Vε‖L2(O) + ‖div (µε)1/2Vε‖L2(O) + ‖rot (µε)−1/2Vε‖L2(O) 6 C6ε‖r‖L2(O).
(4.33)

Ïîñòîÿííàÿ C6 çàâèñèò ëèøü îò íîðì ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ ,
‖µ−1‖L∞ , ïàðàìåòðîâ ðåøåòêè Γ è îáëàñòè O.

Äîêàçàòåëüñòâî. Èç óñëîâèé íà ϕε, ψε è sε âèäíî, ÷òî

Vε ∈ L2(O;C3), div (µε)1/2Vε ∈ L2(O), rot (µε)−1/2Vε ∈ L2(O;C3).

Â ñèëó (4.1) ðåøåíèå ϕε óäîâëåòâîðÿåò êðàåâîìó óñëîâèþ

((µε)1/2ϕε)n|∂O = 0. Âìåñòå ñ (4.32) ýòî âëå÷åò ((µε)1/2Vε)n|∂O = 0.
Ñëåäîâàòåëüíî, Vε ∈ Dom lε.
Äàëåå, ôóíêöèÿ ϕε óäîâëåòâîðÿåò òîæäåñòâó

((ηε)−1rot (µε)−1/2ϕε, rot (µε)−1/2ζ)L2(O) + (ϕε, ζ)L2(O)

= i((µε)−1/2r, ζ)L2(O), ∀ζ ∈ Dom lε,

è óñëîâèþ div (µε)1/2ϕε = 0. Âìåñòå ñ (4.29) è (4.31) ýòî ïðèâîäèò ê
òîæäåñòâó

lε[Vε, ζ] + (Vε, ζ)L2(O) = −((ηε)−1rot (µε)−1/2ψε, rot (µε)−1/2ζ)L2(O)

− (div (µε)1/2ψε, div (µε)1/2ζ)L2(O) − (ψε, ζ)L2(O)

+ ((1 + Y ε
η )(η0)−1rot (µ0)−1/2Sε(ϕ̃0 + ρ̃ε), rot (µε)−1/2ζ)L2(O)

+ ((W ε
µ)∗Sε(ϕ̃0 + ρ̃ε), ζ)L2(O), ∀ζ ∈ Dom lε.

Îòñþäà è èç ëåììû 4.4 âûòåêàåò îöåíêà∣∣lε[Vε, ζ] + (Vε, ζ)L2(O)

∣∣
6 C′6ε‖r‖L2(O)

(
‖ζ‖L2(O) + ‖div (µε)1/2ζ‖L2(O) + ‖rot (µε)−1/2ζ‖L2(O)

)
,
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ãäå C′6 = C3 + C4 + C5. Ïîäñòàâëÿÿ ζ = Vε, ïðèõîäèì ê îöåíêå (4.33) ñ
ïîñòîÿííîé C6 = 3C′6 max{‖η‖L∞ ; 1}. �

Ëåììà 4.5 ïîêàçûâàåò, ÷òî ðàçíîñòü ψε−sε äàåò ïðèáëèæåíèå ê ðåøå-
íèþ ϕε ñ ïîãðåøíîñòüþ òî÷íîãî ïîðÿäêà O(ε). Îäíàêî, êîíòðîëèðîâàòü
ïîïðàâêó sε òðóäíî, ïîñêîëüêó îíà ÿâëÿåòñÿ ðåøåíèåì ýëëèïòè÷åñêîãî
óðàâíåíèÿ ñ áûñòðî îñöèëëèðóþùèìè êîýôôèöèåíòàìè. Çàòî óäàåòñÿ
îöåíèòü sε â �ýíåðãåòè÷åñêîé� íîðìå.

Òåîðåìà 4.6. Ïóñòü sε óäîâëåòâîðÿåò ñîîòíîøåíèÿì (4.30)�(4.32).
Ïóñòü ÷èñëî ε1 ïîä÷èíåíî óñëîâèþ 1.5. Òîãäà ïðè 0 < ε 6 ε1 âûïîë-

íåíà îöåíêà

‖sε‖L2(O) + ‖div (µε)1/2sε‖L2(O) + ‖rot (µε)−1/2sε‖L2(O) 6 C7ε
1/2‖r‖L2(O).

(4.34)
Ïîñòîÿííàÿ C7 çàâèñèò ëèøü îò íîðì ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ ,
‖µ−1‖L∞ , ïàðàìåòðîâ ðåøåòêè Γ è îáëàñòè O.

Äîêàçàòåëüñòâî òåîðåìû 4.6 òðåáóåò áîëüøîé òåõíè÷åñêîé ðàáîòû;
åìó ïîñâÿùåí � 5.

4.6. Àïïðîêñèìàöèÿ ôóíêöèè ϕε. Èç ëåììû 4.5 è òåîðåìû 4.6 âû-
âîäèòñÿ àïïðîêñèìàöèÿ ôóíêöèè ϕε.

Òåîðåìà 4.7. Ïóñòü ϕε � ðåøåíèå çàäà÷è (4.1). Ïóñòü ÷èñëî ε1 ïîä-

÷èíåíî óñëîâèþ 1.5. Òîãäà ïðè 0 < ε 6 ε1 âûïîëíåíû îöåíêè

‖ϕε − (W ε
µ)∗(ϕ0 + ρε)‖L2(O) 6 C8ε

1/2‖r‖L2(O), (4.35)

‖(ηε)−1rot (µε)−1/2ϕε − (1 + Y ε
η )(η0)−1rot (µ0)−1/2(ϕ0 + ρε)‖L2(O)

6 C9ε
1/2‖r‖L2(O).

(4.36)

Ïîñòîÿííûå C8, C9 çàâèñÿò ëèøü îò íîðì ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ ,
‖µ−1‖L∞ , ïàðàìåòðîâ ðåøåòêè Γ è îáëàñòè O.

Äîêàçàòåëüñòâî. Èç ëåììû 4.5 è òåîðåìû 4.6 íåïîñðåäñòâåííî âûòåêàåò
îöåíêà

‖ϕε −ψε‖L2(O) + ‖rot (µε)−1/2(ϕε −ψε)‖L2(O) 6 (C6 + C7)ε1/2‖r‖L2(O)

ïðè 0 < ε 6 ε1. Âìåñòå ñ ëåììîé 4.4 ýòî âëå÷åò ñëåäóþùèå íåðàâåíñòâà:

‖ϕε − (W ε
µ)∗Sε(ϕ̃0 + ρ̃ε)‖L2(O) 6 C′8ε1/2‖r‖L2(O), 0 < ε 6 ε1, (4.37)

‖(ηε)−1rot (µε)−1/2ϕε − (1 + Y ε
η )(η0)−1rot (µ0)−1/2Sε(ϕ̃0 + ρ̃ε)‖L2(O)

6 C′9ε1/2‖r‖L2(O), 0 < ε 6 ε1,
(4.38)

ãäå C′8 = C3 + C6 + C7, C′9 = C4 + (C6 + C7)‖η−1‖L∞ .
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Îñòàåòñÿ ïîêàçàòü, ÷òî ñãëàæèâàþùèé îïåðàòîð Sε â íåðàâåíñòâàõ
(4.37), (4.38) ìîæíî çàìåíèòü òîæäåñòâåííûì; ýòî îòðàçèòñÿ ëèøü íà
êîíñòàíòàõ â îöåíêàõ. Â ñèëó (4.15) è ëåììû 2.3

‖(W ε
µ)∗(Sε − I)(ϕ̃0 + ρ̃ε)‖L2(O)

= ‖(µε)1/2(1 + Y ε
µ )(µ0)−1/2(Sε − I)(ϕ̃0 + ρ̃ε)‖L2(O)

6 ‖µ‖1/2L∞
‖µ−1‖1/2L∞

‖(Sε − I)(ϕ̃0 + ρ̃ε)‖L2(R3)

+ ‖µ‖1/2L∞
‖Y ε

µ (µ0)−1/2(Sε − I)(ϕ̃0 + ρ̃ε)‖L2(R3)

6 ‖µ‖1/2L∞
‖µ−1‖1/2L∞

(
(1 +

√
β1,µ)‖(Sε − I)(ϕ̃0 + ρ̃ε)‖L2(R3)

+ε
√
β2,µĈµ‖(Sε − I)∇(ϕ̃0 + ρ̃ε)‖L2(R3)

)
.

Ïåðâîå ñëàãàåìîå â ñêîáêàõ îöåíèì ñ ïîìîùüþ ïðåäëîæåíèÿ 1.1, à âòîðîå
ñ ïîìîùüþ îöåíêè (1.2). Ó÷òåì òàêæå (4.11) è (4.14). Ýòî âëå÷åò

‖(W ε
µ)∗(Sε − I)(ϕ̃0 + ρ̃ε)‖L2(O) 6 C′′8ε‖r‖L2(O), (4.39)

ãäå C′′8 = ‖µ‖1/2L∞
‖µ−1‖1/2L∞

(
(1 +

√
β1,µ)r1 + 2

√
β2,µĈµ

)
(C1 + C2). Èç (4.37)

è (4.39) âûòåêàåò èñêîìàÿ îöåíêà (4.35) ñ ïîñòîÿííîé C8 = C′8 + C′′8 .
Àíàëîãè÷íûì îáðàçîì, ñ ïîìîùüþ ëåììû 2.3, ïðåäëîæåíèÿ 1.1, îöåí-

êè (1.2) è íåðàâåíñòâ (4.11) è (4.14) âûâîäèòñÿ îöåíêà

‖(1 + Y ε
η )(η0)−1rot (µ0)−1/2(Sε − I)(ϕ̃0 + ρ̃ε)‖L2(O) 6 C′′9ε‖r‖L2(O), (4.40)

ãäå C′′9 = ‖η−1‖L∞‖µ−1‖1/2L∞

(
r1(1 +

√
β1,η) + 2

√
β2,ηĈη

)
(C1+C2). Èç (4.38)

è (4.40) âûòåêàåò îöåíêà (4.36) ñ ïîñòîÿííîé C9 = C′9 + C′′9 . �

4.7. Îêîí÷àòåëüíûé ðåçóëüòàò â ñëó÷àå q = 0. Âûïèøåì âûðàæå-
íèÿ äëÿ ïîëåé ñ èíäåêñîì r â òåðìèíàõ ôóíêöèè ϕε, ââåäåííîé â ïóíêòå
4.1:

v(r)
ε = (µε)−1/2ϕε, z(r)

ε = (µε)1/2ϕε,

u(r)
ε = (ηε)−1rot (µε)−1/2ϕε, w(r)

ε = rot (µε)−1/2ϕε.

Àíàëîãè÷íûì îáðàçîì, ýôôåêòèâíûå ïîëÿ ñ èíäåêñîì r ñâÿçàíû ñ ôóíê-
öèåé ϕ0, ââåäåííîé â ïóíêòå 4.2:

v
(r)
0 = (µ0)−1/2ϕ0, z

(r)
0 = (µ0)1/2ϕ0,

u
(r)
0 = (η0)−1rot (µ0)−1/2ϕ0, w

(r)
0 = rot (µ0)−1/2ϕ0.

Ïîïðàâî÷íûå ïîëÿ ñ èíäåêñîì r âûðàæàþòñÿ ÷åðåç ρε (ñì. ïóíêò 4.3):

v̂(r)
ε = (µ0)−1/2ρε, ẑ(r)

ε = (µ0)1/2ρε,

û(r)
ε = (η0)−1rot (µ0)−1/2ρε, ŵ(r)

ε = rot (µ0)−1/2ρε.

Ýòè ñîîòíîøåíèÿ âìåñòå ñ òåîðåìîé 4.7 íåïîñðåäñòâåííî ïðèâîäÿò ê
îêîí÷àòåëüíîìó ðåçóëüòàòó â ñëó÷àå q = 0.
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Òåîðåìà 4.8. Ïóñòü (w
(r)
ε , z

(r)
ε ) � ðåøåíèå ñèñòåìû (2.2) ïðè q = 0 è

u
(r)
ε = (ηε)−1w

(r)
ε , v

(r)
ε = (µε)−1z

(r)
ε . Ïóñòü (w

(r)
0 , z

(r)
0 ) � ðåøåíèå ýôôåê-

òèâíîé ñèñòåìû (2.11) ïðè q = 0 è u
(r)
0 = (η0)−1w

(r)
0 , v

(r)
0 = (µ0)−1z

(r)
0 .

Ïóñòü (ŵ
(r)
ε , ẑ

(r)
ε ) � ðåøåíèå ïîïðàâî÷íîé ñèñòåìû (2.12) ïðè q = 0,

à û
(r)
ε = (η0)−1ŵ

(r)
ε , v̂

(r)
ε = (µ0)−1ẑ

(r)
ε . Ïóñòü Yη, Gη, Yµ, Gµ � ïåðèî-

äè÷åñêèå ìàòðèöû-ôóíêöèè, ââåäåííûå â ïóíêòå 2.2. Ïóñòü ÷èñëî ε1

ïîä÷èíåíî óñëîâèþ 1.5. Òîãäà ïðè 0 < ε 6 ε1 âûïîëíåíû îöåíêè

‖u(r)
ε − (1 + Y ε

η )(u
(r)
0 + û(r)

ε )‖L2(O) 6 C9ε
1/2‖r‖L2(O),

‖w(r)
ε − (1 +Gεη)(w

(r)
0 + ŵ(r)

ε )‖L2(O) 6 C9‖η‖L∞ε1/2‖r‖L2(O),

‖v(r)
ε − (1 + Y ε

µ )(v
(r)
0 + v̂(r)

ε )‖L2(O) 6 C8‖µ−1‖1/2L∞
ε1/2‖r‖L2(O),

‖z(r)
ε − (1 +Gεµ)(z

(r)
0 + ẑ(r)

ε )‖L2(O) 6 C8‖µ‖1/2L∞
ε1/2‖r‖L2(O).

Ïîñòîÿííûå C8, C9 çàâèñÿò îò íîðì ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ , ‖µ−1‖L∞ ,
ïàðàìåòðîâ ðåøåòêè Γ è îáëàñòè O.

5. Îöåíêà ïîïðàâêè òèïà ïîãðàíè÷íîãî ñëîÿ

Ýòîò ïàðàãðàô ïîñâÿùåí äîêàçàòåëüñòâó òåîðåìû 4.6.

5.1. Îòîæäåñòâëåíèå Dom lε è Dom l0. Êëþ÷åâîå çíà÷åíèå äëÿ äàëü-
íåéøåãî èìååò ñëåäóþùàÿ ëåììà.

Ëåììà 5.1. Ñóùåñòâóåò ëèíåéíûé îïåðàòîð Tε : Dom lε → Dom l0,
òàêîé ÷òî äëÿ ôóíêöèè ζ0

ε = Tεζ, ζ ∈ Dom lε, âûïîëíåíû ðàâåíñòâà

div (µ0)1/2ζ0
ε = div (µε)1/2ζ, rot (µ0)−1/2ζ0

ε = rot (µε)−1/2ζ, (5.1)

è îöåíêè

‖ζ0
ε‖L2(O) 6 C10‖ζ‖L2(O), (5.2)

‖ζ0
ε‖H1(O) 6 C11

(
‖ζ‖L2(O) + ‖div (µε)1/2ζ‖L2(O) + ‖rot (µε)−1/2ζ‖L2(O)

)
.

(5.3)

Ïîñòîÿííàÿ C10 çàâèñèò ëèøü îò ‖µ‖L∞ , ‖µ−1‖L∞ , à C11 çàâèñèò îò

òåõ æå âåëèñèí è îò îáëàñòè O.

