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Ñ ÏÅÐÈÎÄÈ×ÅÑÊÈÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ
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Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,
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ÀÍÍÎÒÀÖÈß

Â ïðîñòðàíñòâå L2(Rd;Cn) èçó÷àåòñÿ ñàìîñîïðÿæåííûé ñèëüíî
ýëëèïòè÷åñêèé îïåðàòîð Aε ïîðÿäêà 2p, çàäàííûé âûðàæåíèåì
b(D)∗g(x/ε)b(D), ε > 0. Çäåñü g(x) � îãðàíè÷åííàÿ è ïîëîæèòåëüíî
îïðåäåëåííàÿ (m × m)-ìàòðèöà-ôóíêöèÿ â Rd, ïåðèîäè÷åñêàÿ îòíîñè-

òåëüíî íåêîòîðîé ðåøåòêè; b(D) =
∑d
|α|=p bαD

α � äèôôåðåíöèàëüíûé

îïåðàòîð ïîðÿäêà p ñ ïîñòîÿííûìè êîýôôèöèåíòàìè; bα � ïîñòîÿííûå
(m × n)-ìàòðèöû. Ïðåäïîëàãàåòñÿ, ÷òî m > n è ÷òî ñèìâîë b(ξ) èìååò
ìàêñèìàëüíûé ðàíã. Äëÿ ðåçîëüâåíòû (Aε − ζI)−1 ïðè ζ ∈ C \ [0,∞)
ïîëó÷åíû àïïðîêñèìàöèè ïî îïåðàòîðíîé íîðìå â L2(Rd;Cn) è ïî íîð-
ìå îïåðàòîðîâ, äåéñòâóþùèõ èç L2(Rd;Cn) â ïðîñòðàíñòâî Ñîáîëåâà
Hp(Rd;Cn), ñ îöåíêàìè ïîãðåøíîñòè â çàâèñèìîñòè îò ε è ζ.

Êëþ÷åâûå ñëîâà: ïåðèîäè÷åñêèå äèôôåðåíöèàëüíûå îïåðàòîðû,
óñðåäíåíèå, ýôôåêòèâíûé îïåðàòîð, êîððåêòîð, îïåðàòîðíûå îöåíêè ïî-
ãðåøíîñòè.

Èññëåäîâàíèå âûïîëíåíî ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò 14-01-00760) è
ÑÏáÃÓ (ïðîåêò 11.38.263.2014).
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Ââåäåíèå

0.1. Òåîðåòèêî-îïåðàòîðíûé ïîäõîä ê òåîðèè óñðåäíåíèé. Ðàáî-
òà îòíîñèòñÿ ê òåîðèè óñðåäíåíèé ïåðèîäè÷åñêèõ äèôôåðåíöèàëüíûõ
îïåðàòîðîâ (ÄÎ) â ïðåäåëå ìàëîãî ïåðèîäà. Òåîðèÿ óñðåäíåíèé (ãîìî-
ãåíèçàöèè) � øèðîêàÿ îáëàñòü òåîðåòè÷åñêîé è ïðèêëàäíîé íàóêè. Çà-
äà÷àì óñðåäíåíèÿ ïîñâÿùåíà îáøèðíàÿ ëèòåðàòóðà; óêàæåì â ïåðâóþ
î÷åðåäü êíèãè [BeLP], [BaPa], [ZhKO].
Â ñåðèè ðàáîò Ì. Ø. Áèðìàíà è Ò. À. Ñóñëèíîé [BSu1-4] áûë ïðåä-

ëîæåí òåîðåòèêî-îïåðàòîðíûé ïîäõîä ê çàäà÷àì òåîðèè óñðåäíåíèé.
Ñ ïîìîùüþ ýòîãî ïîäõîäà èçó÷àëñÿ øèðîêèé êëàññ ñàìîñîïðÿæåííûõ
ìàòðè÷íûõ ïåðèîäè÷åñêèõ îïåðàòîðîâ âòîðîãî ïîðÿäêà, äåéñòâóþùèõ â
L2(Rd;Cn) è äîïóñêàþùèõ ôàêòîðèçàöèþ âèäà

A = b(D)∗g(x)b(D). (0.1)

Çäåñü g(x) � îãðàíè÷åííàÿ è ðàâíîìåðíî ïîëîæèòåëüíî îïðåäåëåííàÿ
ìàòðèöà ðàçìåðà (m × m), ïåðèîäè÷åñêàÿ îòíîñèòåëüíî íåêîòîðîé ðå-
øåòêè Γ ⊂ Rd. ×åðåç Ω îáîçíà÷àåì ýëåìåíòàðíóþ ÿ÷åéêó ðåøåòêè Γ.
Äàëåå, b(D) � (m × n)-ìàòðè÷íûé îäíîðîäíûé ÄÎ ïåðâîãî ïîðÿäêà.
Ïðåäïîëàãàåòñÿ, ÷òî m > n è ÷òî ñèìâîë b(ξ) èìååò ðàíã n ïðè âñåõ
0 6= ξ ∈ Rd. Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ îïåðàòîð A ñèëüíî ýëëèï-
òè÷åí. Ïðîñòåéøèé ïðèìåð îïåðàòîðà (0.1) � ñêàëÿðíûé ýëëèïòè÷åñêèé
îïåðàòîð −div g(x)∇ (îïåðàòîð àêóñòèêè); îïåðàòîð òåîðèè óïðóãîñòè
òàêæå äîïóñêàåò çàïèñü â âèäå (0.1). Ýòè è äðóãèå ïðèìåðû ïîäðîáíî
ðàññìîòðåíû â [BSu1,3,4].
Ïóñòü ε > 0 � ìàëûé ïàðàìåòð. Èñïîëüçóåì îáîçíà÷åíèå F ε(x) :=

F (ε−1x). Ðàññìîòðèì îïåðàòîð Aε = b(D)∗gε(x)b(D), êîýôôèöèåíòû êî-
òîðîãî áûñòðî îñöèëëèðóþò ïðè ε→ 0.
Â [BSu1] áûëî ïîêàçàíî, ÷òî ïðè ε → 0 ðåçîëüâåíòà (Aε + I)−1 ñõî-

äèòñÿ ïî îïåðàòîðíîé íîðìå â L2(Rd;Cn) ê ðåçîëüâåíòå ýôôåêòèâíîãî
îïåðàòîðà A0 = b(D)∗g0b(D), ãäå g0 � ïîñòîÿííàÿ ýôôåêòèâíàÿ ìàò-

ðèöà. Áûëà ïîëó÷åíà îöåíêà∥∥∥(Aε + I)−1 −
(
A0 + I

)−1
∥∥∥
L2(Rd)→L2(Rd)

6 Cε. (0.2)

Â [BSu2,3] áûëà íàéäåíà áîëåå òî÷íàÿ àïïðîêñèìàöèÿ ðåçîëüâåíòû

(Aε + I)−1 ïî îïåðàòîðíîé íîðìå â L2(Rd;Cn) ñ ïîãðåøíîñòüþ ïîðÿäêà

ε2. Â [BSu4] áûëà ïîëó÷åíà àïïðîêñèìàöèÿ ðåçîëüâåíòû (Aε + I)−1 ïî
íîðìå îïåðàòîðîâ, äåéñòâóþùèõ èç L2(Rd;Cn) â ïðîñòðàíñòâî Ñîáîëåâà
H1(Rd;Cn), ñ îöåíêîé∥∥∥(Aε + I)−1 −

(
A0 + I

)−1 − εK(ε)
∥∥∥
L2(Rd)→H1(Rd)

6 Cε. (0.3)

Çäåñü K(ε) � òàê íàçûâàåìûé êîððåêòîð. Îïåðàòîð K(ε) ñîäåðæèò
áûñòðî îñöèëëèðóþùèå ìíîæèòåëè, à ïîòîìó çàâèñèò îò ε; ïðè ýòîì
‖K(ε)‖L2→H1 = O(ε−1).
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Îöåíêè (0.2), (0.3) òî÷íû ïî ïîðÿäêó; ïîñòîÿííûå êîíòðîëèðóþòñÿ
ÿâíî â òåðìèíàõ äàííûõ çàäà÷è. Ïîäîáíûå ðåçóëüòàòû íàçûâàþò îïå-

ðàòîðíûìè îöåíêàìè ïîãðåøíîñòè â òåîðèè óñðåäíåíèé. Ìåòîä èññëå-
äîâàíèÿ â [BSu1-4] îñíîâàí íà ìàñøòàáíîì ïðåîáðàçîâàíèè, ðàçëîæå-
íèè ïåðèîäè÷åñêîãî îïåðàòîðà A â ïðÿìîé èíòåãðàë (ñ ïîìîùüþ òåîðèè
Ôëîêå-Áëîõà) è àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé. Ïðè ýòîì áûëî âû-
ÿñíåíî, ÷òî ðåçîëüâåíòó îïåðàòîðà Aε ìîæíî àïïðîêñèìèðîâàòü â òåð-
ìèíàõ ïîðîãîâûõ õàðàêòåðèñòèê îïåðàòîðà A íà êðàþ ñïåêòðà. Â ýòîì
ñìûñëå ïðîöåäóðà ãîìîãåíèçàöèè ÿâëÿåòñÿ ïðîÿâëåíèåì ñïåêòðàëüíîãî

ïîðîãîâîãî ýôôåêòà.
Îòìåòèì òàêæå íåäàâíþþ ðàáîòó [Su], â êîòîðîé áûëè ïîëó÷åíû àíà-

ëîãè îöåíîê (0.2), (0.3) äëÿ ðåçîëüâåíòû (Aε − ζI)−1 â ïðîèçâîëüíîé òî÷-
êå ζ ∈ C \R+ ñ äâóïàðàìåòðè÷åñêèìè îöåíêàìè ïîãðåøíîñòè (â çàâèñè-
ìîñòè îò ε è ζ).
Äðóãîé ïîäõîä ê ïîëó÷åíèþ îïåðàòîðíûõ îöåíîê ïîãðåøíîñòè (ìîäè-

ôèöèðîâàííûé ìåòîä ïåðâîãî ïðèáëèæåíèÿ) áûë ïðåäëîæåí Â. Â. Æè-
êîâûì; ýòèì ìåòîäîì â [Zh] è [ZhPas] áûëè ïîëó÷åíû àíàëîãè îöåíîê
(0.2) è (0.3) äëÿ îïåðàòîðîâ àêóñòèêè è òåîðèè óïðóãîñòè.
Îòäåëüíûé èíòåðåñ ïðåäñòàâëÿåò çàäà÷à óñðåäíåíèÿ äëÿ ïåðèîäè-

÷åñêèõ ýëëèïòè÷åñêèõ ÄÎ âûñîêîãî ÷¼òíîãî ïîðÿäêà. Â ðàáîòå [V]
Í. À. Âåíèàìèíîâà ìåòîä, ïðåäëîæåííûé â [BSu1], áûë ðàçâèò ïðèìåíè-
òåëüíî ê òàêèì îïåðàòîðàì. Èçó÷àëàñü çàäà÷à óñðåäíåíèÿ äëÿ îïåðàòîðà

Bε = (Dp)∗gε(x)Dp. (0.4)

Çäåñü g (x) � ñèììåòðè÷íûé ðàâíîìåðíî ïîëîæèòåëüíî îïðåäåëåííûé
è ðàâíîìåðíî îãðàíè÷åííûé òåíçîð ïîðÿäêà 2p, ïåðèîäè÷åñêèé îòíîñè-
òåëüíî ðåøåòêè Γ. Ïðè p = 2 îïåðàòîð âèäà (0.4) âîçíèêàåò â òåîðèè
óïðóãîñòè ïëàñòèí (ñì. [ZhKO]).
Ýôôåêòèâíûé îïåðàòîð äëÿ Bε èìååò âèä B0 = (Dp)∗g0Dp, ãäå g0 �

ýôôåêòèâíûé òåíçîð. Â [V] ïîëó÷åí àíàëîã îöåíêè (0.2):∥∥∥(Bε + I)−1 −
(
B0 + I

)−1
∥∥∥
L2(Rd)→L2(Rd)

6 Cε. (0.5)

0.2. Îñíîâíûå ðåçóëüòàòû. Ìû èçó÷àåì áîëåå îáùèé êëàññ ýëëèï-
òè÷åñêèõ ïåðèîäè÷åñêèõ ÄÎ âûñîêîãî ïîðÿäêà, ÷åì (0.4). Ðàññìîòðèì
îïåðàòîð A âèäà

A = A(g) = b(D)∗g(x)b(D), (0.6)

ãäå g(x) � ðàâíîìåðíî ïîëîæèòåëüíî îïðåäåëåííàÿ è îãðàíè÷åííàÿ
ìàòðèöà-ôóíêöèÿ ðàçìåðà (m×m), ïåðèîäè÷åñêàÿ îòíîñèòåëüíî ðåøåò-
êè Γ, à b(D) � (m × n)-ìàòðè÷íûé îäíîðîäíûé ÄÎ ïîðÿäêà p. Òî÷íîå
îïðåäåëåíèå îïåðàòîðà (0.6) äàåòñÿ â ï. 4.1. Äëÿ îïåðàòîðîâ Aε = A(gε)
èçó÷àåòñÿ çàäà÷à óñðåäíåíèÿ.
Îñíîâíûå ðåçóëüòàòû ðàáîòû � àïïðîêñèìàöèè ðåçîëüâåíòû

(Aε − ζI)−1, ãäå ζ ∈ C\R+, â ðàçëè÷íûõ îïåðàòîðíûõ íîðìàõ ñ äâóïàðà-
ìåòðè÷åñêèìè îöåíêàìè ïîãðåøíîñòè (â çàâèñèìîñòè îò ε è ζ). Òåîðåìà
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8.1 äàåò àïïðîêñèìàöèþ ðåçîëüâåíòû ïî îïåðàòîðíîé íîðìå â L2(Rd;Cn)
(àíàëîã îöåíêè (0.5)):∥∥∥(Aε − ζI)−1 −

(
A0 − ζI

)−1
∥∥∥
L2(Rd)→L2(Rd)

6 C1(ζ)ε; (0.7)

â òåîðåìå 8.2 ïîëó÷åíà àïïðîêñèìàöèÿ ðåçîëüâåíòû â "ýíåðãåòè÷åñêîé"
íîðìå (ò. å., ïî íîðìå îïåðàòîðîâ, äåéñòâóþùèõ èç L2(Rd;Cn) â ïðî-
ñòðàíñòâî Ñîáîëåâà Hp(Rd;Cn)):∥∥∥(Aε − ζI)−1 −

(
A0 − ζI

)−1 − εpK(ζ; ε)
∥∥∥
L2(Rd)→Hp(Rd)

6 C2(ζ)ε. (0.8)

Ïîêàçàíî, ÷òî ýôôåêòèâíûé îïåðàòîð A0 èìååò òàêóþ æå ñòðóêòóðó,
êàê èñõîäíûé: A0 = b(D)∗g0b(D). Êîððåêòîð K(ζ; ε) ñîäåðæèò áûñòðî
îñöèëëèðóþùèå ìíîæèòåëè; ïðè ýòîì ‖K(ζ; ε)‖L2→Hp = O(ε−p). Âûÿñ-
íåí õàðàêòåð çàâèñèìîñòè C1(ζ) è C2(ζ) îò ñïåêòðàëüíîãî ïàðàìåòðà ζ.
Ïîìèìî îöåíêè (0.8) ïîëó÷åíà àïïðîêñèìàöèÿ îïåðàòîðà

gεb(D) (Aε − ζI)−1 (îòâå÷àþùåãî "ïîòîêó") ïî íîðìå îïåðàòîðîâ,
äåéñòâóþùèõ èç L2(Rd;Cn) â L2(Rd;Cm).
Â îáùåì ñëó÷àå êîððåêòîðK(ζ; ε) ñîäåðæèò âñïîìîãàòåëüíûé ñãëàæè-

âàþùèé îïåðàòîð. Ìû âûäåëÿåì óñëîâèå, ïðè êîòîðîì ìîæíî èñïîëüçî-
âàòü ñòàíäàðòíûé êîððåêòîð, íå ñîäåðæàùèé ñãëàæèâàòåëÿ (ñì. òåîðåìó
8.6).

0.3. Ñõåìà èññëåäîâàíèÿ. Ìåòîä èññëåäîâàíèÿ ïðåäñòàâëÿåò ñîáîé
äàëüíåéøåå ðàçâèòèå òåîðåòèêî-îïåðàòîðíîãî ïîäõîäà.
Ñ ïîìîùüþ ìàñøòàáíîãî ïðåîáðàçîâàíèÿ çàâèñèìîñòü îò ïàðàìåòðà ε

ïåðåíîñèòñÿ èç êîýôôèöèåíòîâ îïåðàòîðà â òî÷êó ðåçîëüâåíòû. Èìåííî,
èìååò ìåñòî óíèòàðíàÿ ýêâèâàëåíòíîñòü:

(Aε − ζI)−1 ∼ ε2p
(
A− ζε2pI

)−1
,(

A0 − ζI
)−1 ∼ ε2p

(
A0 − ζε2pI

)−1
.

Òîãäà îöåíêà (0.7) ñâîäèòñÿ ê íåðàâåíñòâó∥∥∥(A− ζε2pI
)−1 −

(
A0 − ζε2pI

)−1
∥∥∥
L2(Rd)→L2(Rd)

6 C1(ζ)ε1−2p. (0.9)

Äëÿ äîêàçàòåëüñòâà îöåíêè (0.8) ìû èñïîëüçóåì (0.7) è âñïîìîãàòåëüíîå
íåðàâåíñòâî∥∥∥A1/2

ε

(
(Aε − ζI)−1 −

(
A0 − ζI

)−1 − εpK(ζ; ε)
)∥∥∥
L2(Rd)→L2(Rd)

6 C3(ζ)ε.

Ïîñëåäíåå òàêæå ìîæíî ïîäâåðãíóòü ìàñøòàáíîìó ïðåîáðàçîâàíèþ. Ïî-
ëó÷èì ýêâèâàëåíòíîå íåðàâåíñòâî∥∥∥A1/2

((
A− ζε2pI

)−1 −
(
A0 − ζε2pI

)−1 − K̃(ζ; ε)
)∥∥∥
L2(Rd)→L2(Rd)

6 C3(ζ)ε1−p.
(0.10)
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Íåðàâåíñòâà (0.9), (0.10) ñ ïðîèçâîëüíûì ζ ∈ C \ R+ âûâîäÿòñÿ èç
íåðàâåíñòâ äëÿ ñëó÷àÿ ζ = −1 ñ ïîìîùüþ ïîäõîäÿùèõ òîæäåñòâ äëÿ
ðåçîëüâåíò; ýòîò ïðèåì çàèìñòâîâàí èç [Su]. Ïîýòîìó îñíîâíûå ðàññìîò-
ðåíèÿ ïðîâîäÿòñÿ äëÿ ñëó÷àÿ ζ = −1.
Îïåðàòîð A ðàñêëàäûâàåòñÿ â ïðÿìîé èíòåãðàë ïî îïåðàòîðàì A (k),

äåéñòâóþùèì â L2 (Ω;Cn) è çàâèñÿùèì îò ïàðàìåòðà k (êâàçèèìïóëüñà).
Îïåðàòîð A (k) çàäà¼òñÿ âûðàæåíèåì b(D+k)∗g(x)b(D+k) ñ ïåðèîäè÷å-
ñêèìè ãðàíè÷íûìè óñëîâèÿìè. Ñëåäóÿ [BSu1], ìû âûäåëÿåì îäíîìåðíûé
ïàðàìåòð t = |k|, îòíîñèòåëüíî êîòîðîãî ñåìåéñòâî A(k) ïðåäñòàâëÿåò
ñîáîé ïîëèíîìèàëüíûé îïåðàòîðíûé ïó÷îê ñòåïåíè 2p. Â ðàáîòå [V] äëÿ
òàêèõ ïó÷êîâ áûëà ðàçâèòà àáñòðàêòíàÿ ñõåìà. Ñ å¼ ïîìîùüþ ìû äî-
êàçûâàåì íåðàâåíñòâî (0.9) (ïðè ζ = −1). ×òîáû ïðîâåðèòü (0.10), ìû
ðàçâèâàåì àáñòðàêòíóþ ñõåìó äëÿ ïîëèíîìèàëüíûõ ïó÷êîâ ïî àíàëîãèè
ñ ðàáîòîé [BSu4].

0.4. Ñòðóêòóðà ðàáîòû. Â ðàáîòå 8 ïàðàãðàôîâ. � 1�3 ïîñâÿùåíû àá-
ñòðàêòíîé ñõåìå. Â � 1 îïèñûâàåòñÿ ôàêòîðèçîâàííîå îïåðàòîðíîå ñå-
ìåéñòâî A(t) = X(t)∗X(t), ââîäèòñÿ ñïåêòðàëüíûé ðîñòîê. Â � 2 îïèñà-
íû ðåçóëüòàòû ðàáîòû [V] � ïîðîãîâûå àïïðîêñèìàöèè è àïïðîêñèìàöèÿ
ðåçîëüâåíòû (A(t) +ε2pI)−1 ñòàðøåãî ïîðÿäêà. � 3 ïîñâÿùåí äàëüíåéøå-
ìó ðàçâèòèþ àáñòðàêòíîé ñõåìû è ïîëó÷åíèþ àïïðîêñèìàöèè ðåçîëü-
âåíòû (A(t) + ε2pI)−1 ïðè ó÷åòå êîððåêòîðà. Â � 4 ââåäåí èçó÷àåìûé
êëàññ ïåðèîäè÷åñêèõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ A, äåéñòâóþùèõ â
L2(Rd;Cn), îïèñàíî ðàçëîæåíèå îïåðàòîðà A â ïðÿìîé èíòåãðàë îïåðà-
òîðîâ A(k), äåéñòâóþùèõ â L2(Ω;Cn). Â � 5 ñåìåéñòâî îïåðàòîðîâ A(k)
èçó÷àåòñÿ ñ ïîìîùüþ ðåçóëüòàòîâ àáñòðàêòíîé ñõåìû, ââîäèòñÿ ýôôåê-
òèâíûé îïåðàòîð, îïèñûâàþòñÿ ñâîéñòâà ýôôåêòèâíîé ìàòðèöû. Â � 6
íà îñíîâå òåîðåì àáñòðàêòíîé ñõåìû ïîëó÷åíû àïïðîêñèìàöèè ðåçîëü-
âåíòû (A(k) + ε2pI)−1. Â � 7 èç ðåçóëüòàòîâ � 6 ñ ïîìîùüþ ðàçëîæåíèÿ
îïåðàòîðà A â ïðÿìîé èíòåãðàë âûâîäÿòñÿ òåîðåìû îá àïïðîêñèìàöèè
ðåçîëüâåíòû (A+ε2pI)−1; çàòåì çà ñ÷åò èñïîëüçîâàíèÿ ïîäõîäÿùèõ òîæ-
äåñòâ äëÿ ðåçîëüâåíò ýòè òåîðåìû ïåðåíîñÿòñÿ íà ñëó÷àé ðåçîëüâåíòû
(A − ζε2pI)−1 â ïðîèçâîëüíîé òî÷êå ζ ∈ C \ R+. Âûäåëÿåòñÿ óñëîâèå,
ïðè êîòîðîì ìîæíî óñòðàíèòü ñãëàæèâàþùèé îïåðàòîð â êîððåêòîðå. Â
� 8 ñ ïîìîùüþ ìàñøòàáíîãî ïðåîáðàçîâàíèÿ èç îöåíîê � 7 âûâîäÿòñÿ îñ-
íîâíûå ðåçóëüòàòû ðàáîòû � òåîðåìû îá àïïðîêñèìàöèÿõ ðåçîëüâåíòû
(Aε − ζI)−1 â ðàçëè÷íûõ îïåðàòîðíûõ íîðìàõ.

0.5. Îáîçíà÷åíèÿ. Ïóñòü H, G � ñåïàðàáåëüíûå ãèëüáåðòîâû ïðî-
ñòðàíñòâà. Ñèìâîë ‖·‖H îçíà÷àåò íîðìó, (·, ·)H � ñêàëÿðíîå ïðîèçâåäåíèå
â H; ÷åðåç ‖·‖H→G îáîçíà÷èì íîðìó ëèíåéíîãî íåïðåðûâíîãî îïåðàòîðà
èç H â G. Èíîãäà äëÿ ñîêðàùåíèÿ çàïèñè ìû îïóñêàåì èíäåêñû. Åñëè G
� ëèíåéíûé îïåðàòîð èç H â G, òî ÷åðåç DomG îáîçíà÷àåòñÿ îáëàñòü
îïðåäåëåíèÿ, à ÷åðåç KerG ÿäðî îïåðàòîðà G. Åñëè N � ïîäïðîñòðàí-
ñòâî â H, òî N⊥ � åãî îðòîãîíàëüíîå äîïîëíåíèå.
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Ñêàëÿðíîå ïðîèçâåäåíèå è íîðìà â Cn îáîçíà÷åíû ÷åðåç 〈·, ·〉 è | · |
ñîîòâåòñòâåííî, 1n � åäèíè÷íàÿ (n × n)-ìàòðèöà. Åñëè a � ìàòðèöà
ðàçìåðà m× n, òî |a| îçíà÷àåò íîðìó ìàòðèöû a êàê îïåðàòîðà èç Cn â
Cm.
Êëàññû Lq âåêòîð-ôóíêöèé â îáëàñòè O ⊂ Rd ñî çíà÷åíèÿìè â Cn

îáîçíà÷àåì ÷åðåç Lq(O;Cn), 1 6 q 6 ∞. Êëàññû Ñîáîëåâà Cn-çíà÷íûõ
ôóíêöèé (â îáëàñòè O ⊆ Rd) ïîðÿäêà s è ñòåïåíè ñóììèðîâàíèÿ q
îáîçíà÷àþòñÿ ÷åðåç W s

q (O;Cn). Ïðè q = 2 èñïîëüçóåì îáîçíà÷åíèÿ
Hs(O;Cn), s ∈ R. Â ñëó÷àå n = 1 ïèøåì Lq(O), W s

q (O), Hs(O), íî èíî-
ãäà ìû ïðèìåíÿåì òàêèå óïðîùåííûå îáîçíà÷åíèÿ è äëÿ ïðîñòðàíñòâ
âåêòîðíîçíà÷íûõ èëè ìàòðè÷íîçíà÷íûõ ôóíêöèé.
Æèðíûì øðèôòîì îáîçíà÷àþòñÿ âåêòîðíûå âåëè÷èíû. Èñïîëüçóåì

îáîçíà÷åíèÿ x = (x1, . . . , xd) ∈ Rd, iDj = ∂j = ∂/∂xj , j = 1, . . . , d, D =

−i∇ = (D1, . . . , Dd). Äàëåå, åñëè α = (α1, . . . , αd) ∈ Zd+ � ìóëüòèèíäåêñ

è k ∈ Rd, òî |α| =
∑d

j=1 αj , k
α = kα1

1 · · · k
αd
d , Dα = Dα1

1 · · ·D
αd
d . Äëÿ äâóõ

ìóëüòèèíäåêñîâ α, β çàïèñü β 6 α îçíà÷àåò, ÷òî βj 6 αj , j = 1, . . . , d;

äëÿ ÷èñëà ñî÷åòàíèé èñïîëüçóåì îáîçíà÷åíèå Cβα = Cβ1α1 · · ·C
βd
αd .

