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AHHOTALNA

B pabote paccmaTpuBaeTcs HaUaIbHO-KpaeBas 3a/a4a, JIJIs alllTPOKCUMAITHH
cucTeMbl MHTErpO-1uddepeHna bHbIX YPaBHEHUN, 000DIIAIOMMX YPABHEHUS
JIBU2KEHUST BSI3KOYIIPYTUX JKUJKOCTel. JlokazaHo CyIecTBOBaHUE pPEIICHUsT
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SICMJIOH K Hyd0. llpuBesieHbl pa3/iudHble NPUMEPHI  HEHBIOTOHOBCKUX
2KUJIKOCTEM, OIIMChIBaEMbIE JTAHHON MOJIEJIBIO.

KuirouyeBble ciioBa: BS3KOYNPyTIHe YKUIAKOCTU, MHTErPO-Iuddepennnaababe
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1 Bsenenue

B pabore paccmarpuBaroTCs €-anmpOKCUMAINN JIBYMEPHBIX CHCTEM yPABHEHUH
JIBVKEHUSI CILJIOTITHOM Cpe/Ibl

ve+ (v-V)v—divo+gradp=f (1)
div v = 0, (2)

rae o - JeBuaTop TEeH30pa HaHpH}KeHHﬁ. PaCCManI/IBaIOTCH peoJsiornieckKue
YpaBHEHUA BUIA

o =2vD + KD, (3)

riae D - Tenzop ckopocreii nedopmarun, K - HeJIMHEHHBINH oneparop, Ha
KOTODPBIl HAKJIAJbIBAIOTCS YCJIOBUS, OLUCHIBAEMble HUKe ( HEIPEPbIBHOCTD,
HOJIOXKUTEIbHAS OLPEJEJeHHOCTh). K TakuMm cucreMaMm OTHOCSTCS CHCTEMbI
yDaBHEHUH, OIUCHIBAIOIINX JBHXKEHHE HEHBIOTOHOBCKHMX Kujkocreil ( B
YAaCTHOCTH, JIMHEWHBIX BA3KOYIpPYrux Kujkocreil Tuma Ouiapoiita, xKumkocrei
Aymanna-CrnpuHrca, ) KuIKoCTel 3 TOPSIKA).

B uncnenmpix 3amauax mHOrIAa OBIBAET TPYIHO Y/IOBJIETBOPHUTDH YCJIOBUIO
meckumaemoctn dive = 0, mO3TOMYy 11€71€COO0PA3HO  HUCCJIEI0BATH
AIMTPOKCUMAITAH STOTO ypaBHEHUs. Mbl pACCMOTPUM AIMTPOKCUMAITAIO BHIA

div v +ep® =0 (4)

Takwe ammpoxkcumanuu wnlydaauchb Jlampikerackoit n  CepermHbiM i
ypasHenuii Hasbe-Crokca [2]. Cucrembl ypaBHEHUI JMHEHHBIX BSI3KOYIPYIHUX
xugrocreil Tuna OJyipoiiTa W € - ANNPOKCUMAIUU JIJIs HUX HCCJIEI0BAJINCH
B pabBorax Ockosnkosal3, 4, 5. Yrto Kacaercst HeBo3MyIneHHOI cucrembr (1)
C OLEPATOPOM O, YIOBJIETBOPSIONIMM DEOJOIHIeCKOMY COOTHOIIeHuo (3),
TO COOTBETCTBYIONAsl HAYAJIBHO-KpaeBas 3ajada C YCJIOBHEM IIPUJIANAHUS
paccMoTpeHa B pabore asropa [6]. A umeHHO B 9T10ii pabore HCCIIEI0BAIACH
CUCTeMa ypaBHEeHU

v+ (v-V)v —div KD — vAv + grad p = f (5)
div v = 0. (6)

Cucrema uzyuanach B mumnpe Qr, Qr = Q x [0, T], rae obmacts Q C R?
orpaHmYeHa U WMeeT TJIaakyio rpammmy Of) kmacca C'. D-TeHsop ckopocreit
nedopmaryn D = (Vo + (Vo)T). Baecs K : Ly(Qr) — Lo(Qr) - MaTpuunbIit
OTIEPATOD, YJOBJIETBOPSIONHANA CJIEYIOITAM YCJIOBUSAM :

1. s K Beimonneno yceiosue Jlummura

K (D1 — D2)l[2,0 < C1]|D1 — Dall2,0, (7)



2. K meoTpuraTeabHO OIpeieieH, TO €CTh

/Ot/Q(KD:D)zo, VE<T, (8)

3. Oneparop K Takos, uro omeparop % o K ompenenen u orpaHuveH B
Ly (Qr), To ecTb

0
I

4. Bnavenus dyuknun KD pasubl 0 Ha OCHOBaHUY IUIHHIPA QT
st ioboro D

KD)ll2. < C2fDll2,qxr- (9)

KD(0) =0. (10)

JIJ1st TAaKMX CHCTEM ypaBHEHMIT pacCMaTpPHBAJIACh HAYAIbHO-KPaeBas 3a1ata
v(z,t)[zcon =0 (11)

v(x, t)|t=0 = vo(x). (12)

B pabore [6] moka3ama TeopeMa CyIMIECTBOBAHMSA U €UHCTBEHHOCTH PEIICHIs

HadasJbHO-Kpaesoil 3amaun (5),(6),(11),(12), a uMeHHO mOKa3aHa CIEAYIONIAs
Teopema

Teopema 1. Ilpednoaoocum, wmo npasas wacmv cucmemvs (5) f,fi €
Lo 1(Qr), navasvnoe snavenue vg € Wi(Q) N J(Q). Toeda nauarvro-xpaesasn
sadaua (5),(6), (11),(12) umeem edurncmeennoe pewenue v € Loo(0,T, JO(S2))
, maxoe wmo vy € Loo(0,T,J°()), a dynxuuu vy, vy € La(Q7).

