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1 IlocTranoBKa 3aJa4dm cO CBOOOOHOI rpaHUIEi

PaccmaTpuBaercsa 3a7aua MArHUTHON THAPOJMHAMUKHI B OrpaHHYeHHOil obmactu €2 C
R3. Baaua onmuchiBaeT IBUKEHIE ONPAHNYEHHOTO 00beMa BSI3KOH HECZKIMMAEMOi 2KIIKOCTH
BHYTPHU JAPYrofl BA3ZKON HECKUMaeMO#N KHMIKOCTH HOJ JAefiCTBUEM MATHUTHOIO IOJId.
['panuna pasmesra KUJIKOCTeil Tak:Ke IMOJIEKUT ompejenennio. [Ipeamosmoxum, 9To
obs1acthb ()1, 3aMOJHEHHAS KUJIKOCTHIO € IJIOTHOCTBIO d] W BSI3KOCTHIO V] OKPYZKEHa
obacThio (o;, 3aMOJHEHHO KUIKOCTHIO C IJIOTHOCTHIO dy W BSI3KOCTHIO V9. |'panuia
obnactu {9y COCTOUT U3 ABYX HEIIEPECEKAIOIINXCA 3aMKHYTHIX MTOBEPXHOCTEI - CBOOOTHOI
rpanunpl 'y u BHemHeit dpukcupoBannoii rpanunpl S = 0. Ilpeanosaraercs, 4ro
IIOBEPXHOCTh [, 3a/arolnas MmoJaoKeHne CBOOOMHON TpaHWIbI B HAYAJIHHBI MOMEHT
BpeMmenn u S romeomopdubl cdepe, dist{I'g, S} > § > 0.

3ajgaua craBuTCs cieayomuM obpasom: pu t > 0 Ha 10 HaliTH rpanuiy 1y pasgessontyo
AKIIKOCTH, 101e cKopocTeit kuakocrn v\ | nasnenne plY) 1 HAIPAKEHHOCTD MATHITHOTO
nong HO g KazKJIoi 3 obsacTeil U3 ciaeayioneil CHCTeMbl YpaBHEHHIA.

YpaBHeHus B {1

v, 4 (V(i) . v)v(i) N v T(V(i),p) N v TM(H(i)) =0,
i HO, + a;lrotrotH(i) — uirot(v(i) X H(i)) =0,
v-vi) =0, v-HO =,

[i, -~ MAIHUTHAS TPOHHUIAEMOCTD, V; - BSI3KOCTb, (vj - HPOBOJUMOCTH, d; - MJIOTHOCTH,
TyH)=pHH - %I|H|2) - MArHUTHBIN TEH30D HAMPSIZKEHWI.

1
T(v,p)=——pl+vS(v)

TEH30p HAIIPAZKEHUMH,

ov; ov;
5 v - T _ ( i J)
(V) Vv + ( V) axj + 81'1 i,j=1,2,3

Kpaesbie ycioBusi Ha cBOGOAHOI rpaHUIe
([T(v.p)] + [Ta(H)])n = on#,
V,=v-n, [v] =0,

[Lrot.H] = [pv x H],
(WH-n] =0, [H;]=0, zely

! Pabora moxaep:xana rpaaTrom PODU 14-01-00534.



371eCh 0 - KO3DHUIUEHT TOBEPXHOCTHOTO HATSKEHU, H - YIABOCHHOE 3HAYEHIE CPe/THeil
kpuBu3Hbl moBepxuoctu [y, V), - ckopocts jiBuzkenus nopepxuoctu [’y B HanpasieHun
HopmaJsim n kK [y, BHemHel o orHOmeHno K obsactu (2y;. Yepes rotH oboznavena
KacaTeTbHAs COCTABISIONIAs POTOPA. YCJIOBUE HA CKAYOK KAacaTeJbHON COCTaBJIAIONIEi
pOTOpa SIBJISIETCSI CJIEJCTBAEM TOrO, YTO HA TPAHUIE PA3JUYHBIX CPeJ KacaTe/bHasi
COCTABJISIIONIAST BEKTOPA 3JIEKTPUIECKOI HAMPSI)KEHHOCTH HenpepbiBHA. [Ipemonaraercs,
ITO V, @, d, O, [i TIOJIOKUTETbHbIE TOCTOSTHHBIE.

