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1 Bsegenue

PaccmorpuM 3agady qudpakiuy JLy<4eBOro mojs Ha uaeanbHooTpaxaoineM Teae (2. as ompe-
MEJEHHOCTH PACCMOTPUM Caydan 3agaan upuxie:

(A+k>u=0 in R*/Q (1)
u=0 on S (2)

ou . 1
E—zk’u-o(;) for r — oo (3)

rae S rparmmna Teaa ()
Bymem cumTaTh, 9TO pasMephbl Tela MaJbl MO CPABHEHWIO C JJUHOU BOJHBEI B MOMEPETHOM
HATIPABJICHNN ¥ BEIUKU B IMPOJOJILHOM HAMPABJICHUN, T.€.

ka >> 1 (4)
kd << 1 (5)

rae k BOAHOBOE YWCAO MATAIOMErO TMOMA, 2a IIWHA Teaa, d MAKCHMATLHBIN TUAMETD TOTe-
PEYHOrO CeICHUA.

Byaem cauraTh, 9TO magaromee moje aBIAeTs IIOCKOW BOJHOK

u'"® = exp (ikx)
rae k= (ki, ko, k3) - BoHOBOR BexTOp, T € R3 /0.

W3BecHO, ITO 3HAYEHUE BOJHOBOTO TIONA U BEIPAXKACTCA Uepes 3Hauenne Toka ¥ () Ha rpanume
Tema;: R
expi
—V

TR (#)dS (6)

rieR=|z—x |,

ou
¥0 = [Gn
n=0
TOK Ha I'paHune Tera, ¢ = 1/27.
HemssecTrbin moka Tok ¥ MOXKET OLITh HAUJEH M3 UHTErPATLHOTO YPABHEHIA:

exp lleIl(w/)dS )
s R

rre t € S.

2 AcuMnTroTrmka TOKa

Nurerpaasuoe ypasaerne (7) IOMYCKAET TOYHOE PEIIEHUE JUIIb 1A TPOCTEUIINX CIyIaeB, KO-
ra CPAHULA, Te1a UMeeT IPOCTYIO0 eOMeTpUIecKyo GpopMy (KpyroBou GeCKOHEIHBIN HUIUHID,
map u T.I.), IOSTOMY OCOOYI0 BAXKHOCTH IPUOOPETAIOT ACUMITOTUYECKUE METOLbL A/ BHIUU-
CJEHUA TOKA. BO3MOXKHO MOy IeHNE aCUMTOTAKA B CIyIae, KOT LA PA3MEPHI TEIa MAIbl ( IJIMHHO-
BOJHOBAA ACAMIITOTUKA)UIU BEIUKHA (KOPOTKOBOTHOBAA ACUMIITOTAKA) MO CPABHEHUIO C JJIWHON
BOJHBI TAJAOIIEr0 TOMA . BO3MOXKEH eé TpeTuu Caydau, KOrAa aCUMTOTHKA MOXKET OBIThb
[OJy9eHa B ABHOM BUJE, & UMEHHO CJIyd4all, KOra BhIIONHAoTCs yeaosus(4,5).Bpadore pacema-
TpUBaeTCA UMEeHHO >ToT caydan. Mrak, cauraem, 4ro BeimonHensl ycaosus (4,5). Bygem Takxe



[IPeANoJIaraTh, 9TO IOBEPXHOCTh Tela ABIAETCA [MALKOU (IIPOM3BOIHLIE OUPAHUYEHLI U U3Me-
HIOTCS He CJIUIIKOM OBICTPO)IOBEPXHOCTHIO BPALIEHMUA.
Paszo6wem urTerpan B (7) Ha TPU CIAraeMBIX B COOTBETCTBUM C (POPMYJION:

exp(ikR) 1 sin(kR) 1—cos(kR)

R R R R ®)
Torga uHTErpaitbHOE ypaBHeHue (7) 3ANUIMIETCA B CICAYIOMEM BUIE:
. 1 / ,
wine () = c[/ L y(a)as +¢/ sin(kR) & 2/ yas — / — cos( kR w(z)ds] ()
s R s R

