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1 Bsenenue

Hacrositast pabora OTHOCHTCS K HAIPABJIEHUIO, KOTOPOE MOXKHO ODO3HAYUTH KaK
u3ydeHue CAyJIailHbIX OJIy>KIaHUN Ha MOArPYIIAX TPYII aBTOMOP(MU3MOB TOIIOJIO-
PMYECKUX MPOCTPAHCTB (MJIN CITy9aiiHbIX O/IyKIanuil Ha Tpynnax, AefiCTBYIOMMIX Ha
TOIOJIOMMYECKUX TPOCTPAHCTBAX). MBI CTPEMUMCsI OJIYUUTH OTBET HA BOIPOC IpPe-
JIeJIBHO HATVISITHOTO XapaKTepa: KakK BeyT ceOst TOYKH IIPOCTPAHCTBA 110/ JeiicTBUEM
3JIEMEHTOB TUIUYIHON TPACKTOPUH CJIyIaiiHOTO OJIYKIAHWS HA TPYIIIE. DTOT BOIIPOC
TECHO CBsI3aH, B YaCTHOCTH, ¢ 3aja4eit onucanus rpanuilsl [Iyaccona—®iopcrenbepra
rpynnbsl. B paMkax yKa3aHHOTO HAIIPABJIEHUs IEJeCO00PA3HO COOTHOCUTH H3ydae-
Mble JefiCTBUA I'PYLII CO MIKAJIOU «IUCTaJbHOCTL — IIPOKCUMAaJILHOCTbY», Ha OIHON
CTOPOHE KOTOPO# HAXOJATCS M30METPUYECKUE JICHCTBUS, HA JPYTrOfl — BCEBO3MOXK-
HBIE «CKUMAOIUey JeficTBus 6e3 MHBapUAHTHBIX MeTpuk (Mep) u T.11. Crerpasib-
HBIIl MHTEPEC MPEJICTABIISET CBOUCTBO U-NPOKCUMAALHOCTU, BBEJECHHOE B PACCMOT-
penne Propcrenbeprom (cm. [Fur73|, a rakxe [Mar9l|, [GW13]; oupeznesnenne p-ipo-
KCHMAJIBHOCTH TIpHUBEJIcHO B § 2). B rpymme, feiicTByrommeil Ha MPOCTPAHCTBE [i-TIPO-
KCUMAJIbHO, «IIPOKCUMAJIbHBIE» 3JIEMEHTBI (T. €. 9JIEMEHTHI, TI0J] JIeHiCTBUEM KOTOPBIX
6outbIe 06JIACTH IPOCTPAHCTBA IEPEXO/AT B MaJible) HE TOJBKO [PHUCYTCTBYIOT, HO
U B OIPEIEJIEHHOM CMbIcje npeBajupyor (cm. [Fur73, teopema 14.1]). Tlouck p-
IPOKCUMAJIbHBIX JEHCTBUN U JIOKA3aTEIbCTBO HAJMYHST 9TOTO CBOMCTBA YACTO IIPeJl-
craB/steT coboil TPYIHYIO 3a/ady.

Becomast j10/1s1 M3BECTHBIX NMPUMEPOB [-IIPOKCUMAJIbHBIX JEHCTBUIl IpUBsI3aHa K
M30METPUYIECKUM U UMEET CJIeJYIONUN BHUJ: I'PYIIa JEHCTBYET U30OMEMPUAMU HA
CUMMETPUIECKOM, TUIEPOOIMIECKOM WM APYyroM (06JIa/afoeM Olpe e IeHHbIME
CXOYKHMMH CBOHCTBAMM) METPUYECKOM MPOCTPAHCTBE X, & COIYTCTBYIOIIEe JIeiicTBIE
Ha GECKOHEYHO yJajieHHol rpanune 0X 35TOro MpOCTPAHCTBA /MM HA MPOCTPAH-
ctBe X U JX 0OKasbIBaeTcs p-TPOKCUMATBHBIM. OOBITHO B TAKOW MOIEN TO/IaeTCsT
OIMCAHUIO U MOBEJEHNE TOYEK: B THIIUYHOM CJIy9Yae BCE TOUKHU HMOIPOCTPaHCTBA X
B npocrpancrBe X U X moj neiicTBHEM 3JIEMEHTOB IIOYTH BCSIKOW TPAEKTOPHUH CJIy-
JAHOTO OJIy2KIaHUsI HA TPYIIIE CTPEMSITCA K HEKOTOPOl «OECKOHEUHO YIAJIEHHOMN»
(zaBucamIelt oT TpaekTopum) Touke w B 0X .2

B psise HemaBHUX pabOT IMOJIyYEHbI PACIIUPEHUs] U PA3IUIHbIE MOJUMDUKAITN
BBIIIIEONTNCAHHON Mojiesu. Ilepednciinm HEKOTOPBIE U3 HUX.

1. B kadectBe npocrpancTBa X paccMaTpUBAIOTCA [IPOCTPAHCTBA, Bee Hosiee Jia-
Jekue or runepbosmaeckux u cummMerprdeckux (cu. [Kai00], [Kar03]).

2. B kagecrBe X OepyTca rumepboIndecKrue MIPOCTPAHCTBA, HE SIBJIAIOIIECS JIO-

!971a 3amaua MOMKET pACCMATPHBATHCS KAaK YaCTh 3aJadM OMNMCAHMS TpaHHUIBI llyaccoma—
®dropcrenbepra 3aJIaHHON TIpynnbl. Bropas YacTh 3aJladd CTOUT B IIPOBEPKE MAKCUMAJIBLHOCTHU
(1. e. m3omopduOcTH IID-rpanue 1151 KOHKPETHBIX Mep) HaiiIEeHHOTO [i-IIPOKCUMAJIBHOIO IIPOCTPaH-
crBa. B HacTosimeit pabore ucciemyeTcs (-MpOKCHMATBLHOCTD; 38/1a49a 0 MAKCUMAJILHOCTH HE 3aTpa-
TUBAETCH.

2Bonpoc 0 MoBeJeHNH TOYeK caMoii TpaHuipbl OX HCCAeIOBaH B MEHbBIIEH CTemeHr. B HeCKOIb-
KUX U3YYEHHBIX CJIyYasdX MOYTH BCE TOUKM IpaHulbl X, 32 UCKIIOYEHUEM HEKOTOPOIO MAJIOTO HO
BCIOJY IUIOTHOT'O IOAMHOXKECTBA, IO AEHCTBHEM 3JIEMEHTOB TPAEKTOPHUH YCTPEMJISIOTCS K TOH Ke
pelleJIbHOI TOYKe w.



KaJabHO KoMIakTHbIME (cM. [MT14|, a rakzke [MS14]).

3. PaccmarpuBaioTcss Hem3oMeTpuUecKne JefcTBUSA Ha X: HAIPUMep, JOIIycKa-
FOTCsT KBA3UU30METPUU, POMOTETUU U T. Il., WHYIUPYIoIue aBroMopdusmbl Ha 0X
(em. [VMOS], [GM12]).

OkasbiBaeTcst, Jjisd KpalHero cjydasi MHIEPOOJUIECKUX TPOCTPAHCTB, — JIJIst
O-rurniepbosmyeckux HpocTpaHcTB (T.e. st R-jepeBbeB), — KesgaeMblil crieHapuii
IIyHKTa 3 PEAJM3yeTcss B MOJHOM O0bEME: AHAJOTU TEOPEM O CXOIUMOCTU IIPOJIOJI-
2KAIOT BBIIOJIHSITHCSH, €CJIN MIEPERTH OT M30METPUIECKUX JEeHCTBUN K TPOU3BOJILHBIM
JieiicTBUSM ToMeoMOpdU3MaMUA WK CTPYKTYPHBIME aBToMopdusmamu. OOHADY KM~
BAIOIINECs 3/16Ch METOIbI U IOIXObI HE OMUPAIOTCS HA METPHUKHU, BBIXOIAT 33 PaM-
KI BBIIIEOITMCAHHON MOJen U (POPMUPYIOT OTIAETBHOE HAIPABJICHHUE, OXBATHIBAIO-
niee JeficTBUsl Ha Pa3sHOOOPA3HBIX IIPOCTPAHCTBAX C JAPEBOBUJHON cTpyKTypoil (A-
JIEPEBbSIX, JEHPOHAX, JICHIPUTAX, IPEJIEPEBbIX U MPod. ). VI3/10KeHe YacT cooT-
BETCTBYIOIINX PE3Y/IHTATOB U METOOB U COCTABJISIIOT CYIIIECTBO HACTOSAIIEH 3aMETKU.
OTH pe3yabTaThl yI00HO POPMYINPOBATH B TEPMUHAX JeHOPUMOE.

Hamomaum, uro dendpumom HA3BIBAIOT HEIYCTOW CBSA3HBIA METPUYECKUN KOM-
makT (KoHmumyym), B KOTOPOM JIFOObIE JIBE Pas/IMIHbIe TOUKH pasdeseHnl’ TPeTheil.
JenapuTsl ToMeOMOPGHBI KOMIAKTHBIM R-mepeBbsiv. C nIpyroit cTOPOHBI, JIFOOOMY
cenapabeabHoMy R-71epeBy KAaHOHHYIECKUM 00pa30M COOTBETCTBYET HEKOTOPBIN JeH/I-
put (cMm. Teopemsl 8.1 u 10.5). M3ydenuto JeHPUTOB MOCBSIIIEHA OOIIMPHAST JIUTEPa-
Typa (HeKkoTopble cebliku JaHbl B [Bow99, Mall3, Mall4|). B npumenenun x ciydao
JICHJIDUTOB OCHOBHBIE PE3YJIHTATHI HACTOAINIEH CTATBU BBITJISJST CJIELYIONUM 0Opa-
30M.

1.1. Teopema. Ilycmov cuemmnan epynna G deticmeyem 20MeoMOPHUIMAMU Ha, OeHO-
pume D. Ilpednonootcum, wmo D we sasasemcsa dyzoli u He codepacum cobcmeeH-
Holz G-UH8apuaHMHLLL NOOKOHMUHYYMOSE (NOOKOHMUHYYMAMU NPUHAMO HA3DLEAN
ceasnvle nodkomnaxmo, dendpuma). ycmo p — seposmmnocmuas mepa wa G, Hocu-
meab kKomopot noposcdaem G xax noayepynny. Toeda G deticmeyem na D p-npo-
KCUMANDHO.

1.2. Teopema. Ilycmo G, D u p ydosaemsopsrom yciosuam meopemu, 1.1. Tozda

1. Jas nowmu ecaxold mpaexkmopuu T = (T;)ieN, NPAB02O CAYATHO20 [i-
bayotcdanus watidemesn mouka z(T) 6 D makas, wmo das kascdol enympennet moy-
ku x € D nocaedosamenvrocmo (7;(x))ien, cxodumea x z(T);

2. Pacnpedeaenue npedenos z(T) 3adaemcs nexomopot (eepoammocmmuoti bope-
Ae6ckot) mepoti v, na D; mepa v,

— NENPEPLLEHA (M. €. NPUHUMAEM HYAEB0E FHAMEHUE HA 0OHOMOYEUHBIL MHONHCE-
cmea),

— ABAAENCA OCMOBHOT (M. €. NPUNUMAEN HEHYALBOE ZHAUEHUE HA KAAHCOOT KOM-
nonenme ceaznocmu muootcecmea D\ {x} daa xaocdott x € D),

~ p-cmayuonapra (m.e. pux vy =3 9(V)p(g) = vy).

3ToBopsiT, uTo TOUKH a,b € D Tonosorndeckoro npocrpancTsa D pasdeaerv. Toukoit ¢ € D, ecin
npocrparcreo D \ {c¢} npexcraBumo B Buje AU3BIOHKTHOR CyMMBI IByX OTKDBITBIX MHOXKeCTB A 1
B,rnea€ Aube B.



3. Mepa v,, asasemca eduncmeennotc pu-cmavyuonaproti eeposammrocmioti mepoti
na D; napa (D,v,) asiaemcs pr-epanuyets epynnot G 6 cmwicae Propemenbepeaa.

WN3ydenune jelicTBUS CYETHBIX TPYII Ha JIPYTUX JAPEBOBUIHBIX CTPYKTypax BO
MHOI'OM CBOJUTCH K cirydaio JaeHaputoB (eMm. [Bow99|). Iosyuennsle mjis peHpu-
TOB PE3yJIbTAThl HAIIPAMYIO IIPUMEHHMBI, CKaXKeM, K CJIydaio aBToMopdu3MoB R-
nepesbeB. [leiicTBurenbno, — oboMy cerrapabenbHoMmy R-1epeBy KAaHOHUIECKUM 00-
pPa30M COOTBETCTBYET HEKOTOPBIH JEHIAPUT (st ero HmoJydeHus] Hy?KHO B3Th MeT-
pHUUIecKoe IOIMOJHEeHne MCXOaHOro R-mepeBa, moOABUTH KOHIIEBBIE TOYKN Ha OECKO-
HEYHOCTH U, BO3MOXKHO, CIEINAILHBIM 00pa30M 0C/IabUTh UCXOIHYIO TOIIOJIOIUIO; T0-
JpobHee oM., Hanpumep, [Mall3, Mall4|, a tak:ke Teopembr 8.1 u 10.5), a sro6Gomy
HENPEePBIBHOMY JIEHCTBHUIO Ha, MCXOTHOM IR-IepeBe oTBeYaeT HENpPephIBHOE JeiCTBIE
Ha 9TOM JeHApuTe (HOCKOHBKy TOIIOJIOTUA IIPU IIepexoJe K ,ZLeHrH‘pI/ITy HE yBeﬂI/IqI/I—
Baercsi). Takum o6pasom, ecyin 3aJaHO HelpepbIBHOE JeiicTBre Ha R-mepese, Mbl
MOXKEM PaCCMOTPETh WHJIYIIUPOBAHHOE JIEUCTBUE HA COOTBETCTBYIOIIEM JIEHJIPUTE,
IIPUMEHNTL K HeMy TeopeMmy 1.2, a pe3ysibraT MPOWHTEPIPETHPOBATH B TEPMHUHAX
ucxomaoro R-nepesa.?

ﬂﬂﬂ KJIAaCCUYICCKUX JNEePEBHEB — CBASHBIX OJHOCBA3HBIX KJICTOYHBLIX KOMIIJIEKCOB

pa3mepHoCTH He Bbilie 1 — Teopema 1.2 maer cuemytomiee (cM. onpejesenus B §§ 2
u 12).

1.3. CneacrBue. I[lycmo cuemmnasn epynna G deticmeyem na beckoneurnom (e 06s-
3amenvHo A0KaAbHO Koneunom) depese T'. IIpednoaootcum, wmo T ne codeporcum cob-
cmeennvir G-uneapuarmunr noddepesves, a undyyuposarnoe deticmeue epynno, G
na npocmpancmee xonyos Ends(T') ne umeem xoneunwvir opbum. Ilycmo p — eepo-
ammuocmuan mepa nwa G, Hocumenv komopoti noposicdaem G xax nosyepynny. Toeda
das, mowmu ecaxol mpaekmopuu T = (T;)ieN, NPABO20 CAYUATHO20 [L-OAYAHCOGHUA
natdemes mouka z(t) ¢ Ends(T) maxas, wmo das wascdot mouku x € T nocae-
dosamenvrocmo (7;(x))ien, crodumea % z(T); pacnpedesenue npedenos z(T) sada-
emca nexkomopot (seposmmocmnoti 6opeaescroti) mepot v, wa Ends(T). Mepa v,
Henpepuleta, ee nocumenem aeasemca ece npocmpancmeo Ends(T). Mepa v, sAens-
emcs eduncmeennol u-cmayuonaprot eepoammuocmuots mepot na Ends(T). I'pyn-
na G deticmeyem wa npocmpancmee T U Ends(T') p-npokcumanvrio, m.e. napa
(T'UEnds(T),v,) asasemca p-zpanuyet 6 cmocae Propemenbepza.

1.4. 3ameuanusi. B popmynuposke cieacteus 1.3 npusiiekaercst mpocrpanctso 1'U
Ends(T"), HOCKOJIBKY MOHSATHS [I-ITPOKCHMAJIBLHOTO IPOCTPAHCTBA U fi-TpaHuisl Piop-
crenbepra yno0Hee BBOAUTD JJIsl CJIydas KOMIAKTHBIX IPOCTPAHCTB, & IIPOCTPAHCTBO
kou1oB Ends(T") ¢ ecrecTBenHoOil Tomosorueii Moxker He OBITH KOMIIAKTHBIM, ecjn 1’
He JIOKJIbHO KOHEYHO.

1.5. BameuyaHue O HOCHUTEJ€ CTallMOHApPHOI Mepbl. Ha npumepe neHIpUTOB
MOXKHO HabO/II0IaTh 3(dEKT, KOraa Mepa, CTAIHOHAPHASI IT0 OTHOIIEHNIO K JeHCTBUIO

43aMeTHM, OHAKO, UTO IOC/ICIOBATENBHOCTh TOYEK (COOTBETCTBYyIOMEro R-gepeBy) aemapuTa,
CXOISIAsiCs K BHYTPEHHEH TOYKe JIEHIPUTA, He 00s3aTeIbHO CXOIUTCS B METPHUKE MCXOTHOro R-
JIepeBa.



HEKOTOPO# I'PpYIIIbl U Mepe Ha 3TOU I'pyIIe, KOHIICHTPUPYETCdA Ha MHOXKECTBE BHYT-
PEHHUX, a He KOHIEBBIX, TOYEK JCHJpHUTa. B pamkax o0Cy»KIaeMoil BBIIIe MOJIETN
X UJX c uzomerpudeckum jieiicrBueM Ha X W, B YACTHOCTHU, B CJIyUae CUMILIHUIIV-
ATIBHBIX JIePEBbEB (He 00s3aTeIbHO JIOKAJIBHO KOHETHBIX) U ACHAPUTOB, MOy ICHHBIX
X KOoMIakTuduKanueit, Takoro agdexkra HAOIIOIATHCST HE MOXKET, — 3J1eCh CTAIM-
OHAPHBIE MepbI BCETJa COCPEIOTOUEHBI HA MPOCTPAHCTBE KOHIOB OX (MHOXKeCTBE
KOHIIEBBIX TOYEK JeHapuTa). [IpuMepsl ¢ KOHIEHTpaIyeil cTanuoHapHoi Mepbl Ha
BHyTpeHHI/IX5 TOYKAaX MOXKHO MOJIYIUTL, HAIPUMED, U3 R-71epeBbeB, JIOIMyCKAIONINX
romorerun (omobHbIe JielicTBust paccmarpuBasuck B [GM12]). Ormernm, uro cra-
IIHOHAPHAS Mepa COCPEIOTOUEHA JTUOO Ha MHOXKECTBE KOHIIEBBIX, JTNOO HA MHOXKECTBE
BHYTPEHHUX TOYEK JIeHIPUTa (IIOCKOJIbKY JIeHCTBIE IPYIIbl Ha rpanuie [lyaccona—
QropcTenbepra, a 3HAYUT U Ha JIIOOOH p-TpaHUIlE, IPTOAUIHO, a yKa3aHHBIE MHO-
JKEeCTBa, M3MEPUMbI U WHBapUAHTHBI). Takum o6pa3oM, MHANKATOD KOHIIEHTPAIIUH
CTAIMOHAPHON MepbI JIAeT JAUCKPETHBIH (JBy3HAUHBIH) (DYyHKIMOHAJ HA MHOYKECTBE
HEBBIPO2KJIEHHBIX MED Ha TpyIIlle, JIEUCTBYIONIEH Ha JeHApuTe. DTOT (PyHKIMOHAT
3aciayzKuBaer 6osee mopobHoro ucciepopanus. (Cp. ¢ [KE13].)

2 IlpenBapuresbHble CBEJeHUS O CIIyJaliHbIX OJIyK/1aHM-
AX

2.1. CayqaiiHoe Oiryxxkaauue. llycrs G — cueTHasl TpyIa, (4 — BEPOSITHOCTHASI
Mepa Ha G. Mepa p HA3BIBAETCS Hesvposicdertoti, eCii ee HOCUTENb MopoxKaaer G
Kak mosyrpymmy. IIpasvim cayuatinom oayotcdanuem na epynne G ¢ pacnpedeneriu-
em p (nmm, Kopode, [-0ayosicdanuem) Ha3bIBACTCS MAPKOBCKUIT IIPOIECC C IPOCTPAH-
cTBOM coctostnuit (F, TepexojHoit BeposaTHOCTBIO P(g,h) = p(g~'h) n HavaIbLHBIM
cocrosHueM B eammune rpyrmmnbl’ Peanmsamum sToro mporecca Ha3BIBAIOTCS Mpa-
exmopuamy Oyxaanusg. COOTBETCTBYIONLYIO MPOIECCY MAPKOBCKYIO MEPY Ha IIPO-
crpamcrse Tpaekropuii GNO (Ng := {0,1,...}) Gyaem oGosnadarh wyepes P,. Me-
py P, MoxHO onucath cieyromum obpasom. Obosnaunm uepes Cy, . o, T1e p € No,
gi € G, ceMeilcTBO TpaeKTOpHii

Cgo,--.,gp = {{Ti}iENo S GNO : <T07 o 7Tp> = (907 cee 7gp)} .

Torna
Pu(Cyp...q,) = 016(g0) % (g " g1) x -+ x (g 1.9p),

rjae 61G €CThb BEPOATHOCTHasA MEpa Ha G, COCpeJJOTOYECHHad B €JUMHUIIEC TI'DYIIIIbI
(01c({1e}) = 1)

5MOKHO TOBOPHTE O COCPEOTOYECHHOCTH Ha MHOYKECTBE TOUEK CTEIIEHH B, TTOCKOJIBKY ¥ JTI060r0
JEHIPUTA MHOYXKECTBO MOYEK 6EMBAEHUSA, T. €. TOYEK CTEIIEHN TPH U BbIIEe, HE 6oJiee IeM CYETHO.

5B HEKOTOPBIX CiTydasx IIpaBoe CIydaiHOe GIIyKIaHIe HASBIBAIOT Ae60UHEAPUGHITHbLM OIIy K-
JQHUEM.




2.2. Mepst Ha ipoctpaHcTBe. [lycts M — Mmerpudeckoe npocTpancTBo. Mbr 060-
sHagaeM depes P(M) pocTpancTBO BeeX' GOPEeBCKUX BEPOATHOCTHBIX Mep Ha M,
cHabKeHHOoe ¢J1aboil Tonosorueli (B JBONCTBEHHOCTH 110 OTHOIIEHUIO K IPOCTPAHCTBY
OrpaHMYeHHBIX HenpepbBHBIX dynkuuii na M ). IIpeabaszoii caaboit Tomosoruu ciy-
JKUAT CeMEeHCTBO MHOXKECTB BHJIA

{VGP(M):a< </ fdl/) <b}, rae f € Cy(M), a,beR.
M

Takum 06pazoM, IOCIIEI0BATEILHOCTD (1;)ieN, B P (M) cxonures B caboii Tomorornu
(caabo crodumes) K Mepe v TOrJ@ W TOJBKO TOTJA, KOLJA s KaxKoi dbyHKIun
[ € Cy(M) uncnosast mocnesoarensuocts ( [y, f dl/i)i en, CXOIHTCH K Jos fav.

Mepy, cOCPEIOTOUYECHHYIO B OJHOI TOUKe, MBI HasblBaeM dupakosckoti. Mepy, npu-
HUMAIOILYIO HyJIeBO€ 3Ha4YeHHe Ha KaskKJOM OJHOTOYEYHOM MHOXKECTBE, Ha3bIBAIOT
HENPEPDIEHOT .

2.3. HeiicrBusa na mepax. [lycts cuetnas rpymma G neficTtByeT romeoMopdu3MaMu
Ha MeTpuueckoMm mpocrpanctee M. [eiicrBue G wa M unpynupyer jeiicrsue G Ha
P(M):

(g-v)(B)=v(g™" E).

[Tycts p — BepositHOCTHAst Mepa Ha G. Mepy v € P (M) Ha3BIBAIOT Li-CcMayuo-
napHol, ecau

prv=">Y (g-v)u(g) =v.

geG

B cuny Teopembr [laynepa—TuxonoBa—KakyTanun O HENMOIBUXKHON TOUKE, €CJIH
cueTHas rpymma G AeiicTByeT Ha KOMIIAKTHOM METPU3yeMOM mpocTpaHcTBe M, To
JITST TIPOU3BOJILHOM BEPOATHOCTHON MepbI 4 Ha (G MHOXKECTBO U-CTAITMOHAPHBIX Mep
B P(M) memycro.

Mepy v € P(M) Ha3bIBaIOT K6a3U-UHEGPUAHMHOT 110 OTHOIIEHUIO K JIEHCTBUIO
rpyunsl G, eciu jjist jitoboro g € G Mepa g-v abcoaommo Henpepuiéna o OTHOIIEHUIO

“1.E) = 0 scerya, xorma v(E) = 0. Kax HeTpysHO BHIET,

K Mepe v, T.e. V(g
€CJTM BEpOSITHOCTHAsT Mepa i Ha (G HEBBIPOXKJIEHA, TO BCSIKAas [i-CTAIIMOHAPHAS Mepa
B P(M) kBa3u-MHBAPUAHTHA 110 OTHOINEHUIO K JeicTBIO Ipymibl G (cM., HapuMmep,

[VMOS, semma 3.3]).

2.4. Oupepnenenmne. p-IIpoKCMMAaIBHOCTD U (~-TPAHUIBI B cMbIcsie PropcreH-
6epra. (Cum. [Fur73|.) Ilycrs cuernas rpynmna G peiicrByer romeoMopdusMaMu Ha

"B pabore [Fur73|, na pesysbraTbl KOTODOIl MBI CCBLIAEMCSI, PACCMATPUBAIOTCS PeryJisipHbIe
Mepbl. TpeboBanue perysisipHOCTH B CJIydae MPOU3BOJIBHBIX KOMIIAKTHBIX TOMOJIOTHYECKUX MPO-
CTPaHCTB TapaHTUPYeT XaycIopdOBOCTDb IIPOCTPAHCTBA Mep B cyiaboii Tonosoruu. B ciaydae merpu-
YEeCKUX IPOCTPAHCTB BCe GOPEJIEBCKIE MEPBI 3aMKHY TO-PEryJIsipHbl (cM., Hanpumep, [Par67, reopema
1.2, crp. 27]). OrmeTnm Takxke, 9TO caabas TOMOJOrHs HA TPOCTPAHCTBE (GOPETEBCKUX BEPOSIT-
HOCTHBIX) MepP IIPOM3BOJILHOIO METPUYECKOrO IPOCTPAHCTBA Xaycaopdosa (cM., Hanpumep, [ABOG6,
reopema 15.1]).



merpudeckoM npocrpancrse (M, d). Ilycrs p — BepositHocTHAst Mepa Ha G. Iloso-
JKIM

By = (™2 o ™)/,

k=" (9 : u*““’”) 1(g)-

geG

e p*' = pu

[Tpocrpancreo M (a paBHO u jeiicTBue rpymimbl G Ha 9TOM IPOCTPAHCTBE) HA3BIBAIOT
L-NPOKCUMANOHDIM, €CJTH I JIIOObIX X, Yy € M u £ > () BBIIOJIHSIETCS YCI0BUE

nigldlgr, gy) > e} ——0.

