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1 BBEAEHUE

DTOT 0630p OTHOCUTCA K OOJACTH, B KOTOPOU MEPEILIENACh TEOPUs MEPBI ¢ KOMOUHATOPU-
KO ¥ ACUMITOTUKOU, M NPWIOKEHNSI KOTOPOU K AMHAMUKE, ajrebpe u IPYTruM BOIPOCAM
Oy Iy T 3aTPOHYTHI YACTUTHO B DTOU U B CIEAYIOMMX CTAThAX. O630p COMEPKUT GOIBIIOE KO-
JUYECTBO HOBBIX 3a1a4, OTHOCAIINXCA K TUHAMUKE TeOpun rpadOB, TEOPUN MPENCTABICHUN
aareOp u Cpymi.

1.1 TIIpocTou mpumep U TPYAHBLIA BOIPOC

HarmeM ¢ 31eMEHTapHOrO IpuUMepa, WLIIOCTPUPYOWEro, 9T0 TaKoe (GUILTPALML, U B IeM
COCTOAT BONPOCH KOMOUHATOPHOM TEOPHI MEPHL.
PaceMoTpUM IPOCTPAHCTBO BCEX OJHOCTOPOHHUX IOCIEIOBATEIBHOCTEN HyJIEH M e1u-
HUIL:
X={{zn}ol 1} zn=0vV1in=1...

T.e. GECKOHETHOE MPOM3BENEHNE TBOETOYUN. ByIeM paccMaTpUBATEL HTO IMPOCTPAHCTBO
X kak gumagmaeckuyn (KAHTOPOBCKHUN) KOMIAKT B CAA0OK TOMOJNOTHUM, & TAKKE, KAK CTaH-
JapTHOe 60peneBcKoe mpocTpancTBo. OmpeneanM B HEM ”XBOCTOBOE” WM OCTATOTHOE OT-
HOIIIEHNE >KBUBATCHTHOCTY M XBOCTOBYIO MM OCTATOYHYIO (PUILTPAIINIO CUTMA-TIO JAITe0p
MHOXKECTB. A NMEHHO: [Be IOCICIOBATEILHOCTH {Tk}, {#}} — nN-9KBUBAJIEHTHEI, €CIX
Thin = Ty, TIpU k> 0; U PKBUBATCHTHBI OTHOCHTEIBHO XBOCTOBOI'O OTHOIICHUSA DKBUBA-
JIEHTHOCTH, €CIU OHU SABIAIOTCA N->KBABAJEHTHBIME IIPU HEKOTOPOM 1.

Curma-anredpa 2A,,n = 0,1,... ecTb curma-aare6pa GOPESEBCKUX MOIMHOKECTB B X,
KOTOPBIE BMECTE € KayK [OU CBOEUN TOYKOU CONEPIKAT BCE TOUKN N-DKBUBAJCHTHBIE er. MHade
roeops, A,,n = 0,1,2..., ecThb curma-noganreopa GOpeJTeBCKAX MHOXKECTB, 33,1aBAEMbBIX

YCIOBUSIMU HA KOOPAUHATHI C HOMEPAMY HE MEHBIIAMU 9eM 7. YOBIBAIOMIAS IOCIe[OBATEIb-
HOCTBb CUT'Ma-nogaarebp 60peaeBCKuX MHOXKECTB

Apg DA DAz ..o,



HA3LIBAETCA T80CMO601, Oopeaesckoli Puasvmpayuet npocmparncmea X Kax OeCKOHEUH020
NPAMO20 NPOU3EEIEHUA:

X = [T0;1].

3

n=1

Ecau npocrpascTeo X cHAGAUTH MPOU3BOIBLHOU BEPOSITHOCTHOU OOPEIEBCKOU MEPOU i,
TO Ta ke MOCAeNOBATEIBHOCTh CUMMa-TIOAAIre6p, (MOHIMAEMBIX YKe, KaK CUIMa-aareOpbl
knaccos mod 0 (o maHHOW Mepe f) COBIAIAKIINX MHOXKECTB) IAeT IpuMep (PUIbTPALUN
B CTAHIAPTHOM MPOCTPAHCTBE C MEPOU.

Hanpumep, Bo3bMEM B KAIECTBE MEPHI [ OEPHYLINEBCKYIO MEPy — OECKOHETHOE TIPO3-
Bexenue Mep 6 = (1/2,1/2); noctpoennas GpuibTpanus Ha3bBACTCA Juaduueckots 6epuyai-
esckotli puavmpanuet npocmpancmea ¢ mepot. Ilo smamennromy 3axkony 0—1 Kommoroposa
("3akon: Bce mmm Hudero”) , mepecedenue (), 2, = N ecTh TpuBMAIBLHAA CUIMa-aIredpa,
COCTOAIIASA U3 KIACCOB ABYX MHOXKECTB - HYJEBOU U €IUHUTHOU MEP.

[ust BeAKOro HaTypaiabHOrO 1 npocTpancTBo (X, 1) MOXKET ObITH IPEACTABICHO KAK
IPAMOE MPOM3BEAECHUE TPOCTPAHCTB C MEPOM:

n
(X, ) = (JJ{(0;1),83) x (X, tn),
1
rune (Xn: Nn) = H;L.o+1{(0; 1)7 6}

A rTemeps mocTaBuUM OCHOBHOU BOTPOC. [IPEAMONONKNAM, ITO HA KAKOM-TO AUATAICCKOM
kommakTe X' 3amaHa HEKOTOpPas OOPENeBCKas BEPOATHOCTHAA MePa [, yIOBICTBOPAIOMIAL
KOJIMOTOPOBCKOMY 3akOHY 0 — 1, ¥ [/ KaXIOr0 HATYPAILHOIO N €CTh U30MOP(U3M TIPO-
CTPAHCTB C MEPOUL:

n
(X7 ) = (J]H05 13,60) x (X7, ),
1
rge (X, i),) HEKOTOPBIE IPOCTPAHCTBA C MEPAME U], .
Moscno au ymeeprucdamv umo cywecmeyem uzomopduzm T npocmpancme ¢ mepoii
T(X' u') = (X, p) npu xomopom T'(X],, ') = (X, ) npu ecex n?
Ha s3bixe, KoTOpBIT Oy 1T OOBACHEH JATEE, DTO BOIPOC O TOM, EIUHCTBEHHA U C TOTHO-
CTBIO 10 U30MOpQU3Ma (PUHUTHO GEPHYILIUEBCKAA UALAICCKAA SPTOAUIECKAA (PUIbTPALILA.
DTOT BOMPOC AHAJIOTHWYEH, CICAYIOMEMY BONPOCY U3 TEOPUU GECKOHETHLIX TEH30PHBIX
npoussenernu C*-arre6p 1, BOZMOXKHO, BEINVIAIAT TaXKe OONEe eCTECTBEHHBIM.
Pacemorpum mexoropyo C*-anre6py A u IpeamosoKuM, ITO CYMECTBYeT yOBIBAKOIIAIL
moCIeI0BaTeILHOCTE €€ C*-moganre6p A, C A, mepecedeHne KOTOPLIX COCTOUT U3 KOH-
craut: (), An, = {Const}, n Takas 9o mpu Beex n:

A~ My (C)*" ® Ay,

(~ ozmagaet uzomopdusm C*-amre6p).
Bepwno au, wmo cywecmsyem u3omopPhuam

A= [] Ms(),

1

npu KOMopom das ecex n nodaszebpa A, nepexodum npu 3mom uzomopdaume 6 nodaizebpy

[155 Ms(C) € A?



OTH BOMPOCHL OBLIM MOCTABJIEHBI ABTOPOM OKOJIO 50 jgeT Hazax. IIepBLIM B UCXOMHBIX
TEepPMUHAX BBINIALEN TakK: OyAeT JU BCAKAA (PUILTPAIUA, ¥ KOTOPOU KOHETHHIE OTPE3KA
130MOP(HBI KOHEIHBIM OTPE3KaM OEePHYINEBCKON (PUILTPAINN, & TIEPECETeHNe BCEX CUTMa-
aarebp pUILTpaIUKU - TPUBUAILHO, U30MOP(HON OepHY/LINEeBCKON (puibTpanuu. McTodHn-
KOM 3ajJadu Obl1a sprogudeckas Teopus (cm. gamee). B [5]) o6a sonpoca noayuuau om-
puyamesbrbiti omeem, 6oree TOro OKa3aloCh, 9TO CYIIECTBYET KOHTUHYYM IPOCTPAHCTE C
mepou (coorsercTBeHHO C*-amre6p) ¢ GUHUTHO U3OMOP(MHBIMU, HO TOMAPHO HEX30MOPQ-
HBIMU B IIEJOM IUaIUIECKAMU CTPYKTYpaMu. DTOT (HaKT Jag CTapT BAXKHOU, HO BCE CIIIE He
CTAaBITEeN TPEIMETOM JOCTATOTHOTO BHUMAHUSA, TEMATUKE: aCUMITOTUICCKON TEOPUN (PUTH-
rpauuu. [as gaHHOro 0630pa MBI OTOOpaL HanboJee BasKHLIE CTAPhIE U HOBLIE (DAKTHI U
DJIABHOE — HOBBIE 3a0a4u 5ToU obnactu. Teopus GpuibTpanul HAXOAUT IPUMEHEHUS B TEO-
pPUU MEephI, TEOPUU TIPOIECCOB U IUHAMUYECKUX CUCTEM, & TAKXKE B TEOPUU MPEICTABICHUN
rpymnn u aare6p. [MaBHBIN BOTPOC — O CIOKHOCTHU aCUMITOTUIECKOTO TIOBEICHU Ha 6ECKO-
HEYHOCTY MOHOTOHHEIX MOCJAEOBATEILHOCTEN ANreOp U O BO3ZMOXKHON KIACCU(DKAIINN TAKIX
moCJAe0BATENIbHOCTEN. BTOpOU 3a1ade — O TEH30pHBIX npousBenenusx C*-aarebp — Oy-
[IeT MOCBAIIEHA Apyras paboTa, U MBI IPUBEIH €€ 31eCh, YTOOBI HOAIePKHY Th IaPAJLIEIN3M
3a/1a49 U3 OYeHb PA3HLIX oOmacTen MareMaruku. O6e OHU OTHOCATCA K ACUMITOTHICCKOMY
aareOpamdeckoMy aHAJIU3Y.

[TpuHIIUIIATEHO HOBBIE COOOPAXKEHUS IO CPABHEHUIO C PAOOTAMU MO TEOPUHN (PUILTPA-
UM [IPEXHUX JeT HOABUIUCH B CBA3KM C TEOPUEN I'PalyUPOBAHHLIX IpadoB (guarpammam
Bparrenn); 5T0 — 0qHA U3 LEHTPAIBHBIX TeM 0030pa; A0 CUX IIOD HTA CBIA3b KaK OyITO HE
OTMeYaIaCh, X0Ts 1 Teopun A F-aare6p XBoCTOBasA (GUIbTPALNSA — TPUHIUITAATHEHO BAXK-
b 00bexkT. C MO3UIIUN TEOPUU rpafyUupPOBAHHLIX TPA(OB PUILTPAIUYA PACCMATPUBAIICD
B MO€l HeJaBHEN cTaThe [23], a B 5TOU CTaThe MBI aKIEHTUPYeM BHUMaHUe, HA0OOPOT, HA
METPUYIECKOU CTOPOHE BOMIPOCA, U UCIOIB3YEM TEXHUKY W MOHATUS, CBA3AHHLIE C TpadaMu.

1.2 Tpu A3bIKa TEeOpuUU MephI

Bepuemca k mMerpudeckon GOpMyIMPOBKE MEPBOrO BOmpoca. Ecam pacecMoTpers aarebpy
L (X, ) Bcex kaaccoB mod 0 COBIAAIOMUX U3MEPUMBIX OUDAHMYEHHBIX (DYHKIUN HA
npocrpascTse (X, i), TO MBI HOIyInM (GUIBTPALMIO TOAAIre0D:

LOO(X,M)EAoDA1DAQD...,

rge A, ects moganredbpa aarebpot L>°(X, 1) Bcex OyHKIMU, 3aBUCAIIUX OT KOOPIWHAT C
HOMepaMu, He MeHbpIIIME N, N = 0,1,2,....

Omumem Temepb >TOT TPUMED HA, A3LIKE pa3OUeHun, - mycThb &, €CTh pa3bueHue mpo-
crparcTBa (X, () HA KIACCH TTOCIEOBATEILHOCTEN, C COBIATAIOIINMA KOOD IMHATAME, HO-
Mepa KOTOPBIX OOJBINE n; TOraa curMa-aaredpa 2, ecTh curma-aarebpa MHOXKECTB, M3Me-
PUMBIX OTHOCAUTEIBHO pa3buenus &, (T.e. COCTABICHHBIX U3 IEMEHTOB HTOI0 Da3OUeHMUs).
A npocrpancTso A, €cTb IPOCTPAHCTBO (PYHKIUN, U3MEPUMBIX OTHOCUTEILHO &,. YOLIBa-
HIE [OCJAEI0BATEILHOCTY PA30UEHUN O3HAYAET, 9TO (HOYTHU BCAKUN) DIEMEHT pasbueHust &,
€CTb 0OBEINHEHNE HEKOTOPOr'0 YUCIA DJIeMEHTOB pazbuenusa &, _1,n = 1,2.... (Ilo moBoxy
YACTUIHOrO TOPALKA B MPOTPAHCTBE U3MEPUMBIX PA3OUEHUN CM. Tajee)

B sTux repmunax nogaare6pa A, ecrs aaredpa L= (X/E&,, pn), roe X /&, ectb dpakTop-
IPOCTPAHCTBO, IpocTPaHcTBa (X, (1) mo pasbueHmo &,, a fg, -PaKTOP-Mepa HA HeM.

Takum 06pazoM mMeeTCa (PyHKTOPHAILHASA SKBUBATCHTHOCTHL TPEX OMUCAHHLIX BEBIIIE
A3BIKOB TEOpUN (PUALTPALNN: A3BIK (PUILTPAIUEN CATMA-MOAAIre6p MPOCTPAHCTBA, ¢ Me-
pOM, A3LIK (PUILTPAIMEN MOANPOCTPAHCTE U3MEPUMBIX (DYHKIIUU U A3LIKA (PUILTpAIITen
u3MepuMbIX pasberun. Tounbie onpeaeneHus OyIyT JaHBI qajee.



IMon ¢puabTpamuaMu MBI OyaeM MOHUMATL JUOO0 OECKOHEYHBIE YOBIBAIOIIUE ITOCIEI0Ba~
TEIBHOCTY MOAANre0p HEKOTOPOW KOMMYTATUBHOM aareGphl, ¢ MHBOIIONUMEN (HAIPUMED,
L (X, p)), mub60, SKBUBAICHTHLIM OOPa30M, GECKOHEUHBIE YOLIBAOIIME TOCIEI0BATEILHO
CTHU CUIMa-II04aare6p aarebpsl CTaH IapTHOO IPoCcTpancTsa ¢ mepou (X, i), win, HakoHen
HA elle OJHOM DKBUBAJIEHTHOM, I€OMETPUIECKOM SA3BIKE, KOTOPBIA MBI OyIeM Yallle BCEro
UCIONB30BATH — OECKOHEYHbIE YOBIBAIOIINE MOCAEJOBATEILHOCTY M3MEPUMBIX Pa3OUueHMN.

Bce o™i Tpu A3BIKA DKBUBANEHTHLI PA3JUTAE MEXKIy HUMU TEPMUHOIOTUIECKOe. Ilep-
BBLII KOHTEKCT ((pUIbTpanuu mogaare6p aaredp ¢ MHOMONUEN) HauboIee 00U, OH Oy C-
KaeT BaKHOe OOO0OIIeHNe, COCTOMIIEe B OTKA3e OT KOMMYTATUBHOCTH OOBEMIIOMIEN ajre-
Opsl, u B epexone Kk AF-anre6pam, — B »ToU paboTe 3TO 0000IIeHe KAK OTMEIEHO BBIIIE,
HE 3aTPArUBAETCA, XOTA TECHO NMPUMBIKAET K €€ COAEPKAHUIO CTATHU.

Mur Takxke OyIeM pacCMaTPUBATL yOLIBAIOIIME TTOCAEIOBATETHLHOCTH CUT'MA-TIO [AITe0P
MHOXECTB B CTAHIAPTHOM GOPEJEBCKOM MPOCTPAHCTBE, T.€. OOPENEBCKUE (PUILTPAIIAN —
B DTOM CIydae Mepa Ha MPOCTPAHCTBE HE 3alaHa, U BO3HUKAET BONPOC 00 OMMCAHUU Mep,
CONIACOBAHHBIX C JAHHOU (PUILTPAIUEN. DTa MOCTAHOBKA BOMPOCA OXBATHIBAET MOYUTH BCE
3aa9u 00 UHBAPUAHTHBIX MEPAX B PA3IUIHBIX KOHTEKCTAX.

1.3 TI'me mosaBasaroTCca duabTpanum?

DuabTpanun BOZHUKAIOT B TEOPUU CJHYIAUHBIX MPOIECCOB, TEOPUU MOTEHIUAIA U MAPKOB-
CKUX TIPOIECCOB, B DPTOAUYIECKON TEOPUU, B TOMOJOTHICCKON W METPUIECKOUN TUHAMUKE.
HauGomee nnTepecHble TPUIOKEHUA OTHOCATCA K TEOPUU T'PATyUPOBAHHBIX rpados (qmua-
rpammel Bparrenn), Teopun AF-anre6p u k acumnrorudeckon kombuHaTOopuke. Bor He-
CKOJIBKO OOIINX MPUMEPOB.

1. PaccMoTpuM NpOU3BONBLHBIN CIyalHbIA IPOLECC, HAIIPUMED, C BEIIeCTBEHHLIMY 3Ha~
YEeHWAME U C JUCKPETHBIM BPeMeHeM {Zy, }m,m < 0 (yIOGHO HyMepoBaTh CIydallHbIE BEIU-
YMHBI OTPULNATETLHBIMA TUCIAME).

Curma-anrebpa 2, COCTOUT U3 M3MEPUMBIX MHOXKECTB, KOTOPLIE OMUCHIBAIOTCA ~ IIPO-
uuieiM” Ipolecca, T.e. CIyYalHBIMEA BEeIMIMHAMA ¢ HOMepaMmu m < —n. B »ToMm KoHTek-
cre purbrpanusa {2A,}, ecTb Guabmpayus npouiozo cayuaino2o npoyecca. AHATOrUIHO,
MOYXKHO ONPEIeNATH (PUILTPAINIO Oy AYIIero” CIyYalHOro MPOIecca.

COOTBETCTBEHHO 3TOMY, T€OPUsA (PUILTPAIUYA HAXOUT TPUIOKEHUA B DPTOIUICCKON Te-
opud, a UMEHHO, B TE€OPUU HHAMOPGU3MOB MPOCTPAHCTB ¢ MEPOU: B DTOM CIyYIae MPOIECC
{Z), },m B BHILIEIPUBEIEHHOM HPUMEPE — CTALUOHAPHBIN, T.€. BEPOATHOCTHAI MEpa, OTBe-
JajoIas IPOIecCy, — WHBAPUAHTHA OTHOCUTEILHO J1eBOro casura: I{z,}, = Tm_1,m <
0. Psag nanpHemmx pesyabTaToB OyAeT MPUMEHEH K DTOMY ciIydaio. [as sprogudeckon
TEOPUU BAXKEH CIydIall CTAIMOHAPHOU (PUILTPALNA: CABUT, T.6. (PAKTOPUIALIUA TPOCTPAH-
CTBa TO MEepBOMY pa3bueHusa (SKBUBAJICHTHHIM 00pa3oM, PUILTPALNA, PACCMATPUBACMAS C
J060I0 KOHETHOIO HOMEPa) — U30MOPQHA UCXOTHOU:

{fn Z’ozo ~ {fn/fl}?:l

2. PaccmoTpuM sproauaeckuin aBromopdusM, npocrpauctsa (X, pu) ¢ mepon: T : X —
X, Tu = p. o kraccuueckon TeopeMe PoXanHa OH MOXKET OLITH aMMPOKCUMUPOBAH B PaB-
HOMEPHOU TOMOJOTUY MEPUOAuIecKuMu aBTMopduamamu. [leproaudeckue annpoKCHMAaI
MOXHO YCOBEPIIEHCTBOBATHL TaKUM 0OPa3zoM, 4TOOLI pa3OumeHus HA TPAEKTOPUU DTUX All-
MPOKCUMAIUYN yOBIBAIH, T.€ 0OPA3OBLIBAIN (HuibMPanuio pa3buenut wa mpaexmopui nepu-
00UNECKUT ANNPOKCUMAUUT

Taxoe TOCTPOEHUE W MPUBOAUT K TAK HA3LIBAEMOW aIUYECKOU PEATU3AIUU aBTOMOP-
dusma [24, 25]. MHOrue BakHBIE METPUYECKNE MHBAPUAHTHI aBTOMOP(U3MA MOTYT OLITH



M3BJEYHEI U3 CBOUCTB DTOU (PUILTPAIMEA, 00 DTOM TaKKe IOUAET Pedb Jajee.

DTOT mpuMmep IomyckaeT o6o0Imenne. PaccMOTpUM NUHAMUYECKYI) CHCTEMY B IIPO-
crpaHcTBe X C WHBAPUAHTHOU MEpPOU [i, "BpeMmsa’ KOTOPOU €CTh CUYeTHad aMeHaOeTbHA
rpynna G. Wuade rosops rpynna G npeacrasiena apromopdusmamu npocrpancrsa (X, i),
T.e M3MEPUMBIME IpeobpaszoBaHusaMu, coxpadsoomumu Mepy: 1 @ G — Aut(X,p) : g —
Ty : X — X, Ty = mu. PynraMerTaIbHAA TEOPEMA dPIOINIECKON TEOPUHU yTBEPXK IAET,
9TO ecau rpymnmna (G -aMeHabeabHA, T.e. UMEET WHBAPUAHTHOE CPEJHEe, TO TPACKTOPHOE
pa3bueHus CPYIIBL ABIACTCA PYIHBIM (CUMIEPKOHEYHBIM), T.€. CYIIECTBYeT (HEeeIUHCTBEH-
Had) PUILTPALUA, KOTOPAA 330aeT YOLIBAOIILYIO MOCIEIOBATEILHOCTD PA3OUEHNN, CTPEMSI-
HIyIOCA K Pa3OMeHuio HA TPAeKTOpuu AencTeus rpynnel. OCOOGEHHO €CTECTBHHO CBA3BIBA-
€TCsA Teopua (PUILTPAIUE C TeNCTBIEM JOKAIBLHO-KOHEIHBIX IPYII: B DTOM CJIydae TPYIIa
G = U,,Gn, €CTb MHIYKTUBHLIN IMpejel KOHEIHBIX TPYII ¥ ee A JI00ro eé NerCTBUL
KAQHOHUIECKU OMPEIETCHa MOCIE[0BATENLHOCTD PA3OUEHUN HA TPACKTOPUN KOHEIHBIX MO~
rpyon Gy,.

HexoTopble mHBApMAHTHI TAK NOCTPOEHHBIX (PUILTPAIUK ABIAIOTCA OJTHOBPEMEHHO WH-
BapaHTamu genctsusi. Hanpumep, surponus gpuibrpanuu (CM. gaiee)

3. Iycrs sagan N-rpaxgymposansbl dokansHO-KoHeuns rpad I' =[], T, Ty = {0}
(cm.pucynox) u T(T') npocTpaHCTBO GECKOHEUHBIX Iy TEH B HEM, HAYUHAIOIIUXCA B BEPIIMHE
(). IipocrparcTeo T'(T'), Kak 0OOPATHBLIN CMEKTP KOHEYHBIX MPOCTPAHCTE (KOHETHBIX My Tel)
€CTh KAHTOPOBCKOE TOMOJIOTTIECKOE IPOCTPAHCTBO, M TEM CAMBIM CHAOXKAETCA 6OPETEBCKON
CTPYKTypou. B »ToM mpocTpancTBe 3amaHa £60CMo8as Guabmpayus: n-s CATMa-anarebpa
COCTOUT U3 MHOXKECTB, KOTOPEIE HE MEHAIOTCA, ECAU B JIOOOM UX MyTEH B YTOM MHOXKECTBE
U3MEHUTH HAYATBHYIO 9aCTh IIyTH 10 3Taxa n. ECIm 3a1aTh G0PEIEBCKYH Mepy Ha MpO-
CTPAHCTBE MyTEeH, TO XBOCTOBasA (PUIbLTpanusa cTaHeT guibTpanuern u3 npumepa 1. Ho B
DTOM MPUMEpE BOZHUKAECT HOBAS 3A0AYA 0 MEPAL, C 3G0GHLIMU KONEPELOOHLIMU 6EPOATNHO-
cmamu. B qacrHOCTH, 334298 O HEHTPAIBHBIX Mepax (CM. gajtee). JTa 3a1a9a BO3HUKAIA,
B Teopuu C* AF-amre6p, u JOKAILHO-KOHEIHLIX T'PYII - CIMCOK CJAEIOB M XapPaKTEPOB,
B TEOPUU MAPKOBCKUX IPOLECCOB U UHBAPUAHTHIX MAPKOBCKAX MED — OIMCAHUE B IyXe
PPAHUI-BEIXO -BX0O 1O [[BIHKWHY, B TE€OPUY MBAPUAHTHEIX MEP I/ TUHAMWYIECKUAX CUCTEM.
DTOT KPYT BOIPOCOB UMEET DKBUBAJCHTHBIEC U MHTEPECHBIE CAMU IO ce6e KOMOMHATOPHBIE 1
reOMEeTPUIECKHE (DOPMYIUPOBKA. 3AMETHM, ITO STOT KIACC IPUMEPOB (PUILTPALNN MMEET
MOMOJTHUTEIBHYIO BAXKHYIO CIENI(pUKY U MBI OyI€M €€ UCIOIL30BATH Jajee.

OauH U3 pPe3yabTaToB CTATHY TAKOB (11.3.2):

Teopema 1. Beakas 2p200uueckas 40KaAbHO-KOHEUHAA HUADMPAYUIL UZOMOPPHHA MAPKOE-
cKot Pusompayuu.

OTO O3HAYAET, ITO HAMOOJIEE HHTEPECHBIN KAACC (PUIBTPAIUA MOKHO U3YIaTh, PACCMar-
TPUBAs UMb OJHOCTOPOHHIE MAPKOBCKUE enu (BOOOIIE I'OBOPs HEO JTHOPOJHEIE 110 BDEMEHU
U C IPOU3BOJBLHM MHOXKECTBOM COCTOAHWN). B 9acTHOCTH, OTCIOIa CAEIYET ILIOLOTBOPHAL
penykius Teopun AF-aarebp K BEpOATHOCTHOW TEOPUM MapKOBCKUX IENen W OOpPaTHOEe
IBIKEHUE OT MAPKOBCKUX IEMeN K OOmmMM AuarpaMMaM bparremm ¢ mx aareOpamdecKum
moarexkcToM. PAKTUIECKN, DTa TEOPEMA YTOIHAET TEOPEMY O CYIIECTBOABHUU AAUIECKON
peaqusanuy s AEUCTBUA AMEHOEJbHBIX CPYII. J3[IeCh XK€ YMECTHO 3aMETUTh, UTO Te-
OpeMBI O XBOCTOBOU (PUILTPAIMK MPOCTPAHCTBA MyTeN palyUPOBAHHLIX IPA(OB TECHO
CA3AHBI ¢ U PUILTPAIUAMI KOMMYTAHTOB KOHETHOMEPHBIX Togaareop AF-amreop.

4.HaxoHel, caMbIl PACIPOCTPAHEHHBIN ITOBO/ 1/ PACCMOTPeHUs (pUILTPALANA JAeT CO-
BPEMEHHLIN (POPMAIM3M CTATUCTUIECKON (PUBUKHU - KJIACCUIECKON I KBAaHTOBOU. Paccmo-
TPUM PEIETKY JU JaKe TPOU3BONbHLIA caeTHE rpad I’ m npencraemM ero xax o6benn-



HEHUe KOHEeYHBIX IIOJMHOXKECTB (00bEMOB):
r=Jrn.
n

Byzem paccmarpuBaThe IpOCTPAHCTBO KOHMUIYpauui (HAIpuUMep, NOAMHOXKECTB) HA I,
T.e. HOPOCTPAHCTBO (DYHKIUU CO 3HAUEHUAMEU B HEKOTOpoM ajidasure (Hampumep, (0,1)).
CHabauM ero CTPyKTYpOUr 6OPEIEBCKOTO TPOCTPAHCTBA, CIUTAA OA3UCHBLIMY GOPEJEBCKAMI
HOAMHOXKECTBAMU -IIIIUHIPKI, T.€. MHOXKECTBA KOH(MDUDYPAIIUU, 3aJaABAEMBIX HEKOTOPLIMU
YCIOBUAMY HA, KOHEUHYIO IaCTh KOH(Uryparuu (OrpaHUYeHneM Ha HEKOTOPBIL 06bem ')
U TPOU3BOJBHBIME BHE >TOr0 o0beMa. Torga mepen HaMu PUIBTPAIUSA B 3TOM OOPEIEB-
CKOM TPOCTPAHCTBE: N-asf CUTMa-HogaIreopa (pUIbTPAIUUA COCTOUT U3 IUJINHIPUIECKUX
MHOXECTB, OMPEeIEIIeMBIX YCAOBAAMY HA, OTpaHumvdeHue Koudurypamun Ha 00wem [,. Ilo
IPYTOMy: [Be KOH(UTYPAIUU JEKAT B OLHOM DIEMEHTE Pa3OUeHUs, €CIU OHU COBMAJAIOT
BHe o6beMa [y, mpu mexkoropom n. Eciu 3a1ana BepoATHOCTHAA Mepa, (CTATUCTUKA) HA IPO-
CTPAHCTBE KOHPUTYPAIMH, TO MBI ONPEIEJUIN (PUILTPAILHUIO DTONO MPOCTPAHCTBA, C MEPOU.
Monynapuas cxema u3ydeHus (Pa3OBBIX MEPEXONOB U APYTCUX CBOUCTB CTATUCTUK, TPUHSI-
Tasg B mocaegHue roabl nocae pabor Hobpymuna u apyrux [51, 72] cocrouT B TOM, UTO
3aJaeTCA He Mepa, a JUIIb CUCTEMa YCJIOBHBIX BEPOATHOCTEN Ha KOH(MUTYPAIUAX B 00H-
eMax mpu ycaoBuu pUKCAIUU €€ BHE 00BEeMa, M U3YIalTCA T€ MEPhI, KOTOPHIE UMEIOT DTU
3aJaHHBIE YCAOBHBIE MEPBHI. B »TOM cocTOMT cmoco6 3amaHus Mep B OECKOHETHOMEDHBIX
MPOCTPAHCTBAX,ANbTEPHATUBHBIN K OOUIEIIPUHATOMY KOJIMOT'OPOBCKOMY 3aTAHUIO C ITOMO-
[IBI0 COBMECTHBIX PACHPEAETHUN. JTa CXeMa U3YIeHUd (PUILTPALUN KPATKO U3JIACALTCS
nanee.

IMoxuepkHeM, YTO MPUBEIEHHLIN CIUCOK HE MPETEHAYET HA TOJTHOTY TEM, COMPUKACAIO-
UXCA ¢ Teopuen (GpUILTPAINT, ¥ ITO HAIl 0030p JUTEPATYPHI U CIUCOK pabOT TO Mepevn-
CJIEHBIM BBIIIE TEMAM TAJEKO He MOJOH.

1.4 KoueuynocTh 1 6€CKOHEYHOCTD B 3a4aYaX KJAACCU(pUKAIINN; CTAH-
JapTHOCTL, KaK 0000IIeHe HE3aBUCUMOCTH.

B maTemaTunke u (pusmKe UMeeTCsi OrPOMHOE UCIO 33134 KIACCU(DUKAINY, B KOTOPBIX BO3-
HUKAIOT ~KOHeYIHbIe” 1 ”OeCKOHEeYHBIE NHBAPUAHTHI ~, W, KAK MMPABWIO, MMEHHO OTHLICKAHUE
MOCJEJHUX COCTABAIOT CYITHOCTH BOMpoca o Knaccupukanuu. O6cyx gaeMas 3a1ada 0 Me-
TPUIECKOU KIACCUPUKINU DUIBTPAIUN KAKETCA TUIUIHON [ 3402, DAe TPUCY TCTBYIOT
7 aHATUTYECKUe, U anreOpandeckne, 1 KOMOMHATOPHBIE COCTAB/SIOIINE: U KPOMe TOrO, He-
TPUBUAIHLHOE COOTHOIIEHNE MEXY (PUHUTHBIMU U OECKOHEYHBIMU WHBapuaHTaMmu. Moxker
OBITH, OMUCHLIBAEMBIE Uaern OyIyT MOJE3HBI U B APYTUX 3aa9aX.

B pambmenmem iraccupukanmymsa ¥ TUOLL (GUILTPALUN TOHUMAKOTCI B CMBICJAE TEOPUU
npeobpPA3OBAHUN COXPAHAIONINX MEPY, U DKBUBAJEHTHOCTH —- OTHOCUTEIBHO T'PYIIILI Ta-
KUX mpeobpasoBanuil. BMecTo ¢1oB ”5KBUBATECHTHEIE O0BEKTH (puibTpamnun)” Oy geM daiie
UCIIONB30BATD CIOB ”M30MOPQPMHBIE 06BEKTH ((puibTparmu)”.

Beskas 6eckonedHas GUIbTPAIWA aaredp (WM CXOIHBIX 0OBEKTOB)

{Q[n}%ozo =Ao DA D ...

MOXKET PACCMATPUBATHLCA KAK OECKOHEIHBIN HAOOD CBOUX KOHEIHBIX ()PAIMEHTOB, T.e. KO-
HEIHBIX (DUIbTPAIINAN:

{mk}Z:Ojn =0,1,2....

[Ipeanmonox)um, ITO MBI yMEEM KJIACCUMPUINPOBATH OTHOCUTEIHLHO HEKOTOPOT'O OTHO-
IIEHUA PKBUBATCHTHOCTYU KOHEIHBIC (DUILTPAIUN TAHHOU [IIUHBI 7, TPU BCEX KOHEIHBIX 7.



Bouee To4yHO, nycTh 5TO 03HAYAET, YTO MBI MOXKEM IOCTPOUTH TOMOJOIMIECKOe miau Hope-
JEBCKOE npocmparncmeo modyaetr: My,n = 0,1,2..., T.e. TPOCTPAHCTBO MOMHLIX WHBA-
PUAHTOB KOHEUHBLIX (DUILTPAINU JaHHOU IJIUHBI. BymeM rOBOPUTL, UTO ABE OECKOHEUHBIE
duabTpanun GuHumHO U30MoOpPHLL, ecau dan Kaxcdoeo N uzx dpazmenmbi daunbt N x6U-
BAAEHMHUDBL, T.€ OIMPENEIIIOT OTHY U Ty XKe TO4UKy B mpoctpanctse My, N =0,1....

Pasymeercsa, GpUHUTHBIN u30MOpPPU3M OECKOHEYHBIX (UILTPALNNA BOOOIIE I'OBOPSA HE
BJIEYET aBTOMATUYIECKN UX n30oMopdusM. MHade roBOPSA MPOCTPAHCTBO MOAYICH OECKOHEH-
HBIX (PUILTPAIUN, €CIU a¥Ke OHO U MOXKET OBITh KOPPEKTHO OMPEIEJIeHO, He eCTh, BOOOIIE
TOBOPS, OOBEIUHEHNE TTPOCTPAHCTB MOIYIEN KOHEUHBIX (hpArMEeHTOB (puabTparui. Mbl mo-
IpOOHO paccMOTpuM ATOT >PPEKT gaaee.

OCHOBHOU TpeAMeT TaHHOrO 0030pa U HOBLIE PE3Y/IbTATHI TAK WIN UHAYE CBA3AHBL C
BOIMIPOCOM O KJIACCUDUKAINU GECKOHEUHBIX (PUILTPAIMA U C BBEIEICHUEM HAUOOIee CYyIIe-
CTBEHHBIX [ TPUJIOKEHUN KJIacCOB. ECTh GeCKOHEUHBIE (DUIbTAIMNA, TUMT KOTOPHIX OT-
HOCUTENBHO W30MOP(h3UMA OTHO3HAYMHO OMPEIIAeTCsa (PUHUTHBIM TunoM. Hampuwmep, ecan
CPYIIa CUMMETPUN HEKOTOPOT'O KOHETHOr'O (PparMeHTa (PUIbLTPAIUN TPUBUAIBHA, TO THII
(oTHOCHTENBLHO H30MOPM3UMA) yKe DTOrO (PparMeHTa ONPEIENAeT TUI BCEU (PUIbTPALUN.
IMosToMy B comepKaTEILHON TEOPUN HOMKEH OOCYXK IATHCA TOJBKO KIaCC TeX (GDUIbTPALINN,
Yy KOTOPBIX TPYIIa CUMMETPHUU JH000r0 OeckoHedHOro “xBocTa” (GuabTpanun — 6eCKO-
HEYHA: OTYACTU U3-33 DTOT'O MBI PACCMATPUBAEM TOJBKO JOKAILHO KOHEYHBIE (PUIHTPAINY
(cMm. pamee): mJst HUX DTU IPYIIBI OECKOHEYHBL ¥ 3TO UX CBOUCTBO y K€ HAIOMUHAET O Map-
koBocTH. B Kiacce JOKAIbHO KOHEYHBIX (DUIBTPALAN (PUHATHBIA U30MOP(DU3M HE HAKJIAIHI-
BAET CEPLE3HLIX OrPAHNYEHUN Ha ~OeCKOHEYHLIE CBONCTBA” (PUILTPALUN, B YaCTHOCTH U He
OMpeNe/seT TayKe DPrOAUTHA OHA, WJIU HET.

Kraccudpukanusa koHeIHBIX GuibTpanui (T.e. KOHEIHLIX YOBIBAIOUIUX MTOCIENOBATE b
HOCTE! Noaarebp) TOMKHA MPEAIIeCTBOBATH MOMBLITKAM KJIACCU(PUIUPOBATL G€CKOHETHEIE
[IOC/IEI0BATEIHLHOCTY, U B HYKHBIX HAM KATErOPUAX OHA WM U3BECTHA, WX JEerKO (hopMyIa-
pyercsa. Oua nagara B.A.Poxaunbiv (0gua curMa-nogaire6pa win 04HOrO Pa3OUeHus) U 1o
HTOMY 06pPa3Iy MOXKHO CTPOUTH MHBAPUAHTHI KOHEIHBIX (duibTpaimit (cM. Hamp.[86]). Msr
epensiaraeM Ha yIO0OHOM S3bIKe Ipad)OB U IEePEBBEB KIACCUMDUKAIINID MTPOU3BOJBHBIX KO-
HEYHOTO yOLIBAIOIIEr0 HAOOPOB. MHBAPUAHTHI T.€. MPOCTPAHCTBA MOLYJEH B DTUX CIYIagX
BIIOJIHE OGO3PUMBI — ATO TPOCTPAHCTBA KOHEYHBIX MEPEBBEB C MEPOU. ITO COIEpKAHUE
qacTu naparpada 2.

Yro ke eme HYXKHO H0OABUTH K (PUHUTHOMY U30MOPQMU3MY, ITOOBI MOMYIUTH TOJHBIN
m3omopdusm? NHade roBops, Kakume ecTh ~OEeCKOHEYHBIE MHBAPUAHTHL , HE ONPEIeIIeMbIe
xoueunsMu? U Beerga i oun HyKHBI? CyIIECTBYIOT JIU KIACCH (DPUIBTPALAN, 1 KOTOPBIX
JuHUTHLEIN H30MOpQU3M yxKe rapanTupyer mdoMoppusm? Benp u3 amaaumsa QUHUTHBIX
MHBAPUAHTOB HEJIb3s CAEJATH BBHIBOJ — NOCTATOYHBI OHU WIA HET JJI OMPEIeNeHUs TUIA
dpuabTpaIuu.

OTO OQUH U3 OCHOBHBIX BOMPOCOB, MOXKATIYU, TUMUIHBIN IS JHOOBIX AUCKYCCUU O KO-
HEYHOM 1 OECKOHETHOM.

OTBeT Ha MOCTABICHHBIM BOMPOC MOJOKUTENCH: MUCKOMBIU KJIACC—ITO COBOKYITHOCTD,
TaK HA3BIBAEMBIX cMandapmublt @uasvmpayui. s caydas oqHOPOIHBIX (HAIPUMED Aua-
AWIECKUX ) (PUIBTPALUE DTOT KIACC, KAK DTO HEMOCPEICTBEHHO CJIEJOBAJIO U3 KPUTEPUs
craugapTHocTH (cM. [5] n mamee maparpad 4) cocTOMT U GEPHY/LINEBCKAX (DUIBTPALUL T.€.
puIBTpAIIN TPOILIOTO MPOU3BOILHON TOCASIOBATEILHOCTY HE3ABUCAMBIX BEIUYTUH.

[l 00IUX JTOKATBHO KOHEUHBIX (PUILTPAIMN CaMa TTOCTAHOBKA, BOMPOCA HE CTOMb OUe-
BUIHA U BRIVAAUT caexyiomum obpasom. [locrapaemcs 0600mmTs 33124y KiacCupuKaInn
uabTpanun, T.e. ITONOJIHUTEL (PUILTPAIUUA HEKOTOPOU CTPYKTYPOU TaK, ITOOBLI IO IIO-
BEEHNIO (DPMHUTHBIX UHBAPUAHTOB (PUIBTPAIUEA I/ JOMOTHEHHOU 33 Ma4U KIACCH(DUKAIIY
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MOXKHO OBLTIO OBl ONpPeneauTh, OYAyT OOLIYHBIE (PUHUTHBIE WHBAPUAHTHI OJTHO3HATHO OIpe-
IeMATH TUI DTOU (DUILTPALINAN.

DurpTpanun, A1 KOTOPBIX BHITOTHEHO HYXKHOE YCJIOBUE TOBEICHUS HA30BEM CMGH-
dapmuvimy GuabmpayuAmMy: STOT KIacC 0000maeT NOHATHE He3aBUCUMOCTH (=0epHyJLie-
BOCTH).

Yro xe Takoe »Ta 000OIIEHHAS 3313498 U dTHU OOOOMIEHHLIE (DMHUTHLIE WHBAPUAHTHL!
OTBeT B TOM, UTO KIaCCUPUINPOBATL HAIO HE CAMU KOHEUHLIE (hPArMEHTHI (PIILTPAINH, 4
X BMECTE C JOTOTHUTENLHBIMY JAHHBIMUI; DTUMU JAHHBIMU MOT'YT OBITH (DUKCUPOBAHBIE W3-
MepuMBIe (PYHKIVN, 33 TaHHBIE HA TPOCTPAHCTBE, HO HAMOOMEE yVIATHBEIN BAPUAHT COCTOUT
B TOM, YTOOBI KIACCU(PUIUPOBATH KOHEYHBIE (PUIBTPAIUUA 8MECME C MEMPUKOT Ha NPO-
cmpanemee ¢ mepoti. Torga mepeBbs ¢ MEPOU, KAK MHBAPUAHTHI KOHEYHBIX (DPATMEHTOB
uabTpaluu, 6yIyT OCHAIIEHE €IIe U METPUKOU, U B HOBBIX TEPMUHAX YIACTCA CHOPMY.IA-
pPOBATHL KpumMeputl aCUNMOMUUECKO20 NOBEIENUA UKBAPUGHIMOE — KPpumMeput cmandapm-
HOCMU, BBHITIOJTHEHNE KOTOPOT'0 B TOYHOCTU DKBUBAJIEHTHO TOMY, UYTO (DUHUTHBLIE WHBAPU-
AHTHI TIOJTHOCTBIO OIpeae/aIn Tul Gpuibrpannn. [Ipu 5ToM BEIOODp METPUKHU HE BIAUIET HA
CIPAaBeJINBOCTD WM HECIPABEIINBOCTE 3TOIO KPUTEPHUSI — METPUKA UMb TOKHA OBITH
JOIyCTUMOU (CM. majee). DTO U eCTb OCHOBHAA UAEs, KOTOPYIO MBI H3JaraeM B maparpade
5. IIpOoCTPHCTBO MOAYIEN TAKUM 0OPA30M U €CTh MTPOCTPHCTBO (PUHUTHLIX MHBAPUAHTOR, 4
KPUTEPUN CTAHIAPTHOCTH €CTh YCIOBUE COMUKEHUS TI0 MEPE NHBAPUAHTOB YCJIOBHBIX (DUTh-
rTanuil (Ha BIEMEHTaX N-I'o Pa3sOMeHus)KOrJa N CTPeMTCsa K OeckonednocTu. VHBapuaHTHI
KOHEYHBIX (DUIBTPAINN HA KOHEIHBIX DJIEMHTAX Pa3OUeHUN eCTh MEPLI Ha KOHEIHBIX Aepe-
BbAX, CHAOXKEHHBIX YCJIOBHBIMU MEPAMU U METPUKOU KAK AEPEBBEB C METPUKOU W MEPOW.
M&I IpUBOAUM PTOT KPUTEPUN TAKKE B TEPMUHAX, CXOAHBIX ¢ TEPMUHAMYI MAP TUHTATHHBIX
TeopeM.

