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ï ç�åìøäåòï÷ïí õóìï÷éé ÷ çòáîéþîïê �ïþëåäìñ áîáìé�éþåóëïê æõîëãéé:ïâýéå íïäõìé çìáäëïçï ðïòñäëá îå ÷ùûå 2á. î. íåä÷åäå÷ó.-ðÅÔÅÒÂÕÒÇÓËÏÅ ÏÔÄÅÌÅÎÉÅ íÁÔÅÍÁÔÉÞÅÓËÏÇÏ ÉÎÓÔÉÔÕÔÁÉÍ. ÷. á. óÔÅËÌÏ×Á òáî,191023, ÎÁÂ. Ò. æÏÎÔÁÎËÉ, 27,óÁÎËÔ-ðÅÔÅÒÂÕÒÇ, òÏÓÓÉÑóÁÎËÔ-ðÅÔÅÒÂÕÒÇÓËÉÊ ÜÌÅËÔÒÏÔÅÈÎÉÞÅÓËÉÊ ÕÎÉ×ÅÒÓÉÔÅÔ,197376, ÕÌ. �ÒÏÆ. ðÏ�Ï×Á, Ä.5, óÁÎËÔ-ðÅÔÅÒÂÕÒÇ, òÏÓÓÉÑe-mail: alkomedvedev�gmail.
omáîîï�áãéñ÷ ÎÅÄÁ×ÎÅÊ ÓÔÁÔØÅ Á×ÔÏÒÁ, á. ÷. ÷ÁÓÉÎÁ É ó. ÷. ëÉÓÌÑËÏ×Á ÂÙÌÏ ÓÒÅÄÉ �ÒÏÞÅÇÏ ÕÓÔÁÎÏ×ÌÅÎÏ,ÞÔÏ ÅÓÌÉ � { ÏÇÒÁÎÉÞÅÎÎÁÑ ÁÎÁÌÉÔÉÞÅÓËÁÑ ÆÕÎË�ÉÑ × ËÒÕÇÅ, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÁÑ ÎÅËÏÔÏÒÙÍ ÅÓÔÅ-ÓÔ×ÅÎÎÙÍ ÕÓÌÏ×ÉÑÍ ÎÁ ÎÕÌÉ, Á Å£ ÍÏÄÕÌØ ' = |�| ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ × ÏÄÎÏÊ ÇÒÁÎÉÞÎÏÊ ÔÏÞËÅ eitÏ�ÅÎËÅ |'(eit)− '(eix)− b(t− x)| 6 C|t− x|� �ÒÉ ÎÅËÏÔÏÒÏÍ � ∈ [1; 2℄, ÔÏ ÆÕÎË�ÉÑ � ÕÄÏ×ÌÅÔ×Ï-ÒÑÅÔ × ÔÏÞËÅ eit ÕÓÌÏ×ÉÀ ç£ÌØÄÅÒÁ �ÏÒÑÄËÁ �=2 × ÎÅËÏÔÏÒÏÍ ÉÎÔÅÇÒÁÌØÎÏÍ ÓÍÙÓÌÅ. ÷ ÎÁÓÔÏÑÝÅÊÓÔÁÔØÅ ÄÏËÁÚÙ×ÁÅÔÓÑ ÁÎÁÌÏÇ ÜÔÏÇÏ ÕÔ×ÅÒÖÄÅÎÉÑ ÄÌÑ ÎÅ ÏÂÑÚÁÔÅÌØÎÏ ÓÔÅ�ÅÎÎÙÈ ÍÁÖÏÒÁÎÔ ÄÌÑÍÏÄÕÌÑ ÇÌÁÄËÏÓÔÉ: ÍÙ ÎÁËÌÁÄÙ×ÁÅÍÎÁ ÆÕÎË�ÉÀ ' ÕÓÌÏ×ÉÅ |'(eit)−'(eix)− b(t−x)| 6 !(|t−x|),ÇÄÅ ÍÁÖÏÒÁÎÔÁ ! ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÎÅËÏÔÏÒÙÍ ÕÓÌÏ×ÉÑÍ ÒÅÇÕÌÑÒÎÏÓÔÉ. äÌÑ �ÒÏÓÔÏÔÙ ÍÙ ÒÁÓÓÍÁ-ÔÒÉ×ÁÅÍ ÌÉÛØ ÓÌÕÞÁÊ, ËÏÇÄÁ ÆÕÎË�ÉÑ � { ×ÎÅÛÎÑÑ.ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ×ÎÅÛÎÑÑ ÆÕÎË�ÉÑ, Ç£ÌØÄÅÒÏ×Ù ÕÓÌÏ×ÉÑòÁÂÏÔÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ �ÏÄÄÅÒÖËÅ ÇÒÁÎÔÁ òææé 14-01-00198-A.
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ðòåðòéî�ùóÁÎËÔ-ðÅÔÅÒÂÕÒÇÓËÏÇÏ ÏÔÄÅÌÅÎÉÑíÁÔÅÍÁÔÉÞÅÓËÏÇÏ ÉÎÓÔÉÔÕÔÁ ÉÍ. ÷. á. óÔÅËÌÏ×Áòáî
çìá÷îùê òåäáë�ïòó. ÷. ëÉÓÌÑËÏ×

òåäëïììåçéñ÷. í. âÁÂÉÞ, î. á. ÷Á×ÉÌÏ×, á. í. ÷ÅÒÛÉË, í. á. ÷ÓÅÍÉÒÎÏ×,á. é. çÅÎÅÒÁÌÏ×, é. á. éÂÒÁÇÉÍÏ×, ì. à. ëÏÌÏÔÉÌÉÎÁ, ÷. î. ëÕÂÌÁÎÏ×ÓËÁÑ,ç. ÷. ëÕÚØÍÉÎÁ, â. â. ìÕÒØÅ, à. ÷. íÁÔÉÑÓÅ×ÉÞ, î. à. îÅ�×ÅÔÁÅ×,ó. é. òÅ�ÉÎ, ç. á. óÅÒÅÇÉÎ, ï. í. æÏÍÅÎËÏ.
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1 ÷×ÅÄÅÎÉÅ É �ÏÓÔÁÎÏ×ËÁ ÚÁÄÁÞÉäÁÎÎÁÑ ÒÁÂÏÔÁ �ÏÓ×ÑÝÅÎÁ ÏÂÏÂÝÅÎÉÀ ÒÅÚÕÌØÔÁÔÏ× ÓÔÁÔØÉ [7℄. îÁÍÉ ÂÕÄÅÔ ÕÓÔÁÎÏ×ÌÅÎÏ �ÏÔÏÞÅÞ-ÎÏÅ �ÁÄÅÎÉÅ ÇÌÁÄËÏÓÔÉ ×ÎÅÛÎÅÊ ÆÕÎË�ÉÉ O' (Ï�ÒÅÄÅÌÅÎÉÅ ÓÍ. × ËÏÎ�Å ××ÅÄÅÎÉÑ) × ÓÒÁ×ÎÅÎÉÉ ÓÇÌÁÄËÏÓÔØÀ Å£ ÍÏÄÕÌÑ ' ÄÌÑ ÓÌÕÞÁÑ ÕÓÌÏ×ÉÊ ×ÉÄÁ |'(t)−'(x)−b(t−x)| ≤ C!(|t−x|). ðÏÓÌÅÄÎÉÅ�ÒÉ �ÒÁ×ÉÌØÎÏÍ ×ÙÂÏÒÅ ÍÁÖÏÒÁÎÔÙ ! ÓÏÏÔ×ÅÔÓÔ×ÕÀÔ ÇÌÁÄËÏÓÔÉ ÆÕÎË�ÉÉ ' �ÏÒÑÄËÁ ÍÅÖÄÕ 1É 2.äÌÑ ÞÉÓÌÏ×ÙÈ ÆÕÎË�ÉÊ f É g, ÚÁÄÁÎÎÙÈ ÎÁ ÏÄÎÏÍ É ÔÏÍ ÖÅ ÍÎÏÖÅÓÔ×Å, ÕÓÌÏ×ÉÍÓÑ �ÉÓÁÔØf . g, ÅÓÌÉ f(x) ≤ Cg(x) �ÒÉ ×ÓÅÈ x Ó �ÏÓÔÏÑÎÎÏÊ C, ÎÅ ÚÁ×ÉÓÑÝÅÊ ÏÔ x. åÓÌÉ ÖÅ f . g É g . f ,ÔÏ ÂÕÄÅÍ �ÉÓÁÔØ f ≍ g.ðÒÉ Ï�ÉÓÁÎÉÉ ÕÓÌÏ×ÉÊ ÎÁ ÇÌÁÄËÏÓÔØ ÍÙ ÂÕÄÅÍ �ÒÉÄÅÒÖÉ×ÁÔØÓÑ �ÏÄÈÏÄÁ óÔÅÞËÉÎÁ. ðÒÉ×Å-ÄÅÍ, Ó ÎÅÂÏÌØÛÏÊ �Ï�ÒÁ×ËÏÊ, ÓÌÅÄÕÀÝÅÅ Ï�ÒÅÄÅÌÅÎÉÅ, ËÏÔÏÒÏÅ ÍÏÖÎÏ ÎÁÊÔÉ × [1, 201{202℄.ï�ÒÅÄÅÌÅÎÉÅ 1.1. îÁÚÏ×ÅÍ ÍÁÖÏÒÁÎÔÏÊ ÔÉ�Á k-ÇÏ ÍÏÄÕÌÑ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ ÎÅ�ÒÅÒÙ×ÎÕÀ ÎÅÏ-ÔÒÉ�ÁÔÅÌØÎÕÀ ÎÅÕÂÙ×ÁÀÝÕÀ ÆÕÎË�ÉÀ ! ÎÁ [0;+∞), ÄÌÑ ËÏÔÏÒÏÊ !(0) = 0 É ÆÕÎË�ÉÑ t−k!(t)Ñ×ÌÑÅÔÓÑ �ÏÞÔÉ ÕÂÙ×ÁÀÝÅÊ, Ô.Å. ÄÌÑ ×ÓÑËÉÈ ÚÎÁÞÅÎÉÊ t1 ≤ t2 ×Ù�ÏÌÎÅÎÏ ÎÅÒÁ×ÅÎÓÔ×Ï!(t2)tk2 .
!(t1)tk1 ; (QD)Ó ÎÅËÏÔÏÒÏÊ ÕÎÉ×ÅÒÓÁÌØÎÏÊ �ÏÓÔÏÑÎÎÏÊ.îÁ ×ÓÅ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÅ ÍÁÖÏÒÁÎÔÙ (Á ÉÎÔÅÒÅÓÕÀÔ ÎÁÓ ÔÏÌØËÏ ÍÁÖÏÒÁÎÔÙ ÔÉ�Á 2-ÇÏ ÍÏÄÕÌÑÎÅ�ÒÅÒÙ×ÎÏÓÔÉ) ÎÁÌÏÖÉÍ ÄÏ�ÏÌÎÉÔÅÌØÎÏÅ ÏÇÒÁÎÉÞÅÎÉÅ, ËÏÔÏÒÏÅ �ÏÍÏÖÅÔ ÎÁÍ ÏÔÄÅÌÉÔØ ÕÓÌÏ×ÉÑÎÁ ÇÌÁÄËÏÓÔØ ÍÅÎØÛÅ 1, ÏÔ ÕÓÌÏ×ÉÊ ÎÁ ÇÌÁÄËÏÓÔØ �ÏÒÑÄËÁ ÍÅÖÄÕ 1 É 2. äÌÑ ÍÁÖÏÒÁÎÔÙ ÔÉ�Á2-ÇÏ ÍÏÄÕÌÑ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ ! ÜÔÏ ÕÓÌÏ×ÉÅ ÉÍÅÅÔ ×ÉÄ:!(t1)t1 .

!(t2)t2 ; t1 ≤ t2; (QI)Ô.Å. ÆÕÎË�ÉÑ t−1!(t) �ÏÞÔÉ ×ÏÚÒÁÓÔÁÅÔ. ìÅÇËÏ ÚÁÍÅÔÉÔØ, ÞÔÏ ÓÔÅ�ÅÎÎÙÅ ÍÁÖÏÒÁÎÔÙ !(t) ≍ t��ÒÉ 1 ≤ � ≤ 2 ÚÁ×ÅÄÏÍÏ ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÕÓÌÏ×ÉÑÍ (QD) É (QI). �ÁËÉÅ ÍÁÖÏÒÁÎÔÙ ÂÕÄÅÍ, ÄÌÑËÒÁÔËÏÓÔÉ, × ÄÁÌØÎÅÊÛÅÍ ÎÁÚÙ×ÁÔØ �ÒÏÓÔÏ �ÒÁ×ÉÌØÎÙÍÉ.æÉËÓÉÒÕÅÍ ÔÏÞËÕ x ∈ [−�; �℄. òÁÓÓÍÏÔÒÉÍ ÆÕÎË�ÉÀ f ÎÁ ÏËÒÕÖÎÏÓÔÉ (2�{�ÅÒÉÏÄÉÞÅÓËÕÀÎÁ R). ÷ ÄÁÎÎÏÊ ÒÁÂÏÔÅ, ËÁË É × [7℄, ÒÁÓÓÍÁÔÒÉ×ÁÀÔÓÑ 2 ÔÉ�Á �ÏÔÏÞÅÞÎÙÈ ÕÓÌÏ×ÉÊ ÎÁ ÇÌÁÄËÏÓÔØ:(I) ðÅÒ×ÙÊ ÔÉ� �ÏÄÒÁÚÕÍÅ×ÁÅÔ ÎÁÌÉÞÉÅ ÄÌÑ ÆÕÎË�ÉÉ f Ï�ÅÎËÉ
|f(y)− f(x)− bx(x− y)| . !x(|x− y|); (SC)�Ï ×ÓÅÍ ÔÏÞËÁÍ y, ÄÌÑ ËÏÔÏÒÙÈ |x − y| ≤ 4�, ÇÄÅ bx ÎÅËÏÔÏÒÁÑ �ÏÓÔÏÑÎÎÁÑ, Á !x �ÒÁ×ÉÌØÎÁÑÍÁÖÏÒÁÎÔÁ.(II) ÷ÔÏÒÏÊ ÔÉ� | ÕÓÌÏ×ÉÅ ÎÁ ÕÓÒÅÄÎÅÎÎÙÅ ×ÔÏÒÙÅ ÒÁÚÎÏÓÔÉ ÆÕÎË�ÉÉ f . ÷ ÎÁÛÉÈ ÏÂÏÚÎÁ-ÞÅÎÉÑÈ ÚÁ�ÉÛÅÍ ÅÇÏ ÔÁË:
( 12h ∫ h