Èñïîëüçóåì îáîçíà÷åíèå R+ = [0,∞). ×åðåç C, B, c, C, C (âîçìîæíî, ñ
èíäåêñàìè è çíà÷êàìè) îáîçíà÷àþòñÿ ðàçëè÷íûå îöåíî÷íûå ïîñòîÿííûå.

� 1. Àáñòðàêòíàÿ ñõåìà. Cïåêòðàëüíûé ðîñòîê

1.1. Ïîëèíîìèàëüíûå ïó÷êè âèäà X(t)∗X(t). Ïóñòü H, H∗ � êîì-
ïëåêñíûå ñåïàðàáåëüíûå ãèëüáåðòîâû ïðîñòðàíñòâà. Çàäàíî ñåìåéñòâî
(ïîëèíîìèàëüíûé ïó÷îê) îïåðàòîðîâ

X(t) =

p∑
j=0

Xjt
j , t ∈ R, p ∈ N, p > 2.

(Ñëó÷àé p = 1 áûë ïîäðîáíî èçó÷åí â [BSu1,2,4].) Îïåðàòîðû X(t) è Xj

äåéñòâóþò èç ïðîñòðàíñòâà H â ïðîñòðàíñòâî H∗:

X(t), Xj : H→ H∗.

Ïðåäïîëàãàåòñÿ, ÷òî îïåðàòîð X0 ïëîòíî îïðåäåëåí è çàìêíóò, Xp îãðà-

íè÷åí. Äîïîëíèòåëüíî íàëîæèì ñëåäóþùåå óñëîâèå íà îáëàñòè îïðåäå-
ëåíèÿ.

Óñëîâèå 1.1.

DomX(t) = DomX0 ⊂ DomXj ⊂ DomXp = H, j = 1, . . . , p−1, t ∈ R.

Ìû òàêæå ïðåäïîëàãàåì, ÷òî ïðîìåæóòî÷íûå îïåðàòîðû Xj ïðè j =
1, . . . , p− 1 ïîä÷èíåíû X0.

Óñëîâèå 1.2. Äëÿ j = 0, . . . , p− 1 è äëÿ ëþáîãî u ∈ DomX0 âûïîëíåíî

‖Xju‖H∗ 6 C̃ ‖X0u‖H∗ , (1.1)

ãäå C̃ � íåêîòîðàÿ êîíñòàíòà (î÷åâèäíî, C̃ > 1).
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Çàìåòèì, ÷òî ïðè j = 0 îöåíêà (1.1) òðèâèàëüíà. Ïðè ñäåëàííûõ ïðåä-
ïîëîæåíèÿõ îïåðàòîð X(t) çàìêíóò íà îáëàñòè DomX(t) = DomX0.
Èç óñëîâèÿ 1.2 ñëåäóåò, ÷òî

KerX0 ⊂ KerXj , j = 1, . . . , p− 1. (1.2)

Íàø îñíîâíîé îáúåêò � ñåìåéñòâî íåîòðèöàòåëüíûõ ñàìîñîïðÿæåí-
íûõ â H îïåðàòîðîâ

A(t) = X(t)∗X(t), t ∈ R. (1.3)

Îïåðàòîð (1.3) ïîðîæäàåòñÿ çàìêíóòîé â H êâàäðàòè÷íîé ôîðìîé

a(t)[u, u] = ‖X(t)u‖2H∗ , u ∈ DomX0.

Îáîçíà÷èì A(0) = X∗0X0 =: A0, è ïîëîæèì

N := KerA0 = KerX0, N∗ := KerA∗0 = KerX∗0 .

×åðåç P è P∗ áóäåì îáîçíà÷àòü îðòîïðîåêòîðû ïðîñòðàíñòâà H íà N è
H∗ íà N∗ ñîîòâåòñòâåííî.

Óñëîâèå 1.3. Ïðåäïîëàãàåòñÿ, ÷òî òî÷êà λ0 = 0 � èçîëèðîâàííàÿ òî÷-

êà ñïåêòðà îïåðàòîðà A0, ïðè÷åì

n := dimN <∞, n 6 n∗ := dimN∗ 6∞.

Ðàññòîÿíèå îò òî÷êè λ0 = 0 äî îñòàëüíîãî ñïåêòðà îïåðàòîðà A0

îáîçíà÷èì ÷åðåç d0. ×åðåç F (t, s) áóäåì îáîçíà÷àòü ñïåêòðàëüíûé ïðî-
åêòîð îïåðàòîðà A(t) äëÿ îòðåçêà [0, s], è ïîëîæèì F(t, s) := F (t, s)H.
Çàôèêñèðóåì ïîëîæèòåëüíîå ÷èñëî δ 6 min{d0/36, 1/4} è îáîçíà÷èì

t0 = δ1/2(Ĉ)−1, (1.4)

ãäå

Ĉ = max
{

(p− 1) C̃, ‖Xp‖
}
. (1.5)

Çäåñü C̃ � ïîñòîÿííàÿ èç (1.1). Îòìåòèì, ÷òî àâòîìàòè÷åñêè t0 6 1.
Â [V, ëåììà 3.9] ïîêàçàíî, ÷òî óñëîâèå 1.2 âëå÷åò îöåíêó

‖X0f‖H∗ 6 2
(
‖X(t)f‖H∗ +

√
δ ‖f‖H

)
, f ∈ DomX0, |t| 6 t0. (1.6)

Îêàçûâàåòñÿ (ñì. [V, ïðåäëîæåíèå 3.10]), ÷òî ïðè |t| 6 t0 âûïîëíåíî

F (t, δ) = F (t, 3δ), rankF (t, δ) = n. (1.7)

Ýòî îçíà÷àåò, ÷òî ïðè |t| 6 t0 íà ïðîìåæóòêå [0, δ] îïåðàòîð A(t) èìå-
åò ðîâíî n ñîáñòâåííûõ çíà÷åíèé (ñ ó÷åòîì êðàòíîñòåé), à ïðîìåæóòîê
(δ, 3δ) ñâîáîäåí îò ñïåêòðà. Äëÿ óäîáñòâà áóäåì èñïîëüçîâàòü ñîêðàùåí-
íûå îáîçíà÷åíèÿ

F (t) := F (t, δ), F (t) := F(t, δ).
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1.2. Îïåðàòîðû Z, R è ñïåêòðàëüíûé ðîñòîê S. Ïîëîæèì D =
DomX0∩N⊥. Óñëîâèå èçîëèðîâàííîñòè òî÷êè λ0 = 0 â ñïåêòðå A0 ïîçâî-
ëÿåò âîñïðèíèìàòü D êàê ãèëüáåðòîâî ïðîñòðàíñòâî ñî ñêàëÿðíûì ïðî-
èçâåäåíèåì (X0ϕ,X0η)H∗ , ϕ, η ∈ D. Ïóñòü u ∈ H∗. Ðàññìîòðèì óðàâíåíèå
X∗0 (X0ψ − u) = 0 îòíîñèòåëüíî ψ ∈ D, ïîíèìàåìîå â ñëàáîì ñìûñëå:

(X0ψ,X0ζ)H∗ = (u,X0ζ)H∗ , ∀ζ ∈ D. (1.8)

Ïðàâàÿ ÷àñòü â (1.8) ÿâëÿåòñÿ àíòèëèíåéíûì íåïðåðûâíûì ôóíêöèîíà-
ëîì íàä ζ ∈ D, ïîýòîìó ðåøåíèå ψ ñóùåñòâóåò, åäèíñòâåííî, è âûïîëíåíà
îöåíêà ‖X0ψ‖H∗ 6 ‖u‖H∗ . Ïóñòü òåïåðü

ω ∈ N, u = −Xpω; (1.9)

â ýòîì ñëó÷àå ðåøåíèå óðàâíåíèÿ (1.8) îáîçíà÷èì ÷åðåç ψ (ω). Îïðåäå-
ëèì îãðàíè÷åííûé îïåðàòîð Z : H→ H, äåéñòâóþùèé ïî ôîðìóëå

Zω = ψ(ω), ω ∈ N; Zϕ = 0, ϕ ∈ N⊥. (1.10)

×òîáû îöåíèòü íîðìó îïåðàòîðà Z, çàïèøåì (1.8) ïðè u = −Xpω è ζ =
ψ (ω):

‖X0ψ (ω)‖2H∗ = − (Xpω,X0ψ (ω))H∗ 6 ‖X0ψ (ω)‖H∗ ‖Xpω‖H∗ ,
îòêóäà ñëåäóåò, ÷òî

(A0ψ (ω) , ψ (ω))H 6 ‖Xp‖2 ‖ω‖2H .

Âñïîìèíàÿ, ÷òî d0 > 36δ è ψ (ω) ∈ N⊥, ïîëó÷àåì

36δ ‖ψ (ω)‖2H 6 (A0ψ (ω) , ψ (ω))H 6 ‖Xp‖2 ‖ω‖2H .
Ñëåäîâàòåëüíî,

‖Z‖ 6 (1/6)δ−1/2 ‖Xp‖ . (1.11)

Ïîëîæèì òåïåðü

ω∗ := X0ψ (ω) +Xpω ∈ N∗ (1.12)

è îïðåäåëèì îïåðàòîð R

R : N→ N∗, Rω = ω∗. (1.13)

Åãî ìîæíî ïðåäñòàâèòü òàêæå â âèäå

R = P∗Xp|N. (1.14)

Ñïåêòðàëüíûì ðîñòêîì îïåðàòîðíîãî ñåìåéñòâà A (t) ïðè t = 0 ìû
íàçûâàåì ñàìîñîïðÿæåííûé îïåðàòîð

S = R∗R : N→ N. (1.15)

Èç (1.14) è (1.15) âûòåêàåò ïðåäñòàâëåíèå

S = PX∗pP∗Xp|N.

Ðîñòîê S áóäåì íàçûâàòü íåâûðîæäåííûì, åñëè KerS = {0}, ÷òî ýêâè-
âàëåíòíî rankR = n.
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1.3. Àíàëèòè÷åñêèå âåòâè ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ
ýëåìåíòîâ îïåðàòîðà A (t). Ñ ïîìîùüþ àíàëèòè÷åñêîé òåîðèè âîç-
ìóùåíèé â [V, ï. 3.3] áûëè ïîëó÷åíû âàæíûå ñâîéñòâà ïåðâûõ n ñîá-
ñòâåííûõ çíà÷åíèé è ñîîòâåòñòâóþùèõ ñîáñòâåííûõ ýëåìåíòîâ îïåðà-
òîðà A(t) ïðè äîñòàòî÷íî ìàëîì t. Èìåííî, ïðè |t| 6 t0 ñóùåñòâóþò
âåùåñòâåííî-àíàëèòè÷åñêèå ôóíêöèè λj(t) (âåòâè ñîáñòâåííûõ çíà÷å-
íèé) è âåùåñòâåííî-àíàëèòè÷åñêèå H-çíà÷íûå ôóíêöèè ϕj(t) (âåòâè ñîá-
ñòâåííûõ âåêòîðîâ) òàêèå, ÷òî

A(t)ϕj(t) = λj(t)ϕj(t), j = 1, . . . , n, |t| 6 t0, (1.16)

è íàáîð {ϕj(t)}nj=1 îáðàçóåò îðòîíîðìèðîâàííûé áàçèñ â F(t). Åñëè

t∗ 6 t0 äîñòàòî÷íî ìàëî, òî ïðè |t| 6 t∗ èìåþò ìåñòî ñõîäÿùèåñÿ ñòå-
ïåííûå ðàçëîæåíèÿ (ñì. [V, òåîðåìà 3.15] ):

λj(t) = γjt
2p + . . . , γj > 0, j = 1, . . . , n, |t| 6 t∗, (1.17)

ϕj(t) = ωj + tϕ
(1)
j + t2ϕ

(2)
j + . . . , j = 1, . . . , n, |t| 6 t∗. (1.18)

Ïðè ýòîì {ωj}nj=1 îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â N. ×èñëà γj è

âåêòîðû ωj ÿâëÿþòñÿ ñîáñòâåííûìè äëÿ ñïåêòðàëüíîãî ðîñòêà S, ò. å.,

Sωj = γjωj , j = 1, . . . , n.

Èìååì

P =
n∑
j=1

(·, ωj)H ωj , (1.19)

SP =

n∑
j=1

γj (·, ωj)H ωj . (1.20)

Êàê ïîêàçàíî â [V, ï. 3.3], äëÿ ýëåìåíòîâ ϕ
(i)
j èç (1.18) âûïîëíåíî

ϕ
(i)
j ∈ N, j = 1, . . . , n, i = 1, . . . , p− 1; (1.21)

ϕ
(p)
j − ψ (ωj) ∈ N, j = 1, . . . , n. (1.22)

Ñ ó÷åòîì (1.7) èç (1.16) ïîëó÷àåì

F (t) =

n∑
j=1

(·, ϕj (t))H ϕj (t) , |t| 6 t0, (1.23)

A(t)F (t) =

n∑
j=1

λj(t) (·, ϕj (t))H ϕj (t) , |t| 6 t0. (1.24)

Ïîäñòàâëÿÿ â (1.23), (1.24) ðàçëîæåíèÿ (1.17), (1.18) è ó÷èòûâàÿ (1.19)
è (1.20), íàõîäèì, ÷òî ïðè |t| 6 t∗ (ãäå t∗ 6 t0 äîñòàòî÷íî ìàëî) ñïðàâåä-
ëèâû ñòåïåííûå ðàçëîæåíèÿ

F (t) = P + tF1 + . . . , |t| 6 t∗,
A(t)F (t) = t2pSP + . . . , |t| 6 t∗.
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Íàì, îäíàêî, íóæíû íå ñàìè ýòè ðàçëîæåíèÿ, à àïïðîêñèìàöèè îïåðà-
òîðîâ F (t) è A(t)F (t) ñ îäíèì èëè íåñêîëüêèìè ïåðâûìè ÷ëåíàìè (ïîðî-
ãîâûå àïïðîêñèìàöèè), íî ñ îöåíêàìè ïîãðåøíîñòè íà âñåì ïðîìåæóòêå
|t| 6 t0.

� 2. Àáñòðàêòíàÿ ñõåìà: ïîðîãîâûå àïïðîêñèìàöèè

Â ýòîì ïàðàãðàôå êðàòêî èçëàãàþòñÿ îñíîâíûå ðåçóëüòàòû àáñòðàêò-
íîé ñõåìû, ïîëó÷åííûå â [V].

2.1. Âñïîìîãàòåëüíûé ìàòåðèàë. Íàì ïîíàäîáèòñÿ âàðèàíò ðåçîëü-
âåíòíîãî òîæäåñòâà â ñëó÷àå, êîãäà îáëàñòè îïðåäåëåíèÿ äâóõ îïåðàòî-
ðîâ íå îáÿçàíû ñîâïàäàòü, íî ñîâïàäàþò îáëàñòè îïðåäåëåíèÿ ñîîòâåò-
ñòâóþùèõ êâàäðàòè÷íûõ ôîðì. Íóæíàÿ ìîäèôèêàöèÿ ðåçîëüâåíòíîãî
òîæäåñòâà áûëà íàéäåíà â [BSu1, ãë. 1, � 2].
Ïóñòü a, b � äâå çàìêíóòûå íåîòðèöàòåëüíûå êâàäðàòè÷íûå ôîðìû â

ïðîñòðàíñòâå H, çàäàííûå íà îáùåé îáëàñòè îïðåäåëåíèÿ

d := Dom a = Dom b, (2.1)

êîòîðàÿ ïëîòíà â H. Îïåðàòîðû, îòâå÷àþùèå ôîðìàì a è b, îáîçíà÷èì
A è B, ñîîòâåòñòâåííî. Ðàññìîòðèì ïîëóòîðàëèíåéíóþ ôîðìó

aγ [u, v] = a [u, v] + γ (u, v)H , γ > 0. (2.2)

Ñîîòâåòñòâóþùàÿ êâàäðàòè÷íàÿ ôîðìà ïîëîæèòåëüíî îïðåäåëåíà. Àíà-
ëîãè÷íî ââîäèòñÿ ôîðìà bγ . Ëèíåàë d ÿâëÿåòñÿ ãèëüáåðòîâûì ïðîñòðàí-
ñòâîì d (aγ) îòíîñèòåëüíî ñêàëÿðíîãî ïðîèçâåäåíèÿ (2.2). Íîðìó ïðî-
ñòðàíñòâà d (aγ) îáîçíà÷èì ÷åðåç ‖·‖d:

‖u‖d = aγ [u, u]1/2 , u ∈ d. (2.3)

Â ñèëó ñîâïàäåíèÿ îáëàñòåé îïðåäåëåíèÿ (2.1) ôîðìà bγ íåïðåðûâíà â
d (aγ) è ïîðîæäàåò òàì ýêâèâàëåíòíóþ íîðìó. Ïóñòü ïîñòîÿííàÿ α > 0
îïðåäåëåíà ñîîòíîøåíèåì

α2 = sup
06=u∈d

aγ [u, u]

bγ [u, u]
.

Ðàññìîòðèì òåïåðü ôîðìó t = b− a. Î÷åâèäíî, îíà aγ-íåïðåðûâíà, è åé
îòâå÷àåò ñàìîñîïðÿæåííûé â d(aγ) îïåðàòîð Tγ :

t [u, v] = aγ [Tγu, v] , u, v ∈ d.

Ââåäåì îáîçíà÷åíèå

Ωz(A) := I + (z + γ)Rz(A) = (A+ γI)Rz(A),

ãäå Rz(A) = (A − zI)−1 � ðåçîëüâåíòà îïåðàòîðà A â òî÷êå z ∈ ρ (A).
(Çäåñü ρ(A) � ðåçîëüâåíòíîå ìíîæåñòâî îïåðàòîðà A.) Àíàëîãè÷íûå îáî-
çíà÷åíèÿ ââîäÿòñÿ è äëÿ îïåðàòîðà B. Òîãäà ñïðàâåäëèâî òîæäåñòâî

Rz(B)−Rz(A) = −Ωz(A)TγRz(B), z ∈ ρ(A) ∩ ρ(B), (2.4)
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ñì. [BSu1, ãë. 1, � 2]. Íåïîñðåäñòâåííî èç îïðåäåëåíèÿ íîðìû (2.3) â
ïðîñòðàíñòâå d ñëåäóþò íåðàâåíñòâà

‖u‖H 6 γ
−1/2 ‖u‖d , (2.5)

‖Rz(A)‖H→d 6 γ
−1/2 ‖Ωz(A)‖H→H , (2.6)

‖Rz(A)‖d→d 6 γ
−1 ‖Ωz(A)‖H→H ,

‖Ωz(A)‖d→d 6 1 + |z + γ| γ−1 ‖Ωz(A)‖H→H . (2.7)

Èç íèõ, â ñâîþ î÷åðåäü, â [V] âûâîäèòñÿ ðÿä îöåíîê.

2.2. Îöåíêè äëÿ ðàçíîñòè ðåçîëüâåíò. Ïîðîãîâûå àïïðîêñèìà-
öèè. Â äàííîì ïóíêòå ìû ôîðìóëèðóåì íåîáõîäèìûå äëÿ äàëüíåéøåãî
îöåíêè èç [V, ï. 4.2].
Ïóñòü Γδ ⊂ C � êîíòóð, ýêâèäèñòàíòíî îõâàòûâàþùèé îòðåçîê âåùå-

ñòâåííîé îñè [0, δ] íà ðàññòîÿíèè δ. Íàïîìíèì, ÷òî ÷èñëî δ áûëî âûáðàíî
â ï. 1.1. Ïóñòü z ∈ Γδ è |t| 6 t0. Â êà÷åñòâå îïåðàòîðîâ A è B áóäóò âû-
ñòóïàòü îïåðàòîðû A0 = A(0) è A (t). Äëÿ êðàòêîñòè áóäåì ïèñàòü Rz(t)
âìåñòî Rz(A(t)) è Ωz(t) âìåñòî Ωz(A(t)).
Ïðèìåíèì ñõåìó ï. 2.1, ïîëàãàÿ

γ = δ, d = DomX0, a [u, u] = ‖X0u‖2H∗ , b [u, u] = ‖X(t)u‖2H∗ .

Íåòðóäíî óáåäèòüñÿ, ÷òî α 6 3. Î÷åâèäíî, |z| 6 2δ ïðè z ∈ Γδ. Â ñèëó
(1.7) âûïîëíåíî ‖Rz(t)‖H→H 6 δ−1 ïðè z ∈ Γδ è |t| 6 t0. Ñëåäîâàòåëüíî,

‖Ωz(t)‖H→H 6 4, z ∈ Γδ, |t| 6 t0. (2.8)

Îòñþäà è èç (2.6) âûòåêàåò îöåíêà

‖Rz(0)‖H→d 6 4δ−1/2, z ∈ Γδ. (2.9)

Àíàëîãè÷íî, èç (2.7) è (2.8) ïîëó÷àåì

‖Ωz(0)‖d→d 6 13. (2.10)

Ðàññìîòðèì òåïåðü ôîðìó

t [u, u] = ‖X(t)u‖2H∗ − ‖X0u‖2H∗
= 2Re ((tX1 + · · ·+ tpXp)u,X0u)H∗ + ‖(tX1 + · · ·+ tpXp)u‖2H∗ .

Ýòîé êâàäðàòè÷íîé ôîðìå â ïðîñòðàíñòâå d ñ ìåòðèêîé, ïîðîæäàåìîé
ôîðìîé aδ, ñîîòâåòñòâóåò îïåðàòîð Tδ = Tδ(t), êîòîðûé ìîæíî çàïèñàòü
â âèäå

Tδ(t) =

2p∑
j=1

tjT
(j)
δ , (2.11)

ãäå îïåðàòîðû T
(j)
δ íå çàâèñÿò îò t. Íîðìû îïåðàòîðîâ Tδ(t) è T

(j)
δ îöå-

íåíû â [V, ïðåäëîæåíèÿ 4.3, 4.4].
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Ïðåäëîæåíèå 2.1. Ïóñòü t0 � ÷èñëî (1.4). Âûïîëíåíû îöåíêè

‖Tδ(t)‖d→d 6 C◦|t|, |t| 6 t0, (2.12)∥∥∥T (j)
δ

∥∥∥
d→d
6 B̃, j = 1, . . . , 2p, (2.13)

ãäå ïîñòîÿííûå C◦ è B̃ çàäàíû ðàâåíñòâàìè

C◦ = 5Ĉδ−1/2 = 5(t0)−1, (2.14)

B̃ = pC̃2 + ‖Xp‖2 δ−1, (2.15)

à C̃ � ïîñòîÿííàÿ èç (1.1) (î÷åâèäíî, B̃ > 1).

Ìû áóäåì èñïîëüçîâàòü ñëåäóþùåå íåðàâåíñòâî, ðàâíîñèëüíîå (2.12):∣∣∣‖X(t)u‖2H∗ − ‖X0u‖2H∗
∣∣∣ 6 (‖X0u‖2H∗ + δ ‖u‖2H

)
C◦ |t| , u ∈ d, |t| 6 t0.

(2.16)
Íà îñíîâå òîæäåñòâà (2.4) â [V, (4.16)] ïîëó÷åíî íåðàâåíñòâî

‖Rz(t)−Rz(0)‖H→H 6 48C◦δ
−1|t|, |t| 6 t0, z ∈ Γδ. (2.17)

Îöåíêè ðàçíîñòè ðåçîëüâåíò ïîçâîëÿþò ïîëó÷èòü ïîðîãîâûå àïïðîê-
ñèìàöèè äëÿ îïåðàòîðîâ F (t) è A(t)F (t). Äëÿ ñïåêòðàëüíîãî ïðîåêòîðà
F (t) ñïðàâåäëèâî ïðåäñòàâëåíèå (ñì. [K])

F (t) = − 1

2πi

∮
Γδ

Rz(t) dz,

ãäå êîíòóð Γδ îáõîäèòñÿ â ïîëîæèòåëüíîì íàïðàâëåíèè. Òîãäà

F (t)− P = − 1

2πi

∮
Γδ

(Rz(t)−Rz(0)) dz. (2.18)

Ó÷èòûâàÿ, ÷òî äëèíà êîíòóðà Γδ ðàâíà 2δ+ 2πδ, èç (2.17) è (2.18) ïîëó-
÷àåì

‖F (t)− P‖H→H 6 C1 |t| , |t| 6 t0, C1 = 48
(
1 + π−1

)
C◦. (2.19)

Òàêæå áûëà íàéäåíà (ñì. [V, (4.25), (4.27)]) ñëåäóþùàÿ àïïðîêñèìàöèÿ
äëÿ îïåðàòîðà A(t)F (t):∥∥A(t)F (t)− t2pSP

∥∥
H→H

6 C2 |t|2p+1 , |t| 6 t0, (2.20)

ãäå

C2 = c(p)(B̃2p + C2p+1
◦ ), (2.21)

C◦, B̃ îïðåäåëåíû â (2.14), (2.15), à ïîñòîÿííàÿ c(p) çàâèñèò òîëüêî îò p.
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2.3. Àïïðîêñèìàöèÿ ðåçîëüâåíòû (A(t) + ε2pI)−1. Â äàííîì ïóíê-
òå ìû óñòàíàâëèâàåì òåîðåìó îá àïïðîêñèìàöèè ðåçîëüâåíòû (A(t) +
ε2pI)−1. Äëÿ ýòîãî ïîíàäîáèòñÿ åùå îäíî óñëîâèå.

Óñëîâèå 2.2. Äëÿ ñîáñòâåííûõ çíà÷åíèé λj(t) îïåðàòîðà A(t) âûïîë-
íåíî

λj(t) > c∗t
2p, j = 1, . . . , n, c∗ > 0, |t| 6 t0.

Èç óñëîâèÿ 2.2 è ñîîòíîøåíèé (1.17), (1.20) ñëåäóåò íåðàâåíñòâî

S > c∗IN (2.22)

äëÿ ñïåêòðàëüíîãî ðîñòêà, ÷òî çàâåäîìî îáåñïå÷èâàåò åãî íåâûðîæäåí-
íîñòü.
Ñëåäóþùåå óòâåðæäåíèå áûëî óñòàíîâëåíî â [V, ïðåäëîæåíèå 4.9];

äëÿ ïîëíîòû èçëîæåíèÿ ìû ïðèâåäåì åãî ñ äîêàçàòåëüñòâîì.