Bnech mnoapasymeBaercs OOOOIIEHHOE pelIeHHe 3aJa49d, TO €CTb TaKas
byHKIMS v, KOTOPasl YJIOBJIETBOPSIET HHTErPAJIbHOMY TOXKJIECTBY

T T T
/ (v, )0 +/ (v-Vov,0)q + V/ (Ve 0zt
0 0 0

/OT/Q(KD  (Dy)) = /OTU, P (13)

o
A71s1 1106041 1By MepHoit Bekrop-dyakiun ¢ €Wy (Qr) N J°(Qr). Yepes D,
o

obo3naden TeH30p ckopocreit medopmarmn byukmun . Ilox mpocrpamcTsom J
(Q) monumaercs 3aMbikanue B Lo npocrpancrsa J(§2), KOTopoe B CBOIO 04Yepe/ib
OTIPEJIENISETCS TaK

J(Q) = {v €C™ |div v = 0}. (14)

o
A J (Qr) -upocrpancTBo dyHKIUIA, IPUHAJIEKAINUX OPU TIOYTH BCEX t

IPOCTPAHCTBY 7 Q).



Bynmem ucnosb3oBaTh m1si 000O3HAYMEHHST HOPM B IIpocTpaHcTBax Lp(L2),
L,(Qr) cumBonet ||v||p 0 u ||v]|p,gr coorBercTBenHO. KpoMe TOro memosmbsyem
caenyromye obosnavenus. ITox cumsonoM Lgq(Q7) Mbl OygeM DOHAMATH
[IPOCTPAHCTBO (PYHKIUI v ¢ KOHEYHON HOPMOIA

b1 = /OT </Q oz, 1)) dx)% dt. (15)

A cumBon La oo (Q1) Gyaem UCHONB30BaTH Jist 0003HAYEHNS IIPOCTPAHCTBA
byHKIM v ¢ KOHEIHONH HOPMOit

vl

2
olla0 = es5 5D peos ( /Q o, 8) dw) . (16)

2 IlocranoBka 3aga4m

Paccmorpum cucreMmy ypaBHeHuMit

1 1
vg + (v - V) —vAv® + ivﬁdiv v¢ —div KD — EVdiv v¢ = f. (17)

Bynem HasbBaTh 9Ty cucTeMy e-annporcnmarmeit cucremsr (5) (6). (HYien
%’U€diV V¢ BBeJleH i yji06cTBa. B nasbHeiinemM Mbl mokaxkeM, 9To mupu € — 0
9TOT WieH Takxke crpemurca K 0.) 3mecs v¢ - BekTop ckopocru. Cucrema
paccmaTpuBaercs B numamaape Qr, Qr = Q x [0,T], te obmacts 2 C R2
orpaHIYeHa U UMeeT IaaaKyto rparumy OS2 knacca O, Ha 60K0Boi HOBEPXHOCTH
[UJTTHJIPA [IPEJIIOJIAraeTCsl BHITOJTHEHHBIM YCIOBHUE MTPUIUIAHUS

vé(x,t)|zecon = 0, (18)
a Tak»Ke MPEeJIIOJIaraeTcsi BBIIOJHEHHBIM HAYAIBHOE YCJIOBHE
vé(x, 1) |t=0 = v5(x),x € Q. (19)

Ha oneparop K : L2(Qr) — L2(Qr) makmansBaiorcs ycaosus (7)-(10).
HaszoBem 0606mienHbiM pemmennem cucrembl (17)-(19) dbyakuuio v€, KoTopas
YZIOBJIETBODSIET MHTEIPAIBHOMY TOXKJIECTBY

T T T
/(vf,so)sﬁ/ (U€~VU€,SD)Q+V/ (vg, Pz)a+
0 0 0

1 /7 T
+—/ (védiv vﬁ,ap)g—i—/ /(KDE:D¢)+
2.Jo 0o Ja
1 /7

+_/O (div v°, div cp)gz:/o (£, ) (20)

€

[¢]
nist gioboit bynxmun ¢ €W (Qr).



3 IIpumepbl HEHBIOTOHOBCKUX YKUJKOCTEl

B sTom paszese MbI mpuBeieM TpUMEPHI HEHBIOTOHOBCKHUX YKUJKOCTEl, KOTOPBIE
BKJIAJILIBAIOTCS B JIAHHYIO MOJIEJIb. DTO ODOOIIEHHBIE BSI3KOYIIPYTHE YKUJIKOCTH
tuna  dymanna-Copusrca, TO €CThb XKHJKOCTH, KOTOPBIM COOTBETCTBYET
PEeoJIOTUYIEeCKOe COOTHOIIEHUE

o=2uD + /t K(t —7)D(x,7)dr (21)

Bnech mpeanonaraerca, ato ¢ymnkmus K u3 mpocrpanctsa Wi ([0,T] x
[0,T]) Takasi, uro npeobpazosanune Pypoe dynkuuun K dynkmuas L =
F(K) neorpunarensHa. Takxke npejnosaraercsi, 9o dbyHkuus K npuHIMaeT
koneunoe 3Hauenne K (0). IIposepum, uro oneparop K, onpeesneHubrii