Bremem mexapTOBHI KOOPIMHATHI TaK,9TOOBI OCh z OBLLTa HAMPABICHA BAOJBL OCH BPAIEHUA, a
OCHU T ¥ Y COOTBETCTBEHHO mornepek. Torga Ha rpanute S OyIyT BHIMTOJHATHCA YCIOBUSI:

lzl<a, |ol<d |yl<d
Nmeem:

u™¢(x) = exp (ikz) = exp (ik32)[1 + O(kd)] (10)

Beegem nBa xosddunuenHTa 418 NPOSOJLHOrO U MONEPEYIHOrO MACIITAOOB:
M =ka, e=kd (11)

B panpuenmem 6y 1eT NOKa3aHO, YTO NEPBBIU WIEH B IIPABON YACTHU HHTEIPAILHOI'O YPABHEHUS
(9) ABAAETCA OCHOBHBIM M JAET TVIABHBIU WICH B ACUMITOTHUKE TOKA.
PaccmoTpuM nHTerpatbHOE ypaBHEHUE:

exp (ikgz) = C/S%\I»'(m/)ds (12)

OwueBugno, 4ro Gyukuus V() ABLLeTCS IPOU3BOLHON IO HOPMAIKA HA IPAHULE DELICHUA 3a-
naun Jupuxie nis ypaBHeHus Jlamnaca:

Au=0 in R*/Q (13)
u=0 on S (14)

IIpeamoaoxum, ITO TOUKA HAOTIOMEHNA HAXOAUTCSI HE CAUIIKOM OJIM3KO K BEPIIMHAM TeJa

kla— | z|) > kd (15)

O6o3unauum depes Sy(z) G€CKOHEUHBIN NWIKHAD C CEYEHUEM DABHBIM CEYEHUIO I'DAHUIBL B
Touke z. PaccMOTpUM MHTErpaibHOe ypaBHEHUe:

exp (iksz) = c/ —\Ilo( )dS (16)
So(z) 1
Tok ¥y ecTh IPOU3BOAHAA IO HOpMaU pernerna 3agaqu (13,14) ¢ rpanunen So(z). Ero mer
HOTYy9UM, KaK IpeJe pemenus 3agaqu Jupuxie nia ypasHeHus LeapMroasia npu kp — 0. ITo
pellleHre U3BeCTHO:.

u(r, o) = ks n;)[Jm(k’r) - %H}j)(kﬂ] cos(mep) (17)



’ ’ R G
rae k - momepeunoe BoaHoBoe wuciao k = \/k? — k3.
OueBUIHO, YTO B IVIABHOM NPUOIMKEHUU PelleHre He OyAeT 3aBUCUTH OT (o, T.€ HAM IIOHA-
goburcea Toabko caaraemoe npu m = 0. Hpu | ¢ |< 1 nmeem:

Jo(z) =14 O(x)
2z

(1)
Hy'(z)) ~ ;ln(g)

Torga us (17) momyuum:

ln(k’lr)]
In(k'p)
OTcoona 1718 TOKa B MIABHOM NPUOIMKEHNH TOIydaeM QpOpMYIIy:

ou
or

u(r, @) ~ ¥ 1 —

. 1
iksz
r=p ~ € 7
b= pln(k'p)

O4eBugno, 9T0 npu BoimoaHeHuu ycaosui (4,5)u (15) pelenue uHTErpPaIbHOrO yPABHEHUS
(12) B riaBHOM mMpuUbAMXKeHUU OyIE€T COBIANATL C pemenueM ypasaerna (16).

2 B caygae, KOTIa TOYKa HAOJIO EHUA TPUOINKACTCA K O THOU U3 BepvH Teaa gpopmyaa (18)
A TOKA MEPECTAET BLITOJHATBCA. PACCMOTPUM HTOT CIy9Iad OTAEIbHO. ACHMITOTHKA TOKA
MOXKET OLITH MOYYEHA, KAK IPENeJbHOE BEIPAKEHHE I 33039 IN(PPUKIME Ha mapaboonme
Bpalenus, korja ka — oo u Touxka Habmogenus ouauska K sepumue (0,0, —a). Hycrs umeerca
MapaboJonT, 38 TaHHBI YPABHCHUCM:

Bo(s) = [ (18)

