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AnHoTanusa
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1 Bsegenue.

Hacrosmas paboTa moCBAIIEHA PEIIEHNI0 HECKOIBKUX CBA3AHHBIX MEXy COOOU 3a-
at:

— MBI JOKa3bIBAEM CYIIECTBOBAHUE YHUBEP CATLHOU a[MIECKOU PEATUIAIUN TTPO-
U3BOIBHOTO BPrOAXIECKOrO AeUCTBUA rpynnsl Z u rpymust D = Y {° Z/2Z, 6ecko-
HEYHOU MPAMOU CYMMBI T'PYII BTOPOTO MOPAAKA, HA MPOCTPAHCTBE IMyTeu 2pady-
uposannoz0 epagda (Juaepammvr Bpammean) ynopadouenubis nap, 0603HATAEMOTO
naree OP (Ordered Pairs);

— MEPEeTUCAAeM BCE DPrOUTIECKIe TEHTPATLHBIE MEPHI HA MIPOCTPAHCTBE My Ten
rpada OP;

— MOKA3BbIBAEM, ITO MACIITAOMPYIOWAA TOCICIOBATEILHOCTD MJIA TUAJATeCKON
puIbLTpanMM He 3ABUCHAT OT BBLIGOPA UTEPUPYEMOU METPUKWH;

— JOKa3bIBAEM, UTO A aAWYeCKUX NEUCTBUU T'PYNN Z u rpynnsl D Ha TPO-
CTPAHCTBE My Teu >TOro rpada CymeCTBYIOT NHBAPUAHTHBIE MEPHI, IMEIOITAe 32, TaH-
HBIN Cy0a I JUTABHBIN POCT MACIITAOUPYIOUIUX TTOCIEI0BATEILHOCTEN B ONIPEIEICHUN
MAaCIITAGUPOBAHHOU SHTPOINA, IPA DTOM TOT XK€ POCT UMEET SHTPOIUI XBOCTOBOU
duIbTpaAIMY OTHOCUTENBHO DTOU MEPHI.

[IpokoMMmeHTHpYEM 5>TH 3aa4U W UX PEIICHU.

1.1 YwuuBepcanbHaa aguvecKas peaTu3aIusi

B kmaccuaeckon memve PoxamHa cTpOUTCS MEPUOAMTIECKAA AMMTPOKCUMAIS TPOU3-
BOJMBHOT'O TMOPAAKA A JIOOGOTO ATEPUOIUTIECKOTO aBTOMOPGUIMA ¢ MHBAPUAHTHOU
Mepor. BO3MOXHO TOCTPOUTE COMNIACOBAHHYIO cucTeMy “Oainen Poxamua’, 3amato-
IIY}0 UCUEPIBIBAIONIYIO MepUoAnIecKyo (Hampumep nopsaakos 2™, n € N) anmpok-
cumamuio: B [3, 4] mocTpoeHa Tak HasblBaeMasd “afumdeckas pearusanusa’ I0O0TO0
DProOAMIECKOrO AEUCTBUAA. A MMEHHO, HOKA3AHO, ITO A JOOOT0 DProIu<IecKOro
aBToMopdusMa S CymecTByeT Takue rpanyupoBanubin rpad [N, agudeckas cTpyk-
Typa Ha HEM ¥ IEHTPaTbHaA Mepa U Ha npoctpanctse 7 (I') ero myren, aTo agude-
ckuu casur Ha 7 (I') msomopden asromopdusmy S. BosHukaeT BOmpOC, HEIb3s
JU YTOYHUTH DTO MOCTPOEHWE W PEATU30BATH MPOU3BOJILHBIE DPrOAUYECKUE IAeu-
CTBUA HA TMPOCTPAHCTBE MyTEX OJHOTO M TOr'O Xe rpada, MeHsI JUIb THBAPU-
AHTHYIO Mepy! MOXHO KOHKDPETU3MPOBATH BOMPOC CICAYIOMUM 0OPa30OM: PaCCMO-
TPUM TaK HA3BIBAEMOE CUMBOIUIECKOE NEUCTBUE NUCKPETHOU rpynnbl G (JIeBbIMn)



CABUraMz Ha IpocTpaHcTBe 2 — 5TO YHEBepCAIbHAA MOJEIb: T000€ AEHCTBHE ¢
IBYWIEHHOU 00pasyIollledl pealusyeTcsa TaKuM oOpasoM. Tormga Hamr Bompoc (ak-
TUYIECKU CBOAUTCA K TAKOMY: HEJIb3d JU IPUAATH MOCTPOECHUIO AIIIPOKCUMAIINN B
JeMMe PoxInHa yHUBEP CAILHBIN XapakKTep, T.€. AaTh KOHCTPYKIUIO IIEPYUO JUIeCKON
(mampuMep, I MEPUOJOB CTENEHEW NBOVKY) ANTPOKCUMAIAU DTOTO CABUTA CPA3y
I BCEX DPrOAWYECKUX Mep, MHBAPUAHTHBLIX OTHOCATENbHO caura’ IlomoxuTens-
HBIA OTBET HA DTOT BOMPOC 03HAYAI ObI CYNIECTBOBAHUE YHUBEPCATHLHOU aIUYIeCKON
peamusamuu. Ho HACKOIBKO M3BECTHO aBTOPAM, OTBET HEM3BECTEH; DTOT BOIPOC
MOAHUMAJCSA B JaBHUX pasrosBopax B. A. Poxiwma ¢ mepBbIM aBTOPOM, U BBICKA-
3BIBAIACH TUIIOTE3a, ITO 34€Ch MOT'YT BO3HUKHYTH MPEMATCTBUA JOTHICCKOTO Xa-
paxrepa.! Kax mokazaHo B gaHHON pafoTe, Takas yHUBEPCAILHAA KOHCTPYKIIUSI
BO3MOXHA, €CIU U3MEHUTDH BOIPOC CACAYIOMAM 06pa3oM: annpokcumuposams (uiu
cmpoumb aduUeCKY0 PEatu3ayuio) ne NPou3eosvro20 deticmeus 2pynnot L, a npa-
MO20 MPou3sedenus npoussoabrnoco deticmeus na “odomemp”. Tlom omomeTpom
MBI HOHIMAEM OIEPAIAIO MPUOABICHUA eIWHUNIBI K 3JIEMEHTY TPYINbl Zo TUaAtIe-
CKUX YUCET; DTOT aBTOMOP(MU3M €CTh DPrOAUIECKUN aBTOMOPMU3M ¢ AUAIUIECKUM
cmekTpoM. B paccmaTpuBaemonn gazee rpymme D = > (°Z/2Z, B poan ofoMeTpa
BhICTyTaeT gercTsue D ma rpymme (Z/27)N = [[;21(Z/2Z) — rpynme ee xapakre-
poB. Takum 06pa3oM yHUBEPCATLHOCTD AIPOKCUMAIUA JEIKO JOCTUTAETCA 38, CIET
NPAMOTO YMHOXEHUs HA IEUCTBUE CAMOTO MPOCTEUIIero BUaa. B kadecTBe yHU-
BEpCAIBHOIO MPOCTPAHCTBA HOABIAETCA IPAMOE MPOU3BEIeHHe MPOCTPAHCTBA 20
¥ TPOCTPAHCTBA OLOMETPA, KOTOPOE B HAIIEM CIyYae COBIALAET C MPOCTPAHCTBOM
nyTen rpada YIOpATOIeHHLIX Map. TeM caMbIM, CTPOUTCA YHUBEP CAILHAAL TUA U6~
CKas AIIpOKCHMANuA. VIHTepecHO BBIACHUTDL, CYIIECTBYET JU TAKasA BO3MOXHOCTD
o1 HeaOeleBbIX aMeHAOeTbHBIX I'PYIIIL.

1.2 HVuaBapumaHTHBbIE IIEHTPAJIbLHBIE MEPbI

OTbicKaHMe MHBAPUAHTHLIX MEp [UIA JEUCTBUU T'PYII HA 33JAHHOM KOMITAKTE VLIN
TOIMOJOTUIECKOM IIPOCTPAHCTBE — TPAMUIMOHHAA 3a7a49a TEOPUU TUHAMUIECKUX
cucteM. B paborax mocaegHUX JeT MOKA3aHO, ITO BO MHOTHUX CIYYadX €e MOXKHO
CBECTU K ONMUCAHUIO TAK HA3BIBAEMBIX IEHTPAILHBIX MED Ha, MPOCTPAHCTBE MyTen
rpaayupoBaHHBLIX rpados (wim guarpamm Bpatrenn). B mamewm ciaydae peds upger
o koHKpeTHOM rpade — rpade OP ymopagouennbix map. Ero nocrpoenne (cm. ma-
parpad 2) 09eHb IPOCTO: MHOXKECTBO BEPIIAH OUEPETHOTO HTAaXKA €CTh MHOXKECTBO
BCEX YTOPSAJOYEHHBIX TP BEPIIUH NpeAbiayinero sraxa. OH, kak u 6omee CI0XKHO

1O6masn mpobrema cocTOMT B CreqyOmeM: MyCTh B CTAHJAPTHOM GOPEIEBCKOM MPOCTPAHCTBE
WM, B YaCTHOCTH, B CEMApabeIbHOM METPUIECKOM MPOCTPAHCTBE 33JaH0 TUIEPKOHETHOE OTHOIIE-
HUe SKBUBAJICHTHOCTH (T.€. TPAEKTOPHOE pa3bueHue GOPEIeBCKOro NeucTBusa rpynnsl Z -cm. [22]);
HauTH 5GGEKTUBHBI GOPEIEBCKII W30MOPGMI3M MEXKIY STUM TPOCTPAHCTBOM U MPOCTPAHCTBOM
IyTel HEKOTOPOrO IPaIyUpPOBAHHOTO JOKATHHO-KOHETHOTO rpada, KOTOPBIU TEPEBOAUT XBOCTOBOE
OTHOIIEHUE DKBUBAJIEHTHOCTU HA IPOCTPAHCTBE MyTen rpada B TaHHOE OTHOIICHUE >KBUBAJICHT-
HOCTH. [JOCTATOMHO PENmMTH DTy MPOOIEMy IIA TPOCTPAHCTB 27 M OGBLIMHOrO JEHCTBUA HA HEM
rpynnsl Z casuramu. [l1d KakKuX aMeHa0eIbHBIX I'PYII TaKOe IIOCTPOeHMe BOOOIIE BO3MOXKHO, —
HEU3BECTHO



yCTpOeHHBIN I'pad HEYymopAnodeHHBIX map (“Gamua mep”), usydancsa B padbore [31].

CymiecTByeT ecTeCTBEeHHAA OUEKIINA MEX Y MHOXECTBOM MEHTPAILHBIX MEp Ha
MPOCTPAHCTBE My Ter rpada YIOPAJLOUEHHBIX AP U MHOXECTBOM MEpP Ha MTPOCTPAH-
cree 27 x [0,1], MHBAPMAHTHEIX OTHOCHTEIBHO MPAMOTO MPOM3BEICHUA JCHCTBUM
rpynnsl Z (COABAT Ha TIEPBOU KOMIIOHEHTE W OOMETDP Ha oTpeske). Ilommmo mps-
MBIX NPOU3BENCHUN NWHBAPUAHTHBIX Mep (1 0N0MEeTpA WHBAPUAHTHAA Mepa €IWH-
CTBEHHA), CYHMIECTBYET CEpUsA HAMOONEe WHTEPECHBIX 3PrOAUIECKUX MEP, OTHOCH-
TEILHO KOTOPBIX 3TO MEUCTBUE ABIACTCA KOCHIM MPOU3BEIEHAEM, X MBI TIOJTHOCTHIO
OmHUCHIBaEM. BoJiee TOro, yaaeTcs MOJTHOCTHIO ONMUCAThH TUIBI JEUCTBUA TPYIIILL Z
OTHOCUTENBLHO DTUX MEP — DTO AEUCTBUA, ¥ KOTOPBIX €CTh (PAKTOpP, U30MOPQ-
veI ogoMeTpy. OTMeTum, 9T0 HEOOXOAUMOCTH DTOTO YCJAOBUA TPUBHAILHA, B TO
BpeMA KaK MOCTATOYHOCTH HE CTOMbL OYEBUIHA. AHATOTWYHBIA PE3YJIbTAT BEPEH
IaA Tpynnst D.

UsyvaeMmbin cIydall BKIIOYAETCA B CICAYIOMMEA OOIIMUA BOMPOC: WMEETCS MBA
HEMPEPBLIBHLIX MEeUCTBUA Tpynnbl G Ha ABYX KOMMakTaxXx X,Y'; ommMcaTh BCe MepHI,
MHBAPUAHTHBIE, OTHOCUTEIHLHO IPAMOTO TPOU3BEAEHUA eUCTBUY rpysbl G Ha, TTPO-
m3BegeHun X X Y MO MOIYJI0 MHBAPUAHTHBIX Mep Ha X u Ha Y, IpW DTOM y HAC
MOTOJHATENBHO W3BECTHO, ITO HA OJHOM W3 MPOCTPAHCTB, Hanpumep X, WHBAPU-
AHTHAA Mepa eIWHCTBeHHA. Ho maxke mMpu 5TOM MPEATOTOXEHUN 3a0aMa BHITIAIAT
HEO0O03PUMON, TaK KaK B OTBET JOJXKHBI BOUTHU OMUCAHUA BCEX (PAKTOP-AEUCTBUIL
rpynnsl G Ha 060UX TMPOCTPAHCTBAX. B M3yvaeMOM HAMU CAyTae MCIOIB30BAICT
TOT (pakT, 9TO BCe (PAKTOP-AECUCTBUA OJOMETPA XOPOIIO M3BECTHBI, U MOTOMY 3a-
Iata 06 MHBAPUAHTHBIX MEPAX MMEET XOPOIIO 0003PUMBIA OTBET.

1.3 MacmTabupoBaHHaA SHTPONUA JEUCTBUU U (PUILTPALUA

Ma..CIHTaﬁHpOBaHHajI SQHTPONNA AUHAMUYICCKNX CUCTEM OnIpeneaeHa 1 NCCaeq0BaHa B
HenaBHUX paboTax mepsoro astopa [10, 28]. IloBogom mus ee ompemeneHus mMOCILy-
®xuia Teopusa GuiabTpanui (yOBIBAIOIIAX MOCAEIOBATEILHOCTEN CATMAa-airebp), u
CHAYATA OHA ONPEeJeIAch Kak MHBapUaHT puabrpamun (cMm. [1, 2, 6, 9]). Huxe mbr
YCTAHABIMBAEM TUCICHHOE COBIAJCHUE DTUX MOHATUN B Hamen cutyanun. O qHAKO,
BAaXXHOCTH IIOHATUA Ma,CHITa,6HpOBa.HHOfI SQHTPOIINU NUHAMUYICCKUX CUCTEM 3acCTa-
BUIA HAC JATh €€ MHTEPIPETAINI0 B TEPMUHAX aANIECKON PeAIU3AlNY AeUCTBUML,
DTO U JemaeTcA B AaHHOU pabore. HoBM3HA MOHATHA B TOM, 9TO, XOTA DTO GUCTO
METPUYIECKUL (8 He TOMOJIOrNIeCKUN ) NHBAPUAHT NEUCTBUSA, OH OIPEAENACTCA He Te-
P€3 METPUHIECKYIO DHTPONHIO Pa3OWEeHNN, a 9€pPe3 dICUIOH-DHTPOIA METPUTIECKIX
npocTpaucTB. CHaYAIA ONPENenaeTCa MACIITAGUPYIOMAA MTOCAEI0BATEILHOCTD I
aBTOMOP(U3MA, MPOCTPAHCTBA C MEPOU, MAOMOJHUTETHHO CHAOXKEHHOTO METPUKON
(T.e. DOIMyCTUMOM TPOMKHU, CM., HAIpUMED, [29]), KAK MOCIeI0BATEIBHOCTb, HOPMHU-
PYIOIIaA SICAIOH-3HTPOIAIO MPOCTPAHCTBA, CHAOKEHHOT'O WHBAPUAHTHOU MEPOU U
WTEPUPOBAHHON METPUKOU. [ MIIOTE3a EPBOr0 ABTOPA, JOKA3AHHAA B AUCCEPTAIAN
BTOpOro asropa (cM. [16, 17]) cocTouT B TOM, 9TO ACHMIITOTHKA HTOU HOCIELOBA-
TEILHOCTY HE 3ABUCUT OT BBIOOPA HAYAIBLHOU MeTpUKU. Takum 06paszoM Macurrabu-
POBAaHHASA SHTPOMUA 3TO HOBLIM METPUIECCKUN WHBAPUAHT MEUCTBUA T'PYII, TATEKO



00600IIAIOMNYA KOIMOT'OPOBCKYIO SHTPOIUUHYIO TEOPHUIO.

Kaxk cxazaHo BbINE, TOHATHE MACIITAGKPOBAHHON SHTPOIUN BOZHUKIO B PE3YJIhb-
TaTe AHAIM3A MPEIUIECTBYIOWETrO MOHATUA — IHMPONUY Guibmpayul, KOTOPOe
OBLTO TPENTOKEHO, KAK METPUIECKUN WHBAPUAHT (PUILTPAIUY, T.e. YOBIBAIOIICU
MOCAE0BATENBHOCTU CUrMa-anre6p (umm m3mepumbrx pasbuenunn). B srou pabore
MBI OCTAHABIXBAEMCA HA Teopuu (pUILTPAIUHA JUIIL B TOX MePe, B KAKOW OHa He00-
XOAUMA, I OCHOBHOM TeMbI CTaThbu. Tem Gomee, 9TO BO BCKOPE BBIXOALIEN paboTe
TIEPBOTO ABTOPA 3TA TEOPUS B €€ COBPEMEHHOM BapuaHTe OyAeT MOAPOOHO U3MI0KEHA.
B ogHOM W3 9aCTHBIX Cry9aeB (OQHODOMHBIE Pa3OMEHWUA) SHTPONUA (PUIHTDPAIIAN
ompenenaIach 6e3 UCIOML30BAHUA KAKUX ObI TO HI OBLIO0 METPUK HA MPOCTPAHCTBE C
mepon. Omrako, B 00mem caydae ygo6HO OMpefensaTs ee (Kak 1 MaciTabupOBAHHY IO
DHTPOIUIO JEUCTBUA) CHAYAIA B MPOCTPAHCTBE C METPUKOU (WIM MOTYMETPUKON),
7 3aTE€M [MOKA3LIBATH HE3ABUCUMOCTHL OT BBIOOPA HAYAILHOU METpUKHU. [loTOMy B
JAHHOU PaboTe MBI MIPUBOAUM PACCYXKJAEHUE O HE3ABUCUMOCTH, AHAJOTUIHOE TOMY,
KOTOPOE UCIOAb30BAIOCH [JIA MACIITACKPYIOIIEN IOCIeJ0BATEILHOCTI TeACTBUA. A
MMEHHO, MBI TIOKA3BIBAEM, 9TO B ONPEAETeHNN MACIITAOUPYIOMEN MO CAe[0BATENLHO-
cTu GUILTPAIIA MOXKHO He 6PaTh CYIPEMYM IO BCEM TOIIYCTUMBIM IIOJYMETPUKAM,
a JOCTATOYHO OT'PAHUYIUTHCS JIOOOU JOIYCTUMOU METPUKOU.

B pasiwvHBIX YACTHBIX CIyYadX HUIEM CXOAHBIE C Ueer MACIITaGUpOBAHHOU
DHTPOIMHA JeMCTBUsA UCIOAb30BATACH paHee PasHbIMM asropamu (cMm. [21] — mo-
CIeOBATEMLHOCTHAA SHTponua wiu >HTponus Kupmmmosa—Kymmupenxko, [23, 27]
— MejyieHHas OepHyILINeBOCTb, [26]— megmenHas sHTpomus, [24] — caoxHOCTHAA
suTponusa). OAHO U3 MEPBLIX MPUMEHEHUU WAEW MACIITAGUPOBAHHOU SHTPONIUN
COCTOUT B CJEAYIOMEM: OTPAHUICHHOCTH MACIITAGUPYIOMEN MOCIENOBATEILHOCTI
PaBHOCUIBHA IUCTOM TOUedHOCTH cuekTpa (cm. [21, 24, 29]). Oupegenenue mac-
mMTabUPOBAHHON DHTPOMUN TPEACTABIAETCS Hambogee OOIMUM W CUHTETUIECKUM:
O6’BeAHHﬂIOHII/IM IIOHATUA MeTpH‘IeCKOﬁ 7 SGIICUJIOH-OHTPOIINU M BCKPBIBAIOIOUM BCITO-
MOTATEIBHYIO (2 He IPUHIUIUAILHYO) POJIb METPUKH.