[Mycrs v € P(M) — p-cranmonaphast mepa. [lapy (M, v) HasbIBAIOT j1-2panuyet 6
cmvicae Propemenbepea nnst G, ecam ist Py-rioarn Besikoii TpaekTopun T = {7 }ien,
HPABOrO f-OJIy K JIaHHsT TIOCIIEIOBATENBHOCTD MeD (T; * V)N, CXOIUTCsI K HEKOTOPO
JIMPAKOBCKO# Mepe Oy (7), T7e w(T) € M.

2.5. Teopema. I[lycmov cuemnas epynna G deticmsyem 20mMeomopPhumamy Ha
KOMNAKMHOM Mmempuyeckom npocmpancmee M. Iycmo p — sepoammocmuasn me-
pa na G. Tozda caedyrougue ycaro8ua IKGUBAAEHMMHDL:

(a) Heticmsue G na M asasemcs [1-npokcumasoHoLM.

(b) Jas waocdoti p-cmayuonaproti mepo, v € P(M) napa (M,v) asasemca ji-
eparuuett ors G 6 emwicne Dropemenbepaa.

(¢) Cywecmsyem eduncmeernan p-cmayuornapras mepa v € P(M), a napa (M, v)
asasemca p-epanuuet oas G 6 emuicae Dropemenbepea.

Jokasameavemeo. DxBuBasentHocTh (a) < (b) mokaseBaercss B |[Fur73, reope-
ma 14.1]. Ummmukanus (@) = (¢) nokassBaercs B [VMOS, nemma 3.1|. (IToxpobuee
cM. takxke |[GW13, §7].) Ummumkarus (¢) = (b) TpuBnasibHa. O

2.6. I'panuna Ilyaccona—®@ropcrenbepra. ['panuuya Ilyaccona—DPropcmenbdepaa
caydaiiHoro p-0sy2KjaHus Ha c4ueTHOil rpymne (G oupejeisieTcs Kak  (paxmop-
NPOCMPAHCME0 MPOCTPAHCTBA TPAEKTOPUI (GNO,Pu) 10 OTHOIIEHUIO K U3MEPUMOT]
obonoure pasbuerus (, SIEMEHTAMH KOTOPOTO SIBJISIOTCS KJIACCHI SKBUBAJEHTHOCTH
oTHoIIeHNsI ~ (Ha TPOCTPAHCTBE TPAEGKTOPHIA), OIPEJIE/SIeMOro CJIeYIOIuM 0Opa-
30M:

(Ti)ieng ~ (77)ien, <= Tk, K+ Tpyj =744 Vj > 0.

N3mepumast obosouka pazdbuenus u rpauuna llyaccona—Piopcrenbepra sBIAIOTCS
00 beKTaMU, ONPEIEIEHHBIMI C TOYHOCTBIO 10 nodmuooicecms mepvs 0. Pazbuenme (
WHBAPUAHTHO 10 OTHOIIEHUIO K JIEHCTBUIO IpyInbl G HA TPOCTPAHCTBE TPAEKTOPHUil
GNo | onpenensienoro npasuiom g(1g, 71, . .. ) = (970, gT1, - . . ). DTO jeficTBIE MHILYTIH-
pyeT KaHoHm4ecKoe jelicrsue rpymunsl G Ha rpannne Ilyaccona—®roopcrenbepra. Kak
uzBectHO (cM., Hanpumep, [MNS12|), Besikast p-rpaHuna siBjsiercsi, Kak IpOCTPaH-
CTBO ¢ Mepoii, SKBUBApUAHTHBEIM (pakTopoM rpanunbl Ilyaccona—Propcrendepra.



3 IlpeaBapuresibHbIE CBEAEHHUS O JEHIPUTAX

3.1. Onpenenenune. Jdenapurel. ['oBopar, aTto Touku a,b € X TOMOJIOrTIECKOTO
npocrpancrBa X pasdesensv. Toukoit ¢ € X, ecsm npocrpanctso X \ {c} npejgcrasumo
B BUJE JU3BIOHKTHON CYMMBI JIBYX OTKPBITHIX MHOKeCTB A u B, rnea € Au b € B.
Jlpesosudnvim (monosozuveckum) Npocmparcmeom HA3bIBAIOT (HEIYCTOe) CBI3HOE
TOIOJIOTUIECKOE POCTPAHCTBO, B KOTOPOM JIFOOBIE JIBE Pa3InIHbIe TOUKN PA3JIeJIeHbI
TpeTbeii. KoMIakTHBIE ApeBOBUIHEBIE IPOCTPAHCTBA HA3BIBAIOT dendporamu. Merpu-
3yeMble JEeHIPOHBI HA3BIBAIOT JeHIpUmamu.

3.2. Bameuanmue. [leH/IpOH METPU3YEM €CJIH U TOJLKO €CJiu OH cerapabesiet (CM., Ha-
upumep, |Cor74| win ciencrue 8.16 u 3ameuanue 5.16(iii) B [Nik89]). Takum obpa-
30M, JICHJIPUT MOYKHO OIPEJICJUTH Kak cernapadeabHblil merapor. OOmmpHBIil mepe-
YeHb YKBUBAJIEHTHBIX OIPEJIEIeHNIl JEHJIPUTOB U UX CBONCTB MOXKHO HANWTHU, HAIIPU-
mep, B [Cha98| u npusesennoil Tam jmureparype no meopuu kowmunyyma. anee
B HEKOTODPBIX CJIydasix 6e3 JIOMOJHHUTEIHHBIX OFOBOPOK HCIOJIB3YIOTCS PE3yJIbTaThI
paboT, B KOTOPBIX OIPEJIEIeHNe JIEHIPUTA OTINnYIaeTcs oT onpeaesnenns 3.1. Bo Becex
9TUX CJIy4asX CCBUIKM Ha JOKA3aTeIhCTBA SKBUBAJECHTHOCTH ONPEEJICHUN MOYKHO
naiitu B [Cha9g|.

3.3. Onpegenennsi. Konmunyymom Ha3BIBAIOT KOMIIAKTHOE CBA3HOE XaycaopdoBo
npocrpancTBo. CBA3HOE 3aMKHYTOE HEIYCTOE IMOJMHOYXKECTBO JIEH/PUTA HA3bIBACT-
cst nodkoHmuryymom (TIOJKOHTHHYYM JIEHJPUTA SIBJISIETCsI, TAKUM 0Opa3oM, JeHI-
purom). Tomosiorndeckoe mpocTpaHcTBO X HA3BIBACTCH YNOPAJOUUGLEMBIM, €CIIA
Ha X mMeeTCsl IMHEHHBIN MOPsI0K < TaKOil, YTO COBOKYITHOCTH ITOJMHOYKECTB BHIA
{reX 2 <z}uf{reX:z <z}, rae o0 € X, nOpoKIaeT UCXOLHYIO TO-
noJioruio. lyzamu WM AUHETHBMU KOHMUHYYMAMU HASBIBAIOT YIOPAI0INBACMBIC
kouTuHyyMbl. Kak ussecrno (cm., nanpumep, [MSW82|), HeomHOTOYEIHBINH KOHTHHY-
yM JIMHEEH TOTJA U TOJLKO TOTJIA, KOIJIA Y HEr0 NMEETCsl JIMIIh JBE KOHIEBbIE TOUKH.
Besikasg merpusyemast ayra romeoMopdHa 3aMKHYTOMY HHTEPBAJy BEHIECTBEHHOI
npsmoit (em., manpumep, [Kur68, rmasa 5, § 47, pasmen V, teopema 1]).8 Cmene-
H®H10 TOYKH T JIeHApUTa [ HA3LIBAIOT KOJUYECTBO KOMIIOHEHT CBS3HOCTH IMPOCTPAH-
crea D \ {z}. Kak usBecrno (cm., obcyxuenne B [ACCS01, § 2| u nuruposanuyto
TaM JINTEPATypYy ), JJisl JeHJIPUTOB TaKoe OIlpe/Ie/IeHIe CTEIIeHN SKBUBAJIEHTHO OIpe-
JIEJIGHUIO CTEIEHN TOYKHU JIjIsi KOHTMHYYMOB B cMbIcjie MeHrepa—Y pbIcoHa, KOTOPOe
HCIIONIB3YeTCS B HEKOTOPBIX paboTax, pe3y/abTaThbl KOTOPLIX MBI IpUMeHsgeM. Toukn
crerern 1 (B HEOJHOTOYETHOM JEHPUTE) HASBIBAIOT HEPa30eAA0OUUMY I KOHUE-
6bLMU; OCTAJIBHBIC TOYKH JCHIPUTA HA3BIBAIOT Pa30eAs0UuMU AT 6HYMPEHHUMU.
ToukM cTeneHu 1O MeHbIIell Mepe 3 HA3BLIBAIOT MOYKAMU 6emeaeHus. 11oaMHOXKe-
cTBO B nmennputa D HasbIBaeTCs 6eM6Eb10, €Cin B aBIseTCss KOMIIOHEHTOH CBAZHOCTH

8B paMKax TEOPHH JEH/IPHUTOB M METPUYECKAX KOHTHHYYMOB <«JIyIa» HYaCTO OINPEJIEISIeTCs] KaK
IPOCTPAHCTBO, roMeoMOpdHOe 3aMKHYTOMY HMHTEPBAJIy BEIECTBEHHOIN mnpsimoil. B Hamewm cirygae
TpebyeTcst 00IIee OmpeesieHne, MTOCKOIbKY UMEHHO OHO HCIOJB3YeTCsS B 9acTh paboT, pe3yIbTaThI
KOTODBIX 33JieiicTBOBaHbI najee. Kpome Toro, obimee onpenesieHne Jyr'dl UCIOIb3YETCS BO BTOPOit
YaCTU CTATbU.



upocrpancrsa Buga D\ {r}, rue r € D. Touky r GyjemM Ha3BIBATH UCTMOYHUKOM BET-
Bu B. Ecim npocrpancrso D \ {r} csasuo, sBereb B = D \ {r} Oynem Ha3bBaThH
8vIPoHCIeHHOT.

HpI/IBe,ZLeM HEKOTOpPbIE CBOIICTBa JCHAPUTOB, HCIIOJbB3YyEMBIEC B JOKa3aTeJIbCTBaX
PE3Yy/IbTATOB CTATbU.

3.4. Jlemma. B Heodhomoueurom dendpume MHOHCECTNEO Mouek cmeneny 2 crody
NAOMHO.

Jloxasamenvemso. JlokazarenbeTBo npuBe/ieHo, HanpuMmep, B [Kur68, riasa 6, § 51,
paszjen VI, reopema 8, crp. 302. O

3.5. Jlemma. Bcakoe ceasHoe nodmHosrcecmeo 0eHOpumMa AUHETHO C8A3HO.
Joxasamenvemeo. Cm., nanpumep, [Why42, (1.3) (ii), crp. 89. O

3.6. JIemma. B npousecosvrom derndpume 0as 110061 06YT €20 MOYUEK UMECTCA
eduHcmBeHHAA 0Y2a ¢ KOHUAMU 6 IMux moukax. MHoocecmeo eHYMpernHuT movex
amot dyeu co8nadaem ¢ MHOHCECTNEOM MOYUeEK, PA3JeAANOUWUT J8e UCTOOHDLE.

Joxaszameavcmeo. J1oKkazaTeanLCTBO HEpBOro KIACCUIeCKOro hakTa MPUBEIeHO, Ha-
upumep, B [MSW82, treopema 6] u [Why42, (1.2), crp. 89|. JokazaTeancTBo BTOPOro
Jano B [VMWS81, §2]. O

3.7. O6o3navyenue. Adyru. Eciu a u b — toukm memapura D, nyry B D ¢ KoH-
IAMH B 9TUX TOYKAX, CYIIECTBOBAHWE W €JMHCTBEHHOCTH KOTOPO# TapaHTUPYETCs
aemmoii 3.6, 6yem ob6o3HaYaThH Yepes [a, b).

3.8. JIemma. B dendpume oan a0boix mpex mouex a, b u ¢ 6bNOAHACTNCA COOM-
nowenue [a,b] C [a,c] U e, b].

ZHoxazameavcmeo. Bocmonb3yemcest jteMmoit 3.6 m TeM (paKTOM, UTO BCIKasl TOYKA,
pazmessonas TOYKA a u b, 1ub0 pasmessieT Tak:Ke TOYKH a U ¢, JU00 PasmessieT ¢

u b. O

3.9. JIemmMma. [lodmmrooicecmso dendpuma c6a31Ho mozda U Mmoabko mozada, koz2da
smecme ¢ MobbMU 08YMA CEOUMU MOUKaMU a U b ono codeporcum u dyey [a, b).

Hoxazamesvemeo. Ecnu ¢ a100bIME JIByMsI CBOMMH TOYKAMH ¢ U b IOIMHOXKECTBO
COJIEPKUT U JIyTY [a, b], TO OHO CBSI3HO, TAaK Kak JyI'M CBsI3HBI. J[JIsl 0Ka3aTe bCTBa
00paTHO MMILIMKAIIUU IIPEJIIOJIOXKNAM, UYTO HEKOTOPOe IOJAMHOXKeCTBO X JIE€HJPH-
Ta, COJEPKUT TOYKU a U b, HO He COJEPXKUT Kakoii-Hubynb Touku ¢ us [a,b]. Torga
TOYKA ¢ PA3JIessieT TOUKHU a 1 b (cM. jteMMy 3.6). DT0 B CHILy OIIpeIeIeHIs PA3IeIsio-
mieit Toukn o3HavaeT, 9o npocrpanctso D\ {¢} npejcraBumMo B Buje AU3bIOHKTHOI
CYMMBI JIByX OTKPBITBIX MHOXKeCTB A 1 B, t7ie @ € A u b € B. Cnenosarenbo (1o-
ckombky X C D\ {c}, a € X nu b € X), nonmuokectBo X HpPEJCTaBUMO B BH/IE
JU3BIOHKTHON CYMMBI JBYX HEMYCTHIX OTKPBITHIX MHOXKeCcTB A N X n BN X u me
SIBJISIETCS CBSI3HDBIM. O
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3.10. Jlemma. B dendpume nepeceverue c8A3HbLL NOOMHONACECTNG U3 NPOUSEONOHO-
20 nabopa Aubo nycmo, Aubo ceasno. Ilepeceuenue nodKOHMUHYYMOB U3 NPOU3EBOND-
H020 HABOPA AUOO NYCMO, AUOO ABAAECMNCA NOOKOHMUHYYMOM.

Jloxasameavcmeso. Jlerko cienyer us jeMMmbl 3.9. O

3.11. JIemMma. FEcau 6 nabope nodkonmunyymos dendpuma s10bvie 066 nodkonmu-
HYYMQ NEPECEKAIOMNCA, MO Nepecederue 6Cex NOOKOHMUHYYMo6 Habopa nenycmo (u
asasemcs 6 cunry semmor 3.10 nodkonmunyymom).

Jloxasamenvcmeo. VIMeeTcs HECKOJILKO Pa3JIMYHbIX IIyTell JI0Ka3aTe/IbCTBA TOI0 U3-
BecTHOTO pakTa. Hampumep, MOXKHO BOCIIONIB30BATHCS T€M, ITO JOTOJTHEHUSI BETBEH
nengpuTa obpasyior 6unaproe’ cemeiictso ([VMWS81, memma 2.7]), a mobGoit mos-
KOHTHUHYYM IIPEJCTABUM B BUJIE [IEpECeIeH sl 3JIEeMEHTOB 3Toro cemeiicta ([vMWE1,
caencreue 2.14]), OTKy1a BHITEKAET, YTO NOJKOHTUHYYMBI JIEHIPUTA TAKZKE 00Pa3yIoT
6uHapHOEe CeMeiiCTBO. O

3.12. Onpenenenue. BoimykJjblie 000J0YKA U MOJUATONBI. Bunykaot 060404~
K0l TIOJMHOXKEeCTBa S B feHpuTe 1D Ha3bIBAETCSI IIEPECEIEHUE BCEX CBII3HBIX MTOJIMHO-
JKeCTB JeHIpUTa, cofepKaiux S. BeimyKias 000/I09Ka MHOXKECTBa S 0003HaIAeTCsT
gepes hull(S). Caeyst Tpaauiuy TeOpUU BBILYKJIBIX CTPYKTYD, BBILYKJIYIO 000JI0UKY
KOHETHOTO MHOXKECTBA Oy/IeM HA3BIBATD NOAUMONOM.

3.13. Jlemma. Bunykaas 060404Ke HENYCMO20 NOOMHONCECTNEA JeHIPUMA CEAZHA.
Hoaumonwv, dendpuma A6a810MCA NOOKOHMUHYYMAMU.

Zoxasameavcmeo. CBA3HOCTD BBIMYKJION 060109k cienyer u3 jiemMbl 3.10. TToka-
JKEM, 9TO B JIE€HIPUTE JJIsl JTFOOOTO IMOAMHOYKECTBA S BBIMOJIHSIETCS PABEHCTBO

hull(S) = | J [a,0].

a,bes

Heitcreurenso, sxmouenne |, yegla, b] C hull(S) semonnsercs B cuiy jemmsr 3.9,
nockobKy hull(S) cBssHo u comepxkur S. O6paTHOE BKJIIOYEHUE BBITOJHAETCS
[0 OIPEJIEIEHUIO BBIIYKJIOH OGOJIOUKU B CHJIy OYEBHUJIHON CBSI3HOCTH MHOYKECTBA
Uapesla; bl (conepxamero S). Taknum o6pasomM, HOIMTOI KOMIIAKTEH, Oy y1H Ipeji-
CTaBUM B BUJEC O6'be,ILI/IHeHI/IH KOHEYHOI'O 4YHucCJ/jia KOMIIaAKTHBIX MHOXKECTB. HTaK, B
JIEHJIPUTE KarKJIbIil TIOJIMTOI CBSA3€H, KOMIIAKTEH U He MYCT, T. €. sIBJISIeTCS TOJIKOHTH-
HYYMOM. O

3.14. 3ameuyaHue O BBIMYKJIBIX 000JsiouKax. B cuty jsiemmbr 3.10 BoiyKItas obo-
JIOUKa, HEITyCTOrO TOAMHOXKECTBa, JeHIpuTa CBsi3Ha. CBSI3HBIE MTOJMHOYXKECTBA JIEH]I-
puTa 06pa3yIoT CUCTEMY, yIOBJIETBOPSIONIYIO AKCHOMATUKE BBIITYKJIONH CTPYKTYPbI U3
abCTPaKTHON TEOPUH BBIMYKJIBIX CTPYKTYD; mojapodbuee cM. [Mall4].

9CemelicTBO £ TIOIMHOMKECTB HEKOTOPOIO MHOYKECTBA HA3BIBACTCS OUHAPHDIM, €CIH BO BCSIKOM
nojcemeiicree M C L ¢ NM = @ Haiiercs mmapa HelepeceKalommnXxcs 3JIeMEeHTOB.
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3.15. Jlemma. Bemsu A6AA10MCA OMEPLIMBLMU NOOMHONCECMBAMY dendpuma. Bo-
Aee moezo, gemau 0bpasyrom 6 dendpume omrpwvimylo npedodasy.

Jlokasameavemeo. Cwm., nanpumep, aemmy 2.1 u ciepcrsue 2.2 B [vMWSI]. O

3.16. Jlemma. B xaoicdoti kornyesot mouke dendpuma 6emeu 06pasyrom A0KGALHYIO
6a3y.

Jloxasamenvcmeo. T1oCKOBKY CTeleHb TOYKHM B CMbIC/IE ONpejiesieHns 3.3 COBIIaia-
€T CO CTeleHBbI0 TOYKM KOHTHHyyMa B cMbicjie Menrepa—YpbicoHa (CM., 006CyKie-
uue B [ACCS01, § 2| u nuTupoBaHHYIO TaM JIMTEPATYPY), ¥ BCSIKON KOHIIEBOI TOUKH
JIEHJIPUTA UMEeTCs JIOKaJIbHast 6a3a, COCTOSINAs U3 OTKPBITHIX MHOYKECTB, IPAHUIA Y
KaxKJI0r0 U3 KOTOPLIX OjlHOTOYeYHa. OTKphITOE MHOXKECTBO W ¢ OI[HOTOYEUHOM I'pa-
HUtel r B geHapure D FBJISETCST OTKPBITO-3aMKHYTBIM TIOJIMHOKECTBOM ITPOCTPAH-
crea D \ {r}. Cuenosarenbno, W siBisiercsi o6be/iuHEHIEM KOMIIOHEHT CBSI3HOCTH
npocrpancrea D \ {r}, r.e. Bereil. Orcioa 0OUeBUIHBIM 0OPAa30M CJIE/yeT yTBEp-
JKIEHWE JIEMMBI. ]

3.17. Jlemma. Ilycmo B — semenw 6 dendpume D, ar € D — ee ucmouwnux. Toeda
mmoorcecmea D\ B u B U {r} asasomeca nodkonmunyymamu.

Joxazamenvemeo. Tlockosnbky B orkpbito (emma 3.15), D\ B 3amknyTo. [Tpu sTom
D\ B cBasuo (cM., nanpumep, [vMWSL, sremma 2.3|) u zenrycro ((D\ B) 3 ), Tak aro
D\ B ecrb nogxorTunyyM. Muoxkectso B U {r} npejcraBumo B Bujie mepeceveHust
muOokecTB Buja D\ E, rime E — BeTBb ¢ ucrounukoM 7. Kaxkjaoe m3 yKa3aHHBIX
MHOXKeCTB cojiepKuT Touky 7. CienoBaresbsno, B U {r} sBisercs NOoAKOHTHHYYMOM
B CHIy JieMMBI 3.11. 0

3.18. JIemmMma. Kaotcdas semen dendpuma umeem eOuHCMEEHHBIL UCTOYHUK.

Jloxasameavcmso. Ilycts B — npousBoJibHag BeTBb Aeuaputa D. [lo onpenenenuro,
y B umeercs ucrounuk (ckaxkewm, b). lomycrum, Touka a (He coBmamaomas ¢ To4-
Koil b) Takxke siBisiercst ucrounukoM jist B. Torga a ¢ B u b ¢ B 110 onpe/ie/ieHuIo.
Boibepem mpomssosibio Touky t € B. Ilockombky t € B, b ¢ B u a — ucrod-
HUK BeTBU B, nosydaem, 9ro ¢ u b JieKar B JIByX PasHbIX KOMIIOHEHTAX CBS3HOCTH
(1. e. BerBsix) npocrpanctBa D \ {a}. ITockosnbky BeTBH OTKPBITHL (JiemMMa 3.15), 910
O3HAUAET, YTO TOUYKH ¢ 1 b pa3jiesieHbl TOUKOH a, Tak 4To a € [b,t] B cuiy seMmbl 3.6.
AnanorngnpiM o6pasoM nosydaeM, 9to b € [a,t], a 970, 04eBUIIHO, BO3MOXKHO JIUIIIb
upu a = b. Jlemma nokazaHna. ]

3.19. Jlemma. [locaedosamenvrocmo (x;)ieny mouek dendpuma D cxodumcesa
mouxe r € D moada u moavko mozda, Kozda Oas Kaosicdol enymperHetd MmouKu
z € (D \ {z}) mnoocecmso {j € N : z € [z,z;]} nyecmo uau xoneurno, m.e. xo-

2da
N Ulxz] = {=}.

keN j>k
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Jloxasamenvemeso. st Touek r u s B D npu r # s obosnauum depe3 (,(S) BETBb ¢
HCTOYHHKOM B T, coJlepzKallyto s. Torma ceMeilcTBo

{¢:(2) } e D\ {2})

€CTh B TOYHOCTU MHOXKECTBO BCeX TeX BeTBell B D, KoTopble coepxkat x. Kak n3sect-
HO, BEeTBH 0OPa3yIoT B J€HJIPHUTE OTKPBITYIO peada3y (emma 3.15). Dro o3Hauaer,
YTO MOCJIEJ0BATEILHOCTD (X;);cN TOYEK JeHapuTa D cxomurcst K Touke x € D Torma
U TOJIBKO TOTJIa, KOTJIA JIjIs KaXKI0il BeTBU B, comepakalieil TOUKy &, MHOXKECTBO

{ jeN: Zj Qé B }
IIyCTO WJIM KOHEYHO, T.€. eCJIH JIIs Kaxk1oil Toukn z € (D \ {x}) muOKecTBO

{1 eN:z; ¢ C(2)}

mycTo uianm KoHedHo. Ocraercst 3aMeTUThb, 4TO ycyoBue ; ¢ (. () SKBUBaJEHTHO
YCJIOBHUIO 2 € [T, Z;]. O

3.20. CaencrBue. IIpednonostcum, wmo nocaedosamesvrocmy mouek (T;)ien U
(Yi)ien 6 dendpume D cxodames x mouke s € D. Toeda xasrcdas nocaedosamenn-
Hocms (2;)ieN, Y008AEMBOPAIOWAA YCAOBUIO z; € [T, y;| Oan ecex i € N, maxorce
cxodumes K S.

Jloxasamenvecmso. Ecmu nocienoBareibHOCT (a;);eN B AeHapure D cxomurest K
TOYKE S, TO U BCAKasl MOCJEI0BATENBHOCTD (b;)icN, YIOBIETBODSIONIAs yCIOBUIO
bi € [z,a;] nust Becex i € N, TakkKe cxomurest K § (910 BBITEKaeT U3 JieMMBbl 3.19,
HOCKOJIbKY 1IpH b; € [z, a;] nmeem [z,b;] C [z, a;] B cuny semmsbr 3.6). Orciona cpady
caejryer Tpebyemoe, MoCKOIbKY [, yi| C [z, z;] U [z, ;] no jemme 3.8. O

B zaBepienne pazjesia 1aauM HECKOJIHKO YTBEPKIEHUN O HETPUBOIUMOM efi-
crBun rpyunsl Ha senjapure. (eificreue rpynust G Ha gengpure D HasblBaeTcs
HENPUBOJUMBIM, eciiu D He cojepKUT cOOCTBEHHBIX (G-MHBAPUAHTHBIX IOJIKOHTH-

HYYMOB. )

3.21. Jlemma. Ilycms epynna G deticmsyem 2omeomopdudmamu Ha dendpume D.
Ipednonoocum, wmo D we codeporcum cobecmeerrvir G-uHBAPUAHMHLT NOOKOHMAU-
nyymos. Toeda dasn 10601 eemeu B 6 D evinoansemces caedyrowee ceoticmaeo:

GB):= JgB) = D.

geG

Jokazamenvemeso. domycrnm, aro B D maiigercs BerBb B Ttakas, uro G(B) # D.
Pacemorpum monosaenue J := D\ B u nepecedenne

K := ﬂ g(J).

geG
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Bamernm, uro J sIBIIsIETCs TOKOHTHHYYyMOM (jemMa 3.17), Tak uro K ecTh nepecede-
HITe MOAKOHTHHYYMOB. OTciona ciexyer, 910 K TakyKe SIBISETCS IOJKOHTHIYYMOM,
[IOCKOJIBKY IIepecevyeHe OJKOHTHHYYMOB U3 [IPOU3BOJILHOIO HAbGopa JIMOO I1yCTO, JIH-
60 sBasieTcst moakoHTHHYYMOM (emma 3.10), a K memycro tak kak K = D \ G(B).
DT0 BXOJUT B IIPOTUBOPEYHE C IIPEJIIOJIOKEeHIeM 00 oTcyTerBur B D cobcrBeHHBIX G-
MHBAPHAHTHBIX [IOJKOHTUHYYMOB, TOCKOIbKY K siBiisieTcst G-HHBaPHAHTHBIM B CHILY
oupenesenns. IlosrydenHoe IpOTHBOPEYHE JOKA3BIBACT JIEMMY. O

3.22. Teopema. I[lycmv epynna G deticmsyem zomeomoppudmamu Ha dendpu-
me D. IIpednosootcum, wmo D we asasemcea dyzot u we codeporcum cobemsernus G-
UNBAPUAHMHBLET NOOKOHMUNYYM06. Tozda mnosicecmeo E(D) xonyesvix mouek dero-
puma D wecuemno, a deticmeue He UMEEM KOHEYHBIT OPOUM.