224y 202> =0

371echk 1 gajgee OyaeM MUCATh z BMECTO 2 + a — b. Beegem pactsHyThe mapaboandeckne KOOpan-
HATHL (U, v, ). [leKapTOBBI KOO IUHATE! BEIPAKAKTCA 9€PE3 HUX CJIENYIONMM 00pa3oM:

1

v = Vv cos(p), y = pVavsin(g), 2 = (v ) (19)

> =

O61acTh, B KOTOPOU PACCMATPUBAETCA 3a0a9a OMPEETAETCA YCIOBUAME
v>vg=kb, 0<u<oo

NsBecTHO , uTOo 3agada [upuxie masa ypaBHeHus ['eabMromblia Ha mapaboJIouIe MOTYyCKAeT
Pa3IeJeHns MEPEMEHHBIX U MOXET OBITH MTOMYYIEHO TOYHOE PEIIeHNE B BUIE KPATHBIX PAIOB WA
UHTErPAJIOB OT HEKOTOPBIX CIEIUAIBHBIX (PYHKIUU, MOBEACHUE KOTOPBLIX U3YYaJ0Ch B JIATEPa-
Type. Bocmonbsyemcsa mekoropwsivu popmynamu. IlycTs:

0= U(u)V(v)e? (20)

Dyuxuuu U, V ABIAIOTCA peLIeHUAMY CIEIYIOMNX OOLIKHOBEHHEIX [u(HepeHInalbHLIX YPaB-
HCHUU:

d?U dUﬁ u s2 t

Yo T a9V 0 @1
2V dv v st
i i U @2)

rue t mapaMeTp pa3meacHUud.



[ast Toro 4To6et nocrpouTs pemtenue 3aga4u (1-3)B napaboaudeckux KOOPAUHATAX CAELYET
CHAYAJA NPENCTABATH [IALAIOIIEE [IOJ€ B BUAE PA3JIOKEHUS N0 (DYHKIMAM, IIPEICTABJIIIOMIAM
pemenus ypasaernun (21,22). Mur paccMaTpuBaeM Caydan, KODAa MaJaollee MoJe ABIAETCA
TLIOCKOW BOJHOU:

uine — gik(zsind+zcosd) _ e%(ufv) cos §-++/uv sin § cos (23)

B [1] npuBoautTca 310 pasnokeHue:

1
27 sin &

inc __

[ 000,000,0,-0) +2 3 0l 00,5, ~0)cos(spllig ) (2)

rae Gyuakuus ¥(u, s,t) pemenue ypasuenus (21) xorednoe npu u = 0

s+ 1+t

9,5, = P e, (25)
% _’% 1 . s—14it s—1—it
f(u, S, t) = W /O ey T2 (1 — Z) T dz (26)
2 2

Pemenne 3agasu [Iupuxiae mas mapaboaona BPAMIEHNUA BHITVIAIUT CASTYIOMIMM 00pPa3oM:

oo ©© _ 5 .
009) = gy | SO0 —8) — LG 0 os(s) b ) e
27)

raecs =1 mas=0ucs =2 gna s >0,

dyuxuua ( (u, s,t) ecrs pemenue ypasHenus (21), uMeromee npu GOJBIIUX U MHOXKUTEIb
exp(iu/2), 5To peleHne MOXKET GbITH BEIPAIKEHO depes pemtenve {(u, s,t) ypasaenns (21), pery-
JasapHoe mpu u = 0

0,38 = s e gy €00~ oo 0] 09)

HanmoMuuM, 9TO MBI 3aHEMAEMCA HAXOXKIEHUEM aCAMITOATUKHA 3ana4u (1-3), korga BBIIOI-
usaioTces yeaosus (4,5), T.e., KODga TEIO UMEET CHILHO BEITAHYTYIO (opMy. Mbl XoTuM HaUTH
TOK Ha I'paHuile BOIM3M BEPIIUHLI TEIa U IJIA 3TOU eI MLl PACCMATPUBAEM 3303y IuppaK-
UM Ha, MapaboIoKrIe BPAILCHUA KAK MOACIbHYIO. I TOro, YTOOLI MOHATE XapaKTep IOBEIeHUA
TOKa BOJIM3 BEPIIUHBLI, HAM HAJIO U3Y9IUTh pemenue (28) mpu Maibix u . Pasiaras SKCIOHEHTY
B(26) B pAL MO CTEMEHAM , OTIUM CIeAyIolee mpencrasienne 1is pyakumn ()

u s 1 1+t
f(u,s,t):e’liuir(s_Fl) (S+2+Z , 8+ 1 iu); (29)
rae F() - BEIpOXCHHAA TUTIEPreOMETPUICCKas (hyHKITA
axr  oala+1) 22
F(a,’y,x)zl—k———l—g——i—...; (30)