Ha mepBBIz B3MIAL KAXKETCS, ITO TAKYIO MPOIEAYPY BLLICICHUI XOPOIINX KIACCOB MOKHO
IPOJOIKUTE [AJee, T.e. PACIHIUPATH 3a4a4dy KAACCUPUKAIUN (PUIBTPAIUNA TOTYIas [aTb-
Heuine Kiaccuguimpyembe Kiaccsl. Ho 5To He Tak: 3a npegesaMu KIacca CTaHIapTHOCTH
B CYIIECTBEHHOM OCTAETCA HEACTUMBIN U WHTEPECHEUINN KIACC — BNOAHE HECMaHIapm-
HOIT Puabmpayull,— IS KOTOPOrO MOKA, CYyMIECTBYIOT YAaCTHLIE NHBAPUAHTHI, TUIA, CTAPBIX
— WIKaJBI, SHTPONUA (BTOPUYHON), W, BO3MOIHO, HOBLIX — BBICIINX 3aKOHOB 0 — 1, ma-
JIEKO OOOO0IIAIINX KOJIMOIOPOBCKIE 3aKOHBI. MBI MOIIyCcKaeM H3MEHEHNe TEePMUHOJOIUH,
HOCKOJIBKY CTAHIAPTHOCTD MOXKET IIOHUMATBCA B XKECTKOM CMBICHE (KAK MUHUMAJILHOCTD)
u 6oJee MATKOM COOCTBEHHO CTAHAAPTHOCTD; OyAyIIee BBIABUT YIOOHYIO TEPMUHOIOTUIO.

JIFOOOTBLITHO CPABHUTE CKA3AHHOE C OPHIITENHOBCKOU TEOPUEH CIA00U GEPHYLINEBOCTH
— WVB, du f verpukamu u T.1.): ycaosue WV B ¢XOIHO CO CTAHIAPTHOCTHIO, PA3IUINE
JIIIIb B BEIOOPE METPUK HA IPOCTPAHCTBE YCJIOBHBIX MED, a TaKkKe B TOM, 9TO B 3Progude-
CKOU TEOPUHU PACCMATPUBAIOTCA JUIIb CTAIMOHAPHBIE (DUIbTPALIUN.

Mer moxaseiBaeM, 4TO (PUHWTHASA KIACCCU(MPUKAINNSA U KIACCU(PUKAIUSI CTAHIAPTHHIX
puabTpaun ABIAOTCA PYIHBIMU 33Ja9aMU, T.€. MTPOCTPAHCTBO MOIYJIEU 0603puMoe 6O-
peneBckoe mpocTpancTBo. OOIIas ke 3aJada MEeTPUIECKON KAACCU(DKAIINU TPOU3BOILHBIX
puabTpaUi B TPUHATOM CMBICIE CIOBA ~AUKas”, W, TIOBUIAMOMY, CTOMhL XK€ CAOKHA, KAK
3a/1a9a KIACCU(PUKAINU aBTOMOP(PU3IMOB IPOCTPAHCTB ¢ MEPOU U 3a4a, MOJTOOHBIX €.

1.5 Kparkoe coaepkaHue cTaTbu

CraTba B OCHOBHOM HOCUT OO30PHBIM XapaKTEP U MOABOAUT HEKOTOPLIE UTOI'M UCCAEIOBA~
HuA QuIbTpanui ¢ MoMeHTa moasieHuA (1969 r) moHATUA HECTAaHIAPTHOCTHU, TOYHEE, OT-
KPBITUS MPUMEPOB HEe OEPHY/LINEBCKUX, HO (DUHUTHO U30MOP(HBIX 6EPHYIINEBCKUM, (DUIb-
TpalusAM, U KPUTEPUs CTAHIAPTHOCTU. MBI HEe BKIIYAIA B 0030pP HECKOTHKO BaYKHBIX
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TeM, HEeMOCPEACTBEHHO OTHOCAIMUXCA K TEOpUU (PUILTPAIUN, HAOPUMED NoHATHe ~y100-
uerx” (Ycosy”) mo Iupenbcony, memasuume paborel Laurent m ap. DnaBmas meis — Bo-
MIEPBBIX, IEPEHECTH HA HEOJHOPOIHBIE U HE (DUHUTHO OEPHYJIEBCKUE (DIILTPAIINN OCHOBHEIE
PE3YABTATHL O CTAHJAPTHOCTUA M BO-BTOPBIX, COGIUHUTHTEMATUKY (DUILTPAIUI C TEOPen
rpaayupoBaHubix rpados (amarpamm Bparremn) m,rem cambiv, ¢ Teopuen AF-aare6p, ¢
KOMOUHATOPUKON IpadoOB 1 MAPKOBCKHUX Iener. I105ToMy OCHOBHOU MHTEPEC IPEeCTABIAIOT
JIOKAJIBHO KOHEYHBIE WU KOHEYHO MPEICTABUMBIE (DIIHTPAINY, T.€ TAKUE, 1J1 KOTOPBIX CJIOU
(smeMeHTE pa3OUeHnl) KOHEIHBI 1A KK 00 PAa3OMeHNsA U IUCI0 PA3IAIHLIX TUIOB yCIOB-
HBIX Mep TOxke KOHedHO. [[oapoOHOe BBeIeHMEe, BKIOYAMIIIEE POXINHCKYIO TEOPUK OIHOTO
pasbuenus cogexuTcsa Bo Bropom maparpade. Cesa3u ¢ Teopuen rpalyupoBaHHBIX IpadOB
U MApKOBCKUX IETIEN U3JI0KEHBI B TPETHEM U YeTBEPTHIX maparpadax. Hyx)HO ckasaTh, 4To
HATUYME DTUX CBA3M OOOTalllaloT U TEOPUI0 (PUILTPAI, U TEOPUIO IPadoB, MAPKOBCKUX
neren u aare6p. IloABUBIIMECS B TOCICIHNE TOABI TPUMEPHI OTIMIHO WITIOCTPUPYIOT 3TO
yBepxkgerne. [[OSBUIOCH MHOTO MHTEPECHBIX U CIOKHBIX rpadOB, MPUIIEANINX U3 TEOPUN
agudeckux (T.e. ”rpadguaeckux”’) anmpoOKCUMAIMNI IUHAMUIECKUX CACTEM (rpadbl yHODs-
JOYEHHBIX U HEYIOPA{IEHHBIX AP, PPAMEL CJIOB U AP.) U AAIOMIUX IPUMEDPLI HECTAH AP THBIX
uabTpanun, a ¢ APyrou CTOPOHBI, TEOPUs IPadOB MPUBHOCUT HOBBLIE 3AJAYU, CBA3AHHLIE
¢ anrebpaMu ¥ HOBBIE peanusaiuu puibTpanui. Teopema MapKOBCKOUW PeATU3AINU JOKa-
IHHO KOHEYHOUW (PUILTPAINU NOKaskiBaeTcsa B maparpade 4. KuaodeBoe moHsTue TeOopun
-CTaHIAPTHOCTE. [l OMHOPOAHBIX U (PUHUTHO GEPHYLIUEBCKUAX DPrOAUIECKUX (PUILTPA-
LA — DTO TO XKe CaMOoe, YTO HE3ABUCUMOCTD, T.€. (PUILTPALNIL €CTh ~IPOLLIoe” GepHYJLIn-
eBCKOU cxeMbl. [l OOIIMX JOKATBHO KOHEYHBIX (PUABTPALUU DTO GOMee CIOKHOE MOHATHUE
U MBI IPUBOAUM €T'0 ONPEIEeJeHNe U KPUTEPUU MPOBEPKU. B IacTHOCTH, faeTcA (HpOpMy.Iu-
POBKa KPUTEPUA CTAHIAPHOCTU B TEPMUHAX CIYIAWHBIX MPOIECCOB, 4 UMEHHO KaK yCUJIe-
HUE TEOPEMBI O CXOAUMOCTH MAPTUHTATIOB. JTO YCUICHNE €CTh TEOPEMa, O TUATOHATLHOU B
OIIPEIEHHOM CMBICJIE cXOauMocTu. [losgBiasercs mKana yCUIeHUU, KOTOPBIE MBI TPAKTYEM
Kak mKaixy 3akoHOB 0 — 1, HA OTHOM KOHIIE 3TOU IKAJIBI — KOAMOrOPOBCKUM 3aKoH 0 — 1, a
Ha IPYrOM CTAHIAPTHOCTH WINB OJHOPOITHOM CJIy4ae -O€pHYINEBOCTH DTHU BOMPOCHL OOCY-
K IarTea B maAToM nmaparpade. HykHO cpa3y ckazaThb, 9TO A CIydas OOMUX (PUILTPAIUN
MOYKHO ONPEIEJUTDH PABHBLIE CTENEHN ' HECTAHIAPTHOCTH | WIN PA3HBLIE CTEIeHN OIM30CTH K
craHgapTHBIM QuibTpanuaM. Haubosmee uTEpecHa HECTAHAAPTHOCTH B OOHOPOAHOM (Ha-
npuMep, IUaIuIeckoM ciaydae. Mbl pazbupaeM B mecToM maparpade HeCKOIbKO KIIOYeBbIX
[IPUMEPOB, HAIIPUMEDP, CXEMY CJIyYalHBIX OXyXKIaHUA B CaydanHou cpege. Ho paGoTel Hax
DTOU TEMOU TIPOIOTKACTCS, TIODTOMY OH HOCUT paboyuni XxapakTep. HakoHel mocieHun ma-
parpad mocsameH GuIbTpanaM B 60PEIeBCKOM IMPOCTPAHCTBE U BOIPOCY O MepevuncJIeHNn
BCEX MEpP C JAHHBIM OCHALIEHWEM. [IPUIOKEHUs >TOU TEeMbI OYeHb MIUPOKU, MBI IPUBOIMM
CBSA3M C TEOPEN CAyIalHLIX OJIyKIAHUN Ha DPYIIIaX U TEOPUEH CJAeN0B alreOp u XapaKTepOoB
CpyIm.

S cuen mosesHBIM CHAOAUTH 0030D HECKOJBKUMU UCTOPUYECKUMU KOMMEHTapUAMEU 00
MHTEPECHON MUCTOPUU BOIIPOCA.

2 OIIPEJEJEHUE ®UJIbTPAIIUN
B IIPOCTPAHCTBAX C MEPOU

2.1 Teopusa mepsr: npocTpaHcTBo JleGera, ocHOBHBIE (PaKThI

Meur paccMaTpuBaeM OMpeneqéHHY0 KATErOPUI0 MPOCTPAHCTB C MEPOU — KATETOPUIO Npo-
cmpancme Jlebeza no Porauny [83] win cTraHAAPTHBIX OIPOCTPAHCTB C MEPOU. DTO — IPO-
CTPAHCTBA C IOJHOU CemapadeJbHOU CArMa-aareOGpOod MHOXKECTB, MOJHLIX OTHOCUTEILHO
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HekoTOporo (a Torga u Ja60ro) Gasumca; Ha DTOM curMa-aarebpe 3aJaHa BEPOATHOCT-
Hasg curMa-agauTueHasg Mepa. CenapabenrbHOCThH CUMMa-aareGphbl O3HAYAeT HAIUYNE B HEU
CIETHOrO 6A3MCa U3MEPUMBIX MHOXKECTB, Pa3IeIMAIONIero TOYKN MPOCTPAHCTBA, C YCIOBUEM,
YTO TMPOU3BOJBLHOE M3MEPUMOE MHOXKECTBO A TOMKHO CONEPKATHCA B HEKOTOPOM MHOXKE-
crBe B u3 Gopenesckon 06onouku Gasuca, npudeM (B \ A) = 0 (Goxee craboro ycaous
w(B A A) =0 HEZOCTATOYHO AJIS IIOJHOU aKCMOMATHUKH IIPOCTPAHCTB Jlebera; Mbl HE ocTa-
HABINBAEMCS HA DTOM IOAPOOHO (cM.[83]).

Bce 06beKTH 1 TOHATUA —T.€. TPOCTPAHCTBA, OA3UCHI, TOJHOTA, MHOXKECTBA, (PYHK-
nuu, pa3bueHus, 0TOOPAXKEHUS U TIP.— BCE JOKHO MOHUMATHCA Mo Moy 0: mod 0, T.e.
€ TOYHOCTBIO [0 U3MEHEHUs DTUX OOBEKTOB, MOHATUN HA MHOXKECTBAX HyJIeBOU Mephl. IIpo-
crpancTBa Jlebera — ects kiacc npocrpancts Jlebera mod0, uamepumas GyHKIUSI TaKKe
€CTh KIACC coBmagarommx mod0) GyHKIuu u T.1.

Takoe coriamenne HaKIaIBIBAET 00A3aTEALCTBO MPOBEPATH KOPPEKTHOCTH 1O OTHOIIIE-
uumio kK mepexoqy mod 0 Bcex MOHATUN, OnpenereHunn, popMyIupoOBOK, TOKA3ATEILCTB, 9TO,
KaK MPAaBWIO, BCEMU aBTOPAMU UT'HOPUPYETCs, HO, IPABAa, TAKOE HEBHUMAHUE HAKOL'IA He
IO IBOIIO OIBITHBIX ABTOPOB.

Mopdusmbr B kareropuu npoctpascTs Jlebera >To m3aMepuMmble B MOHATHOM CMBIC/IE
0TOOPaKEHNs TPOCTPAHCTB, COXPAHAIIINE Mepy, a TouHee, Kaacchl mod0 (B o6pase u mpo-
obpase) COBmAJAIIUX OTOOpaxeHuu. Bosdee moapoOHO, U3MEpUMOE OTOOPAKEHUE MPO-
crparcTBa Jlebera B mpous3BoabHOE ~uU3MepUMOe”, T.e., CHAOXKEHHOe CUIMAa-aiarebGpon mpo-
CTPAHCTBO (HAIpUMED B CTaHAAPTHOE GOPENEBCKOE IPOCTPAHCTBO CO CIETHOM 6a3om —
orpesoxk [0, 1]), ectb oTobOpakenue, 111 KOTOPOro IPOOGPA3 U3MEPUMOIO MHOKECTBA U3Me-
puM. Eciau npocTpascTBO-00pa3 CHAOKEHO MEPOU 1 Mepa, 00pasa paBHa Mepe Ipoobpasa To
TOBOPAT, YTO OTOOpaKeHne coxpaHaeT Mepy. Ecam To ke BepHO 111 06paTHOrO mpeobpa-
30BaHUA TO TOBOPAT 06 m3oMopduame (aBToMOpduU3ME, ecau 06pa3 1 TpPOoOPa3 COBIALAIOT)
IPOCTPAHCTB C MEPOH.

3amerum, 9T0 06pa3 MpoCcTpaHCcTBa Jlebera mpu U3MEpPUMOM OTOOPAKEHUU €CTh IPO-
crpaucTso JleGera. (Cp. ¢ COOTBETCTBYIOIMIEN TEOPEMOU O KOMIAKTAX. )

[IBa 00BEKTA, TEPEBOAUMEIE U30OMOP(MUIMOM U OOPATHBIM K HEMY, ONUH B APYTOU, Ha-
3BIBAIOTCA U3MOP(MHLIMUA (AU UHOT'A, DKBUBAJCHTHBIMMY )

Caenyromas kiaaccuduKamoHHas Teopema Poxunaa yTounseT Gosee pAHHIOID TEOPeMy
¢on Hemmanna [77] Toro xe Tuma, HO OHOBAHYIO Ha OOJEE CIOKHOU AKCUOMATHUKE IPO-
CTPAHCTB C MEPOUL:

cyuwecmayem edunCmBenKoe ¢ MouHOCmbIo 00 uzomoppuama npocmpancmeo Jebeza c
Henpepuienot (m.e. we umenuas amomos) sepoamuocmuoti mepot. Ompesox [0,1], cnad-
HCEHHBI Ae6€20801 MEPOT ecmb YHUBEPCAIbHbIL Npumep npocmpancmsa Jebeea ¢ nenpe-
puisnoti mepot. Joboi cenapabeavubili KOMNAKM € HENPEPLIBHOTL OOpPese8cKot 8eposm-
nocmuotli mepoti ecmb dpyeoti makxot npumep. Haubosee ydobmuurii yrusepcasvuviii npu-
mep npocmpancmsa Jlebeea amo cuemmnoe npouzsedenue dgoemouuti — m.e. duaduueckut
KOMNAKM ¢ NPou3soabnoti nenpepvienoti 6opesescrot mepot. Takum o6pa3oM B KATErOpuu
npocTparcTs Jlebero Hanboaee HHTEPECHBIE OOBEKTHL (C HEMPEPBIBHOU MEPOU) M30MOP(HEL.

3amerum, 9TO nocTpoenue Teopus npocrpancTs Jlebera no Poxiuny B [83] hakTuaecku
IIOBTOPSIET TEOPUI0 METPUIECKUX KOMIIAKTOB U jJaxke O0Ojiee KOHKPETHO — [TUAAUIECKOTrO
KOMIIAKTA C HEOOXOJUMBIMU TMOMPABKAMY, VINTHIBAIOMINMY CIEMU(PUKY TEOPUU MEDHI.

IMepexon k kmnaccupukanuum oOMUX TPOCTPAHCTB Jlebera, T.e. € MPOU3BOJLHON MEPOU
COCTOUT B HOOABICHU HE 0OJIEE UeM CICTHOrO YUCIA ATOMOB TOJIOKUTEILHOU MEPHI.

Hosmomy noanviii (mempuueckut) unsapuanm obweeo npocmpancmea Jebeea ecmp
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ynopﬂdonenmm nocaedo8amenvHocmo HEOMPUYAMEADHDIL YUCEAS

my > ms > mg > --- > 0; Zmigla
i

G UMEHHO NOCAEJOBAMEALHOCTND PAZMEPOS AMOMOE M.€. MOUEK NOAOHCUMEALHOT MEPDL.
HyneBas mocaeqoBaTeqIbHOCTE OTBEIAET MPOCTPAHCTBY C HEMPEPLIBHOU MEPOU, TOCTEe-
JOBATEILHOCTE C IUHUIHON CyMMOHU ), M; = 1 — IPOCTPAHCTB C ATOMUYECKOR MEPOIL.

2.2 Wsmepumblie pa3bueHusa, GuibLTpaIun

Mamepumvbiv pasbuenuem & mpocrpancTsa Jlebera (X, 1) HaswiBaeTCA pa3bueHue Ha, IPO-
006pa3sbl ToYeK mpu uamMepumom oTobpaxkenun f: X — R, rae R npousBOIbHOE CTAHIAPT-
HOe GOPEJEBCKOEe MPOCTPAHCTBO, HampuMep, (He ymausasa obmuoctu) [0, 1]. Tor daxr, aro
MHOKECTBO C' ecThb daeMeHT (uiu 6J0K) paszbuenus £ 3anuchiBaerca Tak: C € €. Pasbuenus
TaKkKe PACCMATPUBAIOTCA C TOIHOCTBIO 10 Kaacca mod) COBIIA TAONINX.

dyugamMeHTATBHBIN (AKT, BOCXOMANMNA K PAGOTAM II0 Teopun BeposaTHOCTH 30-X TOI0B
(Ix.y6 u ap.), Ho crporo gokaszanuem B.A.Poxmunbiv no nannuruse A.H.Konvoroposa
(0 HEOOXOAUMOCTHU CTPOrOr0O MCCJICAOBAHUA YCJAOBHLIX MED €CTh HEKOTODLIE HAMEKU B €ro
3HAMEHUTOU KHure [68]) cocTouT B crexyomem:

Teopema 2. (Pozaun [83]) Beaxoe uzmepumoe pazbuenue & npocmpancmso Jebeea (X, )
moncem 6oimb crabuceno eduncmeennoti mod0 xamonuueckoti cucmemoii mep {u€},C € &
(na Goaee pacnpocmparernom A3vike — CUCMEMOT YCAOBHBIL MeP) KA NOUMU BCET IACMEH-
maz pazbuenus & max, ¥mo

1) noumu ece no mepe p aaemenmuvt (C, uC), cnabucennvie ycaosnot mepoti ecmb npo-
cmpancmea Jebeza; Paxmop-npocmpancmeo X/, cuabacennoe Parxmop-mepol pe ecmov
maxxce npocmpancmeo Jlebeza;

2) Jas 106020 uzmepumozo muoncecmea A € X dymwwyua p (AN C) uzmepuma (Kax
Pynryus nwa (X/€, pe)) v umeem mecmo dopmyaa (Pybunu — nosmMopHuo20 unmMe2PUPOLa-
HUA))

ua) = [ AN O)n(©)

HamomuuM, uTo mamepumomy pasbuenuio { OTBEYAET EIMHCTBEHHAs CUIMa-aaredpa
MHOXKeCTB ¢ — M3MEPUMBIX OTHOCUTEIBHO &, T.e.MHOXECTB, COCTABICHHBEIX U3 3JICMEH-
ToB pasbuenusa £. B npocrpancTBax Jlebera BepHO U 0OpATHOE, BCAKOU CUT'MA-TIOJAITeOpe
¢ M3MEPUMBIX MHOXKECTB B mpocTpaHcTse (X, 1) oTBedaer equncreenHoe ( mod 0) mame-
pumMoe pasbuenne  m Ae = A.

B mpocrpanctee L' u L% ompeneaéH onepamop yciosno20 MAMEMAMUULCKO20 OHCU-
JdanuA OTBEUAIOIINN U3MEPHIMOMY Da3bmeHmIo { — T.e. MpOoeKTOp Py (OPTOrOHAJBHEIN B
L?) Ha MOAMPOCTPaHCTBO (DYHKIINN, MOCTOAHHEIX Ha DIEMEeHTaX pa3bueHns &, 5TO OmepaTop
YCPEIHEHUs MO DIEMEHTAM PA30OUeHUs, CHAOKEHHBIN YCIOBHBIMU MEPAMU.

C aqbTepHATUBHOU TOYUKU 3PEHUS TEOpeMa 00 YCIOBHBIX MepaX e€CTh MPOCTO TEOpeMa,
00 MHTEerpaIbHOM MPEACTABIEHAN OePATOPA YCIOBHOI'O OXKYTAHUA:

(Pef)(C) = /O F (@) (x).

JleBy10 9acTh MOXKHO MOHHMATH HA (PYHKIUIO HA (PAKTOP-IPOCTPAHCTBE, HO MOXKHO U
kak QyHKIUo Ha X, TPUHAIIEKAIIYO Togaarebpe (pyHKIUN, TOCTOAHHBEIX HA DIEMEHTaX
pa3bueHus.
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Figure 1: smepumoe pasbuenue

IMpoexkTop Ha >Ty momaarebpy OmpeaeseH KOPPEKTHO, W €ro MOKa3aTeIhCTBO €r0 WH-
TerpaabHOTO IPEACTABICHUS OOBIYHO TPOBOIAT, CASAYVIOMIIM 00pa3oM, CHaYaIa CHAOXKAIOT
IpoCcTpancTBO X KOMIIAKTHOU TOIOJOTMEN WIM 1aKe METPUKOU U 3aTeM, PACCMOTPUBAIOT
TPOEKTOP Ha HEMPEPEIBHEIX (DYHKIINAX W 3aTeM, anmmpokcuvupys uMu yuakmmn u3 L (X, p1).

YacTuvaHOe yHOPAIOUYEHNE M3MEPUMBIX pasbuerun mod() TpeBpaimaeT COBOKYITHOCTD
pasbuMeHny B pemeTKy, B KOTOpOHW OTHOmeHue Gomabmie & = & o3HAMaeT, UTO BAEMEHTHI
pasbueHnsa £ MeIbde 2IeMeHTOB pasbuenusa £, mim, 9TO »IeMeHT pas3bueHns £ cOCTaBICH U3
DIEMEHTOB pa3buenus &; IMEHHO TAKOE YIOPAJIOUEHNE COTVIACOBAHO C YIOPAIOYCHUEM TIPO-
CTPAHCTB M3MEPUMBIX (DYHKIIUU, ACCONUUPOBAHHLIX C PAa30MEHUsAMHU MO BKAYeHWO. Ham-
Ooubiiee pasbuenue ectb pasdmenue mod) HA OTAETHHBIE TOYKY, & HANMEHBIIEE — DTO TPU-
BHATBLHOE pPa3bUeHne MPOCTPAHCTBA (HA OMHO HEMyCTOE MHOXKECTBO). 3aMETHUM, YTO 3TO
YIOPAJOUYEHUE B TOYHOCTU MPOTUBOMOIOKHO IPUHATOMY B KOMOUHATOPUKE, T HAMOOIb-
mee MB30UEHNE TPUBUAIBHO, 8 HAMMEHbIIee — Pa3bUeHue Ha OTIeJbHbIE TOYKH.

2.3 Kiaaccudukanus um3aMepUMbIX pa3OueHnn

[leas GmmKaWmMUX MyHKTOB — ONUCATHL METPUIECKNE WHBAPUAHTHI PA3OUEHUNU, T.e. NATh
kraccupukanuo pa3bueHn, a 3aTeM KOHEIHOU (PUILTPAIAN, T.€. KOHEIYHOU yOBIBAIOUIEH
MOCAEIOBATEILHOCTY U3MEPUMEBIX pasouenuu. Ciaydan 0JHOTO pa3OueHus pa3oOpaH B W3-
BECTHOU cTaThe [83], M MBI NI 1/ yA0OCTBA TATLHENIINX OOOOIIEHNI HEMHOIO N3MEHNM
ero GOpMyJIUPOBKY. SIMETHUM, ITO DTO €4Ba JIU HE [VIABHBIA OPUTUHAIBHLIN pe3yabTatr [83].

Teopema 3. ([83]) Mempuueckut unsapuanm uamepumozo pazbuenus & 6 HENPepPbIeHOM
npocmpancmae Jlebeza (X, 1) ecmp mempuueckuti unsapuanm omoopancenus:

Ve : (X/& ) — %,

ede (X/€, pe) -Paxmop-npocmpancmso, pe) — daxmop-mepa mepvy i npu npoekyuu X —
X/€ no pazbuenuio &, a omobpascenue Ve cONOCMasasem Kancoomy ssemenmy pa3ouenu
C € £ ynopadouennyio nocaedosameavrnocms mep amomos mi(C) > mo(C) ... xax mouxy
cumnaerca Y 6cer ynopadouennvir pados HeoOMPUUAMEAbHBIT YUCEL C CYMMmOT He oabule
edunuYbl.
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Takum obpazom aBa m3aMepuMbIx paszbuenus npocTpascTs Jlebera n3aoMOpQHEL, T.€. me-
PEBOIATCA OMHO B APYroe m30MOP(pU3IMOM MPOCTPAHCTB C MEPOU, TOTJa U TOJBKO TOrIA,
KODJa COOTBETCTBYIOIINE UM OTOOpaXKeHUa V eClu MEeTPUIeCKU U30MOP(HEL.

Ho MOXHO mOUTH Jajbllle U COPOCUTDH, KAKOBBL XK€ METPUIECKUE BAPUAHTHI OTOOpaXKe-
mua Ve? Otser caexytomui: 510 Ve-00pa3 MepEl ¢, T.e. G0peIeBCKas Mepa Ha CHMILIEKCE
Y, 1 TaK HA3BIBAEMBIE KPATHOCTHU, KOTOPBIE HAM HE MOHAIOOATCS, MOITOMY OTCHLLIAIO WH-
Tepecyomerocs k pagore [14], B KOTOpOU MOAPOOGHO ONMUCAHBI MHBAPUAHTHI M3MEPUMBIX
oTobpaxenun, obobuatomune pabory B.A.Poxnuna [82] o knaccudukamun GyHKIUI.

Bripaxkasch He COBCEM TOTHO, MOXKHO CKA3aTh, UTO U3MEPUMOE Pa3OUEHNe eCTh CIyIan-
HOE TIPOCTPAHCTBO C MEPOU, BCE PEATU3AINU KOTOPOrO PACCMATPUBAIOTCA KAK HElepeceKar-
IOIIUECA TOAMHOXECTBA BHYTPU OJHOTO MPOCTPAHCTBA.

Ipex ge, ¥eMm mepenTn K CIyvar HeCKOMbKUX Pa3OUeHUN, TPUBEIEM DA KJIACCOB U MTPHU-
MEpOB Pa30uCHNN.

1. Pasbuenus, donycrauue wezasucumoe donosnernus. Fcam noarn see saemenTtsl C €
¢ pasbuenns ¢ 30MOPGHBI KAK IPOCTPAHCTBA C yCIOBHEIME MepaM 4C, T.e. 0TOOpazKeHne
Ve-06pa3 MepEL fig €CTh JelbTa-Mepa B TOUKe CUMILIEKCA X, OTBEYAoIeNn (eIHHCTBEHHOMY )
Ty ycaoBHOR Mepsl 1& B 3TOM pasbuenmn. B 3TOM I TOIBKO B 3TOM CIydae, pasbumenne &
IOIYCKAET He3asucumoe donoanerue & a IPOCTPAHCTBO AOMYCKAET PA3JIOKEHNE B IPAMOe
TIPOM3BECHNE TTIPOCTPAHCTE C MEpPOU:

(X,/.,L) = (X/faué) X (X/finugf)a

rae £ eCThb eIMHCTBEHHOE ¢ TOYHOCTBHIO 10 u30oMopdusMa (HO HE eIUHCTBEHHOE IeO-
METPUYECKN) He3aBUCUMOe pasbuenue (gomomuenue). Il0UTH KaXKIBIN DJIEMEHT pasbue-
HUA { MEPeceKaeTcsA € MOYTH KAXKIBIM DJIEMEHTOM pa3buenus £~ U BLIIOJHEHO yCIOBUE
uesaucuMocTu: (AN B) = g (A) - pe- (B), naa maoxects A, B u3MepUMbIX COOTBTCTBEHHO
OTHOCHUTEILHO pas3buenun & u & .

Caencrsue 1. (Pozaun [83]) B npocmpancmse Jlebeza ¢ nenpepwvisnoti mepot cyuecmsyem
eduncmseennoe mounocmvio Jo uzomopPusma pazdouenue, ¢ HenpePuLEHbLMI YCA0BHBLMU Me-
pam.

DTo pasbmenme kBagpata [0,1]? ¢ meGerosoit Mepor Ha BepTHKATBHEIE OTpesku. Heza-
BUCHUMOE [OIOJIHEHVE (He eIMHCTBEHHOE) -pa3bueHne Ha FOP30HTAIbHBIE OTPE3KU.

2. Koneunvie pazbuenus. PasObueHus ¢ KOHEIHBIM IUCAOM DIEMEHTOB (OI0KOB) HA3BIBA-
FOTCA KOHEIHBIMY UX MOJTHBIU HHBAPUAHT B CIydae, Koraa (X, () — HempepeIBHOE TPOCTPAH-
CTBO C MEPOH, — HAOOP Mep dIeMeHTOB, Vet = dy, rge 0¥ - HyIeBas IOCIeI0BATEILHOCTD.

3. Amomuueckue pazbuenus. Ilycrs pazbuenue £ TAKOBO, YTO MOYTHU BCE DIEMEHTHI €0
KOHEYHBI, & TOUHEee HOYTH BCe Mephl (1 aTOMIIeCKHe ¢ KOHEIHBIM THCIOM ATOMOB, HA30BEM
Takue pa3bueHus IuCKpeTHbIMEU (a HaTo Okl ”kokomeunwimMu” ). HazoBem mamepumoe pas-
ouenus & mpocTpancTsa Jlebera ¢ menpepwiBHON Mepon (X, j1) aTOMUYECKUM, eCJAU TUCIO
MeTPUYIEeCKIX THUIOB yCIOBHEIX Mep KOHeYIHO, MHatwe roBops, Ve-06pa3 Mephl jig €CTh Mepa
HA Y ¢ KOHEYHBIM YUCJIOM ATOMOB.

4. Ioayodnopodubim pazbuenuem HA3LIBAETCA ATOMUYECKOE pa3OueHne ¢ KOHEIHLIM
OMOKaMU M DABHOMEDHBIMU YCJIOBHBIM MEPAMU HA, MOYTH KaXaI0M Omoke. VHBapmanTOM
ITOJIYO THOPOTHOT'O PA3OUEHNs ABMACTCSI HAaOOP HATYPAIBHBIX MUCEI DABHBIX UNCIAM TOUYEK B
6JIOKaX 1 Mep MHOXKECTB BCEX HIEMEHTOB C TAHHBIM UCA0OM TOUEK. O0HOPOIHbIM HA3bI6GEMCA
pazbuenue ¢ MOCTOAHHBIM MHOXKECTBOM TOYEK BO BCEX OJOKaX (IMaguvecKoe, TPUa IuIecKoe
u 1.1.)V-06pa3 aro gerbra-mepa B Touke cummiekca (1/n,...(n)...1/n) € X.
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2.4 Kiaaccudukanusa KOHEYIHBIX (PUIbLTPALAN

Nayuenune u kraccudukanusa HaGOPOB (KOHEIHBIX WU GECKOHEYHBIX) CUTMa-TI0Iaarebp uin
SKBUBAJEHTHO - M3MEPUMBIX pa3OUeHu - B IpocTpaHcTBax Jlebera ¢ HEIPEpBIBHON MEPOU —
€CTh, BO3MOXHO, caMas O0IIasA U TPYIHAA TeOMEeTPUIecKas 3aa9a TeOPUU MEPHI U TEOPUU
BEPOATHOCTEU. YKe CIydal IBYX U3MEPUMBIX DA3OUEHUU, HAXONAIMXCA B OOIIEM IOJO-
JKEHUU MPEJCTABIAET OOMBIION UHTEPEC U CBA3AH ¢ KOMOMHATOPHLIMU U alre0pandeCcKuMu
TpyaHOCTAMEU. MBI PACCMOTPUM €U0 B IPYTOM MECTeE.

B »ToM myHKTe MBI packiaccupUIMpyeM CHAYana KOHEYHbIE MOHOTOHHBIE TTOCJAENOBA-
TEABHOCTY U3MEPUMBIX pas3bueHun, T.e. KOHedHble puabTpanun Ux kraccuduxanums mo-
BOIBHO mpocTa. OCHOBHAsA TeMa CTATBU - AHAJIN3 OECKOHETHBIX (DUILTPAIIUN.

Nayuennio KOHETHBIX (PUIBTPAIINN B TPOCTPAHCTBE C HEMTPEPHIBHON MEPOU, HYKHO MPEe/I-
BapUTh UX U3y4UeHre B KOHETHOM mpocTpaHcTsa ¢ Meponn — (C,m), C' = {e1, ¢ ... e}, m(c;) =
mg,t = 1.... k. OuibTpanusa IIVHBEL 1 HA KOHETHOM TPOCTPAHCTBE CTh UEPaAPLusi: Pa3ou-
enue & ectb pasbuenue (C,m) Ha orTgeabHBIE TOUKY; & HekoTopoe pasbuenue C; & —
oOBeuHAET HEKOTOPBIE 6J0KY pasbuenus £ B 60abmue 6J0KHT U T.1. TOCAefHee Pa3bueHue
&,—1 cocrout u3 ogHOro Oumoka— Beero C. YIo6HO ceGe mpeacTaBIATh UEPAPXUIO B BHUIE
IepeBa ¢ MEpOU PAHTa 1, TO €CTh C 1 HTAXKAMU (CM. PUC C YHOK).

g n = 1 mepeBO COCTOUT WX IBYX DTAXKEU — BEPIIUNH HYJEBOT'O DTAXKa W OIHOU
BEPIIUHLI IEPBOTO DTaXa. BepIMHBI HyJIeBOI'0 DTAaXKa JUHEUHO YIOPSII0UeHbl 3HAYCHUAMU
Mep To4ex (CM. BBIIIE).

B obumiem caiydae BepIIMHBL gepeBa, JEKAIIUe HA DTAaXKe I eCTh HJIEMEHTHI Pa3OueHust
&,r=20,1,...n — 1, u pebpo, COCIMHAIONIEE BEPIIUHY >TAaXKa I — 1 C BEPITUHON dTaXkKa I
O3HAYAET, BKIKYCHAE COOTBETCTRBYIOIINX DIEMHTOB PAa30MeHni. BepuimHer HyIeBOTO DTaxKa
T.e. TOYKM camMoro mpoctpaucTBa C' ecth "auctba’ gepesa. OHE CHAOKAIOTCA MepaMu
m;,i = 1...k; ycaoBuMCsA O 9ACTUYHO JIUHEUHOU YIOPALOYEHHOCTH JUCTHEB, BXOAIIAE B
ONUH ¥ TOT XKe HJIEMEHT pas3bueHus & MO [0 BeIUvIMHAM UX Mep (C TOYHOCTBIO IO HPO-
U3BOJBHOTO MOPAIKA HA JUCTHAX PABHOU Mephl). I[lo 3TuM MepaM MOXKHO BOCCTAHOBUTD
TMPOCTHIM CYMMUPOBAHUEM YCJIOBHBEIE MEPHI HA BEPIIMHAX AEPEBa MEPBOTO DTaxa— T.6. Ha
pIeMeHTax pas3bueHusa &1, U gajiee TakXKe Ha daeMeHTax o, ...&, 1 CASTYIONIX dTaXKeN.

Omnpepenenne 1. [Ipocrpanctso Tree, 3TO MPOCTPAHCTBO KOHEUHBLIX OTHOKOPEHHBIX [I6-
pPEeBbEB paHra n, T.e. OEPEBLEB C 7N dTaxKaMu, HymepyembimMu umcaamu ot 0,1,...n — 1,
KODHEM [epeBa KAaK €IUHCTBEHHOU BEPIIMHON MOCAEIHErO 3TAaXKa, — U CHAOKEHHBIX CTPOTO
ITOIOKUTEJLHON BEPOATHOCTHON MEPOU Ha JUCTbAX T.€. Ha BEPIIMHAX HYJEBO'O dTaxkKa M,
CJIeJOBATEILHO HA BEPUIMHAX BCEX DTAXKEW, C UHIYIUPOBAHHOM MEPOU JUHEUHBIM YIOPSI0-
YEHUEM BEPIINH KaK OMUCAHO BHIIIE.

Moxno ckazaTtb, 9T0 Tree, ecTb NPOCTPAHCTBO KOHEIHBIX (DUILTPAIMA [IAHLL 1 HA
KOHEYHBIX TTPOCTPAHCTBAX C MEPOU.

B manbmenmem MBI TOMOIHUM IEPEBbs €IIe OJHON BAXKHON CTYKTYPOU — METPUKOU, ITO
CIEIaeT KATETOPUIO MePEBLEB C MEPOU M METPUKON MOUTHBEIM CPENCTBOM B PEIICHNN HAIIUX
34084,

Temeps MBI FOTOBBI ONUCATD TIOMHY O CUCTEMY MHBAPUAHTOB KOHETHON (DIILTPAIIAHU ITPO-
U3BOJLHOTO TIPOCTpancTBa Jlebera. Mur paccMaTpuBaeM JIuilb (pUILTPALMN, B KOTOPHIX BCE
U3MEPUMEIE PDA3OUEHUs ABMAIOTCA ATOMUAICCKUMU.

{lo-& =& ... &) ={&}i=1,

& = € — pasbuenue mod(0 HA OTAEJbHBIE TOYKH.
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YoniBanue 0o3HAYAET, ITO IOYTH JIOOOHU dJIeMeHT mociequero pasbuwenus C, € &, Ko-
HEYeH U COCTABJEH U3 KOHETHOTO UUC/IA DJIeMEHTOB paszbuenus &, 1,C, = UCL | C¢ | €
&n—1, a amemenTsr Cl_| eCTh OOBEIMHEHNA DIEMEHTOB pa3oueHus &, o u T.1.

Nuade rosops, mouru aobou saement C), € &, HeceT Ha cebe UEPAPXUIO T.€. KOHEYHYIO
duabrpanuo ¢ Mepou. [losTomy, MBI UMeeM rOMOMOP(MU3M

tn : X/& — Treey,

COMOCTABJIAIONINN SJIEMEHTY HOYTH Kaxk oMy aaemerTy C), € &,, CHa0KeHHOMY yCIOBHLIMU
MepaMu ero TOYEK, NEPEBO C MEPOU, COOTBECTBYIOIIEE KOHETHOU (DUIBLTPAINN, UHIYINPO-
BAHHOU (PUILTPAIIIEN HA BCEM IIPOCTPAHCTBE Ha, 3TOM daeMerTe. O603HaIuM t,-06pa3 Mephl

e, Ha X /&, 1epes w;.
ap_,  ap

Sal=1,a>0,1<i<k neN
i1

n
af ay

ol aj

1

Figure 2: Koneynas puibTpanus KOHETHOrO TPOCTPAHCTBA ¢ MEPOU

Teopema 4. Iloanas cucmema uHBAPUAHMOSE U3OMOPPUIMA KOHEUnOT Pusvmpayuy T =
{& 1y amomuueckuzs pasbuenuti npocmpancmsa Jebeza ¢ nenpepbienot mepot coena-
daem ¢ unsapuanmami 20momoduama t, 6 npocmpancmeo depesves ¢ mepot Tree,, m.e.
COCTNOAWUMY U3 MePbL Wy Ha npocmpancmee 1 reey, asimoujetca ty-00pa3om mepvl fLg, HG
X/&n u Ppynxyuet xpamuocmet. Ecau guasvmpayus umeem Koneurnoe wucio munos ycios-
HBIX MED, MO €€ NOANbIL UHBAPUAHM ECMb AUULL GMOMUYECKAA MEPL Wr HE MHONCECMBE
depesves Treenrt pawea n+ 1. (6ce kpamuocmu KOMMURYAALHDY).

B cayuae n =1 (00noz2o amomuueckozeo pazbuenus 1) amo ecmb MePa #a ynopadouen-
HBIL BEPOATMHOCTIHBIL 8EKMOPAL, ¥Mo cosnadaem ¢ Gopmysuposroti npedvidyweti meopemol.

[loka3aTeabCTBO NHBAPUAHTHOCTHU OYEBUIHO, TAK KAK IOCTPOEHUE UCIOIB30BAJIO JINIIH
UHBAPUAHTHI PA30MEHUN — CUCTEMY YCIOBHBIX Mep. [lomHoTa caegyeT u3 TOro, 4To IBe He-
130MOPQHLIE (PUILTPAINYN JOTKHBL PA3ITIATHCA HA HEKOTOPOM MHOXKECTBE MOM0OKUTEIHLHON
MEpPBI, U3MEPUMOM OTHOCUTENBHO pa3ObUueHusl,, u MO3TOMY UMEThH HECOBIIAA0IIIe 0Opa3kI
mep Ha T'ree, 1. MOXHO, MOBTOPAA CKa3aHHOE 00 OMHOM pa3bMeHNU, CPABHUTHL MHBAPAHT
KOHEYHOU (PUILTPALNAN CO CAYyIaNHBIM IEPEBOM C MEPOMU.

Hukakux caoxuocTen 0600IIEHre TOU POy PBI A1 KIACCU(PUKAINYA KOHEIHBIX (DUIb-
TPAIUL C COBEPUIEHHO MPOU3BOJLHBIMUA U3MEPUMBIMU PA30UEeHUAMEA (T.€ HE TOJBKO C aTO-
MUYECKUMHI) HE BO3HUKAET, — HYKHO JUIIL MEPEUTH OT KOHEUHBIX K CICTHLIM WA JTaKe
KOHTUHYAJBLHBIM IEPEBBAM, I MEPAM HA HUX OOIIEro BUIA.

Kaaccudukanusa KoHEIHBIX PUILTPAIMNA PACCMATPUBANIACH PAHEE B APYTUX TEPMUHAX
(cm., mampumep,[86]), IPEIIOKEHHBIN BBIMIE A3BIK IEPEBHEB WIM UEPAPXUUM HE UCIIOIb30-
Basicsa. Cama mo cebe pra KracCuUKanus He CIUNIKOM WHTPECHA, OHA MOTJIa OBl OBITH
TIOJIE3HON €CIU €€ MOKHO OBLTO OBl UCHOMB30BATE MM KIACCUPUKAINN GECKOHETHBIX (DUTh-
Tparuu. Ho TpoCTO MOCTPOUTH MHAYKTUBHBEIN TIPEAET U3 TPOCTPAHCTB Tree, NepeBbes C
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MEPOU € €CTECTBEHHLIMU BJIOKEHUAME, U PACCMATPUBATL MEPHI HA HEM, KAK WHBAPUAHTHI
(puabTpanun, HEBO3MOXHO, U TPAMAsA MOMNLITKA TEPEUTH K MPEIeTy HUIEero He NAeT s
kraccuukanuy GEeCKOHEUHBIX (GUIbLTpanuu. [IpuyaumHa >TOrO0 B TOM, UTO MPHU TEPEXoe
K TIpefeny TepsaeTcs eIUHCTBEHHOCTDb GuibTpanun. [JencTBUTENBHO, TOIE3HAS I KIACCU-
Jukanuu 6eCKOHEIHBIX (PUALTPAIMI KH(OPMAISA, CBAZAHHAA C KOHEIHBIMI (PUILTPAIUAMY
HECKOJIBKO MHaA: KJIACCH(PUIUPOBATH HYXKHO He IPOCTO CaMU KOHEeYIHbIe (pparMeHTHI (PUIb-
Tpaluy, KaK 3TO AeNaI0Ch BHIIIE, a BMeCTe ¢ KAaKUMU-T10 PYHKINAMI UIN METPUKAMUI, KaK
2TO OyAeT caeraHo gafee.

