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om3 ÉÀÌÑ 2017 Ç.áîîï�áãéñòÁÂÏÔÁ �ÏÓ×ÑÝÅÎÁ ÚÁÄÁÞÅ ÎÁÈÏÖÄÅÎÉÑ ËÏÎÓÔÁÎÔÙW ∗2 = supf∈F 0 ‖f‖!2(f; 1) ;ÇÄÅ F0 { �ÒÏÓÔÒÁÎÓÔ×Ï ÏÇÒÁÎÉÞÅÎÎÙÈ ÆÕÎË�ÉÊ, ÏÂÌÁÄÁÀÝÉÈ Ó×ÏÊÓÔ×ÏÍk+1
∫k f(x) dx = 0 ∀k ∈ Z:ðÒÅÄÌÏÖÅÎÎÙÊ �ÏÄÈÏÄ Ë ÒÅÛÅÎÉÀ �ÏÚ×ÏÌÉÌ ÚÎÁÞÉÔÅÌØÎÏ ÕÌÕÞÛÉÔØ Ï�ÅÎËÕW ∗2 �Ï ÏÔÎÏÛÅÎÉÀ Ë ÉÚ×ÅÓÔÎÏÊ ÒÁÎÅÅ, Á ÔÁËÖÅ ÓÕÚÉÔØ ËÒÕÇ �ÏÉÓËÁ �Ï ÆÕÎË-�ÉÏÎÁÌØÎÏÍÕ ÓÅÍÅÊÓÔ×Õ.äÏËÁÚÁÎÏ, ÞÔÏ ÉÓËÏÍÁÑ ËÏÎÓÔÁÎÔÁ ÔÁËÖÅ Ñ×ÌÑÅÔÓÑ ÎÁÉÌÕÞÛÅÊ × ÏÄÎÏÍÎÅÒÁ×ÅÎÓÔ×Å ÔÉ�Á äÖÅËÓÏÎÁ.ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ×ÔÏÒÏÊ ÍÏÄÕÌØ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ, ÎÅÒÁ×ÅÎÓÔ×Ï ÔÉ�Á äÖÅË-ÓÏÎÁ
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1 ÷×ÅÄÅÎÉÅ1.1 ðÏÓÔÁÎÏ×ËÁ ÚÁÄÁÞÉïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ F 0 �ÒÏÓÔÒÁÎÓÔ×Ï ÉÚÍÅÒÉÍÙÈ ÏÇÒÁÎÉÞÅÎÎÙÈ ÆÕÎË�ÉÊ, ÏÂÌÁ-ÄÁÀÝÉÈ Ó×ÏÊÓÔ×ÏÍ k+1
∫k f(x) dx = 0 ∀k ∈ Z: (1.1)æÕÎË�ÉÉ �ÒÅÄ�ÏÌÁÇÁÀÔÓÑ Ï�ÒÅÄÅÌÅÎÎÙÍÉ × ÌÀÂÏÊ ÔÏÞËÅ É ×ÅÝÅÓÔ×ÅÎÎÏ-ÚÎÁÞÎÙÍÉ. ÷×ÅÄ£Í × �ÒÏÓÔÒÁÎÓÔ×Å F 0 ÎÏÒÍÕ

‖f‖ = supx∈R

|f |: (1.2)îÁ�ÏÍÎÉÍ, ÞÔÏ ×ÔÏÒÏÊ ÍÏÄÕÌØ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ ÆÕÎË�ÉÉ f Ó ÛÁÇÏÍ hÏ�ÒÅÄÅÌÑÅÔÓÑ ËÁË!2(f; h) = sup
|t|≤h ‖f(x− t)− 2f(x) + f(x+ t)‖ :úÄÅÓØ ÖÅ ÏÔÍÅÔÉÍ ÎÅÓËÏÌØËÏ ÏÞÅ×ÉÄÎÙÈ Ó×ÏÊÓÔ× !2(f; h), ËÏÔÏÒÙÅ ÎÁÍÓËÏÒÏ �ÏÎÁÄÏÂÑÔÓÑ: !2(f; h) ≤ !2(g; h) + 4‖f − g‖; (1.3)!2(�f; h) = |�|!2(f; h); (1.4)!2(f(·+ 1); h) = !2(f(·); h); (1.5)!2(f(−·); h) = !2(f(·); h): (1.6)ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ W ∗2 ÔÏÞÎÕÀ ËÏÎÓÔÁÎÔÕ × ÎÅÒÁ×ÅÎÓÔ×Å

‖f‖ ≤ K · !2(f; 1) (1.7)ÄÌÑ �ÒÏÓÔÒÁÎÓÔ×Á F 0.÷ [1℄ à. ëÒÑËÉÎ ÕÓÔÁÎÏ×ÉÌ, ÞÔÏ0:5058 ≤ W ∗2 ≤ 0:6244:ðÒÉ ÜÔÏÍ ÉÍ ÂÙÌÏ �ÏËÁÚÁÎÏ, ÞÔÏ ÍÏÖÎÏ ÏÇÒÁÎÉÞÉÔØÓÑ ÒÁÓÓÍÏÔÒÅÎÉÅÍ ÆÕÎË-�ÉÊ f , ÄÌÑ ËÏÔÏÒÙÈ supx∈R

|f | = supx∈[0; 12 ℄ |f |:äÏËÁÚÁÔÅÌØÓÔ×Ï Ï�ÅÎËÉ ÓÎÉÚÕ (0:5810 < W ∗2 ) × [1℄ ÓÏÄÅÒÖÉÔ ÏÛÉÂËÕ,�ÏÜÔÏÍÕ ÍÙ ÚÁÍÅÎÉÌÉ ÜÔÕ Ï�ÅÎËÕ ÎÁ ÔÕ, ËÏÔÏÒÁÑ ÂÙÌÁ ÕÓÔÁÎÏ×ÌÅÎÁ ÎÁ ÓÁÍÏÍÄÅÌÅ.éÍ ÔÁËÖÅ ÒÁÓÓÍÁÔÒÉ×ÁÌÁÓØ ÁÎÁÌÏÇÉÞÎÁÑ ÚÁÄÁÞÁ ÄÌÑ ÓÔÁÒÛÉÈ ÍÏÄÕÌÅÊÎÅ�ÒÅÒÙ×ÎÏÓÔÉ. îÁÉÌÕÞÛÉÅ ÉÚ×ÅÓÔÎÙÅ ÎÁ ÄÁÎÎÙÊ ÍÏÍÅÎÔ ÒÅÚÕÌØÔÁÔÙ ×ÜÔÏÍ ÎÁ�ÒÁ×ÌÅÎÉÉ �ÏÌÕÞÅÎÙ × [2℄. 3



ðÕÓÔØ Fb = {f∈F 0∣∣
∣
f (1 + b2 ) = ‖f‖ = 1} ; F ∗ = ⋃b∈[0;1℄Fb:÷ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ ÉÓÓÌÅÄÕÅÔÓÑ �Ï×ÅÄÅÎÉÅ ×ÅÌÉÞÉÎÙ inff∈Fb !2(f; 1) �ÒÉ b ∈ [0; 1℄.üÔÏ ÍÏÔÉ×ÉÒÏ×ÁÎÏ ÓÌÅÄÕÀÝÉÍÉ ÒÅÚÕÌØÔÁÔÁÍÉ.õÔ×ÅÒÖÄÅÎÉÅ 1. W ∗2 = supf∈F∗

‖f‖!2(f; 1) = 1inff∈F∗

!2(f; 1) :Proof. ðÏËÁÖÅÍ, ÞÔÏ supf∈F 0 ‖f‖!2(f; 1) = supf∈F∗

‖f‖!2(f; 1) :ðÏ Ï�ÒÅÄÅÌÅÎÉÀ, ÄÌÑ ÌÀÂÏÇÏ n ∈ N ÎÁÊÄ£ÔÓÑ ÔÏÞËÁ xn ∈ R ÔÁËÁÑ, ÞÔÏ
|f(xn)| > ‖f‖ − 1n:îÅ ÕÍÁÌÑÑ ÏÂÝÎÏÓÔÉ, ÍÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ f(xn) > 0. òÁÓÓÍÏÔÒÉÍfn(x) = {f(x); x 6= xn;

