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ÀÍÍÎÒÀÖÈß


Â L2(Rd;Cn) ðàññìàòðèâàåòñÿ ñàìîñîïðÿæåííûé îïåðàòîð
Bε, 0 < ε 6 1, ïîðîæäåííûé äèôôåðåíöèàëüíûì âûðàæåíèåì


b(D)∗g(x/ε)b(D) +
∑d


j=1(aj(x/ε)Dj + Djaj(x/ε)
∗) + Q(x/ε), ãäå


b(D) =
∑d


l=1 blDl � äèôôåðåíöèàëüíûé îïåðàòîð ïåðâîãî ïîðÿä-


êà, à g, aj , Q � ìàòðèöû-ôóíêöèè â Rd, ïåðèîäè÷åñêèå îòíîñèòåëüíî
íåêîòîðîé ðåøåòêè Γ. Ïðè ýòîì g îãðàíè÷åíà è ïîëîæèòåëüíî îïðåäå-
ëåíà, à êîýôôèöèåíòû aj , Q, âîîáùå ãîâîðÿ, íåîãðàíè÷åíû. Èçó÷àåòñÿ
îáîáùåííàÿ ðåçîëüâåíòà (Bε − ζQ0(x/ε))−1, ãäå Q0 � Γ-ïåðèîäè÷åñêàÿ,
îãðàíè÷åííàÿ è ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà-ôóíêöèÿ, à ζ �
êîìïëåêñíûé ïàðàìåòð. Ïîëó÷åíû àïïðîêñèìàöèè îáîáùåííîé ðåçîëü-
âåíòû ïî (L2 → L2)- è (L2 → H1)-íîðìàì ñ äâóõïàðàìåòðè÷åñêèìè
îöåíêàìè ïîãðåøíîñòè (îòíîñèòåëüíî ïàðàìåòðîâ ε è ζ).


Êëþ÷åâûå ñëîâà: ïåðèîäè÷åñêèå äèôôåðåíöèàëüíûå îïåðàòîðû, ýë-
ëèïòè÷åñêèå ñèñòåìû, óñðåäíåíèå, êîððåêòîð, îïåðàòîðíûå îöåíêè ïî-
ãðåøíîñòè.


Èññëåäîâàíèå âûïîëíåíî ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò 14-01-00760)
è ÑÏáÃÓ (ïðîåêò 11.38.263.2014). Ïåðâûé àâòîð ïîääåðæàí Ëàáîðà-
òîðèåé èì. Ï. Ë. ×åáûøåâà ÑÏáÃÓ, ãðàíò Ïðàâèòåëüñòâà ÐÔ, äîã.
11.G34.31.0026, è ÎÀÎ


”
Ãàçïðîì-íåôòü“.
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Ñîäåðæàíèå


Ââåäåíèå 3
� 1. Êëàññ îïåðàòîðîâ. Àïïðîêñèìàöèÿ îáîáùåííîé ðåçîëüâåíòû


(Bε + λ0Q
ε
0)−1 8


� 2. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ 18
� 3. Ñãëàæèâàíèå ïî Ñòåêëîâó. Äðóãàÿ àïïðîêñèìàöèÿ


îáîáùåííîé ðåçîëüâåíòû (Bε + λ0Q
ε
0)−1 24


� 4. Îñíîâíûå ðåçóëüòàòû ðàáîòû 27
� 5. Äîêàçàòåëüñòâî òåîðåìû 4.1 29
� 6. Äîêàçàòåëüñòâî òåîðåì 4.2 è 4.4 33
� 7. Óñòðàíåíèå ñãëàæèâàþùåãî îïåðàòîðà.


Ñïåöèàëüíûå ñëó÷àè 41
� 8. Äðóãàÿ àïïðîêñèìàöèÿ


îáîáùåííîé ðåçîëüâåíòû (Bε − ζQε0)−1 47
� 9. Ïðèìåðû ïðèìåíåíèÿ îáùèõ ðåçóëüòàòîâ 54
Ñïèñîê ëèòåðàòóðû 61


Ââåäåíèå


Ñòàòüÿ îòíîñèòñÿ ê òåîðèè óñðåäíåíèÿ ïåðèîäè÷åñêèõ äèôôåðåíöè-
àëüíûõ îïåðàòîðîâ (ÄÎ). Òåîðèè óñðåäíåíèÿ ïîñâÿùåíà îáøèðíàÿ ëè-
òåðàòóðà. Â ïåðâóþ î÷åðåäü óêàæåì êíèãè [BeLPap, BaPan, ZhKO].


0.1. Ïîñòàíîâêà çàäà÷è. Â ðàáîòå èçó÷àþòñÿ ìàòðè÷íûå ýëëèïòè÷å-
ñêèå ÄÎ Bε, 0 < ε 6 1, äåéñòâóþùèå â ïðîñòðàíñòâå L2(Rd;Cn). Ïóñòü Γ
� ðåøåòêà â Rd, Ω � ÿ÷åéêà ðåøåòêè Γ. Äëÿ Γ-ïåðèîäè÷åñêèõ ôóíêöèé
â Rd èñïîëüçóåì îáîçíà÷åíèÿ ψε(x) := ψ(ε−1x), ψ := |Ω|−1


∫
Ω ψ(x) dx.


Ñòàðøàÿ ÷àñòü Aε îïåðàòîðà Bε çàäàåòñÿ â ôàêòîðèçîâàííîé ôîðìå


Aε = b(D)∗gε(x)b(D), (0.1)


ãäå b(D) � ìàòðè÷íûé îäíîðîäíûé ÄÎ ïåðâîãî ïîðÿäêà è g(x) � Γ-
ïåðèîäè÷åñêàÿ ìàòðèöà-ôóíêöèÿ â Rd, îãðàíè÷åííàÿ è ïîëîæèòåëüíî
îïðåäåëåííàÿ. (Òî÷íûå óñëîâèÿ íà b(D) è g(x) ïðèâåäåíû íèæå â ï. 1.3.)
Ïðîñòåéøèé ïðèìåð îïåðàòîðà Aε � îïåðàòîð àêóñòèêè −div gε(x)∇;
îïåðàòîð òåîðèè óïðóãîñòè òàêæå äîïóñêàåò çàïèñü â òðåáóåìîì âèäå.
Çàäà÷à óñðåäíåíèÿ äëÿ îïåðàòîðà Aε ïîäðîáíî èññëåäîâàëàñü â ñåðèè
ðàáîò [BSu1, BSu2, BSu3], à òàêæå â [Su5, Su7]. Ñåé÷àñ ìû ðàññìàòðèâàåì
áîëåå îáùèé ñàìîñîïðÿæåííûé ÄÎ Bε, âêëþ÷àþùèé ìëàäøèå ÷ëåíû:


Bε = b(D)∗gε(x)b(D) +
d∑
j=1


(
aεj(x)Dj +Dja


ε
j(x)∗


)
+Qε(x). (0.2)


Çäåñü aj(x) � Γ-ïåðèîäè÷åñêèå ìàòðèöû-ôóíêöèè, âîîáùå ãîâîðÿ,
íåîãðàíè÷åííûå. Â îáùåì ñëó÷àå êîýôôèöèåíò Q(x) � îáîáùåííàÿ
ôóíêöèÿ, ïîðîæäåííàÿ íåêîòîðîé ïåðèîäè÷åñêîé ìåðîé ñî çíà÷åíèÿìè







4


â êëàññå ýðìèòîâûõ ìàòðèö. (Òî÷íûå óñëîâèÿ íà êîýôôèöèåíòû äàíû
íèæå â ï. 1.4, 1.5.) Òî÷íîå îïðåäåëåíèå îïåðàòîðà Bε äàåòñÿ ÷åðåç ñîîò-
âåòñòâóþùóþ êâàäðàòè÷íóþ ôîðìó.
Êîýôôèöèåíòû îïåðàòîðà (0.2) áûñòðî îñöèëëèðóþò ïðè ε → 0. Òè-


ïè÷íàÿ çàäà÷à òåîðèè óñðåäíåíèÿ ïðèìåíèòåëüíî ê îïåðàòîðó Bε ñî-
ñòîèò â àïïðîêñèìàöèè ïðè ε → 0 ðåçîëüâåíòû (Bε − ζI)−1 ëèáî


îáîáùåííîé ðåçîëüâåíòû (Bε − ζQε0)−1. Çäåñü Q0(x) � Γ-ïåðèîäè÷åñêàÿ
ìàòðèöà-ôóíêöèÿ, ïîëîæèòåëüíî îïðåäåëåííàÿ è îãðàíè÷åííàÿ.


0.2. Îáçîð ðåçóëüòàòîâ ïî îïåðàòîðíûì îöåíêàì ïîãðåøíîñòè.
Çàäà÷à óñðåäíåíèÿ äëÿ îïåðàòîðà Aε èçó÷àëàñü â öèêëå ðàáîò [BSu1,
BSu2, BSu3] Ì. Ø. Áèðìàíà è Ò. À. Ñóñëèíîé. Â [BSu1] áûëà ïîëó÷åíà
îöåíêà


‖(Aε + I)−1 − (A0 + I)−1‖L2(Rd)→L2(Rd) 6 Cε. (0.3)


Çäåñü A0 = b(D)∗g0b(D) � ýôôåêòèâíûé îïåðàòîð ñ ïîñòîÿííîé ýôôåê-
òèâíîé ìàòðèöåé g0. Îïðåäåëåíèå ýôôåêòèâíîé ìàòðèöû (ñì. ï. 1.8
íèæå) õîðîøî èçâåñòíî â òåîðèè óñðåäíåíèÿ. Äàëåå, â [BSu3] áûëà íàé-
äåíà àïïðîêñèìàöèÿ ðåçîëüâåíòû (Aε + I)−1 ïî íîðìå îïåðàòîðîâ, äåé-
ñòâóþùèõ èç L2(Rd;Cn) â êëàññ Ñîáîëåâà H1(Rd;Cn):


‖(Aε + I)−1 − (A0 + I)−1 − εK(ε)‖L2(Rd)→H1(Rd) 6 Cε. (0.4)


Çäåñü K(ε) � êîððåêòîð. Êîððåêòîð ïðåäñòàâëÿåò ñîáîé îïåðàòîð íó-
ëåâîãî ïî ε ïîðÿäêà, íî ñîäåðæèò áûñòðî îñöèëëèðóþùèå ìíîæèòåëè,
ïîýòîìó ‖K(ε)‖L2→H1 = O(ε−1). Îöåíêè âèäà (0.3), (0.4), ïîëó÷èâøèå íà-
çâàíèå îïåðàòîðíûõ îöåíîê ïîãðåøíîñòè, èìåþò òî÷íûé ïîðÿäîê O(ε);
ïîñòîÿííûå â îöåíêàõ êîíòðîëèðóþòñÿ ÿâíî ÷åðåç äàííûå çàäà÷è. Ìåòîä
ðàáîò [BSu1, BSu2, BSu3] îñíîâàí íà ïðèìåíåíèè ìàñøòàáíîãî ïðåîáðà-
çîâàíèÿ, òåîðèè Ôëîêå�Áëîõà è àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé.
Âïîñëåäñòâèè ìåòîä [BSu1, BSu2, BSu3] áûë îáîáùåí Ò. À. Ñóñëèíîé


[Su1, Su2, Su6] íà ñëó÷àé îïåðàòîðà (0.2). Â ðàáîòå [Su2] óñòàíîâëåíû
àíàëîãè îöåíîê (0.3), (0.4):


‖(Bε + λQε0)−1 − (B0 + λQ0)−1‖L2(Rd)→L2(Rd) 6 Cε, (0.5)


‖(Bε + λQε0)−1 − (B0 + λQ0)−1 − εK(ε)‖L2(Rd)→H1(Rd) 6 Cε. (0.6)


Çäåñü âåùåñòâåííàÿ ïîñòîÿííàÿ λ âûáðàíà òàê, ÷òîáû îïåðàòîð Bε+λQε0
áûë ïîëîæèòåëüíî îïðåäåëåí; B0 � ñîîòâåòñòâóþùèé ýôôåêòèâíûé îïå-
ðàòîð ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Îöåíêè (0.5), (0.6) èìåþò òî÷-
íûé ïîðÿäîê O(ε), ïîñòîÿííûå äîïóñêàþò êîíòðîëü ÷åðåç äàííûå çàäà÷è
è |λ| (íî çàäà÷à î ïîëó÷åíèè îöåíîê ñ îïòèìàëüíîé çàâèñèìîñòüþ êîí-
ñòàíò îò ñïåêòðàëüíîãî ïàðàìåòðà λ íå ñòàâèëàñü).
Äðóãîé ïîäõîä ê ïîëó÷åíèþ îïåðàòîðíûõ îöåíîê ïîãðåøíîñòè â òåî-


ðèè óñðåäíåíèÿ áûë ïðåäëîæåí Â. Â. Æèêîâûì. Â ðàáîòàõ [Zh1, Zh2] è
[ZhPas] áûëè ïîëó÷åíû îöåíêè âèäà (0.3), (0.4) äëÿ îïåðàòîðîâ àêóñòèêè
è òåîðèè óïðóãîñòè. Ìåòîä îñíîâàí íà àíàëèçå ïåðâîãî ïðèáëèæåíèÿ ê
ðåøåíèþ è ââåäåíèè äîïîëíèòåëüíîãî ïàðàìåòðà. Ïîìèìî çàäà÷ â Rd â
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[Zh1, Zh2, ZhPas] èçó÷àëèñü çàäà÷è â îãðàíè÷åííîé îáëàñòè O ⊂ Rd ïðè
óñëîâèè Äèðèõëå ëèáî Íåéìàíà íà ãðàíèöå.
Òàêæå îïåðàòîðíûå îöåíêè ïîãðåøíîñòè äëÿ çàäà÷ Äèðèõëå è Íåé-


ìàíà äëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà (áåç ìëàäøèõ ÷ëå-
íîâ) â îãðàíè÷åííîé îáëàñòè èçó÷àëèñü ðàçëè÷íûìè ìåòîäàìè â ðàáîòàõ
[Gr1, Gr2], [KeLiS], [PSu], [Su3, Su4, Su5, Su7]; ñì. ïîäðîáíûé îáçîð âî
ââåäåíèè ê ðàáîòàì [Su4, Su7].
Â ïðèñóòñòâèè ÷ëåíîâ ïåðâîãî è íóëåâîãî ïîðÿäêîâ çàäà÷à óñðåäíåíèÿ


äëÿ îïåðàòîðà âèäà (0.2) â Rd èçó÷àëàñü â ñòàòüå [Bo] Ä. È. Áîðèñîâà.
Â [Bo] áûëî íàéäåíî âûðàæåíèå äëÿ ýôôåêòèâíîãî îïåðàòîðà B0 è ïî-
ëó÷åíû îöåíêè ïîãðåøíîñòè âèäà (0.5), (0.6). Ïðè ýòîì ïðåäïîëàãàëîñü,
÷òî êîýôôèöèåíòû îïåðàòîðà çàâèñÿò íå òîëüêî îò áûñòðîé, íî è îò
ìåäëåííîé ïåðåìåííîé. Îäíàêî â [Bo] êîýôôèöèåíòû îïåðàòîðà ïðåäïî-
ëàãàëèñü äîñòàòî÷íî ãëàäêèìè.
Äî ñèõ ïîð ðå÷ü øëà îá àïïðîêñèìàöèè ðåçîëüâåíò â ôèêñèðîâàííîé


ðåãóëÿðíîé òî÷êå. Àïïðîêñèìàöèÿ îïåðàòîðà (Aε− ζI)−1 â çàâèñèìîñòè
îò ε è ζ = |ζ|eiφ ∈ C \ R+ ïîëó÷åíà â íåäàâíèõ ðàáîòàõ [Su5, Su7]:


‖(Aε − ζI)−1 − (A0 − ζI)−1‖L2(Rd)→L2(Rd) 6 C(φ)|ζ|−1/2ε, (0.7)


‖(Aε − ζI)−1 − (A0 − ζI)−1 − εK(ε; ζ)‖L2(Rd)→H1(Rd) 6 C(φ)(1 + |ζ|−1/2)ε.


(0.8)


Áûëà ïðîñëåæåíà çàâèñèìîñòü êîíñòàíò â îöåíêàõ (0.7), (0.8) îò óãëà φ.
Îöåíêè (0.7), (0.8) ÿâëÿþòñÿ äâóõïàðàìåòðè÷åñêèìè (îòíîñèòåëüíî ε è
|ζ|); îíè ðàâíîìåðíû ïî φ â ñåêòîðå φ ∈ [φ0, 2π−φ0] ïðè ñêîëü óãîäíî ìà-
ëîì φ0 > 0. Â ðàáîòàõ [Su5, Su7] òàêæå ïîëó÷åíû äâóõïàðàìåòðè÷åñêèå
îöåíêè ïîãðåøíîñòè ïðè óñðåäíåíèè ðåçîëüâåíò îïåðàòîðîâ AD,ε, AN,ε
âèäà (0.1), äåéñòâóþùèõ â îãðàíè÷åííîé îáëàñòè ïðè óñëîâèè Äèðèõëå
ëèáî Íåéìàíà íà ãðàíèöå.
Ñòèìóëîì ê ïîëó÷åíèþ äâóõïàðàìåòðè÷åñêèõ îöåíîê âèäà (0.7), (0.8)


ïîñëóæèëî èçó÷åíèå óñðåäíåíèÿ ïàðàáîëè÷åñêèõ çàäà÷, îñíîâàííîå íà
ïðåäñòàâëåíèè îïåðàòîðíîé ýêñïîíåíòû â âèäå


e−A†,εt = −(2πi)−1


∫
γ
e−ζt(A†,ε − ζI)−1 dζ, † = D,N,


ãäå γ ⊂ C � êîíòóð, îáõîäÿùèé ñïåêòð îïåðàòîðà A†,ε â ïîëîæèòåëüíîì
íàïðàâëåíèè. (Ïîäðîáíåå ñì. [MSu1, MSu2].)


0.3. Îñíîâíûå ðåçóëüòàòû. Ïðåæäå ÷åì ôîðìóëèðîâàòü ðåçóëüòàòû,
óäîáíî ïåðåéòè ê íåîòðèöàòåëüíîìó îïåðàòîðó Bε = Bε + cQε0, âûáèðàÿ
ïîäõîäÿùóþ ïîñòîÿííóþ c. Òîãäà B0 = B0 + cQ0 � ñîîòâåòñòâóþùèé
ýôôåêòèâíûé îïåðàòîð. Öåëü ðàáîòû � ïîëó÷åíèå àïïðîêñèìàöèé îáîá-
ùåííîé ðåçîëüâåíòû (Bε − ζQε0)−1 â çàâèñèìîñòè îò ε è ñïåêòðàëüíîãî
ïàðàìåòðà ζ.
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Îñíîâíûå ðåçóëüòàòû ðàáîòû � îöåíêè


‖(Bε − ζQε0)−1 − (B0 − ζQ0)−1‖L2(Rd)→L2(Rd) 6 C(φ)ε|ζ|−1/2, (0.9)


‖(Bε − ζQε0)−1 − (B0 − ζQ0)−1 − εK(ε; ζ)‖L2(Rd)→H1(Rd) 6 C(φ)ε, (0.10)


ñïðàâåäëèâûå ïðè ζ ∈ C \ R+, |ζ| > 1, è 0 < ε 6 1. Ïðîñëåæåíà
çàâèñèìîñòü êîíñòàíò â îöåíêàõ îò óãëà φ = arg ζ. Äâóõïàðàìåòðè-
÷åñêèå îöåíêè (0.9) è (0.10) ðàâíîìåðíû ïî φ â ëþáîé îáëàñòè âèäà
{ζ = |ζ|eiφ ∈ C : |ζ| > 1, φ0 6 φ 6 2π − φ0} ïðè ñêîëü óãîäíî ìàëîì
φ0 > 0.
Êîððåêòîð â (0.10) â îáùåì ñëó÷àå ñîäåðæèò ñãëàæèâàþùèé îïåðàòîð.


Ìû âûäåëÿåì ñëó÷àè, êîãäà ìîæíî èñïîëüçîâàòü áîëåå ïðîñòîé êîððåê-
òîð.
Ïîìèìî îöåíîê äëÿ îáîáùåííîé ðåçîëüâåíòû ìû íàõîäèì àïïðîêñè-


ìàöèþ ïî (L2 → L2)-íîðìå îïåðàòîðîâ âèäà gεb(D)(Bε − ζQε0)−1, îòâå-
÷àþùèõ ïîòîêàì.
Îöåíêè (0.9), (0.10) îáîáùàþò ðåçóëüòàòû (0.7), (0.8) èç [Su5, Su7]


íà îïåðàòîð Bε, âêëþ÷àþùèé ìëàäøèå ÷ëåíû. Îäíàêî åñòü è îòëè÷èå :
îöåíêè (0.7), (0.8) ñïðàâåäëèâû âî âñåé îáëàñòè ζ ∈ C\R+, â òî âðåìÿ êàê
â (0.9), (0.10) äîïîëíèòåëüíî ïðåäïîëàãàåòñÿ, ÷òî |ζ| > 1. Ýòî ñâÿçàíî ñ
ïðèñóòñòâèåì ÷ëåíîâ ïåðâîãî è íóëåâîãî ïîðÿäêîâ.
Äëÿ ïîëíîòû èçëîæåíèÿ ìû íàõîäèì àïïðîêñèìàöèþ îïåðàòîðà


(Bε − ζQε0)−1, ñïðàâåäëèâóþ â áîëåå øèðîêîé îáëàñòè èçìåíåíèÿ ïàðà-
ìåòðà ζ ñ îöåíêàìè ïîãðåøíîñòè, èìåþùèìè äðóãîå ïîâåäåíèå îòíîñè-
òåëüíî ζ. (Ïîäðîáíåå ñì. �8 íèæå.)


0.4. Ìåòîä èññëåäîâàíèÿ. Ìåòîä îñíîâàí íà ïðèìåíåíèè ðåçóëüòàòîâ
(0.5), (0.6) â ôèêñèðîâàííîé òî÷êå λ ê îïåðàòîðíîìó ñåìåéñòâó Bε(ϑ),
çàâèñÿùåìó îò äîïîëíèòåëüíîãî ïàðàìåòðà 0 < ϑ 6 1. Îïåðàòîð Bε(ϑ)
ïîëó÷àåòñÿ èç îïåðàòîðà Bε äîìíîæåíèåì êîýôôèöèåíòîâ aεj(x) íà ϑ,


à êîýôôèöèåíòîâ Qε(x) è Qε0(x) íà ϑ2. Îöåíêè (0.5), (0.6) ñïðàâåäëèâû
äëÿ (Bε(ϑ) + λQε0)−1 ñ îáùèìè ïîñòîÿííûìè ïðè âñåõ 0 < ϑ 6 1.
Îáñóäèì äîêàçàòåëüñòâî îöåíêè (0.9). Ïðèìåíÿÿ (0.5) ê Bε(ϑ) è äåëàÿ


ìàñøòàáíîå ïðåîáðàçîâàíèå, ïîëó÷àåì îöåíêó


‖(B(ε;ϑ) + λε2Q0)−1 − (B0(ε;ϑ) + λε2Q0)−1‖L2(Rd)→L2(Rd)


6 Cε−1, 0 < ϑ 6 1, 0 < ε 6 ϑ−1.
(0.11)


(Ïðè 1 < ε 6 ϑ−1 èñïîëüçóþòñÿ ãðóáûå îöåíêè.) Çäåñü


B(ε;ϑ) = b(D)∗g(x)b(D) + ϑε
d∑
j=1


(aj(x)Dj +Djaj(x)∗)


+ ϑ2ε2Q(x) + ϑ2ε2cQ0(x),
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îïåðàòîð B0(ε;ϑ) ïîëó÷àåòñÿ èç ýôôåêòèâíîãî îïåðàòîðà B0 àíàëîãè÷-
íûì îáðàçîì. Ñ ïîìîùüþ ïîäõîäÿùåãî òîæäåñòâà äëÿ îáîáùåííûõ ðå-


çîëüâåíò ìû ïåðåíîñèì îöåíêó (0.11) â òî÷êó ζ̂ = eiφ, φ ∈ (0, 2π):


‖(B(ε;ϑ)− ζ̂ε2Q0)−1 − (B0(ε;ϑ)− ζ̂ε2Q0)−1‖L2(Rd)→L2(Rd) 6 C(φ)ε−1.


Â ïîëó÷åííîì íåðàâåíñòâå ïîëàãàåì ε = ε̃|ζ|1/2, ϑ = |ζ|−1/2, ãäå
0 < ε̃ 6 1. Îãðàíè÷åíèå |ζ| > 1 îáåñïå÷èâàåò âûïîëíåíèå óñëîâèÿ
0 < ϑ 6 1. Äåëàÿ îáðàòíîå ìàñøòàáíîå ïðåîáðàçîâàíèå è ïåðåîáîçíà÷àÿ
ε̃ =: ε, ïðèõîäèì ê (0.9). Îöåíêà (0.10) ïðîâåðÿåòñÿ íà òîì æå ïóòè.
Ïðèåì, îñíîâàííûé íà ìàñøòàáíîì ïðåîáðàçîâàíèè è èñïîëüçîâàíèè


ðåçîëüâåíòíûõ òîæäåñòâ, ðàíåå èñïîëüçîâàëñÿ â [Su5, Su7]. Íåîáõîäè-
ìîñòü ââåäåíèÿ äîïîëíèòåëüíîãî ïàðàìåòðà â íàñòîÿùåé ðàáîòå îáóñëîâ-
ëåíà ïðèñóòñòâèåì ÷ëåíîâ ïåðâîãî è íóëåâîãî ïîðÿäêîâ.
Ïðèìåíåíèþ ïîëó÷åííûõ ðåçóëüòàòîâ ê óñðåäíåíèþ ýëëèïòè÷åñêèõ


ñèñòåì â îãðàíè÷åííîé îáëàñòè O ⊂ Rd àâòîðû ïëàíèðóþò ïîñâÿòèòü
îòäåëüíóþ ñòàòüþ [MSu3].


0.5. Ñòðóêòóðà ðàáîòû. Ðàáîòà ñîñòîèò èç äåâÿòè ïàðàãðàôîâ. Â �1
ââîäèòñÿ êëàññ îïåðàòîðîâ, îïèñûâàåòñÿ ýôôåêòèâíûé îïåðàòîð è ôîð-
ìóëèðóþòñÿ ðåçóëüòàòû èç [Su2]. Â �2 ñîäåðæèòñÿ âñïîìîãàòåëüíûé ìà-
òåðèàë. Â �3 èç (0.6) âûâîäèòñÿ àíàëîãè÷íàÿ îöåíêà, íî ñ äðóãèì ñãëà-
æèâàþùèì îïåðàòîðîì â êîððåêòîðå (ìû ïåðåõîäèì ê ñãëàæèâàíèþ ïî
Ñòåêëîâó, áîëåå óäîáíîìó äëÿ ïîñëåäóþùåãî ïðèìåíåíèÿ ê çàäà÷àì â
îãðàíè÷åííîé îáëàñòè). Îñíîâíûå ðåçóëüòàòû ðàáîòû ñôîðìóëèðîâàíû
â �4. Äîêàçàòåëüñòâî îöåíêè (0.9) ïðèâåäåíî â �5; â �6 óñòàíàâëèâàåòñÿ
îöåíêà (0.10), à òàêæå àïïðîêñèìàöèÿ ½ïîòîêà� gεb(D)(Bε − ζQε0)−1. Â
�7 âûäåëÿþòñÿ ñëó÷àè, êîãäà ñãëàæèâàòåëü â êîððåêòîðå óäàåòñÿ óñòðà-
íèòü, è îáñóæäàþòñÿ ñïåöèàëüíûå ñëó÷àè. Àïïðîêñèìàöèè îáîáùåííîé
ðåçîëüâåíòû, ñïðàâåäëèâûå â áîëåå øèðîêîé îáëàñòè èçìåíåíèÿ ïàðà-
ìåòðà ζ, óñòàíîâëåíû â �8. Â �9 ïðèâîäÿòñÿ ïðèìåðû ïðèìåíåíèÿ îáùèõ
ðåçóëüòàòîâ. Ðàññìîòðåí ñêàëÿðíûé ýëëèïòè÷åñêèé îïåðàòîð âèäà


Bε = (D−Aε(x))∗gε(x)(D−Aε(x)) + ε−1vε(x) + Vε(x),


êîòîðûé ìîæíî òðàêòîâàòü êàê ïåðèîäè÷åñêèé îïåðàòîð Øð¼äèíãåðà
ñ áûñòðî îñöèëëèðóþùèìè ìåòðèêîé gε, ìàãíèòíûì ïîòåíöèàëîì Aε è
ýëåêòðè÷åñêèì ïîòåíöèàëîì ε−1vε + Vε, ñîäåðæàùèì ñèíãóëÿðíîå ïåð-
âîå ñëàãàåìîå. Òàêæå ðàññìîòðåí ïåðèîäè÷åñêèé îïåðàòîð Øð¼äèíãåðà,
ñîäåðæàùèé ñèëüíî ñèíãóëÿðíûé ïîòåíöèàë ε−2v̌ε.