Äîêàçàòåëüñòâî. Ðàññìîòðèì äâå âñïîìîãàòåëüíûõ çàäà÷è.
Ïåðâàÿ âñïîìîãàòåëüíàÿ çàäà÷à. Ïóñòü ζ ∈ Dom lε. Îáîçíà÷èì

fε := div (µε)1/2ζ ∈ L2(O). Ïóñòü φε,1 ∈ H1(O) � îáîáùåííîå ðåøåíèå
çàäà÷è Íåéìàíà

divµ0∇φε,1(x) = fε(x), x ∈ O; (µ0∇φε,1)n|∂O = 0. (5.4)

Óñëîâèå ðàçðåøèìîñòè âûïîëíåíî, ïîñêîëüêó∫
O
fε(x) dx =

∫
O

div (µε)1/2ζ dx = 0
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â ñèëó óñëîâèÿ ((µε)1/2ζ)n|∂O = 0. Ðåøåíèå çàäà÷è (5.4) îïðåäåëåíî ñ
òî÷íîñòüþ äî ïîñòîÿííîãî ñëàãàåìîãî; íàì ïîíàäîáèòñÿ òîëüêî (îäíî-
çíà÷íî îïðåäåëåííûé) ãðàäèåíò ðåøåíèÿ. Ðåøåíèå óäîâëåòâîðÿåò òîæ-
äåñòâó∫

O
〈µ0∇φε,1,∇ω〉 dx =

∫
O
〈(µε)1/2ζ,∇ω〉 dx, ∀ω ∈ H1(O). (5.5)

Ïîëîæèì ζ0
ε,1 = (µ0)1/2∇φε,1. Òîãäà âûïîëíåíû ñîîòíîøåíèÿ

div (µ0)1/2ζ0
ε,1 = div (µε)1/2ζ, rot (µ0)−1/2ζ0

ε,1 = 0, ((µ0)1/2ζ0
ε,1)n|∂O = 0.

(5.6)
Ïîäñòàâëÿÿ ω = φε,1 â òîæäåñòâî (5.5), ïðèõîäèì ê îöåíêå

‖ζ0
ε,1‖L2(O) 6 ‖µ‖

1/2
L∞
‖µ−1‖1/2L∞

‖ζ‖L2(O). (5.7)

Óñëîâèå ãëàäêîñòè ãðàíèöû (∂O ∈ C1,1) îáåñïå÷èâàåò ñâîéñòâî ïîâûøå-
íèÿ ãëàäêîñòè ðåøåíèÿ çàäà÷è (5.4): âûïîëíåíî âêëþ÷åíèå φε,1 ∈ H2(O)
è îöåíêà

‖ζ0
ε,1‖H1(O) 6 c1‖fε‖L2(O) = c1‖div (µε)1/2ζ‖L2(O). (5.8)

Ïîñòîÿííàÿ c1 çàâèñèò ëèøü îò íîðì ‖µ‖L∞ , ‖µ−1‖L∞ è îò îáëàñòè O.
Âòîðàÿ âñïîìîãàòåëüíàÿ çàäà÷à. Ïóñòü ζ ∈ Dom lε. Îáîçíà÷èì

gε := divµ0(µε)−1/2ζ ∈ H−1(O). Ïóñòü φε,2 ∈ H1(O) � îáîáùåííîå ðåøå-
íèå çàäà÷è Íåéìàíà

divµ0∇φε,2(x) = gε(x), x ∈ O; (µ0∇φε,2)n|∂O = (µ0(µε)−1/2ζ)n|∂O.
Ñòðîãî ãîâîðÿ, ðåøåíèå φε,2 ïîíèìàåòñÿ êàê ýëåìåíò ïðîñòðàíñòâà
H1(O), óäîâëåòâîðÿþùèé èíòåãðàëüíîìó òîæäåñòâó∫

O
〈µ0∇φε,2,∇ω〉 dx =

∫
O
〈µ0(µε)−1/2ζ,∇ω〉 dx, ∀ω ∈ H1(O). (5.9)

Ðåøåíèå îïðåäåëÿåòñÿ ñ òî÷íîñòüþ äî ïîñòîÿííîãî ñëàãàåìîãî; íàì ïî-
íàäîáèòñÿ òîëüêî ãðàäèåíò ðåøåíèÿ. Ïîëîæèì ζ0

ε,2 = (µ0)1/2((µε)−1/2ζ−
∇φε,2). Òîãäà âûïîëíåíû ðàâåíñòâà

div (µ0)1/2ζ0
ε,2 = 0, rot (µ0)−1/2ζ0

ε,2 = rot (µε)−1/2ζ, ((µ0)1/2ζ0
ε,2)n|∂O = 0.

(5.10)
Ïîäñòàâëÿÿ ω = φε,2 â òîæäåñòâî (5.9), ïðèõîäèì ê îöåíêå

‖(µ0)1/2∇φε,2‖L2(O) 6 ‖µ‖
1/2
L∞
‖µ−1‖1/2L∞

‖ζ‖L2(O). (5.11)

Ñëåäîâàòåëüíî,

‖ζ0
ε,2‖L2(O) 6 2‖µ‖1/2L∞

‖µ−1‖1/2L∞
‖ζ‖L2(O). (5.12)

Èç (5.10) è (5.12) ñëåäóåò, ÷òî ζ0
ε,2 ∈ Dom l0 ⊂ H1(O;C3). Ïðè ýòîì (ñð.

(4.7))

‖ζ0
ε,2‖H1(O) 6 c2(‖rot (µε)−1/2ζ‖L2(O) + ‖ζ‖L2(O)). (5.13)

Ïîñòîÿííàÿ c2 çàâèñèò ëèøü îò íîðì ‖µ‖L∞ , ‖µ−1‖L∞ è îò îáëàñòè O.
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Ïîëîæèì ζ0
ε = ζ0

ε,1 + ζ0
ε,2. Òîãäà èç (5.6) è (5.10) ñëåäóåò, ÷òî âûïîë-

íåíû ñîîòíîøåíèÿ (5.1). Èç (5.7) è (5.12) âûòåêàåò îöåíêà (5.2) ñ ïîñòî-

ÿííîé C10 = 3‖µ‖1/2L∞
‖µ−1‖1/2L∞

. Íàêîíåö, (5.8) è (5.13) âëåêóò íåðàâåíñòâî
(5.3) ñ ïîñòîÿííîé C11 = max{c1, c2}. �

Çàìå÷àíèå 5.2. Â óñëîâèÿõ ëåììû 5.1 ñïðàâåäëèâî ðàâåíñòâî

(µ0)−1/2ζ0
ε − (µε)−1/2ζ = ∇(φε,1 − φε,2). (5.14)

Ïóñòü 0 < ε 6 ε0 (ãäå ÷èñëî ε0 âûáðàíî â ñîîòâåòñòâèè ñ óñëîâèåì 1.5).
Ôèêñèðóåì ñðåçêó θε(x) íà (2ε)-îêðåñòíîñòü ãðàíèöû ∂O, îáëàäàþùóþ
ñëåäóþùèìè ñâîéñòâàìè:

θε ∈ C∞0 (R3), 0 6 θε(x) 6 1, supp θε ⊂ (∂O)2ε,

θε(x) = 1 ïðè x ∈ (∂O)ε, ε|∇θε(x)| 6 κ = Const .
(5.15)

Ïîñòîÿííàÿ κ çàâèñèò ëèøü îò îáëàñòè O.

5.2. Àíàëèç ïåðâîãî ÷ëåíà â Rε[ζ]. Îáîçíà÷èì ïåðâîå ñëàãàåìîå â
(4.29) ÷åðåç Jε[ζ] è ïðåäñòàâèì åãî â âèäå ñóììû ÷åòûðåõ ÷ëåíîâ:

Jε[ζ] =
4∑
l=1

J (l)
ε [ζ], ζ ∈ Dom lε, (5.16)

ãäå

J (1)
ε [ζ] = (Y ε

η (η0)−1rot (µ0)−1/2Sε(ϕ̃0 + ρ̃ε), rot (µε)−1/2ζ)L2(O), (5.17)

J (2)
ε [ζ] = ((η0)−1rot (µ0)−1/2ϕ0, rot (µε)−1/2ζ)L2(O), (5.18)

J (3)
ε [ζ] = ((η0)−1rot (µ0)−1/2ρε, rot (µε)−1/2ζ)L2(O), (5.19)

J (4)
ε [ζ] = ((η0)−1rot (µ0)−1/2(Sε − I)(ϕ̃0 + ρ̃ε), rot (µε)−1/2ζ)L2(O). (5.20)

Ëåììà 5.3. ×ëåí (5.17) ïðè 0 < ε 6 ε1 ïîä÷èíåí îöåíêå

|J (1)
ε [ζ]| 6 C12ε

1/2‖r‖L2(O)‖rot (µε)−1/2ζ‖L2(O), ζ ∈ Dom lε. (5.21)

Ïîñòîÿííàÿ C12 çàâèñèò îò íîðì ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ , ‖µ−1‖L∞ ,
îáëàñòè O è ïàðàìåòðîâ ðåøåòêè Γ.

Äîêàçàòåëüñòâî. Îáîçíà÷èì hε,j := [(η0)−1rot (µ0)−1/2Sε(ϕ̃0 + ρ̃ε)]j , j =
1, 2, 3. Ñòîëáöû ìàòðèöû Y ε

η èìåþò âèä (∇Φj)
ε = ε∇Φε

j , j = 1, 2, 3. Î÷å-

âèäíî, ε(∇Φε
j)hε,j = ε∇(Φε

jhε,j)− εΦε
j∇hε,j . Ñëåäîâàòåëüíî,

J (1)
ε [ζ] = Ĵ (1)

ε [ζ]− J̃ (1)
ε [ζ], (5.22)

ãäå

Ĵ (1)
ε [ζ] = ε

3∑
j=1

(
∇(Φε

jhε,j), rot (µε)−1/2ζ
)
L2(O)

, (5.23)

J̃ (1)
ε [ζ] = ε

3∑
j=1

(
Φε
j∇hε,j , rot (µε)−1/2ζ

)
L2(O)

. (5.24)
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Ïóñòü θε � ñðåçêà, ïîä÷èíåííàÿ óñëîâèÿì (5.15). ×ëåí (5.23) ìîæíî
ïðåäñòàâèòü â âèäå

Ĵ (1)
ε [ζ] = ε

3∑
j=1

(
∇(θεΦ

ε
jhε,j), rot (µε)−1/2ζ

)
L2(O)

, (5.25)

ïîñêîëüêó (
∇((1− θε)Φε

jhε,j), rot (µε)−1/2ζ
)
L2(O)

= 0,

÷òî ïðîâåðÿåòñÿ èíòåãðèðîâàíèåì ïî ÷àñòÿì ñ ó÷åòîì òîæäåñòâà
div rot = 0. (Ïðè ïðîâåðêå ìîæíî çàìåíèòü rot (µε)−1/2ζ íà

rot (µ0)−1/2ζ0
ε, ãäå ζ

0
ε ∈ Dom l0. Ñíà÷àëà ñ÷èòàåì, ÷òî ζ0

ε ∈ H2(O;C3),
à çàòåì çàìûêàåì ðåçóëüòàò ïî íåïðåðûâíîñòè.)
Äàëåå, èìååì

ε∇(θεΦ
ε
jhε,j) = (ε∇θε)Φε

jhε,j + θε(∇Φj)
εhε,j + εθεΦ

ε
j∇hε,j . (5.26)

Ïåðâîå ñëàãàåìîå ñïðàâà îöåíèì ñ ïîìîùüþ (5.15) è ëåììû 1.7:

‖(ε∇θε)Φε
jhε,j‖L2(O) 6 κ‖Φε

jhε,j‖L2((∂O)2ε)

6 ε1/2κβ
1/2
∗ |Ω|−1/2‖Φj‖L2(Ω)‖η−1‖L∞‖µ−1‖1/2L∞

‖ϕ̃0 + ρ̃ε‖H2(R3)

ïðè 0 < ε 6 ε1. Âìåñòå ñ (2.9), (4.11), (4.14) ýòî âëå÷åò

‖(ε∇θε)Φε
jhε,j‖L2(O) 6 C′12ε

1/2‖r‖L2(O), 0 < ε 6 ε1,

ãäå C′12 = κβ
1/2
∗ (2r0)−1‖η‖1/2L∞

‖η−1‖3/2L∞
‖µ−1‖1/2L∞

(C1 + C2).
Äëÿ îöåíêè âòîðîãî ñëàãàåìîãî â ïðàâîé ÷àñòè (5.26) ïðèìåíèì (5.15)

è ëåììó 1.7:

‖θε(∇Φj)
εhε,j‖L2(O) 6 ‖(∇Φj)

εhε,j‖L2((∂O)2ε)

6 ε1/2β
1/2
∗ |Ω|−1/2‖∇Φj‖L2(Ω)‖η−1‖L∞‖µ−1‖1/2L∞

‖ϕ̃0 + ρ̃ε‖H2(R3)

ïðè 0 < ε 6 ε1. Ó÷èòûâàÿ (2.8), (4.11) è (4.14), ïðèõîäèì ê íåðàâåíñòâó

‖θε(∇Φj)
εhε,j‖L2(O) 6 C′′12ε

1/2‖r‖L2(O), 0 < ε 6 ε1,

ãäå C′′12 = β
1/2
∗ ‖η‖1/2L∞

‖η−1‖3/2L∞
‖µ−1‖1/2L∞

(C1 + C2).
Íàêîíåö, òðåòüå ñëàãàåìîå â ïðàâîé ÷àñòè (5.26) îöåíèâàåòñÿ ñ ïîìî-

ùüþ ïðåäëîæåíèÿ 1.2:

ε‖θεΦε
j∇hε,j‖L2(O) 6 ε‖Φε

j∇hε,j‖L2(R3)

6 ε|Ω|−1/2‖Φj‖L2(Ω)‖η−1‖L∞‖µ−1‖1/2L∞
‖ϕ̃0 + ρ̃ε‖H2(R3).

(5.27)

Âìåñòå ñ (2.9), (4.11) è (4.14) ýòî äàåò

ε‖θεΦε
j∇hε,j‖L2(O) 6 C′′′12ε‖r‖L2(O), (5.28)

ãäå C′′′12 = (2r0)−1‖η‖1/2L∞
‖η−1‖3/2L∞

‖µ−1‖1/2L∞
(C1 + C2).

Â èòîãå ïîëó÷àåì

‖ε∇(θεΦ
ε
jhε,j)‖L2(O) 6 Ĉ12ε

1/2‖r‖L2(O), 0 < ε 6 ε1, (5.29)
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ãäå Ĉ12 = C′12 + C′′12 + C′′′12. Îòñþäà ñëåäóåò îöåíêà ÷ëåíà (5.25):

|Ĵ (1)
ε [ζ]| 6 3Ĉ12ε

1/2‖r‖L2(O)‖rot (µε)−1/2ζ‖L2(O), 0 < ε 6 ε1. (5.30)

Ïåðåéäåì ê ðàññìîòðåíèþ ÷ëåíà (5.24). Àíàëîãè÷íî (5.27), (5.28)

‖Φε
j∇hε,j‖L2(O) 6 C′′′12‖r‖L2(O).

Ñëåäîâàòåëüíî,

|J̃ (1)
ε [ζ]| 6 3C′′′12ε‖r‖L2(O)‖rot (µε)−1/2ζ‖L2(O). (5.31)

Â èòîãå, èç (5.22), (5.30) è (5.31) ïîëó÷àåì èñêîìóþ îöåíêó (5.21) ñ

ïîñòîÿííîé C12 = 3(Ĉ12 + C′′′12). �

×ëåí (5.20) îöåíèì ñ ïîìîùüþ ïðåäëîæåíèÿ 1.1:

|J (4)
ε [ζ]| 6 εr1‖η−1‖L∞‖µ−1‖1/2L∞

‖ϕ̃0 + ρ̃ε‖H2(R3)‖rot (µε)−1/2ζ‖L2(O).