−h |�2f(x; t)|rdt)1=r
. !x(|x− y|); (DC)ÄÌÑ ×ÓÅÈ h ≤ 4� �ÒÉ ÎÅËÏÔÏÒÏÍ r > 1, Á ÍÁÖÏÒÁÎÔÁ !x ÎÅ ÏÂÑÚÁÔÅÌØÎÏ �ÒÁ×ÉÌØÎÁÑ, ÎÏ ÔÏÞÎÏÔÉ�Á 2-ÇÏ ÍÏÄÕÌÑ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ.÷ ÄÁÎÎÏÊ ÒÁÂÏÔÅ ÍÙ ÏÇÒÁÎÉÞÉÍÓÑ ÌÉÛØ ×ÎÅÛÎÉÍÉ ÆÕÎË�ÉÑÍÉ. òÁÓÓÍÏÔÒÉÍ 2�{�ÅÒÉÏÄÉÞÅÓËÕÀÎÅÏÔÒÉ�ÁÔÅÌØÎÕÀ ÆÕÎË�ÉÀ ', ÄÌÑ ËÏÔÏÒÏÊ log' ∈ Lp(T). ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ O' ×ÎÅÛÎÀÀ ÆÕÎË-�ÉÀ, �ÏÓÔÒÏÅÎÎÕÀ �Ï ', Ó ÇÒÁÎÉÞÎÙÍÉ ÚÎÁÞÅÎÉÑÍÉ, ÒÁ×ÎÙÍÉ ' exp(H(log')), ÇÄÅH| Ï�ÅÒÁÔÏÒ3



ÇÁÒÍÏÎÉÞÅÓËÏÇÏ ÓÏ�ÒÑÖÅÎÉÑ. ÷ ÏÓÎÏ×ÎÏÊ ÓÔÁÔØÅ [7℄ ÂÙÌ �ÏÌÕÞÅÎ ÓÌÅÄÕÀÝÉÊ ÒÅÚÕÌØÔÁÔ ÄÌÑ ÓÔÅ-�ÅÎÎÙÈ ÍÁÖÏÒÁÎÔ: ÕÓÌÏ×ÉÅ (SC) ÎÁ ÆÕÎË�ÉÀ ' × ÏÄÎÏÊ ÔÏÞËÅ x Ó ÍÁÖÏÒÁÎÔÏÊ !1x(t) ≍ t�, ÇÄÅ� ∈ [1; 2℄, ÇÁÒÁÎÔÉÒÕÅÔ ÄÌÑ ×ÎÅÛÎÅÊ ÆÕÎË�ÉÉ O' Ï�ÅÎËÕ (DC) × ÔÏÊ ÖÅ ÔÏÞËÅ x Ó ÍÁÖÏÒÁÎÔÏÊ!2x(t) = Ct�p=(p+1), �ÒÉÞÅÍ ÎÁ ÚÎÁÞÅÎÉÅ �ÏÓÔÏÑÎÎÏÊ C ÏËÁÚÙ×ÁÀÔ ×ÌÉÑÎÉÅ ÔÏÌØËÏ !1x É ‖ log'‖Lp.éÍÅÎÎÏ ÜÔÏÔ ÒÅÚÕÌØÔÁÔ ÍÙ É �ÌÁÎÉÒÕÅÍ ÏÂÏÂÝÉÔØ ÎÁ ÓÌÕÞÁÊ �ÒÏÉÚ×ÏÌØÎÏÊ �ÒÁ×ÉÌØÎÏÊ ÍÁ-ÖÏÒÁÎÔÙ.2 óÌÕÞÁÊ ÇÌÁÄËÏÓÔÉ ÎÅ ÂÏÌØÛÅ 2, Ó �ÒÏÉÚ×ÏÌØÎÏÊ ÍÁÖÏ-ÒÁÎÔÏÊ ÔÉ�Á 2-ÇÏ ÍÏÄÕÌÑ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉðÕÓÔØ ÄÁÎÁ 2�{�ÅÒÉÏÄÉÞÅÓËÁÑ ÎÅÏÔÒÉ�ÁÔÅÌØÎÁÑ ÆÕÎË�ÉÑ ', ÄÌÑ ËÏÔÏÒÏÊ log' ∈ Lp(T). ðÕÓÔØ
O' | ×ÎÅÛÎÑÑ ÆÕÎË�ÉÑ, �ÏÓÔÒÏÅÎÎÁÑ �Ï '. éÍÅÅÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÁÑ ÔÅÏÒÅÍÁ.�ÅÏÒÅÍÁ 1. åÓÌÉ ÆÕÎË�ÉÑ ' ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ × ÔÏÞËÅ x ÕÓÌÏ×ÉÀ (SC) Ó �ÒÁ×ÉÌØÎÏÊ ÍÁÖÏÒÁÎ-ÔÏÊ !x, ÔÏ ÔÏÇÄÁ ×ÅÒÎÙ ÓÌÅÄÕÀÝÉÅ Ä×Á ÕÔ×ÅÒÖÄÅÎÉÑ.1. åÓÌÉ '(0) = 0, ÔÏ ÆÕÎË�ÉÑ O' ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÀ (DC) Ó ÍÁÖÏÒÁÎÔÏÊ, �ÒÏ�ÏÒ�ÉÏ-ÎÁÌØÎÏÊ !x, �ÒÉÞÅÍ ËÏÜÆÆÉ�ÉÅÎÔ �ÒÏ�ÏÒ�ÉÏÎÁÌØÎÏÓÔÉ ÚÄÅÓØ ÚÁ×ÉÓÉÔ ÏÔ !x (ÏÔ �ÏÓÔÏ-ÑÎÎÙÈ ÉÚ ÕÓÌÏ×ÉÊ (QD) É (QI)) É ÏÔ ‖ log'‖Lp.2. åÓÌÉ '(0) > 0, ÔÏ ÆÕÎË�ÉÑ O' ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÀ (DC) Ó ÍÁÖÏÒÁÎÔÏÊ, �ÒÏ�ÏÒ�ÉÏ-ÎÁÌØÎÏÊ !x(·) + !x((·)�), ÇÄÅ � = p=(p + 1), �ÒÉ ÜÔÏÍ ËÏÜÆÆÉ�ÉÅÎÔ �ÒÏ�ÏÒ�ÉÏÎÁÌØÎÏÓÔÉÚÄÅÓØ ÚÁ×ÉÓÉÔ ÏÔ !x (ÏÔ �ÏÓÔÏÑÎÎÙÈ ÉÚ ÕÓÌÏ×ÉÊ (QD) É (QI)) É ÏÔ ‖ log'‖Lp.úÁÍÅÞÁÎÉÅ 2.1. óÌÅÄÕÅÔ ÏÔÍÅÔÉÔØ, ÞÔÏ ÅÓÌÉ ÍÁÖÏÒÁÎÔÁ !x, �Ï ÕÓÌÏ×ÉÀ, ÏÂÑÚÁÎÁ ÂÙÔØ �ÒÁ×ÉÌØ-ÎÏÊ, Ô.Å. ÓÏÏÔ×ÅÔÓÔ×Ï×ÁÔØ ÇÌÁÄËÏÓÔÉ ÍÅÖÄÕ 1 É 2, ÔÏ ÒÅÚÕÌØÔÉÒÕÀÝÁÑ ÍÁÖÏÒÁÎÔÁ !x(·)+!x((·)�)ÍÏÖÅÔ �ÅÒÅÓÔÁÔØ ÂÙÔØ ÔÁËÏ×ÏÊ. �ÁËÏÊ ÖÅ ÜÆÆÅËÔ ÎÁÂÌÀÄÁÌÓÑ É × [7℄ ÄÌÑ ÓÔÅ�ÅÎÎÙÈ ÍÁÖÏÒÁÎÔ.2.1 ÷ÏÓÓÔÁÎÏ×ÌÅÎÉÉ \ÇÌÏÂÁÌØÎÏÊ" ÇÌÁÄËÏÓÔÉ ÉÚ �ÏÔÏÞÅÞÎÙÈ Ï�ÅÎÏËÔÉ�Á (DC)ïÂÝÉÊ �ÒÉÎ�É� × ÄÁÎÎÍ ËÒÕÇÅ ÚÁÄÁÞ ÇÌÁÓÉÔ, ÞÔÏ ÅÓÌÉ ÉÎÔÅÇÒÁÌØÎÙÅ ÕÓÌÏ×ÉÑ ×ÒÏÄÅ (DC) ×Ù�ÏÌ-ÎÅÎÙ ÒÁ×ÎÏÍÅÒÎÏ ×Ï ×ÓÅÈ ÔÏÞËÁÈ x, ÔÏ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÁÑ ÆÕÎË�ÉÑ ÂÕÄÅÔ ÇÌÁÄËÏÊ × ËÌÁÓÓÉÞÅÓËÏÍÓÍÙÓÌÅ ÜÔÏÇÏ ÓÌÏ×Á. ïÂÓÕÄÉÍ ÔÏ, ËÁË ÜÔÏ ÕÔ×ÅÒÖÄÅÎÉÅ �ÒÏÑ×ÌÑÅÔÓÑ × ÎÁÛÅÊ ÓÉÔÕÁ�ÉÉ. äÌÑ ÓÌÕ-ÞÁÑ ÓÔÅ�ÅÎÎÙÈ ÍÁÖÏÒÁÎÔ ÎÅÏÂÈÏÄÉÍÙÅ �ÏÓÔÒÏÅÎÉÑ ÂÙÌÉ �ÒÉ×ÅÄÅÎÙ × [7, ÓÔÒ. 59{64℄. íÙ ÖÅ ×ÄÁÎÎÏÊ ÒÁÂÏÔÅ ÁÄÁ�ÔÉÒÕÅÍ ÉÈ ÄÌÑ �ÒÏÉÚ×ÏÌØÎÙÈ �ÒÁ×ÉÌØÎÙÈ ÍÁÖÏÒÁÎÔ.ëÁË ÂÙÌÏ Õ�ÏÍÑÎÕÔÏ × ÚÁÍÅÞÁÎÉÉ 2.1, ÍÁÖÏÒÁÎÔÁ, ËÏÔÏÒÁÑ �ÏÑ×ÌÑÅÔÓÑ × Ï�ÅÎËÁÈ ÄÌÑ ÓÒÅÄÎÉÈ×ÔÏÒÙÈ ÒÁÚÎÏÓÔÅÊ ÆÕÎË�ÉÉ O' × ÔÅÏÒÅÍÅ 1Â ÎÅ ÏÂÑÚÁÔÅÌØÎÏ ÂÕÄÅÔ �ÒÁ×ÉÌØÎÏÊ, Ô.Å. ÏÎÁ ×�ÏÌÎÅÍÏÖÅÔ ÓÏÏÔ×ÅÔÓÔ×Ï×ÁÔØ ÇÌÁÄËÏÓÔÉ ÎÅ ÂÏÌØÛÅ 1, Á ÎÅ ÍÅÖÄÕ 1 É 2. üÔÏÔ ÓÌÕÞÁÊ ÍÙ ÏÂÓÕÄÉÍÞÕÔØ �ÏÚÖÅ. á �ÏËÁ �ÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÍÁÖÏÒÁÎÔÁ �ÒÁ×ÉÌØÎÁÑ.éÔÁË, ÒÁÓÓÍÏÔÒÉÍ 2�{�ÅÒÉÏÄÉÞÅÓËÕÀ ÉÚÍÅÒÉÍÕÀ ÆÕÎË�ÉÀ g, ÄÌÑ ËÏÔÏÒÏÊ �ÒÅÄ�ÏÌÏÖÉÍ×Ù�ÏÌÎÅÎÎÙÍ ÕÓÌÏ×ÉÅ (DC) ×Ï ×ÓÅÈ ÔÏÞËÁÈ x, |x| ≤ 4�, Ó ÏÄÎÏÊ É ÔÏÊ ÖÅ �ÏÓÔÏÑÎÎÏÊ, ÏÄÎÏÊ É ÔÏÊÖÅ �ÒÁ×ÉÌØÎÏÊ ÍÁÖÏÒÁÎÔÏÊ ! É r > 1. ðÒÉ×ÅÄÅÍ ÁÎÁÌÏÇ �ÒÅÄÌÏÖÅÎÉÑ 3 ÉÚ [7℄ (ÄÏËÁÚÁÔÅÌØÓÔ×ÏÂÕÄÅÔ ÏÔÌÉÞÁÔØÓÑ ÌÉÛØ ÎÅÓËÏÌØËÉÍÉ �Ï�ÒÁ×ËÁÍÉ).õÔ×ÅÒÖÄÅÎÉÅ 1. ðÕÓÔØ g ÔÁËÁÑ ÖÅ, ËÁË É ×ÙÛÅ. äÏ�ÏÌÎÉÔÅÌØÎÏ �ÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ g ∈ C2.�ÏÇÄÁ ÄÌÑ ËÁÖÄÏÇÏ ÏÔÒÅÚËÁ |I|, |I| < 2�, ÎÁÊÄÅÔÓÑ ÔÁËÏÊ ÌÉÎÅÊÎÙÊ �ÏÌÉÎÏÍ �I, ÞÔÏsupx∈I |g(x)− �I(x)| . !(|I|):4