0.6. Îáîçíà÷åíèÿ. Ïóñòü H, H∗ � êîìïëåêñíûå ñåïàðàáåëüíûå ãèëü-
áåðòîâû ïðîñòðàíñòâà. Ñèìâîëû (·, ·)H è | · |H îçíà÷àþò ñêàëÿðíîå ïðîèç-
âåäåíèå è íîðìó â H; ñèìâîë ‖ · ‖H→H∗ îçíà÷àåò íîðìó ëèíåéíîãî íåïðå-
ðûâíîãî îïåðàòîðà èç H â H∗.
Ñèìâîëû 〈·, ·〉 è | · | îçíà÷àþò ñîîòâåòñòâåííî ñêàëÿðíîå ïðîèçâåäå-


íèå è íîðìó â Cn; 1n � åäèíè÷íàÿ (n × n)-ìàòðèöà. Äëÿ z ∈ C ÷åðåç
z∗ îáîçíà÷àåòñÿ êîìïëåêñíî ñîïðÿæåííîå ÷èñëî. (Ìû èñïîëüçóåì òàêîå
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íåñòàíäàðòíîå îáîçíà÷åíèå, òàê êàê âåðõíÿÿ ÷åðòà îçíà÷àåò ñðåäíåå çíà-
÷åíèå ïåðèîäè÷åñêîé ôóíêöèè ïî ÿ÷åéêå ïåðèîäîâ.) Åñëè a � (m × n)-
ìàòðèöà, òî ñèìâîë |a| îçíà÷àåò íîðìó ìàòðèöû a êàê îïåðàòîðà èç Cn
â Cm. Èñïîëüçóåì îáîçíà÷åíèÿ x = (x1, . . . , xd) ∈ Rd, iDj = ∂j = ∂/∂xj ,
j = 1, . . . , d, D = −i∇ = (D1, . . . , Dd). Êëàññû Lp âåêòîð-ôóíêöèé â


O ⊂ Rd ñî çíà÷åíèÿìè â Cn îáîçíà÷àåì ÷åðåç Lp(O;Cn), 1 6 p 6 ∞.
Êëàññû Ñîáîëåâà Cn-çíà÷íûõ ôóíêöèé â îáëàñòè O îáîçíà÷àþòñÿ ÷åðåç
Hs(O;Cn). Ïðè n = 1 ïèøåì ïðîñòî Lp(O), Hs(O), íî, åñëè ýòî íå âåäåò
ê íåäîðàçóìåíèÿì, ìû ïðèìåíÿåì òàêèå óïðîùåííûå îáîçíà÷åíèÿ è äëÿ
ïðîñòðàíñòâ âåêòîð-ôóíêöèé èëè ìàòðè÷íîçíà÷íûõ ôóíêöèé.
Èñïîëüçóåì îáîçíà÷åíèå R+ = [0,∞). Ðàçëè÷íûå îöåíî÷íûå ïîñòîÿí-


íûå îáîçíà÷àþòñÿ ñèìâîëàìè c, c, C, C (âîçìîæíî, ñ èíäåêñàìè è çíà÷-
êàìè).


� 1. Êëàññ îïåðàòîðîâ. Àïïðîêñèìàöèÿ îáîáùåííîé


ðåçîëüâåíòû (Bε + λ0Q
ε
0)−1


Â ýòîì ïàðàãðàôå ââîäèòñÿ ðàññìàòðèâàåìûé êëàññ îïåðàòîðîâ, îïè-
ñûâàåòñÿ ýôôåêòèâíûé îïåðàòîð è ôîðìóëèðóþòñÿ ðåçóëüòàòû èç [Su2].


1.1. Ðåøåòêè â Rd. Ïóñòü Γ ⊂ Rd � ðåøåòêà, ïîðîæäåííàÿ áàçèñîì
a1, . . . ,ad:


Γ =


a ∈ Rd : a =


d∑
j=1


νjaj , νj ∈ Z


 .


Ïóñòü Ω � ýëåìåíòàðíàÿ ÿ÷åéêà ðåøåòêè Γ:


Ω =


x ∈ Rd : x =
d∑
j=1


τjaj , −
1


2
< τj <


1


2


 .


Îáîçíà÷èì |Ω| = mesΩ, 2r1 = diamΩ.
Áàçèñ b1, . . . ,bd ∈ Rd, äâîéñòâåííûé ê a1, . . . ,ad, îïðåäåëÿåòñÿ èç ñî-


îòíîøåíèé 〈bj ,ai〉 = 2πδji, ãäå δji � ñèìâîë Êðîíåêåðà. Äâîéñòâåííîé ê
ðåøåòêå Γ íàçûâàåòñÿ ðåøåòêà, ïîðîæäåííàÿ äâîéñòâåííûì áàçèñîì:


Γ̃ =


b ∈ Rd : b =
d∑
j=1


µjbj , µj ∈ Z


 .


Â êà÷åñòâå ôóíäàìåíòàëüíîé îáëàñòè äâîéñòâåííîé ðåøåòêè Γ̃ óäîáíî
âçÿòü ïåðâóþ çîíó Áðèëëþåíà:


Ω̃ =
{


k ∈ Rd : |k| < |k− b|, 0 6= b ∈ Γ̃
}
.


Ïóñòü r0 � ðàäèóñ øàðà, âïèñàííîãî â clos Ω̃, ò. å. 2r0 = min
06=b∈Γ̃


|b|.
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Äëÿ Γ-ïåðèîäè÷åñêèõ èçìåðèìûõ ìàòðèö-ôóíêöèé ñèñòåìàòè÷åñêè
èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ:


f ε(x) := f(x/ε), ε > 0;


f := |Ω|−1


∫
Ω
f(x) dx, f :=


(
|Ω|−1


∫
Ω
f(x)−1 dx


)−1


.


Çäåñü ïðè îïðåäåëåíèè f ïðåäïîëàãàåòñÿ, ÷òî f ∈ L1,loc(Rd), à ïðè
îïðåäåëåíèè f ñ÷èòàåòñÿ, ÷òî ìàòðèöà f êâàäðàòíàÿ è íåîñîáàÿ, ïðè-


÷åì f−1 ∈ L1,loc(Rd). ×åðåç [f ε] îáîçíà÷àåòñÿ îïåðàòîð óìíîæåíèÿ íà
ìàòðèöó-ôóíêöèþ f ε(x).


×åðåç H̃1(Ω) îáîçíà÷àåòñÿ ïîäïðîñòðàíñòâî òåõ ôóíêöèé èç H1(Ω),
Γ-ïåðèîäè÷åñêîå ïðîäîëæåíèå êîòîðûõ íà Rd ïðèíàäëåæèò H1


loc
(Rd).


1.2. Ñãëàæèâàþùèé îïåðàòîð Πε. ×åðåç Π
(k)
ε , ε > 0, îáîçíà÷èì ÏÄÎ


ñ ñèìâîëîì χ
Ω̃/ε


(ξ), äåéñòâóþùèé â L2(Rd;Ck) (ãäå k ∈ N):


(Π(k)
ε u)(x) = (2π)−d/2


∫
Ω̃/ε


ei〈x,ξ〉û(ξ) dξ, u ∈ L2(Rd;Ck). (1.1)


Çäåñü û �Ôóðüå-îáðàç ôóíêöèè u. Îòìåòèì, ÷òî ïðè u ∈ Hs(Rd;Ck) âû-
ïîëíåíî Π


(k)
ε Dαu = DαΠ


(k)
ε u äëÿ ëþáîãî ìóëüòèèíäåêñà α äëèíû |α| 6 s.


Â äàëüíåéøåì ìû áóäåì îïóñêàòü â îáîçíà÷åíèÿõ çàâèñèìîñòü îïåðàòî-


ðà Π
(k)
ε îò k è ïèñàòü ïðîñòî Πε.


Íèæå íàì ïîòðåáóþòñÿ ñëåäóþùèå ñâîéñòâà îïåðàòîðà Πε, óñòàíîâ-
ëåííûå â [PSu, ïðåäëîæåíèå 1.4] è [BSu3, ï. 10.2].


Ïðåäëîæåíèå 1.1. Äëÿ ëþáîé ôóíêöèè u ∈ H1(Rd;Ck) ïðè ε > 0 âû-


ïîëíåíà îöåíêà


‖Πεu− u‖L2(Rd) 6 εr
−1
0 ‖Du‖L2(Rd).


Ïðåäëîæåíèå 1.2. Ïóñòü f � Γ-ïåðèîäè÷åñêàÿ ôóíêöèÿ â Rd òàêàÿ,
÷òî f ∈ L2(Ω). Òîãäà îïåðàòîð [f ε]Πε íåïðåðûâåí â L2(Rd;Ck) è ïðè


ε > 0 âûïîëíåíà îöåíêà


‖[f ε]Πε‖L2(Rd)→L2(Rd) 6 |Ω|−1/2‖f‖L2(Ω).


1.3. Îïåðàòîð A. Ðàññìîòðèì îïåðàòîð A â L2(Rd;Cn), ôîðìàëüíî çà-
äàííûé äèôôåðåíöèàëüíûì âûðàæåíèåì


A = b(D)∗g(x)b(D), x ∈ Rd.


Çäåñü g � Γ-ïåðèîäè÷åñêàÿ ìàòðèöà-ôóíêöèÿ ðàçìåðà m × m, âîîáùå
ãîâîðÿ, ñ êîìïëåêñíûìè ýëåìåíòàìè. Ñ÷èòàåì, ÷òî


g(x) > 0, g, g−1 ∈ L∞(Rd). (1.2)
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Äàëåå, b(D) � äèôôåðåíöèàëüíûé îïåðàòîð ïåðâîãî ïîðÿäêà ñ ïîñòîÿí-
íûìè êîýôôèöèåíòàìè:


b(D) =
d∑
l=1


blDl. (1.3)


Çäåñü bl, l = 1, . . . , d, � ïîñòîÿííûå (m × n)-ìàòðèöû, âîîáùå ãîâîðÿ, ñ
êîìïëåêñíûìè ýëåìåíòàìè. Ñ÷èòàåì, ÷òî m > n, è ÷òî ñèìâîë b(ξ) =∑d


l=1 blξl îïåðàòîðà b(D) èìååò ìàêñèìàëüíûé ðàíã:


rank b(ξ) = n, 0 6= ξ ∈ Rd.


Ýòî óñëîâèå ðàâíîñèëüíî ñóùåñòâîâàíèþ òàêèõ ïîëîæèòåëüíûõ ïîñòî-
ÿííûõ α0 è α1, ÷òî


α01n 6 b(θ)∗b(θ) 6 α11n, θ ∈ Sd−1, 0 < α0 6 α1 <∞. (1.4)


Îòìåòèì íåðàâåíñòâî, âûòåêàþùåå èç (1.4):


|bl| 6 α
1/2
1 , l = 1, . . . , d. (1.5)


Òî÷íîå îïðåäåëåíèå: A åñòü ñàìîñîïðÿæåííûé îïåðàòîð â L2(Rd;Cn),
ïîðîæäåííûé êâàäðàòè÷íîé ôîðìîé


a[u,u] =


∫
Rd
〈g(x)b(D)u(x), b(D)u(x)〉 dx, u ∈ H1(Rd;Cn).


Çàìêíóòîñòü è íåîòðèöàòåëüíîñòü ôîðìû a ïîäòâåðæäàþò îöåíêè


α0‖g−1‖−1
L∞


∫
Rd
|Du(x)|2 dx 6 a[u,u] 6 α1‖g‖L∞


∫
Rd
|Du(x)|2 dx,


u ∈ H1(Rd;Cn),


(1.6)


âûòåêàþùèå èç (1.2) è (1.4).


1.4. Îïåðàòîðû Y è Y2. Ðàññìîòðèì çàìêíóòûé îïåðàòîð Y, äåéñòâó-
þùèé èç L2(Rd;Cn) â L2(Rd;Cdn) ïî ïðàâèëó


Yu = Du = col {D1u, . . . , Ddu}, u ∈ H1(Rd;Cn).


Ñîãëàñíî íèæíåé îöåíêå (1.6) âûïîëíåíî


‖Yu‖2L2(Rd) 6 c
2
1a[u,u], c1 = α


−1/2
0 ‖g−1‖1/2L∞


, u ∈ H1(Rd;Cn). (1.7)


Ïóñòü â Rd çàäàíû Γ-ïåðèîäè÷åñêèå (n× n)-ìàòðèöû-ôóíêöèè aj(x),
j = 1, . . . , d, âîîáùå ãîâîðÿ, ñ êîìïëåêñíûìè ýëåìåíòàìè, ïðè÷åì


aj ∈ Lρ(Ω), ρ = 2 ïðè d = 1, ρ > d ïðè d > 2; j = 1, . . . , d. (1.8)


Ðàññìîòðèì îïåðàòîð Y2 : L2(Rd;Cn) → L2(Rd;Cdn), äåéñòâóþùèé
êàê óìíîæåíèå íà (dn× n)-ìàòðèöó-ôóíêöèþ, ñîñòàâëåííóþ èç ìàòðèö
aj(x)∗, j = 1, . . . , d:


Y2u(x) = col {a1(x)∗u(x), . . . , ad(x)∗u(x)}, u ∈ H1(Rd;Cn).
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Ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà è òåîðåìó âëîæåíèÿ Ñîáîëåâà, ìîæíî
ïîêàçàòü (ñì. [Su2, (5.11)�(5.14)]), ÷òî äëÿ ëþáîãî ν > 0 íàéäóòñÿ òàêèå
ïîñòîÿííûå Cj(ν) > 0, ÷òî


‖a∗ju‖2L2(Rd) 6 ν‖Du‖2L2(Rd) + Cj(ν)‖u‖2L2(Rd),


u ∈ H1(Rd;Cn), j = 1, . . . , d.


Ñóììèðóÿ ïî j è ó÷èòûâàÿ íèæíþþ îöåíêó (1.6), çàêëþ÷àåì, ÷òî äëÿ
ëþáîãî ν > 0 íàéäåòñÿ òàêàÿ ïîñòîÿííàÿ C(ν) > 0, ÷òî


‖Y2u‖2L2(Rd) 6 νa[u,u] + C(ν)‖u‖2L2(Rd), u ∈ H1(Rd;Cn). (1.9)


Ïðè ôèêñèðîâàííîì ν ïîñòîÿííàÿ C(ν) çàâèñèò ëèøü îò d, ρ, α0,
‖g−1‖L∞ , îò íîðì ‖aj‖Lρ(Ω), j = 1, . . . , d, è îò ïàðàìåòðîâ ðåøåòêè Γ.


1.5. Ôîðìà q. Ïóñòü â Rd çàäàíà Γ-ïåðèîäè÷åñêàÿ σ-êîíå÷íàÿ áîðå-
ëåâñêàÿ ìåðà dµ(x) = {dµjl(x)}, j, l = 1, . . . , n, ñî çíà÷åíèÿìè â êëàñ-
ñå ýðìèòîâûõ (n × n)-ìàòðèö. Èíà÷å ãîâîðÿ, dµjl(x) � êîìïëåêñíàÿ Γ-


ïåðèîäè÷åñêàÿ ìåðà â Rd, ïðè÷åì dµjl = dµ∗lj . Ïðåäïîëîæèì, ÷òî ìåðà


dµ òàêîâà, ÷òî ïðè ëþáîì u ∈ H1(Rd) ôóíêöèÿ |u(x)|2 ñóììèðóåìà ïî
êàæäîé èç ìåð dµjl.


Â L2(Rd;Cn) ðàññìîòðèì êâàäðàòè÷íóþ ôîðìó


q[u,u] =


∫
Rd
〈dµ(x)u,u〉 =


n∑
j,l=1


∫
Rd
ul(x)uj(x)∗ dµjl(x), u ∈ H1(Rd;Cn).


(1.10)
Íà ìåðó dµ íàëîæèì ñëåäóþùåå óñëîâèå.


Óñëîâèå 1.3. Íàéäóòñÿ òàêèå ïîñòîÿííûå c0 > 0, c̃2 > 0, c3 > 0 è


0 6 c̃ < α0‖g−1‖−1
L∞


, ÷òî âûïîëíåíà îöåíêà


−c̃‖Du‖2L2(Ω) − c0‖u‖2L2(Ω) 6
∫


Ω
〈dµ(x)u,u〉


6 c̃2‖Du‖2L2(Ω) + c3‖u‖2L2(Ω), u ∈ H1(Ω;Cn).


(1.11)


Çàïèñàâ íåðàâåíñòâà âèäà (1.11) ïî ñäâèíóòûì ÿ÷åéêàì è ïðîñóììèðî-
âàâ, ïîëó÷àåì ïîõîæèå íåðàâåíñòâà äëÿ ôóíêöèé èç H1(Rd;Cn). Â ñèëó
(1.6) îòñþäà âûòåêàþò îöåíêè


−(1− κ)a[u,u]− c0‖u‖2L2(Rd)


6 q[u,u] 6 c2a[u,u] + c3‖u‖2L2(Rd), u ∈ H1(Rd;Cn),
(1.12)


ãäå


c2 = c̃2α
−1
0 ‖g


−1‖L∞ , κ = 1− c̃α−1
0 ‖g


−1‖L∞ , 0 < κ 6 1. (1.13)


Ïðèìåðû ôîðì âèäà (1.10) ïðèâåäåíû â [Su2, ï. 5.5]. Çäåñü ìû îãðà-
íè÷èìñÿ òîëüêî îñíîâíûì ïðèìåðîì (ñì. [Su2, ïðèìåð 5.3]).
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Ïðèìåð 1.4. Ïðåäïîëîæèì, ÷òî ìåðà dµ àáñîëþòíî íåïðåðûâíà îò-
íîñèòåëüíî ìåðû Ëåáåãà: dµ(x) = Q(x) dx, x ∈ Rd, ãäå Q(x) � Γ-
ïåðèîäè÷åñêàÿ ýðìèòîâà (n× n)-ìàòðèöà-ôóíêöèÿ òàêàÿ, ÷òî


Q ∈ Ls(Ω), s = 1 ïðè d = 1, s > d/2 ïðè d > 2. (1.14)


Òîãäà q[u,u] = (Qu,u)L2(Rd) ïðè u ∈ H1(Rd;Cn), è äëÿ ëþáîãî ν > 0


íàéäåòñÿ ïîñòîÿííàÿ CQ(ν) > 0 òàêàÿ, ÷òî∫
Ω
|〈Q(x)u,u〉| dx 6 ν


∫
Ω
|Du|2 dx + CQ(ν)


∫
Ω
|u|2 dx, u ∈ H1(Ω;Cn).


Ïðè ôèêñèðîâàííîì ν ïîñòîÿííàÿ CQ(ν) êîíòðîëèðóåòñÿ ÷åðåç d, s,


‖Q‖Ls(Ω) è ïàðàìåòðû ðåøåòêè Γ. Âûáðàâ ν = 2−1α0‖g−1‖−1
L∞


, íàõîäèì,
÷òî óñëîâèå 1.3 âûïîëíåíî ïðè c̃ = ν, c0 = CQ(ν), c̃2 = 1 è c3 = CQ(1). Â


(1.13) ñåé÷àñ c2 = α−1
0 ‖g−1‖L∞ , κ = 1/2.


1.6. Îïåðàòîð B(ε). Â L2(Rd;Cn) ðàññìîòðèì îïåðàòîðíîå ñåìåéñòâî
B(ε), 0 < ε 6 1, ôîðìàëüíî çàäàííîå äèôôåðåíöèàëüíûì âûðàæåíèåì


B(ε) = A+ ε(Y∗2Y + Y∗Y2) + ε2Q


= b(D)∗g(x)b(D) + ε


d∑
j=1


(aj(x)Dj +Djaj(x)∗) + ε2Q(x),


ãäå Q(x) ñëåäóåò èíòåðïðåòèðîâàòü êàê îáîáùåííûé ìàòðè÷íûé ïîòåí-
öèàë, ïîðîæäåííûé ìåðîé dµ(x). Òî÷íîå îïðåäåëåíèå îïåðàòîðà B(ε)
äàåòñÿ ÷åðåç êâàäðàòè÷íóþ ôîðìó


b(ε)[u,u] = a[u,u] + 2εRe (Yu,Y2u)L2(Rd) + ε2q[u,u], u ∈ H1(Rd;Cn).


(1.15)
Ïðîâåðèì çàìêíóòîñòü è ïîëóîãðàíè÷åííîñòü ñíèçó ôîðìû (1.15). Â ñè-
ëó (1.7) è (1.9) âûïîëíåíî


2ε|Re (Yu,Y2u)L2(Rd)| 6
κ


2
a[u,u] + c4ε


2‖u‖2L2(Rd),


u ∈ H1(Rd;Cn), c4 = 4κ−1c2
1C(ν0) ïðè ν0 = κ2(16c2


1)−1.
(1.16)


Òåïåðü èç íèæíåé îöåíêè (1.12) è (1.16) ñ ó÷åòîì 0 < ε 6 1 ïîëó÷àåì
îöåíêó ñíèçó äëÿ ôîðìû (1.15):


b(ε)[u,u] >
κ


2
a[u,u]− (c0 + c4)ε2‖u‖2L2(Rd), u ∈ H1(Rd;Cn).


Ñ ó÷åòîì íèæíåé îöåíêè (1.6) ýòî âëå÷åò


b(ε)[u,u] > c∗‖Du‖2L2(Rd) − (c0 + c4)ε2‖u‖2L2(Rd),


u ∈ H1(Rd;Cn), 0 < ε 6 1; c∗ :=
κ


2
α0‖g−1‖−1


L∞
.


(1.17)


Îáúåäèíÿÿ (1.7), (1.9) ïðè ν = 1 è âåðõíþþ îöåíêó (1.12), ïðèõîäèì ê
íåðàâåíñòâó


b(ε)[u,u] 6 (2 + c2
1 + c2)a[u,u] + (C(1) + c3)ε2‖u‖2L2(Rd), u ∈ H1(Rd;Cn).
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Âìåñòå ñ âåðõíåé îöåíêîé (1.6) ýòî äàåò


b(ε)[u,u] 6 C∗‖Du‖2L2(Rd) + (C(1) + c3)ε2‖u‖2L2(Rd),


u ∈ H1(Rd;Cn), 0 < ε 6 1; C∗ := (2 + c2
1 + c2)α1‖g‖L∞ .


(1.18)


1.7. Îïåðàòîð Bε. Ïóñòü Tε, ε > 0, � óíèòàðíûé â L2(Rd;Cn) îïåðàòîð
ìàñøòàáíîãî ïðåîáðàçîâàíèÿ, äåéñòâóþùèé ïî ïðàâèëó


(Tεu)(x) = εd/2u(εx), u ∈ L2(Rd;Cn), ε > 0. (1.19)


Ïóñòü Aε � ñàìîñîïðÿæåííûé îïåðàòîð â L2(Rd;Cn), îòâå÷àþùèé
êâàäðàòè÷íîé ôîðìå


aε[u,u] := ε−2a[Tεu, Tεu] = (gεb(D)u, b(D)u)L2(Rd), u ∈ H1(Rd;Cn).


Ôîðìàëüíî, Aε = b(D)∗gε(x)b(D).
Ïóñòü Y2,ε � îïåðàòîð, äåéñòâóþùèé ïî ïðàâèëó


(Y2,εu)(x) = col {aε1(x)∗u(x), . . . , aεd(x)∗u(x)}, u ∈ H1(Rd;Cn).


Ïóñòü dµ � ìåðà èç ï. 1.5. Îïðåäåëèì ìåðó dµε ñëåäóþùèì îáðàçîì.
Äëÿ ëþáîãî áîðåëåâñêîãî ìíîæåñòâà ∆ ⊂ Rd ðàññìîòðèì ìíîæåñòâî
ε−1∆ := {x ∈ Rd : εx ∈ ∆} è ïîëîæèì µε(∆) := εdµ(ε−1∆). Ôîðìà qε
îïðåäåëÿåòñÿ ðàâåíñòâîì


qε[u,u] =


∫
Rd
〈dµε(x)u,u〉, u ∈ H1(Rd;Cn).


Ïîëîæèì Bε := ε−2T ∗ε B(ε)Tε, 0 < ε 6 1. Èíûìè ñëîâàìè, Bε � ñàìî-
ñîïðÿæåííûé îïåðàòîð â L2(Rd;Cn), îòâå÷àþùèé êâàäðàòè÷íîé ôîðìå


bε[u,u] := ε−2b(ε)[Tεu, Tεu]


= aε[u,u] + 2Re (Yu,Y2,εu)L2(Rd) + qε[u,u], u ∈ H1(Rd;Cn).