Joxasamervcmeo. Homycrum, uro E(D) ne Gosee uem cuerno. Torga B HeM (Kak
B CAMOCTOSITEJIbHOM TOIIOJIOTUIECKOM [IPOCTPAHCTBE) HAafi/IeTCsl N30 IMPOBAHHAST TOY-
ka w (cm. [ChWZ13, Teopema 5.5]). Konnesast Touka sIB/IsSIeTCS H30JIMPOBAHHOM TOU-
Koil npocrpancTsa E(D) Torga u TOJIBKO TOrJa, KOIJa OHA SIBJISIETCS] M30JIMPOBAH-
HOiT Toukoit poctpancrsa (D) U R(D), rae R(D) — MHOXKeCTBO TOUEK BETBJIEHUS
nenaputa D (em. [ChWZ13, dakr 2.1] u [CCP94, npemoxenue 4.13|). Orcroza aerko
CJIEJIyeT, ITO HEKOTOpast OTKPBITast OKpecTHOCTD J Touku w B D nmeer Bu [w, t]\{t},
a gponosaenue D\ J sBJsieTcs IOJKOHTUHYYMOM. Torja MHOXKECTBO

9@\ )

geG

siBjisteTcst (G-WHBApUAHTHBIM COOCTBEHHBIM IIOJKOHTHHYYMOM B CHIy JjemMmbl 3.10
(Hemycrora ciemyer u3 HemycroThl MHOXKecTBa R(D) Beiencrsue Toro, uro D He
siBsisiercst Jyroit). [Tosyuennoe nporuBopeune mnokaseiBaet, uro E(D) HecueTHO.
Eciu 6b1 y jneiicTBust Hanurach KoHedHasi opbuta (J, TO BbIIyKJias 000JIOYKA
hull(O) sroit opbursl Gbl1a 661 G-MHBAPUAHTHBIM HOJIUTOLOM. B cuity epsoro yreep-
JKJIEHHsT HacTosIIel TeopeMbl D mosmronom He siBisiercs. Cienosarensno, hull(O)
ecTb cobcTBeHHBIH G-MHBApUAHTHBIN TOKOHTUHYYM (jiemma 3.13). Tlosryyennoe mpo-
THBOPEYNE 3aBEPIIAET JIOKA3ATEIHCTBO TEOPEMBI. O

4 Jloka3aTeJIbCTBO OCHOBHBIX Teopem 1.1 m 1.2

4.1. Onpepenenue. BoITecHsOIMUE IIOCJIEAOBaTEILHOCTH. lloc/enoBareiib-
HOCTD (@;)jen aBroMopdu3MoB jgenputa D HA30BeM GuimecHA0wed, eciau J1Jisl Kaxk-
JI0T0 mosuTona 1', coCTOAIero u3 BHYTPEHHUX TOYeK JeHaApnTa D, HailIeTcsa 4uciio
Nr € N rakoe, aro oj(T) NT = @ nust Beex j > Nr.

4.2. Teopema. Ilycmwv cuemnasn epynna G deticmsyem zomeomopudmamiu, Ha derd-
pume D. IIpednonootcum, wmo D ne asasemcs dyzot u we codeporcum cobCmEeHHbLT
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G-unsapuanmmuuz nodkonmuryymos. Iycmo u — eepoammocmmasn mepa rwa G, Ho-
cumenv komopotl noposcdaem G kax noayepynny. Tozda noumu ecarxas mpaexmo-
PUA CAY$aTIH020 [-0ayorcdarus 6 G codeparcum 6viMeECHAIWYN NOONOCACI0BAMEAD-
HOCTD.

Teopema 4.2 nokasbiBaeTcs B § 5.

4.3. Onpenenenune. Bnosne gupakoBckue nocJieioBaTesibHOCTH. [locienoBa-
TeJIbHOCTD (v )jeN aBTOMOP)U3MOB JieHApuTa [ Ha30BeM 6noane Juparosckotl, eciiu
Haiigercsa Touka w € D u nogmuoxkecTBo Z C D, kotopoe jinbo 1mycTo, b0 COCTOUT
U3 OJIHOM KOHIIEBOM TOYKH, TAKUE, ITO I KaXKJI0i TOUKu t € D \ Z 1I0CJIeIOBATEIb-
HOCTD (i(t)) ;e CXOMUTCA K W.

4.4. Teopema. Kaoicdaa 6bimecHAOuaa nociedosamesbHoCmy a8MoMOPHUIMOS
dendpuma codeporcum enosre JuPaAKoOBCKYIO NOONOCACI0BAMEALBHOCTIID.

Teopema 4.4 nokasbiBaercs B § 6.

4.5. Corgyamenue. Beiony B pajbHeIeM o MEpaMU Ha, JEHIPUTE ITOAPa3yMeBa-
f0TCsI OOpesIeBCKIEe BEPOSITHOCTHBIE MEPhI.

4.6. Onpenenenne. Ciabo nupakoBcKue IocjieoBaTejabHOCTU. [locaenoBa-
TeJIbHOCTD (v;)jeny aBroMOpdu3MOB jieHputa D Haz0BeM caabo Jupakosckot, eciu
HalijeTcsa Todka w € D Takas, 9TO Jijid KaxKJI0il BHyTpeHHel Touku t € D mocyeo-
BaTeIbHOCTD (4 (t)) ;e CXOAUTCA K w.

4.7. Bameuanue. Teopema 4.10 xapakTepusyeT cjaa00 TUPAKOBCKUE ITOCIEI0BATE b~
HOCTH.

4.8. Onpenenenune. OcroBHast Mepa. Mepy Ha JeHIpUTE HAZ0BEM 0CMOEHOU, €CIIN
OHa He o0palllaeTcss B HOJIb HU Ha OJHON M3 BeTBel HeHIpuTa.

4.9. Jlemma. Mepa Ha dendpume ABAAECMCA OCMOBHOT €CAU U MOABKO ECAU EE HO-
cumend (HAUMERDULEE 3AMKHYMOE MHONMCECTNGEO, HA KOMOPOM COCPEIOMOYEHA MEPA,)
€O0epaHCUM MHOICECTNBO BCET KOHUELEHLT Mouer denHdpuma.

Zloxasameavcmeso. TlockosibKy BeTBE 00pa3yoOT JIOKAJILHYIO 0a3y B KaXKIOW KOHIIE-
Boil Touke geHapuTa (emma 3.16), HOCUTENb BCAKOW OCTOBHON Mepbl Ha JEHIPUTE
COIEPZKUT MHO2KECTBO BCEX KOHIIEBbBIX TOYEK JCHJIpHUTA. O6paTHO: €CJIN HOCUTEJIb
HEKOTOPOI MephbI COAEPXKUT MHOXKECTBO BCEX KOHIIEBBIX TOYEK JIEHJPHUTA, TO Mepa
ABJIdEeTCA OCTOBHOﬁ, IIOCKOJIBKY KazK/1asd BE€TBb COACPXKUT KOHIIEBYIO TOYKY (I/I ABJIA-
€TCsl, TEM CaMbIM, OTKPBITOH OKPECTHOCTBIO KOHIEBOi Toukm). [leficTBuresibro, eciu
661 BeTBb B jenapura D He cojeprkaia KOHIEBBIX TOUeK, TO obbeunenne B U {r},
riae 7 € D — ncrounuk BeTBu B, siBiIs710Ch Ob1 KOHTHHYYMOM (J1emMa 3.17) ¢ equn-
CTBEHHOII KOHIIEBOH (TO Ke, 4TO Hepasjensioneii) Toukoit. Kak xoporio ussecrHo
(cMm., manpumep, [Kur68, rinasa 5, § 47, paznen IV, Teopema 5| u nuTupoBanuyio tam
JIUTEPATYPY ), BO BCIKOM HEOJHOTOYEYHOM KOHTHHYYME CYIIECTBYIOT 110 KpailHeil Me-
pe JABe Hepas3JessIoline TOUKHU. O
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4.10. Teopema. Ilycmov (q;)ieN — MOCAEI0BAMENLHOCTL ABMOMOPPHUIMOE HEOO-
nomoveuwnozo dendpuma D u z — mouxa 6 D. Toeda caedyroujue ycrosusn sxeusa-
AEHIMHDL.

(a) Hatidemcesa nenpepwuisras ocmoshas mepa v na D makas, wmo nociedosamenn-
nocmov mep (o (V))ien cxodumes x 6-mepe d.

(b) JIas kaotcdoti enympenned mouku x € D nocaedosamervrocmo (o (x))ien cro-
dumea K z.

(¢) Jas xaotcdoti nenpepvisnoti (Gopeaesckots eeposmmocmmot) mepo, v wa D no-
caedosamenvrocmv mep (a;(V))ien cxodumes x §-mepe §,.

Teopema 4.10 mokaswiBaercsi B § 7.
Teopemsbr 1.1 u 1.2 cienyror u3 Teopem 4.2, 4.4 u 4.10.

Jloxazameavcmeo meopem 1.1 u 1.2. B cuny Teopemnr Hlaynepa—TuxonoBa—Kaky-
TAHU O HENOJBUXKHON TOYKE, MHOXKECTBO (BEPOSITHOCTHBIX OODPEIEBCKUX) fi-CTa-
MOHAPHBIX Mep Ha D Hemycro (cwm., Hanpumep, [Fur73, npemyoxenne 7.4]). Ilo-
CKOJIbKY JiefictBrue G Ha D He mMeerT KOHEUHBIX opbuT (Teopema 3.22), Kaxkjasi
p-cranuoHapHasi Mepa Ha D mempepbiBHa (cM., Hanpumep, [KM96, semma 2.2.2]).
Kaxk uzBecTHO, 110/1 IeiiCTBHEM 3/IEMEHTOB IIOUTH BCAKON TPACKTOPUH CJIYIaifHOTO fi-
6Ly 2K JIAHHST [I0CJIE/[0BATEILHOCTD 06Pa30B IIPOU3BOJIBHON [i-CTAIMOHAPHON MephI (Ha
KOMITAKTHOM METPUYECKOM IPOCTPAHCTBE) CJIa00 CXOJUTCS K HEKOTOPOMY IPeJIesry
(em. [Fur73, reopema 7.5], [KM96, nemma 2.2.3|). ITockosibKy Mepa, (@ HEBBIPOXK/IEHA,
B cuity TeopeM 4.2 u 4.4 10uTH BCAKAS TPACKTOPHUS CJIYUANHOTO (4-OJIy2KIaHUs COep-
JKUT BIIOJIHE JUPAKOBCKYIO ITOJIIOCTIE0BATEIBHOCTD. OYeBUIHO, ITO O IeHCTBHEM
3JIEMEHTOB BIIOJIHE JIMPAKOBCKOI TTOCJIEI0BATEHLHOCTH OCIEI0BATEHLHOCTE 00Pa30B
IIPOU3BOJILHON HEIPEPBIBHON MEPBI CXOJIUTCsT K JIUPAKOBCKOi Mepe. CJienoBaTe/ibHO,
[IOJT, IEWCTBUEM 3JIEMEHTOB MTOYTHU BCAKON TPAEKTOPHUH CJIYUAHHOTO -0y 2K IAHUS 110-
CJIeI0BATE/IbHOCTE 00Pa30B MIPOU3BOJIBHON [I-CTAIIMOHAPHON Mepbhl CXOJIUTCS K HEKO-
Topoit aupakoBckoit Mepe. CormacHo ompemenennio py-rpanutt mo Propcrendepry
(cM. onpegiesienne 2.4) 910 O3HAYAET, YTO, KAKOBA Obl HU ObLIA fi-CTAIIMOHADHAS Me-
pa v, napa (D, v) sBisiercst p-rpanuieit no @opcrenbepry. Torya B cuity Teopemsr 2.5
neticrBue G Ha D p-tipokcumasibuo. Teopema 1.1 mokaszana.

W3 nmokazaHHOM (-TTPOKCUMAJILHOCTU JefCTBUS 110 Teopeme 2.5 cjeilyeT, UTo -
cranmonaprasi Mepa B P(D) eauncreenna. OG03HAUNM 3Ty €IMHCTBEHHYIO [i-CTa-
IIIOHAPHYIO Mepy 4epes v,. HelmpepbIBHOCTE MepEl v, 00bACcHseTCS B IEpBOil JacT
JokazaTenbersa. [lokazkem, 4To v, aBisgerca ocrosHoil. IIpeamnono:kum, HaIpOTUB,
9TO 1/, OCTOBHOI He SIBJISIETCH, T. €. Haiinercst BetBb B B D Takast, uto v,(B) = 0. ITo-
CKOJIBKY (4 HEBBIDOXKJI€HA, BCAKAs -CTanuoHapHas Mepa B P (D) KBa3u-mHBapHaHTHA
10 OTHOIIEHUIO K jeiicTBuio rpynnbl G (cM., nanpumep, [VMOS, semma 3.3]), Tak aro
vu(9(B)) = 0 ana Beex g € G. Orciona nostyyaem, uro v,(G(B)) = 0. Oxnaxo u3
[IpeInoIoXKenusi 06 orcyrcrBun B D coOCTBEHHBIX (G-UWHBAPUAHTHBIX MOJIKOHTUHY-
yMoB BbITeKaeT, 4ro G(B) = D (1emma 3.21), tak qro v,(G(B)) = v, (D) = 1.
IToryuennoe IpoTUBOpPEYNe JIOKA3bIBAET OCTOBHOCTH MEPHI V.
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ITo onpenenennto p-rpanuisl no Poperenbdepry (omnpenesnenne 2.4), s Ho9TH
BCSIKOH TpaeKTopuu T = (7;);eN, IPABOIO CIyYailHoro y-O/IyzKIaHus Hail/leTcs Tod-
Ka z(7) B D Taxasi, 9TO 1OCJI€I0BATENbHOCTD (T;(Vy))ieN, CXOAUTCA K JAUPAKOBCKOI
Mepe 0 (;); IPU 9TOM pacTipeJiesienue peIeson z(7) 3anaerca Mepoit v, (cm. [MNS12,
yrBepzkienne 2|). [TockonbKy Mepa v, HEIIPePBIBHA U sIBJISIETCH OCTOBHOIA, 3/1€Ch IPH-
mennMa uMmiuinkarust (a) = (b) reopembt 4.10, U3 KOTOPOIi CJIe/yer, 4To s IIOYTH
BCSAKOI TpaekTopuu T = (7;)ieN, IPABOrO CIIy9IallHOTO [1-OJTy K IaHNsT U JIUIsT KaXK 101t
BHyTpeHHeit Toukn x € D nociegoBarensHocTs (7;(2))ien, cxopurest K z(T). 1o Jo-
Ka3biBaeT Teopemy 1.2. ]

4.11. 3ameuanne. HokazareabcTBo TeopeM 1.1 u 1.2 MOXKHO mpoBecTH 6€3 UCIIOJb-
30BaHUs TeopeMbl 4.4, onmpasich Ha OoJiee C/IabbIil pe3y/IbTaT O TOM, UTO MOYTH BCS-
Kasl TPAEKTOPUs CJIYUYANHOro p-OJIyzKJaHUs COJAEPXKUT CJIa00 JUPAKOBCKYIO IO/IIIO-
csieoBaTe/IbHOCTE (CM. onpejesenne 4.6 u jemmy 6.1) u Tor daxr, 4TO MOJ JEii-
CTBHEM 3JIEMEHTOB CJIADO JUPAKOBCKON IOCJIEI0BATEILHOCTH IOCJIEI0BATEIbHOCTD
00pa3z0B MPOM3BOJILHOI HEIPEPBIBHOI MEPBI CXOAUTCS K JMPAKOBCKOI Mepe (MMILIU-
karyst (b) = (c) Teopembr 4.10). OTMernm Tak»>Ke, YTO MPUBEJIEHHOE JTOKA3ATETHCTBO
TeopeM 1.1 u 1.2 u3 Bcex nMmmmkanuit TeopeMsl 4.10 UCIOIB3YET JTUITH UMIITUKAITIIO

(a) = (b).

4.12. Bameuanmne. Teopema 1.2 mokasbiBaet, 9To (B ycaoBusax TeopeM 1.1 u 1.2) mo-
UTH BCSIKAsI TPAEKTOPUSI CJIYIANHOTO (1-OJIY 2K TAHUS SIBJISIETCsI CJ1ab0 JIMPAKOBCKOM 110~
ce10BaTeIbHOCTBIO. Ha mpuMepe mpocToro 61y2K1aHust B CBOOOIHON rpyIIle HeTPY/I-
HO yOEIUTHCS, YTO BIIOJIHE JUPAKOBCKOM IIOCIEI0BATE]ILHOCTHIO TUINIHAS TPACKTO-
pusi ciydafiHOro (-OJ1y2KIaHusT MOYKET HE SIBJISATHCH.

4.13. 3amaua. Eciim npemesbHO# TOYKON cj1abo JUPAKOBCKOH ITOC/IEI0BATEIHHO-
CTU SIBJISIETCsI KOHIIEBasI TOYKA JEH/PUTA, TO JIaHHAs TIOCJIE€I0BATE/ILHOCTD SIBJISIETCS,
KaK HETPY/HO BHUJETH, BbITecHsomeil. Takum obpasoMm, ecin (B yCJIOBHIX TEOPEM
1.1 n 1.2) p-cramuoHapHast Mepa v, CKOHIIEHTPUPOBaHa Ha MHOYKECTBE KOHIIEBBIX TO-
9eK JIEHJIPUTA, TO MOYTH BCAKAST TPACKTOPUS CIYyIANHOTO U-O/IyKIAHUS ABJISIETCS
BBITECHSIONIEH Tocae0BaTeIbHOCTBI0. OIHAKO, €C/Id IIPeaeIbHOIM TOYKOM c1abo JIn-
PAKOBCKOM TTOCJIEIOBATE/ILHOCTHU SBISETCS BHYTPEHHAA TOUYKA JIEHIPUATA, TO TAHHALA
[IOCJIEIOBATE/ILHOCTD He 00sI3aTeIbHO ABJISIeTCsT BHITECHATOIIei. Bompoc: cymecrByer
JIM TPUMED JIeNCTBUS TPYIIIBI HA JIEHIPUTE, YIOBIETBOPSIONINN YCIOBUAM TeopeM 1.1
u 1.2 1 TaKoii, ITO [0JId TPAEKTOPHUl (-OJ1y XK IaHUs, HE SIBJIAIONINXCST BBITECHSIOITIMI
[IOCJIEIOBATEILHOCTSIME, UMEET HEHYJIEBYIO Mepy?
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5 Jloka3aTeJabCTBO TeopeMbl 4.2 0 BbITECHSIOMINX IIOIIO-
CJIeIOBATEJIbHOCTAX

5.1. Onpegenenne. CuHaeTn4YeCcKoe IIOAMHOXKeCTBO. llommuoxkecTso S cuer-
HO rpymbl G HasbBaeTCs cundemuyveckum'’, ecim 11s HEKOTOPOro KOHEYHOIO TI0]I-

MHOXkecTBa A C G BbInoJiHeno ycyoue A- S =5-A =G.

5.2. JIemma. Ilycmo p — HEGPONHCIEHHAA BEPOAMHOCTIVHAA MEPA 6 CHEMMHOT 2PYN-
ne G, a S — cundemuneckoe nodmmnoosrcecmeo 6 G. Toeda nowmu ecaras mpaekmopus
w-bayorcdanua 6 G noceusaem nodmmosicecmeo S beckoneunoe wucio pas.

Jloxazamenvcmeo. s nokazaTenbeTBa 3Toro (akra JOCTATOYHO 3aMETUTh, ITO
JUIS KazKJIOPO KOHEYHOro TojAMHOKecTBa B C G Haiifiercsi KOHEUHasl I0C/Ie10Ba-
TeJBHOCTD (g1,92,---,0k) C gr € supp(p) Takasi, 970 B COAEPKUTCS B MHOXKECTBE
{91,9192,--.,91 " g}, n UpuMeHUTH BTOPYIO JieMMy Bopessi—Kanresm. O

JokazarenbcTBo TeopeMbl 4.2 6asupyeTcst Ha CIIEYIONIEH TeopeMe.

5.3. Teopema. I[lycmo cuemnasn epynna G deticmeyem 20meomophusmamu 1a dernod-
pume D. IIpednorootcum, wmo D we asasemes dyzot u He codeporcum coOcmeeHHbix
G-unsapuarmuur nodkonwmunyymos. Toeda dis arwbozo nosumona K C D mmoorce-
cmaeo

Hig:={ge G : g(K)NK =g}

ABAACNCA CUHOEMUNECKUM, M. €. OAA HEKOMOPO20 KOHEUH020 nodmuodicecmea A C
G svnoanaemces yeaosue A- Hy = Hix - A =G.

5.4. Onpenenenue. OcToOBHOE MOAMHOXKECTBO. [[0IMHOXKECTBO B JIeHIPUTE Ha-
30BEM 0CTMOGHbLM, €CIII OHO TIepeceKaeT KaykKayio BeTBb jenapura. (Cp. ¢ ompenese-
HueM 4.8 0CTOBHOI MepBhl. )

5.5. ¥YrBepxkaeuue. I[lycmo epynna G deticmeyem wa dendpume D. I[Ipednoso-
otcum, wmo D me codeporcum cobecmeennoir G-UuHBAPUGHMHBLIL NOOKOHMUHYYMOS.
Tozda scaroe nenycmoe G-unsapuarnmmuoe nodmmoscecmseo 6 D aeasemes ocmos-
HoM. B wacmnocmu, ecau D ne asasemcs dy2ot, mo arwbas semev 6 D codeporcum
MoKy eemeenus, a aobas neevposcdernnanl eemev 6 D codeporcumen 6 semesu,
UCTNOYHUKG KOMOPOT ABAACNCA TOYKOT 6EMBAEHUA.

oxaszameavcmeo. lomyctum, 910 HEKOTOpPOe Henmycroe (G-MHBAPUAHTHOE IOJMHO-
kecTBO S C D He sBJIsIeTcsT OCTOBHBIM, Tak UTO B ) Halijercst BeTBb B, He mepece-
karorras S. Torpa B cuty G-unBapuanraoctu S He nepecekaercs u ¢ G(B). Onnako

0B jmreparype MCIOIBIYIOTCS TAKXKE TEPMUHBL KOOZPAHULEHHOE MHOXKECTBO, d-NA0MHOe MHO-
KEeCTBO, d-cemb.
" Bersp HasbIBAETCH 6bIPOICIENHHOT, SCIN €€ MCTOUHUK HAB/IAETCH KOHIEBOII TOUKON (OImpemeste-

uue 3.3).
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G(B) = D no nemme 3.21. Orcroga Boitekaer, uro S = &. [lonyduennoe nporusope-
qre JJOKa3bIBaeT IEPBYIO 9acTh YTBEPIK/ICHIUA.

B ciyuae, eciiu D He siBisiercsi jiyroif, MHOYKECTBO TOY€K BeTBjeHus B D Helry-
cro. ITockobKy 9T0 MHO!KeCTBO (G-MHBAPHAHTHO, OHO SIBJISIETCS OCTOBHBIM, TaK UTO
nm06ast BeTBb B D COEPKUT TOUKHU BeTBJIeHUs. Ecim B — HEBBIPOXKJIEHHAS BETBb,
to B D maiinerca BerBb (ckaxkem, B'), He nepecekaromasicsa ¢ B. B cuny nokasan-
Horo, B B’ naiijercst Touka BerBieHus (ckaxkeM, 7). IIocKoJbKYy T He JiexKuT B B,
BeTBb B, Oy/lyun CBSI3HOI, IEJIMKOM JIEXKUT B OJIHO M3 KOMIIOHEHT CBSI3HOCTH MHO-
xecrsa D\ {r} (T.e. B onHO{ U3 BeTBell ¢ HCTOIHUKOM B T CP. € yTBepKeHueM (5)
aemmbl 5.10 B [Mall4]). Dra komnonenTa cBsisHocTn MHOXKectBa D \ {r} u spisercs
HMCKOMOH BETBBIO. O

5.6. YrBepxkaeume. I[lycmv cuemnas epynna G deticmeyem zomeomoppusma-
Mmu wa dendpume D. Ilpednosoosicum, wmo D we asasemesn 0y2otl u He codepocum
coocmeennvir G-uneapuarmusir nodkonmunyymos. Ilycmo B — nesviposrcdennas
semev 6 D. Tozda natidemca 6eckoneunoe cemeticmeo {g;tien anemenmos us G ma-
Kkoe, wmo obpasv {g;(B)}icn nonapro ne nepecexaromcs.

Zoxaszameavcmeo. Ilycts r — ucrounuk BerBu B. YTBepxkaeHue 5.5 CBOIUT 0K~
3aTeLCTBO K CIIyHalo, KOTJa 7 ABIAeTCs TOdKof Bersaenus. ObozHaanmM uepes B
obbeuuenne B U {r}. Muoxkectso B siBisiercs nogkontuyymom B D (evma 3.17).
PaccmoTprM nepecedenue MOKOHTHHYYMOB

K = ﬂ g(B).

geG

B senapure mnepeceueHne MoJKOHTUHYYMOB U3 MIPOM3BOJBLHOIO HAOOpa JnbO IycTo,
b0 siBsisiercst mojroHTHHYyMOM (71emMa 3.10). TTockosbky npennosnaraercst, aro D
He COJIEPKUT COOCTBEHHBIX (G-MHBAPUAHTHBIX TIOJIKOHTUHYYMOB, a nepecedenue K B
cuty omnpejenenns G-UHBApUAHTHO W He coBlajaer ¢ D, orciofa ciemyer, 4to K
yCTO.