Kpaessie yciaoBusa Ha n3dBecTHOoii rpanute S [Ipeminoaraem, 9o moBepxHOCTD
S - ujeanbHBIN TPOBOIHUK

Hn=0, rot;H=0, v=0, z€S8,
HauansHble ycaoBus

v(z,0) = vo(z), x € QiU Qo
H(IE, 0) = Ho(il?), z € Q10 U Q9.

B [1], 2] uccaienoBasiack 3aa4a 0 JBUKEHUN U30JIUPOBAHHON MACCHI BA3KON HECZKUMAEMOM
3JIEKTPOIPOBOIAIIIEHl KUJIKOCTH, OKPYZKEHHOI OorpaHmydeHHOil 00/1acThio Bakyyma. B
JacTHOCTH, B 1] JoKazaHa JoKaabHas (O BPEMEHU) PA3PENIMMOCTh B IPOCTPAHCTBAX
CobosieBa - Ciobogenxoro. [Ipu yciaoBun MajiocTn HaYaJbHBIX JAHHBIX U OJH30CTH
HAYATHHOTO TOJIOXKEHHsT CBOOOIHON TpaHuIpl K cdepe, B [2| mokazaHa pazpemmmMocThb
9TOl 3aJauM Ha HeOrpaHMYEeHHOM MHTepBaje BpeMmeHH. [IpeobpasoBanme KOOPIMHAT
nepeBoJdIee 3aa4y o CBOOOAHON rpanuneil B 3aja4dy B (pUKCMPOBAHHON 00jacTH B
paboTe [2| HECKOJIBKO OTJIMYAeTCsT OT UCHOTB30BAHHOTO B [1]. DT0 BRI3BAHO HEOOXOMMOCTHIO
CJIEJINTH 32 CMEIEeHUEM IIEHTPA TIKEeCTH XKUIKOCTU. VIMed B BULY MOCIEAYONIEe JOKA3aTEIbCTBO
Pa3penMMoCTH Ha HEOIPAHMYEHHOM MHTEPBAJ/Ie BPEMEHU M IS 334U O JIBUKEHUM
JIBYX KUJIKOCTEH pas3IeJeHHbIX CBOOOIHOI TMOBEPXHOCTHIO B MATHUTHOM MOJIE, TAKZKe
HPEJIINOI0KKEM, YTO B HAYAILHBI MOMEHT BPeMeHH CBOOO/HAsS MOBEPXHOCTL OJIM3KA K
cdepe. Bysem yuurniBaTh BO3MOXKHOE CMENIEHUE HEHTPA TAXKECTH BHYTPEHHEH KU JIKOCTH.
[Ipeanosioxkum, 4T0

Lo={r=y+N(y)po(y), v€ESr}

rje Sg, - cdepa paanyca Ry,
4
gTng = |QlO|7

N(y) = ﬁ - BHEITHsIsSI HOpMaJib K chepe, po - 3a1aaHasg GyHKIHU. [[TOTHOCTD KU IKOCTH
B obs1actu 1 Oyaem cumrars paBuoit 1. OyHxmus

t

£(t) = ﬁ/xdm = ﬁ/ v(z,7)dz | dr,

Qlt 0 1T



OTIpe/IeJIsIeT TOJOKEHNe MEeHTPA TAYKECTH BHYTPeHHell KUIKOCTH B MOMEHT BPeMeHH T.
Bynem uckarb cBobojnyio rpanuiyy 'y B Bujie

Iy ={x=y+N(yplyt) +£(1), y€Sg},

rae p(y,t), £(t) - HeusBecTHBIE DYHKITUN.
Bocnosib3yemcs npeobpa3oBaHieM KOOPIXHAT

r=y+N(y)p"(y, 1) + x(¥)EE) = epely), yeQ, (1.1)

rje Y (y) riagkas nHeorpunaresbHas GyHKIUS, DABHAS €JIUHUIE B OKPECTHOCTH CHEpPbI
SR, 1 obpaIamIasacs B HOJIb B HEKOTOPO#l oKpecTHOCTH ToBepxHocTH S. Yepes N*(y),
p*(y,t) obo3HaveHbl MPOOIKeHus ¢ coxpanenueMm kiaacca N u p ¢ Sp, B ), npudyem
p*(y,t) = 0 B HEKOTOPOI OKPECTHOCTH ITOBEPXHOCTH S

[Tpeobpazosanue (1.1) nepeBoauT 3aja4dy co CBOOOJHON IpaHuIeil B HEJIUHEHHYIO
sajady B obsmactu ) = Fy U Sp, U Fo. tae Fy - map ¢ rpanuneii Sg,, F2 = '\ Fi;
0Fy =S U SRO‘