Ïðåäëîæåíèå 2.3. Ïðè ε > 0 è |t| 6 t0 ñïðàâåäëèâà îöåíêà

ε2p−1
∥∥∥(A(t) + ε2pI

)−1
F (t)−

(
t2pSP + ε2pI

)−1
P
∥∥∥
H→H

6 C3. (2.23)

Ïîñòîÿííàÿ C3 = c
− 1

2p
∗

(
2C1 + c−1

∗ C2

)
çàâèñèò ëèøü îò p, δ, ïîñòîÿí-

íîé C̃ èç (1.1), íîðìû ‖Xp‖ è c∗.
Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ òîæäåñòâîì

G(t, ε) :=
(
A(t) + ε2pI

)−1
F (t)−

(
t2pSP + ε2pI

)−1
P

=
(
A(t) + ε2pI

)−1
F (t)(F (t)− P ) + (F (t)− P )

(
t2pSP + ε2pI

)−1
P

− F (t)
(
A(t) + ε2pI

)−1
(A(t)F (t)− t2pSP )

(
t2pSP + ε2pI

)−1
P.

(2.24)
Ïðè óñëîâèè 2.2 ñïðàâåäëèâû îöåíêè

‖
(
A(t) + ε2pI

)−1 ‖H→H 6 (c∗t
2p + ε2p)−1, |t| 6 t0, (2.25)

‖
(
t2pSP + ε2pI

)−1
P‖H→H 6 (c∗t

2p + ε2p)−1. (2.26)

Èç (2.19), (2.20), (2.24)�(2.26) ñëåäóåò íåðàâåíñòâî

‖G(t, ε)‖H→H 6 2C1|t|(c∗t2p + ε2p)−1 + C2|t|2p+1(c∗t
2p + ε2p)−2, |t| 6 t0,

îòêóäà íåïîñðåäñòâåííî âûòåêàåò (2.23). �

Ñ ó÷åòîì (1.7) î÷åâèäíî, ÷òî ïðè ε > 0 è |t| 6 t0 âûïîëíåíî

ε2p−1‖
(
A(t) + ε2pI

)−1
F (t)⊥‖H→H

6 ε2p−1‖
(
A(t) + ε2pI

)−1+1/2p ‖‖
(
A(t) + ε2pI

)−1/2p
F (t)⊥‖ 6 (3δ)−1/2p.

Îòñþäà è èç ïðåäëîæåíèÿ 2.3 âûòåêàåò ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 2.4. Ïóñòü A(t) � îïåðàòîðíîå ñåìåéñòâî (1.3), ïðè÷åì âû-

ïîëíåíû óñëîâèÿ ï. 1.1, à òàêæå óñëîâèå 2.2. Ïóñòü P � îðòîïðîåêòîð
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íà ïîäïðîñòðàíñòâî N, à S � ñïåêòðàëüíûé ðîñòîê ñåìåéñòâà A(t)
ïðè t = 0. Òîãäà ïðè ε > 0 è |t| 6 t0 ñïðàâåäëèâà îöåíêà

ε2p−1
∥∥∥(A(t) + ε2pI

)−1 −
(
t2pSP + ε2pI

)−1
P
∥∥∥
H→H

6 CA. (2.27)

Çäåñü δ âûáðàíî â ï. 1.1, ÷èñëî t0 îïðåäåëåíî ñîîòíîøåíèåì (1.4). Ïî-
ñòîÿííàÿ CA îïðåäåëåíà ðàâåíñòâîì

CA = C3 + (3δ)−1/2p = c
− 1

2p
∗

(
2C1 + c−1

∗ C2

)
+ (3δ)−1/2p (2.28)

è çàâèñèò ëèøü îò p, δ, ïîñòîÿííîé C̃ èç (1.1), íîðìû ‖Xp‖ è c∗.
Çàìå÷àíèå 2.5. Äëÿ ïîñòîÿííîé CA ìîæíî âûïèñàòü ãðîìîçäêîå ÿâ-
íîå âûðàæåíèå, åñëè âîñïîëüçîâàòüñÿ ñîîòíîøåíèÿìè (1.5), (2.14), (2.15),
(2.19), (2.21) è (2.28). Äëÿ äàëüíåéøåãî ïðèìåíåíèÿ ê äèôôåðåíöèàëü-
íûì îïåðàòîðàì âàæåí õàðàêòåð çàâèñèìîñòè ýòîé ïîñòîÿííîé îò äàí-
íûõ çàäà÷è. Ïîñëå âîçìîæíîãî çàâûøåíèÿ ïîñòîÿííóþ CA ìîæíî ñ÷è-

òàòü ìíîãî÷ëåíîì îò ïåðåìåííûõ C̃, ‖Xp‖, δ−1/2p è c
−1/2p
∗ ñ ïîëîæèòåëü-

íûìè êîýôôèöèåíòàìè, çàâèñÿùèìè ëèøü îò p.

� 3. Àáñòðàêòíàÿ ñõåìà: àïïðîêñèìàöèÿ ðåçîëüâåíòû(
A(t) + ε2pI

)−1
ñ ó÷åòîì êîððåêòîðà

Â äàííîì ïàðàãðàôå ìû ïîëó÷àåì àïïðîêñèìàöèþ ðåçîëüâåíòû(
A(t) + ε2pI

)−1
ïðè ó÷åòå êîððåêòîðà. Íàøà öåëü � äîêàçàòü ñëåäóþ-

ùóþ òåîðåìó.

Òåîðåìà 3.1. Ïóñòü A(t) � îïåðàòîðíîå ñåìåéñòâî (1.3), ïðè÷åì âû-

ïîëíåíû óñëîâèÿ ï. 1.1, à òàêæå óñëîâèå 2.2. Ïóñòü P � îðòîïðîåêòîð

íà ïîäïðîñòðàíñòâî N, Z � îïåðàòîð (1.10), à S � ñïåêòðàëüíûé ðî-

ñòîê ñåìåéñòâà A(t) ïðè t = 0. Òîãäà ñïðàâåäëèâà îöåíêà

εp−1
∥∥∥A(t)1/2

((
A(t) + ε2pI

)−1 − (I + tpZ)
(
t2pSP + ε2pI

)−1
P
)∥∥∥

H→H

6 ČA, ε > 0, |t| 6 t0.
(3.1)

Çäåñü t0 îïðåäåëåíî â (1.4). Ïîñòîÿííàÿ ČA çàâèñèò ëèøü îò p, δ, ïî-

ñòîÿííîé C̃ èç (1.1), íîðìû ‖Xp‖ è c∗.

3.1. Äîêàçàòåëüñòâî òåîðåìû 3.1: ïåðâûé ýòàï. Äëÿ êðàòêîñòè
îáîçíà÷èì

Aε(t) = A(t)1/2
(
A(t) + ε2pI

)−1
, (3.2)

Ξ (t, ε) =
(
t2pSP + ε2pI

)−1
P. (3.3)

Íàì íóæíî îöåíèòü îïåðàòîð

Υ(t, ε) := Aε(t)−A(t)1/2 (I + tpZ) Ξ(t, ε). (3.4)

Ñðàçó îòìåòèì, ÷òî äëÿ îïåðàòîðà (3.3) âûïîëíåíî íåðàâåíñòâî (2.26).
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Ïðåäñòàâèì îïåðàòîð (3.4) â âèäå ñóììû ÷åòûðåõ ñëàãàåìûõ:

Υ(t, ε) = J1(t, ε) + J2(t, ε) + J3(t, ε) + J4(t, ε), (3.5)

ãäå

J1(t, ε) := Aε(t)F (t)⊥, (3.6)

J2(t, ε) := Aε(t)F (t)(F (t)− P ), (3.7)

J3(t, ε) := F (t)Aε(t)P − F (t)A(t)1/2Ξ(t, ε), (3.8)

J4(t, ε) := A(t)1/2(F (t)− P )Ξ(t, ε)− tpA(t)1/2ZΞ(t, ε). (3.9)

Äëÿ îöåíêè îïåðàòîðà (3.6) âîñïîëüçóåìñÿ íåðàâåíñòâîì Þíãà â ôîð-
ìå (

λ+ ε2p
)−1
6 λ−1/2−1/2pε1−p, λ > 0, ε > 0. (3.10)

Ñ ó÷åòîì (1.7), (3.2), (3.6) è (3.10) èìååì

‖J1(t, ε)‖H→H 6 sup
λ>3δ

λ1/2
(
λ+ ε2p

)−1
6 (3δ)−1/2p ε1−p, |t| 6 t0. (3.11)

Èç óñëîâèÿ 2.2 è (3.10) ñëåäóåò îöåíêà

‖Aε(t)F (t)‖H→H = sup
16l6n

√
λl(t)

(
λl(t) + ε2p

)−1

6 ε1−p sup
16l6n

λl(t)
−1/2p 6 c−1/2p

∗ |t|−1ε1−p, 0 < |t| 6 t0.
(3.12)

Âìåñòå ñ (2.19) ýòî âëå÷åò îöåíêó îïåðàòîðà (3.7):

‖J2(t, ε)‖H→H 6 C1c
−1/2p
∗ ε1−p, |t| 6 t0. (3.13)

Äàëåå, äëÿ ðàññìîòðåíèÿ îïåðàòîðà (3.8) âîñïîëüçóåìñÿ ñëåäóþùèì
àíàëîãîì ðåçîëüâåíòíîãî òîæäåñòâà

F (t)
(
A (t) + ε2pI

)−1
P − F (t)Ξ(t, ε)

= −F (t)
(
A(t) + ε2pI

)−1 (
A(t)F (t)− t2pSP

)
Ξ(t, ε)

è äîìíîæèì åãî ñëåâà íà A(t)1/2. Òîãäà îïåðàòîð (3.8) çàïèøåòñÿ â âèäå

J3(t, ε) = −F (t)Aε(t)
(
A(t)F (t)− t2pSP

)
Ξ(t, ε).

Îòñþäà â ñèëó (2.20), (2.26) è (3.12) ïîëó÷àåì

‖J3(t, ε)‖H→H 6 C2c
−1/2p
∗ (c∗t

2p + ε2p)−1|t|2p+1|t|−1ε1−p

6 C2c
−1/2p−1
∗ ε1−p, |t| 6 t0.

(3.14)

Â èòîãå èç (3.5), (3.11), (3.13) è (3.14) âûòåêàåò íåðàâåíñòâî

‖Υ(t, ε)‖H→H 6 C4ε
1−p + ‖J4(t, ε)‖H→H, |t| 6 t0, (3.15)

ãäå

C4 = (3δ)−1/2p + C1c
−1/2p
∗ + C2c

−1/2p−1
∗ . (3.16)

Òåì ñàìûì äîêàçàòåëüñòâî îöåíêè (3.1) ñâåäåíî ê îöåíèâàíèþ îïåðàòîðà
(3.9).
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3.2. Èòåðàöèîííàÿ ïðîöåäóðà. Ïåðåïèøåì ðåçîëüâåíòíîå òîæäåñòâî
(2.4) â âèäå

Rz(t) = Rz(0)− Ωz(0)Tδ(t)Rz(t), (3.17)

è áóäåì ïîäñòàâëÿòü ýòî ðàâåíñòâî ñàìî â ñåáÿ (èòåðèðîâàòü), ó÷èòûâàÿ
ðàçëîæåíèå (2.11) äëÿ Tδ(t). Ïîñëå p èòåðàöèé ïîëó÷èì

Rz(t)−Rz(0) = tΨ1(z) + · · ·+ tpΨp(z) + Ψ∗(t, z). (3.18)

Îòñþäà è èç (2.18) âûòåêàåò ïðåäñòàâëåíèå

F (t)− P = tF1 + · · ·+ tpFp + F∗(t), (3.19)

ãäå

Fi = − 1

2πi

∮
Γδ

Ψi(z) dz, i = 1, . . . , p, (3.20)

F∗ (t) = − 1

2πi

∮
Γδ

Ψ∗(t, z) dz. (3.21)

Â ñèëó (3.19) îïåðàòîð (3.9) çàïèøåòñÿ â âèäå

J4(t, ε) = J
(1)
4 (t, ε) + J

(2)
4 (t, ε) + J

(3)
4 (t, ε), (3.22)

ãäå

J
(1)
4 (t, ε) :=

p−1∑
i=1

tiA(t)1/2FiΞ(t, ε), (3.23)

J
(2)
4 (t, ε) := tpA(t)1/2(Fp − Z)Ξ(t, ε), (3.24)

J
(3)
4 (t, ε) := A(t)1/2F∗(t)Ξ(t, ε). (3.25)

3.3. Îöåíêè îïåðàòîðîâ Fi. Íàéäåì âûðàæåíèÿ äëÿ îïåðàòîðîâ Fi â
òåðìèíàõ êîýôôèöèåíòîâ ðàçëîæåíèé (1.18) äëÿ ñîáñòâåííûõ ýëåìåíòîâ
ϕj(t). Ñîãëàñíî (1.23) èìååì:

F (t) =

n∑
j=1

(·, ϕj(t))H ϕj(t)

=

n∑
j=1

(
·, ωj + tϕ

(1)
j + · · ·+ tpϕ

(p)
j

)
H

(
ωj + tϕ

(1)
j + · · ·+ tpϕ

(p)
j

)
+O

(
tp+1

)
=

n∑
j=1

(·, ωj)H ωj + t

n∑
j=1

{
(·, ωj)H ϕ

(1)
j +

(
·, ϕ(1)

j

)
H
ωj

}
+ . . .

+ tp
n∑
j=1

{
(·, ωj)H ϕ

(p)
j +

(
·, ϕ(1)

j

)
H
ϕ

(p−1)
j + · · ·+

(
·, ϕ(p)

j

)
H
ωj

}
+ F∗ (t) .
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Â ñîîòâåòñòâèè ñ ïðåäñòàâëåíèåì (3.19)

Fi =
n∑
j=1

i∑
k=0

(
·, ϕ(k)

j

)
ϕ

(i−k)
j , i = 0, . . . , p, (3.26)

ãäå äëÿ óäîáñòâà ñ÷èòàåòñÿ, ÷òî ϕ
(0)
j = ωj , j = 1, . . . , n, è F0 = P .

Â ñèëó (1.21) èìååì ϕ
(l)
j ∈ N, l = 0, . . . , p − 1, j = 1, . . . , n. Ñëåäîâà-

òåëüíî, îïåðàòîðû Fi ïðè i = 1, . . . , p − 1 ïåðåâîäÿò N â N, à N⊥ â {0}.
Ïîñëåäíåå ïîìîæåò íàì îöåíèòü íîðìó îïåðàòîðà (3.23) ÷åðåç O(ε−p+1).
×òîáû îöåíèòü îïåðàòîðû Fi, èñïîëüçóåì èíâàðèàíòíûå ïðåäñòàâëå-

íèÿ (3.20) äëÿ ýòèõ îïåðàòîðîâ â âèäå êîíòóðíûõ èíòåãðàëîâ. Îöåíèì
ðàâíîìåðíî ïî z ïîäûíòåãðàëüíûå âûðàæåíèÿ. Äëÿ ýòîãî ñíà÷àëà íàé-
äåì èíâàðèàíòíûå æå ïðåäñòàâëåíèÿ äëÿ îïåðàòîðîâ Ψi(z). Áóäåì èòå-
ðèðîâàòü òîæäåñòâî (3.17), ó÷èòûâàÿ (2.11). Çíà÷îê �∼� èñïîëüçóåì âìå-
ñòî �=�, åñëè îòáðàñûâàåì ÷ëåíû ïîðÿäêà âûøå p ïî t. Èìååì:

Rz(t) = Rz(0)− Ωz(0)Tδ(t) (Rz(0)− Ωz(0)Tδ(t)Rz(t))

∼ Rz(0)− Ωz(0)

p∑
i1=1

ti1T
(i1)
δ Rz(0) + (Ωz(0)Tδ(t))

2Rz(t)

∼ Rz(0)− Ωz(0)

p∑
i1=1

ti1T
(i1)
δ Rz(0)

+ Ωz(0)

p−1∑
i1=1

ti1T
(i1)
δ Ωz(0)

p−1∑
i2=1

ti2T
(i2)
δ Rz(0)− (Ωz(0)Tδ(t))

3Rz(t)

∼ Rz(0)− Ωz(0)

p∑
i1=1

ti1T
(i1)
δ Rz(0)

+ Ωz(0)

p−1∑
i1=1

ti1T
(i1)
δ Ωz(0)

p−1∑
i2=1

ti2T
(i2)
δ Rz(0)

− Ωz(0)

p−2∑
i1=1

ti1T
(i1)
δ Ωz(0)

p−2∑
i2=1

ti2T
(i2)
δ Ωz(0)

p−2∑
i3=1

ti3T
(i3)
δ Rz(0)

+ (Ωz(0)Tδ(t))
4Rz(t).
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Ýòó èòåðàöèîííóþ ïðîöåäóðó ñëåäóåò ïðîäîëæàòü äî òåõ ïîð, ïîêà íå
ïîëó÷èì ïîñëåäíèì ñëàãàåìûì (Ωz(0)Tδ(t))

p+1Rz(t). Îêîí÷àòåëüíîå âû-
ðàæåíèå èìååò âèä

Rz(t) ∼ Rz(0)− Ωz (0)

p∑
i1=1

ti1T
(i1)
δ Rz(0)

+ Ωz(0)

p−1∑
i1=1

ti1T
(i1)
δ Ωz(0)

p−1∑
i2=1

ti2T
(i2)
δ Rz(0) + . . .

+ (−1)k Ωz(0)

p+1−k∑
i1=1

ti1T
(i1)
δ · · ·Ωz(0)

p+1−k∑
ik=1

tikT
(ik)
δ Rz(0) + . . .

+ (−1)p tp
(

Ωz(0)T
(1)
δ

)p
Rz(0).

Âûäåëèì Ψi(z). Äëÿ óïðîùåíèÿ ãðîìîçäêîãî âûðàæåíèÿ áóäåì èñïîëü-
çîâàòü ñëåäóþùèå îáîçíà÷åíèÿ. Ïóñòü γk =

(
γk1 , . . . , γ

k
k

)
� ìóëüòèèíäåêñ

äëèíû k òàêîé, ÷òî γki > 1, i = 1, . . . , k. Îáîçíà÷èì(
Ωz(0)T

(·)
δ

)γk
= Ωz(0)T

(γk1 )
δ · · ·Ωz(0)T

(γkk)
δ .

Òîãäà Ψi(z) çàïèøåòñÿ â âèäå

Ψi(z) =

i∑
k=1

(−1)k
∑
|γk|=i

(
Ωz(0)T

(·)
δ

)γk
Rz(0), i = 1, . . . , p. (3.27)

Òåïåðü èç (2.5), (2.9), (2.10) è (2.13) âûòåêàåò îöåíêà îïåðàòîðîâ (3.27):

‖Ψi(z)‖H→H 6 δ
−1/2 ‖Ψi(z)‖H→d 6

6 δ−1/2
i∑

k=1

∑
|γk|=i

∥∥∥∥(Ωz(0)T
(·)
δ

)γk
Rz(0)

∥∥∥∥
H→d

6

6 4δ−1
i∑

k=1

∑
|γk|=i

(
13B̃

)k
, i = 1, . . . , p.

Ñ ó÷åòîì B̃ > 1 ìîæíî îöåíèòü
(

13B̃
)k
, k = 1, . . . , i, ÷åðåç

(
13B̃

)i
, ÷òî

âëå÷åò îöåíêó

‖Ψi(z)‖H→H 6 4δ−1
(

13B̃
)i( i∑

k=1

∑
|γk|=i

1

)
, i = 1, . . . , p.
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Èñïîëüçóÿ (3.20) è ó÷èòûâàÿ, ÷òî äëèíà êîíòóðà Γδ ðàâíà 2πδ + 2δ, ïî-
ëó÷àåì

‖Fi‖H→H 6 4
(

13B̃
)i( i∑

k=1

∑
|γk|=i

1

)(
π−1 + 1

)
:= C(i), i = 1, . . . , p.

(3.28)

3.4. Îöåíêà îïåðàòîðà J
(1)
4 (t, ε). Ïóñòü u ∈ H, îáîçíà÷èì v =

Ξ(t, ε)u ∈ N. Îöåíèì íîðìó∥∥∥A(t)1/2FiΞ (t, ε)u
∥∥∥
H

= ‖X(t)Fiv‖H∗ , i = 1, . . . , p− 1. (3.29)

Êàê óæå îòìå÷àëîñü, îïåðàòîðû Fi, i = 1, . . . , p − 1, ïåðåâîäÿò N â N,
à N⊥ â {0}. Âìåñòå ñ (1.2) ýòî ïîçâîëÿåò çàìåòíî óïðîñòèòü âûðàæåíèå
ïîä çíàêîì íîðìû â ïðàâîé ÷àñòè (3.29):

X(t)Fiv =
(
X0 + tX1 + · · ·+ tp−1Xp−1 + tpXp

)
Fiv =

= tpXpFiv, v ∈ N, i = 1, . . . , p− 1.

Ñëåäîâàòåëüíî, ñ ó÷åòîì (2.26) è (3.28)

‖X(t)Fiv‖H∗ 6 C
(i) |t|p ‖Xp‖ ‖v‖H 6 C

(i) |t|p ‖Xp‖ (c∗t
2p + ε2p)−1 ‖u‖H .

(3.30)
Â ñèëó íåðàâåíñòâà Þíãà (3.10)

(c∗t
2p + ε2p)−1 6 c−1/2−1/2p

∗ |t|−1−pε1−p. (3.31)

Âìåñòå ñ (3.29) è (3.30) ïðè ó÷åòå íåðàâåíñòâà t0 6 1 ýòî âëå÷åò ñëåäóþ-
ùóþ îöåíêó äëÿ îïåðàòîðà (3.23):

‖J (1)
4 (t, ε)‖H→H 6 C5ε

1−p, |t| 6 t0. (3.32)

ãäå

C5 = c
−1/2−1/2p
∗ ‖Xp‖

(p−1∑
i=1

C(i)

)
. (3.33)

3.5. Îöåíêà îïåðàòîðà J (2)
4 (t, ε). Ðàññìîòðèì òåïåðü îïåðàòîð Fp. Ñî-

ãëàñíî (3.26)

Fp =
n∑
j=1

p∑
i=0

(
·, ϕ(i)

j

)
ϕ

(p−i)
j .

Îáîçíà÷èì ω̃j := ϕ
(p)
j − Zωj . Â ñèëó (1.10) è (1.22) èìååì ω̃j ∈ N. Ïðåä-

ñòàâèì Fp â âèäå

Fp = F̌p + F̃p, (3.34)
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ãäå

F̌p =
n∑
j=1

((·, ωj)Zωj + (·, Zωj)ωj) , (3.35)

F̃p =

n∑
j=1

p−1∑
i=1

(
·, ϕ(i)

j

)
ϕ

(p−i)
j +

n∑
j=1

((·, ωj) ω̃j + (·, ω̃j)ωj) . (3.36)

Âêëþ÷åíèå ω̃j ∈ N âìåñòå ñ (1.21) ïîêàçûâàåò, ÷òî îïåðàòîð (3.36) ïåðå-

âîäèò N â N, à N⊥ â {0}.
Èñïîëüçóÿ (3.35) è çàïèñü ïðîåêòîðà P â âèäå (1.19), íàõîäèì F̌p =

ZP + PZ∗, à âñïîìèíàÿ îïðåäåëåíèå (1.10) îïåðàòîðà Z, çàìå÷àåì, ÷òî
PZ = 0, à òîãäà Z∗P = 0. Ñëåäîâàòåëüíî, (F̌p − Z)P = 0. Îòñþäà è èç
(3.34) ñëåäóåò, ÷òî

(Fp − Z)P = F̃pP, (3.37)

à ïîòîìó îïåðàòîð (3.24) çàïèøåòñÿ â âèäå

J
(2)
4 (t, ε) = tpA(t)1/2F̃pΞ(t, ε). (3.38)

Èç (1.11), (3.28) è (3.37) âûòåêàåò îöåíêà

‖F̃pP‖H→H 6 (1/6)δ−1/2‖Xp‖+ C(p). (3.39)

Ïóñòü ñíîâà u ∈ H è v = Ξ (t, ε)u ∈ N. Òîò ôàêò, ÷òî F̃p ïåðåâîäèò N â

N, âìåñòå ñ (1.2) ïîçâîëÿåò óïðîñòèòü âûðàæåíèå äëÿ X(t)F̃pv:

X(t)F̃pv =
(
X0 + tX1 + · · ·+ tp−1Xp−1 + tpXp

)
F̃pv = tpXpF̃pv.

Ñëåäîâàòåëüíî, ñ ó÷åòîì (2.26), (3.38) è (3.39)∥∥∥J (2)
4 (t, ε)u

∥∥∥
H

= |t|p
∥∥∥X(t)F̃pv

∥∥∥
H∗

= t2p
∥∥∥XpF̃pv

∥∥∥
H∗

6 t2p ‖Xp‖
(
C(p) + (1/6)δ−1/2 ‖Xp‖

)
(c∗t

2p + ε2p)−1 ‖u‖H .

Âìåñòå ñ íåðàâåíñòâîì (3.31) ïðè ó÷åòå òîãî, ÷òî t0 6 1, ýòî âëå÷åò
îöåíêó ∥∥∥J (2)

4 (t, ε)u
∥∥∥
H
6 C6ε

1−p, |t| 6 t0, (3.40)

ãäå

C6 = ‖Xp‖
(
C(p) + (1/6)δ−1/2 ‖Xp‖

)
c
−1/2−1/2p
∗ . (3.41)

3.6. Îöåíêà îïåðàòîðà J (3)
4 (t, ε). ×òîáû îöåíèòü îïåðàòîð (3.25), âîñ-

ïîëüçóåìñÿ ïðåäñòàâëåíèåì (3.21). Âíà÷àëå ïîëó÷èì îöåíêó äëÿ îïåðà-

òîðà A(t)1/2Ψ∗(t, z), ðàâíîìåðíóþ ïî z ∈ Γδ. Äëÿ ýòîãî íàì ïîíàäîáÿòñÿ
âñïîìîãàòåëüíûå óòâåðæäåíèÿ.

Ëåììà 3.2. Âûïîëíåíî íåðàâåíñòâî∥∥∥A(t)1/2
∥∥∥
d→H
6
√

6, |t| 6 t0.
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Äîêàçàòåëüñòâî. Ïóñòü u ∈ d. Â ñèëó îïðåäåëåíèÿ îïåðàòîðà A(t)1/2

èìååì
∥∥A(t)1/2u

∥∥
H

= ‖X(t)u‖H∗ . Âîñïîëüçóåìñÿ íåðàâåíñòâîì (2.16):

‖X(t)u‖2H∗ 6 ‖X0u‖2H∗ +
(
‖X0u‖2H∗ + δ ‖u‖2H

)
C◦ |t| , |t| 6 t0.

Âñïîìèíàÿ îïðåäåëåíèå íîðìû ‖u‖2d = ‖X0u‖2H∗ + δ ‖u‖2H è ó÷èòûâàÿ
(2.14), ïîëó÷àåì∥∥∥A(t)1/2u

∥∥∥2

H
6 (1 + C◦t

0)‖u‖2d = 6‖u‖2d, u ∈ d, |t| 6 t0.