(1.20)


Ñ ó÷åòîì (1.20) èç (1.17), (1.18) âûòåêàþò îöåíêè


bε[u,u] > c∗‖Du‖2L2(Rd) − (c0 + c4)‖u‖2L2(Rd), u ∈ H1(Rd;Cn), (1.21)


bε[u,u] 6 C∗‖Du‖2L2(Rd) + (C(1) + c3)‖u‖2L2(Rd), u ∈ H1(Rd;Cn),


ïðè 0 < ε 6 1. Òàêèì îáðàçîì, ôîðìà bε çàìêíóòà è ïîëóîãðàíè÷åíà
ñíèçó. Ôîðìàëüíî ìîæíî íàïèñàòü


Bε = b(D)∗gε(x)b(D) +


d∑
j=1


(
aεj(x)Dj +Dja


ε
j(x)∗


)
+Qε(x). (1.22)


Çäåñü Qε ñëåäóåò èíòåðïðåòèðîâàòü êàê îáîáùåííûé ìàòðè÷íûé ïîòåí-
öèàë, ïîðîæäåííûé ìåðîé dµε. Ìû âèäèì, ÷òî êîýôôèöèåíòû îïåðàòîðà
Bε áûñòðî îñöèëëèðóþò ïðè ìàëîì ε.
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1.8. Ýôôåêòèâíàÿ ìàòðèöà. Ýôôåêòèâíûé îïåðàòîð äëÿ Aε =
b(D)∗gε(x)b(D) çàäàåòñÿ äèôôåðåíöèàëüíûì âûðàæåíèåì A0 =
b(D)∗g0b(D). Çäåñü g0 � ïîñòîÿííàÿ ýôôåêòèâíàÿ ìàòðèöà ðàçìåðà
m×m. Îïðåäåëåíèå g0 äàåòñÿ â òåðìèíàõ ðåøåíèÿ âñïîìîãàòåëüíîé çà-
äà÷è íà ÿ÷åéêå. Ïóñòü Γ-ïåðèîäè÷åñêàÿ (n×m)-ìàòðèöà-ôóíêöèÿ Λ(x)
ÿâëÿåòñÿ ðåøåíèåì çàäà÷è


b(D)∗g(x)(b(D)Λ(x) + 1m) = 0,


∫
Ω


Λ(x) dx = 0. (1.23)


(Óðàâíåíèå ïîíèìàåòñÿ â ñëàáîì ñìûñëå.) Òîãäà ýôôåêòèâíàÿ ìàòðèöà
îïðåäåëåíà ðàâåíñòâîì


g0 = |Ω|−1


∫
Ω
g̃(x) dx, (1.24)


ãäå


g̃(x) = g(x)(b(D)Λ(x) + 1m). (1.25)


Ìîæíî ïîêàçàòü, ÷òî g0 ïîëîæèòåëüíî îïðåäåëåíà.
Íèæå íàì ïîòðåáóþòñÿ ñëåäóþùèå îöåíêè äëÿ Λ, óñòàíîâëåííûå â


[BSu2, (6.28) è ï. 7.3]:


‖Λ‖L2(Ω) 6 |Ω|1/2M1, M1 := m1/2(2r0)−1α
−1/2
0 ‖g‖1/2L∞


‖g−1‖1/2L∞
, (1.26)


‖DΛ‖L2(Ω) 6 |Ω|1/2M2, M2 := m1/2α
−1/2
0 ‖g‖1/2L∞


‖g−1‖1/2L∞
. (1.27)


Îòìåòèì îöåíêè äëÿ ýôôåêòèâíîé ìàòðèöû, èçâåñòíûå â òåîðèè
óñðåäíåíèÿ êàê âèëêà Ôîéãòà�Ðåéññà (ñì. [BSu1, ãë. 3, òåîðåìà 1.5]).


Ïðåäëîæåíèå 1.5. Ïóñòü g0 � ýôôåêòèâíàÿ ìàòðèöà (1.24). Òîãäà


g 6 g0 6 g. (1.28)


Â ñëó÷àå m = n âñåãäà âûïîëíåíî g0 = g.


Èç (1.28) âûòåêàþò íåðàâåíñòâà


|g0| 6 ‖g‖L∞ , |(g0)−1| 6 ‖g−1‖L∞ .


Îïèøåì ñëó÷àè, êîãäà â (1.28) ðåàëèçóåòñÿ âåðõíÿÿ èëè íèæíÿÿ ãðàíü
(ñì. [BSu1, ãë. 3, ïðåäëîæåíèÿ 1.6 è 1.7]).


Ïðåäëîæåíèå 1.6. Ðàâåíñòâî g0 = g ðàâíîñèëüíî ñîîòíîøåíèÿì


b(D)∗gk(x) = 0, k = 1, . . . ,m, (1.29)


ãäå gk(x), k = 1, . . . ,m, � ñòîëáöû ìàòðèöû g(x).


Ïðåäëîæåíèå 1.7. Ðàâåíñòâî g0 = g ðàâíîñèëüíî ïðåäñòàâëåíèÿì


lk(x) = l0k + b(D)wk, l0k ∈ Cm, wk ∈ H̃1(Ω;Cn), k = 1, . . . ,m, (1.30)


ãäå lk(x), k = 1, . . . ,m, � ñòîëáöû ìàòðèöû g(x)−1.
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1.9. Ýôôåêòèâíûé îïåðàòîð B0. Ýôôåêòèâíûé îïåðàòîð äëÿ Bε
ââîäèëñÿ â [Su2].


Ïóñòü Γ-ïåðèîäè÷åñêàÿ (n×n)-ìàòðèöà-ôóíêöèÿ Λ̃(x) ÿâëÿåòñÿ (ñëà-
áûì) ðåøåíèåì çàäà÷è


b(D)∗g(x)b(D)Λ̃(x) +
d∑
j=1


Djaj(x)∗ = 0,


∫
Ω


Λ̃(x) dx = 0. (1.31)


Îïðåäåëèì ïîñòîÿííûå ìàòðèöû V è W ðàâåíñòâàìè


V = |Ω|−1


∫
Ω


(b(D)Λ(x))∗g(x)(b(D)Λ̃(x)) dx, (1.32)


W = |Ω|−1


∫
Ω


(b(D)Λ̃(x))∗g(x)(b(D)Λ̃(x)) dx. (1.33)


Òîãäà ýôôåêòèâíûé îïåðàòîð äëÿ îïåðàòîðà (1.22) çàäàí âûðàæåíèåì


B0 = b(D)∗g0b(D)− b(D)∗V − V ∗b(D) +
d∑
j=1


(aj + a∗j )Dj −W +Q. (1.34)


Îïåðàòîð B0 � ýëëèïòè÷åñêèé îïåðàòîð âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè.
Ñîãëàñíî [Su6, (5.7)] ïðè óñëîâèè λ > c0 + c4 ñèìâîë Lλ(ξ) îïåðàòîðà


B0 + λI óäîâëåòâîðÿåò îöåíêå Lλ(ξ) > cλ(|ξ|2 + 1)1n, ξ ∈ Rd, ãäå cλ =
min{c∗;λ − c0 − c4}. Ïîëàãàÿ λ∗ := c0 + c4 + c∗, ïîëó÷àåì îöåíêó äëÿ
ñèìâîëà L∗(ξ) îïåðàòîðà B0 + λ∗I:


L∗(ξ) > c∗(|ξ|2 + 1)1n, ξ ∈ Rd.


Ñëåäîâàòåëüíî, äëÿ êâàäðàòè÷íîé ôîðìû b0 îïåðàòîðà B0 âûïîëíåíî
íåðàâåíñòâî


b0[u,u] + λ∗‖u‖2L2(Rd) > c∗
(
‖Du‖2L2(Rd) + ‖u‖2L2(Rd)


)
, u ∈ H1(Rd;Cn).


Ñ ó÷åòîì âûðàæåíèÿ äëÿ λ∗ îòñþäà ïîëó÷àåì


b0[u,u] > c∗‖Du‖2L2(Rd) − (c0 + c4)‖u‖2L2(Rd), u ∈ H1(Rd;Cn). (1.35)


Íèæå íàì ïîòðåáóþòñÿ ñëåäóþùèå íåðàâåíñòâà äëÿ Λ̃, óñòàíîâëåííûå
â [Su2, (7.52) è (7.51)]:


‖Λ̃‖L2(Ω) 6 (2r0)−1Can
1/2α−1


0 ‖g
−1‖L∞ , (1.36)


‖DΛ̃‖L2(Ω) 6 Can
1/2α−1


0 ‖g
−1‖L∞ , (1.37)


ãäå C2
a =


∑d
j=1


∫
Ω |aj(x)|2 dx.







16


1.10. Îáîáùåííàÿ ðåçîëüâåíòà. Ïóñòü Q0(x) � Γ-ïåðèîäè÷åñêàÿ
ìàòðèöà-ôóíêöèÿ ðàçìåðà n× n òàêàÿ, ÷òî


Q0(x) > 0, Q0, Q
−1
0 ∈ L∞(Rd).


Ìû èçó÷àåì îáîáùåííóþ ðåçîëüâåíòó îïåðàòîðà Bε, ò. å. îïåðàòîð âèäà
(Bε − zQε0)−1, îïèðàÿñü íà ðåçóëüòàòû ñòàòüè [Su2], ãäå ïîëó÷åíû àï-
ïðîêñèìàöèè ýòîé ðåçîëüâåíòû â ôèêñèðîâàííîé âåùåñòâåííîé òî÷êå z.
Ïðåæäå ÷åì ôîðìóëèðîâàòü ýòè ðåçóëüòàòû, íàì óäîáíî ïåðåéòè îò îïå-
ðàòîðà Bε ê íåîòðèöàòåëüíîìó îïåðàòîðó


Bε := Bε + c5Q
ε
0, (1.38)


ïîëàãàÿ c5 := (c0 + c4)‖Q−1
0 ‖L∞ . Â ñèëó (1.21) âûïîëíåíî Bε > 0.


Îòìåòèì, ÷òî îïåðàòîð Bε ìîæíî ðàññìàòðèâàòü êàê îïåðàòîð âèäà
(1.22) ñ ïðåæíèìè êîýôôèöèåíòàìè gε, aεj è ½íîâûì� ìàòðè÷íûì ïî-


òåíöèàëîì Q̌ε = Qε + c5Q
ε
0. Ñîîòâåòñòâóþùàÿ ôîðìà


∫
Ω〈dµ(x)u,u〉 +


c5


∫
Ω〈Q0(x)u,u〉 dx óäîâëåòâîðÿåò óñëîâèþ 1.3 ñ č0 = 0 â ðîëè c0, ïîñòî-


ÿííîé č3 = c3 + c5‖Q0‖L∞ â ðîëè c3 è ïðåæíèìè c̃ è c̃2.
Ôèêñèðóåì ÷èñëî λ0 ñëåäóþùèì îáðàçîì (ñð. [Su2, (5.27)])


λ0 = 2‖Q−1
0 ‖L∞c4. (1.39)


Îïåðàòîð Bε + λ0Q
ε
0 ïîëîæèòåëüíî îïðåäåëåí, à ïîòîìó îáîáùåííàÿ ðå-


çîëüâåíòà (Bε + λ0Q
ε
0)−1 � îãðàíè÷åííûé îïåðàòîð â L2(Rd;Cn).


Çàìå÷àíèå 1.8. Â ðàáîòå [Su2] èçó÷àëàñü îáîáùåííàÿ ðåçîëüâåíòà


(Bε + λQε0)−1 ïðè λ > λ0, â [Su6] � ïðè áîëåå ñâîáîäíîì óñëîâèè λ > 0.
Äëÿ íàøèõ öåëåé äîñòàòî÷íî ïðèâåñòè ðåçóëüòàòû â ôèêñèðîâàííîé


òî÷êå λ; äëÿ óäîáñòâà ññûëîê íà [Su2] èñïîëüçóåì óñëîâèå (1.39).


Äëÿ óäîáñòâà äàëüíåéøèõ ññûëîê íàçîâåì ½èñõîäíûìè äàííûìè� ñëå-
äóþùèå âåëè÷èíû


d, m, n, ρ; α0, α1, ‖g‖L∞ , ‖g−1‖L∞ , ‖aj‖Lρ(Ω), j = 1, . . . , d,


c̃, c0, c̃2, c3 èç óñëîâèÿ 1.3; ‖Q0‖L∞ , ‖Q−1
0 ‖L∞ ; ïàðàìåòðû ðåøåòêè Γ.


(1.40)


Îòìåòèì, ÷òî ïîñòîÿííûå c1, C(1), κ, c2, c4 ïîëíîñòüþ îïðåäåëÿþòñÿ
èñõîäíûìè äàííûìè.
Äëÿ îïåðàòîðà (1.38) ýôôåêòèâíûé îïåðàòîð èìååò âèä


B0 = B0 + c5Q0. (1.41)


Îòìåòèì, ÷òî èç (1.35) âûòåêàåò îöåíêà ñíèçó äëÿ êâàäðàòè÷íîé ôîðìû
b0 îïåðàòîðà B0:


b0[u,u] > c∗‖Du‖2L2(Rd), u ∈ H1(Rd;Cn). (1.42)


Ýòî ðàâíîñèëüíî ñëåäóþùåé îöåíêå äëÿ ñèìâîëà L0(ξ) îïåðàòîðà B0:


L0(ξ) > c∗|ξ|21n, ξ ∈ Rd. (1.43)
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Îïåðàòîð B0 +λ0Q0 ïðåäñòàâëÿåò ñîáîé ÄÎ âòîðîãî ïîðÿäêà ñ ïîñòîÿí-
íûìè êîýôôèöèåíòàìè ñ ñèìâîëîì


L(ξ) = L0(ξ) + λ0Q0


= b(ξ)∗g0b(ξ)− b(ξ)∗V − V ∗b(ξ) +
d∑
j=1


(aj + a∗j )ξj +Q−W + (c5 + λ0)Q0.


Èç (1.43) ñ ó÷åòîì (1.39) âûòåêàåò îöåíêà


L(ξ) > č∗(|ξ|2 + 1)1n, ξ ∈ Rd; č∗ = min{c∗; 2c4}. (1.44)


1.11. Àïïðîêñèìàöèÿ îïåðàòîðà (Bε + λ0Q
ε
0)−1. Ïðèìåíåíèå òåîðå-


ìû 9.2 èç [Su2] ê îïåðàòîðó (1.38) äàåò ñëåäóþùèé ðåçóëüòàò.


Òåîðåìà 1.9 ([Su2]). Ïóñòü âûïîëíåíû óñëîâèÿ ï. 1.3�1.10. Ïóñòü ÷èñ-
ëî λ0 îïðåäåëåíî â (1.39). Òîãäà ïðè 0 < ε 6 1 ñïðàâåäëèâà îöåíêà


‖(Bε + λ0Q
ε
0)−1 − (B0 + λ0Q0)−1‖L2(Rd)→L2(Rd) 6 C1ε.


Ïîñòîÿííàÿ C1 êîíòðîëèðóåòñÿ ÷åðåç èñõîäíûå äàííûå (1.40).


×òîáû àïïðîêñèìèðîâàòü îïåðàòîð (Bε + λ0Q
ε
0)−1 ïî (L2 → H1)-


îïåðàòîðíîé íîðìå, ââåäåì êîððåêòîð


K(ε) =
(


[Λε]b(D) + [Λ̃ε]
)


Πε(B
0 + λ0Q0)−1. (1.45)


Çäåñü Πε � îïåðàòîð (1.1). Êîððåêòîð (1.45) îãðàíè÷åí êàê îïåðà-
òîð, äåéñòâóþùèé èç L2(Rd;Cn) â H1(Rd;Cn). Ýòî íåòðóäíî óñòàíî-


âèòü ñ ïîìîùüþ ïðåäëîæåíèÿ 1.2 è âêëþ÷åíèé Λ, Λ̃ ∈ H̃1(Ω). Ïðè ýòîì
‖εK(ε)‖L2(Rd)→H1(Rd) = O(1).


Â òåîðåìå 9.7 èç [Su2] óñòàíîâëåí ñëåäóþùèé ðåçóëüòàò.


Òåîðåìà 1.10 ([Su2]). Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1.9. Ïóñòü
K(ε) � îïåðàòîð (1.45). Òîãäà ïðè 0 < ε 6 1 ñïðàâåäëèâà îöåíêà


‖(Bε + λ0Q
ε
0)−1 − (B0 + λ0Q0)−1 − εK(ε)‖L2(Rd)→H1(Rd) 6 C2ε.


Ïîñòîÿííàÿ C2 êîíòðîëèðóåòñÿ ÷åðåç èñõîäíûå äàííûå (1.40).


Çàìå÷àíèå 1.11. Íèæå â �5 è �6 íàì ïðåäñòîèò ñ ïîìîùüþ òåî-


ðåì 1.9 è 1.10 (òî÷íåå, âìåñòî òåîðåìû 1.10 òàì áóäåò ïðèìåíåí


åå àíàëîã � òåîðåìà 3.3) àïïðîêñèìèðîâàòü îáîáùåííóþ ðåçîëüâåíòó


(Bε(ϑ) + λ0Q
ε
0)−1 ñåìåéñòâà îïåðàòîðîâ Bε(ϑ), çàâèñÿùèõ îò ïàðàìåò-


ðà ϑ ∈ (0, 1], ñ ìàñøòàáèðîâàííûìè êîýôôèöèåíòàìè ϑaεj, ϑ
2Q̌ε (ñì. ï.


5.2). Çàìåòèì, ÷òî ôîðìà ϑ2
(∫


Ω〈dµ(x)u,u〉+ c5


∫
Ω〈Q0(x)u,u〉 dx


)
ïðè


âñåõ ϑ ∈ (0, 1] óäîâëåòâîðÿåò óñëîâèþ 1.3 ñ îäíèìè è òåìè æå ïîñòî-


ÿííûìè č0 = 0 â ðîëè c0, č3 = c3 + c5‖Q0‖L∞ â ðîëè c3 è ïðåæíèìè


c̃ è c̃2. Äàëåå, ïîñòîÿííàÿ ν0 = κ2(16c2
1)−1 îò ϑ íå çàâèñèò. Äîìíî-


æàÿ (1.9) c ν = ν0 íà ϑ2, óáåæäàåìñÿ â ñïðàâåäëèâîñòè íåðàâåíñòâà


âèäà (1.9) (â ñëó÷àå êîýôôèöèåíòîâ ϑaj) ñ îäíîé è òîé æå ïîñòîÿííîé


C(ν0) ïðè âñåõ ϑ ∈ (0, 1]. Ñëåäîâàòåëüíî, ïîñòîÿííóþ c4 (ñì. (1.16)),
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à òîãäà è ÷èñëî λ0 (ñì. (1.39)) ìîæíî ñ÷èòàòü íå çàâèñÿùèìè îò ϑ.
Ó÷òåì òàêæå, ÷òî íîðìû êîýôôèöèåíòîâ ϑaj â Lρ(Ω) ìàæîðèðóþòñÿ


íîðìàìè ‖aj‖Lρ(Ω) ïðè âñåõ ϑ ∈ (0, 1]. Â [Su2] ïðîñëåæåíà çàâèñèìîñòü


ïîñòîÿííûõ C1 è C2 îò äàííûõ çàäà÷è (â ÷àñòíîñòè, ýòè ïîñòîÿí-


íûå ðàñòóò ñ ðîñòîì íîðì ‖aj‖Lρ(Ω)). Âìåñòå ñî ñêàçàííûì âûøå ýòî


ïîçâîëÿåò âûáðàòü ïîñòîÿííûå C1 è C2 ïðè àïïðîêñèìàöèè îïåðàòîðà


(Bε(ϑ) + λ0Q
ε
0)−1 íå çàâèñÿùèìè îò ïàðàìåòðà ϑ.


� 2. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ


2.1. Ñâîéñòâà ìàòðèöû-ôóíêöèè Λ. Íàì ïîòðåáóåòñÿ ðåçóëüòàò
[PSu, ëåììà 2.3]:


Ëåììà 2.1. Ïóñòü Λ � Γ-ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è (1.23). Òîãäà
äëÿ ëþáîé ôóíêöèè u ∈ C∞0 (Rd) ïðè ε > 0 âûïîëíåíà îöåíêà∫


Rd
|(DΛ)ε(x)|2|u(x)|2 dx 6 β1‖u‖2L2(Rd) + β2ε


2


∫
Rd
|Λε(x)|2|Du(x)|2 dx.


Ïîñòîÿííûå β1 è β2 çàâèñÿò îò m, d, α0, α1, ‖g‖L∞ è ‖g−1‖L∞ .


Èç ëåììû 2.1 â ñèëó ïëîòíîñòè ìíîæåñòâà C∞0 (Rd) â H1(Rd) âûòåêàåò
ñëåäóþùåå óòâåðæäåíèå.


Ñëåäñòâèå 2.2. Ïóñòü Λ � Γ-ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è (1.23).
Ïóñòü äîïîëíèòåëüíî èçâåñòíî, ÷òî Λ ∈ L∞. Òîãäà äëÿ ëþáîé ôóíêöèè
u ∈ H1(Rd) ïðè ε > 0 âûïîëíåíà îöåíêà∫


Rd
|(DΛ)ε(x)|2|u(x)|2 dx 6 β1‖u‖2L2(Rd) + β2ε


2‖Λ‖2L∞
∫
Rd
|Du(x)|2 dx.


2.2. Ñâîéñòâà ìàòðèöû-ôóíêöèè Λ̃. Äîêàçàòåëüñòâî ñëåäóþùåãî
óòâåðæäåíèÿ ïîõîæå íà äîêàçàòåëüñòâî ëåììû 2.1 èç [PSu].


Ëåììà 2.3. Ïóñòü Λ̃ � Γ-ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è (1.31). Òîãäà
äëÿ ëþáîé ôóíêöèè u ∈ C∞0 (Rd) âûïîëíåíî íåðàâåíñòâî∫


Rd
|DΛ̃(x)|2|u(x)|2 dx 6 β̃1‖u‖2H1(Rd) + β̃2


∫
Rd
|Λ̃(x)|2|Du(x)|2 dx. (2.1)


Ïîñòîÿííûå β̃1 è β̃2 îïðåäåëåíû íèæå â (2.12) è çàâèñÿò òîëüêî îò n,
d, α0, α1, ρ, ‖g‖L∞ , ‖g−1‖L∞ , îò íîðì ‖aj‖Lρ(Ω), j = 1, . . . , d, à òàêæå


îò ïàðàìåòðîâ ðåøåòêè Γ.


Äîêàçàòåëüñòâî. Ïóñòü wk(x), k = 1, . . . , n, � ñòîëáöû ìàòðèöû Λ̃(x).
Â ñèëó (1.31) äëÿ ëþáîé ôóíêöèè η ∈ H1(Rd;Cn) òàêîé, ÷òî ïðè êàêîì-
ëèáî R > 0 âûïîëíåíî η(x) = 0 ïðè |x| > R, ñïðàâåäëèâî òîæäåñòâî∫


Rd


(
〈g(x)b(D)wk(x), b(D)η(x)〉+


d∑
j=1


〈aj(x)∗ek, Djη(x)〉
)
dx = 0. (2.2)


Çäåñü ek, k = 1, . . . , n, � ñòàíäàðòíûå îðòû â Cn.
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Ïóñòü u ∈ C∞0 (Rd). Ïîëîæèì η(x) := wk(x)|u(x)|2. Òîãäà ñ ó÷åòîì
(1.3) èìååì


b(D)η(x) = (b(D)wk(x)) |u(x)|2 +
d∑
l=1


blwk(x)Dl|u(x)|2, (2.3)


Djη(x) = (Djwk(x)) |u(x)|2 + wk(x)Dj |u(x)|2. (2.4)


Ïîäñòàâëÿÿ (2.3) è (2.4) â (2.2), íàõîäèì


J : =


∫
Rd
〈g(x)b(D)wk(x), b(D)wk(x)〉|u(x)|2 dx


= −
d∑
j=1


∫
Rd
〈aj(x)∗ek, Djwk(x)〉|u(x)|2 dx


+


d∑
l=1


∫
Rd
〈g(x)b(D)wk(x), blwk(x)〉(u∗Dlu+ uDlu


∗) dx


+
d∑
j=1


∫
Rd
〈aj(x)∗ek,wk(x)〉(u∗Dju+ uDju


∗) dx.


(2.5)


Îáîçíà÷èì ñëàãàåìûå â ïðàâîé ÷àñòè (2.5) ÷åðåç J1, J2 è J3. Èìååì


|J1| 6 4α−1
0 ‖g


−1‖L∞
d∑
j=1


∫
Rd
|aj(x)∗ek|2|u(x)|2 dx


+
1


4


(
4α−1


0 ‖g
−1‖L∞


)−1
∫
Rd
|Dwk(x)|2|u(x)|2 dx.


Ñ ó÷åòîì óñëîâèÿ (1.8) íà êîýôôèöèåíòû aj âûïîëíåíî íåðàâåíñòâî∫
Rd
|aj(x)∗ek|2|u(x)|2 dx 6


∫
Rd
|aj(x)|2|u(x)|2 dx


6 C2
Ω,ρ‖aj‖2Lρ(Ω)‖u‖


2
H1(Rd),


(2.6)


ãäå CΩ,ρ � êîíñòàíòà âëîæåíèÿ H1(Ω) ⊂ L2ρ/(ρ−2)(Ω). Ñëåäîâàòåëüíî,


|J1| 6 4α−1
0 ‖g


−1‖L∞C2
Ω,ρ


d∑
j=1


‖aj‖2Lρ(Ω)‖u‖
2
H1(Rd)


+
1


4


(
4α−1


0 ‖g
−1‖L∞


)−1
∫
Rd
|Dwk(x)|2|u(x)|2 dx.


(2.7)







20


Äàëåå, ñ ó÷åòîì (1.5) è (2.5) âûïîëíåíî


|J2| 6 2


∫
Rd
|g(x)1/2b(D)wk(x)||u(x)|


(
d∑
l=1


|g(x)1/2blwk(x)||Dlu(x)|


)
dx


6
1


2
J + 2dα1‖g‖L∞


∫
Rd
|wk(x)|2|Du(x)|2 dx.


(2.8)


Îöåíèì, íàêîíåö, J3:


|J3| 6 2
d∑
j=1


∫
Rd
|aj(x)||wk(x)||u(x)||Dju(x)| dx


6
d∑
j=1


∫
Rd
|aj(x)|2|u(x)|2 dx +


∫
Rd
|wk(x)|2|Du(x)|2 dx.


Ñ ó÷åòîì (2.6) ïîëó÷àåì


|J3| 6 C2
Ω,ρ


d∑
j=1


‖aj‖2Lρ(Ω)‖u‖
2
H1(Rd) +


∫
Rd
|wk(x)|2|Du(x)|2 dx. (2.9)


Îáúåäèíÿÿ (2.5), (2.7)�(2.9), íàõîäèì


J 6 2
(
4α−1


0 ‖g
−1‖L∞ + 1


)
C2


Ω,ρ


d∑
j=1


‖aj‖2Lρ(Ω)‖u‖
2
H1(Rd)


+
1


2


(
4α−1


0 ‖g
−1‖L∞


)−1
∫
Rd
|Dwk(x)|2|u(x)|2 dx


+ 2 (2dα1‖g‖L∞ + 1)


∫
Rd
|wk(x)|2|Du(x)|2 dx.


(2.10)


Ïîêàæåì òåïåðü, êàê èç (2.10) âûâîäèòñÿ òðåáóåìàÿ îöåíêà. Â ñèëó
(1.4) âûïîëíåíî∫


Rd
|D(wku)(x)|2 dx 6 α−1


0


∫
Rd
|b(D)(wku)(x)|2 dx.


Ñîãëàñíî (1.3), b(D) =
∑d


l=1 blDl, ïîýòîìó


b(D)(wku) = (b(D)wk)u+
d∑
l=1


blwkDlu.
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Ñ ó÷åòîì (1.5) è âûðàæåíèÿ äëÿ J (ñì. (2.5)), èìååì∫
Rd
|D(wku)(x)|2 dx 6 2α−1


0


∫
Rd
|b(D)wk(x)|2|u(x)|2 dx


+ 2α−1
0 α1d


∫
Rd
|wk(x)|2|Du(x)|2 dx


6 2α−1
0 ‖g


−1‖L∞J + 2α−1
0 α1d


∫
Rd
|wk(x)|2|Du(x)|2 dx.


(2.11)


Î÷åâèäíî, ∫
Rd
|Dwk(x)|2|u(x)|2 dx 6 2


∫
Rd
|D(wku)(x)|2 dx


+ 2


∫
Rd
|wk(x)|2|Du(x)|2 dx.


Îòñþäà è èç (2.10), (2.11) âûòåêàåò îöåíêà∫
Rd
|Dwk(x)|2|u(x)|2 dx


6 16α−1
0 ‖g


−1‖L∞
(
4α−1


0 ‖g
−1‖L∞ + 1


)
C2


Ω,ρ


d∑
j=1


‖aj‖2Lρ(Ω)‖u‖
2
H1(Rd)


+
(
16α−1


0 ‖g
−1‖L∞(2dα1‖g‖L∞ + 1) + 8α−1


0 α1d+ 4
)


×
∫
Rd
|wk(x)|2|Du(x)|2 dx.