2.5 Kaxkue dpunbTpanum MBI pacCMaTpUBaeMu, U KaK WX 3aJaBaTh

2.5.1 Kuaccel 1 cBOuCTBa (hUILTPAIUAN

YnoumsaeMm mpexkje BCero Hambo/Iee MHTEPEeCHLI KIACC (PUILTpAIU, HOAPOOHOE PACCMO-
TpeHre KOTOPOro OyIeT CAEJAHO B APYTOUW CTAThE. ODTO KIacC (PUILTPAIMA B KOTOPOM
BCE BXOIAIINE B HErO pa3OMEeHNs UMEIOT YUCTO HElNPEePLIBHLIE YCJIOBHEIE MEPEL. JTOT KJIaCC
OYeHb BAXKEH [JA TEOPUU CIyIalHBLIX IIpoueccoB u Teopun C*-aarebp, HO OH HE CBA3AH C
KOMOMHATOPHLIMU 333 IaMA.

DynnameHTATBHOE TOHATHE — DPTOIUIHOCTE (GUIBTPALNY, KOTOPYIO HA3BIBAIOT TAKKE
KOJMOT'OPOBOCTBIO, PETYIAPHOCTBIO U IP.

DursTpanmsa

T={2} ~ {&} ~ {L7()}

— DProuvHa,
ec]Iu IepecedeHne CUrMa aareop

NpAp =N

€CTh TPUBHUAJIbHAA CUIMa-aIrebpa,
WK, eCJOU U3MEePUMOoe mepecedeHne pa3OueHun

/\gn:’/

€CTh TPUBUAIBHOE pa3OueHue;
WIn, eCIU TepecedeHne anredp (PyHKIUU MOCTOAHHBIX HA DIEMEHTAX pasdueHuu &, mo
BCEM N €CTh COCTOUT U3 KOHCTAHT:

(VL= (X /&) = {Const}

Hamu ganbuenmme paccMOTpeHusa 6yIyT OTHOCUTHCA K (PUILTPAIUAM, BCE PA30OUEHUsA
KOTOPBLIX HMEIOT ATOMUYECKHe YCJIOBHBIE Mephl 0e3 HeIPEePLIBHBIX KOMIIOHEHT, OCTaBJLAA
durbTpanny ¢ HEIPEPBEIBHBIMU YCIOBHBIMU MEPAMU IO APYT'OTO pa3a.

Mur BEIZEIAEM CACAYIOMNE KAACCH! (PUILTPALIAN:

AOKAADHO KOHEURIL PUAbMPayutt, 00HOPOOHBIT U NOAYOOHOPOOHBIT HusbmpPatuui:

Onpegenenne 2. Oursrpanus 7{&, }52, npoctpancrea Jebera (X, i) ¢ HEIPEPLIBHON Me-
pOU /1 HA3LIBACTCA JOKATBLHO-KOHETHOM, eCIn Bee pazbuerns &,,n = ... -aToMIIeCcKre
— T.e. TIOYTH BCE YCAOBHBLIC MEphLI HA DJAEMEHTAX Pa3OUeHUs KOTOPHIX €CThb aTOMUIECKUAE
MEpEl ¥ 9MCIO TUIOB YCJAOBHBIX MEp KOHEYHO, B 9aCTHOCTH KOHEYHO A KaXKIOTO N IUCIO
ATOMOB B TIOYTH BCEX AIEMEHTaX pasbuenus &,, HO UX IUCI0, BO3MOXKHO 3ABUCAT OT .
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2) JlokaabHO-KOHeIHAS (DUILTPAIAA HABLIBAETCA MOJIYOJHOPOJHOM, €CIM YCIOBHBIE
MEPHI TOYTH BCEX DJIEMEHTOB BCeX pasbuenun &,,n = 0, ... eCTh pABHOMEPHBIE PACIPeIeTe-
Hus (Mephl BCEX TOYEK TaHHOTO AIeMEeHTa Pa3OueHns — paBHEI). |

3) JlokarbHO-KOHeYHaA (GUILTPALAA HA3BIBACTCA OXHOPOAHOU, ECIU A KAKAOTO N
VCJIOBHBIE MEPBI MOYTH KAaXK OO »IEMEHTA Pa3OumeHus PaBHOMEPHBI M OIWHAKOBBL Hcan
OHU /ISl HOMEPA N PABHLIL Ty, TO (DUIBTPALMS HABBIBACTCA {1, b -2 JUIECKON, IPU T, = 2 —
IUAIAIECKON, Ty = 3 aJUIEeCKOU U T.].

CuATre OrpaHUYIeHNsT KOHEIHOCTU B ONPEIEJCHNN JOKATHLHOU KOHETHOCTH, NOMYIIEHNE,
HaIlpuMep, CYeTHOI'O0 YUCIa aTOMOB WA IPOW3BOJIBHOI'O UHUCJIO THUIOB YCIOBHBIX MeEp He
IIPUBOJUT K HOBBIM CEPBE3HBIM TPYIHOCTAM, W CYLMIECTBEHHO HOBBIM d(peKTam B Teopuu
puabTpaun, U MO3TOMY MBI OTPAHUIUBAEMCSI TOMBKO JOKAMILHO-KOHETHBIMU (DUILTPAIIN-
M.

Brigenum, Takxe caegyionme KOHKPETHBIE KIaCCHL:

Omnpegenenne 3. Bynem HA3LIBATH (PUILTPAIIIO T

a) 6epHYJLIHEBCKOM, ECJIM OHA ABIACTCA XBOCTOBOU /I TPOM3BOIBLHON MOCIEI0BATENb-
HOCTU HE3ABUCAMBIX CAYUAUHBIX BEIWYNH, HHAYE TOBOPS, €CIU CYNIECTBYET TaKasd MOCIen0-
BATEILHOCTHL HE3ABUCUMBIX PA30UeHuu 1),,n = 1,..., B mpocTpancTse Jlebera ¢ HEMpephIB-
HOHU MEpOH, ITO

o0

én = \/ ne,n=0,1....
k=n
b) 60e€ 06IIIOMAaPKOBCKOM, €CITN OHA ABIACTCA XBOCTOBOH 7T HEKOTOPOU OTHOCTOPOH-
Hell MApKOBCKOW IIeNN, C TUCKPETHBIM BPEMEHEM U MPOU3BOJBLHBIM MHOXKECTBOM COCTOSHUN.

OcTaHOBUMCA HA CIETYIONIEM BAXKHOM KJIACCE MAPKOBCKUX (PIILTPAINN, OOOOIIAIOIIAX
Cy9alHBIE TPOLECCH ¢ HE3ABUCAMMY TTPUPAIICHLAME.

Paccmorpum rpynny G u BepOATHOCTHYI Mepy m Ha (G ¢ KOHEIHBIM HOCUTeneM. Map-
KOBCKaA IeMb Yy, n = 0,1... oTBevanmas cayIannoMy 00y K IaHUK0, HAIPUMED JEBOMY) Ha,
rpynne G u mepexoIHON BEPOATHOCTHIO M MOPOXKIAET MAPKOBCKYIO uabTpammio. Ee spro-
IUYIHOCTH PAaBHOCWIbHA, TpUBHAILHOCTH TpaHunbl Ilyaccona-Propcrenbepra. Kpurepuem
TPUBUAIBLHOCTU MPAHUIBL ABIAETCA PABEHCTOB HyI0 HTporuu (cM. [62]).

Bonee obmmmM 06pa3oM, MPEATONI0KUM, 9TO Tpymma (G IeNCTBYET Ha HEKOTOPOM IPO-
crpaucTse JleGera (Z,v) ¢ HENpepHIBHOU MHBAPUHTHON Mepou v : Vg, Tyv = v (mm gaxe
C CUIMa-KOHEYHOU WHBAPUAHTHOU Mepon). Torma BO3HUKAET OTHOCTOPOHHUU MAPKOBCKUN
mponecc {2, }, C IPOCTPAHCTBOM cOCTOAHUN (Z, V) 1 IepexoqHbsIMu BepoaTHocTamu P(z|u) =
m(g), roe z = Tyu, u cooTBeTCTBYIOmAA (PUILTPALNI, KOTOpasd OyIeT PacCMaTPUBATHC
namee. Ecim Mepa m eCTbh paBHOMEPHAsA Mepa Ha 00pa3yroluX TPYMIb TO (UIbTPaIua
-OJHPOIHA. 3aMETUM, ITO MPOCTPAHCTBO COCTOAHUU DTOT'O MPOLECCA —KOHTUHYATBLHO, HO
(pmIbTpaIMa JOKATLHO KOHETHA.

Kax MEI yBUANM B CTEIYIOMIEM IYHKTE, B A TOM CIy9Iae (PUILTPAIINA MOKET ObITH 34 1aHA
C MOMOMIBIO IIOCIEJOBATEILHOCTH KOHEYHBIX pasbmeHumit Np;n = 1,2... A, 7, = € (e -
pas3buenus Ha oraeabHble TOUKN). Puabrpamus {&, }, onpenensercs, KaK

&n = \/nk,n:(),l....
n+1

Lipu srom YCIOBHBIE MEPBL BJI€MEHTOB (hakTop-pazbuennst &, /E,—1 MOYyT HE OBITH PABHOMED-
HBIMU.
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2.5.2 Basucubiz cnoco6 3ajaHua GpuIbTpamun

Haubomee >ddexkTurHBN €cmocod 3agaHusa (GpUILTPAINN, KaK B MPOCTPAHCTBAX C MEPOW,
Tak 1 B OOpPEJeBCKUX MPOCTPAHCTBAX COCTOUT B TOM, 9TOOBLI CHAYANA OIPEIEIUTL BO3Pa3-
CTAIOIILYIO MOCJAEI0BATEILHOCTh KOHEIHBIX pasbueHun (6a3uc), a 3aTeM (QUIBTPALUIO KAK
[IOC/IEAOBATILHOCTD IPOU3BEAEHUN " XBOCTOB” . ITOT METO 3aJaHNA (PUILTPAIMI HA30BEM
”6a3ucHbIM .

PaccMoTpuM MoCIen0BaTeIbHOCTD KOHEUHBIX pas30uenun (6a3uc):

{mlez; N\m=e

(e-pa3bueHus Ha OTAEABHBIE TOYKM) IPOCTPAHCTBA X C MEPOU [, WIX GOPENEBCKOrO PO~
crpaucTBa. PurbTpanusa {{m}n ompenensaeTcs, Kak

& = \/ e, n=0,1....
k=n-+1

Basucubii crmocob 3aganus (GUILTPAINN €CTECTBEHHO BO3HUKAET B CBA3U CO CAyJau-
HBIMU TIPOIECCAMY CO BPEMEHEM Z.y , U B IPYTUX BEPOATHOCTHBIX CUTYAIUAX, (1), — pa3ou-
€HUe COOTBETCTBYIOIIEE CUTMA-AIredpe MHOXKECTRB, OMPEeIeIIeMbIX COTOSHUEM MPOIECca B
MOMEHT 1 UT.1.) MbI OyieM cuCTeMaTUYecKyu UCHOIB30BATh €r0 B CIeAYIOmeM maparpade
PO OIPeneJeHNr XBOCTOBLIX (PIILTPAIIUA HA MPOCTPAHCTBE Iy Ten rpados.

IMoxuepkHEeM, YTO FEOMETPUICCKA OMHA U T XK€ (PUILTPAIMA MOKET ObITH 3a1aHa, C IO~
MOIIBIO PA3IAIHBIX GA3UCOB U MPOOIeMa u30MOpduaMa (METPUIECKOT0 Win GOPEIEBCKOTO)
puabTpanun, 3aaHHELIX OA3UCHBEIM 00Pa30M BEChMa HETPUBUAILHA. Bolee TOro, onpeene-
HUE YCJIOBHBIX Mep pasbuenun &, (T.e.0CHAIIEHUs — CM. Jajee) B CIydae IPOCTPAHCTB C
MEpPOU MOXKET OLITH MPOU3BEIEHO TOMBLKO C MOMOUIBIO MEPEXOna K IPEIey.

CoorTHomenue Mex Iy ABYMs MOCIENOBATEIBHOCTAMY Pa3bueHni — Bo3pacraomen (6a-
3UCHON):

{Cn}n:gn: \/ﬂk, n=1,...
k=1

u yOpiBatowen (puibrpanum):

{5n}n5£n:\/7]k, n=0,1...,

n+1

BBIDVISA IAIUMY, KAK JBOUCTBEHHBIE OOBEKTHI, JAJEKO HE CUMMETPUYIHO: TeOpus (PUib-
TpaU TOPa3 a0 riyHKe TEOPUN BO3PACTAIONINX MOCAEIOBATEILHOCTEN, U CAMOE CYIIECTBH-
HOE Pa3iuvdue — B ACUMITOTUIECKOM TOBEIEHUU. A UMEHHO, IePexXOl K MPEIeay B TEOPUN
(pUILTpAIINN MHOTO TOHBINE UM B CIyUae BO3PACTAOIINX MOCIeIOBATEILHOCTEN. B mpuio-
JKEHUU [aH mpuMep Ha 5Ty Temy u3 padoTst A.H,Komrmoroposa n kommenTapusa B.A . Poxiuna,
TTOKA3BIBAIOIINY OTCYTCTBUE HEMPEPHIBHOCTY MPOM3BENEHUA O THOCUTENILHO MMEPEX0aa K mpe-
neay B puiIbTpanuu. DT0 O0CTOATEIBCTBO OTINIAET (GUILTPALNU NOAAIreOp (DYHKIMNI, OT
duibTpanuu TOANPOCTPAHCTB, B I'MILOEPTOBOM MPOCTPAHCTBE, I'Ie €CTh IIOJIHAS CHMMe-
TPUA MEXIYy BO3pacTaHUEeM U yObBIBaHUEM Iernotuek. l[lputimua, pasymeeTcs, B TOM, ITO B
pemeTke moganredp (pa3sbueHun) B OTJIUYAN OT PENIETKY MOAMPOCTPAHCTB HET KAHOHUYIE-
CKOUW WHBOJIIOIUN, AHAJOTMYHON MEPEXOAY K OPTOTOHAMBLHOMY MOTOJHEHUIO, MEPEBOIAIICH
BO3paCTAaIOIINe IEMOYKN B yOBIBAIOIINE, 1 HA0OOPOT.
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2.6 OrTHoIIEHNE >KBUBAJIEHTHOCTH, ACCOIMMHUPOBAHHOE C (pHILTPA-
Uer, KOIMUKI M CMEXHbBIE MepPbI

Hapsagy ¢ KaHOHUYECKHM MEPECeueHneM CUMMa-aiaredp , KOTOPOe OKA3LIBAETCA TPUBUAIb-
HBIM 1A 3PrOAMYIECKUX (DUILTPALUN, UMEETCA €IIe OTHO TEOPETUKO-MOHKECTBEHHOE ITe-
pecedeHne U CBA3AHHOE ¢ HUM KOPPEKTHO ONpeNeJéHHOE OTHONICHUE DKBUBAICHTHOCTH HA,
CaMOM TPCTPAHCTBE ¢ Mepon. IlyCcTh 3ajaHa JOKATBLHO KOHEeIHasd GuibTpamua (M Taxe
BCEro Juiib QGUIbTPAUs C AUCKPETHHIMU daemeHtamu) 7 = {&,},. Paccmorpum moHO-
TOHHEIN Tpefen W3MepuMerx pasbuenntt &, u o6osnauum ero (), &, = & (B oTimume or
u3MepuMoro mepecederus /\ &p).

IMpeanoxenne 1. Pazbuenue (), &, woppexmuo onpedeseno Kax MoHOMOWHbIE npeded
youmsarowet nocaedosamespnocmu pazbuenut {Eptn. Mo pazbuenue me A8AALMCA U3-
MEPUMBLM, 6 IP2OOUNECKOM CAYUAE HEM USMEPMBIL GYHKUUT OMAUUHLL OM KOHCIMAKM, NO-
COAKKBIL KA IAEMENMAT 9M020 pasbuenus. Tem we menee, ecmp Kanonuueckui 06wexm,
omseuarowui emy 6 Gynryonawrom npocmpancmee (nanpumep 6 L (X, p):

= {7 e LX) 3, [ f)du® = o),
Ceén
das noumu ecex C — aaemenmos pasbuenus &,, cnabucenubis ycaosnot mepoii u<. Acno,
wmo ycaoeue 6vinoaneno 0aa ecer m > n. Junetinoe npocmpancmeo € C L2(X, 1) nesa-
MEHKYMO, €20 3aMbIKGHUE ECTNL 0PO20HAAbHOE donoanenue Kk nepeceuenuio [, Lo°(X /&y, pe,)
(6 ap2oduueckom cayuae 3AMBIKAHUE eCTNb NPOCTPAHCMEO 6Cel PYHKYUT ¢ HYLeBbLM UHM-
epanom).

Proof. 1. Ecin m3aMeHUTH HA MHOXKECTBE MEpHI HyJb BCe paszbuenus &,,m = 1..., To u
€, W3MEHUTCA TOXKE TONbKO Ha MHOXKECTBE MephI HyJb. (3[Ch BAiKHO, 9TO pasbuenus &,
yOBIBAIOT U MX DJIEMEHTHI KOHETHBI).

2. IlpoctpancTBo € OAHO3HAYHO OMPENEICHO MO (PUALTPAINN U MEPEXOAUT B ceba mpu
aBOMOpG3nUMaxX (PUILTPAIUN. O

IIpocrpancTso € MOXKHO PACIIIPUTDL TAK, ITOOBI OHO CTAJI0 MHBAPUAHTHBIM (DYHKIIIO-
HATBHBIM aHATOTOM CaMOT0 TepecetdeHns &, , a He purbTpamun. 1 aToro B onpegenenun ¢
HAIO0 OpaTh B KadecTBe GYyHKIUN f (DYHKIUY, 111 KOTOPBIX YCIOBUAE BBITOJHEHO I MOUTH
Beex peMenToB C TI0OBIX m3MepUMEIX pa3buenuil, 60IbINX, YeM nepecedenne: & = &,. DTo
YCJIOBHE YK€ HE 3ABUCUT OT 3aMEHBLI (PIILTPAIUIO HA APYTYI0, HO C TEM XK€ IIePECeIeHneM
pasbueruit. OHO eCTh (YHKIMOHAILHEIR AHAIOT PYYHOrO pa3bueHns. 2

HawnGosee BayKHOE CBOMCTBO MepecevueHns pa3OueHnil B TOM, 9TO Ha ero (CIeTHBIX) e~

MEHTaX e€CTh NPOEKTUBHAA yCIOBHAA ME€pa, a UMEHHO, IJA IMMOYTU BCEX IMap TOYEK I,y ero

c
SJEMEHTOB OTHOIIEHNE YCJIOBHBIX MED ZC—EZ;, rue C — sreMmeHT IPOU3BOJBHOI'O U3MEPUMOTO

pasbuenns & > &, — He 3aBHCUT OT BEIOOpPA &. DTO OTHOLIEHUE €CTh KOPPEKTHO OMpee-
JEHHBIN KOIWKJI, O KOTOPOM MOAPOOHEe CM. B CAeAyomuM maparpadge. IJTOT KOIUK/I Ha-
3piBaeTca kormukiaoM Panona-Hukoauma B ciydae, Korga pa3bueHne ecTh TPaeKTOPHOE pas-
OueHne I NpeoOpPA30OBAHUA C KBABUUBAPUAHTON MEPOU (WIK I/I1 aMeHAOGEMIbHON IPYIIILI).
Cum. Takxke [42]

2310 Habmogenue caerano aBropoM B [28]. IToHATHO, 4TO KIACCH(DUKALNA PyIHBIX Pa3GHeHIIT
SKBUBATEHTHA KIACCU(DIKAINYA TAKIX TOATPOCTPAHCTB OTHOCUTENBLHO aBTOMOPMU3IMOB — YHTap-
HBIX BeIeCTBEHHBIX MYTbTUMIIKATUBHEIX OMEPATOPOB.
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[MapagoxcaabHas POIb KOMUKIA, 33 JAHHOIO HA [ePeCcevIeHnn U3MePUMbIX pab3ueHuit (Ha
XBOCTOBOM OTHOIIECHUU SKBUBAJICHTHOCTHU) U IIOCTPOEHHOM IO JaHHOU Mepe p Ha X (B cae-
ayromeM naparpade OHa CTPOUTCA Ha, My TAX rpada), COCTOUT B TOM, UTO OH OJHOBPEMEHHO
MOXKET ABMIATHLCA KOUUKJIOM W [JIA IPYTHX MEpP, CHUHTY/JIAPHLIX C JAHHOU Mepom . Tewm ca-
MBIM, OH OKA3BLIBAETCA CBA3AHHLIM C APYyruM monaTueM mod) u, CIeqoBaTeIbHo ¢ APyTUMEA
kraccamu mod0 copmagarommx GyHKIUA. [1o-1pyromMy 5TOT mapagoke MOXKHO ChopMy./Im-
poBaTh Tak:mycTb T = {&, }, GuapTpanus, Torga GUKCAIMA TOTBKO YCIOBHBIX Mep Pa3tu-
eHul &, MpU BCEX 7, — EIIe He ONPEIEIAET OTHO3HATHO MEpY [, MOI'YyT CYIIECTBOBATD CIIE
CMENCHBIE MEPbl, CAHTYJIADPHBIE C [, HO OTHOCUTEILHO KOTOPLIX PA3OUeHus &, UMEIT Te Ke
YCJIOBHBIE MEPHI.

Kouumkn n 3anada 0 HAXOXIEHME Mep C 3aJAHHBIM KOIWKIOM BO3HUKAIUA — B TEOPUU
MapKOBCKIX Iporeccos -B padotax E.B.Iemkuna [54, 55, 56], K.IMImugra [52] B sprogude-
CKOW TEOpWH, B T€OPUN IPanyUpOBaHHBIX rpadoB B padorax asropa u C.B.Keposa [35] n
UX MOCTENOBATEACH. 3a1a9a O TIOCTPOCHUA MEp ¢ NAHHBIM KOIUKJIOM TaJeKO O0OIIAeT Tpa-
MWIIOHHEIN BOOPOC 00 MHBAPMAHTHBIX Mepax maasa meucTsuiu rpynm. [loapobree 06 5TOM B
u. [23] u B maparpade 6.

3 XBOCTOBBIE ®NJIBTPAIINU
B I'PAAYNPOBAHHBIX 'PAD®AX
N MAPKOBCKUX HEIIAX

B »Tom maparpade MbI BBOIUM B PACCMOTPEHUE HOBBIM KPYT MOHATUU, KOTOPBIU MIPUBHO-
CUT B TEOPUIO (PUILTPAIUU CYIIECTBEHHO WHYIO TOYKY 3PEHUS HA OCHOBHBIC TOHATUA, U
cHA0OXKAeT ee OUPOMHBIM 3aIIaCOM IIPUMEDOB.

3.1 IIpocTpancTBa myTeu rpaJyupoBaHHOrO rpada (guarpamMMbl
BparTenn) u MapKOBCKHE KOMIIAKThI

Paccvarpum mokanbHo KoHeuHbIN, 6eckoHeanbi N-rpagyuposanns rpad I (unade — nua-
rpammy Bparremn). MuoxecTBo BepmuH, cooTBeTCTBYIOIUX rpanyuposke n,n = 0,1...
o6o3madmM 1epes [y, w HazoBEM N-M amaxcom rpada;

r=]]r.

neN

'y cocTOUT U3 €qUHCTBEHHON HAYAILHOU BEPIINHEL {(Z)} Mgl cumTaem, ITO KaxK 1asa BEPIITTHA,
nMeeT XOTsA Obl OQHY HOCJAeNYIOIIYIO, U BCE, KPOMEe HAYAILHON, XOTsA OB OQHY IPEIBLLIYIILYIO
BepivHy. B mambHenmeM mpeamnonaraeTesa Takxke, 9To pebpa rpada [ mpocToie. 3

I'panyupoBarnomy rpady [ KaHOHUYIECKN COTOCTABIAECTCA JOKATHHO MOJYIIPOCTAS aJare-
Opa A(F), uag C, oqHAKO 3M€Ch MBI HE PACCMATPUBAEM HU DTy aJaredpy, HU CBA3UM BBOIUMBIX
MIOHATUN C HEU U €€ IPeICTaBICHIAMM.

[Iyrem HA3BIBAETCA MOCJAEIOBATEILHOCTD (KOHEIHAS WU OECKOHEYHAs) CMEXKHBIX pebep
rpada, (11 rpados 6e3 KpaTHLIX pebep dTO TOXKE CAMOE, YTO KOHEUHAA WU GECKOHEeIHAS
MOCJIEI0BATEIBHOCTE CMEXKHBIX BEPUIMH). TUCI0 myTel, BeIyIIuX 13 HAYAIbHOU BEPIIMHLL B

’Brmouenne B pacCMOTpEHIe My IbTHIPAdOB, T.e. IpadOB ¢ KPATHHIMEA peGPAMI, I HAIIIX
meser BOOOLIE TOBOPA HE IaeT HUIEro HOBOI'O, IOCKOIBKY BBOAUMBIE NAJee KOIEPEXOMIHBIE BEPOAT-
HOCTE (OCHAIEHUA) 3aMEHAIOT U 0000MAT MOHATUE KpaTHOCTH peGep. OIHAKO MBI MCIOIB3yeM
A3BIK MyJAbLTUrPA(OB B TaTbHEMIIEeM A YIPOIIEHUA HEKOTOPBIX (hOPMYIUPOBOK
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MAHHYIO BEPIINHY — KOHETHO, YTO U O3HAYAET JOKAJIbHYIO KOHeIHOCTH rpada. I[Ipocrpan-
CTBO BCex GeckoHeuHbIX myTen B rpade I' oboznadaercs T'(T'), OHO B €CTECTBEHHOM CMBICIE
€CTb OOPATHBIN Mpenet MpoCTPaHcTB KonedHbix nyten T, (') - 0T HaYaTbHOU BEpIIUHLL, 10
BepimH n-ro sraxa. Takum obpasom, T'(I') ecTb KAHTOPOBCKUU KOMIIAKT.

HMumuaapuaeckue muoxkecrsa B npocrpancrse 1'(I') aTo MHOXKECTBa, ompenerseMbe B
TEePMUHAX YCJIOBUU HA HAYAJBHLIN OTPE30K IyTEH A0 3TAXKa 7, OHU OTKPLITO-3aMKHYThHI U
sagarot 6a3y Tomomoruu. Ha T'(T') ecTeCTBEHHO ONPENENACTCA TIOHATUE LEOCTNOE020 OMHO-
UWLEHUS IKBUBAACHMHOCTIY TP : ABA OECKOHETHBIX [Ty TH DKBUBAJICHTHLI, €C/IM OHU COBIIATAOT,
HAYMHAA C HEKOTOPOT'O DTAXKA; TAKXKE, ITO DTU IBA ITyTU MPUHAIIEKAT OJHOMY OIOKY XBO-
CTOBOT'O pa3OueHus.

Xeocmosas gussmpayus (moka 6opemeBckans — 6e3 mepur) Z(F) = {Ap D A D ...}
— 5TO yOLIBAIOMIAA TOCAEIOBATENLHOCTD CUTMA-AIre0p 60PENEBCKIX MHOKECTB, I'Ie CUTMa-
anmrebpa A,,n € N cocrour usz Bcex Gopenesckux noamuokects npocrpauctsa 1'(T), ko-
TOpBIE BMECTE C HEKOTOPHIM IyTEM 7 COIEPKAT BCE MyTU, KOTOPHIE COBIATAIOT C Y IO
sraxa ¢ HoMepoM n. Curma-aiare6pa 2, B MOHATHOM CMBICJIE AOIOJIHATENbHA K KOHEIHOU
curmMa-anaredpe MUWIMHIPUICCKIX MHOXKECTB MOPAIKA N.

3.2 [lepeBbsa myTen

CreraeM o6mee 3aMedaHue O IPOCTPAHCTBE My TEH IPalyIPOBAHHOrO Ipadga: IPOCTPAHCTBO
myTen, COCAVHSAIONINX TaHHY BEPIIUHY ¢ HAYATHLHOU 00pa3yloT AepeBO, KOPEHb KOTOPOU
€CTb JaHHAA BEPIINHA, U KAXKIbI MyTh (JUCT IepeBa)CHAGKEH MEpOU.

CBa3b J€pPEBBEB, MOCTPOEHHBIX My TAM rpada 1 M0 U3MEPUMOMY Pa3OUEHUIO OYEBUTHA.

Onpegenenne 4. Kaxpas Bepimuaa 7-10 DTaxka TPaIyUPOBAHHOTO rpadga eCTeCTBEHHO
OIpeNensAeT NePeBO PAHra N COCTABICHHOT'O U3 MyTEU BEIYIIUX U3 HAYAILHOU BEPIIUHBI B
JAHHYIO BePIINHY, 3TU 1ePEBbA COIVIACOBAHLL B €CTECTBEHHOM CMBICJIE: IePEBO, OTBeYaloIee
BepIIVHE U BKJIAIBIBACTCA KAaK IOLIEPEeBO B AePeBO, OTBeYalollee BepIInHE U, €CId U 3a U.
JIuCThA gepeBa OTBEYAOT MyTAM B rpade.

IIpeanoxeune 2. Jepesva ¢ mepoti, nocmpoennvie 6 2.3. no xKoneuwbim Ppaemenman bec-
KOneuHol Puabmpayuy T, ecmb 8 MOUROCINU JEPeBbA, NOCIMPOCHHBLE NO BEPULUHAM 2Pada
(7). Bosmoxcnocmv u 06wedunenus 6 undyxmusnsit npedea, 3adarowut mun @Guibmpa-
YuU ¢ Mmounocmvlo do HuUHUMMO20 UB0MOPU3ME — onucan ebiwe. OJnaKo, 6 Hem Hem
HEOOTOAUMOCTIU, MAK KAK IMOM MUN ONPEIEALEm CAMA MUHUMAALHAIL MOOEAb,

Takum ob6paszom, ¢ OECKOHETIHLIM MyTEM B I'PAIYIPOBAHHOM rpade, aCCOMUUPOBAH WH-
OYKTUBHBIU TIPEeN MOCIeIOBATEILHOCTH BJIOKEHHBIX JE€PEBbEB, KAXKIOE M3 KOTOPHIX OT-
BEYAET MOCIEI0BATEIbHBIM BEPIIMHAM DTOrO IyTU. [lOCIeq0BATEIBHOCTD KOPHEN 3TUX e~
PEBbLEB HE MMEET Tpeena, a BO3PACTAONIAA MOCASIOBATEILHOCTD BIOKEHHBIX MHOXKECTB
JUCTHEB IEPEBLEB 00pa3yeT MHOKECTBO BCEX OECKOHEYHBIX MyTed B Tpade, KOH(PUHATL-
HBIX C JAHHBIM WX YUCI0, KAK U TUCIO BEPIIMH Ha, JIOOOM >TaXKe MEePEBLEB, CTPEMUTCA K
6eckoneunoctu. [Ipenena mep Ha IUCTBIX HE CYLIECTBYET, HO BO3HUKAET KOLMKJ OTHOIIIE-
HUU 3Ha4YeHusa Mep. TeM caMbIM, MbI MOMY9WIN GECKOPEHHOE IEePEBO, BCE DTAaXKU KOTOPOTO
6eckoneunnl. [Ipormre cMoTpeThs Ha BTO AepeBO KAk HA OECKOHEYHYIO MOCJIEIOBATEIHLHOCTH
uepapxuil Ha OECKOHEYHOM MHOXKECTBE €r'0 JUCTHEB (CM.PUC), HA KOTOPHIX 3a0aH KOIUKII
OTHOIIEHUN YCIOBHBIX MEP.

Pasymeercs, KOHCTPYKIMS 3aBUCUT OT BEIOOPA GECKOHEYHOrO My TU. 3IeCh HEOOX0 IUMO
IPUHAMATEL B PACCUET 3ProAYHOCTD WX HE 3PrOJUYHOCTDH (PUIBTPALANA, HO HAM UCCJIEI0-
BaHUE >TOr0 BONIPOCA 31€Ch HE IMOHATOOUTCA.
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B T0 ke Bpems 0Y€BHAHO, 9TO NMPUMEHUTH 3TO IIOCTPOEHUE K IIPOJOIKEHUIO KIACCH-
(puxkanuy KOHEUHLIX (GUILTPALNN W3 M. 2.3, B HAMPABICHUN K KJIACCU(DUKAINYA (PUILTPAIIN
HEBO3MOXKHO, TaK KaK OHO YINTHIBAET TONBKO (PMHUTHBIE MHBAPUAHTHI (PUIHLTPALNN, KOTO-
PBIX HEIOCTATOYHO A Kiaccudukannu. B To xe BpeMs I KIaCCU(DPUKAINN C TOTIHOCTBIO
o0 GuHUMHO20 UB0MOPPHUIMA DTUX TAHHBIX TOCTATOYHO, ITO O3HAYAET CYUIECTOBAHUE MOJ-
HOU CUCTEMBI OOPEJIEBCKUX UHBAPUAHTOB TAKOU Kaaccupukanuu. (CM.Iajee).

3.3 Ocuamenune MmyabTurpada 1 KonepexoaHble BEPOATHOCTH

MBI BBOANM IOMOTHUTENTBHYIO CTPYKTYDPY Ha (MyJabTH)rpade — cucmemy Koneperoonvi
8€POAMHOCTEN UAY OCHAULEHUE

A={ = ;uel,,vel,(u,v) €edge(ly, I'nt1),n=0,1...},

COIOCTABIAA Kaxkaou BepumHe rpada v € I'), BEPOATHOCTHBI BEKTOD: KOODAWHATA
KOTOPOI'O Al} €CTb BEPOATHOCTBb pebpa % < v, BXOJAIIErO B BEPIIMHY ¥ U3 IPEIBIIYIIErO
. U — S\u
ITaXKa,; Zuzu% w=1;A} > 0. B ciyuae myapTurpada BepOATHOCTH IPUIUCAHBL KaXK JOMY
pebpy u3 MHOXKecTBa pebep, COeTUHAIONINX BEPIIUHLL U < V.

Onpegenenne 5. Ocnaménneiv (MyabTu)rpadom Oyxem Hasbisarh mapel (I, A), cocros-
mue u3 (MyabTu)rpada u cucTeMsl A KONepexoIHbIX BEPOATHOCTEN Ha pebpax (MyabTu)rpada.
OcHaleHnue Mo3BOIAECT ONPEIeIUTh BEPOATHOCTH Ha MHOKECTBE Iy Tel, Bexymux u3 () gan-
HYIO BEPIIMHY — KaK IPOU3BEIEHNUE 110 BCEM PEOPaM, BXOIANINAM B IIy Th.

Hanbomnee BaXKHBIN TaCTHBIN CAyYall OCHAIICHUS, T.€. CUCTEMBI A KOMEpPEXOMIHBIX BEPO-
ATHOCTEN, HA3LIBAEMBIN KAHOHUIECKWM WM HEeHTPATLHBIM, I M3y9aeMbIll B KOMOMHATOPUKE,
TEOPWUM TIPEICTABICHUN, U B aAre0pamIecKnX CUTYallAX, TAKOB!

N dim(u)
v TN 1o\
Zu:u<v dlm(u)
rae dim(u) — 9meao myTen, BeIyIIMX W3 HAYATLHON BepmmmHEL () B Bepmmuuy © (B TepMun-

HAX TEOPHU IPEACTABJICHAN 5TO Pa3sMepPHOCTH npeacrasierus anreoper A(T'), orsewatomero
BEPIIVHE U).

Jlerko BUIEeTH, 9TO NI HEHTPAILHOIO OCHAIIEHWS MEpa HA MHOXKECTBE IIyTed, BeIy-
mux u3 () B 1aHHYIO BEpHIMHY — paBHOMEpHAA. a KOMEPEeXOAHAd BepOATHOCTL MOMNACTDH B
BEPIIUHY ¥ U3 TPEAIIECTRYIOMIEN BEPIINHEL ¢ TIPOMOPINOHATBHA T0J€ TeX MyTen, U3 TuCIa,
BCEX, KOTOpHIC BeAyT 13 Hadada () B BEpUIMHY v, KOTOPLIE MPOXOIAT HUepe3 BEPHIMHY U B
BEpIINHY U.

KaHOHUYIHOCTE JAHHOU CUCTEMBI KOIEPEXOIHBIX BEPOATHOCTEN B TOM, ITO OHA OIIpene-
JseTCst TOAbKO caMuM rpadoM. CooTBeTCTBYIOMINE el MAPKOBCKUE MePHI HA IPOCTPAHCTBE
nyren T(I') HA3BIBAIOTCA YEHINPAALHBIMU MEPAMU; TO CUX TIODP UX PACCMOTDPEHUAMEA OT'DAHU-
YUBAJIUCH B JUTEpAType mo aumarpaMmvam bparrtemu. B repmunosoruum teopun C*-anredp
HEHTpAJIbHBIE MEPHL ecTh caeasl Ha aareope A(T'), a sproamdeckue meHTpaIbHBIE MEPbI —
HepasJIoKuMble ciaeibl. lloapobuee o cirydae meHTpadbHBIX Mep cM. [19], maparpad 7 u
MHOrouucjaeHnyio 6ubaunorpaduio 80-2000-x rr.

Mepsr Ha TPOCTpPaHCTBE TMyTen rpada, CONTACOBAHHBIE ¢ KAHOHUIECKUM OCHAIICHUEM,
HA3LIBAIOTCA [MEHTPATHLHBIME, A, B TEOPUU MAPKOBCKUAX CTAIMOHAPHBIX IIEMEeN MEPAMU C MaK-
CUMATLHOU DHTPOIUEN.
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3.4 MapKOBCKMU KOMIIAKT IIyTE€H

TepMuH ”KomepexoHbIe BePOATHOCTH 3aMMCTBOBAH M3 TeOpUM MapKoBckux nenen ([54]):
€CII paccMaTpuBaTh I'pad, mosepHyTHIE Ha 90° rpaTycoB, KaK MHOXKECTBO COCTOAHMI Map-
KOBCKOH TIENN, HAIMHAIOMENCA ¢ cocToaanA () momenT ¢ = 0, a HOMepa dTaKel, KaK MOMEHTEI
Bpemenu, To cucremy A = {A!} cregyer cuuTaTh CHCTEMOU KOIEPEXOIHBIX BEPOATHOCTEH
IJI MApPKOBCKOH IIEIN:

j— —_ —_ u
Prob{z; = ulzir = v} = Ay,
Hanomumm onpegenenne MapKOBCKOTO KOMIAKTA B HyXKHOU HAM OOIIHOCTH.

Onpegenenne 6. PaccMOTpUM MOCTIENOBATEILHOCTE KOHEIHBIX MHOXKECTB { X ), 152, cHAO-
JKEHHOE TIOCIeNOBATEIBHOCTRI0 My abTupebep”, T.e. Habopom maTpuil M,, TOPAIKA KO-
TopbIx paBHBL | X,| = dp X dpp1 = |Xpt1, a 2meMeHT My, € Xp,v € X,p. ecTb
HEOTPUIATENLHOE IIEJI0€ FTUCI0, PABHOE YUCIy pedep COeOUHSAIONNX 14 U U, KaXKI0e TAKOe
pebpo MMeeT HeHyJIeBOU HOMEP.

IIyrem (TpaekTopuen) HA3BIBACTCA MOCIEIOBATEILHOCTD PEOEP CMEXKHBIX BepiuH. B
CIydae, eClTu BCe KPATHOCTH My, PABHEI HYJIN WM eIUHUIE, TO MyTh 3TO MOCTEJOBATENEb-
HOCTb CMEXXHBIX BEPIINH.

IIpocTpancrso Beex myTen (TpaeKTopuin), cHAGKEHHOE eCTECTBEHHON TOMoIornel oopar-
HOT'O CIEKTPA KOHEYHBIX MYTEM HA3LIBACTCA MAPKOBCKUM (TOMOJOTMIECKUM) KOMIAKTOM.
MapKOBCKUT KOMIAKT HA3BIBACTCA CTAIMOHAPHBIM, €CIM MPOCTPAHCTBA COCTOSHUU Ma-
TPUIILI HE 3aBUCAT OT N

X, =Xy,n=1,...; M, H=e3saBucur oT n,

B DTOM CIydYae MOXKHO PACCMaTPUBATL HE TOMLKO OJHOCTOPOHHUU, HO U ABYCTODPOHHUN
MapKOBCKIAN KOMITAKT.

MapKOBCKIM KOMITAKTOM C OCHAIIECHUEM (WX C KOTIEPEXOIaMU) HA3BIBACTCA MAPKOBCKUN
KOMIIAKT B CMBICJE TaHHOI'O OIpPE[eIeHus, B KOTOPOM diaeMeHTHl MaTpuusl M, — m(u,v)
€CThb BEKTOPBI, KOOPAUHATHI KOTOPHIX €CTh MOJOKUTEJIbHBIE YUCIa, He TPEeBOCXoaamme 1,
OTBEYAIOIINE BEPOATHOCTAM pebep, Bexomammm u3 4 € X, B v € X, 11, Tak 9TO CyMMa
BCEX BEPOATHOCTEN Mo cToaOIy (Mo BceM pedpaM BXOIANIMM B ) paBHa 1.

Nuorga MapKOBCKUN KOMIAKT (C OCHAIIECHUEM WM Ge3) MBI HA3BIBAEM MAPKOBCKOU Ie-
nbio. Mer 6ygeM paccMaTpuBaTh Ha MAPKOBCKOM KOMIAKTE (KAK IIPABUIO - HECTALMOHAD-
HOM) MapKOBCKUE MEPHL.

W3 onpepenenus BUAHO, 9TO IPOCTPAHCTBO IIyTEH I'PALyUPOBAHHOrO (MysabTu)rpada
00pa3yeT MapKOBCKUN KOMITAKT U OCHAIeHUE Tpada, OMPeNeIéHHOe BhIIIE, €CTh OCHAIICHUE
MapKOBCKOT'O KOMIAKTa. B TaTbHEUIIeM MbI HE PA3IAYaeM DTU [BA, A3BIKA -A3BIK MapPKOB-
CKAX KOMIIAKTOB UM A3LIK IPOCTPAHCTB IMyTed B I'PalyUpOBaHHLIX (MyabTu)rpadax. Ha-
YHEM C TOrO, 9TO DTHU [BE, KA3aJ0Ch Obl COBEPIIEHHO DPAa3HBIE OOIACTH MATEMATUKA —
TEOpUsA MAPKOBCKUX MPOILECCOB U TEOPUs AMIPOKCUMATUBHO KOHEYHOMEPHBIX aareOp u eé
KOMOUMHATOPHAA TMOIKAAIKA — AHAIN3 T'PALyUPOBAHHBEIX MyJAbTUPA(DOB, ABIAOTCA TIO CyTH
BEPCUAMU OJHOU W TOU K€ TEOpUeu, u MyabTurpady, OTBEIAIONINNA MAPKOBCKOU IIEMH, eCTh
B TOYHOCTH aumarpamMva bparrtemu. Paszmuvabl, omHAKO TOCTAHOBKU 3a1ad — aareOpan-
YeCKUe B OJHOM CIydae, U BEPOATHOCTHBIE BO BTOPOM, & TAKXKE W TPATUINUA TOrO, KAK
pucoBaTh 3TOT rpad.

Pazaudue sTux ABYX Ha MEPBBIA B3[VIAL, HEMOXOXKUX TEOPUU KA3ZAIOCH ObI MTHOBEHHO
carMaeTcs moropoToM KapTuaky Ha 90°. O IHAKO, BasKHO IPEOJOIETH STO PAIMTLE TIO CY-
IIECTY, ¥ MOHATH HACKOILKO 000TaIIaioTCsa 06e 00IaCTH - TEOPUN IPaIyUPOBAHHLIX IPadOB
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Figure 3: I'pad myTei u MapkoBckas memb: moBopoTe Ha 90°

u AF-anre6p, ¢ OHOU CTOPOHBI, 1 TEOPUN MAPKOBCKUX LIEMeN, — C IPYTOU, €CIA OHU Oy IyT
OOMEHUBATHLCA CBOMMU HEMOXOKUMU 3aJa9aMU, U MPUCYIIIUMY KA IOW 0OIACTH METOJAMU.

Hanpumep, s 1aBHO CTaBUI, BO3MOXKHO, TAPa,I0KCATLHBIE BOIIPOCE 0 K -pyHKTOpE Map-
KOBCKOW memm m 06 sproguaeckon K-reopuu, uiu o teopemax IIeHHOHOBCKOrO Twma mis
AF-anre6p (cm. [36]).

OTMeTuM, 9TO aHAIM3 ACUMITOTUICCKUAX CBOUCTB MOCIEIOBATEALHOCTH MATpuil M,
BBEIEHHBIX BHIIIE, MPEICTABIAIOT GOJBIION WHTEPEC U CaM Mo cebe ¢ TEeXHUIECKOW TOIKU
3peHnsa. MoXHO CKa3aTh, 9TO BCA PACCMATPUBAEMAS 31€CH TEOPUSA MAPKOBCKIX KOMIIAKTOB
WIA IIyTed B IPalyupOBAaHHLIX IpadaX eCTh JaCTh BaXKHOU CaMOHU IO cebe, aCUMIITOTHAYIE-
CKOU Teopun GECKOHEYHBIX MPOM3BEeNeHNN MapKoBcKuxX Marpuil. OHa CBS3aHA U C TEOPUEn
UHBAPUHTHBLIX Mep, (PA30BBIX MPEHOIOB U IP.