�

Ëåììà 3.3. Âûïîëíåíî íåðàâåíñòâî

‖Rz(t)‖H→d 6 (2
√

3 + 3)δ−1/2, z ∈ Γδ, |t| 6 t0. (3.42)

Äîêàçàòåëüñòâî. Ïóñòü u ∈ H. Â ñèëó îïðåäåëåíèÿ íîðìû â d èìååì

‖Rz(t)u‖d 6 δ
1/2 ‖Rz(t)u‖H + ‖X0Rz(t)u‖H∗ .

Âìåñòå ñ (1.6) ýòî âëå÷åò

‖Rz(t)u‖d 6 2 ‖X(t)Rz(t)u‖H∗ + 3δ1/2 ‖Rz(t)u‖H 6

6 2 ‖X(t)Rz(t)u‖H∗ + 3δ−1/2 ‖u‖H , |t| 6 t0, z ∈ Γδ.
(3.43)

Â ñèëó óñëîâèÿ z ∈ Γδ âûïîëíåíî |z| 6 2δ, à ïîòîìó

‖X(t)Rz(t)u‖2H∗ = (A(t)Rz(t)u,Rz(t)u)H

= (u,Rz(t)u)H + z ‖Rz(t)u‖2H
6 ‖Rz(t)‖H→H ‖u‖

2
H + 2δ ‖Rz(t)‖2H→H ‖u‖

2
H 6 3δ−1 ‖u‖2H .

(3.44)

Îáúåäèíÿÿ (3.43) è (3.44), ïðèõîäèì ê èñêîìîìó íåðàâåíñòâó (3.42). �

Îöåíèì òåïåðü îïåðàòîð Ψ∗ (t, z) ïî (H → d)-íîðìå. Äëÿ ýòîãî ìû
ñíîâà ïðîâåäåì èòåðàöèîííóþ ïðîöåäóðó, öåëüþ êîòîðîé íà ýòîò ðàç
ÿâëÿåòñÿ âûäåëåíèå ÷ëåíà Ψ∗ (t, z) â ðàçëîæåíèè (3.18). Êàê è ïðåæäå,
ìû èòåðèðóåì òîæäåñòâî (3.17), ó÷èòûâàÿ (2.11). Íàøà öåëü ñåé÷àñ �
îöåíèòü íîðìû âñåõ îïåðàòîðîâ ïðè t â ñòåïåíè áîëüøåé p. Ïîýòîìó
âìåñòî çíàêà ðàâåíñòâà ìû èíîãäà áóäåì èñïîëüçîâàòü çíàê ñîîòâåòñòâèÿ
∼, îòáðàñûâàÿ ÷ëåíû ïîðÿäêà p è íèæå. Ïåðâàÿ èòåðàöèÿ:

Rz(t) = Rz(0)− Ωz(0)Tδ(t) (Rz(0)− Ωz(0)Tδ(t)Rz(t))

= Rz(0)− Ωz(0)
(
tT

(1)
δ + · · ·+ tpT

(p)
δ

)
Rz(0)

− Ωz(0)
(
tp+1T

(p+1)
δ + · · ·+ t2pT

(2p)
δ

)
Rz(0) + (Ωz(0)Tδ(t))

2Rz(t).

Ñëåäîâàòåëüíî,

Rz(t) ∼ −Ωz(0)
(
tp+1T

(p+1)
δ + · · ·+ t2pT

(2p)
δ

)
Rz(0) + (Ωz(0)Tδ(t))

2Rz(t).

(3.45)
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Ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (3.45) îáîçíà÷èì ÷åðåç I1(t, z) è îöå-
íèì, èñïîëüçóÿ (2.9), (2.10), (2.13) è íåðàâåíñòâî t0 6 1:

‖I1(t, z)‖H→d 6 C(1)|t|p+1, |t| 6 t0, C(1) = 52δ−1/2pB̃.

Âûïèøåì íåó÷òåííûå ÷ëåíû äëÿ âòîðîé èòåðàöèè, îñòàâëÿÿ îïÿòü ëèøü
÷ëåíû ñ t â ñòåïåíè áîëüøåé p:

(Ωz(0)Tδ(t))
2Rz(t) = (Ωz(0)Tδ(t))

2 (Rz(0)− Ωz(0)Tδ(t)Rz(t))

= t2Ωz(0)
(
T

(1)
δ Ωz(0)T

(1)
δ

)
Rz(0)

+ t3Ωz(0)
(
T

(1)
δ Ωz(0)T

(2)
δ + T

(2)
δ Ωz(0)T

(1)
δ

)
Rz(0) + . . .

+ tpΩz(0)
(
T

(1)
δ Ωz(0)T

(p−1)
δ + · · ·+ T

(p−1)
δ Ωz(0)T

(1)
δ

)
Rz(0)

+ tp+1Ωz (0)
(
T

(1)
δ Ωz(0)T

(p)
δ + · · ·+ T

(p)
δ Ωz(0)T

(1)
δ

)
Rz(0) + . . .

+ t4pΩz(0)
(
T

(2p)
δ Ωz(0)T

(2p)
δ

)
Rz(0)− (Ωz(0)Tδ(t))

3Rz(t)

∼ tp+1Ωz(0)
(
T

(1)
δ Ωz(0)T

(p)
δ + · · ·+ T

(p)
δ Ωz(0)T

(1)
δ

)
Rz(0) + . . .

+ t4pΩz(0)
(
T

(2p)
δ Ωz(0)T

(2p)
δ

)
Rz(0)− (Ωz(0)Tδ(t))

3Rz(t)

=: I2(t, z)− (Ωz(0)Tδ(t))
3Rz(t).

Îïÿòü îöåíèì âûäåëåííûé ÷ëåí I2(t, z) ñ ïîìîùüþ (2.9), (2.10), (2.13) è
íåðàâåíñòâà t0 6 1:

‖I2(t, z)‖H→d 6 C(2)|t|p+1, |t| 6 t0,
ãäå

C(2) = 4 · 132δ−1/2c(2)
p B̃2, c(2)

p = p+ (p+ 1) + · · ·+ 2p+ (2p− 1) + · · ·+ 1.

Íåó÷òåííûì òåïåðü îñòàëñÿ îïåðàòîð − (Ωz(0)Tδ(t))
3Rz(t).

Ýòó èòåðàöèîííóþ ïðîöåäóðó ñëåäóåò ïðîäîëæàòü àíàëîãè÷-
íûì îáðàçîì äî òåõ ïîð, ïîêà íå îñòàíåòñÿ íåó÷òåííûé ÷ëåí
(−1)p+1 (Ωz(0)Tδ(t))

p+1Rz(t) =: I0(t, z). Âñå ÷ëåíû Ij(t, z), j = 1, . . . , p,
âûäåëÿåìûå ïðè ïîñëåäîâàòåëüíûõ èòåðàöèÿõ, îöåíÿòñÿ ñëåäóþùèì
îáðàçîì:

‖Ij(t, z)‖H→d 6 C(j)|t|p+1, |t| 6 t0, j = 1, . . . , p, (3.46)

ãäå

C(j) = 4 · 13jδ−1/2c(j)
p B̃j , (3.47)

à c
(j)
p çàâèñèò òîëüêî îò p è íîìåðà j. Íàêîíåö, ÷ëåí I0(t, z) îöåíèòñÿ íà

îñíîâàíèè (2.10), (2.12) è ëåììû 3.3∥∥I0(t, z)
∥∥
H→d
6 C(p+1)|t|p+1, |t| 6 t0, (3.48)

ãäå

C(p+1) = (2
√

3 + 3) · 13p+1δ−1/2Cp+1
◦ . (3.49)
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ßñíî, ÷òî Ψ∗(t, z) = I1(t, z) + · · ·+ Ip(t, z) + I0(t, z). Â èòîãå, èç (3.46) è
(3.48) ñëåäóåò îöåíêà

‖Ψ∗(t, z)‖H→d 6 C7|t|p+1, z ∈ Γδ, |t| 6 t0, (3.50)

ãäå

C7 =

p+1∑
j=1

C(j). (3.51)

Òåïåðü èç ëåììû 3.2 è îöåíêè (3.50) âûòåêàåò íåðàâåíñòâî∥∥∥A(t)1/2Ψ∗(t, z)
∥∥∥
H→H

6
√

6C7|t|p+1, z ∈ Γδ, |t| 6 t0.

Âìåñòå ñ (3.21) è îöåíêîé äëèíû êîíòóðà Γδ ÷åðåç 2πδ + 2δ 6 2π + 2 ýòî
âëå÷åò ∥∥∥A(t)1/2F∗(t)

∥∥∥
H→H

6 (1 + π−1)
√

6C7|t|p+1, |t| 6 t0. (3.52)

Â ðåçóëüòàòå èç (2.26) è (3.52) ïîëó÷àåì îöåíêó îïåðàòîðà (3.25):∥∥∥J (3)
4 (t, ε)

∥∥∥
H→H

6 (1 + π−1)
√

6C7|t|p+1(c∗t
2p + ε2p)−1, |t| 6 t0.

Ó÷èòûâàÿ (3.31), îòñþäà âûâîäèì∥∥∥J (3)
4 (t, ε)

∥∥∥
H→H

6 C8ε
1−p, |t| 6 t0, (3.53)

ãäå

C8 = (1 + π−1)
√

6C7c
−1/2−1/2p
∗ . (3.54)

3.7. Çàâåðøåíèå äîêàçàòåëüñòâà òåîðåìû 3.1. Èç (3.4), (3.15),
(3.22), (3.32), (3.40) è (3.53) âûòåêàåò èñêîìàÿ îöåíêà (3.1) ñ ïîñòîÿí-
íîé

ČA = C4 + C5 + C6 + C8. (3.55)

Çàìå÷àíèå 3.4. Äëÿ ïîñòîÿííîé ČA ìîæíî âûïèñàòü ãðîìîçäêîå ÿâ-
íîå âûðàæåíèå, åñëè âîñïîëüçîâàòüñÿ ñîîòíîøåíèÿìè (1.5), (2.14), (2.15),
(2.19), (2.21), (3.16), (3.28), (3.33), (3.41), (3.47), (3.49), (3.51), (3.54),
(3.55). Äëÿ äàëüíåéøåãî ïðèìåíåíèÿ ê äèôôåðåíöèàëüíûì îïåðàòîðàì
âàæåí õàðàêòåð çàâèñèìîñòè ýòîé ïîñòîÿííîé îò äàííûõ çàäà÷è. Ïîñëå
âîçìîæíîãî çàâûøåíèÿ ïîñòîÿííóþ ČA ìîæíî ñ÷èòàòü ìíîãî÷ëåíîì îò

ïåðåìåííûõ C̃, ‖Xp‖, δ−1/2p è c
−1/2p
∗ ñ ïîëîæèòåëüíûìè êîýôôèöèåíòà-

ìè, çàâèñÿùèìè ëèøü îò p.
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� 4. Ïåðèîäè÷åñêèå äèôôåðåíöèàëüíûå îïåðàòîðû â Rd.
Ðàçëîæåíèå â ïðÿìîé èíòåãðàë

4.1. Ôàêòîðèçîâàííûå îïåðàòîðû ïîðÿäêà 2p â L2(Rd;Cn). Â ïðî-
ñòðàíñòâå L2(Rd;Cn) ðàññìàòðèâàþòñÿ äèôôåðåíöèàëüíûå îïåðàòîðû,
ôîðìàëüíî çàäàííûå âûðàæåíèåì

A = b(D)∗g(x)b(D). (4.1)

Çäåñü g(x) � ðàâíîìåðíî ïîëîæèòåëüíî îïðåäåëåííàÿ è îãðàíè÷åííàÿ
ìàòðèöà-ôóíêöèÿ ðàçìåðà m×m (âîîáùå ãîâîðÿ, g(x) � ýðìèòîâà ìàò-
ðèöà ñ êîìïëåêñíûìè ýëåìåíòàìè):

g, g−1 ∈ L∞(Rd),

g (x) > c1m, c > 0, x ∈ Rd.
(4.2)

Îïåðàòîð b (D) çàäàí âûðàæåíèåì

b (D) =
∑
|α|=p

bαD
α, (4.3)

ãäå bα � ïîñòîÿííûå (m× n)-ìàòðèöû, âîîáùå ãîâîðÿ, ñ êîìïëåêñíûìè
ýëåìåíòàìè. Ïðåäïîëàãàåòñÿ, ÷òî m > n, à ñèìâîë b(ξ) =

∑
|α|=p bαξ

α

ïîä÷èíåí óñëîâèþ

rank b(ξ) = n, 0 6= ξ ∈ Rd.

Ýòî óñëîâèå ðàâíîñèëüíî ñëåäóþùèì îöåíêàì

α01n 6 b(θ)∗b(θ) 6 α11n, θ ∈ Sd−1,

0 < α0 6 α1 <∞.
(4.4)

Áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì ñ÷èòàòü, ÷òî íîðìû ìàòðèö bα îãðàíè-

÷åíû êîíñòàíòîé α
1/2
1 :

|bα| 6 α1/2
1 , |α| = p. (4.5)

Ñòðîãîå îïðåäåëåíèå îïåðàòîðà A äàåòñÿ ÷åðåç êâàäðàòè÷íóþ ôîðìó.
Â ñèëó óñëîâèé (4.2) ìàòðèöó g ìîæíî ôàêòîðèçîâàòü

g(x) = h(x)∗h(x);

ïðè÷åì h, h−1 ∈ L∞. Íàïðèìåð, ìîæíî ïîëîæèòü h = g1/2.
Ðàññìîòðèì îïåðàòîð X, äåéñòâóþùèé èç ïðîñòðàíñòâà L2(Rd;Cn) â

L2(Rd;Cm) ïî ïðàâèëó

(Xu)(x) = h(x)b(D)u(x), u ∈ DomX = Hp(Rd;Cn),

è êâàäðàòè÷íóþ ôîðìó

a [u,u] = ‖Xu‖2L2(Rd) =

∫
Rd

〈g(x)b(D)u(x), b(D)u(x)〉 dx, u ∈ Hp(Rd;Cn).

(4.6)
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Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ôóðüå è ñîîòíîøåíèé (4.2) è (4.4) ëåãêî
ïðîâåðèòü ñïðàâåäëèâîñòü îöåíîê

c0

∫
Rd

|Dpu|2 dx 6 a [u,u] 6 c1

∫
Rd

|Dpu|2 dx, u ∈ Hp(Rd;Cn), (4.7)

ãäå èñïîëüçîâàíî îáîçíà÷åíèå |Dpu|2 :=
∑
|α|=p |Dαu|2. Äåéñòâèòåëüíî,

â ñèëó ðàâåíñòâà Ïàðñåâàëÿ

‖g−1‖−1
L∞

∫
Rd

|b(ξ)û(ξ)|2 dξ 6 a [u,u] 6 ‖g‖L∞
∫
Rd

|b(ξ)û(ξ)|2 dξ,

ãäå û(ξ) � Ôóðüå-îáðàç ôóíêöèè u(x). Îòñþäà è èç (4.4) ïîëó÷àåì

α0‖g−1‖−1
L∞

∫
Rd

|ξ|2p|û(ξ)|2 dξ 6 a [u,u] 6 α1‖g‖L∞
∫
Rd

|ξ|2p|û(ξ)|2 dξ. (4.8)

Èñïîëüçóÿ ýëåìåíòàðíûå íåðàâåíñòâà

c′p
∑
|α|=p

|ξα|2 6 |ξ|2p 6 c′′p
∑
|α|=p

|ξα|2, (4.9)

ãäå ïîñòîÿííûå c′p, c
′′
p çàâèñÿò ëèøü îò d è p, ïðèõîäèì ê èñêîìûì íåðà-

âåíñòâàì (4.7) ñ ïîñòîÿííûìè

c0 = c′pα0‖g−1‖−1
L∞
, c1 = c′′pα1‖g‖L∞ . (4.10)

Ñëåäîâàòåëüíî, ôîðìà (4.6) çàìêíóòà è íåîòðèöàòåëüíà. Îòâå÷àþùèé
åé ñàìîñîïðÿæåííûé îïåðàòîð â L2(Rd;Cn) ìû è îáîçíà÷àåì ÷åðåç A.

4.2. Ðåøåòêè â Rd. Âñþäó íèæå ìû ïðåäïîëàãàåì, ÷òî ìàòðèöû-
ôóíêöèè g, h ïåðèîäè÷íû îòíîñèòåëüíî íåêîòîðîé ðåøåòêè Γ ⊂ Rd:

g(x + n) = g(x), h(x + n) = h(x), x ∈ Rd, n ∈ Γ.

Ïóñòü n1, . . . ,nd � áàçèñ â Rd, ïîðîæäàþùèé ðåøåòêó Γ:

Γ =

{
n ∈ Rd : n =

d∑
i=1

lini, li ∈ Z

}
,

è ïóñòü Ω � ýëåìåíòàðíàÿ ÿ÷åéêà ðåøåòêè Γ:

Ω =

{
x ∈ Rd : x =

d∑
i=1

tini, 0 < ti < 1

}
.

Äâîéñòâåííûé ïî îòíîøåíèþ ê n1, . . . ,nd áàçèñ s
1, . . . , sd â Rd îïðåäå-

ëÿåòñÿ ñîîòíîøåíèÿìè
〈
si,nj

〉
Rd = 2πδij . Ýòîò áàçèñ ïîðîæäàåò ðåøåòêó

Γ̃, äâîéñòâåííóþ ê ðåøåòêå Γ:

Γ̃ =

{
s ∈ Rd : s =

d∑
i=1

qis
i, qi ∈ Z

}
.
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Âìåñòî ÿ÷åéêè äâîéñòâåííîé ðåøåòêè íàì óäîáíåå ðàññìàòðèâàòü öåí-
òðàëüíóþ çîíó Áðèëëþåíà

Ω̃ =
{
k ∈ Rd : |k| < |k− s| , 0 6= s ∈ Γ̃

}
,

êîòîðàÿ ÿâëÿåòñÿ ôóíäàìåíòàëüíûì ìíîæåñòâîì ðåøåòêè Γ̃. Áóäåì

ïîëüçîâàòüñÿ îáîçíà÷åíèÿìè |Ω| = mes Ω, |Ω̃| = mes Ω̃ è îòìåòèì, ÷òî

|Ω| |Ω̃| = (2π)d. Ïóñòü r0 � ðàäèóñ íàèáîëüøåãî øàðà, ñîäåðæàùåãîñÿ â

clos Ω̃, òîãäà

2r0 = min |s| , 0 6= s ∈ Γ̃. (4.11)

Îáîçíà÷èì

B (r) =
{
k ∈ Rd : |k| 6 r

}
, r > 0.

Ñ ðåøåòêîé Γ ñâÿçàíî äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå {v̂s}s∈Γ̃
7→ v:

v(x) = |Ω|−1/2
∑
s∈Γ̃

v̂s exp (i 〈s,x〉) , x ∈ Ω,

êîòîðîå óíèòàðíî îòîáðàæàåò l2(Γ̃) íà L2(Ω):∫
Ω

|v (x)|2 dx =
∑
s∈Γ̃

|v̂s|2 .

×åðåç W̃ s
q (Ω;Cn) îáîçíà÷èì ïîäïðîñòðàíñòâî òåõ ôóíêöèé èç

W s
q (Ω;Cn), Γ-ïåðèîäè÷åñêîå ïðîäîëæåíèå êîòîðûõ íà Rd ïðèíàäëåæèò

W s
q,loc(Rd;Cn). Ïðè q = 2 èñïîëüçóåì îáîçíà÷åíèå H̃s(Ω;Cn).

4.3. Îïåðàòîðû X(k) è A(k) â L2(Ω;Cn). Ïóñòü k ∈ Rd. Îïðåäåëèì
îïåðàòîð X (k) : L2 (Ω;Cn) → L2 (Ω;Cm), çàäàííûé íà îáëàñòè îïðåäå-
ëåíèÿ

DomX (k) = H̃p(Ω;Cn)

ñîîòíîøåíèåì

(X(k)u)(x) = h(x)b(D + k)u(x). (4.12)

Ðàññìîòðèì êâàäðàòè÷íóþ ôîðìó a (k), çàäàííóþ âûðàæåíèåì

a(k) [u,u] = ‖X(k)u‖2L2(Ω) =

∫
Ω

〈g(x)b(D + k)u, b(D + k)u〉 dx,

u ∈ H̃p(Ω;Cn).

(4.13)

Ñ ïîìîùüþ äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå è ñîîòíîøåíèé (4.2) è
(4.4) ëåãêî ïðîâåðèòü, ÷òî ïðè âñåõ k ∈ Rd âûïîëíåíû îöåíêè

α0‖g−1‖−1
L∞
a∗(k) [u,u] 6 a(k) [u,u] 6 α1‖g‖L∞a∗(k) [u,u] ,

u ∈ H̃p(Ω;Cn),
(4.14)
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ãäå

a∗(k) [u,u] :=
∑
s∈Γ̃

|s + k|2p|ûs|2, u ∈ H̃p(Ω;Cn). (4.15)

Îòñþäà ñ ó÷åòîì (4.9) ïîëó÷àåì

c0

∫
Ω

|(D+k)pu|2 dx 6 a(k) [u,u] 6 c1

∫
Ω

|(D+k)pu|2 dx, u ∈ H̃p(Ω;Cn),

ãäå ïîñòîÿííûå c0, c1 îïðåäåëåíû â (4.10). Ñëåäîâàòåëüíî, îïåðàòîðX(k)
çàìêíóò, à ôîðìà (4.13) çàìêíóòà è íåîòðèöàòåëüíà. Ñàìîñîïðÿæåííûé
îïåðàòîð â L2(Ω;Cn), îòâå÷àþùèé ôîðìå a(k), îáîçíà÷èì ÷åðåç A(k).
Ôîðìàëüíî ìîæíî çàïèñàòü

A(k) = b(D + k)∗g(x)b(D + k).

4.4. Ðàçëîæåíèå îïåðàòîðà A â ïðÿìîé èíòåãðàë. Íà êëàññå
Øâàðöà S(Rd;Cn) îïðåäåëèì ïðåîáðàçîâàíèå Ãåëüôàíäà U ñîîòíîøå-
íèåì

ṽ(k,x) = (Uv) (k,x) = |Ω̃|−1/2
∑
n∈Γ

exp(−i〈k,x + n〉)v(x + n),

v ∈ S(Rd;Cn), x ∈ Rd, k ∈ Rd.

Òîãäà âûïîëíåíî∫
Ω̃

∫
Ω

|ṽ (k,x)|2 dx dk =

∫
Rd

|v(x)|2 dx, ṽ = Uv,

è U ïðîäîëæàåòñÿ ïî íåïðåðûâíîñòè äî óíèòàðíîãî îòîáðàæåíèÿ

U : L2(Rd;Cn)→
∫
Ω̃

⊕L2(Ω;Cn)dk =: K. (4.16)

Âêëþ÷åíèå v ∈ Hp(Rd;Cn) ðàâíîñèëüíî òîìó, ÷òî ṽ(k, ·) ∈ H̃p(Ω;Cn)

ïðè ï. â. k ∈ Ω̃ è∫
Ω̃

∫
Ω

(
|(D + k)pṽ(k,x)|2 + |ṽ(k,x)|2

)
dx dk <∞.

Îïåðàòîð óìíîæåíèÿ íà îãðàíè÷åííóþ Γ-ïåðèîäè÷åñêóþ ôóíêöèþ â
L2(Rd;Cn) ïîä äåéñòâèåì U ïåðåõîäèò â îïåðàòîð óìíîæåíèÿ íà òó æå
ôóíêöèþ â ñëîÿõ ïðÿìîãî èíòåãðàëà K èç (4.16). Äåéñòâèå îïåðàòî-
ðà b(D) íà v ∈ Hp(Rd;Cn) ïåðåõîäèò â ïîñëîéíîå äåéñòâèå îïåðàòîðà

b(D + k) íà ṽ(k, ·) ∈ H̃p(Ω;Cn).
Ñ ó÷åòîì ñêàçàííîãî ôîðìó (4.6) ìîæíî ðàçëîæèòü â èíòåãðàë

a [v,v] =

∫
Ω̃

a(k) [ṽ(k, ·), ṽ(k, ·)] dk, v ∈ Hp(Rd;Cn).
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Ýòî îçíà÷àåò, ÷òî ïðåîáðàçîâàíèå Ãåëüôàíäà îñóùåñòâëÿåò óíèòàðíóþ
ýêâèâàëåíòíîñòü ìåæäó îïåðàòîðîì A è ïðÿìûì èíòåãðàëîì îïåðàòîðîâ
A(k):

UAU−1 =

∫
Ω̃

⊕A(k)dk. (4.17)

� 5. Äèôôåðåíöèàëüíûå îïåðàòîðû A(k) íà ÿ÷åéêå Ω.
Ïðèìåíåíèå àáñòðàêòíîé ñõåìû

5.1. Èññëåäîâàíèå îïåðàòîðîâ X(k) è A(k). Íàøà öåëü � ïðîâå-
ðèòü, ÷òî ê îïåðàòîðàì A(k) ïðèìåíèìà àáñòðàêòíàÿ ñõåìà. Ñëåäóÿ
[BSu1], ïîëîæèì t := |k| è θ := k/t. Îïåðàòîðû X(k) =: X(t,θ) è
A(k) =: A(t,θ) çàâèñÿò îò îäíîìåðíîãî ïàðàìåòðà t è îò äîïîëíèòåëü-
íîãîò ïàðàìåòðà θ ∈ Sd−1 (êîòîðûé îòñóòñòâîâàë â àáñòðàêòíîé ñõåìå).
Ìû áóäåì çàáîòèòüñÿ î òîì, ÷òîáû ïîñòðîåíèÿ è îöåíêè áûëè ðàâíîìåð-
íûìè îòíîñèòåëüíî θ.
Ñîãëàñíî (4.3) è (4.12) èìååì:

X(k) = h
∑
|α|=p

bα (D + k)α = h
∑
|α|=p

bα
∑
β6α

Cβαk
α−βDβ

= h
∑
|α|=p

bα
∑
β6α

Cβαt
|α−β|θα−βDβ.

Ñëåäîâàòåëüíî, îïåðàòîð X(k) äîïóñêàåò çàïèñü â âèäå

X(k) = X(t,θ) = X0 +

p∑
j=1

tjXj(θ). (5.1)

Çäåñü îïåðàòîð

X0 = h
∑
|α|=p

bαD
α = hb(D) (5.2)

çàìêíóò íà îáëàñòè îïðåäåëåíèÿ

DomX0 = H̃p(Ω;Cn), (5.3)

�ïðîìåæóòî÷íûå� îïåðàòîðû Xj(θ), j = 1, . . . , p − 1, çàäàíû ñîîòíîøå-
íèÿìè

Xj(θ) = h
∑
|α|=p

bα
∑

β6α, |β|=p−j

Cβαθ
α−βDβ (5.4)

íà îáëàñòÿõ îïðåäåëåíèÿ

DomXj(θ) = H̃p−j(Ω;Cn), (5.5)

à îïåðàòîð

Xp(θ) = h
∑
|α|=p

bαθ
α = hb(θ)

îãðàíè÷åí èç L2(Ω;Cn) â L2(Ω;Cm).
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Èç (5.3) è (5.5) âèäíî, ÷òî óñëîâèå 1.1 âûïîëíåíî:

DomX0 ⊂ DomXj (θ) ⊂ DomXp (θ) = L2(Ω;Cn), j = 1, . . . , p− 1.

