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Abstract

.
The paper is concerned with a model problem arising in the study of the evolution of two viscous

capillary fluids of different types: compressible and incompressible contained in a bounded vessel
and separated by a free interface. The estimates of solution in the Sobolev–Slobodetskii spaces of
functions are obtained that can be useful for the proof of stability of the rest state.
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1 Introduction

Free boundary problem for compressible and incompressible viscous fluids was considered for the
first time by I.V.Denisova [1]. In this paper, local in time solvability of the problem was established
under some additional restrictions on the coefficients of viscosity of both fluids. These results were
obtained as a consequence of a detailed treatment of the model problem in two half-spaces, which
was connected with some technical difficulties in the analysis of the explicit formula of solution of
this problem. It was the motivation of imposing the above-mentioned additional requirements on
the viscosity coefficients. When the surface tension is absent, these requirements were removed by
direct calculations in the papers of I.Denisova [2] and of Prof. Y.Shibata and his colleagues [3,4],
who has used uniqueness of the solution of the model problem (i.e., the Lopatinski condition); see
also the review article [5].

The aim of the present paper is to analyze the model problem for the capillary fluids. We
concentrate on the problem of stability of the rest state and obtain necessary estimates in the
infinite time interval for the solution of the model problem with a small compact support. This
assumption was used also in [5]. Our main attention is given to the problem that arises in estimating
the solution near the interface as the most complicated one.

In Section 1 the statement of the nonlinear problem is given and the linearization procedure
is described. Section 2 is devoted to the construction and estimate of the solution of the model
problem.

We pass to the statement of the free boundary problem. Assume that two fluids, compressible
and incompressible, are contained in a bounded vessel Ω = Ω+

t ∪Γt ∪Ω−
t ⊂ R3 with the boundary

Σ and separated by a free interface Γt, t > 0. It is assumed that the domains Ω+
t and Ω−

t are
filled with the compressible and incompressible fluids, respectively, Ω−

t being located inside Ω, and
∂Ω−

t = Γt is bounded away from Σ. The problem reduces to the determination of Γt for t > 0
together with the velocity vector field v±(x, t), x ∈ Ω±

t , of both fluids, the pressure p−(x, t) of the
incompressible fluid and the density ρ+(x, t) of the compressible one satisfying the system of the
Navier-Stokes equation, the initial and boundary conditions on Σ and Γt:





ρ−(Dtv
− + (v− · ∇)v−) −∇ · T−(v−) + ∇p− = ρ−f ,

∇ · v− = 0 in Ω−
t ,

ρ+(Dtv
+ + (v+ · ∇)v+) −∇ · T+(v+) + ∇p+(ρ+) = ρ+f ,

Dtρ
+ + ∇ · (ρ+v+) = 0 in Ω+

t ,

v±|t=0 = v±
0 in Ω±

0 , ρ+(x, 0) = ρ+
0 (x) in Ω+

0 ,

v+|Σ = 0, [v] = 0 Vn = v · n,

(−p+(ρ+) + p−)n + [T±(v)n] = σHn on Γt.

(1.1)

In these relations, T = T± is the viscous part of the stress tensor, i.e.,

T−(v−) = µ−S(v−), T+(v+) = µ+S(v+) + µ+
1 I∇ · v+,

µ± > 0, µ+
1 > −2µ+/3 are constant viscosity coefficients, S(w) = (∇w) + (∇w)T is the doubled

rate-of-strain tensor, the superscript T means transposition, I is the identity matrix, p+(ρ+(x, t))
is the pressure function of the density ρ+ of the compressible fluid that is positive and increasing,
ρ− is a constant density of the incompressible fluid, f is the vector field of the mass forces given in
Ω, Vn is the velocity of the evolution of the free surface Γt in the direction of the exterior normal
n to Γt. At the initial instant t = 0 the surface Γ0 is given.
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By [u]|Γt we mean the jump of the function u(x) given in Ω+
t ∪ Ω−

t across Γt:

[u] = u+ − u−|Γt .

We write (1.1) as a non-linear problem in a domain with fixed interface Γ0 by passing to the
Lagrangian coordinates y ∈ Ω+

0 ∪ Γ0 ∪ Ω−
0 . They are connected with the Eulerian coordinates

x ∈ Ω+
t ∪ Γt ∪ Ω−

t by the equation

x = y +

∫ t

0

u(y, τ)dτ ≡ Xu(y, t), (1.2)

where u(y, τ) is the velocity vector field written as a function of the Lagrangian coordinates.
One of the advantages of the transformation (1.2) is that the space derivatives of ρ+ disappear
from the continuity equation after the change of variables, which is not the case for the Hanzawa
transformation. In this case it is necessary to work in the spaces of somewhat more regular functions
and impose additional compatibility conditions on the data of the problem.

For small
∫ t

0
u dτ , the mapping (1.2) establishes one-to-one correspondence between Ω+

0 ∪Γ0∪Ω−
0

and Ω+
t ∪ Γt ∪ Ω−

t . In the coordinates (y, t), problem (1.1) takes the form




ρ−Dtu
− −∇u · T−

u (u−) + ∇uq− = ρ−f̂ , ∇u · u− = 0 in Ω−
0 ,

ρ̂+Dtu
+ −∇u · T+

u (u+) + ∇up+(ρ̂+) = ρ̂+f̂ ,

Dtρ̂
+ + ρ̂+∇u · u+ = 0 in Ω+

0 ,

u±|t=0 = u±
0 ≡ v±

0 in Ω±
0 , ρ̂+|t=0 = ρ+

0 in Ω+
0 ,

u−|Σ = 0, [u] = 0,

(−p+(ρ̂+) + q−)n + [T±
u (u)n] = σHn on Γ0,

(1.3)

where f̂(y, t) = f(Xu, t), q− = p−(Xu, t), ρ̂+ = ρ+(Xu, t), ∇u = L−T∇y = (L−1)T∇ is the
transformed gradient ∇x, L is the Jacobi matrix of the transformation (1.2), L̂ = LL, L = det L,

T−
u (u−) = µ−Su−(u), T+

u (u+) = µ+Su+(u+) + µ+
1 I∇u · u+,

Su(u) = ∇u ⊗u+(∇u⊗u)T is the transformed doubled rate-of-strain tensor, H = H(Xu, t). The
kinematic condition Vn = u · n is fulfilled automatically. The normal n(Xu, t) to Γt is connected
with the normal n0 to Γ0 by the formula

n =
L̂T n0(y)

|L̂T n0(y)|
. (1.4)

Since one of the fluids is incompressible, the volumes |Ω±
t | of Ω±

t are independent of t, as well
as the mean value ρ+

m = M+/|Ω+
t | of ρ+, where M+ is the total mass of the compressible fluid.

We set

|Ω−
t | =

4πR3
0

3
, ρ̂+ = ρ+

m + θ+, q− = p(ρ+
m) + θ− − 2σ

R0
;

hence
∫
Ω+

t
(ρ+ − ρ+

m) dx =
∫
Ω+

0
Lθ+(y, t) dy = 0 and the last boundary condition in (1.3) can be

written in the form

(
− (p+(ρ+

m + θ+) − p+(ρ−m)) + θ−
)
n + [Tu(u)n] = σ(H +

2

R0
)n.
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If n · n0 > 0, then this condition is equivalent to

[µ±Π0ΠSu(u)n]
∣∣
Γ0

= 0,

− (p+(ρ+
m + θ+) − p+(ρ+

m)) + θ− + [n · Tu(u)n]
∣∣
Γ0

= σ(H +
2σ

R0
)
∣∣
Γ0

,
(1.5)

where Πg = g −n(g ·n) and Π0g = g −n0(g ·n0) are projections of g onto the tangential planes
to Γt and Γ0, respectively.

We also notice that
∫
Ω+

t
∇ · v+(x, t) dx =

∫
Ω ∇ · v(x, t) dx = 0. Since

Hn = ∆(t)Xu, (1.6)

where ∆(t) is the Laplace-Beltrami operator on Γt, problem (1.3) can be written as follows:





ρ−Dtu
− −∇ · T−(u−) + ∇θ− = l−1 (u−, θ−), ∇ · u− = l−2 (u−) in Ω−

0 , t > 0,

ρ+
mDtu

+ −∇ · T +(u+) + p1∇θ+ = l+1 (u+, θ+),

Dtθ
+ + ρ+

m

(
∇ · u+ − 1

|Ω0|

∫

Ω0

∇ · u+(z, t) dz
)

= l+2 (u+, θ+) in Ω+
0 , t > 0,

u±|t=0 = u±
0 ≡ v±

0 in Ω±
0 , θ+|t=0 = θ+

0 ≡ ρ+
0 − ρ+

m in Ω+
0 ,

[u]|Γ0 = 0, [µ±Π0S(u)n0]|Γ0 = l3(u),

− p1θ
+ + θ− + [n0 · T(u)n0]

∣∣
Γ0

− σn0 ·
∫ t

0

∆(0)u(y, τ)dτ
∣∣
Γ0

= l4(u) +

∫ t

0

(l5(u) + l6(u))dτ + σ(H0 +
2

R0
), u|Σ = 0,

(1.7)

where p1 = p′(ρ+
m) > 0,

l−1 (u, θ) = ∇u · T−
u (u−) −∇ · T−(u−) + (∇−∇u)θ− + ρ−f̂ ,

l+1 (u, θ) = ∇u · T +
u (u+) −∇ · T +(u+)

+ p1(∇−∇u)θ+ −∇u

(
p(ρ+

m + θ+) − p1θ
+
)
− θ+Dtu

+ + (ρ+
m + θ+)f̂ ,

l−2 (u) = (∇−∇u) · u− = ∇ · L(u−), L(u−) = (I − L̂)u−,

l+2 (u, θ) = ρm(∇−∇u) · u+ − θ+∇u · u+ − ρ+
m

|Ω+
0 |

∫

Ω0

(∇ · u+ − L∇u · u+) dz,

l3(u) = [µ±Π0(Π0S(u)n0 − ΠSu(u)n)]
∣∣
Γ0

,

l4(u) = [n0 · T(u, q)n0 − n · Tu(u, q)n] − (p+(ρ+
m + θ+) − p+(ρ+

m) − p1θ
+)
∣∣
Γ0

,

l5(u) = σDt(n∆(t)) ·
∫ t

0

u(y, τ) dτ + σ(n · ∆(t) − n0 · ∆(0))u(y, τ),

l6(u) = σ(ṅ∆(t) + n∆̇(t)) · y
∣∣∣
Γ0

, ṅ = Dtn, ∆̇(t) = Dt∆(t).

(1.8)

By replacing the expressions (1.8) in (1.7) with some given functions, we arrive at the linear
problem
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ρ+
mDtv

+ − µ+∇2v+ − (µ+ + µ+
1 )∇(∇ · v+) + p1∇θ+ = f+,

Dtθ
+ + ρ+

m

(
∇ · v+ − 1

|Ω+
0 |

∫

Ω+
0

∇ · v+ dz
)

= h+ in Ω+
0 ,

ρ−Dtv
− − µ−∇2v− + ∇θ− = f−, ∇ · v− = h− in Ω−

0 ,

v|t=0 = v0 in Ω+
0 ∪ Ω−

0 , θ+|t=0 = θ+
0 in Ω+

0 ,

v+|Σ = 0, [v]|Γ0 = 0, [µ±Π0S(v)n0]|Γ0 = b,

− p1θ
+ + θ− + [n0 · T(v)n0] − σn0 ·

∫ t

0

∆(0)v(y, τ) dτ |Γ0 = b.

(1.9)

We recall the definition of the Sobolev–Slobodetskii spaces. The isotropic space W r
2 (Ω), Ω ⊂ Rn,

is the space with the norm

‖u‖2
W r

2 (Ω) =
∑

06|j|6r

‖Dju‖2
L2(Ω) ≡

∑

06|j|6r

∫

Ω

|Dju(x)|2 dx,

if r = [r], i.e. r is an integral number, and

‖u‖2
W r

2 (Ω) = ‖u‖2

W
[r]
2 (Ω)

+
∑

|j|=[r]

∫

Ω

∫

Ω

|Dju −Dju(y)|2 dxdy

|x − y|n+2ρ
,

if r = [r] + ρ, ρ ∈ (0, 1). As usual, Dju denotes a (generalized) partial derivative ∂|j|u

∂x
j1
1 ...∂xjn

n

where

j = (j1, j2, ...jn) and |j| = j1 + ... + jn. The anisotropic space W
r,r/2
2 (QT ), QT = Ω × (0, T ), can

be defined as
L2((0, T ), W r

2 (Ω)) ∩ W
r/2
2 ((0, T ), L2(Ω))

and supplied with the norm

‖u‖2

W
r,r/2
2 (QT )

=

∫ T

0

‖u(·, t)‖2
W r

2 (Ω) dt +

∫

Ω

‖u(x, ·)‖2

W
r/2
2 (0,T )

dx. (1.10)

There exist many other equivalent norms in W
r,r/2
2 (QT ); some of them will be used below. Sobolev

spaces of functions given on smooth surfaces, in particular, on Γ0 and on Γ0×(0, T ), are introduced
in a standard way, i.e., with the help of local maps and partition of unity. We find it convenient to
introduce the spaces

W r,0
2 (QT ) = L2((0, T ); W r

2 (Ω)), W
0,r/2
2 (QT ) = W

r/2
2 ((0, T ); L2(Ω));

the squares of norms in these spaces coincide, respectively, with the first and the second term in
(1.10). We also introduce the notation

|||u|||(r+l,l/2)
QT

= ‖u‖W r+l,0
2 (QT ) + ‖u‖

W
l/2
2 (0,T );W r

2 (Ω))
,

‖u‖W r
2 (∪Ω±) = ‖u‖W r

2 (Ω+) + ‖u‖W r
2 (Ω−),

(1.11)

if u(x) can be discontinuous on Ω̄+ ∩ Ω̄−. The norm ‖u‖
W

l,l/2
2 (∪Q±

T )
is defined in a similar way.
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It is well known that the norms ‖u‖W l
2(R

n) and
( ∫

Rn(1 + |ξ|2)l|ũ(ξ) dξ
)1/2

are equivalent, in
view of the Parceval identity (by ũ(ξ) we mean the Fourier transform of u(x)). In what follows we
deal with the functions u(x, t) from the Sobolev spaces with the exponential weight eβt, β > 0,
and the following lemma will be useful.

