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Àííîòàöèÿ

Ðàññìàòðèâàåòñÿ ëèíåéíàÿ çàäà÷à ñîïðÿæåíèÿ äëÿ ìàãíèòíîãî ïîëÿ. Òàêàÿ
çàäà÷à âîçíèêàåò ïðè ëèíåàðèçàöèè çàäà÷è ñî ñâîáîäíîé ãðàíèöåé äëÿ äâóõ æèäêîñòåé.
Äîêàçàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü â ïðîñòðàíñòâàõ Ñîáîëåâà-Ñëîáîäåöêîãî.
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1

1 Ïîñòàíîâêà çàäà÷è ñî ñâîáîäíîé ãðàíèöåé

Ðàññìàòðèâàåòñÿ çàäà÷à ìàãíèòíîé ãèäðîäèíàìèêè â îãðàíè÷åííîé îáëàñòè Ω ⊂
R3. Çàäà÷à îïèñûâàåò äâèæåíèå îãðàíè÷åííîãî îáúåìà âÿçêîé íåñæèìàåìîé æèäêîñòè
âíóòðè äðóãîé âÿçêîé íåñæèìàåìîé æèäêîñòè ïîä äåéñòâèåì ìàãíèòíîãî ïîëÿ.
Ãðàíèöà ðàçäåëà æèäêîñòåé òàêæå ïîäëåæèò îïðåäåëåíèþ. Ïðåäïîëîæèì, ÷òî
îáëàñòü Ω1t, çàïîëíåííàÿ æèäêîñòüþ ñ ïëîòíîñòüþ d1 è âÿçêîñòüþ ν1 îêðóæåíà
îáëàñòüþ Ω2t, çàïîëíåííîé æèäêîñòüþ ñ ïëîòíîñòüþ d2 è âÿçêîñòüþ ν2. Ãðàíèöà
îáëàñòè Ω2t ñîñòîèò èç äâóõ íåïåðåñåêàþùèõñÿ çàìêíóòûõ ïîâåðõíîñòåé - ñâîáîäíîé
ãðàíèöû Γt è âíåøíåé ôèêñèðîâàííîé ãðàíèöû S = ∂Ω. Ïðåäïîëàãàåòñÿ, ÷òî
ïîâåðõíîñòü Γ0, çàäàþùàÿ ïîëîæåíèå ñâîáîäíîé ãðàíèöû â íà÷àëüíûé ìîìåíò
âðåìåíè è S ãîìåîìîðôíû ñôåðå, dist{Γ0, S} ≥ δ > 0.

Çàäà÷à ñòàâèòñÿ ñëåäóþùèì îáðàçîì: ïðè t > 0 íàäî íàéòè ãðàíèöó Γt ðàçäåëÿþùóþ
æèäêîñòè, ïîëå ñêîðîñòåé æèäêîñòè v(i), äàâëåíèå p(i) è íàïðÿæåííîñòü ìàãíèòíîãî
ïîëÿ H(i) â êàæäîé èç îáëàñòåé èç ñëåäóþùåé ñèñòåìû óðàâíåíèé.

Óðàâíåíèÿ â Ωit

v(i)
t + (v(i) · ∇)v(i) −∇ · T (v(i), p)−∇ · TM (H(i)) = 0,

µiH
(i)

t + α−1
i rotrotH(i) − µirot(v

(i) ×H(i)) = 0,

∇ · v(i) = 0, ∇ ·H(i) = 0,

µi, - ìàãíèòíàÿ ïðîíèöàåìîñòü, νi - âÿçêîñòü, αi - ïðîâîäèìîñòü, di - ïëîòíîñòü,
TM (H) = µ(H⊗H− 1

2I|H|2) - ìàãíèòíûé òåíçîð íàïðÿæåíèé.