Â ñèëó (4.4) ñïðàâåäëèâà îöåíêà

‖Xp(θ)‖ 6 α1/2
1 ‖g‖1/2L∞

. (5.6)

Ðàññìîòðèì òåïåðü ÿäðà îïåðàòîðîâ Xj(θ).

Ïðåäëîæåíèå 5.1. ßäðî îïåðàòîðà X0 ñîñòîèò èç ïîñòîÿííûõ

âåêòîð-ôóíêöèé:

N := KerX0 = {u ∈ L2(Ω;Cn) : u(x) = c ∈ Cn} . (5.7)

Ïðè j = 1, . . . , p− 1 âûïîëíåíû ñîîòíîøåíèÿ

N ⊂ KerXj(θ), θ ∈ Sd−1. (5.8)

Äîêàçàòåëüñòâî. Ïóñòü u ∈ N. Ýòî ðàâíîñèëüíî òîìó, ÷òî u ∈
H̃p(Ω;Cn) è b(D)u = 0. Ðàâåíñòâî Ïàðñåâàëÿ äëÿ ðÿäîâ Ôóðüå ïîçâî-
ëÿåò çàïèñàòü ýòî óñëîâèå â âèäå

0 =

∫
Ω

|b(D)u(x)|2 dx =
∑
s∈Γ̃

|b(s)ûs|2 =
∑
s∈Γ̃

〈b(s)∗b(s)ûs, ûs〉Cn . (5.9)

Â ñèëó (4.4) ñîîòíîøåíèå (5.9) ðàâíîñèëüíî òîìó, ÷òî

|s|2p |ûs|2 = 0, s ∈ Γ̃,

÷òî â ñâîþ î÷åðåäü ýêâèâàëåíòíî ðàâåíñòâó íóëþ âñåõ êîýôôèöèåíòîâ
Ôóðüå ûs, êðîìå û0, òî åñòü, u(x) = c ∈ Cn.
Ñ ó÷åòîì (5.4) âêëþ÷åíèÿ (5.8) î÷åâèäíû. �

Îðòîïðîåêòîð ïðîñòðàíñòâà L2(Ω;Cn) íà ïîäïðîñòðàíñòâî N äåéñòâó-
åò êàê óñðåäíåíèå ïî ÿ÷åéêå:

Pu = |Ω|−1
∫
Ω

u(x) dx, u ∈ L2(Ω;Cn).

Ïóñòü n∗ = KerX∗0 . Ñîîòíîøåíèå m > n îáåñïå÷èâàåò âûïîëíåíèå
óñëîâèÿ n∗ > n. Áîëåå òîãî, ïîñêîëüêó

N∗ = KerX∗0 = {q ∈ L2(Ω;Cm) : h∗q ∈ H̃p(Ω;Cm) : b(D)∗h∗q = 0},

òî ðåàëèçóåòñÿ àëüòåðíàòèâà: ëèáî n∗ = ∞ (åñëè m > n), ëèáî n∗ = n
(åñëè m = n).
Ïðîâåðèì òåïåðü âûïîëíåíèå óñëîâèÿ 1.2.

Ïðåäëîæåíèå 5.2. Ïðè j = 1, . . . , p− 1 ñïðàâåäëèâû îöåíêè

‖Xj(θ)u‖L2(Ω) 6 C̃j ‖X0u‖L2(Ω) , u ∈ H̃p(Ω;Cn). (5.10)

Çäåñü ïîñòîÿííûå C̃j íå çàâèñÿò îò ïàðàìåòðà θ ∈ Sd−1, à çàâèñÿò

ëèøü îò d, p, j, ‖g‖L∞ ,
∥∥g−1

∥∥
L∞

, α0, α1 è r0.
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Äîêàçàòåëüñòâî. Â ñèëó (4.5) è (5.4)

‖Xj(θ)u‖L2(Ω) 6 α
1/2
1 ‖g‖1/2L∞

∑
|α|6p

∑
β6α, |β|=p−j

Cβα‖Dβu‖L2(Ω). (5.11)

Ðàçëîæèì ôóíêöèþ u ∈ H̃p(Ω;Cn) â ðÿä Ôóðüå

u(x) = |Ω|−1/2
∑
s∈Γ̃

ûse
i〈x,s〉. (5.12)

Ñ ó÷åòîì (4.11) ïðè j = 1, . . . , p− 1 âûïîëíåíî

|sβ|2 6 |s|2|β| 6 (2r0)−2j |s|2p, 0 6= s ∈ Γ̃, |β| = p− j. (5.13)

Èç ðàâåíñòâà Ïàðñåâàëÿ äëÿ ðÿäîâ Ôóðüå è èç (5.13) âûòåêàåò îöåíêà

‖Dβu‖2L2(Ω) =
∑

0 6=s∈Γ̃

|sβûs|2 6 (2r0)−2j
∑

0 6=s∈Γ̃

|s|2p|ûs|2, |β| = p− j.

(5.14)
Äàëåå, èç îïðåäåëåíèÿ (5.2), (5.3) îïåðàòîðà X0, ðàçëîæåíèÿ (5.12) è
íèæíåé îöåíêè (4.4) ñëåäóåò, ÷òî

‖X0u‖2L2(Ω) >
∥∥g−1

∥∥−1

L∞
α0

∑
s∈Γ̃

|s|2p |ûs|2 , u ∈ H̃p(Ω;Cn). (5.15)

Â èòîãå, îáúåäèíÿÿ (5.11), (5.14) è (5.15), ïðèõîäèì ê èñêîìîìó íåðàâåí-
ñòâó (5.10) ñ ïîñòîÿííîé

C̃j = α
1/2
1 α

−1/2
0 ‖g‖1/2L∞

‖g−1‖1/2L∞
(2r0)−j

(∑
|α|6p

∑
β6α, |β|=p−j

Cβα

)
. (5.16)

�

Â ñèëó êîìïàêòíîñòè âëîæåíèÿ Dom a(0) = H̃p(Ω;Cn) â ïðîñòðàíñòâî
L2(Ω;Cn) ñïåêòð îïåðàòîðà A(0) äèñêðåòåí. Òî÷êà λ0 = 0 ÿâëÿåòñÿ èçî-
ëèðîâàííûì ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà A(0) = X∗0X0 êðàòíîñòè
n; ñîîòâåòñòâóþùåå ñîáñòâåííîå ïîäïðîñòðàíñòâî N ñîñòîèò èç ïîñòîÿí-
íûõ âåêòîð-ôóíêöèé (ñì. (5.7)) . Îöåíèì ðàññòîÿíèå d0 îò òî÷êè λ0 = 0
äî îñòàëüíîãî ñïåêòðà îïåðàòîðà A(0). Èç (4.11) è (5.15) ñëåäóåò, ÷òî

a(0)[u,u] > α0

∥∥g−1
∥∥−1

L∞
(2r0)2p ‖u‖2L2(Ω) ,

u ∈ H̃p(Ω;Cn),

∫
Ω

u(x) dx = 0.

Òàêèì îáðàçîì,

d0 > α0

∥∥g−1
∥∥−1

L∞
(2r0)2p . (5.17)

Ñëåäóÿ àáñòðàêòíîé ñõåìå, çàôèêñèðóåì ïîëîæèòåëüíîå ÷èñëî δ 6
min

{
d0/36, 1/4

}
. Ñ ó÷åòîì (5.17) ïîëîæèì

δ = min
{
α0

∥∥g−1
∥∥−1

L∞
(2r0)2p /36, 1/4

}
. (5.18)
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Íåðàâåíñòâà (5.10) ïîçâîëÿþò â êà÷åñòâå ïîñòîÿííîé C̃ èç (1.1) ïðèíÿòü

C̃ = max
{

1, C̃1, . . . , C̃p−1

}
, (5.19)

ãäå êîíñòàíòû C̃j îïðåäåëåíû â (5.16).

Ïîñòîÿííàÿ Ĉ = max
{

(p− 1) C̃, ‖Xp (θ)‖
}
(ñì. (1.5)) ñåé÷àñ çàâèñèò

îò θ. Ñ ó÷åòîì (5.6) ïðèìåì çàâûøåííîå çíà÷åíèå

Ĉ = max
{

(p− 1) C̃, α
1/2
1 ‖g‖1/2L∞

}
,

íå çàâèñÿùåå îò θ. Â ñîîòâåòñòâèè ñ (1.4) ïîëîæèì

t0 =
δ1/2

Ĉ
=

δ1/2

max
{

(p− 1) C̃, α
1/2
1 ‖g‖1/2L∞

} . (5.20)

5.2. Âêëþ÷åíèå îïåðàòîðîâ A(t,θ) â àáñòðàêòíóþ ñõåìó. Áóäåì
ïðèìåíÿòü àáñòðàêòíóþ ñõåìó, ïîëàãàÿ

H = L2(Ω;Cn), H∗ = L2(Ω;Cm).

Â êà÷åñòâå ïîëèíîìèàëüíîãî ïó÷êà X(t) âîçüìåì X(t,θ) := X(k) =
X(tθ) (ñì. (5.1)); ýòîò ïó÷îê çàâèñèò òàêæå îò ïàðàìåòðà θ. Âûïîëíåíèå
óñëîâèé 1.1 è 1.2 áûëî ïðîâåðåíî â ï. 5.1. Ðîëü îïåðàòîðà A(t) èãðàåò
A(t,θ) := A (k) = A (tθ). Ñîãëàñíî îïðåäåëåíèþ îïåðàòîðà A(k) (ñì. ï.
4.3) èìååì

A(t,θ) = X(t,θ)∗X(t,θ).

Âûïîëíåíèå óñëîâèÿ 1.3 ïðîâåðåíî âûøå â ï. 5.1. ßäðî N = KerA(0) =
KerX0 îïèñàíî â (5.7).
Îñòàåòñÿ ïðîâåðèòü ñïðàâåäëèâîñòü óñëîâèÿ 2.2. Îáîçíà÷èì ÷åðåç

Ej(k), j ∈ N, k ∈ Ω̃, ïîñëåäîâàòåëüíûå ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà
A(k), çàíóìåðîâàííûå ñ ó÷åòîì êðàòíîñòåé.
Âîñïîëüçóåìñÿ äâóñòîðîííèìè îöåíêàìè (4.14) ôîðìû a(k) ÷åðåç

âñïîìîãàòåëüíóþ ôîðìó (4.15). Ñàìîñîïðÿæåííûé îïåðàòîð â H, îòâå÷à-
þùèé ôîðìå (4.15), îáîçíà÷èì ÷åðåç A∗(k), à åãî ïîñëåäîâàòåëüíûå ñîá-
ñòâåííûå çíà÷åíèÿ � ÷åðåç E0

j (k), j ∈ N. Ïðè äðóãîì ñïîñîáå íóìåðàöèè

ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà A∗(k) îïðåäåëÿþòñÿ èç ïðåäñòàâëåíèÿ

(4.15) � ýòî ÷èñëà |s + k|2p, s ∈ Γ̃, ïðè÷åì êàæäîå òàêîå ñîáñòâåííîå

çíà÷åíèå èìååò êðàòíîñòü n (îíè çàíóìåðîâàíû çíà÷êîì s ∈ Γ̃). Îòñþäà
ëåãêî ñëåäóþò ñîîòíîøåíèÿ

E0
l (k) = |k|2p , l = 1, . . . , n, k ∈ clos Ω̃, (5.21)

E0
1 (k) > r2p, k ∈ clos Ω̃ \ B (r) , 0 < r 6 r0. (5.22)

Ó÷èòûâàÿ íèæíþþ îöåíêó (4.14), èç (5.21) è (5.22) ïîëó÷àåì

El (k) > α0

∥∥g−1
∥∥−1

L∞
|k|2p , l = 1, . . . , n, k ∈ clos Ω̃,

E1 (k) > α0

∥∥g−1
∥∥−1

L∞
r2p, k ∈ clos Ω̃ \ B (r) , 0 < r 6 r0, (5.23)
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îòêóäà è ñëåäóåò âûïîëíåíèå óñëîâèÿ 2.2 ñ ïîñòîÿííîé

c∗ = α0

∥∥g−1
∥∥−1

L∞
. (5.24)

5.3. Ïîñòðîåíèå ñïåêòðàëüíîãî ðîñòêà. Îïåðàòîðû Z, R è S, ââå-
äåííûå â ï. 1.2, ñåé÷àñ çàâèñÿò îò θ. Äëÿ èõ ïîñòðîåíèÿ ââåäåì âñïîìî-
ãàòåëüíûé îïåðàòîð Λ. Ïóñòü

M = {w ∈ L2(Ω;Cm) : w(x) = C ∈ Cm}
� ïîäïðîñòðàíñòâî ïîñòîÿííûõ âåêòîð-ôóíêöèé â H∗ = L2(Ω;Cm).
Îïåðàòîð Λ : M → H ñîïîñòàâëÿåò âåêòîðó C ∈ M ñëàáîå Γ-

ïåðèîäè÷åñêîå ðåøåíèå vC ∈ H̃p(Ω;Cn) çàäà÷è

b(D)∗g(x) (b(D)vC(x) + C) = 0,

∫
Ω

vC(x) dx = 0. (5.25)

Çàäà÷à (5.25) ïðè C = b(θ)c, c ∈ Cn, ÿâëÿåòñÿ ðåàëèçàöèåé çàäà÷è (1.8),
(1.9) (ñåé÷àñ ω = c ∈ N). Îïèøåì, êàê äåéñòâóåò îïåðàòîð Λ. Ïóñòü
e1, . . . , em � ñòàíäàðòíûå îðòû â Cm è vj = vej . Â ñòàíäàðòíîì áàçèñå
â Cn âåêòîð-ôóíêöèè vj(x) çàïèñûâàþòñÿ êàê ñòîëáöû äëèíû n. Ïóñòü
Λ (x) � (n×m)-ìàòðèöà ñî ñòîëáöàìè v1(x), . . . ,vm(x). Òîãäà îïåðàòîð
Λ åñòü îïåðàòîð óìíîæåíèÿ íà ìàòðèöó-ôóíêöèþ Λ(x). Îòìåòèì, ÷òî
ìàòðèöà-ôóíêöèÿ Λ(x) ÿâëÿåòñÿ Γ-ïåðèîäè÷åñêèì ðåøåíèåì çàäà÷è

b(D)∗g(x) (b(D)Λ(x) + 1m) = 0,

∫
Ω

Λ(x) dx = 0. (5.26)

Â ñîîòâåòñòâèè ñ (1.10) ïîëó÷àåì:

(Z(θ)c)(x) = Λ(x)b(θ)c, c ∈ Cn = N,

Z(θ)u = 0, u ∈ N⊥.

Òàêèì îáðàçîì,
Z(θ) = Λb(θ)P. (5.27)

Îïåðàòîð R(θ), îïðåäåëåííûé ñîãëàñíî (1.12), (1.13), ïðèíèìàåò âèä

(R(θ)c)(x) = h(x) (b(D)Λ(x) + 1m) b(θ)c, c ∈ Cn = N.

Òîãäà ñïåêòðàëüíûé ðîñòîê S(θ) = R(θ)∗R(θ) : N→ N çàäàåòñÿ ñîîòíî-
øåíèåì

S(θ) = Pb(θ)∗ (b(D)Λ + 1m)∗ g (b(D)Λ + 1m) b(θ)|N
è äåéñòâóåò êàê óìíîæåíèå íà ìàòðèöó b(θ)∗g0b(θ), ãäå

g0 = |Ω|−1
∫
Ω

(b(D)Λ(x) + 1m)∗ g(x) (b(D)Λ(x) + 1m) dx. (5.28)

Ó÷èòûâàÿ óðàâíåíèå (5.26), çàïèøåì g0 â âèäå

g0 = |Ω|−1
∫
Ω

g̃(x) dx, (5.29)
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ãäå
g̃(x) = g(x) (b(D)Λ(x) + 1m) . (5.30)

Ïîñòîÿííàÿ ìàòðèöà (5.29) íàçûâàåòñÿ ýôôåêòèâíîé ìàòðèöåé. Îíà àâ-
òîìàòè÷åñêè ïîëîæèòåëüíî îïðåäåëåíà, ÷òî ëåãêî óñìîòðåòü èç ïðåä-
ñòàâëåíèÿ (5.28). Òåì ñàìûì, ìû ïîêàçàëè, ÷òî ñïåêòðàëüíûé ðîñòîê
îïåðàòîðíîãî ñåìåéñòâà A(t,θ) ïðåäñòàâèì â âèäå

S(θ) = b(θ)∗g0b(θ).

Êàê îòìå÷àëîñü â ï. 2.3, èç óñëîâèÿ 2.2 âûòåêàåò íåðàâåíñòâî

S(θ) > c∗IN, (5.31)

ñ ïîñòîÿííîé c∗, îïðåäåëåííîé â (5.24) è íå çàâèñÿùåé îò θ. Òàêèì îá-
ðàçîì, ñïåêòðàëüíûé ðîñòîê S(θ) íåâûðîæäåí.

5.4. Ýôôåêòèâíûé îïåðàòîð. Ñâîéñòâà ýôôåêòèâíîé ìàòðèöû.
Ïîëîæèì

S(k) = t2pS(θ) = b(k)∗g0b(k), k = tθ ∈ Rd; (5.32)

ýòî ñèìâîë äèôôåðåíöèàëüíîãî îïåðàòîðà

A0 = b(D)∗g0b(D) (5.33)

ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, íàçûâàåìîãî ýôôåêòèâíûì îïåðàòî-

ðîì äëÿ îïåðàòîðà A. Èç (5.31) è (5.32) âûòåêàåò îöåíêà äëÿ ñèìâîëà
ýôôåêòèâíîãî îïåðàòîðà:

b(k)∗g0b(k) > c∗|k|2p1n, k ∈ Rd. (5.34)

Îòìåòèì íåêîòîðûå ñâîéñòâà ýôôåêòèâíîé ìàòðèöû g0.

Ïðåäëîæåíèå 5.3. Îáîçíà÷èì

g := |Ω|−1
∫

Ω
g(x)dx, g :=

(
|Ω|−1

∫
Ω
g(x)−1dx

)−1

.

Òîãäà ýôôåêòèâíàÿ ìàòðèöà g0 óäîâëåòâîðÿåò íåðàâåíñòâàì

g 6 g0 6 g. (5.35)

Â ñëó÷àå, êîãäà m = n, èìååò ìåñòî ðàâåíñòâî g0 = g.

Äîêàçàòåëüñòâî ïîõîæå íà äîêàçàòåëüñòâî òåîðåìû 1.5 èç [BSu1, ãë.
3], ãäå ðàññìàòðèâàëèñü ÄÎ âòîðîãî ïîðÿäêà. Ïóñòü C ∈ Cm è vC �
ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è (5.25). Î÷åâèäíî,

hC = h(b(D)vC + C)− hb(D)vC. (5.36)

Ñëàãàåìûå â ïðàâîé ÷àñòè (5.36) îðòîãîíàëüíû äðóã äðóãó â L2(Ω;Cm),
ïîñêîëüêó ïåðâîå ñëàãàåìîå ïðèíàäëåæèò KerX∗0 , à âòîðîå ïðèíàäëåæèò
RanX0. Ñëåäîâàòåëüíî,

‖h(b(D)vC + C)‖2L2(Ω) 6 ‖hC‖
2
L2(Ω), C ∈ Cm.

Ñ ó÷åòîì (5.28) ýòî âëå÷åò

〈g0C,C〉 6 〈gC,C〉, C ∈ Cm,
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÷òî ðàâíîñèëüíî âåðõíåé îöåíêå (5.35).
Äëÿ ïîëó÷åíèÿ íèæíåé îöåíêè çàìåòèì, ÷òî P := (h∗)−1M ⊂ N∗ =

KerX∗0 . Ïîëîæèì

Qw = |Ω|−1(h∗)−1g

∫
Ω

h−1w dx, w ∈ H∗ = L2(Ω;Cm).

Ýëåìåíòàðíî ïðîâåðÿåòñÿ, ÷òî Qw ∈ P ïðè w ∈ H∗; Qw = w ïðè w ∈ P;
è âûïîëíåíî

(Qw,w)H∗ = |Ω|−1〈gCw,Cw〉, Cw =

∫
Ω

h−1w dx, w ∈ H∗. (5.37)

Ñêàçàííîå îçíà÷àåò, ÷òî Q � îðòîïðîåêòîð â H∗ íà ïîäïðîñòðàíñòâî
P. Ïðèìåíèì ïðîåêòîð Q ê ðàâåíñòâó (5.36). Ïîñêîëüêó hb(D)vC ∈
RanX0 = N⊥∗ , ïîëó÷àåì QhC = Qh(b(D)vC +C). Ñëåäîâàòåëüíî, ñ ó÷å-
òîì ïðåäñòàâëåíèÿ (5.28),

‖QhC‖2H∗ = ‖Qh(b(D)vC + C)‖2H∗
6 ‖h(b(D)vC + C)‖2H∗ = |Ω|〈g0C,C〉, C ∈ Cm.

(5.38)

Èç (5.37) ïðè w = hC ñëåäóåò, ÷òî

‖QhC‖2H∗ = (QhC, hC)H∗ = |Ω|〈gC,C〉. (5.39)

Âìåñòå ñ (5.38) ýòî âëå÷åò íèæíþþ îöåíêó (5.35).
Â ñëó÷àå, êîãäà m = n, èìååì n∗ = m = n. Òîãäà âûïîëíåíî P ⊂ N∗,

dimP = m = n, dimN∗ = n∗ = n. Ñëåäîâàòåëüíî, P = N∗. Ïîñêîëüêó
h(b(D)vC +C) ∈ N∗, òî â (5.38) íåðàâåíñòâî ïåðåõîäèò â ðàâåíñòâî. Ýòî
îçíà÷àåò, ÷òî g0 = g. �

Îöåíêè âèäà (5.35) èçâåñòíû â òåîðèè óñðåäíåíèé äëÿ êîíêðåòíûõ ÄÎ
êàê âèëêà Ôîéãòà-Ðåéññà. Èç íèõ âûòåêàþò îöåíêè íîðìû ýôôåêòèâíîé
ìàòðèöû è îáðàòíîé ê íåé:∣∣g0

∣∣ 6 ‖g‖L∞ , ∣∣(g0
)−1∣∣ 6 ‖g−1‖L∞ . (5.40)

Âûäåëèì òåïåðü ñëó÷àè, êîãäà â (5.35) êàêîå-ëèáî èç íåðàâåíñòâ ïðå-
âðàùàåòñÿ â ðàâåíñòâî. Ñëåäóþùèå äâà óòâåðæäåíèÿ àíàëîãè÷íû ïðåä-
ëîæåíèÿì 1.6 è 1.7 èç [BSu1, ãë. 3].

Ïðåäëîæåíèå 5.4. Ïóñòü gk(x), k = 1, . . . ,m, � ñòîëáöû ìàòðèöû

g(x). Ðàâåíñòâî g0 = g ðàâíîñèëüíî ñîîòíîøåíèÿì

b(D)∗gk(x) = 0, k = 1, . . . ,m. (5.41)

Äîêàçàòåëüñòâî. Â ñèëó ïðåäñòàâëåíèÿ (5.28) ðàâåíñòâî g0 = g ðàâíî-
ñèëüíî ñîîòíîøåíèþ

‖h(b(D)vC + C)‖2H∗ = ‖hC‖2H∗ , C ∈ Cm. (5.42)

Êàê óæå îòìå÷àëîñü, â ïðàâîé ÷àñòè (5.36) ñëàãàåìûå îðòîãîíàëüíû äðóã
äðóãó, à ïîòîìó (5.42) ýêâèâàëåíòíî ðàâåíñòâó hb(D)vC = 0 ïðè ëþáîì
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C ∈ Cm. Â ñèëó (5.25) ýòî âûïîëíåíî â òîì è òîëüêî òîì ñëó÷àå, êîãäà
b(D)∗g(x)C = 0 ïðè ëþáîì C ∈ Cm. Ïîñëåäíåå ðàâíîñèëüíî (5.41). �
Ïðåäëîæåíèå 5.5. Ïóñòü lk(x), k = 1, . . . ,m, � ñòîëáöû ìàòðèöû

g(x)−1. Ðàâåíñòâî g0 = g ðàâíîñèëüíî ïðåäñòàâëåíèÿì

lk(x) = l0k + b(D)vk(x), l0k ∈ Cm, vk ∈ H̃p(Ω;Cn); k = 1, . . . ,m.
(5.43)

Äîêàçàòåëüñòâî. Â ñîîòâåòñòâèè ñ (5.38), (5.39) ðàâåíñòâî g0 = g ðàâ-
íîñèëüíî òîìó, ÷òî h(b(D)vC + C) ∈ P ïðè ëþáîì C ∈ Cm. Äðóãèìè
ñëîâàìè, äëÿ âñÿêîãî C ∈ Cm íàéäåòñÿ âåêòîð C∗ ∈ Cm òàêîé, ÷òî âû-
ïîëíåíî h(b(D)vC + C) = (h∗)−1C∗. Ïîñëåäíåå îçíà÷àåò, ÷òî

g(x)−1C∗ = b(D)vC(x) + C, C ∈ Cm. (5.44)

Èíòåãðèðóÿ ïî Ω, ïîëó÷àåì g−1C∗ = C.
Ðàâåíñòâî (5.44) âûïîëíåíî ïðè âñåõ C ∈ Cm òîãäà è òîëüêî òîãäà,

êîãäà îíî âûïîëíåíî ïðè C = g−1ek (ò. å., C∗ = ek), k = 1, . . . ,m.
Ïîñëåäíåå ðàâíîñèëüíî ïðåäñòàâëåíèÿì (5.43) äëÿ ñòîëáöîâ lk(x), k =
1, . . . ,m. �

Çàìå÷àíèå 5.6. Èç äîêàçàòåëüñòâà ïðåäëîæåíèÿ 5.5 âèäíî, ÷òî ïðè
óñëîâèè g0 = g ìàòðèöà (5.30) ïîñòîÿííà: g̃(x) = g0 = g.

5.5. Îöåíêè ìàòðèöû-ôóíêöèè Λ. Íèæå íàì ïîíàäîáÿòñÿ îöåíêè
íîðì ìàòðèöû-ôóíêöèè Λ(x).