Proposition 1. Let eβtu ∈ Wλ
2 (R) with λ ∈ (0, 1), and u(t) = 0 for t < 0. Then

c1

∫ s1+i∞

s1−i∞

(|s|2λ + 1)|ũ(s)|2 ds2 6

∫ ∞

0

e2βt dt

∫ 1

0

|u(t − τ) − u(t)|2 dτ

τ1+2λ

+

∫ ∞

0

e2βt|u(t)|2 dt 6 c2

∫ s1+i∞

s1−i∞

(|s|2λ + 1)|ũ(s)|2 ds2,

(1.12)

c3

∫ s1+i∞

s1−i∞

(|s|2λ + 1)|ũ(s)|2 ds2 6

∫ ∞

0

dt

∫ 1

0

|eβ(t−τ)u(t − τ) − eβtu(t)|2 dτ

τ1+2λ

+

∫ ∞

0

e2βt|u(t)|2 dt 6 c4

∫ s1+i∞

s1−i∞

(|s|2λ + 1)|ũ(s)|2 ds2,

(1.13)

where

ũ(s) =

∫ ∞

0

e−stu(t) dt

is the Laplace transform of u(t), s = s1 + is2, s1 = −β.
Proof. Clearly,

u(t) − u(t − τ) =
1

2π

∫ −β+i∞

−β−i∞

ũ(s)(1 − e−sτ )est ds2.

By the Parceval identity

2π

∫ ∞

0

|u(t)|2e2βt dt =

∫ −β+i∞

−β−i∞

|ũ(s)|2 ds2,

we have

2π

∫ ∞

0

e2βt dt

∫ 1

0

|u(t) − u(t − τ)|2 dτ

τ1+2λ
=

∫ −β+i∞

−β−i∞

|ũ(s)|2 ds2

∫ 1

0

|e−sτ − 1|2 dτ

τ1+2λ
. (1.14)

Since
|e−sτ − 1|2 = (e−s1τ − 1)2 + 4e−s1τ sin2 τs2

2
,

there holds ∫ 1

0

|e−sτ − 1|2 dτ

τ1+2λ
6 c
(
|s1|2λ +

∫ ∞

0

sin2 τs2

2

dτ

τ1+2λ

)
6 c|s|2λ,

∫ 1

0

|e−sτ − 1|2 dτ

τ1+2λ
> c
(
|s1|2 +

∫ ∞

0

sin2 τs2

2

dτ

τ1+2λ
−
∫ ∞

1

sin2 τs2

2

dτ

τ1+2λ

)
> c(|s|2λ − 1).

These inequalities and (1.14) imply (1.12). Since e−βeβt 6 eβ(t−τ) 6 eβt for τ ∈ (0, 1), estimates
(1.13) can be easily deduced from (1.12) and the relation

eβ(t−τ)u(t − τ) − eβtu(t) = eβ(t−τ)(u(t − τ) − u(t)) + u(t)(eβ(t−τ) − eβt).
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The proposition is proved.
Proposition 1 extends in an obvious way to the spaces W l

2(R) with l = [l] + λ, [l] > 0 and to
anisotropic spaces.

In what follows we set

‖u‖2
W λ

2 (R) =

∫ ∞

0

dt

∫ ∞

0

|u(t) − u(t − τ)|2 dτ

τ1+2λ
+

∫ ∞

0

|u(t)|2 dt (1.15)

and take the expression

(∫ ∞

0

dt

∫ ∞

0

|eβ(t−τ)u(t − τ) − eβtu(t)|2 dτ

τ1+2λ
+

∫ ∞

0

e2βt|u(t)|2 dt
)1/2

≡ ‖eβtu‖W λ
2 (R)

as the norm in the corresponding weighted space. Since

∫ ∞

0

dt

∫ ∞

0

|eβ(t−τ)u(t − τ) − eβtu(t)|2 dτ

τ1+2λ
6

∫ ∞

0

dt

∫ 1

0

|eβ(t−τ)u(t − τ) − eβtu(t)|2 dτ

τ1+2λ

+ c

∫ ∞

0

e2βt|u(t)|2 dt

and
∫ ∞

0

dt

∫ ∞

0

|eβ(t−τ)u(t − τ) − eβtu(t)|2 dτ

τ1+2λ
>

∫ ∞

0

dt

∫ 1

0

|eβ(t−τ)u(t − τ) − eβtu(t)|2 dτ

τ1+2λ

− c

∫ ∞

0

e2βt|u(t)|2 dt,

the norm ‖eβtu‖W λ
2 (R) is equivalent to

(∫ s1+i∞

s1−i∞

(|s|2λ + 1)|ũ(s)|2 ds2

)1/2

.

In the case s1 = γ > 0 this equivalence is established in [6].

2 Linear model problems

The study of the linear problem (1.9) is based on the analysis of the model problem in the domain
R3

+ ∪ R3
−, in which the interface is fixed and coincides with the plane y3 = 0. Assuming that the
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compressible fluid is located in R3
+, we write this problem in the form





Dtv
− − ν−∇2v− +

1

ρ−
∇θ− = f−, ∇ · v− = h− in R−

T = R3
− × (0, T ),

Dtv
+ − ν+∇2v+ − (ν+ + ν+

1 )∇(∇ · v+) +
p1

ρ+
m
∇θ+ = f+,

Dtθ
+ + ρ+

m∇ · v+ = h+ in R+
T = R3

+ × (0, T ),

v
∣∣
t=0

= 0 in R3
+ ∪ R3

−, θ+
∣∣
t=0

= 0 in R3
+, v−−−−→

|y3|→∞
0, θ−−−−→

|y3|→∞
0,

[v]
∣∣
y3=0

= 0,

[
µ±

(
∂vα

∂y3
+

∂v3

∂yα

)]∣∣∣∣
y3=0

= bα(y′, t), α = 1, 2;

− p1θ
+ + θ− + µ+

1 ∇ · v+ +

[
2µ± ∂v3

∂y3

]
+ σ∆′

∫ t

0

v3 dτ

∣∣∣∣
y3=0

= b3 +

∫ t

0

B(y′, τ) dτ, t 6 T

(2.1)

Here, T ∈ (0,∞], R3
± = {±x3 > 0}, ν− = µ−/ρ−, ν+ = µ+/ρ+

m, ν+
1 = µ+

1 /ρ+
m, ρ−, ρ+

m =
const > 0, ∆′ = ∂2/∂y2

1 + ∂2/∂y2
2, y′ = (y1, y2). Our goal is to obtain estimates of solutions of

(2.1) that are compactly supported in the Sobolev spaces with exponential weight eβt, β > 0. To
this end, we extend the solutions periodically with respect to y′ = (y1, y2) into R2 and expand into
the Fourier series

u(y′) =
1

(2d0)2

∑

k′∈Z2

ũ(ξ′)eiξ′·y′

, ξ′ =
π

d0
k′, k′ = (k1, k2), (2.2)

(cf. [5,7]), where

ũ(ξ′) =

∫

Q′

e−iξ′·y′

u(y′) dy′, y′ = (y1, y2),

are the Fourier coefficients and Q′ = {|yα| 6 d0, α = 1, 2, } is a periodic cell. Problem (2.1) will
be treated separately in the spaces of function satisfying the condition

∫

Q′

u dy′ = 0 (2.3)

and of functions of the type (2d0)
−1ũ(0) (i.e., independent of y1 and y2). We introduce the notation

I± = {±y3 ∈ (0, d1)}, Q± = {y′ ∈ Q′, y3 ∈ I±}, Q± = {y′ ∈ Q′,±y3 > 0}, Q′
T = Q′ × (0, T ),

Q±
T = Q± × (0, T ) ∀T 6 ∞ and prove the following propositions.

Theorem 1. Assume that eβtf ∈ W
l,l/2
2 (∪Q±

T ), eβth+ ∈ W l+1,0
2 (Q+

T )∩W
l/2
2 ((0, T ); W 1

2 (Q+)),

eβt∇h− ∈ W
l+1,l/2+1/2
2 (Q−

T ), h− = ∇ · H + H0, eβtH , eβtH0 ∈ W
0,1+l/2
2 (Q−

T ), eβtbα ∈
W

l+1/2,l/2+1/4
2 (Q′

T ), α = 1, 2, eβtb3 ∈ W
l+1/2,0
2 (Q′

T ) ∩ W
l/2
2 ((0, T ); W

1/2
2 (Q′)), eβtB ∈

W
l−1/2,l/2−1/4
2 (Q′

T ), where β and d0 are certain positive numbers, d0 is small and l ∈ (1/2, 1).
Assume also that these functions satisfy the compatibility conditions

h−|t=0 = 0, H |t=0 = 0, H0|t=0 = 0, bα|t=0 = 0, α = 1, 2,

and the orthogonality condition (2.3). Then problem (2.1) has a unique solution also satisfying (2.3)
and such that eβtv ∈ W

2+l,1+l/2
2 (∪Q±

T ), eβt∇θ− ∈ W
l,l/2
2 (Q−

T ), eβtθ− ∈ W
l/2
2 ((0, T ); W

1/2
2 (Q′)),
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eβtθ+, eβtDtθ
+ ∈ W l+1,0

2 (Q+
T ) ∩ W

l/2
2 ((0, T ); W 1

2 (Q+)). It is subject to the inequality

‖eβtv‖
W

2+l,1+l/2
2 (∪Q±

T )
+ ‖eβt∇θ−‖

W
l,l/2
2 (Q−

T )
+ |||eβtθ−|||(l+1/2,l/2)

Q′
T

+ |||eβtθ+|||(1+l,l/2)

Q+
T

+ |||eβtDtθ
+|||(1+l,l/2)

Q+
T

6 c(‖eβtf‖
W

l,l/2
2 (∪Q±

T )
+ ‖eβth−‖W l+1,0

2 (Q−
T ) + ‖eβtH‖

W
0,1+l/2
2 (Q−

T )

+ ‖eβtH0‖W
0,1+l/2
2 (Q−

T )
+ |||eβth+|||(1+l,l/2)

Q+
T

+
∑

α=1,2

‖eβtbα‖W
l+1/2,l/2+1/4
2 (Q′

T )

+ |||eβtb3|||
(l+1/2,l/2)

Q′
T

+ ‖eβtB‖
W

l−1/2,l/2−1/4
2 (Q′

T )
)

(2.4)

with the constant independent of T .
We also consider one-dimensional problems





Dtv
±
α − ν±D2

y3
vα = f±

α in I±T ,

vα|t=0 = 0, vα|y3=±d1 = 0,

[vα]|y3=0 = 0,
[
µ

dvα

dy3

]
|y3=0 = bα(t), α = 1, 2,

(2.5)





Dtv
+
3 − (2ν+ + ν+

1 )D2
y3

v3 +
p1

ρ+
m
Dy3θ

+ = f+
3 , Dtθ

+ + ρ+
mDy3v3 = h+ in I+

T ,

Dtv
−
3 − ν−D2

y3
v−3 +

1

ρ−
Dy3θ

− = f−
3 , Dy3v3 = h− in I−T ,

[v3]
∣∣
y3=0

= 0, v3|y3=±d1 = 0,

−p1θ
+ + θ− + (2µ+ + µ+

1 )Dy3v
+
3 − 2µ−Dy3v

−
3

∣∣∣
y3=0

= b3(t),

(2.6)

Theorem 2. 1.If eβtf±
α ∈ W

l,l/2
2 (∪I±T ), eβtbα ∈ W

l/2+1/4
2 ((0, T )), and d0, d1 are sufficiently

small, then problem (2.5) has a unique solution such that eβtvα ∈ W
2+l,1+l/2
2 (∪I±T ), where α = 1, 2,