‖f‖; x = xn÷ ÓÉÌÕ (1:3) !2(fn; 1) ≤ !2(f; 1) + 1n;ÚÎÁÞÉÔ, ÎÁÍ ÄÏÓÔÁÔÏÞÎÏ ÒÁÓÓÍÏÔÒÅÔØ ÆÕÎË�ÉÉ, ÄÏÓÔÉÇÁÀÝÉÅ Ó×ÏÅÊ ÎÏÒÍÙ.÷ ÓÉÌÕ (1:4) ÄÏÓÔÁÔÏÞÎÏ ÏÇÒÁÎÉÞÉÔØÓÑ ÓÌÕÞÁÅÍ f ∈ Fb, b ∈ R.îÁËÏÎÅ�, × ×ÉÄÕ (1.5) É (1.6) ÍÏÖÎÏ ÓÞÉÔÁÔØ b ∈ [0; 1℄.ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ F �ÒÏÓÔÒÁÎÓÔ×Ï ÏÇÒÁÎÉÞÅÎÎÙÈ ÉÚÍÅÒÉÍÙÈ ÆÕÎË�ÉÊ,ÏÂÌÁÄÁÀÝÉÈ Ó×ÏÊÓÔ×ÏÍ
∫ k+1k f(x) dx = ∫ 10 f(x) dx ∀k ∈ Z;Ó ÎÏÒÍÏÊ, Ï�ÒÅÄÅÌ£ÎÎÏÊ ×ÙÛÅ.õÔ×ÅÒÖÄÅÎÉÅ 2. ðÕÓÔØ f ∈ F , E0(f) { ÎÁÉÌÕÞÛÅÅ �ÒÉÂÌÉÖÅÎÉÅ f �ÏÓÔÏ-ÑÎÎÙÍÉ, J∗2 { ÔÏÞÎÁÑ ËÏÎÓÔÁÎÔÁ × ÎÅÒÁ×ÅÎÓÔ×Å ÔÉ�Á äÖÅËÓÏÎÁE0(f) ≤ K · !2(f; 1):�ÏÇÄÁ J∗2 =W ∗2 :4



Proof. ðÕÓÔØ f ∈ F ∗,fn(x) = 









f(x); x ≤ 1;n−kn f(x); x ∈ (k; k + 1℄; k = 1::n0; x > n+ 1:òÁÓÓÍÏÔÒÉÍ~fn = fn(x) − fn(2n+ 2− x); ~F = { ~fn∣

∣

∣
f∈F ∗; n ∈ N

} :îÅÓÌÏÖÎÏ ×ÉÄÅÔØ, ÞÔÏE0( ~fn) = ‖ ~fn‖ = ‖f‖ = 1; !2( ~fn; 1) ≤ !2(f) + 4n:ðÏÜÔÏÍÕW ∗2 = supF∗

‖f‖!2(f; 1) = sup~F ‖f‖!2(f; 1) = sup~F E0(f)!2(f; 1) ≤ supF E0(f)!2(f; 1) = J∗2 :ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, ÅÓÌÉ f ∈ F , ÔÏ (f −
1
∫0 f(x) dx) ∈ F 0, �ÏÜÔÏÍÕE0(f) ≤ ‖f −

1
∫0 f(x) dx‖ ≤ W ∗2 · !2(f; 1);ÏÔËÕÄÁ ÓÌÅÄÕÅÔ, ÞÔÏ J∗2 ≤ W ∗2 :1.2 ïÓÎÏ×ÎÙÅ ÒÅÚÕÌØÔÁÔÙäÌÑ ÆÏÒÍÕÌÉÒÏ×ËÉ ÔÅÏÒÅÍ ÎÁÍ �ÏÎÁÄÏÂÉÔÓÑ ÆÕÎË�ÉÑq(b) = { 9627b3−27b2+9b+55 ; b ∈ [0; 13] ;8(11b2+66b−13)3b4−69b3+17b2+385b−80 ; b ∈ [ 13 ; 1] :�ÅÏÒÅÍÁ 1. ðÕÓÔØ f ∈ Fb. �ÏÇÄÁq(b) ≤ !2(f; 1):æÕÎË�ÉÑ q(b) ÎÅ�ÒÅÒÙ×ÎÁ ÎÁ ÏÔÒÅÚËÅ [0; 1℄, ÉÍÅÅÔ ÎÁ ÜÔÏÍ ÏÔÒÅÚËÅ ÒÏ×ÎÏÄ×Á ÉÎÔÅÒ×ÁÌÁ ÍÏÎÏÔÏÎÎÏÓÔÉ É ÄÏÓÔÉÇÁÅÔ ÍÉÎÉÍÕÍÁ ÍÅÖÄÕ ÔÏÞËÁÍÉ 0:43 É0:44, �ÒÉÞ£Í q(b) > 1:6721:5



ðÏÓÌÅ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÔÅÏÒÅÍÙ 1 ÍÙ �ÒÅÄÌÁÇÁÅÍ ÆÕÎË�ÉÀ ÉÚ ÍÎÏÖÅ-ÓÔ×Á F ∗ Ó ×ÔÏÒÙÍ ÍÏÄÕÌÅÍ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ ÒÁ×ÎÙÍ 3786120548 − 37√854520548 < 1:6762.�ÁËÉÍ ÏÂÒÁÚÏÍ 1:6721 ≤ q(b) ≤ inff∈F∗

!2(f; 1) ≤ 1:6762;ÏÔËÕÄÁ, ÓÏÇÌÁÓÎÏ ÕÔ×ÅÒÖÄÅÎÉÀ 1, ÓÌÅÄÕÅÔ�ÅÏÒÅÍÁ 2. 0:5965 ≤ W ∗2 ≤ 0:5981;�ÒÉÞ£Í W ∗2 = supb∈[b0; b1℄ 1inff∈Fb !2(f; 1) ;ÇÄÅ ÔÏÞËÉ 13 < b0 < b1 < 1 Ñ×ÌÑÀÔÓÑ ËÏÒÎÑÍÉ ÕÒÁ×ÎÅÎÉÑq(b) = 3786120548 − 3720548√8545:2 îÅÓËÏÌØËÏ ÌÅÍÍ, Á ÔÁËÖÅ Ï ÍÅÔÏÄÅ × �ÅÌÏÍäÌÑ ÓÒÅÄÎÅÇÏ ÚÎÁÞÅÎÉÑ ÆÕÎË�ÉÉ ÎÁ ÏÔÒÅÚËÅ [x− r2 ; x+ r2], ÇÄÅ r > 0, ÍÙÉÓ�ÏÌØÚÕÅÍ ÏÂÏÚÎÁÞÅÎÉÅ fr(x) = 1r x+r=2
∫x−r=2 f(s) ds:ðÒÉ ÜÔÏÍ ÓÞÉÔÁÅÍ f0(x) = f(x).äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÔÅÏÒÅÍÙ 1 ÍÙ ÓÆÏÒÍÕÌÉÒÕÅÍ ÒÑÄ ÎÅÒÁ×ÅÎÓÔ×, Ó×Ñ-ÚÙ×ÁÀÝÉÈ ÓÒÅÄÎÉÅ ÚÎÁÞÅÎÉÑ ÆÕÎË�ÉÉ f ∈ Fb Ó Å£ ×ÔÏÒÙÍ ÍÏÄÕÌÅÍ ÎÅ�ÒÅ-ÒÙ×ÎÏÓÔÉ. úÁÔÅÍ ÍÙ �ÏÓÔÁ×ÉÍ ÚÁÄÁÞÕ ÌÉÎÅÊÎÏÇÏ �ÒÏÇÒÁÍÍÉÒÏ×ÁÎÉÑ!2(f; 1) → inf ;ÏÔÎÏÓÉÔÅÌØÎÏ ÜÔÉÈ ÓÒÅÄÎÉÈ É ×ÅÌÉÞÉÎÙ !2(f; 1), ÓÞÉÔÁÑ ÉÈ �ÒÉ ÜÔÏÍ ÁÂ-ÓÔÒÁËÔÎÙÍÉ �ÅÒÅÍÅÎÎÙÍÉ.óÌÅÄÕÀÝÁÑ ÌÅÍÍÁ ÆÉËÓÉÒÕÅÔ �ÒÏÓÔÅÊÛÉÅ Ó×ÏÊÓÔ×Á ÆÕÎË�ÉÊ ÉÚ ÍÎÏÖÅ-ÓÔ×Á Fb.ìÅÍÍÁ 1. ðÕÓÔØ f ∈ Fb, �; h ≥ 0. �ÏÇÄÁf2� (1 + b2 − 2h)

− 2f� (1 + b2 − h)+ 1 ≤ !2 (f; h+ �2) ; (2.1)
−f� (1 + b2 − h)

− f� (1 + b2 + h)+ 2 ≤ !2 (f; h+ �2) ; (2.2)6



−2f2� (1 + b2 )+ 2 ≤ !2 (f; �2) ; (2.3)
−f 1−b2 (

−1− b4 )+ f 1−b2 (1 + 3 + b4 )+ 41− b ≤ 21− b · !2(f; 1): (2.4)Proof. ðÏÓËÏÌØËÕ f ( 1+b2 ) = 1, ÎÅÒÁ×ÅÎÓÔ×Á (2.1) É (2.2) �ÏÌÕÞÁÀÔÓÑ ÉÎÔÅ-ÇÒÉÒÏ×ÁÎÉÅÍ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏf (1 + b2 − 2h+ 2�s) − 2f (1 + b2 − h+ �s)+ f (1 + b2 )