Proof. éÚ ÕÓÌÏ×ÉÑ (DC) Ó ÏÂßÑ×ÌÅÎÎÙÍÉ ×ÙÛÅ �ÁÒÁÍÅÔÒÁÍÉ ÎÅÍÅÄÌÅÎÎÏ ÓÌÅÄÕÅÔ1h ∫h=2≤|t|≤h |�2g(x; t)| dt . !(h); 0 < h ≤ 4�:ëÒÏÍÅ ÔÏÇÏ, ×ÅÒÎÏ ÓÏÏÔÎÏÛÅÎÉÅ�2g(x; t) = ∫ t0 ∫ t0 g′′(x + � + �) d� d�: (1)éÚ ÆÏÒÍÕÌÙ ÄÌÑ ×ÔÏÒÏÊ ÒÁÚÎÏÓÔÉ �ÏÌÕÞÉÍg(x) = �2g(x; � + �) + (2g(x+ � + �)− g(x+ 2� + 2�)):ðÒÏÉÎÔÅÇÒÉÒÕÅÍ ÄÁÎÎÏÅ ÒÁ×ÅÎÓÔ×Ï �Ï � É � ÏÔ 0 ÄÏ t É �ÏÄÅÌÉÍ ÎÁ t2:g(x) =  (x; t) + 1t2 ∫ t0 ∫ t0 �2g(x; � + �) d� d�; (2)ÇÄÅ  (x; t) = 1t2 ∫ t0 ∫ t0 [2g(x+ � + �)− g(x+ 2� + 2�)℄ d� d�:äÁÌÅÅ, ÕÓÒÅÄÎÉÍ (2) �Ï t:g(x) = 'h(x) + 1h ∫h=2≤|t|≤h 1t2 ∫ t0 ∫ t0 �2g(x; � + �) d� d� dt;ÇÄÅ 'h(x) = 1h ∫h=2≤|t|≤h  (x; t) dt:ï�ÅÎÉÍ ×ÔÏÒÏÅ ÓÌÁÇÁÅÍÏÅ Ó�ÒÁ×Á. ïÎÏ ÒÁÚÂÉ×ÁÅÔÓÑ ÎÁ Ä×Á ÉÎÔÅÇÒÁÌÁ, �Ï �ÏÌÏÖÉÔÅÌØÎÙÍ ÉÏÔÒÉ�ÁÔÅÌØÎÙÍ t, ËÏÔÏÒÙÅ Ï�ÅÎÉ×ÁÀÔÓÑ ÁÎÁÌÏÇÉÞÎÏ. ðÏÜÔÏÍÕ �ÒÉ×ÅÄÅÍ ÔÏÌØËÏ ÏÄÎÕ Ï�ÅÎËÕ,ÎÁ�ÒÉÍÅÒ ÉÎÔÅÇÒÁÌÁ I1(x) �Ï h=2 ≤ t ≤ h. éÍÅÅÍ
|I1(x)| .

1h3 ∫h=2≤|t|≤h(∫ h0 ∫ h0 |�2g(x; � + �)| d� d�) dt .

.
1h2 ∫ h0 ∫ h0 |�2g(x; � + �)| d� d� = ∫ h0 ∫ �+h� |�2g(x; u)| du d� == 1h2[∫ h0 ∫ u0 |�2g(x; u)| d� du+ ∫ 2hh ∫ hu−h |�2g(x; u)| d� du] . !(h):ðÏÓÌÅÄÎÀÀ Ï�ÅÎËÕ ÏÂÅÓ�ÅÞÉ×ÁÅÔ (DC). �ÁËÉÍ ÏÂÒÁÚÏÍ

|g(x)− 'h(x)| . !(h): (3)ï�ÅÎÉÍ ÔÅ�ÅÒØ ×ÔÏÒÕÀ �ÒÏÉÚ×ÏÄÎÕÀ �Ï x ÆÕÎË�ÉÉ 'h(x). ðÒÅÖÄÅ ×ÓÅÇÏ,�2�x2 (x; t) = 1t2 ∫ t0 ∫ t0 (2g′′(x+ � + �)− g′′(x + 2� + 2�)) d� d� == 2t2�2g(x; t)− 4t2�2g(x; 2t)5



× ÓÉÌÕ (1). ðÏÜÔÏÍÕ
|'′′h(x)| ≤ 1h ∫h=2≤|t|≤h∣∣∣∣ �2�x2 (x; t)∣∣∣∣ dt .

.
1h2(1h ∫h=2≤|t|≤h |�2g(x; t)| dt+ 1h ∫h=2≤|t|≤h |�2g(x; 2t)| dt) .

!(h)h2 :ðÏÓÌÅÄÎÀÀ Ï�ÅÎËÕ Ï�ÑÔØ ÏÂÅÓ�ÅÞÉ×ÁÅÔ (DC).òÁÓÓÍÏÔÒÉÍ ÏÔÒÅÚÏË I, ÅÇÏ �ÅÎÔÒ x0, É �ÕÓÔØ h = |I|=2. äÌÑ ÔÏÞËÉ x ∈ I ÉÍÅÅÍ'h(x) = 'h(x0) + 12'′h(x)(x− x0) + 12 ∫ xx0 '′′h(u)(x− u) du:÷ÏÚØÍÅÍ �I(x) = 'h(x0) + 12'′h(x)(x− x0):�ÏÇÄÁ
|'h(x)− �I(x)| .

!(h)h2 (x− x0)2 . !(h):éÚ ÄÁÎÎÏÇÏ ÕÔ×ÅÒÖÄÅÎÉÑ ÓÔÁÎÄÁÒÔÎÙÍ ÍÅÔÏÄÏÍ (ÄÏÓÔÁÔÏÞÎÏ ÒÁÓÓÍÏÔÒÅÔØ Ó×ÅÒÔËÉ Ó ÑÄÒÁÍÉæÅÊÅÒÁ, �ÏÄÒÏÂÎÅÅ [7, ÓÔÒ. 61℄) ÍÏÖÅÍ �ÏÌÕÞÉÔØ ÎÅÒÁ×ÅÎÓÔ×Ï
|�2g(x; t)| . !(h)�ÒÉ ×ÓÅÈ x É |t| ≤ �=2, ÂÅÚ Á�ÒÉÏÒÎÙÈ �ÒÅÄ�ÏÌÏÖÅÎÉÊ Ï ÇÌÁÄËÏÓÔÉ ÆÕÎË�ÉÉ g. ðÏÓÌÅÄÎÅÅ ÏÚÎÁ-ÞÁÅÔ �ÒÉÎÁÄÌÅÖÎÏÓÔØ g ËÌÁÓÓÕ Lip!. ïÔÍÅÔÉÍ, ÞÔÏ ÄÌÑ !(t) = t ÍÙ �ÏÌÕÞÁÅÍ ËÌÁÓÓ úÉÇÍÕÎÄÁ,Á ÎÅ Lip1.úÁÍÅÞÁÎÉÅ 2.2. õÔ×ÅÒÖÄÅÎÉÅ 1, Á ÚÎÁÞÉÔ É ÒÁÓÓÕÖÄÅÎÉÅ �ÏÓÌÅ ÎÅÇÏ, ×ÅÒÎÏ É ÄÌÑ ËÏÍ�ÌÅËÓÎÏ-ÚÎÁÞÎÙÈ ÆÕÎË�ÉÊ g (ÎÁ�ÏÍÎÉÍ, ÞÔÏ ÍÙ ÉÚÍÅÒÑÅÍ ÇÌÁÄËÏÓÔØ ÆÕÎË�ÉÉ O'). äÅÊÓÔ×ÉÔÅÌØÎÏ,ÅÓÌÉ ÆÕÎË�ÉÑ g ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ (DC), ÔÏ ÜÔÏÍÕ ÖÅ ÕÓÌÏ×ÉÀ ÂÕÄÕÔ ÕÄÏ×ÌÅÔ×ÏÒÑÔØ Re g É Im g,ÔÁË ËÁË |�2Re g(t; x)| ≤ |�2g(t; x)| É |�2 Im g(t; x)| ≤ |�2g(t; x)|. åÓÌÉ �1I(x) = a10 + a11x | ÍÎÏ-ÇÏÞÌÅÎ ÉÚ ÕÔ×ÅÒÖÄÅÎÉÑ 1 ÄÌÑ Re g, a �2I(x) = a20 + a21x | ÄÌÑ Im g, ÄÏ ÄÏÓÔÁÔÏÞÎÏ �ÏÌÏÖÉÔØ�I(x) = (a10 + ia20) + (a10 + ia20)x É ÕÔ×ÅÒÖÄÅÎÉÅ 1 ÂÕÄÅÔ ×ÅÒÎÙÍ ÄÌÑ g, ××ÉÄÕ ÏÞÅ×ÉÄÎÏÇÏ ÎÅÒÁ×ÅÎ-ÓÔ×Á

|g(x)− �I(x)| ≤ |Re g(x)− �1I(x)|+ | Im g(x)− �2I(x)|:åÓÌÉ ÖÅ ÍÁÖÏÒÁÎÔÁ × (DC) ÏËÁÚÁÌÁÓØ ÎÅ�ÒÁ×ÉÌØÎÏÊ, ÔÏ ÍÙ ÎÁ ÓÁÍÏÍ ÄÅÌÅ ÉÍÅÅÍ ÄÅÌÏ ÓÕÓÌÏ×ÉÅÍ ÎÁ ÇÌÁÄËÏÓÔØ �ÏÒÑÄËÁ ÍÅÎØÛÅ 1. óÔÁÎÄÁÒÔÎÙÍ ÍÅÔÏÄÏÍ (ÓÍ. �ÒÅÄÌÏÖÅÎÉÅ 1 É 2 [7℄) ÍÙÍÏÖÅÍ Ó×ÅÓÔÉ (DC) Ë Ï�ÅÎËÁÍ ÓÒÅÄÎÉÈ ÏÓ�ÉÌÌÑ�ÉÊ ÉÚ [4℄, ÄÌÑ ËÏÔÏÒÙÈ �ÒÏ�ÅÄÕÒÁ ×ÏÓÓÔÁÎÏ×ÌÅÎÉÑÇÌÁÄËÏÓÔÉ ÓÔÁÎÄÁÒÔÎÁ (Ï�ÉÓÁÎÁ ËÁË × [7℄, ÔÁË É × [4℄; ÄÌÑ �ÒÉÍÅÒÁ �ÒÅÄÌÁÇÁÅÍ ÏÚÎÁËÏÍÉÔÓÑ Ó [6℄)æÁËÔÉÞÅÓËÉ × ÜÔÏÍ ÓÌÕÞÁÅ ÍÙ ÉÍÅÅÍ |g(x)− g(y)| . !(|x− y|).2.2 ÷Ó�ÏÍÏÇÁÔÅÌØÎÙÅ ÒÅÚÕÌØÔÁÔÙîÁÛÅ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ×Ï ÍÎÏÇÏÍ ÂÕÄÅÔ �Ï×ÔÏÒÑÔØ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÇÏ ÒÅÚÕÌØÔÁÔÁÉÚ [7℄. ïÄÎÁËÏ, ××ÉÄÕ ÅÇÏ ÓÌÏÖÎÏÓÔÉ, ÎÁÍ �ÒÉÄÅÔÓÑ �ÒÉ×ÅÓÔÉ ÅÇÏ × �ÒÁËÔÉÞÅÓËÉ �ÏÌÎÏÍ ÏÂßÅÍÅ,Ï�ÕÓËÁÑ ÌÉÛØ ÎÅËÏÔÏÒÙÅ ÍÏÍÅÎÔÙ. �ÅÍ ÎÅ ÍÅÎÅÅ, ×Ó�ÏÍÏÇÁÔÅÌØÎÙÅ ÒÅÚÕÌØÔÁÔÙ ÍÙ ÍÏÖÅÍ�ÒÉ×ÅÓÔÉ ÂÅÚ ÄÏËÁÚÁÔÅÌØÓÔ×.ðÕÓÔØ ÆÕÎË�ÉÑ ' ÔÁËÁÑ ÖÅ, ËÁË É × ÆÏÒÍÕÌÉÒÏ×ËÅ ÔÅÏÒÅÍÙ. òÁÓÓÍÏÔÒÉÍ ×ÎÅÛÎÀÀ ÆÕÎË�ÉÀ
O', �ÏÓÔÒÏÅÎÎÕÀ �Ï '. âÅÚ ÏÇÒÁÎÉÞÅÎÉÑ ÏÂÝÎÏÓÔÉ, ÂÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ ÔÏÞËÁ, × ËÏÔÏÒÏÊ ÍÙ6