Ó÷èòûâàÿ (4.11) è (4.14), ïðèõîäèì ê íåðàâåíñòâó

|J (4)
ε [ζ]| 6 C13ε‖r‖L2(O)‖rot (µε)−1/2ζ‖L2(O), (5.32)

ãäå C13 = r1‖η−1‖L∞‖µ−1‖1/2L∞
(C1 + C2).

×ëåí (5.18) ïðåîáðàçóåì, èñïîëüçóÿ ëåììó 5.1. Ïóñòü ζ0
ε = Tεζ. Òîãäà

ζ0
ε ∈ Dom l0 è rot (µε)−1/2ζ = rot (µ0)−1/2ζ0

ε. Ñëåäîâàòåëüíî,

J (2)
ε [ζ] = ((η0)−1rot (µ0)−1/2ϕ0, rot (µ0)−1/2ζ0

ε)L2(O).

Ïîñêîëüêó ϕ0 ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è (4.4), âûïîëíåíî

J (2)
ε [ζ] = −(ϕ0, ζ

0
ε)L2(O) + i((µ0)−1/2r, ζ0

ε)L2(O). (5.33)

Àíàëîãè÷íûì îáðàçîì ïðåîáðàçóåì ÷ëåí (5.19):

J (3)
ε [ζ] = ((η0)−1rot (µ0)−1/2ρε, rot (µ0)−1/2ζ0

ε)L2(O).

Ïîñêîëüêó ρε ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è (4.12), âûïîëíåíî

J (3)
ε [ζ] = −(ρε, ζ

0
ε)L2(O) + i((µ0)−1/2rε, ζ

0
ε)L2(O). (5.34)

5.3. Äàëüíåéøèé àíàëèç Rε[ζ]. Èç (5.16), (5.33) è (5.34) ñëåäóåò, ÷òî
ôóíêöèîíàë (4.29) ìîæíî ïðåäñòàâèòü â âèäå

Rε[ζ] =J (1)
ε [ζ] + J (4)

ε [ζ] + ((W ε
µ)∗Sε(ϕ̃0 + ρ̃ε), ζ)L2(O) − (ϕ0, ζ

0
ε)L2(O)

− (ρε, ζ
0
ε)L2(O) + i((µ0)−1/2rε, ζ

0
ε)L2(O)

+ i(r, (µ0)−1/2ζ0
ε − (µε)−1/2ζ)L2(O).

(5.35)
Â ñèëó (5.14) ïîñëåäíåå ñëàãàåìîå â (5.35) îáðàùàåòñÿ â íîëü:

(r, (µ0)−1/2ζ0
ε − (µε)−1/2ζ)L2(O) = (r,∇(φε,1 − φε,2))L2(O) = 0, (5.36)

ïîñêîëüêó r ∈ J0(O) (ñì. (1.4)).
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Èñïîëüçóÿ (4.15), ïðåäñòàâèì òðåòüå ñëàãàåìîå â (5.35) â âèäå

((W ε
µ)∗Sε(ϕ̃0 + ρ̃ε), ζ)L2(O) = (µ̃ε(µ0)−1/2Sε(ϕ̃0 + ρ̃ε), (µ

ε)−1/2ζ)L2(O)

= J (5)
ε [ζ] + J (6)

ε [ζ] + ((µ0)1/2(ϕ0 + ρε), (µ
ε)−1/2ζ)L2(O),

(5.37)
ãäå

J (5)
ε [ζ] = ((µ̃ε − µ0)(µ0)−1/2Sε(ϕ̃0 + ρ̃ε), (µ

ε)−1/2ζ)L2(O), (5.38)

J (6)
ε [ζ] = ((µ0)1/2(Sε − I)(ϕ̃0 + ρ̃ε), (µ

ε)−1/2ζ)L2(O). (5.39)

Òåïåðü èç (5.35)�(5.37) ñëåäóåò ïðåäñòàâëåíèå

Rε[ζ] = J (1)
ε [ζ] + J (4)

ε [ζ] + J (5)
ε [ζ] + J (6)

ε [ζ]

+ i((µ0)−1/2rε, ζ
0
ε)L2(O) + ((µ0)1/2(ϕ0 + ρε), (µ

ε)−1/2ζ − (µ0)−1/2ζ0
ε)L2(O).
(5.40)

Â ñèëó (5.14) ïîñëåäíåå ñëàãàåìîå â (5.40) îáðàùàåòñÿ â íîëü:

((µ0)1/2(ϕ0 + ρε), (µ
ε)−1/2ζ − (µ0)−1/2ζ0

ε)L2(O)

= ((µ0)1/2(ϕ0 + ρε),∇(φε,2 − φε,1))L2(O) = 0,
(5.41)

ïîñêîëüêó (µ0)1/2(ϕ0 + ρε) ∈ J0(O). Ñîãëàñíî (5.40) è (5.41),

Rε[ζ] =J (1)
ε [ζ] + J (4)

ε [ζ] + J (5)
ε [ζ] + J (6)

ε [ζ] + J (7)
ε [ζ], (5.42)

J (7)
ε [ζ] :=i((µ0)−1/2rε, ζ

0
ε)L2(O). (5.43)

5.4. Îöåíêà ÷ëåíîâ J (5)
ε [ζ] è J (6)

ε [ζ]. Ñëåäóþùàÿ ëåììà òðàäèöèîííà
â òåîðèè óñðåäíåíèÿ. Äëÿ ïîëíîòû èçëîæåíèÿ ìû ïðèâåäåì åå ñ äîêàçà-
òåëüñòâîì.

Ëåììà 5.4. Ïóñòü µ̃(x) � ìàòðèöà-ôóíêöèÿ (2.6), à µ0 � ýôôåêòèâ-

íàÿ ìàòðèöà (2.7). Ñóùåñòâóþò ôóíêöèè M
(i)
lj ∈ H̃

1(Ω), i, l, j = 1, 2, 3,
òàêèå ÷òî

µ̃li(x)− µ0
li =

3∑
j=1

∂jM
(i)
lj (x), l, i = 1, 2, 3, (5.44)

M
(i)
lj (x) = −M (i)

jl (x), i, l, j = 1, 2, 3. (5.45)

Âûïîëíåíû îöåíêè

‖M (i)
lj ‖L2(Ω) 6 C

′
M |Ω|1/2, C ′M := r−1

0 ‖µ‖L∞ , i, l, j = 1, 2, 3,

‖∇M (i)
lj ‖L2(Ω) 6 C

′′
M |Ω|1/2, C ′′M := 2‖µ‖L∞ , i, l, j = 1, 2, 3.

(5.46)

Äîêàçàòåëüñòâî. Ïóñòü Uli(x) � Γ-ïåðèîäè÷åñêîå ðåøåíèå óðàâíåíèÿ

∆Uli(x) = µ̃li(x)− µ0
li. (5.47)
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Óñëîâèå ðàçðåøèìîñòè îáåñïå÷åíî ñîîòíîøåíèåì (2.7). Ïîñêîëüêó ïðà-

âàÿ ÷àñòü â (5.47) ïðèíàäëåæèò L2(Ω), òî Uli ∈ H̃2(Ω). Ïîëîæèì

M
(i)
lj (x) := ∂jUli(x)− ∂lUji(x), i, l, j = 1, 2, 3. (5.48)

Î÷åâèäíî, âûïîëíåíî (5.45). Â ñèëó (2.5) äèâåðãåíöèÿ îò ñòîëáöîâ ìàò-
ðèöû µ̃(x)− µ0 ðàâíà íóëþ, ò. å.,

3∑
j=1

∂j(µ̃ji(x)− µ0
ji) = 0, i = 1, 2, 3.

Îáîçíà÷èì fi(x) :=
∑3

j=1 ∂jUji(x). Òîãäà, ñîãëàñíî (5.47),

∆fi(x) =

3∑
j=1

∂j∆Uji(x) =

3∑
j=1

∂j(µ̃ji(x)− µ0
ji) = 0.

Òàêèì îáðàçîì, fi(x) � ïåðèîäè÷åñêîå ðåøåíèå óðàâíåíèÿ Ëàïëàñà ñ
íóëåâûì ñðåäíèì. Ñëåäîâàòåëüíî, fi(x) = 0. Îòñþäà ñ ó÷åòîì (5.48)

3∑
j=1

∂jM
(i)
lj (x) =

3∑
j=1

∂2
jUli(x)−

3∑
j=1

∂j∂lUji(x)

= ∆Uli(x)− ∂lfi(x) = ∆Uli(x).

Âìåñòå ñ (5.47) ýòî ïðèâîäèò ê èñêîìîìó òîæäåñòâó (5.44).
Ñ ïîìîùüþ ðÿäîâ Ôóðüå ëåãêî âèäåòü, ÷òî ïåðèîäè÷åñêîå ðåøåíèå

óðàâíåíèÿ (5.47) äîïóñêàåò îöåíêè

‖∇Uli‖L2(Ω) 6 (2r0)−1‖µ̃li − µ0
li‖L2(Ω),

‖∇2Uli‖L2(Ω) 6 ‖µ̃li − µ0
li‖L2(Ω).

Â ñâîþ î÷åðåäü, èç óðàâíåíèÿ (2.5) âûòåêàåò íåðàâåíñòâî

‖µ̃li − µ0
li‖L2(Ω) 6 ‖µ̃li‖L2(Ω) 6 ‖µ‖L∞ |Ω|1/2.

Ýòî ïðèâîäèò ê èñêîìûì îöåíêàì (5.46). �

Ëåììà 5.5. Ïðè 0 < ε 6 ε1 ÷ëåí (5.38) ïîä÷èíåí îöåíêå

|J (5)
ε [ζ]| 6 C14ε

1/2‖r‖L2(O)

×
(
‖ζ‖L2(O) + ‖div (µε)1/2ζ‖L2(O) + ‖rot (µε)−1/2ζ‖L2(O)

)
.

(5.49)

Ïîñòîÿííàÿ C14 çàâèñèò îò íîðì ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ , ‖µ−1‖L∞ ,
ïàðàìåòðîâ ðåøåòêè Γ è îáëàñòè O.

Äîêàçàòåëüñòâî. Îáîçíà÷èì [(µ0)−1/2Sε(ϕ̃0 + ρ̃ε)]i =: qε,i, i = 1, 2, 3.
Çàïèøåì ÷ëåí (5.38) â âèäå

J (5)
ε [ζ] =

3∑
l,i=1

(
(µ̃εli − µ0

li)qε,i, [(µ
ε)−1/2ζ]l

)
L2(O)

. (5.50)
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Â ñèëó (5.44) èìååì:

µ̃εli − µ0
li = ε

3∑
j=1

∂j(M
(i)
lj )ε, l, i = 1, 2, 3. (5.51)

Ñëåäîâàòåëüíî,

J (5)
ε [ζ] = Ĵ (5)

ε [ζ]− J̃ (5)
ε [ζ], (5.52)

ãäå

Ĵ (5)
ε [ζ] = ε

3∑
l,i,j=1

(
∂j((M

(i)
lj )εqε,i), [(µ

ε)−1/2ζ]l

)
L2(O)

, (5.53)

J̃ (5)
ε [ζ] = ε

3∑
l,i,j=1

(
(M

(i)
lj )ε∂jqε,i, [(µ

ε)−1/2ζ]l

)
L2(O)

. (5.54)

Ïóñòü θε � ñðåçêà, ïîä÷èíåííàÿ óñëîâèÿì (5.15). Çàïèøåì ÷ëåí (5.53)
â âèäå

Ĵ (5)
ε [ζ] = J (8)

ε [ζ] + J (9)
ε [ζ], (5.55)

J (8)
ε [ζ] = ε

3∑
l,i,j=1

(
∂j(θε(M

(i)
lj )εqε,i), [(µ

ε)−1/2ζ]l

)
L2(O)

, (5.56)

J (9)
ε [ζ] = ε

3∑
l,i,j=1

(
∂j((1− θε)(M (i)

lj )εqε,i), [(µ
ε)−1/2ζ]l

)
L2(O)

. (5.57)

Ðàññìîòðèì ÷ëåí (5.56). Èìååì:

ε∂j(θε(M
(i)
lj )εqε,i) = ε(∂jθε)(M

(i)
lj )εqε,i + θε(∂jM

(i)
lj )εqε,i + εθε(M

(i)
lj )ε∂jqε,i.

(5.58)
Ïåðâîå ñëàãàåìîå ñïðàâà îöåíèì ñ ïîìîùüþ (5.15) è ëåììû 1.7

‖ε(∂jθε)(M (i)
lj )εqε,i‖L2(O) 6 κ‖(M

(i)
lj )εqε,i‖L2((∂O)2ε)

6 ε1/2κβ
1/2
∗ |Ω|−1/2‖M (i)

lj ‖L2(Ω)‖µ−1‖1/2L∞
‖ϕ̃0 + ρ̃ε‖H1(R3), 0 < ε 6 ε1.

Âìåñòå ñ (4.11), (4.14) è (5.46) ýòî âëå÷åò

‖ε(∂jθε)(M (i)
lj )εqε,j‖L2(O) 6 C′14ε

1/2‖r‖L2(O), 0 < ε 6 ε1,

ãäå C′14 = κβ
1/2
∗ C ′M‖µ−1‖1/2L∞

(C1 + C2). Àíàëîãè÷íî, äëÿ îöåíêè âòîðîãî
ñëàãàåìîãî â (5.58) ïðèìåíèì (5.15) è ëåììó 1.7:

‖θε(∂jM (i)
lj )εqε,i‖L2(O)

6 ε1/2β
1/2
∗ |Ω|−1/2‖∂jM (i)

lj ‖L2(Ω)‖µ−1‖1/2L∞
‖ϕ̃0 + ρ̃ε‖H1(R3)

ïðè 0 < ε 6 ε1. Ó÷èòûâàÿ (4.11), (4.14) è (5.46), ïîëó÷àåì

‖θε(∂jM (i)
lj )εqε,i‖L2(O) 6 C′′14ε

1/2‖r‖L2(O), 0 < ε 6 ε1,
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ãäå C′′14 = β
1/2
∗ C ′′M‖µ−1‖1/2L∞

(C1 + C2). Òðåòüå ñëàãàåìîå â ïðàâîé ÷àñòè
(5.58) îöåíèâàåòñÿ ñ ïîìîùüþ ïðåäëîæåíèÿ 1.2:

ε‖θε(M (i)
lj )ε∂jqε,i‖L2(O) 6 ε|Ω|−1/2‖M (i)

lj ‖L2(Ω)‖µ−1‖1/2L∞
‖ϕ̃0 + ρ̃ε‖H1(R3).

(5.59)
Âìåñòå ñ (4.11), (4.14) è (5.46) ýòî äàåò

ε‖θε(M (i)
lj )ε∂jqε,i‖L2(O) 6 C′′′14ε‖r‖L2(O), (5.60)

ãäå C′′′14 = C ′M‖µ−1‖1/2L∞
(C1 + C2). Â èòîãå ïðèõîäèì ê îöåíêå

ε‖∂j(θε(M (i)
lj )εqε,i)‖L2(O) 6 Č14ε

1/2‖r‖L2(O), 0 < ε 6 ε1, (5.61)

ãäå Č14 = C′14 + C′′14 + C′′′14. Îòñþäà âûòåêàåò îöåíêà ÷ëåíà (5.56):

|J (8)
ε [ζ]| 6 9

√
3Č14‖µ−1‖1/2L∞

ε1/2‖r‖L2(O)‖ζ‖L2(O), 0 < ε 6 ε1. (5.62)

Ïåðåéäåì ê ðàññìîòðåíèþ ÷ëåíà (5.57). Â ñèëó (5.14), (µε)−1/2ζ =

(µ0)−1/2ζ0
ε +∇(φε,2 − φε,1). Ýòî ïîçâîëÿåò çàïèñàòü ÷ëåí (5.57) â âèäå

J (9)
ε [ζ] = ε

3∑
l,i,j=1

(
∂j((1− θε)(M (i)

lj )εqε,i), [(µ
0)−1/2ζ0

ε]l

)
L2(O)

. (5.63)

Ìû ó÷ëè, ÷òî

3∑
l,j=1

(
∂j((1− θε)(M (i)

lj )εqε,i), ∂l(φε,2 − φε,1)
)
L2(O)

= −
3∑

l,j=1

(
(1− θε)(M (i)

lj )εqε,i, ∂j∂l(φε,2 − φε,1)
)
L2(O)

= 0,

÷òî ïîëó÷àåòñÿ èíòåãðèðîâàíèåì ïî ÷àñòÿì ñ ó÷åòîì ñîîòíîøåíèé (5.45).
(Ïðè ïðîâåðêå ìîæíî çàìåíèòü ôóíêöèþ φε,2−φε,1 íà φ ∈ H2(O), à çàòåì
çàìêíóòü ðåçóëüòàò ïî íåïðåðûâíîñòè.)
Âêëþ÷åíèå ζ0

ε ∈ H1(O;C3) ïîçâîëÿåò ïðîèíòåãðèðîâàòü ïî ÷àñòÿì â
(5.63):

J (9)
ε [ζ] = −ε

3∑
l,i,j=1

(
(1− θε)(M (i)

lj )εqε,i, ∂j [(µ
0)−1/2ζ0

ε]l

)
L2(O)

.

