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AHHOTAIINA

Omneparop Jlamraca Ha TPOCTPAHCTBE MONEPEYHBIX BEKTOPHBIX (DYHKIIHI
TpeX MEePeMEeHHbBIX, UCUYE3aI0NUX B HAaYa/Ie KOOPIMHAT BMECTe C IIPOU3BO/I-
HBIMU, SIBJISETCS CHMMETPUYECKUM OIepaTopoM ¢ uujgekcamu jedekra (3,3).
C nomompio Teopun Kpeiina CrpouTcs BblpaKeHue JJis s/iPa Pe30/ibBEHTb
CaAMOCOIPSKEHHBIX PACIIUPEHUI STOr0 OMEPATOPa B BUJE CyMMbl (DYHKIMH
['puna oneparopa Jlammaca Ha nHpoCTpaHCTBE BCEX BEKTOPHBIX (DYHKIUN U
HEKOTOPOU 106aBKM KOHEYHOT'O PAHTA.

Kuarouesbie caoBa: oneparop Jlammaca, momepedroe moAmpoOCTPAHCTBO,
CaMOCOIPs2KEHHbIE PacCIIupenus orneparopos, dgopmyna Kpeitna gia siapa
PE30J1IbBEHThI
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BBEJIEHUE

B pabore [2] nokaszaHo, 4ro TpexMepHble 10IE€PEYHbIe BEKTOPHbIE (DyHK-
UK TPpex HepeMeHHbIX B chepudeckoil cucreme orcyera MOIyT ObITh H1pejl-
crap/ieHbl (IapaMeTpU30BaHbl) C IIOMOIIBIO JABYX HAOOPOB PauabHbIX Dy HK-
it {u (1)}, {Gim(r)}, 1 <1, |m| <1 B crepyromem Bue:

7 fUm g U g Pim
f(@) = Z (1 2 Yim + " Vi) + Z " Py, (1)
1<1,|m|<1 1<1,|m|<I
rie
T=7(rQ), reRt, Qes? I=Il+1),

a T(Q) u U(Q) — 510 BekTOpHBIC Cepuucckue rapMoHnKu [8]

Tin() ==Yim(Q), 0<1 |m| <1, @)
U () =(1(L+ 1)) V208Y,,(Q), 1<, |m|<I, (3)
B () =(1(1+1)"2(EF x DYy (Q), 1<, |m| <L (4)
Heiictere oneparopa Jlamraca A = —8,3 Ha Takue (PYHKIUU CBOIUTCHA K
JIeHCTBUIO HA LAPAMETPbI Ulm, Oy PaAUaJIbHbIX OLIEPATOPOB
2 I(+1)
T)=——
! dr? * r2
TaK 9YTO
Pz T Um Ty, & T1Pvm z
A = — m )
f@y="> (=5 Tm+—"120m)+ > — o
1<1,jm|<I 1<1,jm|<I

B pabore [3] nokasbiaercs, uro oneparopbl 1}, JefcrBysi Ha MHOXKECTBE
rnagakux QyHKIn, ObICTPO yOBIBAIOMIMX B OKPECTHOCTHA HAYAJIA, KOOPIAUMHAT

Wi = {u(r) : ued, TuedH, u(0) =0}, 1>1, (5)

B MH/yIUPOBAHHOM U3 mpocrpancTsa R® ckangpHoM mpomssejenun (-, -);
JIUIST TAPAMETPOB Uy, NPpK | = 1 ABAAIOTCA CUMMETPUIECKUMU OLEPATOPAMHE C
ungekcamu gedexra (1, 1). IIpu srom gedexrabie BEKTOPDI (TO €CTh perenust
ypasrenuit (T} Fip?)ce = 0) umeror cieyromuii Bu

cy(r) =Dy exp{ejF%xr} +r ' =D, (eXp{€$%X7‘} — 1), (6)
roe D1 — s10 muddepennuaabHasg OIepaIsd
d1
Dy = r—=
! Tdr r

eiicTBue camoconpsKeHHBIX pacmuperuil 1] omeparopos 1 Ha dyHKIHNI
U U3 HEKOTOPOil obmacTu onpeseneHnsa WY BBIIIAIUT JOBOIBLHO IPOCTO
v 2 2

K _ /



4

OJIHAKO, HEPEHOC TOr0 JeficTBHs B mpocTpancTso R mpecrasiser u3 cebs
CJIOXKHOE BBIPAXKEHUE, KOTOPOE TPY/IHO UCIOJIb30BATh B IPUJIOKEHUSIX.