I±T = I± × (0, T ), and the solution satisfies the inequality

2∑

α=1

‖eβtvα‖W
2+l,1+l/2
2 (∪I±

T )
6 c

2∑

α=1

(
‖eβtf±

α ‖
W

l,l/2
2 (∪I±

T )
+ ‖eβtbα‖W

1/2+l/4
2 (0,T )

)
. (2.7)

2. If eβtf±
3 ∈ W

l,l/2
2 (∪I±T ), eβth+ ∈ W l+1,0

2 (I+
T ) ∩ W

l/2
2 ((0, T ), W 1

2 (I+)), eβtDy3h
− ∈

W
l,l/2
2 (I−T ), h− = Dy3H3 + H0, eβtH3, e

βtH0 ∈ W
0,1+l/2
2 (I+

T ), eβtb3 ∈ W
l/2+1/4
2 ((0, T )),

then problem (2.6) has a unique solution such that eβtv3 ∈ W
2+l,1+l/2
2 (∪I±T ), eβtDy3θ

+ ∈
W

l,l/2
2 (I+

T ), eβtDtθ
+ ∈ W l+1,0

2 (I+
T ) ∩ W

l/2
2 ((0, T ); W 1

2 (I+)), eβtDy3θ
− ∈ W

l,l/2
2 (I−T ), eβtθ−|y3=0 ∈

W
l/2+1/4
2 (0, T ), and the solution satisfies the inequality

‖eβtvα‖W
2+l,1+l/2
2 (∪I±

T )
+ ‖eβtDy3θ

+‖
W

l,l/2
2 (IT )

+ |||eβtDtθ
+|||(1+l,l/2)

I+
T

+ ‖eβtDy3θ
−‖

W
l,l/2
2 (I−

T )
+ ‖eβtθ−|y3=0‖W

l/2+1/4
2 (0,T )

6 c
(
‖eβtf3‖W

l,l/2
2 (∪I±)

+ ‖eβth−‖W l+1,0
2 (I−

T ) + ‖eβtH3‖W
0,1+l/2
2 (I−

T )
+ ‖eβtH0‖W

0,1+l/2
2 (I−

T )

+ |||eβth+|||(1+l,l/2)

I−
T

+ ‖b3‖W
l/2+1/4
2 (0,T )

)
.

(2.8)
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The constants in (2.7) and (2.8) are independent of T .
Theorem 3. The solution (v±, θ±) of problem (2.1) supported in Q

±
T and such that eβtv ∈

W
2+l,1+l/2
2 (∪Q±

T ), eβt∇θ− ∈ W
l,l/2
2 (Q−

T ), eβtθ− ∈ W
l/2
2 ((0, T ); W

1/2
2 (Q′)), eβt∇θ+ ∈ W

l,l/2
2 (Q+

T ),

eβtDtθ
+ ∈ W l+1,0

2 (Q+
T ) ∩ W

l/2
2 ((0, T ); W 1

2 (Q+)), satisfies the inequality

‖eβtv‖
W

2+l,1+l/2
2 (∪Q

±
T )

+ ‖eβt∇θ−‖
W

l,l/2
2 (Q−

T )
+ |||eβtθ−|||(l+1/2,l/2)

Q′
T

+ ‖eβt∇θ+‖
W

l,l/2
2 (Q+

T )

+ |||eβtDtθ
+|||(1+l,l/2)

Q
+
T

6 c(‖eβtf‖
W

l,l/2
2 (∪Q

±
T )

+ ‖eβth−‖W l+1,0
2 (Q−

T ) + ‖eβtH‖
W

0,1+l/2
2 (Q−

T )

+ ‖eβtH0‖W
0,1+l/2
2 (Q−

T )
+ |||eβth+|||(1+l,l/2)

Q
+
T

+
∑

α=1,2

‖eβtbα‖W
l+1/2,l/2+1/4
2 (Q′

T )

+ |||eβtb3|||
(l+1/2,l/2)

Q′
T

+ ‖eβtB‖
W

l−1/2,l/2−1/4
2 (Q′

T )
)

(2.9)

with the constant independent of T , provided that
∫

Q′ B dy′ = 0.
Proof. We extend v±, θ± periodically with respect to (y1, y2) into R2 and expand in the series

(2.2). It is easily seen that (2.1) is decomposed into two problems: the first one for the projection

v′ = v − 1

(2d0)2

∫

Q′

v dy′, θ′ = θ − 1

(2d0)2

∫

Q′

θ dy′

of (v, θ) onto the space of functions satisfying (2.3) and another one, of the type (2.5), (2.6), for

v
′′

=
1

(2d0)2

∫

Q′

v dy3, θ
′′

=
1

(2d0)2

∫

Q′

θ dy3

(it is obtained by integration of (2.1) over Q′, taking account of
∫

Q′ B dy′ = 0). Clearly, H3 =∫
Q′ H3 dy′, H0 =

∫
Q′ H0 dy′. Applying Theorems 1 and 2, we obtain the desired estimate.

Remark. The norm ‖eβt∇θ+‖
W

l,l/2
2 (Q+

T )
in (2.9) can be replaced by a stronger norm

|||eβtDtθ
+|||(1+l,l/2)

Q
+
T

, if the condition
∫

Q+ θ+ dy′ = 0 is satisfied. This can be achieved by the con-

struction of a special decomposition of θ+ in (1.9) (as in [9]).
The proof of theorems 1 and 2 is given in the rest of the section.

2.1. Homogeneous Lamé-Stokes problem.

We proceed with the proof of Theorem 1 for T = ∞. We start with analysis of the homogeneous
problem





Dtv
− − ν−∇2v− +

1

ρ−0
∇θ− = 0, ∇ · v− = 0 in R−

∞ = R3
− × (0,∞)

Dtv
+ − ν+∇2v+ − (ν+ + ν+

1 )∇(∇ · v+) = 0 in R+
∞ = R3

+ × (0,∞),

v
∣∣
t=0

= 0 in R3
+ ∪ R3

−, v−−−−→
|y3|→∞

0, θ− −−−−→
y3→−∞

0,

[v]
∣∣
y3=0

= 0,

[
µ±

(
∂vα

∂y3
+

∂v3

∂yα

)]∣∣∣∣
y3=0

= bα(y′, t), α = 1, 2;

θ− + µ+
1 ∇ · v+ +

[
2µ±∂v3

∂y3

]
+ σ∆′

t∫

0

v3 dτ

∣∣∣∣
y3=0

=b3 + σ

t∫

0

B dτ ≡ b′3,

(2.10)
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assuming that b and B are 2d0-periodic functions of y1 and y2 decaying exponentially as t → ∞.
We expand the data (b, B) in the Fourier series (2.2) and take the Fourier-Laplace transform in
(2.2), which converts this problem into a system of ordinary differential equations and some jump
conditions for the functions ṽ, θ̃−, namely,





(s + ν+|ξ′|2)ṽ+ − ν+ d2ṽ+

dy2
3

− (ν+ + ν+
1 )∇̃(∇̃ · ṽ+) = 0 for y3 > 0,

(s + ν−|ξ′|2)ṽ− − ν− d2ṽ−

dy2
3

+
1

ρ−
∇̃θ̃− = 0, ∇̃ · ṽ− = 0 for y3 < 0,

[ṽ]|y3=0 = 0, [µ±(
dṽα

dy3
+ iξαṽ3]|y3=0 = b̃α, α = 1, 2,

θ̃− + [2µ± dṽ3

dy3
] + µ+

1 ∇̃ · ṽ − σ
|ξ′|2
s

ṽ3

∣∣∣
y3=0

= b̃3 +
σ

s
B̃ ≡ b̃′3,

ṽ → 0, θ̃ → 0 as |y3| → ∞,

(2.11)

where ∇̃ = (iξ1, iξ2,
d

dy3
).

As above, this system is studied separately for ξ′ = ( π
d0

k1,
π
d0

k2) with |k′| = |k1| + |k2| > 0

and k′ = 0, but for the time being it is assumed that ξ′ ∈ R2. The general form of the solution of
(2.11) is

ṽ+(ξ′, s, y3) = C+
1




r+

0
iξ1


 e−r+y3 + C+

2




0
r+

iξ2


 e−r+y3 + C+

3




iξ1

iξ2

−r+
1


 e−r+

1 y3

=




C1r
+ + iξ1C

+
3

C2r
+ + iξ2C

3

C+ − r+
1 C3


 e−r+y3 + C+

3




iξ1

iξ2

−r+
1


 (e−r+

1 y3 − e−r+y3) for y3 > 0,

ṽ−(ξ′, s, y3) = C−
1




−r−

0
iξ1


 er−y3 + C−

2




0
−r−

iξ2


 er−y3 + C−

3




iξ1

iξ2

|ξ′|


 e|ξ

′|y3

=




−C1r
+ + iξ1C

−
3

−C−
2 r− + iξ2C

−
3

C− + |ξ′|C−
3


 er−y3 + C−

3




iξ1

iξ2

|ξ′|


 (e|ξ

′|y3 − er−y3),

θ̃− = −C−
3 ρ−0 se|ξ

′|y3 for y3 < 0,

where r±(s, ξ′) =
√

s/ν± + |ξ′|2, r+
1 =

√
s/(2ν+ + ν+

1 ) + |ξ′|2, | arg
√

z| 6 π/2 for arbitrary

complex-valued z, C± =
∑2

γ=1 iξγCγ .

The coefficients C±
i are found from the jump conditions in (2.11). Since

dṽ+
α

dy3

∣∣∣
y3=0

= −r+2C+
α − iξαr+

1 C+
3 ,

dṽ−α
dy3

∣∣∣
y3=0

= −r−2C−
α + iξα|ξ′|C−

3 ,

dṽ+
3

dy3

∣∣∣
y3=0

= −r+C+ + r+2
1 C+

3 ,
dṽ−3
dy3

∣∣∣
y3=0

= r−C− + |ξ′|2C−
3 , ṽ+|y3=0 = ṽ−|y3=0,
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these conditions reduce to

µ+((−r+2C+
α − iξαr+

1 C+
3 ) + iξα(C+ − r+

1 C+
3 ))

− µ−((−r−2C−
α + iξα|ξ′|C−

3 ) + iξα(C− + |ξ′|C3)) = b̃α, α = 1, 2,

(2µ+ + µ+
1 )(−r+C+ + r+2

1 C+
3 ) + µ+

1

∑

γ=1,2

iξγ(r+C+
γ + iξγC+

3 )

− 2µ−(r−C− + |ξ′|2C−
3 ) − C−

3 ρ−0 s − σ|ξ′|2
s

(C+ − r+
1 C+

3 ) = b̃′3,

C+
α r+ + iξγC+

3 = −C+
α r− + iξαC−

3 , α = 1, 2, C+ − r+
1 C+

3 = C− + |ξ′|C−
3 .

(2.12)

From (2.12) it follows that

µ+(−r+2C+ + |ξ′|2r+
1 C+

3 − |ξ′|2(C+ − r+
1 C+

3 ))

− µ−(−r−2C− − |ξ′|3C3 − |ξ′|2(C− + |ξ′|C−
3 )) = B̃ =

∑

γ=1,2

iξγ b̃γ ,

C+r+ − |ξ′|2C+
3 = −C−r− − |ξ′|2C−

3 .

(2.13)

We transform (2.12), (2.13) into an algebraic system with respect to C±
3 and C+ − r+

1 C+
3 . We

replace C+ with (C+ − r+
1 C+

3 ) + r+
1 C+

3 , C− with (C− + |ξ′|C−
3 ) − |ξ′|C−

3 and make use of the
formulas

r±2 − |ξ′|2 =
s

ν±
=

ρ±s

µ±
and r+

1 r+ − |ξ′|2 =
r+
1 + κ+r+

r+
1 + r+

s

ν+
≡ s

ν+
R+, (2.14)

where κ+ = ν+/(2ν+ + ν+
1 ). This leads to

A1(C
+ − r+

1 C+
3 ) − r+

1 ρ+sC+
3 − |ξ′|ρ−sC−

3 = B̃,

(A2 −
σ|ξ′|2

s
)(C+ − r+

1 C+
3 ) + ρ+s(1 − 2R+)C+

3 − ρ−s(1 − 2|ξ′|
r− + |ξ′| )C

−
3 = b̃′3,

A3(C
+ − r+

1 C+
3 ) + ρ+s

R+

µ+
C+

3 − ρ−s
|ξ′|C−

3

µ−(r− + |ξ′|) = 0,

(2.15)

where

A1 = −µ+(r+2 + |ξ′|2) + µ−(r−2 + |ξ′|2), A2 = −2µ+r+ − 2µ−r−, A3 = r+ + r−.