B padore C. ®epenun u K. K. [Tapk [25] Gbur HaMeweH pe3yIbTaT O TOM, 9TO
MAaCIITAGUPYIOMAA TOCAENOBATENLHOCTE A DPTOANIECKAX ABTOMOPDUIMOB MOKET
UMeTh JI00YI0 MPOMEXYTOIHYI0 ACUMITOTHUKY, 5TO OBLIO CTPOro AoKasaHo B [17].
Tam 6bLTE TOCTPOEHBI MPUMEPHI CHEIUATLHBIX MEHTPATLHLIX MEpP Ha MPOCTPAHCTBE
nyten rpapa OP, 11 xoTopbix agmaeckoe mpeodpa3oBaHUe WMETO MPOU3BOTLHBIN
HAMEpe. 3aJaHHbI CyOa [ IUTUBHBIA POCT MACIITAOUPYIOIIEN TOCIEIOBATETLHOCTH,
a B pabore [19] moka3aHO, ITO B HEIYCTOM KIACCE MACIITAOUPYIOUMX IIOCIEL0BA-
TeIbHOCTEN 0043aHa CYNIECTBOBATEL CyOalIUTUBHAAL MOCIEIOBATEILHOCTL. B mpu-
BEJICHHBIX TMPUMEPAX € MPOMEXYTOYHBIM POCTOM CBOOOAHOE MEUCTBUE TPynmbr D
CTPOMTCA HA OCHOBE HECBOGOIHOTO neicTBuaA Ha 20, MPI KOTOPOM Mepa CoCPesoTo-
YeHa HA MHOXECTBE (DYHKIUH, MOCTOAHHBIX HA KIACCAX CMEXHOCTHU MO HEKOTOPOU
noArpymnIe rpynnst D, KOTOpas B CBOI OYEPEAb BHIOMPAECTCA 110 3aJaAHHON MACIITA-
OUPYIOIIEN TOCIEIOBATETLHOCTU. Bomee rpoMO3 Ko 3TOT 3hPeKT MPOMERKYTOTHOTO
pocTa MOXHO OOBACHUTEL U A TPYINL Z — Kak >PPeKT TeUCTBUA HA KAKOM-TO
knacce gynknmi (T.e. Ha 2%) cO CKPBITBIME CUMMETPHAMHI — HO XOPOIIeH hopMy-
JUPOBKU MOKA, HAUTY HE YIAIOCH.



PesyapTaT 0 mpoM3BOILHOCTY ACUMIITOTAKY MACIITAGUPYIOMIEN IO CIEIOBATEb-
HOCTH A TPYNIbl 7 GbLI A0Ka3aH B [19], ¢ ucmoab3oBaHMeM aTuvecKOU peaan3a-
MY JeUCTBUSA; 3[€Ch OH JOKA3aH TAKXKe U [ JOKATHEHO-KOHETHBIX a0eNeBbIX T'PYIIIL.
[IJ11 HEKOTOPBIX CIEIAATBLHBIX MEP 3Ta ACUMIITOTUAKA A aTUTIECKOT0 TPeoOpa3oBa-
HUS COBIAMAET C ACUMITOTUKOU DHTPOMUU XBOCTOBOU (PUILTPAIUU ITPOCTPAHCTRA,
myTen rpada YIOPATOIEHHBIX Map. BO3ZMOXKHO, 5TO COBIAJEHUE UMeeT Gomee 06IIyo
PUPOJY U HE CBA3AHO CO crenudukon rpada 1 pacCMaTPUBAEMBIX HA TPOCTPAHCTBE
€ro myTeu Mep.

Hame orparmwvenme rpadoM ynopAJZOIEHHBIX TP W AWAJMIECKAMEA TPYTITAMY,
pasymeercsd, Jerko o6o6maerca. MOXHO paccMaTpuBaTh Tpad YIOPITOICHHBIX
TPOEK WU N-0K, COOTBETCTBEHHO QUAAMIECKUE TPYIIHI MOXHO 3aMEHUTH HA, TPU-
AIUIeCKUe W T.I. DTO HE BHOCUT HUKAKUX MPUHIUNUAILHBIX U3MEHEHUN B PE3YIb-
TATHI, JUIIL MEHAET YUCICHHBIE XaPAKTEPUCTUKNA. Bolee TOro, MOXHO pacCMaTpPU-
BATh T'p-aUIECKAN CIy9all B KOTOPOM [HCJIO OOBEAMHAEMBIX TOYEK (BMECTO map)
MEHAETCA OT DTAXKA K DTAXKY, HO OCTACTCA MOCTOTHHBIM HA KAaXJIOM DTaxe. IJTO
CIydall TaK Ha3bIBAEMBIX {7y }-agudeckux duabrpanui (cM. [6]). I'pynnsl, coorser-
crBytomue rpynmne D, 6yayT OpAMBIMEA CyMMAaMU COOTBETCTBYOWUX rpyun Z/r,Z.
O momeTp 3ameHseTCAa HA ABTOMOP(U3M, TUCKPETHBIN CIIEKTP KOTOPOT'O €CTh COOT-
BETCTBYIOIIAA CUETHAA MOATPYIIA KOPHEN W3 eIWHUILI. HaKOHeI, MOXHO pacCMO-
TPETh BEChb MPOEKT A OJOMETPA, CIEKTP KOTOPOrO €CTh I'PYIINa BCEX KOPHEU U3
eIVHUIILI HATYPAIbLHBIX CTEMeHer, 3aMeHuB rpynny D ma rpymnmny ajgeren, a rpadg OP
Ha 6oJee CIOXHBIN Tpad, KOTOPBIA TOKA, HE U3y YeH.

1.4 Ilnau paboThl

B maparpade 2 MbI npuBouM HEOOXO IUMBIE ONPEAETCHAA U KOHCTPYKIIAA U3 TEOPUN
auarpamm Bparrenu, crpoum rpad OP ynopsagodeHHbIX ap, onpenenseM TeUCTBIEe
rpynn Z u D = Y 7 /27 ua upocrpanctse 7 (OP) Geckonednnix myTenn rpacpa OP.

B maparpade 3 MBI IPUBOAUM HE3ABUCUMOE OMUCAHUE MPOCTPAHCTBA IIyTEU
rpada OP, ymobuoe mas waydenus geucTBusa rpynnbl D. Mbl Takxke IPUBOIUM
CepUI0 TPUMEPOB IMEHTPaIbHBIX Mep Ha mpoctpanctse 7 (OP), xoropeie, kak Oy-
IeT BUIHO HUXKE, JAIOT MPOMEXYTOYHBIM POCT MACIITAOUPYIONIUX TOCIEL0BATE b
HOCTEH.

B maparpade 4 MBI TpUCTyHnaeM K U3YYEHUIO NEUCTBUA aTUYECKOTO Mpeobpa-
soBauua Ha npocrparcTse 7 (OP). [lemas moaxoAsuiyo 3aMeHy MEepPEMEHHBIX, MbI
CBOJIMM 3a,/1aTy ONMCAHWA MEHTPATbLHLIX Mep Ha npocTpancTse myten 7 (OP) rpada
ynopagouennsx map OP k usyuenmio Mep Ha I x I, uHBAPHAHTHLIX OTHOCHTEILHO
npousBenenusa casura S u ogomerpa Q.

[Taparpad 5 mOCBAMIEH U3y ICHUIO MHOXKECTBA WHBAPUAHTHBIX OTHOCATEIBHO S X
O mep ma IZ x IN. OkaspiBaeTcs, Takume MephI JeIATCA HA JBA TUIA — MEPhI IIePHO-
OWYIECKOTO TUIA U alePUOAUIeCKre MepPbl. MbI IPUBOAUM OIMUCAHUE SPTOIATECKAX
Mep 060UX TUIIOB W UCCAETYEM UX CBOUCTBA.

B maparpage 6 mbr 06cyx)gaeM MacmTabupyOIUe MOCAe[0BATEILHOCTH Ieu-
crBuu rpynnsl Z u D ma npoctpanctse 7 (OP) co cuenumansabsivu mepamu 117, no-



KAa3bIBAEM HE3aBUCUMOCTD MACIITAOUPYIOMIEH TOCIAOBATEILHOCTH (GUILTPAIUA OT
BBIOOPA UTEPUPYEMOU METPUKMY, & TAKKE IPUBO UM BLITUCICHUE MACIITAOUPY IOIIEN
MOCIEI0BATETHHOCTY XBOCTOBON (prutbTpamum Ha npoctpancTse 7 (OP) ¢ orumvu cre-
IAATEHBIMA MEPAMU.

2 TI'pad ynopsgodYeHHBLIX Hap W JEUCTBUSA HA HEM

2.1 [dmnarpamwmsbl BparTenu, neHTpatbHbIe MepPbI, PUILTPAIINA

[Iycts ' — mekoTopwb rpagywpoBaHHb rpad (mmarpamma Bparremm), sTaxm
KOTOPOr0 KOHEYHBI W 3aHYMEPOBAHBI IEIBIMA HEOTPUIATETEHBIMYA 9UCIAMUA. Pe-
6pa (OpHEeHTUPOBAHHBIE) B 3TOM r'pade MOTYT COENUHATD JUIIb BEPIIUHBI COCETHUX
DTaXeu, MPUYEM HAJaI0 pebpa JeXUT Ha DTaXe ¢ MEHBIIUM HOMePOM. MHOXeCTBO
BEPIINH HTaXa 1 0003HAIAM CUMBOJIOM [}, & MHOXECTBO pebep, UAYIIAX U3 BEPIIAH
oraxa [, B Bepmmab sTaxa [, 11, cumBoaom E,. Cumsorom 7 (T') Gygzem o603HA-
YaTh MHOXECTBO OECKOHEYHBIX (OPMEeHTHPOBAHHBLIX) myTeu B rpade [, maymmx u3
BEPIINH HYJEBOTO DTAXKA.

Ha muoxectse 7 (I') crapgapTHBIM 06pa3oM 3aJaeTCA TOMOAOTHA. Baszoun sTon
TOTIOJOT U ABIAIOTCA TAK HA3BIBAEMBIE DJIEMEHTAPHBIE [IUIVHIPUIECKIE MHOXKECTBA
— MHOXECTBA MyTed, UMEIOIINX (PUKCUPOBAHHOE HAYAJIO. B >TOU TOMOJOTUHU Hiie-
MEHTapPHBIE [IWINHIPUIECKUE MHOXECTBA, ABIAIOTCA TAKXKE U 3AMKHY THIMU, BCE TIPO-
crpancreo 7 (I') — kommakTom.

Mus xaxnoro n > 0 paccmorpum pasbuenue &, npocrpanctsa 7 (I') ma MHO-
KECTBA, MyTEH, COBNAMAIONMX, HAYAHAA C DTAXKA 1. ITU Pa3OUeHUs SABIAIOTCA B
HEKOTOPOM CMBICIE HE3aBUCUMBIMU MOTMOJHEHUAMI K aareGpaM MWINHIPUIeCKTX
MHOXKeCTB. (O603HAUM CUMBOIOM & L680CMOBYI0 HUusbmpayuto, COCTOAUIYIO W3 MO-
CIe0BATEIbHOCTH DTUX pasbueHnit — (&,)p>0. OTHOIIEHNE SKBUBAICHTHOCTH, IIO-
POX IEHHOE TEOPETUKO-MHOXKECTBEHHBIM IEPEeCeYeHneM BCexX pasOueHuu &,, Ha3bI-
BAETCA TBOCMOBHIM OMHOULEHUEM IKEUBALeHmHocmy Tpada [ aBa myTm sKBUBaA-
JEHTHBI TOTA W TOJBKO TOT/A, KOUAa OHU COBHAMAIOT, HAYUMHAA C HEKOTOPOT'O Me-
cra.

MomomanrensHOn (aANIECKON) CTPYKTYPOU Ha T'PAaIyUPOBAHHOM rpade ABJIi-
ercsa obpaTHOe Jekcukorpaduaeckoe ymnopsagoderue nyren (cm. [3]). Ono ompene-
JIIETCA C TIOMOIIBIO BBEICHUA JMHEHHOTO MOPAIKA HA MHOXECTBE pebep, BXOMANNX B
KaXIyI0 BEPIIVHY U3 BEPIIMH NPEALIIYIero yposaa. Losopar, aro myts y € 7 (T')
6oabuie mytu x € 7 (I'), ecaim nasa HEKOTOPOTrO HATYPAJILHOTO 7. OHU COBIANAIOT,
HA4YWHAA C DTaxa 1, u pedpo, IO KOTOPOMY IYTh Y TIPUXOAUT HA ITAXK N, OOJIbIIE
pebpa, Mo KOTOPOMY TYTh & TPUXOAUT TYAa XKe. AIUIeCKUN MOPATOK ABIACTCA JIH-
HEUHBIM TTOPAIKOM HA, KaXIOM KJIACCE XBOCTOBOU DKBUBAJIEHTHOCTU. Ha 4aCcTUIHO
ynopsagodernom npocrpanctse myren 7 (I') onpenenserca aduueckoe npeobpasosa-
nue A. OHO COMOCTABIAET KAXAOMY IMYyTHU CJAEAYIOIIMYA 33 HUM B DTOM TOPSIKE.
OTMeTuM, 9TO CACAYIOMWEA IIyTh MOXHO HAUTH HE IA KAaXKIOTO MYyTH, TOITOMY
anmIeckoe mpeobpas3oBaHue onpeneneno e Ha Bcem muoxectse 7 (T).

Ha romomormveckom mpocrpauctse 7 (I') MOXHO paccMaTpuBaTh GOpeEIEBCKUE



Mepul. OTMeTuM, 9TO paszbumeHus &, aBTOMATHYICCKU ABIAIOTCA U3MEPUMBIMU IO
JMI0601 OOPENeBCKOM Mepe. BaXXHLIN KIacC Mep COCTABIAIOT TaK HA3LIBAEMEIE 1 eH-
mpaavbuble mepvl (WM MEepPhI ¢ MaKCUMAJIbHOUW pHTpommen). Mepa [ HasbIBaeTCA
MEHTPATLHOU, €CIN TPU (PUKCHPOBAHHOM XBOCTE IIYTH €T'0 HATAIA PABHOBEPOATHHI,
TO €CTh YCIOBHBIE MEPHI HA, DJAeMeHTax pasbuenus &, paBHOMepHbL. OTMETHM, 9TO
EHTPATLHOCTD MEPHI PABHOCUILHA €€ HBAPUAHTHOCTH MO TEUCTBUEM A TUIECKOTO
npeobpasosanua. MHOXECTBO BCeX IEHTPaTbHLIX Mep rpada [' o6o3raTaeTca cuM-
BoioM Inv(I'). MHOXECTBO 5ProguvecKux MEHTPAILHBIX Mep ABIACTCA CDAHUIEH
[MToxe muoxecTsa Inv(T") 1 mazeBaeTca abcoaromon rpada I

IToapo6HO 06 06IIEeN TEOPUU IPagyUPOBAHHLIX I'padOB U IEHTPAILHLIX MEpax
em. [5, 11, 12, 13, 14, 30].

2.2 Omnucanue rpada OP ynopsagodeHHBIX Map U AEMCTBUU HA MPO-
CTPaHCTBE €ro IryTen

2.2.1 Omnucanue rpada OP ynopsagodenunix map

PaccMoTpuM 0MH KOHKPETHBIM TpalyupOBAHHBIN rpad — rpad yropamodeHHbIX
map OP. Owm ompegenserca crepyomuM 06pa3zoM. MHOXECTBO BEPIIUH HYJIEBOTO
sraxa onpegeanm kak OPg = I = {0,1}. [lanee, mHOXecTBO BepumH d>Taxa n + 1
momoxum pasuaeiM OP,; = OP, x OP,, n > 0, — MHOXeCTBy BCEBO3MOXHBIX
VIOPAZOYEHHBIX Tap BepiiuH >Taxa n. Mmoxectso pebep E,, n > 0, Bexymux
73 BEpUINH DTaxXa 71 B BEPUIMHBI DTaxa 71 + 1, yCTPOeHO ClIeayooilmM 00pa3oM.
[Mycts v € OPp4q, v = (vo,v1), Tae vg,v1 € OP,,. IIposegem pebpa u3 BepmmH vy
7 U1 B BEPIIMHY v, TIPU DTOM 3aJaUM €CTECTBEHHBIN TOPAMIOK HA DTUX pebpax —
pebpo u3 vy B v OyemM cIuTaTh HyJIeBBIM, a peOdpo u3 v B v mepBbiM. Kcan vy = vy,
TO W3 BEpUIMHBL ¥y B BepumHy v = (vg, vg) UAYT Cpasy aBa pedpa.

[To wH Ay KUK TETKO IPOBEPUTH, ITO KOIMIECTBO BEPIIMH HA, dTaxe n rpada OP
paBHO 22", U B KaXIyi0 BEPIINHY STAXKa 1 IPUXOIAT POBHO 2" ImyTel, HAMMHAIO-
muxcs Ha >Taxe 0. Tak Kak B KaxAyio BEPIIUHY, KPOME BEPIIWH HYJEBOTO 3TAaXKA,
BXOAUT POBHO ABa pebpa, XxBocTOBag (puabTpanus & IId TAKoro rpada ABIAETCI
A, TAYIeCKOM.

Ha mpocrpanctee 7 (OP) ompegmenen agmveckunn asromopdusm A (menctsue
CPYNIBL Z) U MOXHO ONpPEJeIUTh KAHOHUIECKOe (aqudecKoe) AeUCTBUE T'PYIIILI

o0
D =Pz/2z.
=0

2.2.2 Omnucanue agumvyeckoro npeo6pasosanusa Ha rpade OP

B rpade ynopagouenusix map OP 3aman mopsanok Ha BXOIANIXX B KAXK YO BEPIITHY
pebpax, mosTOMy aBTOMATHYECKH (CM. OoOmmee ompemenenue B myHkTe 2.1) ompeme-
neHo agwdeckoe mpeobpasosanume A. Boaee komkperno, maa nytu z € 7 (OP),
MPOXOAAIIEro mo BepmuHaM v, € OP,, n > 0, MOXHO HAUTH TIEpBOE PEOPO HTOrO
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nyTu, HOMep KoToporo — (0. IlycTs »T0 pebpo u3 BepiiuHBL vy, B vy 1. Ompeme-
JuM OyThb A% Tak, 9TO OH COBHAAET C X, HAUMHAA C dTaxa n + 1, IpUXOguT B
BEPIINHY VUp41 IO pebpy ¢ HOMepoMm 1, a Bce mpexasraymue pebpa nMmeioT HOMepa 0.
OTo mpeobpa3oBaHme OIPeAeJeHO JUIIbL A4 TeX IMyTel, B KOTOPLIX €CTh XOTh OJHO
pebpo ¢ mHomepowm 0.

2.2.3 OmnmcaHume KAaHOHUYIECKOrO AeucTBHUA rpynnbl D Ha rpade OP

Kanonwuaeckoe (agmaeckoe) nencTsme K TPynmbl D mpomie BCEro ONPEIETUTH HA
obpasyromux. [euctsue saementa ¢ rpynmnst D Ha 7 (OP) Mmbr 6ygem 0603HAYATD
cuvBonoM k(g). Hycrs rpynma D = @52 Z/27 nopox gena obpasyommma g, ¢ > 0.
Cumsonom D,,, n > 0, 0603HAYAM KOHEUHYIO MOATPYIIILY, TOPOXK ICHHYI0 00pa3yio-
WAMA g, - .., Jp—1. LlycTh g, — obpasywomasa rpymnst D, a € 7(OP) — myTs.
Onpenenum yTh K(gp )T Tax, 9TO OH COBIAAAET C I, HATWHAA C dTaxa n+ 1; Homep
ero pebpa, BXOAALIETO B BEPUIMHY dTaxa N + 1, OTIXIaeTca 0T HOMepa aHATOTHI-
HOro pebpa B myTu T, a HoMepa pebep mexny ataxamu ¢ ni+1,0 < ¢ < n, Boyrax ¢
u k(gn)r coBmagaoT. 3aJaHHBIE TAKUM O0pPA30M AEMCTBUS OOPA3YIOIIUX YIOBIE-
TBOPAIT KOMMYTAIMOHHBIM COOTHOIIEHUAM T'PYIILI D, MO2TOMY 3aal0T IeUCTBUE.

OTMeTnuM, 9TO AEUCTBUE K TPYOOLI D TECHO CBA3AHO C XBOCTOBOUW (PUILTPA-
nuen ¢ m MHOXeCTBOM meHTpatbabix Mep Inv(OP). A mmenno, pazbmenue &, ecTsb
B TOYHOCTHU pasbueHme Ha OpOUTHI AeUCTBUA HOACPYIOLl D,. Pazbumenume Ha op-
OouThl Bcenl Tpynnbl D sBiasercsa xBocToBbiM mis rpada OP. Bopenesckas mepa Ha
npocrpanctse 7 (OP) sBrseTcsa meHTpPATIbHOU TOTAA W TOIBKO TOT/AA, KOTA OHA
MHBAPUAHTHA OTHOCUTENBLHO AEUCTBUA K TPYNILL D.

3 HesaBucumoe onucaHue MPOCTPAHCTBA My TeEHn
rpaga OP

3.1 IIpocrpanctso I” x IV, nexcTrBue rpynnel D, ¢puibTpanus, Te-
opema 006 uzoMmopdusme

Paccmorpum mpoctparctso 17 x IN, cocrosmee m3 BceBo3MOXHBIX map (w, ),
rae w € IP — kondurypamus ua rpymme D, a a € IN — GeckoHeuHas mocaegosa-
TEeIBHOCTD HyJeH W eqWHUI. Ha 5TOM IpOCTpaHCTBE CTAHAAPTHBIM 0OPA3OM OIIpe-
JACIATCA TUWINHAPUICCKIE MHOXECTBA, & TAKXKe TOIIOJOT WA TPOMU3BEICHUA KOMITAK-
ToB. lmIuHApIIECKTEe MHOXECTBA ABIAIOTCA OTKPHITBIMA W 3AMKHYTBIMA B 3TOU
TOIIOJIOT'UNA.