≤ !2 (f; h+ �2)É
−f (1 + b2 − h+ �s) − 2f (1 + b2 + h+ �s)+ f (1 + b2 )

≤ !2 (f; h+ �2)�Ï s ∈ [

− 12 ; 12].äÁÌÅÅ, (2.3) ÓÌÅÄÕÅÔ ÉÚ (2.2), ÅÓÌÉ ÚÁÍÅÔÉÔØ, ÞÔÏ2f2� (1 + b2 ) = f� (1 + b2 − �2)+ f� (1 + b2 + �2) :îÁËÏÎÅ�, ÓÏÇÌÁÓÎÏ (2.3),
−2f2 (1 + b2 )+ 2 ≤ !2(f; 1);É ÄÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á (2.4) ÏÓÔÁÌÏÓØ ÚÁÍÅÔÉÔØ, ÞÔÏ, Ó ÕÞ£ÔÏÍ (1.1)2f2 (1 + b2 ) = 1− b2 f 1−b2 (

−1− b4 )+ f1 (12)+ 1 + b2 f 1+b2 (1 + 1 + b4 ) == 1− b2 f 1−b2 (

−1− b4 )

− 1− b2 f 1−b2 (1 + 3 + b4 ) :âÏÌÅÅ ÓÌÏÖÎÙÅ ÒÅÚÕÌØÔÁÔÙ �ÏÌÕÞÁÅÔÓÑ �Ï ÓÌÅÄÕÀÝÅÊ ÓÈÅÍÅ: Ó�ÅÒ×Á ×Ù-×ÏÄÉÔÓÑ ÕÔ×ÅÒÖÄÅÎÉÅ ×ÉÄÁ
∣

∣

∣

∣

∣

f� (x)− 2f�(y) + n
∑i=1 Æif�k(zk)∣∣∣∣∣ ≤ !2(f; h); (2.5)ÇÄÅ n

∑i=1 Æi = 1; Æi > 0; x+ n
∑i=1 Æizk = 2y:äÁÌÅÅ, ÅÓÌÉ ÜÔÏ ÔÒÅÂÕÅÔÓÑ, �ÏÌÕÞÅÎÎÏÅ ÓÏÏÔÎÏÛÅÎÉÅ �ÒÅÏÂÒÁÚÕÅÔÓÑ Ó ÕÞ£-ÔÏÍ (1.1). ÷ÓÔÒÅÞÁÀÝÉÅÓÑ × ÄÏËÁÚÁÔÅÌØÓÔ×ÁÈ ÓÉÓÔÅÍÙ ÕÒÁ×ÎÅÎÉÊ ÒÅÛÅÎÙ�ÒÉ �ÏÍÏÝÉ �ÒÏÇÒÁÍÍÎÏÇÏ �ÁËÅÔÁ Maple.7



ðÒÉÍÅÞÁÔÅÌØÎÏ, ÞÔÏ ÄÏ Ï�ÒÅÄÅÌ£ÎÎÏÇÏ ÜÔÁ�Á × ÄÏËÁÚÁÔÅÌØÓÔ×ÁÈ ÎÅ ÉÓ-�ÏÌØÚÕÅÔÓÑ Ó�Å�ÉÆÉËÁ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÈ ÆÕÎË�ÉÊ, ÉÎÙÍÉ ÓÌÏ×ÁÍÉ, ÕÔ×ÅÒ-ÖÄÅÎÉÑ ×ÉÄÁ (2.5) ÍÏÇÕÔ ÂÙÔØ ×ÅÒÎÙ ÄÌÑ ÌÀÂÏÊ ÏÇÒÁÎÉÞÅÎÎÏÊ ÉÚÍÅÒÉÍÏÊÆÕÎË�ÉÉ. ÷ ÈÏÄÅ ÉÓÓÌÅÄÏ×ÁÎÉÑ ÂÙÌ �ÏÌÕÞÅÎ ÌÉÛØ ÒÑÄ ÞÁÓÔÎÙÈ ÓÌÕÞÁÅ×.äÁÌØÎÅÊÛÉÅ ÉÓÓÌÅÄÏ×ÁÎÉÑ × ÜÔÏÍ ÎÁ�ÒÁ×ÌÅÎÉÉ, �Ï ÍÎÅÎÉÀ Á×ÔÏÒÁ, ÍÏÇÕÔÂÙÔØ �ÏÌÅÚÎÙ ÄÌÑ ÒÅÛÅÎÉÑ ÛÉÒÏËÏÇÏ ËÒÕÇÁ ÚÁÄÁÞ.ðÒÏÓÔÅÊÛÉÊ ÓÌÕÞÁÊ ÆÏÒÍÕÌÙ (2.5) ÄÁ£ÔìÅÍÍÁ 2. ðÕÓÔØ f∈Llo
(R), a ∈ R, h; �; � ≥ 0. �ÏÇÄÁ
∣

∣f� (a− h)− 2f�(a) + f|2�−� |(a+ h)∣∣ ≤ !2 (f; h+ |� − � |2 ) :Proof. äÏÓÔÁÔÏÞÎÏ �ÏËÁÚÁÔØ, ÞÔÏ ÄÌÑ ÌÀÂÏÊ ÆÕÎË�ÉÉ f ÉÚ Llo
(R)f� (a− h)− 2f�(a) + f|2�−� |(a+ h) ≤ !2 (f; h+ |� − � |2 ) :ðÕÓÔØ x(s) = a− �2 + �s; t(s) = h+ (� − �)s− � − �2ìÅÇËÏ ×ÉÄÅÔØ, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ s ∈ [0; 1℄f(x(s) − t(s))− 2f(x(s)) + f(x(s) + t(s)) ≤ !2 (f; h+ |� − � |2 ) :äÌÑ ÚÁ×ÅÒÛÅÎÉÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÏÓÔÁÌÏÓØ �ÒÏÉÎÔÅÇÒÉÒÏ×ÁÔØ �Ï s ∈ [0; 1℄.ìÅÍÍÁ 3. ðÕÓÔØ f∈Llo
(R), a ∈ R, h; �; � ≥ 0, �ÒÉÞ£Í � ≥ �. �ÏÇÄÁ
|f� (a− h)− 2f�(a) + f� (a+ h)| ≤ !2 (f; h+ �2) :Proof. äÏÓÔÁÔÏÞÎÏ �ÏËÁÚÁÔØ, ÞÔÏ ÄÌÑ ÌÀÂÏÊ ÆÕÎË�ÉÉ f ÉÚ Llo
(R)f� (a− h)− 2f�(a) + f� (a+ h) ≤ !2 (f; h+ �2) :÷ ÓÌÕÞÁÅ � = �, ÔÒÅÂÕÅÍÏÅ ÎÅÒÁ×ÅÎÓÔ×Ïf�(a− h)− 2f�(a) + f�(a+ h) ≤ !2(f; h) (2.6)ÓÌÅÄÕÅÔ ÉÚ ÌÅÍÍÙ 2.ðÕÓÔØ ÔÅ�ÅÒØ � > �. ÷×ÅÄ£Í ÓÌÅÄÕÀÝÉÅ ÏÂÏÚÎÁÞÅÎÉÑ:� = � − �2 ; � = � + �2 : (2.7)óÎÏ×Á �ÏÌØÚÕÑÓØ ÌÅÍÍÏÊ 2, �ÏÌÕÞÁÅÍf� (a− h− �2)

− 2f�2 (a+ �4)+ f� (a+ h+ �2)

≤ !2 (f; h+ �2) ; (2.8)8



f� (a− h+ �2)

− 2f�2 (a+ �4 )+ f� (a+ h− �2)

≤ !2 (f; h+ �2) ; (2.9)f� (a− h+ �2)

− 2f�2 (a− �4 )+ f� (a+ h− �2)

≤ !2 (f; h+ �2) ; (2.10)f� (a− h− �2)

− 2f�2 (a− �4)+ f� (a+ h+ �2)