T (v, p) = − 1

di
pI + νS(v)

òåíçîð íàïðÿæåíèé,

S(v) = ∇v + (∇v)T =
(
∂vi
∂xj

+
∂vj
∂xi

)
i,j=1,2,3

.
Êðàåâûå óñëîâèÿ íà ñâîáîäíîé ãðàíèöå(

[T (v, p)] + [TM (H)]
)
n = σnH,

Vn = v · n, [v] = 0,

[ 1αrotτH] = [µv ×H]τ

[µH · n] = 0, [Hτ ] = 0, x ∈ Γt,

1Ðàáîòà ïîääåðæàíà ãðàíòîì ÐÔÔÈ 14-01-00534.
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çäåñü σ - êîýôôèöèåíò ïîâåðõíîñòíîãî íàòÿæåíèÿ,H - óäâîåííîå çíà÷åíèå ñðåäíåé
êðèâèçíû ïîâåðõíîñòè Γt, Vn - ñêîðîñòü äâèæåíèÿ ïîâåðõíîñòè Γt â íàïðàâëåíèè
íîðìàëè n ê Γt, âíåøíåé ïî îòíîøåíèþ ê îáëàñòè Ω1t. ×åðåç rotτH îáîçíà÷åíà
êàñàòåëüíàÿ ñîñòàâëÿþùàÿ ðîòîðà. Óñëîâèå íà ñêà÷îê êàñàòåëüíîé ñîñòàâëÿþùåé
ðîòîðà ÿâëÿåòñÿ ñëåäñòâèåì òîãî, ÷òî íà ãðàíèöå ðàçëè÷íûõ ñðåä êàñàòåëüíàÿ
ñîñòàâëÿþùàÿ âåêòîðà ýëåêòðè÷åñêîé íàïðÿæåííîñòè íåïðåðûâíà. Ïðåäïîëàãàåòñÿ,
÷òî ν, α, d, σ, µ ïîëîæèòåëüíûå ïîñòîÿííûå.

Êðàåâûå óñëîâèÿ íà èçâåñòíîé ãðàíèöå S Ïðåäïîëàãàåì, ÷òî ïîâåðõíîñòü
S - èäåàëüíûé ïðîâîäíèê

H · n = 0, rotτH = 0, v = 0, x ∈ S,

Íà÷àëüíûå óñëîâèÿ

v(x, 0) = v0(x), x ∈ Ω10 ∪ Ω20,

H(x, 0) = H0(x), x ∈ Ω10 ∪ Ω20.

Â [1], [2] èññëåäîâàëàñü çàäà÷à î äâèæåíèè èçîëèðîâàííîé ìàññû âÿçêîé íåñæèìàåìîé
ýëåêòðîïðîâîäÿùåé æèäêîñòè, îêðóæåííîé îãðàíè÷åííîé îáëàñòüþ âàêóóìà. Â
÷àñòíîñòè, â [1] äîêàçàíà ëîêàëüíàÿ (ïî âðåìåíè) ðàçðåøèìîñòü â ïðîñòðàíñòâàõ
Ñîáîëåâà - Ñëîáîäåöêîãî. Ïðè óñëîâèè ìàëîñòè íà÷àëüíûõ äàííûõ è áëèçîñòè
íà÷àëüíîãî ïîëîæåíèÿ ñâîáîäíîé ãðàíèöû ê ñôåðå, â [2] äîêàçàíà ðàçðåøèìîñòü
ýòîé çàäà÷è íà íåîãðàíè÷åííîì èíòåðâàëå âðåìåíè. Ïðåîáðàçîâàíèå êîîðäèíàò
ïåðåâîäÿùåå çàäà÷ó ñî ñâîáîäíîé ãðàíèöåé â çàäà÷ó â ôèêñèðîâàííîé îáëàñòè â
ðàáîòå [2] íåñêîëüêî îòëè÷àåòñÿ îò èñïîëüçîâàííîãî â [1]. Ýòî âûçâàíî íåîáõîäèìîñòüþ
ñëåäèòü çà ñìåùåíèåì öåíòðà òÿæåñòè æèäêîñòè. Èìåÿ â âèäó ïîñëåäóþùåå äîêàçàòåëüñòâî
ðàçðåøèìîñòè íà íåîãðàíè÷åííîì èíòåðâàëå âðåìåíè è äëÿ çàäà÷è î äâèæåíèè
äâóõ æèäêîñòåé ðàçäåëåííûõ ñâîáîäíîé ïîâåðõíîñòüþ â ìàãíèòíîì ïîëå, òàêæå
ïðåäïîëîæèì, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè ñâîáîäíàÿ ïîâåðõíîñòü áëèçêà ê
ñôåðå. Áóäåì ó÷èòûâàòü âîçìîæíîå ñìåùåíèå öåíòðà òÿæåñòè âíóòðåííåé æèäêîñòè.
Ïðåäïîëîæèì, ÷òî