71 y(y+1)1-2

Monyunm onenky mna pyHknmu (u, s,t) IpU MAJLIX 4. 3aMETUM, 9YTO B TEPBOM MPUOIMKHUN
TOK He OYIeT 3aBUCETH OT ¢ U CJACIOBATEIBLHO MOXHO ONDAHNYATHCA IEPBHIM WIEHOM B (27) mpu
s =0. U3 (25) u (26 ) moay4aem cayzpyomyio ouenky gia dyuxuuu ¢ (u,0,1)

e % 1+t
2

iu+ O((tu)?)] (31)



YTo6B NOMYINTE OUEHKY M dpyHKIuu( (U, $,1) TP MATBIX U BOCIOIL3YEMCS (OPMYJIOn
(28). Korga s — 0 Bosuukaer neonpegenennocts tumna 0/0. Pazmoxum Gyskuuu, Bxogamuu B
(28)B paAn MO CTEMEHAM § C COXPAHEHUEM ABYX MepBHIX wieHOB. [lna ¢pyukumu £(u,0,t) us (26)
MOy IaeM:

£(u,s,t) = e Eus F(Si gl 82?31:1?"“ +O((tu)?)] (32)
Nmeem:
[(z +s) =T(x) + ¥(z)s + O(s?) (33)

rae ¥() - ncu-gpyakuua duaepa (¥ (1) = —C nocroaunas dunepa) Toraa us (28) u (32) moxyaaem:

1+t

i) = In(3) = €+ Dhu(u, 0,09 () + 09 en
HaM HYKHO BHIDAKEHHE A TOKA Ha TDAHUIE.
5 (27) maxoqme:
Wo(u,0) = (Gl ~ g [ SR ) tog) G (35)
e
W 0,6 = A0, 0,8 (0,0, ~1) — (0,0, 8)5-G(4,0,1 (36)

IMoxyanm onenky mas Bporckuana dyuxmmi ¢(), (1(), 014 3TONO BOCIOIB3YEMCA ACUMITO-
THIeCKAMA (POPMYIAMHY, CIPABENIUBLIMEA A GOMBIINX ¢

$(,0,0) ~ T(5 ) o (V2u); 37)
G (u,0,8) ~ ;T(e;f)ﬂ‘”(\/ﬁ) (38)

YunrteBas (31) n (34), a Takke,9TO

d

L b =) (39)
L) = -H(2) (10)
(@ HD ()~ R () = -2 (a1)
r(% + iz)F(% if)= —— (42)

07151 BpOHCKIAHA [TOMyYuM CJAELYIOIIYIO OLEHKY:

W, 6) ~ 12 2 Y (V) — ao (Y (Ve =2V g

Buaro, aro uaTerpan (35) GBICTPO CXOAUTCA, TIOCKOMBKY TOMBIHTEMPATLHOE BHIPAKEHUE DKCIIO-
HeHIMAJBLHO YOBIBaET IpU t — 00.



Torga, yaursBas (31) u (34) npy MagBIX U DOLYy4UM CJAEIYIOULYIO OLEHKY [AJs TOKA HA I'Pa-

HUIIE:
c

kv In(kv)

rae v = vg = kb -npuBeneHHOE (POKYCHOE PACCTOAHUE MAPAGOIOUA, ¢- TIOCTOAHHAA.