≤ !2 (f; h+ �2) ; (2.11)óÒÅÄÎÉÅ ÚÎÁÞÅÎÉÑ f Ó×ÑÚÁÎÙ ÒÁ×ÅÎÓÔ×ÁÍÉf� (a− h) = �� f� (a− h− �2)+ �� f�(a− h) + �� f�(a− h+ �2 ); (2.12)f� (a− h) = �� f� (a− h+ �2)+ �� f� (a− h− �2) ; (2.13)f� (a− h) = �� f� (a− h− �2)+ �� f� (a− h+ �2) ; (2.14)f� (a+ h) = �� f� (a+ h− �2)+ �� f�(a+ h) + �� f�(a+ h+ �2 ); (2.15)f� (a+ h) = �� f� (a+ h+ �2)+ �� f� (a+ h− �2) ; (2.16)f� (a+ h) = �� f� (a+ h− �2)+ �� f� (a+ h+ �2) ; (2.17)12f�2 (a− �4)+ 12f�2 (a+ �4 ) = f� (a) : (2.18)ðÏÓÔÁ×ÉÍ ÚÁÄÁÞÕ ÌÉÎÅÊÎÏÇÏ �ÒÏÇÒÁÍÍÉÒÏ×ÁÎÉÑ:f� (a− h) + f� (a+ h) → supÏÔÎÏÓÉÔÅÌØÎÏ ×ÅÌÉÞÉÎf�(a− h);f�(a+ h);f�2 (a− �4 ) ;f�2 (a+ �4 ) ; f� (a+ h− �2 ) ;f� (a− h− �2 ) ;f� (a+ h+ �2 ) ;f� (a− h+ �2 )

f� (a+ h− �2 ) ;f� (a− h− �2 ) ;f� (a+ h+ �2 ) ;f� (a− h+ �2 ) ; f� (a− h);f� (a+ h);Ó ÏÇÒÁÎÉÞÅÎÉÑÍÉ (2.6){(2.18).ó ÕÞ£ÔÏÍ (2.7), Ä×ÏÊÓÔ×ÅÎÎÁÑ ÚÁÄÁÞÁa1 − �� 
1 = 0a2 − �� 
2 = 0a3 − �� 
1 − �� 
2 = 0;a4 − �� 
3 = 0;a5 − �� 
1 − �� 
3 = 0; a1 − �� 
4 = 0;a2 − �� 
4 − �� 
5 = 0;a3 − �� 
5 = 0;a4 − �� 
4 − �� 
6 = 0;a5 − �� 
6 = 0; 2a2 + 2a3 − 12
7 = 0;2a4 + 2a5 − 12
7 = 0;
1 + 
2 + 
3 = 1;
4 + 
5 + 
6 = 1a1; a2; a3; a4; a5 ≥ 0;(2a1 + 
7)·f�(a) + a1 · !2(f; h) + 5
∑i=2 ai · !2 (f; h+ �2)

→ inf9



ÉÍÅÅÔ ÒÅÛÅÎÉÅ a1 = �2�2 ; a2 = a3 = a4 = a5 = ���2 �2 − �24�2 ;
1 = 
4 = �� ; 
2 = 
3 = 
5 = 
6 = �� ; 
7 = 8���2 ;ÏÔËÕÄÁf� (a− h)− 2f�(a) + f� (a+ h) ≤
≤ �2�2 !2(f; h) + �2 − �2�2 !2 (f; h+ �2)

≤ !2 (f; h+ �2) :úÁÍÅÞÁÎÉÅ 1. ìÅÍÍÙ 2 É 3 ×ÅÒÎÙ ÄÌÑ ÌÀÂÏÊ ÏÇÒÁÎÉÞÅÎÎÏÊ ÉÚÍÅÒÉÍÏÊÆÕÎË�ÉÉ.ìÅÍÍÁ 4. ðÕÓÔØ Æ ∈ [0; 12], f ∈ F 0. �ÏÇÄÁ
∣

∣

∣

∣

fÆ (k ± Æ2)∣

∣

∣

∣

≤ 2− Æ24 !2(f; 1) ∀k ∈ Z:Proof. äÏÓÔÁÔÏÞÎÏ ÄÏËÁÚÁÔØ, ÞÔÏfÆ (Æ2)

≤ 2− Æ24 !2(f; 1):ðÏ ÌÅÍÍÅ 3
−f1−Æ (1 + Æ2 )+ 2fÆ (1 + Æ2)

− f1−Æ (1 + 1 + Æ2 )

≤ !2(f; 1); (2.19)
−f1−Æ (

−1 + 1 + Æ2 )+ 2fÆ (Æ2)

− f1−Æ (1 + Æ2 )

≤ !2(f; 1); (2.20)
−fÆ (

−1 + Æ2)+ 2fÆ (Æ2)

− fÆ (1 + Æ2)

≤ !2(f; 1): (2.21)óÒÅÄÎÉÅ ÚÎÁÞÅÎÉÑ ÆÕÎË�ÉÉ f Ó×ÑÚÁÎÙ ÒÁ×ÅÎÓÔ×ÁÍÉÆfÆ (Æ2)+ (1− Æ)f1−Æ (1 + Æ2 ) = 0; (2.22)ÆfÆ (1 + Æ2)+ (1− Æ)f1−Æ (1 + 1 + Æ2 ) = 0; (2.23)ÆfÆ (

−1 + Æ2)+ (1− Æ)f1−Æ (

−1 + 1 + Æ2 ) = 0; (2.24)10



ðÏÓÔÁ×ÉÍ ÚÁÄÁÞÕ ÌÉÎÅÊÎÏÇÏ �ÒÏÇÒÁÍÍÉÒÏ×ÁÎÉÑfÆ (Æ2)

→ supÏÔÎÏÓÉÔÅÌØÎÏ ×ÅÌÉÞÉÎf1−Æ (

−1 + 1+Æ2 ) ; f1−Æ ( 1+Æ2 ) ; f1−Æ (1 + 1+Æ2 ) ;fÆ (

−1 + Æ2) ; fÆ ( Æ2) ; fÆ (1 + Æ2) :Ó ÏÇÒÁÎÉÞÅÎÉÑÍÉ (2.19){(2.24). òÅÛÅÎÉÅ Ä×ÏÊÓÔ×ÅÎÎÏÊ ÚÁÄÁÞÉa1 + a2 − (1− Æ)
1 = 0;a1 − (1− Æ)
2 = 0;a2 − (1− Æ)
3 = 0; a3 − Æ
3 = 0;2a1 − a3 + Æ
2 = 0;2a2 + 2a3 + Æ
1 = 1;a1; a2; a3 ≥ 0; (a1 + a2 + a3) · !2(f; 1) → infÉÍÅÅÔ ×ÉÄ a1 = Æ(1−Æ)4 ; a2 = (1−Æ)(2−Æ)4 ; a3 = Æ(2−Æ)4 ;
1 = 12 ; 
2 = Æ4 ; 
3 = 2−Æ4 ;ÏÔËÕÄÁ fÆ (Æ2)

≤ 2− Æ24 !2(f; 1):ìÅÍÍÁ 5. ðÕÓÔØ b ∈ [ 13 ; 1℄, f ∈ Fb. �ÏÇÄÁ3 + b1 + bf 1−b2 (

−1− b4 )

−

−1 + b4 (f 3b−14 (3b− 18 )+ f 3b−14 (5b+ 18 ))

−1− b2 f1−b (1 + b2 )

≤ !2(f; 1):Proof. ðÏÓËÏÌØËÕ1 + b2 f 1+b2 (

−3− b4 )+ 1− b2 f 1−b2 (

−1− b4 ) = 0;ÄÏÓÔÁÔÏÞÎÏ ÄÏËÁÚÁÔØ, ÞÔÏ
− f 1+b2 (

−3− b4 )+ 2f 1−b2 (1− b4 )

−

−1 + b4 (f 3b−14 (3b− 18 )+ f 3b−14 (5b+ 18 ))

−1− b2 f1−b (1 + b2 )

≤ !2(f; 1):11



ðÕÓÔØ b ∈ [ 13 ; 35 ℄. ðÏ ÌÅÍÍÅ 2
−f 1+b4 (

−7− b8 )+ 2f 1−b4 (

−1− b8 )

− f 3−b4 (5 + b8 )

≤ !2(f; 1); (2.25)
−f 1+b4 (

−5− 3b8 )+ 2f 1−b4 (

−3− 3b8 )

− f 3b−14 (3b− 18 )

≤ !2(f; 1); (2.26)
−f 3−b4 (

−5 + b8 )+ 2f 1−b2 (

−1− b4 )

− f 3b−14 (5b+ 18 )

≤ !2(f; 1); (2.27)
−f 3b−14 (

−3− b8 )+ 2f 3b−14 (

−1− b4 )

− f 3b−14 (3b− 18 )

≤ !2(f; 1); (2.28)
−f 1+b4 (

−7− b8 )+ 2f 1−b4 (

−3− 3b8 )

− f 3b−14 (5b+ 18 )

≤ !2(f; 1): (2.29)
−f 1−b2 (

−12)+ 2f 3−5b8 (

−5− 3b16 )

− f 3b−14 (3b− 18 )

≤ !2(f; 1): (2.30)
−f 1−b2 (

−12)+ 2f 3−5b8 (

−3− 5b16 )

− f 3b−14 (5b+ 18 )