Γ0 = {x = y +N(y)ρ0(y), y ∈ SR0
},

ãäå SR0
- ñôåðà ðàäèóñà R0,

4

3
πR3

0 = |Ω10|,

N(y) = y
|y| - âíåøíÿÿ íîðìàëü ê ñôåðå, ρ0 - çàäàííàÿ ôóíêöèÿ. Ïëîòíîñòü æèäêîñòè

â îáëàñòè Ω1t áóäåì ñ÷èòàòü ðàâíîé 1. Ôóíêöèÿ

ξ(t) =
1

|Ω0|

∫
Ω1t

xdx =
1

|Ω0|

t∫
0

∫
Ω1τ

v(x, τ)dx

 dτ,
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îïðåäåëÿåò ïîëîæåíèå öåíòðà òÿæåñòè âíóòðåííåé æèäêîñòè â ìîìåíò âðåìåíè t.
Áóäåì èñêàòü ñâîáîäíóþ ãðàíèöó Γt â âèäå

Γt = {x = y +N(y)ρ(y, t) + ξ(t), y ∈ SR0
},

ãäå ρ(y, t), ξ(t) - íåèçâåñòíûå ôóíêöèè.
Âîñïîëüçóåìñÿ ïðåîáðàçîâàíèåì êîîðäèíàò

x = y +N∗(y)ρ∗(y, t) + χ(y)ξ(t) ≡ eρ,ξ(y), y ∈ Ω, (1.1)

ãäå χ(y) ãëàäêàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ, ðàâíàÿ åäèíèöå â îêðåñòíîñòè ñôåðû
SR0

è îáðàùàþùàÿñÿ â íîëü â íåêîòîðîé îêðåñòíîñòè ïîâåðõíîñòè S. ×åðåç N∗(y),
ρ∗(y, t) îáîçíà÷åíû ïðîäîëæåíèÿ ñ ñîõðàíåíèåì êëàññà N è ρ ñ SR0

â Ω, ïðè÷åì
ρ∗(y, t) = 0 â íåêîòîðîé îêðåñòíîñòè ïîâåðõíîñòè S.

Ïðåîáðàçîâàíèå (1.1) ïåðåâîäèò çàäà÷ó ñî ñâîáîäíîé ãðàíèöåé â íåëèíåéíóþ
çàäà÷ó â îáëàñòè Ω = F1 ∪ SR0

∪ F2. ãäå F1 - øàð ñ ãðàíèöåé SR0
, F2 = Ω \ F1;

∂F2 = S ∪ SR0
.

Âûäåëèì ëèíåéíóþ ÷àñòü â ýòîé çàäà÷å. Êàê è â ñëó÷àå äâèæåíèÿ æèäêîñòè â
âàêóóìå, ëèíåéíàÿ ÷àñòü ðàñïàäàåòñÿ íà äâå çàäà÷è - ìàãíèòíóþ è ãèäðîäèíàìè÷åñêóþ.
Ãèäðîäèíàìè÷åñêàÿ ÷àñòü ëèíåéíîé çàäà÷è àíàëîãè÷íà ëèíåàðèçîâàííîé çàäà÷å î
äâèæåíèè êàïëè â ïîòîêå æèäêîñòè [3]. Äîêàæåì ñóùåñòâîâàíèå ðåøåíèÿ ìàãíèòíîé
÷àñòè.