B mamnoit pabore ¢ momorpio Teopun KpeiiHa cTpouTcst BEIpasKeHHUe st
siJIpa PE30JIbBEHTbl CaMOCOLPI?KEHHOIO PACIIMPEHUsi ODIIEro BUJIA, OLUCAH-
HOI'O BbIILIE CUMMETPUYECKOrO OLePaTOpa Ha LOIEPEYHOM LIPOCTPAHCTBE.

1. AHAJIMTUYECKHE BEKTOPbI

Hedexrabie BekTopbl (6) M03BOIAIOT MOCTPOUTDH 110 TPH (COOTBETCTBEHHO
KOJIMYECTBY BO3MOXKHBIX 3HadeHwuit npoekiuu m = —1,0,1 opburasibHOro
MOMEHTA Ha TPEThI0 KOOPIMHATHYIO OChb Jisi IIOJHOTO MOMeHTa | = 1) Bek-
TOpPa B LOLEPEYHOM HOALPOCTpaHcTBEe P

B™#(r, Q) = 8 x Ci;:) (Z % D)Yim(Q) = 9 x (& x ) ci(;;) Yim(Q) =
i (r)

cx(r) C:I:
=2 T1(02
2 1m(Q) +

U1,,(Q), BT epPt

ycts HL — 310 numeiinoe IIPOCTPAHCTBO (byHKLU/H/I Buga (1), ¢ koaddurm-
EHTAMU Ujy, JIEKAIUMU B Wl Ornpejie/iuM CUMMETPUYIECKUIT O1IepaTop A
Kak cyzkenne onepanun A na H. 113 cummerpuanocru oneparopa 1) na Wl
crIeyer, 9ro oneparop AL cuMMerputdHen, a u3 NPUHAIEKHOCTH By HKIHIT
c+ (1) nedexrubiv nogupocrpancTam 17, Ciejyer, 4To BEKTOPbI B@ JIexkar
B JedeKTHBIX HOIPOCTPAHCTBAX oeparopos AL, 10 ecrb yi0BIeTBOPSIOT
yPaBHEHUAM
(BT, (A+ix?)ht) =0, htegt (8)
CaMOCOIPSIZKEHHBIE PACIIHPEHIS CHMMETPHIECKOr0 omeparopa AL obmie-
'O BUJIA OLIPEJE/ISAIOTCs C IOMOIIBI0 npeobpazoBanus Kauu [1, crp. 186] no-
CpeACTBOM HEKOTOPOHN YHUTAPHONM MaTpPUlibl, LEPEBOALAILIECH 3JIeMEHTbI ET
0HOrO 1e(PEKTHOrO IOAIIPOCTPAHCTBA, B JIEMEHTHI ET npyroro. Teopus
Kpeiina [5], [6] no3sossier nocrpours BbipaxKeHUe sl sijipa Pe30JIbBEHTbI
[IPOU3BOJILHOIO CAMOCOIIPSIZ?KEHHOTO PACIIUPEHUS YEPE3 PO PE30JIbBEHTHI
B (UKCUPOBaHHON TOYKe 0bjacTu peryssipaoctu. C moOMOIIBI0 1peodbpaso-
Batnug DPypbe MOXKHO BBIYHUC/IUTH BBIPAXKEHUE LI SAPA PE30JIbBEHTHI Ry
CaMOCOIPS2KEHHOI'0 oreparopa Jlamraca A&, 3a/@HHOIO0 HA MHOXKECTBE pe-
ryJsipHbIX JiBa pasa auddepenuupyembix dyukuuii |7, crp. 73|
eVwIE=7]

B9 (&

— 0 (Ao — w) R (7,5) = (7 — )3, (9)

3/1eCh pa3pe3 y KOpHHA U3 CIEKTPAJbHOrO HapaMeTpa W BbIOMpAeTcd BIOJIb
IIOJIO?KUTEJIBHOM II0JIyOCH

Vi = —vw, 0<argw < 2. (10)