3.IlokaxkeM, 9TO BTOPOU W TPETUU WIEHH B (9) NAIOT MONMPABKYA K INIABHOMY 3HAYCHUIO A
ToKa, onpenenseMomy dpopmyramu (18)u (44). Cragana IpeamoNOKuM, 9TO TOIKA, HAOTIO TCHUA
He GIU3Ka K BEPUIMHAM TeJa, TOr4a, noncrasids seipaxenue (18) B (9), moaydum:

sin (kR) / o [ g.osin(k|z—2]), ¢
7@ _ tkgz TN 7 W — 4
[ ehas = T [ e S S = (45)

To(u) ~ efs? (44)

PacemoTpum TpeTunn uaTerpalt a (9):
/ 1-— COS(kR) lIIO(:B/)dSQ—ﬂ- ~ /(l eikszl 1 —cos (k | Z/ -7 DdZ/ — C2 (46)
s R e/, FErl In(kp)

AnasoruvHbe OIMEHKH MOXHO HOAYYATH W LA CIy4as, KODAA TOYKA HAOIIONEHUS TpUOIMKA-
ercs K BepmuHe Tenda. TakuMm 06pa3oM MBI BUAUM, 9TO BTOPOU u Tperuil wieHs B (9) Gyayr
TIOTIPABOYHBIMU.

3 [umarpamMma HIIPABJEHHOCTU

3Hasg ACHUMOTOTUKY TOKA, MOXHO HAUTH ACUMIITOTUKY AMATPAMMEI HampajgeHHOCTH. Kak u
TIPEX 1€ BO3bMEM JEKAPTOBY CUCTEMY KOODAUHAT C BEPIIMHON B 001acTh (), TaK YTO HA TPAHUIIE
BHBITIOJTHAIOTCA yCJIOBI/IH

|z |<a, [z|<p, |y|<p

BosbMeMm TOYKy HaOMOIEHNU JOCTATOYHO IAJAEKO OT Teja )
X0 = (%0,Y0, 20)

Bropyio Touky X BO3bMeM Ha TpaHUIe TeJaa. PaccTosHmne MeX Ty TOUYKaMu OyIeT PaBHO:

R=|x—xo |=V(z—20)2+ (y — y0)? + (= — 20)?
YaurweiBas ycaosua (4,5), 114 IpuBeneHHOro paccrosuna kR mpu kR >> 1 moaydnm pasnokenue:

k 2
kR:kRo+kzcosy+kxcosa+kycosﬁ+i—i—... (47)

2Ry
rie a, 3,7y COOTBETCTBEHHO YIUILI MEXK Y HAPABIEHUEM MAJAOIIEr0 MOJAA U OCAME L, Y, 2
Pacceannoe mone Bue Tena  npu kR > 1 onpeneasercss quarpaMMOU HAIPABICHHOCTH

A(8, »).

. etk Ro
w5 = u — ui"C ~

—A0:¢) (48)

Samenss kR una Beipaxenue (47) u yuursBas (6), nomy<dum:

A9, ) = /S ¢ G (S (49)



B npeapigymen raase 6bLI0 OKA3aHO, YTO TOK Mid 3aga4u (1-3) B riaBHOM HpUOIUKEHUY
COBIaaeT C TOKOM s 3agaqu (13,14)

AQ) = /Se““' O3SV G (2 )dS (50)

rae ¢yukuua Vo () ompeneaserca ¢popmyraon (18) BHe okpecTHOCTH BepuH u popmyaon (44) B
oKkpecTHOCTH BepmuH. Mmeem:

A()N/eikz’(cos'y—i-cosé)F()dS (51)
S

[maBHLIM BKJIA B WHTErpAJ NAET CIyYIal, KOT/a HAMPABICHNE HAOMIONEHWS COBMAIAET C
HaIIpaBJIEHNEM OTPAXKEHHOTO Jyda, T.e. KOTIa

cosy = —cosd (52)

B »TOM ciaydae MEBL OAy9aeM :
AQ) ~ A = / F()dS (53)
S

Beauunna Ay ompenenseTca reOMeTpUEn TeJa U B CIydae TVIAIKON CPAHUIE! B TUIABHOM MPH-
OIUKEHUY OTIPEACIACTCA (POPMYION:

Ao ~ / * i (p(2))dx (54)

—a

rae p(z) paguyCc KPUBU3HEL IOIEPEIHOro cedenus rpanunsl B Touke (0,0, z)

Hangem kpaeByro Boany, Hampumep oT Bepiuunbl (0,0, —a)