KD — / Kt - 7)D(a, ) dr (22)

yaoBierBopsier cpoiicteam  (7-10). B caydae, Korga mnpeobpasoBaHme
QOypbe GpyHKIUU K HEOTPUIATEBHO, COOTBETCTBYIOIIAsT KBaApaTudIHast (opMa
HEOTPHIATENBHO OlpeJiesieHa (BBINOIHEHO CBOHCTBO (8)). DToT dakr ciemyer
U3 JIEMMBI

Jlemma 1. Ilycmov mpeobpaszosanue DPypve dynxuyuu K neompuyamenvo.
Tozda dasi 060l Pyrnruyuu u(t) € Lo([0,t]) xeadpamuunas dopma marorce
HEOMPUYAMEALHA

t 0
1 :/ / K(0 — 1)u(@)u(r) drdd > 0. (23)
o Jo
Iist moKa3aTesbCTBA HY2KHO MPOIO/RKUTDL MYHKINIO K 4YeTHbIM 00pa3oMm

HA OTPHUIATEIBHYIO TOJIyOCh. Toraa BBuLy deTHOCTH MYHKIMM K HWHTErpaJ mo
"BepxHeMy TpeyTroJIbHUKY "paBeH uHTerpaJty 1o "HuzkHeMy".

/Ot /09 K(0 — m)u(@)u(r) dr df = /Ot /Tt K (0 — T)u(0)u(r) b dr —
- /ot /atK(T ~ O)u(r)u(f) dr db = %/Ot /OtK(e — T)u(@)u(r) do dr. (24)

IIponomxum dyukimio u mysrem Ha Bee npoctpancTso R. Torma nccimenyemas
KkBaJipaTuuHas gopma I npeobpasyercs: K BUILY

2] = /jo /jo K0 — nu(@)u(r) dddr = (Ku,u) = (F(Ku), Fu) =

= (F(K)F(u), Fu) (25)



rae oneparop K ecrs omeparop cBeprru K * u

- / " K0 = ryu(6) b (26)

B pesynbrare Mbl nostyunm, aro 21 = F(K)||F(u)||* > 0.
JlemMma mokazaHa.

HenpepoisaocTs omepaTopa K BbITekaeT 3 Toro dpakTa, 9To OMepaTop TUIIA
Bospreppa MOXKHO 1IPeJICTABUTH KAK MHTErPAJIbHBII OIIEPATOD C TPEYTrObHbBIM
SAJIPOM, U OH OyJIeT HelpepbiBeH, Kak oreparop tuma ['misbepra- [Imura.

ITpoeepum cBoiicTBo (9).

H / K(t—7)D(x,7)dr <
2,Qr

< [|K(0)D(z, 1)

],

+ 1K' Dll2,gr, (27)

rpe K’ - uarerpansubiii oneparop tuna Bosbreppa ¢ sapom %K :

(K'D)(x,t) = /0 %K(t—T)D(:E,T)dT (28)

Omneparop K’ Toxke HenpepbiBer B npocrpascTBe La(Q7). Toraa Mbl umeem

< K(0)
2,Qr
riae Cr- mopma omeparopa K’ B mpoctpanctse Lo (QT).
YacTHbIM CoIydaeM JIMHEHHBIX BA3KOYNPYTHUX YKHUJKOCTEH —ABJIAIOTCS
xkuakocrn tuna  Jxeddpu-Omapoitra [3]. Jus Hux sugpo omeparopa K
BBIPAXKAETCS B BUE CyMMbI SKCIOHEHT

+CK/HUQ7||27QT’ (29)

D)

t) = Zﬁse_ast, o, Bs > 0. (30)

(MoxkHO TaK2Ke PACCMATPUBATH M = 00).

Ecmu  mpofo/KuTh Takoe sIpo YeTHBIM 00pa3zoM Ha  OTPUIATENIHHYIO
[OJIyoch, TO mpeobpasoBanue Dypbe i Takoit (QyHKIUU  OyIer
HEOTPUIATEbHBIM. JleiicTBUTEIbHO

m

_ie 20sos
F(K) = (2m) E -5 > 0. (31)
&%+

Eme ogauM npuMepoM, HJLIIOCTPUPYIOIMIAM INPEJCTABICHHYIO MOJIEb,
aBiistiorcst MaTpuanble oneparopsl K = {Kj;;}i j=1 2, komnonenTs! KoTopbix K;;
06pa3yoT CUMMETPUYHYIO MATPUILY U yA0BIeTBOPAIOT cooTHorenusM (7) - (10).

Kpome Toro, B KauecTBe MPUMEPOB, YKIAABIBAIONIAXCS B JAHHYIO MOJIENb,
MOYKHO TIPUBECTH HEJWHEHHBIE BA3KOYNIPYTHE JKUJKOCTH, B YACTHOCTH,
JKUJKOCTH, JIJI KOTOPBIX PEOJIOTMIECKOe ypaBHEHUEe UMeeT BHL



(KD)(x,t):/O K(t — )h(|D(z, 7)) D(x,7) dr, (32)

rge  h- HeKoTopasi HeNpepbiBHAasi — orpaHudeHHas — dyHkmms  [11].
Takoit omepaTop sBJsieTCd HEJIUHEHHBIM omepaTropoMm lammepinreiina.
TpeGoBatue MOJOKUTEIBHON OIpe/Ie/IeHHOCTH (CBOHCTBO (8)) HaKJIaIbIBACTCS
qponosauTebHO. OHO WMeeT (BU3UIECKHMIA CMBICH, TOCKOJBKY KBaJIPATHIHAS
dbopma (div 0,v)q COOTBETCTBYET JUCCUTIAIN SHEPIHN.