Àíàëîãè÷íî (5.59), (5.60) âûïîëíåíà îöåíêà

‖(1− θε)(M (i)
lj )εqε,i‖L2(O) 6 C′′′14‖r‖L2(O).

Âìåñòå ñ (5.3) ýòî âëå÷åò

|J (9)
ε [ζ]| 6 9C′′′14C11‖µ−1‖1/2L∞

ε‖r‖L2(O)

×
(
‖ζ‖L2(O) + ‖div (µε)1/2ζ‖L2(O) + ‖rot (µε)−1/2ζ‖L2(O)

)
.

(5.64)
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Íàêîíåö, ÷ëåí (5.54) îöåíèâàåòñÿ àíàëîãè÷íî (5.59), (5.60):

|J̃ (5)
ε [ζ]| 6 C̃14ε‖r‖L2(O)‖ζ‖L2(O), (5.65)

ãäå C̃14 = 9
√

3C′′′14‖µ−1‖1/2L∞
.

Â èòîãå, ñîîòíîøåíèÿ (5.52), (5.55), (5.62), (5.64), (5.65) ïðèâîäÿò ê

îöåíêå (5.49) ñ ïîñòîÿííîé C14 = 9‖µ−1‖1/2L∞
(
√

3Č14 + C′′′14C11) + C̃14. �

×ëåí (5.39) îöåíèâàåòñÿ ñ ïîìîùüþ ïðåäëîæåíèÿ 1.1:

|J (6)
ε [ζ]| 6 εr1‖µ‖1/2L∞

‖µ−1‖1/2L∞
‖ϕ̃0 + ρ̃ε‖H1(R3)‖ζ‖L2(O).

Âìåñòå ñ (4.11) è (4.14) ýòî äàåò îöåíêó

|J (6)
ε [ζ]| 6 C15ε‖r‖L2(O)‖ζ‖L2(O), (5.66)

ãäå C15 = r1(C1 + C2)‖µ‖1/2L∞
‖µ−1‖1/2L∞

.

5.5. Îöåíêà ÷ëåíà J (7)
ε [ζ]. Èñïîëüçóÿ (2.13), çàïèøåì ÷ëåí (5.43) â

âèäå
J (7)
ε [ζ] = i((µ0)−1/2P0

µ0Sε(Y
ε
µ )∗r̃, ζ0

ε)L2(O). (5.67)

Çàìå÷àíèå 5.6. Ïóñòü P0
µ0 � îðòîïðîåêòîð ïðîñòðàíñòâà

L2(O; (µ0)−1) íà J0(O). Íåòðóäíî ïîêàçàòü, ÷òî P0
µ0f ∈ H1(O;C3),

åñëè f ∈ H1(O;C3). Ïðè ýòîì âûïîëíåíà îöåíêà

‖P0
µ0f‖H1(O) 6 c‖f‖H1(O). (5.68)

Ïîñòîÿííàÿ c çàâèñèò ëèøü îò íîðì ‖µ‖L∞ , ‖µ−1‖L∞ è îáëàñòè O.

Ó÷èòûâàÿ ñàìîñîïðÿæåííîñòü îïåðàòîðà P0
µ0 â âåñîâîì ïðîñòðàíñòâå

L2(O; (µ0)−1), ïðåäñòàâèì ôóíêöèîíàë (5.67) â âèäå

J (7)
ε [ζ] = i((µ0)−1Sε(Y

ε
µ )∗r̃,P0

µ0(µ0)1/2ζ0
ε)L2(O). (5.69)

Ïóñòü θε � ñðåçêà, óäîâëåòâîðÿþùàÿ óñëîâèÿì (5.15). Çàïèøåì ÷ëåí
(5.69) êàê ñóììó äâóõ ñëàãàåìûõ:

J (7)
ε [ζ] = Ĵ (7)

ε [ζ] + J̃ (7)
ε [ζ], (5.70)

Ĵ (7)
ε [ζ] := i((µ0)−1Sε(Y

ε
µ )∗r̃, θεP0

µ0(µ0)1/2ζ0
ε)L2(O), (5.71)

J̃ (7)
ε [ζ] := i((µ0)−1Sε(Y

ε
µ )∗r̃, (1− θε)P0

µ0(µ0)1/2ζ0
ε)L2(O). (5.72)

×ëåí (5.71) îöåíèì ñ ïîìîùüþ ïðåäëîæåíèÿ 1.2, (2.8) è ëåììû 1.6

|Ĵ (7)
ε [ζ]| 6 ‖µ−1‖L∞‖Sε(Y ε

µ )∗r̃‖L2(R3)‖P0
µ0(µ0)1/2ζ0

ε‖L2(B2ε)

6 ε1/2‖µ‖1/2L∞
‖µ−1‖3/2L∞

β
1/2
0 ‖r‖L2(O)‖P0

µ0(µ0)1/2ζ0
ε‖H1(O), 0 < ε 6 ε0.

Ó÷èòûâàÿ (5.3) è (5.68), ïðèõîäèì ê îöåíêå

|Ĵ (7)
ε [ζ]| 6 C16ε

1/2‖r‖L2(O)

×
(
‖ζ‖L2(O) + ‖div (µε)1/2ζ‖L2(O) + ‖rot (µε)−1/2ζ‖L2(O)

) (5.73)
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ïðè 0 < ε 6 ε0, ãäå C16 = c‖µ‖L∞‖µ−1‖3/2L∞
β

1/2
0 C11.

Ïåðåéäåì ê ðàññìîòðåíèþ ÷ëåíà (5.72). Ôóíêöèÿ (1− θε)P0
µ0(µ0)1/2ζ0

ε

ïðèíàäëåæèò êëàññó H1(O;C3) è îáðàùàåòñÿ â íîëü íà ∂O. Ïðîäîëæèì
åå íóëåì íà R3 \ O, ïðîäîëæåííóþ ôóíêöèþ îáîçíà÷èì ÷åðåç pε. Çàìå-
òèì, ÷òî pε ∈ H1(R3;C3). Ïåðåïèøåì ÷ëåí (5.72) â âèäå

J̃ (7)
ε [ζ] := i(r, Y ε

µSε(µ
0)−1pε)L2(O).

Ñòîëáöû ìàòðèöû Y ε
µ èìåþò âèä ε∇Ψε

j , j = 1, 2, 3. Ñëåäîâàòåëüíî,

J̃ (7)
ε [ζ] =iε

3∑
j=1

(r,∇
(
Ψε
j [Sε(µ

0)−1pε]j
)
)L2(O)

− iε
3∑
j=1

(r,Ψε
j∇[Sε(µ

0)−1pε]j)L2(O).

Ïåðâîå ñëàãàåìîå ñïðàâà îáðàùàåòñÿ â íîëü, ïîñêîëüêó r ∈ J0(O). Òîãäà
â ñèëó ïðåäëîæåíèÿ 1.2 è (2.9) ïîëó÷àåì

|J̃ (7)
ε [ζ]| 6 3ε(2r0)−1‖µ‖1/2L∞

‖µ−1‖3/2L∞
‖r‖L2(O)‖∇pε‖L2(O). (5.74)

Ðàññìîòðèì ïðîèçâîäíûå

∂lpε = −(∂lθε)P0
µ0(µ0)1/2ζ0

ε + (1− θε)∂lP0
µ0(µ0)1/2ζ0

ε.

Ñëåäîâàòåëüíî, ñ ó÷åòîì (5.15), ëåììû 1.6 è (5.68) èìååì:

ε‖∇pε‖L2(O) 6 κ‖P0
µ0(µ0)1/2ζ0

ε‖L2(B2ε) + ε‖P0
µ0(µ0)1/2ζ0

ε‖H1(O)

6 (ε1/2κβ
1/2
0 + ε)c‖µ‖1/2L∞

‖ζ0
ε‖H1(O), 0 < ε 6 ε0.

Âìåñòå ñ (5.3) ýòî âëå÷åò

ε‖∇pε‖L2(O) 6 C17ε
1/2

×
(
‖ζ‖L2(O) + ‖div (µε)1/2ζ‖L2(O) + ‖rot (µε)−1/2ζ‖L2(O)

) (5.75)

ïðè 0 < ε 6 ε0, ãäå C17 = (κβ
1/2
0 + 1)c‖µ‖1/2L∞

C11. Òåïåðü èç (5.74) è (5.75)
âûòåêàåò îöåíêà

|J̃ (7)
ε [ζ]| 6 C18ε

1/2‖r‖L2(O)

×
(
‖ζ‖L2(O) + ‖div (µε)1/2ζ‖L2(O) + ‖rot (µε)−1/2ζ‖L2(O)

) (5.76)

ïðè 0 < ε 6 ε0, ãäå C18 = 3(2r0)−1‖µ‖1/2L∞
‖µ−1‖3/2L∞

C17.
Ñîîòíîøåíèÿ (5.70), (5.73) è (5.76) âëåêóò

|J (7)
ε [ζ]| 6 (C16 + C18)ε1/2‖r‖L2(O)

×
(
‖ζ‖L2(O) + ‖div (µε)1/2ζ‖L2(O) + ‖rot (µε)−1/2ζ‖L2(O)

)
, 0 < ε 6 ε0.

(5.77)
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5.6. Ó÷åò êðàåâîãî óñëîâèÿ. Çàâåðøåíèå äîêàçàòåëüñòâà òåîðå-
ìû 4.6. Â èòîãå ñîîòíîøåíèÿ (5.21), (5.32), (5.42), (5.49), (5.66) è (5.77)
äàþò îöåíêó ôóíêöèîíàëà (4.29):

|Rε[ζ]| 6 C◦ε1/2‖r‖L2(O)

×
(
‖ζ‖L2(O) + ‖div (µε)1/2ζ‖L2(O) + ‖rot (µε)−1/2ζ‖L2(O)

)
, 0 < ε 6 ε1,

(5.78)
ãäå C◦ = C12 + C13 + C14 + C15 + C16 + C18.
×òîáû ó÷åñòü êðàåâîå óñëîâèå (4.32), ðàññìîòðèì îáîáùåííîå ðåøåíèå

ξε çàäà÷è Íåéìàíà

divµε∇ξε = div (µε)1/2ψε, (µε∇ξε)n|∂O = ((µε)1/2ψε)n|∂O. (5.79)

Ðåøåíèå ξε ∈ H1(O) óäîâëåòâîðÿåò òîæäåñòâó∫
O
〈µε∇ξε,∇ω〉 dx =

∫
O
〈(µε)1/2ψε,∇ω〉 dx, ∀ω ∈ H1(O). (5.80)

Ëåììà 5.7. Ðåøåíèå ξε çàäà÷è (5.79) ïîä÷èíåíî îöåíêå

‖(µε)1/2∇ξε‖L2(O) 6 C19ε
1/2‖r‖L2(O), 0 < ε 6 ε1. (5.81)

Ïîñòîÿííàÿ C19 çàâèñèò îò íîðì ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ , ‖µ−1‖L∞ ,
ïàðàìåòðîâ ðåøåòêè Γ è îáëàñòè O.

Äîêàçàòåëüñòâî. Îöåíèì ïðàâóþ ÷àñòü òîæäåñòâà (5.80). Â ñèëó (4.21)
èìååì:∣∣∣∣∫

O
〈(µε)1/2ψε,∇ω〉 dx− Iε[ω]

∣∣∣∣ 6 C3ε‖r‖L2(O)‖(µε)1/2∇ω‖L2(O), (5.82)

ãäå

Iε[ω] =

∫
O
〈(µε)1/2(W ε

µ)∗Sε(ϕ̃0 + ρ̃ε),∇ω〉 dx.

Ñîãëàñíî (4.15) èìååì:

(µε)1/2(W ε
µ)∗Sε(ϕ̃0 + ρ̃ε) = µ̃ε(µ0)−1/2Sε(ϕ̃0 + ρ̃ε)

= (µ̃ε − µ0)(µ0)−1/2Sε(ϕ̃0 + ρ̃ε) + (µ0)1/2(Sε − I)(ϕ̃0 + ρ̃ε)

+ (µ0)1/2(ϕ̃0 + ρ̃ε).

Ïîñêîëüêó (µ0)1/2(ϕ0 + ρε) ∈ J0(O), òî ((µ0)1/2(ϕ0 + ρε),∇ω)L2(O) = 0.
Ñëåäîâàòåëüíî,

Iε[ω] = I(1)
ε [ω] + I(2)

ε [ω], (5.83)

ãäå

I(1)
ε [ω] =

∫
O
〈(µ̃ε − µ0)(µ0)−1/2Sε(ϕ̃0 + ρ̃ε),∇ω〉 dx, (5.84)

I(2)
ε [ω] =

∫
O
〈(µ0)1/2(Sε − I)(ϕ̃0 + ρ̃ε),∇ω〉 dx. (5.85)
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×ëåí (5.85) îöåíèì ñ ïîìîùüþ ïðåäëîæåíèÿ 1.1 è (4.11), (4.14):

|I(2)
ε [ω]| 6 C′19ε‖r‖L2(O)‖(µε)1/2∇ω‖L2(O), (5.86)

ãäå C′19 = ‖µ‖1/2L∞
‖µ−1‖1/2L∞

r1(C1 + C2).
×ëåí (5.84) ðàññìàòðèâàåòñÿ àíàëîãè÷íî (5.50)�(5.62). Èìååì:

I(1)
ε [ω] =

3∑
l,i=1

(
(µ̃εli − µ0

li)qε,i, ∂lω
)
L2(O)

.

Âìåñòå ñ (5.51) ýòî âëå÷åò

I(1)
ε [ω] = Î(1)

ε [ω]− Ĩ(1)
ε [ω], (5.87)

Î(1)
ε [ω] = ε

3∑
l,i,j=1

(
∂j((M

(i)
lj )εqε,i), ∂lω

)
L2(O)

,

Ĩ(1)
ε [ω] = ε

3∑
l,i,j=1

(
(M

(i)
lj )ε∂jqε,i, ∂lω

)
L2(O)

. (5.88)

Ïóñòü θε � ñðåçêà, ïîä÷èíåííàÿ (5.15). Òîãäà

Î(1)
ε [ω] = ε

3∑
l,i,j=1

(
∂j(θε(M

(i)
lj )εqε,i), ∂lω

)
L2(O)

.