3.5 Komnuka rpada c ocHalleHuem

[MonaTue OCHAIIECHNUA CBA3AHO C TOHATUEM KOIWKIA HA MPOCTPAHCTBE IMyTed. PaccMmoTpum
dyHKIMO ¢.,.) HA MHOXKECTBE Nap KOHPUHATBLHBEIX (T.€. COBNAJAIIIMX ¢ HEKOTOPOTO Me-
cTa) myTen rpada W OPUHAMAIONIEH 3HAYCHUAMEU B MHOXKECTBE HEOTPUIATEILHEIX BEIIe-
cTBeHHBIX uucen. lIpexnomoxum, aro c(t,s)c(s,t) = 1;¢(t, s) = c(t, 2)e(z, s),c(t, t) = 1 pan
nap KoHQUHATBHLIX myTen. HazoseM Takyio GyHKINO 2-KOMUKIOM (M TPOCTO KOIWKIOM )
HA XBOCTOBOM (MU HA TMPOU3BOJBLHOM) OTHOIICHAY DKBUBATCHTHOCTU. KOIUKI TPUBUAICH
(umm koromomoruden 1), ecau cymecTByeT Takas HeOTpULATEIbHAA QYHKINMA HA My TAX -
- 9TO

c(t,s) = g(t) - g(5)~"

[Ipocrou npumep: s ©3MEpUMOro pazbueHus HEKOTOPOro IpocTpancTea pyHkuus ¢(t, s) =

c
t
ZC Es; — OTHOLICHMNE YCJIOBHBIX MEP TOYEK, JeXalluX B OTHOM >JIEMEHTEe pa36HeHI/I§I eCThb

TpPIBPIaJIbHBIﬁ KOIIMKJI.

Jevmma 1. /[as 8cakxoti a0xaabno-Koneunot guasvmpayus 6 npocmpancmee Jlebeza ¢ me-
npepuieHot Mepoti, Koppexmuo onpedeaén KoyuKa Ha T80CMOBOM OMHUHOUEHUL IKBUSEAACHM-
HOCM.

Proof. PaccmoTpuM ABe TOYKH S, ¢, JEXKAIIUE B OTHOM DJIeMEHTe pa3duenus &, , 1 OMpPeIeanM
¢(t, ) Kax OTHOIIEHUE UX YCJIOBHBIX Mep (CM. BBILIE). YCIOBHBIE MEPBL KaK dTO CIeAyeT 13
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ompeaeaeHnsa 00/1a1al0T CBOUCTBOM TPAH3UTUBHOCTH, T.€. OTHOIICHNE HE U3MEHUTCS, €CJIN
PaCCMOTPETh YCIOBHBIE MEPHI pa3OueHus &y, , m > n. |

IIycTeb 3a1aHO OCHALEHUWE MPAIyupOBAHHOrO rpada [N (mim MapKOBCKOTNO KOMIIAKTA);
KOIIUKJI, COOTBETCTBYIOIIAN OCHALICHUIO OMPEIENACTCA CICAYIOIUM 00pa3oM s ABYX IIy-
reu t = (t1,t2,..-tn,.-.),8 = (81,82,...8p...), COBHAIAIOMAX HAIUHAA C MeCTa 71 + 1
BHAYECHUE KOIMKIA

n—1 yt;
_ tit1
C(t,S) = H r
i=1 "8t

Taxon KOUMKT HA30BEM MAPKOSCKUM. PazyMeeTcs, CyUIECTBYIOT KOIWKILI, HE ABIAMIIMEC
MapPKOBCKUAMU KOITUKJIEI.

Beaxas sepoammocmuan 60peaescras mepa, 3a0annas na npocmparncmee nymet epaga
(mpaexmoputdi maprosckol yenu) onpedeasem cucmemy KONEPETOOHbIT 6ePOAMHOCMET —
KOK CUCTNEMY YCAOBHIL MEP UBMEPUMBLY Pa3buenuti &,. Mepa naszvieaemcesa co2aacosannot
¢ dannoti cucmemoti A xonepexoduviz sepoammuocmets (¢ JaMHBIM KOUUKAOM), ECAU COBOKYN-
HOCTNL €€ KONeperooubls eepoammuocmu (0as scex sepwur) cosnadatom ¢ amot cucmemot.

Jlemma 2. Fcau z6ocmosas Guavmpayus Ha npocmpancmee nymet ocnau,ennozo epada
IP2odUNRA OMHOCUMEAbHO 3a0anKOT Mepbl, (Ualt NPOCMO Mepa 3P200Uuuna) Mo Kouuk4,
NOCMPOEHHbIL MO 0CHAULEHUIO, HEMPUBUGACH.

[lenCTBUTENHHO, TPUBUATBHOCTE KOITMKIA, 03HATAIA OBl CYIIECTOBAHNE M3MEPUMBIX (DY HK-
IIUU, TOCTOSHHBIX HA KJIACCAX XBOCTOBOU DKBUBAJCHTHOCTHU, ITO MPOTUBOPEUUT DPTOAU-
HOCTH.

KanouudeckoMy OCHAIIEHUIO OTBEYAET KOIWKII TOXK IECTBEHHO PABHBIN € IUHULE, U MEPI
COTVIACOBAHHBIE C HUM €CThb [IEHTPAJbHBIE WM WHBAPUAHTHLIE MEDHI.

MapKOBOCTE IEHTPATBLHBIX Mep HA MPOU3BOJBHOM I'DATYUPOBAHHOM T'pade aBTOMATH-
YeCKN! CAeIyeT W3 UX OMPEeJeJeHNs, 5TO OTMeYaIach B HAIMX CTapbix paborax [35, 66].

HamomuuM, 9T0 cucTeMa KOMEPeXOAHBIX BEPOATHOCTEN, BOOOIIE TOBOPS, HE MO3BOJIIAET
OJIHO3HAYHO 3a0aTh CUCTEMY MEPEXOTHBIX BEPOATHOCTEN,

Prob{zi 11 = v|z: = u},

WHave T'OBOpS, 3Ta CHCTEMa He 33JaeT OMHO3HATHO MapPKOBCKYIO IIelb, BOOOIIE T'OBOPS.
Touno TakXke mEpPeXOmHBIE BEPOATHOCTHU 3aJAI0T OMTHO3HATHO MAPKOBCKYIO IIEMb, €CAU 3a-
JAHO HAYAILHOE paclpefeleHre. AHAIOrOM HAYAILHO'O PACIPENETHU I KOIEPexo JHLIX
BEPOATHOCTEN CIYyXKUT (PUHAILHOE PACIpene]eHne, T.e. Mepa Ha IPDaHNIe (CM. HmKe), Ka-
KOBOI;I ABJIAECTCsA COBOKYITHOCTB BCE€X SProAnYIEeCKUX Mep C 3aaHHBIMUA KOIIEPEeXOaaMNn.

Mepy na mpocTpaHCTBe myTen rpada HA30BEM 2p2odudeckot mepot, ecam XBOCTOBAIL
curMa-aarebpa (T.e. nepeceveHne CUrMa-aiaredp XBOCTOBOU qOHJILTpauHH) — TPpHUBUAJbHA
mod0.

O0noti uz wawur 3a0a4, ABAAEMCA NEPEUUCAEHUE BCET IP200UYECKUL MAPKOBCKUT Mep,
UMENUWUT 3A0GHHYI0 CUCTNEMY KONePeTodubr eeposmmuocmeti. Cnucox maxur mep mvl Hao-
38aeMm a6COMOMHOT 2panuYeti Uil a6COAOMOM MAPKOBCKO20 KOMNAKMG C OCHAULEHUEM UA
abcoamom 2padyuposannozo mMysbmuzpada. Mo — MONOAVRUYECKAA 2PAHUYA U, KAK
mut yeudum, ecmyv epanuye Mloke nexomopozo cumnaerca (npoexmusnozo npedeaa Koneu-
HOMEPHBIT CUMNALKCOS).
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3.6 IIpumepnl rpagyupoBaHHBIX I'padOB U MAaPKOBCKUX KOMIAKTOB

B crucke rpagynpoBaHHLIX rpadgOB U MyJIbTUTPA]OB €CTh CEPHUA KIACCAICCKUX MPAMEPOB
— rpad Mackansn (M3BeCTHBIN elIe KATANCKAM MAaTEMATUKAM APEBHOCTH), KOTOPHIU €CThb
rpanyupOBAHHAS BIOIb TUATOHAIN PEIIETKA Zﬁ_ 1 €0 MHOI'OMEPHBIN 0600IIeHns Zf_, d> 2,
rpad duaepa, rpad IOura, u 6omee 06O — Tpadbl, ABIAIOIIXECT [AATPAMMAMEA XAacce
PENIETOK, B TEPBYIO OMepeIb, IUCTPUOY TABHEIX pemeTok. K 60/1ee HOBLIM MpuMepaM OTHO-
cATes -rpad HeYIOPSAOIeHHBIX Hap mwin GamHa nagndeckux Mep ([23], cM. maparpad 7),
rpad ynopsagodeHHbX nap ([27]) u ap., KOTOPHIE TOABWINCEH B CBA3U C TEOPUEN (DUIbTPAIIN
U aJU9eCKOU Pealn3aluel SProguiaeckKux apromMopdusmos [24, 24, 32].

Figure 5: I'pa¢ Ilackamna

I'padom auagmIeckoro THUMA HA3BLIBACTCA T'pad, B KOTOPOM UHUCIO TIyTEU, BEIYIINX 13

HAYATBLHOU BEPIIVHLL B JIIOOYIO BEPITUHY N-T0 dTaxa paBuo 2" mpu Bcex n = 1,.... Takoswr
rpadbl YIOPALOYEHHBIX ¥ HEYIIOPA[0YeHHBIX IaD, 1 MUHUMAIbHBIN fuanumaeckui rpad (cu.
puc.)

Eme pas momguepkHeM, YTO MPOCTPAHCTBA MyTEN BO BCEX Tpadax MOXKET paccMaTpu-
BaTHCA KAK IIPOCTPAHCTBO TPACKTOPUE TOMOJIOTMIECKUX (BOOOIIE MOBOPA HECTAIIMOHAPHEIX )
MapkoBcKux memern. Ha »ToM mpocTpaHcTBe (MyTel WIM TPEKTOPUN) KAaK GOPEIeBCKOM
IPOCTPAHCTBE 3ajaHa XBOCTOBas (ocTarodnas) ¢uibTpanusa. [pad (uenb) MOKeT OLITH
cHabxkeH ocHamleHueM. A ecau 3agana GopemeBckas Mepa (He 0013aTeqbHO MapKOBCKAs)
HA OPOCTPAHCTBE IMyTel (TPAeKTOPUI), TO Mbl UMEEM 40KAAbHO-KOKEUHYI0 (PUILTPALUIO HA
DTOM MPOCTPAHCTBE C MEPOU. JIOKATLHAA-KOHETHOCTH (PUIBLTPALNN BHITEKAET U3 JOKATLHON
KOHEYHOCTH r'pada.
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4 MAPEKOBCKAA PEAJIN3YEMOCTD JIOKAJIBHO
KOHEYHBIX ®UJIbTPAITUNA.

Mer mogonum K OJHON U3 OCHOBHBIX TEOPeM PabOThI, CBA3BIBAIONIYIO TEOPUIO (DUILTPAINN
¢ KOMOMHATOPUKOU MAPKOBCKUX IETeN U IPaIyUpPOBAHHLIX TPAQOB.

4.1 TeopeMa 0 MAapPKOBCKOHU PeaJn3aIninu

Teopema 5. Bcakas 40KaAbHO KOHEUHaAs PUuibMPAyUA U30MopPna x6ocmosot (= ocma-
mounoti) Puibmpayuy MaproscKot yenu Uit T60cmosol Guibmpauu NPocMPARCMEa ny-
met epadyuposannozo 2pada. *

Proof. Hycts 7 = {A}22y ~ {&n}02) — JIOKAIBHO-KOHEUHAA (PUILTPALNI B HEKOTOPOM
npocrpancrse Jlebera (X, %, ) ¢ menpepwiBHON Mepou p. IlocTpoum, oTmpaBIAACH OT
mIbTpamuu T, MAPKOBCKYIO IEMb ¢ KOHEIHBIMEI MHOXKECTBAMU COCTOAHNN, XBOCTOBASA (DUIb-
Tpauusa KOTOPOU U30MOP(pHA, T.

Koneunbie pa3oueHus, KOTOPBIE Oy IyT BBOAUTLCA HUXKE, Oy IYT MAPKUPOBAHHLIMU, T.E.
UX DJIEMEHTHI Oy1yT CHAGKEHbI MeTKaMu (HAIpuMep, HATYpaJbHBIMU Yucaamu. 1lpoussene-
Hue (yIopsgo9eHHOe) IBYX WIM HECKOJIbKUX MAPKUPOBAHHBIX PAa3OUEHUN eCTh CHOBA TAKOE
XKe pas3bueHne, 1 METKU SJIEMEHTOB KOTOPOrO €CTh yHOPALOYEHHLIE HAOOPHI METOK COMHO-
XKATeJaen. YJIOOHO CUATATL B NAIBHEUIIEM, UTO, Y KOHEIHBIX pasbuenun 1 = 1, MeTKm
60JIBIIEr0 PA30UEHU 1) BKAKYAOT METKHA MEHBIIEr0 pa3OueHus 1)’ .

O6osnaunm uwepes ¢ = {{,}, MOCIEOBATEILHOCTD U3MEPUMBIX DAa30HEHMI, COOTBET-
CTBYIOIIAX (PUILTPAINN CUTMA-AIre0p §. BriOepeM HeKOTOphIU 6a3uc curma-aareopst 2Ag
T.e. TPOU3BOMBLHYIO BO3PACTAIOUIYIO MOCJIEI0BATENLHOCT KOHETHBIX MAPKAPOBAHHEIX Pa3-
6ueHun {n,}52;, cTpeMALLYIOCI K Pa3OMeHUIO Ha OTIelbHbIe TOYKU mpocTpancTBa (X, ).

Havnem mMHAYKIMOHHOE TMOCTPOEHME C GA3BI — C OMPEIEIeHNs MEPBOr0 MPOCTPAHCTBA
cocTogHUE Oy IyIIer MapKOBCKOU Ienu. [l 5TOro cHavata BEIOEpeM MPOU3BOILHOE pa3tu-
eHue, Jonoanumelbroe K pasouenuto &1, T.6. TAKOE MAPKUPOBAHHOE M3MEPUMOe pa3bueHme
(1, MOYTH KaXKIBIA SIEMEHT KOTOPOrO MEPECEKAETCA C MOYTH KAXKILIM DJIEMEHTOM pas3oun-

4Mpr game cBA3LIBAEM 31€CH TEMATHKY (PITHTPALMI ¢ MAPKOBCKIAMI IEMAMI, & He C TPAIYUpPO-
BaHHBIMU IpadaMi, TOCKOILKY TEPMUH ’ MapKOBOCTDL” U A3BIK MAPKOBCKUX LEMeN (60J1ee N3BECTEH U
pPacmpoCTpaHeH, YeM PAaBHOOOBEMHBIN C HUM A3BIK panyupoBaHubrx rpados. [lomyrapusuposaTs
UX DKBUBAJIETHHOCTDH U COOOUIUTE TO HOBOE, ITO BHOCAT IPAaIyUPOBAHHBIE rpadbl caMu 1o cebe —
ofHa m3 1enen o630pa.”

30



enus & He GoJee, YeM MO OTHOU TOYKE: DTO BO3MOXKHO, TAK KAK DJIEMEHTHI pa3bueHus &
KOHEUHEI, U, CJIeJOBATEILHO, pa3buerne (; MOXKHO BLIODATH KOHETHEIM. °

Paccmorpum mpoussenenne pazouenun o; = 1y V (| — DTO KOHEIHOE pa3OueHue, Co-
BOKYIIHOCTb €r'0 3JIeMEHTOB T.e. (akTop-nmpocTpancTso Yy = X/0) Kak mpoCcTpaHcTBO ¢
MEpOH, OOBABUM MHOXKECTBOM MapPKUPOBAHHBIX COCTOAHUI MAapPKOBCKOU IEIN B HAYAAbLHEIN
MOMEeHT Bpemenu t = 1.

WH 1yKInOHHBIN epexo 1 Oy IeT COCTOATE B MOCTPOCHUN MHOXKECTBA Y, — COCTOSHUU B
MOMEHT ¢ = 1, eCJIU y¥Ke TOCTPOEHA MAapPKOBCKAsS KOHEYHAS IIEMb IINHBL 72 — 1 Kak (pakTop-
IPOCTPAHCTBO MPOCTPAHCTBA (X, (1) MO KOHEIHOMY Da3OUeHUIO V?:_f o; IlocTpoum paszbue-
Hue o,. Paccmorpum daxTop-npocTpancTso duibrpanuu — X /&, 1, U ONpPejeauM B HEM
KOHEYHOE MAaPKUPOBAHHOE pa3bueHue (,, JOMOJIHUTEAbHOE (B CMBICIE, YKA3AHHOM BHIIIE) K
pas6uenmo &, /&y—1 B mpocTpancTBe X /&, 1.

3aMeTuM, 9YTO, €CIM MepecevdeHne daeMeHTa pasbuenus (, ¢ smemeHToM C € &, /&1
pasbuenus &, /&,—1 —HEMyCTO, TO OHO OQHOTOYETHO, W MODTOMY Kaxkaasd Touka u3 C mo-
JydaeT OMHO3HATHO OMpeIeTéHHYI0 MeTKy HekoToporo smevmenTa D €D(,. To xe camoe
BEPHO, €CJIU 3aMEHUTDL pasbuenue (, HA ero KOHEIHOe Moapas3OumeHme, Kak OyIeT CIeJaHo
HUXKE.

O6o3HauUM Yepes T, — KAHOHUIECKYIO TPOEKINI0 Ha, (haKTOP MPOCTPAHCTBO:

X — X/,

Omnpenemum KoHedHOE pasbueHue o, npocrpancrsa X /&, 1, Kak nogpasbuenue pa3ou-
enus C,, (0 = (), TAKAM IPABUIOM:

(¥) mBe TOUKHU Yy U Yo dAEMeHTa pasbuenus D € (, MO ONpENeIeHUId BXOIAT B OIUH
7 TOT XK€ DIEMEHT Pa30ueHus o,, TOrJa U TOJBKO TOrAa, KOI'JA BBIIOJIHEHO yCJIOBUE: DJe-
venter C) = 7,1 (y1) m Cy = 7,1 (y2), cHaGKEHHDLIE YCIOBHEIME MepaMu pasbumenus &, 1,
u30MOPQHBI, KAK KOHEYHBIE MEPEBbsA ¢ MEPOU, TOUKM KOTOPOrO MAPKUPOBAHBI METKAMU
DIEMEHTOB pasbuenun o;,71 = 1,2...n — 1;n, orpanudenusn ua sneMenTs C1 u Co KaxkI0T0
U3 KOHEUHBLIX pasbueHuu o;,17;,i = 1...n — 1. 3ameTum, 9TO, KaK OOBACHAIOCH BHIIIE,
uzoMopduam Mexay aByMmsa saementamu C u Co, €Cau OH CyIECTBYET, € IMHCTBEHHEH.

Termeps MBI MOXKEM ONMPEAETUTH 7-0€ MPOCTPAHCTBO COCTOAHUNA Y, Kak (haKTOP-TTpOC-
rparcTBo {X /{1 }/0n, a IPOCTPAHCTBO MyTen N-<UIEHHON MAPKOBCKOM IIEMN, KAk (GakTop-
upocrpanctso {X/& }/ VT 0;; o6o3Hadum >Tu npocTpancTsa depes (M, vy,).

CBOICTBO MAPKOBOCTH CIEAYET HEIIOCPEICTBEHHO U3 MOCTPOEHUS: DIEMEHTHI PA30MeHa
COJEPKUT TOIKHA C OOMHAKOBBIMHU yCJIOBHBIMUA MEPAMI.

Kax »To creqyeT m3 KOHCTPYKIWHU, STH MPOCTPAHCTBA B €CTECTBEHHOM CMBICTE 00pa-
3YIOT OOPATHBEIN CHEKTP MPOCTPAHCTB, T.€.

(Mn: Vn) — (Mn+1: VTH‘l)a

IpUYeM NPOEKIUA COXPAHAET MAPKOBCKYIO CTPYKTYPY — AOOABIAETCA HOBOE MPOCTPAH-
CTBO, a Takke COXpaHAeT Mepy. Il02TOMy MOXKHO PACCMOTPETh OODATHBIA MPEeN, 3TX
IPOCTPAHCTB, KOTOPHIU ABIACTCA yIKE TPOCTPAHCTBOM OECKOHETHBIX TPACKTOPU OTHOCTO-
POHHEI MAPKOBCKOU IENH; OGO3HAMUM HTO MPOCTPAHCTBO, CHAGKEHHOE MPEJETBHON MEpOK
gepes (Moo, Vo).

*Bri60op pasbuenns (1, JOMOIHATEILHOTO K JAHHOMY, SIEMEHTH KOTOPOI0 KOHEUHbI I CIeTHBL,
eCTb CTaHIapTHAL Hpoleaypa, pazpaboranHas B [83]: OHA COCTOMT B HOCIEZOBATEILHOM MOCTPOE-
HUU OTHOCIOMHBIX K JAHHOMY Pa30UeHNIo MHOKECTB MaKCUMATLHON MEPEL. B DTOM COCTOUT OCHOB-
HOU HIaI' B KIACCH(DUKAINYI U3MEPUMBIX Pas3OMeHN.
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Mer noctpounu romomopdusm npocrpancrsa Jlebera ¢ puisrpanmen (X, u, §) zHa npo-
CcTPaHCTBO (Mo, Voo ), T, Tie T -ocTaTouHad (XBOCTOBAA) (PUILTPAIIUA MAPKOBCKOU IICTIH.

ITo mocTpoennio o, > 7, IpH BCEX n, clegoBaTensHo \/, op = \/ 7, = €, T.e. Tpexens-
uei romoMopdusm X — M ects uzomopdusm mpocrpascTs ¢ mepon (X, pu) u (M, v), rae
v ecTb 00pa3 Mepsl (pakTop-mepa). OG03HAIMM N-0e KOO JMHATHOE Pa3OueHune IPOCTPaH-
crBa M, T.e. pazbueHmne Ha KIACCH TPACKTOPUU, COMATAIUX ¢ N + 1-ro MecTa, depes 0,,.
XBocToBoU duibTpain ¥ U COOTBETCTBYET MOCIEJOBATETLHOCTE pasbueHnit {6, },.

IToxaxem, 1TO n3o0MOpdU3M MepeBoAUT GUILTPALNIO § B dpuabTpanuio <. /11 sToro
MOCTATOTHO 3aMETHUTh, YTO HAIE MOCTPOEHUE MO TOU ¥Ke TPUYUHE, YTO U BHIIE, 0TOOpa-
xkaer npocTpancTBo X /¢ u30MophHO HA GPaKTOP-IPOCTPAHCTBO npocTpancTsa (M, v) mo
pa3bueHuIo Ha KJIACCHL IO [EPBOU KOOpAuWHATE, u BOOOwwe, npocrpancteo X /£, — mo n-
on koopauHaTe. [1opTOMY Gas3Bl COOTBETCTBYIOIMINX PA3OUEHUN NEPEBOATCA U30MOP(RHO, I
BMECTE CO CIETaHHBIM BLIOOPOM pa3tuenuit (,, (IOMOMHUTEIBHBIX K pa3bueHuaM &, ), KOTo-
phIe TIEPEeXOIAT B pa3ObUeHUs Ha KIACCH IO COBMAIEHNIO KOOPAMHAT C HOMEPAMU, OOIBIIIMEI
N 3TO MAeT HYXKHBIM U30MOP(GU3M PUILTPALIAN. O

4.2 3amedaHUs 0 MAapPKOBCKHUX MOJEIAX.

1) HanmoMuuM,9TO B TeOpUM MEPHI €CTh HECKOIBKO IMOJOOHLIX TEOPEM O MAapPKOBCKOU De-
ams3anuu 06bekToB. Hampumep: BcAxkoe mpeoOpa3oBaHue ¢ MHBAPUAHTHOU WU KBA3WWH-
BAPUAHTHOU MEPOU MMEeT AJUYECKYI0 PEeaTU3allid Ha TPOCTPAHCTBE MYyTEUd HEKOTOPOTO
I'paIyIPOBAHHOTO I'pada ¢ MAPKOBCKOI Mepoit.s

2) [Ilpyrou mpumep IOCTABIAET TEOPUsA PYIHBIX (CUIEPKOHEYHBIX) pas3bueHun, cm[9].
Bcesikoe muckperHoe pydHoe pasbueHue (B KATErOpUu HPOCTPAHCTB € KBA3UMHBAPUAHTHON
MepOU) U30MOP(MHO XBOCTBOMY Pa3OHEHWMIO TPAEKTOPUU CTALMOHAPHOM MAPKOBCKOU LENU
C KOHEUHBLIMU TPOCTPAHCTBAMU COCTOSAHUM W KBA3UWHBAPUAHTHOU OTHOCUTEILHO CABUTA
MEpPOMN.

3) MpuBeaem CACICTBUEC U3 JOKAZAHHOU TEOPEMBL.

CuegcrBue 2. Jas npou3soabnol 40KAbHO KOHEUHOT PUAbMPAUUY KOUYUKA, OMBEEUAI0-
Wull T60CMOBOMY OMHOWEHUI IKEUBAAEHMHOCTIU (cM. onpededenus sviwe) uzomopden
KOUYUKAY MAPKOBCKOT UENU C KOHEUHBIMU MHOHCECMBAMY cOCmoanuti. B wacmuocmu, 6ca-
Koe 2uneproreunoe (PYunoe) pazbuenue co CUemublmi diemenmanty 6 npocmpancmse Jle-
beza uzomopPno T60cmosomy pazbuenuio maproscrol yenu. Io-dpyzomy, écaroe 2unepro-
HEUHOE OMHOULEHUE IKBUBAAEHIMHOCTNU UBOMOPPHO TEOCTNOBOMY OTMHOWEHUIO MAPKOBCKOT
uenu; Imo marxce caedcmeue JoKa3aHKOl Meopembl 0 MAPKOBOCTY AOKAALDKO KOHEUHOT
duavmpayuu. (locaednee obemosmeavcmeo dasno uzsecmuo (cm [6]).

4) TlocTpoeHHAA B TEOPEME MOIEIb, PA3YMEETCA, JATCKO HE eIMHCTBEHHA, — MMEETCA
MHOT'O IPaIyUPOBAHHLIX I'PApOB ¢ MEPOH, XBOCTOBBIE (PIILTPAINN KOTOPHIX U30MOP(HEL.
HecmoTps HA 5TO, A3LIK rpa yupPOBAHHLIX IPA(OB U UX XBOCTOBBEIX (PUILTPAIMA HA MIPO-
CTPAHCTBE IIyTEU WIN TPACKTOPUU MAPKOBCKUX IIEMEN — YPE3BLIYAUHO yAOOEH. 3aMeTuM,
OHAKO, UTO MpPU MEPEX0Ie OT UCXOTHOU (pUIbTpauu (JIake MapKOBCKOU) MbI MOMKEM MO~
TEPATH HEKOTOPHIE JOMOJHAUTEIbHBIE (HEMHBAPUAHTHBLIC) CBOUCTBA 3aJaHUA (DUILTDAIWN,

b A nuaeckoe mpeoGpasosanme [24, 25] ompenereno B rpadax, B KOTOPBIX A OGO BePIIMHEL
OTIpeIeH MUHEUHDLIM MOPAJOK BXOIAIMX B Hee peGep; ¢ MOMOIILI0 ATUX HOPAIKOB €CTECTBEHHO
OTIpEeIACTCA TeKCUKOT PAMIIECKUIN TOPATOK Ha MHOXKECTBAX KOH(MDUHATLHBIX My Tel; TOTIa aJmde-
CKMU aBTOMOP(U3M IEPEBOAUT MYyTh B IIyTh, CICIYIOMUN 33 HUM B CMBICAE DTOTO HOPAIKA, €CIH
OH OTIpEJIeNIeH, a ONPECICH OH Ha MHOXKECTBE ITOJHOU MEpHI.
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HAIIPUMED, CTAIMOHAPHOCTDL ANNIPOKCUMAIMA: UCXOTHAS MAPKOBCKAA IeMb MOMA OLITh 3a-
IaHa, KaK CTaIMOHAPHAA, HO aNMpPOKCUMAINS IeN, CKOHCTUPYUPOBAHHOU B NOKA3ATEThb-
CTBE pegko OBBaeT cTanmmoHapHOu. Kak BUAHO U3 NAJbLHEUIINX MPUMEPOB, DTa MOTEPs
KOMIIEHCUPYETCA MPOCTOTON aHanu3a annpokcumanui. [lokazaTenscTBO TEOpeMbl COaep-
KAT METOI IMOCTPOEHus rpada, HA MPOCTPAHCTEE IIyTEl KOTOPOrO PEATU3YETCSA 3aTaHHAL
dumrbTpamua. Mer moaydaem KIacC BeCbMa HEMPOCTHIX 3a1ad Ha HOCTPOEHWE PaTyupo-
BAHHBIX OCHAIIEHHBIX IPAdOB, M1 KOTOPHIX XBOCTOBAs (PUILTPAIUA HA MyTAX U30MOPQHA
3aJaHHON (puabTpalm. [IpuBeneM BaxKHBIN TPUMED.
5) PaccMoTpuM amagumvecKyro (puibTpanuioo — BCe pa3OueHus

&,6/&, . &nlbn—1,- -

UMEIOT ABYXTOYEUHbIEe »1eMeHThl ¢ Mepamu (1/2,1/2). Hama xoHCTpyKuus moKa3bIBaeT
u30MOPGU3M JHOO0U TaKOU (PUIBLTPAIIAU C XBOCTOBOU (PUILTPAIIUEN HEKOTOPOTO IUAIAYIE-
CKOT'0 IpaIyupOBAHHOTO rpadaM U IMEHTPATBLHBIM MepaM Ha HEM, BCE BEPINUHBLI BCEX DTa-
JKel, KpOMe HAYATBLHOU BEPIINHLI, B TAKOU T'pade UMEIOT IBE MPEINIECTRYOIINX C PABHLIMY
KOTIEPEXO JAMU.

Taxum 06pa3oM, 3aa9a METPUICCKON KIACCUDUKAINA JUATAICCKUX (DUILTPAIUU CBO-
IUTCS K TI0 CYIIECTBY KOMOMHATOPHOU 3agade KIACCUDUKAINYA 1A TUIeCKUX TPALyIPOBAH-
HBIX IpadOB, TOYHEE, — WX MPOCTPAHCTB MyTeH, CHAGKEHHBIX IEHTPATbLHBLIMU MEDAMU.
PesyabTaTer, gocturayteie B 70-90-X TT., Tak U HegaBHUE (DAKTHI 1 TEOPEMBI, TTEPECKA3AH-
HBIE B DTUX, 110 CYIIECTBY KOMOMHATOPHBIX, TEPMUHAX, TO3BOJIAIOT MO-HOBOMY B3[VIAHYTh HA,
npobaemy. Kpurepunn cTaHgapTHOCTH IS JUAAWYECKUX (PUILTPAIMA MEPECKA3BIBACTC S,
KaK KPUTEPU BO3MOXKHOCTHU IPUBEIEHUA IUAIMIECKOro rpadga C HeHTPAJILHOU MEPOU K
mpocrentemy auaguiaeckomy rpady Dimmma ("6ycer”). cm. puc. Bomee mogpo6HO MBI
PACCMOTPUM KOHKPETHBIE MApPKOBCKUE MOJeau (GUIbTpanuu B maparpade 6, mOCBAIIHOM
HECTAHIAPTHLIM (DUIBTPAIIUAM.

5 CTAHIAPTHOCTH, KPUTEPUU, PUHUTHBIN
N30MOP®DPU3M

5.1 Omnpejerenrne MUHUMAJILHOU MOJeau PUILTPALUHA.

B sToM maparpadge xaxnou 6eCKOHETHOU JOKAJIBHO KOHeUHOU uibrpamun T = {{t},k =
1,2... npousBoasHOro npocrpancrsa Jlebera (X, i) ¢ HeIpepLIBHOU MEPOU ji CONOCTABI-
eTCs KAHOHUYIECKAsS PEATU3ANNs B BULE XBOCTOBOU (PUILTPAIUU HEKOTOPOI'O OCHALIEHHOTO
IpaIyupOBAHHOTO MYJIbTUTrpada, WIN, SKBUBAICHTHEIM 00Pa30M, HEKOTOPOU MapKOBCKOU
uenu. B omauuue om pesyabmama npedvidyuieti meopemvi, Nocmpoennas Guabmpayus ne
bydem, 8006we 2060ps, U30MOPPHA UCTOOHOT HUALMPAYUL, 6 MOALKO AUULL HUHUMHO U30-
mopdua et.

Kaxk MBI yBU MM, 5TO IOCTPOEHUE IPUBOIUT K OCOOOMY KAACCY I'PATYUPOBAHHBIX MYJIb-
TurpadgOB € OCHAIIEHWEM, MBI HA3LIBAEM WX MuHUMATLHBIMEU. Camy mMomens puibTpanun
MBI HA3BIBACM KOHOMUYECKOT MUHUMAALHOT MOdeavto dUIbTpammm. ©

3aMeTuM, 9TO (GUHUTHLIL U30MOPMU3M, HE COXPAHACT NaKe dPrOIUIHOCTY (PUILTPA-
LU, 9TO OYEBUIHO HA MPUMEPAX TUATUIECKUX (PUIBTPAILUN, TOITOMY MBI JO0ABAAEM Tpe-

"[Ipyrue ecTeCTBEHHBIC HA3BAHWA MUHIMAILHLIX (DIILTPALMN — KOHEUHO-OMPEIEISHHEIE, MO-
CKOJIBKY OHU TMOJHOCTBIO ONPENEIAIOTCA CBOUMU (PUHUTHBIMYM WHBAPUAHTAMU; TEM JKE€ TePMUHOM
” KOHETHO-OTIP €IeTEHHBIE” CJAEI0BAIO OBl HA3BATH CTAHAAPTHHIE (DUIBTPAIMA, CM CJAEIYOMIAN Tapa-

rpad).
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OGOBAHUE DPrOMUIHOCTU PACCMATPUBAEMBIX (PUILTPALME BE3IE, I'I€ COOTHOCUM (PUHUTHBIN
U UCTUHHBIA U30MOP(DUIMBI.

ITo 3adannoti apeoduueckoti guavmpayuu 7 = {&k},k = 1,2... na npocmpancmee Je-
6eea (X, 1) nocmpoum ocnauenuvrii 2padyuposannbil myavmuepad I'(T) ¢ mepot v na npo-
cmpancmee nymet T'(T'(7)), coeaacosannoti ¢ ocrawenuem.

IMocTpoenne Kax n MPeBIIYIIEE, ABAACTCA MHIYKIIMOHHBIM: MBI TOCIET0OBATEABLHO CTPOMM
MO TAXKHO MYJILTUTPad, ero OCHAIIEHNE U MEPY Ha €0 3TaxkaX, KOTOPas OMPEIeTUT Mepy
HA BCEM MPOCTPAHCTBE My Ten.

Haunewm ¢ BepmmHET () HyIEBOTO DTakKa, KOTOPAA COMOCTABIACTCS BCEMY TPOCTPAHCTRY,
a rounee (axTop-npocrpancTBy (X, ) mo TpuBmaibHOMY pasbuenuio. Paccmorpum mep-
BOe pasbuenHue {; U KOHeIHOe (B CHILy JOKAIBbHOU KOHEIHOCTH (hUibTpaluu) pazdbuenue 0
daxrop-mpocTpancTBa X /¢ Ha MHOXecTBa A, Ay ... A, , O6ITaLaIOMIEE CBOMCTBOM JIO0BIE
aee Touku C, D € X/& Kak >TeMeHTH pa3buenus {; UMET U30MOP(QHBE YCIOBHEIE MEPHI
TOrIa U TOJBKO TODIA, KOTAA JEeXKAT B OHOM dIeMeHTe pa3ouenus d1. ComocTaBuM dIeMeH-
TaM pasbuenus d; npocrpancrsa X /&, T.e. mHOX)ecTBaM A;,i = 1...k BepmuHbI IEPBOrO
sraxa rpada I'. Wuade roBops, BEPIIMHBI IEPBOrO dTaxka [y — COOTBETCTBYIOT THUIIAM
YCIOBHEIX Mep pasbmenmsa &;. Iucao peGep, HAyImX U3 KaxKJOU BEPIIMHBEI B BepIIuHy ()
PABHO YUCIY TOYEK B COOTBETCTBYIOIIEM dIEMEHTE pas3bueHusa &, a KOMepexoTHBIe BepO-
ATHOCTHU U €CTh YCJIOBHBIE MEPHI TOUEK B DTOM dJaeMeHTe. HakoHel, Mephl CaMuxX BEPITTH
paBHBI MepaM [ig, MHOKeCTB A;,i=1,....

[larpEenmmi X0 MOCTPOEHUA MOJMHOCTBIO AaHAIOrWYeH. IIpome Bcero ckasaTb, ITO
MOCTPOEHME BEPUINH, PeOep U KOMEPEXO THBIX BEPOATHOCTEN ATAXK [ yy11, ECAN Y2KE IMEETCA
TPeIBI YN dTaxX [y, TPOU3BOAUTCA TAKKE, KAK U BBIIIE C 3aMEHOU UCXOTHON (PUILTPAIAY
QLA (€ s /Emy 12

TocrenoBaTenbHOCTE pa3bueHni dy, da, . .. mpocTpancTd X /&1, X /& ... COOTBETCTBEHHO,
oTBevaeT pasbueHuto Bepiiud rpada ['(7) Ha 5Taxu, a dIeMEHTHl KaxkK I0r0 U3 pasbueHun
0, — BEpIIMHAM N-T'0 dTaxKa.

Taxum 00pa3oM, MO WHBAPUAHTHLIM TAHHBIM (DUILTPAIMKA T TMOCTPOEH MyabTurpad
['(7), c ocHaleHNEM U COMMIACOBAHHON C HUM MapPKOBCKOU MEPOU HA, IUIMHIPUICCKAX MHO-
JKECTBAX, W, TeM CAMBIM, MAPKOBCKOU MepOU [ir(,); Ha mpocTpancTse T'(T';) GeckonedHEIX
nyrern myabTurpadga. IIoCTPOEHHBLIN OCHAIIEHHLIA JOKAJILHO-KOHEIHBEI I'PAIynPOBAHHLIN
myabrurpad ['(7), HA30BEM ero MUHUMAIBLHBIM, & XBOCTOBYIO (MUIBTPALMIO, OTBEYAIO-
myio eMy 7 Ha30BeM MHHMMAILHOM MOAeNbI0 MCXOAHOHN (hUIbTpamuu 7, ob1agaeT
XapaKTEPUTUIECKUM CBOUCTBOM, OUEBUIHO BEITEKAIINM U3 €r0 TOCTPOCHU:

IIpepmoxenne 3. (Teopema-onpedesenue munumawrozo 2pada)

Myavmuepad ¢ ochawenuem A8ALEMCA MUKUMAALHOT MOOEALIO, AA HEKOMOPOT AOKAALHO-
Koneunoti fuavmpayuu na npocmpancmee Jebeea ¢ nenpepvisnoti mepoti mozda u MoabKO
mozda, K02da das A100LIT JBYT PAZAUUHBIT BEPULUH U,V NPOU3BOALHO20 IMAHCA, Jepesba (C
mepott) nymet om ) ¢ KopHAMU 6 BEPUUNAT U,V — HEUBOMOPPHBL, Kak depesva ¢ mepoti,
m.e. we cywecmeyem uzomopPuma IMuL 08YL JePesves, COLPARANULL20 MeEDY.

Durprpanusa 7 GEUHATHO T30MOP(PHA (PUILTPAINEA T, ITO OUYEBUIHO U3 TOCTPOCHU, HO,
BOOOIIE TOBOPs, HE M30MOPMHA €.

OueBnIHO, YTO MPOBEAEHHOE TOCTPOECHUE MOKHO MPUMEHUTH K XBOCTOBOU (PUILTpA-
IIIU TPOU3BOILHOTO MyabTurpada ¢ OCHAIICHUEM U TOIYYATH B P3YJIbTATE HOBBIM MY./Ih-
Turpad ¢ ocHameHweM u Mepou. Fcam ocHaleHume MexXoqHoro rpada ObLIO0 KAHOHUIECKUAM,
(T.e. QuabTpanMA IOIYOIHOPOAHA), TO U €r0 CTAHIAPTHAS MOJEb Oy AT IIOJLYOJHOPOLHON
duabTpanuen, Tak Kak 00pa3 KAHOHUIECKOrO OCHAIIEHUSA OYEBUIHO OyIeT TaKKe KAHOHU-
wecknM. Taxmm o6pa3oM, Halre MOCTPOEHUE 33JaeT B YaCTHOCTHU, HEKOTODPYIO ONEPAIINIo
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Ha, IPayIpPOBAaHHLIX I'Padax, COMOCTABIAA IPOU3BOALHOMY MyJbTUIPAdy MUHUMAILHBIN
myasTurpad. OUeBUIHO, UTO MHUMATLHASA MOLETL MUHUMATLHOU MOJIEIN COBIATAET C
men. MHave roBOPS, 2Ta OMEPAIUA €CTh MPOEKIUA B MPOCTPAHCTBE BCEX IPAIyUPOBAHHBIX
MyJabTUrpadOB HA TPOCTPAHCTBO MUHUMAIBHBIX MYJbTUCPADOB.

ITogaepkueM, ITO BO BCAKOM OA3MCHOM 33 1aHUY (PUILTPAIINYA OA3UCOM aIreOphl BCEX W3-
MEPUMBIX MHOXKECTB B IPOCTPAHCTBE MyTeH IMOCTPOeHHOro Myabrurpada ['(7) cayxur ai-
reOpa MUWINHIPUICCKIX MHOXKECTR, T.€. MHOXKECTB Iy Tel, 3 1aBAEMBIX YCAOBAAMY KAKUMUA-
TO HA KOHEYHBIC OTpe3ku myTen. Ho mpum 0TOOpakeHWH XBOCTOBOU (DUILTPAIUA OJTHOTO
MyabTUrpada Ha XBOCTOBYIO (DUILTPAIINIO IPYTOro, TPooOpas CUTMa-aareOphl BCeX U3Mep-
MBIX MHOXKECTB BTOPOro rpada He COBIATAET BOOOIIE MOBOPSI B MCXOTHOM NPOCTPAHCTBE
uabTpanun ¢ curmMa-arrebpon BCeX U3MEPMbIX MHOXKECTB mepBoro. MHade roBops, Mbl HO-
y/IdaeM TOMOMOP(MU3MEL & He N30MOPM3UMBI TPOCTPAHCTB X /&, B OTINYUNE OT MOCTPOCHUS
TEOPEMBI TIPEALIAYINero maparpada, Tle MOCTPOeHNE OBLIO HAIETIEHO Ha, MOMYIeHUE W30-
MopdusMa. A UMeHHO, B €€ J0Ka3aTeILCTBE I/ DTOr0, HAM MOTPEeOOBAIOCH IOAPA3OUBATE
npocrpancTBa X /&, U BBOIUTH IONOJHUTEIbHBIE BEPIIMHLL IPADOB, KOTOPHIE OTBETALM O/~
HUM ¥ TeM e YCJIOBHBIM MEPaM Ha, MPOCTPAHCTBE Iy TE! AepeBa UCXOAHOro rpada. B HOBOM
MOCTPOEHUM MbI OTOXK JECTBIIAIN TAKUE BEPIIUHLI — CKJICUBAJIU BMECTE.

IIPUMEP 1. CrangapTHas MOIeThb JOO0U dPrOAMIECKON AUaIUIeCKON (hUILTPAINA
€CTb XBOCTOBaA GpuibTpanua MyabTurpada ”6ycer” (cM. puc); 3TOT rpad ABJIAETCA MUHU-
MAaJIbHBIM, & IIPOCTPAHCTBO MyTeN B HEM eCTh guanudeckuin komnakT {0, 1}°°, ¢ 06braabEIM
XBOCTOBLIM OTHOIIEHUEM DKBUBAJEHTHOCTU. 3AMETUM, 9TO B DTOM IIPUMEPE UMEETCS eIuH-
CTBEHHAsI LEHTPaIbHAsI Mepa - OepHyJLIMeBcKas ¢ BepostHocTaMu (1/2,1/2). Tua kpaTko-
CTU B JATLHEUIIeM MbI OyIeM HA3bIBATH (PUILTPAIUY, (PUHUTHO U3OMOP(QHEE OEPHYLINEB-
CKUM (PUILTPAIAAM, (PUHUTHO OEPHYLINEBCKUAMU.

2. I'pad IMackams, He ABIAETCA MUHUMAIBHBIM, TIOTOMY, 9TO CAMMETPUIHLIE BEPITUHEI
B rpade umeoT n3oMopdHbIE nepeBbsi. Bomee TOro, eciu Ha NPOCTPAHCTBE MyTEU Ompeae-
JUTH DProAUIeCcKyio CUMMETPUYHYIO HEHTPAIBHYIO Mepy (3T0 Je6eroBckas Mepa Ha Iy TX,
KAaK MOCIENOBATEILHOCTAX HYJeH U €IUHUI), TO OKAKETCA, ITO MHOKECTBO MyTEH MPOXO-
IAMUX ¥Yepe3 OMHY W3 IBYX MEPBLIX BEPINNWH, HE YIOBJIETOBOPAET YCIOBUM Teopembl. Cie-
IOBATEMIbHO (PUILTPAIMA HA MPOCTPAHCTBE MYTEU, CHAOKEHHOM DTOU MEPOU HE ABIAETCA
cragmaprHon. [pyrou mpumep HEOIHOPOIHOU HECTAHIAPTHON MAPKOBCKOU IENU NaH B
CJEIYIOMIEM MYHKTE.