IpocrpancTso IN ¢ MOKOOpIMHATHBIM CIOXEHEEM 00pa3yeT KOMMYTATHBHYIO
rpymimy, a rpynna D uzomopdHa ee TOATrPYIIe, COCTOAIEN 13 (PUHUTHBIX T10CIEL0-
BATEALHOCTEN (HYJIM, HAYUHAA C HEKOTOPOT'O MECTA).

Onpegenenne 1. CumBoroM T 0603HAMMM BIOKeHHe rpymmsl D B rpymmy I, ko-
TOPOEe KaXAbIi diIeMeHT g € D, g = Y a;gij—1, 0TOOpaxaeT B GUHATHYIO MOCIEIO-
BATEIBHOCTD ((;);>1 KOID(MUIMEHTOB ee PA3IOKEHUA 0 00pa3yOIIMM.
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I'pymma D geficTByeT Ha mpocTpascTBe I© CABATOM apryMeHTa,
w(-) — w(-+g), geD, welP
a Ha mpocTpaHcTBe I CIoXeHmeM
a— a+T1(g), acll geD.

[IpsaMoe Ipom3BefeHre STUX IeHCTBUH, AeiicTBre rpynnsl D Ha mpoussegernn I - x
IN, 3anaerca (popmyIoit:

diag(g): (w(-),a) — (w(- +g),a + 7(g)), geD, welP acIV. (1)

ITO [EeUCTBUE U AUAJUTECKAS CTPYKTYPa (IOCIeI0BATEIBHOCTD BIOXKEHHBIX IO/
rpynm D,,) rpymmsr D 3a5aeT quaguaeckyio GpuibTpanmio qa npocrpancTse 17 x TN
— XBOCTOBYIO (PUILTPAIAIO IS DTOTO AeUcTBUA. A mMmenHo, nag n > 0 ompexeaum
pasbuenne (, npocrpamctsa I7 x IV kak pasbuenne Ha OpPOUTHI MO JEHCTBHEM
noarpynmst Dy,. CTouT OTMETUTD, YTO 3Ta, GUILTPALMA HE ABIAETCA MPAMBIM TTPO-

U3BeJeHIeM XBOCTOBBIX (PIIbTPALMI COOTBETCTBYONAX AeHCTBri Irpynsl D Ha D
N
ul".

Teopewma 1. IIpocmpancmeo T (OP) nymet epaga OP ynopadouennviz nap ¢ deii-
cmeuem k u npocmpancmeo IP x IN ¢ deticmeuenm diag uzomopduve war monoao-
2uueckue D-npocmpancmaa.

[lna moKazaTelbCTBa DTOM TEOPEMBI HAM HEOOXOMUMBI HEKOTOPHLIE MPEeIBAPU-
TeJbHBIE PACCY X IEHU.

3.2 MeTku Ha BepmmHax rpada U AJ0Ka3aTeJIbCTBO
TeopeMsbI 1

Koucrpyknusa rpadpa OP ynopsamodeHHBIX Tap MO3BOIAET €CTECTBEHHBIM 00pa3oM
3almapaMeTpu3oBaTh BepiiuHbl rpada OP koudurypamuavu Ha KOHEIHBIX TTOATPYII-
max rpynnsl D. Onpegenum orobpaxenune @, koTopoe BepimHaM >Taxa 1, n > 0,
OMEKTUBHO COMOCTaBIAeT KOH(puUrypanuu Ha D,, uagykrusuo. [lia v € OPy = T
ompegeaum P[v] kKak KOHGUrYpaIUO, KOTOPas 0TOOPAKAET €IUHCTBEHHBIN DIEMEHT
noarpynner Dy = {0} B v. [lanee, nmycts MBI yxe omnpenermmu orobpaxenue P
wa OP,. Hycts v € OP, 41, v = (vg,v1), Tae vy, v1 € OP,. Oupemerum xoudwury-
panuio ®[v] Ha D) 41 cooTHOmEHUEM

D[vo](h), h € Dy;

2l)(h) = ®[v1](gn +h), h € Dusi \ Da.

(2)

3ameuanue 1. [las xaxgoro n > 0 orobpaxenue ® saBageTcsa OUEKIUEN MEX Iy
sraxom OP,, rpada OP u mHOXecTBOM 17" KoHbuUrypammit Ha mogrpymme D,,.
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Ormerum, aro aaa asyx Bepuma v € OP, u v € OP,;, coegunenubx pe-
6pom ¢ HomepoMm 3 € {0, 1}, coorBeTcTByomme uMm Koudurypauuu Ha D,, CBI3aHBI
COOTHOIIEHTEM

O[v](h) = [')(h + Bgn), h € Dy (3)

Aoxazameavemseo meopempr 1. [I18 MOKA3aTEILCTBA TEOPEMBI MBI TOCTPOUM HM30-
moppmam U: T(OP) — IP x IN gemo. [lia pToro msr 3azagmv gBa 0TOOGpaxKe-
Hua — oTobpaxenne F npocrpanctsa 7 (OP) ma IP u oTobpaxenne A mpocTpan-
crea 7 (OP) ma IN. Ux mapa, orobpaxenne W = (F, A), u GygeT MCKOMBIM TOMEO-
Mopduamom mpocTpancTsa 7 (OP) ma I x IV,

[Iycts ¢ € T(OP) — HEKOTOPHIN Iy Th, TPOXOAAMMI 10 BepmmHaM v, € OP,, n >
0, u pebpam e, € E,, n > 0 (pebpo e, COeAUHAET BEPIIAHBL Uy, A Upi1). Hamo-
MHWM, 9TO TIO KOHCTPYKIWY rpada yIopAZ0OIeHHBIX TTap, Ha ABYX pebpax, Beaymmx
B JaHHYIO BEpIIWHY, 3amaH nopagok (Homepa 0 wmm 1). [laa n > 1 momoxum «,
PABHBIM TIOPAIKOBOMY HOMEpPY pebpa e, 1. TeM caMmbIM OIpeleneHa MOCIe0Ba-
TeMLHOCTE & = (@ )p>1 € IV, KOTOPYIO MBI U Ha30BeM 06Da3OM MyTH T TP OTO-

OpaxeHuu A:
Alz] :== a.

Orobpaxenue F' onpenenseTca HECKOABKO caoxHee. Ham mHeoOxommmo ompe-
JeTuTh HeKoTopyio Koudurypammo F[z] € IP ma rpynme D. Ilpm sToM Kaxmon
BepIuHe vy, n > 0, nytun z orobpaxenue ® conocrasiser kouburypauuio P[v,]
HA KOHEYIHOU moarpymme D,. OTMeTuM, 910, BOOOIIE TOBOPA, MOCAEI0BATEILHOCTE
koupurypanu ®[v,] n > 0, He cormacoBana, To ectb Koudurypamusa $[v,| He aBusA-
ercsa cyxenuneM koHburypamuu P[v,.1] Ha moarpynny D,. IIpameiM crencrsuem
paBeHCTBa (3) U OMpeNeNeHN TUCTA (1 ABIAETCA TOXKIECTBO

Do, ]() = Plop41](- + ant19n) va Dy, n>0.

Omrcrona cregyeT COOTHOIIEHUE

n—1 n
Olv, (- + Zai+19i) = ®lvp1](- + ZaiJrlgi) Ha D,, n >0,
i=0 1=0

KOTOPOE O3HAMAET, ITO TMOCIEAOBATETHHOCTE KOH(DPUTYPAITII @[vn](-+2?:_01 Qi+1Gi),
n > 0, cormacosana. CregoBaTelbHO, MOXHO 3aJaTh KOHpUrypamuio Ha D, cyxe-
HIUE KOTOPOM Ha Kaxayio moarpymmy D, cosmagaer ¢ koudurypaummen Pv,](- +
Z?;OI @j+19;). OTy KoHburypanuio Ha D MbI U 3agagmM Kak obpas Flr| nytu x
upu orobpaxenun F':

n—1

Flz](9) = ®val(g+ > cit19:),  gE€Dn, n>1. (4)
=0

Kak yxe 6bLI0 yKa3aHO BBIIIE, MBI onipefenseM oTobpaxenue W kak mapy (F, A):

Ulz] = (F[z], Alz]), z € T(OP).



[Iposepum, uTO mammoe oToOpaxenme VW ABIdeTCA OMEKIUWEW OPOCTPAHCTBA IIy-
reir 7(OP) rpada OP ma IP x IN. Ormerum, uTo dpopmyra (4) mosBorseT ogHO-
3HAYHO BOCCTAHOBUTDH BEPUIVHEL Uy, 1 > 0, myTu  no koudurypaunu F|z] u mocre-
npoBarenbuocTu o = Alz]. [lanee, pe6po ey, n > 0, 0AHO3HAMHO BOCCTAHABIUBACTCS
II0 CBOEMY KOHILY Upy| ¥ HOPAJKOBOMY HOMEDPY (1. Dojee Toro, KOH(UI'YpaIus
MOXeT GBITH BHIOPAHA IPOM3BOILHO U3 I, a MOCIeIOBATEILHOCTD (v IPOU3BOILHO
us IN. Tem cambiM g0Ka3aHO, 9TO OTOGpaKeHue W ABIACTCA OUEKIUEH.

O6pasom muruagpuIeckoro MaoxkecTsa B 7 (OP) npu orobpaxenun WV apiaseTcs
LUIVHIpUIecKoe MHOKECTBO B 1L X IV, 5T0 04eBUAHO U3 OmpefeneHns 0ToOpake-
mua V. Orcoga cregyer, 9To orobpaxernune ¥ ABIA€TCA TOMEOMOPMOI3MOM.

Ocranoch mpoBepuThb, 9T0 oTobpaxenue W apigerca D-skBuBapuaHTHBIM. [l
MIPOU3BOALHOTO M > () mpoBepuM HEOOXOIUMOE KOMMYTAIMOHHOE COOTHOIICHUE:

U[k(gm)z] = diag(gm)¥[z], =€ T(OP). (5)

Ilo ompeneneHUI0 KAHOHUYIECKOTO NEUCTBUA K, UYTh K(gn,)T cOBOATAET C IIy-
TeM I, HaUWHAA C dTaxa m + 1, mopagkoBele HOMepa pebep [0 dTaxa Mm B ITUX
MyTAX COBMATAIOT, & MOPATKOBLIM HOMEP pebpa, UAYIIEro ¢ dTaxa 1m Ha dTax m+ 1
ormamiaerca. [lo onpenenenuio orobpaxenus A oTciona crefyer, ITo

A[K(gm)x]i = A[x]i, 1 £ m+ 1
Alk(gm)T]mr1 # Alz]my1-

Nubvu cnosamvu, Alk(gm)z] = Alz] + 7(gm). PaBencrso

Fls(gm)z](-) = Flz](- + gm)

crepyet u3 ¢opmyasr (4). Tem cambiv, MBI gOKa3amu cooTHomernue (5) m D->kBu-
BAPUAHTHOCTBL OTOOpaxenua V.

O

3.3 Ilpumepsl HmeHTpajabHbBIX Mep Ha npocrtpancTrse 7 (OP) myren
rpadga OP, mepsnr ;7

OnHUM U3 HEHTPATBHBIX BOIPOCOB TEOPUU IPAIYUPOBAHHBIX IPad)OB ABIAETCI BO-
TMPOC OMUCAHUA MEHTPATLHBIX Mep Ha MPOCTPAHCTBe myTen rpada. [leTamsHOoMy
usydenuio MEOXecTBa Inv(OP) merrpansubix Mep Ha npocrpanctse 7 (OP) myren
rpada OP noceamen naparpad 5. B gagHOM myHKTE MBI 06CY IMM HEKOTOPBIA KIACC
TMPUMEPOB MEHTPATLHBIX MEP.

JkBuBapUaHTHBLIN roMeomopdusm U nepesoaut MaOXecTBO Inv(OP) mearpams-
HBIX Mep B MHOXecTBO Mep Ha I x IV, mHBapuaHTHBEIX OTHOCHTEILHO feiicTBuA diag
rpymms D, 3agaraoro dopmyioi (1). Mpoexnma taxwux mep Ha 1P u IN Toxe na-
BAPUAHTHI OTHOCUTEIHHO COOTBETCTBYIOMINX NeUCTBUM rpynnsl D. EaxuwacTennon
Mepoit Ha I, MHBAPUAHTHON OTHOCHTENHHO TAKOIO JEHCTBHA IPYHIEl D, ABIAETCA
Mepa Jlebera m.
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pumepamu Mep Ha 1P x I, yHBAPHAHTHLIX OTHOCHTEILHO AeicTua diag rpym-
el D, MOTYT CIyXKUTH MEPBI BUIA (4 X 1M, TA€ (i — HEKOTOpas D-uHBapUaHTHAIA Mepa
ua IP, a m — mepa JleGera ma IN. Cpean Takux Mep MBI BHIZEIAM CIIENUATLHBIR
KJIACC.

Omnpegenenne 2. Ilycts 0 = (0;);>0 — HEKOTOpad MOCIEI0BATENLHOCT HyJIEH M
emuuui. [lycrs
D =(gi:0;,=0, i >0)

— DOATPYIIA TPYNIEl D, MOPOX IEHHAA TOIBKO TeMU O0OPa3yIOIUMHA ¢;, III KOTO-
peix 0; = 0. Paccmorpum daxrop-orobpaxenune D — D/D? u unAyOUpPOBAHHOE
UM OTOOpaXeHne KOHMULYpPAIINK IP/P° _, D, Mepy ma IP, xoTopas apigeTcsa
obparHbIM 06pasom meper JleGera ma IP/P7 npu sTom oTob6pakenmy, 0603HATIM
cumBoaoMm m?. [Ipomssegerne m? X m 3Toi Mepsl 1 Mepbl JleGera ua I 0603HaMMIM
cuMBOIOM W7 .

Meper 117 ma npocrpanctse 7 (OP) myren rpada OP, o6paTabie 06passr mep w”
npu orobpaxenun ¥l mzywarucs B pabore [18]. Tam OBLIM BBHIYMCICHBI MACIITA~
GUpyIOIIe TOCAeA0BATENLHOCTH (cM. maparpad 6) agmdeckoro aBTroMopdusMa Ha
npocrpanctee (7 (OP), %), a Takxke MacmTabUpyoOImue MOCIEIOBATETLHOCTH Ka-
HOHUYECKOT'O NEUCTBUA k Ipynnbl D Ha HeEM.

4 [lencrTBue rpynmst Z

4.1 [euctsue rpymnsl Z Ha [P x IV

[lepenmem k m3yuennto neuctsua rpynnsl Z wa npocrpanctse myten 7 (OP) rpada
OP — aguwdeckoro mpeobpasoBanus A, OpeneseHHoro B myHkTe 2.2.

Omnpegenenne 3. Cumponrom Ié“ Oymem 0603HAYIATH MHOXECTBO BCEX MOCIEIOBA-
TenpHOCTEH U3 IV, COZepXAIINX IWIIL KOHETHOE KOIWIECTBO HYyIeH TN eJUHWIL.
Ero momonmenwme, TO €CTh MHOXECTBO MOCIEIOBATEIHLHOCTEN, COMEPKAIMIX OECKO-
HETHOE KOMMYeCTBO HyJel W euHMI, OyaeM 0603HATATE CUMBOIOM [ .

HamomuuM onpenerenue ogoMeTpa.

Omnpeaenenne 4. Ha muoxecrse I onpenensercs npeotpazosarue O — odomemp.
IIycts o € N TaKOBO, ITO (] = g = +++ = (1 = 1, oy = 0 a1 HEKOTOPOTO N >
0. Torga mocregoBareasrocTs O[] onpemenserca rak, aro Ola); = «; npm 7 >
n, Olal, =1 u Ofa]; =0 opu i < n.

O6macThIO ONpeneneHns 0JOMETPA B TAKOM OIMPENENIEeHUN ABIAECTCA, BOOOIIE ro-
BOp#, He Bce MHOXecTBO 1. OTMeTmM, uTO MHOXeCTBO I ecTh rpymma Zs 1e-
JbIX 2-agumyaeckux uucen B “mudposon” sanucu. [lpm srom ogomerp O apmsercs
npubABICHAEM eUHUILI B Ipymme Zs. Ogomerp, 3ajaHmbii Ha I mpm momormm
CTPYKTYPHI 2-aIUYE€CKUX YUCEN, ONMPEIeNeH yxke Ha BceM MHOX)ecTBe. O THAKO, MBI
He OyJeM TOMb30BATHCA TAKUM MPONOMKEHUEM, a OTPAHUTIUMCA OmpeaeaeHueM 4.
Taxou mogxon Gomee ymoben npu pabore ¢ rpadom OP.
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3amevanue 2. Bee Q" a, n € Z, onpenerens: gug o € I Torga m ToabKo TOrja,
xorga a € I

Hanomuum, aT0 agudeckoe mpeobpa3oBaHue TaKXkKe OIPE/IeJeHO He HA BCEM IIPO-
crpauctse 7 (OP) myren rpada OP, a aumb Ha €ro mogMHOXECTBE.

Omnpegenenue 5. [Iycts 75(OP) C 7(OP) — MHOXECTBO BCEBO3MOXKHBIX ITy-
ren = € 7 (OP), gua koropwix onpeaenenst Bce A"z, n € 7.

3ameuvanue 3. lytes z € T(OP). Torza z € 7p(OP) Torga m Torbko Torga, Ko-
raa Afz] € IY. Oro6paxenue U ycranasmusaer 6uexmmio mexxy To(OP) u TP x TN

Usy<um npeobpasosarne AY = Wo Ao~ ma IP x I . U3 onpenenenns ammwe-
ckoro npeobpasosanus caegyer, 4ro gua x € To(OP) mocrenoBarersuocts A[Az]
ecThb caepyiomasn 3a Alz] B 06paTHOM JeKcHKOrpaduueckoM mopsagke. VHbIME C10-
savu, peo6pasosamme AV : IP x I — TP x I neircteyeT ma BTOpOM KOOp IMHATE
kak omomerp O. C gpyrou cTOpoHBI, OpOWTHI AercTBUU Tpymnn Z u D Ha mpo-
crpauctse 7o(OP) cosnanator, u 06a geuctsus cBoOOgHBI. Cleq0oBATENLHO, NI
kaxaoro r € 7y(OP) mangerca equHCTBEHHBIN daemeHT g € D, Takou, aro Ar =
k(g)z. Torga O[A[z]] = A[Azx] = Alk(g)z] = A[z]+7(g), To ectb g = 7~ (O[A[z]] -
Alz]). CregoBaTenbHo,

FlAz]() = Fl(g)z](-) = Flz](- + g)-
UToro, MbI gOoKa3aau creyiomee yTBepXK IeHUE.

Mpeanoxenne 1. Ipeobpazosanue AV na IP x I ydosaemsopsem coommousenuto

AY(f,0) = (f(-+77"(Ola] - @)),00a]), feTPae L. (6)

4.2 Wszomopdusm npeobpasoBanusa AY m mpsamoro mpomsBegeHus
peucrBun Ha 7 x IN. OTo6paxkenue A

[lna Gomee METATLHOTO M3YUEHUSA AEUCTBUA TPYINLI Z Pa3yMHO 3aMEHUTDH (Pa3oBoe
npoctpanctso I x IN ma IZ x IN. TIpu sToM MBI ceraem 5To TakmM 06pa3oM,
110681 mpeoGpaszosanus AY mepexoamio B mpeoGpaszosanue S x O, rge S — JeBbIi
casur Ha IZ.