In order to write (2.15) in a uniform way, we set r−1 = |ξ′| and R− = |ξ′|/(r−+ |ξ′|); then (2.15)
takes the form

A1(C
+ − r+

1 C+
3 ) − r+

1 ρ+sC+
3 − r−1 ρ−sC−

3 = B̃,

(A2 −
σ|ξ′|2

s
)(C+ − r+

1 C+
3 ) + ρ+s(1 − 2R+)C+

3 − ρ−s(1 − 2R−)C−
3 = b̃′3,

A3(C
+ − r+

1 C+
3 ) + ρ+s

R+

µ+
C+

3 − ρ−s
R−

µ−
C−

3 = 0,

(2.16)

We see that (ρ+sC+
3 , ρ−sC−

3 ) satisfy the equation

M(ρ+sC+
3 , ρ−sC−

3 )T = (B̃, b̃′3)
T ,
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where

M =

(
−A1

A3

R+

µ+ − r+
1

A1

A3

R−

µ− − r−1

−A′
2

A3

R+

µ+ + 1 − 2R+ A′
2

A3

R−

µ− − (1 − 2R−)

)
, A′

2 = A2 −
σ|ξ′|2

s
.

Hence

C+
3 =

1

ρ+sP
{(A′

2

R−

µ−
− A3(1 − 2R−))B̃ − (A1

R−

µ−
− A3r

−
1 )̃b′3},

C−
3 =

1

ρ−sP
{(A′

2

R+

µ+
− A3(1 − 2R+)}B̃ − (A1

R+

µ−
+ A3r

+
1 )̃b′3},

(2.17)

where

P = A3 detM = (−µ+(r+2 + |ξ′|2) + µ−(r−2 + |ξ′|2))(−R−

µ−
(1 − 2R+) +

R+

µ+
(1 − 2R−))

+ 2(µ+r+ + µ−r−)(
r+
1 R−

µ−
+

r−1 R+

µ+
) + (r+ + r−)(r+

1 (1 − 2R−) + r−1 (1 − 2R+))

+
σ|ξ′|3

s
(

r+
1

µ−(r− + |ξ′|) +
R+

µ+
).

(2.18)

Following [2], we write the solution of (2.11) in the form convenient for the forthcoming esti-
mates:

ṽ = W e±0 (y3) + V ±e±1 (y3), if ± y3 > 0, (2.19)

θ̃− = −C−
3 ρ−se|ξ

′|y3 , if y3 < 0,

where C±
3 are given by (2.17),

e±0 = e∓r±y3 , e−1 =
er−y3 − e|ξ

′|y3

r− − |ξ′| , e+
1 =

e−r+y3 − e−r+
1 y3

r+ − r+
1

, (2.20)

W =




ω1

ω2

ω3


 , V − = −C−

3 (r− − |ξ′|)




iξ1

iξ2

|ξ′|


 , V + = −C+

3 (r+ − r+
1 )




iξ1

iξ2

−r+
1


 .

In view of (2.12) and (2.16),

ωα = − b̃α

µ+r+ + µ−r−
+

iξα(µ+ − µ−)ω3

µ+r+ + µ−r−
+

iξα(µ+C+
3 (r+ − r+

1 ) + µ−C−
3 (r− − r−1 ))

µ+r+ + µ−r−
,

ω3 = − 1

A3
(ρ+sC+

3

R+

µ+
− ρ−sC−

3

R−

µ−
).

(2.21)

Now, we simplify the function

M = (−µ+(r+2 + |ξ′|2) + µ−(r−2 + |ξ′|2))(−R−

µ−
(1 − 2R+) +

R+

µ+
(1 − 2R−))

+ 2(µ+r+ + µ−r−)(
r+
1 R−

µ−
+

r−1 R+

µ+
) + (r+ + r−)(r+

1 (1 − 2R−) + r−1 (1 − 2R+))

(2.22)

that is the principal part of P . We write it as the sum

M = µ+2E+ + µ−2E− + µ+µ−E0. (2.23)
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It is easily seen that

E+ =
1

µ+µ−
(r+2 + |ξ′|2)R−(1 − 2R+) + 2r+

1 r+R−

=
1

µ+µ−
(

s

ν+
R−(1 − 2R+) + 2

s

ν+
R−R+ + 2|ξ′|2R−(1 − 2R+) + 2|ξ′|2R−)

=
1

µ+µ−

(sR−

ν+
+ 4|ξ|2R−(1 − R+)

)
,

E− =
1

µ+µ−

(sR+

ν−
+ 4|ξ′|2R+(1 − R−)

)
,

E0 =
1

µ+µ−
(−(r+2 + |ξ′|2)R+(1 − 2R−) − (r−2 + |ξ′|2)R−(1 − 2R+))

+ 2(r+r−1 R+ + r−r+
1 R−) + (r+ + r−)(r+

1 (1 − 2R−) + r−1 (1 − 2R+))

=
1

µ+µ−

(
− s

ν+
R+(1 − 2R−) − s

ν−
R−(1 − 2R+) + 2(

s

ν+
R+R−

+ +
s

ν−
R−R+

−)

+ (
s

ν+
R+ +

s

ν−
R+

−)(1 − 2R−) + (
s

ν+
R−

+ +
s

ν−
R−)(1 − 2R+)

− 2|ξ′|2(R+(1 − 2R−) + R−(1 − 2R+)) + 2|ξ|2(R+ + R−) + 2|ξ′|2((1 − 2R−) + (1 − 2R+))
)
,

where

R+
− =

r+
1 + κ+

−r−

r+
1 + r−

, R−
+ =

|ξ′|
|ξ′| + r+

, κ+
− =

ν−

2ν+ + ν+
1

. (2.24)

Easy calculation shows that

E0 =
1

µ+µ−

( s

ν−
R+

− +
s

ν+
R−

+ + 4|ξ′|2(1 − R−(1 − R+) − R+(1 − R−))
)
,

hence

M =
1

µ+µ−

(
µ+2 sR−

ν+
+ µ−2 sR+

ν−
+ µ+µ−

(sR+
−

ν−
+

sR−
+

ν+

)
+

+ 4|ξ′|2
(
µ+2R−(1 − R+) + µ−2R+(1 − R−) + µ+µ−

(
1 − R−(1 − R+) − R+(1 − R−)

))
,

P = M +
σ|ξ′|3

s
g, g =

r+
1

µ−(r− + |ξ′|) +
R+

µ+
.

(2.25)

Remark. Formula (2.25) for M coincides, up to a factor, with the expression given (without
extended proof) in the paper [5] by I.V.Denisova; it has the following form in our notation:

M = ρ+µ+ sR−

ν+
+ ρ−µ− sR+

ν−
+ ρ+µ−(

sR+
−

ν−
+

sR−
+

ν+
)

+ 4ρ+µ−|ξ′|2 − 4(µ+ − µ−)
|ξ′|2
ν+

(
µ−(1 − R−)R+ − µ+(1 − R+)R−

)
.

We pass to the estimates of M and P . The estimate of M (2.26) obtained below is proved in
the papers [2] and [3] for Res > 0; we need it also for negative (small) Res.
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Proposition 2. If Res = s1 > 0 or 0 > Res = s1 > −δ|ξ′|2 with small δ > 0 and s1 < 0, then

c1(|s| + |ξ′|2) 6 |M | 6 c2(|s| + |ξ′|2). (2.26)

Proof. Let Ims ≡ s2 > 0, for definiteness (the case Ims ≡ s2 6 0 is treated in a similar way).
We notice that for small δ

c3(|s| + |ξ′|2)1/2
6 Rer± 6 |r±| 6 c4(|s| + |ξ′|2)1/2,

c5 6 ReR±
6 |R±| 6 c6,

(2.27)

and similar inequalities hold for R+
−, R−

+. This can be proved by elementary calculations. In addi-
tion, R± and R+

− possess the following properties:
(i) argR−, arg R−

+ ∈ (−π/4, 0];
(ii) there exists ω ∈ (0, π/4) such that argR+, argR+

− ∈ (−ω, 0), arg(1 − R±) ∈ (0, ω);
(iii) arg R+

− ∈ (−ω, 0) both for κ+
− = ν−/(2ν+ + ν+

1 ) > 1 and for κ+
− < 1.

The statements (i) are obvious; (ii) follow from inequality ν+ < 2ν+ + ν+
1 , that implies 0 <

κ+ < 1; moreover, the relations

lim arg R+, lim argR+
−, lim arg(1 − R±) = 0 as s2 → ∞

should be taken into account. They do not allow to R+, R+
−, (1 − R±) to reach the limiting value

of argR = −π/4 as s2 → ∞. The simplest way to verify (ii) and (iii) is to represent R± and R+
−

as vectors on the complex plane s.
The value of ω is different for R+, R+

− and 1 − R±; we shall choose as ω the maximal of these
numbers.

Assume that Res > 0, µ+ > µ− and write M in the form M = sMs + |ξ′|2Mξ, where

Ms =
µ+

µ−

R−

ν+
+

µ−

µ+

R+

ν−
+

R+
−

ν−
+

R−
+

ν+
,

Mξ =
4

µ+µ−

(
(µ+ − µ−)µ+R−(1 − R+) + µ−2R+(1 − R−) + µ+µ−

(
1 − R+ + R+R−)

))
.

In view of (i) and (ii), we have: arg sMs ∈ (−π/4, π/2), arg |ξ′|2Mξ ∈ (−π/4−ω, ω), which implies

| arg sMs − |ξ′|2Mξ| 6 (3π/4 + ω) < π

and
|M | > c(|s||Ms| + |ξ′|2|Mξ|) > c(|s| + |ξ′|2), (2.28)

because |Ms| > ReMs > c > 0, |Mξ| > ReMξ > c > 0. The case µ+ < µ− is treated in a similar
way. If Res = s1 < 0 and s1, δ are small, then, in view of homogeneity and boundedness of the
functions R, we have

|M(s, ξ′)−M(is2, ξ
′)| 6 |s1||Ms(s, ξ

′)|+ |s2||Ms(s, ξ
′)−Ms(is2, ξ

′)|+ |ξ′|2|Mξ(s, ξ
′)−Mξ(is2, ξ

′)|

6 cδ|ξ|2 + |s2||s1|
∫ 1

0

|DaMs(is2 + as1, ξ
′)| da + |ξ′|2|s1|

∫ 1

0

|DaMξ(is2 + as1, |ξ′|2)| da

6 δ|ξ′|2 + c
|s2| + |ξ′|2√
|s2| + |ξ′|2

|s1| 6 δ|ξ′|2 + c
√
|s2| + |ξ′|2

√
δ|s1||ξ′| 6 α(|s| + |ξ′|2)
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with α ≪ 1. Together with (2.28) (for s = is2) this proves (2.23) also for small s1 = Res < 0. The
inverse inequality is obvious.

Proposition 3. If the assumptions of Proposition 2 are satisfied and, in addition, |ξ′| > A0 ≫
1, then

c7(|s|(|s| + |ξ′|2) + σ|ξ′|3) 6 |s||P | 6 c8(|s|(|s| + |ξ′|2) + σ|ξ′|3). (2.29)

Proof. Assume that |s| > σA1|ξ′| with A1 so large that |s||M | > c1|s||ξ′|2 > 2σ|ξ′|3|g|. Then

|sP | > |sM | − σ|ξ′|3|g| > c|s|(|s| + |ξ′|2) 6 c9(|s|(|s| + |ξ′|2) + σ|ξ′|3). (2.30)

Before treating the case |s| 6 σA1|ξ′|, we consider the function P1 = |ξ′|2Mξ + σ|ξ′|3g/s. Since
| arg g| 6 ω < π/4, we have (assuming again that Ims > 0):

arg(σ|ξ′|3g/s) ∈ (−π/2 − ω, ω), arg |ξ′|2Mξ ∈ (−π/4 − ω, ω),

which implies | arg(σ|ξ′|3g/s) − arg |ξ′|2Mξ| < π/2 + 2ω < π, |P1| > c(|ξ|2|Mξ| + σ|ξ′|3|g/s|) and
|s||P1| > c(|s||ξ′|2 + σ|ξ′|3) for arbitrary ξ′ and s satisfying the assumptions of Proposition 2.

Now we consider the case |s| 6 σA1|ξ′| assuming |ξ′| to be so large that |s| 6 α|ξ′|3/2 with a
small α. We have

|sP | > |s||P1| − |s|2|Ms| > c(|s||ξ′|2 + σ|ξ′|3) − α2|ξ′|3 > c(|s|(|s| + |ξ′|2) + σ|ξ′|3),

which completes the proof of the proposition.
Remark. Inequality (2.29) holds, if the assumption |ξ′| > A0 is replaced with Res > γ ≫ 1.

Indeed, we have (2.30) for |s| > σA1|ξ′| and, in the case |s| 6 σA1|ξ′|, there holds

|sP | > |s||P1| − |s|2|Ms| > c(|s||ξ′|2 + σ|ξ′|3) − c1|ξ′|2 > c(|s|(|s| + |ξ′|2) + σ|ξ′|3),

if γ is large (see also [5], Lemma 10).