Figure 7: Munumanbubil rpad — nomosuna rpada [Tackams
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HOBTOpI/IM OCHOBHBIE€ BBIBO/IBI:

IIpennoxenne 4. 1. Jhobas a0Kkaiwno Konweunas Puavmpayus T GuHUMMO U30MOPPHHA
ceoett MURUMAALHOT modeau T, m.e. LEOCMO60T PUILMPAYUUL KA MUHUMAALHOM MYALIU-
epage T'(1), no soobwe 2060ps, ne uzomopPua et.

2. Munumasvnas modeav, Kax ocnauennbli 2pad ¢ mepot na npocmpancmse nymet,
ecmb NOANLIG UHBAPUAHM PUHUMHO20 MUNG GUALMPAULL, M.€. d8e PUALMPAUUL HUHUMHO
u30MOPpPHLL MOo20a U MOALKO Mo20a, K0204 UL MUHUMAILHbIE MOJEAU COBNAJAIOM.

3. Munumanvrmas modeav rp-aduueckot v 6oaee 06w, Gunumuo bepuytinescrot Guib-
mpayuy ecmov bepryasuescras Puasvmpayus. Taxum 00pa3om, NPUMEPOM MUHUMAALHOT
ap2oduneckolt Guabmpayuul cayrcum 0004 OEPRYAAUCECKAA HUADMPAYUA.

Proof. [lencTBUTEILHO, JIOOON KOHEYHBIA (PparMEeHT (PUILTPAUU H30MOP(HO C COXpaHe-
HUEM MepHI IePEBOIWICA Ha KOHEIHBIN (pparMeHT rpada. U mOCKOIbKY MBI %CN04b308aAl
MOALKO YCAOBHBIE MEPbL 8CET PA30uUeHuUl U MEPLL MHONCECME ¢ HUKCUPOBAHHBIM MUNOM
YCAOBHBIL MeP, MO PUHUMHO u30MopPHble Puibmpayuy npueodam x odnol u mot e
cmandapmuot modeaw. Haobopor, eciu nee durbrpamun 7 = {£,} u 7/ = {{,} He aBus-
0TCA (PUHUTHO U3OMOPQPHBIMU, TO IIPU HEKOTOPOM N He OyAyT M30MOP(MHBIMU pa3zOueHus
&n m &, U, CIeNOBATEIBHO OyAYT DA3IMYHBIMU UX MHBAPUAHTEHI, KOTODBIE COAEPKATCA B
CTAHIAPTHOU MOIE/IN.

W3 mpeabiayinero 09eBru IHO, YTO I/ 000U MAPKOBCKOU IEMN ¢ KOHEUHBIMU MPOCTPAH-
CTBAMU COCTOSHUU CYIIECTBYET €IUHCTBEHHAS MUHUMAILHAA MAPKOBCKAA IEMb, TTOPOXK Ta-
omaa (Kak XBOCTOBYK) (PUILTPALUO, (GUHUTHO U30MOPQHYIO TaHHON. |

Muvi 6udum, wmo 3adaua Gurnumuoti KaacCuGurayuy L0KAALHO KOHEUHOLT Puabmpayul
PABHOCUALHA 3a.0a%e NOCTPOEHUSA NPOCTPAHCEA MURUMAALHBLT 2P AOYUDP 06 AHHBLT 0CHAULEH-
HOIT 2padios ¢ co2aaco8annoti ¢ ocrauenuem mepoti na npocmpancmee nymet ecmv nNpo-
CMPARCME0 TOAMIT UNBAPUANMOE MaKuT dussbmpayuii (o npocmpancmee Puavmpayut
cm.dasee).

K coxanenmio,mepxo] K MHHUMATBHBIM MOJEIAM W MUHUMATLHBIM (GUILTPAIAAM HE
YIPOIIAET 3aJa9u WX M3y9YeHUA, HOCKOIbKY JI00as (GUILTPAIUA MOKET ObITh B €CTECTBEH-
HOM CMBICJIE TIPOU3BOMIBLHO OMM3KO ANMPOKCHMUPOBAHA MUHUMATLHOU. OIHAKO MUHAMATb-
HOCTb TIPUOIMKAET HAC K (DYHIAMEHTATLHOMY MOHATHUIO - CTAHIAPTHOCTH.

5.2 MuHEMaAJILHOCTH I'pad 0B, CTAHJAPTHOCTD M OOIIUN KPUTEPUHR
CTaHJapTHOCTHU

Cuenyromiee BaxxHOE ompeeneHe OyaeT IacTO UCIOMb30BATLCA B JAJbLHENIIEM.

Onpepgenenune 7. JlokaabHO KOHEYHAS SProaudecKas GUIbTPALNSI HA3BIBAETCA CTAHJAPT-
HOH, eC/I OHA H30MOP(HA HEKOTOPOH MUHUMAIBHOHR (puIbTpamm.’

Hampuwmep, p-agumeckas GpuibTpanus CTAHIAPTHA, €CAU OHA U30MOP(pHA, OEPHYILINEB-
CKOM, T.e. B KJacce (pUIbTpAIudl (PUHUTHO U3OMOPQHBIX OEPHYJINEBCKOU TOJBKO CaMa
OGepHYJLINEBCKAS U U30MOP(HBIE €U CTAHJAPTHHL.

IIpo6aema cocTour B TOM, 4TO QUIbTPALUs, U3OMOP(HAL MUHUMAIBHOU (T.e. CTaH-
IapTHAA), MOXKET ObITh He ObLITH MUHUMAJILHOW, UHAYE FOBOPA,— HE OBITH XBOCTOBOU I
MUHIMAJILHOTO MyJbTurpadga (Wim MEHUMATLHOU MAapKOBCKOU menu). TeMm cambiM, ¢60f-
CMBO MUHUMAALHOCTIY HUALDMPAYUL HE ABALCTNCA UHBAPUGHIMHBIM OTMHOCUMEADHO UMOP-
Pusma, a "unsapuanmuasn obosoura”’ amoezo ceoticmea u ecmvb “cmandapmuocms”,

8cM. mpemBIIyIIyIo CHOCKY O TepMuHe ” KOHEeWHASs OIpeIeIsHHOCTS”
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IMosToMy cTaBUTCA BOIPOC, KAK OMUCATH CTAHIAPTHLIE (PUILTPALUA B MHBAPHAHTHBLIX
(BHYTpEHHUX) T€PMUHAX, T.€. KaK IPOBEPUTH, UTO JaHHAA (PUILTPALUA U30MOPQHA BIOIHE
CTaHIap THON.

B caenytomen Teopeme IpUBOANTCA NHBAPUAHTHAA XaPAKTEPUCTUKA CTAHIAD THOU (PUTH-
rpauun ("Kpurepuu crangapTHOCTH)

Iycre 7 = {&,}n ®proauveckas IOKAILHO KOHEUHAA (DUILTPALUA U MYCTh 1);,— KOHET-
HOe pasbueHue mpoctpaHcTBa X/, Ha MaKCUMaJIbHbIE KIACCHL daeMeHTOB C € &,, Ha KO-
TOPHIX OTPaHITIeHMs KOHeTHON dutbrpamun { &} ™" #a aux C m30MOpdHB (SKBUBATEHTHO
- COOTBETCTBYIOIINE AEPEBbA C MEPOU U30MOPMHBI). 3a(PUKCUPYEM TPOU3BOILHBIN T30MOD-
(pU3M PTUX AIEMEHTOB ¢ KAKIM HEOYIb OJHAM TUIOBBIM d1eMeHToM C, PACCMATPUBACMEIM,
Kak nepeBo ¢ Mepou. QueBUAHO, ITO TOrAa BCAKUU daemenT D, i = 1,...,r, pa3buenus 1,
ecTs mpavoe mpomssenerne D; ~ C x (D;/€,) D; € 1. Tem caMBIM, MBI OTIpeIeTAIN He3a-
BUCHMOE JIONOMHEHHe &, ; K OTPAHMICHNIO pasOuenus &, Ha saeMeHT D;, ITO — KOHETHOe
pasbuenue sremenTa D;

Teopema 6. Jokaivho Koneunas speoduueckas duavmpavyua T = {&y}n npocmpancmea
Jebeza (X, 1) ¢ nenpeprienot mepot cmandapmua moz0a uw Mmoavko moz0a, K020a 6 npuee-
OEHHBIT BbLULE 0003HAUEHUAT Oai 8CAK020 € > 0 U usmMepumo2o mHoxcecmsa A, cyuecmsyem
maxue n u muorncecmeo A',  p(ANA) <e, umo A =J A, i=1...r, u muorncecmeo A
UMEPUMO OMHOCUMEALHO HE3ABUCUMOZ0 JOnoarenus &, ;.

YcnoBue TEOpeMBI COCTOUT B TOM, YTO BCAKOE U3MEPUMOE MOAMHOXKECTBO B X C TOY-
HOCTBIO [0 M3MEHEHUs MaJON MEPHL U /IS TOCTATOYHO GOMBIIOTO N PACIALAETCA B 00BeIU-
HEHUE MHOXKECTB, KaXk J0€ U3 KOTOPHIX U3MEPUMO OTHOCUTEIHLHO MAKCUMATLHO BO3MOXKHOTO
HE3aBUCUMOTO JOTIOMHEHNS K OTPAHUICHUAM Pas3dueHus &,. 31eCh BakXHa MaKCUMATLHOCTD
OrpaHUYeHnN pa3buenun &,, 1A KOTOPBIX Takoe HonoaHenue cyimectsyer. OnHako, BEIGOD
DTUX HE3ABUCUMBIX NOMOJHEHWN €CTh MPEAMET NONOJHATEIBHBEIX PACCMOTPEHNN.

[ast puiapTpanuin GUHATHO U30MODP(MHBIX OEPHY/IMEBCKUM (HAIPUMED M/ [UaIu<de-
cKux) camu pasbueHus &, TOMOTHAEMEL, TIO3TOMY DTOT KPUTEPUU COCTOUT B IIPOBEPKE BO3-
MOYXKHOCTHY TTOCTPOEHUA CONTACOBAHHBIX HE3ABUCUMBIX TOTOMHEHUN 0OPA3YIOMINX OABUC TPO-
CTPaAHCTRA.

B 5TOM cMBICTE yCIOBHE TEOPEMBI UL CBOAUT CATYAIUIO K OTHOPOTHON (PDUILTPAIINY,
rIe OHO TABTOJOTMIHO.

Proof. [[ocTaTOYHOCTH yCJIOBUA PABHOCUILHA yTBEPKICHNUIO, YTO Pa30UeHNsa Ha IUINH DL
B [POCTpaHCTBE myTed rpada, (UIypPUPYIOMEro B ONPENeIeHIN CTAHIAPTHOCTHA MOIEN,
o0pa3yioT 0asuc curmMa-aare6pbl M3MEPUMBIX MHOXKeCTB. HeoOXOoAMMOCTL BBITEKAET U3
TOrO, 9TO 6A3UC U3 NUIVMHIPOB €CTh B TOYHOCTU 6A3NC HE3ABUCUMEBIX TOMOJHEHUU K YKa-
3aHHBIM (MAKCUMAIBLHBIM) OCPAHUYCHUAM Pa3OUEHUAM (DUILTPALIAN. |

YenoBue TeOpeMBI MOKA3BIBAET, YTO CTAHAAPTHOCTH (DUIBTPALNY €CTh CBOUCTBO B HEKO-
TOPOM CMBICTE PA3IOKUMOCTH €€ HA GEpHYIMEBCKIe KOMIIOHEHTHL. [[11 GUHUTHO GepHy.I-
JMEBCKUX (PUIBTPALUE 5TO B TOIHOCTH OEPHYUIMEBOCTD TO €CTh HE3ABUCUMOCTE. 1105TOMY
HOHATHE CTAHAAPTHOCTH €CTh OOOOIIEHNE NOHATAA HE3ABICUMOCTH.

B creayomem myHKTe MBI ¢(DOPMYIUPYEM KOHKDETHBIN KPUTEPUN CTaHIAPTHOCTH, KO-
TOPBII UCHOAB3YyeT W 0600IIAeT KPUTEPUH 111 (GUHUTHO GEpHYUIMEBCKUX (DUIbTDAIMN
npenntokeHHsn asropoM B 1970 r. ([5]).

W3 paccMOTpPEeHU yCJI0BUA TEOPEMBI CICAYET, ITO IPENATCTBAEM K CTAHLAD THOCTH MO-
XKeT OBITh HAIMINE CIENUATLHOU IPYIIIEL CAMMETPHI, COXPAHAIOMUX MEPY B IPOCTPAHCTBE
nyren rpada. Bor onun u3 npumepos.
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5.3 KoMOMHATOPHBIM KPUTEPHUU CTAHJAPTHOCTH

OO0ImI KpUTEpUn CTAHIAPTHOCTU, TPUBEICHHBIN BHIIIE, TPEOYET MPOBEPKU U3MEPUMOCTHI
MHOXECTB OTHOCATENBHO CUCTEMBI HE3ABUCUMBIX NOMOJHEHUU, HO HE MOKABBIBAET, KAK DTY
OCYIIECTBUTH TAKYyIO MPOBEPKY. B BTOM HyHKTE MBI HPUBOAUM OOIEE KOHCTPYKTUBHBIN,
dbakTuIecKku KOMOUHATOPHBIN CIOCOO TPOBEPKU CTAHJAPTHOCTH.

5.3.1 KoMOuMHATOPHBIM KPUTEPHUU B TEPMHUHAX PA36MEHUU WIM METPHUK

Mpr HaYHEM € KPUTEPUA CTAHIAPTHOCTU I (PUHUTHO OEPHYJIMEBCKUX (PUILTPAIINN; KAK
MBI yBUAUM, OOmumu caydan Oyaer ux ~cmecwio”. IIpuBoauMmbin Kpurepuil s (GUHATHO
OEPHYLINEBCKUX (PUILTPAIUA OTIMIAETCA OT KPUTEPUSA CTAHIAPHOCTU, MPEII0KEHHOTO
aBTopoMm B 1970 r. @1 OUAIUYIECKUX MOCIEIOBATEILHOCTEN TOJBKO 6OMee YHBEpCaJIbHOU
(GOpMyIUPOBKOU. 3aMeTUM, YTO B NPUBOAUMOUN (POPME HTOT KPUTEPUU BLINOIHEH U s
(pUIBTpAIU ¢ HEMPEPBIBHLIMK YCIOBHBLIME MEPAMHU.

ycte 7 = {,} — aokanbHO KoHewHAs QuibTpanusa npocrpancrsa Jebdera (X, u) ¢
HETPEPBIBHON Mepou, (PMHUTHO U30MOP(QHAA OEPHYJIUEBCKOU, T.€. TaKasd, ITO [ JHOOTO
n daxrop-pasbuenne &,/&,—1,n = 1/... n30MOPDHHO pazbueHno, BCe DIEMEHTH KOTOPOTro
KOHEYHEI, & YCIOBHBIE MEDBI OJUHAKOBLI C PCIPEIEJCHUEM — KOHEIHBIM BEPOATHOCTHBIM
sekropom p(™, n =1,2.... BO3MOZHO PA3HBIM /A PA3HBEIX 1. BeIyINEM 9acTHBIM CIydaeM
apserca guagmaeckmit: p™) = (1/2,1/2) mpu Beex n).

Oaement C pasdbuenusa &, Kak KOHEUHOE MHOKECTBO C YCIOBHOU BEPOATHOCTHOU MEPOU
UMEET B HAIIEM CIydae CTPYKTYPY MPAMOrO MPOU3BEICHUA KOHEIHBIX TPOCTPAHCTB C MEPOU
II})_,pr, HO HaM yZOOHEH MpeICTABIATH €r0 B OTHOPOIHOIO JepeBa PAHTra 7, C IPOJAKT
MEpOU Ha, JUCTHAX.

[Ipeamonoxum, uro na npocrpancTse (X, () 3aaHa HEKOTOPAs U3MEPUMas OTPAHUIEH-
Hasg QyHKIUA [ C BEIIECTBEHHBIMU 3HAMEHUAME WU 331aHA METPUKA WIA MOJTyMETPUKA p;
Toraa Ha npocrpancTse X /¢, MOxHO BBeCcTH paccToanue d}(.,.)(d] ), KOTopoe Ha1o Tpak-
TOBATH KaK paccToguue Mex 1y saementamu Cq, Cy pazbuenus &, , Kak IepEBbAMU ¢ MEPOU.
DTO BBOAUMOE PACCTOAHUE €CTh BAPUAHT MeTpukKu KaHTOpOBUYa, 11 BEPOATHOCTHRIX MEp
B METPUIECKOM MPOCTPAHCTBE, HO B HAIIEM CIy9dae — C JOMOJHATENLHBIM YCJAOBUEM.

A wmenHO, BBEIEM, TAK HA3LIBAEMBIE KAIUIMHTH 1, T.€ MEPHI HA MPAMOM MPOU3BEICHIN
npoctpancTs C) x Co ¢ 33 JaHHBIME MapruHATLHLIME Tpoekmuamu uC u p&? -ycroBHBIMT
Mepamu. [[OMOMHUTETHHOE YCIOBUE COCTOUT B TOM, UTO DTU KAIUIMHTHA €CTh HE MPOCTO
MEpHI, 8 MOJKHBLI ObITH €IIe KALIMHNAMHI IEPEBLEB, T.€. COCPEIOTOYCHHASA HA HEKOTOPOM
nepese, kak noaMEOXKecTBe B (1 X Ch, M IPOEKIUA KOTOPOro HA KaxXK Iy W3 KOODPIUHAT
ectb C1 n Cy Kak nepepbsa. Kammmarom nepeees aBIaeTca HAIpUMep rpapuk n3oMophu3Ma
OMHOrO NepeBa Ha APYTOe, COPAHAIOMUN Mepy.

Torga paccToaamIe d?(dﬁ)onpegenﬂe’rca no gopmy.e:

d}(Ch,Co) =mingew Y |f(2) = f)|¢(x,y),

zeCr;yels

(B caygae merpuk Hago 3amenuts |f(x) — f(y)| ma p(x,y))
Mepst 9(., .) HABBIBAIOTCA KANAUNLAMU UAU MPEHCIOPMHBLMY NAGHAMU, MHOKECTBO BCE
KammHros o6o3nanm Yo, o,

"Merpuka mm noxymerpuka d, u ecTb MeTpuka KaHTOPOBIYA HA MHOXECTBE BEPOATHOCTHBIX
Mep (moIy)MeTprIecKoro mpoOCTPAHCTBA Y, p); B HameM caydae B kadecTse p Ha Y = C1 UC, B3ATA

norymerpuka p(z,y) = |f(z) — f(y)|.
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Teopema 7. [as moz2o, umobvl sp2oduueckas Puibmpayus Gurummno uzomopduas oep-
HYyAsuesckol 6viaa O0vt cmandapmuoti, m.e. uzomopPna Oepnytiuescrot, HeodTOOUMO U
docmamouno 8biNOAHERUE CACOYOULE20 YCAOBUA:

AUO0

a)dan w060t uzmepumot Pywkyuu f na npocmpancmse (X, p);

AUO0

b) das awboti donycmumoti mempuru p(.,.) na npocmpancmee (X, p);
Aub60

¢) dasn w060t pazpesnoti noiymempuru, 10

8epro caedyrouee:

lim d?(Cl, CQ)d//{n d,u,gn =0
NI X en x X/ 6n

[lna manbHEenIero yIo0HO TaTh SKBUBATEHTHYO £-(POPMY YCJIOBUIO TEOPEMBI:
Ve > 0,3N,¥n > N :3D, C X/&, e, (Dy) >1—¢,

IIPU DTOM

sup d?(01,02) <e.
C1,C2€Dy,

Oco6eHHO PO3PAYHO BHINVIAAUT YCIOBUE TEOPEMBI [ AUATUIECKUX (PUILTPAIAA Pas-
PE3HBIX METPUK OTHOCUTEIHLHO Pa3OueHun Ha k MOIMHOXKECTB: B DTOM CJAydae CyIIeCTBEH-
HO€ VIPOIIEHUEe YCJAOBUA B TOM, UTO KAIUIMHIYA MOXKHO BHIOMPATH IPAPUKA U30MOPPU3IMOB
IEPEBbEB, T. €. Ha MHOXECTBE BepIIuH Kyba k>" MoxHO B3ATH METPUKY XOMMUHIA, &
3areM (BMECTO KAILIMHIOB 1)) B3ATb DACCTOAHUE MEXKIY OPOUTAMY JEUCTBUS IPYIIIBL ABTO-
MOpP(M3UMOB TBOWYHOTO AepeBa Ha >ToM Kybe. Muade roBops, kpumeput cmandapmmuocmu
c800UMCA K MOMY, 4WMO NPOCMPAHCNEO opbum deticmeus 2pynnvl asmomopPusmos depesa
na Kyoe K" cmseusaemea 6 cmvicae amoii MEMPUKY K 00HOMOUCUHOMY NPOCTPAHCMBY.
cMm [5, 13].

JokazareabCTBO KpUTEpusa A8 OQHOPOAHBIX (PUIBTPALUN T.€. LIt {7y}, -4IUIECKHX,
OYyKBAJIBHO COBIAJAET C NOKA3ATEILCTBOM A AUAIMIECKUX puibTpanui (r, = 2) u ObLIO
npexnoxeno B [11, 13]. Tloske OHO HEOTHOKPATHO MepeM3Iaranoch, Hampumep B [46, 57,
58] m gp. Cxema JOKa3aTerbCTBA MOJHOCTBIO COXPAHAETCA M AA (PUIBTPALNY, (PUHUTHO
OEPHYJLINEBCKUX, ¥ [IJIS1 HEIPEPLIBHBIX (pUIbTPAUU. (BCe YCJIOBHBIE MEPHL BCEX Pa3OUeHUn
&n/&n—1,n =1/ ... -HEOPEPHIBHEL).

MBI HOSICHUM JIMIIL TVIABHYIO UIEI0 NOKA3aTeIbCTBA, moapobHoctn cM B [13]. IIpexae
BCErO HEOOXOMMMOCTH YCJIOBUA CPA3y BHITEKAET W3 TOTO, UTO AIA OEPHYLIUEBCKOUN (DUIh-
TPAIMN IO ONPEIENeHNIO CYIIECTBYET MOCIeJ0BATENLHOCT HE3ABUCUMBIX Pa3oueHnit {1, }n,
obpazymomux 6a3uc IPOCTPAHCTBA, MI1 KOTOPHIX

[ee]
fn:\/nk,nzo,l....

Cl n
OTCIOa BBITEKAET, IYTO OIA BCEX KOHEYTHBIX pa36I/IeHI/II/I Vk:l Nk yCJI0BUE TeOpEMbI BBITE-
Ka€T M3 UX HE3aBUCUMOCTHU C COOTBETCTBYIOIIUMU pa36HeHHﬂMH fn C ,qpyr‘offl CTOPOHBI

Yre. p(z,y), paBuon 1 ecim ,y TeKAT B PA3HBIX DIEMEHTAX HEKOTOPOTO KOHEIHOTO Pa3GIeHMsI
npocrpanctsa (X, u), n pasaou 0, €C1IA B OJHOM W TOM K€ DICMEHTE
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COBOKYIHOCTH pa30uenuit {1, }, o6pasyeT 6a3UC U IOTOMY YCJIOBHUE BBINOJIHEHO [JIs JIOOLIX
KOHETHBIX Pa30OUeHnN.

[JoCTaTOIHOCTD YCAOBUA TOKA3BIBACTCA 6OIEE KPOMOTAMBO — HAJ0 JOKA3ATh, 9TO W3
YCJIOBHA TEOPEMBI CJAEIYET CYIIECTBOBAHUE MOCIECIOBATENLHOCTH HE3ABUCUMBIX Pa3OUeHun
{Nn}n, cBa3anHEBIX ¢ {£,} YKa3aHHBIM 06PA30M, U ABIAIOLIENC 0A3MCOM IPOCTPAHCTBA C Me-
pOM. DTO IETAETCA ONATH-TAKH IO UHIYKINU ¥ DIABHAS JJEMMA COCTOUT B TOM, ITO yCIOBHAE
TeopeMbl mepeHocnTesa Ha axrop-puabrpamyn Vk : {& 1k /& 102y, TODTOMY MOXKHO CTPO-
uThb 6asuc {n,}, NOCIeIOBATEILHO MEPEXOs K (PAKTOP-IIPOCTPAHCTBAM, U AMNPOKCUMUDY
HEKOTOPHIN, 3apaHee BEIOPAHHBLIN Gasuc. Brepswrie aTa cxema MpUMEHATACh B JOKA3ATETb-
CTBE TEOPEMBI O JaKyHAPHOM M30MOPQU3Me AUaINIeCKUX HOCAeI0BaTeIbHOCTeR [4].

Figure 8: HemsomopdusM CIOB OTHOCUTENLHO TPYIILI CHMMETPUAN JIepPEBa,

5.3.2 KomMmMeHTapum K KpUTEPHUIO

B dopMymmpoBke TpenbiayInen TepeMbl (GUTYPUPOBAIO TOHATUE MOMYCTUMOU METPUKU
(cum. [44]). HamomuuM, 9TO JOMyCTUMON METPUKOM HpocTpaHcTBe JleGera Ha3BIBACTC Me-
TpUKa, OMPEeIeTéHHAsA HA HEKOTOPOM MHOXKECTBE MOJHOU MEPhl KaK U3MEpPUMas (DYHKIUA
IBYX IMEPEMEHHBIX U TaKas, ITO CUrMa-aarebpa mopoxk AeHHAsS BCEMU IIAPAMU MOJOKUTEIb-
HOT'O PAANYCA B DTOU METPUKE MOPOXK JAET BCIO CUIMA-AIredpy U3MEPUMBIX MHOKECTB. CM.
[16]. Ecmu QyHKIMA IBYX HEPEMEHHBLIX yIOBIETBOPSET YCJIOBUAM Ha METPUKY (HEOTpHIA-
TEIBHOCTh, CAMMETPUIHOCTE, HEPABEHCTBO TPEYTOJIbHIKA) KAK YCIOBUAM mod) Ha KIacChl
METPUK, ¥ TTPUBEIEHHOMY YCJIOBUIO HA, CUTMA-AITe0py MapoB, TO B KAACCE TAKOUN (hyHKIINN
HalgeTca JOIMycTuMas MeTpuka (CM.[7]).

Teopema 8. Ilycmbv p npouzsoavras donycmumas Mempura wa npocmpancmee Jebeza ¢
nenpepvienoti mepoti. [Aas moeo, umobuvi ap2oduneckasn Guibmpayus Gurummo uzomopPuan
bepnyasuesckot Oviaa 6br cmandapmmot, m.e. uzomopPua 6epuysiuesckot, neobrodumo u
docmamouno sbinoanenue caedyueeo yeaosus: fAas awobozo € > 0 cywecmseyem makxoe
namypaavnoe N, umo das 4106020 n > N U HEKOMOPO20 MHOHCECTEG

Ap CX/&n,  pe,(An) >1—¢

paccmosanue Kanmoposuua mencoy ycioswvimu Mepamy wa npouzsosbrbit ssemenmarz Cy, Co
A, pazbuenuas &, 8 (X, p), Kax mempuueckom npocmpancmae, we npesocrodum €. Buinoa-
HEHUE UAU HEBBINOAHEHUE IMO20 YCAOBUA He 3A6UCUM 0M 8bIOOPA MEMPUKL P.

3aMeTuM, IYTO €CJaU B KAYeCTBE METPUKY B YCJIOBUU IMOCAEIHEN TEOPEMEI B3AThH PAa3pe3-
)

HYIO IOJYMETPUKY, COOTBETCTBYIOIIYIO Pa30UEHUI0 TO MBI HOJIYyIUM YCJIOBHE TEOPEMBI I

DYHKIINU ¢ KOHEUHBIM YUCIOM 3HAUEHUHU. [l0DTOMY 3aKTIOYEHUE TEOPEMBI I Pa3Pe3HbIX
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MOJYMETPUK caeqyer u3 3akiaodeHus nui ¢pyakuuu. C Ipyrou cTOPOHBI, J0OAs METPUKA
€CTh TIPEIET CYMM PA3PE3HBIX METPUK, TO3TOMY U3 3aKIIOUCHUA TEOPEMbI 1711 (PYHKIIUN CJIe-
OYeT 3aKTI0YUeHUe I MJIOTHOTO CeMEMCTBA MOMyMeTpuK. HakoHel, HeTPYIHO TPOBEPUTh,
4TO COMUKEHUE DIEMEHTOB Pa3OUeHNsa ¢ YCJIOBHBIMEU MEDAMU IO BBEICHHOU METPUKE OCTa-
eTCA CIOpaBeIIUBEIM IPH IpPeJelbHOM IMepexoje IO MeTpHKaM Ha mpocTpancTse.'! OTwme-
TUM TIOIIY THO, 9TO UAEs BAPBUPOBAHUA METPUK U JOMYCTUMOU METPUKU MPU (PUKCUPOBAHOU
Mepe B MPOCTPAHCTBE ObLTA BHICKA3aHa aBTOPOM B 80-X I'r. M HEOTHOKPATHO MCIOJb30BA-
JIach, HATIPUMED, DY ONpPEIeNeHrn MacITabuPOBAHHON SHTpONnH, cM.[44, 23]

3aKII0YeHNe TeOPEMbI MOXKHO DKBUBAJIEHTHBIM 00pa3oM (hOPMyIUPOBATH U KAK CTPEM-
JIEHUE PACCTOSHUN K HYJIO IO MEPe U T.II.

5.4 Kpurepun cTaHIZAPTHOCTHU AJA IIPOU3BOJLHON (PUIbTPALUN.

Kax Hag0 M3MEHUTH yCIOBME TEOPEMBI, ITOOBI MOMYYATH KPUTEPUN CTAHIAPTHOCTH A
TIPOM3BONBLHON JOKATHLHO KOHEUHON (puibTparuu?! PakTudecku, yCIoBue Iid OOMNN CIydan
CBOIUTCS K CMECH YCJAOBUM HA KAXKIYIO (PUHUTHO GEPHYLINEBCKYH) KOMIIOHEHTY (DUILTpa-
AT,

Ham momazgbsarcs koHedHEle pasbueHus 6, Ha npoctpancTBax (X/&,, e, ), BBEIeHHbBIE
[IpY ONpeAeNeHry MUHUMAIbHOCTH. HanoMmuuM, 9T0 aBa saementa pasbuenus &, — (C, C2)
MeXKAT B OJHOM DIeMeHTe pa3buenns d,, ecTu KonewHas dpurbTpammsa {&y )7, WHIyIEpyeT
Ha saementax (C, Co m30MOpdHBE KOHEUHBIE (DUIBTPAINA, UK SKBUBAICHTHBIM 06pa30M,
oru saemenTH (C, Cy) KaK IepeBbsa C YCJIOBHOU MEPOU — u30MOPQHBL. BaxkHO, 9TO pa3tu-
eHme d, ONPeneaseTCAa TOIbKO YCIOBHBIME MepaMu. [[1a 0MHOPOMHLIX (GUILTPAIINT — HTO
TpuBHaIbLHOE pa3bueHue npocrpancTsa X /&, a 411 MEHUMAIBHLIX IPadOB 3TO pasbueHue
HA OTAETbHLIE TOYKM HA KAXKIOM DTAXKE.

Torga KpuTepui ¢ UCTIOML30BAHNEM £-(DOPMYIMPOBKN BLITVIAIAT TAK:

Teopema 9. ITyemv T = {£,}22 o Npouzsoavbras 9p200UUECKas A0KAALKO KOKEUNAS Puib-
mpayus 6 npocmpancmee Jlebeza (X, ¢ nenpepvienoti mepoi. [Jas mozo, wmobvl ona
oviaa uzomopPra cmandapmuot Gusvmpayus HeobLodumo u docmamouno, wmobvl

Ve >0 4N, Vn>N,

pazbuenue gaxmop-npocmpancmea X /&, na munvt ssemenmos pazbuenus &, , u30MopPHHLLT
medncdy coboti no omuowenuo K npedvidywemy dpazmenmy Guibmpauus:

kn
X/eo=J AT (A7} =6,
=1

1=

obaadano ceoticmeom:
dD,D C X/&n;pe, (D) > 1 —¢,

°*Umo
supc, c,earnndy(C1,C) <&,

Hnave 2060pa, sHympu kaxicdozo ssemenma pa30uenus & PacCmoARUL MeHcOy O00AbUUN-
CMBOM IACMHMOE Pa3buUeHUA &, 6 cmbicae mempury dy uaw d, =manro.

"Bomxee Touno, merpukxa KaHTOpoBMIa Ha MTPOCTPAHCTBE BEPOATHOCTHEIX MEp JAHHOTO GOpeIeB-
CKOr0 HPOCTPAHCTBA HEIPEPBIBHA OTHOCUTEIBHO CIAG0U TOMOIOTWA B IPOCTPAHCTBE NOILYCTUMBIX
mverpuk (kak GyHKImu nByX mepemeHHbIx) OTCIOAA XK€ BBITEKAET HE3ABACUMOCTH 3aKIIOUCHUT Te-
OpeMBI OT BBIOOPA METPUK.
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W3 »Ton GopMyJupOBKE MOJKHO OLITHL SACHO, B KAKOM CMBICJAE CTAHIAPTHOCTL €CThb
0000IIIeHIEe HE3ABUCUMOCTH.

Co6CTBEHHO, OTINYME OT TEOPEMBI MPEALIAYIIErO NYHKTA (T.€. TEOPEMBI 1A (PUHUTHO
OGEPHYLINEBCKOrO CIY9as) TOABKO B TOM, UTO IIONAPHBIE DACCTOAHUSA JOJKHBL OBITH MAJbL
TOJBKO /151 GOMBIIMHCTBA Tap M30MOP(MHBIX 3JIEMEHTOB, a He 11 Bcex. OrTcoona ACHO, ITO
I TOKa3aTeJIbCTBO JOCTATOYHOCTHU —— ]."JI&BHOf;I TaCTU YTBEPXKICHUA TE€OPEMbl, — HHUYIEM HE
oTnuyaaeTcsa ot mpeasiayinero. OmIHAKO, TPOBEPKA YCIOBUS, KOHEYHO, HE TPOCTA.

I/IMeeT CMBICJT BEITC/IUTH H€O6XO,I[I/IMOCTI) KpuUTepusi:

IIpemnoxenne 5. 1. Quavmpayun, yo08ACMBOPAOWLE KPUMEPUI 00PA3YIOM UHEAPU-
awmmbll Kaacc, m.e. Guabmpayus u3omopPnas Guibmpayuu, yoossemsparowet Kpumepuio
cmandapmuocmu, maxxice emy yoo8aemseoPAIOmM.

2. Munumasbrnas Gusvmpayus yoosaemeopiem Kpumepuo cmarnoapmmocmu.

Proof. TlepBblll MyHKT IPAMO BEITEKAET U3 (POMYIUPOBKEA KpuTepus. [[0Ka3aTeasCTBO BTO-
pOro myHKTa pa3buBaeTcCsa Ha ABa Caydasd. B mepBoM (09eBHIHOM) CIydae IOIYyCTHM, 9TO
MUHAMAIBHBEIT MyJIbTUTPA] ABIAETCA IPadoM, T.e. HE COAEePKUAT KpaTHLX pedep. Torma,
pa3bueHne Ha TUMHI DJAEMEHTOR pa3bueHun &, B YCIOBUU TEOPEMEI COBMALAET C Pa3OueHueM
Ha [UJINHIPUYIECKUE MHOXKECTRA, U CUTMa-aareopa, OPOXK IeHHAA BCEMU [OTIOMHEHUAMU CO-
BIIAJAET C TOJHOU CUIMa-airebpou. Bo BTOpoM ciydae pasOMeHume HA THUTHI CBOAUTCA K
OEepHY/IMEBCKIM KOMIIOHEHTAM, /IS KOTOPBIX HOCTATOYHOCTH KPUTEPHUA MPOBEPEHa.
Bropon nyskT ecTh (paKTUIECKH TABTOJOIUsA, U3-38 TPUBUAILHOCTHU PA3OMEeHun § I/
MUHUMATLHBIX IPadOB. O

Kpureput cras1ap THOCTH IPEACTABAAET UHTEPEC B CIydae rpad)OB CyIIECTBHHO OTINY-
HBIX OT MUHUMAIBHBIX. [[JI1 KAHOHUYECKUX OCHAIIECHUU T.€. MEHTPATLHBIX Mep KPUTEPUN
MOXKeT OBITH HECKOJIBKO YIPOIIEH M B TAKOM BUAE OH (hOPMYJIUPOBAICA B HAINMUX MPEKHUX
paboTax, HO [/ HE TOJYOTHOPOAHBIX (DUILTPAIUU YIPOIIEHHAA (GOPMYINPOBKA HE DKBU-
BaJleTHA OOMIer, KOTOpas MaH BEINIE, I TEPMUH ~CTaHIAPTHOCTL' YIOTPEOJETCA MMEHHO
B DTOM CMBICIE. K DTOMY BOIPOCY MBI BEPHEMCs B CBA3U C TAK HA3LIBAEMOU BHYTDEHHEN
merpukon (cm.[23, 21, 20, 22] u naparpad 7).

5.5 Kpurepum cTaHZAapTHOCTH B Map TUHTaJIbLHON opMe U IpoMe-
XKYTOYHBIE YCJIOBHA.

EcrecTBerHO CpOCHTH, KaK MO JAHHOMY MAaPKOBCKOMY WM aKe MPOU3BOJILHOMY OIHO-
CTOPOHHEMY CIy9IalHOMY TPOIECCY ONPEIeINTh, ABIAETCA A €r0 XBOCTOBAA (PUILTPAIINAA
cTaHIapTHOU. BOmpoc B TOM, KaK KPpUTEPWH CTAHIAPTHOCTH ChOPMYIUPOBATH B TEPMUHAX
mpoImecca.

OTeer HA H>TOT BOIPOC, KAK W HA APYTHUE BOMPOCHI O TPAKTOBKE OCTAOMEHUA YCIOBAN
HE3aBUCUMOCTHU B TEOPUH CAYYIANHBIX MPOIECCOB, B HAMOOIEE €CTECTBEHHOU (POPME BBITVIA-
IWT, KAK yCHTEHNE TEOPeM O CXOIMMOCTH MapTUHTaaoB. Krnaccmaeckas Teopema B HyXKHOU
HaM (pOpMe IJI CLYIANHOrO HPOLecca { Ty <o BHIIVIIIAT TaK:

Ecan xeocToBas ¢puabTpanus nporecca (T.e. mepecevenne curmMa-aareGp IPonLoro —
rpusnaibHa: (|, A, =N,

TO I JI0OOT0 BEMIECTBEHHOIO (PYHKIUOHAIA OT k KOOPAMHAT 3TOrO IPOLECCa TIPeaet
€ro YCJIOBHBIX PACIPEIETICHAN IIPU YCI0BUY pukcarmuu npowioro (ot —n < k):

lim P(F(zg,2_1,...2_) > tlx_p_1,...) = P(F(zo,2_1,...2_1) > 1),t €R
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MOYTHU BCIOAY CTPEMUTCA K OE3YCIOBHOMY PACIPENEICHUIO dTOr0 (DYHKIMOHAIA; UHAYE [O-
BOps, YCJAOBHBIE MepHI HA k KOOPAMHATAX MPOIECCA MPU CTPMJICHUU MOMEHTA, YCJIOBUA K
OECKOHEUHOCTH, CJIa00 CXOMATCA MOYTH BCIOAY (MIU MO Mepe) K COOTBETCTBYIOIIUAM 0e3-
YCJIOBHBIM MepaM. 3[eCh CYIIECTBEHHO, 9TO k - (PUKCUpPOBAHO, a N — o0. Heawssa jm
paspemuTh cTpeMieHue K 6eckonedHocTu k BMecte ¢ n? BykBaabHO 5TO HE UMEET CMBI-
CJIa, TOCKOJBKY MPeIen YCIOBHBIX MEp C PACTYIIUM k HEe OIpenenéH, HO MOXKHO TOBOPUTD
0 0 COAUNCEHUU YCAOBHBIT MEP NPU cmpemaenuy n — oo. [Isg DTOro HALO OMPENeTuTh Ty
WIN UHYI0 METPUKY B IPOCTPAHCTBE YCIOBHLIX MEp MPU TJAHHOM k U TpeOOBATH, HATIPUMED,
CXOIMMOCTE K HYJIO MATEeMATUIECKOrO OXUIAHUA PACCTOSHUN MEXKAY YCIOBHBIM MEpPaMu
[IPU PABHBIX YCIOBUAX. P0oJb BEIGOPA METPUKH 316€Ch MPUHIUINAIBHA, U KIACCHL TPOLIECCOB,
KOTOPBIE YIOBIETBOPSAIOT 10 J0OHBIM TPEOOBAHUAM CYIIECTBEHHO 3aBUCAT OT DTOI'0 BHIOODA.
Ho 6e3ycioBHO, BEIMOMHEHNE TPEOOBAHUN 3TOTO TUMA CBUACTEILCTBYIOT O TOM I WHOM
CXOJCTBE MPOIIeCcca C MOCAeI0BATEILHOCTHIO HE3ABUCUMBIX.

IMoBTOPUM OmpemeneHne METPUKU HA MPOCTPAHCTBE YCIOBHBIX MEp, T.e. HA MPOCTPAH-
CTBE [IEePEBLEB C MEPOU, KOTOPOe MO3BOAUT CHOPMYINPOBATL ~MapTUHIAJLHOE OIpenee-
HUE CTAHJAPTHBIX CJAYIalHBIX MOLUECCOB.

Teopema 10. (Mapmuneasvuvrii kpumepuii cmandapmuocmu) Pacemompum npoussonn-
noitli (ne obazamenvho maprosckui) cayuwatnei npoyece {x,},n < 0 co 3nauenuamu u3
[0,1] (usau 6 npouzsoavrom Gopesescrom npocmpancmee). Paccmompum e2o x60cmosyio
duavmpayuro A,,n = 0,1,..., 2de cuema-aseebpa A, nopoxcdena CAYLAEHLIMY BEAUYU-
wamu T, k < —n,n = 0,1.... IIpednosoxcum, umo Puibmpayus 3p2o0usna, m.e. 6biNOA-
new 3axon 0-1 daa nepecewenus: (), oA, = MN.

Bosvmem aubo

NPoOU380ALHYIO Yusurdpuueckylo Pynkyuto f wa npocmparncmee mpaekmopui npoyecca

AUO0 MPOUZBOALHYIO MEMPUKY P HA NPOCMPAHCNEE MPLEKMOPUT NPOYECCa

Sagurcupyem dee mpaexmopuu Ci,Cy npouecca om —oo do momewma —n ¢ u3omopgh-
HoiMu yeaoenvtmu mepamu 1Ct, uC? na Koneunviz ompesxar npoyecca (o, r_1,r—2...x_,|Cy)
U

(zo,x_1,2—2...2_,|Cs), (m.e. dee mouru paxmop-npocmpancmaa X/, , aexncauue 6
00HOM daemenme pazbuenus O, - cm.kpumepul, cmandapmuocmu,);

paccmompum depesva mpaekmoputi, omseuaouue dsemenmanm Cr1 u Cy ¢ ycro8mbimu
MEPAMU MG AUCTNBAT; M0200 CMAHIGPMHOCTL GUABMPAUUY PAEHOCUALHA YCAOBUIO

lim / / dp(p", ) dpe, dpe,, = 0
TOSX ) En S X /bn

(emecmo dy 6 cayuae mempury nado 63amo d,)

dan 6cex usmepumuiz Pynwkyut f na npocmpancmee mpaexmoputd npoyecca (docma-
MOUKO MOALKO 044 YUAUHIPUUECKUT C KOHEUHBIM UUCAOM SHAUKUL), COOMBEMCMBERHKO AR
scex donycmumuiz mempuk (Paxmuuecku, docmamouno moavko 044 00not MEMPUKY,).

IIpusenerHas (pOPMYIPOBKA €CTh GYKBATLHBIN MEPECKas3 KPUTEPHU CTAHIAPTHOCTH, HO
OH TIPUBOIWUT K BAXKHOMY BEIBOIY: Mexcdy 00biunoti meopemoti 0 cxodumocmu mMapmunaa-
106, cnpasedausoti daa 6cex npoyeccos, onpedeasouur sp2oduueckyio Guibmpayuto (m.e.
PERYAAPHBIT NPOUECCOB)C 00ROTE CTNOPOHbL, U KPUMEPUEM, KOMOPbLT UMEEM MHOZ0 MEHLULYIO
obaacmyb cnpasedausocmu, ¢ Opy2oti — ecmecmeenno 603NRUKAEM CNEKMP NPOMENCYMOoU-
no1x yeaosuti wa npoyecc. OHM ONPEIETAIOTCA COOTHOIECHTEM Mexk Iy 7 < 0, — MOMEHTOM,
(PUKCHPYIOMAM YCJIOBUE B TPOMLIOM, # k(n) > n — MOMEHTOM, IO KOTOPOT'O MbI CPABHU-
BaeM YCIOBHBIE MepHI Ha nepeBbax paura |k(n)|. Ecmm k(n) me 3aBucur oT n u n — oo
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5TO OOBIYHAsA TeOpeMa O MAapPTUHIAIAX, a, ecau k(n) = m - TO 5TO KPUTEPUN CTAHIAPT-
moctu. [lopTOMY CTAHIAPTHOCTH €CTh MAKCUMAJIBLHO BO3MOXKHOE ycuiaeHue 3akoHa 0 — 1.
O mpoOMexXyTOYHBIX CJAYYaAX, KOTOPbIE MOXKHO HA3BAaThH ~ BhICIMMU 3axoHamu 0 — 17 aB-
TOpPY HUYErO HEM3BECTHO, HO, MOXKHO MPEAIOIOKUTh, 9TO MPOLUECCHI, 1 KOTOPBIX yCJIOBUA
BBLIIIOJHAIOTCA I PAIAIHBIX IPOMEXKYTOIHBIX POCTOB HOCAEI0BATEIbHOCTY k(n) orianda-
IOTCs MEXKY COOOU 110 CBOUM CBOUCTBAM.