Kax uzBectno, ecau 6 nabope nodkonmunyymos dendpuma a106vie 066 NOJKOH-
MUHYYMA NEPECEKANOMCA, TO NEPECEHEHUE BCET NOOKOHMUNYYMOSE HAOOPA HENYCMOo
u asasemea nodkorumunyymom (memmva 3.11). CiemoBaTenbHo, HafiyTCs Takue gp
u g B G, uaro g1(B) u g1(B) ne nepecexaiorcs. Takum obpasom, B u h(B), rue
h := gy g2, He nepecexatorcst (5 wactHoCTH, T He JexuT B h(B)).

Bamernm, uro noakoHTHHYYM h(B), 6yIydn CBAZHBIM, HEJIUKOM JIEKUT B OHOM
U3 KOMIIOHEHT cBsizHocTH MHOXkecTBa D\ {r}. CienoBaresbHO, MOCKOJIBKY TOYKA T°
SIBJISIETCST TOYKOM BeTBJIeHus, T. e. D\ {r} nmeer He MeHee Tpex KOMIIOHEHT CBSI3HOCTH,
Hafisercs BeTBb (ckaskem, E), me mepecekatomas mu B, uun h(B). Cornacuo yTBep-
JKJieHnto 5.5, B E HaiieTcs ToUKa BeTBJICHUSA (CKaykeM, 72). Muoxectso D\ E cBsI3HO
(memma 3.17). ITockosibKy TOUKA T9 HE COAEPIKHUTCs B CBsi3HOM MHOXKectBe D\ E, oj1-
HA U3 KOMIIOHEHT CBst3HOCTH mpocTpancTsa D\ {re} (nmm, aTo To ke camoe, ofHa u3
BeTBell ¢ UCTOUHUKOM B T2) copepxkur D \ E. O603HaunM 3Ty BETBb (COIEPKAIILYIO
D\ E u ¢ uCTOYHIKOM B 73) 1epes Bo. ITo moctpoenmio, By comepskur B u h(B)
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(xotopeie mexkar B D\ E). Tlonoxus By := By U{ry} u oBTOpsis HAYATBLHYIO Y9acThb
HACTOSAINErO JI0KA3aTeIbCTBA, MBI IIOJIydaeM, 4To Haifijgercst sgeMeHT hy € G Taxoi,
uto By u ho(Bs) ne nepecexatorca. Takum obpasom, muoskectsa B, h(B), ho(B) u
hoh(B) momapHo He TIepeceKaroTCs.

[loBTopsisi MpoJIe/IaHHbIe Paccy KjeHns, HaiijieM BeTBb Bs, cojepzaityio By u
ho(Bs), u T.1. VHIyKIMOHHbII MTepexos| 3aBepIiaeT J0Ka3aTeIbCTEO. O

5.7. ¥YTBepxkaenue. I[lycmo cuemmnasa epynna G deticmeyem 20MeoMOPHUIMa-
Mmu na dendpume D. IIpednosooicum, wmo D we aeasemces 0yeotl u He codepocum
cobecmeernvir G-unsapuarmunr nodkonmunyymos. Hycmsv B — wneswvipoorcdernrasn
semev 6 D. ITycmov n € N. Tozda cywecmeyem nabop S := S(B,n) C G uzn+1
aneMeHmMa maxot, wmo oas a006020 Habopa P usz n mouex ¢ D matidemcs maxoti
anemenm s € S, wmo hull(P) N s(B) = .

Jlokasameavemeo. B cuity yreepxienus 5.6, Haiijgercs nabop S := S(B,n) C G u3
n + 1 sjeMeHTa TaKoil, YTO BETBH, fABJIAOINecS oOpa3aMu BeTBU B mox neficrBuem
9JIEMEHTOB U3 S, IOIapHO He Iepecekatorcs. CileoBaTebHO, /It JI000ro Habopa
P u3 n rouek maiimerca s € S rakoe, uro BerBb S(B) He mepecekaer P. OnHako,
[IOCKOJIBKY JIONOJIHEHHE BCSKOW BeTBU CBsi3HO (j1emma 3.17), orciona cieiyer, 9To

hull(P)Ns(B) = @. O

5.8. YrBepxkaenue. I[lycmo cuemnan epynna G dedicmeyem 20MeoMOPHUIMaMU
na dendpume D. IIpednosooicum, wmo D we sasasemcs 0yzoti u He codeporcum cob-
cmeeHHur G-uHsapuaHmuuir nodkonmunyymos. Ilyemo K — cobemeentvili noodkom-
munyym 6 D. ITyemv n € N. Tozda cywecmeyem nabop S := S(K,n) C G usn+1
2NEMENMA MAKOT, MO 0Af NPou3sosvHo20 Habopa P us n movex 6 D natidemca
maxot anemenm s € S, wmo hull(P) N s(K) = @.

Aoxasamenvcmeso. TlockombKy mogkoHTHHYYM K sIBIISIeTCst COOCTBEHHBIM, B JIOIOJI-
uennu D\ K umerorcs BuyTpentue touku jgenapura D. (Cu. semmy 3.4: MHOXKeECTBO
BHYTDEHHHX TOYEK HEO[HOTOUEIHOIrO NEHIPHUTa BCIOAY II0THO.) Ilycts o — BHYT-
pennsist Touka u3 D\ K. Muoxecrso K, 6y/yun CBSI3HBIM, COIEPKUTCH B OIHON U3
KOMIIOHEHT CBsI3HOCTH (CKakeM, B Kommonente B) muoxkecrsa D \ {z}. ITockosbky
& — BHYTpPEeHHssl TouKa Jenaputa D, BeTBb B HeBbIpoxKeHa. Temepb yTBepx aeHue
IPSIMO CJIeyeT U3 yTBEPXKIEHNS O.7. O

Bzsis B yTBepKIeHun 5.8 B KaUeCcTBE MOAKOHTUHYYMa IIOJUTOI, TOJIYIaeM CJie-
JyIoniee.

5.9. ¥YTBepxkaenue. I[lycms cuemmuas epynna G deticmeyem 20MeoMOpHU3Ma-
Mmu na dendpume D. IIpednosooicum, wmo D we aeasemces 0y2otl u He codepocum
coocmeennvir G-uneapuanmuux nookonmunyymos. Ecau K — noaumon (swvimnyk-
Aaf 060404Ka KOHewnozo nabopa movex) 6 D, mo cywecmeyem xoneunwl Habop
S = S(K) C G maxkoti, wmo dasn awbozo g € G natidemca maxol aaemenm s € S,
wmo g(K)Ns(K) =@.
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Jloxasamesvcmeo meopemuvi 5.3. Tlockonbky D He sIBIs€TCsI HMOJMTONOM (Teope-
Mma 3.22), nosmron K sBisiercst cOOCTBEHHBIM HOAKOHTHHYYyMOM B D (emma 3.13).
B cuny yrBepxkuenusi 5.9 s mosurorna K Halijgercss Takoil KOHEUYHbINH HAaO0OD
S :=S(K) C G, aro mys moboro g € G pu HEKOTOPOM S € S BBIIOIHEHO YCJIOBHE

Kngl's(K)=s"19(K)NK = 2.
Ionoxkus A := 8 U S~ nonyuaem xenaemoe A - Hg = Hi - A = G. O

Jloxazamenvcmseo meopemos 4.2. Ilokazkem, uro B D Haiimercs: cyeTHasl MOCJI€EI0Ba-
TeJIbHOCTh BJIOYKEHHBIX ITOJIUTOIIOB

T1CT2C"'CTkC...

Takag, 4T0 obbequuenne | J, Tk COAEPKHUT Bece BHYTDEHHHE TOUKM Jenjpura D.
JleiicTBUTEIBHO, B CHIy cenapabebHOCTH JeHIpUTOB B [ HalieTcss C4eTHOe BCIOLY
IJIOTHOE MOAMHOXKeCTBO {Z; }ien. duist k € N onpenesnm nommron T); Kak BBILYKJIYIO
060J109Ky MHOXKeCTBa {1, ..., Tk }. Kaxnas BHyTpeHHsisi Touka p jeHjapura D pas-
JIeJISIeT JeHIPUT Ha Habop BeTBeil. DTOT HAbOP COMEPKUT 110 MEHbIIeH Mepe JBe BeT-
BU (110 Ompeesiennio BHyTpeHHeil Toukn). IlockoapKy BeTBI OTKPBITHL (1emma 3.15),
B {%;}ieN HAyTCS TOUKHU T, U Tp, JIEIKAIHME B ITUX BETBsIX. [IOCKOIBKY TOUKA P
pasJiesisieT TOYKU Zq U Tp, TOUKA P NPUHAIJIEXKUT JyTe [Tq,xp| (1emma 3.6). Ciemno-
BaTeILHO, P JEKHUT B obbemunenun (J, oy T
B cuny teopemsr 5.3 s kaxkgoro k € N MHOXKeCTBO

Hy, ={g9€ G : g(Ti) N T}, = o}

cunjiernyano. CiienoBarenbHo, Jjsd Kaxjaoro k € N moutu Bcsikas TPAEKTOPHUS -
6ayxpanust B G mocemaer MHOXKecTBO Hyp, GeckoHedHoe 4nciao pa3 (jemma 5.2).
Taxum 06pasoM, MOCKOJIBbKY PACCMATPUBAETCHA CIETHAS IIOCJIEI0BATEIbHOCTD, IIOYUTH
BCAKad TpaeKTopud -OnyzKnanus B G mocemaer Kaxjioe u3 Muoxkects Hr, , k € N,
OecKoHEeYHOE YUCIO pa3. Paccykmenuns, 3aBepliaioniue 10Ka3aTe/ILCTBO, OUE€BUIHDI.

O

6 JlokazareabCcTBO TeopeMbl 4.4 O BOOJIHE AMPAKOBCKUX
oCJIeJOBATEJIbHOCTIX

JlokazaTeabcTBO TeopeMbl 4.4 OnupaeTcs: Ha CJICIYIONIYIO JIEMMY.

6.1. Jlemma. ITycmo (q;)ieNy — SBUMECHANOWAA NOCAEOOBAMEALHOCTND ABTMOMOD-
Ppuamos dendpuma D. I[lycmv x — enympenusas, a w — npoudsosvhas mowkas 6 D.
IIpednonootcum, wmo nocaedosameavrocmy (o;(x))ien cxodumesa x w. Tozda das
Kkaotcdol enympennetd mowku t € D nocaedosamenvrnocmo (a;(t));en makorce cro-
dumes K w.
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6.2. Sameuanue. /lokasbiBaemasi TeopeMa 4.4 yTBEPXKIAET, UTO KarXKIasi BBITECHSIO-
asi MOCJIEeI0BATETHFHOCTD COJIEPKUT BITOJIHE JIMPAKOBCKYIO. JlemMa 6.1 mmokasbrBaer,
YTO KaKJiasl BITECHSIONIAS [T0CIE0BATE/ILHOCTD COIEPIKUAT CI1a00 IUPAKOBCKYIO. 3a-
METHM, UTO He BCsKas ¢Ia00 IMPAKOBCKAsI MOCIEIOBATEILHOCTD COMEPXKUT BITOJIHE
JUPAKOBCKYIO IIO/IIOCTIEIOBATEILHOCTD.

Hoxaszamenvcmeo aemmu, 6.1. Bocronbsyemest KpuTepueM CXOAUMOCTH U3 JIEM-
Mbl 3.19. CoryiacHO TOMY KPUTEPHUIO, €CJIN TIOCJIEI0BATEIbHOCTD (i (X)) eN cXomuTest
K W, TO Jyisi KaxKJI0il BHYTpenHeii Toukn z € (D \ {w}) mHOXKeCTBO

{1 eN:ze€w, o)}

IIyCTO WJIH KOHEYHO. BMmecTe ¢ TeM, st JTIOOBIX TPeX BHYTPEHHUX TOYeK a, b u ¢ B D
MHOXKECTBO

{j €N : c€ qja,b]}

TaKKe IyCTO MUJIM KOHEYHO, IIOCKOJIBKY II0CIIEJ0BATEIbHOCTD (v )icN SIBJISIETCS BbI-
TecHstIomeil. B gacTHOCTH, A1 JTI00BIX BHYTPEHHUX TOYEK t U 2 B [ MHOXKECTBO

{j eN: z € qjz,t]}

IIYyCTO MJIKX KOHEYHO. OTCIO,Ha cjaeayer, 9To IJid JIIO6bIX BHYTPEHHHUX TOYECK tuzs D
MHOZKECTBO
{jeN: z€[wa;)]}

IIyCTO MJIM KOHEYIHO, TaK KaK
[w, a(t)] € ([w, oj(2)] U o]z, 1))
o siemme 3.8. Orciofia B cuily Kpurepus JieMMbl 3.19 ciemyer Tpebyemoe. 0

Zloxasameavcmseo meopemo, 4.4. BpibepeM MpOM3BOJILHYIO BHYTPEHHIOIO TOYKY g
B D. B cuy KOMOAKTHOCTH HaiiIeTcst IOAIOCAe0BaTebHOCTD ([5;)ieNn B (Q4)ieN
1 (BO3MOXKHO, COBHAJAIONINE) TOYKU a U 2z B [ Takue, YTO IIOCJIEI0BATEIHHOCTD
(Bi(z0))ien cXOmUTCS K @, & MOCIIEIOBATEIHHOCTD (ﬁ;l(azo))ieN — K 2.

Tloxaxkem, aTo ecyiu Touka t € D He sIBJIsIeTCs KOHIEBOi b0 HE COBIIAJAET C Z,
TO mocsIeI0BaTeIbHOCT ([3;(t))ien cxomuTces K a. IIpeamonoxum, 9o 1y1st HeKOTOPOit
Toukn p € D nocsenoarenbHocTh (5;(p))ien K TOUKe a He cxoaurcs. Torja B cuity
nemmbl 3.19 Haiigyrces Buyrpenuss touka y € (D \ {a}) u moamociienoBarebHOCTD
(7i)ien mocaenoBaresnbHocTh (3;)ieN Takue, 9To Bee ayru [a,v;(p)], i € N, comepxar
TOYKY Y, a HU OzHA U3 JyT [a,Y;(2o)], i € N, ee ne comepxkur. Torya, MOCKOIBbKY 11O
JieMMe 3.8 BBIIOJIHSICTCS BKJIIOUCHUE

[a,7i(p)] C [a,7i(x0)] U [vi(z0), 7i(p)],

Bee ayru [vi(2o),vi(p)] = vi([zo, p]), ¢ € N, comepxkar y. B gacrHoCTH, U151 KAXKI0TO
i € N rouxa v, Y(y) npunammexxur myre [xg, p|. 3aMeTHM, UTO MOCIEIOBATEIHHOCTD
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aBTOMOP(U3MOB (’yz_ l)i ey fABJISIETCS] BBITECHSIOIIEH, Oy/y4H IOIIIOCTIEe 0BaATEHHO-

CTBIO B TIOCJIE/IOBATEIbHOCTH (oz; 1)1. e KOTODasl ABJIACTCH BBITECHSIONIEN B CHIY
PE/IIIOJIOKEHHSI O TOM, YTO HOCJIEJIOBATELHOCTD ((V;)icN SBIISAETCS BBITECHSTIOIIEH 2.

HOKa)KeM, Y9TO BBIIIOJIHAIOTCHA CJIEAYIOIINE YyCJIOBUA:

(i) Touka p siBJIeTCsT KOHIEBOH B D,

(i) mocenosarensrocts (v, '(y)). .\ cxomuTes K p.

i€EN

(i) HeiicrBurenbHo, ecam OBl TOYKA p sBIAAACH BHYTDPEHHEH, TO IOJIH-
ror hull{p, zg,y} cocrosim Gbl U3 BHYTPEHHUX TOYEK, U B CHJLY TOIO, UTO IIOCJIE-
JIOBATEJIBHOCTD (7, l)ieN SIBJISIETCS] BBITECHSIIOINEH, JIJISI JTOCTATOYHO OOJIBINUX ¢ He
BBIITOJTHANIOCH GBI BbIIEyKa3aHHoe BKIouenne v, ' (y) € [zg, p).

(ii) Ecim 661 OCI€10BATEIHEHOCTD (71_ l(y)) HE CXOJIJIaCh K P, TO, TTOCKOJIbKY

€N
BCE TOYKH TOIl MOCIIEIOBATEIbHOCTH IIPUHAJIIEXKAT JyTe X, p|, HAILIACH OBl GECKO-
HeYHas IMOJIII0CAeI0BATETbHOCTD (%— l)i cn B (fyl_ 1)1. ey U TOUKa P BHYTDU JyTH [T, P

TaKme, 9TO BCE TOUYKH ¥, Y(y), i € N, mpunaesxam 661 (cocrosimeii 13 BHYTPEHHIX
TOYEK JeHJIpHUTA) Jyre [To, p|. OJHAKO TO HEBO3MOYKHO B CHJIY PACCYIKJIEHUS U3 J10-
Ka3aTe/IbCTBa yTBep:KIeHus (1), IIOCKOIBKY TOYKHU Y, Lo U P ABJIAIOTCS BHYTPEHHUMU,

a T0C/IeI0BATEILHOCTD (7 §) YU OIIIOCJ/IEJOBATEILHOCTLIO BBITCCHSIONMICH
(A

ieN?
;e ABIISIETCS BBITECHIIOME!,
Urak, mMbl nokasasu, 9ro yciaosus (i) u (ii) somosmsores. U3 yenosus (ii) B

cuiy JieMMBI 6.1 BbITEKaeT, 9TO MOCIeI0BaTEIbHOCTD (7; 1(1‘0))

K TouKe p. OTCI0/a, TOCKOJIbKY TOCIE0BATEILHOCTD (’yz_ !

II0CJICJOBATE/IbHOCTH (’7; )

icN TaK2Ke CXOJNTCA

(fﬂo))i ¢ ABJISIETCS IIOJIIO-

CJIeZI0BATENILHOCTIO B (3] 1(360))1. o @ (B l(mo))i cn CXOIWTCH K Z, MBI IIOJIyae,
4TO P = 2.

Taxkum 06pa3oM, U3 HPEJIIIOJIOKEHUST O TOM, YTO II0CJIEI0BATEILHOCTD ([3;(p))

1€ND
e p € D, He CXOUTCA K TOYKE G, BBITEKAET, YTO TOUYKA P sABJISIETCA KOHIIEBON M UTO
p = z. OTcro/ia OYEBUIHBIM 00PA30M CJIEJIyeT YTBEPXKJIEHUE T€OPEMBI. ]

7 JlokazareabcTBO TeopeMbl 4.10 o cabo AMPaAKOBCKUX
MOCJIEIOBATEIbHOCTIX

Aokasamesvcmeo umnaukayuu (a) = (b). Ilycrs x — BuyTpenuss touka B D. To-
ria B D naiigercs napa HecoBnajaonmx serseit V u W ¢ ucrounukom B . B cuity
IIPeIIoIaraeMoii OCTOBHOCTH MepbI £t BBIIONHsI0TCs yetosust (V) > 0 u p(W) > 0.
ITocKoIbKY MOCITIEI0BATELHOCTD Mep (v (V))ieN C1abo CXOMuTest K O, HalyTCs 1o-
cJiesloBaTesIbHOCTH Touek (V;)ien B V 1 (w;)ien B W Takue, 4T0 110CI1€10BATEIBHOCTH
(i (v:))ien, 1 (ai(w;))ien cxomares K z. 3amernm, 9T0 (1t Kaxkaoro ¢ € N) Toukn
v; U w; pa3jieJieHbl TOYKON & (TaK Kak v; U w; JIEXKAT B PA3HbIX BETBAX C UCTOY-
HUKOM B T, & BCe 9TU BETBHU SIBJISIOTCH OTKPBITO-3aMKHYTBIMU OJMHOKECTBAMU B

2Femn  mocienosaTensHOCTD (ati)ieN #ABJSIETCA BBITECHSIONIEH, TO W MOCJIEIOBATEIHLHOCTH
-1 o
(0%' )ieN SABJISIETCSI BBITECHATONIEH, MOCKOJBKY JIJIsI ITPOU3BOJILHOTO aBTOMOPGMU3MA (¢ U TIOJIMHO-

sxectsa S C D somosmstercs yemosue (a(S) N S) = a(SNa~'(S)).
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upocrpancree D \ {z} no semme 3.15). Orciona B cuiy jgemmbl 3.6 cieyer, 9To
x € [vi,w;] n, 3paunt, o;(z) € [oi(vi), ai(w;)]. Orcioga BeITEKAET, UTO MOCIIEI0BA-
TebHOCTD (v (X));eN cxomuTes K z, MOoCKOIbKY (v (v;))ien U (ai(w;))ien cxomsiTest
K z (crencrue 3.20). O

Jlokasamenvemeo umnaukayuu (b) = (¢). ITockosbKy BeTBU 06pa3yioT B J€H/IPUTE
npe6asy OTKPBITHIX MHOXKeCTB (jtemma 3.15), i JoKa3areIbeTBa TOTO, YTO IMO-
cJie/1oBaTesIbHOCTb Mep (v (V))ieN CXOAUTCst K Mepe 0, JOCTATOYHO MOKa3aTh, UTO
JUls KaxKJIoi BeTBH B, colepiKalieil TOUKy 2, HOCJIeI0BATENIBbHOCTh V(a; 1(B))ieN
cTpeMuTcd K 1, WiIu, 94To TO Ke caMoe, II0CJIe0BATeILHOCTD V(Oél-_l(D \ B))ien cTpe-
murcst K 0. TTockombKy monosaenue Jjiioboii BeTBU B AeHapuTe cBsA3HO (aemMa 3.17),
nocJiejinee BbITekaeT u3 cieipytomeit gemmbr 7.1. (Ilpennonoxkenus: jemmbr 7.1 st
nocrenosaresioctn (o (D \ B))ien BBITOMNHEHDI, TOCKOILKY BeTBL B sBisercs
OTKPBITBIM MHOYKECTBOM, & 2 JIEXKUT B B, Tak 4T0 B cuiy ycjosus (b) jist KaxK1oii
BHyTpeHHelt Toukn x € D naiinercs N, € N takoe, aro z € aj_l(B) uz ¢ aj_l(D\B)
upu Beex j > Ny.) O

7.1. Jlemma. Ilycmv v — HENPEPOIBHAA BEPOAMHOCTINGA BOPEACECKAA MEPA HG
dendpume D, a (K;)ien — nocaedosamenvrocmo ceaznoir nodmmoocecms 6 D. Ilped-
NOAOHCUM, 4O OaA Kaxcdol enympennet mouku x 6 D natidemes N, € N maxoe,
wmo x ¢ K; npu ecex j > N,. Tozda

v(K;) 22 0.

Jlokasamenvemso. lomycrnm, aro mocienoBareabHocTh V(K;)ieN, HE CTPEMHUTCS K
uysmo. Torma cymecrByor takue € > 0 u moanocenoBareabHocTh (L;)ien B (K;)ien,
aro v(L;) > € upu Bcex i € N. B cury KOHETHOCTH MEPBI V OTCIOJIA CJIELYET, UTO B
(L;)ien He HaiijeTcss 6ECKOHETHOM TIO/IIIOC/IEI0BATEILHOCTH, COCTOMAIIEH U3 TOIAPHO
HellepeceKaImuxcst sjeMenToB. Torga mo Teopeme Pamcest (j1st 6eCKOHEUHOTO CIIy-
vasi) B (L;);eN Haiigercs: 6ecKOHEIHAs MOANOCIeI0BATEIbHOCTD (M;);eN, cocTosIIAst
U3 [OIAPHO TepeceKatonuxcs seMeHToB. Onpeennm nociaenosareabHoctsb (U )ien,

ITOJIOKUB
U, = U M;.
>k
IIycrp
P:= ﬂ Up.
keN

C omHO#l CTOPOHBI, IO ITOCTPOEHUIO I J1I000r0 k € N BBIIOJIHSIIOTCS YCJIOBHS
U,D>U k4+1 U
V(Uk) > Z/(M/H_l) > g,

OTKYJla B CUJLy 0-aIUTUBHOCTH MepBI v ciemyeT, aro v(P) > e > 0.
C zpyroii cTOpOHBI, MOCKOJIBKY MOCJIEI0BATEILHOCTE (M );cN COCTOUT U3 momap-
HO IIepeceKaronmxcst smeMeHToB, MuoxkectBa U;, ¢ € N, csasubl. OTcroa cienyer,
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aro u P ces3Ho (aemma 3.10). OpHako B CHILy yCJIOBUSI HA MCXOJHYIO IIOCJIE/IOBA~
TebHOCTD (K;)ieN, MHOXKECTBO P 110 HOCTPOEHHIO HE COJIEPXKUT BHYTPEHHHUX TOYEK
JAeHapuTa. CBS{SHOG IIOAMHO2KECTBO JeHIpUTa, coAepzKallliee JBe pPa3/IMIHbIE TOYKHU
(ckaxkeM, a u b), o jgemme 3.9 cofepKuT u ayry [a,b], Bce BHYTpEHHHE TOYKH KO-
TOPOIl SBJIAIOTCA BHYTPEHHUMH Toukamu Jenjputa. CienosaresbHo, P IycTo min
COCTOUT U3 eJIMHCTBEHHOI Toukn. OTCI0/la B CUJLy HEIPEPBIBHOCTH MePhI I/ BBITEKAET,
aro v(P) = 0.

yTBep}K,Z[eHI/Ie JIEMMBI BbITE€Ka€T U3 IOJIYICHHOT'O IIPOTUBOPEYINAI. O

Jlokasameavemeo umnaukayuu (¢) = (a). Umnnukanus (¢) = (a) TpuBnasibHa, M0~
CKOJIbKY Ha KarKJIOM HEOJHOTOYEIHOM JIEHJIPUTE HAlJIeTCsl HelpepbiBHAsI (BeposiT-
HOCTHasi OopesieBcKasi) ocrToBHasi Mepa. OCTOBHOI sIBJIsIETCsI, HAIPUMED, KarKJiasl
HENpepbIBHAs Mepa, HOCUTEh KOTOPOH COBIIAIAET CO BCeM AeHApuToM. Hempepbis-
Has Mepa, IPUHHMAIONIAsl HEHyJeBble 3HAUYeHHs Ha BCEX OTKPBITBIX MHOXKECTBaX,
UMeeTCsl Ha KasKJOM HEOJHOTOYETHOM JIMHEHHO CBSI3HOM cenapabeslbHOM MeTpude-
ckoM npocrpanctie M. JIjist HOCTpoeHHs IpUMepa JI0OCTATOYHO B3ATh HAOOP OTPE3KOB
{I,}nen, tae orpesok I, ectb komus orpeska [0,27"] ¢ mepoii Jlebera, paccMoTpeTh
HabOP BJIOXKEHUiT 3TUX OTPe3KOB B M €O BCIOLY IJIOTHBIM 00Pa30M U B3ATh COOTBET-
CTByIOIUY 00pa3 MephI. ]

8 /IpeBoBUHBIE MPOCTPAHCTBA

Janublit naparpad OTKpbIBAET BTOPYIO 9aCTh HACTOSAIIEH cTaTbu. JTa 9acTh B 3HA-
YUTEJIBHOI CTENEHN TIOCBAIICHA APEBOBHUIHBIM IIPOCTPAHCTBAM U aHAJN3Y TOTO, KaK
KJIACC JIPEBOBUIHBIX IPOCTPAHCTB U TPYIIIbI KX aBTOMOPMU3MOB COOTHOCATCS C TOJI-
KJIACCOM JICHJIPOHOB U TPYIIIIAMH aBTOMOP(MU3MOB JI€HJIPOHOB. DTOT BOIIPOC CBA3AH
C BOIIPOCOM O TOM, KaKHe CJIeJICTBHA aaioT Teopembl 1.1 u 1.2, cdopmynmuposannbie
B TEpMUHAX JICHAPUTOB, JJIs JPYIUX KJIACCOB IIPOCTPAHCTB C JIPEBOBUIHON CTPYKTY-
poii. B 9acTHOCTH, B 3aBEPIIEHNU BTOPOH YacTu cTaThu u3 TeopeM 1.1 u 1.2 BRIBOIUT-
st careictere 1.3 0 cydaiinbIx O/1y»KIaHUsAX B IPYyIIaX, JeHCTBYIONX Ha JEPEBbIX.