2 Ìàãíèòíàÿ ëèíåéíàÿ çàäà÷à

Ðàññìîòðèì ìàãíèòíóþ ÷àñòü çàäà÷è ñîïðÿæåíèÿ, âîçíèêàþùóþ ïðè ëèíåàðèçàöèè
çàäà÷è â îáëàñòè ñ ôèêñèðîâàííîé ãðàíèöåé, ïîëó÷åííîé ïîñëå ïðåîáðàçàâàíèÿ
(1.1).

µiH
(i)
t + 1

αi
rotrotH(i) = f (i), ∇ ·H(i) = 0, y ∈ Fi,

[µH ·N]
∣∣
SR0

= 0, [Hτ ]
∣∣
SR0

= a, (2.1)

[ 1αrotτH]
∣∣∣
SR0

= g,

H(2) · n = 0, rotτH
(2) = 0, y ∈ S,

H(i)(y, 0) = H
(i)
0 (y), y ∈ Fi.

Çàäà÷à (2.1) ñâîäèòñÿ ê çàäà÷å ñ g = 0,, a = 0 òàê æå êàê â [1], ãäå áûëî ïîñòðîåíî
ðåøåíèå âñïîìîãàòåëüíîé çàäà÷è

roth(y) = j(y), ∇ · h(y) = 0, y ∈ Fi,

[µh · n]
∣∣
SR0

= 0, [hτ ]
∣∣
SR0

= a,

h ·N(y) = 0, y ∈ S.
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Òåîðåìà 1. Ïóñòü â çàäà÷å (2.1) a = 0, g = 0, l ∈ [0, 1) è âûïîëíÿþòñÿ ñëåäóþùèå

óñëîâèÿ ñîãëàñîâàíèÿ

∇ · f (i) = 0, ∇ ·H(i)
0 = 0, y ∈ Fi,

[µH0 ·N]
∣∣∣
SR0

= 0, [H0τ ]
∣∣∣
SR0

= 0, [ 1αrotτH0]
∣∣∣
SR0

= 0, [f ·N]
∣∣∣
SR0

= 0

H0 · n
∣∣∣
S
= 0, rotτH

(2)
0

∣∣∣
S
= 0, f (2) · n

∣∣∣
S
= 0.

(Óñëîâèå ∇f (i) = 0 ïðåäïîëàãàåòñÿ âûïîëíåííûì â ñëàáîì ñìûñëå. Óñëîâèÿ íà

êàñàòåëüíóþ ñîñòàâëÿþùóþ ðîòîðà íà ãðàíèöå ïðè t = 0 ñòàâÿòñÿ ïðè l ≥ 1/2.)

Òîãäà çàäà÷à (2.1) èìååò åäèíñòâåííîå ðåøåíèå H(i) ∈ W
l+2,l/2+1
2 (Q

(i)
T ), Q

(i)
T =

Fi × [0, T ], i = 1, 2. Èìååò ìåñòî îöåíêà

2∑
i=1

∥ H(i) ∥
W

l+2,l/2+1
2 (Q

(i)
T )

≤ c

2∑
i=1

(
∥ f (i) ∥

W
l,l/2
2 (Q

(i)
T )

+ ∥ H
(i)
0 ∥W l+1

2 (Fi)

)
(2.2)

Ñõåìà äîêàçàòåëüñòâà Òåîðåìû 1.

Ñíà÷àëà äîêàçûâàåòñÿ ñóùåñòâîâàíèå ñëàáîãî ðåøåíèÿ. ×åðåç H1(Ω), Ω = F1∪
SR0

∪ F2 îáîçíà÷èì ïðîñòðàíñòâî ñîëåíîèäàëüíûõ âåêòîðíûõ ïîëåé ψ ∈ W 1
2 (Fi),

i = 1, 2, óäîâëåòâîðÿþùèõ óñëîâèÿì

[µψ ·N]
∣∣∣
SR0

= 0, [ψτ ]
∣∣∣
SR0

= 0, (ψ · n)
∣∣∣
S
= 0.