2.2 Proof of Theorem 1.

We proceed with analysis of a model problem (2.1), where f± = 0, h± = 0 and b and B are
periodic and satisfy the condition (2.3):





Dtv
− − ν−∇2v− +

1

ρ−
∇θ− = 0, ∇ · v− = 0, for y3 < 0,

Dtv
+ − ν+∇2v+ − (ν+ + ν+

1 )∇(∇ · v+) +
p1

ρ+
m
∇θ+ = 0,

Dtθ
+ + ρ+

m∇ · v+ = 0, for y3 > 0,

v
∣∣
t=0

= 0, θ+
∣∣
t=0

= 0, v−−−−→
|y3|→∞

0, θ± −−−−→
|y3|→∞

0,

[v]
∣∣
y3=0

= 0,

[
µ±

(
∂vα

∂y3
+

∂v3

∂yα

)]∣∣∣∣
y3=0

= bα(y′, t), α = 1, 2;

− p1θ
+ + θ− + µ+

1 ∇ · v+ +

[
2µ±∂v3

∂y3

]∣∣∣∣
y3=0

+ σ∆′

t∫

0

v3

∣∣
y3=0

dτ =b3 + σ

t∫

0

B dτ.

(2.31)

17



The Fourier-Laplace transform in (y1, y2, t) converts (2.31) into




(s + ν−|ξ′|2)ṽ−α − ν− d2

dy2
3

ṽ−α +
1

ρ−
iξαθ̃− = 0, α = 1, 2,

(s + ν−|ξ′|2)ṽ−3 − ν− d2

dy2
3

ṽ−3 +
1

ρ−
dθ̃−

dy3
= 0, ∇̃ · ṽ− = 0 for y3 < 0,

(s + ν+|ξ′|2)ṽ+
α − ν+ d2

dy2
3

ṽ+
α − (ν+ + ν+

1 )iξα∇̃ · ṽ+ +
p1

ρ+
m

iξαθ̃+ = 0,

α = 1, 2,

(s + ν+|ξ′|2)ṽ+
3 − ν+ d2

dy2
3

ṽ3 − (ν1 + ν+
1 )

d

dy3
∇̃ · ṽ+ +

p1

ρ+
m

d

dy3
θ̃+ = 0,

sθ̃+ + ρ+
m∇̃ · ṽ+ = 0 for y3 > 0,

[ṽ]|y3=0 = 0,

[
µ±

(
dṽα

dy3
+ iξαṽ3

)]∣∣∣∣
y3=0

= b̃α, α = 1, 2,

− p1θ̃
+ + θ̃− + µ+

1 ∇̃ · ṽ+ +

[
2µ± dṽ3

dy3

]∣∣∣∣
y3=0

− σ
|ξ′|2
s

ṽ3

∣∣
y3=0

= b̃3 +
σ

s
B̃.

(2.32)

By eliminating the function θ̃+ we reduce (2.32) to the system (2.11) with the parameter ν+
1

replaced by the function ν+
1 (s) = ν+

1 + p1/s. With this replacement, the expressions 1/(2ν+ + ν+
1 )

and r+
1 go over into s/(as+p1) and r+

11 =
√

(s2/(as + p1) + ξ2, respectively, where a = 2ν++ν+
1 >

0, R−, R−
+ remain invariant and R+, R+

− are transformed into

R+
1 =

r+
11 + κ+(s)r+

r+
11 + r+

with κ+(s) =
ν+s

as + p1
=

ν+

a

s

s + p1/a
,

R+
1− =

r+
11 + κ+

−(s)r−

r+
11 + r−

with κ+
−(s) =

ν−s

as + p1
=

ν−

a

s

s + p1/a
.

(2.33)

The solution of the problem obtained is given by (2.19), (2.20),(2.21) with ν+
1 substituted by

ν+
1 (s), which converts M and P into

M(s, ξ′) = sMs(s, ξ
′) + |ξ′|2Mξ(s, ξ

′), P = sM + σ|ξ′|3q(s, ξ′), (2.34)

where ξ′ = ( π
d0

k1,
π
d0

k2), |k′| > 0,

Ms =
µ+

µ−

R−

ν+
+

µ−

µ+

R+
1

ν−
+

R+
1−

ν−
+

R−
+

ν+
,

Mξ =
4

µ+µ−

(
(µ+2R−(1 − R+

1 ) + µ−2R+
1 (1 − R−) + µ+µ−(1 − R−(1 − R+

1 ) − R+
1 (1 − R−))

)
,

q(s, ξ′) =
r+
11

µ−(r− + |ξ′|) +
R+

1

µ+
.

(2.35)
Proposition 4. If the assumptions of Proposition 3 are satisfied (maybe with greater A0),

then M and P satisfy inequalities (2.26) and (2.29). The condition |ξ′| > A0 can be replaced with
Res > γ ≫ 1.

18



Proof. We start with auxiliary estimates of the function r+
11(s, ξ

′) the square of which is given
by

r+2
11 =

s2

as + p1
+ |ξ′|2 =

s1a|s|2 + p1(s
2
1 − s2

2)

|as + p1|2
+ is2

a|s|2 + 2p1s1

|as + p1|2
+ |ξ′|2,

where s1 = Res, s2 = Ims > 0. The expressions a|s|2+2p1s1

|as+p1|2
and p1(s2

1−s2
2)

|as+p1|2
are bounded from above

and from below uniformly with respect to s. Hence for large |ξ′| and for s1 > 0 or for small

negative s1 (or in the case s1 > γ ≫ 1) inequality Rer+2
11 > 0 holds. The expression a|s|2+2p1s1

|as+p1|2
is

positive and bounded for s1 > 0, but it takes small negative values for small negative s1 such that
2p1s1 < −a|s|2. Hence it can be assumed that arg r+

11 = arg r+2
11 /2 > −ω0, ω0 < π/4. Thus,

c1(|s| + |ξ′|2) 6 |r+2
11 | 6 c2(|s| + |ξ′|2),

c3(|s| + |ξ′|2)1/2
6 Rer+

11 6 |r+
11| 6 c4(|s| + |ξ′|2)1/2.

Moreover, the differences r+
11 − r+

1 and κ+(s) − κ+ satisfy

|r+
11 − r+

1 | 6
1

|r+
11 + r+

1 |
| s2

as + p1
− s

a
| 6

c|s|
|as + p1||r+

11 + r+
1 |

6 c
(|s| + |ξ′|2)1/2

|as + p1|
, (2.36)

|κ+(s) − κ+| = | ν+s

as + p1
− ν+

a
| 6

c

|as + p1|
, |κ+

−(s) − ν−

a
| 6

c

|as + p1|
,

which implies

|R+
1 − R+| + |R+

1− − R+
−| 6

c

|as + p1|
.

As a consequence, we obtain after elementary calculations:

|M − M | 6
c(|s| + |ξ′|2)
|as + p1|

, |q − g| 6
c

|as + p1|
,

which proves (2.26) and (2.29) for M and P in the case of large s: |s| > H .
Now, we treat the case |s| 6 H . We assume that |ξ′| is so large that |s| 6 α|ξ′|2 with small α.

We have

r±(s, ξ′) = |ξ′|r±(s/|ξ′|2, 1), r+
11(s, ξ

′) = |ξ′|
( s

ν+|ξ′|2 κ+(s) + 1
)1/2

= |ξ′|r+(
sκ+(s)

|ξ′|2 , 1),

which implies

R+
1 (s, ξ′) =

r+(sκ+(s)/|ξ′|2, 1) + κ+(s)r+(s/|ξ′|2, 1)

r+(sκ(s)/|ξ′|2, 1) + r+(s/|ξ′|2, 1)
,

R+
1−(s, ξ′) =

r+(sκ+(s)/|ξ′|2, 1) + κ+
−(s)r−(s/|ξ′|2, 1)

r+(sκ(s)/|ξ′|2, 1) + r−(s/|ξ′|2, 1)
,

R−(s, ξ′) =
1

r−(s/|ξ′|2, 1) + 1
, R−

+(s, ξ′) =
1

r+(s/|ξ′|2, 1) + 1
.

where κ+
−(s) = ν−

a
s

s+p1/a . Clearly, these functions are uniformly bounded for |s| < H 6 α|ξ′|2. It
follows that

|M(s, ξ′)| > |ξ′|2|Mξ| − |s||Ms| > c|ξ′|2 > c(|s| + |ξ′|2).
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To estimate P, we compute q(s, ξ′) replacing s/|ξ′|2 with zero, which yields

|q
∣∣
s/|ξ′|2=0

| = | 1

2µ−
+

1 + κ+(s)

2µ+
| > c.

It is easily seen that

|r+
11(sκ+(s)/|ξ|2, 1) − 1| + |r−(s/|ξ|2, 1) − 1| 6 cα,

which implies

|R+
1 (s, ξ′) − 1 + κ+(s)

2
| 6 cα, |q(s, ξ′) − q

∣∣
s/|ξ′|2=0

| 6 cα.

Other terms in the expression for sP are estimated as follows:

|s||ξ′|2Mξ| 6 c
√

Hα|ξ′|2|ξ′|2|Mξ| 6 c
√

α|ξ′|3, |s|2|Ms| 6 cα3/2|ξ′|3.

Hence
|sP(s, ξ′)| > σ|ξ′|3|q| − α′|ξ′|3 > c|ξ′|3 > c(|s|(|s| + |ξ′|2) + σ|ξ′|3),

where α′ 6 c
√

α ≪ 1. This completes the proof of Proposition 4.
Proposition 5. The solution of Problem (2.11) with parameters ν+

1 and µ+
1 replaced by ν+

1 (s) =
ν+
1 + p1/s and ρ+

mν+
1 (s), respectively, satisfies the inequality

2∑

j=0

∑

±

‖Dj
y3

ṽ±‖2
L2(R±)r

2(2+l−j) +
∑

±

‖v±‖2
W 2+l

2 (R±)
+ ‖∇̃θ̃−‖2

L2(R−)r
2l

+ |θ̃−|2y3=0|ξ′|1/2rl
6 c(|b̃|2r2l+1 + |̃b3|2r2l|ξ′| + |B̃|2r2l−1),

(2.37)

where ∇̃ = (iξ1, iξ2,Dy3).
Proof. As shown above, the solution (ṽ, θ̃−) of the problem we are treating is given by formulas

(2.19), where

A1 = −µ+(r+2 + |ξ′|2)2 + µ−(r−2 + |ξ′|2)2, A2 = −2µ+r+
11 − 2µ−r−, A3 = r+ + r−,

ωα = − b̃α

µ+r+ + µ−r−
+

iξα(µ+ − µ−)ω3

µ+r+ + µ−r−
+

iξα(µ+C+
3 (r+ − r+

11) + µ−C−
3 (r− − |ξ′|))

µ+r+ + µ−r−
,

ω3 = − 1

A3
(ρ+sC+

3

R+

µ+
− ρ−sC−

3

R−

µ−
),

C+
3 s =

1

ρ+P
{(A′

2

R−

µ−
− A3(1 − 2R−))B̃ − (A1

R−

µ−
− A3|ξ′|)̃b′3},

C−
3 s =

1

ρ−P
{(A′

2

R+
1

µ+
− A3(1 − 2R+

1 )}B̃ − (A1
R+

1

µ−
+ A3r

+
11 )̃b

′
3},

P = M + σ|ξ′|3q/s, q =
r+
11

µ−(r− + |ξ′|) +
R+

1

µ+
, A′

2 = A2 −
σ|ξ′|2

s
,

(2.38)

and P, M, q are given in (2.34), (2.35).
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Let r = (|s| + |ξ′|2)1/2. If the parameter d0 is sufficiently small, then |ξ′| is large and M, P

satisfy (2.26), (2.29). By (2.38),

|C+
3 s| 6 c

(
(r +

σ|ξ|2
|s| )

|ξ′|
|P| |b̃

′| + |ξ|r
|P| |̃b3| + +

|ξ′|r
|s||P| |B̃|

)
6 c
(
|b̃′| + |ξ′|

r
|̃b3| +

r2

|s||P| |B̃|
)
,

|C−
3 s| 6 c

(
|b̃′| + |̃b3| +

r2

|s||P| |B̃|
)

|ω̃| 6
c

r

(
|b̃′| + |ξ′|

r
|̃b3| +

|ξ′|r
|s||P| |B̃|

)
, |V +| 6 c|C+

3 s|, |V −| 6 c
|ξ′|
r
|C−

3 s|,

where b̃′ = (̃b1, b̃2). Making use of

∫ ∞

0

|e+
0 (y3)|2 dy3 +

∫ 0

−∞

|e−0 (y3)|2 dy3 6 cr−1,

∫ ∞

0

|e+
1 (y3)|2 dy3 6 cr−3,

∫ 0

−∞

|e−1 (y3)|2 dy3 6 cr−2|ξ′|−1,

we obtain

(∫ ∞

0

|ṽ+|2 dy3

)1/2

r2+l
6 c(|ω|r3/2+l + |V +|rl+1/2)

6 c(rl+1/2|b̃′| + rl|ξ′|1/2 |̃b3| +
|ξ′|r2
|sP| |B̃|rl−1/2

6 c(rl+1/2|b̃′| + rl|ξ′|1/2 |̃b3| + |B̃|rl−1/2)