HawnbGomnee mHTEPECHYO IaCTh TEOPUU COCTABIACT U3ydeHne (pUIbTpanun GUHUTHO Gep-
HYLTMEBCKUX, HO HE M30MOP(MHLIX GepHY/LIHEBCKUM. Hapyienue Kpurepus CTaHIapTHOCTH
U3MEPAETCA PA3IUIHBIMA MHBAPUAHTAMU-DHTPONUEN GUIbLTpamui (CM. Aajtee), MKAJIOU U
ap. Mul Bepremcs B caenyiomeM maparpadge K 3TOMy BOIPOCY .

IIpocrenmmy npuMep HEOTHOPOAHOU (PUHUTHO U30MOPGHON OEPHYLIMEBCKOU HECTaH-
napHOU (pUIBLTPAINA: MAPKOBCKAA IEMb C ABYMs COCTOAHUAMUI U MATPUIEH TIEPEX0I0B

q p)’
ragep #q,p+q=1,p,q > 0 (cm [23]; gua nwmmsapuygecoro muoxkecrea {x = {x,} : £ = 0}
KPUTEPUI CTAHZAPTHOCTU HE BBIIOMHEH. OTa (UILTPALUS eCTh ABYINCTHOE HAKPHITHE

OEPHYLINEBCKON (PUILTPALAY C BEPOATHOCTAMHA (P, q).
Haob6opoT, mapkosckas ment Pubonaq«an, He ABIAIOMIAAC JOKATLHO OEPHYLTNEBCKON

A2\
1 0
AM+a=1

3aJaeT CTAHZAPTHYIO XBOCTOBYIO HEOTHOPOAHYIO (GUILTPAINI0, TaK KakK pa30OueHus
On,n = 1.... ecTb Pa3bUEHUs HA TOUYKM KaXKIOTO dTaxke rpada.

5.6 IIpocTpancTBa (pUIbTpalNi, MAPKOBCKAX KOMIIAKTOB, U T'pa-
OYUPOBAHHBIX MYJIbTUI'PAd OB

Teopema 0 MapKOBOCTH (DUIBLTPAIIUAN TO3BOISAET MPUHATHL B KAYECTBE MPOCTPAHCTBA, BCEX
JOKATBHO KOHEYHBIX (GUIBTPALUU B MPOCTpaHcTBe JleGera— MpOCTPAHCTBO OCHAIECHHBIX
I'PaLyUPOBAHHBIX MYJIbTUIDA(OB WIX, ITO TO XK€ caMoe, MAPKOBCKUX KOMIIAKTOB C Map-
KOBCKUMU Mepamu. WMHate roBops, OmpeneInM IPOCTPAHCTBA CASIYIONINM 00pa3oM

Omnpepenenne 8. [IpocTpaHCTBO TOKAIBHO KOHEIHBIX (PUIbTPALUN TpocTpancTse Jlebera
C HETMPEpPLIBHOW MEPOU OTOXKIECTBIACTCA C MPOCTPAHCTBO OCHAIIEHHBIX T'PATYUPOBAHHBIX
MyJbTUrpadgoB (COOTB. MPOCTPAHCTBO MAPKOBCKUX MEMEN € KOMEPEXOMHBIMU BEPOATHO-
cTAMEU) 1 PUKCAPOBAHHOU HEMPEPLIBHOU MEpPOU, COMTACOBAHHOW C OCHAMICHUEM (COOTB. C
KOIIEPEXOAMH).

IIpu »ToM cooTBeTCTBUM (PUILTPAIMA OTOXKIECTBAACTCA C XBOCTOBOU (PUILTPAIACH
IPOCTPAHCTBA IyTed MyJbTUrpada (COOTB. € IPOCTPAHCTBOM TPACKTOPUU MapPKOBCKOU
uenu). [oxuepkuem, 9To B coruamenun 06 OTOXK JECTBICHUN COBOKYITHOCTH (MUIBTPALUN B
IPOCTPAHCTBAX C MEPOU U COBOKYITHOCTBIO IPATyUPOBAHBIX OCHAIIEHHEIX MYy JIbTTPADOB Cy-
[IECTBEHHYIO POJIb UCPAET MEpa HA IIPOCTPAHCTBE IyTeN, COTJIACOBAHHAI C OCHAIIECHIEM —
caM OCHAIIECHHBIN Ipad He OMpeIenseT, HATPUMP SPOIUIHOCTEL (GUILTPALINNA — €€ HAJNIUE
W OTCYTCTBUE ONPELIATCA MEPOU.

[na ompenenéHnOCTH, OyI€T TOBOPUTHL O MyJIbTrpadax, MepecKas yTBEPKICHUN /11
MAPKOBCKHUX IEMEe HIIEro HOBOIO HE BHOCHT.
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3agaTh MyabTUrpad ¢ OCHAIIEHUEM MOXKHO, KAK MbI BUIEIN C IOMOIIBIO MOCIEI0BATE b
HOCTU KOHEYHBIX MATPHUII, HEHYJEBHIE DIEMEHTH KOTOPBIX eCTh BEPOSATHOCTU KOIEPEXOI0B
cMexHBIX BepimuH. Kaxk nas Takas mocaeqoBaTelbHOCTE 3a0aeT TPAIyAPOBAHHBIN MYTHTHU-
rpad ¢ ocramenueM ['. IIpocrpancrsa myren o6osuaqum 1'(T"). Kpome Toro, mis gannoro
myabTurpadga [N BBegém cummiexc Y BceX BEPOATHOCTHBIX MEpP HA MPOCTPAHCTBE MyTen
T'(T'), cormacoBaHHBIX C OCHALEHUEM.

Oboznauum wepez § npocmpancmeo ecex nap (L, Xr) ede T' npobeecaem mmosxrcecmso
8CET OECKOHEUNBIT, 2Pa0YUPOBAHHBIT A0KAADHO KOHEUHBIT MYAbMUPAPO6 ¢ OCHAUEeHUEM,
Y — coomeemcmeyouue CUMNAEKChl mep. DTO IPOCTPAHCTBO MOXKHO PACCMATPUBATE EIIIe
U, KaK IPOCTPAHCTBO BCEX JOKAIBHO KOHEYHBIX (DIIBTPAINU HEOPEPBIBHOIO MPOCTPAHCTBA
Jlebera, m OQHOBPEMEHHO KaK MPOCTPAHCTBO BCEX JOKAJBHO-KOHEYIHBIX MAPKOBCKUX KOM-
MaKTOB C MapKoBckomMmu Mepamu. CHaGIUM >TO TPOCTPAHCTBO CIAOOU TOMOJOTHUEH, T.e.
TOMOJOTMEN OOPATHOTO CIIEKTPA.

B sTOM mpocTpaHCTBE MOXKHO PaCCMATPUBATH BAXKHBIE TOAMTPOCTPAHCTBA:

0.ITodnpocmpancmaa ap2oduneckus mysbmuepados, T.e. TAKUX, NI KOTOPBIX CyIIe-
CTBYeT XOTs OBl OHA HENPEPBIBHAA dPrOAMIECKas Mepa Ha TPOCTPAHCTBE Iy Ten, COMIaco-
BAHHAs C OCHAIIEHWEM. B »TOT KJIAcCC HE BXOIAT, HAIPUMED, AEPEBbs U IPYTUE PA3JIOKU-
Mble MyabTUrpadel. [asa HyK I Teopun (PpUILTPAIUA U 3PTOIUIeCKON TEOPUU DTOT KIACC
maubosee uarpeced. KoMOuHaTOpHAS CTPYKTYpPA TAKUX MYILTUCPAPOB TOIKHA OBITH OMHU-
caHa MOMHOCTHI0. PAKTUIECKN PEYb UAET IUIEPKOHEYHBIX OTHOLIEHUAX SKBUBAJIEHTHOCTH
CTAHIAPTHOIO GOPEJEBCKOrO IPOCTPAHCTBA (IPOCTPAHCTBA My Tel) ¢ PUKCUPOBAHHBIM KO-
nukiaoM mep (cp.[53][?]).

1.ITodnpocmpancmea myavbmuzpados ¢ KGHOHUYECKUMY OCHAULEHUAMU; XBOCTOBASA (DILIE-
TPaIUA B 3TOM CJAydae SABIAETCA OJHOPOTHOU, T.€. YCIOBHLIE MEPHI HA DJIEMEHTAX &p,n =
1,..., — paBHOMEpHBI. ['eOMETPUA MTPOEKTUBHOTO TPEAETA CUMILIEKCOB U MPEIEIbHLIN CUM-
IUIEKC HEHTPATBHBIX Mep §( BECbMa CHEeNUAIbHA, — B [UATUIECKOM CIy4dae 3TO CUMILIEKC
HeyNOPsJOYEeHHBIX IaD, WK TAK HasbiBaeMas ~Oautasa 1ondHbix Mep.” (e puc.). Ha s3pixe
MApPKOBCKUX Lener (B CTAIMOHAPHOM CIydae) — HEeHTPAJbHBIE MEPHI DTO MEPHL ¢ MAKCH-
MaJabHOU dHTponuern. KaHOHWYeCKoe OCHAIEHUE 3a0aeTCA CAMOU CTPYKTYpou rpada, mo-
DTOMY DTO MPOCTPAHCTBO OCOOEHHO MHTEPECHO.

2.IIpocTpancrBa CTAMOHAPHEIX (PUILTPAIUA §st, T.e. (PUILTPAIUN, THBAPUAHTHBIX
OTHOCTEJBHO CABUrA T.€. Omepanuu (PAKTOPU3ALUA IO IEPBOMY Pa3OUeHUIO

T={&tnco R G /Gnl =T

WK, DKBUBAJCHTHO, MPOCTPAHCTBA CTAIMOHAPHBEIX MYJbTUrPAdOB, T.€. MYJILTUTPAPOB C
MTOCTOAHHBLIMYA MATPUIAMU KOTEPEXOAOB. C NOTMOJHUTENBLHOW CUMMETPUEen u T.n., Anaaus
DTOr0 MPOCTPAHCTBA OCOOEHHO BAXKEH [ 3PI'OAIEeCKON Teopuu (0QHOrO aBTOMOP(hU3MA).

3. Kpowme Toro, Bo BCex CiIydasx, MOXKHO OTKA3AThCA OT PACCMOTPEHUS Mep Ha IPO-
CTPAHCTBE MyTeu, U IIePEUTH K OOPEIeBCKOU Teopun rpadoB u GUIbTPAINNA. JTO O3HATAET,
YTO MBI U3Y9Ia€M TOJBKO TPOCTPAHCTBO G, He (UKCHUPYS BTOPYIO KOMIIOHEHTY B Tapax
(T',Xr), T.e. cuMmmIekca Mep Xr), U paccMarpuBas aumb konepexonsl. (Cm. maparpad o
MPEKTUBHBIX MPEIETax.)

Bouee npunmunuanbHbeIM ABISETCA AHAIN3 TPOCTPAHCTBA § C TOYKU 3PEHUA TIPOOIEMBI
GuUHUTHOrO M 0OIIero m3oMopp3uMoB. Boigemum B mpocTpaHcTBe § (PUILTpAIAM, COOT-
BETCTBYIOIIME MUHAMAIBLHBIM MyJbTUrpadaM (MUHAMAIBLHBEIM MAPKOBCKUM LEIsAM) C OCHA-
[IEHNEM W MEepPOU Ha myTaxX. Ha OCHOBAHWU MPEALIIYIIErO aHAIN3a 3TO TOATPOCTPAHCTBO
MPOCTPAHCTBA, § COCTOAIIEE U3 MUHUMAILHBIX JOKATHLHO KOHEUHBLIX (puabTparun. O603HA-
quM ero §°' M Ha OCHOBAHHM TeOpeMBl IpeIyIIero maparpada 3TO eCTb Npocmpancmeo
NOANBIY UHBAPUAHMO8 Puspbmpayut ¢ mounocmbio do Gunummnozo uzomoppusma: a0bbie
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dee pazauumnvle cmandapmubie GUALMPAYUY He ABAAMCA GUHUMHO USOMOPPHBIMY U A1000A
Puabmpayua Gurnummuo uzomopPua cmandapmmuot.
W3 mammx ompeaeneHnil HemoCPeICTBEHHO CACIYET YTBEPK JCHU:

Ipepnoxenne 6. 1.IIpocmpancmeo 8cexr 2padyuposanubly 0CHAUEHHBIY MYAbMUZPaPOos
(cooms. npocmMpPancmeo 6cer MAPKOSCKUT KOMNAKMOE € KONEPET0IaMU) PACCAOEHO Ha)
NPOCMPARCTNGOM MUHUMAADHBIL 2Pado6 ¢ 0CHAWEHUEM (HAD NPOCTPAHCTGOM MUKUMAADHHLT
MAPKOBCKUT KomMnaxmos ¢ xKoneperodamu). Tem camvim, npocmparcmao écer Guabmpayui
PACCAOEHO HAOD NPOCMPAHCMEOM MUHUMAALHLIE Husbmpayut [Ipocmpancmseo MuHULMaAbHBLY
epaos ¢ ocnawenuem 6crody NAOMHO 6 npocmpancmee Guabmpayut. 12

2. Muoxcecmeo cmandapmubix speoduueckus Guibmpayut 6clody naomuo 8 npocmpah-
cmee écexr Puabmpauyui.

ITo cymecTBY mpOCTPAHCTBO BCEX MUHUMAJIBHBIX MYJIbTUIPAQOB (MAPKOBCKUX ILIEIIEH )
— BTO MPOCTPAHCTBO BCEX JOKAMLHO KOHEUHBIX TUMOB (PUILTPALAN.

IMosTOoMy B TPOTUBOMOIOKHOCTE TPOGIeMe (DUHUTHOTO U30MOPGU3Ma, TPOOIEMa, 30~
MOp(pU3Ma JTOKATHHO KOHEUHBLIX (PUILTPAIMN ABIACTCA TUKOU: (PAKTOPUIUIMA TPOCTPAH-
cTBa § MO KIACCAM U30MOP(HBIX (DUILTPALUN HE TPUBOAUT K MPOCTPAHCTBY C cenapadessb-
HOI) GOPENEBCKON CTPYKTypou. Bosee Toro, sTo yTBepkKAEHUE OCTAETCA BEPHBIM AAXKe,
€CJIM MBI TIOCTABUM 33,1849y 00 U30MOPM3UME dPrOAMICCKUX TUATNICCKUX (DUILTPAIINN, T.€.
mpo6IEeMBL U30MOPGU3Ma B OTHOM (Ha CAMOM €T MPOM3BOJILHOM HETPUBUAILHOM) KIACCE
duruTHOrO M3OMOpdU3Ma. Curyanus aHAIOTUYHA MHOTUM MpoOseMam u3oMopd3umMa B
aarebpe U aHaau3e, HaIpuUMep, Ipob/aeMe U30MOpP(PU3Ma AeUCTBUN OECKOHEYHLIX IPYIII C
UHBAPUAHTHON MEpPOU, WX MPOOJIeMe KIACCU(DUKAIUN HENPUBOTUMBIX YHUTAPHBIX MPE.-
CTaBIeHNN OECKOHEIHOU CUMMETPYECKON I'PYMIbI, X T.4. TakKOW BONPOC BO3HUKAET B Te-
OpUM TUHAMUYECUX CUCTEM, TEOPUM MPEICTABICHUN, aCUMITOTUIECKON KOMOUHATOPUKE U
op. [ukocTh KIaccupuKaAIMOHHON 3308491 CIEAYET U3 TOT0, YTO KIACCU(PUKAIINA BKIIOIAET
TUIMOBYIO IUKYIO 3a4a4y, K 9€My MBI BEDHEMCS B APYT'OM MECTe.

[anee MBI IpepIaraeM ¢ OJHOU CTOPOHBI PACCMATPUBATH MPOOIEMY U30MOPDUIMA I
HEKOTOPOBIX KJIACCOB (PUIBTPAIUN, OJU3KUX K CTAHIAPTHBIM, & C APYTOU, IPeIaraioTcs
TUMHEI UHBAPUAHTOB I (PUILTPAIMEA OOIIEr0 TUMA, CYIIECTBEHHO OTJIUIHBIX OT CTaHIaPT-
HBIX.

6 HECTAHIAPTHOCTB: IPUMEPHI U ITIPOEKT
OBIIE TEOPUMN.

HaubGomnee Tpyaubie BOIPOCH TEOPUN (PUIBTPAIUEA CBA3AHLI ¢ HECTAHIAPTHBIMY (PUILTPA-
umamu. Ho, xak ciegyer m3 Kpurepus CTAHIAPTHOCTU, MIPUIUHBI HECTAHIAPTHOCTHU [
HEOIHOPOIHBIX (PUILTPAINA MOTYT OLITH Pa3HBIMU. HAMOMHUM, YTO MUHUMATBHAA (DUIH-
Tpalusa OTHO3HAYMHO OMPEIeaAeTCS CBOUM (PpUHUTHBIM TUOM. CTaHIapTHOCTL (PUILTPAINY
O3HAYAeT, IYTO OHA HE OYeHb CITHHO OTINIAETCA OT CBOEro (PMHNTHOI'O TUIa, Tpybo roBOpA,
ee OJHOPOJHLIE YaCTU NOXKHBI OBITh CTAHIAPTHBIMU, T.€. OEPHYLINEBCKUMU.

IMosToMy mpupoga HACTOAINEN HECTAHIAPHOCTU TPOSBIAETCA YKE B O THOPOIHBIX Goee
TOrO,JaKe B IUAANIECKUX puabTpanuax. Kak yxke 0TMeJaIoCh, TPYIIa CUMMETPUAN CAMOU
durbTpanuu u ee GakTOPOB MO pasbumeHUsM &, CO CKOJb YIOTHO OOJBIIMM HOMEDPOM 71,

125 10 e BpeMs, eciu paCcCMOTPETh, HAIPIMED, IPOCTPAHCTBO AUA,JITECKIX SPTOJATECKX (DITb-

TPaI}H, TO €CTh JUIIEL 0JHA MIHUMAILHAA SPTO IXIeCKasa (PAILTPALINAA U TULTH OJUH MAHAMATHHBIT
rpad.Boobime MOXHO BBECTH (0JE€ CIONKHYIO TOMOJOTHIO B KOTOPOU MHOXKECTBO MUHUMAIBLHBIX
urbTpanun 6y1eT 3aMKHYTHIM.
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MOKHA OBITH OECKOHEYHOU, B MIPOTUBHOM CIy9Iae (PUILTPAIMA HE MOXKET MMETh CJIOKHYIO
CTPYKTYPY Ha OECKOHEIHOCTH.

B sToMm maparpade MBI TPOLOIXKAEM MOCTPOEHUE MAPKOBCKUX IEMer u rpados i
HECTAHJAPTHBEIX OUATUICCKUX QuibTpanui. OaKTUIeCKW, >TH HEeNu ¢ KOHETHBIMA MHO-
JKECTBAMU COCTOSHUM, T.€. MPOCTPAHCTBA ITyTEd PAIyUPOBAHOrO MyJabTUrpada caeayer
PACCMATPUBATL KAK ANIPOKCUMAIMIO WU, TOIHEE, KAK MPOCTYH MOAENb KOHTHHYAIbLHBIX
7 60Jee CIOKHO YCTPOCHHBIX MaPKOBCKUX Iener. Ho moxkamnyu, camoe moyIuTenbHOE B DTUX
MOCTPOEHUAX TO, UTO Tpadbl, TOIYIACMEBIE U3 DTUX ANMPOKCUMAIINN, UHTEPECHBI CAMU IO
ceGe U, BO3MOXKHO, MaykKe SABIAIOTCA 6OMee BaXKHBIMU, I€M CAMa allpOKCUMAINA. ITO 00-
CTOATENBCTBO CTOUT IIOTIEPKHYTh, IOTOMY ITO IPaIyUPOBAHHLIE IPA(bl KAK TUATDAMMEIL
Bparrenu, npeacrasuasior Baxubie C*-anareOpbl, KOTOPBIE, TOBUAUMOMY elle HUKOTIA HE
U3yvaauch B aureparype. Hampumep, aare6psl, TOPOXK IeHHBIE Tpad)OM CIOB II1 abeIeBOn
rpymner Z¢ — cM. HUXKe, BHINIAIAT 3a0a TOTHEIMIL.

MeToa IOKa3aTEILCTBA HECTAHIAPTHOCTH, KOTOPHIU COAEPKUTCA B KPUTEPUM, CTAHO-
BUTCA OOJIEE MOHATHBIM, €CAM €My IPUIATH KOMOMHTOPHBLIM CMBICA. VIMEHHO 5TO meraeTcs
HIDKE Ha HeCKOMbLKUX npuMmepax. PakTuvecku, 3a1ada CBOIUTCA K AHAIM3Y MEPEI Ha OpOu-
Tax IeNCTBUA CPYINLI ABTOMOP(GUMOB NePEBa HA HEKOTOPBIX MOIMHOXKECTBAX KOH(PUIypa-
nuu. Haubosee mpo3pavHbIn CIydan — IEUCTBUE DTOU TPYTIIEL HA, MHOXKECTBE BEPITUH Ky06a,
22" ¢ paBHOMEDHON MEepOMl, W C IPOU3BOILHOM MPOTAKT MEPOM C OIMHAKOBEIME COMHO-
xurenamu. Kpurepunn crangaproctu tpedyer, 9TOOBI BCe Mepa KOHIEHTPUPOBAIACH (IO
MeTpruke X5MMUHIA) B OKPECTHOCTH OJHOU OPOWUTBI, ¥ HYXKHBI IPOABUHYTHIE METOIBL J10-
Ka3aTeabCTBa HTOro gaxra. K coxarennsa, Taka ACHOCTD €IIe He TOCTUIHYTAa B IIPUMEPAXx,
TIPUBOAUMEIX TAJIee

6.1 TI'padnl crydanmHbBIX GOy JaHUKA HA OPOUTaX rPyI, rpadml CJIOB.

[TocTpoenre MAPKOBCKOU AIMPOKCUMAIINH, CYIIECTBOBAHNE KOTOPOU BHITEKAET U3 T€OPEMEI
maparpada 3, Kak MapKOBCKOU I ¢ KOHEIHBIMU MHOXKECTBAMU COCTOSHUU, ABIAETCA 6O-
PaTBIM ICTOTHUKOM HOBBIX I'PAIyUPOBAHHLIX rPpados. C IPyror CTOPOHBL, TH NOCTPOEHU
MO3BOJIAIOT M3Y9aTh (PUILTPAIAN, 33 TaAHHLIE AIPUOPHU, KAK MAPKOBCKUE C KOHTUHYATLHBEIM
MHOKECTBOM COCTOSHUNA. KOHKPETU3UPYs T0KA3aTEILCTBO YIOMIHYTON TEOPEMBI, MBI TaEM
ABHYI0 KOHCTPYKIINID, MAPKOBCKOU IIETN C KOHEIHBIMUA MHOKECTBAMU COCTOAHUN U TOTY TUM
"rpaduieckyo” naTepnperanuio GuibTpanun. Mbl uMeeM B BULY MOIEIN CIyIalHBIX Oy~
JKIAHAN IO OpOMTAM NEeUCTBUS CIETHOU I'PYIILL B IIPOCTPAHCTBE C HEINPEPLIBHOU UHBAPU-
AHTHOU MEPOU U XBOCTOBYIO (DUILTPAIUIO COOTBETCTBYIONUIEN MAPKOBCKOU IEeNn. JTa TeMa
THOT[2. HA3LIBACTCA TEOpHel CIydauHBIX GJAYyXXAaHME B caydamHon cpeie - RWRS
=Random Walk in Random Scenary u ABIA€TCA TaJbHEUIINM IIIATOM B TEOPUU CAYTan-
HBIX OJyXIAQHUU Ha, TPYMNaxX, KOTOPOU Cerdac MOCBAIIeH coTHU paboT. ChaenyeT CKa3aThb
IpoOIeMBl B 3TOU, OTHOCUTENILHO, HOBOU OOJACTU HOCAT MHOU XapakKTep: HaIpUMep, BO-
IPOCHL O T'PaHULE OXyXKIAHWU, DHTpOnMU 4 T.A1. (cM. mpobieMaTuxy, Hampumep, B [62])
3aMEHAIOTCA HA BONPOCHI O CBA3M MEXKIy NEMCTBUEM T'PYIIIEI I CBOMCTBAMHU (PUILTPAIAN
(cm.[19]).

Bompoc o ToMm, korga cooTBeTCTBYoIUE GUILTpan (1axe IuaIuIecKue) CTaH AP THEL,
U3y€eH HeJOCTATOYHO. VI3BECTHO JWNIb, 9TO (PUILTpAIua MapKoBckoro mpomecca T, T 1
— mpocTOoro Gy aHus o opbutam aBromopdusMa T — HeCTaHAAPTHA, €CIM SHTPOMUI
nosxoxureasra: h(T) > 0 (cm.[96]).

g aromopdumos T ¢ IUCKPETHBIM CHEKTPOM DTa (PAILTPAIUA TPEANOJOKUATEIHHO
craugapTHa. [[1a moBOpoTa OKPY:KHOCTU T\ DTO MOKA3aHO aBTOPOM [JISI XOPOIIO ANPOK-
cuMupyeMBIX A (HeOmyOJMKOBHO) U BO BCel 00mHOCTH n0Ka3ano W.Parry (Heomy6IuKoBHO).
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Ho »T0 jumis nepsbie NpUMephsl CIyYalHBIX OIyKIaHUK [0 OpOMTaM NEUCTBUN; HEIIPO-
cThie Omyx)aanua (T.e. HE TOJIBKO 10 OOPA3YIIINM) HAIT TOpPano GOJbIIE BO3ZMOKHOCTEN.
MOXHO HALEATHCA ITO TEXHUKA TpadOB TACT HOBLIE CPEACTBA I UCCICIOBAHUS MO JOOHBIX
3a0a4.

Haunem nocrpoenue co cienyiomero obmero npumepa: myctb G -rpymmna u S : |S| =
$ < 00— MHOXKECTBO eé obpasylomux; X = k&; k= {0,1...k—1}, p - mepa Bepuymiu na
X, r.e. mpamoe mpomssenenue | [ p, rae {pg};g € S;30 py =1, py > 0 — BepoaTHOCT-
HBII BEKTOD Pa3MEpHOCTHU S, Torga M ecTh MapKOBCKas Mepa Ha MApPKOBCKOM KOMITAKTE
X. Iycts 3amaHo ee cBOOGOAHOE MEUCTBUE Ha mpocTpaHcTse Jlebera (X, p) ¢ HempepsIB-
HOUI MHBAPUAHTHOU Mepou. Paccmorpum (OZHOCTOPOHHUMN) MAapPKOBCKUE IPOLECC Y, <qs
IPOCTPAHCTBO COCTOAHMI KOTOPOIO, €CTh IPOCTPAHCTBO X, & BEPOATHOCTAME IIEPEXO0I0B
(KOTOpBIE B CATYy TOTO, YTO PACCMATPUBAETCA OTPUIATEILHEIE MOMEHTHI BDEMEHNU) €CTh B
TATHLHENIIIEM BEPOATHOCTH KOMEPEX0IOB:

P(ylz) = pg,if y=Tyx,g€S; P(ylz) =0 otherwise;

Mepa [t €CTh UHBAPUAHTHAS HAYAABHASA Mepa MAPKOBCKOI'O MPOIECCA; TAKKE ONPENeNeHBl U
3ajaHa MapKoBcKas Mepa M Ha npocTpaHcTBe X BCeX TPAGKTOPUU MPOIECCa.

Paccemorpum ma npocrpancrse (X, M) xBocToByio dunbrpanuio 7 = A0, onpeness-
€MYIO DTUM CTAIMOHAPHBIM MAPKOBCKUM mporeccoM. OHA, 0YEBUIHO, JOKATHLHO KOHEYHA B
CUIY KOHEYHOCTH S, HO MAPKOBCKUU MPOILECC UMEET KOHTUHYATBHOE MHOXKECTBO COCTAHUN.
Onuako, 10 TeopeMe, COOTBETCTBYIOMAA (PUILTPAIMA MOXKET OBITH 3aJaHa KAK XBOCTOBAs
QuabTpanus B IPOCTPAHCTBE IIyTEU HEKOTOPOTO T'PALyUPOBAHHOrO rpada, Wil KaK XBO-
cToBasg GUILTPALUA IS MAPKOBCKOU LEMU C KOHEUHbLMU MHOHCECTNBAMU COCMOANUT. DTa
IIeMb yKe He OyIeT, KOHEYHO, CTAIMOHAPHOW MAPKOBCKOU IEMBIO,HATTPUMED MOTOMY, UTO
MOIITHOCTH TPOCTPAHCTBA, COCTOAHUN, T.€. YUCJIO BEPINUH HA dTaxax rpada, pacrer. Ho,
pasymeercs, cama (pUILTPAIUSA OCTAETCA CTAIMOHAPHOU, MPOCTO AMMPOKCUMAIIASA HE WH-
BAPUAHTHA OTHOCUTEJNBHO CABUTA. OTa IEMb, PA3yMEEeTCs, HE €IUHCTBEHHA UM, KAK OBLIO
OTMEYEHO, BOOOIIE MOBOPS, KAHOHUYECKOT'O BEIOOPA TAKOU IEIN HET.

Mg gaguM mpuMep JIUIb MOIEIBHOTO THUIIA, KOHKPETHOT'O MTOCTPOEHMS TAKOro rpada.

IMycte B, MHOXECTBO BCEX DJEMEHTOB I'pyHObl (7, KOTOPHIE 3AMUCHIBAIOTCA KAK CIOBA
IUIUHBI MEHBINEN I PABHOU N B oOpasytouux S, By = S 3amerum, uro gB, 1 C By, ecin
g € S Beegem ceputo rpagyuposanueix rpados ' ¢ = ['1 Bribepem MOHOTOHHYIO HOCIE-
IOBATEIBLHOCTB N, > k, k= 1,..., cTrpeMsantyiocsa K 6eckorednoctu Muoxectso 'y Bepruu
k-oro sTaxa rpada I', k > 1 ecTb BceBo3aMOxHEBIE DYyHKIMY HA mape B, co 3HAYeHUAME B
k; pebpo coequusier Bepnuy v € I'y ¢ Bepumuon u € I'y_q, ecan u, kak Gysxmsa Ha By, |,
eCTh OrpaHMYeHne v, Kak GYHKIUN HA B, , Ha By, _, C By, , a ocHamenue Ha peépe (u,v)
3aJaeTCA B DTOM ClIydae, KaK IIPOU3BEIEHME €UHCeI Py COOTBETCTBYIOIIEE IPOM3BEICHIEM
00pAa3yIOMuX, M TOLYIAHUA CJAOBA U U3 CJAOBA V.

Tem caMbiM, HOCTPOEH rpagyupoBaHHbl ocHameHHbl rpad ['¢ . Hasosem ero rpa-
dowm cioB gamHOU rpynnsl ¢ o6pasytomumu: (G, S). [IpocTenmutt cayaan rpada CIoB
I ocIeoBaTensuocT n = k, k=1,2....

Ompegennm romomopduaM npocrparctsa X Ha npocrparctso myten T'(I'¢ g mocrpo-
eHHOrO rpada CIeIyomUM 00pa3oM: TPACKTOPUA IPOIECCa €CTh NOCIeI0BATEIbHOCTD KOH-
¢durypanun Ha rpyume {¢, },;n < 0,. ConocraBum:

P : {pn}n — {PnlBn}n.

Teopema 11. 1. O6paz npocmpancmea X npu 2omomopdusme ® ecmbv npocmpancmeo
nymet 6 epagde caos I'q s;
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2. T'omomopdusm ® coznacosan ¢ ochawenuem, m.e.napamempsv. MapKroO6CKol ueny —
neperoonbie 6ePOAMHOCTIU COBNAAAIOM, C 6 KONEPETOOHBLMYU BEPOAMHOCTIAMY MG TPOCTPaH-
cmee nymet; IToamomy 2omomopduzm ® omobpaxcaem mepy M wa mexomopyio mepy, Ha
npocmpancmee nymei,co2AaC08AHHYIO € OCHAULCHUEM.

3. T'omomopduzm ® npocmpancmea X wna npocmpancmso nymes T (Iq s 3adaem 2o0-
MomMOpPu3M npocmpancmean Konwpuaypayui, m.e. mpaexkmopuli Maproscrot yenu, na npo-
cmpancmeo nymet epada v Puabmpayus 20MOMOPHHO 0MOOPANCAENCA HA TEOCMOBYIO
Puabmpayuo npocmparcmea nymet ¢ COTPAHEHUEM MePbL.

Proof. CupaBeqiuBoCTb yTBEPKICHUN HEMOCPEACTBEHHO CICIYET W3 HAIIUX ONPEIeJeHUN
rpada u ero CTpyKTypHI. O

OTBeT HA BAXKHBIU BOIMPOC O TOM, K020a amom 20momopduszm O6ydem uzmop@husmom,
3aBUCAT OT I'PYIIBI, OT BHIOOPA MOCIELOBATEALHOCTU {N) }i U OT MEPEXOIHBIX BEPOITHO-
cren, 60ee TOIHO, OT TOrO MOKPBIBAIOT JIU IPX CIyIAMHOM OJIy K JAHUU CIBUTHU IIAPOB BCIO
rpymmy. B ofiieM ciydae caeqyeT yBeIUIUBATHL Pa3Mep IMIapoB C YeMU CBA3AH BHIOOP TO-
CIeJOBATENbHOCTL {ng}. MBI BepHEMCS K DTOMY BOIPOCY MO3XKe, a Cendac pacCMOTPUM
KOHKDETHEIE TPUMEPEL.

Ilone3ro 3aMETUTDL, ITO ATO MOCTPOEHUE MOXKHO MCIOAL30BATH W LA IIOMYTPYIII, HA-
mpuMmep, B3sAB B KadecTse S obOpasymwoime 6e3 00paTHBIX creneHen. llomyvatoommucs rpad
OTBeYaeT (PUILTPAINY MOAIPOIECCA K TOCTPOSHHOMY MO 0OPa3yoIMM, HO 60jee IPOCT,
€ro aHAIM3 MOTIAC JOCTATOUEH A M3YIEHUSI CAMOTO MPOIECCA.

Huxe mpuBOIATCA TPUMEPHI DTOU CXEMEL.

6.2 Bayxpganua mo opéuram CBOGOJHOU I'PYIIIbI

B ncropuieckn nepoM npuMepe HecTaHIapTHON AuaJudecKon puIbTparmu [5] MBI paccMmar-
TpuBamm cBO6OAHYI0 rpymny G = Fh ¢ aByma obpasytommyi (a, b) u mpocTpancTBo X = 22
CHAOXKEHHOe OepHYJIMEBCKOU Mepon (beckonednbiM npoumssegenuem mep (1/2,1/2)). Pac-
CMATPUBAJIOCH CIydanHOe OJIyK TaHue IO TPAEKTOPUAM OEPHYJLINEBCKOrIO JeUCTBUSL CBOOO I-
HOU MOJYTPYINEL ¢ OBYMS OOPa3yIOMMMU U OIyKIAHUE MO €€ OpOuTaM, T.e. MAPKOBCKUN
npouecc ¢ nepexonamu y(g) — y(ag) u y(g) — y(bg) ¢ BeposrrocTamu (1/2,1/2).

IIpuBegem CHOCKY u3 paGoOTHL [5]

Hocmpoenuwiii maprosckui npoyece ooaadaem caedyouum napadoKkcasbubim c80tcmeom,
KOMOPOE 68 B0ALHOM UBAOHCEHUU BbI2AAIUM MAK: NPEINOAOHCUM, UMO NPOYECC PA3BUMUL
MAMEMAMUKY, MAKOS Hee, KK Nocmpoennblii maproscrut npoyece; ecau PXKM ™2 wamncovui
200, nauunas om —oo, swinyckaem mom “HUmoeos Hayxu”, codepacawuii 6ce cyuecmsenmo
no6oe (m.e. meaasucumoe om npedvidyueeo), omKEPLIMoe 6 JaHKOM 200y, MO NPOUNEHUE
BCET IMUL MOMOE HE NO3BOAAEM NOAHOCTBLIO B0CCMAHOBUMb KAPMUKY MAMEMAMUKY HA
410001 danubit 200.Ilodpasymesaemca, KOHEUHO, UMO HUKAKUL OMKEPLIMUL 8 —00 HE NPo-
UCTodUA0.

K sTomy sameuanumio 1o6aBuUM, ITO CKA3aHHOE BEPHO A JOOOTO CIOCO6A HATMCAHUS
TOMOB, T.e. s JIOOOr0 BHIOOpPA HE3ABUCHMOI'O MOMOMHEHISIK MpeabiayueMy. Madae ro-
BODsA, UMEIOTCA CYIIECTBEHHLIE (T.e. HMEIIIee MOIOKUTEIbHYIO MEPY) COOBITHA, IPOU30-
[Ieiee B JaHHOM T'OY, KOTOPBIE HE fABJIAETCSA U3MEPUMBIMU OTHOCUTEIHHO KAKPU OBI TO
HU OBLIO CUCTEMBI HE3ABUCUMBIX MOMOJIHEHUN K PA3OUEHUsAM DTOU AUAAUIECKOU (PUILTPA-
1uu.

ITocTpoenne rpada, qaHHOE BHIIMIE 11 OOIIEro CIydas, 3aJaéT allpOKCUMAINIO STOr0
mIpolecca KOHEIHBIMIA MapKOBCKUMHU Iernsamu. OouH 3 COOTBETCTBYIOMINX MyAbTUrPadOB

13Peeparupnsiin xyprar ” MaremaTuka”, K COXAICHNIO, HE COXPAHMBIIMNACA O HAIIMX JHEL
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BBIIVIAIUT TAK: YMCJIO BEPIIMH 7-I'0 STAXKa PABHO 22 | 4TO COOTBETCTBYET MHOKECTBY BCEX
dyuxuu Ha BCex caoBax 4auH n co sHadenuavu B 0, 1. Kax gas pyHknmsa-sepimuna v coenu-
HeHa peObpOM € ABYMS (PYHKIUAMA-BEPIIMHAMY MPEALLIYIIETO DTaxka — © W ¢, B TOM CIydae
ecan u (cOOTB. u') ecTh PYHKUUI Ha CJIOBAX IJIUHBL N — 1, nomydaemas u3 QyHKIUN U, €CJAN
eé paccMoTpeTh Ha mHAekcax, HaumHaomuxcs ¢ (0, %, %, ....x), coorB.— ¢ (1, %, *,....x). Ho
B CUIY MPOU3BOJBHOCTY (PYHKIUM, DTO O3HAYALT, ITO MHOKECTBO BEPIIUH N-I'0 STAXKA DTO
MHOXKECTBO BCex map Beprut (n — 1)-ro sraxka. Muade rosops, rpad CJIOB B DTOM CIydae
ecTh rpad ymopsagodeHHbIX map cm. [23, 27]. % Ve orcioga crexyer, HeTPYIHO BHI-
BECTHU, 9TO COOTBETCTBYOIIAA (PUILTPALUA HECTAHIAPTHA (CM. Tajee) U MOJyUUTh [eTbI
PAIL IPYrUX €€ CBOUCTB.

(A4, A) (AB

Figure 9: I'pa¢d ymopsmodeHHBIX TTap

B TouHOCTH TOT e YMCAEHHBIN AHATN3 UCIOAB30BAICA B [5] IS JOKa3aTerbCTBA HE-
CTaHIAPTHOCTU PUILTPANNN, BOSHUKAIONIUX MDY U3YICHUN TEUCTBUU JOKAIBHO KOHETHBIX
Py, Hampumep, GepHYJINEBCKOrO AeUCTBUA CPYIILI KOPHEW CTeneHen Buaa 2" u3 equ-
HUIBI WK TPIMOU CYMMBI IPYII BTOPOro mopsaka. OCHOBHOW apryMEeHT, TOKA3BLIBAIOIIUN
HECTAHIAPTHOCTD (DUIBTPALINU COCTOSMI B TOM, UTO HMOPSIOK OPOUT IPYIII aBTOMOP(hU3IMOB
IBOUTHOTO AE€PEBA B DTUX MPUMEPAX OBUIN CYIIECTBEHHO MEHBIIE, TOTO MOPALKA, KOTOPBIN
NOCTATOYEH IS KOHIEHTPAIUUA MEPBI OKOJIO OJHOU OPOUTHL. IJTOT AryMEHT ObLT UCIOb-
30BaH [ BBENEHUS ABTOPOM IOHATUs SHTPONUM IUALUIECKOU (uabrpanuu (CM gajee).
Kaxk 6p110 3amedeno B [90] yxke mocie mosBieHus paGOTHL [5], LI TOU K€ LEIn MOXKHO KC-
MOJMB30BATH SHTPONUIO IEUCTBUA GECKOHETHOW CYMMBI DPYII BTOPOTO MOPAIKA Tpynmkl. B
[11, 10, 13] mpuBeneHa OlEHKA HA POCT MOPSAIKOB I'PYNI IPU KOTOPOM SHTPOINA JeNCTBUAL
coBmazaetT ¢ >HTponuen puibrpanun. JanbHenme uccregopanus [96] mokasanium TOYHOCTH
sTon oueHkn (cM. HuKe o mkaue). OxHako sHTponusa GuibTpanuu B cMbicie [8, 13] umeer
ropasao 6oJee OOIIYI0 IPUPOITY.

[lobasum erme, 9To mepeBo myTen 1y, ¢ KOpHEM B JAHHOU BEpIIMHE U DTAXKA 7 BMECTE
C TOCJEIOBATENIBHOCTIO HY/IE U €IUHMUI] Ha JUCTBAX TePeBa, OTBEYAIOIINX TOMY B KaKOU
73 IBYX BEPUINH @G,h MEPBOrO DTaxKa KOHYAETCS NAHHBIA MyTh, U €CThb TO, YTO HA3BAHO
B [5] yHHBepCAJBHLIM HPOEKTOPOM LWIVHIPUIECKOIO MHOXKECTBA &, win &, BepIIuH
[IEPBOrO 3TaXKa Ha HAYAJILHBIN (pparMenT (puIbTPALU ~Ha IepBrle n pasouenun. ToT gaxr,
YTO YHUBEPCAIBHBIN MPOEKTOP HE CTAOUIU3UPYETCS, T.€. UTO A PA3IUIHBIX BEPIIUH U
dTaxka N He MPOUCXOIUT COMMKEHWUS NePEeBBEB IO Mepe — U O3HAYaeT, B CUIYy KPUTepus,
HECTAHIAPTHOCTE (PUIBTPALIIIH.

B sakarodenun >Toro mpumepa OTMETHUM, UTO XOTsA, B CHIY TEOPEMBI O MapKOBCKOU
peanusanyuu, MOXHO (PUILTPAINY, TOPOXKIEHHBIE DA3JUIHBIMU AeucTBusaM Ttuna RW RS
MPEICTABUTH KaK (DUIBTPAINU MAPKOBCKUX IENEU ¢ KOHEIHBIM MHOXKECTBOM COCTOSHUM,

“Ycnonb3oBanme 5Toro rpada LI CIyYalHBIX OIyKIAHHN HA CBOGOLHON MOIYTPYIIIE M COOT-
BeTCTBYOMUX GUIBTPANME HE OBLIO OTMEYEHO B [27], 5Ta CBA3B OyAeT paccMOTPeHa 0C060.
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SABHBIN BUJ 5TOU PEAT3ANUY M3BECTH JUIIb B HEOOIBIIIOM YUCJAE TPUMEPOB. DTO OTHOCUTCS
7 K aU9eCKON PEeaTn3allii COOTBETCTYIONIMX TPYII U MOXyrpyni. Jlaxe KI1a He o1 BCeX
abeNeBbIX TPYII, O ¥eM ['OBOPUTCA Aajee, TaKas peann3alns N3BeCTHA.

6.3 Buayxganua mo op6uTamMm cBOGOAHBIX abeneBbIX I'PYyMII.

Bonee mpocTon B 0qHOM 1 60J€e CJIOKHBIA B IPYTOM OTHOIIECHUY TpUMep (PUIbTPAIUU CBS-
3aH ¢ OayXKIaHHEM IO OpOmTaM OECKOHEYHBIX abeaeBLIX rpymnm. MBI paccMOTpuM Takxke
MO IEJbLHBIA IPUMED.

Ecm G =748 = (e1,es...eq), 1€ €; - OPTHI, TO COOTBETCTBYOMINIT Ipad BEITIAIAT
Tak: MHOXECTBO BEPIIUH 1-T'0 dTAXKA €CTh MHOXKECTBO Beex 0 — 1 PyHKINN Ha 1IETOIUCTCH-
HOM CUMILIEKCE

Eg :{{7‘1,7‘2...7}1}227‘i =n,r; €Z+},

a pebpa COeIMHAIT BEPIMUHY-(DYHKINIO C BEPIUHAMA-(YHKIUAME IPEIIIECTBYIOMEro STaxa,
KOTOPBIE €CTh OFPAHUIEHNUA TIEPBOU HA, MOACUMILIEKCEHI, B KOTOPBIX Y IAJeHa OTHA 13 TPAHeN.