≤ !2(f; 1): (2.31)óÒÅÄÎÉÅ ÚÎÁÞÅÎÉÑ ÆÕÎË�ÉÉ f Ó×ÑÚÁÎÙ ÓÏÏÔÎÏÛÅÎÉÑÍÉ12f 1+b4 (

−7− b8 )+ 12f 1+b4 (

−5− 3b8 ) = f 1+b2 (

−3− b4 ) ; (2.32)12f 1+b4 (

−7− b8 )+ 1− b1 + bf 1−b2 (

−12)+ 3b− 12 + 2bf 3b−14 (

−3− b8 ) == f 1+b2 (

−3− b4 ) ; (2.33)3− b2 + 2bf 3−b4 (

−5 + b8 )+ 3b− 12 + 2bf 3b−14 (

−3− b8 ) = f 1+b2 (

−3− b4 ) ; (2.34)12f 3b−14 (3b− 18 )+ 12f 3b−14 (5b+ 18 ) = 
; (2.35)f 3−b4 (5 + b8 ) = 3b− 13− b f 3b−14 (5b+ 18 )+ 4− 4b3− b f1−b (1 + b2 ) ; (2.36)f 1−b2 (

−1− b4 ) = 12f 1−b4 (

−1− b8 )+ 12f 1−b4 (

−3− 3b8 ) ; (2.37)3− 5b4− 4b (f 3−5b8 (

−5− 3b16 )+ f 3−5b8 (

−3− 5b16 ))+ 3b− 12− 2bf 3b−14 (

−1− b4 ) == f 1−b2 (

−1− b4 ) (2.38)12



ðÏÓÔÁ×ÉÍ ÚÁÄÁÞÕ ÌÉÎÅÊÎÏÇÏ �ÒÏÇÒÁÍÍÉÒÏ×ÁÎÉÑ2f 1−b2 (

−1− b4 )

→ supÏÔÎÏÓÉÔÅÌØÎÏ ×ÅÌÉÞÉÎf 1+b4 (

− 7−b8 ) ;f 1−b4 (

− 1−b8 ) ;f 3−5b8 (

− 5−3b16 ) ;f 3−b4 ( 5+b8 ) ; f 1+b4 (

− 5−3b8 ) ;f 1−b4 (

− 3−3b8 ) ;f 3b−14 (

− 1−b4 ) ;f 1−b2 (

− 1−b4 ) : f 1−b2 (

− 12) ;f 3b−14 ( 3b−18 ) ;f 3−5b8 (

− 3−5b16 ) ; f 3b−14 (

− 3−b8 ) ;f 3b−14 ( 5b+18 ) ;f 3−b4 (

− 5+b8 ) ;Ó ÏÇÒÁÎÉÞÅÎÉÑÍÉ (2.25){(2.38).ä×ÏÊÓÔ×ÅÎÎÁÑ ÚÁÄÁÞÁa1 + a5 − 12
1 − 12
2 = 0;a1 − 
5 = 0;a2 − 12
1 = 0;a2 + a4 + a6 − 12
4 = 0;a3 − 3−b2+2b
3 = 0;a3 + a5 + a7 − 12
4 + 3b−13−b 
5 = 0;a4 − 3b−12+2b 
2 − 3b−12+2b 
3 = 0;a6 + a7 − 1−b1+b 
2 = 0;
2a1 − 12
6 = 0;2a2 + 2a5 − 12
6 = 0;2a4 − 3b−12−2b
7 = 0;2a6 − 3−5b4−4b
7 = 0;2a7 − 3−5b4−4b
7 = 0;2a3 + 
6 + 
7 = 2;a1; a2; a3; a4; a5; a6; a7 ≥ 0;(
1 + 
2 + 
3) · f 1+b2 (

−3− b4 )+ 
4 · 
 + 4− 4b3− b · 
5 · f1−b (1 + b2 )++!2(f; 1) · 7
∑i=1 ai → infÉÍÅÅÔ ÒÅÛÅÎÉÅ a1 = 3−b8 ;a2 = 12b;a3 = (3−b)(3b−1)4+4b ;a4 = (3b−1)(1−b)2+2b ;a5 = 3−5b8 ;a6 = (3−5b)(1−b)4+4b ;a7 = (3−5b)(1−b)4+4b ;


1 = b;
2 = 3−5b2 ;
3 = 3b−12 ;
4 = 1+b2 ;
5 = 3−b8 ;
6 = 3−b2 ;
7 = 2(1−b)21+b :ÏÔËÕÄÁ ÓÌÅÄÕÅÔ ÔÒÅÂÕÅÍÏÅ.ðÕÓÔØ ÔÅ�ÅÒØ b ∈ [ 35 ; 1℄.ðÏ ÌÅÍÍÅ 3
−f 3b−14 (

−3− b8 )+ 2f 1−b2 (

−1− b4 )

− f 3b−14 (3b− 18 )

≤ !2(f; 1); (2.39)13



É ÎÁÍ ÏÓÔÁ£ÔÓÑ ÒÁÓÓÍÏÔÒÅÔØ ÚÁÄÁÞÕ2f 1−b2 (

−1− b4 )

→ supÏÔÎÏÓÉÔÅÌØÎÏ ×ÅÌÉÞÉÎ f 1+b4 (

− 7−b8 ) ;f 3b−14 (

− 3−b8 ) ;f 1−b4 (

− 1−b8 ) ;f 3b−14 ( 3b−18 ) ;f 1−b2 (

− 1−b4 ) : f 1+b4 (

− 5−3b8 ) ;f 3−b4 (

− 5+b8 ) ;f 1−b4 (

− 3−3b8 ) ;f 3b−14 ( 5b+18 ) ;Ó ÏÇÒÁÎÉÞÅÎÉÑÍÉ (2.25)-(2.27), (2.39), (2.32), (2.34)-(2.37).ìÅÍÍÁ 6. ðÕÓÔØ b ∈ [ 13 ; 1℄, f ∈ Fb. �ÏÇÄÁ12 (f 3b−14 (1 + 3b− 18 )+ f 3b−14 (1 + 5b+ 18 ))

−2f 1−b2 (1 + 3 + b4 )

≤ !2(f; 1):Proof. ðÏ ÌÅÍÍÅ 2f 3b−14 (9 + 5b8 )

− 2f 1−b4 (1 + 5 + 3b8 )+ f 1+b4 (2 + 1 + b8 )

≤ !2(f; 1); (2.40)f 3b−14 (1 + 3b− 18 )

− 2f 1−b4 (1 + 7 + b8 )+ f 1+b4 (2 + 7− b8 )

≤ !2(f; 1);(2.41)f 3b−14 (1 + 5b+ 18 )

− 2f 1−b2 (1 + 3 + b4 )+ f 3−b4 (2 + 3− b8 )

≤ !2(f; 1);(2.42)f 3b−14 (1 + 3b− 18 )

− 2f 1−b2 (1 + 3 + b4 )+ f 3−b4 (2 + 5 + b8 )

≤ !2(f; 1):(2.43)óÒÅÄÎÉÅ ÚÎÁÞÅÎÉÑ ÆÕÎË�ÉÉ f Ó×ÑÚÁÎÙ ÓÏÏÔÎÏÛÅÎÉÅÍ12f 1−b4 (1 + 5 + 3b8 )+ 12f 1−b4 (1 + 7− b8 ) = f 1−b2 (1 + 3 + b4 ) ; (2.44)ËÒÏÍÅ ÔÏÇÏ, �ÏÓËÏÌØËÕ f∈Fb,1 + b4 f 1+b4 (2 + 1 + b8 )+ 3 + b4 f 3−b4 (2 + 5 + b8 ) = 0; (2.45)3− b4 f 3−b4 (2 + 3− b8 )+ 1 + b4 f 1+b4 (2 + 7− b8 ) = 0: (2.46)áÎÁÌÏÇÉÞÎÏ �ÒÅÄÙÄÕÝÅÍÕ, Ó�ÒÁ×ÅÄÌÉ×ÏÓÔØ ÕÔ×ÅÒÖÄÅÎÉÑ ÓÌÅÄÕÅÔ ÉÚ ÒÅÛÅ-ÎÉÑ ÚÁÄÁÞÉ
−2f 1−b2 (1 + 3 + b4 )

→ sup;14



ÏÔÎÏÓÉÔÅÌØÎÏ ×ÅÌÉÞÉÎf 1−b4 (1 + 5+3b8 ) ;f 1+b4 (2 + 1+b8 ) ;f 3−b4 (2 + 3−b8 ) ;f 1−b2 (1 + 3−b4 ) : f 1−b4 (1 + 7+b8 ) ;f 1+b4 (2 + 7−b8 ) ;f 3−b4 (2 + 5+b8 ) ;Ó ÏÇÒÁÎÉÞÅÎÉÑÍÉ (2.40){(2.46).3 äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 1 × ÓÌÕÞÁÅ b ∈ [0; 13]ðÕÓÔØ b ∈ [0; 13], f ∈ Fb. ðÏ ÌÅÍÍÅ 1fb (

−1− 2b2 )