Îáîáùåííûì ðåøåíèåì çàäà÷è (2.1) íàçîâåì

H ∈ W 1
2 (0, T ;L2(Ω)) ∩ L2(0, T ;H1(Ω)),

óäîâëåòâîðÿþùåå èíòåãðàëüíîìó òîæäåñòâó

T∫
0

∫
F1

µ1H
(1)
t · ψdxdt+

T∫
0

∫
F2

µ2H
(2)
t · ψdxdt+

T∫
0

∫
F1

1
α1
rotH(1) · rotψdxdt+

T∫
0

∫
F2

1
α2
rotH(2) · rotψdxdt = (2.3)

T∫
0

∫
Ω

f · ψdxdt, ∀ψ ∈ L2(0, T,H1(Ω))

è íà÷àëüíûì óñëîâèÿì.
Åñëè ñóùåñòâóåò êëàññè÷åñêîå ðåøåíèå çàäà÷è (2.1), òî îíî óäîâëåòâîðÿåò èíòåãðàëüíîìó

òîæäåñòâó (2.3). Ýòî ìîæíî ïîêàçàòü, óìíîæèâ ïåðâîå óðàâíåíèå â (2.1) ñêàëÿðíî
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íà ψ è ïðîèíòåãðèðîâàâ ïî ÷àñòÿì. Ãðàíè÷íûå èíòåãðàëû îáðàùàþòñÿ â íîëü
âñëåäñòâèå óñëîâèé

rotτH
(2)
∣∣∣
S
= 0,

1

α1
rotτH

(1)
∣∣∣
SR0

=
1

α2
rotτH

(2)
∣∣∣
SR0

.

Ñóùåñòâîâàíèå îáîáùåííîãî ðåøåíèÿ äîêàçûâàåòñÿ ìåòîäîì Ãàëåðêèíà [4]. Äëÿ
îïðåäåëåíèÿ êîýôôèöèåíòîâ ðàçëîæåíèÿ cj(t) ïî îðòîíîðìèðîâàííîé ñèñòåìå âåêòîðîâ
âH1 ïîëó÷àåòñÿ íîðìàëüíàÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ïîñêîëüêó, åñëè H ∈ H1(Ω), òî

2∑
i=1

∥ H(i) ∥W 1
2 (Fi)≤ c

2∑
i=1

∥ rotH(i) ∥L2(Fi),

äëÿ îáîáùåííîãî ðåøåíèÿ èìååò ìåñòî îöåíêà

∥ Ht ∥L2(QT ) +
2∑

i=1

∥ H(i) ∥
W 1,0

2 (Q
(i)
T )

≤ (2.4)

c
2∑

i=1

(
∥ f (i) ∥

L2(Q
(i)
T )

+ ∥ H
(i)
0 ∥W 1

2 (Fi)

)
.

Äëÿ îöåíêè âòîðûõ ïðîèçâîäíûõ ðåøåíèÿ áóäåì ðåøàòü çàäà÷ó (2.1) â äâà ýòàïà.
Îáîçíà÷èì ζ(i) = 1

αi
rotH(i) è ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó

roth(i) = f (i) − µiH
(i)
t = G(i), y ∈ Fi (2.5)

∇ · h(i) = 0, y ∈ Fi, h
(2)
τ

∣∣∣
S
= 0, [hτ ]

∣∣∣
SR0

= 0, [αh ·N]
∣∣∣
SR0

= 0.