Ñóììèðóÿ ïî k, ïðèõîäèì ê íåðàâåíñòâó (2.1) ïðè


β̃1 = 16nα−1
0 ‖g


−1‖L∞
(
4α−1


0 ‖g
−1‖L∞ + 1


)
C2


Ω,ρ


d∑
j=1


‖aj‖2Lρ(Ω),


β̃2 = 16α−1
0 ‖g


−1‖L∞(2dα1‖g‖L∞ + 1) + 8α−1
0 α1d+ 4.


(2.12)


�


Ïðèìåíÿÿ ìàñøòàáíîå ïðåîáðàçîâàíèå, íà îñíîâàíèè ëåììû 2.3 ïîëó-
÷àåì ñëåäóþùèé ðåçóëüòàò.


Ëåììà 2.4. Â óñëîâèÿõ ëåììû 2.3 ïðè 0 < ε 6 1 ñïðàâåäëèâà îöåíêà∫
Rd
|(DΛ̃)ε(x)|2|u(x)|2 dx 6 β̃1‖u‖2H1(Rd) + β̃2ε


2


∫
Rd
|Λ̃ε(x)|2|Du(x)|2 dx.


Íèæå â �7 íàì ïîíàäîáèòñÿ ñëåäóþùåå ïðîñòîå óòâåðæäåíèå.


Ëåììà 2.5. Ïóñòü f(x) � Γ-ïåðèîäè÷åñêàÿ ôóíêöèÿ â Rd, ïðè÷åì


f ∈ Lp(Ω), p = 2 ïðè d = 1, p > 2 ïðè d = 2, p = d ïðè d > 3.
(2.13)
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Òîãäà ïðè 0 < ε 6 1 îïåðàòîð [f ε] íåïðåðûâíî ïåðåâîäèò H1(Rd) â


L2(Rd), ïðè÷åì


‖[f ε]‖H1(Rd)→L2(Rd) 6 ‖f‖Lp(Ω)C
(p)
Ω ,


ãäå C
(p)
Ω � íîðìà îïåðàòîðà âëîæåíèÿ H1(Ω) ↪→ L2(p/2)′(Ω). Çäåñü


(p/2)′ =∞ ïðè d = 1, (p/2)′ = p(p− 2)−1 ïðè d > 2.


Äîêàçàòåëüñòâî. Ïóñòü d > 2 è u ∈ H1(Rd). Èñïîëüçóÿ çàìåíû x = εy,
u(x) = v(y), íåðàâåíñòâî Ãåëüäåðà è òåîðåìó âëîæåíèÿ Ñîáîëåâà, ïðè
0 < ε 6 1 ïîëó÷àåì∫


Rd
|f ε(x)|2|u(x)|2 dx = εd


∫
Rd
|f(y)|2|v(y)|2 dy


= εd
∑
a∈Γ


∫
Ω+a
|f(y)|2|v(y)|2 dy


6 εd‖f‖2Lp(Ω)


∑
a∈Γ


(∫
Ω+a
|v(y)|2(p/2)′ dy


)1/(p/2)′


6 εd‖f‖2Lp(Ω)(C
(p)
Ω )2‖v‖2H1(Rd) 6 ‖f‖


2
Lp(Ω)(C


(p)
Ω )2‖u‖2H1(Rd).


Çäåñü (p/2)−1 + ((p/2)′)−1 = 1. Ïðè d = 1 äîêàçàòåëüñòâî àíàëîãè÷íî
(íóæíûå èçìåíåíèÿ â âûêëàäêå î÷åâèäíû). �


Èç ëåìì 2.4 è 2.5 âûòåêàåò ñëåäóþùåå ñëåäñòâèå.


Ñëåäñòâèå 2.6. Ïóñòü Λ̃ � Γ-ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è (1.31).


Ïóñòü äîïîëíèòåëüíî èçâåñòíî, ÷òî Λ̃ óäîâëåòâîðÿåò óñëîâèþ âèäà


(2.13). Òîãäà ïðè ëþáîì u ∈ H2(Rd) è 0 < ε 6 1 ñïðàâåäëèâî íåðàâåíñòâî∫
Rd
|(DΛ̃)ε(x)|2|u(x)|2 dx 6 β̃1‖u‖2H1(Rd) + β̃2ε


2‖Λ̃‖2Lp(Ω)(C
(p)
Ω )2‖Du‖2H1(Rd).


2.3. Ëåììà î Qε0−Q0. Â ýòîì ïóíêòå ìû äîêàæåì ëåììó, íåîáõîäèìóþ
ïðè ïðîâåðêå îñíîâíûõ ðåçóëüòàòîâ ðàáîòû.


Ëåììà 2.7. Ïóñòü Q0(x) � Γ-ïåðèîäè÷åñêàÿ (n×n)-ìàòðèöà-ôóíêöèÿ
òàêàÿ, ÷òî Q0 ∈ L∞. Òîãäà ïðè ε > 0 îïåðàòîð [Qε0 − Q0] óìíîæåíèÿ


íà Qε0 −Q0 íåïðåðûâíî ïåðåâîäèò H1(Rd;Cn) â H−1(Rd;Cn), ïðè÷åì


‖[Qε0 −Q0]‖H1(Rd)→H−1(Rd) 6 CQ0ε, ε > 0. (2.14)


Ïîñòîÿííàÿ CQ0 êîíòðîëèðóåòñÿ ÷åðåç d, ‖Q0‖L∞ è ïàðàìåòðû ðåøåò-


êè Γ.


Äîêàçàòåëüñòâî. Ïîñêîëüêó Q0 −Q0 ∈ L∞ è∫
Ω


(Q0(x)−Q0) dx = 0, (2.15)
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ñïðàâåäëèâî ïðåäñòàâëåíèå


Qε0(x)−Q0 = −ε
d∑
j=1


Djh
ε
j(x), (2.16)


ãäå hj � Γ-ïåðèîäè÷åñêèå (n×n)-ìàòðèöû-ôóíêöèè òàêèå, ÷òî hj ∈ L∞.
Ïîÿñíèì âûáîð hj . Ïóñòü Φ(x) � Γ-ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è


4Φ(x) = Q0(x)−Q0,


∫
Ω


Φ(x) dx = 0.


Â ñèëó (2.15) óñëîâèå ðàçðåøèìîñòè âûïîëíåíî. Òàê êàê ïðàâàÿ ÷àñòü
Q0 −Q0 ∈ L∞, ðåøåíèå Φ ∈W 2


p (Ω) ïðè ëþáîì 1 6 p <∞. Ïðè ýòîì


‖Φ‖W 2
p (Ω) 6 c1(p)‖Q0 −Q0‖Lp(Ω) 6 c̃1(p)‖Q0‖L∞(Ω). (2.17)


Ïîñòîÿííûå c1(p), c̃1(p) çàâèñÿò ëèøü îò p è ïàðàìåòðîâ ðåøåòêè Γ. Ýòî
âûòåêàåò èç òåîðåìû Ìàðöèíêåâè÷à î ìóëüòèïëèêàòîðàõ äëÿ ðÿäîâ Ôó-
ðüå [Ma].
Ïîëîæèì hj(x) = DjΦ(x). Òîãäà âûïîëíåíî


Q0(x)−Q0 = −
d∑
j=1


Djhj(x),


è hj ∈ W 1
p (Ω) ïðè âñåõ 1 6 p <∞. Âîçüìåì p = d+ 1. Òîãäà ïî òåîðåìå


âëîæåíèÿ hj ∈ L∞, è â ñèëó (2.17) ñïðàâåäëèâà îöåíêà


‖hj‖L∞ 6 c2‖hj‖W 1
p (Ω) 6 c2‖Φ‖W 2


p (Ω) 6 c2c̃1(d+ 1)‖Q0‖L∞ .


(Çäåñü c2 � íîðìà ñîîòâåòñòâóþùåãî îïåðàòîðà âëîæåíèÿ.)
Ïóñòü F ∈ H1(Rd;Cn). Ñ ó÷åòîì (2.16) âûïîëíåíî


‖(Qε0 −Q0)F‖H−1(Rd) = sup
06=v∈H1(Rd;Cn)


∣∣∣((Qε0 −Q0)F,v
)
L2(Rd)


∣∣∣
‖v‖H1(Rd)


6 ε sup
06=v∈H1(Rd;Cn)


d∑
j=1


∣∣∣∣((Djh
ε
j)F,v


)
L2(Rd)


∣∣∣∣
‖v‖H1(Rd)


.


(2.18)


Èñïîëüçóÿ ðàâåíñòâî (Djh
ε
j)F = Dj(h


ε
jF) − hεjDjF è èíòåãðèðóÿ ïî ÷à-


ñòÿì, íàõîäèì(
(Djh


ε
j)F,v


)
L2(Rd)


=
(
hεjF, Djv


)
L2(Rd)


−
(
hεjDjF,v


)
L2(Rd)


, j = 1, . . . , d.
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Îòñþäà è èç (2.18) ñëåäóåò, ÷òî


‖(Qε0 −Q0)F‖H−1(Rd) 6 ε sup
06=v∈H1(Rd;Cn)


d∑
j=1


∣∣∣∣(hεjF, Djv
)
L2(Rd)


∣∣∣∣
‖v‖H1(Rd)


+ ε sup
06=v∈H1(Rd;Cn)


d∑
j=1


∣∣∣∣(hεjDjF,v
)
L2(Rd)


∣∣∣∣
‖v‖H1(Rd)


.


(2.19)


Ñïðàâåäëèâû îöåíêè


d∑
j=1


∣∣∣(hεjF, Djv
)
L2(Rd)


∣∣∣ 6 Ch‖F‖L2(Rd)‖Dv‖L2(Rd), (2.20)


d∑
j=1


∣∣∣(hεjDjF,v
)
L2(Rd)


∣∣∣ 6 Ch‖DF‖L2(Rd)‖v‖L2(Rd), (2.21)


ãäå C2
h := ess sup


x∈Rd


d∑
j=1
|hj(x)|2. Îòìåòèì, ÷òî Ch 6 c3‖Q0‖L∞ , ãäå ïîñòîÿí-


íàÿ c3 çàâèñèò òîëüêî îò d è îò ïàðàìåòðîâ ðåøåòêè Γ.
Òåïåðü èç (2.19)�(2.21) âûòåêàåò îöåíêà (2.14) ñ ïîñòîÿííîé CQ0 =


2Ch. �


� 3. Ñãëàæèâàíèå ïî Ñòåêëîâó. Äðóãàÿ àïïðîêñèìàöèÿ


îáîáùåííîé ðåçîëüâåíòû (Bε + λ0Q
ε
0)−1


3.1. Îïåðàòîð ñãëàæèâàíèÿ ïî Ñòåêëîâó. Ðàññìîòðèì îïåðàòîð


ñãëàæèâàíèÿ ïî Ñòåêëîâó S
(k)
ε , ε > 0, äåéñòâóþùèé â L2(Rd;Ck) (ãäå


k ∈ N) ïî ïðàâèëó


(S(k)
ε u)(x) = |Ω|−1


∫
Ω


u(x− εz) dz, u ∈ L2(Rd;Ck). (3.1)


Çàâèñèìîñòü S
(k)
ε îò k ìû áóäåì îïóñêàòü â îáîçíà÷åíèÿõ, è ïèñàòü ïðî-


ñòî Sε. Î÷åâèäíî, SεD
αu = DαSεu ïðè u ∈ Hs(Rd;Ck) äëÿ ëþáîãî ìóëü-


òèèíäåêñà α òàêîãî, ÷òî |α| 6 s.
Íàì ïîíàäîáÿòñÿ ñëåäóþùèå ñâîéñòâà îïåðàòîðà Sε (ñì. [ZhPas, ëåì-


ìû 1.1 è 1.2] èëè [PSu, ïðåäëîæåíèÿ 3.1 è 3.2]).


Ïðåäëîæåíèå 3.1. Äëÿ ëþáîé ôóíêöèè u ∈ H1(Rd;Ck) ïðè ε > 0 âû-


ïîëíåíà îöåíêà


‖Sεu− u‖L2(Rd) 6 εr1‖Du‖L2(Rd),


ãäå 2r1 = diam Ω.
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Ïðåäëîæåíèå 3.2. Ïóñòü f � Γ-ïåðèîäè÷åñêàÿ ôóíêöèÿ â Rd òàêàÿ,
÷òî f ∈ L2(Ω). Òîãäà îïåðàòîð [f ε]Sε íåïðåðûâåí â L2(Rd) è ïðè ε > 0
ñïðàâåäëèâà îöåíêà


‖[f ε]Sε‖L2(Rd)→L2(Rd) 6 |Ω|−1/2‖f‖L2(Ω).


3.2. Äðóãàÿ àïïðîêñèìàöèÿ îïåðàòîðà (Bε + λ0Q
ε
0)−1. Ïîëîæèì


K̃(ε) =
(


[Λε]b(D) + [Λ̃ε]
)
Sε(B


0 + λ0Q0)−1. (3.2)


Îïåðàòîð K̃(ε) íåïðåðûâíî ïåðåâîäèò L2(Rd;Cn) â H1(Rd;Cn). Ýòî


íåòðóäíî ïðîâåðèòü ñ ïîìîùüþ ïðåäëîæåíèÿ 3.2 è âêëþ÷åíèé Λ, Λ̃ ∈
H̃1(Ω).
Íàðÿäó ñ òåîðåìîé 1.10 ñïðàâåäëèâ ñëåäóþùèé ðåçóëüòàò.


Òåîðåìà 3.3. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1.9. Ïóñòü K̃(ε) �
îïåðàòîð (3.2). Òîãäà ïðè 0 < ε 6 1 ñïðàâåäëèâà îöåíêà


‖(Bε + λ0Q
ε
0)−1 − (B0 + λ0Q0)−1 − εK̃(ε)‖L2(Rd)→H1(Rd) 6 C3ε.


Ïîñòîÿííàÿ C3 çàâèñèò ëèøü îò èñõîäíûõ äàííûõ (1.40).


Çàìå÷àíèå 3.4. Òåîðåìû 1.10 è 3.3 äåìîíñòðèðóþò, ÷òî äëÿ çàäà÷


óñðåäíåíèÿ â Rd ìîæíî èñïîëüçîâàòü ðàçëè÷íûå ñãëàæèâàþùèå îïå-


ðàòîðû â êîððåêòîðå (êàê Πε, òàê è Sε). Îäíàêî äëÿ çàäà÷ óñðåäíåíèÿ


â îãðàíè÷åííîé îáëàñòè (ñì., íàïðèìåð, [ZhPas], [PSu], [Su3, Su4, Su7])
óäîáíåå èñïîëüçîâàòü ñãëàæèâàíèå ïî Ñòåêëîâó. Ïîñêîëüêó ìû íàöå-


ëåíû íà ïðèìåíåíèå ðåçóëüòàòîâ íàñòîÿùåé ðàáîòû ê èññëåäîâàíèþ


çàäà÷ óñðåäíåíèÿ â îãðàíè÷åííîé îáëàñòè [MSu3], ìû ïåðåøëè ê ñãëà-


æèâàíèþ ïî Ñòåêëîâó.


Çàìå÷àíèå 3.5. Â óñëîâèÿõ çàìå÷àíèÿ 1.11 ïîñòîÿííóþ C3 ìîæíî âû-


áðàòü íå çàâèñÿùåé îò ïàðàìåòðà ϑ ∈ (0, 1].


3.3. Äîêàçàòåëüñòâî òåîðåìû 3.3. Ìû âûâîäèì òåîðåìó 3.3 èç òåî-
ðåìû 1.10.


Ëåììà 3.6. Ïðè ëþáîì u ∈ H1(Rd) è 0 < ε 6 1 ñïðàâåäëèâà îöåíêà∫
Rd
|(DΛ̃)ε(x)|2|(Πε − Sε)u|2 dx 6 β̃1‖(Πε − Sε)u‖2H1(Rd)


+ β̃2ε
2


∫
Rd
|Λ̃ε(x)|2|(Πε − Sε)Du|2 dx.


(3.3)


Äîêàçàòåëüñòâî. Â ñèëó ïðåäëîæåíèé 1.2, 3.2 è âêëþ÷åíèÿ Λ̃ ∈ H̃1(Rd)
âñå ÷ëåíû íåðàâåíñòâà (3.3) � íåïðåðûâíûå ôóíêöèîíàëû îòíîñèòåëüíî
u âH1(Rd)-íîðìå. Ïîýòîìó îöåíêó (3.3) äîñòàòî÷íî äîêàçàòü íà ïëîòíîì
ìíîæåñòâå � ïðè u ∈ C∞0 (Rd).
Ôèêñèðóåì ôóíêöèþ F ∈ C∞(R+) òàêóþ, ÷òî 0 6 F (t) 6 1,


F (t) = 1 ïðè 0 6 t 6 1 è F (t) = 0 ïðè t > 2. Îïðåäåëèì ôóíêöèþ
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FR(x) := F (|x|/R) â Rd. Çäåñü R > 0 � ïàðàìåòð. Åñëè u ∈ C∞0 (Rd), òî
FR(Πε − Sε)u ∈ C∞0 (Rd) è â ñèëó ëåììû 2.4 âûïîëíåíà îöåíêà∫


Rd
|(DΛ̃)ε|2|FR(Πε − Sε)u|2 dx 6 β̃1‖FR(Πε − Sε)u‖2L2(Rd)


+ β̃1


d∑
j=1


∫
Rd
|(∂jFR)(Πε − Sε)u+ FR(Πε − Sε)∂ju|2 dx


+ β̃2ε
2


d∑
j=1


∫
Rd
|Λ̃ε|2|(∂jFR)(Πε − Sε)u+ FR(Πε − Sε)∂ju|2 dx.


Ñ ó÷åòîì îöåíêè max |∂jFR| 6 c/R íåðàâåíñòâî (3.3) ïîëó÷àåòñÿ îòñþäà
ïðåäåëüíûì ïåðåõîäîì ïðè R→∞ íà îñíîâàíèè òåîðåìû Ëåáåãà. �


Òåïåðü ìû ìîæåì äîêàçàòü òåîðåìó 3.3. Î÷åâèäíî,


ε‖K(ε)− K̃(ε)‖L2→H1 6 ε‖[Λε](Πε − Sε)b(D)(B0 + λ0Q0)−1‖L2→H1


+ ε‖[Λ̃ε](Πε − Sε)(B0 + λ0Q0)−1‖L2→H1


(3.4)


Íà÷íåì ñ îöåíêè ïåðâîãî ñëàãàåìîãî â ïðàâîé ÷àñòè (3.4):


ε‖[Λε](Πε − Sε)b(D)(B0 + λ0Q0)−1‖L2→H1


6 ε‖[Λε](Πε − Sε)b(D)‖H2→H1‖(B0 + λ0Q0)−1‖L2→H2 .
(3.5)


Â ñèëó (1.44)


‖(B0 + λ0Q0)−1‖L2(Rd)→H2(Rd) = sup
ξ∈Rd


(|ξ|2 + 1)|L(ξ)−1| 6 č−1
∗ . (3.6)


Çàïèñàâ ðåçóëüòàò [PSu, ëåììà 3.5] â îïåðàòîðíûõ òåðìèíàõ, ïîëó÷àåì


ε‖[Λε](Πε − Sε)b(D)‖H2(Rd)→H1(Rd) 6 CΛε, (3.7)


ãäå ïîñòîÿííàÿ CΛ çàâèñèò òîëüêî îò m, d, ‖g‖L∞ , ‖g−1‖L∞ , α0, α1 è îò
ïàðàìåòðîâ ðåøåòêè Γ. Îáúåäèíÿÿ (3.5)�(3.7), ïðèõîäèì ê îöåíêå


ε‖[Λε](Πε − Sε)b(D)(B0 + λ0Q0)−1‖L2(Rd)→H1(Rd) 6 č
−1
∗ CΛε. (3.8)


Îöåíèì òåïåðü âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè (3.4). Ñ ó÷åòîì (3.6)
âûïîëíåíî


ε‖[Λ̃ε](Πε − Sε)(B0 + λ0Q0)−1‖L2→H1 6 εč−1
∗ ‖[Λ̃ε](Πε − Sε)‖H2→H1 . (3.9)


Ïóñòü Φ ∈ H2(Rd;Cn). Èìååì


‖ε[Λ̃ε](Πε − Sε)Φ‖H1(Rd) 6 ε‖[Λ̃ε](Πε − Sε)Φ‖L2(Rd)


+ ‖[(DΛ̃)ε](Πε − Sε)Φ‖L2(Rd) + ε‖[Λ̃ε](Πε − Sε)DΦ‖L2(Rd).
(3.10)
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Ïðèìåíÿÿ ïðåäëîæåíèÿ 1.2, 3.2 è ó÷èòûâàÿ îöåíêó (1.36), íàõîäèì


‖[Λ̃ε]Πε‖L2→L2 6 |Ω|−1/2(2r0)−1Can
1/2α−1


0 ‖g
−1‖L∞ =: M̃1, ε > 0, (3.11)


‖[Λ̃ε]Sε‖L2→L2 6 M̃1, ε > 0. (3.12)


Â ñèëó (3.11) è (3.12) âûïîëíåíî


‖[Λ̃ε](Πε − Sε)Φ‖L2(Rd) 6 2M̃1‖Φ‖L2(Rd), (3.13)


‖[Λ̃ε](Πε − Sε)DΦ‖L2(Rd) 6 2M̃1‖DΦ‖L2(Rd). (3.14)


Äëÿ îöåíêè âòîðîãî ñëàãàåìîãî â ïðàâîé ÷àñòè (3.10) ïðè 0 < ε 6 1
èñïîëüçóåì ëåììó 3.6:


‖(DΛ̃)ε(Πε − Sε)Φ‖2L2(Rd) 6 β̃1‖(Πε − Sε)Φ‖2H1(Rd)


+ β̃2ε
2


∫
Rd
|Λ̃ε|2|(Πε − Sε)DΦ|2 dx.


(3.15)


Ïðèìåíÿÿ ïðåäëîæåíèÿ 1.1 è 3.1, ïîëó÷àåì


‖(Πε − Sε)Φ‖H1(Rd) 6 ε(r
−1
0 + r1)‖Φ‖H2(Rd).


Îòñþäà è èç (3.14), (3.15) âûòåêàåò îöåíêà


‖(DΛ̃)ε(Πε − Sε)Φ‖L2(Rd) 6 ε
(
β̃1(r−1


0 + r1)2 + 4β̃2M̃
2
1


)1/2
‖Φ‖H2(Rd).


(3.16)
Îáúåäèíÿÿ (3.10), (3.13), (3.14) è (3.16), çàêëþ÷àåì, ÷òî


‖ε[Λ̃ε](Πε − Sε)‖H2(Rd)→H1(Rd) 6 CΛ̃
ε, (3.17)


ãäå C
Λ̃


= 4M̃1 +
(
β̃1(r−1


0 + r1)2 + 4β̃2M̃
2
1


)1/2
. Êîìáèíèðóÿ (3.9) è (3.17),


ïðèõîäèì ê îöåíêå


ε‖[Λ̃ε](Πε − Sε)(B0 + λ0Q0)−1‖L2(Rd)→H1(Rd) 6 č
−1
∗ C


Λ̃
ε. (3.18)


Òåïåðü èç òåîðåìû 1.10 è îöåíîê (3.4), (3.8), (3.18) âûòåêàåò èñêîìîå.
�


� 4. Îñíîâíûå ðåçóëüòàòû ðàáîòû


4.1. Ôîðìóëèðîâêà ðåçóëüòàòîâ. Â íàñòîÿùåì ïóíêòå ôîðìóëèðó-
þòñÿ îñíîâíûå ðåçóëüòàòû ðàáîòû.


Òåîðåìà 4.1. Ïóñòü âûïîëíåíû óñëîâèÿ ï. 1.3�1.10. Ïóñòü ζ ∈ C \ R+,


ζ = |ζ|eiφ, φ ∈ (0, 2π), ïðè÷åì |ζ| > 1. Ïîëîæèì


c(φ) =


{
| sinφ|−1, φ ∈ (0, π/2) ∪ (3π/2, 2π),


1, φ ∈ [π/2, 3π/2].
(4.1)


Òîãäà ïðè 0 < ε 6 1 ñïðàâåäëèâà îöåíêà


‖(Bε − ζQε0)−1 − (B0 − ζQ0)−1‖L2(Rd)→L2(Rd) 6 C4εc(φ)2|ζ|−1/2. (4.2)


Ïîñòîÿííàÿ C4 çàâèñèò òîëüêî îò èñõîäíûõ äàííûõ (1.40).
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×òîáû ñôîðìóëèðîâàòü ðåçóëüòàòû îá àïïðîêñèìàöèè ïî (L2 → H1)-
îïåðàòîðíîé íîðìå, ââåäåì êîððåêòîð


K(ε; ζ) =
(
[Λε]b(D) + [Λ̃ε]


)
Sε(B


0 − ζQ0)−1. (4.3)


Çäåñü Sε � îïåðàòîð ñãëàæèâàíèÿ ïî Ñòåêëîâó (3.1). Îïåðàòîð (4.3)
íåïðåðûâíî ïåðåâîäèò L2(Rd;Cn) â H1(Rd;Cn). Ýòî íåñëîæíî ïðîâåðèòü


íà îñíîâàíèè ïðåäëîæåíèÿ 3.2, òàê êàê Λ, Λ̃ ∈ H̃1(Ω).


Òåîðåìà 4.2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4.1. Ïóñòü K(ε; ζ)
� îïåðàòîð (4.3). Òîãäà ïðè 0 < ε 6 1 è ζ ∈ C \ R+, |ζ| > 1, âûïîëíåíû
îöåíêè


‖(Bε − ζQε0)−1 − (B0 − ζQ0)−1 − εK(ε; ζ)‖L2(Rd)→L2(Rd)


6 C5c(φ)2ε|ζ|−1/2,
(4.4)


‖D
(
(Bε − ζQε0)−1 − (B0 − ζQ0)−1 − εK(ε; ζ)


)
‖L2(Rd)→L2(Rd)


6 C6c(φ)2ε.
(4.5)


Ïîñòîÿííûå C5 è C6 êîíòðîëèðóþòñÿ ÷åðåç èñõîäíûå äàííûå (1.40).


Èç òåîðåìû 4.2 íåïîñðåäñòâåííî âûòåêàåò ñëåäóþùèé ðåçóëüòàò.


Ñëåäñòâèå 4.3. Â óñëîâèÿõ òåîðåìû 4.2 ñïðàâåäëèâà îöåíêà


‖(Bε − ζQε0)−1 − (B0 − ζQ0)−1 − εK(ε; ζ)‖L2(Rd)→H1(Rd)


6 (C5 + C6)c(φ)2ε, 0 < ε 6 1.


Íà îñíîâàíèè òåîðåìû 4.2 ìîæíî ïîëó÷èòü ðåçóëüòàò îá àïïðîêñèìà-
öèè îïåðàòîðîâ gεb(D)(Bε − ζQε0)−1, îòâå÷àþùèõ ½ïîòîêàì�.


Òåîðåìà 4.4. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4.1. Ïóñòü g̃(x) �


ìàòðèöà-ôóíêöèÿ (1.25). Ïîëîæèì


G(ε; ζ) := g̃εSεb(D)(B0 − ζQ0)−1 + gε
(
b(D)Λ̃


)ε
Sε(B


0 − ζQ0)−1. (4.6)


Òîãäà ïðè 0 < ε 6 1 è ζ ∈ C \ R+, |ζ| > 1, âûïîëíåíî


‖gεb(D)(Bε − ζQε0)−1 −G(ε; ζ)‖L2(Rd)→L2(Rd) 6 C7c(φ)2ε. (4.7)


Ïîñòîÿííàÿ C7 çàâèñèò òîëüêî îò èñõîäíûõ äàííûõ (1.40).