− 2f b2 (3b4 )+ 1 ≤ !2(f; 1); (3.1)
−f b2 ( b4)

− f b2 (1 + 3b4 )+ 2 ≤ !2(f; 1); (3.2)
−f 1−3b2 (1 + b4 )

− f 1−3b2 (3 + 3b4 )+ 2 ≤ !2(f; 1); (3.3)
−2f2b (1 + b2 )+ 2 ≤ !2(f; 1): (3.4)

−f 1−b2 (

−1− b4 )+ f 1−b2 (1 + 3 + b4 )+ 41− b ≤ 21− b · !2(f; 1): (3.5)ðÏ ÌÅÍÍÅ 2
−f2b (1 + b2 )+ 2f b2 (1 + 3b4 )

− fb (1 + 1 + 2b2 )

≤ !2(f; 1): (3.6)ðÏ ÌÅÍÍÅ 4f 1−3b2 (

−1− 3b4 )

− f 1−3b2 (1 + 3 + 3b4 )

≤ 7 + 6b− 9b28 !2(f; 1): (3.7)óÒÅÄÎÉÅ ÚÎÁÞÅÎÉÑ ÆÕÎË�ÉÉ f Ó×ÑÚÁÎÙ ÒÁ×ÅÎÓÔ×ÁÍÉf 1−b2 (

−1− b4 ) = 2b1− bfb (

−1− 2b2 )+ 1− 3b1− b f 1−3b2 (

−1− 3b4 ) ; (3.8)f 1−b2 (1 + 3 + b4 ) = 2b1− bfb (1 + 1 + 2b2 )+1− 3b1− b f 1−3b2 (1 + 3 + 3b4 ) ; (3.9)b2f b2 ( b4)+ b2f b2 (3b4 )++ 1− 3b2 f 1−3b2 (1 + b4 )+ 2bf2b (1 + b2 )+ 1− 3b2 f 1−3b2 (3 + 3b4 ) = 0:(3.10)15



ðÏÓÔÁ×ÉÍ ÚÁÄÁÞÕ ÌÉÎÅÊÎÏÇÏ �ÒÏÇÒÁÍÍÉÒÏ×ÁÎÉÑ!2(f; 1) → infÏÔÎÏÓÉÔÅÌØÎÏ ×ÅÌÉÞÉÎf b2 ( 3b4 ) ;f b2 ( b4) ;f2b ( 1+b2 ) ;f b2 (1 + 3b4 ) ; fb (1 + 1+2b2 ) ;fb (

− 1−2b2 ) ;f 1−3b2 (1 + 3+3b4 ) ;f 1−3b2 ( 1+b4 ) ; f 1−b2 (

− 1−b4 ) ;f 1−b2 (1 + 3+b4 ) ;!2(f; 1):Ó ÏÇÒÁÎÉÞÅÎÉÑÍÉ (3.1){(3.10). ä×ÏÊÓÔ×ÅÎÎÁÑ ÚÁÄÁÞÁa1 − 2b1−b
1 = 0;a6 − 1−3b1−b 
1 = 0;a7 − 
1 = 0; a2 − 2a5 = 0;a5 + 2b1−b
2 = 0;a6 + 1−3b1−b 
2 = 0;a7 + 
2 = 0; 2a1 − b2
3 = 0;a2 − b2
3 = 0;a3 − 1−3b2 
3 = 0;2a4 + a5 − 2b
3 = 0;a1 + a2 + a3 + a4 + a5 + 7 + 6b− 9b28 a6 + 21− ba7 = 1;a1; a2; a3; a4; a5; a6; a7 ≥ 0;a1 + 2a2 + 2a3 + 2a4 + 41− b · a7 → supÉÍÅÅÔ ÒÅÛÅÎÉÅ a1 = 16b27b3 − 27b2 + 9b+ 55 ;a2 = 32b27b3 − 27b2 + 9b+ 55 ;a3 = 32(1− 3b)27b3 − 27b2 + 9b+ 55 ;a4 = 56b27b3 − 27b2 + 9b+ 55 ;a5 = 16b27b3 − 27b2 + 9b+ 55 ;a6 = 8(1− 3b)27b3 − 27b2 + 9b+ 55 ;a7 = 8(1− b)27b3 − 27b2 + 9b+ 55 ;
1 = 8(1− b)27b3 − 27b2 + 9b+ 55 ;
2 = − 8(1− b)27b3 − 27b2 + 9b+ 55 ;
3 = 6427b3 − 27b2 + 9b+ 55 ;16



ÏÔËÕÄÁ 9627b3 − 27b2 + 9b+ 55 ≤ !2(f; 1):4 äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 1 × ÓÌÕÞÁÅ b ∈ [13; 1]ðÕÓÔØ b ∈ [ 13 ; 1], f ∈ Fb. ðÏ ÌÅÍÍÅ 1f 1−b2 (

−1− b4 )

− 2f 1−b4 (1 + 3b4 )+ 1 ≤ !2(f; 1); (4.1)
−f 3b−14 (3b− 18 )

− f 3b−14 (1 + 5b+ 18 )+ 2 ≤ !2(f; 1); (4.2)
−f 3b−14 (5b+ 18 )

− f 3b−14 (1 + 3b− 18 )+ 2 ≤ !2(f; 1); (4.3)
−f 1−b4 (5b− 18 )

− f 1−b4 (1 + 3b+ 18 )+ 2 ≤ !2(f; 1); (4.4)
−2f1−b (1 + b2 )+ 2 ≤ !2(f; 1): (4.5)

−f 1−b2 (

−1− b4 )+ f 1−b2 (1 + 3 + b4 )+ 41− b ≤ 21− b · !2(f; 1): (4.6)ðÏ ÌÅÍÍÅ 2
−f1−b (1 + b2 )+ 2f 1−b4 (1 + 1 + 3b8 )

− f 1−b2 (1 + 3 + b4 )

≤ !2(f; 1): (4.7)ðÏ ÌÅÍÍÅ 53 + b1 + bf 1−b2 (1 + b2 )

−

− 1 + b4 (f 3b−14 (3b− 18 )+ f 3b−14 (5b+ 18 ))

− 1− b2 f1−b (1 + b2 )

≤

≤ !2(f; 1): (4.8)ðÏ ÌÅÍÍÅ 612f 3b−14 (7 + 3b8 )+ 12f 3b−14 (9 + 5b8 )

− 2f 1−b2 (1 + 3 + b4 )

≤ !2(f; 1): (4.9)óÒÅÄÎÉÅ ÚÎÁÞÅÎÉÑ ÆÕÎË�ÉÉ f Ó×ÑÚÁÎÙ ÒÁ×ÅÎÓÔ×ÏÍ3b− 14 f 3b−14 (3b− 18 )+ 1− b4 f 1−b4 (5b− 18 )+ 1− b4 f 1−b4 (1 + 3b8 )++ 3b− 14 f 3b−14 (5b+ 18 )+ (1− b)f1−b (1 + b2 ) = 0: (4.10)17



ðÏÓÔÁ×ÉÍ ÚÁÄÁÞÕ ÌÉÎÅÊÎÏÇÏ �ÒÏÇÒÁÍÍÉÒÏ×ÁÎÉÑ!2(f; 1) → infÏÔÎÏÓÉÔÅÌØÎÏ ×ÅÌÉÞÉÎf 3b−14 ( 3b−18 ) ;f 1−b4 ( 5b−18 ) ;f 1−b4 ( 3b+18 ) ;f 3b−14 ( 5b+18 ) ; f1−b ( 1+b2 ) ;f 3b−14 (1 + 3b−18 ) ;f 1−b4 (1 + 3b+18 ) ; f 1−b2 (1 + 3+b4 ) ;f 1−b2 (

− 1−b4 ) ;!2(f; 1):Ó ÏÇÒÁÎÉÞÅÎÉÑÍÉ (4.1){(4.10).ä×ÏÊÓÔ×ÅÎÎÁÑ ÚÁÄÁÞÁa1 − a7 + 3+b1+ba8 = 0;2a1 − 1−b4 
1 = 0;a2 + 1+b4 a8 − 3b−14 
1 = 0;a4 − 2a6 = 0;a6 − a7 + 2a9 = 0; a3 − 12a9 = 0;a3 + 1+b4 a8 − 3b−14 
1 = 0;a4 − 1−b4 
1 = 0;a4 − 2a6 = 0;2a5 + a6 + 1−b2 a8 − (1− b)
1 = 0;a1 + a2 + a3 + a4 + a5 + a6 + 21− ba7 + a8 + a9 = 1;a1; a2; a3; a4; a5; a6; a7; a8; a9 ≥ 0;a1 + 2a2 + 2a3 + 2a4 + 2a5 + 41− ba7 +(12a9 − a2) f 3b−14 (1 + 5b+ 18 )