Ml XoTHM mocTpouTh Takoe orobpaxkemme A: 1P x IV — 17 x [N

~, KoTopoe

3aMBIKAeT KOMMYTATUBHYIO TUarpaMMy
To(OP) —2— 1P 5 [N A g2 N
lA lA‘I' le@ (7)
To(OP) —2— 1P 5 [N A 2 N

Ecamr mepa v ma IP x IV gBrgercs MHBAPDHAHTHOM OTHOCHTEILHO IE€HCTBHA
rpymmer D, 7o MHOXecTBO 17 X IE‘O “MeeT TOJHYIO V-MepPy, MOCKOIbKY IIPOEKINd V
ma I apraerca mepoi JleGera m. Craao 6uITh, oTo6Gpaxenue A GyeT ompegeneHo
mod 0 mo mepe v.
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D, 7N
Omnpepenenune 6. BopeneBcku m3aMepuMmoe oToOpaxenne u3 mpousseqeHusa [~ X [
B mpomssenenue 12 x I Gymem HABBIBATE Nn0CA0lHbLM, €CTH OHO COXPAHACT BTOPYIO
KOMIIOHEHTY, TO eCTh s Kaxgoro o € I o6pas cros IP x {a} xexur B croe 17 x

{a}.
OrpaEm<mMCsa KIACCOM MOCIORHBIX oToOpaxenuit A, cion A(-, a): IP — I? ko-

TOPBIX IpH @ € [ MHAYINPOBAHEI HEKOTOPHIME OTOOPAKEHUAMHA My : Z — D, To
€CTh ABIAIOTCA 3aMEHAMU apPryMEHTa, KOH(MUTYPAIIAN:

Af,a) = (foraa), felIP acly. (8)
s Takux 0T06pa)KeHI/1ﬁ A KOMMYTATHUBHAA OUATrPaAMMa, (7), OY€eBUIHO, PABHO-

CWIbHA  CICAYIOMEMY  COOTHOWUICHHIO — HA  CEeMEMCTBO  OTOOpaKeHWn
()‘Ct ) aell -

Aoja(k) + 77H0[a] — @) = Ao (k + 1), acl), keZ. 9)

Jlemma 1. Omobpaxcenue A: IP x IV — IZ x IY | onpedeaennoe pasencmesom (8)
U YO0BALMBOPAIOUCE KOMMYMAYUOHKOMY coomuowenuto (T), asasemcs Oopeaescry
uzmepumMbLm mozda u moavko mozda, koz2da omobpanxcenue \: @ — Ay (0) uz I
6 D bopeaescku usmepumo. Ilpu smom omobpaxenue A noanocmvio 3adaemca
omobpaNcenuem X.

Proof. Tlycts k € Z, w® € I. Mycte W = {w € I%: w(k) = w°}. Torga
AW < IN) = | {f € TP: F(Aalk) = w°} x {a}
aell

= U{fEID: flg) =w’} x {a e Il : Mo (k) = g}

geD

(10)

MsmepumocTs oToOpakenna A paBHOCHIBHA TOMY, ITO MHOXECTBO B hopmyae (10)
m3MepuMo 1 mobbix k € Z, w € 1.

Ecan oro6paxenne A msmepumo, To g k = 0,w’ = 1 mHOXecTBO U3 op-
myaet (10) mmepumo. Ilyers go € D. Buibepem [0 € IP mak, aro fO(g) = 1
mist g € D roabko miast g = go. Torga m3MepuMbIM ABIAETCA MHOXKECTBO

{faell: (fYa)e A" W x I} ={aecIl: fPor, e W}
={a e I;: f'(a(0)) =1} = {a € I3;: Xa(0) = go}
={a e I: Ma) = go}. (11)

Tem caMbIM, 0TOOpaXeHNe \ U3MEPUMO.

Ecmm orobpaxenne \ mamepumo, 7o u3 popmyast (9) BuAHO, 9TO a1s Kax a0ro k €
7, M3MEepUMBIM TaKXKe ABIACTCA oToOpaxenme o — Ay (k) m3 I\ B D. Ho B Taxom
CIydae MHOXECTBO B mpasou dactu ¢gopmyasr (10) aBraerca caeTHBIM 00BenUHE-
HUEeM I3MEpPUMBIX MHOXKECTB, TO eCTb m3Mmepumo. CiaenoBaTenbHO, oToOpaxenue A
M3MEepUMO.

[Tocnegnee yTBepkAeHue JeMMBI TPUBUAILHO, TaK KaK OTOOPaXEHUA A, OTHO-
BHATHO ONMPENEMAIOTCA depe3 A\ npu moMoru Gopmysr (9). O
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Bribepem Takoe oro6paxkenue \: I — D, koTopoe oTo6paxkaeT Bce B HyJIeBOM
saemeHT rpynnsl D. OHO mpm momomu cooTHomeHun (9) MOPOXIAET CEMEUCTBO
0TOOpaXKEHNN

Ao Z — D,

aell

oY
roe orobpaxenne A: [0 x IN — IZx I . 3akpenum o6o3masiennsa A\, u A 3a >Tuvm

KOTOPOE, B CBOIO O¥€Pe/b, pu nomommu (Gopmyast (8) onpeenser mocaon-

00BEKTAMU.

Takum 006pa3oM, NEUCTBUE aIU9IeCKOro mpeobpasoBaHuia A HA MPOCTPAHCTBE
nyren 7 (OP) rpada OP 6operescku uzomopdHuo neunctsuio npeobpazosanusa S X O
Ha mpocTpanctee 12 x IV,

Omrcroma cregyer TeopeMa 00 YHUBEDCATLHOU aIMIECKOU ATITPOKCUMAIIANA ABTO-
MOP(}U3IMOB.

Teopema 2. ITycmv T — asmomopdusm npocmpancmsa Jebeea (X,p), umero-
wuti deyuaennyio obpasyowyro. Tozda natidemes makxas mepa p € Inv(OP), umo
aduueckoe npeobpazosanue A na npocmpancmee T (OP) nymet 2paga OP ¢ me-
poti 1 uzomopdruo npeobpazosanuo T x O wua npamom npoussedenuu X x IN ¢
Mepot p X m.

Onpegenenne 7. CumBomom M 0603HAYIIM MHOXECTBO OOPEIEBCKUX BEPOATHOCT-
HBIX Mep Ha mpocrpaHcTse 12 x IN, mHBApHAHTHBIX OTHOCHTEILHO IPE0GPA30Ba-
Hua S X 0. CumBonom Ez(M) 0603HAYIMM MHOXECTBO Sproguwdeckux Mep u3 M —
rpauuiy [loke, cOCTOANIYI0 U3 KPATHUX TOYEK.

3ameuanue 4. Orobpaxenue A o U gpngeTcs OUEKIUEN MeX Iy MHOXECTBOM IEH-

rpaibabix Mep Inv(OP) ma npocrpancrse 7 (OP) rpada OP u muoxectBom M.
Caenyromee 3aMevdanme TaeT ABHYIO (pOPMYIY MJIA MOCIOUHOTO OTOOpakenus A.

3ameuarnue 5. [ng xkaxmoro o € I EIO oTobpaxeHue A, yIOBICTBOPAET COOTHOIICHUIO

n n
Aa(D_(1)¥H8:2°) = Bigs, (12)
=0 i=0
rge n >0, B; € {0,1}.

I[Ipoobpazom moarpynmer D, npu 0oTOOPAKEHUU A\, ABIAECTCI OTPE3OK IETHIX
aucen {—ay,...,—ap+2" —1}, rge ap = >, @;2"~1, mpuaem A1 (D) ects nepas
monosuaa A, (D)1 1), ecmn oy, 1 = 0, n mpasas, ecan oy, 1 = 1.

5 WaBapuanTHble Mepbl Ha [7 x [N

5.1 IIpsamvbie mpou3BegeHUA U MEPbI HEPUOIUIECKOT0 THUIIA

B sroit wacTy Mbl m3yumM Mepsl Ha [Z X IV, nHBApMAHTHBIE OTHOCHTEIBHO eH-
crBusd S X Q. HanmomurM, MBI 0603HAMUIN UX MHOXECTBO cuMBOiIOM M. D10 MHO-
xecTBO Mep mpu oTobpaxenma A~! mepexogmT B MHOXECTBO Beex Mep Ha P X
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I, yHBApHMAHTHLIX OTHOCHTEIbHO AeicTBua diag rpymmet D. A mpm oToGpaxe-
W' o A™! 5T0 MHOXECTBO mEpPeXOqUT B MHOXKECTBO HEHTPAILHLIX Mep Ha IpO-
crpauctee 7 (OP) nyren rpada OP ymopagouerHbIx map.

[TpocTennmmmu npumepamu Mep w3 M ABAAIOTCA TPAMBIE TPOU3BEACHU. Feau 7
—— BEpPOATHOCTHAA GOpereBcKas Mepa Ha [Z, MHBapHAHTHASA OTHOCHTEILHO CIBATA, S,
TO ee mpAMoe HpomsBefeHme ¢ Mepon JleGera m ma IV, Mepa n x m, aBIseTcsa
MHBAPUAHTHOU OTHOCUTEILHO mpeobpaszoBanua S X O.

Onpegenenne 8. Ilycts v — mekoropas Mmepa Ha 12 x IN. Cumporom P[v] 6y-
xeM ofo3HavaTh mpoekmmio Mepsl v Ha IZ. Tlyers k > 0, 0 < r < 2F — 1.
lycts Ayp = {a € IN: Zle ;27 = r} — mmmargp B IN. Cumsonom P x[v]
Oynem 0603HAMATH HOPMUAPOBAHHYIO TIPOEKINIO Ha, IZ CyXeHua Mephl I/ Ha MHOXKe-
ctBo I% % A, 1 . Cumsoaowm 0[v] Gyzem o6o3uadaTs Mepy P k[v]. CumBomom O[]
0603HAYMM [OCIeL0BATEILHOCTE Mep (O [V])k>0.

YyTo 601ee CIOKHLIL mpuMep Mepbl u3 M maeT cremymomas KOHCTPYKIMA, KO-
TOPYIO MBI HA3BIBAEM MEPOT NEPUOIUUECKO20 MUNG.

Onpegenenne 9. CumBomom My, k > 0, 0603HAYIIM MHOXECTBO BCeX HOPEIEBCKUX
k

BEPOATHOCTHBIX Mep Ha %, nEBapmaHTHLIX oTHOCHTETLHO S% . CuMBonom B (My)

0003HAINM MHOXECTBO KPAUHUX TOUEK B M.

3ameuanue 6. [Jra xkaxgoro k > 0 MmHOXecTBO M) ¢ Tomomoruen crabou CXOgLUMO-
ctu Mep aBAeTca cumiekcoM [loncena, To ects MHOXeCTBO Ex (M) ero kpauaux
TOYEK IIJIOTHO B HEM.

Onpegenenune 10. Ilycts k > 0 u n € My. Mepy

2k 1
Diln] = ) S'nx (xa,,m) (13)
1=0

ma 1% x IN 6yxem maswBaTh mepoti nepuoduueckozo muna k ¢ 6a301 1.

OTMmeTuM, ITO MepBI TEPUOAUIECKOrO TUMA () — HTO MPOCTO MpAMbBIE TPOU3BE-
MEeHUA.

3ameuvanue 7. Ecmm k> 0 un € My, To Dg[n] € M.
3ameuanue 8. Mns 0 < k < nun € My Bumonneno paserctso Dy [n] = Di[n].

Omnpegenenne 11. Bygem rosopurs, aTo Mepa v Ha IZ X IN sgasemesa mepoti
nepuoduuecrkoz2o muna k, ecim k — HaMMeHbIIEe BO3MOXHOE THUCIO, IS KOTOPOTO
HajgeTca Takaa Mepa ) € My, ato v = Di[n]. MuoxecTBo Bcex mep Ha [Z x IN
nepuoau<IecKoro Tuma ue 6oabire k 6ymem o603uadaTh cuMmBoaoM My, a MHOXECTBO
ero KpauHux To4uek — cuMmBoaoMm Ex(My).

Bymem roBopuThb, ITO Mepa U A8.44MCA MEPOT NEPUOIUNECKO20 MUNG, €CITA OHA
ABIAETCA MEPOU MEPUOAMTECKOr0 TUMa k maa HekoToporo k > 0.

Mepy v € M, He ABIAIOUIYIOCA MEPOU MEPUOIUTIECKOTO THUMA, OyJAeM Ha3bI-
BaTh anepuoduueckoti. MHOXECTBO amepuoaquIecKux Mep OyaeM 0603HAMATDL CUM-
BoaoM M.
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3ameuanue 9. Muoxecrso M muaBapmanTHbIX Mep Ha [Z X IV pasmaraercsa B 1usb-
IOHKTHOE O0BEUHEHNE MHOXECTBA AEPUOAATICCKUX Mep, a TaKXKe MHOXECTB Mep
nepuoguteckoro tuma k, k > 0:

Nﬂ:MmUM%ULﬂMQ\MMQ.
E>1

s xaxmoro k, k > 0, orobpaxenue Dy spuserca adUHHBIM roMeOMOPdu3-

MOM Mexy MHOXecTBaMu My u My, u, ciegoBarenbuo, 6ueknuen mexay Ex(My)

5.2 Annpokcumanus MepaMu II€PUOIUIECKOr0 THUIMA

[Ipuctynum x usydenuto mep u3 M obmero Buma.

Samevanue 10. [Juaa mobou Mepul v € M cooTBeTCTByOIEE € CEMEUCTBO Mep
Prilv], k>0,0<r< 28 ma I” yIoBIETBOPAET CIEAYIOMEM COOTHOIICHAIM:

SP] = Plvl;  S¥Pralv] = Pralv; (14)
SPrslv] = Proaglv], 0<r<28—1;  SPyu_y 4[] = Polv); (15)
Pr,k[’/] = %(Pr,k-i—l[’/] + Pr+2k,k+1[V]) = %('Pr,k-l—l[V] + SZkPr,k-l—l[V])- (16)

Caegcrsue 1. I[Iycmy v € M. Iocaedosameavnocms mep Ox[v], k > 0, odnosnauno
3adaem ece cemeticmso mep Pp V] u, caedosameavno, mepy v. Kpome mozo, 6bi-
NOAHEHBL COOMHOULEHA

1
S0, = 0, O = 5 Orr + S20,.1), k> 0. (17)

Aaaee, ecau nexomopas nocaedosameasnocmo mep O, k > 0, na IZ ydosaemso-
paem coommnowenusm (17), mo watidemea eduncmeennas mepa v € M, das womo-
pot O = O[], k > 0.

Omnpepenenune 12. CuMBoIOM proj, 0603HAYMMM IPOEKIWIO MHOXecTBa My Ha
MHOXECTBO My, 3amaBaemMmyo ¢GOpMyIon

1
proji = 5 (0 + 52'9), 6€ M.

Jemma 2. Omobpasxcenue © agasemca aP@Puunbim 20Me0MOPPUIMOM NPOCTPaH-
cmaa mep M co caaboti monoaozuet na npoexmusnuili npedes im( My, proj;).

Omnpegenenune 13. Bygem rosoputs, uTo nociesosarersaocts mep (0 )g>o Ha 7
cmabuausupyemes 6 momenm n, n >0, eciu O, = O mpu k >nu 0, 1 # 6,.

3ameuanue 11. [na xaxmgoro k > 0 orobpaxenue O sABageTCAa OUEKIIMEN MEXIY
muOXKecTBOM My \ M1 Mep mepmogmdeckoro tuma k ¥ IOCIEOBATEILHOCTIMMU,
CTAOUIU3UPYIOMUMUCA B MOMEHT k. [Ipu oToMm mas 7 € My, BBITOIHEHO TOX IECTBO

OulDinll =n, n >k
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CaeacrBue 2. Mepuvi nepuoduueckozo muna naommust 8 M.

Proof. Jlerko mouAThL, 9TO Mepa v € M anmpokcuMupyeTcsa B CIaGoU TOMOJOTUN
nocaegoBarensHocThio Mep Dy [0k[v]], k — oo. O

Kak 6bu10 oT™MedeHo B 3aMedanuu 6, maa kaxgoro k > 0 maoxecTBo My aBmi-
erca cumiuiekcom [loncena, To ects ero rpannna [lloke, maoxecrso Frz(My), moTHO
B M. Cregcreme 2 o3HawIaeT, ITO MHOXeCTBO Ug>oMj, Mep mepmoamdeckoro Tuma
mioTHO B cuMminiekce M Bcex mHBApMAHTHBIX Mep Ha mpoctpancTse 12 x IN. O-
clofa crexyeT, 9T0 MHOXecTBO Up>oEz(My) mrorao B M. Ozxnako, He Bce Mepbl
u3 Ug>oEz(My) asrsores kpaauvu Toukamu B M (cMm. memmy 5 Huxke). Takum
06pa3oM BO3ZHUKAET €CTECTBEHHBIN BOMPOC — ABALEMCA AU cumnaerc M cumnaiex-
com IToacena? ABTOpamM B JaHHBIM MOMEHT HEM3BECTEH OTBET Ha DTOT BOIIPOC.
Bompoc o ToMm, coxpaHAeTCSA I TMOJICEHOBOCTH MPU TEX WU WHBIX OMEPAIMAX HAT
CUMILIEKCAMYU WHBAPUAHTHBIX Mep KaK OynTo ObI He M3yd4eH.

5.3 OproaudyeckKue MHBAPHAHTHBIE Mepbl Ha mpocrTpaucTse [Z x N

[lepengem k uzyuenuto muoxectsa Ez(M) — muoxectsa mep w3 M, sproauaeckux
orHocuTenbuo S X 0.

Crenyroias JeMMa JaeT XapaKTePU3AIUIO Sprouiecknx Mep u3 M B Tepmunrax
UX YaCTUIHBIX npoeknuu O[], k > 0.

Jemma 3. ITIycmv v € M. Toz2da caedyrowue ycio8us pasdHoCULbHbL:
1. ve Ex(M);
2. Oi[v] € Ex(My) das xamncdozo k > 0,
3. das wexomopozo n > 0 das xaxcdozo k > n swnoaneno Ox[v] € Ex(My).

Proof. Tlokaxem, aro w3 (1) cregyer (2). Ilycts k > 0. Hanmomuwm, 9TO cum-
BoMOM A, MBI 0603HAMAIN KOODAWHATHLIE MUTHHAPLI B I (cM. ompenerenue 8).

k
Hycrs B C I” — mexoTopoe S? -uHBapHAHTHOE MHOXeCTBO. Toraa MHOXECTBO

2k_1

U (STB) X Ar,k
r=0

apaserca S X OQ-unaBapuanTabiM. ClregoBaTelbHO, B CAILY DPrOAUIHOCTH MEPHI U
ee 3HAYEHWE HA STOM MHOXKECTBE PABHO HyI0 win enuuuie. OTcioga Creayer,
910 O;[v](B) ToXe paBHO HYyIIO WIU €JUHUIE.

Ouesunno, aro u3 (2) cregyer (3). [Ipeamonoxum remeps, 9To ycaosue (3) BbI-
nonueno, u gokaxem (1). Ilpegmomoxum mpOTHBHOE, MyCTb YV — HE DPrOAUTHA.
Torga maugyTcs pasaudnabie vy, vy € M, mus koTopwix vy + vo = 2v. Ho Torma pis
Kaxgoro k > n umeem Oi[v1] + Ok[va] = 20;[v]. B cuny sproguanocTtu mMepsr 6y [v]

umeeM paBeHCTBO O[] = Ok [ve] npu k > n. B cury coorrouenus 17 510 BBIIOI-
HeHO ¥ aua Bcex k£ > 0. Ho Torga Mepsl 1| # v COBHAZAIOT, ITO IPOTUBOPEUUT
MIPOIEYPE UX MOCTPOEHUA. U
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Caepcrue 3. IIycmv v € Ex(M). Toeda das kancdoeo k, k > 0, u pazauu-
uour 71,9 u3 mmorcecmea {0, ... 28 — 1} mepri Pr, k[V] u Pr, k[V] aubo cosnadarom,
AUOO 83AUMHO CUHRYAAPHDL.

Proof. Kaxmas ms mep Py x[v], 0 < r < 281, apnserca sproameckoit aus mpeobpa-
k

soBamma S? . A mo6ble gBe DProgUtuecKume Mephl 1H00 COBIAIAIOT, JX00 B3AMMHO

CUHTYJIAPHBI. ]

5.3.1 Oproamyueckue MeEPLI NEPUOJUIECKOr'0 THUIIA

Ham momagobutcs cremyiomas mpocTas JeMMa.

Jemma 4. ITycmv T — asmomopdusm npocmpancmea Jebeea (X, ). Ecau npe-
obpazosanue T? seasemes apzoduueckum wa (X, 1), mo das mobozo k > 1 npe-
ob6pazosanue T mosnce asaremes apeoduueckum na (X, ).

Proof. N3 sprogmarocTu npeobpasosanua T clegyeT Sproga<IHOCTb CAMOTO ABTO-
Moppusma T a Takxke TO, 9TO —1 He ABIAETCA COOCTBEHHBIM YKCJIOM YHUTAPHOT'O
omeparopa Ur ma L%(X, 1), coorBercTByiomero aromopdusmy T. Tak kax co6-
CTBEHHBIE IuCIa ornepaTopa Ur 06pa3yioT rpymiy, OTCIoga CIeyeT, ITO e UHCTBEH-
HBIM COGCTBEHHBIM THCIOM OHepaTopa Uz, KOTOpOe ABIAETCA KOpHeM cremennm 2F
u3 1, asmsercs qucao 1. Crano 6biTh, 1 ABIAETCA TPOCTHIM COOCTBEHHBIM HYUCIOM
orrepaTopa 72" O

Crenyomas reMmma [aeT ONMCAHIE MHOXECTBA, Mep Tepuoamaeckoro tuna u3 Kz (M).

Jlemma 5. ITycmov k > 0, n € My. Tozda Dg[n] € Ex(M) mozda u moavko mozda,
kozda n € Ex(Mji1).