4.2. Îáñóæäåíèå ðåçóëüòàòîâ. Äëÿ îïåðàòîðà Aε óñðåäíåíèå ðåçîëü-
âåíòû â çàâèñèìîñòè îò ñïåêòðàëüíîãî ïàðàìåòðà èçó÷àëîñü â [Su7]. Ïî-
ëó÷åííûå â òåîðåìàõ 4.1, 4.2 è 4.4 äâóõïàðàìåòðè÷åñêèå îöåíêè ïîãðåø-
íîñòè èìåþò òî æå ïîâåäåíèå, ÷òî è îöåíêè èç [Su7, òåîðåìû 2.2, 2.4 è
2.6].
Îäíàêî åñòü è îòëè÷èå îò óïîìÿíóòûõ ðåçóëüòàòîâ [Su7]. Äëÿ îïå-


ðàòîðà Aε óäàëîñü ïîëó÷èòü àïïðîêñèìàöèè ðåçîëüâåíòû (Aε − ζI)−1 ñ
îöåíêàìè âèäà (4.2), (4.4), (4.5), (4.7) âî âñåé îáëàñòè ζ ∈ C \R+. À äëÿ
îïåðàòîðà Bε â òåîðåìàõ 4.1, 4.2, 4.4 äîïîëíèòåëüíî ïðåäïîëàãàåòñÿ, ÷òî
|ζ| > 1. Ýòî ñâÿçàíî ñ ïðèñóòñòâèåì ÷ëåíîâ ïåðâîãî è íóëåâîãî ïîðÿä-
êîâ. Íèæå â �8 ìû ðàñøèðèì îáëàñòü èçìåíåíèÿ ïàðàìåòðà ζ, îäíàêî
õàðàêòåð îöåíîê áóäåò ìåíåå òî÷íûì (îòíîñèòåëüíî ζ).
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� 5. Äîêàçàòåëüñòâî òåîðåìû 4.1


5.1. Îïåðàòîð B(ε;ϑ). Äîêàçàòåëüñòâî òåîðåì 4.1 è 4.2 îñíîâàíî íà ðå-
çóëüòàòàõ òåîðåì 1.9 è 3.3 è ðàññìîòðåíèè âñïîìîãàòåëüíîãî îïåðàòîð-
íîãî ñåìåéñòâà, çàâèñÿùåãî îò äîïîëíèòåëüíîãî ïàðàìåòðà 0 < ϑ 6 1. Â
ýòîì è òðåõ ñëåäóþùèõ ïóíêòàõ ââîäÿòñÿ íåîáõîäèìûå îïðåäåëåíèÿ.
Óñëîâèÿ ï. 1.3�1.5 ñ÷èòàåì âûïîëíåííûìè. Ïóñòü Q0 � ìàòðèöà-


ôóíêöèÿ èç ï. 1.10, è ïóñòü c5 = (c0 + c4)‖Q−1
0 ‖L∞ . Â L2(Rd;Cn) ðàñ-


ñìîòðèì êâàäðàòè÷íóþ ôîðìó


b(ε;ϑ)[u,u] = a[u,u] + 2ϑεRe (Yu,Y2u)L2(Rd)


+ ϑ2ε2q[u,u] + ϑ2ε2c5(Q0u,u)L2(Rd), u ∈ H1(Rd;Cn).
(5.1)


Çäåñü ε > 0 è 0 < ϑ 6 1. Ñ÷èòàåì, ÷òî 0 < εϑ 6 1.
Çàìåòèì, ÷òî ñîãëàñíî (1.15) è (5.1) ïðè âñåõ u ∈ H1(Rd;Cn) âûïîë-


íåíî b(ε;ϑ)[u,u] = b(εϑ)[u,u] + c5ε
2ϑ2(Q0u,u)L2 . Ñ ó÷åòîì âûáîðà c5


îòñþäà è èç (1.17), (1.18) âûòåêàåò, ÷òî ôîðìà b(ε;ϑ) çàìêíóòà è íåîò-
ðèöàòåëüíà, ïðè÷åì


c∗‖Du‖2L2(Rd) 6 b(ε;ϑ)[u,u] 6 C∗‖Du‖2L2(Rd)


+ (C(1) + c3 + c5‖Q0‖L∞)ε2‖u‖2L2(Rd), u ∈ H1(Rd;Cn), 0 < ε 6 ϑ−1.


(5.2)


Îòâå÷àþùèé åé ñàìîñîïðÿæåííûé îïåðàòîð â L2(Rd;Cn) îáîçíà÷èì ÷å-
ðåç B(ε;ϑ). Ôîðìàëüíî,


B(ε;ϑ) = b(D)∗g(x)b(D) + ϑε
d∑
j=1


(aj(x)Dj +Djaj(x)∗)


+ ϑ2ε2Q(x) + ϑ2ε2c5Q0(x).


(5.3)


5.2. Îïåðàòîð Bε(ϑ). Â L2(Rd;Cn) ðàññìîòðèì êâàäðàòè÷íóþ ôîðìó


bε(ϑ)[u,u] = aε[u,u] + 2ϑRe (Yu,Y2,εu)L2(Rd) + ϑ2qε[u,u]


+ ϑ2c5(Qε0u,u)L2(Rd), u ∈ H1(Rd;Cn),
(5.4)


ãäå 0 < ϑ 6 1 è 0 < ε 6 ϑ−1. Ñïðàâåäëèâî òîæäåñòâî


bε(ϑ)[u,u] = ε−2b(ε;ϑ)[Tεu, Tεu], u ∈ H1(Rd;Cn), (5.5)


ãäå Tε � îïåðàòîð ìàñøòàáíîãî ïðåîáðàçîâàíèÿ (1.19). Ñ ó÷åòîì (5.2) èç
(5.5) âûòåêàåò, ÷òî ôîðìà (5.4) çàìêíóòà è íåîòðèöàòåëüíà, ïðè÷åì


c∗‖Du‖2L2(Rd) 6 bε(ϑ)[u,u] 6 c6‖u‖2H1(Rd),


u ∈ H1(Rd;Cn), 0 < ε 6 ϑ−1,
(5.6)


ãäå c6 = max{C∗;C(1) + c3 + c5‖Q0‖L∞}. Îòâå÷àþùèé ôîðìå (5.5) ñàìî-
ñîïðÿæåííûé îïåðàòîð â L2(Rd;Cn) îáîçíà÷èì ÷åðåç Bε(ϑ).
Ìû ðàññìîòðèì îáîáùåííóþ ðåçîëüâåíòó (Bε(ϑ) +λ0Q


ε
0)−1, ãäå ÷èñëî


λ0 îïðåäåëåíî â (1.39), è ïðèìåíèì òåîðåìó 1.9 (ñì. çàìå÷àíèå 1.11).
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5.3. Îïåðàòîðû B0(ϑ) è B0(ε;ϑ). Ëåãêî âèäåòü (ñì. (1.23)�(1.25),
(1.31)�(1.34)), (1.41), ÷òî ýôôåêòèâíûé îïåðàòîð äëÿ Bε(ϑ) ïðèíèìàåò
âèä


B0(ϑ) = A0 + ϑ


(
−b(D)∗V − V ∗b(D) +


d∑
j=1


(aj + a∗j )Dj


)
+ ϑ2(Q+ c5Q0 −W ).


Â ñîîòâåòñòâèè ñ (1.42) äëÿ êâàäðàòè÷íîé ôîðìû b0(ϑ) îïåðàòîðà B0(ϑ)
âåðíà îöåíêà


b0(ϑ)[u,u] > c∗‖Du‖2L2(Rd), u ∈ H1(Rd;Cn). (5.7)


Ýòî ðàâíîñèëüíî ñëåäóþùåé îöåíêå äëÿ ñèìâîëà L0(ξ;ϑ) îïåðàòîðà
B0(ϑ):


L0(ξ;ϑ) > c∗|ξ|21n, ξ ∈ Rd, 0 < ϑ 6 1. (5.8)


Òîãäà ñ ó÷åòîì (1.39) äëÿ ñèìâîëà


L(ξ;ϑ) = b(ξ)∗g0b(ξ)− ϑb(ξ)∗V − ϑV ∗b(ξ)


+ ϑ
d∑
j=1


(aj + a∗j )ξj + ϑ2(Q+ c5Q0)− ϑ2W + λ0Q0


îïåðàòîðà B0(ϑ) + λ0Q0 ñïðàâåäëèâà îöåíêà


L(ξ;ϑ) > č∗(|ξ|2 + 1)1n, ξ ∈ Rd, 0 < ϑ 6 1, č∗ = min{c∗; 2c4}. (5.9)


Îòìåòèì òîæäåñòâî


B0(ϑ) = ε−2T ∗εB
0(ε;ϑ)Tε,


ãäå B0(ε;ϑ) � ñàìîñîïðÿæåííûé îïåðàòîð â L2(Rd;Cn), îïðåäåëåííûé
ðàâåíñòâîì


B0(ε;ϑ) = A0 + εϑ


(
−b(D)∗V − V ∗b(D) +


d∑
j=1


(aj + a∗j )Dj


)
+ ε2ϑ2(Q−W + c5Q0).


(5.10)


5.4. Îïåðàòîðû B̃ε(ϑ) è B̃0(ϑ). Ôàêòîðèçóåì


Q0(x) = (f(x)∗)−1f(x)−1, (5.11)


Q0 = f−2
0 . Çàìåòèì, ÷òî


|f0| 6 ‖f‖L∞ = ‖Q−1
0 ‖


1/2
L∞
, |f−1


0 | 6 ‖f
−1‖L∞ = ‖Q0‖1/2L∞


. (5.12)


Ïóñòü B̃ε(ϑ) � ñàìîñîïðÿæåííûé â L2(Rd;Cn) îïåðàòîð, ïîðîæäåííûé
êâàäðàòè÷íîé ôîðìîé


b̃ε(ϑ)[u,u] := bε(ϑ)[f εu, fεu], (5.13)
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çàäàííîé íà îáëàñòè îïðåäåëåíèÿ


Dom b̃ε(ϑ) = {u ∈ L2(Rd;Cn) : f εu ∈ H1(Rd;Cn)}.
Çäåñü 0 < ϑ 6 1 è 0 < ε 6 ϑ−1. Òàê êàê îïåðàòîð Bε(ϑ) íåîòðèöàòåëåí,


îïåðàòîð B̃ε(ϑ) òàêæå íåîòðèöàòåëåí.


Ïóñòü B̃0(ϑ) = f0B
0(ϑ)f0. Îòìåòèì ðàâåíñòâà


(Bε(ϑ)− ζQε0)−1 = f ε(B̃ε(ϑ)− ζI)−1(f ε)∗, ζ ∈ C \ R+, (5.14)


(B0(ϑ)− ζQ0)−1 = f0(B̃0(ϑ)− ζI)−1f0, ζ ∈ C \ R+. (5.15)


5.5. Äîêàçàòåëüñòâî òåîðåìû 4.1. Ïðèìåíÿÿ òåîðåìó 1.9 ê îïåðàòî-
ðó Bε(ϑ) è ó÷èòûâàÿ çàìå÷àíèå 1.11, íàõîäèì


‖(Bε(ϑ) + λ0Q
ε
0)−1 − (B0(ϑ) + λ0Q0)−1‖L2(Rd)→L2(Rd) 6 C1ε,


0 < ϑ 6 1, 0 < ε 6 1.
(5.16)


Ðàñïðîñòðàíèì ýòó îöåíêó íà 0 < ε 6 ϑ−1. Ñ ó÷åòîì (5.14) èìååì


‖(Bε(ϑ) + λ0Q
ε
0)−1‖L2(Rd)→L2(Rd) 6 ‖f‖2L∞‖(B̃ε(ϑ) + λ0I)−1‖L2(Rd)→L2(Rd)


6 λ−1
0 ‖f‖


2
L∞ .


(5.17)


Àíàëîãè÷íî èç (5.15) è (5.12) âûòåêàåò, ÷òî


‖(B0(ϑ) + λ0Q0)−1‖L2(Rd)→L2(Rd) 6 λ
−1
0 ‖f‖


2
L∞ . (5.18)


Èç (5.17), (5.18) ñëåäóåò, ÷òî ëåâàÿ ÷àñòü (5.16) íå ïðåâîñõîäèò
2λ−1


0 ‖f‖2L∞ε ïðè 1 < ε 6 ϑ−1. Îòñþäà è èç (5.16) âûòåêàåò îöåíêà


‖(Bε(ϑ) + λ0Q
ε
0)−1 − (B0(ϑ) + λ0Q0)−1‖L2(Rd)→L2(Rd) 6 Ĉ1ε,


0 < ϑ 6 1, 0 < ε 6 ϑ−1,
(5.19)


ñ ïîñòîÿííîé Ĉ1 = max{C1; 2λ−1
0 ‖f‖2L∞}.


Òåïåðü ïîëó÷èì àíàëîã îöåíêè (5.19) äëÿ (Bε(ϑ)− ζ̂Qε0)−1, ãäå ζ̂ = eiφ


ïðè φ ∈ (0, 2π). Âîñïîëüçóåìñÿ òîæäåñòâîì


(Bε(ϑ)− ζ̂Qε0)−1 − (B0(ϑ)− ζ̂Q0)−1


= (Bε(ϑ)− ζ̂Qε0)−1(Bε(ϑ) + λ0Q
ε
0)


×
(
(Bε(ϑ) + λ0Q


ε
0)−1 − (B0(ϑ) + λ0Q0)−1


)
× (B0(ϑ) + λ0Q0)(B0(ϑ)− ζ̂Q0)−1


+ (λ0 + ζ̂)(Bε(ϑ)− ζ̂Qε0)−1(Qε0 −Q0)(B0(ϑ)− ζ̂Q0)−1.


(5.20)


Ñ ó÷åòîì (5.14) èìååì


‖(Bε(ϑ)− ζ̂Qε0)−1(Bε(ϑ) + λ0Q
ε
0)‖L2(Rd)→L2(Rd)


= ‖f ε(B̃ε(ϑ)− ζ̂I)−1(B̃ε(ϑ) + λ0I)(f ε)−1‖L2(Rd)→L2(Rd)


6 ‖f‖L∞‖f−1‖L∞‖(B̃ε(ϑ)− ζ̂I)−1(B̃ε(ϑ) + λ0I)‖L2(Rd)→L2(Rd).


(5.21)
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Ïîñêîëüêó B̃ε(ϑ) > 0,


‖(B̃ε(ϑ)− ζ̂I)−1(B̃ε(ϑ) + λ0I)‖L2(Rd)→L2(Rd) 6 sup
ν>0


ν + λ0


|ν − ζ̂|


6 sup
ν>0


ν + λ0


ν + 1
sup
ν>0


ν + 1


|ν − ζ̂|
6 2(1 + λ0)c(φ).


(5.22)


Çäåñü c(φ) � âåëè÷èíà (4.1). Òåïåðü èç (5.21) è (5.22) âûòåêàåò, ÷òî


‖(Bε(ϑ)− ζ̂Qε0)−1(Bε(ϑ) + λ0Q
ε
0)‖L2(Rd)→L2(Rd)


6 2(1 + λ0)‖f‖L∞‖f−1‖L∞c(φ).
(5.23)


Àíàëîãè÷íî,


‖(B0(ϑ) + λ0Q0)(B0(ϑ)− ζ̂Q0)−1‖L2(Rd)→L2(Rd)


6 2(1 + λ0)‖f‖L∞‖f−1‖L∞c(φ).
(5.24)


Îöåíèì íîðìó âòîðîãî ñëàãàåìîãî â ïðàâîé ÷àñòè (5.20):


‖(ζ̂ + λ0)(Bε(ϑ)− ζ̂Qε0)−1(Qε0 −Q0)(B0(ϑ)− ζ̂Q0)−1‖L2(Rd)→L2(Rd)


6 (1 + λ0)‖(Bε(ϑ)− ζ̂Qε0)−1‖H−1(Rd)→L2(Rd)


× ‖[Qε0 −Q0]‖H1(Rd)→H−1(Rd)‖(B0(ϑ)− ζ̂Q0)−1‖L2(Rd)→H1(Rd).


(5.25)


Ïî äâîéñòâåííîñòè ïîëó÷àåì


‖(Bε(ϑ)− ζ̂Qε0)−1‖H−1(Rd)→L2(Rd) = ‖(Bε(ϑ)− ζ̂∗Qε0)−1‖L2(Rd)→H1(Rd).


(5.26)


Ñ ó÷åòîì (5.14) âûïîëíåíî


‖(Bε(ϑ)− ζ̂∗Qε0)−1‖L2(Rd)→L2(Rd) 6 ‖f‖2L∞‖(B̃ε(ϑ)− ζ̂∗I)−1‖L2(Rd)→L2(Rd)


6 ‖f‖2L∞c(φ).
(5.27)


Îöåíèì ‖D(Bε(ϑ) − ζ̂∗Qε0)−1‖L2(Rd)→L2(Rd). Ïðèìåíÿÿ íèæíþþ îöåíêó


(5.6), (5.13) è (5.14), íàõîäèì


‖D(Bε(ϑ)− ζ̂∗Qε0)−1‖L2(Rd)→L2(Rd)


6 c−1/2
∗ ‖Bε(ϑ)1/2(Bε(ϑ)− ζ̂∗Qε0)−1‖L2(Rd)→L2(Rd)


= c
−1/2
∗ ‖B̃ε(ϑ)1/2(B̃ε(ϑ)− ζ̂∗I)−1(f ε)∗‖L2(Rd)→L2(Rd)


6 c−1/2
∗ ‖f‖L∞ sup


ν>0


ν1/2


|ν − ζ̂∗|
6 c−1/2
∗ ‖f‖L∞c(φ).


(5.28)


Îòñþäà è èç (5.26), (5.27) âèäíî, ÷òî


‖(Bε(ϑ)− ζ̂Qε0)−1‖H−1(Rd)→L2(Rd) 6 C1c(φ), (5.29)


ãäå C1 := ‖f‖2L∞ + c
−1/2
∗ ‖f‖L∞ .
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Îöåíèì òåïåðü (L2 → H1)-íîðìó îïåðàòîðà (B0(ϑ)− ζ̂Q0)−1, äåéñòâóÿ
ïî àíàëîãèè ñ (5.27), (5.28) è ó÷èòûâàÿ (5.7), (5.12) è (5.15):


‖(B0(ϑ)− ζ̂Q0)−1‖L2(Rd)→H1(Rd) 6 C1c(φ). (5.30)


Îáúåäèíÿÿ (2.14), (5.25), (5.29), (5.30), íàõîäèì


‖(ζ̂+λ0)(Bε(ϑ)−ζ̂Qε0)−1(Qε0−Q0)(B0(ϑ)−ζ̂Q0)−1‖L2(Rd)→L2(Rd) 6 C2εc(φ)2,


ãäå C2 = (1 + λ0)CQ0C
2
1. Îòñþäà è èç (5.19), òîæäåñòâà (5.20), (5.23) è


(5.24) âûòåêàåò íåðàâåíñòâî


‖(Bε(ϑ)− ζ̂Qε0)−1 − (B0(ϑ)− ζ̂Q0)−1‖L2(Rd)→L2(Rd) 6 C4εc(φ)2,


0 < ϑ 6 1, 0 < ε 6 ϑ−1, ζ̂ = eiφ, φ ∈ (0, 2π),
(5.31)


ñ ïîñòîÿííîé C4 = 4(1 + λ0)2‖f‖2L∞‖f
−1‖2L∞Ĉ1 + C2.


Ìàñøòàáíûì ïðåîáðàçîâàíèåì èç (5.31) ïîëó÷àåì


‖(B(ε;ϑ)− ζ̂ε2Q0)−1 − (B0(ε;ϑ)− ζ̂ε2Q0)−1‖L2(Rd)→L2(Rd) 6 C4c(φ)2ε−1.


(5.32)


Çäåñü â êà÷åñòâå ε âîçüìåì âåëè÷èíó ε̃|ζ|1/2, ñ÷èòàÿ, ÷òî 0 < ε̃ 6 1,


ζ = |ζ|eiφ ∈ C \ R+, φ ∈ (0, 2π), |ζ| > 1. Â êà÷åñòâå ϑ âîçüìåì |ζ|−1/2.
Òîãäà àâòîìàòè÷åñêè 0 < ϑ 6 1 è 0 < εϑ 6 1. Èìååì (ñì. (5.3), (5.10))


B(ε̃|ζ|1/2; |ζ|−1/2) = B(ε̃; 1),


B0(ε̃|ζ|1/2; |ζ|−1/2) = B0(ε̃; 1).


Ïîýòîìó èç (5.32) ñëåäóåò îöåíêà


‖(B(ε̃; 1)− ζε̃ 2Q0)−1 − (B0(ε̃; 1)− ζε̃ 2Q0)−1‖L2(Rd)→L2(Rd)


6 C4c(φ)2ε̃−1|ζ|−1/2, 0 < ε̃ 6 1, ζ = |ζ|eiφ, |ζ| > 1, 0 < φ < 2π.


Îòñþäà ïåðåîáîçíà÷åíèåì ε := ε̃ è îáðàòíûì ìàñøòàáíûì ïðåîáðàçîâà-
íèåì ïîëó÷àåì (4.2). Ýòî çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû 4.1.


�


� 6. Äîêàçàòåëüñòâî òåîðåì 4.2 è 4.4


6.1. Îïåðàòîð K(ε;ϑ). Ïóñòü ïî-ïðåæíåìó 0 < ϑ 6 1 è 0 < ε 6 ϑ−1.
Ðàññìîòðèì îáîáùåííóþ ðåçîëüâåíòó (Bε(ϑ) + λ0Q


ε
0)−1. Ñ ó÷åòîì âèäà


çàäà÷ äëÿ Λ è Λ̃ (ñì. (1.23) è (1.31)) àíàëîã êîððåêòîðà (3.2) äëÿ îáîá-
ùåííîé ðåçîëüâåíòû (Bε(ϑ) + λ0Q


ε
0)−1 èìååò âèä


K(ε;ϑ) =
(


[Λε]b(D) + ϑ[Λ̃ε]
)
Sε(B


0(ϑ) + λ0Q0)−1. (6.1)


Îïåðàòîð K(ε;ϑ) íåïðåðûâíî ïåðåâîäèò L2(Rd;Cn) â H1(Rd;Cn). Ýòî
âèäíî èç ñëåäóþùåé ëåììû.
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Ëåììà 6.1. Ïóñòü K(ε;ϑ) � îïåðàòîð (6.1). Òîãäà ïðè 0 < ϑ 6 1 è


ε > 0 îïåðàòîð K(ε;ϑ) íåïðåðûâåí èç L2(Rd;Cn) â H1(Rd;Cn) è âûïîë-


íåíû îöåíêè


‖K(ε;ϑ)‖L2(Rd)→L2(Rd) 6 C
(1)
K , (6.2)


‖εDK(ε;ϑ)‖L2(Rd)→L2(Rd) 6 C
(2)
K ε+ C


(3)
K . (6.3)


Ïîñòîÿííûå C
(1)
K , C


(2)
K , C


(3)
K çàâèñÿò ëèøü îò èñõîäíûõ äàííûõ (1.40).


Äîêàçàòåëüñòâî. Îöåíèì (L2 → L2)-íîðìó êîððåêòîðà:


‖K(ε;ϑ)‖L2(Rd)→L2(Rd)


6 ‖[Λε]Sε‖L2(Rd)→L2(Rd)‖b(D)(B0(ϑ) + λ0Q0)−1‖L2(Rd)→L2(Rd)


+ ‖[Λ̃ε]Sε‖L2(Rd)→L2(Rd)‖(B0(ϑ) + λ0Q0)−1‖L2(Rd)→L2(Rd).


(6.4)


Ïðèìåíÿÿ ïðåäëîæåíèå 3.2 è ó÷èòûâàÿ (1.26), íàõîäèì


‖[Λε]Sε‖L2(Rd)→L2(Rd) 6M1. (6.5)


Ñîãëàñíî (1.4)


‖b(D)(B0(ϑ) + λ0Q0)−1‖L2(Rd)→L2(Rd)


6 α1/2
1 ‖D(B0(ϑ) + λ0Q0)−1‖L2(Rd)→L2(Rd).


(6.6)


Òàê êàê ñèìâîë îïåðàòîðà B0(ϑ) + λ0Q0 ïîä÷èíåí îöåíêå (5.9), èìååì


‖D(B0(ϑ) + λ0Q0)−1‖L2(Rd)→L2(Rd) 6 č
−1
∗ sup


ξ∈Rd


|ξ|
|ξ|2 + 1


6 (2č∗)
−1. (6.7)


Èñïîëüçóÿ (3.12), (5.18) è (6.4)� (6.7), ïîëó÷àåì îöåíêó (6.2) ñ ïîñòîÿííîé


C
(1)
K = α


1/2
1 (2č∗)


−1M1 + λ−1
0 M̃1‖f‖2L∞ .


Ïðîâåðèì òåïåðü íåðàâåíñòâî (6.3). Î÷åâèäíî,


εDjK(ε;ϑ) = [(DjΛ)ε]Sεb(D)(B0(ϑ) + λ0Q0)−1


+ ε[Λε]Sεb(D)Dj(B
0(ϑ) + λ0Q0)−1


+ ϑ[(DjΛ̃)ε]Sε(B
0(ϑ) + λ0Q0)−1


+ εϑ[Λ̃ε]SεDj(B
0(ϑ) + λ0Q0)−1.


Ñëåäîâàòåëüíî,


‖εDK(ε;ϑ)‖2L2(Rd)→L2(Rd)


6 4‖[(DΛ)ε]Sεb(D)(B0(ϑ) + λ0Q0)−1‖2L2(Rd)→L2(Rd)


+ 4‖ε[Λε]Sεb(D)D(B0(ϑ) + λ0Q0)−1‖2L2(Rd)→L2(Rd)


+ 4‖[(DΛ̃)ε]Sε(B
0(ϑ) + λ0Q0)−1‖2L2(Rd)→L2(Rd)


+ 4‖ε[Λ̃ε]SεD(B0(ϑ) + λ0Q0)−1‖2L2(Rd)→L2(Rd).


(6.8)
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Ïðèìåíÿÿ ïðåäëîæåíèå 3.2 è (1.27), (1.37), íàõîäèì


‖[(DΛ)ε]Sε‖L2(Rd)→L2(Rd) 6M2, (6.9)


‖[(DΛ̃)ε]Sε‖L2(Rd)→L2(Rd) 6 |Ω|−1/2Can
1/2α−1


0 ‖g
−1‖L∞ =: M̃2. (6.10)


Â ñèëó (1.4) è (5.8) âûïîëíåíî


‖b(D)D(B0(ϑ) + λ0Q0)−1‖L2(Rd)→L2(Rd) 6 α
1/2
1 c−1


∗ . (6.11)


Îáúåäèíÿÿ (3.12), (5.18), (6.5)�(6.11), ïðèõîäèì ê îöåíêå (6.3) ñ ïîñòî-
ÿííûìè


C
(2)
K = (4α1M


2
1 c
−2
∗ + M̃2


1 č
−2
∗ )1/2,


C
(3)
K = (α1M


2
2 č
−2
∗ + 4λ−2


0 ‖f‖
4
L∞M̃


2
2 )1/2.