(∫ 0

−∞

|ṽ−|2 dy3

)1/2

r2+l
6 c(|ω|r3/2+l + |V −|rl+1|ξ|−1/2)

6 c(rl+1/2|b̃′| + rl|ξ′|1/2 |̃b3| +
|ξ′|1/2r5/2

|sP| |B̃|rl−1/2

6 c(rl+1/2|b̃′| + rl|ξ′|1/2 |̃b3| + |B̃|rl−1/2),

(2.39)

because
|ξ′|r2 6 |s||ξ′|2 + |ξ′|3 6 c|s||P|,

|ξ′|1/2r5/2
6 c|s|5/4|ξ′|1/2

6 c(|s|2)5/8
(|ξ′|3)3/8

6 c|s||P|.
(2.40)
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Moreover, by using the inequalities

∫ ∞

0

∣∣∣ dje+
0 (y3)

dyj
3

∣∣∣
2

dy3 6 c|r+|2j−1,

∫ ∞

0

∣∣∣ dje+
1 (y3)

dyj
3

∣∣∣
2

dy3 6 c|r+|2j−3,

∫ ∞

0

∫ ∞

0

∣∣∣ dje+
0 (y3 + z)

dyj
3

− dje+
0 (y3)

dyj
3

∣∣∣
2 dy3 dz

z1+2l
6 c|r+|2(j+l)−1,

∫ ∞

0

∫ ∞

0

∣∣∣ dje+
1 (y3 + z)

dyj
3

− dje+
1 (y3)

dyj
3

∣∣∣
2 dy3 dz

z1+2l
6 c|r+|2(j+l)−3, j = 1, 2,

∫ 0

−∞

∣∣∣ dje−0 (y3)

dyj
3

∣∣∣
2

dy3 6 c|r−|2j−1,

∫ 0

−∞

∣∣∣ dje−1 (y3)

dyj
3

∣∣∣
2

dy3 6 c
|r−|2j−1 + |ξ′|2j−1

|r−|2 ,

∫ 0

−∞

∫ ∞

0

∣∣∣ dje−0 (y3 − z)

dyj
3

− dje−0 (y3)

dyj
3

∣∣∣
2 dy3 dz

z1+2l
6 c|r−|2(j+l)−1,

∫ 0

−∞

∫ ∞

0

∣∣∣ dje−1 (y3 − z)

dyj
3

− dje−0 (y3)

dyj
3

∣∣∣
2 dy3 dz

z1+2l
6 c

|r−|2(j+l)−1 + |ξ′|2(j+l)−1

|r−|2 , j = 1, 2,

we estimate in a similar way the sum

∑

±

(
‖Dj

y3
ṽ±‖2

L2(R±)r
2(2+l−j) + ‖ṽ±‖2

W 2+l
2 (R±)

)

and the norms of θ̃− = −C−
3 ρ−se|ξ

′|y3 .
As for the function θ̃+ that was eliminated from (2.32), it can be estimated by using the third,

fourth and fifth lines in (2.32). Taking also (2.3) into account we prove that

‖θ̃+‖2
L2(R+)r

2l(1 + |s|2) + ‖∇̃θ+‖2
L2(R+)r

2l(1 + |s|2)
6 c(|b̃|2r2l+1 + |̃b3|2r2l|ξ′| + |B̃|2r2l−1).

(2.41)

Together with (2.37), this inequality implies estimate (2.4) in the case f±, h± = 0, T = ∞, in
view of Proposition 1 and the Parceval identity

∫ s1+i∞

s1−i∞

∑

k′∈Z2

|ũ(ξ′, s)|2 ds2 = 2π(2d0)
2

∫ ∞

0

∫

Q′

e2βt|u(y′, t)|2 dy′ dt, β = −s1.

Proposition 5 is proved.
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2.2. On non-homogeneous problem (2.1) with T = ∞.

We reduce non-homogeneous problem (2.1) to a similar problem with f = 0, h = 0 by con-
structing auxiliary functions (u±, σ±) such that





Dtu
− − ν−∇2u− +

1

ρ−
∇σ− = f−, ∇ · u− = h− in Q−

∞,

u−|t=0 = 0, u−, σ− −−−−→
y3→−∞

0,

∫

Q′

u− dy′ = 0,

(2.42)





Dtu
+ − ν+∇2u+ − (ν+ + ν+

1 )∇(∇ · u+) +
p1

ρm
∇σ+ = f+,

Dtσ
+ + ρ+

m∇ · u+ = h+ in Q+
∞,

∫

Q′

u+ dy′ = 0,

∫

Q′

σ+ dy′ = 0,

u+|y3=0 = u−|y3=0, u+|t=0 = 0, σ+|t=0 = 0, u+, σ+ −−−−→
y3→+∞

0.

(2.43)

We recall that f± and h± satisfy the condition (2.3). We set u′ = ∇Φ where Φ is a periodic
solution of the problem

∇2Φ = h− in Q−, Φ|y3=0 = 0, Φ−−−−→
y3→−∞

0,

∫

Q′

∂Φ

∂y3
dy′ = 0.

It is clear that ∇ · u′ = h−,
∫

Q′ u− dy′ = 0. Taking the Fourier-Laplace transform, we obtain

d2Φ̃

dy2
3

− |ξ′|2Φ̃ = h̃− in Q′, Φ̃|y3=0 = 0, Φ̃−−−−→
y3→−∞

0, (2.44)

hence

Φ̃(ξ′, y3, s) =

∫ 0

−∞

G(y3, z3)h̃
−(ξ′, z3, s)dz3,

where

G(y3, z3) =
1

2|ξ′|

{
e|ξ

′|(z3+y3) − e−|ξ′|(z3−y3) for z3 < y3,

e+|ξ′|(z3+y3) − e−|ξ′|(z3−y3) for z3 > y3

is the Green function for problem (2.44), ξ′ = π
d0

k′, |k′| > 0.

Since |ξ′| > c > 0, the function Φ̃ satisfies the inequalities

|ξ′|2‖Φ̃‖L2(R−) 6 c‖h̃−‖L2(R−),

and
‖∇̃Φ̃‖W 2+l

2 (R−) + |ξ′|2+l‖∇̃Φ̃‖L2(R−) 6 c(‖h̃−‖W 1+l
2 (R−) + |ξ′|1+l‖h̃−‖L2(R−)),

where ∇̃ = (iξ1, iξ2,
d

dy3
). In addition, since h− = ∇H + H0, we have

Φ̃ =

∫ 0

−∞

G(y3, z3)(∇̃ · H̃ + H̃0)dz3 =

∫ ∞

0

(
G(y3, z3)(

2∑

α=1

iξαH̃α + H̃0) −
∂G(y3, z3)

∂z3
H̃3

)
dz3

and
(1 + |s|1+l/2)‖∇̃Φ̃‖L2(R−) 6 c(1 + |s|1+l/2)(‖H̃‖L2(R−) + ‖H̃0‖L2(R−)).
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It follows that

‖eβtu′‖
W

2+l,1+l/2
2 (Q−

∞)
6 c(‖eβth−‖W 1+l,0

2 (Q−
∞) + ‖eβtH‖

W
0,1+l/2
2 (Q−

∞)
+ ‖eβtH0‖W

0,1+l/2
2 (Q−

∞)
)

(2.45)
and ∇ · u′ → h(y, 0) as t → 0.

For the functions w = u− − u′ and σ− we obtain the relations

Dtw − ν−∇2w +
1

ρ−
∇σ− = f− −Dtu

′ + ν−∇2u′ ≡ f1, ∇ · w = 0, w|t=0 = 0

in Q−. We extend f1 from Q−
∞ into Q∞ so that

‖eβtf∗
1 ‖W

l,l/2
2 (Q∞)

6 c‖eβtf1‖W
l,l/2
2 (Q−

∞)
,

∫

Q′

f∗
1 dy′ = 0

(f∗
1 is the extension of f1) and then take the Fourier-Laplace transform in all the variables

(y1, y2, y3, t) given by

ũ(ξ, t) =

∫ ∞

0

e−st dt

∫ ∞

0

e−iξ3y3 dy3

∫

Q′

e−iξ′·y′

u(y, t) dy′, ξ′ =
π

d0
k′, ξ3 ∈ R,

Res = s1 is a small negative number and |k′| > 0. We seek (w̃, σ̃−) as the solution of the system

(s + ν−|ξ|2)w̃ +
1

ρ−
iξσ̃− = f̃∗

1 , iξ · w̃ = 0,

so that

σ̃− = −ρ−iξ · f̃∗
1

|ξ|2 , w̃ =
f̃∗

1 − iξσ̃−/ρ−

s + ν−|ξ|2 ,

Hence
‖eβtw‖

W
2+l,1+l/2
2 (Q∞)

+ ‖eβt∇σ−‖
W

l,l/2
2 (Q∞)

+ ‖eβtσ−‖W l+1,0
2 (Q∞)

6 c‖eβtf∗
1 ‖W

l,l/2
2 (Q∞)

6 c‖eβtf1‖W
l,l/2
2 (Q−

∞)

and

‖eβtu−‖
W

2+l,1+l/2
2 (Q−

∞)
+ ‖eβt∇σ−‖

W
l,l/2
2 (Q−

∞)
+ ‖eβtσ−‖W l+1,0

2 (Q∗
∞)

6 c(‖eβtf−‖
W

l,l/2
2 (Q−

∞)
+ ‖eβth−‖W 1+l,0

2 (Q−
∞) + ‖eβtH‖

W
0,1+l/2
2 (Q−

∞)
+ ‖eβtH0‖W

0,1+l/2
2 (Q−

∞)
).

(2.46)
The functions u+, σ+ satisfying (2.43) are sought in the form u+ = u1 + u2, σ+ = σ1 + σ2

with (ui, σi) defined as solutions of




Dtu1 − ν+∇2u1 − (ν+ + ν+
1 )∇(∇ · ·u1) +

p1

ρm
∇σ1 = f+

∗ ,

Dtσ1 + ρ+
m∇ · u1 = h+

∗ in Q∞, u1|t=0 = 0, σ1|t=0 = 0
(2.47)

and 



Dtu2 − ν+∇2u2 − (ν+ + ν+
1 )∇(∇ · u2) +

p1

ρm
∇σ2 = 0,

Dtσ2 + ρ+
m∇ · u2 = 0 in Q+

∞,

u2|y3=0 = (u− − u1)|y3=0 ≡ a, u1|t=0 = 0, σ1|t=0 = 0.

(2.48)
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where f+
∗ and h+

∗ are extensions of f+ and h+, respectively, into Q = Q′ ×R with preservation of
class; it is assumed that

∫
Q′

f+
∗ dy′ = 0,

∫
Q′

h+
∗ dy′ = 0.

The Fourier-Laplace transform with respect to (y1, y2, y3, t) converts (2.47) into the algebraic
system 




(s + ν+|ξ|2)ũ1 + (ν+ + ν+
1 )ξ(ξ · ũ1)

)
+

p1

ρ+
m

iξσ̃1 = f̃+
∗ ,

sσ̃1 + ρ+
m(iξ · ũ1) = h̃+

∗ , |ξ|2 = |ξ′|2 + ξ2
3 ,

where ξ′ = (πk1/d0, πk2/d0), |k1| + |k2| > 1, ξ3 ∈ R. Elimination of σ̃1 leads to the equation for
ũ1:

(s + ν+|ξ|2)ũ1 +
(
ν+ + ν+

1 (s)
)
ξ(ξ · ũ1) = f̃+

∗ − p1iξh̃+
∗

ρ+
ms

≡ g̃, (2.49)

where ν+
1 (s) = ν+

1 + p1/s. The solution of (2.49) is given by

ũ1 = H+g̃/
(
s + ν+|ξ|2

)
, (2.50)

where H+ is the matrix with the elements

H+
jk = δjk −

(
ν+ + ν+

1 (s)
)
ξjξk

s +
(
2ν+ + ν+

1 (s)
)
|ξ|2

= δjk − ξjξk

s
bs+p1

(
s + ν+|ξ|2

)
+ |ξ|2 ,

b = ν+ + ν+
1 > 0. From (2.50) it follows that

∇̃ · u1 = iξ · ũ1 =
iξ · g̃

s +
(
2ν+ + ν+

1 (s)
)
|ξ|2 =

s

bs + p2

iξ · g̃
s

bs+p2

(
s + ν+|ξ|2

)
+ |ξ|2 ≡ χ. (2.51)

We notice that the expression

P+(ξ, s) =
s

bs + p1

(
s + ν+|ξ|2

)
+ |ξ|2 =

sb|s|2 + p1s
2

|bs + p1|2
+

sν+

bs + p1
|ξ|2 + |ξ|2

is an analytic function of s if Res > −p1/b and satisfies the inequality

|P+| > c(|s| + |ξ|2), (2.52)

since |ξ| > π/d0 with small d0. Hence formulas (2.51) and (2.50) imply

‖∇ · û1‖W l+1
2 (Q) + |s|l‖∇ · û1‖W 1

2 (Q)

6 c(‖f̂+
∗ ‖W l

2(Q) + |s|l‖f̂+
∗ ‖L2(Q) + ‖ĥ+

∗ ‖W l+1
2 (Q) + |sl‖ĥ+

∗ ‖W 1
2 (Q)),

|s|‖û1‖W l
2(Q) + |s|1+l‖û1‖L2(Q) 6 c(‖f̂+

∗ ‖W l
2(Q)

+ |s|l‖f̂+
∗ ‖L2(Q) + ‖∇ĥ+

∗ ‖W l
2(Q) + |s|l‖∇ĥ+

∗ ‖L2(Q)),

(2.53)

where ŵ denotes the Laplace transform of w.
Now, we consider ũ1 as the solution of the transformed Stokes system





ν+|ξ|2ũ1 +
p1

ρ+
m

iξσ̃1 = f+
− − sũ1 − (ν+ + ν+

1 )ξ(ξ · ũ1) ≡ f3,

iξ · ũ1 = χ,
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that is given explicitly by

σ̃1 =
ρ+

m

p1

(
ν+χ − iξ · f3

|ξ|2
)
, ũ1 = − iξχ

|ξ|2 .