PesonbBenta (9) ompesesiena Ha MPOCTPAHCTBE BEKTOPHBIX (DYHKITHIA TPOU3-
BOJIBHOTO BHJIA, OHAKO, MOYKHO ITOKa3aTh, 9TO OHA, TAKXKe KaK U OMEepPaTOP
A(J]‘, ocrasisier nogupocrpancrsa Pl u PL unsapuanrasivu. Tem cambin,



Boipazkenue (9) Moxker ObITh MCIIOJIL30BAHO U JLjIsl HOCTPOEHUsI PE30JIbBEHT
OIIEPATOPOB, JEHCTBYIONIUX, B TOM YUC/IE U Ha MOAIPOCTPAHCTBAX Plly pt.
Teopust Kpeitra onupaercss Ha TMOHSITHE AHAJTATAIECKOrNO BEeKTOpa. B mHTED-
uperanuu [4, crp. 371] s10 BekTOp éﬁ} , KOTODBIf B PEryJIAPHbIX TOYKaX pac-
CMaTPUBAEMbBIX CAMOCOIPSKEHHBIX PACIIUPEHUI aHAJIUTUYECKHA 3aBUCUT OT
CIIEKTPAJIBHOIO IapaMeTpa W U yIOB/IETBOPIET yPABHEHUIO

B = BT + (w — wo) Ry BT (11)

B/1eCh 110/ MOHATHEM G6EKMOP NOAPA3YMEBACTCA JIEMEHT JIMHEHHOrO Mpo-
crpaHcTBa, — 0b/1acTH opejieenns omeparopa (AL)*, conpsiKenHoOro K cum-
Merpiaeckomy omeparopy AL, B 10 Bpems kak cuMBOT BekTOopa y B™ 0THO-
CUTCH K CTPYKTYPE 9TOI0 IPOCTPAHCTBA, & MHJIEKC M HyMepyeT BO3MOXKHbIE
aHa/imTuYeckue BeKTOpbl. HeobxouMbiM yCI0BUEM TOCTPOEHUsI PE30IbBEH-
Thl C IIOMOIIBIO AHAJUTUICCKNX BEKTOPOB E,Z} ABJIAETCA IIPUHAIJIE2KHOCTD
9THX BEKTOPOB, B3ATHIX B TOUKAX Fi X2, eDEKTHBIM I10/[IIPOCTPAHCTBAM CHM-
METPUUECKOro oeparopa AL

1 . 2\k DM _
(A~ +ix")"BY2 = 0.
Jlitst moCcTpOeHUs aHAIUTUIECKUX BEKTOPOB PACCMOTPUM (DYHKIUIO

i/ wr d1l i/ wr
cw(r):Dl(e*ﬁ -1) :T%;(E\F -1)

C paspe3oM 10 CIEKTPAJIbHOMY HapaMerpy w, OHPEeIeJeHHOMY (HOpMyIoit
(10), u nepenecem ee ¢ momoupio paznokenus (1) B TpexmMepHOE MPOCTPAH-

cTBO. OnpesesnM HoepedHblil BeKTOp B! ciieayonmM 00pa3oM

By (#(r, Q) = \/561’;(;’)?1,%(9) + @iﬁm(m. (12)

HemnocpeacTBenHble BBIUUCIEHUS C MOACTAHOBKON BBIDAYKEHUI ISl BEKTOD-
HBIX CHEpUIecKux TapMOHUK |8]| AaroT [jis 9TOrO BEKTOpPA C/IEIYIOIIee BbI-
pazKeHue

i(:nmznj d1devVer 1 Ojm d ieiﬁr—l)
r:\x\‘

81 rdrrdr r _7574(17‘ r

(13)
Beruucsienne, ananorudnoe Bblunciaenuio B [3] st gedexTHbIX BEKTOPOB
¢4 (), moKa3BIBALT, YTO Jist JTF060r0 3/1eMenTa U € W1 BBIOJTHEHO PABEHCTBO

{Cw, (T1 —w)u)y =0,
a 3HAUUT (DYHKIUS Cyy (7)) YIOBIETBOPSIET YPABHEHUIO
(Th —w)*ey(r) = (T1 —w)* Dy (eiﬁr —-1) =0.
Kax ciejcrsue, Bektop B yi0BIerBopsier ypaBHeHIIO

(At —w)*B™ =0,



M3 KOTOPOI'0, COBMECTHO C aHAJIMTUYHOCTHIO U I[IOBEJeHUEM HA OECKOHEYHO-
cTH E{[} 110 [IapaMerpy w, Ciaeayer, 9T0o MyHKIUs Eg} SABJISIETCS PelIeHneM
ypasaenust (11).