Proof. 3 samedanus 11 cregyer, 9ro gus n > k Buimoaseno pasercTso Oy, [Dy[n]] =

n.
Ecan mepa Dy[n] ssasercsa sproguyaeckon g S X O, To B cOOTBETCTBUM C J1eM-
mout 3 mepa 1 = Oky1[Dg[n]] aBrsercs sprogueckon mis S2*,
Ecau mepa 1 ABIseTCcsa 9prouaeCKOn 1st SZHI, TO B CUIY JIeMMBI 4 OHA ABIIETCSA
sproguseckoit aaa S?°, n > k. CaegoBaTeasso, Mepa Dy[n] yA0BIeTBOPAET yCIOBHIO

(3) memmer 3. Orcroga cregyer, uro ona sproguisa naa S x O. O

Caegcraue 4. IIycmv k > 0. Toeda (3decv u daaee mvr nodpasymesaem M_1 = &)

E:E(M) N M \Mkfl = E:E(Mk) N EI(Mk+1) \E:E(Mkfl). (18)

Proof. TIposepum, 9T0 1eBas 9acTh paBeHCTBa (18) cogepxurca B mpasou. Ecmm v €
Ex(M) N My \ Mg_;, To, oueBuguo, v € Ex(My). [Haree, maugerca mepa 7 €
M \ Mg_1 , mna xoropou v = Dg[n]. B coorsercTBum ¢ semmon 5 u3 TOro,
aro v € Ex(M), cregyer, uro n € Ex(Myi1). CregoBarensro, v € Er(Mgiq).
[Ipu srom 1 ¢ Mj_1, nostomy v ¢ Ex(My_1).
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Temepb mpoBepuM, UTO MpaBasg IacThb paBeHCTBa (18) comepXuUTCA B JEBOU.
[Iycres v € Ex(My) N Ex(Mgy1) \ Ex(Mg_1). Torma v = Dg[n] mna HexoTo-
pour n € My N Ex(Myi1). s memmwr 5 caenyer, aro v € Ex(M). Kpome Toro,
ecim v € My_q, To, oueBugno, v € Ex(My_1), nporusopeune. IlosTomy v €
Ea:(M) N M, \Mk—l- O

Kpome Toro, oueBugHO COOTHOIEHME
Exz(M) N My = Ex(My).

CaeactBue 5. Muoxcecmaso speoduueckur mep us M donycraem caedyrowyro 2pa-
dyuposry:

Ez(M) = Be(Ms) U | (B(Mx) N Bz(My+1) \ Bo(My_1)).
k>0

5.3.2 Amnepuoamueckue SproguueckKmue Mepbl

Teopema 3. IIycmv v € Ex(My,). Tozda das waxcdozo k, k > 0, u pazauy-
nour 11,79 u3 mmoscecmea {0,...,28 — 1} meprt Py k[V] u Pryk[V] 63aumno cuney-
AAPHBL.

Proof. Tlycrs gna mekoroporo k, k > 0, gse mepst Py, (V] u Py, [v] He apraiorca
B3aUMHO CHHTYJIADHBIMZ. MBI MOXeM BBHIOPATH 4MCIO kK MUHUMAILHBIM CDEIM Ta-
kOBBIX. He ywmamnsaa oburHOCTH, camTaem, 410 71 < ro. COrIacHO CIeACTBUIO 3
Mepbt Pr, i [V] 1 Pry k[v] coBnagator. B cury murnmansaocTn k, Bce Mepst Py —1[V],
0 < r < 287! nmomapmo cumryrspmbr. Iloae3yach dTEM COOGpAKEHUEM W COOTHO-

meHneM 16, MBI TIOTy49aeM ro — 1| = k-1

. CregoBarensno, mepa P, ;—1[v] coBma-
IaeT ¢ Mepou P, p[v] u ABIgETCS SProgMYECKON AL IPeOOPA3OBAHUA s?". 3ma-
autT, mepa f_1[v] ToXe ABIAETCA DPrOAUIECKON NIA MPEOOPA3OBAHAA s?". B cary
nemmer 4 mMepa O[] asrserca sprogumyaeckon s S2°, n > k. C gpyroit cTopoHsr,
mas n > k coraacuo dopmyae (17) mepa 0;_1[v] aBasercsa cpegauM apudmeTude-
CKUM CABUIOB MepHI 6, [1], KOTOPBIE ABIAIOTCA MHBAPUAHTHBIMU O THOCUTEILHO S2".
Crenosarensuo, 0,[v] = Op_1[v] npu n > k. CregoBarensno, v = Dy[fk_1[v]],
TO €CTh Mepa V ABIAETCA MEPOU MEPUOAUIECKOTO THIA, ITO MPOTUBOPETUT yCIO-
BHIO. O

1—n .,
Onpegenenne 14. [z n > 0 cumBoIOM 0, 0003HAYMMM [UuCIO €2 ° — KOPEHb

cremnenn 2" us €MIVMHUIBI C HAUMEHBUINM apPryMEHTOM.

Caepgcrue 6 (CBoucTBa anepuoaMIecKuX SProgudeckux Mep). Ilyems v — ane-
puoduueckas mepa uz Ex(M). Tozda:

1. mepvi Op[v] u STOR[V] 630ummo cuneyapust npu k> 1 ul <r < 2F —1;
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2. (deavmaobpaznocmn) das Oy[v]-noumu scex w € I” ycaosuvie mepovl 6 ceue-
nuaz {w} x IV asasomea deavma-mepamu;

3. npoexyus I% <IN na I” asasemces uzomopguzmom dunamuveckus cucmem (1% x

IN,V,S X ©) U (IZ,OO[V]’S);

4. uucaa op, n > 0, 468480MCA COOCMBEHHDIMYU 0A4% ABMOMOPPUIMA S Ha NPO-
empancmee (I%,00[V]);

5. dunamuuecras cucmema (I%,00[v],S) o6aadaem armopom, uzomop@uvim 0do-
mempy (IN,m, Q).

Bo3HZKaeT ClIeIyOmUi eCTeCTBEeHHBIH BONPOC — Kakwme Mepbl Ha IZ MoryT
ABIATHCA mpoekmmaMu anepuonmaeckux mep w3 Fr(M). B coorsercrBum ¢ mem-
MOH 3 5>TH MePHI ABIAIOTCA DProJUIeCKUMI OTHOCATEILHO caBura S. OKa3bIBaeTCs,
YTO YCIOBUE W3 MOCJAEIHErO MyHKTa caencTsusa (6) ABISETCA HE TOIBKO HEOOXOAU-
MBIM, HO W JOCTATOTHBIM.

Jlemma 6. ITycmv n € Ex(Mg). Iyemo cdsuz S na npocmpancmee (I1%,1) umeem
Paxmop, uzomopduviii odomempy. Tozda wmatidemes anepuoduueckas mepa v €
Ex(M), das xomopoi Oy[v] = n. Boaee mozo, mnoxicecmeo écer makus mep v
ecmecmeennbim 06pazom napamempusyromes mouramu o € IN (cm. aemmy 7).

Proof. [na xaxmoro n > () HAWJEM eIWHCTBEHHYIO (C TOYHOCTBIO JO KOHCTAHTHI)
COOCTBEHHYI0 (DYHKIWIO f;,, OTBEIAIONIYI0 COOCTBEHHOMY GUCIY Op:

an = .ann-

oMHOXWB TIpy HEOOXOIUMOCTH ST (PYHKIUA HA TOIXO0IAIMINE KOHCTAHTHI, MBI MO-
XKeM CYnTaTh, 910 fo = 1 u f, = fzﬂ, n > 0. Torma mouTm BCIOAY IO Mepe 7
3HadeHusa yHKIUM f, coBmamaioT co crenenamu o, 0 < r < 2" —1, n > 0. Pac-
CMOTPUM MHOXECTBA YPOBHA (DPYHKIUA f:

B(r,n) = {w € IZ: f,(w) = 0.}, 0<n, 0<r<2"-—1.

O4eBuaHO, MIA KaXI0TO (PUKCHPOBAHHOTO N > 1 0TOGpaxeHUe S MUKIMIECKHA TIe-
pecrasager muoxecta B(r,n), r =0,...,2" — 1, nostomy n(B(r,n)) = 2%
Mycrs a € IV, a = (ap)g>1. Homowum r(n,a) = S.070 2Pagyr, n > 0.
(a)

Mus n > 0 onpemeaum Mepy 6y, Kak HOPMUPOBAHHOE CyXEHWE MEpHI 7) HA MHO-
xectso B(n,a) = B(r(n,a),n):

() = 2”77|B(n ap M2 0.

(a)

o n
[ouaTHO, ¥TO Mepa f, " ABIAeTCA MHBApHAHTHON oTHOcmTerbHO S’ . Jlerko

(@)

IPOBEPUTH, YTO HOCTPOCHHAA MOCIEAOBATEIBHOCTb Mep (6 ' )n>0 yAOBIETBOPSET
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coorHomeruo (17). DTO HAIpAMYH BBITEKAET M3 TOrO, ITO MHOXecTBa B(n, )
u B(n +1,a) cBA3aHBI pABEHCTBOM

Bln,a) = {1311 = 6} = {funr = )1V} U (s = =117} =
B(r(n,a),n+1)UB((2" +r(n,a),n+1) = B(n+1,a) US* B(n + 1,a).

o
CormacHo caencTBuio 1 TOCIEIOBATEIHEHOCTH (0& ))nzg 3aaeT HEKOTOPYIO Mepy

V(@[] € M, gas xkoropoit 0,[v( ¥ [n]] = 07(10‘), n > 0. B gacTHOCTH,
0ol n)) = 65 =,

OcCTAIOCH IPOBEPUTH BProgMIHOCTSL MOocTpoeHHoi Mepsl (Y [n]. B coorser-
CTBUAM C JEMMOU 3, BPTOAUIHOCTH MEPHI (@) [7] paBHOCWIBHA TOMY, 9TO NI Ka-
« n
xgoro n > 0 mepa 9,(Z ) sprogumana gaa S2 . IIposepum 5To.

n
Hycrs muo)ecTBo B C IZ maapuanTHo oTHOCHTensHO S% . Torga dyHKIMA

2" —1

f= Z OhXsip
i=0

yaosaeTBopseT paseHcTBY Sf = p,f. Bce cob6cTBenHbBIE WmMCaa omepaTopa S mpo-
creie, mostomy f = Cf, n-m.B. maa mekoropou kouctaunter C' € C. Orcooma cie-
ayer, aro au6o n(B) = 0, mmbo mEOXecTBO B coBnamaer ¢ muOXecTBoM B(r,n)
s mHexkoroporo r, 0 < r < 2" — 1. B wacTHOCTH, MHOXecTBO B(n,«) HE comep-
KUT HETPUBHATBHEIX S? -MHBAPUAHTHEIX TOAMHOKeCTB. CleqoBaTeIbHO, Mepa. 97(104)
ABIAETCA DProguaeckon mig S2 . ]

Jemma 7. ITocmpoennoe 8 dokazameavcmee aemmbvi 6 cemeticmso mep v\ ], a €
IN, onucvisaem sce mepvr uz Ex(M) ¢ 3adannoti npoexyuet 1. Hubimu cioeamu,
ecau v € M u 0y[v] =, mo v = v [y] das nexomopozo a € IV,

[Mpex e, 9em nepexoauTh K JOKA3ATETHLCTBY DTOU JEMMbI, 0OCYIUM OIHO CIIEK-
TPATLHOE CBOUCTBO MEP MEPUOAMTIECKOTO THIIA.

Jlemma 8. ITycmb k > 0,7 € My. Iycms Di[n] € Ex(M). Tozda wucaa o,, n > k,
ne asasomea cobemeennbtmy das onepamopa S na npocmpancmse (1%, 0o[Dy[n]]).

Proof. Tlycts

Sf=onf (19)
nouTu Beioay mo mepe 0y = 0y[Dg[n]]. Hokaxewm, aro f = 0 mouTu Bcrogy 1o mepe 6.
Acwo, aro S*" f = f nmowru Beogy mo mepe Sin, 0 < j < 28 — 1. B cuy memm 5, 4
meper ST, 0 < j < 28 — 1, asaaorca sprogmuecknvu aaa S . CaegoBarensHo,
dyHKIUA [ TOCTOAHHA MOYTHU BCIOAY MO KAXA0U w3 »>Tux Mep. OTciona cremyer,
ar0 GyHKIUA f OpUHEMAET He Goxee, deM 2F pasImvHBIX 3HAYMEHWH HA HEKOTOPOM
HOMHOXECTBe, MOIHOM 1o Mepe 6. C npyrou cTOpoHBL B cuity cooTHomernus (19),
ecmm pyHKIUA [ HE paBHA HYJIO0 MOYTH BCIOAY, TO OHA, MOJKHA TMPUHUMATH KAK
MUHUMYM 2" pa3Iu<IHBIX 3HAYCHUN HA MHOXECTBAX MOJOXUTEIb-HOU Mepbl. Crero-
BarenbHo, [ = 0 mouTm BCogy 1O Mepe 6. U
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Loxazameabcmeo aemmevr 7. Mbl 6ygemM nCIoOab30BATH 0O03HATMEHU U3 TOKA3ATEIb-
crBa aeMMbl 6. [Iycts v € M — sproauaeckas u Oy[v] = 7. U3 aemmer 8 crepyer,
9TO MEpa YV HEe MOXET ObIThb MePUOAU<TEeCKOro Tuma. llpm dpukcupoBanaom n > (0
B cury cregcTBua 6 mMepsl P ,[v], 0 < r < 2" — 1, monapHO B3aUMHO CHHIYJIADHBL
Kpowme Toro, B cuny coorHomenun 3amedanus 10 BBINOIHEHO PABEHCTBO

=
’]” = 2—n Z 'Pr’n[V].
r=0
IIycts MuOXecTBO B, C IZ Taxopo, uto Py ,[v] = 2”77| g - Torma Py, = 2"y

0 <r<2"—1, u muoxecrsa S" B, IOMapHO HE MEPECEKAIOTCA.
DyuaKIINA

STBy’

2"—1
T
In = Z OnXsrB,
r=0

VIOBAETBOPAET COOTHOIICHUIO S¢, = Ongn. LlOdTOMY ¢, = ¢, f, LI HEKOTOPOU
koucranTh ¢, € C. Orcioga cregyer, aro B, = B(r,,n) mma HEKOTOPOTO T,
0<r,<2"—-1,¢, =0,

Ocranock BBIACHUTE, KAK CBA3AHBI TUCIA Ty U Tpi1. OTMermM, uTo mepa Py,
ABIACTCA HOXYCYyMMOU Mep Pppi1 @ Ponpy1. CiaegoBaTenbHO, MHOXECTBO B
ABIAETCA MOAMHOXECTBOM MHOXeCTBa B),. 3uaunr, B(rpi1,n + 1) C B(ry,n). Io

2rpa1

OTIPE/eIeHNI0 STAX MHOKECTB DTO O3HATALT, 9TO 0, ' = o, TO €CTh ryyqq —7p 1 2"
CrenosaTensno, 100 Ty 11 = Ty, TAO0 Ty = T +2". Tlonoxum a1 = 27" (rpp1 —
rn), n > 0. Torma r, = r(n,a), B, = B(n,a), orkysa cregyer 0,[v] = 9§la) u
v =v®]y). O

5.3.3 OmnmucaHue BceX 2proguieCcKux Mep
Wroro, MbI monyunin Creayolee onucanue >proaudeckux mep us M.

Teopema 4. Ipzoduueckue mepvr 8 muoxcecmsee M deasmesn mwa dea nenepecexra-
OUWULCA KAQCCA:

1. spzoduueckue mepwvi nepuoduueckozo muna k, k > 0, suda

Di[n], 2den € My N Ex(Mpqr);

2. apeoduueckue anepuoduueckue mepti suda V\[n], 2de mepa n ma npocmpan-
emee I? unsapuawmmua u 3p2oduuna omuocumenvno cosuza S, u, 6oaee mozo,
onepamop S na (I%,1) umeem Gaxmop, uzomopPuviii odomempy.

3ameuarnue 12. Iproamideckue Mepsl u3 M nepuoguieckoro tuma 0 ABAAIOTCA BCEMT
IPAMBIMA TIPOM3BEICHUAMA BUAA 1) X M, TAe 1) — S-mHBapUaHTHAZ Mepa Ha 12,
SProamIecKas OTHOCUTEILHO mpeobpa3oBanud S2.

CBouCTBa HProAUYeCKnX alepuoIUIeCKIX Mep OLLIN IO APOOHO OIUCAHLL B CIE-
crBun 6.

26



5.4 [TonmoanuTenbHasa mHPoOpManua o6 3proagmdecKux Mepax
Ha [” x IV: xaKk ycTpOeHBI yCIOBHBIE MepPhI

[TycTs sproamaeckun aBromopdusm T mpocrpanctsa Jlebera (X, 1) nmeeT naBapu-
AHTHOE m3MepuMoe paszbuenue ¢. B Takom cayuae aBromopdusm T umeeT GakTop-
aBToMopduaM T¢, nercTByommi B GakTOP-MpocTpancTBe X¢ ¢ PaKTOP-MEPON [ic,
u ToBOpAT, 9TO T ecmbv Kocoe npouzsedenue wad asmomopgduzmom T. npocmpan-
cmea X ¢ HeKoTOpOU cucremon aBroMopduamos caoes (cm. Hamp. [20]). [Ipu sTom
OOBIYHO CUUTAETCA, ITO B CUIY DPrOAMIHOCTH NPOCTPAHCTBO (X, 1) eCTeCTBEHHO
n30MOPGHO TPAMOMY TPOU3BEAEHMIO TpOocTpancTBa (X, fic) 1 “TumoBoro caoa’ c
TUIIOBOM MEPOH CJIOA T. €. THUIOBOM YCIOBHOW MEDPOHM Ha, dIeMeHTaX pa3OmeHusd .
Opmnrako, 0COGEHHO, eCau MPOCTPAHCTBO X CHAOXKEHO TOMOJOrMEH cernapabeabHOro
METPHUIECKOTO TTPOCTPAHCTBA, TO YIOOHEN He MPOU3BOAUTL YHUGDOPMUBAIUA CJIOEB,
a CIMTATh, ITO CIOU OCTAIOTCA TMOAMHOXKECTBAMHU WCXOTHOTO MPOCTPAHCTBA X, C
YCJIOBHBIMU MepaMM KakK OOPEIeBCKUMU MepaMu Ha, CI0aX pasbuenus. Torma men-
cTBUE ABTOMOPGU3MA HE MEHAECTCA, W OCTACTCA JUIIL MPOOIEMa ABHOTO BLIUUCIE-
HUA yCJAOBHBIX Mep. OObIvYHO B Teopurm POXAMHA OHM BBIYUCISAIOTCA C TOMOIIBIO
fasmca M3MEpUMOro pa3bHeHns ¢ U 9TO — oOmui MeTog>. B HameMm ciyuae 6asuc
pa3bueHus onpenenseTcsa CTPYKTypor GpakTop-aBToMopdusMa (010MeTpa), TOTHEE
ero cunekTpoM. Takum 06pa3oM MOYUTH BCE YCJIOBHBIE MEPHI (B3AUMHO CUHTYIADHBIE
MeX Iy COOOM) CTAHOBATCA MPEAESaMU MOCIENOBATEALHOCTEN MEDP THUTA, SPrOauIe-
ckux ycpegHenuu (cMm. namee). Ml He ucmonbsyem uHGOpMAUEA 00 YCIOBHBIX Me-
pax B pambHeumeMm. OaHAKO, TOZOOHBIN METOI MOXHO UCIIOIB30BATD U A JPYTHAX
KOCBIX IIPOM3BEICHUN.

Omnpegenenne 15. Byxem rosopurs, 9To BeposTHOCTHAA Mepa ¥ Ha IZ — ycpeo-
naeMas, ecia naa moboro k > 1 cymectsyer Mepa ¥, Ha IZ, KoTopas aBigercs
c1abBIM IPEJeIoM HOCIeL0BATENLHOCTH Mep Uy 5, N — 00, e

1 n—1
ok
Jen = > s, (20)
=0
npuYeM MOCAeI0BATEALHOCTE Mep ¥ cTpemuTcs crabo K mepe ¢ mpu k — 00.

Crenyromas JeMMa ABIACTCA CASCTBUEM SPLOAUTIECKON TEOPEMBI M TEeOPeMbI
Jlebera o guddepeHnupoBaHnn.

Jlemma 9. Ecauv € M, mo das noumu ecex o € IN ycaoenan mepa na caoe I2x {a}
asasemcs ycpedusemoti karx mepa wa IZ. Ipu smom mepa v 00no3nauno onpedeis-
emca munuurold ycaosHotd mepod.

Proof. Iycrs v[a] — ycropras Mepa ma cioe 17 x {a}. Torga B cury nHBAPHAHTHO-
CTH MepHI ¥ OTHOCHTEIBLHO IpeobpasoBanua S x Q1 mouTu Bcex o € IV BLITOIHEHO
COOTHOIIIEHUE

S'vja] = v[Q7 o), j€Z.