Ìû ó÷ëè, ÷òî

3∑
l,j=1

(
∂j((1− θε)(M (i)

lj )εqε,i), ∂lω
)
L2(O)

= 0,

÷òî ïðîâåðÿåòñÿ èíòåãðèðîâàíèåì ïî ÷àñòÿì ñ ó÷åòîì (5.45). Èñïîëüçóÿ
(5.61), ïîëó÷àåì

|Î(1)
ε [ω]| 6 9

√
3Č14‖µ−1‖1/2L∞

ε1/2‖r‖L2(O)‖(µε)1/2∇ω‖L2(O), 0 < ε 6 ε1,
(5.89)

ñð. (5.62). ×ëåí (5.88) îöåíèâàåòñÿ àíàëîãè÷íî ÷ëåíó (5.54):

|Ĩ(1)
ε [ω]| 6 C̃14ε‖r‖L2(O)‖(µε)1/2∇ω‖L2(O), (5.90)

ñð. (5.65).
Â èòîãå, èç (5.83), (5.86), (5.87), (5.89) è (5.90) âûòåêàåò îöåíêà

|Iε[ω]| 6 Č19ε
1/2‖r‖L2(O)‖(µε)1/2∇ω‖L2(O), 0 < ε 6 ε1,

ãäå Č19 = C′19 + 9
√

3Č14‖µ−1‖1/2L∞
+ C̃14. Âìåñòå ñ (5.82) ýòî âëå÷åò∣∣∣∣∫

O
〈(µε)1/2ψε,∇ω〉 dx

∣∣∣∣ 6 C19ε
1/2‖r‖L2(O)‖(µε)1/2∇ω‖L2(O), 0 < ε 6 ε1,

(5.91)
ãäå C19 = C3 + Č19. Ïîäñòàâëÿÿ ω = ξε â (5.80) è èñïîëüçóÿ (5.91), ïðèõî-
äèì ê èñêîìîìó íåðàâåíñòâó (5.81). �
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Ïîëîæèì fε := (µε)1/2∇ξε. Â ñèëó (5.79) ôóíêöèÿ fε óäîâëåòâîðÿåò
ñîîòíîøåíèÿì

rot (µε)−1/2fε = 0, div (µε)1/2fε = div (µε)1/2ψε,

((µε)1/2fε)n|∂O = ((µε)1/2ψε)n|∂O.
(5.92)

Îòñþäà è èç (4.30)�(4.32) ñëåäóåò, ÷òî sε − fε ∈ Dom lε è âûïîëíåíî
òîæäåñòâî

lε[sε − fε, ζ] + (sε − fε, ζ)L2(O) = R̃ε[ζ], ∀ζ ∈ Dom lε, (5.93)

ãäå

R̃ε[ζ] = Rε[ζ]− (div (µε)1/2ψε,div (µε)1/2ζ)L2(O) − (fε, ζ)L2(O).

Â ñèëó (4.23), (5.78) è (5.81)

|R̃ε[ζ]| 6 C̃◦ε1/2‖r‖L2(O)

×
(
‖ζ‖L2(O) + ‖div (µε)1/2ζ‖L2(O) + ‖rot (µε)−1/2ζ‖L2(O)

)
, 0 < ε 6 ε1,

(5.94)

ãäå C̃◦ = C◦+ C5 + C19. Ïîäñòàâëÿÿ ζ = sε− fε â (5.93) è èñïîëüçóÿ (5.94),
ïîëó÷àåì

‖sε − fε‖L2(O) + ‖div (µε)1/2(sε − fε)‖L2(O)

+ ‖rot (µε)−1/2(sε − fε)‖L2(O) 6 C′7ε1/2‖r‖L2(O), 0 < ε 6 ε1,
(5.95)

ãäå C′7 = 3 max{1, ‖η‖L∞}C̃◦.
Ñîïîñòàâëÿÿ (4.23), (5.92), (5.95) è ëåììó 5.7, ïðèõîäèì ê èñêîìîìó

íåðàâåíñòâó (4.34) ñ ïîñòîÿííîé C7 = C′7 + C5 + C19. Ýòî çàâåðøàåò äîêà-

çàòåëüñòâî òåîðåìû 4.6.

6. Èññëåäîâàíèå çàäà÷è â ñëó÷àå r = 0

6.1. Ñèììåòðèçàöèÿ. Çàìåíà φε = (ηε)−1/2w
(q)
ε ñâîäèò çàäà÷ó (3.4) ê{

(ηε)−1/2rot (µε)−1rot (ηε)−1/2φε + φε = i(ηε)−1/2q, div (ηε)1/2φε = 0,

((ηε)−1/2φε)τ |∂O = 0, (rot (ηε)−1/2φε)n|∂O = 0.
(6.1)

Çäåñü q ∈ J(O). Àâòîìàòè÷åñêè φε ÿâëÿåòñÿ òàêæå ðåøåíèåì ýëëèïòè-
÷åñêîãî óðàâíåíèÿ

(L̂ε + I)φε = i(ηε)−1/2q, (6.2)

ãäå îïåðàòîð L̂ε ôîðìàëüíî çàäàí äèôôåðåíöèàëüíûì âûðàæåíèåì

L̂ε = (ηε)−1/2rot (µε)−1rot (ηε)−1/2 − (ηε)1/2∇div (ηε)1/2
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ñ ãðàíè÷íûìè óñëîâèÿìè èç (6.1). Ñòðîãî ãîâîðÿ, îïåðàòîð L̂ε � ýòî
ñàìîñîïðÿæåííûé îïåðàòîð â L2(O;C3), îòâå÷àþùèé çàìêíóòîé íåîò-
ðèöàòåëüíîé êâàäðàòè÷íîé ôîðìå

l̂ε[φ,φ] =

∫
O

(
〈(µε)−1rot (ηε)−1/2φ, rot (ηε)−1/2φ〉+ |div (ηε)1/2φ|2

)
dx,

Dom l̂ε ={φ ∈ L2(O;C3) : div (ηε)1/2φ ∈ L2(O),

rot (ηε)−1/2φ ∈ L2(O;C3), ((ηε)−1/2φ)τ |∂O = 0}.
(6.3)

Çàìêíóòîñòü ôîðìû (6.3) âûòåêàåò èç ðåçóëüòàòîâ [BS1, BS2].

Çàìå÷àíèå 6.1. 1) Âîîáùå ãîâîðÿ, Dom l̂ε 6⊂ H1(O;C3). 2) Âòîðîå ãðà-
íè÷íîå óñëîâèå â (6.1) � åñòåñòâåííîå, îíî íå îòðàæàåòñÿ â îáëàñòè

îïðåäåëåíèÿ êâàäðàòè÷íîé ôîðìû l̂ε. 3) Ôîðìà l̂ε è îïåðàòîð L̂ε ðàñïà-
äàþòñÿ â îðòîãîíàëüíîì ðàçëîæåíèè

L2(O;C3) = J (O; ηε)⊕ G0(O; ηε),

ãäå
J (O; ηε) = {f : (ηε)1/2f ∈ J(O)},

G0(O; ηε) = {(ηε)1/2∇ω : ω ∈ H1
0 (O)}.

6.2. Ýôôåêòèâíàÿ çàäà÷à. Ïóñòü η0 è µ0 � ýôôåêòèâíûå ìàòðèöû,

îïðåäåëåííûå â ï. 2.2. Ïîëîæèì φ0 = (η0)−1/2w
(q)
0 . Òîãäà φ0 ÿâëÿåòñÿ

ðåøåíèåì çàäà÷è{
(η0)−1/2rot (µ0)−1rot (η0)−1/2φ0 + φ0 = i(η0)−1/2q, div (η0)1/2φ0 = 0,

((η0)−1/2φ0)τ |∂O = 0, (rot (η0)−1/2φ0)n|∂O = 0.
(6.4)

Àâòîìàòè÷åñêè φ0 ÿâëÿåòñÿ òàêæå ðåøåíèåì ýëëèïòè÷åñêîãî óðàâíåíèÿ

(L̂0 + I)φ0 = i(η0)−1/2q, (6.5)

ãäå L̂0 � ñàìîñîïðÿæåííûé îïåðàòîð â L2(O;C3), îòâå÷àþùèé çàìêíó-
òîé íåîòðèöàòåëüíîé êâàäðàòè÷íîé ôîðìå

l̂0[φ,φ] =

∫
O

(
〈(µ0)−1rot (η0)−1/2φ, rot (η0)−1/2φ〉+ |div (η0)1/2φ|2

)
dx,

Dom l̂0 ={φ ∈ L2(O;C3) : div (η0)1/2φ ∈ L2(O),

rot (η0)−1/2φ ∈ L2(O;C3), ((η0)−1/2φ)τ |∂O = 0}.
(6.6)

Çà ñ÷åò óñëîâèÿ ãëàäêîñòè ãðàíèöû (∂O ∈ C1,1) ìíîæåñòâî Dom l̂0 ñîâ-
ïàäàåò ñ

Dom l̂0 = {φ ∈ H1(O;C3) : ((η0)−1/2φ)τ |∂O = 0}.
Ôîðìà (6.6) êîýðöèòèâíà: ñïðàâåäëèâû äâóñòîðîííèå îöåíêè

ĉ1‖φ‖2H1(O) 6 l̂0[φ,φ] + ‖φ‖2L2(O) 6 ĉ2‖φ‖2H1(O), φ ∈ Dom l̂0. (6.7)
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Ïîñòîÿííàÿ ĉ1 çàâèñèò îò ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ è îò îáëàñòè O, à ĉ2
çàâèñèò îò ‖η‖L∞ , ‖η−1‖L∞ , ‖µ−1‖L∞ è îò îáëàñòè O. Óêàçàííûå ñâîé-
ñòâà áûëè óñòàíîâëåíû â [BS1, òåîðåìà 2.3] ïðè óñëîâèè ∂O ∈ C2 è â [F,

òåîðåìà 2.3] ïðè óñëîâèè ∂O ∈ C3/2+δ, δ > 0.

Îïåðàòîð L̂0 ÿâëÿåòñÿ ñèëüíî ýëëèïòè÷åñêèì îïåðàòîðîì ñ ïîñòîÿí-
íûìè êîýôôèöèåíòàìè. Óñëîâèå ãëàäêîñòè ãðàíèöû ∂O ∈ C1,1 îáåñïå÷è-

âàåò ñâîéñòâî ïîâûøåíèÿ ãëàäêîñòè: ðåçîëüâåíòà (L̂0 + I)−1 íåïðåðûâíà
èç L2(O;C3) â H2(O;C3). Âûïîëíåíà îöåíêà

‖(L̂0 + I)−1‖L2(O)→H2(O) 6 ĉ∗, (6.8)

ãäå ïîñòîÿííàÿ ĉ∗ çàâèñèò ëèøü îò ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ , ‖µ−1‖L∞ è îò

îáëàñòè O. Òåì ñàìûì, îïåðàòîð L̂0 ìîæíî çàäàòü äèôôåðåíöèàëüíûì
âûðàæåíèåì

L̂0 = (η0)−1/2rot (µ0)−1rot (η0)−1/2 − (η0)1/2∇div (η0)1/2

íà îáëàñòè îïðåäåëåíèÿ

Dom L̂0 = {φ ∈ H2(O;C3) : ((η0)−1/2φ)τ |∂O = 0,

(rot (η0)−1/2φ)n|∂O = 0}.
Îáîñíîâàíèå ýòîãî ñâîéñòâà àíàëîãè÷íî çàìå÷àíèþ 4.2(1).

Ôîðìà l̂0 è îïåðàòîð L̂0 ðàñïàäàþòñÿ â îðòîãîíàëüíîì ðàçëîæåíèè

L2(O;C3) = J (O; η0)⊕ G0(O; η0),

ãäå
J (O; η0) = {f : (η0)1/2f ∈ J(O)},

G0(O; η0) = {(η0)1/2∇ω : ω ∈ H1
0 (O)}.

Â ñèëó (6.5) è (6.8) âûïîëíåíî φ0 ∈ H2(O;C3), ïðè÷åì

‖φ0‖H2(O) 6 ĉ∗‖η−1‖1/2L∞
‖q‖L2(O). (6.9)

Ïóñòü PO : H2(O;C3) → H2(R3;C3) � ëèíåéíûé íåïðåðûâíûé îïå-

ðàòîð ïðîäîëæåíèÿ; ñì. ï. 4.2. Ïîëîæèì φ̃0 := POφ0 ∈ H2(R3;C3). Ñî-
ãëàñíî (4.10) è (6.9),

‖φ̃0‖H2(R3) 6 C1‖q‖L2(O), (6.10)

ãäå C1 = CO ĉ∗‖η−1‖1/2L∞
.

6.3. Ïîïðàâî÷íàÿ çàäà÷à. Ïîëîæèì υε = (η0)−1/2ŵ
(q)
ε . Òîãäà υε ÿâ-

ëÿåòñÿ ðåøåíèåì çàäà÷è{
(η0)−1/2rot (µ0)−1rot (η0)−1/2υε + υε = i(η0)−1/2qε, div (η0)1/2υε = 0,

((η0)−1/2υε)τ |∂O = 0, (rot (η0)−1/2υε)n|∂O = 0.
(6.11)

Àâòîìàòè÷åñêè υε ÿâëÿåòñÿ òàêæå ðåøåíèåì ýëëèïòè÷åñêîãî óðàâíåíèÿ

(L̂0 + I)υε = i(η0)−1/2qε.
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Â ñèëó (2.14) è (6.8) âûïîëíåíî υε ∈ H2(O;C3), ïðè÷åì

‖υε‖H2(O) 6 ĉ∗‖η‖L∞‖η−1‖3/2L∞
‖q‖L2(O). (6.12)

Ïîëîæèì υ̃ε := POυε ∈ H2(R3;C3). Ñîãëàñíî (4.10) è (6.12),

‖υ̃ε‖H2(R3) 6 C2‖q‖L2(O), (6.13)

ãäå C2 = CO ĉ∗‖η‖L∞‖η−1‖3/2L∞
.

6.4. Ïåðâîå ïðèáëèæåíèå ê φε. Ïóñòü φε � ðåøåíèå óðàâíåíèÿ (6.2).
Äåéñòâóÿ ïî àíàëîãèè ñ ï. 4.4, áóäåì èñêàòü ïåðâîå ïðèáëèæåíèå ϑε
ê ðåøåíèþ φε â ôîðìå, ïîõîæåé íà ïåðâîå ïðèáëèæåíèå ê ðåøåíèþ
àíàëîãè÷íîé çàäà÷è â R3.
Ââåäåì íåîáõîäèìûå îáúåêòû. ÏóñòüW ∗η (x) � Γ-ïåðèîäè÷åñêàÿ (3×3)-

ìàòðèöà-ôóíêöèÿ, îïðåäåëåííàÿ âûðàæåíèåì

W ∗η (x) = η(x)−1/2η̃(x)(η0)−1/2 = η(x)1/2(1 + Yη(x))(η0)−1/2, (6.14)

ãäå η̃(x) � ìàòðèöà (2.4). Ïîëîæèì ĉj := (η0)−1/2ej , j = 1, 2, 3. Ïóñòü

Φ̂j(x) � Γ-ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è

div η(x)(∇Φ̂j(x) + ĉj) = 0,

∫
Ω

Φ̂j(x) dx = 0.

Ïóñòü f̂lj(x) (ãäå l, j = 1, 2, 3) � Γ-ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è

η(x)−1/2rotµ(x)−1
(

rot η(x)−1/2f̂lj(x) + iel × (∇Φ̂j(x) + ĉj)
)

− η(x)1/2∇
(

div η(x)1/2f̂lj(x) + iel · (η(x)(∇Φ̂j(x) + ĉj)
)

= 0,∫
Ω

f̂lj(x) dx = 0.