From these representation formulas, as well as from sσ̃1 = h̃+
∗ − ρ+

mχ and inequalities (2.53) we
easily deduce

‖û1‖W 2+l
2 (Q) + |s|1+l/2‖û1‖L2(Q) + (1 + |s|)‖σ̂1‖W l+1

2 (Q) + |s|1+l/2‖σ̂1‖W 1
2 (Q)

6 c(‖f̂3‖W l
2(Q) + |s|l‖f̂3‖L2(Q) + ‖∇ĥ+

∗ ‖W l
2(Q) + |s|l‖∇ĥ+

∗ ‖L2(Q)),

which implies
‖eβtu1‖W

2+l,1+l/2
2 (Q+

∞)
+ |||eβtσ1|||(l+1,l/2)

Q+
∞

+ |||eβtDtσ1|||(l+1,l/2)

Q+
∞

6 c(‖eβtf+‖
W

l,l/2
2 (Q+

∞)
+ |||eβth+|||(l+1,l/2)

Q+
∞

),
(2.54)

in view of Proposition 1 and condition (2.3) for u1 and σ1.
The estimate of solution of (2.48) is preceded by the analysis of a similar problem for the

transformed Lamé system:




(s + ν+|ξ′|2)ṽ − (ν+ + ν+
1 )∇̃(∇̃ · ṽ) = 0, in Q+,

ṽ
∣∣
y3=0

= ã, ṽ−−−−→
y3→+∞

0,

where ξ′ = π
d0

k′, |k′| > 0. The solution of this problem is given by

ṽ = ãe+
0 (y3) + C′(r+ − r+

1 )




iξ1

iξ2

−r+
1


 e+

1 (y3),

where e0(y3) = e−r+y3 , e1(y3) = e−r
+
1

y3−e−r+y3

r+
1 −r+

, C′(r+ − r+
1 ) =

ν++ν+
1

2ν++ν+
1

Ã−r+ã3

r+
1 +κ+r+

, Ã =
∑2

β=1 iξβ ãβ . By the same argument as in the proof of Proposition 5 it can be shown that

‖eβtv2‖W
2+l,1+l/2
2 (Q+

∞)
6 c‖eβta‖

W
3/2+l,3/4+l/2
2 (Q′

∞)
. (2.55)

By replacing ν+
1 with ν+

1 (s) we arrive at the solution of the transformed problem (2.48):

ũ2 = ãe−r+y3 + C′(r+ − r+
11)




iξ1

iξ2

−r+
11


 e−r+y3 − e−r+

11y3

r+ − r+
11

,

where

C′(r+ − r+
11) = − (bs + p1)(Ã − r+ã3)

(as + p1)(r
+
11 + κ+(s)r+)

, κ+(s) =
ν+s

as + p1
, b = ν+ + ν+

1 .

The function r+
11 + κ+(s)r+ is analytic with respect to s if Res > −min{ p1

a , π2

d2
0
}; let us show that

|r+
11 + κ+(s)r+| > cr.
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If s1 > 0, s2 > 0,then arg κ+(s) ∈ (0, π/2], and the angle between the vectors r+
11 and κ+(s)r+ on

the complex plane is less than 3π/4, hence, inequality

|r+
11 + κ+(s)r+| > c(|r+

11| + |κ(s)r+ |) > cr

holds.
Now let s1 < 0. Since

κ+(s) − κ+(is2) =
ν+

a

( s1 + is2

s1 + is2 + p1/a
− is2

is2 + p1/a

)
=

ν+

a2

s1p1

(s1 + is2 + p1/a)(is2 + p1/a)

and s1 + p1/a > 0, it is clear that |κ(s) − κ(is2)| 6 c1|s1|. Hence

|r+
11 + κ(s)r+| > |r+

11 + κ(is2)r| − |κ(s) − κ(is2)||r| > c2r,

if s1 is small.
From this estimate and (2.55) it follows that

‖eβtu2‖W
2+l,1+l/2
2 (Q+

∞)
+ |||eβtσ2|||(1+l/2,l/2)

Q+ + |||eβtDtσ2|||(1+l/2,l/2)
Q+

6 c‖eβt(u− − u1)‖W
3/2+l,3/4+l/2
2 (Q′

∞)
.

(2.56)

Thus, we have constructed periodic functions (u±, σ+) satisfying equations (2.42), (2.43). Col-
lecting estimates (2.45), (2.47), (2.54), (2.56), we obtain

‖eβtv‖
W

2+l,1+l/2
2 (∪Q±

T )
+ ‖eβt∇θ−‖

W
l,l/2
2 (Q−

T )
+ |||eβtθ−|||(l+1/2,l/2)

Q′
T

+ |||eβtθ+|||(1+l,l/2)

Q+
T

+ |||eβtDtθ
+|||(1+l,l/2)

Q+
T

6 c
(
‖eβtf‖

W
l,l/2
2 (∪Q±

T )
+ ‖eβth−‖W l+1,0

2 (Q−
T ) + ‖eβtH‖

W
0,1+l/2
2 (Q−

T )

+ ‖eβtH0‖W
0,1+l/2
2 (Q−

T )
+ |||eβth+|||(1+l,l/2)

Q+
T

)
(2.57)

For v′ = v − u, θ′ = θ − σ we have the relations (2.1) with the data f = 0, h = 0,

b′α = bα − [µ±(
∂uα

∂y3
+

∂u3

∂yα
)]
∣∣∣
y3=0

, α = 1, 2,

b′3 = b3 + p1σ
+ − σ− − [2µ± ∂u3

∂y3
] − µ+

1 ∇ · u+ − σ

∫ t

0

∇′2u(y, τ) dτ
∣∣∣
y3=0

.

These functions satisfy inequality (2.37), hence (v, θ) satisfy (2.4), q.e.d.
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2.3. Proof of Theorem 2 for T = ∞.

Taking the Laplace transformation, we convert problems (2.5) and (2.6) into





sṽα − ν± d2ṽα

dy2
3

= f̃α, y3 ∈ I±,

[ṽα]
∣∣
y3=0

= 0,
[
µ

dṽα

dy3

]∣∣∣
y3=0

= b̃α, ṽα|y3=±d1 = 0, α = 1, 2,

(2.58)

and




sṽ+
3 − (2ν+ + ν+

1 )
d2ṽ+

3

dy2
3

+
p1

ρ+
m

dθ̃+

dy3
= f̃+

3 , sθ̃+ + ρ+ dṽ+
3

dy3
= h̃+, y3 ∈ I+,

sṽ−3 − ν− d2ṽ−3
dy2

3

+
1

ρ−
dθ̃−

dy3
= f̃−

3 ,
dṽ−3
dy3

= h−, y3 ∈ I−,

[ṽ3]
∣∣
y3=0

= 0, ṽ3|y3=±d1 = 0,

− p1θ̃
+ + θ̃− + (2µ+ + µ+

1 )
dṽ+

3

dy3
− 2µ− dṽ−3

dy3

∣∣∣
y3=0

= b̃3,

(2.59)

respectively. The solution of (2.58) can be estimated by the energy methods (the existence of the

solution is evident). We multiply the first equation by ρ± ¯̃vα
±

, integrate over I+ ∪ I− and take the
real part, which leads to

Res‖
√

ρ±ṽα‖2
L2(I+∪I−) + ‖

√
µ±

dṽα

dy3
‖2

L2(I+∪I−) = Re
∫

I+∪I−

ρ±f̃α
¯̃vα dy3 + Re

2∑

α=1

b̃α
¯̃vα(0).

After easy calculations we obtain

(Res + γ)‖ṽα‖2
L2(I+∪I−) + ‖ṽα‖2

W 1
2 (I+∪I−) 6 c(‖f̃α‖2

L2(I+∪I−) + |̃bα||ṽα(0)|)

with γ > 0; we assume that Res > −γ.
Multiplying the same equation by s̄ρ±¯̃vα and integrating, we obtain

|s|2‖
√

ρ±ṽα‖2
L2(I+∪I−) + Res‖

√
µ±

dṽα

dy3
‖2

L2(I+∪I−) = Re
(
s̄

∫

I+∪I−

ρ±f̃α
¯̃vα dy3 + s̄

2∑

α=1

b̃α
¯̃vα(0)

)
.

From this and preceding relation we deduce

|s|2‖ṽα‖2
L2(I+∪I−) + ‖ṽα‖2

W 2
2 (I+∪I−) 6 c

(
‖f̃α‖2

L2(I+∪I−) + (1 + |s|1/2)|̃bα|2
)
, (2.60)

because
(1 + |s|)|̃bα||ṽα(0)| 6 (1 + |s|)1/4 |̃bα|(1 + |s|)3/4|ṽα(0)|

6 c(1 + |s|)1/4 |̃bα|
(
|s|‖ṽα‖L2((I+∪I−) + ‖ṽα‖W 2

2 ((I+∪I−)).

Next, we multiply (2.60) by |s|l, estimate the W l
2(I

+ ∪ I−)-norm of the second derivative of ṽα:

‖ d2ṽα

dy2
3

‖W l
2(I+∪I−) 6 c

(
|s|‖ṽα‖W l

2(I+∪I0−) + ‖f̃α‖W l
2(I+∪I−)

)
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and make use of the interpolation inequality

|s|‖ṽα‖W l
2(I+∪I−) 6 ǫ‖ d2ṽα

dy2
3

‖W l
2(I+∪I−) + c(ǫ)|s|1+l/2‖ṽα‖L2(I+∪I−)

with small ǫ. Collecting the above estimates, we arrive at

|||ṽα|||2+l,I+∪I− 6 c
(
|||f̃α|||l,I+∪I− + (1 + |s|)1/4+l/2 |̃bα|

)
, (2.61)

where
|||u|||l1,∪I± = ||u||

W
l1
2 (∪I±)

+ |s|l1/2‖u‖L2(∪I±).

This inequality implies (2.7).
Now we turn to the problem (2.59). Since h̃−(y3, s) = d

dy3
H3 + H0, H3|y3=−d1 = 0, we have

ṽ−3 (y3) =

∫ y3

−d1

h̃−(z, s) dz = H3(y3, s) +

∫ y3

−d1

H0(z, s) dz,

from which it follows that

‖ṽ−3 ‖W 2+l
2 (I−) 6 c‖h̃−‖W l+1

2 (I−), |s|1+l/2‖ṽ−3 ‖L2(I−) 6 c|s|1+l/2(‖H3‖L2(I−) + ‖H0‖L2(I−)),

|||ṽ−3 |||2+l,∪I± 6 c
(
‖h̃−‖W l+1

2 (I−) + |s|1+l/2(‖H3‖L2(I−) + ‖H0‖L2(I−))
)
. (2.62)

The functions ṽ+
3 , θ̃+ are found as a solution to the problem





sṽ+
3 − (2ν+ + ν+

1 )
d2ṽ+

3

dy2
3

+
p1

ρ+

dθ̃+

dy3
= f̃+

3 ,

sθ̃+ + ρ+
m

dṽ+
3

dy3
= h̃+ in I+,

ṽ+
3 |y3=d1 = 0, ṽ+

3 − ṽ−3 |y3=0 = 0,

(2.63)

By eliminating θ̃+ we obtain a problem for ṽ+
3 :





R(s)ṽ+
3 − dṽ+

3

dy2
3

=
s

as + p1
(f̃+

3 − p1

sρ+

dh̃+

dy3
) ≡ g̃3 in I+,

ṽ+
3 |y3=d1 = 0, ṽ+

3 |y3=0 = ṽ−3 |y3=0,

(2.64)

where R(s) = s2

as+p1
.

We set ṽ+
3 = w̃3 + ṽ− where ṽ− = ṽ−3 (−y3, s) and reduce problem (2.64) to





R(s)w̃3 −
d2w̃3

dy2
3

= g̃3 − R(s)ṽ− +
d2ṽ−
dy2

3

≡ g̃ in I+,

w̃3|y3=d1 = 0, w̃3|y3=0 = 0.