�


6.2. Äîêàçàòåëüñòâî òåîðåìû 4.2. Ñ ó÷åòîì çàìå÷àíèÿ 3.5 äëÿ Bε(ϑ)
ñïðàâåäëèâ ðåçóëüòàò òåîðåìû 3.3:


‖(Bε(ϑ) + λ0Q
ε
0)−1 − (B0(ϑ) + λ0Q0)−1 − εK(ε;ϑ)‖L2(Rd)→H1(Rd) 6 C3ε,


0 < ϑ 6 1, 0 < ε 6 1.
(6.12)


Ðàñïðîñòðàíèì ýòó îöåíêó íà 0 < ε 6 ϑ−1. Ïðè 1 < ε 6 ϑ−1 âîñïîëüçó-
åìñÿ ãðóáûìè îöåíêàìè. Äåéñòâóÿ ïî àíàëîãèè ñ (5.27), (5.28), íàõîäèì


‖(Bε(ϑ) + λ0Q
ε
0)−1‖L2(Rd)→H1(Rd) 6 C3, (6.13)


ãäå C3 = λ−1
0 ‖f‖2L∞ + 1


2λ
−1/2
0 c


−1/2
∗ ‖f‖L∞ .


Àíàëîãè÷íî ñ ó÷åòîì (5.7) è (5.12) èìååì


‖(B0(ϑ) + λ0Q0)−1‖L2(Rd)→H1(Rd) 6 C3. (6.14)


Ïðè 1 < ε 6 ϑ−1 âîñïîëüçóåìñÿ ëåììîé 6.1 è íåðàâåíñòâàìè (6.13),
(6.14), ïðè 0 < ε 6 1 � îöåíêîé (6.12). Â èòîãå ïîëó÷àåì


‖(Bε(ϑ) + λ0Q
ε
0)−1 − (B0(ϑ) + λ0Q0)−1 − εK(ε;ϑ)‖L2(Rd)→H1(Rd) 6 Ĉ3ε,


0 < ϑ 6 1, 0 < ε 6 ϑ−1,
(6.15)


ãäå Ĉ3 = max{C3; 2C3 + C
(1)
K + C


(2)
K + C


(3)
K }.


Ïîëîæèì


K(ε;ϑ; ζ) :=
(


[Λε]b(D) + ϑ[Λ̃ε]
)
Sε(B


0(ϑ)− ζQ0)−1, ζ ∈ C \ R+. (6.16)


Îòìåòèì, ÷òî K(ε;ϑ;−λ0) = K(ε;ϑ).
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Óñòàíîâèì àíàëîã îöåíêè (6.15) äëÿ îïåðàòîðà (Bε(ϑ) − ζ̂Qε0)−1, ãäå


ζ̂ = eiφ ïðè φ ∈ (0, 2π), ñ ïîìîùüþ òîæäåñòâà


(Bε(ϑ)− ζ̂Qε0)−1 − (B0(ϑ)− ζ̂Q0)−1 − εK(ε;ϑ; ζ̂)


= (Bε(ϑ)− ζ̂Qε0)−1(Bε(ϑ) + λ0Q
ε
0)


×
(
(Bε(ϑ) + λ0Q


ε
0)−1 − (B0(ϑ) + λ0Q0)−1 − εK(ε;ϑ;−λ0)


)
× (B0(ϑ) + λ0Q0)(B0(ϑ)− ζ̂Q0)−1


+ ε(λ0 + ζ̂)(Bε(ϑ)− ζ̂Qε0)−1Qε0K(ε;ϑ; ζ̂)


+ (λ0 + ζ̂)(Bε(ϑ)− ζ̂Qε0)−1(Qε0 −Q0)(B0(ϑ)− ζ̂Q0)−1.


(6.17)


Îáîçíà÷èì ïîñëåäîâàòåëüíûå ñëàãàåìûå â ïðàâîé ÷àñòè ÷åðåç Jl(ε;ϑ; ζ̂),
l = 1, 2, 3. Ñíà÷àëà îöåíèì (L2 → L2)-íîðìó êàæäîãî ñëàãàåìîãî. Â ñèëó
(5.11), (6.1) è (6.16) èìååì


‖Qε0K(ε;ϑ; ζ̂)‖L2(Rd)→L2(Rd) 6 ‖f−1‖2L∞‖K(ε;ϑ)‖L2(Rd)→L2(Rd)


× ‖(B0(ϑ) + λ0Q0)(B0(ϑ)− ζ̂Q0)−1‖L2(Rd)→L2(Rd).


Îòñþäà ñ ó÷åòîì (5.24) è (6.2) ñëåäóåò, ÷òî


‖Qε0K(ε;ϑ; ζ̂)‖L2(Rd)→L2(Rd) 6 2(1 + λ0)C
(1)
K ‖f‖L∞‖f


−1‖3L∞c(φ). (6.18)


Èç (5.27) è (6.18) ñëåäóåò îöåíêà îïåðàòîðà J2(ε;ϑ; ζ̂):


‖J2(ε;ϑ; ζ̂)‖L2(Rd)→L2(Rd) 6 2ε(λ0 + 1)2‖f‖3L∞‖f
−1‖3L∞C


(1)
K c(φ)2.


Äëÿ îöåíêè (L2 → L2)-íîðìû îïåðàòîðà J1(ε;ϑ; ζ̂) èñïîëüçóåì (5.23),


(5.24) è (6.15), äëÿ îöåíêè J3(ε;ϑ; ζ̂) � (2.14), (5.25), (5.29) è (5.30). Â
ðåçóëüòàòå ïîëó÷àåì


‖(Bε(ϑ)− ζ̂Qε0)−1 − (B0(ϑ)− ζ̂Q0)−1 − εK(ε;ϑ; ζ̂)‖L2(Rd)→L2(Rd)


6 C5εc(φ)2, 0 < ϑ 6 1, 0 < ε 6 ϑ−1, ζ̂ = eiφ, 0 < φ < 2π.
(6.19)


Çäåñü


C5 = 4(1 + λ0)2‖f‖2L∞‖f
−1‖2L∞Ĉ3 + 2(1 + λ0)2‖f‖3L∞‖f


−1‖3L∞C
(1)
K


+ (1 + λ0)CQ0C
2
1.


Ïðèìåíèì òåïåðü ê ëåâîé è ïðàâîé ÷àñòÿì (6.17) îïåðàòîð Bε(ϑ)1/2:


Bε(ϑ)1/2
(


(Bε(ϑ)− ζ̂Qε0)−1 − (B0(ϑ)− ζ̂Q0)−1 − εK(ε;ϑ; ζ̂)
)


= Bε(ϑ)1/2J1(ε;ϑ; ζ̂) +Bε(ϑ)1/2J2(ε;ϑ; ζ̂) +Bε(ϑ)1/2J3(ε;ϑ; ζ̂).
(6.20)


Îöåíèì (L2 → L2)-íîðìó êàæäîãî ñëàãàåìîãî â ïðàâîé ÷àñòè.
Ñ ó÷åòîì (5.13) ïðè âñåõ w ∈ H1(Rd;Cn) âûïîëíåíî


‖Bε(ϑ)1/2w‖2L2(Rd) = bε(ϑ)[w,w]


= b̃ε(ϑ)[(f ε)−1w, (f ε)−1w] = ‖B̃ε(ϑ)1/2(f ε)−1w‖2L2(Rd).
(6.21)
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Äàëåå, èç (5.14) ñëåäóåò, ÷òî


(f ε)∗(Bε(ϑ) + λ0Q
ε
0) = (B̃ε(ϑ) + λ0I)(f ε)−1. (6.22)


Èñïîëüçóÿ (5.14), (5.22), (6.21) è (6.22), ïîëó÷àåì


‖Bε(ϑ)1/2(Bε(ϑ)− ζ̂Qε0)−1(Bε(ϑ) + λ0Q
ε
0)‖H1(Rd)→L2(Rd)


6 ‖(B̃ε(ϑ)− ζ̂I)−1(B̃ε(ϑ) + λ0I)‖L2(Rd)→L2(Rd)


× ‖B̃ε(ϑ)1/2(f ε)−1‖H1(Rd)→L2(Rd)


6 2(λ0 + 1)c(φ)‖Bε(ϑ)1/2‖H1(Rd)→L2(Rd).


(6.23)


Òåïåðü èç âåðõíåé îöåíêè (5.6), (5.24), (6.15) è (6.23) âûòåêàåò îöåíêà
ïåðâîãî ñëàãàåìîãî â ïðàâîé ÷àñòè (6.20):


‖Bε(ϑ)1/2J1(ε;ϑ; ζ̂)‖L2(Rd)→L2(Rd) 6 C4εc(φ)2,


0 < ϑ 6 1, 0 < ε 6 ϑ−1, ζ̂ = eiφ, 0 < φ < 2π,
(6.24)


ãäå C4 := 4(1 + λ0)2c
1/2
6 Ĉ3‖f‖L∞‖f−1‖L∞ .


Äàëåå,


‖Bε(ϑ)1/2J2(ε;ϑ; ζ̂)‖L2(Rd)→L2(Rd)


6 ε(λ0 + 1)‖Bε(ϑ)1/2(Bε(ϑ)− ζ̂Qε0)−1‖L2→L2‖Qε0K(ε;ϑ; ζ̂)‖L2→L2 .
(6.25)


Ó÷èòûâàÿ (5.14) è (6.21), íàõîäèì


‖Bε(ϑ)1/2(Bε(ϑ)− ζ̂Qε0)−1‖L2(Rd)→L2(Rd)


= ‖B̃ε(ϑ)1/2(B̃ε(ϑ)− ζ̂I)−1(f ε)∗‖L2(Rd)→L2(Rd).
(6.26)


Î÷åâèäíî,


‖B̃ε(ϑ)1/2(B̃ε(ϑ)− ζ̂I)−1‖L2(Rd)→L2(Rd) 6 sup
ν>0


ν1/2


|ν − ζ̂|
6 c(φ). (6.27)


Â ñèëó (6.26) è (6.27)


‖Bε(ϑ)1/2(Bε(ϑ)− ζ̂Qε0)−1‖L2(Rd)→L2(Rd) 6 ‖f‖L∞c(φ). (6.28)


Èç (6.18), (6.25) è (6.28) âûòåêàåò îöåíêà âòîðîãî ñëàãàåìîãî â ïðàâîé
÷àñòè (6.20):


‖Bε(ϑ)1/2J2(ε;ϑ; ζ̂)‖L2(Rd)→L2(Rd) 6 C5εc(φ)2,


0 < ϑ 6 1, 0 < ε 6 ϑ−1, ζ̂ = eiφ, 0 < φ < 2π,
(6.29)


ãäå C5 := 2(1 + λ0)2C
(1)
K ‖f‖2L∞‖f


−1‖3L∞ .
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Ïåðåéäåì ê ðàññìîòðåíèþ òðåòüåãî ñëàãàåìîãî â ïðàâîé ÷àñòè (6.20).
Î÷åâèäíî,


‖Bε(ϑ)1/2J3(ε;ϑ; ζ̂)‖L2(Rd)→L2(Rd)


6 (λ0 + 1)‖Bε(ϑ)1/2(Bε(ϑ)− ζ̂Qε0)−1‖H−1(Rd)→L2(Rd)


× ‖[Qε0 −Q0]‖H1(Rd)→H−1(Rd)‖(B0(ϑ)− ζ̂Q0)−1‖L2(Rd)→H1(Rd).


(6.30)


Èñïîëüçóÿ (5.14), (6.21) è ñîîáðàæåíèÿ äâîéñòâåííîñòè, èìååì


‖Bε(ϑ)1/2(Bε(ϑ)− ζ̂Qε0)−1‖H−1(Rd)→L2(Rd)


= ‖B̃ε(ϑ)1/2(B̃ε(ϑ)− ζ̂I)−1(f ε)∗‖H−1(Rd)→L2(Rd)


= ‖f ε(B̃ε(ϑ)− ζ̂∗I)−1B̃ε(ϑ)1/2‖L2(Rd)→H1(Rd)


= ‖f εB̃ε(ϑ)1/2(B̃ε(ϑ)− ζ̂∗I)−1‖L2(Rd)→H1(Rd).


(6.31)


Â ñèëó íèæíåé îöåíêè (5.6) è òîæäåñòâà (5.13)


‖D[f ε]B̃ε(ϑ)1/2(B̃ε(ϑ)− ζ̂∗I)−1‖L2(Rd)→L2(Rd)


6 c−1/2
∗ ‖Bε(ϑ)1/2f εB̃ε(ϑ)1/2(B̃ε(ϑ)− ζ̂∗I)−1‖L2(Rd)→L2(Rd)


= c
−1/2
∗ ‖B̃ε(ϑ)(B̃ε(ϑ)− ζ̂∗I)−1‖L2(Rd)→L2(Rd).


(6.32)


Î÷åâèäíî,


‖B̃ε(ϑ)(B̃ε(ϑ)− ζ̂∗I)−1‖L2(Rd)→L2(Rd) 6 sup
ν>0


ν


|ν − ζ̂∗|
6 c(φ). (6.33)


Òåïåðü èç (6.27) â òî÷êå ζ̂∗, (6.31)�(6.33) ñëåäóåò, ÷òî


‖Bε(ϑ)1/2(Bε(ϑ)− ζ̂Qε0)−1‖H−1(Rd)→L2(Rd) 6 (‖f‖L∞ + c
−1/2
∗ )c(φ). (6.34)


Íåðàâåíñòâà (2.14), (5.30), (6.30) è (6.34) âëåêóò


‖Bε(ϑ)1/2J3(ϑ; ε; ζ̂)‖L2(Rd)→L2(Rd) 6 C6εc(φ)2,


0 < ϑ 6 1, 0 < ε 6 ϑ−1, ζ̂ = eiφ, 0 < φ < 2π,
(6.35)


ãäå C6 := (1 + λ0)(‖f‖L∞ + c
−1/2
∗ )CQ0C1.


Â èòîãå èç (6.20), (6.24), (6.29) è (6.35) âûòåêàåò îöåíêà


‖Bε(ϑ)1/2
(
(Bε(ϑ)− ζ̂Qε0)−1 − (B0(ϑ)− ζ̂Q0)−1 − εK(ε;ϑ; ζ̂)


)
‖L2→L2


6 Ĉ6εc(φ)2, 0 < ϑ 6 1, 0 < ε 6 ϑ−1, ζ̂ = eiφ, 0 < φ < 2π,
(6.36)


ñ ïîñòîÿííîé Ĉ6 = C4 + C5 + C6. Ñ ó÷åòîì íèæíåé îöåíêè (5.6) èç (6.36)
ñëåäóåò, ÷òî


‖D
(
(Bε(ϑ)− ζ̂Qε0)−1 − (B0(ϑ)− ζ̂Q0)−1 − εK(ε;ϑ; ζ̂)


)
‖L2(Rd)→L2(Rd)


6 C6εc(φ)2, 0 < ϑ 6 1, 0 < ε 6 ϑ−1, ζ̂ = eiφ, 0 < φ < 2π,
(6.37)
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ãäå C6 = c
−1/2
∗ Ĉ6.


Ìàñøòàáíûì ïðåîáðàçîâàíèåì èç (6.19) è (6.37) ïîëó÷àåì


‖(B(ε;ϑ)− ζ̂ε2Q0)−1 − (B0(ε;ϑ)− ζ̂ε2Q0)−1 − Ǩ(ε;ϑ; ζ̂)‖L2→L2


6 C5ε
−1c(φ)2,


(6.38)


‖D
(
(B(ε;ϑ)− ζ̂ε2Q0)−1 − (B0(ε;ϑ)− ζ̂ε2Q0)−1 − Ǩ(ε;ϑ; ζ̂)


)
‖L2→L2


6 C6c(φ)2,
(6.39)


ãäå


Ǩ(ε;ϑ; ζ̂) :=
(


[Λ]b(D) + εϑ[Λ̃]
)
S1(B0(ε;ϑ)− ζ̂ε2Q0)−1.


Êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 4.1, âîçüìåì â (6.38) è (6.39) â êà-


÷åñòâå ε âåëè÷èíó ε̃|ζ|1/2, ñ÷èòàÿ, ÷òî 0 < ε̃ 6 1, ζ = |ζ|eiφ è |ζ| > 1.


Â êà÷åñòâå ϑ âîçüìåì |ζ|−1/2. Äàëåå, ïåðåîáîçíà÷èì ε̃ =: ε è âûïîëíèì
îáðàòíîå ìàñøòàáíîå ïðåîáðàçîâàíèå, ó÷èòûâàÿ, ÷òî


εK(ε; ζ) = ε2T ∗ε Ǩ(ε|ζ|1/2; |ζ|−1/2; ζ̂)Tε, ζ = |ζ|eiφ.


Çäåñü Tε � îïåðàòîð (1.19), K(ε; ζ) � îïåðàòîð (4.3). Ýòî ïðèâîäèò ê
èñêîìûì îöåíêàì (4.4), (4.5) è çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû 4.2.


�


6.3. Äîêàçàòåëüñòâî òåîðåìû 4.4. Òåïåðü ìû âûâåäåì óòâåðæäåíèå
òåîðåìû 4.4 èç òåîðåìû 4.2. Ñ ó÷åòîì (1.4) èç (4.5) ñëåäóåò, ÷òî


‖gεb(D)(Bε − ζQε0)−1


− gεb(D)
(
I + ε


(
[Λε]b(D) + [Λ̃ε]


)
Sε


)
(B0 − ζQ0)−1‖L2→L2


6 ‖g‖L∞α
1/2
1 C6c(φ)2ε.


(6.40)


Â ñèëó (1.3) ñïðàâåäëèâî òîæäåñòâî


εgεb(D)
(


[Λε]b(D) + [Λ̃ε]
)
Sε(B


0 − ζQ0)−1


= gε(b(D)Λ)εSεb(D)(B0 − ζQ0)−1 + gε(b(D)Λ̃)εSε(B
0 − ζQ0)−1


+ ε


d∑
l=1


gεbl


(
[Λε]Sεb(D)Dl + [Λ̃ε]SεDl


)
(B0 − ζQ0)−1.


(6.41)
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Èç (1.4), (1.5), (3.12) è (6.5) âûòåêàåò îöåíêà äëÿ òðåòüåãî ñëàãàåìîãî
â ïðàâîé ÷àñòè (6.41):∥∥∥∥ε d∑


l=1


gεbl


(
[Λε]Sεb(D)Dl + [Λ̃ε]SεDl


)
(B0 − ζQ0)−1


∥∥∥∥
L2→L2


6 ε‖g‖L∞α
1/2
1 M1


d∑
l=1


‖b(D)Dl(B
0 − ζQ0)−1‖L2→L2


+ ε‖g‖L∞α
1/2
1 M̃1


d∑
l=1


‖Dl(B
0 − ζQ0)−1‖L2→L2


6 ε‖g‖L∞α1d
1/2M1‖D2(B0 − ζQ0)−1‖L2→L2


+ ε‖g‖L∞α
1/2
1 d1/2M̃1‖D(B0 − ζQ0)−1‖L2→L2 .


(6.42)


Âîñïîëüçóåìñÿ îöåíêîé (1.43):


‖D2(B0 − ζQ0)−1‖L2→L2 6 c
−1
∗ ‖B0(B0 − ζQ0)−1‖L2→L2 . (6.43)


Ó÷èòûâàÿ íåðàâåíñòâà (5.12) è ñâÿçü îïåðàòîðîâ B0 = B0(1) è B̃0 =


B̃0(1) (ñì. ï. 5.4), íàõîäèì


‖B0(B0 − ζQ0)−1‖L2→L2 = ‖f−1
0 B̃0(B̃0 − ζI)−1f0‖L2→L2


6 ‖f‖L∞‖f−1‖L∞ sup
ν>0


ν


|ν − ζ|
6 ‖f‖L∞‖f−1‖L∞c(φ).


(6.44)


Îòñþäà è èç (6.43) ïîëó÷àåì


‖D2(B0 − ζQ0)−1‖L2→L2 6 c
−1
∗ ‖f‖L∞‖f−1‖L∞c(φ). (6.45)


Àíàëîãè÷íî, èñïîëüçóÿ (1.42), íàõîäèì, ÷òî


‖D(B0 − ζQ0)−1‖L2→L2 6 c
−1/2
∗ ‖(B0)1/2(B0 − ζQ0)−1‖L2→L2


= c
−1/2
∗ ‖(B̃0)1/2(B̃0 − ζI)−1f0‖L2→L2


6 c−1/2
∗ ‖f‖L∞ sup


ν>0


ν1/2


|ν − ζ|
6 c−1/2
∗ ‖f‖L∞c(φ)|ζ|−1/2.


(6.46)


Òåïåðü èç (6.42), (6.45) è (6.46) ñëåäóåò, ÷òî ïðè |ζ| > 1 âûïîëíåíî∥∥∥∥ε d∑
l=1


gεbl


(
[Λε]Sεb(D)Dl + [Λ̃ε]SεDl


)
(B0 − ζQ0)−1


∥∥∥∥
L2→L2


6 C7εc(φ),


(6.47)


ãäå


C7 = ‖g‖L∞d1/2‖f‖L∞
(
α1M1c


−1
∗ ‖f−1‖L∞ + α


1/2
1 M̃1c


−1/2
∗


)
.
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Çàìåòèì, ÷òî â ñèëó ïðåäëîæåíèÿ 3.1, (1.4) è (6.45) âûïîëíåíî


‖gεb(D)(I − Sε)(B0 − ζQ0)−1‖L2(Rd)→L2(Rd)


6 ‖g‖L∞εr1‖Db(D)(B0 − ζQ0)−1‖L2(Rd)→L2(Rd)


6 εr1α
1/2
1 ‖g‖L∞‖D


2(B0 − ζQ0)−1‖L2(Rd)→L2(Rd) 6 C8εc(φ),


(6.48)


ãäå C8 := r1α
1/2
1 ‖g‖L∞c−1


∗ ‖f‖L∞‖f−1‖L∞ .
Òåïåðü èç (1.25), (6.40), (6.41), (6.47) è (6.48) ñëåäóåò îöåíêà (4.7) ñ


ïîñòîÿííîé C7 = ‖g‖L∞α
1/2
1 C6 + C7 + C8. Ýòî çàâåðøàåò äîêàçàòåëüñòâî


òåîðåìû 4.4.
�


� 7. Óñòðàíåíèå ñãëàæèâàþùåãî îïåðàòîðà.


Ñïåöèàëüíûå ñëó÷àè


7.1. Óñòðàíåíèå Sε â êîððåêòîðå. Îêàçûâàåòñÿ, ñãëàæèâàþùèé îïå-
ðàòîð Sε â êîððåêòîðå ìîæåò áûòü óñòðàíåí, åñëè íàëîæèòü íà ìàòðèöû-


ôóíêöèè Λ(x) è Λ̃(x) äîïîëíèòåëüíûå óñëîâèÿ.


Óñëîâèå 7.1. Ïóñòü Γ-ïåðèîäè÷åñêàÿ ìàòðèöà-ôóíêöèÿ Λ(x), ÿâëÿþ-
ùàÿñÿ ðåøåíèåì çàäà÷è (1.23), îãðàíè÷åíà: Λ ∈ L∞(Rd).


Ñëó÷àè, êîãäà óñëîâèå 7.1 âûïîëíåíî àâòîìàòè÷åñêè, âûäåëåíû â
[BSu3, ëåììà 8.7].


Ïðåäëîæåíèå 7.2 ([BSu3]). Óñëîâèå 7.1 çàâåäîìî âûïîëíåíî, åñëè ñïðà-
âåäëèâî õîòÿ áû îäíî èç ñëåäóþùèõ ïðåäïîëîæåíèé:


1◦) ðàçìåðíîñòü íå ïðåâîñõîäèò äâóõ, ò. å. d 6 2;
2◦) îïåðàòîð Aε èìååò âèä Aε = D∗gε(x)D ïðè âåùåñòâåííîé ìàòðèöå


g(x), d > 1;
3◦) ðàçìåðíîñòü d ïðîèçâîëüíà, è äëÿ ýôôåêòèâíîé ìàòðèöû ñïðàâåä-


ëèâî ðàâåíñòâî g0 = g, ò. å. âûïîëíåíî (1.30).


Äëÿ óñòðàíåíèÿ Sε â ÷ëåíå êîððåêòîðà, ñîäåðæàùåì Λ̃ε, äîñòàòî÷íî


íàëîæèòü íà ìàòðèöó-ôóíêöèþ Λ̃(x) ñëåäóþùåå óñëîâèå.


Óñëîâèå 7.3. Ïóñòü Γ-ïåðèîäè÷åñêàÿ ìàòðèöà-ôóíêöèÿ Λ̃(x), ÿâëÿþ-
ùàÿñÿ ðåøåíèåì çàäà÷è (1.31), óäîâëåòâîðÿåò óñëîâèþ


Λ̃ ∈ Lp(Ω), p = 2 ïðè d = 1, p > 2 ïðè d = 2, p = d ïðè d > 3.


Â [Su2, ïðåäëîæåíèå 8.11] ïîëó÷åí ñëåäóþùèé ðåçóëüòàò.


Ïðåäëîæåíèå 7.4 ([Su2]). Óñëîâèå 7.3 çàâåäîìî âûïîëíåíî, åñëè ñïðà-


âåäëèâî õîòÿ áû îäíî èç ñëåäóþùèõ ïðåäïîëîæåíèé:


1◦) d 6 4;
2◦) ðàçìåðíîñòü d ïðîèçâîëüíà, à îïåðàòîð Aε èìååò âèä D∗gε(x)D ïðè


âåùåñòâåííîé ìàòðèöå g(x).
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Çàìå÷àíèå 7.5. Â ñëó÷àå, êîãäà Aε = D∗gε(x)D ñ âåùåñòâåííîé


ìàòðèöåé-ôóíêöèåé g(x), èç òåîðåìû 13.1 ãë. III êíèãè [LaU] ñëåäó-
åò, ÷òî íîðìà ‖Λ‖L∞ îöåíèâàåòñÿ âåëè÷èíîé, çàâèñÿùåé îò d, ‖g‖L∞ ,
‖g−1‖L∞ è Ω, à íîðìà ‖Λ̃‖L∞ îöåíèâàåòñÿ âåëè÷èíîé, çàâèñÿùåé îò d,
ρ, ‖g‖L∞ , ‖g−1‖L∞ , ‖aj‖Lρ(Ω), j = 1, . . . , d, è Ω. Ïðè ýòîì îäíîâðåìåííî


âûïîëíåíû óñëîâèÿ 7.1 è 7.3.


Íàøà öåëü â ýòîì ïóíêòå � äîêàçàòü ñëåäóþùóþ òåîðåìó.


Òåîðåìà 7.6. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4.1.
1◦. Ïóñòü âûïîëíåíî óñëîâèå 7.1. Òîãäà ïðè 0 < ε 6 1 è ζ ∈ C \ R+,


|ζ| > 1, ñïðàâåäëèâû îöåíêè


‖(Bε − ζQε0)−1 − (I + ε[Λε]b(D) + ε[Λ̃ε]Sε)(B
0 − ζQ0)−1‖L2(Rd)→L2(Rd)


6 C ′8c(φ)2ε|ζ|−1/2,


‖D
(
(Bε − ζQε0)−1 − (I + ε[Λε]b(D) + ε[Λ̃ε]Sε)(B


0 − ζQ0)−1
)
‖L2(Rd)→L2(Rd)


6 C ′9c(φ)2ε.


Ïîñòîÿííûå C ′8 è C ′9 çàâèñÿò ëèøü îò èñõîäíûõ äàííûõ (1.40) è îò


íîðìû ‖Λ‖L∞ .
2◦. Ïóñòü ñïðàâåäëèâî óñëîâèå 7.3. Òîãäà ïðè 0 < ε 6 1 è ζ ∈ C \ R+,


|ζ| > 1, âûïîëíåíî


‖(Bε − ζQε0)−1 − (I + ε[Λε]b(D)Sε + ε[Λ̃ε])(B0 − ζQ0)−1‖L2(Rd)→L2(Rd)


6 C ′′8 c(φ)2ε|ζ|−1/2,


‖D
(
(Bε − ζQε0)−1 − (I + ε[Λε]b(D)Sε + ε[Λ̃ε])(B0 − ζQ0)−1


)
‖L2(Rd)→L2(Rd)


6 C ′′9 c(φ)2ε.


Ïîñòîÿííûå C ′′8 è C ′′9 êîíòðîëèðóþòñÿ ÷åðåç èñõîäíûå äàííûå (1.40), p


è íîðìó ‖Λ̃‖Lp(Ω).