Jlajiee BEIYUC/IUM CKaJIIPHOE IPOU3BE/IEHNE AHATUTUIECKIX BEKTOPOB B:T
JIJTsl pa3HbIX 3HAYEHUIT CIIEKTPAIHLHOIO [TapaMeTpa: BOCIIOIb3YEMCS OIIpeie ie-
areM (12), cHEMEeM HHTErpaJ mo mepeMeHHoM {2, IPOUHTErPUPYeM M0 TaCTIM
U 1upu oMoty hOpMyJIbl

d o d &2 11-1)
D*D:_—l_ 2l_ —l:__ :T_
1 "ar A dr? r2 =1
[IOJLY YUM
pm (7 RM(2\ I3 > Ew(r)cﬂ}(r) _ /
Bm(Z)BJ (%) d°x = (272 + cw(r)c[u(r)> dr =
R3 0 T
_ / D3%w(r)Diea(r) dr
0
— / DDy (€™ —1)DiDy (e — 1) dr = (14)
0
o0 2 - = 2 . ~ oo — . =
- [ B = [
10w

S (15)
VU +Vw
BenepcrBue opTOroHaIbHOCTH BEKTOPHBIX C(hEPHIECKIX rapMOHUK |8], aHa-

JIMTUYIECKNE BEKTOPbI Bg} OPTOrOHAJIBHBI IIPXU OTJIMYAIOMINXCA 3HAYCHUAX UH-
JIeKCa M, TO €CTh

1WW
VO + Vo
3 upeobpasosanusi (15) u mosioxkuresbHOCTH MHUMOI vyactu KopHst (10)

npu 0 < argw < 27 TaK2Ke MOYKHO BBIYUC/IUTH BbIPAKEHUE JIjIsi HOPMbI ITUX
BEKTOPOB

/ Brp(@) B2(@) da = S (16)
R3

= = iww |w|?
Bm2:/Bmi’Bma§'d3x: — = 0 <argw < 2.
1By 17 = [ Be@B@d's = == = St g
(17)
Otcrozia, B CBOIO O4Yepe/b, CJIEyeT, YTO HOPMbI BEKTODPOB BTz‘XQ u BT’Z.XQ,

JICZKAIUX B PA3HBIX ﬂe(beKTHbIX IOAIPOCTPAHCTBAX CUMMETPHUYICCKOro OIie-
paropa Al cosmaaior.

2. TIOCTPOEHUE PE30OJILBEHTHI

1
CamocornpsizkeHHOe paciupenue o6iero Bujga A, CMMMETPUYECKOTO Ol1e-
paropa Al Mozker GBITH 3aaHO ¢ MOMOIIBI0 YHATAPHOro 0TobpaskeHns U,



[IepeBOIAIero sjaemMenTel B omHoro medeKTHOrO MOAIPOCTPAHCTBA B 3JIe-

MeHTBl BY' apyroro.

l7
U : u Bm X2 — anum,Bﬂxg, u;‘lu% = 5n’n7 ‘an‘ = 1,

(31€CH CyMMEUpOBaHUE TIPOU3BOAUTCA 110 MHJAEeKcaM m u m’, uo we 1o n). To
o 6% n

ecrb Jieficrsue U onpejiesieHo TakuM 00pa30M, 4T0 BEKTODBI Uy, 110 UHJIEKCY

m dABJIAIOTCA COOCTBEHHBIMH [y oToOpakenus U m3 Gasmca {BT_”Z.XZ} B

bazuc {B 2}, u npu 3rom U% MokKeT ObITh 3a1MCaH0 B CJAEAYIONEM BUJIE

+ix

a UT?!LT)’L’ Sm Sm’ «a ’ n -n

% = B (B e U = oty (19
X =

Mo2KHO 3aMeTHTDh, ITO BBeIeHHOe B (9) S1po peBOJIbBeHTbI R,(Z, ), coor-
BETCTBYET CAMOCONPSAKEHHOMY PACIIHPEHHUIO AO , OLIPE/IeNISIEMOMY €/[HHIY-