Ïóñòü Λ̂l(x) (ãäå l = 1, 2, 3) � Γ-ïåðèîäè÷åñêàÿ (3× 3)-ìàòðèöà-ôóíêöèÿ

ñî ñòîëáöàìè f̂lj(x), j = 1, 2, 3. Àíàëîãè÷íî (4.17) èìååì

‖Λ̂l‖L2(Ω) 6 CΛ̂
|Ω|1/2. (6.15)

Äëÿ ôóíêöèé f̂lj ñïðàâåäëèâ àíàëîã çàìå÷àíèÿ 4.3, îòêóäà, â ÷àñòíîñòè,
(ïðè ó÷åòå (2.8)) ñëåäóåò îöåíêà

‖rot η−1/2Λ̂l‖L2(Ω) 6 C
′
Λ̂
|Ω|1/2. (6.16)

Ïîñòîÿííûå C
Λ̂
è C ′

Λ̂
çàâèñÿò îò ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ , ‖µ−1‖L∞ è îò

ïàðàìåòðîâ ðåøåòêè Γ.

Ïóñòü ôóíêöèè φ̃0, υ̃ε ∈ H2(R3;C3) ââåäåíû â ïóíêòàõ 6.2 è 6.3 ñîîò-
âåòñòâåííî. Ïóñòü Sε � îïåðàòîð ñãëàæèâàíèÿ ïî Ñòåêëîâó (ñì. (1.1)).



44

Ïåðâîå ïðèáëèæåíèå ϑε ê ðåøåíèþ φε óðàâíåíèÿ (6.2) èùåì â âèäå

ϑ̃ε = (W ε
η )∗Sε(φ̃0 + υ̃ε) + ε

3∑
l=1

Λ̂εlSεDl(φ̃0 + υ̃ε),

ϑε = ϑ̃ε|O.

(6.17)

Ñëåäóþùåå óòâåðæäåíèå ïîëíîñòüþ àíàëîãè÷íî ëåììå 4.4.

Ëåììà 6.2. Âûïîëíåíû ñîîòíîøåíèÿ ϑε ∈ L2(O;C3), rot (ηε)−1/2ϑε ∈
L2(O;C3), div (ηε)1/2ϑε ∈ L2(O) è îöåíêè

‖ϑε − (W ε
η )∗Sε(φ̃0 + υ̃ε)‖L2(O) 6 C3ε‖q‖L2(O),

‖(µε)−1rot (ηε)−1/2ϑε − (1 + Y ε
µ )(µ0)−1rot (η0)−1/2Sε(φ̃0 + υ̃ε)‖L2(O)

6 C4ε‖q‖L2(O),

‖div (ηε)1/2ϑε‖L2(O) 6 C5ε‖q‖L2(O).

Ïîñòîÿííûå C3, C4, C5 çàâèñÿò ëèøü îò íîðì ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ ,
‖µ−1‖L∞ , ïàðàìåòðîâ ðåøåòêè Γ è îáëàñòè O.

6.5. Ââåäåíèå ïîïðàâêè òèïà ïîãðàíè÷íîãî ñëîÿ. Îáîçíà÷èì

Qε[ζ] := ((1 + Y ε
µ )(µ0)−1rot (η0)−1/2Sε(φ̃0 + υ̃ε), rot (ηε)−1/2ζ)L2(O)

+ ((W ε
η )∗Sε(φ̃0 + υ̃ε), ζ)L2(O) − i((ηε)−1/2q, ζ)L2(O).

(6.18)
Ââåäåì ïîïðàâêó òèïà ïîãðàíè÷íîãî ñëîÿ ŝε êàê âåêòîð-ôóíêöèþ â îá-
ëàñòè O, óäîâëåòâîðÿþùóþ óñëîâèÿì

ŝε ∈ L2(O;C3), div (ηε)1/2ŝε ∈ L2(O), rot (ηε)−1/2ŝε ∈ L2(O;C3), (6.19)

òîæäåñòâó

((µε)−1rot (ηε)−1/2ŝε, rot (ηε)−1/2ζ)L2(O)

+ (div (ηε)1/2ŝε,div (ηε)1/2ζ)L2(O) + (ŝε, ζ)L2(O) = Qε[ζ], ∀ζ ∈ Dom l̂ε,
(6.20)

è êðàåâîìó óñëîâèþ

((ηε)−1/2ŝε)τ |∂O = ((ηε)−1/2ϑε)τ |∂O. (6.21)

Íàïîìíèì, ÷òî Dom l̂ε îïðåäåëåíî â (6.3).

Ëåììà 6.3. Ïóñòü φε � ðåøåíèå çàäà÷è (6.1). Ïóñòü ϑε � ïåðâîå

ïðèáëèæåíèå ê ðåøåíèþ, îïðåäåëåííîå â (6.17). Ïóñòü ŝε � ïîïðàâêà,

óäîâëåòâîðÿþùàÿ ñîîòíîøåíèÿì (6.19)�(6.21). Ïîëîæèì V̂ε := φε −
ϑε + ŝε. Òîãäà V̂ε ∈ Dom l̂ε è âûïîëíåíà îöåíêà

‖V̂ε‖L2(O) + ‖div (ηε)1/2V̂ε‖L2(O) + ‖rot (ηε)−1/2V̂ε‖L2(O) 6 C6ε‖q‖L2(O).

Ïîñòîÿííàÿ C6 çàâèñèò ëèøü îò íîðì ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ ,
‖µ−1‖L∞ , ïàðàìåòðîâ ðåøåòêè Γ è îáëàñòè O.
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Ëåììà 6.3 âûâîäèòñÿ èç ëåììû 6.2 àáñîëþòíî àíàëîãè÷íî äîêàçàòåëü-
ñòâó ëåììû 4.5.
Ëåììà 6.3 ïîêàçûâàåò, ÷òî ðàçíîñòü ϑε− ŝε äàåò ïðèáëèæåíèå ê ðåøå-

íèþ φε â �ýíåðãåòè÷åñêîé� íîðìå ñ ïîãðåøíîñòüþ òî÷íîãî ïîðÿäêà O(ε).
Îäíàêî, êîíòðîëèðîâàòü ïîïðàâêó ŝε çàòðóäíèòåëüíî. Ìû îöåíèâàåì ŝε
â �ýíåðãåòè÷åñêîé� íîðìå.

Òåîðåìà 6.4. Ïóñòü ŝε óäîâëåòâîðÿåò ñîîòíîøåíèÿì (6.19)�(6.21).
Ïóñòü ÷èñëî ε1 ïîä÷èíåíî óñëîâèþ 1.5. Òîãäà ïðè 0 < ε 6 ε1 âûïîë-

íåíà îöåíêà

‖ŝε‖L2(O) + ‖div (ηε)1/2ŝε‖L2(O) + ‖rot (ηε)−1/2ŝε‖L2(O) 6 C7ε
1/2‖q‖L2(O).

(6.22)
Ïîñòîÿííàÿ C7 çàâèñèò ëèøü îò íîðì ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ ,
‖µ−1‖L∞ , ïàðàìåòðîâ ðåøåòêè Γ è îáëàñòè O.

Äîêàçàòåëüñòâó òåîðåìû 6.4 ïîñâÿùåí �7.

6.6. Àïïðîêñèìàöèÿ ôóíêöèè φε. Èç ëåììû 6.3 è òåîðåìû 6.4 âû-
âîäèòñÿ àïïðîêñèìàöèÿ ôóíêöèè φε. Äîêàçàòåëüñòâî ïîëíîñòüþ àíàëî-
ãè÷íî äîêàçàòåëüñòâó òåîðåìû 4.7.

Òåîðåìà 6.5. Ïóñòü φε � ðåøåíèå çàäà÷è (6.1). Ïóñòü ÷èñëî ε1 ïîä-

÷èíåíî óñëîâèþ 1.5. Òîãäà ïðè 0 < ε 6 ε1 âûïîëíåíû îöåíêè

‖φε − (W ε
η )∗(φ0 + υε)‖L2(O) 6 C8ε

1/2‖q‖L2(O),

‖(µε)−1rot (ηε)−1/2φε − (1 + Y ε
µ )(µ0)−1rot (η0)−1/2(φ0 + υε)‖L2(O)

6 C9ε
1/2‖q‖L2(O).

Ïîñòîÿííûå C8, C9 çàâèñÿò ëèøü îò íîðì ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ ,
‖µ−1‖L∞ , ïàðàìåòðîâ ðåøåòêè Γ è îáëàñòè O.

6.7. Îêîí÷àòåëüíûé ðåçóëüòàò â ñëó÷àå r = 0. Âûïèøåì âûðàæå-
íèÿ äëÿ ïîëåé ñ èíäåêñîì q â òåðìèíàõ ôóíêöèè φε, ââåäåííîé â ïóíêòå
6.1:

u(q)
ε = (ηε)−1/2φε, w(q)

ε = (ηε)1/2φε,

v(q)
ε = −(µε)−1rot (ηε)−1/2φε, z(q)

ε = −rot (ηε)−1/2φε.

Àíàëîãè÷íûì îáðàçîì, ýôôåêòèâíûå ïîëÿ ñ èíäåêñîì q ñâÿçàíû ñ ôóíê-
öèåé φ0, ââåäåííîé â ïóíêòå 6.2:

u
(q)
0 = (η0)−1/2φ0, w

(q)
0 = (η0)1/2φ0,

v
(q)
0 = −(µ0)−1rot (η0)−1/2φ0, z

(q)
0 = −rot (η0)−1/2φ0.

Ïîïðàâî÷íûå ïîëÿ ñ èíäåêñîì q âûðàæàþòñÿ ÷åðåç υε (ñì. ïóíêò 6.3):

û(q)
ε = (η0)−1/2υε, ŵ(q)

ε = (η0)1/2υε,

v̂(q)
ε = −(µ0)−1rot (η0)−1/2υε, ẑ(q)

ε = −rot (η0)−1/2υε.
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Ýòè ñîîòíîøåíèÿ âìåñòå ñ òåîðåìîé 6.5 íåïîñðåäñòâåííî ïðèâîäÿò ê
îêîí÷àòåëüíîìó ðåçóëüòàòó â ñëó÷àå r = 0.

Òåîðåìà 6.6. Ïóñòü (w
(q)
ε , z

(q)
ε ) � ðåøåíèå ñèñòåìû (2.2) ïðè r = 0

è u
(q)
ε = (ηε)−1w

(q)
ε , v

(q)
ε = (µε)−1z

(q)
ε . Ïóñòü (w

(q)
0 , z

(q)
0 ) � ðåøåíèå

ýôôåêòèâíîé ñèñòåìû (2.11) ïðè r = 0 è u
(q)
0 = (η0)−1w

(q)
0 , v

(q)
0 =

(µ0)−1z
(q)
0 . Ïóñòü (ŵ

(q)
ε , ẑ

(q)
ε ) � ðåøåíèå ïîïðàâî÷íîé ñèñòåìû (2.12)

ïðè r = 0, à û
(q)
ε = (η0)−1ŵ

(q)
ε , v̂

(q)
ε = (µ0)−1ẑ

(q)
ε . Ïóñòü Yη, Gη, Yµ,

Gµ � ïåðèîäè÷åñêèå ìàòðèöû-ôóíêöèè, ââåäåííûå â ïóíêòå 2.2. Ïóñòü
÷èñëî ε1 ïîä÷èíåíî óñëîâèþ 1.5. Òîãäà ïðè 0 < ε 6 ε1 âûïîëíåíû îöåíêè

‖u(q)
ε − (1 + Y ε

η )(u
(q)
0 + û(q)

ε )‖L2(O) 6 C8‖η−1‖1/2L∞
ε1/2‖q‖L2(O),

‖w(q)
ε − (1 +Gεη)(w

(q)
0 + ŵ(q)

ε )‖L2(O) 6 C8‖η‖1/2L∞
ε1/2‖q‖L2(O),

‖v(q)
ε − (1 + Y ε

µ )(v
(q)
0 + v̂(q)

ε )‖L2(O) 6 C9ε
1/2‖q‖L2(O),

‖z(q)
ε − (1 +Gεµ)(z

(q)
0 + ẑ(q)

ε )‖L2(O) 6 C9‖µ‖L∞ε1/2‖q‖L2(O).

Ïîñòîÿííûå C8, C9 çàâèñÿò îò íîðì ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ , ‖µ−1‖L∞ ,
ïàðàìåòðîâ ðåøåòêè Γ è îáëàñòè O.

6.8. Çàâåðøåíèå äîêàçàòåëüñòâà îñíîâíîé òåîðåìû. Ñîïîñòàâëÿÿ
òåîðåìû 4.8 è 6.6, íåïîñðåäñòâåííî ïîëó÷àåì óòâåðæäåíèÿ òåîðåìû 2.5.
Ïîñòîÿííûå â îöåíêàõ (2.16)�(2.19) èìåþò âèä

C1 = max{C9;C8‖η−1‖1/2L∞
}; C2 = max{C9‖η‖L∞ ;C8‖η‖1/2L∞

};

C3 = max{C8‖µ−1‖1/2L∞
,C9}; C4 = max{C8‖µ‖1/2L∞

;C9‖µ‖L∞}.

7. Îöåíêà ïîïðàâêè ŝε

Ýòîò ïàðàãðàô ïîñâÿùåí äîêàçàòåëüñòâó òåîðåìû 6.4.

7.1. Îòîæäåñòâëåíèå Dom l̂ε è Dom l̂0. Êëþ÷åâîå çíà÷åíèå äëÿ äàëü-
íåéøåãî èìååò ñëåäóþùàÿ ëåììà, àíàëîãè÷íàÿ ëåììå 5.1.

Ëåììà 7.1. Ñóùåñòâóåò ëèíåéíûé îïåðàòîð T̂ε : Dom l̂ε → Dom l̂0,

òàêîé ÷òî äëÿ ôóíêöèè ζ̂ε = T̂εζ, ζ ∈ Dom l̂ε, âûïîëíåíû ðàâåíñòâà

div (η0)1/2ζ̂ε = div (ηε)1/2ζ, rot (η0)−1/2ζ̂ε = rot (ηε)−1/2ζ, (7.1)

è îöåíêè

‖ζ̂ε‖L2(O) 6 C10‖ζ‖L2(O), (7.2)

‖ζ̂ε‖H1(O) 6 C11

(
‖ζ‖L2(O) + ‖div (ηε)1/2ζ‖L2(O) + ‖rot (ηε)−1/2ζ‖L2(O)

)
.

(7.3)

Ïîñòîÿííàÿ C10 çàâèñèò ëèøü îò ‖η‖L∞ , ‖η−1‖L∞ , à C11 çàâèñèò îò

òåõ æå âåëè÷èí è îò îáëàñòè O.
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Äîêàçàòåëüñòâî. Ðàññìîòðèì äâå âñïîìîãàòåëüíûõ çàäà÷è.