ÉÚÍÅÒÑÅÍ ÇÌÁÄËÏÓÔØ, ÅÓÔØ ÔÏÞËÁ x = 0. �.Å. ÓÞÉÔÁÅÍ, ÞÔÏ ÚÁÄÁÎÁ ÍÁÖÏÒÁÎÔÁ 2-ÏÇÏ ÍÏÄÕÌÑÎÅ�ÒÅÒÙ×ÎÏÓÔÉ ! ÔÁËÁÑ, ÞÔÏ
|'(t)− '(0)− bt| ≤ !(|t|): (4)äÏ�ÏÌÎÉÔÅÌØÎÏ, ÂÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ (QI), Ô.Å. ÍÁÖÏÒÁÎÔÁ ! ÓÏÏÔ×ÅÔÓÔ×ÕÅÔÇÌÁÄËÏÓÔÉ ÏÔ 1 ÄÏ 2. �ÁËÖÅ ÂÕÄÅÔ �ÏÌÅÚÎÏ ×ÙÄÅÌÉÔØ ÓÌÅÄÕÀÝÕÀ Ï�ÅÎËÕ, ËÏÔÏÒÁÑ, ÒÁÚÕÍÅÅÔÓÑ,Ñ×ÌÑÅÔÓÑ ÏÞÅ×ÉÄÎÙÍ ÓÌÅÄÓÔ×ÉÅÍ ÕÓÌÏ×ÉÑ (4):

|'(t)− '(0)| ≤ |b||t|+ !(|t|): (5)÷ÓÅ ×Ó�ÏÍÏÇÁÔÅÌØÎÙÅ ÕÔ×ÅÒÖÄÅÎÉÑ, �ÒÉ×ÏÄÉÍÙÅ ÚÄÅÓØ, ÂÙÌÉ ÄÏËÁÚÁÎÙ × ÏÄÎÏÉÍÅÎÎÏÊ ÞÁÓÔÉÓÔÁÔØÉ [7℄. �ÅÍ ÎÅ ÍÅÎÅÅ, ÞÔÏÂÙ ÓÆÏÒÍÕÌÉÒÏ×ÁÔØ ÉÈ × ÕÄÏÂÎÏÊ ÆÏÒÍÅ, ÎÁÍ �ÏÎÁÄÏÂÉÔÓÑ ÎÁÌÏ-ÖÉÔØ ÏÇÒÁÎÉÞÅÎÉÑ, ËÏÔÏÒÙÅ ÍÏÇÕÔ ÂÙÔØ Ï�ÒÁ×ÄÁÎÙ ÔÏÌØËÏ �ÏÓÌÅ �ÏÌÎÏÊ ÆÏÒÍÕÌÉÒÏ×ËÉ Õ�ÏÍÑ-ÎÕÔÙÈ ×ÙÛÅ ÕÔ×ÅÒÖÄÅÎÉÊ. ðÏÜÔÏÍÕ ÍÙ �ÏÓÔÕ�ÉÍ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ: ÓÎÁÞÁÌÁ Õ�ÏÍÑÎÅÍ ÒÅ-ÚÕÌØÔÁÔÙ [7℄, �ÏÚ×ÏÌÑÀÝÉÅ ÎÁÌÏÖÉÔØ ÄÏ�ÏÌÎÉÔÅÌØÎÙÅ ÏÇÒÁÎÉÞÅÎÉÑ, Á ÚÁÔÅÍ ÄÁÄÉÍ Õ�ÒÏÝÅÎÎÙÅÆÏÒÍÕÌÉÒÏ×ËÉ, ËÏÔÏÒÙÅ ÎÁÍ �ÏÎÁÄÏÂÑÔÓÑ × ÄÁÌØÎÅÊÛÅÍ. éÔÁË, ÓÌÅÄÓÔ×ÉÑ 1 É 2 ÓÔÁÔØÉ [7, 65-66℄ �ÏÚ×ÏÌÑÀÔ ÕÔ×ÅÒÖÄÁÔØ, ÞÔÏ ÚÎÁÞÅÎÉÅ '(0), �ÏÓÔÏÑÎÎÁÑ |b| É ÓÁÍÁ ÆÕÎË�ÉÑ ', ÒÁ×ÎÏÍÅÒÎÏÏÇÒÁÎÉÞÅÎÙ Ó×ÅÒÈÕ ÚÎÁÞÅÎÉÅÍ, ËÏÔÏÒÏÅ ÚÁ×ÉÓÉÔ ÔÏÌØËÏ ÏÔ ‖ log'‖Lp É !. ðÏÜÔÏÍÕ ÓÞÉÔÁÅÍ,ÞÔÏ '(0) < 1. äÏ�ÏÌÎÉÔÅÌØÎÏ �ÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ !(2�) > '(0). ðÏÓÌÅÄÎÅÅ �ÏÚ×ÏÌÉÔ ÕËÏÒÏÔÉÔØÆÏÒÍÕÌÉÒÏ×ËÉ �ÒÉ×ÏÄÉÍÙÈ ×Ó�ÏÍÏÇÁÔÅÌØÎÙÈ ÒÅÚÕÌØÔÁÔÏ×.ðÒÅÖÄÅ ÞÅÍ ÏËÏÎÞÁÔÅÌØÎÏ ÉÈ ÓÆÏÒÍÕÌÉÒÏ×ÁÔØ, ÒÁÓÓÍÏÔÒÉÍ �ÏÞÔÉ ÏÂÒÁÔÎÕÀ Ë ÆÕÎË�ÉÉ !ÆÕÎË�ÉÀ !̃, ÚÁÄÁÎÎÕÀ �Ï ÆÏÒÍÕÌÅ !̃(s) = inf{t : !(t) = s}. ÷×ÅÄÅÍ ×ÁÖÎÕÀ �ÏÓÔÏÑÎÎÕÀ |�ÏÒÏÇÏ×ÏÅ ÚÎÁÞÅÎÉÅ A. óÞÉÔÁÅÍ, ÞÔÏ A ≍ !̃('(0)=2), Ó �ÏÓÔÏÑÎÎÏÊ ÓÉÌØÎÏ ÍÅÎØÛÅ 1 (ÎÁ�ÒÉÍÅÒ,20−1). óÌÅÄÕÅÔ ÕÔÏÞÎÉÔØ, ÞÔÏ ×ÓÑËÉÊ ÒÁÚ, ËÏÇÄÁ ÍÙ ÂÕÄÅÍ �ÉÓÁÔØ ÎÉÖÅ |t| . A, ÔÏ, �Ï ËÒÁÊÎÅÊÍÅÒÅ, 16|t| ≤ A. ÷ �ÅÌÏÍ, ÍÙ �ÏÌÁÇÁÅÍ, ÞÔÏ ÚÎÁÞÅÎÉÅ A ÄÏÓÔÁÔÏÞÎÏ ÍÁÌÏ, ÞÔÏÂÙ ÕÄÏ×ÌÅÔ×ÏÒÉÔØ×ÓÅÍ ÎÁÛÉÍ ÎÕÖÄÁÍ. ïÔÍÅÔÉÍ ÔÁËÖÅ, ÞÔÏ ÎÁÛ ×ÙÂÏÒ �ÏÓÔÏÑÎÎÏÊ A �ÏÚ×ÏÌÑÅÔ ÄÏ�ÏÌÎÉÔÅÌØÎÏÕÔ×ÅÒÖÄÁÔØ, ÞÔÏ '(0) ≍ !(A). úÁÍÅÔÉÍ, ÞÔÏ ÄÏ�ÏÌÎÉÔÅÌØÎÏÊ ÎÏÒÍÉÒÏ×ËÏÊ ÍÙ ÍÏÖÅÍ ÄÏÂÉÔØÓÑÔÏÇÏ, ÞÔÏ A < 1 (ÎÁ�ÒÉÍÅÒ, ÒÁÚÄÅÌÉ× ÎÁ !̃(2�)). �ÁË É ÂÕÄÅÍ ÓÞÉÔÁÔØ.�Å�ÅÒØ ÓÆÏÒÍÕÌÉÒÕÅÍ ×Ó�ÏÍÏÇÁÔÅÌØÎÙÅ ÒÅÚÕÌØÔÁÔÙ ÓÔÁÔØÉ [7℄ × ÎÁÛÉÈ ÏÂÏÚÎÁÞÅÎÉÑÈ.ìÅÍÍÁ 1. åÓÌÉ ÄÌÑ ÎÅËÏÔÏÒÏÇÏ 
 > 0 ÆÕÎË�ÉÑ t 7→ !(t)=t
 �ÏÞÔÉ ÕÂÙ×ÁÅÔ, ÔÏ ÆÕÎË�ÉÑs 7→ s=!̃
(s) ÔÏÖÅ �ÏÞÔÉ ÕÂÙ×ÁÅÔ.ìÅÍÍÁ 2. ðÕÓÔØ '(0) > 0. �ÏÇÄÁ |b| . '(0)=A . !(A)=A.ìÅÍÍÁ 3. ðÕÓÔØ '(0) > 0. åÓÌÉ |t| ≤ A, ÔÏ '(t) > '(0)=2.ìÅÍÍÁ 3 �ÏÚ×ÏÌÑÅÔ ÎÁÍ ÉÓ�ÏÌØÚÏ×ÁÔØ ÎÁ ÍÁÌÙÈ ÚÎÁÞÅÎÉÑ t, Ô.Å. |t| ≤ A, Ï�ÅÎËÕ
| log'(t)− log'(0)| ≤ |'(t)− '(0)|'(0) ≤

|b||t|+ !(|t|)'(0) : (6)äÏ�ÏÌÎÉÔÅÌØÎÏ, ÎÁÍ �ÏÎÁÄÏÂÉÔÓÑ ÓÌÅÄÕÀÝÅÅ �ÒÏÓÔÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ Ï ×ÔÏÒÙÈ ÒÁÚÎÏÓÔÑÈ, ËÏÔÏÒÏÅÔÁËÖÅ ÍÏÖÅÔ ÂÙÔØ ÎÁÊÄÅÎÏ × [7℄.ìÅÍÍÁ 4. ðÕÓÔØ ÆÕÎË�ÉÑ G �ÒÉÎÁÄÌÅÖÉÔ ËÌÁÓÓÕ C2 ÎÁ R. ðÕÓÔØ ÄÁÎÙ ÔÏÞËÉ x0; x1; x2 ∈ R.ïÂÏÚÎÁÞÉÍ Æ1 = x1 − x0, Æ2 = (x2 − x1) − (x1 − x0). äÏ�ÕÓÔÉÍ, ÞÔÏ |G′| ≤ �, |G′′| ≤ � ÎÁÍÉÎÉÍÁÌØÎÏÍ ÏÔÒÅÚËÅ, ÓÏÄÅÒÖÁÝÅÍ ÔÏÞËÉ x0; x1; x2. �ÏÇÄÁ ÉÍÅÅÔ ÍÅÓÔÏ Ï�ÅÎËÁ
|G(x2)− 2G(x1) +G(x0)| ≤ �(|Æ1|2 + |Æ2|)2 + �|Æ2|:úÁ×ÅÒÛÉÍ �ÏÄÇÏÔÏ×ËÕ ÓÌÅÄÕÀÝÉÍ �ÒÏÓÔÙÍ ÕÔ×ÅÒÖÄÅÎÉÅÍ Ï �ÅÒ×ÏÍ �ÒÉÂÌÉÖÅÎÉÉ ÑÄÒÁ Ï�Å-ÒÁÔÏÒÁ H.ìÅÍÍÁ 5. ðÕÓÔØ ÄÁÎ �ÒÏÍÅÖÕÔÏË I ⊂ [−�; �℄. é �ÕÓÔØ t ∈ I, Á s =∈ 2I. �ÏÇÄÁ

∣∣∣
tg(t− s2 )
− 
tg(−s2 )∣∣∣ . |t|s2 :7



2.3 ï�ÅÎËÉ ÓÒÅÄÎÉÈ ÒÁÚÎÏÓÔÅÊóÏÈÒÁÎÉÍ ÏÂÏÚÎÁÞÅÎÉÑ É ËÏÎÓÔÒÕË�ÉÀ �ÒÅÄÙÄÕÝÅÊ ÞÁÓÔÉ ÒÁÂÏÔÙ. äÏ�ÏÌÎÉÔÅÌØÎÏ, ÏÂÏÚÎÁÞÉÍÞÅÒÅÚ  = H log', u(·) = log'(·)−log'(0). ëÒÏÍÅ ÔÏÇÏ, ÏÔÍÅÔÉÍ, ÞÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï (5) �ÏÚ×ÏÌÑÅÔÎÁÍ ÒÁÓÓÍÁÔÒÉ×ÁÔØ  (0), ÔÁË ËÁË ÉÚ ÄÁÎÎÏÇÏ ÓÏÏÔÎÏÛÅÎÉÑ ÓÌÅÄÕÅÔ, ÞÔÏ ÚÎÁÞÅÎÉÅ  (0) ×�ÏÌÎÅÏ�ÒÅÄÅÌÅÎÏ, Ô.Å. ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ÉÎÔÅÇÒÁÌ × ÓÍÙÓÌÅ ÇÌÁ×ÎÏÇÏ ÚÎÁÞÅÎÉÑ ÓÕÝÅÓÔ×ÕÅÔ (ÄÌÑ '(0) >0) åÓÌÉ ÖÅ '(0) = 0, ÔÏ �ÒÏÓÔÏ �ÒÉ�ÉÛÅÍ ËÁËÏÅ-ÎÉÂÕÄØ ÚÎÁÞÅÎÉÅ  (0), ËÏÔÏÒÏÅ ÎÅ ÂÕÄÅÔ ×ÌÉÑÔØÎÁ ×ÙÞÉÓÌÅÎÉÑ ÎÉËÏÉÍ ÏÂÒÁÚÏÍ, ËÁË ÂÕÄÅÔ ×ÉÄÎÏ ÎÉÖÅ.éÔÁË, ÎÁÍ ÎÅÏÂÈÏÄÉÍÏ Ï�ÅÎÉÔØ ÓÌÅÄÕÀÝÅÅ ÚÎÁÞÅÎÉÅÆ2O'(0; h) := ( 12h ∫ h
−h |�2('ei )(0; t)|rdt)1=r:òÁÓÓÍÏÔÒÉÍ �ÏÄÒÏÂÎÅÅ �ÏÄÙÎÔÅÇÒÁÌØÎÕÀ ÆÕÎË�ÉÀ. úÁÍÅÔÉÍ, ÞÔÏ�2('ei )(0; t) = �2'(0; t)ei (2t) +2�1'(0; t)�1(ei )(0; t)+'(0)�2(ei )(0; t) =: S1(t)+S2(t) +S3(t):ïÔÓÀÄÁ �ÏÌÕÞÁÅÍ Æ2O'(0; h) ≤ 3∑j=1( 12h ∫ h