Hanomunwm (cMm. ompenesnenue 3.1), 910 dpe6osudnvim npocmparcmeom Ha3bIBa-
10T (HEILyCTOE) CBSI3HOE TOINOJIOMMYECKOe IIPOCTPAHCTBO, B KOTOPOM JIIOObIE JIBE Pas-
JIMYHBIE TOYKN Pa3JIeIeHbl TpeTheil. B Kiacce NPEeBOBUIHBIX IIPOCTPAHCTB BHIJIEISA-
€TCsl MOJIKJIACC KOMIAKTHBIX JIPEBOBUIHBIX MPOCTPAHCTE — JAEHIPOHOB. Kak Xopo-
10 U3BECTHO, JPEBOBHUIHOE MPOCTPAHCTBO MOYKET MMETh PasHOOOpa3HBIE <«IIATOJIO-
IUK», — HAIPUMeEp, OHO He 00s3aTe/bHO ObITh HU JIOKAJIBHO CBSI3HBIM, HH JyTrO00-
pasHoO CBA3HBIM. Tak HasbIlBaeMasi «TOIOJIOTHYECKAS CUHYCOMIa», — O0beIMHEHNE
rpaduka dyuknun sin(1/x) va noayorkpbirom uarepsase (0, 1] ¢ Hagagom Koopu-
HAT:

T ={(z,sinl):2e (0,1} U{(0,0)}

C TOIIOJIOTHEN, WHJIYIIUPOBAHHON TOIOJIOTUEN ILJIOCKOCTH, SIBJISIETCS JTPEBOBUTHBIM
npoctpancTBoM. (Bosbioit Habop mpruMepoB maToIOruil APEBOBUAHBIX IPOCTPAHCTB
nan B [War75].) JleHpoHbl moJ06HBIX TIATOJIOTHIT HE UMEIOT, — OHU JIOKAJILHO CBSI3HBI,
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Jtyroobpasso cesi3Hbl U 1pod. (cm. [VMWS81], [War75|, reopemy 8.6). OxasbiBaercs,
JIIOOOMY JIPEBOBUTHOMY IIPOCTPAHCTBY KAHOHUYIECKIM 00PA30M COOTBETCTBYET HEKO-
TOPBIA JEHJPOH, & AEeHCTBUIO I'DYHIILI Ha JAPEBOBUIHOM IIPOCTPAHCTBE — JeUCTBUE
Ha 3TOM JEHJIpOHE.

8.1. Teopema. Jlia npoussosvhozo dpecosudnozo npocmpancmea T watidemcs
dendpor D(T') u nenpepueroe unsexmusnoe omobpasicenue f: T — D(T) maxue,
umo obpaz f(T) naomen 6 D(T). Ecau dan nexomopozo dendporna D' watidemcs
nenpepueroe unsexmueroe omobpasicenue f': T — D' maxoe, wmo obpas f'(T) nao-
men 6 D', mo cywecmesyem edurcmeennwiti 2omeomoppusm g: D(T) — D' maxoti,

umo f'=go f.

Mg cayaast R-mepeBbeB 10T pesysbrar jokasbiBaercs B [Bow99]. 3rech mbl
BBIBEJIEM JIOKA3aTeJIbCTBO TeopeMbl 8.1 u3 koucrpyknuii paborer [War75| (B [War75]
uMeercs JIaKyHa, oHa ycrpanena B [MST7]).

Hennporn D(T') moxeT ObITh «KOHCTPYKTHBHO» TIOJIyY€H U3 3aJIAHHOTO JIPEBO-
BHUJIHOT'O IpocTpancTBa 1’ ocjaabjieHneM TOIOJIOMUY U J00aBIEHUEM KOHIIEBBIX TOYEK.
(IIponerypy obaBiieHusi KOHIIEBBIX TOYEK MOYKHO IIPOU3BECTH ¥ TIE€PE/ IIPOIIELY POl
ocJ1abJIeHusT TOIIOJIOTHN. ) DTa ocaab/eHHast ( «YIPOIIEHHAST» ) TOMOIOIHsT, KAK U KOH-
Bl IPEBOBUTHOTO MMPOCTPAHCTBA, OTHOZHATHO OIPEIEISIeTCsT OTHOIIEHNEM «TOYKA G
pazmessier TOYKN b 1 ¢» Ha TPOMKaX TOUEK MCXOIHOIO JTPEBOBUIHOTO IIPOCTPAHCTBA.
B mmxkecnenyromux maparpadax gaHo 6osee moapobHOe OIMUCAHNE STUX HIPOIEAYP B
TEpMUHAX TEOPHUU npeddepesves.

Teopema 8.1 mposicHsSIeT CTPYKTYypPY KJIacCa BCEX JIPEBOBUIHBIX MPOCTPAHCTE:
KJIACC BCEX JIPEBOBHUIHBIX IIPOCTPAHCTB PACCIAMBACTCA HAJ IIOJIKJIACCOM <«ITPOCTBIX»
JIPEBOBUHBIX MTPOCTPAHCTB, SIBJSIOMINXCS CBI3HBIMU ITOJIMHOYKECTBAMHU  JTEHIPO-
HOB, — JII060€ JPEBOBUTHOE MTPOCTPAHCTBO MOYKHO MOJIYYUTD, B3SIB HEKOTOPOE «IIPO-
CTOEe» JIPEBOBUJIHOE IIPOCTPAHCTBO U YBEJIMYHUB €r0 TOIOJIOIHI0 (100aBUB «I1ATOJIO-
rUn» ).

8.2. 3ameuanwus. 1. B o6oznavenusx reopemsr 8.1 muoxecrso D(T')\ f(T) cocrour
U3 KOHIEBBIX Touek Jienyipona D(T') (B cuity TOro, 9ro HenpepbIBHBI 06pa3 CBA3HOTO
MHOKECTBA CBSI3€H ).

2. Ecim T' cenapabenbio, To u gengapon D(T') cenapabesien u, CIeI0BATEIBHO,
SIBJISIETCSL JICHJIPUTOM (CM. 3aMedanue 3.2).

Jlst mokazaTenbcTBa TeopeMbl 8.1 ya00HO BBECTH B PaCcCMOTPEHHE KJIacC Npo-
CMBLT APEBOBUIHBIX IIPOCTPAHCTB, YK€ YIOMSIHYTBIA B KOMMEHTAPUH K TEOpEMe.

8.3. IIpocTeie apeBoBHAHBIE IPOCTPAHCTBA. YcsoBuMcs nucarsb (X, a) gjist 060-
3HAYCHUS IIPOCTPAHCTBA € Tomosiorueit o Ha Mmuoxkecrse X . Ilycrs (Z, 7) — npeBoBu/i-
Hoe npocrpancTBo. O6o3HaunMm yepe3 B(Z, T) ceMeiicTBO BCeX KOMIIOHEHT CBSI3HOCTH
(B Tomosiornu T) MuOXKecTB Buna Z \ {z}, tne x € Z. Ilycrs 0 = o(7) — Tonosorus
Ha Z, MOpOXK/JIeHHast cemeiicTBoM B(Z, T).

8.4. Teopema. 1. Jaa mobozo dpesosudnozo npocmparcmea (Z,T) npocmpar-
cmeo (Z,0(T)) asasemes dpesosuonvLM.
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2. Tononoeus o(T) codeporcumcs 6 MONOAOZUL T, MAK 4MO MOAHCOECTNEEHHAA OU-
exyusn (Z,7) — (Z,0) nenpepvisna.

3. o(o(r)) =0o(7).

Joxasamenvemeo. Yreepxkiaenust 1 u 2 nokaseiBaiorcss B teopeme 20 B [War7h.
J1st 1OKA3aTeIbCTBA TPETHErO YTBEPKIAEHNU JOCTATOYHO 3aMeTUTh, 410 B(Z,0) =
B(Z,T) (meiicTBuTe/IbHO, KOMIIOHEHTBI 0-CBSI3HOCTH MHOXKECTB Buia Z \ {z} He MeHb-
IIe KOMIIOHEHT T-CBSI3HOCTH B CHJIy TOIO, YTO 0 C T; KOMIIOHEHTBI 0-CBSI3HOCTH He
6oJIblIIe KOMIIOHEHT T-CBSI3HOCTH, TaK KaK KaK/[asl U3 KOMIIOHEHT T-CBSI3HOCTH OT-
KPBITa B TOILOJIOTUH O). O

8.5. Omnpenestenne. HazoBeMm JipeBoBHjIHBIE IPOCTPAHCTBA, ¥ KOTOPHIX 0(T) = T,
NPOCMBLMU.

8.6. Teopema. Bcsakoe npocmoe dpesosudHoe npocmpaHcmeo PeeysapHo, AOKGADHO

64310, 0Y2000pa3HO CEA3NO0, NEPUPEPUMECKU KOHewHO .

Jloxazamenvemso. Cm. [War7h, reopembr 20 u 21]. O

8.7. Teopema. Jpecosudioe npocmpancmeo AGAACMCA NPOCMbLM M020a U MOADKO
mozda, koeda ono ekaadvisaemcs 6 dendpon. B wacmmocmu, dendponvi npocmui (u,
MeM CAMbBIM, PELYAADHDL, AOKAADHO CEA3HbL, 0Y2000Da3HO C6A3HDL, Nepudepurecku
KOHEUHDL).

Jloxazamenvemso. 13 reopembr 23 B [War75| ciiesyer, 94ro BCsSIKOE IPOCTOE JIPEBO-
BHJIHOE IIPOCTPAHCTBO BKJIabIBaeTcst B JeHipoH. Jlemma 23.1 B [War75| yreepxiaer,
9TO BCAKOE CBA3HOE TOJIIPOCTPAHCTBO JIEHIPOHA SABJISETCS MPOCTHIM JIPEBOBUTHBIM
npoctparcTBoM. OTCIO/Ia CIeyeT epBoe yTBePXK IeHne TeopeMbl. BTopoe yTBepK 1e-
HU€ SIBJSIETCS CJIECTBUEM TeOPEMBI CJIeyeT M3 TeopeMbl 8.6. O

Jloxazamenvcmeo meopemus 8.1. Cywecmeosanue. Hanomunm, ato xomnaxmudgdu-
Kayuet; Tomojornaeckoro npocrpancrsa X HaspiBaercs napa (Y, f), e Y — kom-
nakTHOe IpocrpaHcTBo, a f: X — Y ectb Bioxkenue (romeomopdusm Ha 06pas),
y xoroporo obpas f(X) Bciomy mioren B Y. Komnakrudukanuo (Y, f) HasbBator
dpesosudnoti, ecin Y — JIPEBOBHUJIHOE IPOCTPAHCTBO (T. €. JIeHJIPOH).

B [War75, teopembr 21 u 23| m0Ka3blBaeTCsi, 9TO Y KayKJIOTO HPOCTOIO JIPEBO-
BuiHOrO 1pocrpancTsa (7', 0) CyIIecTBYeT eMHCTBEHHAsI JIPEBOBH/HAS KOMIIAKTH-
dburarys, T.e. cymecrsyer gernpon 0(7, o) u Bioxkenne ¢: T — 0(T, o) Takue, 9To
obpaz ¢(T) wioren B8 §(T,0), IpudeM ecau JJist HEKOTOPOTO JNEHIpoHa ¢ HalieTcst
Bioxkenne ¢ : T — ¢’, y KoToporo o6pas miIoren B §’, To CylIecTByeT eIMHCTBEHHBII
romeomopdusm ¢ : 6(T, ) — §' Takoii, uro ¢’ = 1) o ¢.

CymiecTBOBaHUE JIPEBOBUIHON KOMIAKTU(DUKAIUKE /IS IPOCTHIX JIPEBOBUHBIX
IPOCTPAHCTB JIOKA3bIBAET CIIPABEJIMBOCTD EPBOIO YTBEPKICHUs TeopeMbl 8.1 st

1
3TOBOPSIT, YTO TOIOJOTMIECKOE IIPOCTPAHCTBO NEPUPEPUMECKY, KOHEUHO, €CIIA y HETO HMEeeTCs
0a3a OTKPBITBIX MHOXKECTB, y KarKJOT0 JIEMEHTa KOTOPOIl rpaHUIla KOHETHA.
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IIPOU3BOJIBHBIX JPEBOBUAHBIX ITPOCTPAHCTB! JIJId 3aJJaHHOIO JIPEBOBUHOTO IIPOCTPaH-
crBa (T, 7) B KauecTBe uckomoro genapona D(T') pacemorpum genapon 6(T, o (7)),
a B KadecTBe f BO3bMEM KOMIIO3UIIUIO

(T,7) = (T,o(1)) = 0(T,0(1)) =D(T). O

JokazaTesbcTBO BTOpOro yTBep:KjeHust TeopeMbl 8.1 (€IMHCTBEHHOCTH) BBIBO-
JIUTCS U3 €IUHCTBEHHOCTH JIPEBOBUJIHON KOMIAKTH(MUKAIUKN IS TPOCTBIX JIPEBO-
BUJIHBIX IIpocTpaHcTB (Teopembl 21 u 23 B [War75]) ¢ moMoIpio cjiejyromero mnpe;i-
JIOYKECHHS.

8.8. Ilpenuyioxkenmne. Ilycmo (T,7) — dpesosudnoe npocmparcmeo u (T,o(T)) —
coomeemcemeyrousee npocmoe dpesosudroe npocmpancmeo. Tozda, ecau das nexo-
Mopo2o Npocmoz0 IpPesosudH020 NPOCMPAHCMEa S HaATIEMeA HENPEPLIEHAA OUEKUUA
o: (T,7) — S, mo omobpasicenue ¢: (T,o(T)) — S asasemces 2omeomopPusmom.

M&I cTpyKTypupyeM JOKa3aTeIbCTBO MPEJIOKEHN 8.8, BhIAe/sAs U3 Hero mpe-
CTaBJISIIONIUE CAMOCTOSITEJIbHBIIT NHTEPEC YTBEPXKJIEHUE U JIEMMY.

8.9. ¥rBepkaenue. [lycmw (T, 7) — dpesosudroe npocmpancmeo. Tozda, karxosw
OvL Hu ObAY MoK T, Y U Z 6 T, mouka y paddessem mouky T U 2 eCAl U MOALKO
ECAU T U Z ALHCAM 6 PASHHIT KoMnonenmax ceéasnocmu mmuoocecmsea T\ {y}.

Jlokasamenvcmeo. Y TBepKI€HUE BbITEKAET U3 TOrO GaKTa, 9TO B APEBOBHIHOM IIPO-
crparcree (T',7) KOMIIOHEHTHI cBsi3HOCTH MHOXKecTBa Buja 1\ {x} oTkpeITHI B T
(eMm., mHanpumep, Teopemy 19 B [War75| nin reopemy 4 B [Pea74]). O

8.10. 3ameuanne. Hamomunm, 9T0 K6a3ukomMnonenmot (CBS3HOCTH) TOYKH TOIO-
JIOPHYIECKOrO IPOCTPAHCTBA HA3BIBAETCS [IEPECEUCHHE BCEX COIEPIKAIIIIX €€ OTKPBITO-
3aMKHYTBIX OJAMHOYX)KeCTB. Touka ¢ € X TOmoJIorndeckoro mpocrpancrsa X pasje-
asier ToUKN a,b € X Torga m TOJIBKO TOrJA, KOLJa @ U b JIesKaT B pasHbIX KBa3H-
kommonenTax npocrpancrsa X \ {c}. KBasukoMonenTsr 3aMKHyTBI U pa3buUBAIOT
npocrpaicTBo. KoMmmonenTa (CBSIBHOCTH) TOUKH COAEPXKHUTCS B €€ KBA3HKOMIIOHEH-
Te. YrBepxaeHue 8.9 MOKA3bIBAET, YTO B JPEBOBUIHOM IIPOCTPAHCTBE KOMIOHEHTHI
muoxkectBa T\ {c} coBmasaoT ¢ ero KBAa3MKOMIIOHEHTAMU.

8.11. JIemma (cp. ¢ aemmoit 7.5 B [Bow99]). ITycmv T u P — dpesosudrvie
npocmpancmea, f: T — P — nenpepwenoe unsexmueroe omobpascenue. Tozda,
KaKkoev 0b HU Gvlau mowky T, Yy u z 6 T, mouka y pazdessem mowku T u z €CAU U
moavko ecau mowka f(y) pasdeasem mouru f(x) u f(z).

Zloxasameavcmeo. Paccmorpum cuadasa ciydail, korga P — mennpon. Bymem -
catb (abc)x, ecam Touka b pasjessier TOYKM a u ¢ B upocrpancrBe X. Ecom
(f(x)f(y)f(2))p, TO (xyz)r B cuiy HenpepbiBHOCTH OTOOpakenust f. s jnokasa-
TeJILCTBA 00PATHONR UMILIMKALIMY JOIIYCTHM, YTO HAMIyTCs TAKUe TOYKA X, Yy U 2 B T,
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aro (xyz)r, HO f(y) He paszensier f(x) u f(z). IlockoabKy MBI Ipe/iioaraemM, 4ro
P — nenJipoH, MHOXKECTBO

[f(), f(2)] == {[f(2), f(2)} U{s € P | (f(x)s](2))p}

SIBJISIETCST  JIyTOH — JIMHEHHBIM KOHTHHYYMOM (CM., Hampumep, ciejictsue 2.18
B [VMW81]). Ecn f(y) me pasmenster f(x) n f(z), To f(y) He JeKUT B KOHTH-
uyywme [f(z), f(2)]. B arom cityuae B genapone P naiiyiercs Touka p’, pasiesiomast
f(y) u [f(z), f(2)]. (Cornacuo Teopeme 16 B [War75|, B JIOKaJIbHO CBSIZHOM JPEBO-
BUJIHOM TIPOCTPAHCTBE JIJIsT JIIOOBIX JBYX HE MEPECEKAIOINTIXCS 3aMKHYTHIX CBSI3HBIX
[IOJIMHOYKECTB HaiiJIeTCs pas3ie/Isionias X TouKa. J{eHpOHbI JIOKAJIbHO CBSI3HBL; CM.,
nanpumep, cieacreue 2.10 B [VMWSI].) Touka p’ nexur B obpase f(T), HOCKOIbKY
HEIPEpPLIBHBIN 06pa3 CBA3HOro MHOMKecTBa cBszen. [losoxum p := f~1(p'). [Toyda-
e, aro (zpy)r u (ypz)r. (llockonsky (f(a)f(b)f(c))p Baeder (abc)r B cuiy Henpe-
peiBHOCTH.) OJIHAKO, KAK U3BECTHO, €CAU S — CB8A3H0E NOOMHONCECTNEO CEAZHO20
monoao2ueckozo npocmpancmea X, a R — omypomo-3amMrnymoe nodmMHosicecmaeo
6 npocmpancmee X \ S, mo obsedunernue SU R ceasno (cm. [New39, rnasa IV, Teo-
pema 3.4]). Orcrona cieyer, uto B T MMEIOTCsI CBSI3HOE MHOXKECTBO R, cojeprkaliee
TOYKY P U T, HO He CoJiepsKalliee ¥, a TakyKe CBSIZHOe MHOXKeCTBO R, cofepskailree p u
2z, Ho He cogpepzxkaee y. Obbemunenne R, U R,, TakuM 00pa3oM, CBI3HO, COJIEPKAT T
U z, HO He COJIEPKUT Y. DTO MPOTUBOPEUUT yCAOBHUIO (xyz). OOpaTHAsT MMIIUKAIIUST
JIOKa3aHa.

Tenepb obpaTmMest K CIy9aio MPOU3BOJIBHOTO JPEBOBUIHOTO MPOCTPAHCTBA P 1
3aMeTUM, YTO B CUJIy IIEPBOTO yTBEPXKJIeHUs TeopeMbl 8.1 (KOTOpOe BBIBOJUTCS BbI-
me u3 reopem 20, 21 u 23 paborer [War75|) naiijercst HenpepbiBHOE MHBHEKTHBHOE
orobpaxkenue h: P — D B Hekoropsiii gengpon D. [Ipuvenus K oTobpakeHusm h u
h o f JOKa3aHHBINA PE3YIBTAT, MOJIYyIaeM TpedyeMoe. O

Jlokazamenavcmeo npedaoorcerus 8.8. Brenem obosnauenue. Ecau (X, o) — Tomosio-
IUYecKoe IIPOCTPAHCTBO (T.e. IIPOCTPAHCTBO € TOHOJOrueil o Ha MHOXKecTBe X ),
6ymnem obosnauarh uepes R(X,a) repnapnoe ornomenne!? «b pasmenser a u c»,
re. (a,b,¢) € R(X,a) ecam u Tonbko eciu (a,b,c) € X X X X X u b pazzaensier a
uc.

[Iycrs T, 7, S, ¢ — kak B ycsosuu upeminoxkenust 8.8 ((T,7) — aApeBoBHHOE
npocrpancTBo, (T, 0(T)) — cooTBeTCTBYIOIIEE TPOCTOE JIPEBOBHIHOE ITPOCTPAHCTBO,
S — upocroe JipeBoBUIHOE POCTpaHcTBO, ¢: (T, 7) — S HenpepbiBHAs OUEKIHs).
Torna B cuny semmst 8.11 ornomenust R(T,7) u R(T,0(7)) coBuagaior, a orobpa-
)keHue ¢ unpynupyer uzomopdusm ornorteruit R(T,7) u R(S). Crenoarenbho, ¢
uHyImIpyer n3oMopdusm u Mex ity ornomennsmu (1, 0(7)) u R(S).

Tenepb 3amerum, 49TO B CHJIY yTBep:kKieHHs 8.9 Ha IPOCTOM JIPEBOBH/I-
HOM TpocTpaHcTBe (X, () TOHOJIOrHsl OJJHO3HATHO BOCCTAHABIMBAETCS 110 OTHOIIE-

14 Teprapromu ommowenuamu (i meprapHbLLMU CMPYKMYPamMy) Ha MHOXKECTBE X HA3BIBAIOTCS
IIOJIMHOYKECTBA,
3
RCX° =X xXxX.
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o R(X, ), 1. e. ecom 6ueknus ¢: (X, o) — (Y, ) Mexy JAByMs JIPEBOBUIHBIMU
npoctpaHcTBamu 3ajaer nzomopdusm ornorrernit R(X, o) u R(Y, 3), To ¢ 3amaer
FOMeOMOp(bI/ISM Me2KAYy COOTBETCTBYIOIIUMHU ITPDOCTBIMU JAPEBOBUIHBIMU IIPOCTPaH-
crBamu (X, o(a)) u (Y,0(f5)). Dro nokaseiBaeT npempioxkenue 8.8. O

Jlokasamenvcmeo meopemos 8.1. Eduncmeennocms.  Ilycrs (T,7) — apeBoBuHOE
IPOCTPAHCTBO, 0 = o(T) — Tonosorus Ha T, onpejensiemasi B pasjee 8.3,

f:(T,0) = 0(T,0) —

JIPEBOBH/(HAST KOMITAKTUMDUKAIMS (CM. IEPBYIO YaCTh JOKa3aTeIbCTBa TeopeMbl 8.1).

ITycTs mu1s HeKoToporo JeHapona D’ maiinercs HellpepbIBHOE NHHLEKTHBHOE 0TO6-
paxenue f': (T,7) — D’ rakoe, uro obpas f'(T) mioren 8 D'. Bamerum, uro 06-
pa3 f'(T) cBsI3eH M ABISETCS, TEM CAMBIM, JPEBOBUJIHBIM MPOCTPAHCTBOM. JIpeBo-
BujHoe npoctpanctso f'(T) mpocTo, TMOCKOIBKY BCSIKOE CBSI3HOE MOJIPOCTPAHCTEO
JIEHJIPOHA, SIBJISIETCsI [IPOCTHIM JIPEBOBH/HBIM IIPOCTPAHCTBOM (CM. Teopemy 8.7 u
[War75, nemma 23.1]). Orcroga B cuity npejjioxkenust 8.8 moJydaem, 9To 0ToOpa-
xenue [': (T,0) = f/(T) sasngerca romeomopdusmom. DTor romeomMopdusm 1mpo-
Joskaerest 10 romeomopdusma g: 0(T,0) — D' B cuity TeopeMbl O CyIIECTBOBAHUI U
€IMHCTBEHHOCTH JIPEBOBHIHON KOMIAKTUMUKAIINI /I TIPOCTHIX JPEBOBUIHBIX IIPO-
crpancts (Teopema 23 B [War75|). Ecrm g': §(T,0) — D’ — mekortopblii romeo-
Mopdu3M, yaosmeTsopsonmii coorromenmo f' = g' o f, To orpammuenne ¢f| £(7)
comaaer ¢ Kommosumueit f' o f~1: f(T) — f'(T) n, Tem caMbIM, ¢ OrpaHEYEHN-
eM gl ¢(ry. Hockombky f(T') ectb mpocToe JpeBOBHIHOE TIPOCTPAHCTBO (Gy/Iyyn 10
HOCTPOEHUIO 00PA30M BJIOYKEHUS IIPOCTOTO JIPEBOBUIHOIO IIPOCTPAHCTBA), OTCIO/A B
CHJIy TE€OPEeMbI O CYINECTBOBAHUU U €JMHCTBEHHOCTH JIPEBOBUIHON KOMIakTH(hUKa-
MU JJIsi IPOCTBIX JPEBOBUIHBIX IpocTpaHcTs (Teopema 23 B [War7h|) caemyer, aro
gt = ¢g. Teopema mokazamna. ]

9 IlpensepeBbs

CoruytacHo Teopeme 8.1, KaxKI0My APEBOBUIHOMY ITPOCTPAHCTBY 1 KaHOHUIECKUM 00-
pasom orBedaer HeKoTopblii jierpon D(T'). Kak orMeuanoch B mpeJblIyeM napa-
rpade, neagpor D(T') MoxKeT ObITH «KOHCTPYKTHBHO» MOJIYUIEH U3 33/ [AHHOTO JPEBO-
BHUJIHOTO POCTPaHCTBa 1’ 0CjIabJIeHIEeM TOTIOJOTUH U JT0DABJIEHUEM KOHIIEBBIX TOYEK.
s omucanust nengpona D(T) Mbl IpUBJIEKAEM TEOPHUIO NIPEJJIEPEBLEB, Pa3BUBAe-
myito B paborax [AN98, Bow99, BC01, Mall3]. B nacrosituem nmaparpade maercst psij
peJ/IBAPUTEIbHBIX CBEJICHUN U3 TEOPUU IIPEeJIEPEBbEB.