Ïåðâàÿ âñïîìîãàòåëüíàÿ çàäà÷à. Ïóñòü ζ ∈ Dom l̂ε. Îáîçíà÷èì

f̂ε := div (ηε)1/2ζ ∈ L2(O). Ïóñòü φ̂ε,1 ∈ H1
0 (O) � îáîáùåííîå ðåøåíèå

çàäà÷è Äèðèõëå

div η0∇φ̂ε,1(x) = f̂ε(x), x ∈ O; φ̂ε,1|∂O = 0. (7.4)

Ðåøåíèå óäîâëåòâîðÿåò òîæäåñòâó∫
O
〈η0∇φ̂ε,1,∇ω〉 dx =

∫
O
〈(ηε)1/2ζ,∇ω〉 dx, ∀ω ∈ H1

0 (O). (7.5)

Ïîëîæèì ζ̂ε,1 = (η0)1/2∇φ̂ε,1. Òîãäà âûïîëíåíû ñîîòíîøåíèÿ

div (η0)1/2ζ̂ε,1 = div (ηε)1/2ζ, rot (η0)−1/2ζ̂ε,1 = 0, ((η0)−1/2ζ̂ε,1)τ |∂O = 0.
(7.6)

Êðàåâîå óñëîâèå âûïîëíåíî çà ñ÷åò òîãî, ÷òî ôóíêöèÿ φ̂ε,1 îáðàùàåòñÿ
â íîëü íà ãðàíèöå ∂O, à òîãäà è êàñàòåëüíàÿ ñîñòàâëÿþùàÿ åå ãðàäè-

åíòà òàêæå îáðàùàåòñÿ â íîëü. Ïîäñòàâëÿÿ ω = φ̂ε,1 â òîæäåñòâî (7.5),
ïðèõîäèì ê îöåíêå

‖ζ̂ε,1‖L2(O) 6 ‖η‖
1/2
L∞
‖η−1‖1/2L∞

‖ζ‖L2(O). (7.7)

Óñëîâèå ãëàäêîñòè ãðàíèöû (∂O ∈ C1,1) îáåñïå÷èâàåò ñâîéñòâî ïîâûøå-

íèÿ ãëàäêîñòè ðåøåíèÿ çàäà÷è (7.4): âûïîëíåíî âêëþ÷åíèå φ̂ε,1 ∈ H2(O)
è îöåíêà

‖ζ̂ε,1‖H1(O) 6 ĉ1‖f̂ε‖L2(O) = ĉ1‖div (ηε)1/2ζ‖L2(O). (7.8)

Ïîñòîÿííàÿ ĉ1 çàâèñèò ëèøü îò íîðì ‖η‖L∞ , ‖η−1‖L∞ è îò îáëàñòè O.
Âòîðàÿ âñïîìîãàòåëüíàÿ çàäà÷à. Ïóñòü ζ ∈ Dom l̂ε. Îáîçíà÷èì

ĝε := div η0(ηε)−1/2ζ ∈ H−1(O). Ïóñòü φ̂ε,2 ∈ H1
0 (O) � îáîáùåííîå ðåøå-

íèå çàäà÷è Äèðèõëå

div η0∇φ̂ε,2(x) = ĝε(x), x ∈ O; φ̂ε,2|∂O = 0.

Ðåøåíèå φ̂ε,2 óäîâëåòâîðÿåò èíòåãðàëüíîìó òîæäåñòâó∫
O
〈η0∇φ̂ε,2,∇ω〉 dx =

∫
O
〈η0(ηε)−1/2ζ,∇ω〉 dx, ∀ω ∈ H1

0 (O). (7.9)

Ïîëîæèì ζ̂ε,2 = (η0)1/2((ηε)−1/2ζ −∇φ̂ε,2). Òîãäà âûïîëíåíû ðàâåíñòâà

div (η0)1/2ζ̂ε,2 = 0, rot (η0)−1/2ζ̂ε,2 = rot (ηε)−1/2ζ, ((η0)−1/2ζ̂ε,2)τ |∂O = 0.
(7.10)

Ïîäñòàâëÿÿ ω = φ̂ε,2 â òîæäåñòâî (7.9), ïðèõîäèì ê îöåíêå

‖(η0)1/2∇φ̂ε,2‖L2(O) 6 ‖η‖
1/2
L∞
‖η−1‖1/2L∞

‖ζ‖L2(O). (7.11)

Ñëåäîâàòåëüíî,

‖ζ̂ε,2‖L2(O) 6 2‖η‖1/2L∞
‖η−1‖1/2L∞

‖ζ‖L2(O). (7.12)
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Èç (7.10) è (7.12) ñëåäóåò, ÷òî ζ̂ε,2 ∈ Dom l̂0 ⊂ H1(O;C3), ïðè÷åì (ñì.
(6.7))

‖ζ̂ε,2‖H1(O) 6 ĉ2(‖rot (ηε)−1/2ζ‖L2(O) + ‖ζ‖L2(O)). (7.13)

Ïîñòîÿííàÿ ĉ2 çàâèñèò ëèøü îò íîðì ‖η‖L∞ , ‖η−1‖L∞ è îò îáëàñòè O.
Ïîëîæèì ζ̂ε = ζ̂ε,1 + ζ̂ε,2. Òîãäà èç (7.6) è (7.10) ñëåäóåò, ÷òî âûïîë-

íåíû ñîîòíîøåíèÿ (7.1). Èç (7.7) è (7.12) âûòåêàåò îöåíêà (7.2) ñ ïîñòî-

ÿííîé C10 = 3‖η‖1/2L∞
‖η−1‖1/2L∞

. Íàêîíåö, (7.8) è (7.13) âëåêóò íåðàâåíñòâî
(7.3) ñ ïîñòîÿííîé C11 = max{ĉ1, ĉ2}. �

Çàìå÷àíèå 7.2. Â óñëîâèÿõ ëåììû 7.1 ñïðàâåäëèâî ðàâåíñòâî

(η0)−1/2ζ̂ε − (ηε)−1/2ζ = ∇(φ̂ε,1 − φ̂ε,2). (7.14)

7.2. Îöåíêà ôóíêöèîíàëà Qε[ζ]. Îáîçíà÷èì ïåðâîå ñëàãàåìîå â (6.18)
÷åðåç Tε[ζ]:

Tε[ζ] = ((1 + Y ε
µ )(µ0)−1rot (η0)−1/2Sε(φ̃0 + υ̃ε), rot (ηε)−1/2ζ)L2(O) (7.15)

è ïðåäñòàâèì åãî â âèäå ñóììû ÷åòûðåõ ÷ëåíîâ:

Tε[ζ] =
4∑
l=1

T (l)
ε [ζ], ζ ∈ Dom l̂ε, (7.16)

ãäå

T (1)
ε [ζ] = (Y ε

µ (µ0)−1rot (η0)−1/2Sε(φ̃0 + υ̃ε), rot (ηε)−1/2ζ)L2(O),

T (2)
ε [ζ] = ((µ0)−1rot (η0)−1/2φ0, rot (ηε)−1/2ζ)L2(O), (7.17)

T (3)
ε [ζ] = ((µ0)−1rot (η0)−1/2υε, rot (ηε)−1/2ζ)L2(O), (7.18)

T (4)
ε [ζ] = ((µ0)−1rot (η0)−1/2(Sε − I)(φ̃0 + υ̃ε), rot (ηε)−1/2ζ)L2(O). (7.19)

Àáñîëþòíî àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 5.3 ïðîâåðÿåòñÿ îöåíêà

|T (1)
ε [ζ]| 6 C12ε

1/2‖q‖L2(O)‖rot (ηε)−1/2ζ‖L2(O), 0 < ε 6 ε1. (7.20)

×ëåí (7.19) îöåíèâàåòñÿ ïî àíàëîãèè ñ (5.32):

|T (4)
ε [ζ]| 6 C13ε‖q‖L2(O)‖rot (ηε)−1/2ζ‖L2(O). (7.21)

Ïîñòîÿííûå C12 è C13 çàâèñÿò îò íîðì ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ , ‖µ−1‖L∞ ,
îáëàñòè O è ïàðàìåòðîâ ðåøåòêè Γ.
Ïðåîáðàçóåì òåïåðü ÷ëåí (7.17), èñïîëüçóÿ ëåììó 7.1 è òîò ôàêò, ÷òî

φ0 ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è (6.4). Èìååì

T (2)
ε [ζ] = ((µ0)−1rot (η0)−1/2φ0, rot (η0)−1/2ζ̂ε)L2(O)

= −(φ0, ζ̂ε)L2(O) + i((η0)−1/2q, ζ̂ε)L2(O).
(7.22)

Àíàëîãè÷íûì îáðàçîì ïðåîáðàçóåì ÷ëåí (7.18):

T (3)
ε [ζ] = ((µ0)−1rot (η0)−1/2υε, rot (η0)−1/2ζ̂ε)L2(O)

= −(υε, ζ̂ε)L2(O) + i((η0)−1/2qε, ζ̂ε)L2(O).
(7.23)
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Ìû ó÷ëè, ÷òî υε ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è (6.11).
Ñîïîñòàâëÿÿ (6.18), (7.15), (7.16), (7.22) è (7.23), ïðèõîäèì ê ïðåäñòàâ-

ëåíèþ

Qε[ζ] =T (1)
ε [ζ] + T (4)

ε [ζ] + ((W ε
η )∗Sε(φ̃0 + υ̃ε), ζ)L2(O)

− (φ0, ζ̂ε)L2(O) − (υε, ζ̂ε)L2(O) + i((η0)−1/2qε, ζ̂ε)L2(O)

+ i(q, (η0)−1/2ζ̂ε − (ηε)−1/2ζ)L2(O).

(7.24)

Â ñèëó (7.14) ïîñëåäíåå ñëàãàåìîå â (7.24) îáðàùàåòñÿ â íîëü:

(q, (η0)−1/2ζ̂ε − (ηε)−1/2ζ)L2(O) = (q,∇(φ̂ε,1 − φ̂ε,2))L2(O) = 0, (7.25)

ïîñêîëüêó q ∈ J(O) è φ̂ε,1 − φ̂ε,2 ∈ H1
0 (O) (ñì. (1.3)).

Èç (6.14) ñëåäóåò, ÷òî òðåòüå ñëàãàåìîå â (7.24) ïðåäñòàâëÿåòñÿ â âèäå

((W ε
η )∗Sε(φ̃0 + υ̃ε), ζ)L2(O) = (η̃ε(η0)−1/2Sε(φ̃0 + υ̃ε), (η

ε)−1/2ζ)L2(O)

= T (5)
ε [ζ] + T (6)

ε [ζ] + ((η0)1/2(φ0 + υε), (η
ε)−1/2ζ)L2(O),

(7.26)
ãäå

T (5)
ε [ζ] = ((η̃ε − η0)(η0)−1/2Sε(φ̃0 + υ̃ε), (η

ε)−1/2ζ)L2(O), (7.27)

T (6)
ε [ζ] = ((η0)1/2(Sε − I)(φ̃0 + υ̃ε), (η

ε)−1/2ζ)L2(O). (7.28)

Òåïåðü èç (7.24)�(7.26) ñëåäóåò ïðåäñòàâëåíèå

Qε[ζ] = T (1)
ε [ζ] + T (4)

ε [ζ] + T (5)
ε [ζ] + T (6)

ε [ζ]

+ i((η0)−1/2qε, ζ̂ε)L2(O) + ((η0)1/2(φ0 + υε), (η
ε)−1/2ζ − (η0)−1/2ζ̂ε)L2(O).

(7.29)
Â ñèëó (7.14) ïîñëåäíåå ñëàãàåìîå â (7.29) îáðàùàåòñÿ â íîëü:

((η0)1/2(φ0 + υε), (η
ε)−1/2ζ − (η0)−1/2ζ̂ε)L2(O)

= ((η0)1/2(φ0 + υε),∇(φ̂ε,2 − φ̂ε,1))L2(O) = 0,
(7.30)

ïîñêîëüêó (η0)1/2(φ0 + υε) ∈ J(O), à φ̂ε,2 − φ̂ε,1 ∈ H1
0 (O).

Ñîãëàñíî (7.29) è (7.30),

Qε[ζ] = T (1)
ε [ζ] + T (4)

ε [ζ] + T (5)
ε [ζ] + T (6)

ε [ζ] + T (7)
ε [ζ], (7.31)

T (7)
ε [ζ] := i((η0)−1/2qε, ζ̂ε)L2(O). (7.32)

Ñëåäóþùèå îöåíêè äëÿ ÷ëåíîâ (7.27) è (7.28) ïîëó÷àþòñÿ àíàëîãè÷íî
äîêàçàòåëüñòâó ëåììû 5.5 è îöåíêè (5.66) ñîîòâåòñòâåííî:

|T (5)
ε [ζ]| 6 C14ε

1/2‖q‖L2(O)

×
(
‖ζ‖L2(O) + ‖div (ηε)1/2ζ‖L2(O) + ‖rot (ηε)−1/2ζ‖L2(O)

)
, 0 < ε 6 ε1,

(7.33)

|T (6)
ε [ζ]| 6 C15ε‖q‖L2(O)‖ζ‖L2(O). (7.34)
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Ïîñòîÿííûå C14 è C15 çàâèñÿò îò íîðì ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ , ‖µ−1‖L∞ ,
îáëàñòè O è ïàðàìåòðîâ ðåøåòêè Γ.
Àíàëèç ÷ëåíà (7.32) ïîõîæ íà ðàññìîòðåíèÿ ïóíêòà 5.5 (íî åñòü íåêî-

òîðûå îòëè÷èÿ). Èñïîëüçóÿ (2.13), çàïèøåì ÷ëåí (7.32) â âèäå

T (7)
ε [ζ] = i((η0)−1/2Pη0Sε(Y ε

η )∗q̃, ζ̂ε)L2(O). (7.35)

Çàìå÷àíèå 7.3. Ïóñòü Pη0 � îðòîïðîåêòîð ïðîñòðàíñòâà

L2(O; (η0)−1) íà J(O). Íåòðóäíî ïîêàçàòü, ÷òî Pη0f ∈ H1(O;C3), åñëè

f ∈ H1(O;C3). Ïðè ýòîì âûïîëíåíà îöåíêà

‖Pη0f‖H1(O) 6 ĉ‖f‖H1(O). (7.36)

Ïîñòîÿííàÿ ĉ çàâèñèò ëèøü îò íîðì ‖η‖L∞ , ‖η−1‖L∞ è îáëàñòè O.

Ó÷èòûâàÿ ñàìîñîïðÿæåííîñòü îïåðàòîðà Pη0 â âåñîâîì ïðîñòðàíñòâå

L2(O; (η0)−1), ïðåäñòàâèì ôóíêöèîíàë (7.35) â âèäå

T (7)
ε [ζ] = i((η0)−1Sε(Y

ε
η )∗q̃,Pη0(η0)1/2ζ̂ε)L2(O). (7.37)

Ïóñòü θε � ñðåçêà, óäîâëåòâîðÿþùàÿ óñëîâèÿì (5.15). Çàïèøåì ÷ëåí
(7.37) êàê ñóììó äâóõ ñëàãàåìûõ:

T (7)
ε [ζ] = T̂ (7)

ε [ζ] + T̃ (7)
ε [ζ], (7.38)

T̂ (7)
ε [ζ] := i((η0)−1Sε(Y

ε
η )∗q̃, θεPη0(η0)1/2ζ̂ε)L2(O), (7.39)

T̃ (7)
ε [ζ] := i((η0)−1Sε(Y

ε
η )∗q̃, (1− θε)Pη0(η0)1/2ζ̂ε)L2(O). (7.40)

×ëåí (7.39) îöåíèì ñ ïîìîùüþ ïðåäëîæåíèÿ 1.2, (2.8) è ëåììû 1.6:

|T̂ (7)
ε [ζ]| 6 ‖η−1‖L∞‖Sε(Y ε

η )∗q̃‖L2(R3)‖Pη0(η0)1/2ζ̂ε‖L2(B2ε)

6 ε1/2‖η‖1/2L∞
‖η−1‖3/2L∞

β
1/2
0 ‖q‖L2(O)‖Pη0(η0)1/2ζ̂ε‖H1(O), 0 < ε 6 ε0.

Ó÷èòûâàÿ (7.3) è (7.36), ïðèõîäèì ê îöåíêå

|T̂ (7)
ε [ζ]| 6 C16ε

1/2‖q‖L2(O)

×
(
‖ζ‖L2(O) + ‖div (ηε)1/2ζ‖L2(O) + ‖rot (ηε)−1/2ζ‖L2(O)

)
, 0 < ε 6 ε0,

(7.41)

ãäå C16 = ĉ‖η‖L∞‖η−1‖3/2L∞
β

1/2
0 C11.