−h |Sj(t)|rdt)1=r =: d1 + d2 + d3:ï�ÅÎÉÍ ËÁÖÄÏÅ ÓÌÁÇÁÅÍÏÅ �Ï ÏÔÄÅÌØÎÏÓÔÉ.ìÅÍÍÁ 6. |S1(t)| . !(|t|):Proof. òÁÓÓÍÏÔÒÉÍ v = '(0) + bt. úÁÍÅÔÉÍ, ÞÔÏ �2v = 0 É v(0) = '(0). ïÔÓÀÄÁ �ÏÌÕÞÁÅÍ
|S1(t)| = |�2'(0; t)| = |�2('− v)(0; t)|= |('− v)(2t)− 2('− v)(t)− ('− v)(0)| = |('− v)(2t)− 2('− v)(t)

≤ |'(2t)− b2t− '(0)|+ 2|'(t)− bt− '(0)| ≤ !(2|t|) + 2!(|t|):ïÔÍÅÔÉÍ, ÞÔÏ ÕÓÌÏ×ÉÅ (QD) ÄÁÅÔ !(2|t|) . !(|t|). ðÏÓÌÅÄÎÅÅ ×ÍÅÓÔÅ Ó �ÏÌÕÞÅÎÎÏÊ ×ÙÛÅ Ï�ÅÎËÏÊ,ÚÁ×ÅÒÛÁÅÔ ÄÏËÁÚÁÔÅÌØÓÔ×Ï.úÁÍÅÔÉÍ, ÞÔÏ ÉÚ ÌÅÍÍÙ 6 ÓÌÅÄÕÅÔ, ÞÔÏ d1 . !(h). ðÅÒÅÊÄÅÍ Ë ÏÓÔÁ×ÛÉÍÓÑ ÓÌÁÇÁÅÍÙÍ.ìÅÍÍÁ 7. (a) |S2(t)| ≤ 4(|b||t|+ !(|t|))(b) åÓÌÉ '(0) > 0 É h . A, ÔÏd2 . !(h) + '(0)h2A2 + '(0)h2 log(1=h)A2 + '(0)h2A p+1p A;�ÒÉÞÅÍ �ÏÓÔÏÑÎÎÁÑ × Ï�ÅÎËÅ ÚÁ×ÉÓÉÔ ÔÏÌØËÏ ÏÔ ! É ‖ log'‖Lp.Proof. ÷ �ÅÒ×ÕÀ ÏÞÅÒÅÄØ ÏÔÍÅÔÉÍ, ÞÔÏ |�1(ei )(0; t)| ≤ 2. ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, Ï�ÅÎËÁ (5) ÄÁÅÔ
|�1'(0; t)| ≤ |b||t|+ !(|t|): (7)ïÂÅ ÜÔÉ Ï�ÅÎËÉ ×ÍÅÓÔÅ ÄÏËÁÚÙ×ÁÀÔ �ÕÎËÔ (a). 8



ðÅÒÅÊÄÅÍ ÔÅ�ÅÒØ Ë ÄÏËÁÚÁÔÅÌØÓÔ×Õ �ÕÎËÔÁ (b). éÔÁË, ÓÞÉÔÁÅÍ, ÞÔÏ '(0) > 0 É h . A.÷ÏÓ�ÏÌØÚÏ×Á×ÛÉÓØ ×ÓÅ ÔÏÊ ÖÅ Ï�ÅÎËÏÊ (7), �ÏÌÕÞÁÅÍd3 = ( 12h ∫ h
−h |S2(t)|rdt)1=r

≤ 2!(h) + 2|b|h( 12h ∫ h
−h |ei (2t) − ei (t)|rdt)1=r:�Å�ÅÒØ ÎÅÏÂÈÏÄÉÍÏ Ï�ÅÎÉÔØ ÚÎÁÞÅÎÉÅ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÇÏ ÓÒÅÄÎÅÇÏ × ÆÏÒÍÕÌÅ ×ÙÛÅ ÄÏÌÖÎÙÍÏÂÒÁÚÏÍ. òÁÓÓÍÏÔÒÉÍ ÓÔÁÎÄÁÒÔÎÕÀ ËÏÎÓÔÁÎÔÕ �ÒÉÂÌÉÖÅÎÉÑ
 := 1=2� ∫[−�;�℄\[−4h;4h℄ 
tg(−s=2)u(s)ds:úÁÍÅÔÉÍ, ÞÔÏ

( 12h ∫ h
−h |ei (2t) − ei (t)|rdt)1=r

≤

( 12h ∫ h
−h |ei (2t) − ei
|rdt)1=r +( 12h ∫ h

−h |ei (t) − ei
|rdt)1=r:ïÂÁ ÓÌÁÇÁÅÍÙÈ Ï�ÅÎÉ×ÁÀÔÓÑ ÏÄÎÉÍ É ÔÅÍ ÖÅ Ó�ÏÓÏÂÏÍ, �ÏÜÔÏÍÕ ÍÙ ÏÓÔÁÎÏ×ÉÍÓÑ ÌÉÛØ ÎÁ Ï�ÅÎËÅ�ÏÓÌÅÄÎÅÇÏ. äÌÑ ËÒÁÔËÏÓÔÉ ÏÂÏÚÎÁÞÉÍ ÅÇÏ ÞÅÒÅÚ d4. äÌÑ Ï�ÅÎËÉ ×ÅÌÉÞÉÎÙ d4 �ÒÉÍÅÎÉÍ ÓÔÁÎ-ÄÁÒÔÎÏÅ ÒÁÚÂÉÅÎÉÅ. éÍÅÅÍ d4 ≤ ( 12h ∫ h
−h |H(�[−4h;4h℄u)(s)|rds)1=r++( 12h ∫ h

−h ( l∑j=2 ∫2jh≤|s|≤2j+1h∣∣∣
tg(t− s2 )
− 
tg(−s2 )∣∣∣|u(s)|ds)rdt)1=r;ÇÄÅ, ÓÔÁÎÄÁÒÔÎÏ, l ≍ log2(1=h).äÌÑ Ï�ÅÎËÉ �ÅÒ×ÏÇÏ ÓÌÁÇÁÅÍÏÇÏ, ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÏÇÒÁÎÉÞÅÎÎÏÓÔØÀ Ï�ÅÒÁÔÏÒÁ H × Lr; ÄÌÑ×ÔÏÒÏÇÏ | ÉÓ�ÏÌØÚÕÅÍ ÌÅÍÍÕ 5. éÔÁË, ÍÏÖÅÍ �ÒÏÄÏÌÖÉÔØ Ï�ÅÎËÕ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ::: . ( 12h ∫ 4h

−4h |u(s)|rds)1=r + h l∑j=2(2jh)−2 ∫2jh≤|s|≤2j+1h |u(s)|ds:ðÅÒ×ÏÅ ÓÌÁÇÁÅÍÏÅ ÍÙ ÍÏÖÅÍ Ï�ÅÎÉÔØ Ó×ÅÒÈÕ ×ÅÌÉÞÉÎÏÊ('(0))−1(|b|h + !(h)), ÔÁË ËÁË ÎÁ �ÒÏ-ÍÅÖÕÔËÅ [−4h; 4h℄ ÒÁÂÏÔÁÅÔ Ï�ÅÎËÁ (6), Á ÄÌÑ ÍÁÖÏÒÁÎÔÙ ! ×Ù�ÏÌÎÅÎÏ (QD) (ÆÁËÔÉÞÅÓËÉ ÜÔÏÕÓÌÏ×ÉÅ ÏÂÅÓ�ÅÞÉ×ÁÅÔ ÓÔÁÎÄÁÒÔÎÏÅ ÕÓÌÏ×ÉÅ ÕÄ×ÏÅÎÉÑ). ó ÏÓÔÁ×ÛÅÊÓÑ ÓÕÍÍÏÊ �ÏÓÔÕ�ÉÍ ÓÔÁÎ-ÄÁÒÔÎÙÍ ÏÂÒÁÚÏÍ, Á ÉÍÅÎÎÏ, ÒÁÚÏÂØÅÍ ÅÅ ÎÁ Ä×Å ÞÁÓÔÉ: ÔÅ ÓÌÁÇÁÅÍÙÅ, × ËÏÔÏÒÙÈ �ÒÏÍÅÖÕÔËÉÎÅ ÄÏÓÔÉÇÌÉ �ÏÒÏÇÁ A, É ÏÓÔÁ×ÛÉÅÓÑ. äÌÑ Ï�ÅÎËÉ �ÅÒ×ÏÊ ÞÁÓÔÉ ÉÓ�ÏÌØÚÕÅÍ (6); ÞÔÏÂÙ Ï�ÅÎÉÔØ×ÔÏÒÕÀ, ÉÓ�ÏÌØÚÕÅÍ ÎÅÒÁ×ÅÎÓÔ×Ï |u(s)| ≤ | log'(s)| + | log'(0)| É ÎÅÒÁ×ÅÎÓÔ×Ï ç£ÌØÄÅÒÁ. �ÁËÉÍÏÂÒÁÚÏÍ, ÉÍÅÅÍ d4 .
|b|h+ !(h)'(0) + h'(0) k∑j=2 |b|2jh + !(2jh)2jh ++h l∑j=k+1(2jh)− p+1p ‖ log'‖L1 + l∑j=k+1 | log'(0)|2j := T1 + T2 + T3 + T4;ÇÄÅ �ÏÒÏÇÏ×ÙÊ ÉÎÄÅËÓ k ÚÁÄÁÎ ÓÏÏÔÎÏÛÅÎÉÅÍ 2kh ≍ A.9



þÔÏÂÙ ÚÁ×ÅÒÛÉÔØ ÄÏËÁÚÁÔÅÌØÓÔ×Ï, �ÏÓÔÒÏÉÍ �ÒÁ×ÉÌØÎÙÅ Ï�ÅÎËÉ ÄÌÑ |b|hTj, j = 1; ::; 4. îÁ-ÞÎÅÍ Ó T1. óÏÇÌÁÓÎÏ ÌÅÍÍÅ 2, |b|='(0) . 1=A. ïÔÓÀÄÁ �ÏÌÕÞÁÅÍ T1 . h=A+ !(h)='(0), Á ÚÎÁÞÉÔ
|b|hT1 .

'(0)h2A2 + hA!(h):÷ �ÏÓÌÅÄÎÅÊ Ï�ÅÎËÅ ÍÙ ÍÏÖÅÍ ÇÒÕÂÏ Ï�ÅÎÉÔØ ×ÔÏÒÏÅ ÓÌÁÇÁÅÍÏÅ ÞÅÒÅÚ !(h), ÔÁË ËÁË h . A.ðÅÒÅÊÄÅÍ Ë Ï�ÅÎËÅ ×ÅÌÉÞÉÎÙ T2. éÍÅÅÍT2 ≤ h'(0)(∑j≤k |b|+∑j≤k !(2jh)2jh )
≤ h |b|'(0) ∣∣∣log Ah ∣∣∣+ h'(0)∑j≤k 2jh!(2jh)(2jh)2 .

.
h log(1=h)A + h'(0)∑j≤k 2jh!(h)h2 = h log(1=h)A + !(h)'(0)∑j≤k 2j

.
h log(1=h)A + !(h)'(0)2k ≍ h log(1=h)A + !(h)A'(0)h :ïÔÓÀÄÁ ÄÌÑ |b|hT2 �ÏÌÕÞÁÅÍ Ï�ÅÎËÕ

|b|hT2 .
'(0)h2 log(1=h)A2 + !(h):òÁÓÓÍÏÔÒÉÍ T3. óÏÇÌÁÓÎÏ �ÏÓÔÒÏÅÎÉÀ, A . 2kh. ðÏÜÔÏÍÕ ÉÍÅÅÍ

|b|hT3 .
|b|h2A p+1p l∑j=k+1(2j−k)− p+1p ‖ log'‖Lp .

'(0)h2A p+1p A:ðÒÉÓÔÕ�ÉÍ Ë Ï�ÅÎËÅ �ÏÓÌÅÄÎÅÇÏ ÓÌÁÇÁÅÍÏÇÏ T4. ðÒÏ×ÅÄÅÍ ÔÅ ÖÅ ÒÁÓÓÕÖÄÅÎÉÑ, ÞÔÏ É ÄÌÑ T3.éÍÅÅÍ T4 . h| log'(0)|=A. ïÔÓÀÄÁ |b|hT4 . h2'(0)| log'(0)|=A2. îÁ�ÏÍÎÉÍ, ÞÔÏ '(0) ≍ !(A).÷×ÉÄÕ ÔÏÇÏ, ÞÔÏ t−2!(t) �ÏÞÔÉ ÕÂÙ×ÁÅÔ, ÍÙ ÍÏÖÅÍ ÕÔ×ÅÒÖÄÁÔØ, ÞÔÏ log(1='(0)) . log(1=A).ðÏÜÔÏÍÕ ÍÙ ÍÏÖÅÍ Ï�ÅÎÉÔØ | log'(0)| ÞÅÒÅÚ log(1=h). ïÔÓÀÄÁ, ÏËÏÎÞÁÔÅÌØÎÏ, ÉÍÅÅÍ
|b|hT4 .