It TAaKMX >KUJIKOCTEH MOYKHO IPUMEHSITh ITOJIy9eHHbIe Pe3y/IbTaThl.

4 AnpuopHbIe OleHKN

IMosryuuM HEKOTOPBIE AlPUOPHBIE OIEHKU DEeIleHuil Hada bHO-KPAeBOil 3aja49u
(17)-(19). Hus sroro ymuoxkum ypasaenue (17) Ha v€ ¥ IPOUHTErpPUPYEM IO
obsiactu ). B pesysbrare mojyduM TOXKIECTBO

1 d € € € €
310 B + Vet + [ (KD DYt
Q
1 3 € €
Ydiv o Ba = (v )a (39

ITpounrerpupyem ypasuenue (33) no spemenu ¢ B npegenax [0,t] u upumem
K HEPaBeHCTBY

t t
baty [ IuslBa+ [ [ (D) D9+
0 0 JQ

1 ‘ . €12 1 €
o [ lldiv etz < S[ve(0)]
€Jo

t
o [ I
0

1 €
Sl o)

1 €
Sl o)

2
2,01

20 [If]

2.0 <

t
+ [ 1009200 < 5l O)

50+ 120 - 1 fll21 (34)

OTKWHYE TpU MOCJIETHAE TOJIOKATEIHHBIE CIaraeMble B JIeBO dactn (34) u
Hepelizis K sup 1o ¢ , Mbl IOJIy4UM KBaJIPATHOE HEPABEHCTBO s ||v¢||2 o0

[0°]13,00 < 10°0)113.0 + 2[0°NI2,00 - 1 Fll2,1, (35)
OTKY/Ia MBI IIOJIy9aeM ONEHKY st || V€2, 00
[v/l2,00 < [[fll2,1 + \/Hf| 51+ ve(0)]50 = Cs (36)

Tenepb, BepHYBIIMCH K HEpaBeHCTBY (34), OACTABUB B €ro HpaBylo 4acThb
oneHky (36) 1 mepexoJisl K CylpeMyMy Mo ¢ , Mbl IOJIyIaeM



t t
2 ot v / ISlZ g + / / (KD*): D)+
0 0 Q
1 K . €12 1 €
w2 [ a0 < 510 O)
€Jo

21+ (/1121 + /11

(1)

2
201

+ /1

51t v (0)30) =Ca (37)
ITpomuddepennupyem obe gactu ypaprerus (17) 1o ¢ , yMHOXKUM CKAJIAPHO

Ha v; u mupomHTerpupyem mo obsactu (). B pesymbrare y mHac mosydmTcs
CJIEIYTOINEe MHTEIPAJIHHOE TOXKIECTBO

1d € € 1 : €
L3+ Gl + v of 3 0
d € € € d € € €
s (o) + [ [SED) D) = (o 39)
o Jo
rje uepe3 M€(v¢) Mbl 0603HAINM
1
Me(v) = (v - V)v© + ivédiv V€ (39)

OueHrM 10 MOJYJIIO YeTBEPTHIl U UAThIA wieHbl JjieBoil dactu (38). s
9TOr0 CHaYaJia Ipeodpa3yeM YeTBEePTHI dJIeH

| ghe o= [ Gk, v
/Q %(ﬁdiv ve) vy = /Q(vf’év;k v + vk’ev;ktv§+
+ %vfdiv vy + %vﬁdiv vEvy) =
= (vf’evik,vf)g + %(védiv v, v5)a.  (40)
31ech v' - KOMIIOHEHTEI BEKTOpa v, i = 1,2.

B urore nonygaem

< |(vp s, , v )al+

1 .
+ 3l8div o}, v)a 0 < Vi llEgllvt 2.0t

+ o]

solldiv villaoflviflae.  (41)



Ucnonb3yem nasee st oneHku ||v€|laq # ||vf]|s,o HepasencTBO (CM.
Jagprkenckas O.A. [1])

lulliq < 4llul? olluel3 o- (42)

2 2 2
Brech n nasnee ncnosmbayercs oboznavenue [|vgll3 o = D i [ve, 5.0
IMoxcrapmnss noydeHHble BhIpazkeHus B (41), MBI IPHXOIUM K OIIEHKE

I < Csllogllz.allvll2.0llve 2.0t
1 1 . 1 1
Co [|v°)13 ollvz 13 olldiv vill2.allvf I3 ollvg:ll5 o (43)

ITpumensist k (43) mepasencrBo FOHra, MBI IOy IaeM CJIE/YIONIYIO OLEHKY

I < 1llogll3.0 + Cs, 15113, allvfl13,0 + d2lldiv vi |13 o+
Cs, [[v]l2.allvzll2.0llvt 2. 2llvll2.0,  (44)
rae 6;(i = 1,2) - 10CTATOYHO MAaJIEHbKHE BEJMUIUHBI, KOTOPbIE OyIyT

BbIOpaHbI 10371Hee, a Cs, - KOHCTAHTHI, 3aBucsime ot d;, (i = 1,2).
JaJjiee Mbl UMeeM

I < 81flvpli3 0+ Collvell3 ollvill3 o + S2lldiv of 13 o+

3sllvsell3 . + Casllvgll3 allvill3 o-  (45)

Bueck yxe Cs, 3asucur ot Cy,, 03 1 0T HOPMSBL ||v¢||2, 0, KOTOpast orpaHuieHa
B cury (36).
ITepexoauM Tenepb K OIEHKe CIIeyOIIEero 1ieHa JeBoii yacru (38).