Pacemorpum cryuan d = 1: G = ZS = {—1,+1}, coorBercrBytoumn rpadp — 2pagdiom
c406 0 Z. Bepmmubl n-ro sTaxa rpada ectb 0 — 1 croBa mmuast n: (€1,€2,...,€5_1,€n),

a pebpa BeIyT K IBYM CIOBaM:

(61,62, fe :fn—l)

(€2y.. . €n_1,€6n),n =2,3...

I'pad caos mas 7 seaserca abGereBLIM AHAJIOTOM Ipada ymopAIOIeHHBIX Map. JTO —
auaguaeckui (MyabTu)rpad, n-1 5Tax rpada CIoB uMeeT 2" BepIIuH, Kaxk a1 13 KOTOPHIX
UMeeT JBe MPEAMIEeCTBYIONIAE U YeTHIPe TOCIeIYIOMINE BePIINHLL. ECTeCTBHEAA IEHTpAThHASL
Mepa eCTh PABHOMEPHAA MEpA Ha BEPIINHAX DTAKA.

(cM. puc.)

000 001 010 011 100 101 110 111
Figure 10: rpad caos rpynmet (Z, (41, —1)

A mueeckmit ciBUT Ha 3TOM T'pade BechMa MHTepeceH, OH HecKoabKo HanomuaaeT (T, T 1)-
npeobpasosannn, (rge T—asromopdusm Bepuymmm). B xopormo msectHOn padore [63]
JOKa3aHa HeOEepHY/LIMEBOCTEL U JaxKe OTCYyTCTBHE CIabou OEPHYJLUIMEBOCTHU 3TOrO Ipeodpa-
soBanmsa. Ho MBI mETEpECyeMCa 3MeCh CBOMCTBAMU (PUILTPAIINN; UX CBA3L C DPrOJANIECKUME
XapaKTePUCTUKAME MPEOOPA3OBAHUN M3y I€HA HEIOCTATOIHO. HecTanmapTHOCTE puibTpa-
mmu s (T,T~') Geuta mpeamonokena MHOM, U BIepBHIe TokKazaHa B [?], cM. Takxe [26].
PaseuTue pesymsratos [63] ma rpymmer Z¢, 6bito npegnpumato B [98]. HecrammapTHOCTS
(pmapTpamm 41 BCeX CBOOOTHBIX a0eMeBLIX TPy mpu d > 1, ¥ 1714 HUIBENOTEHTHLIX TPy
JoKa3aHa B [26], TaM ke JoKa3aHA 3aBUCUMOCTH CKEWJIMHI'OBOU SHTPOIINY STUX (PUILTPALUN
OT d, MBI BEPHEMCSA K DTUM I'padam 1 ux 0600MEHUAM Ha IPYTHUE TPYIILL B IPYTOM MECTe.
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6.4 JlakyHapHOCTBH

Teopema 0 JakyHapHOM m3oMopduaMe [4] yTBepKAALT, ITO BCAKAA AUAINTECKAS DPrOJU-
yeckas duabrpanus {&,}, JaKyHADHO CTaHIAPTHA, T.e. MOXKHO HAUTU TAKYIO IIOAIOCIE-
MOBATETLHOCTD TAKYI0 PACTYILYIO MOCIEAOBTEIBHOCTD HATYPATBHBIX IUCEI, 9TO (PUILTPAa-
st {&,, }x ABasercsa {2 -1 = pi}-aquMaecKol CTAaHIAPTHON (PUAbLTPALUEN. 3amac Tex
MOCJAEIOBATEIBHOCTER N, 1A KOTOPBIX 3TO BEPHO COCTABIACT TAK HABBIBAEMYIO WKAAY
-MHBAPUAHT UCXOMHON muagumdeckon guabTpanuu. llkama cTaHIapTHOW AMATUTECKOU TIO-
CJEIOBATEILHOCTH COCTOUT M3 BCEX MOCICIOBATEILHOCTH M HA3BIBACTCA MOMHOU. Pazyme-
eTcs, MIKATa COAEPKUT C JIO0U MOCIeI0BATEIBHOCTHIO BCe KOH(DUHANBHEE C Hel (T.e. OT-
JIWYAIONIMECS B KOHEYHOM YHCJIE MECT) U SABIAETCA MOHOTOHHOW, IIOCKOABKY IIOAIIOC/IENO-
BATEILHOCTb CTAHIAPTHOU (GUILTPAIMA OYEBUIHO CTAHAAPTHA. I[lOBHAMMOMY, >TH OBA
YCIOBUA MCUYEpNbIBAET YCJAOBUA Ha Imkary. B [13, ?] mocTpoeHwl HecTaHgapTHBIE AUAIN-
JecKume MoCIe0BATeTLHOCTH CO TIKATON pasHooGpasHoro sua. Hampumep, {€2} moxeT
OLITH CTAHIAPTHOU 4-aqUuvecKon, B TO BpeMs, Kak {& r —HEeCTAHIapTHA. UT.[.

Tem ke METOIOM MOXKHO NOKA3aTh OOMIYI0 TEOPEMY A IPOU3BOJLHEIX HEOTHOPOIHBIX
duabTpanuy, Jaxe He JOKAIBHO KOHEYHBIX(CM. [23])

Teopema 12. Beakas apeoduueckas Guibmpauus AaKyHAPHO CMAHIAPHA.

IMockoMbKy CTAHAAPTHOCTL MOKET HAPYIIATHLCA BIOML MTPOU3BOIBHBIX MOCTEI0BATE b
HOCTEH, KIACCAPUKAIUA (PUILTPAIUI BPAL JIU MOXKET OLITH () PEKTUBHON.

O 1HAKO POJIB JTAKYHAPHBIX TEOPEM B IPYT'OM — OHU U3MEPAIOT CTENeHb OMU30CTH (DUIhb-
TpanMy K CTAHIAPTHOW (DUILTPAIHN.

B pat6ore [10] 66110 BBEIEHO MOHATHE ABTOPMODPGMU3MA € MOTHON (IMATUIECKON) KA~
JIOU, T.¢ B TEPMUHAX HACTAIIEN PAbOTHI, TAKONO aBTOMOP(U3IMA, ¥ KOTOPOrO CYIIECTBYET
AUAJUIECKAs PeAIn3alus CO CTaH Iap THOM XBOCTOBOU (puiabTpanuen (OTHOCUTENBLHO JAHHOU
meprr). 19, Tlosxe A.KaTok B craTbe [64] BBET 11 U3y <IMI MOHATHE CTAHIAPTHOTO ABTOMOD-
dusma, KaKk aBTOMOP@3UMa MOHOTOHHO DKBUBAJECHTHOI'O aBTOMOP(PU3MY € YHABEPCATbHBIM
QUCKPETHBIM CIEKTPOM. MHTEpeCcHO OBLTO ObI MPOBEPUTH COBIAIAIOT JU DTYU MOHATU.

6.5 MacmrabupoBaHHaA U BTOPUYHAA DHTPOMUN

[pyrou Mepon GIM30CTH K CTAHIAPTHOCTU CIYKUT MACIITAOUPOBAHHAA dHTPONUSA (PUTH-
rTpauun (1 eé aHAIOr — MACIITAOUPOBAHHAS SHTPOIN TEUCTBUSL CPYII).

HamomuuM, 9TO KpUTEPUU CTAHAAPTHOCTUA COCTOMAI B TOM, UTO METPUKA d, ma mpo-
CTPAHCTBE AEePEeBbEB C MEPOU CTPEMUIACH 10 Mepe K BBIPOXKIEHHOU METPUKE.

IIpemnoxenne 7. Ecau Puasvmpayus 2p2oduuna, mo nocaedosamesbnocms Mempuk d:}
Aub0 crodumea no mepe K 8bipoKHcoennol, mempure, 4ubo ne umeem npedeaa.

IIpryumua 5TOrO0 WMPOCTOrO HO BAXKHOIO (PAKTA B TOM, UTO CYUIECTBOBAHUE MIPEIENA,
HE CBOJAMIErOCA K OJHOTOYEIHOMY IPOCTPAHCTBY IPOTUBOPEYUT IPIOAUIHOCTH, TAK KaK
WHAaIe BO3HUKHYT HETPUBHUAJIBHBIE IIPefeIbHbIEe (DYHKIIMOHAIEL.

158 pa6ore [10] 6bL1a CcoeraHa MONBITKA HIPUMEHUTH PE3YIbTATHL O AUAJUICCKUX (PUIBTPALUAX
(cTaEAapTHOCTD, MKATA U AP.) K M3YYEHNUIO SPrOAUIECKUX CBOUCTB aBTOMOpdu3MoB. Ho, B oTIn-
q@e OT TAKUX IPUMEHEHUN K NeMCTBUAM JOKATLHO KOHEYHBIX TPYIIH, TPeOOBAHNE QWA IMIHOCTHU AN
OHOPO THOW TEePUOAUTHOCTH ANMPOKCUMAINKA B AyXe JeMMbI POXJIWHA, 117 HE JOKATBHO KOHETHBIX
TPYTI, YCIOKHACT BCE MOCTPOeHHA. Kax moKa3aao MOCACAYIOWEe PAa3BUTUE TEMBI, OT OJHOPO.I-
HBIX (DIILTPALIMAU CACAYET MEPEUTH K IMOJYOTHOPOTHBIM; AJUIECKUE DEATU3ANUA JeUCTBUN TPYTII
CTPOATCA KaK Pa3 TAKUM 00Pa30M U MOHATHE CTAHAAPTHOCTH W MOJTHOU IIKATLI CTAHOBUTCA GoJee
€CTEeCTBEHHBIM.
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Takum 06pa3oM, B CIydae HECTAH AP THON (DAILTPAIMA BOSHIKAET MOCAEI0BATETHLHOCTD
METPUIECKAX TPOCTPAHCTB, HE UMEIIINX MPEIETILHOTO METPUECKOTO MPOCTPAHCTBA, HO
MOYXKHO CJICIUTH 38 DICUTOH-DPHTPOMUEN dTONO METPUIECKOTO TMPOCTPAHCTBA KaK (hyHKINN
or n. OKa3bIBAETCA ACUMIITOTUKA DTOU MOCJAEIOBATEILHOCTY IIPU HEKOTOPOU HOPMUPOBKE
HE 3aBUCHAT OT BBEIOOPA METPUKW, U €€ KIACC €CThb, TeM CAMBIM, MHBAPUAHT (PUILTPAIINN.
Nmenno Tak ona 6bu1a onpegenena B [11, 5] mis caydas aupamdeckonl pUIbTPALUU C DKC-
MOHEHIMATLHON (KOIMOTOPOBCKOM) HOPMUPOBKOU. B [?, ?] 6bLT onpenesen oOmmil CIyIan
U HA3BAH BTOPUYHOW DHTPOMUEN MO TPUIMHAM, CBA3AHHBIM CO CTAIMOHAPHBIM Ciydaem. B
CMBICTE DTOTO ONPEIENCHNs U KOPPEKTHON HOPMPOBKYU BTOPUYIHASA SHTPOMUA (DUILTPALIAN,
ceasannol ¢ npeobpasosanmeM (T, T 1) o Teopeme [97] pasna surponuun h(T'). B [?] noka-
3aHO, ITO MACIITAGUPOBAHHAL DHTPONUA ATUIECKOTO ABTOMOP(MU3MA IJIA HEKOTOPHIX MED
Ha rpade YIOpATOYHHBEIX MED paBHA SHTPOMUMHON (MACIITAGUDYOIIIIEN) TOCAeI0BATE b-
HOCTU (OTHOCUTEIBLHO TOU e MEPhI) XBOCTOBOU (DPUILTPAIMN. DTU TEOPEMBI JOJKHbI ObITh
0000IIIeHBI HA TTPO3BOIBHBIE T'DYIIIHL.

6.6 TIpoekT KjaaccudpuUKaIUU HECTAHJAPTHBLIX (PUILTPAIIAA

Koamoroposckun 3akon (0 — 1) (0 TpUBHAIBHOCTH CUIMa-aareOphl IEPECeIeHNs CUrMa-
anre0p puibTpanu) ecTh caMoe IPOCTOE yCJIOBUE HA MOBeAeHUE (MUIBTPANMU HA OECKO-
meanoctu. CTaHIAPTHOCTL WU GEPHYNINEBOCTE €CTh, HAOOOPOT, CAMOE CHILHOE YCIOBHE
Ha TOBeAeHWE (PUALTPAIWN HA GECKOHETHOCTH: OHO MAeT MapaHTUI0 TOTO, YTO HUKAKON
CIOKHOCTH HA OECKOHETHOCTH — HET, MOCKOMbKY BCE YCIOBHBIE PACTIPEICTCHUA COMUKA-
IOTCA B CAMOM CIIBHOM CMBICTE. [Ipm 5TOM, B OTAMYEE OT TPAJIANUOHHOTO H3MEPEHU
OJ30CTH MPONECCA K MPOMECCY HE3ABUCUMBIX, DTa OIM30CTH BBEIPAKAETCA HE B CKOPOCTH
CTPEMJIEHUA K HYJIIO KOO(MQUIMEHTOB KOPPEJIANUA WM IPYTCHX MOKA3ATENEN, & B MAIOCTH
pa3IMYIUA MEXIY YCJIOBHBIMU MepaMu (B TOM WIM WHOW METPUKE) APEBECHBIX CTPYKType
DTUX YCIOBHBEIX Mep. Taxum 06pa3zoM,MOkKHO FOBOPUTHL O ”BeIcmnx 3akoHax (0-1); kax 06
YTBEPXKICHAAX O COMMIKEHUM B TOW WA WHOU METPUKE YCJIOBHBIX PACIPENENCHUN, TPOMe-
KYTOIHBIX MEXK 1y OObrdHBIM 3aKOHOM (0 — 1) u cTangapTHOCTBIO (UIu GEPHYLINBOCTHIO).

Kax ormewanocs B mpeapraymem maparpade, Takad IMKATa yCIOBUH, BAIAMO, CyIIe-
CTByeT.

Yeaoeue Opumrenna (VW B -very weak Bernoulli) ects Toxe 3akoH Takoro tuma, HO
OHO HEe COBIAJAET C YCJIOBHEM CTAHJAPTHOCTH, KaK MOKA3HIAIOT MpuMepsl: B [94] mpuse-
I€H IpuMep HeOEepHYJ/LIMEBCKOI'O IIPOLECCa CO CTAHIAPTHOU dProAMYeCKOM IUaIndeCKON
(mIbTpanmen, a HAIT TPAMEPHI HECTAH AP THOCTH MOKA3BIBAIOT, ITO Y OEPHYLIMEBCKAX AB-
TOMOP()3UMOB MOKET OBITH MAPKOBCKAA 0OPa3yomasn, OTHOCUTEILHO KOTOPOHU IIPOILIOE He-
craugaptHo. [pyron nmpumep B [97]. OgHAKO 5TO JUIIL IPUMEPHI U GOJIEe TOJHBIN AHAIN3
CUTyaIlu’ eme He OBLT TPOBEJEH. JaMEeTUM €IIe, 9TO YCIOBHA MOTYT 3aBUCETH OT TOTO,
KaKyl0 METPUKY HA AEPEBBAX C MEPOU MBI BLIOHMPAEM.

HanmomuwmM, 9TO B cXeMe KpUTepus CTAHIAPTHOCTH MBI PACCMATPHUBAEM (DYyHKIUM HA
X /&, co 3HAYMEHMAME B IPOCTPAHCTBE 1€PEBHEB PAHIA 1 C MEPOU, 1 DTOT KPUTEPUU COCTOLL
B TOM, 9TO B CMBICJIEC METPUKYA HA MPOCTPAHCTBE NEPEBBEB 3HAYCHMA (PYyHKIAN, TIPU JOCTA-
TOYHO GOMBIIOM 71 COMUKAIOTCA, T.6. (PYHKIUHA TO MEPe CTPEMATCA K KOHCTaHTe. VHade
COBOPA, OOPaA3Bl MEp HA MPOCTPAHCTBAX JEPEBbEB CTPEMATCA K AEAbTa Mepe. Y I0OHO pac-
cMaTpuUBATL BMeCTO (PyHKIME HA daxTop-npocTpancTse (X /&, fi¢), IX TOHATHE HA CAMO
npocrpanctso (X, ), u rorga ma (X, 1) MBI IIOLy9IaeM IOLYMETPUKHU P, B KOTOPBIX PAC-
CTOSHUE MKy TOIYKAME €CTh PACCTOSHNAE MEXK Iy 00pa3aMy — 3HAMCHUAMY (PYHKIAN, T.€.
COOTBETCTBYIOIIAMY TEPEBLAMI.

Kpureput cTaHIapTHOCTH COCTOAT B TOM, ITO TOCIEIOBATETHBHOCTD DTUX METPUK CTA-
IUBAIACH K TOYKE, U IIPK €r0 BLIMOJHEHUN BE (PMHUTHO W30MOP(HEE (PUILTPAIIA — H30-
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mopdubl. Ecmm cramgaprOCTEH HET, T.6 (QDYHKIMM HE CXOAATCA MO MEPE K KOHCTAHTE W
DTO BHAYUT, UTO MOCACHOBATEALHOCTb (X, 11, pp),n = 1,..., rOe p, MOCIEIOBATEILHOCTD
MOJTYMETPUK HE CXONUTCA, U IpeIenabHon MeTpuku Ha (X, i1 He CyIIecTByeT.

Ilo xkakum KpuTepsM MOKHO CyAnTh 06 m3omoppusme pumibTpanuu?! Heobxomxmmervn
YCIOBEAME Oy IyT OAMHAKOBOCTEL DHTPONMUHOT WHBAPUAHTA, COBIAIEHUA IIKAIL 1 T.1. HO
MOZKHO 1 (POPMYIUPOBATH HOCTATOYHLIE yCIOBHA m3oMopdauma? 11 5Toro Ha o moHATh,
YTO TAKOE ACUMITOTUICCKUAN U30MOPMU3M IBYX MOCAEIOBATEIBHOCTEN (MOMY ) METPUICCKUX
IPOCTPAHCTB, ¥ KOTOPHIX HET MPeNeJbHOrO IPOCTPAHCTEA.

Huxecaenyrommasn rumoresa, COCTOUT B TOM, UYTO UHOTAA (GDUHUTHBIN U30MOP(MU3M BME-
CT€ C TAKAM ACUMITOTUIECKAM M30MOP(MPU3MOM TaKKe BIEKyT m3omopdsum. Oma moxpa-
3yMeBaeT BKIIOUEHUE BCEX UHBAPUAHTOB HECTAHAAPTHOU (DUILTPALUM (THUIA SHTPOIUM U
Ip.)B €IUHBIN KOHTEKCT.

YT06BI TOYHO CHOPMYIUPOBATE DTY I'UIOTEIY, HATTOMHUM CJACIYIONIYIO OOIIYI0 Uae0 00
ACUMIITOTIIECKOM M30MODP(d3UMe, BHICKA3aHHYO B [23],

Paccmorpum Tak HasbBaeMyo METPUYECKYIO wiu gomyctuMmyio Tpouky 6 = (X, u, p)
— mpocTpancTBO X € MEPOU [t M C METPUKOW p, W yCJIOBUEM UX COMVIACOBAHUA: METPUKA P
u3MepuMa, Kak QyHKIUA ABYX apryMeHToB Ha npocrpanctse (X, u), npocrpanctso (X, p)
-cenapabenbHO, KAaK METPUIECKOe MPOCTPAHCTBO, & [t €CTh OOPENEBCKAas BEPOATHOCTHAS
Mepa Ha DTOM MeTpueckoM mpoctpancTse (X, p). IlomyTHO OTMETHM, 9TO B OTIAYIME OT
TPAIUIUOHHOTO (PUKCUPOBAHUA METPUKA U PACCMOTPEHUA PABIUIHLIX OOPEJEBCKIX MEp Ha
IPOCTPAHCTBE, ABTOP HEOTHOKPATHO BAIIAIIAT MOJIE3HOCTH APYTOro MOAXOMa: (PUKCAIIAH
MepBL U BAPBUPOBAHUA METPUK HA IIPOCTPAHCTBE ¢ Mepon [44].

B paGorax [14] u [15] mokasana Teopema O IOTHOM WHBAPUAHTE METPUIECKIX TPOEK
OTHOCUTEIBHO UX DKBUBAJCHTHOCTHU, OMPEICTACMON U30METPUAMA COXPAHAIOIIAME MEDY .

Omnpepenenne 9. Marpuanbiv pacnpenerenuem Dy merpudeckon Tpouku 6 = (X, pu, p)
HA3LIBAETCA MEPa B MPOCTPAHCTBE OECKOHETHRIX BEIECTBEHHBIX MATPUI], KOTOPAs OMpeae-
IgeTcsa Kak o6pa3 Mepwl Beprymmu ;> Ha X °°, ¢ MOMOMIBIO OTOOPAKEHU:

My : (Xoo,uoo - (MN(R+)7D9) :

My({zn}n) = {p(xi, )} ij)-

Teopema 13. ([44, 33, 15]) Jse mempuueckue mpoixu 0 = (X, pu,p), 0 = (X', 1/, p') ¢
nesviposcdenuvimy mepamu ( w(U) > 0, u(U’) > 0 ecau U, U’ nenycmuie omxpvimoie mmo-
acecmea 6 X, X') uzomopPuvt omuocumenvno yKazanmot, 3K6u8asenmuocmu, (m.e. cyue-
cmeyem obpamumasn uzomempus T : X — X' cozpansmowas mepy: Tp = y'), mozda u
moavko mozda, Koeda ur mampuunble pacnpedesenus pasubt Dy = Dy,

Omnpegenenune 10. IIpeamomoxum, 9TO AaA TOCICIOBATEILHOCTH JOMYyCTUMBIX METPUIe-
CKUX TPOEK HA OJHOM U TOM K€ HPOCTPAHCTBe ¢ Mepou (X, pn, ) CYMECTBYeT CIabbii
upenen MaTpUIHBIX pacupenenenun lim,, Dy (kax mep Ha npocrpancTse marpun My (R4)
¢ OOBIYHOU CT1a00K TOmoNOruen). BymeM HA3BIBATE DTOT MPEIET BUPTYATILHBIM MATPUIHBEIM
pacmpeeseHrneM TOCIeIOBATETFHOCTH METPUIeCKUX Tpoek. OH ABIAETCA WHBAPUAHTOM
OTHOCUTEIBHO TOCICI0BATEILHOCTH u3oMeTpunt I, n =1,....

3aMeTHuM, eCIU METPUIECKIE TPOUKN HE CXOMATCA HU K KAKOW METPUIECKON TPOUKE, TO
mpeaen MATPUYIHBIX PACTIPENeNeHNN, €CIN OH CYIIECTBYET, HE €CTh MATPUIHOE PACTIpeIee-
HUe Kakou-aubo mMerpudeckon Tpouku. C APyron CTOPOHBI MHOXKECTBO BCEX MATPUIHBIX
pacmpegeIeHul METPUIECKUX TPOEK HE ABIAETCA C1a00 3aAMKHY THIM MHOXKCTBOM, U IIO3TOMY
UMEEeTCs BO3MOXKHOCTD UCIONb30BATH BUPTYAJbHLIE MATPUYHLIE DACIPEIENCHU I KIAC-
cuUKAINYA HEKOTOPBIX PACXOIAIINXCA MOCAEIOBATEILHOCTEN METPUICCKUX TTPOCTPAHCTB.
Temepb MOXKHO C(HOPMYJIAPOBATE TUTOTEIY 006 M30MOPGh3UMe (PUILTPALIUN.
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Tunoresa 1. Paccmompum dee unummno uzomop@dubie apzoduueckue guabmpavun 7,7 u
nPeoOnoOAOHCUM, UMO

1) o6e onu mecmandapmmubl;

2) y obeur cywecmsyom suPMYaibHble MAMPUUKBLE PACIPEIEALHUSL NOCALIOBAMEALHO-
cmet (noay)mempuueckus mpoex.

Ecau amu mampuunvie pacnpedesenus conadarom, mo Guibmpayus u30mop@Hbl.

CupaBeImBOCTb MUIIOTE3BI BMECTE ¢ KPUTEPUEM CTAHJAPTHOCTU ObLIA ObI OCHOBAHUEM
CYUTATH OCYIIECTBICHHON KIACCUDUKAIINIO HECTAHJAPTHLIX (DUIBTPAILUN B YKAZAHHBIX TEP-
MUHAX U CIETAHHBIX MPEINOI0KEHUAX O BEIIOMIHEHUN YCIOBUA 2) IIA IPOU3BOILHOU HECTAH-
napTtaOUn puabTpanuun. OTBET COCTOAT ObI B TOM, UTO BUPTYATLHOE MATPUIHOE PACTIENe-
JIGHUE BMECTEe C (DUHUTHBIMY WHBAPUAHTAMEI UCIEPIHIBAIN BCE WHBAPUAHTEHI DPTOIUIECKUX
JIOKAIBHO KOHEeIHBIX uiabTpanui. OgHako, ycioBue 2), TOYHEE CyLECTBOBAHUE BUPTYAJb-
HBbIEe MATPUIHOIO PACIPEIEJEHUs BPAL JU BCEra UMEET MECTO.

IToaTOMY OCHOBHOU BOTIPOC COCTOUT B HAXOXK IEHUU MOJHOU CUCTEMBI MHBAPUAHTOR [
PACXO JAMICUCS TTOCTEIOBATETHLHOCTH METPUK HA, TPOCTPAHCTBE Mepou. [las nuaImaeckoro
caydas, TOCTATOYHO PACCMOTPETh MHBAPUAHTHI MOCAEIOBATENLHOCTEN METPUK, BO3IHUKA-
OMUX U3 WUTEPALUU METPUK Ha Tpade HEyMOPAJTOUEHHBIX Map, O KOTOPOM pPedYb UAET B
cJaenyromeM naparpade.

Ho B npumMepe MapKOBCKOU IIENNU C HECTAHAAPTHON (PUILTPAIUEN U3 IPEILLIYIIEero ma-
parpada, BUPTyaTbHOE MATPUYIHOE DPACIpEIEeJeHUe CYIIeCTByeT. A uMMeHHO, TocaenoBa-
TEILHOCTh MATPUIHBIX PACIPENEJCHUN TPOEK HA ABYXTOYETHOM MPOCTPAHCTBE: pp(a,b) =
0, n=0(2); pn(a,b) =1, n=1(2)cxogurcsa no Te3apo K BUPTYyATLHOMY MATPUIHOMY
PACIPEAEIEHUIO DTOU MOCIEIOBATEIBLHOCTH, KOTOPOE CTh MEPa Ha MHOXKECTBE O€CKOHETHBIX
cumMeTpudHbix 0 — 1-MaTpuiax ¢ HyJAMU HA IUATOHAIU W HE3aBUCUMBIMU KOODIUHATAMU
i, > j, IPUHIMAIOLUIMME C PABHOU BEPOATHOCTHIO 3HaMeHuA () u 1.

7 IIPOEKTUBHBIE ITPEAEJIBI CUMIIJIEKCOB,
MHBAPUAHTHBIE MEPBI U ABCOJIFOT I'PA®DA

DTOT maparad TOCBAMIEH TEOPUH (PUILTPAIAA B GOPEIEBCKUX MPOCTPAHCTBAX— B DTOM
CIydae Mepa anmpuop! OTCY TCTBYET, HO 3a1aHO OCHAIICHUE, T.€. YCIOBHBIE Mephl. OCHOBHOM
BOIIPOC COCTOUT B TOM, KaK OIMHUCATE BCE OOPEICBCKUE BEPOATHOCTHEIE MEPHI, CONTACOBAHHBIE
¢ OCHAIICHUEM.

MbI onuchIBaeM IeTBEPTHIN A3LIK TEOPUHU JOKATHHO KOHEUHBIX (DUILTPALUM,— ABBIK
MPOEKTUBHBIX MPEIETOB KOHETHOMEPHBIX CUMILIEKCOB. MOXKHO CKa3aTh, ITO KATETOPUI
MPOEKTUBHEIX TIPEIETOB KOHETHOMEDHEIX CUMILTEKCOB SKBUBAJICHTHA KATEMOPUN JOKATBLHO
KOHEYHBLIX (PUILTPAIUE B GOPEIeBCKMX NMPOCTPAHCTBAX, WIM KATErOPUM MY/IbTUrPadOB ¢
OCHAIICHUAMMU, WA MAPKOBCEMX KOMIIAKTOB ¢ KOMEPEXO THBIMU BEPOATHOCTAMEA. XOTA DTO B
BLICIIEH CTEIEeHN €CTECTBEHHAA CBA3h, HACKOIBKO M3BECTHO aBTOPY A0 MOCIETHErO BPEMEHN
B JUTEPATYPE CBA3L C BBEIMYKION MEOMETPHUE! MPOCKTUBHBIX MPEIJIOB CUMILTEKCOB B DTOM
KOHTEKCTE MOYTH He 06CYXIanach. MbI HCTOMB3YEeM HEKOTOPHIE OMpeNeNeHus n (paKkThl U3
HegaBHeR paboThl aBTopa [20] cm. Taxxke (eMm. [72, 51, 39, 52] ). Anamms Teopuwu, TOKaIBHO
KOHEYHBIX (PUILTPAIUE B GOPEIeBCKUX MPOCTPAHCTBAX, PABHO KAK TEOPUM LEHTPATLHBIX
U MHBAPMAHTEHIX MEP Ha MIPOCTPAHCTBE MyTel MyJabTUrpada, WA TeOPUHA MapKOBCKAX Mep
¢ 3aJaHHBIME KOIIEPEXOJAMH, MOKA3LIBAET, UYTO ANCKBATHBEIM M [EOMETPUYHBIN ABBLIK IIPO-
€KTHUBHBLIX TPEIEIOB KOHETOMEPHBIX CUMILIEKCOB, ABIAETCA HAGOIEE MOAXOIAIIAM IS BCEX
MepevIncIeHHBIX Teopui. Hmxke cooTBeTcTBHE Oy IET OMUCAHO, HO MBI OTMETHUM TOJBKO He-
KOTOPBIE U3 BOMPOCOB, BO3HUKAIOUIX 31Ch.
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7.1 IIpoeKTHBHLIN mpege] CHUMICKCOB, SKCTPEMAJbLHBIE TOYKH.

Cuauara Mbr mokaxeM, Kak 110 mape (I, A), T.e. mo ocHaImeHHOMY rpaIyupoBaHHOMY rpady,
KAHOHUYIECKHU OIPENEIUTE IPOSKTUBHLIA IPeIe] KOHEIHOMEPHBIX CUMILIEKCOB. 3aTeM, YBU-
UM, 9TO €CThb U OOPATHBIA IEPEXOl OT IPOEKTUBHBIX IIPEIEIOB K OCHAIIECHHLIM rpada.

O6o3una41uM 1epes ¥, KOHETHOMEPHBIN CUMILIEKC ((POPMATBHBIX BBILYKJIBIX KOMOUHAIIAN
BepmH n-ro sTaxka v € [',;). CuMIekc eCTeCTBEHHO MOHUMATH, KaK MHOXKECTBO BCEX
BEPOATHOCTHBIX MEp Ha MHOXKECTBE BEepIWH dTaxa [,. 3agagnM ad@UHHLIE TpOEKINN
Tnon—1 @ %p — Xp_1, KOTOPbIE JOCTATOYHO ONPEEINTh JIA KaxKIou Bepmmue v € I').
O4eBMAHO, UTO DTU NPOEKINKM MOXKHO PACCMATPUBATHL, KAK CHCTEMY KOIEPEXOIHBLIX Mep
A, a o0pasbl BEpPIIMH ¥ €CTh TOYKU NPEILIIYIIEro CAMILIEKCA, TO €CThb BEPOATHOCTHLIE
BEKTOPHI:

7rn7n—1(6v) = Z /\géuy

w:u<v

oTOOpaKeHNe MO JIMHEHHOCTH IIPOJOMKAeTCa Ha Bech cuMmiuiekc I,,. Bepmmue () cooTset-
CTBYET HYJILMEPHBIU CUMILIEKC, COCTOAIINU U3 OMHOW TOYKU. BBIPOXKIEHUA TOMYCKAKTCA
(T.e. BEPUIMHBI MOTYT CKIECMBATLCA Ipu npoekuuu). OupemesuM MpOeKIUNA CUMILIEKCOB C
ITPOU3BOMBHBIMEI HOMEPAMHI Ty & Ny — s M < N5 Ty = H?:ti Tii—1,m > n,m,n € N.
Cucrema faHHHIX {X,, Ty 1} TO3BOIACT C OJHOU CTOPOHEL OMPEAEINTE IPOCKTUBHLIN Ipe-
Iel, a ¢ IPYrOM BOCCTAHOBUTL I'pady: BEPIIMHLI CUMILIEKCA, Y., €CTh BeplmnHBL rpada [,
a pebpa, a 3aTeM U OyTH B rpade) ONPeIetaoTCs I0 HeHYJAEBbIM KOOPAUHATAM BEKTOPOB
Tn,n—1,M € N.

O6osuraunm M = Hff’:o Y, —- OpAMOE TPOM3BEAECHNE CUMILICKCOB Yy, N € N, CHaOXKeH-
HOE MPOIaKT-TOMOJOTEN.

Onpegenenne 11. IIpocTpaHCTBOM IPOEKTUBHOIO Mpeaena ceMencTsa { X, }, CUMILIEKCOB
OTHOCHUTEILHO CHCTEMBL IPOEKINH {7y, } HABLIBACTCS MOAMHOKECTBO IPAMOI0O IPOU3BEIe-

HIa M:

lim (Z,, mm) = {{&ntn; Tan—1(tn) =2p—1;n=1...} =X, A) C H Y, =M

n—oo
n=0
IIpeanoxenue 8. [Ipocmpancmeo npoekmusnoeo npedess Yo, 8ce2da ecmb Henycmoe,
BLINYKAOE, 3AMKHYMOE, U NOMOMY KOMNAKMHOE NOOMHONCECTNEO 8 NPAMOM NPOU3EELICHUL
M, asamoweecs cumnaexcom Iloxe, 803m0xHcHO OECKOHEUHOMEPHBLM.

Addunnas crpykrypa mpamoro npoussegenus M onpeneaser apdUHHYIO CTPYKTYPY
MpeIeIbHOrO TPOCTPAHCTBA; HEMyCTOTA U 3BAMKHYTOCTH O4eBUAHBI. (JCTAeTCsS TPOBEPUTH
JIUIIb, 9TO €CTh €IUHCTBEHHOCTD PA3I0KEHUS TPOU3BOILHON TOUKHI TIPENEIA IO M0 TPAHUIIE
[Moxke. cm. maree.

Mpur oTsiMdaemM npoCTPAHCTBO MPOEKTUBHOTO MIPENeia u ’ CTPYKTYPY MPOEKTUBHOIO TIPe-
nena’, mMesi B BUIY 9TO [Jis HAC CYIIECTBEHHO He TOJBKO CaMO MPeAeIbHOe IPOCTPAHCTBO
T.e. HEKOTOPBIN 6€CKOHETHOMEDHBIN CUMILIEKC, HO U CTPYKTYPa TOMPEIEIbHBIX CUMILIEKCOB
7 ux npoeknuu. VHawe roBops, MBI PACCMATPUBAEM KATEIOPHUIO INPOEKTUBHBLIX PEIEJOB
CUMILIEKCOB, IIe OOBEKT KATErOPUN HE TIPENeTbHBIN CUMILICKC, 8 CaMa, TOCIeI0BATETEHOCTD
KOHEYHOMEPHBIX CUMILIEKCOB.

IToxaxkem, ITO O cuCTEMe TAHHBIX MPOEKTUBHOT'O MPEIETa CUMILIEKCOB MOXKHO BOCCTA-
HOBUTH I'pad, IPOCTPAHCTBO MyTeN U CUCTEMY KOIEPEXOTHBIX BEPOATHOCTEN; U IPU ITOM
OTBEYAIOIINAN DTON CUCTEME IIPOEKTUBHLIN IPEAe/, IOCTPOEHHLIN 10 TOJALKO UTO M3JI0KEH-
HOMY MPABUIY, COBOATAET C UCXOTHBIM. JTUM OyIET yCTAHABIEHA TABTOMOTMIECKAS CBA3b

56



MEX Iy ABYMs S3BIKAMU: C OQHOU CTOPOHHI -A3LIK Map AuarpaMma bparrenu, cucrema Ko-
TIEPEXOIOB & C IPYTON — S3BIK MPOEKTUBHBLIX TPENET0B KOHETHOMEPHBIX CUMILICKCOB.

[JencTBUTENLHO, TyCTh 3aJaH IPOEKTUBHLL IpeJe] KOHETHOMEDHBIX CUMILTEKCOB { X, },
n € N u cornacoBantas adPUHHBIX CHCTEMA TPOEKIIUN

{Tnm}TnmEn — Zm,n > m,n,m € N

. [IpumeM BepUIMHBI CUMILIEKCA Y, 3& BEPIIUHLL N-r'0 dTaxa rpada [', mpu sToM BepmmHa 14
dTaxka n MPEIIIeCTBYeT BEPIINHE dTaxXa 1 + 1, eCI MPOEKNN Ty 1,, TEPEBOJUT BEPIINHY
¥ B TOYKY CUMILIEKCA Y, Y KOTOPOU TOJOKUTEILHA OAPUIIEHTPUIECKAA KOOP IUHATA OTHO-
CUTEIHHO BEPIIUHLL . A B KAYECTBE CUCTEMBI MEPEXOIHBIX BEPOATHOCTEN BO3HMEM CUCTEMY
BeKTOPOB {AY}, CBA3AHHBIX C IPOEKIUAMU Tyt pn, KAK YKA3AHO BHILIE.

B manbuenmem Mbl, mMes IPOEKTUBHBIA MPEIEJS CUMILIEKCOB, OyIeM UCIONb30BATH Ka-
HOHWYECKY CBA3AHHLIN C HUM rpad (BEpIINH BCEX CUMILIEKCOB), IPOCTPAHCTBO My TEN B HEM
U T.I. U TOYHO TAKXKe, OyIeM FOBOPUTH O MPOEKINAX CUMILIEKCOB, KAHOHUIECKU CBI3AHHBIX
C OCHAIIEHHBIM T'padOM.

PacMoTpuM mpOM3BONBHBIN MPOEKTUBHBIU MPENE] KOHETHOMEPHBIX CUMILIEKCOB.

YYo= N Y0y — . B = X(T,A).

IIpexx e Bcero ompegenuM NpeReNIbHBIE MIPOEKIUU Moo m | Moo — 2m, KaK IIPEIENIbI
lim,, 7y, TPW KaXIOM M: OYEBMIHO, ITO OOPA3BI Ty mdp, KAK MOIMHOKECTBA B CHM-
IIEKCAX Yy,, MOHOTOHHO YOBIBAIOT MPU PACTYIIEM 7, U UX MEPECEYUEHUs €CTh HEKOTOPHLIE
MHOXeCTBa, 0603HadaeMbie 1y = [\, < . TpmEn; DTO BHIYKTBIE 3aMKHYTHE MTOIMHO-
JKECTBa KOHEYHOMEDHBIX CUMILIEKCOB Y., m = 1..., U mpeneabHst Ipoekmun 3muMopdhHO
OTOOPAKAIOT MPENETbHBIN KOMIIAKT Yoo HA DTU MHOXKECTBA:

Too,m © Boo — Om

Bonee 5koHOMHO OBLIO GBI PACCMATPUBATE U CAM MPOEKTUBHLIA IIPEIE
D — Qo — ...y —...0, =%(T,A)

C SIUMOPQHLIMA IPOEKIUAMH Ty, py, OFPAHIYIEHHBIMY HA [IOIMHOXeCTBA (), ¥ — IO ompe-
IEeJEHUI0 — C TeM JKe TIPeNeIbHBIM TpOocTpancTBOM. O IHAKO ABHOE HAXOXKIEHUE MHOXKECTB
), — MHTepecHas U HEMpOCTas 3a1ada, PABHOCUILHAS OCHOBHOU 331ae HAXOXK JeHU BCEX
HMHBAPUAHTHEIX Mep.'6

Jltobas ToYKa IPeIeJbHOr0 KOMIIAKTA, T.€ IMOCIEL0BATEIbHOCTD:

{wm} 1T, € Ema77'm7m—1~'17m = Tm—1

ompenesseT A1 BCIKOTO M HOCJAEI0BATEILHOCTE Mep {V'}, Ha cuUMILIEKCEe Y,,, & UMEHHO
v = Tpm(Wn) TAE Mepa i, €CcThb (€IUHCTBEHHOE) PA3MOKEHHME TOUKU I, IO KPANHIM
TOKAM B CHMILIEKCE L,. Pasymeercs GApUIEHTDHI KAXKIOU M3 Mep V' B Y, €CTb Ty, &
caMa >Ta MOCIeIOBATEILHOCTH MEP B MOHATHOM CMBICIE YKPYIHAETCA U C1a00 CXOTUTCSA B

¥, OpE N — 00 K HEKOTOPOU Mepe V,,  , COCPeRoTOYeHHOu Ha (), C X,,. OdueBuano, Tax

8B wacTHOCTY, ABHBIN B KOMIAKTOB (), HANACH B OMCHH HEMHOIHX CIy9YaAX, JAKe CPEIH Tex,
rie IeHTpPAJIbHBIE MepHhI M3BECTHBI. Yxe Aaa rpada Ilackara momrydaroTca TOOONBITHBIE X 10-
BOJIBHO CJIOXKHBIE BBIMYKJIbIe KOMIAKTEI, a, HapuMep, 411 rpada KOHra ux Buj ¢ TOU Xe CTENeHbo
geTKoCTH, Kak A1 auaa rpada [lackars, aBropy HemsBecTeH.
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MOy IAI0OTCSA BCE TOYKHU MPEEIOHOO KOMIIAKTA, T.€. BCE MEPBI C TAaHHBIMEU KOIMEDPEXO THBLIMA
BEPOATHOCTSMU.

Towka TPOM3BOIHLHOTO BHIMTYK/IOTO KOMIAKTA HA3BIBACTCA IKCMPEMaLbHrOl, €Cau He CY-
[IECTBYET HETPUBUAILHOU BBINYKJION KOMOMHIUHU, IPEICTABIANIECH DTY TOYKY, COBOKYII-
HOCTB DKCTPEMAJIbHBEIX TOYeK HasbiBaeTca rpanunen lloke koMmmakra u obo3nadaercsa exk .
Touka HA3LIBAETCI NOUMU IKCMPEMAALHOT, €CIU OHA JEKUT B 3aMbIKaHuu rpaHuns! [loke
— ex(K). HamomauMm, 910 adPUHHBIN KOMIIAKT B KOTOPOM BCAKAA TOUKA UMEET €IUMHCTBEH-
HOE PA3JIOKEHUe 1O DKCTpeMaabHBIM ToukaM (mo rpanune [Iloke), HA3BIBAIOT CUMILIEKCOM
[Moxke.

IIpueenem oOIMMK KPUTEPUHN DKCTPEMAILHOCTH, MOYTH SKCTPEMAILHOCTH TOYEK IIPOEK-
THUBHOT'O MPEIeaa CUMILIEKCOB.

Ipeanoxenne 9. 1.Touka {x,} -npoexmusno2o npedesa CuMNAEKCOS ABAAEMCA IKCMPE-
Maabrotl mozda u moavko mozda, xo2da das 406020 M caabvili npedes mep Vy, 6 CUM-
naexce L, ecmv 0eabma-mepa 6 mouke Ty, limy, v = v, =0, .

2. Touka {x,} noumu sxcmpemasvua, ecaw das 06020 m u 410601 OKpPECMHOCTNU
V(zm) mouku z, € X, cywecmsyem 3KCMPemasbnas mouka {y,} npedeavnoz20 Kom-
naxma, 0as Komopot Y, €V (Tm).

3. Aan xaxcdoti mouru {T,} npedeivbrno2o KOMNAKMG CUMNAEKCO8 CYuLecmeyem eoun-
CTNBEHHOE PABAOHCENUE NO FKCMPEMAALHbIM moukam (pazaoxcenue oke), onpedeasemoe ¢
NOMOWDIO MED Uy, .

CaencrBue 3. Ilpedeavubiii KoMNAKM NPpoeKmueno20 npedess KOHEUHOMEPHHIT CUMNLEK-
cos ecmbv (8o0bue 2060psa Oeckoneunomepbiti) cumnaexc loxe.

B gureparype (cm.[39]) 00y x gancs BOIPOC, HOYEMY IPELE] CUMILIEKCOB €CTh CUMILIEKC;
naxke B KOHETHOMEPHOM CIydae 3TO He BIOomHe o4ueBugHO, ero crasun A.H.Komvoropos.
[IpaBuibHEE BCEro COCIATHCA HA (OPMATBLHO MOpa3 a0 60aee OO, HO 10 CY T SKBUBAJCHT-
Hel QakT, (cM. HAIp.[?]) — O eAUHCTBEHHOCTH PA3IOKEHUA MepP C 3aJAHHBIM KOIMKJIOM HA
SProauvecKre KOMIOHEHTHI. 1.€. MCIOMb30BATE BEPOATHOCTHYIO TPAKTOBKY CHMILIEKCOB.

Jlerko mokasarb, 9TO BepHO m OOpaTHOE: BCAKMN cemapadeabHbm cuminiekc [Moke mo-
JKeT OBITH TPEICTABICH, KAK TIPOEKTUBHBIN TPEIe] KOHETHOMEPHBIX CUMILIEKCOB HO, pasy-
MEeTCsA, TAKOe MPEICTABICHUE NATEKO HE eIMHCTBEHHO.