Ëåììà 5.7. Ïóñòü vj(x), j = 1, . . . ,m, � ñòîëáöû ìàòðèöû-ôóíêöèè

Λ(x), ÿâëÿþùåéñÿ Γ-ïåðèîäè÷åñêèì ðåøåíèåì çàäà÷è (5.26). Òîãäà âû-
ïîëíåíû îöåíêè

‖b(D)vj‖L2(Ω) 6 |Ω|1/2‖g‖
1/2
L∞
‖g−1‖1/2L∞

, j = 1, . . . ,m, (5.45)

‖vj‖L2(Ω) 6 α
−1/2
0 (2r0)−p|Ω|1/2‖g‖1/2L∞

‖g−1‖1/2L∞
, j = 1, . . . ,m. (5.46)

Äîêàçàòåëüñòâî. Íàïîìíèì, ÷òî ôóíêöèÿ vj ∈ H̃p(Ω;Cn) óäîâëåòâî-
ðÿåò òîæäåñòâó

(g(b(D)vj + ej), b(D)w)L2(Ω) = 0, w ∈ H̃p(Ω;Cn), (5.47)

à òàêæå óñëîâèþ
∫

Ω vj dx = 0. Èç (5.47) ñëåäóåò, ÷òî

‖hb(D)vj‖L2(Ω) 6 ‖hej‖L2(Ω) 6 |Ω|1/2‖g‖
1/2
L∞
, j = 1, . . . ,m,

îòêóäà âûòåêàåò (5.45).
×òîáû îöåíèòü ‖vj‖L2(Ω), èñïîëüçóåì ðÿä Ôóðüå, (4.4), (4.11) è óñëîâèå∫

Ω vj dx = 0. Òîãäà ïîëó÷èì

‖b(D)vj‖2L2(Ω) > α0

∑
0 6=s∈Γ̃

|s|2p|v̂j,s|2 > α0(2r0)2p‖vj‖2L2(Ω), j = 1, . . . ,m,

(5.48)
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ãäå v̂j,s, s ∈ Γ̃, � êîýôôèöèåíòû Ôóðüå ôóíêöèè vj . Èç (5.45) è (5.48)
ñëåäóåò îöåíêà (5.46). �

Ñëåäñòâèå 5.8. Ïóñòü ìàòðèöà-ôóíêöèÿ Λ(x) ÿâëÿåòñÿ Γ-
ïåðèîäè÷åñêèì ðåøåíèåì çàäà÷è (5.26). Òîãäà âûïîëíåíû îöåíêè

‖Λ‖L2(Ω) 6 |Ω|1/2C
(1)
Λ , (5.49)

‖b(D)Λ‖L2(Ω) 6 |Ω|1/2C
(2)
Λ , (5.50)

‖Λ‖Hp(Ω) 6 |Ω|1/2CΛ, (5.51)

ãäå

C
(1)
Λ := m1/2α

−1/2
0 (2r0)−p‖g‖1/2L∞

‖g−1‖1/2L∞
,

C
(2)
Λ := m1/2‖g‖1/2L∞

‖g−1‖1/2L∞
,

CΛ := C
(2)
Λ α

−1/2
0

(∑
|β|6p

(2r0)−2(p−|β|)
)1/2

.

Äîêàçàòåëüñòâî. Íåðàâåíñòâà (5.49) è (5.50) ÿâëÿþòñÿ î÷åâèäíûì
ñëåäñòâèåì (5.46) è (5.45) ñîîòâåòñòâåííî.
×òîáû ïðîâåðèòü (5.51), âîñïîëüçóåìñÿ ðÿäîì Ôóðüå. Àíàëîãè÷íî

(5.14) ñ ó÷åòîì (4.4) èìååì

‖DβΛ‖2L2(Ω) 6 (2r0)−2(p−|β|)
∑

0 6=s∈Γ̃

|s|2p|Λ̂s|2

6 (2r0)−2(p−|β|)α−1
0

∑
06=s∈Γ̃

|b(s)Λ̂s|2

= (2r0)−2(p−|β|)α−1
0 ‖b(D)Λ‖2L2(Ω), |β| 6 p.

Ñëåäîâàòåëüíî,

‖Λ‖2Hp(Ω) 6 α
−1
0 ‖b(D)Λ‖2L2(Ω)

(∑
|β|6p

(2r0)−2(p−|β|)
)
.

Âìåñòå ñ (5.50) ýòî âëå÷åò (5.51). �

� 6. Àïïðîêñèìàöèÿ ðåçîëüâåíòû
(
A(k) + ε2pI

)−1

6.1. Àïïðîêñèìàöèÿ ðåçîëüâåíòû
(
A(k) + ε2pI

)−1 ïî îïåðàòîðíîé
íîðìå â L2(Ω;Cn). Ìû ïðèìåíèì ê îïåðàòîðíîìó ñåìåéñòâó A(t,θ)
òåîðåìó 2.4. ×èñëî t0 îïðåäåëåíî â (5.20) è íå çàâèñèò îò θ. Çà ñ÷åò
ïðèñóòñòâèÿ ïðîåêòîðà P íà ïîäïðîñòðàíñòâî (5.7) ïîñòîÿííûõ âåêòîð-
ôóíêöèé, èç (5.32) âûòåêàåò ñîîòíîøåíèå

t2pS(θ)P = S(k)P = b(k)∗g0b(k)P = b(D + k)∗g0b(D + k)P = A0(k)P.
(6.1)

Ñëåäîâàòåëüíî, îïåðàòîð ïîä çíàêîì íîðìû â (2.27) ïðèíèìàåò âèä
(A(k) + ε2pI)−1 − (A0(k) + ε2pI)−1P . Ïîñòîÿííàÿ CA ñåé÷àñ çàâèñèò îò
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θ. Ñîãëàñíî çàìå÷àíèþ 2.5, ýòà ïîñòîÿííàÿ � ìíîãî÷ëåí îò ïåðåìåííûõ

C̃, ‖Xp(θ)‖, δ−1/2p, c
−1/2p
∗ ñ ïîëîæèòåëüíûìè êîýôôèöèåíòàìè, çàâèñÿ-

ùèìè ëèøü îò p. Ñîîòíîøåíèÿ (5.16), (5.18), (5.19), (5.24) ïîêàçûâàþò,

÷òî ïîñòîÿííûå δ, C̃ è c∗ íå çàâèñÿò îò θ; â ñèëó (5.6) ìîæíî çàìåíèòü

‖Xp(θ)‖ íà âåëè÷èíó α
1/2
1 ‖g‖

1/2
L∞

. Òàêèì îáðàçîì, ïîñëå âîçìîæíîãî çà-
âûøåíèÿ ïîñòîÿííóþ CA ìîæíî ñ÷èòàòü íå çàâèñÿùåé îò θ; îíà çàâèñèò
òîëüêî îò d, p, α0, α1, ‖g‖L∞ , ‖g−1‖L∞ è r0.
Ïðèìåíÿÿ òåîðåìó 2.4, ïðèõîäèì ê íåðàâåíñòâó

ε2p−1‖(A(k) + ε2pI)−1 − (A0(k) + ε2pI)−1P‖L2(Ω)→L2(Ω) 6 CA,

ε > 0, |k| 6 t0.
(6.2)

Ïîêàæåì, ÷òî ïîä çíàêîì íîðìû â (6.2) ìîæíî çàìåíèòü ïðîåêòîð P
òîæäåñòâåííûì îïåðàòîðîì; ýòî ïðèâåäåò ëèøü ê èçìåíåíèþ ïîñòîÿííîé
ñïðàâà. Èñïîëüçóÿ äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå, óáåæäàåìñÿ, ÷òî

ε2p−1‖(A0(k) + ε2pI)−1P⊥‖L2(Ω)→L2(Ω)

= ε2p−1 sup
0 6=s∈Γ̃

∣∣(b(s + k)∗g0b(s + k) + ε2p1n)−1
∣∣

6 ε2p−1 sup
0 6=s∈Γ̃

(
c∗|s + k|2p + ε2p

)−1
6 c−1/2p
∗ r−1

0 , ε > 0, |k| 6 t0.

Ìû ó÷ëè (5.34) è (4.11). Îòñþäà è èç (6.2) ïîëó÷àåì

ε2p−1‖(A(k) + ε2pI)−1 − (A0(k) + ε2pI)−1‖L2(Ω)→L2(Ω)

6 CA + c
−1/2p
∗ r−1

0 , ε > 0, |k| 6 t0.
(6.3)

Ïðè k ∈ clos Ω̃ \ B(t0) îöåíêè òðèâèàëüíû. Êàæäîå ñëàãàåìîå ïîä
çíàêîì íîðìû â (6.3) îöåíèâàåòñÿ ïî-îòäåëüíîñòè çà ñ÷åò îöåíêè (5.23)
äëÿ íàèìåíüøåãî ñîáñòâåííîãî çíà÷åíèÿ îïåðàòîðà A(k) è àíàëîãè÷íîãî
íåðàâåíñòâà äëÿ ñëó÷àÿ ýôôåêòèâíîãî îïåðàòîðà. Èìååì

ε2p−1‖(A(k) + ε2pI)−1‖L2(Ω)→L2(Ω) 6 c
−1/2p
∗ (t0)−1,

ε2p−1‖(A0(k) + ε2pI)−1‖L2(Ω)→L2(Ω) 6 c
−1/2p
∗ (t0)−1,

ε > 0, k ∈ clos Ω̃ \ B(t0).

(6.4)

Îáúåäèíÿÿ (6.3) è (6.4) è îáîçíà÷àÿ

C̃A = max{CA + c
−1/2p
∗ r−1

0 , 2c
−1/2p
∗ (t0)−1},

ïðèõîäèì ê ñëåäóþùåìó ðåçóëüòàòó.

Òåîðåìà 6.1. Ïóñòü îïåðàòîð A(k) = b(D + k)∗gb(D + k) îïðåäåëåí

â ï. 4.3, è ïóñòü A0(k) = b(D + k)∗g0b(D + k), ãäå g0 � ýôôåêòèâíàÿ

ìàòðèöà, îïðåäåëåííàÿ â ï. 5.3. Òîãäà ñïðàâåäëèâà îöåíêà

‖(A(k) + ε2pI)−1 − (A0(k) + ε2pI)−1‖L2(Ω)→L2(Ω) 6 C̃Aε
1−2p,

ε > 0, k ∈ clos Ω̃.
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Ïîñòîÿííàÿ C̃A çàâèñèò ëèøü îò d, p, α0, α1, ‖g‖L∞ , ‖g−1‖L∞ è îò

ïàðàìåòðîâ ðåøåòêè Γ.

6.2. Àïïðîêñèìàöèÿ ðåçîëüâåíòû
(
A(k) + ε2pI

)−1 ïî ýíåðãåòè÷å-
ñêîé íîðìå. Òåïåðü ìû ïðèìåíèì ê îïåðàòîðíîìó ñåìåéñòâó A(t,θ)
òåîðåìó 3.1. Àíàëîãè÷íî (6.1) èç (5.27) ñëåäóåò, ÷òî

tpZ(θ) = Λb(k)P = Λb(D + k)P. (6.5)

Ñ ó÷åòîì (6.1) è (6.5) îïåðàòîð ïîä çíàêîì íîðìû â (3.1) ñåé÷àñ ïðèíè-
ìàåò âèä

E(k, ε) := A(k)1/2
(
(A(k) + ε2pI)−1 − (I + Λb(D + k))(A0(k) + ε2pI)−1P

)
.

(6.6)
Ñîãëàñíî çàìå÷àíèþ 3.4 è ñîîòíîøåíèÿì (5.6), (5.16), (5.18), (5.19), (5.24)
ïîñëå âîçìîæíîãî çàâûøåíèÿ ïîñòîÿííóþ ČA ìîæíî ñ÷èòàòü íå çàâèñÿ-
ùåé îò θ; îíà çàâèñèò òîëüêî îò d, p, α0, α1, ‖g‖L∞ , ‖g−1‖L∞ è r0.
Ïðèìåíÿÿ òåîðåìó 3.1, ïðèõîäèì ê íåðàâåíñòâó

εp−1 ‖E(k, ε)‖L2(Ω)→L2(Ω) 6 ČA, ε > 0, |k| 6 t0. (6.7)

Îöåíèì òåïåðü íîðìó îïåðàòîðà (6.6) ïðè k ∈ clos Ω̃ \B(t0). Îïåðàòîð
(6.6) ïðåäñòàâèì â âèäå ñóììû òðåõ ñëàãàåìûõ:

E(k, ε) = A(k)1/2(A(k) + ε2pI)−1 −A(k)1/2(A0(k) + ε2pI)−1P

−A(k)1/2ΛPmb(D + k)(A0(k) + ε2pI)−1P,
(6.8)

ãäå Pm � îðòîïðîåêòîð íà ïîäïðîñòðàíñòâî M ïîñòîÿííûõ âåêòîð-
ôóíêöèé â L2(Ω;Cm).
Èç (5.23) ñëåäóåò îöåíêà ïåðâîãî ñëàãàåìîãî

εp−1‖A(k)1/2(A(k) + ε2pI)−1‖L2(Ω)→L2(Ω) 6 c
−1/2p
∗ (t0)−1,

k ∈ clos Ω̃ \ B(t0).
(6.9)

Èñïîëüçóÿ ïðèñóòñòâèå ïðîåêòîðà P , à òàêæå (4.4) è (5.34), äëÿ âòîðîãî
ñëàãàåìîãî ïîëó÷àåì

‖A(k)1/2(A0(k) + ε2pI)−1P‖L2(Ω)→L2(Ω)

= ‖hb(D + k)(A0(k) + ε2pI)−1P‖L2(Ω)→L2(Ω)

6 ‖g‖1/2L∞

∣∣∣b(k)
(
b(k)∗g0b(k) + ε2p1n

)−1
∣∣∣

6 α1/2
1 ‖g‖

1/2
L∞
|k|p

(
c∗|k|2p + ε2p

)−1
.

(6.10)

Ñëåäîâàòåëüíî,

εp−1‖A(k)1/2(A0(k) + ε2pI)−1P‖L2(Ω)→L2(Ω)

6 α1/2
1 ‖g‖

1/2
L∞
c
−1/2−1/2p
∗ (t0)−1, k ∈ clos Ω̃ \ B(t0).

(6.11)
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Äëÿ òðåòüåãî ÷ëåíà â ïðàâîé ÷àñòè (6.8) àíàëîãè÷íî (6.10) èìååì:

‖A(k)1/2ΛPmb(D + k)(A0(k) + ε2pI)−1P‖L2(Ω)→L2(Ω)

6 ‖A(k)1/2ΛPm‖L2(Ω)→L2(Ω)‖b(D + k)(A0(k) + ε2pI)−1P‖L2(Ω)→L2(Ω)

6 α1/2
1 |k|

p
(
c∗|k|2p + ε2p

)−1 ‖A(k)1/2ΛPm‖L2(Ω)→L2(Ω).
(6.12)

Î÷åâèäíî,

‖A(k)1/2ΛPm‖L2(Ω)→L2(Ω) = ‖hb(D + k)ΛPm‖L2(Ω)→L2(Ω)

6 |Ω|−1/2‖g‖1/2L∞
‖b(D + k)Λ‖L2(Ω).

(6.13)

Äëÿ ‖b(D)Λ‖L2(Ω) ñïðàâåäëèâà îöåíêà (5.50). Â ñèëó (4.4) è (5.49)

‖b(k)Λ‖L2(Ω) 6 |k|pα
1/2
1 |Ω|

1/2C
(1)
Λ 6 rp1α

1/2
1 |Ω|

1/2C
(1)
Λ , k ∈ clos Ω̃, (6.14)

ãäå 2r1 = diam Ω̃. Èç (5.50), (6.13) è (6.14) âûòåêàåò íåðàâåíñòâî

‖A(k)1/2ΛPm‖L2(Ω)→L2(Ω) 6 ‖g‖
1/2
L∞

(
C

(2)
Λ + rp1α

1/2
1 C

(1)
Λ

)
, k ∈ clos Ω̃.

(6.15)
Òåïåðü èç (6.12) è (6.15) âûòåêàåò îöåíêà íîðìû òðåòüåãî ÷ëåíà â (6.8)

ïðè |k| > t0:

εp−1‖A(k)1/2ΛPmb(D + k)(A0(k) + ε2pI)−1P‖L2(Ω)→L2(Ω) 6 C9,

k ∈ clos Ω̃ \ B(t0),
(6.16)

ãäå C9 := α
1/2
1 ‖g‖

1/2
L∞

(
C

(2)
Λ + rp1α

1/2
1 C

(1)
Λ

)
c
−1/2−1/2p
∗ (t0)−1.

Â èòîãå èç (6.8), (6.9), (6.11) è (6.16) ñëåäóåò îöåíêà îïåðàòîðà (6.6)
ïðè |k| > t0:

εp−1‖E(k, ε)‖L2(Ω)→L2(Ω) 6 ĈA, ε > 0, k ∈ clos Ω̃ \ B(t0),

ĈA := c
−1/2p
∗ (t0)−1

(
1 + c

−1/2
∗ α

1/2
1 ‖g‖

1/2
L∞

)
+ C9.

(6.17)

Íåðàâåíñòâà (6.7) è (6.17) ïðèâîäÿò ê ñëåäóþùåìó ðåçóëüòàòó.

Òåîðåìà 6.2. Ïóñòü îïåðàòîð A(k) = b(D+k)∗gb(D+k) îïðåäåëåí â ï.
4.3, è ïóñòü A0(k) = b(D + k)∗g0b(D + k), ãäå g0 � ýôôåêòèâíàÿ ìàò-

ðèöà, îïðåäåëåííàÿ â ï. 5.3. Ïóñòü P � îðòîïðîåêòîð ïðîñòðàíñòâà

L2(Ω;Cn) íà ïîäïðîñòðàíñòâî (5.7). Ïóñòü Λ(x) � Γ-ïåðèîäè÷åñêîå ðå-

øåíèå çàäà÷è (5.26). Òîãäà ïðè ε > 0 è k ∈ clos Ω̃ ñïðàâåäëèâà îöåíêà∥∥A(k)1/2
(
(A(k) + ε2pI)−1

− (I + Λb(D + k))(A0(k) + ε2pI)−1P
)∥∥
L2(Ω)→L2(Ω)

6 C◦Aε
1−p.

Ïîñòîÿííàÿ C◦A = max{ČA, ĈA} çàâèñèò ëèøü îò m, d, p, α0, α1,

‖g‖L∞ , ‖g−1‖L∞ è îò ïàðàìåòðîâ ðåøåòêè Γ.
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� 7. Àïïðîêñèìàöèÿ ðåçîëüâåíòû îïåðàòîðà A

7.1. Àïïðîêñèìàöèÿ ðåçîëüâåíòû (A + ε2pI)−1 ïî îïåðàòîðíîé
íîðìå â L2(Rd;Cn). Âåðíåìñÿ ê îïåðàòîðó A, äåéñòâóþùåìó â ïðî-
ñòðàíñòâå L2(Rd;Cn). Â ñèëó ðàçëîæåíèÿ (4.17) âûïîëíåíî(

A+ ε2pI
)−1

= U−1

(∫
Ω̃
⊕(A(k) + ε2pI)−1 dk

)
U . (7.1)

Àíàëîãè÷íîå ðàçëîæåíèå èìååò ìåñòî è äëÿ îïåðàòîðà
(
A0 + ε2pI

)−1
.

Ñëåäîâàòåëüíî,

‖
(
A+ ε2pI

)−1 −
(
A0 + ε2pI

)−1 ‖L2(Rd)→L2(Rd)

= ess-sup
k∈Ω̃

‖(A(k) + ε2pI)−1 − (A0(k) + ε2pI)−1‖L2(Ω)→L2(Ω).

Îòñþäà è èç òåîðåìû 6.1 âûòåêàåò ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 7.1. Ïóñòü îïåðàòîð A = b(D)∗gb(D) îïðåäåëåí â ï. 4.1, è
ïóñòü A0 = b(D)∗g0b(D) � ýôôåêòèâíûé îïåðàòîð. Òîãäà ñïðàâåäëèâà

îöåíêà

‖(A+ ε2pI)−1 − (A0 + ε2pI)−1‖L2(Rd)→L2(Rd) 6 C̃Aε
1−2p, ε > 0. (7.2)

Ïîñòîÿííàÿ C̃A çàâèñèò ëèøü îò d, p, α0, α1, ‖g‖L∞ , ‖g−1‖L∞ è îò

ïàðàìåòðîâ ðåøåòêè Γ.

7.2. Àïïðîêñèìàöèÿ ðåçîëüâåíòû
(
A+ ε2pI

)−1 ïî ýíåðãåòè÷åñêîé

íîðìå. Òåïåðü ìû ïîëó÷èì àïïðîêñèìàöèþ ðåçîëüâåíòû
(
A+ ε2pI

)−1

ïðè ó÷åòå êîððåêòîðà, îïèðàÿñü íà òåîðåìó 6.2 è ðàçëîæåíèå (7.1). Íà-
ïîìíèì, ÷òî ïîä äåéñòâèåì ïðåîáðàçîâàíèÿ Ãåëüôàíäà îïåðàòîð b(D)
ðàñêëàäûâàåòñÿ â ïðÿìîé èíòåãðàë ïî îïåðàòîðàì b(D + k); à îïåðàòîð
óìíîæåíèÿ íà ïåðèîäè÷åñêóþ ìàòðèöó-ôóíêöèþ Λ(x) ïåðåõîäèò â óìíî-
æåíèå íà òó æå ôóíêöèþ â ñëîÿõ ïðÿìîãî èíòåãðàëà K (ñì. (4.16)). Íàì
ïîòðåáóåòñÿ òàêæå îïåðàòîð Π := U−1[P ]U , äåéñòâóþùèé â L2(Rd;Cn).
Çäåñü [P ] � îïåðàòîð â K, äåéñòâóþùèé ïîñëîéíî êàê îïåðàòîð P . Ëåãêî
âèäåòü (ñì. [BSu3, (6.8)]), ÷òî Π åñòü ÏÄÎ ñ ñèìâîëîì χ

Ω̃
(ξ), ãäå χ

Ω̃
�

õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà Ω̃, ò. å.,

(Πu)(x) = (2π)−d/2
∫
Ω̃

ei〈x,ξ〉û(ξ) dξ. (7.3)

(Îòìåòèì, ÷òî Π � ñãëàæèâàþùèé îïåðàòîð.)
Èç ñêàçàííîãî ñëåäóåò, ÷òî îïåðàòîð

E(ε) := A1/2
(
(A+ ε2pI)−1 − (I + Λb(D))(A0 + ε2pI)−1Π

)
ðàñêëàäûâàåòñÿ â ïðÿìîé èíòåãðàë ïî îïåðàòîðàì E(k, ε) (ñì. (6.6)). Ïî-
ýòîìó èç òåîðåìû 6.2 âûòåêàåò îöåíêà

εp−1‖E(ε)‖L2(Rd)→L2(Rd) 6 C
◦
A, ε > 0. (7.4)
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Èç (7.4) ìû âûâîäèì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 7.2. Ïóñòü îïåðàòîð A = b(D)∗gb(D) îïðåäåëåí â ï. 4.1, è
ïóñòü A0 = b(D)∗g0b(D) � ýôôåêòèâíûé îïåðàòîð. Ïóñòü Λ(x) � Γ-
ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è (5.26), à g̃(x) � ìàòðèöà-ôóíêöèÿ (5.30).
Ïóñòü Π � îïåðàòîð (7.3). Òîãäà ïðè ε > 0 ñïðàâåäëèâû îöåíêè

‖(A+ε2pI)−1−(I+Λb(D)Π)(A0+ε2pI)−1‖L2(Rd)→L2(Rd) 6 C
(1)
A ε1−2p, (7.5)

‖A1/2
(
(A+ ε2pI)−1 − (I + Λb(D)Π)(A0 + ε2pI)−1

)
‖L2(Rd)→L2(Rd)

6 C(2)
A ε1−p,

(7.6)

‖gb(D)(A+ε2pI)−1−g̃b(D)(A0+ε2pI)−1Π‖L2(Rd)→L2(Rd) 6 C
(3)
A ε1−p. (7.7)

Ïîñòîÿííûå C
(1)
A , C

(2)
A , C

(3)
A çàâèñÿò ëèøü îò m, d, p, α0, α1, ‖g‖L∞ ,

‖g−1‖L∞ è îò ïàðàìåòðîâ ðåøåòêè Γ.

Äîêàçàòåëüñòâî. Äëÿ ïðîâåðêè íåðàâåíñòâà (7.5) èñïîëüçóåì (7.2) è
îöåíèì îïåðàòîð

Λb(D)Π(A0 + ε2pI)−1 = ΛΠmb(D)(A0 + ε2pI)−1Π.

Çäåñü Πm � ÏÄÎ ñ ñèìâîëîì χ
Ω̃

(ξ) â L2(Rd;Cm). Îïåðàòîð [Λ]Πm óíè-
òàðíî ýêâèâàëåíòåí ïðÿìîìó èíòåãðàëó îò îïåðàòîðîâ [Λ]Pm, à ïîòîìó

‖[Λ]Πm‖L2(Rd)→L2(Rd) = ‖[Λ]Pm‖L2(Ω)→L2(Ω) 6 |Ω|−1/2‖Λ‖L2(Ω) 6 C
(1)
Λ .

(7.8)
Ìû ó÷ëè (5.49). Äàëåå, èñïîëüçóÿ (4.4), (5.34) è (7.3), ïîëó÷àåì

ε2p−1‖b(D)(A0 + ε2pI)−1Π‖L2(Rd)→L2(Rd)

= ε2p−1 sup
ξ∈Ω̃

∣∣b(ξ)(b(ξ)∗g0b(ξ) + ε2p1n)−1
∣∣

6 ε2p−1α
1/2
1 sup

ξ∈Ω̃

|ξ|p
(
c∗|ξ|2p + ε2p

)−1

6 α1/2
1 c

−1/2p
∗ sup

ξ∈Ω̃

|ξ|p−1 6 α1/2
1 c

−1/2p
∗ rp−1

1 , ε > 0.

(7.9)

Â èòîãå èç (7.2), (7.8) è (7.9) âûòåêàåò îöåíêà (7.5) ñ ïîñòîÿííîé C
(1)
A =

C̃A + C
(1)
Λ α

1/2
1 c

−1/2p
∗ rp−1

1 .
Äîêàæåì òåïåðü îöåíêó (7.6), îïèðàÿñü íà (7.4). Â ñèëó (4.4), (5.34) è

(7.3) èìååì

‖A1/2(A0 + ε2pI)−1(I −Π)‖L2(Rd)→L2(Rd)

= ‖hb(D)(A0 + ε2pI)−1(I −Π)‖L2(Rd)→L2(Rd)

6 ‖g‖1/2L∞
sup
|ξ|>r0

∣∣∣b(ξ)
(
b(ξ)∗g0b(ξ) + ε2p1n

)−1
∣∣∣

6 α1/2
1 ‖g‖

1/2
L∞

sup
|ξ|>r0

|ξ|p
(
c∗|ξ|2p + ε2p

)−1
.

(7.10)
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Ñëåäîâàòåëüíî,

εp−1‖A1/2(A0 + ε2pI)−1(I −Π)‖L2(Rd)→L2(Rd) 6 α
1/2
1 ‖g‖

1/2
L∞
c
−1/2−1/2p
∗ r−1

0 .