3◦. Ïóñòü âûïîëíåíû óñëîâèÿ 7.1 è 7.3. Òîãäà ïðè 0 < ε 6 1 è ζ ∈ C\R+,


|ζ| > 1, ñïðàâåäëèâû îöåíêè


‖(Bε − ζQε0)−1 − (I + ε[Λε]b(D) + ε[Λ̃ε])(B0 − ζQ0)−1‖L2(Rd)→L2(Rd)


6 C8c(φ)2ε|ζ|−1/2,


‖D
(
(Bε − ζQε0)−1 − (I + ε[Λε]b(D) + ε[Λ̃ε])(B0 − ζQ0)−1


)
‖L2(Rd)→L2(Rd)


6 C9c(φ)2ε.
(7.1)


Ïîñòîÿííûå C8 è C9 çàâèñÿò îò èñõîäíûõ äàííûõ (1.40), îò p è îò


íîðì ‖Λ‖L∞ è ‖Λ̃‖Lp(Ω).


Îãðàíè÷åííîñòü îïåðàòîðîâ ïîä çíàêîì íîðìû â îöåíêàõ òåîðåìû 7.6
(ïðè ñîîòâåòñòâóþùèõ óñëîâèÿõ) âûòåêàåò èç ñëåäñòâèÿ 2.2, ëåììû 2.5 è
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ñëåäñòâèÿ 2.6. Óòâåðæäåíèÿ òåîðåìû 7.6 âûòåêàþò èç (4.4), (4.5) è ëåìì
7.7, 7.8, óñòàíîâëåííûõ íèæå.


Ëåììà 7.7. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4.1 è óñëîâèå 7.1. Òîãäà
ïðè ζ ∈ C \ R+, |ζ| > 1, è 0 < ε 6 1 ñïðàâåäëèâû îöåíêè


ε‖[Λε]b(D)(Sε − I)(B0 − ζQ0)−1‖L2(Rd)→L2(Rd) 6 C
(1)
Λ εc(φ)|ζ|−1/2, (7.2)


ε‖D[Λε]b(D)(Sε − I)(B0 − ζQ0)−1‖L2(Rd)→L2(Rd) 6 C
(2)
Λ εc(φ). (7.3)


Ïîñòîÿííûå C
(1)
Λ è C


(2)
Λ çàâèñÿò òîëüêî îò èñõîäíûõ äàííûõ (1.40) è


îò ‖Λ‖L∞ .


Äîêàçàòåëüñòâî. Äëÿ ïðîâåðêè (7.2) âîñïîëüçóåìñÿ íåðàâåíñòâàìè
(1.4) è (6.46):


‖[Λε]b(D)(Sε − I)(B0 − ζQ0)−1‖L2(Rd)→L2(Rd)


6 2α
1/2
1 ‖Λ‖L∞‖D(B0 − ζQ0)−1‖L2(Rd)→L2(Rd) 6 C


(1)
Λ c(φ)|ζ|−1/2,


ãäå C
(1)
Λ = 2α


1/2
1 c


−1/2
∗ ‖f‖L∞‖Λ‖L∞ .


Òåïåðü ïðîâåðèì (7.3). Èìååì


ε∂j [Λ
ε]b(D)(Sε − I)(B0 − ζQ0)−1 = [(∂jΛ)ε](Sε − I)b(D)(B0 − ζQ0)−1


+ ε[Λε](Sε − I)b(D)∂j(B
0 − ζQ0)−1.


(7.4)


Ñëåäîâàòåëüíî,


ε2‖D[Λε]b(D)(Sε − I)(B0 − ζQ0)−1‖2L2(Rd)→L2(Rd)


6 2‖[(DΛ)ε](Sε − I)b(D)(B0 − ζQ0)−1‖2L2(Rd)→L2(Rd)


+ 2ε2‖Λ‖2L∞
d∑
j=1


‖(Sε − I)b(D)∂j(B
0 − ζQ0)−1‖2L2(Rd)→L2(Rd).


Ñ ó÷åòîì cëåäñòâèÿ 2.2 ýòî âëå÷åò


ε2‖D[Λε]b(D)(Sε − I)(B0 − ζQ0)−1‖2L2(Rd)→L2(Rd)


6 2β1‖(Sε − I)b(D)(B0 − ζQ0)−1‖2L2(Rd)→L2(Rd)


+ 2ε2‖Λ‖2L∞(β2 + 1)
d∑
j=1


‖(Sε − I)b(D)∂j(B
0 − ζQ0)−1‖2L2(Rd)→L2(Rd).


Ïðèìåíÿÿ ïðåäëîæåíèå 3.1 äëÿ îöåíêè ïåðâîãî ñëàãàåìîãî ñïðàâà è ó÷è-
òûâàÿ (1.4), íàõîäèì


ε2‖D[Λε]b(D)(Sε − I)(B0 − ζQ0)−1‖2L2(Rd)→L2(Rd)


6 ε2α1


(
2r2


1β1 + 8(β2 + 1)‖Λ‖2L∞
)
‖D2(B0 − ζQ0)−1‖2L2(Rd)→L2(Rd).
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Ñ ó÷åòîì (6.45) îòñþäà âûòåêàåò èñêîìîå íåðàâåíñòâî (7.3) ñ ïîñòîÿííîé


C
(2)
Λ = α


1/2
1 c−1


∗
(
2r2


1β1 + 8(β2 + 1)‖Λ‖2L∞
)1/2 ‖f‖L∞‖f−1‖L∞ .


�


Ëåììà 7.8. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4.1 è óñëîâèå 7.3. Òîãäà
ïðè ζ ∈ C \ R+, |ζ| > 1, è 0 < ε 6 1 ñïðàâåäëèâû îöåíêè


ε‖[Λ̃ε](Sε − I)(B0 − ζQ0)−1‖L2(Rd)→L2(Rd) 6 C
(1)


Λ̃
εc(φ)|ζ|−1/2, (7.5)


ε‖D[Λ̃ε](Sε − I)(B0 − ζQ0)−1‖L2(Rd)→L2(Rd) 6 C
(2)


Λ̃
εc(φ). (7.6)


Ïîñòîÿííûå C
(1)


Λ̃
è C


(2)


Λ̃
çàâèñÿò îò èñõîäíûõ äàííûõ (1.40), îò p è îò


‖Λ̃‖Lp(Ω).


Äîêàçàòåëüñòâî. Èç ëåììû 2.5 è óñëîâèÿ 7.3 âûòåêàåò îöåíêà


‖[Λ̃ε](Sε − I)(B0 − ζQ0)−1‖L2(Rd)→L2(Rd)


6 2C
(p)
Ω ‖Λ̃‖Lp(Ω)‖(B0 − ζQ0)−1‖L2(Rd)→H1(Rd).


(7.7)


Ó÷èòûâàÿ ñâÿçü îïåðàòîðîâ B0 = B0(1) è B̃0 = B̃0(1) (ñì. ï. 5.4), à
òàêæå (5.12), ïîëó÷àåì


‖(B0 − ζQ0)−1‖L2(Rd)→L2(Rd) 6 |f0|2‖(B̃0 − ζI)−1‖L2(Rd)→L2(Rd)


6 ‖f‖2L∞c(φ)|ζ|−1.
(7.8)


Îáúåäèíÿÿ (6.46), (7.7) è (7.8), ïðèõîäèì ê (7.5) ïðè


C
(1)


Λ̃
= 2C


(p)
Ω ‖Λ̃‖Lp(Ω)(‖f‖2L∞ + c


−1/2
∗ ‖f‖L∞).


Òåïåðü äîêàæåì (7.6). Àíàëîãè÷íî (7.4)


ε∂j [Λ̃
ε](Sε − I)(B0 − ζQ0)−1 = [(∂jΛ̃)ε](Sε − I)(B0 − ζQ0)−1


+ ε[Λ̃ε](Sε − I)∂j(B
0 − ζQ0)−1.


Îòñþäà ñ ó÷åòîì ñëåäñòâèÿ 2.6 è ëåììû 2.5 âûòåêàåò îöåíêà


ε2‖D[Λ̃ε](Sε − I)(B0 − ζQ0)−1‖2L2(Rd)→L2(Rd)


6 2β̃1‖(Sε − I)(B0 − ζQ0)−1‖2L2(Rd)→H1(Rd)


+ 2(β̃2 + 1)ε2‖Λ̃‖2Lp(Ω)(C
(p)
Ω )2‖(Sε − I)D(B0 − ζQ0)−1‖2L2(Rd)→H1(Rd).


Ïðèìåíÿÿ ïðåäëîæåíèå 3.1 äëÿ îöåíêè ïåðâîãî ÷ëåíà ñïðàâà, ïîëó÷àåì


ε‖D[Λ̃ε](Sε − I)(B0 − ζQ0)−1‖L2(Rd)→L2(Rd)


6 ε


(
2β̃1r


2
1 + 8(β̃2 + 1)


(
C


(p)
Ω


)2
‖Λ̃‖2Lp(Ω)


)1/2


‖D(B0 − ζQ0)−1‖L2(Rd)→H1(Rd).
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Ñ ó÷åòîì (6.45), (6.46) ýòî ïðèâîäèò ê (7.6) ñ ïîñòîÿííîé


C
(2)


Λ̃
=


(
2β̃1r


2
1 + 8(β̃2 + 1)


(
C


(p)
Ω


)2
‖Λ̃‖2Lp(Ω)


)1/2


×
(
c−1
∗ ‖f‖L∞‖f−1‖L∞ + c


−1/2
∗ ‖f‖L∞


)
.


�


7.2. Óñòðàíåíèå Sε â àïïðîêñèìàöèè ïîòîêîâ.


Òåîðåìà 7.9. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4.1. Ïóñòü g̃(x) �


ìàòðèöà-ôóíêöèÿ (1.25).
1◦. Ïóñòü âûïîëíåíî óñëîâèå 7.1. Ïîëîæèì


G1(ε; ζ) := g̃εb(D)(B0 − ζQ0)−1 + gε
(
b(D)Λ̃


)ε
Sε(B


0 − ζQ0)−1. (7.9)


Òîãäà ïðè 0 < ε 6 1 è ζ ∈ C \ R+, |ζ| > 1, ñïðàâåäëèâà îöåíêà


‖gεb(D)(Bε − ζQε0)−1 −G1(ε; ζ)‖L2(Rd)→L2(Rd) 6 C
′
10c(φ)2ε.


Ïîñòîÿííàÿ C ′10 êîíòðîëèðóåòñÿ ÷åðåç èñõîäíûå äàííûå (1.40) è


‖Λ‖L∞ .
2◦. Ïóñòü ñïðàâåäëèâî óñëîâèå 7.3. Ïîëîæèì


G2(ε; ζ) := g̃εSεb(D)(B0 − ζQ0)−1 + gε
(
b(D)Λ̃


)ε
(B0 − ζQ0)−1. (7.10)


Òîãäà ïðè 0 < ε 6 1 è ζ ∈ C \ R+, |ζ| > 1, âûïîëíåíî


‖gεb(D)(Bε − ζQε0)−1 −G2(ε; ζ)‖L2(Rd)→L2(Rd) 6 C
′′
10c(φ)2ε.


Ïîñòîÿííàÿ C ′′10 çàâèñèò ëèøü îò èñõîäíûõ äàííûõ (1.40), îò p è îò


‖Λ̃‖Lp(Ω).


3◦. Ïóñòü ñïðàâåäëèâû óñëîâèÿ 7.1 è 7.3. Îáîçíà÷èì


G3(ε; ζ) := g̃εb(D)(B0 − ζQ0)−1 + gε
(
b(D)Λ̃


)ε
(B0 − ζQ0)−1. (7.11)


Òîãäà ïðè 0 < ε 6 1 è ζ ∈ C \ R+, |ζ| > 1, ñïðàâåäëèâà îöåíêà


‖gεb(D)(Bε − ζQε0)−1 −G3(ε; ζ)‖L2(Rd)→L2(Rd) 6 C10c(φ)2ε. (7.12)


Çäåñü ïîñòîÿííàÿ C10 çàâèñèò îò èñõîäíûõ äàííûõ (1.40), îò p è îò


íîðì ‖Λ‖L∞ è ‖Λ̃‖Lp(Ω).


Äîêàçàòåëüñòâî. Ðåçóëüòàò òåîðåìû 7.9 âûâîäèòñÿ èç òåîðåìû 7.6. Äî-
êàçàòåëüñòâî âî ìíîãîì ïîõîæå íà äîêàçàòåëüñòâî òåîðåìû 4.4 (ñì.
ï. 6.3). Äëÿ ïðèìåðà äîêàæåì óòâåðæäåíèå 3◦. Àíàëîãè÷íî (6.40) èç
(7.1) âûòåêàåò îöåíêà


‖gεb(D)(Bε − ζQε0)−1


− gεb(D)
(
I + ε


(
[Λε]b(D) + [Λ̃ε]


))
(B0 − ζQ0)−1‖L2→L2


6 ‖g‖L∞α
1/2
1 C9c(φ)2ε.


(7.13)
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Äàëåå, àíàëîãè÷íî (6.41),


εgεb(D)
(


[Λε]b(D) + [Λ̃ε]
)


(B0 − ζQ0)−1


= gε(b(D)Λ)εb(D)(B0 − ζQ0)−1 + gε(b(D)Λ̃)ε(B0 − ζQ0)−1


+ ε
d∑
l=1


gεbl


(
[Λε]b(D)Dl + [Λ̃ε]Dl


)
(B0 − ζQ0)−1.


(7.14)


Îòëè÷èå îò äîêàçàòåëüñòâà òåîðåìû 4.4 âîçíèêàåò ïðè îöåíêå òðåòüåãî
ñëàãàåìîãî â ïðàâîé ÷àñòè (7.14). Èñïîëüçóÿ óñëîâèå 7.1, à òàêæå (1.4) è
(1.5), ïðèõîäèì ê îöåíêå


ε


d∑
j=1


‖gεbl[Λε]b(D)Dl(B
0 − ζQ0)−1‖L2(Rd)→L2(Rd)


6 εα1d
1/2‖g‖L∞‖Λ‖L∞‖D2(B0 − ζQ0)−1‖L2(Rd)→L2(Rd).


(7.15)


Èñïîëüçóÿ óñëîâèå 7.3, (1.5) è ëåììó 2.5, ïîëó÷àåì


ε


d∑
j=1


‖gεbl[Λ̃ε]Dl(B
0 − ζQ0)−1‖L2(Rd)→L2(Rd)


6 εα1/2
1 d1/2C


(p)
Ω ‖g‖L∞‖Λ̃‖Lp(Ω)‖D(B0 − ζQ0)−1‖L2(Rd)→H1(Rd).


(7.16)


Èç (7.15), (7.16) è (6.45), (6.46) âûòåêàåò îöåíêà (L2 → L2)-íîðìû òðå-


òüåãî ñëàãàåìîãî â ïðàâîé ÷àñòè (7.14) ÷åðåç Ĉ10c(φ)ε, ãäå


Ĉ10 = α1d
1/2‖g‖L∞‖Λ‖L∞c−1


∗ ‖f‖L∞‖f−1‖L∞
+ α


1/2
1 d1/2C


(p)
Ω ‖g‖L∞‖Λ̃‖Lp(Ω)


(
c−1
∗ ‖f‖L∞‖f−1‖L∞ + c


−1/2
∗ ‖f‖L∞


)
.


Âìåñòå ñ (7.13) è (7.14) ýòî âëå÷åò (7.12) ñ ïîñòîÿííîé C10 =


‖g‖L∞α
1/2
1 C9 + Ĉ10.


Óòâåðæäåíèÿ 1◦ è 2◦ ïîëó÷àþòñÿ àíàëîãè÷íî; ïðè ïðîâåðêå 2◦ íóæíî
äîïîëíèòåëüíî ó÷åñòü (6.48). �


7.3. Ñëó÷àé, êîãäà êîððåêòîð îáðàùàåòñÿ â íóëü. Ïðåäïîëîæèì,
÷òî g0 = g, ò. å. ñïðàâåäëèâû ñîîòíîøåíèÿ (1.29). Òîãäà Γ-ïåðèîäè÷åñêîå
ðåøåíèå çàäà÷è (1.23) îáðàùàåòñÿ â íóëü: Λ(x) = 0. Ïóñòü âûïîëíåíî
ðàâåíñòâî


d∑
j=1


Djaj(x)∗ = 0. (7.17)


Òîãäà Γ-ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è (1.31) ðàâíî íóëþ: Λ̃(x) = 0. Â
ýòîì ñëó÷àå îïåðàòîð (4.3) îáðàùàåòñÿ â íóëü, ôîðìóëà (4.5) óïðîùàåòñÿ
è òåîðåìà 4.2 âëå÷åò ñëåäóþùèé ðåçóëüòàò.
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Ïðåäëîæåíèå 7.10. Ïóñòü ñïðàâåäëèâû ñîîòíîøåíèÿ (1.29) è (7.17).
Òîãäà â óñëîâèÿõ òåîðåìû 4.1 ïðè 0 < ε 6 1 è ζ ∈ C \R+, |ζ| > 1, âåðíà
îöåíêà


‖D
(
(Bε − ζQε0)−1 − (B0 − ζQ0)−1


)
‖L2(Rd)→L2(Rd) 6 C6c(φ)2ε.


7.4. Ñïåöèàëüíûé ñëó÷àé. Ïðåäïîëîæèì, ÷òî g0 = g, ò. å. ñïðàâåäëè-
âû ïðåäñòàâëåíèÿ (1.30). Òîãäà â ñèëó ïðåäëîæåíèÿ 7.2(3◦) âûïîëíåíî
óñëîâèå 7.1. Ïðè ýòîì ñîãëàñíî [BSu2, çàìå÷àíèå 3.5] ìàòðèöà-ôóíêöèÿ
(1.25) ïîñòîÿííà è ñîâïàäàåò ñ g0, ò. å. g̃(x) = g0 = g. Òàêèì îáðàçîì,


g̃εb(D)(B0 − ζQ0)−1 = g0b(D)(B0 − ζQ0)−1.
Ïðåäïîëîæèì äîïîëíèòåëüíî, ÷òî èìååò ìåñòî ðàâåíñòâî (7.17). Òîãäà


Λ̃(x) = 0 è èç òåîðåìû 7.9(3◦) âûòåêàåò ñëåäóþùèé ðåçóëüòàò.


Ïðåäëîæåíèå 7.11. Ïóñòü ñïðàâåäëèâû ñîîòíîøåíèÿ (1.30) è (7.17).
Òîãäà â óñëîâèÿõ òåîðåìû 4.1 ïðè 0 < ε 6 1 è ζ ∈ C \ R+, |ζ| > 1,
âûïîëíåíà îöåíêà


‖gεb(D)(Bε − ζQε0)−1 − g0b(D)(B0 − ζQ0)−1‖L2(Rd)→L2(Rd) 6 C10c(φ)2ε.


� 8. Äðóãàÿ àïïðîêñèìàöèÿ


îáîáùåííîé ðåçîëüâåíòû (Bε − ζQε0)−1


8.1. Ðåçóëüòàò â îáùåì ñëó÷àå. Â òåîðåìàõ èç �4 è �7 ïðåäïîëàãà-
ëîñü, ÷òî ζ ∈ C\R+, ïðè÷åì |ζ| > 1. Â íàñòîÿùåì ïàðàãðàôå ìû óñòàíàâ-
ëèâàåì ðåçóëüòàòû, ñïðàâåäëèâûå â áîëåå øèðîêîé îáëàñòè èçìåíåíèÿ
ïàðàìåòðà ζ.


Òåîðåìà 8.1. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4.2. Ïóñòü ìàòðèöà-
ôóíêöèÿ f(x) è ìàòðèöà f0 îïðåäåëåíû â ï. 5.4. Ïóñòü ζ ∈ C \ [c[,∞),


ãäå c[ > 0 � îáùàÿ íèæíÿÿ ãðàíü îïåðàòîðîâ B̃ε = (f ε)∗Bεf
ε è B̃0 =


f0B
0f0. Ïîëîæèì ζ − c[ = |ζ − c[|eiψ, ψ ∈ (0, 2π), è ââåäåì îáîçíà÷åíèå


%(ζ) =


{
c(ψ)2|ζ − c[|−2, |ζ − c[| < 1,


c(ψ)2, |ζ − c[| > 1.
(8.1)


Òîãäà ïðè 0 < ε 6 1 âåðíû îöåíêè


‖(Bε − ζQε0)−1 − (B0 − ζQ0)−1‖L2(Rd)→L2(Rd) 6 C11%(ζ)ε, (8.2)


‖(Bε − ζQε0)−1 − (B0 − ζQ0)−1 − εK(ε; ζ)‖L2(Rd)→L2(Rd) 6 C12%(ζ)ε,


(8.3)


‖D
(
(Bε − ζQε0)−1 − (B0 − ζQ0)−1 − εK(ε; ζ)


)
‖L2(Rd)→L2(Rd)


6
(
C13 + |ζ + 1|1/2C14


)
%(ζ)ε.


(8.4)


Ïóñòü G(ε; ζ) � îïåðàòîð (4.6). Ïðè 0 < ε 6 1 ñïðàâåäëèâî íåðàâåíñòâî


‖gεb(D)(Bε − ζQε0)−1 −G(ε; ζ)‖L2(Rd)→L2(Rd) 6 (C15 + |ζ + 1|1/2C16)%(ζ)ε.


(8.5)
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Ïîñòîÿííûå C11, C12, C13, C14, C15 è C16 êîíòðîëèðóþòñÿ ÷åðåç èñõîä-


íûå äàííûå (1.40) è c[.


Ñëåäñòâèå 8.2. Â óñëîâèÿõ òåîðåìû 8.1 âûïîëíåíà îöåíêà


‖(Bε − ζQε0)−1 − (B0 − ζQ0)−1 − εK(ε; ζ)‖L2(Rd)→H1(Rd)


6
(
C12 + C13 + |ζ + 1|1/2C14


)
%(ζ)ε, 0 < ε 6 1.


(8.6)


Çàìå÷àíèå 8.3. 1) Ìû íå êîíòðîëèðóåì ÿâíî êðàÿ ñïåêòðîâ îïåðàòî-


ðîâ B̃ε > 0 è B̃0 > 0, è ìîæåò îêàçàòüñÿ, ÷òî c[ = 0. Òîãäà ψ = φ
è ïðè |ζ| = |ζ − c[| > 1 îöåíêè òåîðåìû 8.1 � ïðîñòî çàãðóáëåíèå ðå-


çóëüòàòîâ òåîðåì 4.1, 4.2 è 4.4. 2) Ïðè áîëüøîì |ζ| óäîáíåå ïðèìåíÿòü
òåîðåìû 4.1, 4.2 è 4.4, à ïðè îãðàíè÷åííûõ çíà÷åíèÿõ |ζ| òåîðåìà 8.1
ìîæåò îêàçàòüñÿ ïðåäïî÷òèòåëüíåå.


Äîêàçàòåëüñòâî. Äëÿ ïðîâåðêè (8.2) âîñïîëüçóåìñÿ òåîðåìîé 4.1 ïðè
ζ = −1. Ñîãëàñíî (4.2)


‖(Bε +Qε0)−1 − (B0 +Q0)−1‖L2(Rd)→L2(Rd) 6 C4ε, 0 < ε 6 1.


Îïèðàÿñü íà àíàëîã òîæäåñòâà (5.20) ïðè ϑ = 1 (ñ çàìåíîé ζ̂ è λ0 íà ζ è
1 ñîîòâåòñòâåííî), è äåéñòâóÿ ïî àíàëîãèè ñ (5.21)�(5.24), íàõîäèì


‖(Bε − ζQε0)−1 − (B0 − ζQ0)−1‖L2→L2 6 C4ε‖f‖2L∞‖f
−1‖2L∞ sup


ν>c[


(ν + 1)2


|ν − ζ|2


+|1 + ζ|‖(Bε − ζQε0)−1‖H−1→L2
‖[Qε0 −Q0]‖H1→H−1‖(B0 − ζQ0)−1‖L2→H1 .


(8.7)


Âû÷èñëåíèå ïîêàçûâàåò, ÷òî


sup
ν>c[


(ν + 1)2


|ν − ζ|2
6 (c[ + 2)2%(ζ), ζ ∈ C \ [c[,∞). (8.8)


Äàëåå, ïî äâîéñòâåííîñòè,


‖(Bε − ζQε0)−1‖H−1→L2
= ‖(Bε − ζ∗Qε0)−1‖L2→H1 . (8.9)


Â ñèëó (5.14) èìååì


‖(Bε − ζ∗Qε0)−1‖L2→L2 6 ‖f‖2L∞ sup
ν>c[


1


|ν − ζ∗|
= ‖f‖2L∞c(ψ)|ζ − c[|−1.


(8.10)


Çàìåòèì, ÷òî


|ζ + 1|1/2 6 (2 + c[)
1/2 ïðè |ζ − c[| < 1, (8.11)


|ζ + 1|1/2|ζ − c[|−1 6 (2 + c[)
1/2 ïðè |ζ − c[| > 1. (8.12)


Ïîýòîìó


|ζ + 1|1/2‖(Bε − ζ∗Qε0)−1‖L2→L2 6 ‖f‖2L∞(2 + c[)
1/2%(ζ)1/2. (8.13)
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Äåéñòâóÿ ïî àíàëîãèè ñ (5.28), ïîëó÷àåì


‖D(Bε − ζ∗Qε0)−1‖L2→L2 6 c
−1/2
∗ ‖f‖L∞ sup


ν>c[


ν1/2


|ν − ζ∗|
. (8.14)


Ñïðàâåäëèâà îöåíêà


sup
ν>c[


ν


|ν − ζ∗|2
6


{
(c[ + 1)c(ψ)2|ζ − c[|−2, |ζ − c[| < 1,


(c[ + 1)c(ψ)2|ζ − c[|−1, |ζ − c[| > 1.
(8.15)


Ñ ó÷åòîì (8.11) è îöåíêè |ζ + 1||ζ − c[|−1 6 2 + c[ ïðè |ζ − c[| > 1 îòñþäà
ñëåäóåò íåðàâåíñòâî


|ζ + 1| sup
ν>c[


ν


|ν − ζ∗|2
6 (c[ + 2)(c[ + 1)%(ζ). (8.16)


Â ñèëó (8.14) è (8.16)


|ζ + 1|1/2‖D(Bε − ζ∗Qε0)−1‖L2→L2


6 c−1/2
∗ ‖f‖L∞(c[ + 2)1/2(c[ + 1)1/2%(ζ)1/2.


(8.17)


Òåïåðü èç (8.9), (8.13), (8.17) âûòåêàåò, ÷òî


|ζ + 1|1/2‖(Bε − ζQε0)−1‖H−1→L2
6 C9%(ζ)1/2, (8.18)


ãäå


C9 = ‖f‖2L∞(2 + c[)
1/2 + c


−1/2
∗ ‖f‖L∞(c[ + 2)1/2(c[ + 1)1/2.