Boigesmm anneitnyo acth B 310 3aade. Kak u B ciiydyae JBUMKEHUST KUJIKOCTH B
BaKyyMe, THHeiHas YacTh PACIIaJaeTcs Ha, IBe 3aa91 - MATHUTHYO U PUAPOIMHAMAIECKYTO.
[uapojmHaMuyecKas 4acThb JUHEHHO 3a/1a41 aHAJIOIMIHA JIMHEAPU30BAHHOM 3a/1a49€ 0
JIBUZKEHWHN KaIlIi B IIOTOKe KuakocTH [3]. Jlokazkem cyriecTBoBaHue PereHust MAarHUTHOR
YACTH.

2 MarautHag JuHeliHad 3a1a4a

PaCCMOTpI/IM MAaTrHUTHYIO 9aCTh 3a/Ja491 CONIPAXKEeHN A, BOSHUKAIOULYIO ITPU JINHEeapUu3alluu
3aj1a4u B 00s1acTu ¢ (pUKCHPOBAHHOI T'paHMIleil, MOJyUeHHON Tocie mpeobpa3aBaHUs

(1.1).
wBY + LrotrotHO) = £0, v.HO =0, ye F,

[WH - NHSRO =0, [H] =a, (2.1)

[érotTH]

Ro
H® .n=0, rot, H® =0, ye S,
HO(y,0) = H(y), yeF
Bamaua (2.1) cBogures K 3agade ¢ g = 0,, a = 0 Tak ke Kak B [1], rae 670 TOCTPOEHO
peIlieH e BCIOMOTaTeIbHOI 3a1adu
roth(y) =j(y),  V-h(y) =0, yeF
[:uh ’ Il] |SRO =0, [hT] |SRO =4,
h-N(y) =0, yes.



Teopema 1. [Tycmo 6 3adaue (2.1)a=0,g =0, € [0,1) u swnoanaomes caedyrousue
YCAOBUA CORAACOCAHUL
v =0, v.-HY=0 yer,

=0, H =0, Lrot. H =0, f-N
o [Ho-] o [~ rot-Ho o [ ]

H0~n) — 0, rotTH(()Q)’ — 0, f(2).n‘ — 0.
S S

=0
SR

[1Hp - N]

S

(Venosue VIO = 0 npednosazaemes evinornentvm 6 cAabom cumvicae. Yeio6us Ha
KacamenvHy10 coCmasAaouyo pomopa na eparuye npu t =0 cmasamea npu l > 1/2.)

Tozda 3adana (2.1) umeem edurncmeennoe pewenue HO e W2l+2’l/2+1(Q¥)), ng) =
Fi x [0,T],i=1,2. Ameem mecmo ouenxa

2 2
> | HY ||W2,+2,,/2+1(Q¥>)gcz(|| £(@) lysere gy + | =Y ||Wmf)) (2.2)

=1 1=1

Cxema nokaszaresibcTBa Teopemsr 1.

Crauasia J0Ka3bIBAeTCs CylecTBoBanme ciaboro pemenns. Yepes H1(Q), Q = FjU
SR, U F2 0603HAYNM TPOCTPAHCTBO COJIEHOUIATHHBIX BEKTOPHBIX MOJIel 1) € VV21 (Fi),
1t = 1,2, yJ10BIETBOPAIONIMX YCJIOBUIM

(119 - N] =0, (7] =0, (¢-m)| =0.

Sk, Srq S
O600meHHBIM perenneM 3aa4n (2.1) Ha30BeM

H € W20, T; Ly()) N Lo (0, T; HA(Q)),

YIOBJIETBOPSIONIEe HHTETPATLHOMY TOXKIECTBY

f [ EY - pdrdt + f [ 1B - ypdadt +

0 F 0 .7:2
T
[ [ a% otH( rotwdxdt+f I —TOtH ) - rotpdadt = (2.3)
0 A 0 F

[£wdedt, V€ La(0, T, H'(Q))
Q

1 HAYAJBHBIM YCJIOBHSIM.
Eciu cymecTByer Kaaccudeckoe perenne 3a1a4un (2.1), To OHO YIOBIETBOPSIET HHTEIPATHLHOMY
TOXKIECTBY (2.3). DTO MOXKHO MOKa3aTh, YMHOXKHB [IepBoe ypaBHeHnue B (2.1) ckausipHo