→ supÉÍÅÅÔ ÒÅÛÅÎÉÅ a1 = 2(1− b)2(b2 + 3b+ 4)3b4 − 69b3 + 17b2 + 385b− 80 ;a2 = 4(3b− 1)(1− b)(3 + b)3b4 − 69b3 + 17b2 + 385b− 80 ;a3 = 4(3b− 1)(1− b)(3 + b)3b4 − 69b3 + 17b2 + 385b− 80 ;a4 = 4(1− b)2(b2 + 3b+ 4)3b4 − 69b3 + 17b2 + 385b− 80 ;a5 = (1− b)2(−5b2 + 13b+ 32)3b4 − 69b3 + 17b2 + 385b− 80 ;a6 = 2(1− b)2(b2 + 3b+ 4)3b4 − 69b3 + 17b2 + 385b− 80 ;a7 = 2(1− b)(−b3 + 22b2 + 63b− 20)3b4 − 69b3 + 17b2 + 385b− 80 ;a8 = 16(1− b)(1 + b)(3b− 1)3b4 − 69b3 + 17b2 + 385b− 80 ;a9 = 8(3b− 1(1− b)(3 + b))3b4 − 69b3 + 17b2 + 385b− 80 ;18




1 = 16(1− b)(b2 + 3b+ 4)3b4 − 69b3 + 17b2 + 385b− 80 ;ÏÔËÕÄÁ 8(11b2 + 66b− 13)3b4 − 69b3 + 17b2 + 385b− 80 ≤ !2(f; 1):5 æÕÎË�ÉÑ ÉÚ F ∗ ÓÏ ×ÔÏÒÙÍ ÍÏÄÕÌÅÍ ÎÅ�ÒÅ-ÒÙ×ÎÏÓÔÉ, ÍÅÎØÛÉÍ 1:6762.íÙ �ÒÅÄÓÔÁ×ÉÍ ÉÎÔÅÒÅÓÕÀÝÕÀ ÎÁÓ ÆÕÎË�ÉÀ × ×ÉÄÅ ÓÕÍÍÙ ÌÉÎÅÊÎÏÊ ÉËÕÓÏÞÎÏ-�ÏÓÔÏÑÎÎÏÊ ÆÕÎË�ÉÊ. �ÁËÉÍ ÏÂÒÁÚÏÍ ×ÙÞÉÓÌÅÎÉÅ ×ÔÏÒÏÇÏ ÍÏÄÕÌÑ�ÏÔÒÅÂÕÅÔÓÑ ÔÏÌØËÏ ÄÌÑ ËÕÓÏÞÎÏ-�ÏÓÔÏÑÎÎÏÊ ÞÁÓÔÉ, Á ÌÉÎÅÊÎÁÑ ÞÁÓÔØ ÂÕÄÅÔ×ÙÂÒÁÎÁ ÔÁË, ÞÔÏÂÙ ×Ù�ÏÌÎÑÌÏÓØ ÕÓÌÏ×ÉÅ (1.1).ðÕÓÔØ b∗ = −5093 + 193√8545; w = −3786120548 − 3720548√8545;B1 = [

−1; − 1−b∗2 ) ;B4 = [ b∗2 ; 1+b∗4 ] ;B7 = (1 + 9b∗−18 ; 1 + b∗) ;B10 = [2; 2 + 1−b∗8 ) ; B2 = [

− 1−b∗2 ; 0] ;B5 = {1+b∗2 } ;B8 = (0; 1 + b∗) \ 7
⋃i=3Bi;B11 = (1 + b∗; 3) \B9 ⋃B10; B3 = (0; 1−b∗8 ] ;B6 = (1 + 3b∗−14 ; 1 + b∗2 ) ;B9 = [1 + b∗; 1 + 1+b∗2 ] ;h1 = 2(3b∗−1)3−3b∗ w;h4 = 3b∗−12(3−3b∗)w;h7 = − 3b∗−14(3−3b∗)w;h10 = 15b∗−134(3−3b∗)w h2 = 1+3b∗2(3−3b∗)w;h5 = w2 ;h8 = 0;h11 = −w; h3 = 3b∗−14(3−3b∗)w;h6 = − 3b∗−12(3−3b∗)w;h9 = − 1+3b∗2(3−3b∗)w;M = Z \ {−1; 0; 1; 2};h(x) = {hi; x ∈ Bi;

( 5(3b∗−1)96 − 3b∗+2348 m)w; m ∈ M; x ∈ [m; m+ 1):g(x) = (3b∗ + 23)x− 9(1 + b∗)48 w;f∗(x) = h(x) + g(x):õÔ×ÅÒÖÄÅÎÉÅ 3. f∗ ∈ Fb∗ .
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Proof. ó�ÅÒ×Á �ÏËÁÖÅÍ, ÞÔÏ f∗ ∈ F 0. ðÕÓÔØ m ∈ M . �ÏÇÄÁ
∫ m+1m f∗(x) dx == (5(3b∗ − 1)96 − 3b∗ + 2348 m)w+3b∗ + 2348 w( (m+ 1)22 − m22 )

−9(1 + b∗)48 w == (5(3b∗ − 1)96 + 3b∗ + 2396 − 9(1 + b∗)48 )w = 0:÷ ÓÌÕÞÁÅ m ∈ {−1; 0; 1; 2} ÉÍÅÅÍ0
∫

−1 f∗(x) dx = h1 1 + b∗2 + h2 1− b∗2 − 3b∗ + 2396 w − 9(1 + b∗)48 w == 2(3b∗ − 1)3− 3b∗ 1 + b∗2 w + 1 + 3b∗2(3− 3b∗) 1− b∗2 w − 3b∗ + 2396 w − 9(1 + b∗)48 w == (−3 + 10b∗ + 9b∗24(3− 3b∗) − 21b∗ + 4196 )w = 93b∗2 + 100b∗ − 6596(1− b∗) w = 0;1
∫0 f∗(x) dx = h3 1− b∗8 + h4 1− b∗4 + (3b∗ + 23)96 w − 9(1 + b∗)48 w == 3b∗ − 14(3− 3b∗) 1− b∗8 w+ 3b∗ − 12(3− 3b∗) 1− b∗4 w+ (3b∗ + 23)96 w− 9(1 + b∗)48 w = 0;2
∫1 h(x) dx == h6 1− b∗4 +h7 1− b∗8 +h9 1− b∗2 +h11 1− b∗2 + 3(3b∗ + 23)96 w− 9(1 + b∗)48 w == − 3b∗ − 12(3− 3b∗) 1− b∗4 w− 3b∗ − 14(3− 3b∗) 1− b∗8 w− 1 + 3b∗2(3− 3b∗) 1− b∗2 w− 1− b∗2 w++ 3(3b∗ + 23)96 w − 9(1 + b∗)48 w = 0;3
∫2 f∗(x) dx = h10 1− b∗8 + h11 7 + b8 + 5(3b∗ + 23)96 w − 9(1 + b∗)48 w == 15b∗ − 134(3− 3b∗) 1− b∗8 − 7 + b∗8 w + 5(3b∗ + 23)96 w − 9(1 + b∗)48 w = 0:20



�Å�ÅÒØ �ÏËÁÖÅÍ, ÞÔÏmaxx∈R

|f∗| = 1 = f∗
(1 + b∗2 ) :óÒÁÚÕ ÏÔÍÅÔÉÍ, ÞÔÏ f∗

(1 + b∗2 ) = 1:ï�ÅÎÉÍ |f | × ÏÓÔÁÌØÎÙÈ ÔÏÞËÁÈ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:maxx∈R\{ 1+b∗2 }
|f | == max{maxm∈M maxx∈[m;m+1) |f |; maxx∈[−1; 0℄ |f |; maxx∈(0; 1+b∗)\{ 1+b∗2 }

|f |; maxx∈[1+b∗;3) |f |}:ïÓÔÁÌÏÓØ Ï�ÅÎÉÔØ ËÁÖÄÕÀ ÉÚ ÜÔÉÈ ×ÅÌÉÞÉÎ:maxm∈M maxx∈[m;m+1) |f | = maxm∈Mmax{| maxx∈[m;m+1) f∗(x)|; | minx∈[m;m+1) f∗(x)|} ≤

≤ maxm∈Mmax{∣

∣

∣

∣

minx∈[m;m+1) g(x) + minx∈[m;m+1)h(x)∣∣∣∣ ; ∣∣∣∣ maxx∈[m;m+1) g(x) + maxx∈[m;m+1)h(x)∣∣∣∣} == maxm∈Mmax{

∣

∣

∣

∣

(3b∗ + 23)m− 9(1 + b∗)48 w +(5(3b∗ − 1)96 − 3b∗ + 2348 m)w∣

∣

∣

∣

;
∣

∣

∣

∣

(3b∗ + 23)(m+ 1)− 9(1 + b∗)48 w + (5(3b∗ − 1)96 − 3b∗ + 2348 m)w∣

∣

∣

∣

} == 3b∗ + 2396 w < 0:5;maxx∈[−1; 0℄ |f | = max{| maxx∈[−1; 0℄ f∗(x)|; | minx∈[−1; 0℄ f∗(x)|} ≤