0

0
KD = D) < [ 5 KDl s (46)

JleficTBysT aHAJIOTUIHBIM 0OPA30M U €Ille pa3 UCIOJIb3ys HepaBeHcTBO FOHTA,
MBI MOYKEM OIEHUTDH wieH [ ciemytonumM obpa3om

Il =

€ 8 €
1T < kalogl3.0 + Crall 7, (KD )30, (47)
rie Cy, = %Iil_l. Hasee myis ipasoii yactu (38) Mbl nMeeM

€ € 1 1 €
(1> vD)2.0 < [ fill2ellvillz < S fellz0 + Sl fill2llvfll3,0 (48)

Cobupast BmMecre onenkn (45),( 47) u (48) u mojcTaB/IAsA UX B HHTEIPAIBHOE
TOXKIECTBO (38), MBI IPUXOM K HEPABEHCTBY

10



1d

5 0B + vl + v o 3.0 <

< dillvzliza + Cs ||%||§,Q||’Ut6||§,9 +82ldiv vof |13 o + dsllvgll3 o+
0
+ CaullvslI3 allvill3 o + m1llvg 3.0 + C, ||&(KD6)II§,Q+
1 1 .
+ 5l + Sl fell2gllvilz e (49)

Beibupast 61,2, 03, k1 JOCTATOUHO MAaJIbIMU, (HAIIpUMED, 01 = 03 = k1 = %

1)
0y < 2%), MBI [TOJIY4aeM
1d 1
o+ Yl + mldiv ef3q <
€ 8 €
< el [IolBa(Cs +Ca) + 3l idan + 5l Allan + Cull KD
(50)

Moxkuo cuurarh € < 1, Torma B Ka4ecTBe dg MOYKHO B3SITh % Torna Cs,, Cs,
U JIpyrue KOHCTAHTHI IIPaBbIX YacTell He 3aBUCHAT OT €.
Benencrsue memmbr I'ponyostia

t
V13,0 < exp (/O [ fell2.0 +2(Cs, + Cs,) 0513 dT) :

160+ [ (flln + 200 KD Baar] . (1)

[TockobKy fot & (KD)|3, < C3 fot [ve]l3,0, a Graromapst onenke (37)
fo ||’uz||2 Q< C; , MBI TIOJIydaeM CJIEJLYIONLYIO ONEHKY JUIs ||vf ||2 Q
t
Cy
loila < op | ([ Iflan) + 2o + €)%
0

~
t

~[||v:<o>||§,g+( / ||ft||2,g>+20mc§c§]c7. (52)
0

Kpome Toro, 3amenus Hopmy ||’u,f||§Q na ||vf]|3 ., B npasoit wacru (50) u
npounrerpuposas (50) mo ¢ or 0 70 ¢, MBI MOXKEM OIIEHUTH HOPMY ||v5:||2.0 1
uHopMy ||div v§||2,q0, IpuIeM OneHKH HOPM ||vf||2,00 ¥ ||VS,; 2,0 He 3aBucaT oT €.
HeiicTBUTEIBHHO,
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[[og (@)

v 1, ..
2+ LIl n + ol v g, <
t
< o£(0) 2 + 2[5 - [2(051 +Cs) ( / 1.0 dT> ; |ft||2,1} +

o
ez + 2 ([ 15 KD Badr ) <
0 t
< IO+ 207 [2(Cs, + o) B, + Ifilloa] +

C
+ [ fillan 200 C3 =2 <

C
< IO+ 20 [2Cs + Co) S + IAilla | +

C.
+ [l fellon +2Ck, C3 = =

Cs. (53)

Ouerky ||v§(0)]|2,0 MoxkHO HOTyunTh U3 ypasuenus (17). HeficTBurenbHo,

1 1
vy (0) = f(0)+ Egrad div vp — §v6div vg+rAvy — (vG- V)vg+ (div KD)(0).
(54)

B cuny coiicrsa (10) oneparopa K npasasi 4acTb npu (GUKCUPOBAHHOM €
paBmua koncranre C'.

Nrax, MBI 3HaEM OIEHKY HOPMBI ||Ugt||2,Q,. CrremoBaTeanto, HOpMa ||vg|
TakKe KoHeuHa. Kpome toro Ml onenmin HopMy ||div vgl|2 gq-

2,00

5% TeOpeMbI CymieCTBOBaHUA

IToygenmbie OMEHKN TTO3BOJSIOT YTBEPKIATh, ITO BEPHA CJIEAYIOINAasd TeopeMa
CYIIECTBOBAHMS PENICHMsl I BO3MYIIEHHON HavaJbHO-Kpaesoil 3amauu (17),

(18), (19).

Teopema 2. IIyemov Q - ozpanuuennas obaacmv R? ¢ enadkoti eparuyed
00 € C. IIpednonosicum, wmo npasas wacmo cucmemvi (17) f € Lo 1(Qr),ft €
L21(Q7) , a nauaavnve dannve v§ € Wi(2). Tozda navasvro-xpaesas sadaua
(17), (18), (19) umeem eduncmeennoe pewenue v € Loo(0,T;WEH(Q)), oaa
xomopozo div v¢ € Lo(Qr),div v € Lo(Qr). Imo pewenue ydosaemeopaem
mootcdecmey (13) das awboti Pyrkyuu @ € WQI’O(Q) U KPOME M020 6HIMONHEHDL
nepasencmea (36), (37), (52), (53), (npunem nopmov ||v¢]|2,00, V512,045 1|5 l2,00
u ||vSell2,0r O2paMUNERDL KOHCMARMAMU, HE 3ABUCAUUMY O € 6 CAYUAE, ECAU
HAYAADHDIE OAHHBLE VG 02PAHUNEHDL KOHCTNARMOT, He 3asuciwet om €).