23aMeTnM, ITO COBOKYIHOCTh YCIOBHEIX (KAHOHHYECKHX) MED COOTBETCTBYET ALPY OIEPATOpA
YCIOBHOT'O OXUJaHUsA (OPTOrOHAIBHOI'O IIPOEKTOpA) Ha MOJAIre6py, OTBEYAIOUIYIO0 Pa3OUeHNIO .
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[lycts ¢ — xapakrepuctuieckas pyHKIUA HEKOTOPOTO IWIXHIPUIECKOTO MHO-
xectsa B IZ. PaccmorpuMm dyrKmo 1 Ha [V, ompegeIeHHy0 TOUTH BCIOY hop-
MYJIOT

vla) = [ swdrialiw),

— maTerpan GyEKmmE ¢ mo croo. Iycrs k > 0. Torga ara mourw Beex o € IV
BBIIIOJHEHO PABEHCTBO

-1
1 2 '2k
= (07 ) = | $w)dv[alea(w), n>1, (21)
n “ 1Z
J=0
rae Mepa v[alg , — ycpeguerue Mepsl v[a], onmpegenennoe dopmyaon (20). IIpeobpa-
k
sosanue 02 apigerca SProJUTeCKIM Ha Kaxk JOM u3 TaraaApoB Ay, 0 < r < 2k 1,
(cMm. ompegenenue 8) ¢ mepou JleGera, mosTOMY IO SProAMIECKON TEOPEMe I MO-
arm Beex o € I neBas wacTh paBencTsa, (21) CXOUTCA IPU N — 00 K CPEIHEMY 3Ha-
JeHnI0 (PYHKINH 1) [0 NATHHIPAIECKOMY MHOXECTBY A, k., COLepKaIIeMy TOUKY (.
To ecTn

b(w)dva i (w) "= 2" / P(w)dv(w, f) = / o
Iz (w,B)EILX A, Iz

npu ycrosun « € A, . Cregosarenbro, and Kaxgoro k > 0 14 OYTH KaxX J0ro & €
IN vepwr v]alg,, cxomaTesa crabo K Mepe Py (k,a),k V], € wucao r(k, a) BoiGpamo Tak,
9TO & € Ak ) k-

[Mamnee, npumenssa Teopemy JlebGera o nuddepeHnnpoBaHuM, TOJYTAEM, ITO I
nouTu Kaxgoro a € I cpegnee sHatenne GyHKINY 1) O MEIHHIPATCCKOMY MHOMXKe-
CTBY A (k,a),k» COACPIKALIEMY TOUKY Q, cxoauTcsa K () mpu k — 0o. Boibupas B
KavecTBe ¢ CUeTHHIN HAGOD MUIMHAPOB, IMOAYUAeM, UTO I MOYTH BCeX o € I
UMEeTCA CXOAUMOCTH Mep P o) k[V] ¥ Mmepe via]. Caegosarensno, nns mouTm
Bcex a € IV mepa v]a] ABIAeTCA yepegHACMOIL.

Bonee Toro, mms moutw kaxgoro o € I mepa v[a] ogHosHAMHO 3azaeT To-
CIeoBATeTBHOCTD MeP Pr(xa)k[v], £ > 0 (kax mpegersr ycpenmemmii), mo>ToMmy
ompeenseT U BCIO Mepy V. O

3ameuanue 13. Ecma v € Ex(M), To grma moarum Bcex o € I ycioBHBIE MephI

B croax 17 x {a} ABIAIOTCA KpAMHUMM TOYKAMHI B MHOXECTBE YCDETHACMBIX Mep
v/

Ha [”.

6 Bpraucaerue macmTabupyOLIEN IOCIE[0BATEILHOCTH

B sToM maparpade MbI HAIIOMHUM OTPEAeIeHIe MACIITAGUPYIOUIEN MOCIEeT0BATE b
HOCTM IEUCTBUA TPYNNEI (B HameMm crydae Z m D), a Takxke OmpemeneHne MaclITa-
GUPYIOIIEN TOCAeA0BATENLHOCTY uibTpanuu. B padore [18] OGbLIM BEIMUCICHBI MAC-
ITA0UPYIOIIKE TOCAEJOBATEILHOCTU NEUCTBYUA K TPYINBI D 1 a TU9eCKOr0 NeNCTBUIL
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rpynmnsl Z Ha npocrpanctse nyten 7 (OP) rpada ynopsagouenusx nap OP co cmenn-
aTbHBIMEU MepaMu 7. OKa3ajloch, 9TO KJIACCH MACHITAOUPYIOMIAX MOCIET0OBATE b
HOCTEU >TUX AEUCTBUU COBIALAIOT. B HacTogmem maparpade Mbl IPUBEIEM eIl
OJINH CIMOCOO BBIYUCIUTEH MACIITAGHPYIONUIYIO MOCIENOBATEILHOCTD A NEUCTBUA K
rpynner D wa npocrpanctse (7 (OP), 4”). Kpome Toro, mMbr Haigem kaacc mac-
MTAGUPYIONAX MOCIeJ0BATEILHOCTeR XBOCTOBOU dunbrpamun £ = (£,),>0 Ha Ipo-
crpancrse (7 (OP), 17) u noka)em, 9T0 OH COBIAAAET C ONUCAHHBIM PaHee KIaCCOM
MacIITAOUPYIONUX IOCIEA0BATEILHOCTEN AeUCTBUM.

6.1 HanmoMuHanue ONpeJeJeHUN U CBOUCTB

HamomMuamM HEOOXOAMMYO 9aCTh TEOPUU MOIYCTUMBIX METPUK (CM., HATIpUMED, pa-

6oTs [7, 8, 10, 28, 29, 15, 18]).

6.1.1 [domycTuUMBbI€ MOJYMETPHUKHN U JICUIOH-DHTPONNUA

Omnpegenenue 16. [Iycrs (X, ;) — npocrpanctso Jlebera. [orymerpuky p ma X
(u Tpouky (X, i, p)) Ha3BIBAIOT donycmumot, €CIU p U3MepuUMa, KaK (HYHKIUIA TBYX
IepeMeHHBIX TI0 Mepe [12, ¥ HalJeTcs TOJIMHOXKECTBO TOJHOW Mephbl, Ha KOTODOM
HOTyMeTPUKA p cenapabenbHa. Ecim p ABIA€TCA METPUKOU HA HEKOTOPOM IIOJAMHO-
XKECTBE MOJHOU MEPHI, TO OHA HA3BIBAETCA donycmumot mempurot. Kowmyc mory-
CTUMBIX CyMMEpyeMbix (1o mepe p2) momymerpuk Ha (X, /1) 0603HAMACTCA CUMBO-
aom Adm(X, p).

s paBGoOTHL € NOMYCTUMBIMA HOLYMETPUKAME OKA3aJI0Ch YAOOHA CIEAYIONass
HOpPMa Ha MPOCTPAHCTBE (DYHKIMU ABYX MEPEMEHHBIX, KOTOPasd ObLIa HA3BAHA, M-
HOpMoOu (cM. [29]).

Onpegenenne 17. [na f € L'(X?, 4?) nonoxum

1l = 0f (ol ot 1] < p 0 = e,

rjge p — uaMepumas noiaymerpuka Ha (X, pu)}.

Omnpepgenenune 18. Ilycts p — usmepumas (Kak GYHKIUA IBYX MEPEMEHHBIX) IIO-
aymerpuka Ha (X, u), mycts € > 0. Incuaon-anmponueti mpotixu (X, u, p) HaA-
soseMm umcao Hl. (X, u, p), KOTOpOE OmpemenseTcs Kak NBOUIHLIN JOrapudM HaU-
MEHBIIIEr0 HATYPAILHOrO YUCIA k, Iid KOTOPOTro MPOCTPaHCcTBO X MOXHO Pa3buTh
Ha TaKue W3MepuMble MHOXECTBa Xg,...,Xj, ITO MHOXECTBO X() UMEET MAJYIO
mepy, 1(Xo) < €, a maoxecrBa X;, 1 < j < k, uMeIoT quamMeTp B IOIYMETPHKE p
Mmenblre €. Ecim Takoro matypaasHoro k me cymecrsyer, To H. (X, u, p) = +oo.

3amevanue 14. Viamepumasn noxymerpuka p Ha (X, (t) ABIAETCA JOMYyCTUMON TOT A,
u Tonbko Torga, korga H. (X, u, p) < +oo gua moboro € > 0.

Jlemma 10 (cm. [29, 17]). Incuaon-awmponus ydosaemsopsem caedyowum ceot-
cmeam:
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1. sncuaon-snmponus He (X, p, p) yovieaem no € u 803pacmaem no noiymempure p;
2. ecau p € Adm(X,p) u [y pdp? < €2/2, mo Ho(X, 1, p) = 0;
3. ecau p,p1,p2 € Adm(X,pn), u p < p1 + p2 p>-n.6., mo

H4E(Xa/1'a:0) < HE(XaMapl) +HE(X5/1'3102)'

4. ecau pi,p2 € Adm(X, p) u [lpr — p2llm < €2/32, mo
HE(Xaﬂ’apl) < H8/4(X7:U‘7p2)'

6.1.2 MacmTabupyoiiasa IIocJaeJ0BATEeNbLHOCTh COXPAHAIOIIET0 MEePY IIpe-
o6pa3oBaHusa

Omnpegenenue 19. Ilycrs (X, ) — mpocrpancrso JleGera. Ilycrs T — coxpa-
Haomee Mepy npeobpasosanue Ha (X, p). IlycTs p — m3aMepumas moayMeTpUKa
Ha (X, pn). Yepeonenwuem noaymempuru p nod deticmsuem T 3a n wazos, n > 1,
HA3LIBACTCA MOLYMETPUKA

1 n—1 .
Top= " ZTJp.
J=0

B manpueunmem Mbl 6y1eM MCIOMB30BATH CUMBOJ X [ ABYX MOCAEIOBATEILHO-
CTE! MOJOXUTENbHBIX IUCENT, OMPAHUIUBAIOIIIX APYT APYTa ¢ HEKOTOPOUW KOHCTAH-
TOU:

. . p0p . ap
an = by, = 0 < liminf — < limsup — < oo.
n—oo bn n—oo n
Omnpegenenue 20. [Iycte 1T' — coxpansiomee mMepy npeobpa3oBaHme MPOCTPAH-
crBa Jlebera (X, ). lycrs p — pomyctumasn noxymerpuka Ha (X, p). Iocaegosa-
TeabHOCTb I = (hp,)p>1 MOIOXUTEIBHBIX YUCEI HA3BIBACTCA MACUMAOUpylouet; 0.4
NOAYMEMPUKY P, €CIA IJIA JOCTATOTHO MAJIOTO € > () BBIOIHEHO COOTHOIICHUE

H. (X, p, T p) <X hp, n — o0.

Krace Bcex MacmTabuUpyIOMUX HOCIENOBATEILHOCTEHR AIA TMOSYMETPUKHA p 0003HA-
qaerca cumsoaom H (X, u, T, p).

B paGore [17] (cMm. Takxke kpaTkoe coobmenue [16]) Obura goxasana chopmy-
aupoBarHag A. M. BepmukoMm rumnoresa 0 TOM, 9TO MACIITAOUPYIOWAL IOCIEL0BA-
TEIBbHOCTH HE 3aBUCUT OT IMOJAYMETPUKU O B HIMPOKOM KJaaCCE€ MOTYMETPUK.

Onpepgenenune 21. [lomymerpuka p Ha (X, 1) Ha3BIBaeTCA (ABYCTOPOHHEN) NOPO-
acoaroweti maa npeobpasosanuda T', eciu HaUZETCA TaKoe MOAMHOXeCTBO X C X
MOJHOM MEPHI, 9TO A JIOOLIX Pa3IMIHbIX TOUYEK T,y € X HaugeTca Takoe n € Z,
aro p(T"z, T"y) > 0.

O4eBuHO, YTO U3MEPUMAA METPUKA, ABIACTCA TOPOXK JAOIIEN TOJYMETPUKOMN.
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Teopema 5 (cm. [17]). IIycmo p1,p2 € Adm(X,p) — nopoacdawue das corpa-
narowezo mepy npeoopazosanus T. Tozda H(X, u, T, p1) = H(X,u, T, p2).

[lokazaTeasLCTBO DTON TeOPEMBI OCHOBAHO Ha CICAYIOUIEHN JEMME.

Jemma 11. ITycmo p1,py € Adm(X,u) — dse donycmumvie mempuru. Toeda
das ar06020 € > 0 natidemes marxoe mmoxcecmeo Xog C X, umo u(Xo) > 1—¢, u
NOAYMEMPUKY P1 U Pg 3adatom 0dny u my xHe monoso2uio Ha Xg.

Teopema 5 o3HAMAET, YTO KIACC MACIITAOUPYIOMUX MOCAE[OBATEILHOCTEN ABJISA-
eTCA XapaKTepUCTUKon mpeobpaszopanus 1.

Omnpegenenune 22. [locaeqoBaTelbHOCTD h HABBIBACTCA MACUMAOUPYIOWEt dHMPO-
nutiHot nocaedosamesbHoCmpio COXPAHAIOIIEro Mepy mpeobpasoBanus T TpocTpaH-
crBa Jle6era (X, p), ecim h € H(X, u, T, p) mns vekoropou (a Torga u ao60u) Topo-
x paromen noaymerpuku p € Adm(X, ). Krace Macumrabupyomux SHTPOIUTHBIX
nocaegoBaTeTbHOCTEN Tpeobpaszosanma T o6o3nadaerca cumsoaom H (X, u, T).

Od4eBu gHO, KIACC MACIITAOUPYIOMUX DHTPOMUNHBIX TOCIEJOBATETHLHOCTEN ABIIA-
eTCA METPUIECKUM UHBAPUAHTOM.

B pa6ore [19] 66110 MOKa3aHO, UTO, €CIU KIACC MACHITAOUPYIOMIAX MTOCAEL0BA-
TeILHOCTEN HE MyCT, TO B HEM COAEPRKUTCA BO3PACTAIOMAA CyOATTUTUBHAA MOCIIE-
JIOBaTeIBHOCTH. B pabore [18] 6bLIO MOKA3aHO, 9TO CYWIECTBYET AUHAMUIECKAA CH-
cTeMa ¢ Hamepe[ 3aJaHHON MAaCIITaAOUPYIOMEN SHTPOIUIHON [0 CIeI0BATEILHOCTHIO,
€CJIN HTA TMOCAeOBATEILHOCTE CyOaIUTUBHA U Bo3pacTaeT. TeM caMbIM ObLTa TaHA
XapaKTEePUCTUKA, BCEBO3MOXHBIX MACIITAOUPYIOMUX SHTPOMUNHBIX TT0CIE0BATE b
HOCTEN COXPAHAOIINX Mepy mpeobpaszoBanuu. [IpuMepaMu TUHAMUYIECKUAX CUCTEM C
3aJaHHBIM POCTOM MACIHITAOUPYIOMINX MMOCIEI0BATEILHOCTEN TOCAY KIUIO aINIECKOE
npeobpasosanue A npocrpancrsa 7 (OP) nyren rpada OP ymopsanodeHHBIX map ¢
Mepamu (17 OIS PA3IUIHBIX MOCIEAOBATENALHOCTEN 0. A uMeHHO, ObLUIO TOKA3aHa,
CAEYIOMAA TEOPEMA.

n—1 _
Teopema 6 (cm. [18]). Mocaedosameavnocmy hy = 22i=0 % n > 1, asaaemea mac-
wmabupyroweti nocacdosamerbrocmpio aduueckozo npeobpasosanus A npocmpan-

cmea (T (OP), u%).

6.1.3 MacmTabupyoasa moCJIef0BATEeIbHOCTL JEUCTBUA TPYNIILI

[To amamorum c ompejgeneHueM [aA OJHOIO COXPAHAIOUIETO MePy npeobpa3oBaHW,
MOXKHO BBECTH ONIPENeNeHIe MACIITAOUPYIONIEH TTOCIeIOBATETHLHOCTH JeUCTBUAS TPYII-
nel. /s 5Toro Heo6x0auMO, ITOOBI B I'PyIIne ObLIO BHIEICHO OCHAINEHUE — HEKO-
TOpOE CeMeNCTBO MOAMHOXecTB Gy, n € N, 10 KOTOPBIM IIPOUCXOAUT yCpeJHEHNe.

Omnpegenenue 23. [Tycts G — HEKOTOpas rpymmna aBTOMOP(PHU3IMOB IPOCTPAHCTBA,
Jlebera (X, p) ¢ ocnamenuem G,, C G, n > 1. Ilycts p — gomycTuMas moayMeTPUKa,
Ha (X, p). IocregoBarensnocts h = (hp)p>1 MOMOKUTEIBHBIX HYUCE]T HA3BIBACTCH
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macwmabupyrowetd 044 NOAYMEMPUKY P, €CIU M1 TOCTATOTHO Maaoro ¢ > 0 BbI-
TIOJHEHO COOTHOIIEHNE

Ho (X, 1, T p) =< hyyy,  n— 00,

rae TSnp = |GLn\ >_gec, P(g ©) — ycpeamenme moxyMeTpuKH p To cxsuram m3 Gy,

Kuacce Bcex MmacmTabupyommux mocaef0BaTeTEHOCTEN IS TONYMETPUKHA P OTHO-
CUTEIbHO AencTBusa rpynnsl G o6osuadaerca cumsoiaom H(X, u, G, p).

Kak m B cryuae omHOTO TpeoGpa3zoBaHUA, MACIITAGUPYIOMAA OCIEIOBATEb-
HOCTB JEUCTBUA OCHAINEHHOU rpynnbl (G HE 3aBUCUT OT BBIOOPA UCXOJHOU METPUKH.

Teopema 7 (cm. [18]). Ecau p1,p2 € Adm(X, ) — mempuru, mo
H(Xa . G, :01) = H(Xa w, G, PZ)-

[lna Toro, 9TOOBI 3AMEHNTH B MOCJAECIHEN TEOPEME METPUKHU HA, ITOPOXK JAIOLIAE
TMOJYMETPUKM, HEOOXOAUMO HAKIANLIBATL OMPEAETCHHBIE YCIOBUA HA TOCTEIOBA-
TenbHOCTHL MHOXecTB (7, (cMm. pabory [18]). Kak m B cayuae ogHOro mpeoGpa-
30BAHUA, BBOJUTCA TOHATHUE MACUMAOUPYOWEl nocaedosamesbrocmy Jetcmeus
OCHAWEHHOT 2PYNNbl — 3TO MACIITAOUPYIOMAA TOCAEJOBATEILHOCTD IPOU3BOIBEHON
JOTTyCTUMOU MeTpuKu. Kiace Takux moCIe[0BATETHHOCTEN ABIACTCA METPUTIECKUAM
MHBAPUAHTOM JEMCTBUA OCHAIEHHOU rpynnsl (7, o6o3radaercsa cumsonom H (X, u, G).

Caenyrolee yTBEpXKIEHUE TMO3BOIAET MPOBEPATH, UTO HEKOTOPAA TMOCTIEIOBA-
TEMLHOCTH YUCET ABIACTCA MACIITAOUPYIOMEN, TECTUPYA DTO HA TIOAXOMAIEH ITO-
CIEOBATEALHOCTY TIOMYMETPUK, HE 00A3aTEABHO MOPOXK JAIONIAX.

Jlemma 12. ITycmw nocaedosameavrocms noaymempuk pp € Adm(X,p), k > 1,
8 COBOKYNHOCU PA3JEAAEM MOUKY HEKOMOPO20 NOOMHONCECMBE NOAHOT MEDDHL.

ITyemob nocaedosamenvrnocmyv h noaoxcumenvubi uucea maxosa, umo h € H(X, u, G, pr.),
k>1. Toeda h € H(X,u,G).

Proof. MoxHO BHIGPATH MOCIENOBATEIBHOCTD MOCTATOIHO MAJBIX MOJOXUTEIHHBIX
qucern ¢, k > 1, Takum o6pazom, 9To GyHKIUL p = Y | ¢k pk Oy et mexars B Adm (X, ).
[Ipu sToM p GymeT momycTuMoun MeTpukou. BocmombzoaBumuch Jemmon 10, merko
nouaTs, aro h € H(X, u, G, p), nosromy h € H(X, p, G). O

6.1.4 MacmTabupymoiiasa MocjJe 0BaATEIbHOCTh (PMJIbLTPAIIANA

YnoMuHAHEE O MOHATUM MACIITAOUPOBAHHON SHTPONUA (PUILTPAIMKA MOXHO HAUTH
eme B paborax [1, 2], a TakXke B JOKTOPCKOU AUCCEPTAIUU IEPBOCO aBTOpa (CM.
rakxe [, 7, 9, 10]). HamoMarM 04HO U3 BO3MOXHBIX ONpeAEIeHUN MACIITAOUPYIO-
e MOCIeI0BATEALHOCTH (DPUIBLTPAIAN.

IIycrs ¢ = (¢p)n>0 — Amagmyueckas GpuabTpanus Ha mpocrpancTse Jlebera (X, 1),
rae ¢p — pasbueHume Ha TOYKU. Ha KaxmoMm smeMeHTe pasbueHus ¢,, n > 0, ecre-
CTBEHHBIM 00pPa30M 3a0aHa AWAAMICCKAd UePAPXua — OH COCTOUT U3 JABYX DICMEH-
TOB pa3OMeHU ¢, 1, KAXILIA U3 KOTOPBIX TOXE COCTOUT U3 ABYX DIEMEHTOB pPa3-
OmeHuA G, _9, U TAK gajgee, 10 pa3ObmeHus Ha TOUYKU. Ha TOUKax KaxkIOr0O DIEMEHTA
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pa3bUeHus G, COXpAHAI UePAPXUIO (TO €CTh COXPAHAA HIEMEHTHI IPEALIAYIINX Pa3-
6ueHun), neucTByeT rpymma 7, aBTOMOP(U3MOB ABOUTHOTO AEPEBa BHICOTHI 7. (B
HeM 1 + 1 pTax BepmmH um n dTaxen pedep).