Îòñþäà è èç (7.4) âûòåêàåò îöåíêà (7.6) ñ ïîñòîÿííîé C
(2)
A = C◦A +

α
1/2
1 ‖g‖

1/2
L∞
c
−1/2−1/2p
∗ r−1

0 .
Ïåðåéäåì ê äîêàçàòåëüñòâó íåðàâåíñòâà (7.7). Îáîçíà÷èì

G(ε) := gb(D)
(
(A+ ε2pI)−1 − (I + Λb(D))(A0 + ε2pI)−1Π

)
. (7.11)

Èç (7.4) âûòåêàåò îöåíêà

εp−1‖G(ε)‖L2(Rd)→L2(Rd) 6 C
◦
A‖g‖

1/2
L∞
, ε > 0. (7.12)

Èñïîëüçóÿ (4.3), çàìåòèì, ÷òî äëÿ ëþáîé äîñòàòî÷íî ãëàäêîé ôóíêöèè
u(x) â Rd âûïîëíåíî

b(D)(Λu) = (b(D)Λ)u +
∑
|α|=p

bα
∑

β6α: |β|>1

Cβα(Dα−βΛ)Dβu.

Òîãäà ñ ó÷åòîì îáîçíà÷åíèÿ (5.30) îïåðàòîð (7.11) ìîæíî ïðåäñòàâèòü â
âèäå

G(ε) = gb(D)(A+ ε2pI)−1 − g̃b(D)(A0 + ε2pI)−1Π− G̃(ε), (7.13)

ãäå

G̃(ε) := g
∑
|α|=p

bα
∑

β6α: |β|>1

Cβα(Dα−βΛ)ΠmD
βb(D)(A0 + ε2pI)−1Π.

Àíàëîãè÷íî (7.8) èìååì

‖[Dα−βΛ]Πm‖L2(Rd)→L2(Rd) 6 |Ω|−1/2‖Dα−βΛ‖L2(Ω) 6 CΛ. (7.14)

Â ïîñëåäíåì ïåðåõîäå ìû ó÷ëè (5.51). Â ñèëó (4.5) è (7.14) èìååì

‖G̃(ε)‖L2(Rd)→L2(Rd)

6 ‖g‖L∞α
1/2
1 CΛ

∑
|α|=p

∑
β6α: |β|>1

Cβα‖Dβb(D)(A0 + ε2pI)−1Π‖L2→L2 .
(7.15)

Àíàëîãè÷íî (7.9) èç (4.4), (5.34) è (7.3) ñëåäóåò îöåíêà

‖Dβb(D)(A0 + ε2pI)−1Π‖L2(Rd)→L2(Rd) 6 α
1/2
1 sup

ξ∈Ω̃

|ξ|p+|β|
(
c∗|ξ|2p + ε2p

)−1
,

îòêóäà

εp−1‖Dβb(D)(A0 + ε2pI)−1Π‖L2(Rd)→L2(Rd)

6 α1/2
1 c

−1/2−1/2p
∗ r

|β|−1
1 , |β| > 1.

(7.16)

Íåðàâåíñòâà (7.15) è (7.16) âëåêóò

εp−1‖G̃(ε)‖L2(Rd)→L2(Rd) 6 C10, ε > 0, (7.17)
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ãäå

C10 := ‖g‖L∞α1CΛc
−1/2−1/2p
∗

(∑
|α|=p

∑
β6α: |β|>1

Cβαr
|β|−1
1

)
.

Â èòîãå, èç ñîîòíîøåíèé (7.12), (7.13) è (7.17) âûòåêàåò èñêîìîå íåðà-

âåíñòâî (7.7) ñ ïîñòîÿííîé C
(3)
A = C◦A‖g‖

1/2
L∞

+ C10. �

Âûäåëèì ñïåöèàëüíûå ñëó÷àè. Åñëè g0 = g, òî âûïîëíåíû óñëîâèÿ
(5.41), à òîãäà ðåøåíèå Λ çàäà÷è (5.26) ðàâíî íóëþ. Ïîýòîìó (7.6) óïðî-
ùàåòñÿ, è ìû ïðèõîäèì ê ñëåäóþùåìó óòâåðæäåíèþ.

Ïðåäëîæåíèå 7.3. Åñëè g0 = g (ò. å., âûïîëíåíû óñëîâèÿ (5.41)), òî
ñïðàâåäëèâà îöåíêà

‖A1/2
(
(A+ ε2pI)−1 − (A0 + ε2pI)−1

)
‖L2(Rd)→L2(Rd) 6 C

(2)
A ε1−p, ε > 0.

(7.18)

Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà g0 = g.

Ïðåäëîæåíèå 7.4. Åñëè g0 = g (ò. å., ñïðàâåäëèâû ïðåäñòàâëåíèÿ

(5.43)), òî ñïðàâåäëèâà îöåíêà

‖gb(D)(A+ε2pI)−1−g0b(D)(A0+ε2pI)−1‖L2(Rd)→L2(Rd) 6 C̃
(3)
A ε1−p, ε > 0.

(7.19)

Ïîñòîÿííàÿ C̃
(3)
A çàâèñèò ëèøü îò m, d, p, α0, α1, ‖g‖L∞ , ‖g−1‖L∞ è

îò ïàðàìåòðîâ ðåøåòêè Γ.

Äîêàçàòåëüñòâî. Â ñèëó çàìå÷àíèÿ 5.6 â ðàññìàòðèâàåìîì ñëó÷àå âû-
ïîëíåíî g̃(x) = g0 = g. Òîãäà íåðàâåíñòâî (7.7) ïðèíèìàåò âèä

‖gb(D)(A+ ε2pI)−1 − g0b(D)(A0 + ε2pI)−1Π‖L2(Rd)→L2(Rd) 6 C
(3)
A ε1−p

(7.20)
ïðè ε > 0. Àíàëîãè÷íî (7.10) ñ ó÷åòîì (5.40) èìååì

‖g0b(D)(A0 + ε2pI)−1(I −Π)‖L2(Rd)→L2(Rd)

6 ‖g‖L∞α
1/2
1 sup
|ξ|>r0

|ξ|p
(
c∗|ξ|2p + ε2p

)−1
.

Ñëåäîâàòåëüíî,

εp−1‖g0b(D)(A0 + ε2pI)−1(I −Π)‖L2(Rd)→L2(Rd) 6 α
1/2
1 ‖g‖L∞c

−1/2−1/2p
∗ r−1

0 .

(7.21)

Èç (7.20) è (7.21) âûòåêàåò íåðàâåíñòâî (7.19) ñ ïîñòîÿííîé C̃
(3)
A = C

(3)
A +

α
1/2
1 ‖g‖L∞c

−1/2−1/2p
∗ r−1

0 . �

7.3. Àïïðîêñèìàöèÿ ðåçîëüâåíòû
(
A− ζε2pI

)−1 ïðè ζ ∈ C \ R+.
Ïåðåíåñåì òåïåðü ðåçóëüòàòû òåîðåì 7.1 è 7.2 íà ñëó÷àé ðåçîëüâåíòû â
ïðîèçâîëüíîé ðåãóëÿðíîé òî÷êå, íå ëåæàùåé íà R+. Äëÿ ýòîãî èñïîëü-
çóåì ïîäõîäÿùèå òîæäåñòâà äëÿ ðåçîëüâåíò (ñð. [Su]).
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Ïóñòü ζ ∈ C \R+. Ïîëîæèì ζ = |ζ|eiϕ, 0 < ϕ < 2π, è ââåäåì îáîçíà÷å-
íèå

c(ϕ) =

{
| sinϕ|−1, ϕ ∈ (0, π/2) ∪ (3π/2, 2π)

1, ϕ ∈ [π/2, 3π/2]
. (7.22)

Òåîðåìà 7.5. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 7.1. Ïóñòü ζ =
|ζ|eiϕ ∈ C \R+ è c(ϕ) îïðåäåëåíî â (7.22). Ïðè ε > 0 ñïðàâåäëèâà îöåíêà

‖(A− ζε2pI)−1 − (A0 − ζε2pI)−1‖L2(Rd)→L2(Rd) 6 C1c(ϕ)2ε1−2p|ζ|1/2p−1.

(7.23)

Ïîñòîÿííàÿ C1 = 4C̃A çàâèñèò ëèøü îò d, p, α0, α1, ‖g‖L∞ , ‖g−1‖L∞ è

îò ïàðàìåòðîâ ðåøåòêè Γ.

Äîêàçàòåëüñòâî. Ïóñòü ζ̂ = eiϕ, 0 < ϕ < 2π. Âîñïîëüçóåìñÿ òîæäå-
ñòâîì

(A− ζ̂ε2pI)−1 − (A0 − ζ̂ε2pI)−1 = (A+ ε2pI)(A− ζ̂ε2pI)−1

×
(
(A+ ε2pI)−1 − (A0 + ε2pI)−1

)
(A0 + ε2pI)(A0 − ζ̂ε2pI)−1.

(7.24)

Ïîñêîëüêó ñïåêòð îïåðàòîðà A ñîäåðæèòñÿ â R+, òî

‖(A+ ε2pI)(A− ζ̂ε2pI)−1‖L2(Rd)→L2(Rd) 6 sup
x>0

(x+ ε2p)
∣∣x− ζ̂ε2p

∣∣−1

= sup
y>0

(y + 1)
∣∣y − ζ̂∣∣−1

6 2c(ϕ).

(7.25)
Àíàëîãè÷íî,

‖(A0 + ε2pI)(A0 − ζ̂ε2pI)−1‖L2(Rd)→L2(Rd) 6 2c(ϕ). (7.26)

Èç (7.2), (7.24)�(7.26) âûòåêàåò íåðàâåíñòâî

‖(A− ζ̂ε2pI)−1 − (A0 − ζ̂ε2pI)−1‖L2(Rd)→L2(Rd) 6 4c(ϕ)2C̃Aε
1−2p, ε > 0.

(7.27)

Çàìåíÿÿ ε íà ε|ζ|1/2p â (7.27), ïðèõîäèì ê èñêîìîìó íåðàâåíñòâó (7.23).
�

Òåîðåìà 7.6. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 7.2. Ïóñòü ζ =
|ζ|eiϕ ∈ C \R+ è c(ϕ) îïðåäåëåíî â (7.22). Ïðè ε > 0 ñïðàâåäëèâû îöåíêè

‖(A− ζε2pI)−1 − (I + Λb(D)Π)(A0 − ζε2pI)−1‖L2(Rd)→L2(Rd)

6 C2c(ϕ)2ε1−2p|ζ|1/2p−1,
(7.28)

‖A1/2
(
(A− ζε2pI)−1 − (I + Λb(D)Π)(A0 − ζε2pI)−1

)
‖L2(Rd)→L2(Rd)

6 C3c(ϕ)2ε1−p|ζ|1/2p−1/2,
(7.29)

‖gb(D)(A− ζε2pI)−1 − g̃b(D)(A0 − ζε2pI)−1Π‖L2(Rd)→L2(Rd)

6 C4c(ϕ)2ε1−p|ζ|1/2p−1/2.
(7.30)
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Ïîñòîÿííûå C2, C3, C4 çàâèñÿò ëèøü îò m, d, p, α0, α1, ‖g‖L∞ , ‖g−1‖L∞
è îò ïàðàìåòðîâ ðåøåòêè Γ.

Äîêàçàòåëüñòâî. Ïóñòü ζ̂ = eiϕ, 0 < ϕ < 2π. Âîñïîëüçóåìñÿ òîæäå-
ñòâîì

(A− ζ̂ε2pI)−1 − (I + Λb(D)Π)(A0 − ζ̂ε2pI)−1 = (A+ ε2pI)(A− ζ̂ε2pI)−1

×
(
(A+ ε2pI)−1 − (I + Λb(D)Π)(A0 + ε2pI)−1

)
(A0 + ε2pI)(A0 − ζ̂ε2pI)−1

+ ε2p(ζ̂ + 1)(A− ζ̂ε2pI)−1Λb(D)Π(A0 − ζ̂ε2pI)−1.
(7.31)

Ñëàãàåìûå â ïðàâîé ÷àñòè (7.31) îáîçíà÷èì ÷åðåç J1(ζ̂, ε), J2(ζ̂, ε).
Èç (7.5), (7.25) è (7.26) âûòåêàåò îöåíêà

ε2p−1‖J1(ζ̂, ε)‖L2(Rd)→L2(Rd) 6 4c(ϕ)2C
(1)
A . (7.32)

Äëÿ âòîðîãî ÷ëåíà èìååì

‖J2(ζ̂, ε)‖L2(Rd)→L2(Rd) 6 2ε2p‖(A− ζ̂ε2pI)−1‖L2→L2

× ‖ΛΠmb(D)(A0 + ε2pI)−1Π‖L2→L2‖(A0 + ε2pI)(A0 − ζ̂ε2pI)−1‖L2→L2 .
(7.33)

Çàìåòèì, ÷òî íîðìà ðåçîëüâåíòû (A− ζ̂ε2pI)−1 îöåíèâàåòñÿ ÷åðåç âåëè-

÷èíó, îáðàòíóþ ê ðàññòîÿíèþ îò òî÷êè ζ̂ε2p äî R+:

‖(A− ζ̂ε2pI)−1‖L2(Rd)→L2(Rd) 6 ε
−2pc(ϕ). (7.34)

Îáúåäèíÿÿ (7.8), (7.9), (7.26), (7.33) è (7.34), ïîëó÷àåì

ε2p−1‖J2(ζ̂, ε)‖L2(Rd)→L2(Rd) 6 4c(ϕ)2C
(1)
Λ α

1/2
1 c

−1/2p
∗ rp−1

1 . (7.35)

Ñîîòíîøåíèÿ (7.31), (7.32) è (7.35) âëåêóò îöåíêó

‖(A− ζ̂ε2pI)−1 − (I + Λb(D)Π)(A0 − ζ̂ε2pI)−1‖L2(Rd)→L2(Rd)

6 C2c(ϕ)2ε1−2p, ε > 0,
(7.36)

ñ ïîñòîÿííîé C2 = 4C
(1)
A + 4C

(1)
Λ α

1/2
1 c

−1/2p
∗ rp−1

1 . Çàìåíÿÿ ε íà ε|ζ|1/2p â
(7.36), ïðèõîäèì ê (7.28).

Äëÿ ïðîâåðêè íåðàâåíñòâà (7.29), ïðèìåíèì îïåðàòîð A1/2 ê îáåèì
÷àñòÿì ðàâåíñòâà (7.31). Èìååì

A1/2
(

(A− ζ̂ε2pI)−1 − (I + Λb(D)Π)(A0 − ζ̂ε2pI)−1
)

= T1(ζ̂, ε) + T2(ζ̂, ε),

(7.37)
ãäå

T1(ζ̂, ε) = (A+ ε2pI)(A− ζ̂ε2pI)−1

×A1/2
(
(A+ ε2pI)−1 − (I + Λb(D)Π)(A0 + ε2pI)−1

)
× (A0 + ε2pI)(A0 − ζ̂ε2pI)−1,

T2(ζ̂, ε) = ε2p(ζ̂ + 1)A1/2(A− ζ̂ε2pI)−1Λb(D)Π(A0 − ζ̂ε2pI)−1.
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Îöåíêà ïåðâîãî ÷ëåíà ñëåäóåò èç (7.6), (7.25) è (7.26):

εp−1‖T1(ζ̂, ε)‖L2(Rd)→L2(Rd) 6 4C
(2)
A c(ϕ)2, ε > 0. (7.38)

Îöåíèì âòîðîé ÷ëåí:

‖T2(ζ̂, ε)‖L2(Rd)→L2(Rd) 6 2ε2p‖A1/2(A− ζ̂ε2pI)−1‖L2→L2

× ‖ΛΠmb(D)(A0 + ε2pI)−1Π‖L2→L2‖(A0 + ε2pI)(A0 − ζ̂ε2pI)−1‖L2→L2 .
(7.39)

Â ñèëó (4.4), (5.34), (7.3) è (7.8)

‖ΛΠmb(D)(A0 + ε2pI)−1Π‖L2→L2 6 C
(1)
Λ α

1/2
1 sup

ξ∈Ω̃

|ξ|p
(
c∗|ξ|2p + ε2p

)−1
.

(7.40)
Ñ ó÷åòîì (7.25) âûïîëíåíî

‖A1/2(A− ζ̂ε2pI)−1‖L2→L2 6 2c(ϕ)‖A1/2(A+ ε2pI)−1‖L2→L2 6 2c(ϕ)ε−p.
(7.41)

Òåïåðü èç (7.26) è (7.39)�(7.41) âûòåêàåò îöåíêà

εp−1‖T2(ζ̂, ε)‖L2(Rd)→L2(Rd) 6 8c(ϕ)2C
(1)
Λ α

1/2
1 ε2p−1 sup

ξ∈Ω̃

|ξ|p
(
c∗|ξ|2p + ε2p

)−1

6 8c(ϕ)2C
(1)
Λ α

1/2
1 c

−1/2p
∗ rp−1

1 , ε > 0.
(7.42)

Â èòîãå ñîîòíîøåíèÿ (7.37), (7.38) è (7.42) ïðèâîäÿò ê íåðàâåíñòâó

‖A1/2
(

(A− ζ̂ε2pI)−1 − (I + Λb(D)Π)(A0 − ζ̂ε2pI)−1
)
‖L2(Rd)→L2(Rd)

6 C3c(ϕ)2ε1−p, ε > 0,
(7.43)

ñ ïîñòîÿííîé C3 = 4C
(2)
A + 8C

(1)
Λ α

1/2
1 c

−1/2p
∗ rp−1

1 . Çàìåíÿÿ ε íà ε|ζ|1/2p â
(7.43), ïðèõîäèì ê èñêîìîìó íåðàâåíñòâó (7.29).
Îñòàåòñÿ ïðîâåðèòü (7.30). Âîñïîëüçóåìñÿ òîæäåñòâîì

gb(D)(A− ζ̂ε2pI)−1 − g̃b(D)(A0 − ζ̂ε2pI)−1Π

=
(
gb(D)(A+ ε2pI)−1 − g̃b(D)(A0 + ε2pI)−1Π

)
(A0 + ε2pI)(A0 − ζ̂ε2pI)−1

+ (ζ̂ + 1)ε2pgb(D)(A+ ε2pI)−1
(

(A− ζ̂ε2pI)−1 − (A0 − ζ̂ε2pI)−1
)
.

(7.44)

Îáîçíà÷èì ñëàãàåìûå â ïðàâîé ÷àñòè (7.44) ÷åðåç L1(ζ̂, ε), L2(ζ̂, ε). Èç
(7.7) è (7.26) ñëåäóåò îöåíêà

‖L1(ζ̂, ε)‖L2(Rd)→L2(Rd) 6 2C
(3)
A c(ϕ)ε1−p. (7.45)
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Âòîðîé ÷ëåí îöåíèì ñ ïîìîùüþ (7.27):

‖L2(ζ̂, ε)‖L2(Rd)→L2(Rd) 6 8εc(ϕ)2C̃A‖g‖1/2L∞
‖A1/2(A+ ε2pI)−1‖L2→L2

6 8ε1−pc(ϕ)2C̃A‖g‖1/2L∞
.

(7.46)
Òåïåðü èç (7.44)�(7.46) âûòåêàåò îöåíêà

‖gb(D)(A− ζ̂ε2pI)−1 − g̃b(D)(A0 − ζ̂ε2pI)−1Π‖L2(Rd)→L2(Rd) 6 C4c(ϕ)2ε1−p

(7.47)

ïðè ε > 0 ñ ïîñòîÿííîé C4 = 2C
(3)
A + 8C̃A‖g‖1/2L∞

. Çàìåíÿÿ ε íà ε|ζ|1/2p â
(7.47), ïîëó÷àåì íåðàâåíñòâî (7.30). �

7.4. Ñïåöèàëüíûå ñëó÷àè. Óñòàíîâèì àíàëîãè ïðåäëîæåíèé 7.3, 7.4
äëÿ ðåçîëüâåíòû (A−ζε2pI)−1. Ñëåäóþùåå óòâåðæäåíèå ïðÿìî âûòåêàåò
èç (7.29) è èç òîãî, ÷òî Λ = 0 ïðè g0 = g.

Ïðåäëîæåíèå 7.7.Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 7.5. Åñëè g0 = g
(ò. å., âûïîëíåíû óñëîâèÿ (5.41)), òî ñïðàâåäëèâà îöåíêà

‖A1/2
(
(A− ζε2pI)−1 − (A0 − ζε2pI)−1

)
‖L2(Rd)→L2(Rd)

6 C3c(ϕ)2ε1−p|ζ|1/2p−1/2, ε > 0.

Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà g0 = g.

Ïðåäëîæåíèå 7.8.Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 7.5. Åñëè g0 = g
(ò. å., ñïðàâåäëèâû ïðåäñòàâëåíèÿ (5.43)), òî ñïðàâåäëèâà îöåíêà

‖gb(D)(A− ζε2pI)−1 − g0b(D)(A0 − ζε2pI)−1‖L2(Rd)→L2(Rd)

6 C◦4c(ϕ)2ε1−p|ζ|1/2p−1/2, ε > 0.
(7.48)

Ïîñòîÿííàÿ C◦4 çàâèñèò ëèøü îò m, d, p, α0, α1, ‖g‖L∞ , ‖g−1‖L∞ è îò

ïàðàìåòðîâ ðåøåòêè Γ.

Äîêàçàòåëüñòâî. Â ñèëó çàìå÷àíèÿ 5.6 â ðàññìàòðèâàåìîì ñëó÷àå âû-

ïîëíåíî g̃(x) = g0 = g. Ðàññìîòðèì ñíà÷àëà ðåçîëüâåíòó â òî÷êå ζ̂ε2p,

ãäå ζ̂ = eiϕ. Ñïðàâåäëèâ ñëåäóþùèé àíàëîã òîæäåñòâà (7.44):

gb(D)(A− ζ̂ε2pI)−1 − g0b(D)(A0 − ζ̂ε2pI)−1 = L◦1(ζ̂, ε) + L2(ζ̂, ε)

ãäå

L◦1(ζ̂, ε) =
(
gb(D)(A+ ε2pI)−1 − g0b(D)(A0 + ε2pI)−1

)
× (A0 + ε2pI)(A0 − ζ̂ε2pI)−1,

à âòîðîé ÷ëåí L2(ζ̂, ε) � òîò æå, ÷òî â (7.44).
Èç (7.19) è (7.26) âûòåêàåò îöåíêà

‖L◦1(ζ̂, ε)‖L2(Rd)→L2(Rd) 6 2c(ϕ)C̃
(3)
A ε1−p, ε > 0.
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Îòñþäà è èç (7.46) ñëåäóåò, ÷òî ïðè ε > 0 ñïðàâåäëèâî íåðàâåíñòâî

‖gb(D)(A− ζ̂ε2pI)−1 − g0b(D)(A0 − ζ̂ε2pI)−1‖L2(Rd)→L2(Rd) 6 C◦4c(ϕ)2ε1−p,

(7.49)

ãäå C◦4 = 2C̃
(3)
A + 8C̃A‖g‖1/2L∞

. Çàìåíÿÿ ε íà ε|ζ|1/2p â (7.49), ïðèõîäèì ê
(7.48). �

7.5. Óñòðàíåíèå ñãëàæèâàþùåãî îïåðàòîðà. Îêàçûâàåòñÿ, ïðè
äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ îòíîñèòåëüíî ñâîéñòâ ìàòðèöû-
ôóíêöèè Λ(x) ìîæíî èçáàâèòüñÿ îò ñãëàæèâàþùåãî îïåðàòîðà Π â àï-
ïðîêñèìàöèÿõ (7.28)�(7.30). Îäíàêî, ïîðÿäîê îöåíêè ÷ëåíîâ, ñîäåðæà-
ùèõ I − Π, îòëè÷àåòñÿ îò ïîðÿäêà îöåíîê (7.28)�(7.30); ñì. íèæå ïðåä-
ëîæåíèå 7.12.

Óñëîâèå 7.9. Ïðåäïîëîæèì, ÷òî Γ-ïåðèîäè÷åñêîå ðåøåíèå Λ ∈ H̃p(Ω)
çàäà÷è (5.26) îãðàíè÷åíî è ÿâëÿåòñÿ ìóëüòèïëèêàòîðîì èç Hp(Rd;Cm)
â Hp(Rd;Cn):

Λ ∈ L∞(Rd) ∩M(Hp(Rd;Cm)→ Hp(Rd;Cn)).

Ââèäó ïåðèîäè÷íîñòè ìàòðèöû-ôóíêöèè Λ, óñëîâèå 7.9 ðàâíîñèëüíî
òîìó, ÷òî Λ ∈ L∞(Ω) ∩M(Hp(Ω;Cm) → Hp(Ω;Cn)). Íîðìó îïåðàòîðà
[Λ] óìíîæåíèÿ íà ìàòðèöó-ôóíêöèþ Λ(x) îáîçíà÷èì ÷åðåç

MΛ := ‖[Λ]‖Hp(Rd)→Hp(Rd). (7.50)

Îïèñàíèå ïðîñòðàíñòâà ìóëüòèïëèêàòîðîâ â êëàññàõ Ñîáîëåâà ìîæíî
íàéòè â êíèãå [MSh]. Ìîæíî óêàçàòü äîñòàòî÷íûå óñëîâèÿ âûïîëíåíèÿ
óñëîâèÿ 7.9.

Ïðåäëîæåíèå 7.10. Ïóñòü âûïîëíåíî õîòÿ áû îäíî èç ñëåäóþùèõ

äâóõ ïðåäïîëîæåíèé:
1◦. 2p > d;
2◦. g0 = g, ò. å. èìåþò ìåñòî ïðåäñòàâëåíèÿ (5.43).
Òîãäà óñëîâèå 7.9 çàâåäîìî âûïîëíåíî, ïðè÷åì ‖Λ‖L∞ è ìóëüòèïëèêà-

òîðíàÿ íîðìà (7.50) êîíòðîëèðóþòñÿ ÷åðåç m, n, d, p, α0, α1, ‖g‖L∞ ,
‖g−1‖L∞ è ïàðàìåòðû ðåøåòêè Γ.