Jloka3aTeIbCTBO IPOBOAUTCA METOIOM [ ajepKuHa.
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Hocrponm dyskiun v€™) | mpubmmkaromnie hyHKIIO V- HCKOMOE PeIIeHIe
HavaIbHO-Kpaesoit 3a1aun. [lycts af (1)- dbyHnmamenTambras cucrema byHKImit
B npoctpanctee W3 (), opronopmuposannas B L2(£2). Mbl 1oka 4To B 9TO

TeopeMe CUYHTaeM € (PUKCHPOBAHHBIM. Pazioxum v 1mo dynIaMeHTaIbHOM

cucremMme ak 1 pacCMOTPpUM JaCTHUYIHbIE CYMMBbI

e(n)

Ortu byHKIMH v, cxoaarcs K v B La(£2).
B kauecTBe npub/nKeHUii HAIErO pPereHns: Bo3bMeM (DOYHKIUHI

v (2, ) chn (56)

Oyukiwu Cp, JMOJKHBI OYIYT YI0BJIETBOPSATH HAYAJIbHBIM yCJIOBUASIM

Cin(t)|t=0 = CP, l=1,...,n (57)

A dyskun ve(m) OyJileM MCKATHb UCXO/JIsl M3 MHTErPAJIbHOTO TOXKIECTBA

(" aa + (5™ b — (e, al o
1
- 5(v€<”>div ™ alg + / (KD™ : D)+
Q

1
+ =(div v*™ div a')q = (f,a")a  (58)

€
(Bmecy  uepes D™ oBosmauen Temsop ckKopocreil medopmarn,
coorsercTByfomuii dysxmum v, a Temszop D, coorBercTByeT bYHKIHI

al).
IToacrasus Bepakenne (56) B MHTErpAIbHOE TOKIECTBO, HOJLY UM

(Z di a*(x),a (x)) +v <Z Crnak(x), aé(m)) —
k=1 Q k=1 Q
3 et @ (3 0)> " (K(Z ckn@)ag’i.(x)),a;(m)) "
k=1 i=1 Q k=1 Q
(dlv Z C;ma ),div a (ac)) +

Q

+ <<_Z CanlBii ()Y cma;,g,al) ~ (f.a')o. (59)

Q

Cucremy (59) MOXKHO nepenucaThb B BUJIE
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d
Ecln +Vzckna -3 Z CinC zna +

kzl

+<m§ymwﬁ@»%@0 +
_ Q
+ - Z Ckn ”10/ Z C’Ln Ckn a

kzl i,k=1

Bnecs a*,a*, a¥!,a*" - gncia, paBHBIE COOTBETCTBEHHO

a*' = (af, d})a,

a* = (div o”, div a')q,

a = () aj(w)al, (z),a)q,
k=1,2
aM = (a*div d',d")q.
Cucrema cBesach K 3azade Komm Buga
d
—C=AC
dt

C(0) = {Cin(0)},

(fa al)Q-

(65)

(66)

roe C(t) - rtpeyrombnas marpuna {Ci;(t)}ij=1,..n, 3aBUCAIIAS OT OXHOI

nepemennoit t. Omepatop A yaoBeTBOpsieT ycjioBHiO Jlummuna B HOpME
maxycio,0) |ul| = ||ulw- TToxkazxem sTo. Pasobrem ero na jipa ciaraembix A =

AM L AR A®) coorBercrsyer caraemonmy, conepramenmy omeparop K, a A1

‘A(Q)(C(l)) _ A(Q)(C(Q))‘ _

‘(K ZO@B(t)a’;(z)] ) - (K Zc,i?u)a’;(m)] )
k=1 Q k=1 Q
<K [ cl ] K zc,aaumz(@] lak||2,0 <

k=1 k=1 2,0
<o Ny - e w)ak(a)||  llak)lze <
k=1 2.Q

)

Z (C (M) —Cc2)
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COJIEPIKUT BCe ocTasbHble ciaaraembie. Torma A () MOKHO ONEHHTH CJtery oM
obpaszom

(67)



Baecs Mbl ywm csoiicrBo (7) oneparopa K. Uro kacaercs omeparopa
AWM 10 on mpescraisier coboii HempepbBHO AnddepeHIIpyeMyio (byHKIIIO
no nepemenHbiM Cj; W, CII€OBATENIBHO, YJIOBJIETBOPSET JIOKAJIBHO YCJIOBHIO
Jlummmua.  Ilycrs L- koncranmra Jlunmwma s A, Torma Mbl  MoxkeM
HOCTPOUTD JIOKAJIbHbIE 110 BPEMEHU DEIleHud (KaK 3TO CIeJAHO B MOHOrpadun
Kpacnoceasckoro u jpyrux [7]). Ilpounrerpuposas no t ypashenue (65),
MBI TOJIy9UM ypaBHEHHE CO cKuMarommMm omeparopom C = fOT AC. A
3HAYUT, K HEMY [IPUMEHUM METOJI TIOCJIe0BaTe/IbHBIX IpubnKennii. Herpyiao
BUJIETH, 9TO OIIEPATOP, CTOAIIUI CcIIpaBa B HoceaHeil hopmyJie, 1eficTBUTEILHO
COKUMAOIIUN TIPY TTOIXOISIIEM T.