[IycTs p — mexkoropas nomymerpuka Ha (X, u). [duas xkaxmgoro n > 0 caegyio-
wuM 06pasom crpouTcs morxymerpuka K, = K,[p] Ha MHOXecTBe >1eMeHTOB pa3-
6uennd ¢,. IlycTsb ci,cy — ABa a1eMeHTa Pa3buMeHud G,, ¢; = {z;j: j = 1,...,2"},
1 =1, 2. Tomoxum

1

2n
Knlpl(er, e2) = Sig;n o ; p(z1,4, S225). (22)

OTMmeTnm, 9TO mOCIEAOBATEABHOCTH morymerpuk Kp[pl, n > 0, MoxeT GBITH HO-
CTPOEHA UTEPATUBHO cregyoomuMm obpasom. Ilycrs Ky[p] = p — momymerpuka
Ha X = X/q. [dna n > 0 kaxpgas Touka MHOXeCTBAa X /Gy41 €CTh HEyNOPSIOIeH-
Hasg mapa TO4eK u3 X/, el MOXHO CONOCTABUTEL MOAYCYMMY A€IbTA MEP B DTHUX
Toukax. TakuMm 06pa3oM, MHOXeCTBO X /¢,i1 BKIAABIBAETCA B IPOCTPAHCTBO Mep
ua X/¢,. Ha npocrpancTse mep Ha MeTpudeckom npocrpascTse (X/¢,, Ky [p]) ume-
ercsa merpuka Kanroposuya. Vmenuo ona u 3agaer merpuky Kpi1[p] v X/¢ni1.

OrMmerum, uro moaymerpuky K,[p], onpegerenuyo Ha (HaKTOP-MPOCTPAHCTBE
(X/n,s 14/Sn), MOKHO MIOHMMATH U KaK IOLYMETPUKY HA UCXOAHOM HpocTpancTse (X, 1)
(HyXHO BCErO JUIIb B3ATH €€ KOMIO3UIUIO ¢ (HaKTOp-oTo6paxenueMm). Ilpu sTom
HOMy9IeHHBIE MOTyMETPUICCKAE TPOUKA W30MOP(MHBI — COXPAHAIOIIAM Mepy W MO-
JYMETPUKY OTOOPaXEHUEM ABIACTCA (PaAKTOP-O0TOOPaKEHTE.

Omnpepgenenue 24. IlocaenoBaTeIbHOCTD MOMOKUATEABHBIX ucen h,, n > 1, HA3bI-
BaeTCA Macumabupyrowets das nosymempury p u Juaduueckotli Gusbmpanyuy § =
(Sn)n>0 mpocTpancTsa (X, ), €cIu A JOCTATOYHO MAIOro € > () BBIIOIHEHO aCUM-
TITOTUIECKOE COOTHOIIEHTE

He (X/6ns p/sns Knlpl) < b, 1 — o0,

Kaace macmrabupyomux mocIe[oBaTeTLHOCTEN IS MOIYMETPUKYA O U (DUIb-
Tpanuu ¢ o6o3uaIuM cuMBoaoM H (X, i, <, p).

Kak u B caydae SHTpONUU NEUCTBUA, OKA3ZBIBACTCSA, ITO KIACC MACIITAOUPYIO-
X TTOCAEA0BATENLHOCTEN HE 3ABUCUT OT METPUKH.

Teopema 8. IIyemb ¢ = (¢)n>0 — Juaduueckas Guabmpayus 1a NPOCMPaAHCMEe
Jebeea (X, 1), a p1,p2 € Adm(X, ) — dee mempuru na nem. Tozda

H(Xa s S,y :01) = H(X7 222Y) p2)
STa TeopeMa ABIACTCA OCHOBAHUEM MOJd CICAYIOUIET'O OIIPpEaCICHUA.

Omnpegenenue 25. IlocaenoBaTEIbHOCTD MOJIOXATENBHBIX IUCeI hy,, n > 1, Ha3bI-
BaeTCA Mmacwmabupyouwet nociedosamesvnocmsvio duaduueckot Puabmpayuy ¢ =
(Sn)n>0 mpocTpancTsa (X, 41), ecIu OHA ABIAETCA MACIITAOUPYIOMIEH 111 HEKOTOPOU
(a Torma m mOGOW APYTOU) CyMMUPYEMOU AOMYyCTUMOW METPUKHU O Ha MPOCTPAH-
cree (X, p).
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6.2 HeszaBucumMocTb MacCIITAGHPYIOMIEH IOCIEJ0BATEILHOCTH (PUIb-
Tpanuu OT METPUKHU

B sToM myHKTE MBI IpEBEIEM TOKA3ATEIHLCTBO TEOPEMBI 8, OCHOBAHHOE HA TEOPUU
TOMYCTUMBIX TTOMyMeTpuK. Clreqyromas JeMMa ABIACTCA KIIOUYEBOU B HAIIEM NOKA-
3aTeIbCTBeE.

Jlemma 13. Iycmo ¢ = (Gp)n>0 — Juaduueckas Puavmpayui npocmpawncmea Je-
beea (X,p). Myemo n >0, p1,po € Adm(X, p). Toeda

H’CH[PI] - ’CH[P2]Hm <3llp1 — p2llm-

Huvimu caosamu, umepayus no Kaumoposuuy KCp asasemes aunwuyesvim 6 m-
nopme ¢ xKonemanmot Junwuya 3.

[lokazaTeabCTBO JeMMbBI 13 OCHOBAHO HA CICTYIOMIEM HAOIIO [E€HUY, BEITEKAIOIMIEM
HEMOCPEICTBEHHO U3 HEPABEHCTBA TPEYTOILHUKA.

3ameuarue 15. [lycts N > 1, p — nmomymeTpuka HAa HEKOTOPOM MHOXeCTBe X,
OyCThb T1,...,LN,Yl,---,yn € X. Torma
3 NN
—Zp 25 95) < 703 > D A5 uk)-
j=1k=1

Proof. Ilycts k,m € {0,...,N — 1}. Torga muaa xaxmgoro j, 1 < j < N, u3 Hepa-
BEHCTBa TPEYroJbHUKA CreayeT, ITO

p(x,y;) < p(x5,yj1k) + P(Tjrk—ms Yjrk) + P(Tj1k—m>Yj),

e CYMMUPOBAHUE B WHIEKCAX BEAETCA, KOHEYHO, 0 Moxyaio N. CyMmmupys >To
HepaBeHCTBO II0 BCEM 7, k, m ¥ IO AeINB pe3yabTaT Ha N, moxydaeM Tpebyemoe. [

Loxazameavcmso aemmor 13. Ilycre N = 2", mycTh ¢, Co — [Ba dIeMeHTa pas3bue-
HUA Gp. llycrs €1 = {z1,...,2n}, c2 = {y1,...,yn}. lycTs p — Takas usmepumas
nonymerpuka Ha (X, i), aTo |pg — p1| < p. Torga

Knlp2](c1, e2) < Knlpr + pl(c1, e2) < Knlpi](er, c2) —i—max—Z,O Tj,Ys(j

rae MAKCUMyM GEepeTCA MO BCEM MEPECTAHOBKAM § W3 CUMMETPHUIECKON TPYIILL Sp.
OuenuBas mocaeaHee CraraeMoe Mpy TOMOIIY 3aMedaHusI 15, moayTaeM HepaBeHCTBO

N N
~ 1
Knlp2](c1, e2) < Knlpil(er, e2) +3p(er, e2),  Tae pler,ez) = N2 Z p(Tj: Yk)-
: :1

O‘IeBI/IrD;HO, TAaKXe€ BBIIIOTHEHO 1 CUMMETPUTHOE HEPABEHCTBO

Knlp1l(cr, c2) < Knlp2](er1, c2) +3p(cr, c2).
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Ocranoch IUIb 3aMETUTH, 9TO TAKAM O0GpPA3OM OINpeneqeHHas (PYHKIIAA ) ABIA-
eTCsA W3MEPUMOU MOJIyMETPUKOU Ha mpocTpancTse X /¢, ¢ GakTop-Mepon [/, mpu-

TeM ||p|| CregoBaTensHo,

LI(x2,..2) HIOHLl(X2,#2)'
HICn[pl] - ’CH[IOQ]Hm < 3”:5”L1(X2,#2) = 3||p||L1(X2,u2)'

[Tepexons x nHGUMYMY IO BCEBO3MOXKHBIM MOIYMETPUAKAM 0, MAKOPUPYIOIUM MO-
IyIb PA3sHOCTH |p; — p2|, moxydaeM TpeGyeMoe HepaBeHCTBO. O

Cregyromas reMMa ABIACTCA aHAIOIOM JeMMbL 9 paGoTsr [17].

Jemma 14. Ilycmo p,p € Adm(X,p), npuuem p — mempura. Tozda das ai0-
6020 € > 0 natdymes marue €1 > 0 u C1 > 0, umo das awbo20 n > 0 evinoaneno
HEPABEHCMBO

Hﬁ(XvuvlCn[ﬁ]) < ClHEl (Xvuvlcn[p])' (23)

Proof. Pacecmorpum muoxectso M, C Adm(X,u), cocrodimee m3 Tex moxyme-
TPUK p, AJIA KOTOPHIX BHITIOJHEHO 3aKI0YeHHe JeMMbl. Halma meab — J0Ka3aTh,
aro M, = Adm(X, p).

OwueBngHO, 9TO MHOXECTBO M, BMECTe ¢ Kax JOU IIOTyMETPUKOU CONEPKUT BCe
Oy METPHUKH, MAXOPUPyeMbIe €l0, TO eCTh ecrtu pi € M, u ps < p1, TO pa € M.

[Tokaxem, ITO MHOXeCTBO M, 3aMKHYTO B m-HOpMe. JleCTBUTEILHO, ecIn
MOMyMETPUKA, P JEXUT B €r0 3aMBIKAHUU, TO s J1060ro £ > () HaugeTcsa moxyMe-
TpuKa p2 € M,, naa kotopoi ||p1 — pallm < £2/96. Us nemmer 13 crexyer, wTo aus
a060ro n > 0 UMeeT MEeCTO HEPABEHCTBO

[KCalp1] = Knlps]|],,, < £2/32.

Cornacuo gemme 10, BBITOJIHEHO HEPABEHCTBO

HE(X’M’,Cn[pl]) S HE/4(X3M7,CTL[:02]),

OTKyJa CIefyeT, 9TO HOIYyMETPHUKA p| TOXE JeXUT B MHOXecTBe M.
IIycrs f: (X, ) — R — mekoropas usmepumas dyuxnusa. Cumsoaom d[f] 060-
3HAYUM TONYMETPUKY, TOCTPOEHHYIO M0 GpyHKIMY [ caegyoimuM 06pa3oM:

difl(z,y) = [f (=) = fly), =yeX.

B cay4gae, ecin pyHknus f ABISETCA XapaKTEPUCTUIECKOU (DYHKIMEN HEKOTOPOTO
m3mepumoro MuHoxkectBa A C X, momymerpuka d[f]| HasbiBaeTcs paspesHon (wim
IPOCTO Pa3pe3oM).

JIerko moHATH, YTO, ecau PYHKIUA [ ABIAETCA JUIIIAIIEBON OTHOCATEIHHO Me-
TPUKK p, TO moayMeTpuka d[f] mpuHagzexuT MHOXecTBy M,. [leicTBATEILHO,
ecmn |f(z) — f(y)| < Cp(z,y) ara mexoropon koucranter C' > 1 u Bcex z,y € X,
o Kn[d[f]] < CKylp] mas n > 0, mosTomy

He (X, i, K [d]f]]) < HE/C(X,/L,ICn[,O]),
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oTKyga crexyer, 4to d[f] € M,,.
HeTpyaHOo mpoBepUTL HEPABEHCTBO

[dlAil(z,y) —df](z, )| < |f1(z) = fa(2) [+ /1 (y) — f2()], 2,y € X,

npudeM QYyHKINS, CTOAMAA B €r0 MPABOU YACTH, ABAAECTCA TMOIYMETPUKOU Ha X .
Omrcrona creqyeT HEpaBeHCTBO

1] = dlfelllm < 20f1 = foll 1 -

Oycrs f € LY(X,p). Anmpokcumupys GyHKIWIO f JANIALIEBHIMEA TI0 METPUKE P
bynkmmavu B L'-HOpMe, IPEMEHAA 3aMKHYTOCTH MHOXeCTBa M ,, TIOIy<IuM, ITO
d[f] € M,.

W3 BpIIeCKA3aHHOrO CIEAyeT, ITO B MHOXeCTBe M, comepKaTca BCe MOLyMe-
TPUKM, MaXKOPUPYEMble KOHEIHOU CYMMOU Pas3pe3HbIX MoayMeTpuk. A Takwe mo-
JIYMETPUKM ANNPOKCUMUPYIOT B M-HOPMe JIO0YI0 CyMMUPYEMYIO NOMYCTUMYIO II0-
JAyMeTpHUKy (CM. HOKa3aTelrbCTBO JeMMbI 9 paboTel [17]). Taxum obpasom, u3 3a-
MKHyTOCTh MHOXecTBa M, B m-HOp™e cregyer, 4to M, = Adm(X,p). Jemma
ITOKa3aHa. O

Aoxazameavcmeo meopemvr 8. B cmry cuMmMmeTpun, [OCTATOMHO NOKA3ATH BKIIOTE-
aue H(X, u, <, p1) C H(X, 4, s, p2). Ecim nepBoe MHOXECTBO MyCTO, TO TOKA3BIBATH
Hewero. IIycTh OHO He IIyCTO, MyCTh HOCIEAOBATEILHOCTE h = (hy, )p>0 HOIOKATEIb-
HBIX Tucen Takosa, 910 h € H(X, u, ¢, p1). Hokaxem, aro h € H(X, j1, s, p2).

W3 nemwmbr 14, TpUMEHEHHOU A p = p1 U P = P9, OYEBUIHO, ITO LI JI000T0 £ >
0 BBIDOJHEHO COOTHOIIEHUE

H€ X7 b n
lim sup (X, 1 Knlpz) < 4o00.

n—oo h’n

OcTaeTcsa TPOBEpUTH OTACICHHOCTD OT HYJA HUXKHErO mpefpeta. [laa 5Toro HyxKHO
NPUMEHUTH JeMMy 14, MOMEHAB POIM METPWK p1 W Po. A WMEHHO, IId p = po
u p = p1 ;g amoboro € > 0 manayrea takue €1 > 0 uw Cqp > 0, aTo

HE(Xa H, Kn [:01]) < ClHEl (Xv My Kn [:02])'
Ecau mpu »TOM 9IuCIO € J0CTATOIHO MAJO, TO

0 < timinf ZeCOAKnlor) oo Bt 6 1 Knlpa])

n—00 n n—oo hn,
Crano 6bITh, eciu € < £1, TO
.. JHE(X, p, K
0 < lim inf (X p, n[PZ]).
n—o00 hn
Nroro, mbr pokazamm, aro h € H(X, j1,<, p2). Teopema mokaszana. O
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Crenyrolee 3amMevaHme TO3BOMAET HAXOJUTH MACIITAOUPYOIILY IO TIOCIEJ0BATEb-
HOCTH (PUIBTPAIAN, TPOBOIA BBIUUCICHUA A TMOAXONANIETO CEMEUCTBA TIOJyMe-
TPUK.

3ameuvanue 16. IlycTh mocaenoBaTelbHOCTH CYMMUPYEMBIX NOIIYCTHMBIX IIOJLYyMe-
TPUK (pk)k>0 He yOBIBACT U B COBOKYIHOCTH pa3jeaseT To4uku npocrpancTsa (X, ()
C TOYHOCTBIO JO MHOXECTBA MepHI HOIb. IIycThb ¢ = (¢, )n>0 — Auagmaeckasn uib-
rpanusa Ha (X, p). IIpeamomoxum, 9T0 HEKOTOpaA MOCIEAOBATEILHOCTD h = (hy)n>0
MOMOXUTETBHBIX THCET ABIACTCA MACIITAOUPYIOMEH MIA (PUILTPALNN ¢ W KaXK JOU U3
MOIyMEeTPUK pi, k > 0. Torga mocreqoBaTeIbHOCTD h ABIACTCA MACHITAGUPYIOIEN
1A GUALTPALUA G.

Proof. Tlogbepem manbie momoxurenbubie Kodddunuentsr C, k > 0, Takum o6pa-
30M, 9TOGEl dyHKIUA p = » .~ Cppp ABIAIACH CYMMUDPYEMOH IOLYCTHMOU Me-
Tpukoi. B cmiry Teopembr 8 m ompegeneHma 25 JOCTATOYHO MOKA3aTh, 9TO h €
H(X, p, <, p). MeTpuka p, 09€BUIHO, MAKOPUPYET KAKAYIO U3 OTyMETPUK P, k >
0, TOPTOMY OIEHKA HUKHETO Mpefera OYeBHAHA. llepergeM K OIeHKE BEPXHErO
npemena.

[Tycts € > 0. Haugem Takou momep [, ITO

!
HP_ZCkPkH = H Z Crpr
k=0 m k>l+1

Torma B cury seMMbl 13 mada xaxaoro n > (0 BBIIOJHEHO HEPABEHCTBO

< £%/96.

L1(X2,42)

| fcalo] - Ky Cunl| < /32,
k=0

oTKyaa B cury JdeMMEI 10 ciaemyeT HepaBeHCTBO

l l

HE(Xa My Ky [IO]) < H5/4(X7 My Kn [Z Ckpk]) < H5/4(X7 My Z Ck - ’Cn[pl]) < Chy,
k=0 k=0

s Hexkoropon koucTaHnTel C > (0. OTcioma Jerko caeqyeT MCKOMas OIMEHKA BEPX-
HETo mpeaena. ]

YKaxeM I MOJHOTHI, ITO B ONPEAEICHUYN SHTPONUM OJHOPOAHOU (B YaCTHO-
CTH, AUaIMIeCKON) (PUIBTPANMA B UCXOAHBIX paboTax (cM., Hanpumep, [6]) ucrmons-
30BAINCH MIEPBOHAYAILHO He SICUIOH->HTPOINMA METPUKH, 4 METPUICCKHAE SHTPOIUI
HEKOTOPBIX pa3OUMeHWi MPOCTPAHCTBA HA OPOMTHI TPYNIBI aBTOMOP(MU3IMOB IepPeBa,
CBA3AHHOU C (pUILTPANMEr. B CpaBHUMBLIX TEPMUHAX ATO PA3IAIHAE COCTOUT B TOM,
ITO UCHOMB30BATACH HTEpAnuy 10 KaHTOPOBATY MOIYMETPUK, OMpPeAeIIeMbIX MpO-
M3BOJTLHBIMYI (DYHKIIUAME ¢ KOHEIHLIM 9IMCIOM 3HAYEHWH. BBINe 1Mo CymecTBy AoKa-
3aHO, ITO CyIPEeMyM MACIITAOHPYIOMMX MOCACIOBATEILHOCTEN SHTPOMUMA MO BCEM
TAKWM TOAyMETPUKaM (T.e. [0 BCeM (DYHKIUAM C KOHEYHBIM 9UCIOM 3HAYMECHWN)
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MOXHO 3aMEHUTDH Ha JI00YI0 MPOU3BOILHYIO MEeTPUKY. [IpeacrasiseTcsa, 9TO Takon
pPE3YALTAT BEPEH U IS MHOTUX HEOJAHOPOAHBIX (PUILTPAINHN, HAIPUMED, TIOTYOTHO-
poAHBIX (T.€. MIA GUILTPAIMEA OTHOCUTETHHO MEHTPATBLHBIX MED Ha IPOCTPAHCTBE
MyTel IPOM3BOIbHLIX I'PAIYUPOBAHHBIX I'PadOB).

6.3 Broruuciaerue MmacmTabupPyOIMIXX MOCAE0BATEILHOCTEN JENCTBAN

Kaxk yxe ynmomunanocs semue (cM. Teopemy 6), knace H(7 (OP), %, A) 6bur Bbrau-

creH B pabore [18]. Tam xe 6put Boraucrer xknace H(7 (OP), u?, D) nasa geucrsus k

rpynnst D ¢ ecTecTBeHHBIM OCHameHueM Dy, n > 1, IoKa3aHo, YTO OHU COBIAAAOT.

B 5ToM myHKTE MBI IpUBEEM elle OAuH cocob Beraucaenus knacca H(7 (OP), u”, D).
3aMeTuM CIeayImunl 00mun (HhakT.

Jemma 15. ITycms deticmeue wexomopoti ocnaujennoti epynnvt G wa npocmpan-
cmee (X1, 1) umeem macwmabupyowyro nocaedosamesbrocms hy, a ee deticmeue
na npocmpancmee (Xo, pa) umeem ““duckpemmuiti cnexmp’ (mo ecmv umeem un-
BAPUAHMHYIO CYMmupyemyto donycmumyio mempury). Toeda npamoe npoussedenue
deticmeuti na npocmpancmae (X1 X Xo, 1 X i) moskce umeem macumadupyouyio
nocaedosamenvrocms hy,.