Äîêàçàòåëüñòâî. Èç òåîðåìû âëîæåíèÿ Ñ. Ë. Ñîáîëåâà è èç òåîðåìû
ïóíêòà 1.3.3 êíèãè [MSh], ñëåäóåò, ÷òî ïðè óñëîâèè 2p > d óñëîâèå 7.9

âûïîëíåíî àâòîìàòè÷åñêè çà ñ÷åò âêëþ÷åíèÿ Λ ∈ H̃p(Ω). Ïðè ýòîì âå-
ëè÷èíû ‖Λ‖L∞ è MΛ îöåíèâàþòñÿ ÷åðåç C‖Λ‖Hp(Ω), ãäå C çàâèñèò îò m,
n, d, p è îò îáëàñòè Ω. Ñ ó÷åòîì îöåíêè (5.51) ïîëó÷àåì ïåðâîå óòâåð-
æäåíèå.
Ïðè äîêàçàòåëüñòâå âòîðîãî óòâåðæäåíèÿ áóäåì ñ÷èòàòü, ÷òî 2p 6 d

(èíà÷å ïðèìåíèìî ïåðâîå óòâåðæäåíèå). Ïðåäïîëîæèì òåïåðü, ÷òî g0 =
g. Â ñèëó çàìå÷àíèÿ 5.6 â ýòîì ñëó÷àå âûïîëíåíî g̃ = g(b(D)Λ+1m) = g0.
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Òîãäà Λ ∈ H̃p(Ω) ÿâëÿåòñÿ Γ-ïåðèîäè÷åñêèì ðåøåíèåì çàäà÷è

b(D)∗b(D)Λ(x) = b(D)∗g(x)−1g0,

∫
Ω

Λ(x) dx = 0. (7.51)

Îïåðàòîð b(D)∗b(D) � ìàòðè÷íûé ýëëèïòè÷åñêèé îïåðàòîð ñ ïîñòîÿí-
íûìè êîýôôèöèåíòàìè. Ïîýòîìó ðåøåíèå çàäà÷è (7.51) ìîæíî îïèñàòü
â òåðìèíàõ êîýôôèöèåíòîâ Ôóðüå:

Λ̂0 = 0; Λ̂s = (b(s)∗b(s))−1 b(s)∗(̂g−1)sg
0, 0 6= s ∈ Γ̃.

Ïîñêîëüêó g−1g0 ∈ L∞ ⊂ Lq(Ω) ïðè ëþáîì q < ∞, òî â ñèëó èçâåñòíîé
òåîðåìû Ìàðöèíêåâè÷à î ìóëüòèïëèêàòîðàõ äëÿ ðÿäîâ Ôóðüå (ñì. [Ma])

âûïîëíåíî Λ ∈ W̃ p
q (Ω) ïðè ëþáîì q <∞. Ôèêñèðóåì q òàêîå, ÷òî pq > d

(íàïðèìåð, q = p−1(d + 1)). Èç òåîðåìû Ìàðöèíêåâè÷à ñëåäóåò îöåíêà
íîðìû ‖Λ‖W p

q (Ω) â òåðìèíàõ m, n, d, p, α0, α1, ‖g‖L∞ è ‖g−1‖L∞ . Äàëåå,
èç òåîðåìû âëîæåíèÿ Ñ. Ë. Ñîáîëåâà è ñëåäñòâèÿ 1 ïóíêòà 1.3.4 êíèãè

[MSh] ñëåäóåò, ÷òî óñëîâèå 7.9 âûïîëíåíî çà ñ÷åò âêëþ÷åíèÿ Λ ∈ W̃ p
q (Ω).

Ïðè ýòîì âåëè÷èíû ‖Λ‖L∞ è MΛ îöåíèâàþòñÿ ÷åðåç C‖Λ‖W p
q (Ω), ãäå C

çàâèñèò îò m, n, d, p è îò îáëàñòè Ω. Ýòî çàâåðøàåò äîêàçàòåëüñòâî
âòîðîãî óòâåðæäåíèÿ. �

Îöåíèì òåïåðü îïåðàòîð b(D)(I − Π)(A0 − ζε2pI)−1 ïî (L2 → Hp)-
íîðìå.

Ëåììà 7.11. Ïðè ε > 0 è ζ ∈ C \ R+ ñïðàâåäëèâà îöåíêà

‖b(D)(I −Π)(A0 − ζε2pI)−1‖L2(Rd)→Hp(Rd) 6 C11c(ϕ), (7.52)

ãäå C11 = 2α
1/2
1 c−1

∗
(
1 + r−2

0

)p/2
.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ (4.4), (5.34) è (7.3), ïîëó÷àåì:

‖b(D)(I −Π)(A0 + |ζ|ε2pI)−1‖L2(Rd)→Hp(Rd)

= sup
ξ∈Rd

(1− χ
Ω̃

(ξ))(1 + |ξ|2)p/2
∣∣∣b(ξ)

(
b(ξ)∗g0b(ξ) + |ζ|ε2p1n

)−1
∣∣∣

6 α1/2
1 sup
|ξ|>r0

(1 + |ξ|2)p/2|ξ|p
(
c∗|ξ|2p + |ζ|ε2p

)−1
6 α1/2

1 c−1
∗
(
1 + r−2

0

)p/2
.

(7.53)
Äàëåå, î÷åâèäíà îöåíêà

‖(A0 + |ζ|ε2pI)(A0 − ζε2pI)−1‖L2(Rd)→L2(Rd) 6 sup
x>0

(x+ |ζ|ε2p)|x− ζε2p|−1

= sup
y>0

(y + 1)|y − ζ̂|−1 6 2c(ϕ).

(7.54)
Èç (7.53) è (7.54) âûòåêàåò (7.52). �

Ïðåäëîæåíèå 7.12. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 7.6, à òàêæå

óñëîâèå 7.9. Òîãäà ïðè ε > 0 ñïðàâåäëèâû îöåíêè

‖Λb(D)(I −Π)(A0 − ζε2pI)−1‖L2(Rd)→L2(Rd) 6 C5c(ϕ), (7.55)
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‖A1/2
(
Λb(D)(I −Π)(A0 − ζε2pI)−1

)
‖L2(Rd)→L2(Rd) 6 C6c(ϕ), (7.56)

‖g̃b(D)(I −Π)(A0 − ζε2pI)−1‖L2(Rd)→L2(Rd) 6 C7c(ϕ), (7.57)

Ïîñòîÿííûå C5, C6 è C7 çàâèñÿò ëèøü îò m, d, p, α0, α1, ‖g‖L∞ ,
‖g−1‖L∞ , îò ïàðàìåòðîâ ðåøåòêè Γ, à òàêæå îò MΛ è ‖Λ‖L∞ .
Äîêàçàòåëüñòâî. Îöåíêà (7.55) ñ ïîñòîÿííîé C5 = ‖Λ‖L∞C11 âûòåêàåò
èç óñëîâèÿ 7.9 è îöåíêè (7.52).
Äëÿ äîêàçàòåëüñòâà (7.56) çàìåòèì, ÷òî

‖A1/2
(
Λb(D)(I −Π)(A0 − ζε2pI)−1

)
‖L2(Rd)→L2(Rd)

6 ‖g‖1/2L∞
α

1/2
1 ‖Λb(D)(I −Π)(A0 − ζε2pI)−1‖L2(Rd)→Hp(Rd).

(7.58)

Èç óñëîâèÿ 7.9 è íåðàâåíñòâ (7.52), (7.58) âûòåêàåò (7.56) ñ ïîñòîÿííîé

C6 = α
1/2
1 ‖g‖

1/2
L∞
MΛC11.

Äëÿ äîêàçàòåëüñòâà íåðàâåíñòâà (7.57) çàìåòèì, ÷òî â ñèëó ëåììû 1
ïóíêòà 1.3.2 êíèãè [MSh] èç óñëîâèÿ 7.9 âûòåêàåò, ÷òî b(D)Λ ÿâëÿåòñÿ
ìóëüòèïëèêàòîðîì èç Hp(Rd;Cm) â L2(Rd;Cm), ïðè÷åì íîðìà ñîîòâåò-
ñòâóþùåãî îïåðàòîðà óìíîæåíèÿ îöåíèâàåòñÿ â òåðìèíàõ α1, ‖Λ‖L∞ è
MΛ:

‖[b(D)Λ]‖Hp(Rd)→L2(Rd) 6 CΛ = CΛ(α1, ‖Λ‖L∞ ,MΛ).

Òîãäà è ìàòðèöà g̃ = g(b(D)Λ + 1m) ÿâëÿåòñÿ ìóëüòèïëèêàòîðîì èç
Hp(Rd;Cm) â L2(Rd;Cm), ïðè÷åì ‖[g̃]‖Hp(Rd)→L2(Rd) 6 ‖g‖L∞(CΛ+1). Îò-

ñþäà è èç (7.52) âûòåêàåò îöåíêà (7.57) ñ ïîñòîÿííîé C7 = ‖g‖L∞(CΛ +
1)C11. �
Òåïåðü òåîðåìà 7.6 è ïðåäëîæåíèå 7.12 âëåêóò ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 7.13. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 7.6, à òàêæå óñëî-

âèå 7.9. Òîãäà ïðè ε > 0 ñïðàâåäëèâû îöåíêè

‖(A− ζε2pI)−1 − (I + Λb(D))(A0 − ζε2pI)−1‖L2(Rd)→L2(Rd)

6 C2c(ϕ)2ε1−2p|ζ|1/2p−1 + C5c(ϕ),

‖A1/2
(
(A− ζε2pI)−1 − (I + Λb(D))(A0 − ζε2pI)−1

)
‖L2(Rd)→L2(Rd)

6 C3c(ϕ)2ε1−p|ζ|1/2p−1/2 + C6c(ϕ),

‖gb(D)(A− ζε2pI)−1 − g̃b(D)(A0 − ζε2pI)−1‖L2(Rd)→L2(Rd)

6 C4c(ϕ)2ε1−p|ζ|1/2p−1/2 + C7c(ϕ).

Ïîñòîÿííûå C2, C3, C4 çàâèñÿò ëèøü îò m, d, p, α0, α1, ‖g‖L∞ , ‖g−1‖L∞
è îò ïàðàìåòðîâ ðåøåòêè Γ. Ïîñòîÿííûå C5, C6, C7 çàâèñÿò îò òåõ

æå âåëè÷èí, à òàêæå îò ‖Λ‖L∞ è MΛ.
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� 8. Óñðåäíåíèå îïåðàòîðà Aε

8.1. Àïïðîêñèìàöèÿ ðåçîëüâåíòû îïåðàòîðà Aε ïî îïåðàòîðíîé
íîðìå â L2(Rd;Cn). Äëÿ âñÿêîé Γ-ïåðèîäè÷åñêîé ôóíêöèè ϕ(x) â Rd
èñïîëüçóåì îáîçíà÷åíèå

ϕε(x) := ϕ(ε−1x), ε > 0.

Â L2(Rd;Cn) ðàññìîòðèì îïåðàòîð Aε, ε > 0, ôîðìàëüíî çàäàííûé
äèôôåðåíöèàëüíûì âûðàæåíèåì

Aε = b(D)∗gε(x)b(D), ε > 0. (8.1)

Êàê îáû÷íî, ñòðîãîå îïðåäåëåíèå îïåðàòîðà Aε äàåòñÿ ÷åðåç ñîîòâåò-
ñòâóþùóþ çàìêíóòóþ êâàäðàòè÷íóþ ôîðìó

aε[u,u] =

∫
Rd

〈gε(x)b(D)u, b(D)u〉 dx, u ∈ Hp(Rd;Cn).

Ôîðìà aε ïîä÷èíåíà îöåíêàì, àíàëîãè÷íûì (4.8):

α0‖g−1‖−1
L∞

∫
Rd

|ξ|2p|û(ξ)|2 dξ 6 aε[u,u] 6 α1‖g‖L∞
∫
Rd

|ξ|2p|û(ξ)|2 dξ. (8.2)

Ïðè ìàëîì ε êîýôôèöèåíòû îïåðàòîðà (8.1) áûñòðî îñöèëëèðóþò. Òè-
ïè÷íàÿ çàäà÷à óñðåäíåíèÿ ïðèìåíèòåëüíî ê îïåðàòîðó (8.1) ñîñòîèò â
àïïðîêñèìàöèè ðåçîëüâåíòû ïðè ìàëîì ε. Èñïîëüçóÿ ðåçóëüòàòû �7 è
ìàñøòàáíîå ïðåîáðàçîâàíèå, ìû âûâîäèì òåîðåìû îá àïïðîêñèìàöèè ðå-
çîëüâåíòû (Aε − ζI)−1 ïðè ζ ∈ C \ R+.
Ïóñòü Tε � óíèòàðíûé â L2(Rd;Cn) îïåðàòîð ìàñøòàáíîãî ïðåîáðà-

çîâàíèÿ, çàäàííûé ñîîòíîøåíèåì

(Tεu)(x) := εd/2u(εx).

Ëåãêî ïðîâåðèòü ñëåäóþùåå òîæäåñòâî

Aε = ε−2pT ∗εATε,

ãäå A � îïåðàòîð (4.1). Òîãäà

(Aε − ζI)−1 = ε2pT ∗ε (A− ζε2pI)−1Tε. (8.3)

Àíàëîãè÷íîå òîæäåñòâî âåðíî è äëÿ îïåðàòîðà A0:

(A0 − ζI)−1 = ε2pT ∗ε (A0 − ζε2pI)−1Tε. (8.4)

Âû÷èòàÿ (8.4) èç (8.3) è ïîëüçóÿñü óíèòàðíîñòüþ îïåðàòîðà Tε, ïîëó÷àåì

‖(Aε − ζI)−1 − (A0 − ζI)−1‖L2(Rd)→L2(Rd)

= ε2p‖(A− ζε2pI)−1 − (A0 − ζε2pI)−1‖L2(Rd)→L2(Rd).
(8.5)

Òåîðåìà 7.5 âìåñòå ñ òîæäåñòâîì (8.5) ïðèâîäÿò ê ñëåäóþùåìó ðåçóëü-
òàòó.
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Òåîðåìà 8.1. Ïóñòü Aε � îïåðàòîð (8.1) è A0 � ýôôåêòèâíûé îïåðà-

òîð (5.33). Ïóñòü ζ = |ζ|eiϕ ∈ C \ R+ è c(ϕ) îïðåäåëåíî â (7.22). Ïðè
ε > 0 ñïðàâåäëèâà îöåíêà

‖(Aε − ζI)−1 − (A0 − ζI)−1‖L2(Rd)→L2(Rd) 6 C1c(ϕ)2ε|ζ|1/2p−1. (8.6)

Ïîñòîÿííàÿ C1 çàâèñèò ëèøü îò d, p, α0, α1, ‖g‖L∞ , ‖g−1‖L∞ è îò

ïàðàìåòðîâ ðåøåòêè Γ.

8.2. Àïïðîêñèìàöèÿ ðåçîëüâåíòû îïåðàòîðà Aε ïî ýíåðãåòè÷å-
ñêîé íîðìå. Òåïåðü ñ ïîìîùüþ òåîðåìû 7.6 ìû ïîëó÷èì àïïðîêñè-
ìàöèþ ðåçîëüâåíòû (Aε − ζI)−1 ïî íîðìå îïåðàòîðîâ, äåéñòâóþùèõ èç
L2(Rd;Cn) â ïðîñòðàíñòâî Ñîáîëåâà Hp(Rd;Cn), à òàêæå àïïðîêñèìà-
öèþ îïåðàòîðîâ gεb(D)(Aε − ζI)−1 (îòâå÷àþùèõ "ïîòîêàì") ïî íîðìå
îïåðàòîðîâ, äåéñòâóþùèõ èç L2(Rd;Cn) â L2(Rd;Cm).
Ïóñòü Πε � ÏÄÎ â L2(Rd;Cn) ñ ñèìâîëîì χ

Ω̃/ε
(ξ), ò. å.,

(Πεu)(x) = (2π)−d/2
∫

Ω̃/ε

ei〈x,ξ〉û(ξ) dξ. (8.7)

Îïåðàòîðû (7.3) è (8.7) ñâÿçàíû ñîîòíîøåíèåì

Πε = T ∗ε ΠTε. (8.8)

Ïîëîæèì
K(ζ; ε) := Λεb(D)(A0 − ζI)−1Πε. (8.9)

Îïåðàòîð (8.9) íàçûâàþò êîððåêòîðîì; ýòîò îïåðàòîð íåïðåðûâíî ïåðå-
âîäèò L2(Rd;Cn) â Hp(Rd;Cn).

Òåîðåìà 8.2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 8.1. Ïóñòü Πε � îïå-

ðàòîð (8.8), K(ζ; ε) � îïåðàòîð (8.9), à g̃(x) � ìàòðèöà-ôóíêöèÿ (5.30).
Ïðè ε > 0 ñïðàâåäëèâû îöåíêè

‖(Aε − ζI)−1 − (A0 − ζI)−1 − ε2pK(ζ; ε)‖L2(Rd)→Hp(Rd)

6 εc(ϕ)2|ζ|1/2p
(
C′|ζ|−1 + C′′|ζ|−1/2

)
,

(8.10)

‖gεb(D)(Aε − ζI)−1 − g̃εb(D)(A0 − ζI)−1Πε‖L2(Rd)→Hp(Rd)

6 εc(ϕ)2C4|ζ|1/2p−1/2.
(8.11)

Ïîñòîÿííûå C′, C′′, C4 çàâèñÿò ëèøü îò m, d, p, α0, α1, ‖g‖L∞ , ‖g−1‖L∞
è îò ïàðàìåòðîâ ðåøåòêè Γ.

Äîêàçàòåëüñòâî. Àíàëîãè÷íî (8.3) ñ ó÷åòîì (8.8) èìååì

K(ζ; ε) = εpT ∗ε Λb(D)(A0 − ζε2pI)−1ΠTε. (8.12)

Èç (8.3), (8.4) è (8.12) âûòåêàåò, ÷òî

‖(Aε − ζI)−1 − (A0 − ζI)−1 − εpK(ζ; ε)‖L2(Rd)→L2(Rd)

= ε2p‖(A− ζε2pI)−1 − (I + Λb(D)Π)(A0 − ζε2pI)−1‖L2(Rd)→L2(Rd).

(8.13)
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Â ñèëó (7.28) è (8.13) ïðè ε > 0 ñïðàâåäëèâà îöåíêà

‖(Aε − ζI)−1 − (A0 − ζI)−1 − εpK(ζ; ε)‖L2(Rd)→L2(Rd) 6 C2c(ϕ)2ε|ζ|1/2p−1.

(8.14)
Àíàëîãè÷íî,

‖A1/2
ε

(
(Aε − ζI)−1 − (A0 − ζI)−1 − εpK(ζ; ε)

)
‖L2(Rd)→L2(Rd)

= εp‖A1/2
(
(A− ζε2pI)−1 − (I + Λb(D)Π)(A0 − ζε2pI)−1

)
‖L2(Rd)→L2(Rd).

Îòñþäà è èç (7.29) âûâîäèòñÿ íåðàâåíñòâî

‖A1/2
ε

(
(Aε − ζI)−1 − (A0 − ζI)−1 − εpK(ζ; ε)

)
‖L2(Rd)→L2(Rd)

6 C3c(ϕ)2ε|ζ|1/2p−1/2.
(8.15)

Ïîñêîëüêó (1 + |ξ|2)p 6 2p−1(1 + |ξ|2p), ñ ó÷åòîì íèæíåé îöåíêè (8.2)
äëÿ ëþáîé ôóíêöèè u ∈ Hp(Rd;Cn) âûïîëíåíî

‖u‖2Hp(Rd) =

∫
Rd

(1 + |ξ|2)p|û(ξ)|2 dξ 6 2p−1

∫
Rd

(1 + |ξ|2p)|û(ξ)|2 dξ

6 2p−1
(
‖u‖2L2(Rd) + α−1

0 ‖g
−1‖L∞‖A1/2

ε u‖2L2(Rd)

)
.

Îòñþäà è èç (8.14), (8.15) âûòåêàåò (8.10) ñ ïîñòîÿííûìè

C′ = 2(p−1)/2C2, C′′ = 2(p−1)/2C3α
−1/2
0 ‖g−1‖1/2L∞

.

Íåðàâåíñòâî (8.11) ïðÿìî ñëåäóåò èç (7.30) ñ ïîìîùüþ ìàñøòàáíîãî
ïðåîáðàçîâàíèÿ. �

Çàìå÷àíèå 8.3. 1) Ïðè ôèêñèðîâàííîì ζ ∈ C \ R+ îöåíêè èç òåîðåì
8.1, 8.2 èìåþò òî÷íûé ïîðÿäîê O(ε). Ïðè áîëüøîì |ζ| ïîðÿäîê îöåíîê
óëó÷øàåòñÿ çà ñ÷åò ïðèñóòñòâèÿ ìíîæèòåëåé âèäà |ζ|−s (ïðè s > 0) â
ïðàâûõ ÷àñòÿõ. 2) Îöåíêè (8.6), (8.10), (8.11) ðàâíîìåðíû ïî óãëó ϕ â
ëþáîì ñåêòîðå âèäà {ζ = |ζ|eiϕ ∈ C : ϕ0 6 ϕ 6 2π−ϕ0} ñî ñêîëü óãîäíî
ìàëûì ϕ0.

8.3. Ñïåöèàëüíûå ñëó÷àè. Åñëè g0 = g, òî Λ = 0 è êîððåêòîð (8.9)
îáðàùàåòñÿ â íîëü. Â ýòîì ñëó÷àå (8.10) óïðîùàåòñÿ.

Ïðåäëîæåíèå 8.4. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 8.1. Ïóñòü
g0 = g (ò. å., âûïîëíåíû óñëîâèÿ (5.41)). Òîãäà ïðè ε > 0 ñïðàâåäëè-

âà îöåíêà

‖(Aε − ζI)−1 − (A0 − ζI)−1‖L2(Rd)→Hp(Rd)

6 εc(ϕ)2|ζ|1/2p
(
C′|ζ|−1 + C′′|ζ|−1/2

)
.

Ñëåäóþùåå óòâåðæäåíèå âûâîäèòñÿ èç ïðåäëîæåíèÿ 7.8 ìàñøòàáíûì
ïðåîáðàçîâàíèåì.
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Ïðåäëîæåíèå 8.5.Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 8.1. Åñëè g0 = g
(ò. å., ñïðàâåäëèâû ïðåäñòàâëåíèÿ (5.43)), òî ïðè ε > 0 ñïðàâåäëèâà

îöåíêà

‖gεb(D)(A− ζI)−1 − g0b(D)(A0 − ζI)−1‖L2(Rd)→L2(Rd)

6 C◦4c(ϕ)2ε|ζ|1/2p−1/2.

8.4. Óñòðàíåíèå ñãëàæèâàþùåãî îïåðàòîðà. Ïðåäïîëîæèì òåïåðü,
÷òî âûïîëíåíî óñëîâèå 7.9. Òîãäà âìåñòî êîððåêòîðà (8.9) ìîæíî èñïîëü-
çîâàòü îïåðàòîð

K0(ζ; ε) := Λεb(D)(A0 − ζI)−1, (8.16)

êîòîðûé â ýòîì ñëó÷àå íåïðåðûâíî ïåðåâîäèò L2(Rd;Cn) â Hp(Rd;Cn).
Îòìåòèì, ÷òî îïåðàòîð (8.16) � òðàäèöèîííûé êîððåêòîð, ïðèìåíÿåìûé
â òåîðèè óñðåäíåíèé.
Èç òåîðåìû 7.13 ìàñøòàáíûì ïðåîáðàçîâàíèåì âûâîäèòñÿ ñëåäóþùèé

ðåçóëüòàò (ñð. ñ âûâîäîì òåîðåìû 8.2).

Òåîðåìà 8.6. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 8.1, à òàêæå óñëî-

âèå 7.9. Ïóñòü K0(ζ; ε) � îïåðàòîð (8.16), à g̃(x) � ìàòðèöà-ôóíêöèÿ

(5.30). Òîãäà ïðè 0 < ε 6 1 ñïðàâåäëèâû îöåíêè

‖(Aε − ζI)−1 − (A0 − ζI)−1 − εpK0(ζ; ε)‖L2(Rd)→Hp(Rd)

6 εc(ϕ)2|ζ|1/2p
(
C′|ζ|−1 + C′′|ζ|−1/2

)
+ C8ε

pc(ϕ),
(8.17)

‖gεb(D)(A− ζI)−1 − g̃εb(D)(A0 − ζI)−1‖L2(Rd)→L2(Rd)

6 εC4c(ϕ)2|ζ|1/2p−1/2 + C7ε
pc(ϕ).

(8.18)

Ïîñòîÿííûå C′, C′′, C4 çàâèñÿò ëèøü îò m, d, p, α0, α1, ‖g‖L∞ , ‖g−1‖L∞
è îò ïàðàìåòðîâ ðåøåòêè Γ. Ïîñòîÿííûå C7 è C8 çàâèñÿò îò òåõ æå

âåëè÷èí, à òàêæå îò ‖Λ‖L∞ è MΛ.

Îòìåòèì, ÷òî â òåîðåìå 8.6 ìû íàëîæèëè îãðàíè÷åíèå 0 < ε 6 1,
ïîñêîëüêó ïðè âûâîäå (8.17) èñïîëüçóåòñÿ, ÷òî ε2p 6 εp. Êðîìå òîãî,
îöåíêè (8.17), (8.18) ïðåäñòàâëÿþò èíòåðåñ ïðè ìàëîì ε. Âûðàæåíèå äëÿ

ïîñòîÿííîé C8 èìååò âèä C8 = 2(p−1)/2
(
C5 + α

−1/2
0 ‖g−1‖1/2L∞

C6

)
.

Ñîïîñòàâëÿÿ ïðåäëîæåíèå 7.10 è òåîðåìó 8.6, ïðèõîäèì ê ñëåäóþùåìó
óòâåðæäåíèþ.

Ñëåäñòâèå 8.7. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 8.1. Ïóñòü K0(ζ; ε)
� îïåðàòîð (8.16), à g̃(x) � ìàòðèöà-ôóíêöèÿ (5.30). Êðîìå òîãî,

ïóñòü âûïîëíåíî õîòÿ áû îäíî èç ñëåäóþùèõ äâóõ ïðåäïîëîæåíèé:
1◦. 2p > d;
2◦. g0 = g, ò. å. èìåþò ìåñòî ïðåäñòàâëåíèÿ (5.43).
Òîãäà ïðè 0 < ε 6 1 ñïðàâåäëèâû îöåíêè (8.17) è (8.18). Ïðè ýòîì âñå

ïîñòîÿííûå â ýòèõ îöåíêàõ çàâèñÿò ëèøü îò m, n, d, p, α0, α1, ‖g‖L∞ ,
‖g−1‖L∞ è îò ïàðàìåòðîâ ðåøåòêè Γ.
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Çàìå÷àíèå 8.8. 1) Ïðè ôèêñèðîâàííîì ζ ∈ C \ R+ îöåíêè èç òåîðåìû
8.6 èìåþò òî÷íûé ïîðÿäîê O(ε). 2) Îöåíêè (8.17) è (8.18) ðàâíîìåðíû ïî
óãëó ϕ â ëþáîì ñåêòîðå âèäà {ζ = |ζ|eiϕ ∈ C : ϕ0 6 ϕ 6 2π−ϕ0} ñî ñêîëü
óãîäíî ìàëûì ϕ0. 3) Óñëîâèÿ ñëåäñòâèÿ 8.7 âûïîëíåíû â ñëåäóþùèõ
èíòåðåñíûõ äëÿ ïðèëîæåíèé ñëó÷àÿõ: a) êîãäà p = 2 è d = 2 èëè d = 3,
âûïîëíåíî 2p > d; á) êîãäà m = n, âûïîëíåíî g0 = g. Íàïðèìåð, ýòî
âåðíî äëÿ îïåðàòîðà Aε = ∆gε(x)∆.
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