Ïåðåéäåì ê ðàññìîòðåíèþ ÷ëåíà (7.40). Ôóíêöèÿ (1− θε)Pη0(η0)1/2ζ̂ε
ïðèíàäëåæèò êëàññóH1(O;C3) è îáðàùàåòñÿ â íîëü â ε-îêðåñòíîñòè ãðà-
íèöû ∂O. Ïðîäîëæèì åå íóëåì íà R3 \O, ïðîäîëæåííóþ ôóíêöèþ îáî-
çíà÷èì ÷åðåç p̂ε. Çàìåòèì, ÷òî p̂ε ∈ H1(R3;C3), ïðè÷åì supp p̂ε ⊂ O\Bε.
Ïåðåïèøåì ÷ëåí (7.40) â âèäå

T̃ (7)
ε [ζ] := i(q, Y ε

η Sε(η
0)−1p̂ε)L2(O).
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Ñòîëáöû ìàòðèöû Y ε
η èìåþò âèä ε∇Φε

j , j = 1, 2, 3. Ñëåäîâàòåëüíî,

T̃ (7)
ε [ζ] =iε

3∑
j=1

(q,∇
(
Φε
j [Sε(η

0)−1p̂ε]j
)
)L2(O)

− iε
3∑
j=1

(q,Φε
j∇[Sε(η

0)−1p̂ε]j)L2(O).

Ïåðâîå ñëàãàåìîå ñïðàâà îáðàùàåòñÿ â íîëü, ïîñêîëüêó q ∈ J(O), à
Φε
j [Sε(η

0)−1p̂ε]j ∈ H1
0 (O). (Çäåñü ìû ó÷èòûâàåì ñâîéñòâî ñãëàæèâàþùå-

ãî îïåðàòîðà Sε: ôóíêöèÿ Sεf ðàâíà íóëþ âíå ε-îêðåñòíîñòè íîñèòåëÿ
ôóíêöèè f). Äàëåå, ïî àíàëîãèè ñ âûâîäîì íåðàâåíñòâà (5.76) ïîëó÷àåì

|T̃ (7)
ε [ζ]| 6 C17ε

1/2‖q‖L2(O)

×
(
‖ζ‖L2(O) + ‖div (ηε)1/2ζ‖L2(O) + ‖rot (ηε)−1/2ζ‖L2(O)

)
, 0 < ε 6 ε0.

(7.42)
Ïîñòîÿííàÿ C17 çàâèñèò îò ‖η‖L∞ , ‖η−1‖L∞ è îáëàñòè O.
Òåïåðü èç (7.38), (7.41) è (7.42) ñëåäóåò, ÷òî

|T (7)
ε [ζ]| 6 (C16 + C17)ε1/2‖q‖L2(O)

×
(
‖ζ‖L2(O) + ‖div (ηε)1/2ζ‖L2(O) + ‖rot (ηε)−1/2ζ‖L2(O)

)
, 0 < ε 6 ε0.

(7.43)

7.3. Ó÷åò êðàåâîãî óñëîâèÿ. Çàâåðøåíèå äîêàçàòåëüñòâà òåîðå-
ìû 6.4. Â èòîãå ñîîòíîøåíèÿ (7.20), (7.21), (7.31), (7.33), (7.34) è (7.43)
äàþò îöåíêó ôóíêöèîíàëà (6.18):

|Qε[ζ]| 6 C◦ε1/2‖q‖L2(O)

×
(
‖ζ‖L2(O) + ‖div (ηε)1/2ζ‖L2(O) + ‖rot (ηε)−1/2ζ‖L2(O)

)
, 0 < ε 6 ε1,

(7.44)
ãäå C◦ = C12 + C13 + C14 + C15 + C16 + C17.
Îñòàåòñÿ ó÷åñòü êðàåâîå óñëîâèå (6.21). Â ñèëó (6.17) èìååì

(ηε)−1/2ϑε = (1 + Y ε
η )Sε(η

0)−1/2(φ̃0 + υ̃ε)

+ ε

3∑
l=1

(ηε)−1/2Λ̂εlSεDl(φ̃0 + υ̃ε)

= (η0)−1/2(φ0 + υε) + (Sε − I)(η0)−1/2(φ̃0 + υ̃ε)

+ ε

3∑
l=1

(ηε)−1/2Λ̂εlSεDl(φ̃0 + υ̃ε)

+ ε
3∑
j=1

∇
(
Φε
jSεbε,j

)
− ε

3∑
j=1

Φε
jSε∇bε,j ,
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ãäå bε,j = [(η0)−1/2(φ̃0 + υ̃ε)]j . Ìû ó÷ëè, ÷òî Y ε
η � ýòî ìàòðèöà ñî ñòîëá-

öàìè ε∇Φε
j , j = 1, 2, 3. Ïåðâîå ñëàãàåìîå ñïðàâà óäîâëåòâîðÿåò îäíîðîä-

íîìó êðàåâîìó óñëîâèþ ((η0)−1/2(φ0 +υε))τ |∂O = 0. Ïîýòîìó âûïîëíåíî

((ηε)−1/2ϑε)τ |∂O = (aε)τ |∂O, (7.45)

ãäå

aε =

4∑
k=1

a(k)
ε , (7.46)

a(1)
ε = (Sε − I)(η0)−1/2(φ̃0 + υ̃ε), (7.47)

a(2)
ε = εθε

3∑
l=1

(ηε)−1/2Λ̂εlSεDl(φ̃0 + υ̃ε) (7.48)

a(3)
ε = ε

3∑
j=1

∇
(
θεΦ

ε
jSεbε,j

)
, (7.49)

a(4)
ε = −εθε

3∑
j=1

Φε
jSε∇bε,j . (7.50)

Çäåñü θε � ñðåçêà, óäîâëåòâîðÿþùàÿ óñëîâèÿì (5.15).

Ëåììà 7.4. Ïðè 0 < ε 6 ε1 âûïîëíåíû îöåíêè

‖aε‖L2(O) 6 C18ε
1/2‖q‖L2(O), (7.51)

‖rot aε‖L2(O) 6 C19ε
1/2‖q‖L2(O). (7.52)

Ïîñòîÿííûå C18 è C19 çàâèñÿò îò ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ , ‖µ−1‖L∞ ,
ïàðàìåòðîâ ðåøåòêè Γ è îáëàñòè O.

Äîêàçàòåëüñòâî. ×ëåí (7.47) îöåíèâàåòñÿ ñ ïîìîùüþ ïðåäëîæåíèÿ 1.1
è (6.10), (6.13):

‖a(1)
ε ‖L2(O) 6 εr1‖η−1‖1/2L∞

‖φ̃0 + υ̃ε‖H1(R3) 6 C
(1)
18 ε‖q‖L2(O), (7.53)

ãäå C
(1)
18 = r1‖η−1‖1/2L∞

(C1 + C2). ×ëåí (7.48) îöåíèâàåòñÿ íà îñíîâàíèè
ïðåäëîæåíèÿ 1.2 è ñîîòíîøåíèé (6.10), (6.13), (6.15):

‖a(2)
ε ‖L2(O) 6 ε‖η−1‖1/2L∞

C
Λ̂

√
3‖φ̃0 + υ̃ε‖H1(R3) 6 C

(2)
18 ε‖q‖L2(O), (7.54)

ãäå C
(2)
18 = ‖η−1‖1/2L∞

C
Λ̂

√
3(C1 + C2).

×ëåí (7.49) ðàññìàòðèâàåòñÿ ïî àíàëîãèè ñ âûâîäîì îöåíêè (5.29).
Èìååì:

ε∇
(
θεΦ

ε
jSεbε,j

)
= (ε∇θε)Φε

jSεbε,j + θε(∇Φj)
εSεbε,j + εθεΦ

ε
jSε∇bε,j .

Ïåðâîå ñëàãàåìîå îöåíèâàåòñÿ ñ ïîìîùüþ (5.15), ëåììû 1.7 è (2.9). Âòî-
ðîå � ñ ïîìîùüþ (5.15), ëåììû 1.7 è (2.8). Òðåòüå ñëàãàåìîå îöåíèâàåòñÿ
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çà ñ÷åò ïðåäëîæåíèÿ 1.2 è (2.9). Êðîìå òîãî, êàæäûé ðàç ìû ó÷èòûâàåì
íåðàâåíñòâà (6.10), (6.13). Ýòè ñîîáðàæåíèÿ ïðèâîäÿò ê îöåíêå

‖a(3)
ε ‖L2(O) 6 C

(3)
18 ε

1/2‖q‖L2(O), 0 < ε 6 ε1, (7.55)

ãäå ïîñòîÿííàÿ C
(3)
18 çàâèñèò îò ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ , ‖µ−1‖L∞ , ïàðà-

ìåòðîâ ðåøåòêè Γ è îáëàñòè O.
×ëåí (7.50) îöåíèâàåòñÿ íà îñíîâàíèè ïðåäëîæåíèÿ 1.2 è (2.9), (6.10),

(6.13):

‖a(4)
ε ‖L2(O) 6 ε(2r0)−1‖η‖1/2L∞

‖η−1‖L∞
√

3‖φ̃0 + υ̃ε‖H1(R3) 6 C
(4)
18 ε‖q‖L2(O),

(7.56)

ãäå C
(4)
18 = (2r0)−1‖η‖1/2L∞

‖η−1‖L∞
√

3(C1 + C2).
Òåïåðü èç (7.46), (7.53)�(7.56) âûòåêàåò èñêîìàÿ îöåíêà (7.51) ñ ïîñòî-

ÿííîé C18 =
∑4

k=1 C
(k)
18 .

Ðàññìîòðèì ðîòîð ôóíêöèè (7.46):

rot aε = rot a(1)
ε + rot a(2)

ε + rot a(4)
ε . (7.57)

Ìû ó÷ëè, ÷òî ðîòîð ôóíêöèè (7.49), î÷åâèäíî, ðàâåí íóëþ. Ïåðâîå ñëà-
ãàåìîå îöåíèì ñ ïîìîùüþ ïðåäëîæåíèÿ 1.1 è (6.10), (6.13):

‖rot a(1)
ε ‖L2(O) 6 εr1‖η−1‖1/2L∞

‖φ̃0 + υ̃ε‖H2(R3) 6 C
(1)
19 ε‖q‖L2(O), (7.58)

ãäå C
(1)
19 = r1‖η−1‖1/2L∞

(C1 + C2).
Äàëåå, èìååì:

rot a(2)
ε =

3∑
l=1

(ε∇θε)×
(

(ηε)−1/2Λ̂εlSεDl(φ̃0 + υ̃ε)
)

+ θε

3∑
l=1

[rot η−1/2Λ̂l]
εSεDl(φ̃0 + υ̃ε)

+ ε θε

3∑
l,j=1

bj(η
ε)−1/2Λ̂εlSεDlDj(φ̃0 + υ̃ε).

Ïåðâîå ñëàãàåìîå îöåíèâàåòñÿ ñ ïîìîùüþ (5.15), ëåììû 1.7 è (6.15). Âòî-
ðîå ñëàãàåìîå � ñ ïîìîùüþ (5.15), ëåììû 1.7 è (6.16). Îöåíêà òðåòüåãî
ñëàãàåìîãî ïîëó÷àåòñÿ íà îñíîâàíèè ïðåäëîæåíèÿ 1.2 è (6.15). Êðîìå
òîãî, êàæäûé ðàç èñïîëüçóþòñÿ íåðàâåíñòâà (6.10), (6.13). Ýòè ñîîáðà-
æåíèÿ ïðèâîäÿò ê îöåíêå

‖rot a(2)
ε ‖L2(O) 6 C

(2)
19 ε

1/2‖q‖L2(O), 0 < ε 6 ε1, (7.59)

ãäå ïîñòîÿííàÿ C
(2)
19 çàâèñèò îò ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ , ‖µ−1‖L∞ , ïàðà-

ìåòðîâ ðåøåòêè Γ è îáëàñòè O.



54

Ðàññìîòðèì òåïåðü ðîòîð ôóíêöèè (7.50):

rot a(4)
ε = −

3∑
j=1

(ε∇θε)× (Φε
jSε∇bε,j)− θε

3∑
j=1

(∇Φj)
ε × (Sε∇bε,j).

Ïåðâîå ñëàãàåìîå îöåíèâàåòñÿ ñ ïîìîùüþ (5.15), ëåììû 1.7 è (2.9). Îöåí-
êà äëÿ âòîðîãî ñëàãàåìîãî ïîëó÷àåòñÿ íà îñíîâàíèè (5.15), ëåììû 1.7 è
(2.8). Ìû òàêæå ó÷èòûâàåì (6.10) è (6.13). Ýòî âëå÷åò îöåíêó

‖rot a(4)
ε ‖L2(O) 6 C

(4)
19 ε

1/2‖q‖L2(O), 0 < ε 6 ε1, (7.60)

ãäå ïîñòîÿííàÿ C
(4)
19 çàâèñèò îò ‖η‖L∞ , ‖η−1‖L∞ , ‖µ‖L∞ , ‖µ−1‖L∞ , ïàðà-

ìåòðîâ ðåøåòêè Γ è îáëàñòè O.
Â èòîãå ñîîòíîøåíèÿ (7.57)�(7.60) ïðèâîäÿò ê èñêîìîìó íåðàâåíñòâó

(7.52) ñ ïîñòîÿííîé C19 = C
(1)
19 + C

(2)
19 + C

(4)
19 . �

Ïóñòü âåêòîð-ôóíêöèÿ hε ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

rot (ηε)−1/2hε = rot aε, div (ηε)1/2hε = 0,

((ηε)−1/2hε)τ |∂O = (aε)τ |∂O.
(7.61)

Èùåì ðåøåíèå â âèäå hε = (ηε)−1/2rot Υε, ãäå div Υε = 0. Òîãäà Υε ∈
H1(O;C3) óäîâëåòâîðÿåò òîæäåñòâó∫

O
〈(ηε)−1rot Υε, rot F〉 dx =

∫
O
〈aε, rot F〉 dx, ∀F ∈ H1(O;C3).

Ïîäñòàâëÿÿ F = Υε è ó÷èòûâàÿ (7.51), ïîëó÷àåì îöåíêó

‖hε‖L2(O) 6 ‖η‖
1/2
L∞
‖aε‖L2(O) 6 C20ε

1/2‖q‖L2(O), (7.62)

ãäå C20 = C18‖η‖1/2L∞
.

Òåïåðü èç (6.19)�(6.21), (7.45) è (7.61) âèäíî, ÷òî ŝε − hε ∈ Dom l̂ε è
âûïîëíåíî òîæäåñòâî

l̂ε [̂sε − hε, ζ] + (ŝε − hε, ζ)L2(O) = Q̃ε[ζ], ∀ζ ∈ Dom l̂ε, (7.63)

ãäå

Q̃ε[ζ] = Qε[ζ]− ((µε)−1rot aε, rot (ηε)−1/2ζ)L2(O) − (hε, ζ)L2(O).

Â ñèëó (7.44), (7.52) è (7.62) ñïðàâåäëèâà îöåíêà

|Q̃ε[ζ]| 6 C̃◦ε1/2‖q‖L2(O)

×
(
‖ζ‖L2(O) + ‖div (ηε)1/2ζ‖L2(O) + ‖rot (ηε)−1/2ζ‖L2(O)

) (7.64)

ïðè 0 < ε 6 ε1, ãäå C̃◦ = C◦ + C20 + ‖µ−1‖L∞C19. Ïîäñòàâëÿÿ ζ = ŝε − hε
â (7.63) è èñïîëüçóÿ (7.64), ïîëó÷àåì

‖ŝε − hε‖L2(O) + ‖div (ηε)1/2(ŝε − hε)‖L2(O)

+ ‖rot (ηε)−1/2(ŝε − hε)‖L2(O) 6 C′7ε
1/2‖q‖L2(O)

(7.65)
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ïðè 0 < ε 6 ε1, ãäå C′7 = 3 max{1, ‖µ‖L∞}C̃◦.
Ñîïîñòàâëÿÿ (7.52), (7.61), (7.62) è (7.65), ïðèõîäèì ê èñêîìîìó íåðà-

âåíñòâó (6.22) ñ ïîñòîÿííîé C7 = C′7 + C19 + C20. Ýòî çàâåðøàåò äîêàçà-

òåëüñòâî òåîðåìû 6.4.
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