Ha 1) U MPOMHTEIPUPOBAB IO YacCTAM. ['paHHYHBIE UHTErpasibl OOPAIIAIOTCSI B HOJb

BCJIE€ACTBUE YCJIOBUN
1 1

rotTH(Q) =0, —rotTH(l) :—rotTH(Q) )
S a1 Spy Q2 Sry

CymiecrBoBanue 00OOIIEHHOTO pellleHusl JoKas3biBaeTcs Merogom Lamepkuna [4]. s

ompeeeHns Ko3DOUIUEHTOB Pa3I0KeHus ¢;(t) 10 OPTOHOPMUPOBAHHOII CHCTEME BEKTOPOB

B H'! mostyuaercs HopMasIbHAS CHCTeMa OOBIKHOBEHHBIX InbdepeHImaibHbIX Y PaBHEHHIA.
Iockonbky, ecm H € HY(Q), To

ZHH lwz (7 <cZ||th .

J17Is1 0DODIITEHHOTO PEIeHnsT IMeeT MECTO OIeHKA

H H, HLQ (Qr) + Z H H HW10 Q“)) (2-4)

czl (1£9 1, ) + 1 HE lhwacry )

JI71s1 OLEHKY BTOPBIX MPOU3BOIHBIX pelleHust OyieM pemarh 3aja4y (2.1) B 1Ba sramna.
O6osnauny () = %rotH(’) U PACCMOTPHUM BCIIOMOTaTe/IbHYIO 33149y

roth® = £0) — , HY =GO ye F (2.5)
V-h =0 yer, n? =0, [h] =0 [oh-N]| =0
S Rg SRy

Teopema 2. Eciu GO ¢ W3 (Fi) u 66inoamens Yero6ua Co2Aaco8aHUA

=0,

v.a®—0, yeF, G<2>.n‘ =0, [G-N]|,

S

(npu r < 1 nepsoe yeaosue 6 caabom cmovicae) mo 3adawa (2.5) umeem eduncmeenroe
pewenue h() € WQHT(]:Z'). Jlas amoz0 pewenus 6epra 0ueHKa

2

D IR ey < e Y1 GO gz -

i=1 i=1

[\]

JI1sl 10KA3aTe/IbCTBA eMHCTBeHHoCTH, nokazkeM, uro upn GO = 0 3azaua umeer
To1bKO TpuBHAIbHOE pemtenne. Econ G = 0, to h = V¢. ¢ ssasiercst pemenunenm
31241

Aol =0, z € Fi, (2.6)

o = c1, ¢| =ca, a2 = 0.
[ ]SRO < lagx] o



SHAYUT ¢ KYyCOUHO-TIOCTOSIHHA U h(?) V¢ = 0. CymecTBOBaHUE PEIICHUS JTOKA3BIBALTCS
IIOCTPOEHHMEM PEHICHHs B BHJIE CYMMbI POTOPa OT 0O'bEMHOr0 MOTEHIMAJIA U IPAJIUeHTa
rapMOHIYECKOT (byHKIMHI, AHAJIOTMIHO TOMY Kak 910 6bL10 ¢esano B [1], [2]. Berencraue
HHTErPAIbHOIO TOXKIeCTBa (2.3)

T
// ) - rotypdxdt = 0, Vi € La(0,T; H' ().
0

Caenosaresbho |4], h — ( = V¢, rue ¢ - pemenne (2.6). Suaunr h = ( = érotH.
s H nonygaem 3aaady
rotH® = q;¢( vV-HY) =0, zeF, (2.7)

wH-N)| =0, mI]| =0 H-n‘ — 0.
Srq

SR

Teopema 3. ([1]) Ecau ¢ € WZZH(]:Z-) U BBINONHEHD YCAOBUA COZAUCOBAHUL

v-¢W=0  zeF, |«-NJ| =0,

Ro

mo 3adava (2.7) umeem eduncmeennoe pewenue HE € W2+l(]:) u

9 2
D HD yea ey < e d 1Dl -
i=1 =1

C nomomnipto Teopembr 2, Teopembr 3 (I = 0) u (2.4) nosyuaem OIEHKY BTOPBIX
IIPOM3BOJIHBIX PEIleHUsT

2

2
SIHD i goy< e S0 (1D g + 1 Tnzery)

i=1 i=1

KoTopas copnagaer ¢ (2.2) npu l = 0. /lanbreiinee OBbIIIEHRE TIAKOCTH U JTOKA3ATETHCTBO
onenku (2.2) npu [ € (0,1) npoBoauTcs mo cxeme npeIozKenHoi B [1].
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