/ (ACY — AC?)| < 7 max |[ACY) — AC?| < Lt max |[CY —C?)|.
0 te(0,7] te[0,7]
(68)

Bribpas 7 = 7y Tak, uro L7y < 1, MBI mosryaum pernenne 3agaqu Komn mjis
cucreMmbl (65) na orpeske [0, 79]. Hasee, paccmorpes 3agady Komu ¢ HagaibHbIM
yeaouem C(7) = C(7p) u pemms ee, Mbl IIOJIY9IUM DereHue Ha orpeske [0, 27p)
U Tax Jiajiee.

InobajbHoe pelenne CymecTByeT, IOTOMY YTO Mbl MOYKEM OLEHNTH PelleHust
Cy, cucrempr (60), I = 1,...,n. JelcTrBUTENBHO, YMHOXKUM KaXKJI0€ YDABHEHHIE
(59) ma Cy,, (t) m mpocymmvupyem o [ = 1, .. ., n. Torma, 3amenns obparmo v<(") =
Yoy Cin (t)al (z), momyumm, aro v<(™ yroBreTBOpsier paBeHCTBY

(o) B o (o
Q
1
5( <) iy < pem))g +/(KDE(") . DMy
Q
1
+ Ldiv o3 = (7.0 a. (69)

N3 3TOr0 COOTHOIIEHWS CJIEJYyeT, UTO AIIPOCUMAINKN [ ajlepKUHA ve(m)
YIOBJIETBODPSIOT PaBeHCTBY (33), a OTCIoa, B CBOIO OYEpE/b, CJIEIYET, UYTO
nopma ||v¢("™||g.q onmenusaercs xoncramroit Cs. Ciie0BATENBHO, TIOTYYACTCH,
9TO MaX¢e[o, 7] |Cln (t)| < Cs.

Mpbl  ¥MMeeM  MHOXKECTBO  HPHUOJMMKEHHBIX  PeIeHuit {Ue(”)}fle
ITpomuddepennmposas ypasaerune (58) no ¢, yMHOXKHUB CKAJISPHO Ha %Cm(t)
¥ mpocyMMupoBaB mo | = 1,....n, Mbl momyumM, uro dyskmmm v
YZIOBJIETBODSIIOT MHTErPAJbHOMY paBeHCTBY (38), M3 4Uero BBITEKAIOT OIEHKU
(52),(53) muist aToit cucrembl DyHKIHIA.

Ipu nomorm naGopa dynkumii v MoxkHO 1Ist 1106010 € < 1 TOCTPOUTH

€ - pemeHre HadaIbHO-KpaeBoit 3agaqn (17) - (19).

HeiicrBurensrno, u3 onenok(36), (37), (52), (53) caeayer, uro mpm
T < oo byskmm v<™ vé(n),vi(n), ’u;in) u %div v npunaekar
upoctpalcTBy Lo(Q). TTocKoIbKY OrpaHMYeHHOEe MHOYKECTBO B TUIIBOEPTOBOM
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IPOCTPAHCTBE €1ab0 KOMIAKTHO, u3 mociesosareabroctn v MOXKHO
BBIIEJIUTDH IIOAMNOCJIE0BATEILHOCTD ve(”s),6ﬂa6o cxomginyiocs B Lo(Qr) K
byukimu v¢. Byaem mo-pexkaeMy 0603HAYATH 3Ty HOCTIEI0BATETLHOCTS v¢(™)
113 T10C/Te T0BATEMHOCTH U5 MOYKHO BBLIEIHTD OITIOC/IE IOBATEILHOCTD v;(’“’,
c1ab0 CXOIANTYIOCS K (DYHKITUN, KOTOPAsT, B CAJTY €JMHCTBEHHOCTH IIPOU3BOTHOM,
paBHa v5. O6G0O3HAYNM 3Ty IOCJIEIOBATEIBLHOCTH TOXKE ost™. IIpoBomst Takyto
K€ TPOIEIYPY, MbI MOMKEM IHOIYUHTh IOCIEI0BaTeIbHOCTE v¢(™) Takyio, UTo
v e, vy ) ’u;g") exongaTes ¢rabo K v¢, v5, vf, U5, cooTBeTCTBEHHO. Kpome
TOT0, TIOCKOJIBKY TTPOCTPAHCTBO ng - (Qr) BrIagpIBaeTCH KOMIAKTHO B Lo(Q7),
to mosywaercs, aro v cumbro cxomaTes B Lo(Qr). AHamOrmUHO MOMKHO
sakmmounth, aro v¢(™ cubno cxonaTes B Lo(Q) mpu sobom t. TTokaszkem, o v
- pelrenne HadaJbHO-Kpaesoii 3azaqau (5), (6), (11), (12). Coornomtenns (11) u
(12) ouesuubl. MaTErpansroe Toxk1ecTBo (13) mosmydnm ciiefyonmM o6pasom.
Kaxas dynakmms v yI0BIeTBOPSET TOXKIECTBY (20) ms 0601t dyHKIMKI
(o]

o
0 €WS (Qr), B gactnoctu u 1 p €EWS (Qr) N J°(Qr). dna taxux dyukuuii
( TmocseAHuit daeH B jeBoit wactu (20) obparurcs B 0. 113 ciaboit cxogumocTn
V, Vg, V¢ CIEJYET CXOJMMOCTH BCEX JMHEHHBIX WIeHOB (13) K COOTBETCTBYIOIIM
wrenam (20) :

T () T
/(v:",mw/ fo)a,  n— oo,
0 0

T T
/ (W™ o) — / (@), m— oo, (70)
0 0

CX0uMOCTDb HEJIMHEHHBIX YJIEHOB MOJIY9aeTCs CJILYIOIUM 06pa3oM

ockommpky MuOKecTBO {D™}, n € N, orpammieno B IPOCTpPAHCTBE
Ly(Qr), To B cuty menpepssrocTn oneparopa K mmoxecrso {KD (™M} rakxe
orpanundeno. 13 Hero BuiGupaeM ¢aabo CXOIANLYIOCH IIOJIIOC/IEI0BATEIHLHOCTD
(camraem, aTo cama nocyeosaresaocts { KDY ciabo exomures B Lo (Qr)).