≤ max{∣

∣

∣

∣

minx∈[−1; 0℄ g(x) + minx∈B1∪B2 h(x)∣∣∣∣ ; ∣∣∣∣ maxx∈[−1; 0℄ g(x) + maxx∈B1∪B2 h(x)∣∣∣∣} == max {|g(−1) + h1| ; |g(0) + h2|} == max{∣

∣

∣

∣

−3b+ 812 w + 6b∗ − 23− 3b∗w∣

∣

∣

∣

; ∣∣∣
∣

−3 + 3b∗16 + 1 + 3b∗6− 6b∗ ∣

∣

∣

∣

} == max{∣

∣

∣

∣

−16 + 29b∗ + 3b∗212− 12b∗ w∣

∣

∣

∣

; ∣∣∣
∣

−1 + 24b∗ + 9b∗248(1− b∗) ∣

∣

∣

∣

}

≤ max{0:6; 0:8} = 0:8;
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maxx∈(0; 1+b∗)\{ 1+b∗2 }
|f | = max{| maxx∈(0; 1+b∗)\{ 1+b∗2 }

f∗(x)|; | min(0; 1+b∗)\{ 1+b∗2 }
f∗(x)|} ≤

≤ max{∣

∣

∣

∣

∣

minx∈(0; 1+b∗) g(x) + minx∈⋃i=3; 4; 6; 7; 8 Bi h(x)∣∣∣∣∣ ; ∣∣∣∣∣ maxx∈(0; 1+b∗) g(x) + maxx∈⋃i=3; 4; 6; 7; 8 Bi h(x)∣∣∣∣∣} == max {|g(0) + h6| ; |g(1 + b∗) + h2|} == max{∣

∣

∣

∣

−3 + 3b∗16 w − 3b∗ − 16− 6b∗w∣

∣

∣

∣

; ∣∣∣
∣

14 + 17b∗ + 3b∗248 + 3b∗ − 16− 6b∗ ∣

∣

∣

∣

} == max{∣

∣

∣

∣

−1− 24b∗ + 9b∗248− 48b∗ w∣

∣

∣

∣

; ∣∣∣
∣

6 + 27b∗ − 14b∗2 − 3b∗348(1− b∗) ∣

∣

∣

∣

}

≤ max{0:7; 0:98} = 0:98;maxx∈[1+b∗;3) |f | = max{| maxx∈[1+b∗; 3) f∗(x)|; | minx∈[1+b∗; 3) f∗(x)|} ≤

≤ max{∣

∣

∣

∣

minx∈[1+b∗; 3) g(x) + minx∈B9∪B10∪B11 h(x)∣∣∣∣ ; ∣∣∣∣ maxx∈[1+b∗; 3) g(x) + maxx∈B9∪B10∪B11 h(x)∣∣∣∣} == max {|g(1 + b∗) + h11| ; |g(3) + h9|} == max{∣

∣

∣

∣

14 + 17b∗ + 3b∗248 w − w∣

∣

∣

∣

; ∣∣∣
∣

54 − 1 + 3b∗6− 6b∗ ∣

∣

∣

∣

} == max{
∣

∣

∣

∣

−34 + 17b∗ + 3b∗248 w∣

∣

∣

∣

; ∣∣∣
∣

13− 21b∗12− 12b∗ ∣

∣

∣

∣

}

≤ max{0:9; 0:9} = 0:9:õÔ×ÅÒÖÄÅÎÉÅ 4. !2(f∗; 1) = w:Proof. ðÏÓËÏÌØËÕ ÆÕÎË�ÉÑ g ÌÉÎÅÊÎÁ, ÔÏ !2(f∗; 1) = !2(h; 1).ðÕÓÔØ, m ∈ M ,am = maxx∈[m;m+1);t∈[0; 1℄ |h(x− t)− 2h(x) + h(x+ t)|:�ÏÇÄÁam = maxx∈[m;m+1);t∈[0; 1℄ |h(x−t)−2(5(3b∗ − 1)96 − 3b∗ + 2348 m)w+h(x+t)| ≤
≤ max{

∣

∣

∣

∣

maxx∈[m−1;m+1)h(x)− 2(5(3b∗ − 1)96 − 3b∗ + 2348 m)w + maxx∈[m;m+2)h(x)∣∣∣∣ ;
∣

∣

∣

∣

minx∈[m−1;m+1)h(x)− 2(5(3b∗ − 1)96 − 3b∗ + 2348 m)w + minx∈[m;m+2)h(x)∣∣∣∣ }:ìÅÇËÏ ×ÉÄÅÔØ, ÞÔÏ ÅÓÌÉ m ∈ M , ÔÏmaxx∈[m;m+2)h(x) = minx∈[m−1;m+1)h(x) = (5(3b∗ − 1)96 − 3b∗ + 2348 m)w;22



�ÏÜÔÏÍÕam ≤ max{

∣

∣

∣

∣

maxx∈[m−1;m+1)h(x)− (5(3b∗ − 1)96 − 3b∗ + 2348 m)w∣

∣

∣

∣

;
∣

∣

∣

∣

−
(5(3b∗ − 1)96 − 3b∗ + 2348 m)w + minx∈[m;m+2)h(x)∣∣∣∣ } = 3b∗ + 2348 w:äÁÌÅÅ, �ÕÓÔØ i; j = 1::11,
ij = {maxx∈Bi;y∈Bj |f(y)− 2f(x) + f(2x− y)|; Bi ∩Bj 6= ∅;0; Bi ∩Bj = ∅:�ÏÇÄÁ (
ij)5; 11i=1; j=1 ÉÍÅÅÔ ×ÉÄ151−252b∗−27b∗296(1−b∗) w; 77−132b∗−9b∗232(1−b∗) w; 7(3b∗−1)12(1−b∗)w; 3b∗−12(1−b∗)w; 0;w; 1+3b∗6(1−b∗)w; 13−15b∗12(1−b∗)w; 7−9b∗6(1−b∗)w; w2 ;b∗1−b∗w; 1+b∗4(1−b∗)w; 1+b∗4(1−b∗)w; 1+3b∗6(1−b∗)w; b∗1−b∗w;1+3b∗6(1−b∗)w; w; 3b∗−14(1−b∗)w; 3b∗−12(1−b∗)w; w;0; w; w; w; 0;0; 0; 0; 3−5b∗2(1−b∗)w; 0;0; 0; 0; 0; 2−3b∗3(1−b∗)w;9b∗−16(1−b∗)w; b∗1−b∗w; 13−15b∗12(1−b∗)w; 7−9b∗6(1−b∗)w; 9b∗−16(1−b∗)w;0; 0; 0; 0; 9b∗−16(1−b∗)w;0; 0; 0; 0; 0;0; 0; 0; 0; 0;Á (
ij)11; 11i=6;j=1 ×ÙÇÌÑÄÉÔ ËÁË0; 0; 2(3b∗−1)3(1−b∗) w; 0; 0; 0;0; 0; w; 0; 0; 0;0; 0; 13(1−b∗)w; 0; 0; 0;3b∗−16(1−b∗)w; 0; w2 ; 0; 0; 0;w; w; w; w; 0; 0;3b∗−12(1−b∗)w; 3b∗−14(1−b∗)w; 2(2−3b∗)3(1−b∗) w; w2 ; 17−27b∗12(1−b) w; 2(2−3b∗)3(1−b∗) w;w; 1+b∗4(1−b∗)w; 7−9b∗6(1−b∗)w; 1+3b∗6(1−b∗)w; 5−7b∗4(1−b∗)w; w;b∗1−b∗w; 1+b∗4(1−b∗)w; w; b∗1−b∗w; 13−15b∗12(1−b∗)w; w;7(3b∗−1)12(1−b∗)w; 2(3b∗−1)3(1−b∗) w; 3(3b∗−1)4(1−b∗) w; 1+3b∗6(1−b∗)w; 3(3b∗−1)4(1−b∗) w; 9b∗−16(1−b∗)w;2(2−3b∗)3(1−b∗) w; 5−7b∗4(1−b∗)w; 7−9b∗6(1−b∗)w; 1−2b∗1−b∗ w; 3b∗−112(1−b∗)w; 7−9b∗6(1−b∗)w;7−9b∗6(1−b∗)w; w; w; 3−5b∗4(1−b∗)w; w; w:äÌÑ ÚÁ×ÅÒÛÅÎÉÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÏÓÔÁ£ÔÓÑ ÚÁÍÅÔÉÔØ, ÞÔÏ!2(h; 1) = max{maxm∈M am; maxi j=1::11 
ij} = w:23
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