We expand g̃ into the Fourier series g̃(y3, s) =
∑∞

k=1 ǧ(ξ3, s) sin ξ3y3, where ξ3 = kπ
d1

. Then the
Fourier coefficients of w̃3 are given by

w̌3(ξ3, s) =
ǧ(ξ3, s)

R(s) + ξ2
3

. (2.65)
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Since the difference R(s)−s/a = − p1s
a(as+p1) is bounded by a constant independent of s (if as1+p1 >

0), we have
c1(|s| + aξ2

3) 6 |R(s) + ξ2
3 | 6 c2(|s| + aξ2),

provided d1 is small; hence (2.65) implies |||w̃3|||l,I+ 6 c|||g̃|||l,I+ and

|||ṽ+
3 |||2+l,I+ 6 c(|||g̃3|||l,I+ + |||ṽ−3 |||l+2,I−). (2.66)

Taking (2.66) and (2.61) into account, we obtain

‖eβtv‖
W

2+l,1+l/2
2 (∪I±

∞)
6 c
(
‖eβtf‖

W
l,l/2
2 (∪I±

∞)
+ ‖eβt dh+

dy3
‖

W
l,l/2
2 (I+

∞)

+ ‖eβth−‖W l+1,0
2 (I−

∞) + ‖H3‖W
0,1+l/2
2 (I−

∞)
+ ‖H0‖W

0,1+l/2
2 (I−

∞)

)
.

(2.67)

Using the first two equations in (2.6) we estimate θ± as follows:

|||eβtDtθ
+|||(l+1,l/2)

I+
∞

6 c
(
|||eβth+|||(1+l,l/2)

I+
∞

+ ‖eβtv+
3 ‖

W
2+l,1+l/2
2 (Q+

∞)

)
, (2.68)

‖eβt dθ+

dy3
‖

W
l,l/2
2 (I+

∞)
6 c‖eβtv+

3 ‖
W

2+l,1+l/2
2 (I+

∞)
(2.69)

(if θ+ satisfies the condition
∫ d1

0 θ+(y3, t) dy3 = 0, then a better estimate

|||eβtθ+|||(l+1,l/2)

I+
∞

6 c‖eβtv+
3 ‖

W
2+l,1+l/2
2 (I+

∞)

holds).
Finally, the function θ− defined by the second and the fourth lines in (2.59), satisfies the

inequality

‖eβtθ−‖W l+1,0
2 (I−

∞) + ‖eβtθ−‖
W

1/4+l/2
2 (0,∞)

6 c
(
‖eβtv3‖W

2+l,1+l/2
2 (∪I±

∞)

+ ‖eβtθ+|y3=0‖W
1/4+l/2
2 (0,∞)

+ ‖eβtf−
3 ‖

W
l,l/2
2 (Q−

∞)
+ ‖eβtb3‖W

1/4+l/2
2 (0,∞)

)
.

(2.70)

Inequalities (2.68),(2.69),(2.70) yield (2.8). Theorem 2 is proved.
To treat the case of finite T , we construct extension of the data of problems (2.1), (2.5), (2.6)

into the half-axis t > T by using a standard formula

u(T + τ) =
m∑

k=1

λku(T − kτ), τ > 0, m > 1 (2.71)

with τ > 0, u(t) = 0 for t 6 0 and with λk satisfying the equations

1 =

m∑

k=1

λk(−k)j , j = 0, ..., m − 1

This formula is applied to the functions of the form f(t) = eβtu(t) which yields

f(T + τ) =

m∑

k=1

λke−β(k−1)τf(T − kτ).
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According to [10], formula (2.71) yields the extension of functions from W l
2(−∞, T ), l 6 m + 1/2

into R with preservation of class. Hence the solutions of problems (2.1), (2.5), (2.6) can be defined
as restrictions to the interval t ∈ (0, T ) of solutions of the same problems with the data extended
as indicated above. Uniqueness of these solution follows from the energy relation for the difference
of two possible solutions. For instance, in the case of Theorem 1 this relation has the form

1

2

d

dt
‖
√

ρ+
mv‖2

L2(Q) +

∫

∪Q±

T(v) : ∇v dy − p1

∫

Q+

θ+∇ · v+ dy + σ

∫

Q′

(∇′v3 · ∇′

∫ t

0

v3|y3=0 dτ) dy′

=
1

2

d

dt

(
‖
√

ρ+
mv‖2

L2(Q) +
p1

ρ+
m
‖θ+‖2

L2(Q+) +
σ

2

∫

Q′

( ∫ t

0

∇′v3 dτ
)2

dy′
)

+

∫

∪Q±

T(v) : ∇v dy = 0.

Since the form
∫
∪Q± T(v) : ∇v dy is positive, we conclude, upon integrating this relation over the

interval t ∈ (0, T ′) that v = 0 and θ+ = 0, but then also θ− = 0, q.e.d. The same arguments apply
to problems (2.5), (2.6).

3 Appendix.

We need to mention model problems arising in the analysis of the solution of Problem (1.9) near
the exterior boundary Σ, namely,




Dtv
+ − ν+∇2v+ − (ν+ + ν+

1 )∇(∇ · v+) +
p1

ρ+
m
∇θ+ = f+, Dtθ

+ + ρ+
m∇ · v+ = h+,

v+
∣∣
t=0

= 0 θ+
∣∣
t=0

= 0 in Q+,

∫

Q′

u+ dy′ = 0,

∫

Q′

θ+ dy′ = 0,

v+|y3=0 = 0, v+ −−−→
y3→∞

0, θ−−−−→
|y3|→∞

0,

(3.1)





Dtv
+
α − ν+D2

y3
vα = f+

α , α = 1, 2,

Dtv
+
3 − (2ν+ + ν+

1 )D2
y3

v+
3 +

p1

ρ+
m
Dy3θ

+ = f+
3 , Dtθ

+ + ρ+
mDy3v3 = h+ in Q+,

v|t=0 = 0, θ+|t=0 = 0 in Q+, v|y3=0,d1 = 0.

(3.2)

These problems are treated in the same way as problems (2.1), (2.5), (2.6) above, and details
are omitted. Estimates of solutions analogous to (2.4), (2.8), (2.9) have the form

‖eβtv+‖
W

2+l,1+l/2
2 (Q+

T )
+ |||eβtθ+|||(1+l,l/2)

Q+
T

+ |||eβtDtθ
+|||(1+l,l/2)

Q+
T

6 c(‖eβtf+‖
W

l,l/2
2 (Q+

T )
+ |||eβth+|||(1+l,l/2)

Q+
T

),
(3.3)

‖eβtv‖
W

2+l,1+l/2
2 (I+

T )
+ ‖Dy3θ

+‖
W

l,l/2
2 (IT )

+ |||eβtDtθ
+|||(1+l,l/2)

I+
T

6 c
(
‖f‖

W
l,l/2
2 (I+)

+ |||h+|||(1+l,l/2)

I+
T

) (3.4)

Another addition that we would like to make concerns the solvability of Problem (2.1) in
weighted Sobolev spaces with the exponential weight e−γt, γ ≫ 1 in the domains R3

±. The following
theorem holds true.
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Theorem 4. Assume that e−γtf ∈ W
l,l/2
2 (∪R±

T ), e−γth+ ∈ W l+1,0
2 (R+

T ) ∩
W

l/2
2 ((0, T ); W 1

2 (R3
+)), e−γt∇h− ∈ W

l+1,l/2+1/2
2 (R−

T ), h− = ∇ · H + H0, eβtH , e−γtH0 ∈
W

0,1+l/2
2 (R−

T ), h−, H , H0 are compactly supported, e−γtbα ∈ W
l+1/2,l/2+1/4
2 (R2

T ), α = 1, 2,

e−γtb3 ∈ Ẇ
l+1/2,0
2 (R2

T ) ∩ W
l/2
2 ((0, T ); Ẇ

1/2
2 (R2)), e−γtB ∈ W

l−1/2,l/2−1/4
2 (R2

T ), where γ ≫ 1,
R2

T = R2 × (0, T ). Assume also that these functions satisfy the compatibility conditions

h−|t=0 = 0, H |t=0 = 0, H0|t=0 = 0, bα|t=0 = 0, α = 1, 2.

Then problem (2.1) has a unique solution such that e−γtv ∈ W
2+l,1+l/2
2 (R±

T ),

eβt∇θ− ∈ W
l,l/2
2 (R−

T ), e−γtθ− ∈ W
l/2
2 ((0, T ); W

1/2
2 (R2)), e−γtθ+, e−γtDtθ

+ ∈ W l+1,0
2 (R+

T ) ∩
W

l/2
2 ((0, T ); W 1

2 (R3
+)). It is subject to the inequality

‖e−γtv‖
W

2+l,1+l/2
2 (R±

T )
+ ‖e−γt∇θ−‖

W
l,l/2
2 (Q−

T )
+ |||e−γtθ−|||(l+1/2,l/2)

R
2
T

+ |||e−γtθ+|||(1+l,l/2)

R
2
T

+ |||e−γtDtθ
+|||(1+l,l/2)

R+
T

6 c(‖e−γtf‖
W

l,l/2
2 (∪R±

T )
+ ‖e−γth−‖W l+1,0

2 (R−
T ) + ‖e−γtH‖

W
0,1+l/2
2 (R−

T )

+ ‖e−γtH0‖W
0,1+l/2
2 (R−

T )
+ |||e−γth+|||(1+l,l/2)

R+
T

+
∑

α=1,2

‖e−γtbα‖W
l+1/2,l/2+1/4
2 (R2

T )

+ ‖e−γtb3‖Ẇ
l+1/2,0
2 (R2

T )
+ ‖e−γtb3‖W

l/2
2 ((0,T );Ẇ

1/2
2 (R2)

+ ‖e−γtB‖
W

l−1/2,l/2−1/4
2 (R2

T )
)

(3.5)
with the constant independent of T .

By ‖u‖Ẇ l
2(R

2) we mean the norm equivalent to ‖|ξ′|lũ‖L2(R2).

As above, it is enough to consider the case T = ∞. The Fourier-laplace transform

ũ(ξ′, s, y3) =

∫ ∞

0

e−st dt

∫

R2

e−iξ′·y′

u(y, t) dy′

where Res = γ, ξ′ ∈ R2, converts (2.1) into




(s + ν−|ξ′|2)ṽ−α − ν− d2

dy2
3

ṽ−α +
1

ρ−
iξαθ̃− = f̃−

α , α = 1, 2,

(s + ν−|ξ′|2)ṽ−3 − ν− d2

dy2
3

ṽ−3 +
1

ρ−
dθ̃−

dy3
= f̃−

3 , ∇̃ · ṽ− = h− for y3 < 0,

(s + ν+|ξ′|2)ṽ+
α − ν+ d2

dy2
3

ṽ+
α − (ν+ + ν+

1 )iξα∇̃ · ṽ+ +
p1

ρ+
m

iξαθ̃+ = f̃+
α , α = 1, 2,

(s + ν+|ξ′|2)ṽ+
3 − ν+ d2

dy2
3

ṽ3 − (ν1 + ν+
1 )

d

dy3
∇̃ · ṽ+ +

p1

ρ+
m

d

dy3
θ̃+ = f̃+

3 ,

sθ̃+ + ρ+
m∇̃ · ṽ+ = h̃+ for y3 > 0,

[ṽ]|y3=0 = 0,

[
µ±

(
dṽα

dy3
+ iξαṽ3

)]∣∣∣∣
y3=0

= b̃α, α = 1, 2,

− p1θ̃
+ + θ̃− + µ+

1 ∇̃ · ṽ+ +

[
2µ± dṽ3

dy3

]∣∣∣∣
y3=0

− σ
|ξ′|2
s

ṽ3

∣∣
y3=0

= b̃3 +
σ

s
B̃.

(3.6)

If f = 0, h = 0, then, as shown in Sec. 2, the solution is given by (2.19), (2.20), (2.21), with ν+
1

replaced by ν
(
1s). the functions M and P satisfy (2.26), (2.29) and the solution satisfies inequalities
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(2.17) and (2.41). In construction of auxiliary functions u± and σ±, as in subsection 2.2, the vector
field u− satisfying the relation ∇·u− = h−, should be taken in the form u− = ∇Φ where Φ solves
the problem

∇2Φ = h− = ∇ · H + H0, in R3
+, Φ|y3=0 = 0.

It satisfies inequality (2.46) in R3
−, if h−, H , H0 are compactly supported. Moreover, since the

inequality (2.52) holds, if Res > γ ≫ 1, the formula (2.50) for ũ1 and equation (2.52) for σ̃1 yield
estimate (2.54) in the domain R+

∞, and u2, σ satisfy (2.55) in this domain (the proof is the same
as that of (2.55)). Putting the above estimates together we obtain (3.5).

It is convenient to use Theorem 4 for the proof of solvability of the problem (1.1) in a finite
time interval.
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