9.1. Oupepnenenne. Ilpennepesbs. Tepraprvim ommnowenuem (WIn mepHapHol
cmpyrmypoti) Ha MHOXkKecTBe X HA3BIBACTCH HOJAMHOXKeCTBO B X °. [Ipeddepecom na-
3BIBAIOT MHOYKECTBO (CKazkeM, T ) ¢ TepHAPHBIM OTHOMmeHHeM S C T, yI0BIeTBOpS-
IOIIMM CJIEAYIOIUM aKCHOMAM:

(TO) ecjin (Q?,y,Z) € S> TO X 7é Zs
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(T1) ecau (z,y,2) €S, 10 (2,y,2) € S,
(T2) ecmu (z,y,2) €S, 10 (2,2,y) ¢ S,
(T3) ecom (z,y,2) € Suw#y, 10 (z,y,w) €S mm (w,y,2) €S.

OTnomrenne S moHMMAaeTCss KAK CTPOroe OTHOMICHUE IIPOMEXKYTOIHOCTH, T.€. COOT-
womenue (r,y,2) € S clellyeT HHTEPIPETUPOBATh KAK «Y JIEXKUT CTPOrO MEXKIY T
u z». [lonaras mius touek z,y npeepesa (T, S)

[x,y] ={teT:(x,t,y) € S} U{x,y},

MoxkHO nepenmcarh cucremy akcuom (T0)—(T3) B ciemyromnem S5KBUBAJIEHTHOM BH/IE
(9KBUBAJIEHTHOCTD JIOKa3bIBaeTcsi, Hanpumep, B [Mall4, semmer 1.13, 1.14)):

9.2. TepmuHosiorusi. B npejjiepese MHOXKeCTBa BHJIA [T, Y] HA3BIBAIOTCS 3AMKHY-
mumu unmepsasamy. Tlonmuoxkectso C' 1pejiiepeBa HaA3BIBAETCS GUINYKADIM, €CIII
[x,y] C C mns Beex x,y € C. [oBopsiT, 9T0 OAMHOKECTBO L B IIpeiepese autetito,
ecJIm JIs JIIOOBIX TOYEK I,Y, 2z € L BBIIOTHAETCA XOTsS OBl OJHO U3 COOTHONICHMI
x €[y, 2],y € [z,2] u z € [x,y]|. Hemmycroe BbIlyKII0€ JINHEHOE MHOYKECTBO HA3bIBA~
10T dyzoti. JIuHeliHOE TOJMHOXKECTBO IIpeJIIepeBa HA30BEM 02PAHUYEHHbLM, €CITH OHO
COJIEPKUTCS B (3aMKHYTOM ) HHTEpBaJjie. TOUKa S B BBILYKJIOM HOJAMHOXKECTBE S 1pe/i-
JlepeBa HasbIBaeTcs akcmpemasvhot (B S), ecan muoxkectso S\ {s} Bbirykio. dyry
B IIpEJJIEPEBe HA3BIBAIOT AYYOM, €CJIU OHA HEOIPAHUYEHA W MMEET SKCTPEMAJbHYIO
Touky. JIyry B npeiepese Ha3bIBAIOT NPAMOL, €CJIM OHA HEOIPaAaHUIEHA U HE COJIep-
xkurest B yde. Touka m npejepeBa 7 HaszbiBaercst meduarol Tpoiiku a,b,c € T,
ect m € [a,b] N [a,c] N [b,c]l. Y Tpoiikn Tovek nmeercst He GoJiee OIHOM MeIuaHbI
(cMm., manpumep, [AN98, semma 15.2]). Ilpesiepeso HazbiBaeTCsl MEQUAHHBIM, €CTTH Y
KaxKJI0# TPONKM €ro TOYeK UMEeTCsl MeIuaHa.

Yro0bl n36eKaTh MyTAHUIIBI C TEPMUHOJIOTHEH, BBEJIEHHON B MEPBOil YacTU CTa-
THbH, B JIAJIbHEAIIEM MHTEPBAJIbI, JIyTH, IPsMble U JIy4d B Ipejjiepese OyaeM Has3bi-
BaTh NCeSIOUHMEPSANAAGMU, NCESIOJY2aMU, NCEBIONDAMBIMU T NCEEAONYUAMU, COOT-
BETCTBEHHO. )

9.3. Jlemma ([Mall4, nemma 1.16]). B npeddepese das aobvix movex a, b, c,d, x
BUNOANAIOMCA CACOYIOULUE CEOTICTEA:

(A4) ecau b € [a,c], mo [a,b] C [a,c].

(A5) ecau b € [a,c] uc € [a,d], mo c € [b,d].
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(A6) ecau b € [a,c], mo [a,b] N[b,c] = {b}.

(A7) ecau b € [a,c], mo [a,b] U[b,c] = [a,c].

(A8) ecau b € [a,c|, c € [b,d] ub+#c, mo{b,c} Cla,d].
(A9) ecau b € [a,c]|, mo [x,a] N[z, c] C [z,b].

9.4. Jlemma. Ecau a, b u ¢ — mouxu 6 npeddepese u {m} = [a,b] N [b,c] N [c,al,
mo [a,b] N [a,c] = [a,m].

Joxasamenvemeso. 13 yciaosuss m € [a,b] BbITekaer, uro [b,m] C [b,a] (cBoii-
crBo (A4)). AnasornganbiM o6pasoM, u3 ycjoBust m € [b, ¢| BeITekaer, aro [b,m] C
[b, ¢]. CrenoBarenbro, [a,b] N [b,¢] D [b,m]. Orciona B cuiy ycsosus [a,b] N [b,c] N
[c, a] = {m} BoITeKACET, UTO [b, M|N][a, ] C {Mm}, tak ar0 [b, m|N]a,c] = {m}. Ognaxo
[a,b] = [a,m] U [m,b] (cBoiicreo (AT)), Tak 4ro

[mmmqu(Mmmﬂmﬂ)mmq:

:@mmm@y%mﬂnm@:mWw@m:mm.m

9.5. Konnpl npeagepena. Ilycts 7 — npemiepeso. OnpejenM Ha MHOMKECTBE
ncesosyueit B 7 6unapuoe oTHomenue xongunasvrocmu F, nonaras (R, R') € E
st neesposydeit R u R/, ecim nepeceuenne R N R copepxxut ncepponyun. OTHO-
menne FE gBasgeTcs OTHOMIEHNEM SKBUBAJIEHTHOCTH (pedIeKCMBHOCTD U CUMMETPH Y-
HOCTb OY€BUJIHBI, TPAH3UTUBHOCTH JloKasbiBaercst B [Mall4, nemma 3.8(10)]). Konya-
Mu TIpejiiepeBa T Ha3bIBAIOTCA KJIACCHI 9KBUBAJIEHTHOCTH OTHOIIeHHA E. MHoXKecTBo
BCEX KOHIIOB mpejyiepesa 7 obosnadnm depe3 Ends(7T).

9.6. Bameuanue. B MequanHOM npejjiepese nepecedenne KOH(MUHAIBHBIX ICEBI0-
Jydeil He TOJILKO COJEPKUT IICEBJOJIYyYN, HO W SIBJISIETCS IICEBJOJIYYOM (CM. JieM-
My 9.11).

9.7. Onpegenenne. Ilycrs 7 — npeiepeso, S C T2 — ero TepHapHasi CTPYKTY-
pa, Ends(7) — mpocrpamcrso ero komnos. Onpejennm mna muoxkecrse 7 U Ends(7)
TEPHAPHYIO CTPYKTYPY S CJIEIyIOmuM 00pa3oM:

Rl. Ecim z,y,2z € T, 10 (2,Y,2) € S e (z,y,2) € S.

R2. Ecm z,y € T u w € Ends(T), o

(r,y,w) € S & (w,y,z) € S & maiineres ay4d R € w rakoit, uro (z,y,r) € S
st Beex 1 € R.

R3. Ecm x € T u w, 7 € Ends(7), o

(w,z,T) € S e Hafiryrest iyan R € w u Q € 7 rakue, uro (r,z,q) € S Jyuist
Beex r € Ruq e Q.

R4. Ecii w € Ends(T) u z,y € T UEnds(T), 10 (z,w,y) ¢ S.
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9.8. Teopema (|[Mall4, reopema 11.3]). Mnoorcecmso T UEnds(T) ¢ eviweonu-
cannol cmpykmypot S asasemca npedoepesom.

9.9. Onpenesenne u corjaiiesune. B jjajabHeieM, ecjin 3aJ1aH0 Tpeaaepeso T,
MBI PACCMATPUBAEM HA MHOYKECTBE T:=TU Ends(7) crpykrypy npejjepesa, omu-
canuyio B pazjese 9.7. s 3aMKHYTBIX IICEBIOMHTEPBAJIOB MPeIepeBa T ucrons-
3yeTcs TO ke 0b03HaAYeHNe, YTO U JJIsI TICEBIOMHTEPBAIOB Tpeaepesa T . [lyTaHurist
MEXKJy TICEBIIOMHTEPBATIAMU TIPEIEPEBhEB T 1 T ne BO3HUKAET, ITOCKOJIBKY B CH-
JIy OIIpEJIeJIEHUs 1IPe/IepeBa T ero cucrema [ICEBJIONHTEPBAJIOB COJIEPYKUT CUCTEMY
NICEBJIOMHTEPBAJIOB TIpeiepesa T .

9.10. Jlemma ([Mall4, memma 11.5]). 1. lyemw p — mouka 6 npeddepese T u
nycmo w € Ends(7T). Tozda 6 T cywecmeyem eduncmeenmnvili nce6dosy, ucroos-
wuld u3 p u npedcmasaalowusl w. Imom nceedosyy cosnadaem ¢ NOOMHOHCECTNEOM
[p,w] \ {w} npeddepesa T U Ends(T).

2. Ecau xonun w u T mpeddepesa T pasiuunv, mo 6 T cywecmeyem edum-
CMBEHHAA NCEBIONDAMAS, COOEPHCAULAA NCEGAOAYYHYU U3 W U T. Dma ncesdonpamai
cosnadaem ¢ nodmmosicecmeom [w, 7]\ {w, 7} npeddepesa T U Ends(T).

9.11. Jlemma. B meduarrom npeddepese nepeceuerue KOHPGUHANGHLLET ncesdoay et
ABAACNCA NCEEOONYUOM.

Zloxasameavcmeo. HeiictBurenbHo, myctb L1 u Ly — KoH(pUHAIBHBIE IICEBI0IYIH B
npeaepese T . B cumy stemmbr 9.10 iceBostyun Ly u Lo COBIIAIAIOT € MTOJMHOMXKECTBA-
mu [pr,w]\{w} u [p2, w]\{w} npennepesa T UEnds(7), rae p1 u p2 — 3KcTpeMasbHbIE
TOYKH [ICEBIOJIY el & w — IIpeJICTaBIeHHbIH nMu KoHerl. Ecim T MeuaHHO, TO Meu-
anno u npeyiepeso T UEnds(7) (nperoxkenue 11.7 8 [Mall4|). B cuny meauannoctn
umeercst Touka m € T U Ends(7) rakast, uro [p1,pe] N [p1,w] N [p2,w] = {m}. Ilo
aemme 9.4 umeeM [p1,w] N [p2,w] = [m,w]. IIpu srom m € T nockoabKy m € [p1, pa).
[Momyuaem, aro L1 N Ly = [m,w] \ {w}. Muoxkecrso [m,w] \ {w} saBiasercsa ncesmo-
ayaoM B T (310 caeayer u3 aemmsr 9.10). O

9.12. Tomosiorus Teueii. Bemsamu npejiepeBa ] HA3BIBAIOTCS MHOXKECTBA BUJIA

Ca(b) = {t €T:a ¢ [t,b]},

rae a # b. Tonoaoeus meneti Ha IpeepeBe OMPEAEIISICTCS KAK HANMEHBITIAS TOMTOJIO-
I'Usi, B KOTOPOI BCE BETBU IIPEJJIEPEBa OTKPBIThI. VIHBIME cJIOBaMU, BETBU 0OPa3yIOT
1peda3y TOMOJIOTUHU TEHE.

9.13. 3ameuanue. B cienyromux maparpadax 0yaer paccMaTpuBaThCs CTPYKTypa
pejiiepeBa Ha JeHApuTe. BeTBU AeHIpuUTa B CMBIC/IE OIpeeeHns 3.3 COBIIaIaoT C
BETBSIMU COOTBETCTBYIOIIErO IIPeIepeBa.

9.14. YrBepxkaeHue. FEcau 6 nexomopom npeddepese T mouka x Aescum mexrcoy
moukamu a u b, mo 6 monoaozuu menetl na T mouka x pasdeasem a u b.

33



Jlokasameavemeo. Oupenennm Ha MuHOXKectBe T \ {2} Gunapaoe orHomeHue R,
HOJIOXKUB
sR,t < x ¢ [s,t].

Ornomtenne R, sIBISIETCS OTHOIICHUEM SKBUBAJICHTHOCTH (TPAH3UTUBHOCTH BBITEKA-
er u3 croiicrBa (A3) B onpe/iesienun npeiepeBbes; moapobree cm. [Malld, onpee-
nenue 5.1]). Kunaccamu B R, siBisiorcest BerBu Buza (. (p). Otciona ciemyer, 9ro B
T\ {z} nononnenue 060ii BeTBU siBJIsieTcsl 00bEJIMHEHIEM BETBEil U, CJie0BaTe b
HO, OTKPBITO B TOIIOJIOTHUHA TeHeI‘/,I7 TaK 9TO TOYKMH, JIezKalllie B Pa3HbIX BETBAX BHUIA
Cx(p), pasmesienbl TOUKOIl & B Tomosiorun TeHeir. Ocraercs 3aMeTUTh, 9TO B CIydae,
€CJ/In TOYKa X JIEZKUT Me)KI[y TOYKaMU a " b, TOYKU a U b B CI/I.Hy OIIpeJIeJICHN Y BEeTBU
JIesKaT B Pa3HBIX BeTBAX BuIa (4 (p). O

9.15. Jlemma ([Mall4, nemma 6.4]; cp. c semmoii 3.19). Ilocaedosamervrocms
(z7)ien mouex npeddepesa T cxodumces x mouke x € T 6 monoaozuu menet na T
moezda u moavko mozda, kozda 0as xadcdot mouwrku z € (T \ {x}) mnoorcecmeso
{j € N:z € [z,2;]} nyemo uru Koreuro, m. e. xozda

N Uz = {o).

keN j>k

9.16. JIlemma. [Tycmo nocaedosamenrvrocms (;)ien moyex npeddepesa T crodum-
ca Kk mouke w € T 6 monosoeuu mewneti na T . Toeda das npoussosvroti mowku v € T
BHINOAHAECTNCA YCAOBUE

[v,w] \ {w} C U ﬂ[v,xj] C [v,w].

kEN j>k

Joxazamenvcmeo. B cuty semmbr 9.15 nast kaxkaoit Touku z € [v,w] \ {w} muo-
xkectBo {j € N : z € [zj,w]} mycro mwmm xomeuno. OTciona, MOCKOIBKY [v, w] C
[, w]U [z}, v] B cuny (A3), cremyer, uro MuO)KecTBO {j € N : 2 ¢ [x;,v]} mycTo nim
Konedno, Tak 410 z € yen Ny [v; 7). Takum obpasom

o.w \ {w} < |J () [vsayl.

keN j>k

C apyroit cropomsl, MHOKecTBO {j € N : z € [z, w]} mycTO MM KOHEYHO U st
KazKJIoi Toukn z ¢ [v,w]. Orciofa, mockoIbKy [z, v] C [xj, w] U [v,w] B cuny (A3),
caemyer, 410 MHOXkecTBO {j € N : z € [z;,v]} mycro mim KOHEYHO, Tak 4TO z &
Uken Ny [V, z;]. Takum obpasom

U m[v,mj] C [v,w]. O

keN j>k
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10 IlpennepeBbsi U APEeBOBHUAHBbIE ITPOCTPAHCTBA

B nacrosimem naparpade JpeBOBUJIHBIE IPOCTPAHCTBA PACCMATPUBAIOTCS C TOYKHU
3peHusi TEOPUH IPEJJIEPEeBbeB. B 4acTHOCTH, B TEPMUHAX TEOPHUU IIPE/IJIEPEBLEB Ja-
ercs ommcanue aerapona D(T'), KaHOHHYIECKHM 00pa30M COOTBETCTBYIOIIETO JAPEBO-
BujiHOMY npoctpancTBy T (cm § 8 u Teopemy 8.1).

10.1. IIpengyoxxkenme. Ilycmv T — cea3Hoe MONosO2UYECKOE NPOCTPAHCMEO
(nanpumep, dendpum uau dpyeoe dpesosudroe npocmparcmeo). Onpedesum wa T
meprapnoe omuowenue S C T2, nonaeas (x,y,2) € S 6 cayuae, x02da T u z pas-
deaenve moukol y. Toeda S ydosaemsopaem arxcuomam (T0)—(T3), m.e. asasemcs
cmpyxmypoti npeddepesa.

Joxazamenvcmeo. DTo mpeiozKeHne JOKa3biBaeTcs, HanpuMmep, B [War80|, [Banl3,
pa3z. 6.2] u [Mall4, npeyr. 1.3]. O

10.2. Corsamnenne. Beroy B octapieiicst 9act pabOThI MBI I10 YMOJTIAHUIO CAUTA-
€M IPEeBOBUIHBbIE ITPOCTPAHCTBA MPEAJAEPEBbIMI C OTHOIIEHNEM ITPOMEXKYTOTHOCTH,
3alaHHBIM B (DOpMYIUpoBKe TpeamoxKerust 10.1.

10.3. 3ameuanme. TepmuHoOrust U cucTeMa 0DO3HAUEHU, BBEJEHHbIE B § 3 1JIst
JICHJIPUTOB, NIE€PECEKAIOTCS C TEPMUHOJIOTHEH U 0003HAYEHUSIMY, BBEJIEHHBIMU B § 9
JUTst npejiepeBbeB. Ilpu mepexosie oT JeHAIPUTa K COOTBETCTBYIOMIEMY PEIEPEBY
obrmne TepMHUHBI B 0003HAYEHUsT COIVIACyIOTCsA. Tak, BeTBsIM JeHjpuTa (orpesese-
Hie 3.3) COOTBETCTBYIOT BETBH LpejiepeBa (CM. onpejesenust B pasjese 9.2), mos-
MHOXKECTBa BHIA [a, b] (Iyru JeHapuTa) COOTBETCTBYIOT IIOIMHOYKECTBAM Bua [, b]
(3aMKHYTBIM IICEBJIONHTEPBAJIAM) B IIPEJJIepeBe U T. I1.

Kpowme Toro, npu nepexojie OT JEHAPUTOB K IPEIIEPEBbIM HEKOTOPBIE HOHATHA
TOYHO COOTBETCTBYIOT JIpyT Apyry. Hampumep, KOHIEBBIE TOYKN JIEHIPUTA — 9TO B
TOYHOCTH T€PMHUHAJIbHbIE TOYKH COOTBETCTBYIONIETO IIPE/IEPEBA, CBS3HbIE IIOJIMHO-
JKECTBa JICHJIPHTA COOTBETCTBYIOT BBILYKJIBIM IIOJMHOXKECTBAM IIpeJiepeBa u T.II.
B 3T0i1 cBsi3M MBI 6€3 TOMOTHATEILHBIX OMOBOPOK OY/IEM IT0JIb30BATHCS TEPMIHOJIO-
rueii obenx Teopuil B Cirydasix, KOIJa Iy TAHHUI[bl HE BOSHUKAET.

DTa cMeIIaHHas TEPMUHOJIOTAST MOXKET OBITh PACIPOCTPAHEHA U Ha JEHIPOHBI U
JIPEBOBHUJIHBIE [IPOCTPAHCTBA, OJHAKO 3/1eCh B HEKOTOPBIX CJIydasX HPSIMOE COOTBET-
CTBUE CBOICTB COXpaHdeTCd JIMIMb YaCTUIHO. K npuMepy, B JIOKAJIbHO CBA3HBIX JIpe-
BOBHIJIHBIX IPOCTPAHCTBAX 3aMKHYTBIE IICEBIOMHTEPBAIBI (COOTBETCTBYIOMIEH CTPYK-
TYypbI IpPeJIepeBa) TOMEOMOPMHBI JyraM, T.€. JUHEHHbIM KOHTHHYyyMaM (CM. JieM-
My 11.1). Onnako B 0bmieM ciytae JAPeBOBHAHOTO IIPOCTPAHCTBA IICEBIONHTEPBAIIDI
He 00s13aHbI ObITH HU J[yTOOOPA3HO CBSI3HBIMU (CM. IIPUMEDP TOHOJIOMMYECKON CHHYCO-
nipl B Hadadse § 8), uu casubiMu (cM. npumep 8 B [War75]). B npoussosisaoM JpeBo-
BUJIHOM IIPOCTPAHCTBE 3aMKHYTBIE IICEB/IOMHTEPBAJIBI 3aMKHYTHI (ciaeacrsue 10.9).

10.4. Teopema. Ilycmo (T,7) — dpesosudnoe npocmparcmso. Toeda monosoeus
menets p(1) na T coenadaem ¢ monoaozuets o(T) us pasdeaa 8.3, m.e. npeddepeso T
¢ Monoao2uetl meret ABAALMCA NPOCMbIM OPEBOSUIHBIM NPOCTNPAHCTIEOM.
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Joxasamenvcmeo. Tomonorust o(T) 1O OLpENEJNCHHIO IOPOXKJIEHA CeMefCTBOM
B(Z,T), cocrosiuM M3 KOMIIOHEHT CBSI3HOCTH (B TOIOJOIMU T) MHOXKECTB BHJIA
Z \ {x} mua BceBo3MOXKHBIX € Z (B ciydae JEHJIPUTOB JJIsi TAKUX MHOYKECTB
HCIIOJIB30BAJICS TEPMHUH «BETBH» ). TONIOJIOrHs TEHEH HpeJyiepeBa 110 ONPEIEIIeHIIO
HOPOXK/ICHA ceMeficTBOM Bcex BeTBeil npejyiepesa 1. Taknum obpasom, Jyist jokasa-
TEJILCTBA TEOPEMBI JIOCTATOYHO [OKAa3aTh, YTO ceMeiicTBo B(Z, T) coBuagaer ¢ cemeii-
CTBOM Bcex BeTBeil mpejyiepesa 1. [Ij1st 95TOro Jo0CTaToMHO yOEUTHCS B CIIEYIOIIEM:
ecau T ¥ a — HecoBraamonme Touku B 1), 10 BerBb (,(a) npeniepesa T coBragaer
C COZlepIKaIleil TOUKY ¢ KOMIIOHEHTO!H CBSI3HOCTHU (B MCXOHOM TOIOJIOTHH T) MHOXKe-
crea T'\ {z}. D10 BBINOIHsIETCS B cuity yTBepkaenus 8.9. Teopema gokazama. [

10.5. Teopema. ITycms (T,7) — dpesosudnoe npocmparcmeo. Iycms Ends(T) —
MHOIHCECTMBO KOHU0E coomeemcmeyowe2o npeddepesa. Toeda npeddepeso

T := T UEnds(T)

¢ monoaozueti meneti p na nem Asasemcs dendporom. Toorcdecmeenmoe omobpaice-
wue (T, 1) — (T, p) nenpepvisro, ezo obpasz naomen 6 (T, p).

10.6. Bameuanue. ITocko/bKy Tox 1ectBennoe otobpazenue (T, 7) — (T, p) nenpe-
pBIBHO, a ero obpas mwioren B (T, p), nengpon (T, p) coBuanaer ¢ gengpornom D(T')
u3 TeopeMbl 8.1.

Joxazamesvemso meopemws 10.5. Jlokazkem cHadasa, 910 T’ JIOTHO B (f, p). llycrs
weT \ T = Ends(T). Ilycts E C T — orkpbltas (B p) OKPECTHOCTH TOYKH W.
[TockosbKy BeTBH 00pal3yioT mpeadal3y TOIOJOIMH TeHell, HaiiaeTcs KOHEeYHBI Ha-
60p BeTBell, IepeceveHne KOTOPBIX COJEPIKUT w U cojlepskuTes B E. Bamernm, 4ro
KaxKasg BeTBb B B T, cojeprKammas w, COJEPKUT HEKOTOPDIi IPEJICTABIAIONNIT w
nceso/y 4 npeaiepesa 1. JleficTBUTeIBHO, €CJIM T — UCTOYHUK BeTBH B, TO MHOXKe-
crBo [r,w] \ {r} nemmkom nexur B B, HOCKOIBKY w € B, Tak 410

B :Cr(w) = {tG f:T ¢ [t,w]},

a Just moboro ¢ € [r,w] \ {r} nomyuaaem r ¢ [t,w] B cuty akcmomsr (A2) u3 onpee-
nenust npeepesbe. s kaxkoro p € [r,w] \ {r,w} muoxecrBo [p,w] \ {omega}
copepxkurcs B [r,w]\{r} C B (cm. coiictBo (A4) B memme 9.3) U SIBISETCS [ICEBIOITY-
oM, npejcrasisiionuM w (eM. jgemmy 9.10). Ocraercst 3aMeTUTh, UTO MEpeceYeHne
KOHEIHOrO Habopa KOH(MDHUHAILHBIX MCEBJOTYyYell 10 ONpPEIe/IEHNIO MICeBI0Iy el n
KOH(DUHATIBHOCTU COAEPIKUT TICEBI0YY (KOH(PUHAJIBHBIN C ICEeBIOIyYamMu Habopa).
Orcroa cjieyer, 9To NPOU3BOJIBHO BbIOpaHHAST OKPECTHOCTh F TOUKHU W COJIEPIKUT
IceBIOIYY mpeaaepesa 1, T.e. mepecekaercs ¢ 1'. Mtak, T mioTHO B (T\, D).

ITepeiineM K A0Ka3aTEILCTBY IIEPBOTO YTBEPYKICHUS TEOPEMbI ((f, p) sIBIIsIEeTCst
JeniponoM). Kak cieyer us onpejiesieHust JI€HIPOHA, I JIOKA3aTEILCTBA ITOTO
YTBEPKEHUS JIOCTATOYHO MOKA3aTh, YTO MPOCTPAHCTBO (f, )

(a) cBsi3HO,
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(b) siBJIsIeTCSI JIPEBOBUHBIM [IPOCTPAHCTBOM (JIFOOBIE J[BE PA3JIMUHBIE TOUKH Pa3-
JIeJIEHBI TPeTheit ),

(¢) KOMITAKTHO.