Òåîðåìà 2. Åñëè G(i) ∈ W r
2 (Fi) è âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ

∇ ·G(i) = 0, y ∈ Fi, G(2) · n
∣∣∣
S
= 0, [G ·N]

∣∣∣
SR0

= 0,

(ïðè r < 1 ïåðâîå óñëîâèå â ñëàáîì ñìûñëå) òî çàäà÷à (2.5) èìååò åäèíñòâåííîå

ðåøåíèå h(i) ∈ W 1+r
2 (Fi). Äëÿ ýòîãî ðåøåíèÿ âåðíà îöåíêà

2∑
i=1

∥ h(i) ∥W 1+r
2 (Fi)

≤ c

2∑
i=1

∥ G(i) ∥W r
2 (Fi) .

Äëÿ äîêàçàòåëüñòâà åäèíñòâåííîñòè, ïîêàæåì, ÷òî ïðè G(i) = 0 çàäà÷à èìååò
òîëüêî òðèâèàëüíîå ðåøåíèå. Åñëè G(i) = 0, òî h = ∇ϕ. ϕ ÿâëÿåòñÿ ðåøåíèåì
çàäà÷è

△ϕ(i) = 0, x ∈ Fi, (2.6)

[ϕ]
∣∣∣
SR0

= c1, ϕ
∣∣∣
S
= c2, [α ∂ϕ

∂N ]
∣∣∣
SR0

= 0.
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Çíà÷èò ϕ êóñî÷íî-ïîñòîÿííà è h(i) = ∇ϕ(i) = 0. Ñóùåñòâîâàíèå ðåøåíèÿ äîêàçûâàåòñÿ
ïîñòðîåíèåì ðåøåíèÿ â âèäå ñóììû ðîòîðà îò îáúåìíîãî ïîòåíöèàëà è ãðàäèåíòà
ãàðìîíè÷åñêîé ôóíêöèè, àíàëîãè÷íî òîìó êàê ýòî áûëî ñäåëàíî â [1], [2]. Âñëåäñòâèå
èíòåãðàëüíîãî òîæäåñòâà (2.3)

T∫
0

∫
Ω

(h− ζ) · rotψdxdt = 0, ∀ψ ∈ L2(0, T ;H1(Ω)).

Ñëåäîâàòåëüíî [4], h− ζ = ∇ϕ, ãäå ϕ - ðåøåíèå (2.6). Çíà÷èò h = ζ = 1
αrotH.

Äëÿ H ïîëó÷àåì çàäà÷ó

rotH(i) = αiζ
(i), ∇ ·H(i) = 0, x ∈ Fi, (2.7)

[µH ·N]
∣∣∣
SR0

= 0, [Hτ ]
∣∣∣
SR0

= 0, H · n
∣∣∣
S
= 0.

Òåîðåìà 3. ([1]) Åñëè ζ(i) ∈ W l+1
2 (Fi) è âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ

∇ · ζ(i) = 0, x ∈ Fi, [αζ ·N]
∣∣∣
SR0

= 0,

òî çàäà÷à (2.7) èìååò åäèíñòâåííîå ðåøåíèå H(i) ∈ W 2+l
2 (Fi) è

2∑
i=1

∥ H(i) ∥W l+2
2 (Fi)

≤ c

2∑
i=1

∥ ζ(i) ∥W l+1
2 (Fi)

.

Ñ ïîìîùüþ Òåîðåìû 2, Òåîðåìû 3 (l = 0) è (2.4) ïîëó÷àåì îöåíêó âòîðûõ
ïðîèçâîäíûõ ðåøåíèÿ

2∑
i=1

∥ H(i) ∥
W 2,1

2 (Q
(i)
T )

≤ c

2∑
i=1

(
∥ f (i) ∥

L2(Q
(i)
T )

+ ∥ H
(i)
0 ∥W 1

2 (Fi)

)
,

êîòîðàÿ ñîâïàäàåò ñ (2.2) ïðè l = 0. Äàëüíåéøåå ïîâûøåíèå ãëàäêîñòè è äîêàçàòåëüñòâî
îöåíêè (2.2) ïðè l ∈ (0, 1) ïðîâîäèòñÿ ïî ñõåìå ïðåäëîæåííîé â [1].
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