HO¥I MaTpuIieil, To ecTb 0TOOPAKEHUIO Bm 2 B B™ ,. U3 OTIpesie/IeHNs TIpe-

+ix
obpazosanusg Ksmm |1, crp. 186] u dopwmymnsr (17) ciaemyer, 9ro pasHOCTH
PE30JIbBEHT PaCCMATPUBAEMBIX CAMOCOIPSKEHHBIX PACIIMPEHUil, B3ATHIX B
TOUKe 12, OIpeIeIaeTCsa BhIParKeHHeM
) Ue 6,
Ry2o— R o =—"10 — — B.mz( -, )
(24 VX . =S ) —ix4? R3
2ix2|| By > ™ *
1 .

_Zum Upy \f& (BTilxz’ Jrs- (19)

Teopus Kpeitna [4, crp. 374] yTBepKIaeT, 9T0 Pa3HOCTH PE30JIBBEHT CaMO-
COTIPSIZKEHHBIX PACIIIPEHUNl CHMMETPHUIECKOTO OIEPATOPa B IIPOU3BOJIHHOM
TOYKE W MOXKET OBbITh 3aIMCAHA YepPe3 AHATUTUYIECKHE BEKTODDI R’]} B cJIe-
JIYIOIIEM BHIE

R, — éw = Bmm (’LU)BYEL (Eglv ' )R3’ (20)
rie By (W) — 910 MaTpudHas QYHKIWS, YAOBJIETBOPLAIONIAs YPABHEHUIO

B (W) = B0 (ix?) — (w — ix?) (BY, Bz) a- (21)
®opwmyna (19) maer HaM BbIpayKeHUE IS d)yHKLU/H/I Brme (W) B TOUKe i) >

-1
ﬁmm ZX Zum m \/_’LXE)’

u3 KOTOPOTO, pelras ypaBHEeHne (21), MOZKHO BBIYUC/IUTD 3HAYEHUE S (W)
B IPOU3BOJIbBHOM TOYKE

/Bmm’ (w) =

(22)

Z Uy Uy ap —1

2 ; —
— X V23 +iw(an — 1)(Vw + Vix?)
[lepexosst K KOHKPETHBIM (DYHKIIUAM B KoopauHaTaX B (popmyste (20) mosry-
qaeM CJIe/yfolllee BbIpazKeHue Jijisd PA3HOCTHU sjep Pe30JIbBEHT

R (#,9) — RY' (%, ) = B (w)[BL @)V (B (7)), (23)



e aBubiil Bug BekTopos [BT(Z)]) npusesen B (13). Jannoe BhIparkenue
SIBJISIETCH aHAJUTUYECKON (DyHKIMel CIeKTPaJIbHOrO IapaMerpa w B 00/a-
cru 0 < argw < 27, 33 UCKJIIOYEHUEM HEKOTOPOIr'0 KOJMYECTBA MOJIIOCOB,
OLPEJEIAEMbIX 3HAMEHATEIAMU MATPUIHON DYyHKIUY Sy (w). DT mosIOC
onpeeadioT COOCTBEHHbIE 3HAYEHUS JUCKPETHOrO CIEKTPA Oleparopa Aj,
a COOTBETCTBYIOIINE BbIYETHI PE30JIbBECHTBHI — IIPOCEKTOPbI Ha CO6CTB€HHbIe
[IOIIPOCTPAHCTBA.

3. SAKJ/IIOUEHUE

Mpr nocrponn Beipazkenue (23) ¢ MOACTAHOBKOIL (22) 1uist siipa pe30Jib-
BEHTBHI CAMOCOIPSKEHHOI0 PACIINPEHUs] CUMMETPUIECKOro omeparopa Jla-
IUTaca Ha [IOLEePEeTHOM IIOIPOCTPAHCTBe B cdhepruieckux KoopauHarax. Ca-
MOCOIIPSIZKEHHOE PACIIIPeHne MOKeT HMeTh IPOU3BOJIBHLIN BHUJI U 33/AeTCs
¢ moMortpio npeobpasoanns Kamu orobpaxenuem (18).
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