'(0)h2 log(1=h)A2 :óÏÂÒÁ× ×ÓÅ ÒÅÚÕÌØÔÁÔÙ ×ÏÅÄÉÎÏ, �ÏÌÕÞÁÅÍ ÔÒÅÂÕÅÍÕÀ Ï�ÅÎËÕ.ìÅÍÍÁ 8. (a) |S3(t)| ≤ 4'(0);(b) åÓÌÉ '(0) > 0 É h . A, ÔÏd3 . h2 + !(h) + '(0)h2A2 + !2(h)'(0) + '(0)h2 log(1=h)A2 ++'(0)h2 log2(1=h)A2 + '(0)h2AA p+1p + '(0)h2A2 p+1p ;�ÒÉÞÅÍ �ÏÓÔÏÑÎÎÁÑ × Ï�ÅÎËÅ ÚÁ×ÉÓÉÔ ÔÏÌØËÏ ÏÔ ! É ‖ log'‖Lp.
10



Proof. ðÕÎËÔ (a) ÄÁÎÎÏÊ ÌÅÍÍÙ ÔÒÉ×ÉÁÌÅÎ, �ÏÜÔÏÍÕ �ÅÒÅÈÏÄÉÍ ÓÒÁÚÕ Ë �ÕÎËÔÕ (b). éÔÁË, ÓÞÉ-ÔÁÅÍ, ÞÔÏ '(0) > 0 É h . A. îÅÏÂÈÏÄÉÍÏ Ï�ÅÎÉÔØ ÓÌÅÄÕÀÝÅÅ ÚÎÁÞÅÎÉÅ:d3 = '(0)( 12h ∫ h
−h |�2(ei )(0; t)|rdt)1=r:÷ÏÓ�ÏÌØÚÕÅÍÓÑ ÌÅÍÍÏÊ 4 ÄÌÑ G(x) = eix. éÍÅÅÍ

|�2(ei )(0; t)| ≤ (|�1 (0; t)|+ |�2 (0; t)|)2 + |�2 (0; t)|:÷ÔÏÒÕÀ ÒÁÚÎÏÓÔØ × ÓËÏÂËÁÈ ÍÏÖÎÏ Ï�ÅÎÉÔØ ÞÅÒÅÚ �ÅÒ×ÕÀ, �ÒÉÍÅÎÉ× ÔÒÉ×ÉÁÌØÎÏÅ ÔÏÖÄÅÓÔ×Ï (2t)− 2 (t) +  (0) = ( (2t)−  (0))− 2( (t) (0)). ðÏÜÔÏÍÕ ÉÍÅÅÍ
|�2(ei )(0; t)| . |�1 (0; t)|2 + |�1 (0; 2t)|2 + |�2 (0; t)|:ëÁË É × �ÒÅÄÙÄÕÝÅÊ ÌÅÍÍÅ, �ÅÒ×ÏÅ É ×ÔÏÒÏÅ ÓÌÁÇÁÅÍÏÅ Ï�ÅÎÉ×ÁÀÔÓÑ ÏÄÉÎÁËÏ×ÙÍ ÏÂÒÁÚÏÍ, �Ï-ÜÔÏÍÕ ÂÕÄÅÍ �ÒÏ×ÏÄÉÔØ ×ÙÞÉÓÌÅÎÉÑ ÔÏÌØËÏ ÄÌÑ �ÅÒ×ÏÇÏ É ÔÒÅÔØÅÇÏ ÓÌÁÇÁÅÍÏÇÏ × ÓÏÏÔÎÏÛÅÎÉÉ×ÙÛÅ. ïÂÏÚÎÁÞÉÍ ÉÈ ÓÒÅÄÎÉÅ �Ï �ÒÏÍÅÖÕÔËÕ [−h; h℄ ÞÅÒÅÚ d5 É d6 ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ.ðÒÉÓÔÕ�ÉÍ Ë Ï�ÅÎËÅ ÓÒÅÄÎÅÇÏ d5. îÁ�ÏÍÎÉÍ, ÞÔÏ ÍÙ ÏÂÏÚÎÁÞÉÌÉ u = log'− log'(0). òÁÚÏ-ÂØÅÍ u ÎÁ Ä×Å ÞÁÓÔÉ u = u�[−2h;2h℄ + v, ÇÄÅ v = u− u�[−2h;2h℄. �ÏÇÄÁ ÉÍÅÅÍd5 = ( 12h ∫ h

−h |(H log')(t)− (H log')(0)|2rdt)1=r
.

.

( 12h ∫ h
−h |(H(u�[−2h;2h℄))(t)|2rdt)1=r + |(H(u�[−2h;2h℄))(0)|2++( 12h ∫ h

−h(∫[−�;�℄\[−2h;2h℄∣∣∣
tg( t− s2 )
− 
tg(−s2 )∣∣∣|u(s)|ds)2rdt)1=r:úÁÍÅÔÉÍ, ÞÔÏ Ï�ÅÎËÉ �ÅÒ×ÏÇÏ É ÔÒÅÔØÅÇÏ ÓÌÁÇÁÅÍÏÇÏ ÍÙ ÕÖÅ �ÒÉ×ÏÄÉÌÉ × ÄÏËÁÚÁÔÅÌØÓÔ×Å ÌÅÍÍÙ7 (Ó ÔÏÞÎÏÓÔØÀ ÄÏ ×ÏÚ×ÅÄÅÎÉÑ × Ë×ÁÄÒÁÔ), �ÏÜÔÏÍÕ �ÒÉ×ÅÄÅÍ Ï�ÅÎËÕ ×ÔÏÒÏÇÏ ÓÌÁÇÁÅÍÏÇÏ, Á ÚÁÔÅÍÄÏÂÁ×ÉÍ ÕÖÅ ×ÙÞÉÓÌÅÎÎÙÊ ÒÁÎÅÅ ÒÅÚÕÌØÔÁÔ ÄÌÑ ÏÓÔÁ×ÛÉÈÓÑ Ä×ÕÈ. ÷ÏÓ�ÏÌØÚÏ×Á×ÛÉÓØ ÆÏÒÍÕÌÏÊ(6), ÉÍÅÅÍ

|(H(u�[−2h;2h℄))(0)|2 = 14�2 ∣∣∣∣∣∫ 2h
−2h 
tg(−s2 )u(s)ds∣∣∣∣∣2 .

(∫ 2h
−2h |b||s|+ !(|s|)

|s| ds)2
.

.

(
|b|h+ !(h)'(0) )2

.
h2A2 + !2(h)'2(0) :�Å�ÅÒØ ÏÓÔÁÌÏÓØ ÔÏÌØËÏ ÓËÏÍÂÉÎÉÒÏ×ÁÔØ ÜÔÏ ÓÏÏÔÎÏÛÅÎÉÅ Ó Ë×ÁÄÒÁÔÁÍÉ Ï�ÅÎÏË, �ÏÌÕÞÅÎÎÙÈÄÌÑ ÚÎÁÞÅÎÉÊ T1, T2, T3, T4 ÉÚ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÌÅÍÍÙ 7. ïÄÎÁËÏ, �ÒÅÖÄÅ ÞÅÍ �ÒÏÄÏÌÖÉÔØ, ÎÁÍ�ÒÉÄÅÔÓÑ ÕÔÏÞÎÉÔØ Ï�ÅÎËÕ ÄÌÑ T2. ë ÓÏÖÁÌÅÎÉÀ, ÅÓÌÉ ÅÅ ÏÓÔÁ×ÉÔØ × �ÒÅÖÎÅÍ ×ÉÄÅ, ÔÏ ÅÅ ÎÁÍ ÎÅÈ×ÁÔÉÔ. éÔÁË, × ÏÂÏÚÎÁÞÅÎÉÑÈ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ ÞÁÓÔÉ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÌÅÍÍÙ 7, ÎÁ�ÉÛÅÍ ÅÝÅÒÁÚ ×ÙÒÁÖÅÎÉÅ, ÄÌÑ ËÏÔÏÒÏÇÏ ÎÅÏÂÈÏÄÉÍÏ ÕÔÏÞÎÉÔØ Ï�ÅÎËÕ:D = h'(0) k∑j=2 !(2jh)2j ;11



ÇÄÅ 2kh ≍ A. ÷ÍÅÓÔÏ ÔÏÇÏ, ÞÔÏÂÙ ÉÓ�ÏÌØÚÏ×ÁÔØ �ÏÞÔÉ ÕÂÙ×ÁÎÉÅ ÆÕÎË�ÉÉ s−2!(s), ËÁË �ÒÅ-ÖÄÅ, ÉÓ�ÏÌØÚÕÅÍ ÏÇÒÁÎÉÞÅÎÉÅ (QI), ÏÔÄÅÌÑÀÝÅÅ ÕÓÌÏ×ÉÑ ÎÁ ÇÌÁÄËÏÓÔØ ÍÅÎØÛÅ 1 ÏÔ ÕÓÌÏ×ÉÊ ÎÁÇÌÁÄËÏÓÔØ ÏÔ 1 ÄÏ 2. éÍÅÅÍ!(2jh)2jh .
!(2kh)2kh ≍

!(A)A ≍
'(0)A ; j = 2 : : : k − 1:ïÔÓÀÄÁ �ÏÌÕÞÁÅÍ D . A−1h log(1=h), Ô.Å. ÏÂÅ ËÏÍ�ÏÎÅÎÔÙ × T2 Ï�ÅÎÉ×ÁÀÔÓÑ ÏÄÎÉÍ É ÔÅÍ ÖÅ×ÙÒÁÖÅÎÉÅÍ.ëÁË É ÏÂÅÝÁÌÏÓØ, ËÏÍÂÉÎÉÒÕÅÍ Ë×ÁÄÒÁÔÙ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ Ï�ÅÎÏË É �ÏÌÕÞÁÅÍ'(0)d5 .

'(0)h2A2 + !2(h)'(0) + '(0)h2 log2(1=h)A2 + '(0)h2A2 p+1p : (8)ïÓÔÁÌÏÓØ Ï�ÅÎÉÔØ ÚÎÁÞÅÎÉÅ '(0)d6. äÌÑ ÜÔÏÇÏ, �ÒÉÂÌÉÚÉÍ ÆÕÎË�ÉÀ log' �ÏÄÈÏÄÑÝÉÍ ÍÎÏÇÏ-ÞÌÅÎÏÍ ÓÔÅ�ÅÎÉ 1 (�ÏÄ�ÒÁ×ÌÅÎÎÙÍ ÄÏ �ÅÒÉÏÄÉÞÅÓËÏÊ ÆÕÎË�ÉÉ)ðÒÏ×ÅÄÅÍ �ÏÄÇÏÔÏ×ÉÔÅÌØÎÙÅ �ÏÓÔÒÏÅÎÉÑ. òÁÓÓÍÏÔÒÉÍ �(s) = '(0) + bs. ÷ÏÚØÍÅÍ ÍÎÏÇÏÞÌÅÎ�(s) = log'(0)+bs='(0), ËÏÔÏÒÙÊ Ñ×ÌÑÅÔÓÑ ÍÎÏÇÏÞÌÅÎÏÍ �ÅÊÌÏÒÁ �ÅÒ×ÏÇÏ �ÏÒÑÄËÁ ÄÌÑ ÆÕÎË�ÉÉlog �(s). ðÒÅÄÓÔÁ×ÉÍ ÂÅÚ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÓÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ, ËÏÔÏÒÏÅ ÄÏËÁÚÙ×ÁÅÔÓÑ ÁÎÁ-ÌÏÇÉÞÎÏ ÌÅÍÍÅ 3 (ÓÍ. [7, 79℄) éÔÁË, ÄÌÑ |s| . A ×Ù�ÏÌÎÅÎÏ �(s) ≥ '(0)=2. úÁÍÅÔÉÍ, ÞÔÏ ×ÔÏÒÁÑ�ÒÏÉÚ×ÏÄÎÁÑ �(s) ÓÏ×�ÁÄÁÅÔ Ó −b2=�2(s). ðÏÜÔÏÍÕ, ÉÓ�ÏÌØÚÕÑ ×ÙÛÅÕ�ÏÍÑÎÕÔÕÀ Ï�ÅÎËÕ É ÌÅÍÍÕ2, ÉÍÅÅÍ
| log �(s)− �(s)| ≤ 4 b2'(0)2 .

s2A2 : (9)äÁÌÅÅ, ×ÏÚØÍÅÍ p(s) = �(s)�(s), ÇÄÅ � | ÓÒÅÚÁÀÝÁÑ ÆÕÎË�ÉÑ ËÌÁÓÓÁ C∞, ËÏÔÏÒÁÑ ÒÁ×ÎÁ 1 ÎÁ[−�=4; �=4℄ É 0 ÎÁ [−�; �℄ \ [−�=4; �=4℄ É �ÒÏÄÏÌÖÉÍ p ÄÏ �ÅÒÉÏÄÉÞÅÓËÏÊ.�Å�ÅÒØ, ÄÌÑ d6 ÎÁ�ÉÛÅÍd6 ≤ ( 12h ∫ h
−h |�2[H(log'− p)℄(0; t)|rdt)1=r +( 12h ∫ h

−h |�2H(p)(0; t)|rdt)1=r := d7 + d8:äÌÑ ÎÁÞÁÌÁ, Ï�ÅÎÉÍ ÓÌÁÇÁÅÍÙÅ d8. úÁÍÅÔÉÍ, ÞÔÏ Ï�ÅÒÁÔÏÒ H ËÏÍÍÕÔÉÒÕÅÔ Ó Ï�ÅÒÁÔÏÒÏÍ �2,�ÏÜÔÏÍÕ ÉÍÅÅÍ �2H(p)(0; t) ≍ ∫ h
−h 
tg(−s2)�2u(s; t)ds:äÌÑ ÕÄÏÂÓÔ×Á, ÓÞÉÔÁÅÍ, ÞÔÏ A ≤ �=4. �ÏÇÄÁ �2p(s; t) = 0 ÎÁ �ÒÏÍÅÖÕÔËÅ {|s| ≤ �=8}. îÁÄÏ�ÏÌÎÅÎÉÉ ÄÁÎÎÏÇÏ �ÒÏÍÅÖÕÔËÁ ÆÕÎË�ÉÑ 
tg(−s=2) ÏÇÒÁÎÉÞÅÎÎÁ ÎÅËÏÔÏÒÏÊ ÕÎÉ×ÅÒÓÁÌØÎÏÊ �Ï-ÓÔÏÑÎÎÏÊ. ðÏÜÔÏÍÕ ÉÍÅÅÍ

|�2H(p)(0; t)| .