Proof. TlycTs p; — mopoxpaiomias AOIYyCTUMAA MOJYMETPUKA HA MPOCTPAHCTBE
(X1,p1), a po — WMHBApUAHTHAA AOMYCTUMasd METPUKA HA mpocTpaHcTse (Xo, o).
Torga morymeTrpuka

p((z1,22), (y1,42)) = p1(z1,91) + pa(z2, y2)

ABIAETCA MOIYCTUMOU, MOPOXKAAIOMIEN A MPAMOTrO MPOU3BENEHUA NEUCTBUU HA
npoctpancTse (X1 X Xo, 1 X p12). [Ipr 5TOM SICUIOH-5HTPONNU €€ KOHEIHBIX YCPe/-
HEHUU MPU IOMOIIY HEPABEHCTBA W3 JeMMbI 10 OIEHUBAIOTCA ¢ ABYX CTOPOH 4Yepe3
DICUIOH-DHTPONNUY YCPEIHEHUS TTOIYMETPUKH 1, TAK KAK METPUKA P9 NHBAPUAHTHA
7 UMeeT KOHETHBIE DTICUIOH-DHTPOINY. U

Orciona ciaefyeT yTBepXk/eHue, paHee JOKa3aHHOE B pabore [18]:

CaeacTBue 7. Ilocaedosameavrocmv hy, = 9510 7 ABAACMCA MACUMAOUPYIO-
weti das deticmeua diag epynnoi D na npocmpancmese (IP x IV, w?) u, caedosa-
Mmeavro, 0af U30MOPPHO20 emy KaAHOHUUECKo20 delicmeus Kk 2pynnvt D wna npo-
cmpancmse (T (OP), u?).

Proof. Ieitcteue rpymmer D wa (IN,m) nMeer WHBADHAHTHYIO METPHUKY, MODTOMY
MBI OTAZaeM B yeaoBue aemMer 15. Takum ob6pasom, geictsue D ma (17 x IV, w?)
MMeeT Ty XKe MaCIITabuPYIOIIYIO MOCAe[0BATEALHOCTD, YTO U €€ IeUCTBUE Ha, (ID, m7).
Mepa m? aBasercs obpaTHBIM obpaszoM Mmephl Jlebera ma [ D/D? (cMm.  ompenere-
HIe 2), MO3TOMY MACIITAGWpPYIOMWA TOCIeLOBATEILHOCTE geicTrus Ha (17, m?) co-
BIAZAET ¢ MACIITAGHpYIOmEN mocaIefosaTersocTsio geicreut Ha 12/P7 ¢ mepon
Jlebera. Iloarpynma D7 mercTByeT Ha DTOM MPOCTPAHCTBE TPUBUAILHO, TOITOMY
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BBEIUUCJIEHNE CBOIUTCA K BHIYUCACHUIO MACHITAOUPYIOMIEN TTOCAEIOBATEALHOCTH “Db-
(peKTUBHO” MEUCTBYIOUIEN YACTH TPYIIEl D — MOMOMHATEILHOU TTOATPYIIIEL

'Dg:<gi20i:1, ’LZO>
MIycTs p — paspes mo nepsoit koopamaare Ha [P = IP/P° — ouesngno, momy-
CTEMas MOJIyMeTPHKa, IMOopOXgafoman A1a geuctsua D. Torga morymeTrpudaeckoe
npocrpanctso (IP7, TH» p) ¢ mepoir Jle6era uzomopdHo muaguseckomy KyOy pas-
mepuoctu |D, /(D7 N D,)| = 2150 7 ¢ PABHOMEPHOU MEPOU, OTKYAa U CIEAYeT
pe3yabTaT. U

Paccyx mas aHATOTMYHO, MOXKHO TOJYYIATDH CASTYIOUMN PEe3yIbTaT.

Jlemma 16. ITyemv H C D — nexomopas nodepynna. Paccmompum mepy mit

na IP, komopas ecmv obpammuwiii 06pa3 mepvl Jebeza na IP/H - Toeda nocae-
dosameavnocmy hy, = |Dy,/(H N Dy)| asasemea macwmabupyowed das npamozo
npouszsedenus deticmeud 2pynnvt D (¢ ocnawenuem Dp, n > 1) wa npocmpan-
emee (IP x IN,m" x m).

6.4 BroruunciaeHue MacmTabupyOIIEn IOCIeJ0BaATEILHOCTH GUILTPA-
1847071

B 5TOM myHKTE MBI IPUBEEM BLIYUCACHNE MACHITAOUPYIOMIEN TOCIENOBATEILHOCTI
dursrpamun ¢ Ha npocrpanctse (17 x IV, w?), u, cregoBarersro, m30MOphHON et
xBoCTOBOM (punbrpanun ¢ Ha npoctparctee 7 (OP) nyren rpada OP ymopagouen-
HBIX TIAp ¢ Mepou uf.

CnepBa MBI IOKaXKeM BCIOMOraTenbHyio gemMmy. Ilycrs m € Z, m > 0. Or-
MEeTHM, 9TO Ha moarpymnme D,, ecTh TuaguvecKas Mepapxusi — MEePAPXUA KIaCCOB
cmexHOCTH TI0 mogrpynnam Dj, 0 < j < m. Bueknum mmoxecTsa Dy, COXpaHAIO-
mye 5Ty UepapXuio, 06pasyoT TPYINy, #30MOpdHYHO rpymmne 7, aBTOMOpGU3IMOB
IBOUYHOTO NepeBa BHICOTHI M. [l HpOM3BOIBHOIO KOHEYHOI'O MHOXECTBa, () Tpu-
BHATBHBIM 00pa30M HOPOXIAETCA AeHcTBHe Ipymmbl 7, Ha Q™ mepecTaHOBKOM
KOOPAUHAT. DTO NEUCTBUE, OYEBUIHO, COXPAHACT HOPMUPOBAHHYIO METPUKY XeM-
muara di za QPm. HycTs

distm(w(l),w@)) _ gnéﬂn dH(’U)(l),S’w(Z)), w(l),w@) c QDm,
€lm

— momymerpuka Ha QP™, mamepsromas paccTOHEE MeXIy OpOMTAMHI IIOJ Aei-
cTBUEM rpynnst 7.

Jemma 17. IIycmv Q — womeunoe mmoxncecmso. Ilyecmo rom € Z, 0 < r < m.
ITyemov G,y — nodepynna epynnot Dy, noposxcdennas HEKOMOPbIMU T 00D aA3YIOUUMU

uz {go, - - - gm—1}. ycmo

W={weQP":wlg+-) =w()VgecGn}
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— mmoscecmeo Pynryuti na Dy, co 3nauenuamu 6 (Q, HENOJBUNCHBLT OMHOCUMEALHO
cdsuza apymenma na saemenmuvt nodepynnvt Go,. Ilyemb v — pasnomepras mepa
nwa W. Tozda e-aumponus mpotiu (QP™,disty,,v) das aobo2o docmamouno ma-
A020 NOAOHCUMEALHO20 € OYEHUBAEMCA ¢ A8YL cmopor uepes 2™ " ¢ myavmunau-

Kamuerot Koncmawmot, 3asucawet om € u |Q)|.

Proof. Mepa v cocpemnoTodena Ha W — MHOXKECTBE KOH(PUTYPAIUY, HETIOIBUKHBIX
[pu CABUTE apryMeHTa Ha dIeMeHThI rpynnst G,. MuoxecTBo W He MHBaApUAHTHO
OTHOCUTENBLHO AEUCTBUA rpynnsl 7,,, mosTomMy B opbure dymkmuum w € W mon
neucteueM 7, MOTYT OBITH (pyHknum He u3 W. Tem He MeHee MUHUMYM pPacCTO-
AHUA B ME€TPUKEe XeMMI/IHFa.. MEX 1y TaKUMU Op6I/ITa.MI/I MJOCTUTALTCA Ha SJEMEHTAX
u3 W. Takum 06pa3zoM, MBI MOXEM TEPEeUTH K GAKTOPY O AEUCTBUIO TPYIIL Gyy,.
Tpoitka (QP™,dist,,,v) npu >Tom mepeiiger B m3omopduyio. CirenoBaTembHO, &-
saTpormua Tpoukn (QPm, dist,,, ) ecTs dyEKIAA 0T M — . OGO3HAYIM I3y IaeMYIO
BICUIOH-DHTPOIHUIO CUMBOIOM Dy r(€) = hpy—r (g, Q).

B panbHefmem Mbl MoxeM camTaTh r = 0. Torga W = QPm. Ouenum «nm-
cio hp,(g) ¢ mByx cropon. OueHka CBEPXy CBOAUTCA K CTAHAAPTHOU DHTPOIMU-
HOU OTeHKe. [[eMCTBUTENBHO, HTO TUCIO HE TIPEBOCXOAUT £-DHTPONUNA PABHOMEDHON
MephI Ha MeTpmdeckom mpocrpancTse (QP™,dp). DTo HpOCTPAHCTBO ABITETCA
kyboMm (co croponou |@Q|) pasmeprocTm 2, SICATIOH-3HTPONUA KOTOPOr'O XOPOIIO
M3BECTHA U ACUMITOTAYIECKH MPOMOPIMOHAILHA PA3MEPHOCTH Kyba, TO ecTh 2™,

Ouenka CHEH3Y feraeTcsa d9yTh Oolee TOHKO u TpebyeT pasbopa ciaydaes Q| = 2
u |Q| > 2. B oboux caydasx MbI oneHuM pasmep M,, MaKCHMAILHOU OpOUTHI B
npocrpanctee QP mox peicrsuem rpymmer 7,,. Haitgem Takyio korcranty C) =
Ci(g,]Q]), aTo map pagmyca € B MeTpmueckoMm mpocTparcTse (QP™, dp) comep-
xur He 6oree, aem O (g,|Q[)?" Touex, mpuuem C (e, |Q|) — 1, xorga € — 0 mpu
dukcupoBanHOM |Q)|. B 5ICHIOH OKPECTHOCTH KaX 10U OPOUTHL COAEPKUATCA He 6O-
nee, wem C (g, |Q|)?" My, TOeK, mMO>TOMY BICUIOH->HTPOINA PABHOMEPHOH MephI
TOTIYCKAET CAEAYIONIYIO OIEHKY CHU3Y:

Q"
hp,(e) > lo ( 1—¢ — ) 24

Mpu |Q| > 2 mam gocTaTowro 3ameTuTh, 1T0 My, < |T,| = 22" ~1. Tlosromy B
cuity HepaBeHCTBa (24) umeem

Q|
2C1 (e, |QI)

IPY JOCTATOYHO MAJBIX € IS HEKOTOPOU momoxurensHon koHCTaHTH Cs(e, |Q)).
Ecm |Q| = 2, To wncno M, MoxuO oneHuTsb 1m0 nHAYKIuU. O9eBUAHO, BHIION-
a mia m = 2 umeem My = 4, mostomy M, <

B () > 2™ log( ) T log(l— ) > 2™Ch(, Q)

HEHO HepaBeHCTBO M, 1 < 2M2,

232" 7*~1_ [Ipumensa 5T0 HEPABEHCTBO BMecTe ¢ (24), TIOTyTaeM OLeHKY
21/4
hn(e) 2 2™ log (=) +log(1 — £) > 2C
n(6) 2 270 (o) +1og(1 ) 2 27Cac)
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OpU JOCTATOYHO MAJIBIX £ [ HEKOTOPOU IOJOXUTEIbHOU KOHCTAHTHL Cy(€).
CyMMupys BBIIECKA3AHHOE, TOIydaeM h, (&) =< 2™, m — oo. O

Teopewma 9. ITocaedosameavnocmv h = (hy), hy, = 929510 %i n > 1, aeasemca mac-
wmabupyrowet nociedosameavrocmovio guavmpayuu ¢ = ((n)n>0 Ha npocmpan-
emee IP x IV ¢ mepoti w”, a makace uzomopProt et Pussmpayuu & = (€n)n>0 Ha
npocmpancmee T (OP) ¢ mepoti pu”.

Proof. Beraucanm aCUMITOTUKY DHTPONUU A CISTYIOMEN MOCAE[OBATEALHOCTH
noryMeTpux py, k > 1, ma I x IN. Tlycts w(l),w@) € 1P, a(l),oz@) € IV, Tonoxum

Pk ((w(l) ) a(l))a (’LU(2) ) a(2))) =

0, ecm wM|p, =w®|p m_ @

yEQ ) =o mnad=1,... k;

1, B mpoTwBHOM cIydae.

HCHO, ITO TaKad MOCIeOqOBATEIBHOCTH IMOAYMETPUK MOHOTOHHO BO3paCTaeT U
B COBOKYIHOCTH pasferseT Touku mpocTpamcTsa 2 x IN. B cury 3ameuamus 16
JOCTATOYHO MOKA3ATh, ITO MOCIECIOBATEILHOCTD A ABIAETCA MACIITAOUPYIOMER /It
KaXJOU TOTyMETPUKH Py, k > 1.

IIycts k — ¢dukcupoBannoe HaTypaibHoe uucio. [lycts n > k. Hama mers —
HOHATH, KAK YCTPOEHA ToayMeTpuka Ky, [px| Ha MHOXECTBe DIeMeHTOB pa3OueHus (y, .

Onpegemm orobpaxenue ¢, : IP x IN — IPr cregyiommm o6pazom. Kax s
DIEMEHT pa3bueHud (;, eCTh OpOUTa HEKOTOPOU TOYKU MO AEUCTBUEM T'Pymisl D,,,
nputeM B Hel Hamgercsa egmHcTBeHHAZ mapa (w,a), w € 1P, a € IN, mra koro-
pouc; =0mpui=1,...,n; 6yaeM HA3LIBATD TAKYIO APy Npedcmasumedem STOr0
DIEMEHTa Pa30OUeHus, U MOIOKUM ¢, = w|p, Ha >TOU opbUTE.

Mycrs (wM, o) u (w?,a?) — npegcrasuremn sremerToB ¢ u ¢y pasbue-
uusa (, coorBercTBeHHO. Torga cormacHo (22) mmeem (HAmOMHUM, 9TO rpymma 7,
xeiicTeyet Ha D, ¢ cOXpaHeHWeM mepapxuu, a T — Biaoxerue D B V)

Kanlpkl(c1,e2) =

) 1
min {Q—n > o ((w(”(g +4),7(9) + o), (w® (Sg + ), 7(Sg) + am)) } (25)

" g€Dy,

[IycTs Dy, — moarpynma rpynmnst D,,, TOPOX feHHAA 00Pa3yIOMMAMHA Gk 11, - - - , Jn

— ponoaauTenbHas K Dy, O49eBUIHO, ITO MUHUMYM B BHIpaXKeHUN (25) 1ocTUraeTcs
Ha, Takux npeobpasosanuax S € 7, 4ua KOTopeix Sg—¢g € Dy j AN BCAKOTO g € Dy,
Taxue mpeoGpa3oBaHusg IpeACTABIAIOTCA B Buge S(g+g) = g+ Sg, rme g € Dy, g €
Dy, i, a mpeobpasoBanme S neucTByeT Ha D i, coxpaHaa uepapxmio. [loaromy Mbr
MOXeM Tepenucars popmyay (25) B caeayomeM Buige:
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Knlpkl(ci,e2) =

mén{z_ank ((w(”(g+g+-),7(g+g)+a(”),(w(2)(9+59+')’T(9+59)+“(2))>}:
9€Dy,
gEDn,k‘

= min { g (9 € Du: G+, #0287+, ]| )

Cyxenve xoudurypamun w € I ma D, MOXHO PaCCMATPUBATL KAK DIEMEHT
MIPOCTPAHCTBA Qf”’k mia Qp = IPk. Hagemmm mpoCTPaHCTBO Qf”’k METPUKOU
Xemmunra dy. Ha mem gencrsyer ¢ coxpaHenueM mepapxuu rpymmaa 7, . Ilocaen-
Hee BeIpaxkeHme B (opmyne (26) ecTb B TOYHOCTH PACCTOAHWE MEXAy OpOmTamu
sroro geicrsus, cogepxamumu w|p = ¢, (w), aM) 1 w®|p, = ¢, (WP, a?).
NupivMu caoBamu, oToOpaxkeHue ¢, €CTb W30METPUI U3 MOJYMETPUIECKOrO IIPO-
CTPAHCTBA ((ID x IN) /¢, Ko [pk]) B METPUIECKOE MTPOCTPAHCTBO (Qf”’k,dg).

[Mycts v, — obpaTHbIl 00pa3 Mepbl W’ mpu OTOOpAXKEHUU ¢p. ITO Mepa
ma [P = Qf”’k, COCPENOTOYEHHAd W PABHOMEPHAA HA MHOXKECTBE TeX KOH(Ury-
panmit w € IP*, koTopbie yaoBIeTBOPAIOT cooTHOmeHMIO w(g; + -) = w(-) mpm 0 <
i<n—1,0;=0. Oycts Q = {w € IP*: w(-+¢;) =w(-) npu 0 <i < k—1,0; = 0}.

Bossmem m = n — k. I'pynna D, ;, usomopdra rpymnne Dy, (cABEroM HyMmepa-
nuu o6pasyomunx). Cumsosom G, 0603HATAM €€ MOATPYIILY, TOPOXK JEHHYI0 TEMI
obpasyromumu g;, k < 4 < n, aaa KoTopbix 0; = 0. MbI OKa3bIBaeMCSA B yCJIOBUAX
aemmbl 17, rae mepa v, ecTb 00paTHBIN 00pa3 Mepbl w’ npu 0TOOpaXenun ¢,, a W
— ee HOCUTeHb. llpuMenss meMMy, HAXOAUM ACUMIOTOTHUKY £-dHTpONUU (PaKTOPa
MephI w’ 1o pasbuenuio ¢, ma npocrpanctse (I x IN)/(, ¢ norymerpukon Ky, [pk],
MTOCTPOEHHOU TIO TIOTYMETPUKE P

H (I % 1) /¢y 7 [y Knlpk]) = H(QE ™, v, dig) = 2217 < h,,, 1 — o0,

Tem caMbIM, MBI JOKA3aJId, ITO MOCAEIOBATEILHOCTE h ABIAETCA MacIITabupy-
TONIeH [UIA TOTYMETPHKH pg, k > 1, n dmrsrpamuu ¢ Ha mpoctpanrcTse (17 x IV, w?).
B cuny samedanus 16 5T0 03HAMAET, ITO MOCIEIOBATEIHLHOCTE h ABAAETCI MACIITA-
OUPYIOIIEN TOCAeN0BATEILHOCTBIO (huabTpanuu (. ]

7 BroiBogbl

1. Ilpeamoxenuyio B paboTe YHUBEPCATBHYIO MOIEIEb A U9eCKOrO TeUCTRBUA TPYIIITHI
Z (paBHO Kak u GECKOHEYIHOUM CYMMBI T'PYII BTOPOTO MOPSAKA) HA MPOCTPAHCTBE
nyter rpada OP MOXHO CPaBHUTH C OOIIENPUHATON M XOPOIIO M3BECTHOU CUM-
BOMMYIECKOU MOJEIBIO AEUCTBUA TPYII, KOTOPAsS TAKXKe ABIACTCA YHUBEDCATLHOU.
[IpenmymecTBO MpeqTATaeMON MOJEINA B TOM, 9TO B HEU YXKe 3aaHa KAHOHUIE CKAI
MEPUOIUIECKAA ANIPOKCAMAIUA JEUCTBUA, KOTOPOU HET B CUMBOJUYECKOU MOIEN.
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2. YuuBepcanbHAS MOAETL MPEANONATAeT OMUCAHUE BCEX MEHTPATLHBIX MEp Ha
MpOCTpaHCTBE myTen rpada. ITO ONMUCAHUE HAUAEHO B paboTe, W OHO OKA3AIOCH
BecbMa 0003PUMBIM TIO MOIYJI0 OMUCAHUA WHBAPUAHTHBIX MED B CUMBOJIUIECKOU
MO/IeNn).

3. Hlkana MpOMERYTOYHBIX MPOU3BOJLHBIX CYOIMHENHBIX ACAMIITOTUK MAC-
mTabuPOBAHHON SHTPOIUHU, CYIIECTBOBAHNE KOTOPLIX OOHAPYXKEHO JUIIL HEIABHO,
CBA3BIBAETCA C MACIITAOUPOBAHHOU DHTPONUEN (PUILTPAIUA HA MPOCTPAHCTBE IIy-
Teu rpada, T.e. B KOHIE KOHIIOB, CO CKOPOCTBIO MEPUONUICCKUX AMIPOKCAMAIINN
AAMIeCKOrO MEeUCTBUA TPYII. JTO COBIAJICHNE OOHAPYKUBACT TIyOOKYIO CBA3DL Te-
opur GUILTPAIAN U TEPUONAICCKAX AMIPOKCAMAINN, KOTOpadA OyIeT UCCICTOBAHA,
B JaJbHEUmux padoTax.
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