B mpenpigymen miase Mbl pACCMATPUBAIA BOMPOC TOJYUEHUS TOKA, KODAA TOYKA MPUOJIA-
JKAETCA K BEPIIMHE TEIA HA IPUMEPE BBEIPAK JAIOIMIEroca mapaboaonna spamenud. [lomryaum s
BTOrO CIy9as BBLIPAXKEHUE IIA KPACBOW BOIHEL [[JA 5TOr0 BOCHOAL3YeMCA MapabOImIeCKuME
koopaunaramu (19). Hoaydum BopakeHue 1 BIEMEHTA IUIOMALA B DTUX KOODIUHATAX:

dS = VEG — F? (55)

rge
. . 1
E=a)+y2+22=-(>+1) (56)
4 u
. ‘ uv
G=a,+y,+2,=13 (57)
F =z, +yuYy + 2u2p =0 (58)
Torga us (49), yuuresas (18,44) u (56,57), moxy4aum:
AO)~ L1 + I (59)
. e~ ivcoss / e%m(cos Y+-cos ) (E + Duvdud (60)
' 2k In(v) Jg u v
I, = / ez’z(cos ~y+cos §) W, ()dS (61)
Sa



rae S 49acTh MOBEPXHOCTU HA KOTOPOU BBINOJAHAETCS ycaoBue u K 1, Sy -ocTanbHas 4acThb
IPaHUILBL. 3aMeTUM, 9TO 3MeCh U ganee v = vy = kb rae b dpokycuoe paccTosHue napaboIonIa
u BBUAY (5) BBIOJIHAETCSA yeaoBme kb < 1.

Paccmorpum nmepseii unTerpaa (60). oguaTerpaasHoe BHIpAXKEHUE HE 3aBUCAT OT ¢ Bepsa
MHTErPAJ [0 , MOJYYAM s HErO CACIYIONIEe BHIPAKEHUIE:

%iv cos d

_ U
oo me et / ¢4 (cos1+¢038) T wwdu (62)
kEln(v) Jo

rae U - Bennuauna, ynosaeTsoseT yeiaosuio U < 1. OeBuano, 94T0 1aa uHTErpata I; uMeeT MecTo
OIIEHKA:
U
L = O(E) <1 (63)

Pacemorpum Bropou maTerpad (61). Ilockonbky 06MacTb OTIANEHA OT BEPIIUHBI A TOKA
MOYKHO BOCTIOJIB30BaThCA popmy.on (18). Torga, yauTeBad 4To:

dS ~ p(z)depdz (64)
1 6eps METErpadl IO ¢ MOJLYIuM:

2a
. 1

I ~ 2 ikz(cos y+cos §) d 65

oo e ko) " %

IMockonbky umeer mecto ycaosue ka > 1, unrerpan (65) acUMOTOTUYECKH COBHALAET CO
CJAENYIONUIAM UHTErPAIOM:
1
(ko= — 0))

Ecau yron mabmogenus me 61M30K K HAIPABICHUAIO OTPAKEHHOTO JIyda, 3HATEHIE HHTErPAIa,
OTIPENENACTCA CACTYIONEN BeIUIUHON:

2a
Iy ~ 271_/0 e—kz(cos'y—i-cos 1)) (66)

27
Ib~————B 67
? k(cosy + cos ) ! (67)
rie
2a & 1
B; = k’a/ e P ——————dz; (68)
! (ko —a)
BEIMYUHA, OTIPeNeaseMas TeOMEeTPUEN Teaa, 0 = oSy + c0sd. MOXHO MOKa3aTh, YTO MJId TIAT-
kux Tea Beamuumna B; mmeer omenky By < 1 Takum o6paszoMm guarpaMma HAIIPABICHHOCTH
KPaeBOU BOJHEL OIpeneaeTcsa (popMyIon:
27

Ay~———B
! k(cos+y + cosd) ! (69)

Eciu cpaBHUTEL 3Ty BeIMYUHY € BEIMIMHON OUATPAMMBL HAIIPABICHHOCTU, COOTBETCTBYIOMIEH
orpaxentnon Boage (54), To BuguMm, 94TO OHa OyneT B ka pa3 MeHbLIe.
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