Torna
T T
/ /(KD€<”>;D¢)—>/ /(KDE:Dw), n — 0. (71)
0 Q 0 Q

Tasee, mockoseky v u div v€("™) orpanmtaensl, TO 1 MHOKECTBO TOMAPHDIX
npomssesermit {v<(™div v}, n € N orpanuveno B Lo(Qr). U3 mero Moxio
BBIOpATH CJ1a00 CXOMATIYIOCS TIOCIETOBATEIHHOCTD (CIATAEM OISITH, ITO CaMa
HOCJIEI0BATENBHOCTD ¢1a00 cxomutes B La(Qr) ). B pesynbrare nmosmyuaem

T T
/ (M div v ) — / (vediv v€, @), n — oo (72)
0 0

n n
Jlajiee ¢ OCTABIIUMCA 9JICHOM ’u;( )’ui(k ) HocTymmaeM aHATIOrIHHO.

Teopema 0 pazpemmMocTH BO3MYIIEHHON HAYAJIbHO-KPAEBOH 3a/adu
JIOKa3aHAa.
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Urak, Ml numeem wHabOp dyukumit v¢ mis goboro € < 1. Ilokaxkem, aro
npu € — 0 9Tu GYHKIUHA CTPEMSATCS K PEIIEeHUIO U HEBO3MYIIEHHON HAYAJIBHO-
kpaepoii 3amaun (5), (6), (11), (12). HdeficTBuTe pHO, OrPAHUUEHHOE MHOXKECTBO
B rujIb0E€pPTOBOM IIPOCTPAHCTBe cIab0 KoMiakTHO. PyHKIuU v€,05,05, vs, yKe
onenenbl. Cie0BaTeIbHO MbI MOXKEM 13 ODOOIIEHHON I0C/Ie0BATEIHLHOCTH ¥°
BBIJICJIUTD [OJIOCIIEA0BATEIBHOCTD V" TaKyI0, 9TO V™, 0S™, U™, Uy} CXOIATCH
cmabo B Lo(Qr). Tlockonbky W, ' (Qr) BriIampiBaercs KOMIAKTHO B Lo(Qr) n
B L2(f2), To v cxomgarest cunbHO B La(Q7) u B La(2). Bynem nasee caurars,
9TO caMa [OCJIe0BATENBHOCTh ¥¢ cxoauTest. PaBeHCTBO (6) Ciieyer u3 oneHKH

1
—[|div v¢||2,0 < C (73)
€

npu nepexose K npegeny no € — 0. Coormomennst (11) u (12) odeBnmmHbI.
Uurerpanbuoe toxzaecrso (13) mosyunmm caemyomum  obpaszom. Kaxnas
dbysxmst v¢ yaosiersopsier ToxzaectBy (20) sgus sobol dbyHKIMH @ €
Wy (Qr), B wacraocru u gst @ € Wyl (Qr) N JO(Qr). st raxux dbyuxiyii
 TocseHui uieH B jieoii wactu (20) obparurcs B 0. VI3 cnaboit cxoaumoctn
V, Vg, U CIEIYET CXOMUMOCTH BCEX JTMHEHHBIX WIeHOB (13) K COOTBETCTBYOMIM
wrenam (20) :

T T
/ (UtE) (10)279 - / (Uta 30)2,9) € — 0;
0 0
T T
/ (05 u)2ar — / (vn@o)oa €= 0, (T4)
0 0

Jamee MOXKHO TIPOBECTH PpaCCyXkKJEHUE, AHAJOTUIHOE JIOKA3ATETbCTBY
npeabiayeit Teopembl. Mbl mepexoanM K mpefeiry mo € — (0 U IOKa3bIBaeM,
9TO MOXKHO IEpeiTH K IIpeJiesly B MHTErPAJIbHOM TOXKJIECTBe.

B pesynbraTe MBI MOXKEM yTBEPXKJATh, UTO BEPHA CJIEAYIONIAs TEOPEMa O
CXOJIIMOCTH PeleHnil BO3MYIIEHHON 3a/ 1891

Teopema 3. Ilycmov ) - oeparuyerHas obaacmd ¢ 2sadkol epanuyet; 0S) €
Cl. IIpednosooicum, wmo npasas wacmo cucmemw, (17) f € La1(Qr),
ft € L21(Qr), a nauaavnve dannve vs € WE(Q). Toeda nanarvro-xpaesas
sadawa (17), (18), (19) umeem eduncmsennoe pewenue v¢ € Wy (Qr) N
Loo(0,T; W3 (). Omo pewenue v¢ npu € — 0 cmpemumea 6 Lo oo(Qr) *
PEWEHUI0 U HEBO3MYUEHHOT Havarvro-kpaesol 3adavwu (5), (6), (11), (12).

Asrop 6arogaput Huny HukosaesHy Y pasblieBy 3a MOJIE3HbIE 00CY K ICHUST
U 3aMedaHus.
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