Heckopko B CTOPOHY, HO TIOJE3HO OTMETUTH, YTO CUMILIEKC NMHBAPUAHTHBIX MEP OTHO-
CUTENbHO IEUCTBUA HEKOTOPOU HeaMeHaOeILHOU IPYIILL Ha KOMIIAKTE -cenapabeaeH, XOTs
€ro BO3MOXKHAA ANNPOKCUMAINA HE MOPOKIEHA KOHEIHLIME AINMPOKCUMAIMAMA NEMCTBUS;
MOSTOMY BO3HUKAECT HETPACKTOPHAA KOHEIHOMEDHASA ANMPOKCUMAINAA NEUCTBUSA, KOTOPAas
BUIUMO, HUKEM HE pacCMaTHBAIACE.

3ameuanue. Bo3aMoxHO, MepBEIe IBa MYHKTA yTBEPXKICHAA PACTPOCTPAHAETCA HA, TPO-
€KTUBHBIE TIPEIETBl TPOU3BOIBHBIX BLITYKIBIX KOMIIAKTOB.

Hanomuwm, 970 cpenn cenapabeabHbrx cuMILiekcos 1Iloke MOXKHO BEIIEIATE CUMNACKCD
Ioacena, 1 KOTOPLIX MHOKECTBO SKCTPEMATBHBIX TOYEK BCIOMY MIOTHO, TAKOW CHMILIEKC
€IUHCTBEHHEH C TOYHOCTHIO M0 apdUHHOTO u30MOPU3Ma, 1 YHUBEPCAICH KIACCEe BCEX ad-
duHHBIX cenapabenbHerx cuMmiekcoB. (Cum. [33] u mmrepaTypy)

IIpemnoxenne 10. Paccmompum npoexmusnbili npedes CumMniekcos co ciedyiouum ceot-
cmeom: das 106020 M 06bedunernue NPoeKyut

H{mnm(®)it € ex(Sn),n=m,m+1...}
n;t

no ecem s8epuwuUrHaGM CUMNAEKCOB En U 6cem n > m *60708?] nAOMHO 68 CuMNLEKCE Em-
Tozda npe@enbnbm cumnaexc ecmsv cumnaexc Ioacena.
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AcHO, Takoe MOCTPOEHME MOXKHO MPOBECTH 110 UHIYKIUU U U3 KPATEPUS C OUEBUI-
HOCTBIO CIELyeT, ITO B DTOM CJAydae dKCTPEMalbHBIE TOYKU BCIOAY TIOTHHL. [Ipum Takom
TIPOM3BOJIE B €0 MOCTPOCHNN €IMHCTBEHHOCTE KAXKETCA YAUBUTEILHON. TeM He MeHee, Tpo-
BepKa MOJICEHOBOCTH JAHHOT'O MIPOEKTUBHOTO MPEAEIa HE CTOIb MPOCTA U CXOAHA C 32 Ja9aMU
0 PUIbTpALUAX.

Cummiekcel ¢ 3aMkuayTou rpanuten [oke vazeiBatorcs cumniexcamu Bayspa. Umeercs
MHOT'O MTPOMEXKYTOYHEIX THUIOB CUMILIEKCOB MeX Iy cuMiniekcamu bayspa u Iloacena. B iu-
TepaType Mo BLIMYKION MeOMETPUN U 1O TEOPUN MHBAPUAHTHIX MEP DTa, TeMa, MHOTOKPATHO
ob6cyxk qanach. OIHAKO, pACCMOTPEHUA DTUX U AHAJOTUYIHBIX CBOUCTB OECKOHETHOMEPHBIX
CUMILIEKCOB TIPUMEHUTEIBHO K MPOEKTUBHLIM MPEIeJaM U K TeOPUN I'PalyUpPOBAHHBIX Ipa-
$oB u cooTBeTCTBYIOMUN ANredp, TOBUIUMOMY, B auTepaType He Obuio. Kaxmoe u3 srux
CBOWCTB UMEET CBOI MHTEPECHYIO MHTEPIPETAINIO B PAMKAX STUX TEOPUU. ABTOp CUMTAET
MOJNE3HBIM B MPWIOKEHUAX CACAYIOUMN KJIACC CUMILIEKCOB (WM JaXKe BBIMYKIBIX KOMITAK-
TOB): NOUMU 0GYIPOBCKUM CUMNACKCOM HA3BIBEMCA CUMNAEKC, Y Komopozo epanuya oke
OMEPLIMA 68 CE0EM 3AMBIKAHUL.

Mapamanenusm B pacemorpenusax nap (I, A) -rpagyupoBasssiyi rpad u ero OCHaIIEHUe, ¢
OJIHOU CTOPOHBI U MPOEKTUBHLIX IPEJEI0B CUMILIEKCOB,— C IPYTOU, O3HAYAET, ITO MOCIE]-
HUU UMEET CBOI BEPOATHOCTHYIO MHTEPIPETAINi0. [[0Me3H0 OnMrcaTh 3Ty UHTEPIPETAINO,
HEMOCpeaCTBeHHO. HamoMHMM, 9TO MyTh B KOHTEKCTE MPOEKTUBHBIX MPEIEJOB €CTh TO-
CJIEI0BATEIbHOCTD {;, },, BEPIIUH CUMILIEKCOB ¢, € €XY,, COIVIACOBAHHAA C HPOEKIMAMU
cirenytomuym cnocobom mpu Bcex n € N 7, 1, UMeeT HeHy/IeByI0 OAPUIEHTPHIECKYIO
KOOPAMHATY OTHOCUTEIBHO BEPIIUHEL £, 1. IIpexk e BCero BCAKAsA TOUKA MPENeIbHOTO CUM-
TLIEKCA Loo € Yoo €CTH CONTACOBAHHASA OTHOCUTENBLHO MPOEKIINN MOCAE[OBATENLHOCTE TOYEK
CUMILIEKCOB {Xp, } @ Ty no1Zn = Tp—1,n € N. Kak smeMeHT cuMILIeKca &, OmperelieT Mepy
Ha BEPIIMHAX CUMILIEKCA, W TMOCKOIBKY BCE OHU COTVICOBAHBI OTHOCUTEIBHO MPOEKITUH, TO
Zoo OMPEIEIIET HEKOTOPYIO MEPY HA HPOCTPAHCTBE IIYTEH [, ¢ (PUKCUPOBAHHBIMU KOTIEPE-
XOIHBIME BEPOATHOCTAMU. HaoBGopoT, BeAKas Takas Mepa OMpeaeier MoCJAeJ0BATEIbHOCTh
mpoexknuu. Takum 006pa3oM, MPENeTbHBIN CUMILIEKC €CTh CUMILIEKC BCEX Mep Ha MPOCTPaH-
CTBE TyTen C 3aJaHHLIMI KOTIEPEXOJAMU.

DKCTPEMATBHOCTD TOUKH ft € €X(Xs,) 03HAIALT DPTrOAUTHOCTE MEPHL [i, T.€. TPUBUAIb-
HOCTB XBOCTOBOU CUI'Ma-alIredpbl OTHOCUTEIBLHO MEPHI [ Ha MPOCTPAHCTBE IIy TeH.

SaKII0YUM >TOT MYHKT CJIEIYIOUMM BBHIBOJIOM:

MEOPUL 0CHAULEHHBIT 2PadYUPOBAHHBIT MYAbMULPAPO6 U Meopus MAPKOBCKUL KOMNAK-
MO8 C CUCTNEMAMU KONEPET0D08 UdeNMUUHbL Meopus cumniexcos llloxe, paccmampueaemois
KaK NPoexmusnvill npedes KOHEUHOMEPHBIT CuMNieKcos. Bece mpu meopuu mo2ym paccma-
MPUBAMbCA KAK MEOPUL A0KAADHO KOHEUHbIT Puibmpayut 6 @urcuposanmom 6a3ucHom
npedcmasaenui

7.2 dyHmamMeHTaJbHAasA 3agada: ommcaHue abcoJaroTa

OcuoBras npobaema. [Ipeanomkum 3a1aH TPOEKTUBHBIN TPEAET KOHETHOMEPHBIX CUMILIEK-
coB

-mautu rparuiy [loke npenessHOr0 CUMILIEKCA.

Ham yno6HO Ha3BIBATH DTy TPAHUIY B KOHTEKCTE 33Ja4 O TPAHUIAX, —- abCOTIOTOM
IIPOEKTUBHOIO Ipeena, COOTBETCTBEHHO, a0COMI0TOM MAPKOBCKOU €N, IPalyIPOBAHHOIO
rpaga u T.41.. MHOrma O COCTOUT M3 OAHOU TOYKHU, B DTOM CIydae aOCOIIOT TPUBUAJIEH, HO
2TO OLIBAET KpanHe PEIKO.

B cuny ckaszaHHOrO 3TOT BOIPOC PABHOCHUIEH BOIPOCY

-1 TAaHHOTO MApPKOBCKOT'O KOMIIAKTA, C 3aJAHHOU CUCTEMOUN KOMEPEXOAOB OMUCATH BCE
2proauieCKne Mepbl, COIVIaCOBaHHBIE C HUMH.
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um

[l TaHHOTO TPaIyUPOBAHHOTO rpada ¢ OCHAIIEHNEM ONUCATE BCE DPTOANTECKIE MEPHI
HA MPOCTPAHCTBE €ro MyTel, COMNTACOBAHHBIE C OCHAIIEHIEM

1, HAKOHEII

[na mappOoN PUILTpanuu HA GOPENIEBCKOM MPOCTPAHCTBE OMUCATH SPrOIMIECKAe OOpe-
JIEBCKUE MEPHI, COMVIACOBAHHLIE C KOUUKJIOM (uibTpanuu (cM. maparpad 3).

Ha camom mese Bce 5T 3a1a91, KaK MBI BUIEIN, TABTOJOTMYIHO SKBUBATCHTHEI, HO BCE
JKe OTHOCATCSA K Pa3HBIM 00JacTAM MareMaTukud. DopMymIupoBKa O MapKOBCKUX IETIAX
daxTuaeckn mpuragTexut lpmxuny (cv. [56])17

[na rpadoB, CHAOKEHHBIX KAHOHUIECKUM OCHAIIEHWEM, DTO 331393 O HEeHTPATLHBIX
mMepax, umm ciaegax AF-anre6p, nim o xapakTepax JOKAJIbHO KOHEIHBIX TPYIIIL, KPOME TOro,
DTO eIe U 3a1a4a 00 WHBAPUAHTHBIX MEpaxX [ JEeUCTBUM CICTHBIX T'PYIII, €CJIU BLIOPAHA
UX aIUYeCKasa AMMpPOKCUMAIAA. ODTO — KOMOCCATBHLIN KPYT 3a1ad, OXBATHIBAIOIIAN 3HA-
YUTENbHYIO YaCTh ACUMITOTUIEKON TEOPUM TPEICTABICHUN, KOMOMHATOPUKY, alrebphl 1,
KOHEYHO, TEOPUYU TUHAMUIECKAX CHCTEM.

B caygae ¢ puibTpanmmaMu, GpuKcanmsa KaKOU-Iub0 OIHOU 3ProJAMIecKON MePLI, IIO3BO-
JSIeT PACCMATPUBATE (PUIABTPALUIO YKe, KAK (PUILTPALUIO IPOCTPAHCTBA C MEPOU (a He mpo-
CTO GOPEIEBCKOI0 MPOCTPAHCTBA) CO BCEMU BBITEKAIOIIMMA 1 PACCMOTPEHHBIME BBIIIE IPO-
omemamu. Ho abcomoT Kak Obl O0BEAMHAET PA3HbIEe MEPHI OTHOCUTENBHO KOTOPHIX MOYKHO
pPaccMaTpUBATL (PUILTPAIUKA, OTHOIIEHUA SKBUBAJICHTHOCTHU, ATWIECKNE NCUCTBUA U T.I.
[osToMy BOIPOC HE TOMBLKO B OMUCAHUM aOCOMIOTa. BOT mepeveHs eCTECTBEHHBIX BAaXKHBIX
MOMOJHUTEIBHEIX BOMIPOCOB MBI MpuBeneM nxX B TEPMUHAX MPAIyAPOBAHHEIX IPadoB

IMocTanoBKa BOMPOCA MOXKET OBLITH TAKOBA: - HA KAKUX OCHAIICHHLIX rpadax BCAKAA
Mepa 13 abCOMIOTA 3aaeT CTAHIAPTHYIO XBOCTOBYIO (DUILTPALNIO HA TPOCTPAHCTBE My Ten
¢ mepon? Taxue rpadsl €CTECTBEHHO HA3BATH CTAHIAPTHBIMU.

- Ha Kakux rpadax CymecTBYIOT Mepa u3 abCOM0Ta CO CTAHIAPTHON XBOCTOBOU (DHIb-
Tpaluen;

- Ha KakuxX Tpadax HET HETPUBUAILHLIX MEP B aOCOMIOTE, 3aJalOUINX CTAHIAPTHYIO
XBOCTOBYIO (DAILTPAIIIO?

u T.0I.

Takyto xe cepuio BOIPOCOB MOXKHO 3aJaTh B CBA3Y C SHTPOIMEN U IPYTAMU NHBAPWAH-
taMm puwibTpamu. C TOYKU 3PEHUs METPUIECKOU TEOPUU (PUILTPAIUN U TEOPUU MAPKOB-
CKPX IEMeN ST BOIPOCH BLITVIALAT OCOOEHHO HETPAINIUOHHLIME, MOKOIBKY PEIb UIET O
TOM, HACKOJIBKO HEMOXOKUMU ABIAIOTCA MEPhI C OJHUMHA U TEMU YK€ YCIOBHBIMU (KOMepe-
XOMHBIMU) MEPAMU.

7.3 Heckoabko npuMepoB. CBA3b C TeOpUEH JOKAILHO KOHEYHBIX
dunrbTpanun.

Mu1 BoIGEpEM HECKOIBKO TMPUMEPOB 3309 O BHIMUCICHUU abCOTIOTA.

1. A6comor rpynn. PaccMoTpuM CYeTHY0 KOHEUH MOPOXK IeHHyIo rpynmy G BbhiGepem
cuMMeTprieyio cuctemy obpasyommx S = ST, it Jumammaeckum rpadpom Komm mazo-
BeM rpad, BEPIIUHBI N-I'0 DTaXKA KOTOPOr'0, eCTh BCE JIEMEHTHI I'DYIIBL, IPEICTABINMEIC
B BHU/E CJIOB [IJIMHEL 71, & IyT'M OTBEYAIOT YMHOXKEHUIO CIpaBa HA oOpasywomue. OcHaleHne
KAHOHUYIECKOE, T.€. MHOXKECTO BCEX MPEICTABICHUN TAHHOTO 3JIEMEHTA B BUIE CIOB CHAYKEHO
paBHOMEPHOU Mepou. Bompoc 06 abcomoTe, T.e. 0 MHOXKECTBE DProfUIeCKUX EeHTPATbHBIX
Mep eCTh CyILIeCTBEHHOE pacmupeHue Bompoca o rpanune llyaccona-Propcerentepra (IID)

17 [66] MCIOMB30BMMCE HA3BAHUA— CPAHUNA BBIXO, TPAHALA-BXOA U T.J. 3aMETHM, ITO IDa-
Huna MapTuHa Takke JerKo ONpeeIseTcsa B HalleM KOHTeKcTe -CM. [20]

60



cayqannoro Gmyxgamusa. B To Bpems rpammma (IID) ogHOTOWEYHA IIi MHOTHWX TDYIII,
abCOMIOT OYEHBb PEIKO OBIBACT OJHOTOYEIHBIM; OH UMEET CTPYKTYPY OOOOIIEHHOrO PACCIO-
enns Haj rpanuien (II®P). [Tas cBo6OIHOU IpyHIbl abcomOT BerMucaeH B [34]. ITlpu sTom
OOHAPYKEH €CTECTBEHHLIN (DA30BLIN MEPEXO] OT PPrOAUTHOCTH MEPHl K HedPrOAUTHOCTH.
B macrosmee Bpems, mccreayeTca abGCOMIOT HAMBLIOTEHTHLIX TPYNH. BecbMa MOJe3HBIM
31€Ch OKa3LIBAETCSA 0000IIeHre >proaudeckoro Meroaa (cm.[23]), cBogsAmero HaxoxaeHue
HEHTPATBHBIX Mep K YCTAHOBICHUIO CBOMCTE UX NOMOJHUTEJILHON MHBAPDUAHTHOCTU. B 5TOM
CMBICJIE TTOUCKHU abCOMOTA MOKHO PACCMATPUBATH KAK MOUCKOM NATEKAX OOOOMICHUN Teo-
pemnl /le duneTT 0 Mepax, HBAPUAHTHLIX OTHOCATEILHO I'PYII MOACTAHOBOK. Bo BCex
HAMIEHHLIX TPYIHOBEIX OPUMEPAx, GUILTPAINNA OKA3ZLIBAIOTCA CTAHJAPTHEIMHU, T.€ TUHA-
MUIECKAN TPad MOKET OLITh HAZBAH CTAHJAPTHEBIM.

2. HaoG6opor, rpadsl, BO3HUKAIOIINE B TEOPUN ANTIOKCUMAIMA IUHAMUYIECKAX CUCTEM
(T.e. Tpadbl IOCTABIAIIINE aIUYECKUE PEATAIANUN ABTOMOMDU3MOB ¢ UHBAPUAHTHOU Me-
pOU, 9aCTO OBIBAIOT HECTAHIAPTHBIMMU.

Tunoresza 2. ['pagd, docmasasowul aduueckyo peaiu3ayuio a8momopPu3ma ¢ nosoHcu-
meabnoti anmponuets ne asasemes cmandapmuvim. Coomeememsyrowuti npedeabubitlh cum-
NAEKC -NOACEHOBCKUT.

I'pad ynopsgouenusix map (cM. maparpad 4) mMeeT MHOTO MEHTPATbHBIX MeD, OTHOCH-
)
TEIBHO KOTOPBIX XBOCTOBasA QUiIbTpalua HecTaggapTHa. (cM. [27]).
lpyrou, 6ojee NMHTEPECHBIN IpUMEP TAaKoro tumna —rpad ”Gammsa mep”

Figure 11: Hagamno Gamrau mep

DTOo rpad HEYIOPAJOICHHBIX Tap, KOTOPBIN BO3HUK B 1969 rony, kak GAIITHSI TBOMIHBIX
mep. IIpome Bcero ompeaeauTs €ro, Kak MPOEKTUBHBIN MPEIeJ CUMILIEKCOB, B KOTOPOM
KaXK IBIA MHOXKECTBO BEPIINH CJACIYIOMIEr0 CUMILIEKCA, MHOXKECTBO BCEX BEPIIUH U CEPEIUH
BCex pefep MpenbIIyIIero CUMILIEKCa, HadalbHBIN CUMILIEKC - 0Tpe3ok [0, 1]. Ha npexensaom
CUMILTEKCe OAIITHN MeP XOPOIIO UHTEPIPETUPYIOTC NHBAPUAHTEL MHOXKECTB OTHOCUTEIHHO
HECTAHIAPTHBIX TUALXIeCKUX GUIbTpanui. Bosee TOro, HOBOOM ONPEeAeIeHII OAITHE Mep
MOCJLYKUIA UHTEPIPETANNs KPUTEPUs CTAHIAPTHOCTU (TOYHEe MHTEPIPeTAlys 3HAICHUN
YHUBEPCATBHOIO MPOEKTOPa, MHOXKECTBA) A HECTAHIAPTHBIX CATyauui. KOHCTDYKIMA
OalllHY Mep TPEKIUKACTCA ¢ KOHCTPYKIUAMU YHUBEPCATBLHBIX MPOCTPAHCTB B TEOPETUKO
MHOXECTBEHHOU U aIrebpandeCcKon TOTOMOT .

3. OrpoMHBIN 3amac rpagyupOBAHHBIX I'PAdOB U, CICIOBATEIBLHO aOCOTIOTOB, (PUIb-
TPAlUU U UX UHBAPUAHTOB JaeT Teopus mpeacrapieHunn AF-aaredp u JOKaIbHO KOHETHBIX
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rpymn. Kaxaoim w3 5Tux 00BEKTOB MOPOXKIAET CBOI AuarpaMmy BparTemu, m KaHOHW-
YECKOE OCHAIIEHUE 33,0aeT MPOCKTUBHBIN TPENET CAMILIEKCOB U MPEISTHLHBIN CUMILICKC [IeH-
TPATLHBIX MED U T.[. DTHU CBA3M 3yIaJUCh, HO 6€3 yIeTa poau (pUILTPAINA KaK TO 6OPeIes-
CKPX Uau TeM 060Jee XBOCTOBLIX (PIILTPAINN OTHOCATEIBHO NEHTPATBHBIX MeD. YIOMAHEM
JIWIIE, 9TO BEMUCJICHEE aOCOMI0TA, T.€. BBIYUCJACHUE CJAEIOB U XAPAKTEPOB BLITVIAIUT 060-
COOJIEHHBEIM B KaXKIOM KOHKPETHOM CIy9Yae; 4O CUX MOP MIA DTOr0 HET NOCTATOIHO OOIIUX
meronoB. Takas nomelTka Oblia caenana B [19, 21, 23] u B HacTosmIEN pAGOTE € LEABIO XOTS
OBI OTJEIUTH CIy9Iad, KODAA OMUCAHUE BO3MOXKHO OT TeX, KOrAa 0003PUMOTO PEIIeHUA HeT.
VMEeHHO ¢ TUM CBA3AHO MPUBICICHNE TIOHATUA CTAHIAP THOCTU (PATHLTPAIUEA K DTUM BOTIPO-
cam. B sTux paborax (cm.[23]) BBegena, Tax HasbIBaeMas, BHY TPEHHsSA METPUKA HA ILy TAX
rpada, HazHaYeHne KOTOPOU Pa3 qeUuTh OUCAHHBIE CIydan. Mbl OTKIAXKEIBAEM JaJbHENIINI
pPasbop HTUX CBA3EHN M3-3a HEJOCTATKA MECTA.

8 MCTOPUYECKUMU KOMMEHTAPUMN

[Tosesno noGaBUTL B 3aKaoveHne 0030pa HECKOAbKO 3aMedaHui 00 MCTOPUU BOIPOCA U
HEKOTOPHLIX PadOTax, MpUMEpax U KOHTPIPUMEPX, MOJE3HBIX NP U3YICHUN (PUILTPALAN.

1. B 1958 roxy 6rua omy6amkoBaHa 3HaMenuTas padora A.H.Komvmoroposa [69] ¢ ompe-
IeJEeHNEM DHTPOINN, KAK UHBAPUAHTA, METPUIECKON TEOPUY TUHAMUIECKUX CUCTeM. B Hen
ABTOP ONpEENsAT SHTPONUA B AyXe IEHHOHOBCKOU KOHIICIIIUU Mepefadn UHGOPMAIUAN U
OIUPAJICA HA IaCTO PACCMATPUBABIIYIOCI UM DaHee GUIbLTPALuUIo (B IPEXKHAX TEPMUHAX —
" HOCJEeI0BATENBHOCT CUrMa~aarebp Ipouioro” ), Ipu 3TOM OTMedas CyUIeCTBEHHOCTD UC-
MOIB3yeMon UM Teopun pasbuenun Poxmuna. Kak MOXHO MOHATEH M3 BOCIOMUHAHUN PA3BIX
JIUI, B MpEIIIECTBYOmEeM Kypce jJexmun, untasimemcs A.H.s 1957 rony u K cOXaJIeHUIO,
HE COXPAHUBLIUMCS, HEH30MOPM3UM cxeM BepHymin ¢ pasHOU SHTPOMUEN TOKA3BIBAICA C
IIOMOIIBI0 KOMOMHATOPHOI'O M MEHee TEeXHUYIECKOrO CIoco0a OmpeaeseHus SHTPONNUN, KO-
Topoe, Grarogapsa mocaeayiomeMmy omnpeeaenuto >urponuu CUHAEM CTAIO B NalbHEHIIEM
OCHOBHBEIM. Tem 6osee, UTO 3TO OmpeneaeHue cpasy ObLIO Jerko 0OOOIIEHO Ha MPOU3BOJIb-
mele rpynnel. ' Ompenerenne KomMoroposa B IepBo# 3aMeTKe OBLIO [Opa3o OMMKe K
TPAIUIUOHHON TEOPUM CTAIMOHAPLIX TporeccoB. Ho He6ombmias ommbKa B 3TOU paboTe
sacraBuna A.H. manucare Bropyio padory (c. [70]). Bor Bbizep:xkka u CHOCKa U3 DTOU
BTOPOH paBOTEl 06 PHTPOINHU, B KOTOPOH ObLIA MCIpaBIeHa OMmMOKa mepBoi paboTsl M,

"B.A.Poxiun yka3anl MHE, 9TO JOKA3aTEILCTBO TeopeMbl 2 Moen 3amerku (1) momda-
JIUBO UCIOMB3YeT Takoe momyienHue. U3

2D DA D ..., A =N

BBITEKAET

B\ 2A) = 3.

n

7 C mobesnoro cormacus B.A.Poxauna npuBoxky 3mech sror mpumep. Ilycrs &™— an-
UTUBHAA DPYIIA TUCET - —HaT BbHOE, (* — LEJI0e, J—HEeOTPULIATEIHLHOE IIET
as a amcer am ™ (m aTypaibHOe, enoe €o ATEIBHOE TIEI0e

183 1eck meoGxoamMo oTMeTHTE AUILIOMHEYIO padoTy JI.Aposa, ynomuraemyio A.H. B ero ropoit
samerke [70] , ¥ JIMIIB HEZABHO OMyOAMKOBAHHYIO (CM.[2]), B KOTOpOU OBLI OmpenereH KOMOUHA-
TOPHO MHBAPUAHT aBTOMOP(d3uMa, GaKTUIeCKH OMM3KUEA K KOIMOIOPOBCKON-CHHANCKON SHTPOIINH;
IOMHBIU AHAIN3 CPAaBHEHWs >HTpommu Aposa u obbrarou caeran B.M.Typesmaem [43]

YTowemy-ro msgarern Cobpanma Counmenuit A.H. penrmuiy He megaTars 5Ty paboTy IOIHOCTHIO,
a 00BeIUHUTEL HEGOMBIIYIO €6 9aCTh ¢ MepBO PaGoTon
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auceno). O6o3radum wepes U apromopduam rpynnsr B¢, cocroammit B neennn wa 6, qepes
M -rpynmy xapaxtepos rpymnsr $¢ u gepes T — arToMOpduaM rpymnnsl M, COMPIKeHHBIR
¢ U. Hoarpymmer $2, &> rpynmer $° y10B1eTBOPAIOT 0MEBUIHBIM COOTHOITCHIAM:

6?cue?, \/Ue’=e [(U"®’=0,
6’ cve’, \[Ure’ =¢°, (U e® =0,

CregoBaTenbHO, ompeienseMbre M moxarre6psl &2, &% anre6pbl G M3MePUMBIX MHO-
JKECTB TIPOCTPAHCTBA M yIOBIETBODAET YCIOBHAM KasuperyaapHocTn. Mexay Tem &2
mmeer B U®? ungexc 3, a &° uveer B UG® urexc 2, Tak 9TO

MH(T&* &%) =193, MH(T&? &%) =lg2.

31echb Kak pas

e&*\/1e%) # &%,  [(&*\/T"6?) # &°.

n n

ODTOT TMPUMEDP MOKA3BIBAET HACKOABLKO CIOKHEE TEOpUsa yOLIBAIOIINX MOCJIEI0BATEILHO-
cTen curmMa-aare6p (QpUIbTpanum) mo CPABHHUIO ¢ TEOPUEH BO3PACTAOIINX MTOCIE[0BATENb-
HOCTEN: OTCYTCTBYET HENPEPLIBHOCTDL Mepexona K cynpemyMmy u ap. S ymomwmuaio 06 arom
ellle U MOTOMY, ITO [MIyOOKas TeOpUs MHBAPUAHTHHIX pa3bueHunl (B HAIIMX TEPMUHAX, TEO-
PUA CTAIMOHAPHBIX (QUIBTPALMI) CTAJLA IIOCIE STON0 IpeaMeToM BHuManus Poxiuua, Cunas
U MHOIIX mocaenyonmx asTopos: [84]. Ho kak modepkusanoch paree, 061aCTh IPUMEHEHIN
Teopun GUILTPAIMEA MHOTO MIUPE CTAIMOHAPHOTO CAyYas, KOTOPHIU TPENCTABIAT MHTEPEC
[JIA TEOPUN CIYyIAUHBIX IIPOLIECCOB U SPrOANIEeCKON TEOPUM.

2. Bompoc o Towm, cymecTByeT u sproaudeckas puibTpanus GUHITHO B30MOpQHAI, HO
He m30MOopdHAA HEPHYLINEBCKON, OKA3bIBACTCA Bo3dHUKA eme B 50-x rr. B kuure H.Bunepa
”HenuHenHble 33124 B TeOpUn caydanubx mpoueccos” ([40], B HECKOMBKO MHBIX TepMUHAX
DTOT BOMPOC 00cyxkaauaca B riaBax " Koauposauue” u ” lexonupoBauue”. DakTuIecKn BO
BTOPOU UX HUX OH IPUBOAUTCA OTPUNATEILHBIA OTBET HA DTOT BOMPOC, CHAOKEHHBIN NJINH-
HBIMUJ BBIYUACICHUAMEU. TOYHEe, yTBePXK JAeTCs, ITO eCJAU HEeKOTOPAas CTAMOHAPHAA ['ayCCOB-
CKasl CIy<YanHas IOCAeLOBATEILHOCTD iy, N < 0 00JagaeT TeM CBOUCTBOM YTO HPU KazK I0M
n A CUCMa-aare6psl, A,, TOPOXKAEHHON BEAMIMHAMU C HOMEpaMu < 1 CYMIECTBYeT |n|
HE3ABUCUMBIX MEXK Iy COOOU M HE3ABUCUMEIX OT 2f,, TayCCOBCUX CAYYANHLIX BEIUYIUH, TTOPO-
K TaoImx BMecTe ¢ A, curma-aiarebpy BCEX M3MEPUMBIX MHOXKECTB, TO UCXOTHAsA CTAIMO-
HApHAs NOCAEI0BATEILHOCTS onpegeseT (130MophHa) GEPHYILINEBCKOMY OJHOCTOPOHHEMY
CABUTY. ODTO HEBEPHO, TaK KaK CyILIECTBYIOT HECTAHAAPTHBIE (TeM CAMBIM HEX30MODHBIE
OEPHYJINEBCKON) CTAINOHAPHBIE (DUILTDAIIH.

[lomkeH cka3aTb, YTO B MOEH MEPBON PAbOTe & 3Ty TEMy O JaKyHApHOM M30MOpQ3uMe
([4]) 2 Takxe yTBepxK Haa (1A [UATUIECKAX GUILTPAIMN), ITO HECTAHJIAPTHBIX (PUIBTPa-
UUI HE CymecTByeT (He NPUBOLA HUKAKUX DACCYKACHUU WUIU BBHIYUCACHUN B OIIEPKKY
5TOro), HO BKOpe nocae >toro ([5]) ucopasui 5Ty omubKy U JAT IEPBYIO CEPUIO IPUMEPOB
HECTAHAPTHBIX JUAJANYICCKUX MOCJAEIOBATEILHOCTEN BMECTE C KDUTEPUEM CTAHJIAPTHOCTH.
Tem cambiM, kaaccudukausa GUILTPAINN CTAIA COIEPKATEILHON 38, Iael.

3. Tosopsa o mpegucropuu Teopuu (PUILTPAIUK, CIEAYeT HAYATh C TOCO, UTO BO-
mpoc 06 yCTPOUCTBE CTANMOHAPHBIX OJHOCTOPOHHUX (PUIbTpAIME MOgHUMAICA B 60-X Tr.
B.A.PoxumubiM, KaK CpencTBO U3yUeHUs SHAOMOPGU3MOB (HEOOPATUMBIX IPEOOPA3OBAHNN,
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COXPAHAOMIUX MEPY ) — B DTOU OOJACTHU €My IPUHALIEKAT MHOI'O BAXKHBIX PEYJIbTATOB (CM.
[85]). Ou mpusrek x sromy B.BunokypoBa n ero y4enukos u3 Tamkenta (B.Py6mrrens,
H.l'auuxomxkaes u 1p.), KOTOPHIE BBINOIHUWIN DS MHTEPECHBIX PaboT HA 2Ty Temy. [41,
42, 87, 88] C gpyrou CTOPOHBI mpsMas HEOOXOAUMOCTb U3ydaThb OLHOPOIHBIE (HALIPUMED,
auaguaeckue) QUIbTPALWY, MOABAIACH II03XKe B CBA3U C 3aJadell TPAEKTOPHOI'O U30MOD-
Jusma aBTOMODPU3MOB, TAKXKe MOCTABICHHON POXIMHBEIM BHE CBA3M € QuibTpuuaMu. Ko
yemermuo 3auuManachk P.Bemnnckas. TOMOXUTENLHBIN OTBET Ha BOMPOC O TPACKTOPHOM
u30MOPQBUME BCEX DPrOAUIECKUX TPEOOPAZOBAHAN ¢ MHBAPUAHTHON MEPOU HA, CAMOM [eJe
6blT K TOMy Bpemennu perre I'.aem [45], 0 ¥eMm €Tano M3BECTHO yUaCTHUKAM CEMUIHApA
JIUIIb MO3XKe, KOAa i JOKA3ad TeOPeMy O JAKYHAPHOM H30MOp(U3Me, h3 KOTOPOU Teo-
pema [las HEOCPEACTBEHHO ClenoBata. TexHuKa T0Ka3aTeabcTBa B [45] ObL1a OCHOBaHA HA
Teopun W*-aare6p,4T0 KOHTPACTUPOBAIO C AMIPOKCUMAIMOHHBIM, IO CYIIECTBY KOMOWHA~
TOPHBIM I0KA3aTeIbCTBOM B [4, 3]. mokasarembcTBOM. MHOrO MO3XkKe TAKOU XKe Pe3yaIbTaT
ObLI TOKA3aH U BCEX NEMCTBUN aMeHaOelbHBIX TPYNN ¢ MHBapuaHTHOW Mepoun [80, 71].
TpaekTopHas Teopus B CBA3U ¢ Teopuen HaKTOPOB MHTEPECOBATIA MEHSI U IO DTOrO U He-
KOTOPBIE PE3yJIbTATHL yKe A KBA3BUUHBAPUAHTHIX Mep OBLI MOJYYEHBI OTHOBPEMEHHO C
pesyabraramu B.Kpurepa u A.Konna. fI HasbBanz TeopeTuko-MHOXKECTBEHHBIE Hepecede-
HUA PUILTPAIUN JOKATLHO-U3MEPUMBIMU pasbuenusyu, B.A.Poxann mpemrioxkmT Ha3BaHue
— pyunsie” | OOMIENPUHATOE HA3BAHUE ~TUMEPKOHEIHBIE PA3OUEHUS.

4. Bauskue BOOpOCH CTABIWINCH U B CAMOU TEOPUHU BEPOATHOCTH C TABHUX MOP, U MHOT'O-
kpaTHo. Hampumep Bompoc, Kakue CTAIUOHAPHBIE TPOLECCH MOTYT OBITH MOMYYIEeHBI KOU-
posanuem cxem Bepuyswuim usyganu M.Rosenblatt, K.Ito [83] u muorue apyrume. HauGouee
YeTKAasA MOCTAHOBKA, BOMPOCA CIOKMAIACH B PAMKAX TEOPUY UHMOPMAILIAN U dPTOIUICCKON Te-
opum: Kaxue aBTOMOp(MU3MBI WK 5HIOMOPMUIMEL ABIAIOTCI (DAKTOPAMU OEPHYLINEBCKUX !
Bompoc 06 aBToMOpduU3Max perreH B 3aMedarenbHon padore [.Opumrrenna [78], nokasas-
mero HeoOX0AUMOCTh U JOCTATOYHOCTH ycIoBus HeyaadHo HassanHoro VWB (Very Weak
Bernoulli); npaBunbaee 6bu10 661 HazBaTh ero ”ycaosuem Opninrenna”’. Bompoc 06 sH10-
MopdUaMax MO KOHIA eIe He perreH. Ycaoue OpHIITENHA, IO CBOEMY XapaKTepy TOXOXKe
Ha YCJIOBUE CTAHIAPHOCTHU, KOTOPOE MOABUIOCH IO APYTOMY MOBOLY TPUOIM3UTEIBLHO B TO
xe Bpem ([5]). CxoAcTBO UX B TOM, UTO 00a ABIATCA TPEGOBAHUAME K MOBEICHNIO HAO0DA
YCJIOBHBIX Mep KOHEUHBIX OTPE3KOB MPOIECcca Npu (PUKCAIUY TPOILIONO HAYUHAA C HEKOTO-
pPOro MOMEHTa, & UMEHHO UX COMMIKEHUs, KOTAa 3TOT MOMEHT YXOIUT HA MUHYC OECKHEY-
HOCTh. QueBHAHO, YTO JM0O0E MOHUMAHUE TOrO, YTO TAKOE OCIAOIEHUE HE3aBUCUMOCTH,
MOXKET ObITH BHIPAXKEHO MMEHHO B TAKUX TEPMUHAX, HO BCE-TAKU DTOT CIOCOO OTIUIAETCS
OT Pa3HOOOPA3HBIX YCAOBUN CIAO0U 3ABUCUMOCTHU, CYIIIECTBOBABINUAX M0 3TOTO, B TPAIAIA-
OHHBIX CXEMaX TEOPHUHU CAydalHbIX npoueccos (ycaosusa Kommoroposa, Posentiarra, U6pa-
CUMOBA U D), U (GOPMYIUPYEMBIX OOBIYHO B TEPMUHAX yOBIBAHUSA KOD(DMUIMEHTOB KOPpe-
JUILAN, TWIOTHOCTEN MEp W T.O0. J3AECh K€ HA MePBBLIM IUIAH BBICTYIAIOT YCIOBHBIE MEDHI,
U METPUKA, B KOTOPOU MOMKHEI COMMKATHCA MEXIy cobou. B ycmosum OpHIITENHA >TO
merpuka KanTopoBuda (HepeoTKPHITAA UM CHENUAILHO A DTOTO CIydasd) OTHOCTEILHO
MeTpuku XOMMWHTA HA CAMUX TPAEKTOPUAX. B ciydae CTaHIAPTHOCTH DTO MOIAMDUIIIN-
poBanHas MeTpuka KanTopoBuYa, yIuTHIBAKOWIAAL (AIPEBECHYIO) CTPYKTYPY YCJIOBHBIX Mep.
Pasnudue Mex 1y HUMU CYIIECTBEHHO, HO U 3a1a¥KU U KIACCHL IIPOIECCOB PA3IUYIHBL: YCIOBUE
OpHITenHa OTHOCUTCA K CTAIMOHAPHBIM TIPOIECCaM HA Z (XOTA yCaoBUE GOPMYIUPYETCS
[UI €r0 OTPAHUYEHNS HA Z . ¥ TPAKTYeT CBOUCTBA ABYCTOPOHHErO MPOIECCA, & CTAHIAPT-
HOCTB XapaKTepU3yeT CBOMCTBA OTHOCTOPOHHEH (PIILTpamuu. 2.

0B pamsueimen JI.Opaurreis u B.Beiice, /I.Pynoabdh u Apyrite mepeHecin 3Ty TeOPHIO ¢ TPYIIIbL
7, ma NenCTBUA MPOU3BOMLHBIX aMHAGETLHBIX TPYIMIN C WHBAPUAHTHOW MEpOU, HO DTO 06OGIIeHMe
HEe MMEeT Mapajieqd ¢ Teopuer (GUILTPAIMil, B TOM BHAE KaK OHA HUCIOIL3YETCA A TPYIIIHI

64



Crour 3aMeTUTh, 9TO BMECTO METPUKY X3MMUHIA (HA TPAEKTOPUAX) PACCMATPUBAINCH
U Ipyrue MeTpUKW, a MeTpuky KaHTopoBm4a HA Mepax, MOCTPOEHHYIO [0 METDUKE Ha,
TPACKOPUAX, TAKKE MOXKHO 3AMEHUTHL HA APYTUE, — 3MECh €CTh OOMBIION MTPOCTOP A
DKCIIEPUMEHTUPOBAHUA U BBIACHHUSA ACUMITOTHIECKUX CBOUCTB MPOLECCOB U (PUIBTPAIUN
B 3AaBUCUMOCTHU OT METPUK.

HaubGosee BaxXHBIM MPEACTABIACTCA UAET U3MEPEHUS CTENeHn ~HeOepHYIINeBOCTH U
"HeCTaHIAPTHOCTU” , ¢ TOMOIIBIO TOT0, YTO HA3BAHO BHIIIE ”BTOPUIHON SHTPONMEH” U BHIC-
mnMu 3akoHamu () — 1.

9 BJIATOAAPHOCTHA

ABTOp MOMXKEH BCIOMHUTHL W MOGJATOJAPUTH TEX, C KeM OOCYXIAT TeMy TAHHOU CTa-
THU MHOTO JeT Ha3aj. OTO B MepByio odepens B.A.Poxiuun — onun u3 Mouwx y4ure-
JIel, KOTOPOMY TIPUHALICKUT PAL CTUMYIPYIOIIAX BOMPOCOB HA OIMIKUE TEMBI, 1 KOTOPBIN
OYEHb BHUMATEILHO U OJOOPUTEIBHO OTHECCSI K MOUM WMAesM Ha 3Ty Temy (cM. [84, 85]),
A H.KoaMmoropos, MHTEpeCOBABLINUCA TEMOU (PUILTPALMAN U IpeacTapuBni B~ [Jokma 161
AH” HeckorbKO MOUX 3aMeTOK Ha 3Ty Temy, P.Bemunckas, koTopas 3ajgana MHE OIUH U3
TEPBLIX KOHKPETHBIX BOMPOCOB O Auaanydeckux gpunbrpanuax, C.K)3BuHCKUT TpOABUBIIIY
AKTUBHLIN MHTEPEC K TeMe U HAMUCABIINNA BaXXKHYI PAOOTY MO MPUMEHEHWIO MIKATHEI aBTO-
mopdauma ([99]).

IMosesubivu Guutu B Te roabl Obutu HempocTeie auckycceuu ¢ f1.Cunaem, B.I'ypesudem,
B.Anexceessim, A . Karkom, A.Crenunsiv, B.Bunokypossim, B.Py6mrennom, JI. AGpamoBsiM,
M.TopauaeiM, M. MGparuMoBbIM P, a Takxke ¢ A KupuiiossiM, TaBIMM BEPHOE CPABHEHUE
DTOU TEMATUKU C HEKOTOPHLIMU PAbOTaMU MPOILIOrO.

B mambmenmem mocsie GIUTEIBHOrO MEPEPBIBA MHTEPEC K TeMe ObLT BO30OHOBJEH 3a-
py6exonm; Bopoc M.Jopa 0 GpuibTpanuax, CBA3AHHBIX ¢ OPOYHOBCKIM JBXKEHIEM IOy I/
JacTuIHOE pemenue B padore [46] B KoTOpOU OBLT HEPEOTKPHIT MOM KPUTEPUN CTAH IAPTHO-
ctu. OcobeHHas aKTUBHOCTH B TEOpUU (PpUILTpaIUi HabIoamach B koume 90-x BO Bpems
cemectpa B Uepycammvckom nacturyTe Advanced Study: X.dDropcrenbepr, B.Beuce, X.
[x.Pensavan, [I.Pynonsd, /. Xodman, [.Xerexen, 2K.-11.TyBeno BuimomHuan psam padoT
WM y9aCTBOBAIU B MUCKyCCUAX HA d>TU TeMmbl. Yixke B 2000-x rr. M Dwmepu, cesaBumn
nokaan Ha cemunape Bypbaku [47] 06 sTon u GIU3KON TEMATUKE, €r0 YICHUKU, & TAKKe
B.ITaxepmanep, U Ip. TaKke 3aHUMAIUCH TeOpUen (hUIbTPAIINAN.

B camoe mocaenHee BpeMsa U OCOOEHHO MOCHE OOBEIUHEHUSA DTOU TEMATUKU C TEOPUen
IpaIyUpOBAHHEIX IPadOB, GOMBIION WHTEPEC MPOABUIA U MOJYUMIA MHOTO, HOBBIX YTIO-
MSHYTHIX 31ech, pesyabraro, — ll.Jlopan [73, 74, 75], e aa Piwo [59] u ap.. Hakomeun,
B HACTOSINEE BPEMs 3Ta TeMa 00CyXKIaeTcsa MHOI ¢ MomMu ydenukamu A.LopOyabckum,
®.ITerposeiM, [I.3aTunkum u Apyrumu, 9To, HaLeoch, npuBEneT k HOBBIM (pakTam u HO-
BOMY MOHUMAHUIO DTOU WHTEPECHOW U BAKHOU TEMATUKU. ABTOp OIarogapuT BCEX YTIO-
MAHYTBIX JUII U TEX, KOT'O OH, BO3MOXHO, 3a0bLT ymoMsAHYTb. (cobas 61aromapHOCTb
A AJlogkuny 3a momomb B odopmiaeHun O6ubmuorpadun u A.M.MunaOyrauaoBy 3a pu-
CYHKHU B TEKCTE.

7 (mammame mouatua mpomnuoro”). OpHaxo, GUILTpAIUM, KOTOPHIE BO3HUKAIT KAK CPEICTBO
TPAEKTOPHOU AMIPOKCUMALIUH (CM. HAYAIO0 CTATHU) HECOMHEHHO CBA3AHHI U ¢ ycaoBueM OpHIITENHA,
IIA OOIUX TPYIIIL.
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