Zoxasamesvcmeo ceasnocmu. [1o Teopeme 10.4, Tomostorus teneit p na 1T’ coBua-
naer ¢ ronoJorueit o(7) u3 pazzgena 8.3, rak uro (T, p) sABJIsIeTCs TPOCTHIM JIPEBO-
BUJIHBIM IIPOCTPAHCTBOM (IyHKT 1 Teopembl 8.4) u, B 9ACTHOCTH, CBA3HO. W3 ompe-
JleJIeHNsl CTPYKTYPBI LIPeJlepeBa Ha [IPOCTPaHCTBe T=TU Ends(7') Berrekaer, 1ro
MHOXKECTBa, BbICEKaeMble BETBSIMU IIPeJIJIepeBa, T Ha BIOKEHHOM peaepese 1 C T
SIBJISTIOTCS BETBSAMU TIpeiiepesa T’ 6o coBnamator ¢ T, mpuyeM KakJast BeTBb B T’
MOZKET OBITH MOJIy9YeHa OMUCAHHBIM 00Pa30M. DTO O3HAYAET, YTO TONOJOTH ) UHILY-
[upyeT Ha npejiepese 1’ TOMOJIOTUIO, COBIAJAIONILYIO ¢ p. (AHaIOrnYHbIi (hakT BepeH
JITs1 JIFODOM IIapbl BBIIIYKJIO BJIOYKEHHBIX IpejyiepeBbeB.) Takum obpasom, T siBjsier-
Cs1 CBSA3HBIM IIOJIMHOYKECTBOM B (f, p). Orciofia B cruty JIOKA3aHHON BBIIIE IJIOTHOCTH
nopmuokecrsa T B (T, p) caeyer ceasnocts seero (T, 7). R

Zoxazamensvcmeo dpesosudrocmu. Ilycts a n b — pasmmaabie Toukn B 1. Pac-
CMOTPHUM TPHU CJIyUasi.

1) Touku a u b sexar B T. B arom ciyvae, nockosnbky (T, 7) siBisiercst ape-
BOBU/IHBIM IPOCTPAHCTBOM, Haifijgercs Touka x € T, pasnensiomas a u b B (T, 7).
Torma z ytexxut Mexk1y a u b Kak B mpejepese 1, Tak u B mpejiepese T (cMm. ompe-
aenenue 9.7). Orciona B cuiy yreepxenus 9.14 ciejyer, uto = pasjenser a u b
B (T, D).

2) Touka a nexur B T, a Touka b — B Ends(7"). Torna B cuty gemmsr 9.10 8 T
CYIIECTBYET €IMHCTBEHHBIN IMCEBIONYY L, MCXOmAMUil U3 @ U NPEICTABIASIONUN b;
IPITYEM STOT IICEBOMY COBIasaeT ¢ MuoxectsoM [a,b] \ {b} B mpemepese T. Cite-
JIOBaTEJIbHO, MHOXKeCTBO [a, b] \ {a, b} Geckoneuno. Kaxas rouka x u3 [a,b] \ {a,b}
Jgexut Mexkay a u b. Orciona B cuty yrBepxkaenns 9.14 ciaemyer, 9To T pa3miesser
aunbs (T,p).

3) Touku a u b nexxar 8 Ends(7T'). Torga B crty stemmst 9.10 mogvuozkectso [a, b\
{a,b} uz upengepena T sasnsercs MCEeBJONPAMOi B nipejyepese T, T.e. MHOYKECTBO
TOYEK, JIeXKAINX MeXKIAy a u b, 6eckoneuno. B cuny yrBepxkaenus 9.14 kaxkias u3
s1ux Touek pasgensier a u b s (T, 7).

Zloxazameavcmeo xomnaxmuocmu. B TponsBOIBHOM MpeigepeBe sl JIFOOOI
mapbl €ro TOYeK @ W b OTHOINEHWE <K,, ONPEIEIIeMOoe MPaBUIOM <« <, Y €cin
[a,z] C [a,y]», 3amaer suHelHBIT HOPsiOK Ha uHTepBase |a,b] (cm. [Bow99| wmim
[Mall4]). B [Mall4| nokaseBaercst (1emma 4.13 u caencrsue 11.10), aro gocraTod-
HBbIM YCJIOBHEM KOMIIAKTHOCTH TOIIOJIOT'MU TeHell Ha IpejjiepeBe T=TuU Ends(7)
SIBJISIETCS NOAHOMG TIOPSIJIKOB <, JUIsl BCeX UHTEPBaJoB [a, b] npemuepesa T . (Jlu-
HEHHO yIOPSTOYeHHOE MHOXKECTBO NOAHO €CJIU B HEM KaXKJI0e OTPAHUICHHOE CBEPXY
[OJIMHOXKECTBO UMEET TOYHYIO BEPXHIOO Tpaib.) [loHoTa yKa3aHHBIX TTOPSIKOB JJIst
IPOM3BOJILHOTO JPEBOBUIHOTO IIPOCTPAHCTBA yTBEpXK 1aeTcst jemmoit 8.2 B [War75|,
HOJIHOE JIOKA3aTeJIbCTBO KOTOpOil jgano B [MS77].

3ame4danme. DTOT Pe3YILTAT O TOJTHOTE MOYKHO BOCIPUHUMATH M KaK CJIE/ICTBHE
Teopembl 8.1 06 oTobparkeHuu B JIEHAPOH, JieMMbI 8.11 1 TOro cBoOiiCTBa JCHIPOHOB,
9TO BCE MHOXKECTBA BHJA |a,b] B IEHJIPOHE SIBJSIIOTCS JIMHEHHBIME KOHTHHYYMAMUI
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(cMm., Hanpumep, cieacreue 2.18 B [vMWS81]).
Ocraercst MPOBEPUTH HEIMPEPBIBHOCTH TOXKJECTBeHHOro orobpaxkenus (1',7) —
(T, p). llpeacraBum ero Kak KOMIIOZUIMIO TOXKJIECTBEHHBIX 0TOOPasKEeHU

(T,7) = (T, 0(r)) = (T, p) = (T, )

ITepBoe u3 31X 0oTOOparkKeHUil HEIPEPBLIBHO 1O Teopeme 8.4, BTOpOe sIBJISIETCS T'O-
MeomopdusMomM 1o Teopeme 10.4, a TpeTbe sABJIsIETCST TOMeOMOpPMU3IMOM Ha 00pa3
(sToT hakT 06CyKIANCT B HAYAIEe HACTOSAIIETO JI0KA3aTeILCTBA TIPU IIPOBEPKE ILJIOT-
nocru T 5 (T, p)).

Bce yTBep:KaeHNsT TEOPEMBI JTOKA3AHEL. O

10.7. JIemma (cp. ¢ semmoii 3.9). Joboe ceaznoe nodmrosicecmso dpesosudrozo
NPOCMPANCIMBA BHINYKAO 6 COOMBEMCMEYIowem npeddepese (M. e. 6Mecme ¢ A00bLMU
08YMA CE0UMU TMOUKAMU OHO COOEPHCUM U 6CE MOYKU, UT PA30eNAOULUE,).

Jloxasamenvcmso. JlemMa TOKa3bIBaeTCs JIOCTOBHBIM IOBTOPEHUEM PACCYZKJIEHMUSI,
IIPUBEJIEHHOTO B JIOKA3aTe/IbCTBE JIEMMBI 3.9. O

10.8. Jlemma (cp. ¢ sgemmoit 7.5 B [Bow99]). IIycmo T u P — dpesosudnvie
npocmpancmea, f: T — P — nenpepuwenoe unsexmueroe omobpascenue. Tozda,
Kakosv, 6o, 1y Gviau mouku a u b 6 T, evnoanaemes yciosue

fla,b] = [f(a), f(D)].

Jokasameavemeo. Brmouenne fla,b] C [f(a), f(b)] mpsiMo BbiTekaeT u3 Jem-
Mbl 8.11. O6paTHoe BKJOUeHHE BhITEKaeT w3 jemMMbl 8.11 B cuay jemmbr 10.7, Ko-
Topasi rapaHTupyer, 4rto mncesmourTepsan [f(a), f(b)] mexur B f(T'), HOCKOIBKY
f(T) cBsi3HO, Gyyun 06pa30M CBSI3HOIO IPOCTPAHCTBA MPHU HEIPEPBIBHOM OTOOpa-
JKEHUN. O

10.9. CaencrBue. B dpesosudHom npocmparcmee 3aMKHymote ncesiourmepsanbl,
ncesioAYUU U NCEBIONDAMDBLE ACAAIOMCA 3AMEHYTBLMU NOOMHOAHCECTNEAMU.

Hoxrasamenvemso. 1lycrs T — npesosuinoe npocrpancrso. B cuity reopemer 10.5
(em. Takxke Teopemy 8.1) mpeepeso T := T'U Ends(T) ¢ Tonosorueii Teneit p na
HEM SIBJISIETCS JICHJPOHOM, a TOXKJecTBeHHoe orobpaxkenue f: (T, 7) — (f, p) Herpe-
peiBHO. B cumy nemmbr 10.8, 110001 3aMKHYTBIM [ICEBIOMHTEPBAI B IIpejaepese 1’
SIBJISIETCsT IPOODOPA30M 3aMKHYTOT'O TICEBJOUHTEPBAJIA B JIEH/IPOHE, a 1o jemme 11.1
3aMKHYTHII [ICEBJOMHTEPBAJ B JIEHIPOHE TOMeOMOP(deH KOHTUHYYMY (J€H/IPOHBI JIO-
KaJIbHO CBSI3HBI; CM., Hampumep, Teopemy 8.7 wmwin ciegacrsue 2.10 8 [vMWS81]), B
YACTHOCTH, SIBJISIETCS 3aMKHYTBIM IIOAMHOYKECTBOM, TaK UTO €0 Mpoodpa3 TaKzKe
3aMKHYT. B cuiny jemMbl 9.10 11000 1ICEBIOIYY SIBJIIETCS IIPOOOPA3OM 3aMKHY-
TOTO TICEBJIOMHTEPBAJIA B IPEJJIePeBe-ICHIPOHE f, YTO B CUJIY BBIMIEN3JIOXKEHHBIX
coODpaXkeHnii Tak»Ke BJeYeT 3aMKHYTOCTb. 3aMKHYTOCTH IICEBJIONPIMO ciiejryeT
u3 Toro akTa, UTO OHA MPEJCTABHMA B BHJE OODLEIUHEHUS JBYX IICEBJIOJIYeh

(em. [Malld]). O
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11 JlokaabHO CBsI3HBbIE APEBOBUIHBIE IIPOCTPAHCTBA

11.1. JIemma (cp. ¢ semmoii 3.6). B 10kaabH0 c8A3HOM IPEBOSUINOM NPOCTPAI-
cmee 0aa 200 06Yxr e20 mover a U b umeemca eduncmeertoili AUHETHBIT KOHMU-
nyym K ¢ xonyamu 6 a u b. Mwuoowcecmso K \ {a,b} cosnadaem c mmoorcecrmeom
mouex, pasdeasrowur a u b, max wmo K = [a,b], 2de [a,b] — samrnymoi ncesdo-
UHMEPBAL COOMBEMCMBY0UE20 npeddepesa.

Jlokxazamenvcmeo. Y TBEpXKIEHUS JEMMBI TIPSIMO BBITEKAIOT U3 caeacTBusI 15.1, Teo-
pembr 16 u temmbr 17.1 B [War75]. O

11.2. JIemma (cp. c iemmoii 3.9). B .10KkaavHO c8A3HOM OPEEOSUIHOM NPOCTPAH-
CMBE MOOMHOHCECMBO CEAZHO M0204 U MOALKO Mo20a, K020a 0HO SLINYKAO 6 COOM-
sememeyrowem npeddepese (m. e. mozda u MosvKo mozda, Ko2da emecme ¢ A00bLMU
08YMA CEOUMU MOYKAMU OHO COOEPHCUM U BCE MOYKU, UL PA3ICAANULUE ).

Zloxasamenvcmeo. BBIIYyKIOCTb CBA3HBIX IMOJAMHOYKECTB HOKA3BIBAETCSI TOCTOBHBIM
IIOBTOPEHUEM PACCYKIEHUs, IIPUBEICHHOIO B I0KA3aTeIbCTBE JIeMMbI 3.9. Ecn mom-
MHOKECTBO BBIMIYKJIO, T.€. C JIOOBIMU JIByMsI CBOMMH TOYKAMHU @ U b COIEP:KUT U
uHTEpBaJ [a,b], TO OHO CBSI3HO, TAK KaK B JIOKAJIHHO CBSI3HOM JPEBOBHJHOM IIPO-
CTPAHCTBE TICeBIOUHTEPBA [a, b] cBsizeH B cuity jemmbl 11.1. L]

11.3. Jlemma (cp. ¢ aemmoit 3.10). B .10KaAvHO c8A3HOM Ope60SUIHOM NPO-
CMPAHCMBE NEPECEUEHUE CEAZHBLT NOJMHONCECTNE U3 MPOU3BOALHO20 HADOPA AUOO
nYycmo, AUb0 C8A3HO.

Zloxaszamenvcmeo. YTBEpXKJIEHUE JIEMMBI CjiefayeT u3 JieMMbl 11.2, TOCKOJBKY B
TpeJiiepeBe Tepecedenne BhIMYKIIbIX MOIMHOKECTB M3 MPOU3BOJIBHOTO HAbOpa, JTHO0
yCTO, JTUOO BBIIYKJIO (B CHJIY OIPEJIEIeHUs BBITYKJIBIX TIOJMHOKECTB). O

11.4. JIemMma. 1. B 40KaAbHO C8A3HOM OPEGOGUOIHOM MPOCTPAHCMEE A1000A NCe6-
dodyea 20MeOMOPPHA CEAZHOMY MOOMHOHCECNEY AUHETHO20 KOMNAKMA.

2. B cenapabesvrom A0KaABHO CEAZHOM OPEBOGUIHOM NPOCTPAHCMEE 41060 NCEG-
dodyea 20MeOMOPPHA UHMEPBANY BEWECNEEHHOT NPAMOTL.

Zloxazamenvcmeo. 1. Ilycte J — 1iceBogyra B JIOKAJIBHO CBSI3HOM JIPEBOBUTHOM
npocrpanctse 1. Torma na J mmeercst IMHEHHBIN MOPSII0K < TAKOM, ITO JIJTsT JTFOOBIX
aunbwuz J upu a < b BBIOJHSAETCS YCIOBHUE

[a,b] = {a,b}U{zx € J:a<z<b}

(em. memmy 2.7 B [Bow99| mwim sremmy 3.3 B [Mall4]). [TockosbKy Ji1si IPOM3BOIBHBIX
Touexk a u b B J mcepmomnTepsal [a,b] apmsercs myroitt® (memma 11.1), ymopso-
yeHHOe MHOXKeCTBO (J, <) mosiHo (T.e. B (J, <) KaxKjgoe OrpaHuIeHHOe CBEPXY IOJI-

MHOZKECTBO MIMEET TOYHYIO BEPXHIOO rpanb). O603HAUNM [Yepe3 T TOmoJoruio Ha J,

15T, e. roMeoMoper THHEAHOMY KOHTHHYYMY
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MHIYIIUPOBAHHYIO TOIMOJIOTHEN 33/ ITAHHOTO JPEBOBUIHOTO IIPOCTPAHCTBA, W TIOKAYKEM,
YTO T COBHJAET C MOPsIKOBOIT Tomosorneit na (J, <).

Crauasta, yoeMCsi, IYTO T COJEPXKUT MOPSIKOBYIO. JlocTaTouHO TPOBEPUTD, UITO
Jutst Kaxkjoro @ € J nogmuoxkectsa Jp = {t € J:t <z}lu J*:={te J:x <t}
Bxogar B 7. Ilojgmuoxkecra J, u J? CBsi3HBI B T, Oy/ly4u 1ceBaojyraMu (CM. JieM-
my 11.2). ITonmuoxkecTBa J, 1 J* j1eKaT B pa3HbIX KOMIIOHEHTAX CBA3HOCTH MHOYKE-
crea T'\ {z}, nockonbky x pasnenser J, u J*. Cienoarenbto, J, u J* gpisiiorcs
HepecevYeHusIMU ICeBIoAyTH J ¢ PasHbIMU KOMIIOHeHTamu MHOectBa T\ {z}; srm
KOMITOHEHTBI OTKDBITBI B UCXOJHOI Tomosorun ua 71 (cMm., Hampumep, Teopemy 19
B [War75| uinu reopemy 4 B [Pea74|). Orciona BoiTekaer, uro J, u J% Bxousr B T.

ITokazkem, 9TO TOMOJIOTUST T COJEPNKUTCH B HOPsijikoBoit. leficTBuTrebHo, ecian
OBI HAIILJIOCH MTOJIMHOXKeCTBO S C J, BXOJAIIEE B T M HE OTKPBITOE B MOPSIIKOBON TO-
[IOJIOTUH, TO CYIIECTBOBaJIA Obl TOUKA s € S, HUKAKas [MOPHAIKOBas OTKPBITas OKPECT-
HOCTBb KOTOPOIi He cozepzkasack 6b1 B S. Torja Hammesicst 661 1 1ceBgouHTEpBa [a, b,
cojiepaKarnuiica B J U cofepKaIuii s, B IiepecedeHn ¢ KOTOPhIM S 1aBaJjo Obl MHO-
JKECTBO, HE OTKPBITOE B IOPSJIKOBOI TOIOJIOrNY Ha [a,b]. DT0 mporuBopednT TOMY,
9TO HCeBJOUHTEPBAJ [a, b] romeoMopden JnHeiHOMY KOHTHHYYMY.

Ocraercst 3aMeTUTD, UTO, KAK XOPOIIIO U3BECTHO, BCSIKOE CBSI3HOE YIIOPSIOIMBAE-
moelS pocTpancTBO roMeOMOPGHO MOIMHOKECTBY JIMHEITHOTO KOMIIAKTA.

2. ITycrs T — cenapabesibHOE JIOKAJIBHO CBSI3HOE JIPEBOBUJIHOE TPOCTpaHCcTBO. [1o
reopeme 8.1 naiinercst gengpon D(T') u HenpepbIBHOE MHBEKTHBHOE OTOODasKEeHHe
f: T — D(T) rakue, aro o6pa3 f(7T') mwrorern B D(T'). [Tockosbky T' cemapabesbHO,
a 0bpas f(T') nenpepbiBaoro orobpazkenust f mwioren B D(T), nernapon D(T') cenapa-
GeJteH, 1 3HAMAT, sIBJISIETCs JeHIpuTOM (cM. 3amedanne 3.2). B cuity gemmsr 10.8 oTo6-
paxkenue f 1epeBOAUT TICeBIO Ay npocTpancTsa T B mcepnoayru penapura D(T')
¢ coxpanenueM mopsijika. Ocraercs oOpaTUTHCH K JI0KA3ATEIHCTBY IIEPBOrO IMyHKTA
JIEMMBI U 3aMETUTh, YTO B JEHIPHUTE JIIo0as MCEeB0yra roMeoMOpdHA HHTEPBAJTY
BeleCTBeHHOM 1psiMoii. leiicTBuTesibHO: B cuity jemMbl 7.12 B [Bow99|, srobast mices-
JIOyTa JEHIPUTA JIEKUT B HEKOTOPOM TICEBJONHTEPBAJIE; B CUTy jieMMbl 11.1, Besakuii
3aMKHYTBII TICEBIOMHTEPBAJ B JICHJPUTE SIBJISIETCS JIYTOI; BCsiKasi JyTa JIEeHJIPUTa
romeoMopdHa 3aMKHYTOMY HWHTEPBaJly BEIECTBEHHON MpsMOil (CcM. 0OCy:KieHHe B
pasjeie 3.3).

3ameuanmue. B jokazare/ibcTBe MyHKTaA 2 JIEMMbI MOYKHO TaK>Ke BOCIIOJIb30BATh-
Cs1 TeM, UTO BCSIKOE JIPEBOBUJIHOE TIPOCTPAHCTBO SIBJISIETCSI MeHAHHBIM [IPEIEPEBOM,
a B MeJIMaHHOM IIpeJiJiepeBe cernapadebHOCTb TOIOJIOTUN TeHel JaeT CHIIBLHYIO cela-
pabesIbHOCTb: UMEeeTCsl CUeTHOE MHOYXKECTBO, MEePECEeKarolnee KaXK Iyl HEOIHOTOUYe -
Hyto nceaoayry (em. [Bow99)). O

11.5. Oupenenenue. BemntecrBennbie jy4du. [lycrs T — cenapabesibHOE JIOKAb-
HO CBSI3HOE IPEBOBUIHOE IIPOCTPAHCTBO. Bewecmeentvim aywom B T OyaeM Hazbl-
BaTh [OJMHOXKECTBO, TOMEOMOP(dHOE MOJIyoTKpbiToMy uHTepBasy [0, 1) BermecTseH-
HOIl IpsIMOIi ¥ He coJieprKalleecs: B IOAMHOKeCTBE B 1, TOMEOMOP(MHOM 3aMKHYTOMY

18 C. ompenenenne B pasmene 3.3.
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unrepsaiy [0, 1].

11.6. YTBepkaenue. [lodmnooicecmeo cenapabesvbozo A0KAAbHO C8A3H020 IPe6o-
8UJH020 NPOCMPAHCNGEA, ABAALNCA NCEBIONYUOM ECAU U MOALKO ECAU OHO ABAAECMNCA
BEWLLCTNBEHHDIM AYHUOM.

Zoxasameavcmeo. Ilycts L — BellleCTBEHHBIH JyY B cenapadebHOM JIOKAJTBLHO CBA3-
noMm jpesosuaHoM npoctpancTse 1. Torma L cesazen u mo jgemme 10.7 gB/IsTeTCS BbI-
IIYKJIBIM TIOJIMHOYKECTBOM B COOTBETCTBYyIOIIEeM npefepese. [lokaxkeMm, uro L aBiis-
ercs JINHEHHBIM IOJIMHOXKECTBOM B Iipejiiepese. [lelicrBuresibHo, 1IyCcTh ,Yy, 2 € L.
C TOYHOCTBIO JI0 TIEPEODO3HAYECHHUS TOYEK MOXKHO CUUTATH, UTO Y JIEKHUT B HOJIbIH-
repadie I (x,z) ayda L ¢ koniamu B Toukax x u z. OpHako u3s jgemmbl 11.1 cuemyer,
qro [(z,2z) = [x,2] n y € [z, z]. Ycaosue smneiinocTn BbInoaHeHo. Takum o6pasom,
L aBisieTcst 1CeBIOLYTOM.

BerecTBeHHBIN JIyd 110 OIPEJIEJIEHUIO HE CONEPIKUTCS B IOJIMHOYXKECTBE, TOMEO-
mopduoM nrTepBady [0,1]. B cuiny semmbr 11.1, KayK1plil 3aMKHYTHII ICEBIOMHTED-
BaJl B npejyiepese 1’ sABjseTcs JTUHEHHBIM KOHTHHYYMOM. OTCIO/a OYEBUJIHO BbITE-
KaeT, uTo L He COJIep:KUTCS HU B OJHOM 3aMKHYTOM IICEBIOMHTEPBAJIE IIPEIIePEBA.
Kpowme Toro, uz memmbr 11.2 ciiemryer, 4To HaYa/bHAsl TOYKA BEIIECTBEHHOT'O JIyda SB-
JISIETCsI SKCTPEMAJIbHOMN (B CMBICIe omnpeiesiernst u3 pasjesa 9.2). Takum obpasom, B
upejiiepese 1' MHOXKeCTBO L sSIBJIsieTCS HEOIPDAHUYEHHOM MICEBJIOLYTON C 9KCTPEMAJIb-
HOI TOYKOMH, T. €. IICEBJIOIYIOM.

O6parno: nycrs L — ucesnoayd B 1. Torma, corsmacuo yrBepxkuenuto (1) siem-
Mmbr 3.8 B [Mall4|, na L mmeercst IMHERHBIN MOPSIZIOK < Takoii, 9To npu a < b BEpHO

[a,b] ={a,b}U{zr € L:a <z <D},

npuYeM B yHIopsiJloueHHOM MHOXKecTBe (L, <) mmeercsi MUHUMAJIbHBLI, HO HE MMeeT-
¢l MaKcuMaJIbHOTrO 3jteMenTa. Orciofia B cuity JjieMMbl 11.4 BeITeKaeT, 9To L romeo-
mopdHo unTepBaiy [0,1). Ocraercs 3ameTnTh, 9T0 L HE JIEKUT B IOJMHOYKECTBE,
romeomopduoM naTepBasy [0, 1], HOCKOIBKY TaKoe MOIMHOXKECTBO B T’ SBJISLIOCH ObI
ncesgonHTepBasoMm (jlemma 11.1), a 1ceBaoyd 1O ONPEJIEJICHUIO HE COJEPIKUTCS B
IICEBJIONHTEPBAJIE. L]

12 JlokazaTeabcTBO cjeacTBus 1.3 o gepeBbsx

12.1. Onpenenenus. lepeBbs. /lepecom HASBIBAIOT CBA3HBIN 1 OJIHOCBSI3HBIN KJI€-
TOYHBIN KOMILIEKC pa3dMepHocTH He Bhimie 1. HynbmepHbie KiteTKu fepeBa Ha3bIBAIOT-
sl 6EPUWUHAMU, OTHOMEPHBIE — pebpamu. JlepeBo ¢ 6eCKOHEIHBIM (COOTB., KOHETHBIM,
CUETHBIM ) KOJIMIECTBOM KJIETOK HA3bIBAETCS OECKOHE HbLM (COOTB., KOHEUHbIM, CHEM-
Hoim). TIOMKOMITIIEKCHI JiepeBa, SIBJISIIONIIECS ICPEBbIMU, HA3BIBAIOT N0J0EPEELAMU.

12.2. Onpenenenne. Konupt gepesa. beckoneunoe (o) iepeso, romeoMopdnoe
unrepsaiy [0, 1), HaspiBaeTcst ayuom. [IBa jyua B jiepeBe HA3BIBAIOT KOHPUHAALHDI-
MU, €CJIN UX TIePeceueHne TaKXKe BJsieTcs JiydoM. KoHbUHAIBHOCTD JIydeil siBJIseTcst
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OTHOIIIEHNEM 3KBUBAJIEHTHOCTH. KoHUyoM JepeBa Ha3bIBAIOT KJIACC SKBUBAJEHTHOCTU
KoHMDUHATIBHBIX Jiydeii. MuokecTBO KOHIOB JiepeBa T’ obosnadaercs depe3 Ends(T).

12.3. Onpegenenne. CxoauMoCTh K KOHIIAM AdepeBa. ['0BopsiT, 4TO MOC/Ie10-
BaTEIBHOCTD (;);eN TOUeK nepeBa 1’ cxodumcsa K xouiy w € Ends(T'), ecam mis
HekoToporo!” mpexcraBiisionero Komer, w Jjyda L B T BBIIOIHSETCS CJIELYIOLIEE
CBOMCTBO: JyIsi KaxKioit Touku ¢ € L\ {p}, rue p — BepimHa, u3 KOTOPOH MCXOUT

nay4 L, naitnerca Ny € N Takoe, 9T0 p U x; pasjeneHbl TOUKON ¢ npu Beex j > Ny

12.4. Tonosorust na T'UEnds(7T). Ilycrs T — nepeso, Ends(T') — mMHOXKecTBO ero
KoHIOB. [lyctb & — Touka B T, B — KOoMITOHEeHTa CBst3HOCTH TipocTpancTsa 1\ {z},
E(B) — nopmuoxkectso B Ends(T'), obpazoBanHOe BCEMU TeMU KOHIIAME, Y KOTOPBIX
HANJIEeTCsT IPEICTABIAIONINIT uX Iy, cojaepxkamuiics B B. Byem paccmarpusarh Ha
muoxkectse TUEnds(T") Tomnosiornio, mopox/IeHHY 0 CEMEHCTBOM BCEX MHOYKECTB BH/IA
B U E(B) nist BceBO3MOXKHBIX * € 1.