∫ �
−� |�2p(s; t)|ds:äÁÌÅÅ, ÏÔÍÅÔÉÍ, ÞÔÏ p′′(s) = �′′(s)�(s) + 2�′(s)� ′(s), ÏÔËÕÄÁ |u′′(s)| . log(1='(0)) + 1='(0). ðÒÉ-ÍÅÎÉ× ÌÅÍÍÕ 4 ÄÌÑ G = p, ÒÁ×ÎÏÏÔÓÔÏÑÝÉÈ ÕÚÌÏ× (Ô.Å. Æ2 = 0) É � ≍ log(1='(0)) + 1='(0),�ÏÌÕÞÁÅÍ

|�2(s; t)| .
1 + log(1='(0))'(0) h2 �ÒÉ |t| ≤ h:ïÔËÕÄÁ, ÏËÏÎÞÁÔÅÌØÎÏ, ÉÍÅÅÍ '(0)d8 . h2. 12



äÁÌÅÅ, �ÒÉÓÔÕ�ÉÍ Ë Ï�ÅÎËÅ ×ÅÌÉÞÉÎÙ '(0)d7. îÁ�ÏÍÎÉÍ, ÞÔÏ d7 ÅÓÔØ ÕÓÒÅÄÎÅÎÎÁÑ ×ÔÏÒÁÑÒÁÚÎÏÓÔØ �2H(log' − p)(0; t). òÁÚÏÂØÅÍ ÆÕÎË�ÉÀ log' − p ÎÁ Ä×Å ÞÁÓÔÉ: ÎÁ w0 := (log' −p)�[−4h;4h℄, É ÏÓÔÁÔÏË w = (log'− p)− w0. éÍÅÅÍ'(0)d7 ≤ '(0)( 12h ∫ h
−h |�2H(w0)(0; t)|rdt)1=r + '(0)( 12h ∫ h

−h |�2H(w)(0; t)|rdt)1=r: (10)�Å�ÅÒØ, Ï�ÅÎÉÍ ÕÓÒÅÄÎÅÎÎÙÅ ×ÔÏÒÙÅ ÒÁÚÎÏÓÔÉ ÏÔ w0 É w × ÏÔÄÅÌØÎÏÓÔÉ. îÁÞÎÅÍ Ó w0. éÍÅÅÍ
( 12h ∫ h

−h |�2H(w0)(0; t)|rdt)1=r
≤

( 12h ∫ �
−� |H(w0)(2t)− 2H(w0)(t) +H(w0)(0)|rdt)1=r

≤

≤

( 12h ∫ �
−� (|H(w0)(2t)|+ 2|H(w0)(t)|)rdt)1=r + |H(w0)(0)| ≤

.

( 12h ∫ 4h
−4h |w0(s)|rds)1=r + |H(w0)(0)|:þÔÏÂÙ �ÏÌÕÞÉÔØ �ÏÓÌÅÄÎÅÅ ÎÅÒÁ×ÅÎÓÔ×Ï, ÍÙ ×ÏÓ�ÏÌØÚÏ×ÁÌÉÓØ ÏÇÒÁÎÉÞÅÎÎÏÓÔØÀ Ï�ÅÒÁÔÏÒÁ H× Lr. �Å�ÅÒØ, ÒÁÓÓÍÏÔÒÉÍ É Ï�ÅÎÉÍ ËÁÖÄÏÅ ÉÚ �ÏÌÕÞÅÎÎÙÈ ÚÎÁÞÅÎÉÊ. äÌÑ �ÏÄÙÎÔÅÇÒÁÌØÎÏÊÆÕÎË�ÉÉ × �ÅÒ×ÏÍ ÎÁ�ÉÛÅÍ

|w0(s)| = | log'(s)− �(s)| ≤ | log'(s)− log �(s)|+ | log �(s)− �(s)|:åÓÌÉ |s| ≤ 4h ≤ A, ÔÏ ×ÅÒÎÙ ÓÏÏÔÎÏÛÅÎÉÑ �(s) ≥ '(0)=2 É '(s) ≥ '(0)=2, Á ÔÁËÖÅ Ï�ÅÎËÁ (9).ðÒÉÍÅÎÉÍ ÉÈ, ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, Ë �ÅÒ×ÏÍÕ É ×ÔÏÒÏÍÕ ÓÌÁÇÁÅÍÏÍÕ × �ÏÌÕÞÅÎÎÏÊ ×ÙÛÅ Ï�ÅÎËÅ.ðÏÌÕÞÉÍ
|w0(s)| .

|'(s)− �(s)|'(0) + s2A2 .
!(|s|)'(0) + s2A2 :ïÔÓÀÄÁ �ÏÌÕÞÁÅÍ Ï�ÅÎËÕ'(0)( 12h ∫ 4h

−4h |w0(s)|rds)1=r
. !(h) + '(0)h2A2 : (11)ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, ÅÓÌÉ ÉÓ�ÏÌØÚÏ×ÁÔØ ÔÕ ÖÅ Ï�ÅÎËÕ, ÞÔÏ ÍÙ �ÏÌÕÞÉÌÉ ÄÌÑ |w0(s)|, ÎÏ ÕÖÅ ×

|H(w0)(0)|, ÔÏ �ÏÌÕÞÉÍ
|H(w0)(0)| = ∣∣∣∣∣ 12� ∫ �

−� 
tg(−s2)w0(s)ds∣∣∣∣∣ . ∫ 4h
−4h 1

|s|(!(|s|)'(0) + s2A2)ds .
!(h)'(0) + h2A2 :úÎÁÞÉÔ '(0)|H(w0)(0)| Ï�ÅÎÉ×ÁÅÔÓÑ ÔÅÍ ÖÅ ÚÎÁÞÅÎÉÅÍ, ÞÔÏ É × (11). �ÁËÉÍ ÏÂÒÁÚÏÍ, ×ËÌÁÄ�ÅÒ×ÏÇÏ ÓÌÁÇÁÅÍÏÇÏ × (10) ÍÏÖÎÏ Ï�ÅÎÉÔØ ÞÅÒÅÚ !(h) + A−2'(0)h2:�Å�ÅÒØ ÒÁÓÓÍÏÔÒÉÍ ×ÔÏÒÏÅ ÓÌÁÇÁÅÍÏÅ × (10). ïÎÏ Ï�ÅÎÉ×ÁÅÔÓÑ (ÂÅÚ ÍÎÏÖÉÔÅÌÑ '(0)) Ó×ÅÒÈÕ(.) ÓÌÅÄÕÀÝÉÍ ÚÎÁÞÅÎÉÅÍ:

( 12h ∫ h
−h∣∣∣∫[−�;�℄\[−4h;4h℄�2 
tg(s; t)(log'(s)− p(s))ds∣∣∣rdt)1=r:13



ðÒÉÍÅÎÉÍ Ë ËÏÔÁÎÇÅÎÓÕ ÌÅÍÍÕ 4. �ÏÇÄÁ ÎÁ ÏÂÌÁÓÔÉ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ |�2 
tg(s; t)| . |s|−3t2.ðÏÜÔÏÍÕ �ÏÓÌÅÄÎÅÅ ×ÙÒÁÖÅÎÉÅ ÎÅ �ÒÅ×ÏÓÈÏÄÉÔ
( 12h ∫ h

−h(∫[−�;�℄\[−4h;4h℄ t2|s|3 | log'(s)− p(s)|ds)rdt)1=r:÷×ÅÄÅÍ, ËÁË É �ÒÉ ÄÏËÁÚÁÔÅÌØÓÔ×Å ÌÅÍÍÙ 7, ÒÁÚÂÉÅÎÉÅ [−�; �℄ \ [−4h; 4h℄ ÎÁ �ÒÏÍÅÖÕÔËÉ ×ÉÄÁ
{2jh ≤ |s| ≤ 2j+1h}, j = 2 : : : l, ÇÄÅ l ≍ log(1=h). �ÏÇÄÁ ÍÏÖÅÍ �ÒÏÄÏÌÖÉÔØ Ï�ÅÎËÕ ÓÌÅÄÕÀÝÉÍ×ÙÒÁÖÅÎÉÅÍ h2 l∑j=2(2jh)−3 ∫2jh≤|s|≤2j+1h | log'(s)− p(s)|ds:�ÏÞÎÏ ÔÁË ÖÅ ËÁË É �ÒÅÖÄÅ, ÒÁÓÓÍÏÔÒÉÍ �ÏÒÏÇÏ×ÙÊ ÎÏÍÅÒ k, ÚÁÄÁÎÎÙÊ ÓÏÏÔÎÏÛÅÎÉÅÍ 2kh ≍ AÉ ÒÁÚÏÂØÅÍ ÓÕÍÍÕ ÎÁ Ä×Å: �Ï ÉÎÄÅËÓÁÍ {j ≤ k} É {j > k}. ÷ ÓÌÁÇÁÅÍÙÈ �ÅÒ×ÏÊ ÓÕÍÍÙ ÆÕÎË�ÉÑp(s) ÓÏ×�ÁÄÁÅÔ Ó �(s), ×ÅÒÎÙ ÓÏÏÔÎÏÛÅÎÉÑ �(s) ≥ '(0)=2 É '(s) ≥ '(0)=2, Á ÔÁËÖÅ Ï�ÅÎËÁ (9).ðÏÜÔÏÍÕ ÄÌÑ ÓÌÁÇÁÅÍÙÈ ÓÕÍÍÙ �Ï ÉÎÄÅËÓÁÍ {j ≤ k} ÉÍÅÅÍ

∫2jh≤|s|≤2j+1h | log'(s)− p(s)|ds ≤ ∫2jh≤|s|≤2j+1h | log'(s)− log �(s)|ds+
∫2jh≤|s|≤2j+1h | log �(s)− �(s)|ds .

∫2jh≤|s|≤2j+1h |'(s)− �(s)|'(0) ds+ ∫2jh≤|s|≤2j+1h s2A2ds .

. 2jh(!(2jh)'(0) + (2jh)2A2 ):ïÔÓÀÄÁ h2 k∑j=2(2jh)−3 ∫2jh≤|s|≤2j+1h | log'(s)− p(s)|ds .

( h2'(0) k∑j=2 !(2jh)(2jh)2 )+ k h2A2 :òÁÚÂÅÒÅÍÓÑ Ó ËÁÖÄÙÍ ÓÌÁÇÁÅÍÙÍ ÏÔÄÅÌØÎÏ. òÁÓÓÍÏÔÒÉÍ �ÅÒ×ÏÅ. éÓ�ÏÌØÚÕÑ ÕÓÌÏ×ÉÅ (QD),�ÏÌÕÞÁÅÍ h2 k∑j=2 !(2jh)(2jh)2 . h2 k∑j=2 ∫2jh≤|s|≤2j+1h !(s)s2 ds . h2 ∫ 2�h !(s)s2 ds:ðÏÓÌÅÄÎÉÊ ÉÎÔÅÇÒÁÌ ÍÏÖÎÏ Ï�ÅÎÉÔØ, Ï�ÑÔØ ÖÅ, ÉÓ�ÏÌØÚÕÑ Ó×ÏÊÓÔ×Ï (QD). á ÉÍÅÎÎÏ,h2 ∫ 2�h !(s)s2 ds . h2!(h)h2 ∫ 2�h ds ≤ 2�!(h):�Å�ÅÒØ ÒÁÓÓÍÏÔÒÉÍ ÚÎÁÞÅÎÉÅ kA−2h2. óÏÇÌÁÓÎÏ �ÏÓÔÒÏÅÎÉÀ, ÞÉÓÌÏ k �ÒÏ�ÏÒ�ÉÏÎÁÌØÎÏ log(A=h).ðÏÜÔÏÍÕ k h2A2 .
h2 log(1=h)A2 + h2 log(1=A)A2 .

h2 log(1=h)A2 ;�ÏÓÌÅÄÎÅÅ ×ÅÒÎÏ, ÔÁË ËÁË h . A < 1. á ÚÎÁÞÉÔ,'(0)h2 k∑j=2(2jh)−3 ∫2jh≤|s|≤2j+1h | log'(s)− p(s)|ds . !(h) + h2 log(1=h)'(0)A2 : (12)14



äÌÑ �ÏÄÙÎÔÅÇÒÁÌØÎÏÊ ÆÕÎË�ÉÉ × ÓÌÁÇÁÅÍÙÈ ÏÓÔÁ×ÛÅÊÓÑ ÓÕÍÍÙ �Ï ÉÎÄÅËÓÁÍ {j > k} ÉÓ�ÏÌØÚÕÅÍ\ÇÒÕÂÕÀ" Ï�ÅÎËÕ | log'(s)−p(s)| ≤ | log'(s)|+ |�(s)|. ïÔÓÀÄÁ, ÉÓ�ÏÌØÚÕÑ ÎÅÒÁ×ÅÎÓÔ×Ï ç£ÌØÄÅÒÁ,ÄÌÑ ËÁÖÄÏÇÏ ÓÌÁÇÁÅÍÏÇÏ ÜÔÏÊ ÓÕÍÍÙ �ÏÌÕÞÉÍ Ï�ÅÎËÕ
∫2jh≤|s|≤2j+1h | log'(s)− p(s)|ds ≤ ∫2jh≤|s|≤2j+1h | log'(s)|ds+ ∫2jh≤|s|≤2j+1h |�(s)|ds ≤

≤ (2jh)1−1=p‖ log'‖Lp + 2jh| log'(0)|+ |b|(2jh)2'(0) :éÓ�ÏÌØÚÕÑ ÔÅ ÖÅ ÓÏÏÂÒÁÖÅÎÉÑ, ÞÔÏ É �ÒÉ Ï�ÅÎËÅ ×ÙÒÁÖÅÎÉÑ T4 × ÄÏËÁÚÁÔÅÌØÓÔ×Å ÌÅÍÍÙ 7, ÍÙÍÏÖÅÍ ÚÁÍÅÎÉÔØ | log'(0)| ÎÁ log(1=h). ëÁË É ÒÁÎØÛÅ, ÉÓ�ÏÌØÚÕÅÍ ÔÏ, ÞÔÏ A . 2jh ÄÌÑ ÉÎÄÅËÓÏ×
{j > k} É |b|='(0) . 1=A. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÉÍÅÅÍ'(0)h2 l∑j=k+1(2jh)−3 ∫2jh≤|s|≤2j+1h | log'(s)− p(s)|ds .