Zoxasameavcmeo caedemeus 1.3.

12.5. Jlemma. Bcakoe depego ABAAEMCA NOKANOHO CEA3HLIM OPEGOSUIHBIM NPO-
CMPAHCMBOM.

Jloxazameavcmeo. Kak usBecTHO, 11000i KIETOUIHBIR KOMILIEKC JOKAJBHO JIMHEMH-
HO CBSI3€H W, CJIEJ0BATEIbHO, JIOKAJIBHO CBfA3eH (CM., HAmpumep, cjejacrsue 6.7
B [LW70]). Oqa03Ha9HO Jyroo6pasHO CBsI3HBIE JIOKAJIBHO JIyTrO06pasHO CBSI3HbIE PO~
CTpaHCTBa JpPeBOBUJHBL (cM., Hanmpumep, [Blol5, semma 1.9]). Takum obpaszom, st
JI0Ka3aTeIbCTBA, IPEBOBUIHOCTH OCTAETCsl IPOBEPUTD, UTO JePeBbsl OJHOZHAYHO IIy-
roo6paszHo cBsi3Hbl. CBA3HBIN KJIETOYHbIH KOMILIEKC JIMHEHHO CBsI3eH (CM., HalpuMep,
caencrsue 6.8 B [LW70]). Ilo onpejesiennto, mojMHOXKECTBO KJIETOTHOI'O KOMILIEKCA
3aMKHYTO TOTJIa W TOJBKO TOIJIA, KOTJa 3aMKHYTO €ro Iepecedenne ¢ 3aMbIKaHU-
eM Kaxk10it kierkn. OTcrofa cieyer, 9To KOMIAKTHOE MOJAMHOXKECTBO KJIETOYHOI'O
KOMILJIEKCA COJIEPYKUTCSI B KOHETHOM YHCJIe KJIETOK KOMILIEKCa (CM. MeTo]| JI0Ka3a-
resiberBa B [Hat02, crp. 83]). B wacrHOCTH, MOAMHOXKECTBO JepeBa, roMeoMopdHoe
JINTHEHHOMY KOHTHUHYYMY, TOMEOMOP(MHO OTPE3KY BEIECTBEHHOI MPSIMOi. JTO O3HA-
YaeT, UTO yCAOBUE OJHOCBSA3HOCTH M3 OIPEJIEICHUA JepeBa SKBUBAJICHTHO YCJIOBHUIO
OJTHO3HAYHOM JIyrOOOPA3HON CBA3HOCTH. O

B nmanbHeiinmeM IpeaiosiaraeTcsi, UTO BBIMIOJHEHBI IIPEJIIOIOXKEHNUsT CJe]l-
crBug 1.3.

12.6. YTBepxkaenue. Jlepeso T cenapabesvro.

Loxazameavcmeo. Ilockonbky rpymnma G cdetHa, a 1’ He COAEPXKUT COOCTBEHHBIX
G-uHBapHaHTHBIX 1OJJepeBbeB, T cueTHO (KAaK KJIETOYHbI KOMILIEKC) U, CJIeI0Ba~
TeJIbHO, cernapabebHo (KaK TOIOJIOrUIEeCKOe TPOCTPAHCTBO). O

17 A smauwmT, M 1UIS KAXKIOTO.
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12.7. YrBepxkaenue. YV depesa T' ne umeemcs ucAULT eepuiur (M. e. GePUUN
cmenenu 1).

Zloxasameavcmeo. [leiicTBuTe/bHO, TaK KaK 1 OECKOHEYTHO, Y HETO HAM Y TCS BEPIIH-
bl crenenn 6osbine 1. CiremoBarebHo, y 1T HET BUCAYUX BEPINMH, TaK KaK B IIPO-
TUBHOM Cnyqae IIOIJIEPEBO, HaTHHyTOG Ha BEPIINHBI CTCIICHN 60.HI)H_IG 1, ABJIAJIOCH 6bI
cobcTBeHHBIM (G-MWHBAPUAHTHBIM IIOJJEPEBOM B IIPOTHBOPEYNE C IPEIITOTOKEHIAMI
JIOKa3bIBAEMOI'O CJIEJICTBUSL. O

12.8. ¥YrBepxkaenue. Mnoowcecnso xornyos Ends(T) depesa T' Geckoneuno.

Jlokazameavemeo. Eciau y HEOJHOTOYEIHOrO JlepeBa HET BUCSYUX BEPINUH (yTBEp-
xkjeune 12.7), TO B HEM €CTb JIy4d U, CJI€JOBATEIBHO, €ro MPOCTPAHCTBO KOHIIOB
Herycro. Orciona Beirekaer, uro Ends(T') 6eckoHEUHO, MOCKOJIBKY IIPEJIITOIAraeTCs,
qro uHAynupoBanHoe jefictere G Ha Ends(T') He nuMeeT KOHEYHBIX OPOUT. ]

B cuny nemmbr 12.5 mepeBo T siBisieTCsT JJOKAJIBHO CBSI3HBIM JPEBOBUIHBIM IIPO-
crparcTBoM. Coramenue 10.2 3amaer Ha T’ cTpyKTypy npepgepea. O003HAUUM 3Ty
CTPYKTYypy depe3 S.

12.9. ¥YrBepxkaenmne. Jyuu ¢T asasromesa ncesdosyuamu npeddepesa (T, S). Imo
coomeememeue undyuupyem ouekyuro mescdy muootcecmsom konyos Ends(T') depe-
6a T u mnoorcecmeom rornyos Ends(T,S) coomseememeyrouezo npeddepesa.

Hoxazameavcmeo. Jlya B T sBjsieTcsi BEIIECTBEHHBIM JIYyYOM B CMBICJIE OIIDE/IEsIe-
Hust 11.5 (JIyd He MOXKeT COJIepzKaThCsl B IIOJIMHOYKECTBE JlepeBa, ToMeoMOPGhHOM 3a-
MKHYTOMY BEIECTBEHHOMY HHTEPBAJY, IIOCKOJBKY KOMIIAKTHOE ITOAMHOXKECTBO JIe-
peBa COJIEPKUTCS B KOHEYHOM vucie KieTok; cM. [Hat02, crp. 83]). Orcroga B cury
yrBepkenus 11.6 caemyer, uro kaxplii gy B T siBiisiercst ceposydoM B (T, S) u
9TO KOH(DUHAJIBHBIE JIyYH KOH(MUHAIBHBI KAK ICEBJOIYUNA. DTO JIAeT OTOOparKeHUe
E: Ends(T) — Ends(T,S).

s mpoBepKU MHBEKTUBHOCTU OTOOparkeHusi F HY>KHO MOKa3aTb, YTO HE KOH-
duHaTBHBIE JIyyn HE KOH(MHWHAJIBbHBI U Kak ncesiosyuu. [lycts ayum Ly u Lo He
koudunabubl. [lepeceuenne Ly N Lo HEmycTo, OHO SIBJISIETCST CBSI3HBIM (CBSI3HOCTD
IiepeceveHnsl CBI3HBIX MHOYXKECTB B JIEPEBE MOXKHO IOJIyUUTh B KAUECTBE CJIEJCTBUS
aemm 11.3 u 12.5) mogkomIieKcoM (Kak Ilepecetenne IOAKOMILIEKCOB). Ecim cBss-
HBII TOMAKOMILIEKC JIyda He sIBJISIETCS JIYIOM, OH TOMEOMOpP(MEH 3aMKHYTOMY Bellle-
CTBEHHOMY MHTEPBAJIy U HE COHEPKUT IICEBJIOJIyUeil, Tak 4uTo rceBnonyau Ly u Lo
HE KOH(UHAJbHBIL.

st TpOBEPKM MHBEKTUBHOCTU OTOOpaXKeHust F Hy»KHO MMOKa3aTh, YTO B KaXK-
JIOM ceMelicTBe KOHMDUHATBHBIX ncesnoiyueii B (1, S) Haiinercs jyd. CoryacHo Jjiem-
Me 9.10, B Kax10M cemeiicTBe KoHGUHAIBHBIX HceBpoydeil B (T, S) Haiigercs mnces-
JOJIyY, HAUMHAIOMUNCS B TOUKe, sBJsIoNelics Bepmunoit gepesa 1. [lycts L — mices-
JOJIyd ¢ HavaJ0M B Bepiuue. B cuy yrBepxkaenus 11.6, L sBiseTcs BeIlecTBEHHBIM
gydaom B T B cmbicie onpegnesiennsi 11.5. Takum obpasom, L romeomopden serre-
cTBeHHOI mostynpsiMoit. Ocraercst TpoBepuTh, UTO L sIBJISIETCsT TIOJKOMILIEKCOM B T
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Oro caexyer u3 Toro, uro L samkuyT B T (caencrBue 10.9) u umeer ejauHCTBEH-
HYIO TEPMUHAJIbHYIO TOYKY B BepinuHe. (3aMKHyTOe CBsI3HOE TIOJIMHOXKECTBO JIepeBa,
He ABJISIONIEECH IMOOKOMILIEKCOM, ITOJXKHO, OYEBUIHO, UMETh TePMUHAILHLIE TOYKI
X0Tsl 6bI B OTHOM U3 OTKDBITBIX pebep. ) ]

Tlosp3ysich JOKa3aHHBIM yTBEPKICHUEM, B OCTABINEHCA 9acTH JOKA3ATETHLCTBA
caesictBust 1.3 MBI OTOXKJECTBIsIeM MHOXKecTBO KOHIOB Ends(7T") nepesa T' ¢ MHO-
JKE€CTBOM KOHITOB COOTBETCTBYIOIIErO IIpe/iiepeBa. BosHukaromyo Ha 00beIMHEHUN
T=TuU Ends(T') crpykrypy npejiepesa (OHa OIUChIBaeTCs B IMyHKTE 9.7; CM. Tak-
Ke TeopeMy 9.8 u coryamenue 9.9) 0603HAYMM Uepes3 S. Beenem Ha mpemnepese

(T, S) Tonomornio Teneit (cm. §9).18 Tlomyansimeecss TOMOIOrTIECKOE TPOCTPAHCTEO
obozHauumM depes Dr.

12.10. ¥YTBepxkaeuue. I[Ipocmpancmeo Dy sasasemca dendpumom. Toorcdecmesen-
nas unsexyus T — Dp nenpepuena. Hodmmnoorcecmeo Ends(T) C Dy cosnadaem c
MHOHCECTNEOM KOnUuesvx movek dendpuma Dr, a T, coomeemcmeenno, cosnadaem
€ MHOHCECTNBOM SHYMPEHHUL Mmover dendpuma Dr.

Jloxazameavcmeo. B cuiy nemmbl 12.5 nepepo 1’ siBasieTCst IPEBOBUIHBIM ITPOCTPAH-
creoM. Orcroma o TeopeMe 10.5 caenyer, uro Dp sSBIsIeTCS AEHIPOHOM, & TOXKJIE-
crBenHast uabekiys T — Dp nenpepoiBaa. [lockosbky T cenapabenbHo (yTBep:Kie-
uue 12.6) u mwiorno B gengporne Drp (teopema 10.5), 5TOT AeHApOH cenapabesieH u,
CJIeJIOBATENIbHO, SABJIsleTCs JeHapuToM (cM. 3amedanue 3.2). Bropoe yrBepxjenue
BBIIIOJIHSIETCsI B CHJLy OTCYyTCTBUsSA y T BUCsS4YuMX BepinuH (yTBepxkieHue 12.7). O

12.11. VrBepxknaenue. I[lycmv (z;)iey — nocaedosamesvrocmv movwex 6 T u
nycme w € Ends(T'). Toeda, ecau (x;)ieny cxodumea x w 6 Dp, mo (z;)ien czo-
dumes x w u 8 emouicae onpedeserus 12.3.

oxazameavcmeo. llyctb L — mpou3BONLHLBIN JIyd B JepeBe 1', MpeacTaBIIsIIONINIT
KOHell w, u nycrb p € T — BepiuHa, u3 Koropoit ucxomut L. Ecin (x;);en cxopurest
K w B D7, To 1o jlemme 9.16 BBIMOJIHAETCS YCIOBUE

[, wl\ {w} < |J ) b2l (1)

keN j>k

O6Gosuauenue [-,-] OTHOCHTCS 3/1eCh K 3aMKHYTBIM IICEBJOMHTEPBAJIaM Ipe/iepeBa
(T,8). Cormano nenme 9.10, Muoxkectso [p,w]\ {w} sBsiercst nceB 10y I0OM B 11pe/i-
nepese (1,S), uCXOMANMAM U3 P U IpeJCTaBIsioNM w. VI3 yrBepxaenns 12.9
caenyer, uro L = [p,w] \ {w}. Ycaosue (1) osmagaer, 4ro st KaxKJo# TOYKH
s € L = [p,w] \ {w} maitnercs Ny € N rtakoe, 1aro s € [p,z;] npu Bcex j > Nj.
Orcrosa BbITEKaeT (IIOCKOJIBKY TIOCIIEI0BATENBHOCTD (Z;)icN TOUeK u3 T cxomurest K
touke He u3 1), aro jyis Kaxoii touku t € L\ {p} = [p, w]\{p, w} naiinerca Ny € N

8 Eemn JIePEBO He SIBJISIETCS JIOKAJIBLHO KOHEUHBIM, Tomosorus Tereii Ha (T, S) He coBmamaer ¢ ero
ucxoaHoi Tomostorueit. OmHaKo 6GopeTeBCKre aaredphl, IOPOXK IEHHBIE TOTOJIOTHEN TeHe U UCXOTHOMN
TOIIOJIOTHEH, B CJIydae CUYETHBIX JepeBbeB COBHAJAIOT.
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TaKO€, UTO t JIEXKHUT MeXKJLy (B CMBICIIE CTPYKTYPBI IIPEIJEPeBa) TOUKAMA P U & DU
Bcex j > Ni. DT0 3aBepInaer JJ0Ka3aTeIbCTBO, IOCKOIBKY IO OIPEJIEJIEHAI0 CTPYKTY-
pot npegiepeBa S Ha T (eMm. npegyioxkenue 10.1 u cornamenune 10.2) ¢ jexkut Mex Ly
To4YKaMu p u x; B upeguepese (1, S), r.e. (p,t,x;) € S, TOrma u TOIBKO TOI/1a, KOI/IA
t pasfesseT p U T B JIPEBOBUJIHOM IIpocTpaHcTBe (1epese) 1. O

12.12. YrBepxkaenue. Tonoaozus wa T, onucannas 6 pazdese 12.4, cosnadaem c
mononozueti menet na npeddepese (T, S), m. e. ¢ monoaoeuet dendpuma Drp.

Jloxasamesvemeo. PyTunHast mpoBepka Ha OCHOBE OIMPEIEEHUIl MOKA3BIBAELT, UTO
ceMefiCTBO MHOKECTB, OIIHCaHHOe B pasjese 12.4 B kauecTse Ipeadasbl TONOJIOTUY,
SIBJISICTCS. B TOYHOCTH CEMEfiCTBOM BCEX HEBBIPOXK/ICHHBIX BeTBeil npemepesa (17, S)
(moCKOJIbKY BUCSUUX BepiinH y jiepesa T ne umeercst). OTcrojia B CUILy OIIPe/Ie/IeHUsT
TOIIOJIOTHHU TeHEH JIErKO CJielyeT TpebyeMoe yTBEp K IeHNUe. O

HeitcrBue rpynnsl G Ha nepeBe T’ ecTeCTBEHHBIM 00pPa3oM HHIYIIUPYET AeiicTBIE
rpynnsl G Ha nenjgpure Dy.

12.13. VYrBepxkaeuue. Jlendpum Drp ne sasasemcs dyzoti u He codepoicum cob-
cmeeHHur G-UHBAPUAHMNBLT NOOKOHWMUHYYMOS, M. €. YIOBAECMBOPAET, YCAOBUAM
meopem 1.1 u 1.2.

Zoxazameavcmeo. IeticTBuTebHO, MeHApUT D He SBAsSETCS yroil, TOCKOIBKY,
KaK YKa3bIBACTCs BBINE, MHOXKECTBO €ro KoHIEBHIX Toduek Ends(7') 6Geckomedno
(yrBepxkaenns 12.8 u 12.10). Homycrum, aro Dp comepKut cobcTBeHHBIH G-MH-
BapuaHTHBIN nojkoHTUHYYM K. K He dBJIsieTcs OTHOTOYEYHBIM IIOJIMHOYKECTBOM
B Ends(T"), tak kak mo ycsosuio jeiicrsue G na Ends(7') He nmeer KOHEYHBIX Op-
6ur. Ecin K N Ends(T') nycro, to K sexxur B T. Eciim K copepzkur xorst Obl jiBe
roukn w u z u3 Ends(T"), To B cuity slemmbl 3.9 K COIEPXKUT ¥ BHYTPEHHOCTH JIyTH
[w, z], a sTa BHYTpeHHOCTDb comepxkurcs B 1. Urak, B sro6oMm ciydae K nepeceka-
ercst ¢ 1. B cumy memmpr 3.10 mepecevenne K N1 ceasuo (B Dr). CrenoBarenbHo,
K NT ceazno u B nepese 1, MOCKOJIBKY TOXKJIeCTBeHHas nuHbekius 1 — D nepesa
B JIeHApHUT HempepbiBHA (yTBeprkaenue 12.10), a mpu HEIPEPBIBHON MHBEKIUN JIO-
KAJIbHO CBSI3HBIX JPEBOBUIHBIX ITPOCTPAHCTB IIPOOOPA3bI CBSI3HBIX MHOYKECTB CBSABHBI
(a0 caemyer uz gemm 8.11, 11.1 u 11.2). Bamerum, uro K N1 He MOXKET COBIIAJATH
¢ T, nmockosbky B 3TOM ciaydae K coBnagajo 6ol ¢ D7 B HpOTUBOpEYHE C IPEIIIo-
JIO2KEHUEM O TOM, 4TO NOJKOHTHHYYM K — cobcrtBennbiii. Utak, K N7 ectb cob-
CTBeHHOE CBs3HOe (G-MHBapHUAHTHOE MOJMHOKECTBO JiepeBa 1'. B cuty siemmbr 12.14
TUTOTE3a O HAJUYIUE B JeHApuTe D7 cOOCTBEHHOTO (G-MHBAPUAHTHOTO TTOIKOHTUHY-
yMa BXOJUT B IIPOTHBOPEYNE C IIPEJIOJIoKeHneM 00 oTcyTcTBUU B 1’ COOCTBEHHBIX
G-UHBApUAHTHBIX MOJJEPEBBEB. DTO JTOKA3BIBACT, UTO JNEHIAPUT DT yIOBICTBOPSIET
yemoBusaM TeopeM 1.1 m 1.2. [

12.14. JIemma. Fcau 6 beckoreurom depese umeemcs céasznoe coocmeernnoe G-un-
BAPUAHMHOE NOOMHOHCECTNBO, TO 6 HEM UMeEMCH U cobcmeernoe G-unsapuanmmoe
noddepeso.
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Zoxasameavcmeo. Ecin G-uHBapuaHTHOE IOIMHOMXKECTBO S HE CONEPIKUT HU OIHOIMA
BEpIIUHBI JIepeBa, TO, OYIyUHd CBA3HBIM, S COIEPXKUTCA B HEKOTOPOM OTKPBITOM ped-
pe, 3aMBbIKaHIe KOTOPOro Jaer coocTBeHHoe G-MHBAPUAHTHOE IOJJIEPEBO.

Ecmu S comepkut x0T ObI OJIHY BEPIINHY JAepeBa, MyCcTh F — MaKCHMAJIbHBIM
10 BKJIIOYEHUIO KJIETOYHBINA IIOJKOMILIEKC JepeBa, CoIep:Kalluiics B S. DTOT 1OJ-
KOMILJIEKC SIBJISIETCsT COOCTBEHHBIM: OH HEITYCT, IIOCKOJIBKY S COIEPKUT XOTsI ObI OIHY
BEpIINHY, U He COBIIAJAET CO BCEM JIEPEBOM, IIOCKOJILKY COAEPXKUTCA B COOCTBEHHOM
noapmuOoXkecTBe S. Ilomkomiuteke G-uHBapuaHTeH B cuily (G-WHBAPUAHTHOCTU MHO-
kecTBa S. Hakoner, F cBs3eH, MOCKOJIBLKY S, OyIydd CBA3HLIM, C JIIOOBIMU IBYMs
BepIIUHAME @ U b JlepeBa COJep:KUT U Bech MHTEepBas [a,b] (emma 11.2), a B gepe-
Be 9TOT UHTEPBAJI SIBJSETCS KJIETOYHLIM IOJKOMILIEKCOM U, CJIEIOBATEILHO, BXOIUT
B E. CBsI3HBII HOJIKOMILIEKC JepeBa siBiisseTcsd noagepeBoM. Vtak, F siBjsieTcst cob-
cTBeHHBbIM (G-MHBApUAHTHBIM IIOIIEPEBOM. O

Uraxk, newapur Dy u feiictBue rpynnbl G HA HEM YIOBIETBOPSIOT YCJIOBUSIM TEO-
pem 1.1 u 1.2 (yrBepxkuenue 12.13). ITo Teopeme 1.2, jyisi npOU3BOJILHON HEBBIPOXK-
JICHHO} MephI 1 Ha, G CyIIeCTBYeT eIMHCTBEHHAsA [i-CTaIllMOHapHas Mepa vy, Ha Dr.

12.15. YrBepxxaenne. Mepa v, cocpedomovena na mroscecmse Ends(T').

Loxazameavcmeo. Ilockoabky rpymma G caerHa, a jgepeBo 1 He COIEPKUT COOCTBEH-
HbIX (G-MHBapUAHTHBIX HOJJIEPEBbER, 1 CYETHO U MMEET CUYETHOE UHCJIO BEpIINH U
pebep. IlockosbKy Mepa v, HenpepbiBHa (Teopema 1.2), OHa IPUHHMAET HyJIEBOE
3HaYEHNE Ha CUYCTHBIX MHOXKECTBAX, B 9aCTHOCTH — Ha MHOXKeCTBe BepmmH. Mepa v,
[IPUHUMAET HyJIeBOEe 3HAYEHHEe M Ha OTKPBITHIX pedbpax gepeBa 1. lleilcTBUTEILHO,
paccmoTpuM Ha D7 Mepy UV, ollpejiesisieMyto clielyIomuM 06pa3oM:

— U1 Kaxkzoii Bepmmnbl v gepesa I’ mosaraem V' (v) = v, (E(v))/2, tne E(v)
€CThb TTOAMHOXKeCTBO B T', 0Opa3oBaHHOE BceMu pedpaMu, NHITHIEHTHBIMU BEPIINHE V]

— Ha OTKPBITLIX pebpax mepesa T Mepa v/ mosaraercs HyJIeBOif;

— na muoxkecrse Ends(T') mepa v/ coBunazaer ¢ v,.

Kak merpynHo Bumerh, Mepa 1/ sIBIISeTCsI, KaK M Mepa U, [-CTAIOHAPHON I
OTJINYAeTCs OT Uy, €CAH IOC/e/Hss IPUHUMACT HeHyJ/eBble 3HaYeHHs Ha OTKPLI-
TeIX pebpax mepeBa 1. OmHako B cuity TeopeMbl 1.2 u-cranmoHapHast Mepa Ha Dy

equucrsenna. CienoBarenbto, v = v, U, 3HAYHUT, VY, NPHHAMAET HyJeBOe 3Hade-
HIe 1 Ha BCEX OTKPBITHIX pebpax jgepesa 1. Takum obpasom v, (T) = 0, Tak |uT0
vu(Ends(T)) = 1. O

Urak, mbl mokazanu, aro peugpur Dp = T U Ends(7T') n neiictue rpymnmsr G
HA HEM YJIOBJIETBOPSAIOT yciaoBusiMm teopem 1.1 m 1.2 (yrBepxkienune 12.13), a p-
cTanoHapHas Mepa v, Ha D, CyIIecTBOBaHHe U €JIMHCTBEHHOCTh KOTOPOI BBITEKAET
u3 reopeMsl 1.2, cocperorodena na Muoxkecrse Ends(7") (yreepxkenne 12.15). Bme-
CTe C TeM, B CHJLy TeOPeMbI 1.2 JIst OYTH BCSIKOII TPAEKTOPUH T = (T;);eN, IPABOTO
cirydaifHoro p-6sry Kanus Haiijgercs Touka z(7) B Dy Takasi, 9TO0 JIsl KaK/0ii BHYT-
penneit roukn x € Dp nociegoBarenbHocts (7;(2))ien, cxomures K z(T), a pacupe-
Jiesienne npejenon z(7) 3amaercs Mepoit v,. Ilockonsky v, (Ends(T)) = 1, nocieanee
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ozHavaer, 4To z(7) nmouru HapepHsika jexuT B Ends(7), T. e. JoKazaHo, 9TO s 110~
YTH BCSIKOI TPAeKTOPHU T = (T;)ieN, [IPABOTO CJIyUAMHOro [i-OIyKIanus Hall eTcs
touka z(7) B Ends(T") rakasi, 9ro juist KaxKk/10ii BHyTpeHHeil Touku x € D mnocieo-
BaTEILHOCTD (7;())ieN, CXOAUTCA K 2(T), a pacupe/ie/ieHne IpeaesoB 2(7T) 3a1aeTcs
Mepoit vy,. 1IocKoIbKy MHOXKECTBO BHYTPEHHUX To4eK Jenaputa Dr cosnagaer ¢ T'
(yrBepzkienue 12.10), a cXOQMMOCTb K KOHIIEBBIM TOYKaM B Dp BJI€UET CXOIUMOCTb
(B J1€fICTBUTEIBHOCTH, T CXOJAUMOCTH SKBUBAJIEHTHBI) B CMbIC/IE OnpejeseHus 12.3
(yrBepzkenue 12.11), 910 10Ka3bIBaET 1epBoe yTBep:KaeHue ciaejicrsus 1.3. Ocrab-
HBbIE YTBEPKJIEHUsI CJICJICTBUSI BBITEKAIOT HEIOCPEICTBEHHO 13 TeopeM 1.1 u 1.2 (3a
NCKJIIOYEHUEM YTBEPXK/IECHUA O TOM, YTO HOCUTEJIEM MEPbIL V“ ABJIAETCA BCE IIPOCTPpaH-
creo Ends(T"), — 910 yTBeprk/ieHHe BBITEKAET U3 OCTOBHOCTH MEPBI Uy, B CHILY JIeM-
Mol 4.9). O
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