'(0)h2AA p+1p + '(0)h2 log(1=h)A2 + '(0)h2A2 : (13)óÏÂÒÁ× ×ÍÅÓÔÅ Ï�ÅÎËÉ (8), (11), (12), (13), Á ÔÁËÖÅ Ä×Å �ÏÄÞÅÒËÎÕÔÙÅ, �ÏÌÕÞÁÅÍ ÉÓËÏÍÕÀ Ï�ÅÎËÕÄÌÑ d3.�Å�ÅÒØ, ËÏÇÄÁ ÍÙ Ï�ÅÎÉÌÉ d1, d2 É d3, ×ÅÒÎÅÍÓÑ Ë Æ2O'(0; h). óÏÂÅÒÅÍ ×ÍÅÓÔÅ, Ó ÏÄÎÏÊ ÓÔÏÒÏÎÙ,Ï�ÅÎËÉ ÌÅÍÍÙ 6 É �ÕÎËÔÏ× (a) ÌÅÍÍ 7 É 8; Á Ó ÄÒÕÇÏÊ | Ï�ÅÎËÉ �ÕÎËÔÏ× (b) ÌÅÍÍ 7 É 8, É ÌÅÍÍÕ6. ðÏÌÕÞÁÅÔÓÑ Ä×Á ÎÅÒÁ×ÅÎÓÔ×Á:(I) Æ2O'(0; h) . !(h) + '(0)hA + '(0);(II) åÓÌÉ |h| . A, ÔÏÆ2O'(0; h) . h2 + !(h) + '(0)h2A2 + !2(h)'(0) + '(0)h2 log(1=h)A2 ++'(0)h2 log2(1=h)A2 + '(0)h2AA p+1p + '(0)h2A2 p+1p :úÁÍÅÔÉÍ, ÞÔÏ ÅÓÌÉ '(0) = 0, ÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï (I), ÄÁÅÔ Ï�ÅÎËÕ Æ2O'(0; h) . !(h), ÞÔÏ ÍÏÖÎÏÔÒÁËÔÏ×ÁÔØ ËÁË ÏÔÓÕÔÓÔ×ÉÅ �ÁÄÅÎÉÑ ÇÌÁÄËÏÓÔÉ.�Å�ÅÒØ, �ÕÓÔØ '(0) > 0. îÁ�ÏÍÎÉÍ, ÞÔÏ, ÓÏÇÌÁÓÎÏ �ÏÓÔÒÏÅÎÉÀ, '(0) < 1, A < 1. ïÂÏÚÎÁÞÉÍÞÅÒÅÚ � := p=(p + 1). ïÔÍÅÔÉÍ, ÞÔÏ � < 1, Á ÚÎÁÞÉÔ x� ≥ x ÄÌÑ x ≤ 1. ÷ ÎÅÒÁ×ÅÎÓÔ×ÁÈ ÎÉÖÅ(ÔÉ�Á · & A É · . A) ×ÙÂÅÒÅÍ ÄÏÓÔÁÔÏÞÎÏ ÍÁÌÕÀ �ÏÓÔÏÑÎÎÕÀ É ÒÁÓÓÍÏÔÒÉÍ ÓÌÅÄÕÀÝÉÅ Ä×ÅÉÍÅÀÝÉÅÓÑ �ÒÏÔÉ×Ï�ÏÌÏÖÎÙÅ ×ÏÚÍÏÖÎÏÓÔÉ:1◦. h� & A. ïÔÍÅÔÉÍ, ÞÔÏ '(0) ≍ !(A) . !(h�). ëÒÏÍÅ ÔÏÇÏ, ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÏÇÒÁÎÉÞÅÎÉÅÍ(QI) É �ÏÌÕÞÉÍ '(0)=A ≍ !(A)=A . h−�!(h�). ïÔÓÀÄÁ ÉÍÅÅÍ Ï�ÅÎËÕÆ2O'(0; h) . !(h) + !(h�) + h1−�!(h�) . !(h) + !(h�);ËÏÔÏÒÁÑ É Ñ×ÌÑÅÔÓÑ ÉÓËÏÍÏÊ.2◦. h ≤ h� . A. ÷ ÜÔÏÍ ÓÌÕÞÁÅ �ÒÉÍÅÎÉÍÏ ÎÅÒÁ×ÅÎÓÔ×Ï (II). ïÂÓÕÄÉÍ ËÁË Ï�ÅÎÉÔÓÑ ËÁÖÄÏÅÉÚ ÅÇÏ ÓÌÁÇÁÅÍÙÈ. ÷ �ÅÒ×ÕÀ ÏÞÅÒÅÄØ ÏÔÍÅÔÉÍ, ÞÔÏ h < 1, �ÏÜÔÏÍÕ × �ÁÒÅ h2 | !(h) ÄÏÍÉÎÉÒÕÅÔ×ÔÏÒÏÅ, Á ÚÎÁÞÉÔ h2 ÍÏÖÎÏ ÏÔÂÒÏÓÉÔØ. úÁÍÅÔÉÍ, ÞÔÏ '(0) ≍ !(A), �Ï ÜÔÏÊ �ÒÉÞÉÎÅ É ÔÏÍÕ, ÞÔÏx−2!(x) �ÏÞÔÉ ÕÂÙ×ÁÅÔ, ÍÏÖÅÍ ÎÁ�ÉÓÁÔØ'(0)A2 .
!(A)A2 .

!(h�)h2� :15



ïÔÍÅÔÉÍ, ÞÔÏ ÍÙ ÍÏÇÌÉ ÄÏÂÉÔØÓÑ ÜÔÏÊ Ï�ÅÎËÉ ÉÎÁÞÅ | ÉÓ�ÏÌØÚÕÑ ÌÅÍÍÕ 1 ÎÁ�ÒÑÍÕÀ, ÎÏ ÔÁË,ËÁË ÎÁ�ÉÓÁÌÉ ÍÙ, ÎÁ ÎÁÛ ×ÚÇÌÑÄ, ÎÁÇÌÑÄÎÅÅ. �.Å. ÂÕÄÅÍ ÉÓ�ÏÌØÚÏ×ÁÔØ �ÏÞÔÉ ÕÂÙ×ÁÎÉÅ ÓÏÏÔ×ÅÔ-ÓÔ×ÕÀÝÉÈ ÆÕÎË�ÉÊ t−
!(t) ÎÁ�ÒÑÍÕÀ, Á ÎÅ �ÅÒÅÈÏÄÑ Ë ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÍ ×ÙÒÁÖÅÎÉÑÍ Ó !̃.äÁÌÅÅ, Ï�ÅÎËÁ ×ÙÛÅ �ÒÉ×ÅÄÅÔ Ë ÓÌÅÄÕÀÝÅÍÕ ÎÁÂÏÒÕ ÓÏÏÔÎÏÛÅÎÉÊ:'(0)h2A2 . !(h�)h2(1−�) . !(h�);'(0)h2 log(1=h)A2 . !(h�)h2(1−�) log(1=h) . !(h�);'(0)h2 log2(1=h)A2 . !(h�)h2(1−�) log2(1=h) . !(h�);ðÏÓÌÅÄÎÉÅ ÎÅÒÁ×ÅÎÓÔ×Á × ÜÔÏÊ ÓÅÒÉÉ Ï�ÅÎÏË ×ÅÒÎÙ, �ÏÔÏÍÕ ÞÔÏ ÆÕÎË�ÉÉ h2(1−�), h2(1−�) log(1=h),h2(1−�) log2(1=h) ÒÁ×ÎÏÍÅÒÎÏ ÏÇÒÁÎÉÞÅÎÙ �ÒÉ h ≤ 1, �ÒÉÞÅÍ �ÏÓÔÏÑÎÎÙÅ ÚÁ×ÉÓÑÔ ÔÏÌØËÏ ÏÔ �.�Å�ÅÒØ, ÒÁÓÓÍÏÔÒÉÍ �ÏÓÌÅÄÎÉÅ Ä×Á (�Ï �ÏÒÑÄËÕ ×ÈÏÖÄÅÎÉÑ) ÓÌÁÇÁÅÍÙÈ ÎÅÒÁ×ÅÎÓÔ×Á (II).õÞÔÅÍ ××ÅÄÅÎÎÏÅ ÏÂÏÚÎÁÞÅÎÉÅ � = p=(p + 1), ÔÏÇÄÁ ÚÎÁÍÅÎÁÔÅÌÉ ÜÔÉÈ ÓÌÁÇÁÅÍÙÈ �ÒÉÍÕÔ ×ÉÄ:A1+1=� É A2=� ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ. åÝÅ ÒÁÚ ÎÁ�ÏÍÎÉÍ, ÞÔÏ � < 1, �ÏÜÔÏÍÕ �ÏÞÔÉ ÕÂÙ×ÁÎÉÅ ÆÕÎË�ÉÉt−2!(t) ×ÌÅÞÅÔ �ÏÞÔÉ ÕÂÙ×ÁÎÉÅ ÆÕÎË�ÉÊ t−(1+1=�)!(t) É t−2=�!(t) (ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ �ÏËÁÚÁÔÅÌÉ ÕÓÔÅ�ÅÎÉ ÂÏÌØÛÅ 2). ðÒÉÍÅÎÉÍ ÜÔÏ ÏÂÓÔÏÑÔÅÌØÓÔ×Ï Ë ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÍ ÓÌÁÇÁÅÍÙÍ ÎÅÒÁ×ÅÎÓÔ×Á(II) É �ÏÌÕÞÉÍ '(0)h2A1+1=� ≍
!(A)h2A1+1=� . !(h�)h2−�(1+1=�) = !(h�)h1−� . !(h�);'(0)h2A2=� ≍

!(A)h2A2=� . !(h�)h2−�·2=� = !(h�):ïÓÔÁÌÏÓØ Ï�ÅÎÉÔØ �ÏÓÌÅÄÎÅÅ ÚÎÁÞÅÎÉÅ !2(h)='(0). úÁÍÅÔÉÍ, ÞÔÏ ÏÇÒÁÎÉÞÅÎÉÅ (QI) ÎÁÍ ÄÁÅÔh−1!(h) ≤ A−1!(A). ïÔÓÀÄÁ, ÏËÏÎÞÁÔÅÌØÎÏ, ÉÍÅÅÍ!2(h)'(0) ≍
!(h)!(A)!(h) .

hA!(h) ≤ !(h):óÏÂÉÒÁÑ ×ÓÅ �ÏÌÕÞÅÎÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ, ÉÍÅÅÍ ÉÓËÏÍÕÀ Ï�ÅÎËÕÆ2O'(0; h) . !(h) + !(h�):Referen
es[1℄ Vladislav K. Dzyadyk, Igor A. Shev
huk, Theory of Uniform Approximation of Fun
tions byPolynomials. | Walter de Gruyter, 2008. | 480 p.[2℄ ÷. ð. èÁ×ÉÎ, ïÂÏÂÝÅÎÉÅ ÔÅÏÒÅÍÙ ðÒÉ×ÁÌÏ×Á-úÉÇÍÕÎÄÁ Ï ÍÏÄÕÌÅ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ ÓÏ�ÒÑ-ÖÅÎÎÏÊ ÆÕÎË�ÉÉ., éÚ×. áËÁÄ. ÎÁÕË áÒÍÑÎÓËÏÊ óóò, ÓÅÒÉÑ íÁÔÅÍÁÔÉËÁ 6 (1971), 252-258,265-287.[3℄ K. Ho�man, Bana
h spa
es of analyti
 fun
tions. | Prenti
e Hall, Engelewood Cli�s, NJ, (1962)[4℄ á. î. íÅÄ×ÅÄÅ×, ðÁÄÅÎÉÅ ÇÌÁÄËÏÓÔÉ ×ÎÅÛÎÅÊ ÆÕÎË�ÉÉ × ÓÒÁ×ÎÅÎÉÉ Ó ÇÌÁÄËÏÓÔØÀ ÅÅ ÍÏ-ÄÕÌÑ �ÒÉ ÄÏ�ÏÌÎÉÔÅÌØÎÙÈ ÏÇÒÁÎÉÞÅÎÉÑÈ ÎÁ ×ÅÌÉÞÉÎÕ ÇÒÁÎÉÞÎÏÊ ÆÕÎË�ÉÉ, éÓÓÌÅÄÏ×ÁÎÉÑ �ÏÌÉÎÅÊÎÙÍ Ï�ÅÒÁÔÏÒÁÍ É ÔÅÏÒÉÉ ÆÕÎË�ÉÊ. 43, úÁ�. ÎÁÕÞÎ. ÓÅÍ. ðïíé 434, (2015), 101{115[5℄ î. á. ûÉÒÏËÏ×, äÏÓÔÁÔÏÞÎÙÅ ÕÓÌÏ×ÉÑ ÄÌÑ ÇÅÌØÄÏÒÏ×ÓËÏÊ ÇÌÁÄËÏÓÔÉ ÆÕÎË�ÉÉ., áÌÇÅÂÒÁÉ ÁÎÁÌÉÚ, 25.3 (2013). 16



[6℄ S. Spanne, Some fun
tion spa
es de�ned using the mean os
illation over 
ubes. | Annali dellaS
uola Normale Superiore di Pisa - Classe di S
ienze, 19.4 (1965), 593{608.[7℄ á.÷. ÷ÁÓÉÎ, ó.÷. ëÉÓÌÑËÏ×, á.î. íÅÄ×ÅÄÅ×, ìÏËÁÌØÎÁÑ ÇÌÁÄËÏÓÔØ ÁÎÁÌÉÔÉÞÅÓËÏÊ ÆÕÎË�ÉÉ× ÓÒÁ×ÎÅÎÉÉ Ó ÇÌÁÄËÏÓÔØÀ ÅÅ ÍÏÄÕÌÑ. | áÌÇÅÂÒÁ É ÁÎÁÌÉÚ, 25.3 (2013).

17