Àíàëîãè÷íî (8.10) è (8.14) ñ ó÷åòîì (1.42), (5.12) ïîëó÷àåì


‖(B0 − ζQ0)−1‖L2→L2 6 ‖f‖2L∞c(ψ)|ζ − c[|−1, (8.19)


‖D(B0 − ζQ0)−1‖L2→L2 6 c
−1/2
∗ ‖f‖L∞ sup


ν>c[


ν1/2


|ν − ζ∗|
. (8.20)


Âìåñòå ñ (8.11), (8.12) è (8.16) ýòî âëå÷åò


|ζ + 1|1/2‖(B0 − ζQ0)−1‖L2→H1 6 C9ρ(ζ)1/2. (8.21)


Îáúåäèíÿÿ (2.14), (8.7), (8.8), (8.18) è (8.21), ïðèõîäèì ê îöåíêå (8.2)
ñ ïîñòîÿííîé C11 = C4(c[ + 2)2‖f‖2L∞‖f


−1‖2L∞ + CQ0C
2
9.


Óñòàíîâèì òåïåðü íåðàâåíñòâî (8.3), èñïîëüçóÿ óæå äîêàçàííóþ îöåí-
êó (8.2):


‖(Bε − ζQε0)−1 − (B0 − ζQ0)−1 − εK(ε; ζ)‖L2→L2


6 C11%(ζ)ε+ ε‖K(ε; ζ)‖L2→L2 .
(8.22)


Â ñèëó (1.4), (3.12) è (6.5) îïåðàòîð (4.3) ïîä÷èíåí íåðàâåíñòâó


‖K(ε; ζ)‖L2→L2 6M1α
1/2
1 ‖D(B0 − ζQ0)−1‖L2→L2


+ M̃1‖(B0 − ζQ0)−1‖L2→L2 .
(8.23)


Ó÷èòûâàÿ (8.15) è (8.20), èìååì


‖D(B0 − ζQ0)−1‖L2→L2 6 c
−1/2
∗ (c[ + 1)1/2‖f‖L∞ρ(ζ)1/2. (8.24)
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Â ñèëó (8.19), (8.23) è (8.24)


‖K(ε; ζ)‖L2→L2 6 C10%(ζ)1/2, (8.25)


ãäå C10 = M1α
1/2
1 c


−1/2
∗ (c[ + 1)1/2‖f‖L∞ + M̃1‖f‖2L∞ . Îáúåäèíÿÿ (8.22) è


(8.25), è ó÷èòûâàÿ, ÷òî %(ζ)1/2 6 %(ζ), ïðèõîäèì ê îöåíêå (8.3) ñ ïîñòî-
ÿííîé C12 = C11 + C10.
×òîáû óñòàíîâèòü íåðàâåíñòâî (8.4), çàïèøåì àíàëîã òîæäåñòâà (6.17)


ïðè ϑ = 1 (â òî÷êàõ ζ è 1) è ïîäåéñòâóåì íà ëåâóþ è ïðàâóþ ÷àñòè


òîæäåñòâà îïåðàòîðîì B
1/2
ε :


B1/2
ε


(
(Bε − ζQε0)−1 − (B0 − ζQ0)−1 − εK(ε; ζ)


)
= B1/2


ε (Bε − ζQε0)−1(Bε +Qε0)
(
(Bε +Qε0)−1 − (B0 +Q0)−1 − εK(ε;−1)


)
× (B0 +Q0)(B0 − ζQ0)−1 + ε(1 + ζ)B1/2


ε (Bε − ζQε0)−1Qε0K(ε; ζ)


+ (1 + ζ)B1/2
ε (Bε − ζQε0)−1(Qε0 −Q0)(B0 − ζQ0)−1.


(8.26)


Îáîçíà÷èì ñëàãàåìûå â ïðàâîé ÷àñòè ÷åðåç Ij(ε; ζ), j = 1, 2, 3.
Ïîëüçóÿñü àíàëîãàìè ñîîòíîøåíèé (5.14), (6.21) è (6.22) ïðè ϑ = 1,


íàõîäèì, ÷òî ïðè âñåõ w ∈ H1(Rd;Cn) âûïîëíåíî


‖B1/2
ε (Bε − ζQε0)−1(Bε +Qε0)w‖L2(Rd)


= ‖B̃1/2
ε (B̃ε − ζI)−1(B̃ε + I)(f ε)−1w‖L2(Rd)


6 ‖(B̃ε − ζI)−1(B̃ε + I)‖L2(Rd)→L2(Rd)‖B1/2
ε w‖L2(Rd).


(8.27)


Ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (8.26) îöåíèì ñ ïîìîùüþ (8.27) è âåðõ-
íåé îöåíêè (5.6) ïðè ϑ = 1:


‖I1(ε; ζ)‖L2→L2 6 c
1/2
6 ‖(B̃ε − ζI)−1(B̃ε + I)‖L2→L2


× ‖(Bε +Qε0)−1 − (B0 +Q0)−1 − εK(ε;−1)‖L2→H1


× ‖(B0 +Q0)(B0 − ζQ0)−1‖L2→L2 6 C11%(ζ)ε,


(8.28)


ãäå C11 = c
1/2
6 (C5 +C6)(c[ + 2)2‖f‖L∞‖f−1‖L∞ . Â ïîñëåäíåì ïåðåõîäå ìû


èñïîëüçîâàëè ñëåäñòâèå 4.3 ïðè ζ = −1 , àíàëîã (6.44) è (8.8).
Îöåíèì âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè (8.26):


‖I2(ε; ζ)‖L2→L2 6 ε|ζ+1|‖B1/2
ε (Bε−ζQε0)−1‖L2→L2‖f−1‖2L∞‖K(ε; ζ)‖L2→L2 .


(8.29)
Ñîãëàñíî (5.13) è (5.14) (ïðè ϑ = 1) ñïðàâåäëèâà îöåíêà


‖B1/2
ε (Bε − ζQε0)−1‖L2→L2 6 ‖f‖L∞ sup


ν>c[


ν1/2


|ν − ζ|
.


Íà îñíîâàíèè (8.16) îòñþäà âûòåêàåò, ÷òî


|ζ + 1|1/2‖B1/2
ε (Bε − ζQε0)−1‖L2→L2 6 (c[ + 2)1/2(c[ + 1)1/2‖f‖L∞%(ζ)1/2.


(8.30)
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Â ñèëó (8.21) è (8.23) âûïîëíåíî


|ζ + 1|1/2‖K(ε; ζ)‖L2→L2 6 (α
1/2
1 M1 + M̃1)C9%(ζ)1/2. (8.31)


Èç (8.29)�(8.31) âûòåêàåò íåðàâåíñòâî


‖I2(ε; ζ)‖L2→L2 6 C12ρ(ζ)ε, (8.32)


ãäå C12 = (c[ + 2)1/2(c[ + 1)1/2‖f‖L∞‖f−1‖2L∞(α
1/2
1 M1 + M̃1)C9.


Ïåðåéäåì ê îöåíêå òðåòüåãî ñëàãàåìîãî â ïðàâîé ÷àñòè (8.26):


‖I3(ε; ζ)‖L2→L2 6|ζ + 1|‖B1/2
ε (Bε − ζQε0)−1‖H−1→L2


× ‖[Qε0 −Q0]‖H1→H−1‖(B0 − ζQ0)−1‖L2→H1 .
(8.33)


Ïî äâîéñòâåííîñòè (ñð. (6.31)),


‖B1/2
ε (Bε − ζQε0)−1‖H−1→L2


= ‖f εB̃1/2
ε (B̃ε − ζ∗I)−1‖L2→H1 . (8.34)


Àíàëîãè÷íî (6.32) ñ ó÷åòîì (8.8) ïîëó÷àåì


‖D[f ε]B̃1/2
ε (B̃ε − ζ∗I)−1‖L2→L2


6 c−1/2
∗ ‖B̃ε(B̃ε − ζ∗I)−1‖L2→L2 6 c


−1/2
∗ (c[ + 2)%(ζ)1/2.


(8.35)


Äàëåå, ó÷èòûâàÿ (8.15), èìååì


‖[f ε]B̃1/2
ε (B̃ε − ζ∗I)−1‖L2→L2 6 ‖f‖L∞(c[ + 1)1/2%(ζ)1/2. (8.36)


Òåïåðü èç (8.34)�(8.36) âûòåêàåò íåðàâåíñòâî


‖B1/2
ε (Bε − ζQε0)−1‖H−1→L2


6 C13%(ζ)1/2, (8.37)


ãäå C13 = ‖f‖L∞(c[ + 1)1/2 + c
−1/2
∗ (c[ + 2). Ñîîòíîøåíèÿ (2.14), (8.21),


(8.33) è (8.37) âëåêóò


‖I3(ε; ζ)‖L2→L2 6 CQ0C9C13|ζ + 1|1/2ρ(ζ)ε. (8.38)


Îáúåäèíÿÿ (8.26), (8.28), (8.32) è (8.38) è èñïîëüçóÿ íèæíþþ îöåíêó


(5.6) (ïðè ϑ = 1), ïðèõîäèì ê (8.4) ñ ïîñòîÿííûìè C13 = c
−1/2
∗ (C11 +C12),


C14 = c
−1/2
∗ CQ0C9C13.


Îñòàåòñÿ ïðîâåðèòü (8.5). Èç (8.4) ñ ó÷åòîì (1.4) ñëåäóåò, ÷òî


‖gεb(D)(Bε − ζQε0)−1


− gεb(D)
(
I + ε[Λε]Sεb(D) + ε[Λ̃ε]Sε


)
(B0 − ζQ0)−1‖L2→L2


6 α1/2
1 ‖g‖L∞(C13 + |ζ + 1|1/2C14)%(ζ)ε.


(8.39)


Äåéñòâóÿ ïî àíàëîãèè ñ (6.41), (6.42) è (6.48), íàõîäèì


‖gεb(D)
(
I + ε[Λε]Sεb(D) + ε[Λ̃ε]Sε


)
(B0 − ζQ0)−1 −G(ε; ζ)‖L2→L2


6 ε‖g‖L∞α
1/2
1 ((α1d)1/2M1 + r1)‖D2(B0 − ζQ0)−1‖L2→L2


+ ε‖g‖L∞(α1d)1/2M̃1‖D(B0 − ζQ0)−1‖L2→L2 .


(8.40)
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Àíàëîãè÷íî (6.43) è (6.44) ñ ó÷åòîì (8.8) ïîëó÷àåì


‖D2(B0 − ζQ0)−1‖L2→L2 6 c
−1
∗ ‖f‖L∞‖f−1‖L∞ sup


ν>c[


ν


|ν − ζ|


6 c−1
∗ ‖f‖L∞‖f−1‖L∞(c[ + 2)ρ(ζ)1/2.


(8.41)


Âìåñòå ñ (8.24) è (8.40) ýòî âëå÷åò


‖gεb(D)
(
I + ε[Λε]Sεb(D) + ε[Λ̃ε]Sε


)
(B0 − ζQ0)−1 −G(ε; ζ)‖L2→L2


6 C14ερ(ζ)1/2,
(8.42)


ãäå C14 = ‖g‖L∞‖f‖L∞α
1/2
1


(
((α1d)1/2M1 + r1)c−1


∗ ‖f−1‖L∞(c[ + 2) +


d1/2M̃1c
−1/2
∗ (c[ + 1)1/2


)
. Òåïåðü èç (8.39) è (8.42) âûòåêàåò îöåíêà (8.5) ñ


ïîñòîÿííûìè C15 = α
1/2
1 ‖g‖L∞C13 + C14, C16 = α


1/2
1 ‖g‖L∞C14. �


Îòìåòèì, ÷òî åñëè Q0 � ïîñòîÿííàÿ ìàòðèöà, òî Qε0 = Q0 è òðåòüå
ñëàãàåìîå â ïðàâîé ÷àñòè (8.26) îáðàùàåòñÿ â íóëü: I3(ε; ζ) = 0. Ïîýòîìó,
ïðîñëåäèâ çà äîêàçàòåëüñòâîì òåîðåìû 8.1, ìîæíî ñäåëàòü ñëåäóþùåå
çàìå÷àíèå.


Çàìå÷àíèå 8.4. Åñëè â óñëîâèÿõ òåîðåìû 8.1 Q0 � ïîñòîÿííàÿ ìàò-


ðèöà, òî ñïðàâåäëèâû îöåíêè (8.4)�(8.6) ïðè C14 = C16 = 0. Òî åñòü


÷ëåíû, ñîäåðæàùèå |ζ + 1|1/2, â îöåíêàõ (8.4)�(8.6) îòñóòñòâóþò.


8.2. Óñòðàíåíèå Sε. Âûäåëèì ñëó÷àè, êîãäà ñãëàæèâàòåëü Sε óäàåòñÿ
óñòðàíèòü.


Òåîðåìà 8.5. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 8.1.
1◦. Ïóñòü âûïîëíåíî óñëîâèå 7.1. Ïóñòü G1(ε; ζ) � îïåðàòîð (7.9). Òî-
ãäà ïðè 0 < ε 6 1 ñïðàâåäëèâû îöåíêè


‖(Bε − ζQε0)−1 −
(
I + ε[Λε]b(D) + ε[Λ̃ε]Sε


)
(B0 − ζQ0)−1‖L2(Rd)→L2(Rd)


6 C ′17%(ζ)ε,


‖D
(


(Bε − ζQε0)−1 −
(
I + ε[Λε]b(D) + ε[Λ̃ε]Sε


)
(B0 − ζQ0)−1


)
‖L2(Rd)→L2(Rd)


6 (C ′18 + |ζ + 1|1/2C ′19)%(ζ)ε,


‖gεb(D)(Bε − ζQε0)−1 −G1(ε; ζ)‖L2(Rd)→L2(Rd) 6 (C ′20 + |ζ + 1|1/2C ′21)%(ζ)ε.


Ïîñòîÿííûå C ′17, C
′
18, C


′
19, C


′
20, C


′
21 êîíòðîëèðóþòñÿ ÷åðåç äàííûå çà-


äà÷è (1.40), c[ è ‖Λ‖L∞ .
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2◦. Ïóñòü âûïîëíåíî óñëîâèå 7.3. Ïóñòü G2(ε; ζ) � îïåðàòîð (7.10).
Òîãäà ïðè 0 < ε 6 1 âûïîëíåíî


‖(Bε − ζQε0)−1 −
(
I + ε[Λε]b(D)Sε + ε[Λ̃ε]


)
(B0 − ζQ0)−1‖L2(Rd)→L2(Rd)


6 C ′′17%(ζ)ε,


‖D
(


(Bε − ζQε0)−1 −
(
I + ε[Λε]b(D)Sε + ε[Λ̃ε]


)
(B0 − ζQ0)−1


)
‖L2(Rd)→L2(Rd)


6 (C ′′18 + |ζ + 1|1/2C ′′19)%(ζ)ε,


‖gεb(D)(Bε − ζQε0)−1 −G2(ε; ζ)‖L2(Rd)→L2(Rd) 6 (C ′′20 + |ζ + 1|1/2C ′′21)%(ζ)ε.


Ïîñòîÿííûå C ′′17, C
′′
18, C


′′
19, C


′′
20 è C


′′
21 çàâèñÿò îò äàííûõ çàäà÷è (1.40),


c[, p è ‖Λ̃‖Lp(Ω).


3◦. Ïóñòü âûïîëíåíû óñëîâèÿ 7.1 è 7.3. Ïóñòü G3(ε; ζ) � îïåðàòîð


(7.11). Òîãäà ïðè 0 < ε 6 1 èìåþò ìåñòî îöåíêè


‖(Bε − ζQε0)−1 −
(
I + ε[Λε]b(D) + ε[Λ̃ε]


)
(B0 − ζQ0)−1‖L2(Rd)→L2(Rd)


6 C17%(ζ)ε,


‖D
(


(Bε − ζQε0)−1 −
(
I + ε[Λε]b(D) + ε[Λ̃ε]


)
(B0 − ζQ0)−1


)
‖L2(Rd)→L2(Rd)


6 (C18 + |ζ + 1|1/2C19)%(ζ)ε,


‖gεb(D)(Bε − ζQε0)−1 −G3(ε; ζ)‖L2(Rd)→L2(Rd) 6 (C20 + |ζ + 1|1/2C21)%(ζ)ε.


Ïîñòîÿííûå C17, C18, C19, C20, C21 êîíòðîëèðóþòñÿ ÷åðåç äàííûå çà-


äà÷è (1.40), c[, p, à òàêæå ‖Λ‖L∞ è ‖Λ̃‖Lp(Ω).


Çàìå÷àíèå 8.6. Åñëè â óñëîâèÿõ òåîðåìû 8.5 Q0 � ïîñòîÿííàÿ ìàò-


ðèöà, òî âûïîëíåíû îöåíêè èç òåîðåìû 8.5 ïðè C ′19 = C ′21 = C ′′19 =
C ′′21 = C19 = C21 = 0.


Äîêàçàòåëüñòâî. Àïïðîêñèìàöèè ïðè ó÷åòå êîððåêòîðà âûâîäÿòñÿ èç
òåîðåìû 8.1 àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 7.6. Îòëè÷èå ñîñòîèò â
òîì, ÷òî âìåñòî (6.45), (6.46) è (7.8) íóæíî èñïîëüçîâàòü (8.41), (8.24) è
(8.19) ñîîòâåòñòâåííî.
Óòâåðæäåíèÿ îòíîñèòåëüíî ïîòîêîâ âûâîäÿòñÿ èç àïïðîêñèìàöèé ïðè


ó÷åòå êîððåêòîðà ïî àíàëîãèè ñ äîêàçàòåëüñòâîì òåîðåìû 7.9. Îòëè÷èå
ñîñòîèò ëèøü â òîì, ÷òî âìåñòî (6.45), (6.46) íàäî èñïîëüçîâàòü (8.41) è
(8.24) ñîîòâåòñòâåííî. �


8.3. Ñïåöèàëüíûå ñëó÷àè. Àíàëîãè÷íî ïðåäëîæåíèþ 7.10 ñ ïîìîùüþ
òåîðåìû 8.1 âûäåëÿåì ñëó÷àé, êîãäà êîððåêòîð îáðàùàåòñÿ â íóëü.


Ïðåäëîæåíèå 8.7. Ïóñòü ñïðàâåäëèâû ðàâåíñòâà (1.29) è (7.17). Òîãäà
â óñëîâèÿõ òåîðåìû 8.1 ïðè 0 < ε 6 1 âûïîëíåíî


‖D
(
(Bε − ζQε0)−1 − (B0 − ζQ0)−1


)
‖L2(Rd)→L2(Rd)


6 (C13 + |ζ + 1|1/2C14)%(ζ)ε.
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Àíàëîãè÷íî ïðåäëîæåíèþ 7.11 èç òåîðåìû 8.5(3◦) âûâîäèòñÿ ñëåäóþ-
ùåå óòâåðæäåíèå.


Ïðåäëîæåíèå 8.8. Ïóñòü ñïðàâåäëèâû ñîîòíîøåíèÿ (1.30) è (7.17).
Òîãäà â óñëîâèÿõ òåîðåìû 8.1 ïðè 0 < ε 6 1 âåðíà îöåíêà


‖gεb(D)(Bε − ζQε0)−1 − g0b(D)(B0 − ζQ0)−1‖L2(Rd)→L2(Rd)


6 (C20 + |ζ + 1|1/2C21)%(ζ)ε.


� 9. Ïðèìåðû ïðèìåíåíèÿ îáùèõ ðåçóëüòàòîâ


Ðàññìàòðèâàåìûå â ýòîì ïàðàãðàôå ïðèìåðû ðàíåå èçó÷àëèñü â [Su2]
è [Su6].


9.1. Ñêàëÿðíûé ýëëèïòè÷åñêèé îïåðàòîð. Ðàññìîòðèì ñëó÷àé, êî-
ãäà n = 1, m = d, b(D) = D, à g(x) � Γ-ïåðèîäè÷åñêàÿ ñèììåòðè÷-
íàÿ (d× d)-ìàòðèöà-ôóíêöèÿ ñ âåùåñòâåííûìè ýëåìåíòàìè, g(x) > 0,
g, g−1 ∈ L∞. Òîãäà î÷åâèäíî α0 = α1 = 1 (ñì. (1.4)), à îïåðàòîð Aε èìååò
âèä Aε = −div gε(x)∇.
Äàëåå, ïóñòü A(x) = col {A1(x), . . . , Ad(x)}, ãäå Aj(x), j = 1, . . . , d, �


Γ-ïåðèîäè÷åñêèå âåùåñòâåííûå ôóíêöèè, ïðè÷åì


Aj ∈ Lρ(Ω), ρ = 2 ïðè d = 1, ρ > d ïðè d > 2; j = 1, . . . , d. (9.1)


Ïóñòü v(x) è V(x) � âåùåñòâåííûå Γ-ïåðèîäè÷åñêèå ôóíêöèè òàêèå, ÷òî


v,V ∈ Ls(Ω),


∫
Ω
v(x) dx = 0, s = 1 ïðè d = 1, s > d/2 ïðè d > 2.


(9.2)


Â L2(Rd) ðàññìîòðèì îïåðàòîð Bε, ôîðìàëüíî çàäàííûé äèôôåðåí-
öèàëüíûì âûðàæåíèåì


Bε = (D−Aε(x))∗gε(x)(D−Aε(x)) + ε−1vε(x) + Vε(x). (9.3)


Òî÷íîå îïðåäåëåíèå îïåðàòîðà Bε äàåòñÿ ÷åðåç êâàäðàòè÷íóþ ôîðìó


bε[u, u] =


∫
Rd


(
〈gε(D−Aε)u, (D−Aε)u〉+ (ε−1vε + Vε)|u|2


)
dx,


u ∈ H1(Rd).


Îïåðàòîð (9.3) ìîæíî òðàêòîâàòü êàê ïåðèîäè÷åñêèé îïåðàòîð Øð¼äèí-
ãåðà ñ ìåòðèêîé gε, ìàãíèòíûì ïîòåíöèàëîì Aε è ýëåêòðè÷åñêèì ïîòåí-
öèàëîì ε−1vε + Vε, ñîäåðæàùèì ñèíãóëÿðíîå ñëàãàåìîå ε−1vε.
Íåòðóäíî ïîíÿòü (ñì. [Su2, ï. 13.1]), ÷òî îïåðàòîð (9.3) ìîæíî ïåðå-


ïèñàòü â òðåáóåìîì âèäå (1.22):


Bε = D∗gε(x)D +
d∑
j=1


(
aεj(x)Dj +Dj(a


ε
j(x))∗


)
+Qε(x).







55


Çäåñü âåùåñòâåííàÿ ôóíêöèÿ Q(x) îïðåäåëåíà ðàâåíñòâîì


Q(x) = V(x) + 〈g(x)A(x),A(x)〉. (9.4)


Êîìïëåêñíûå ôóíêöèè aj(x) çàäàíû âûðàæåíèÿìè


aj(x) = −ηj(x) + iγj(x), j = 1, . . . , d, (9.5)


ãäå ηj(x) � êîìïîíåíòû âåêòîð-ôóíêöèè η(x) = g(x)A(x), à ôóíêöèè
γj(x) îïðåäåëåíû ÷åðåç Γ-ïåðèîäè÷åñêîå ðåøåíèå Φ(x) çàäà÷è 4Φ(x) =
v(x),


∫
Ω Φ(x) dx = 0, ñîîòíîøåíèåì γj(x) = −∂jΦ(x). Ïðè ýòîì âûïîë-


íåíî


v(x) = −
d∑
j=1


∂jγj(x). (9.6)


Ìîæíî ïðîâåðèòü, ÷òî ôóíêöèè (9.5) óäîâëåòâîðÿþò óñëîâèþ (1.8) ñ ïîä-
õîäÿùèì ïîêàçàòåëåì ρ′, çàâèñÿùèì îò ρ è s; ïðè ýòîì íîðìû ‖aj‖Lρ′ (Ω)


êîíòðîëèðóþòñÿ ÷åðåç ‖g‖L∞ , ‖A‖Lρ(Ω), ‖v‖Ls(Ω) è ïàðàìåòðû ðåøåòêè
Γ. (Ïîäðîáíåå ñì. [Su2, ï. 13.1]). Ôóíêöèÿ (9.4) óäîâëåòâîðÿåò óñëîâèþ
(1.14) ñ ïîäõîäÿùèì ïîêàçàòåëåì s′ = min{s; ρ/2}. Òàêèì îáðàçîì, ñåé-
÷àñ ðåàëèçóåòñÿ ïðèìåð 1.4.
Ïóñòü Q0(x) � ïîëîæèòåëüíî îïðåäåëåííàÿ è îãðàíè÷åííàÿ Γ-


ïåðèîäè÷åñêàÿ ôóíêöèÿ. Ñîãëàñíî (1.38) ââåäåì íåîòðèöàòåëüíûé îïå-
ðàòîð Bε := Bε + c5Q


ε
0. Çäåñü c5 = (c0 + c4)‖Q−1


0 ‖L∞ , à ïîñòîÿííûå
c0 è c4 îòâå÷àþò îïåðàòîðó (9.3). Íàñ èíòåðåñóåò ïîâåäåíèå îïåðàòîðà
(Bε − ζQε0)−1, ζ ∈ C \R+. Èñõîäíûå äàííûå (ñì. (1.40)) â ðàññìàòðèâàå-
ìîì ñëó÷àå ñâîäÿòñÿ ê ñëåäóþùåìó íàáîðó:


d, ρ, s; ‖g‖L∞ , ‖g−1‖L∞ , ‖A‖Lρ(Ω), ‖v‖Ls(Ω), ‖V‖Ls(Ω),


‖Q0‖L∞ , ‖Q−1
0 ‖L∞ ; ïàðàìåòðû ðåøåòêè Γ.


(9.7)


Âû÷èñëèì ýôôåêòèâíûé îïåðàòîð. Â ðàññìàòðèâàåìîì ñëó÷àå Γ-
ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è (1.23) ÿâëÿåòñÿ ìàòðèöåé-ñòðîêîé


Λ(x) = iΨ(x), Ψ(x) = (ψ1(x), . . . , ψd(x)),


ãäå ψj ∈ H̃1(Ω) � ðåøåíèå çàäà÷è


div g(x) (∇ψj(x) + ej) = 0,


∫
Ω
ψj(x) dx = 0.


Çäåñü ej , j = 1, . . . , d, � ñòàíäàðòíûå îðòû â Rd. ßñíî, ÷òî ôóíêöèè
ψj(x) âåùåñòâåííîçíà÷íûå, à ýëåìåíòû ìàòðèöû-ñòðîêè Λ(x) ÷èñòî ìíè-
ìûå. Ñîãëàñíî (1.25) g̃(x) � ýòî (d× d)-ìàòðèöà-ôóíêöèÿ ñî ñòîëáöàìè
g(x)(∇ψj(x) + ej), j = 1, . . . , d. Â ñîîòâåòñòâèè ñ (1.24) ýôôåêòèâíàÿ
ìàòðèöà îïðåäåëåíà ðàâåíñòâîì g0 = |Ω|−1


∫
Ω g̃(x) dx. ßñíî, ÷òî g̃(x) è


g0 èìåþò âåùåñòâåííûå ýëåìåíòû.
Ñ ó÷åòîì (9.5) è (9.6) ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è (1.31) ïðåäñòàâ-


ëÿåòñÿ â âèäå Λ̃(x) = Λ̃1(x) + iΛ̃2(x), ãäå âåùåñòâåííûå Γ-ïåðèîäè÷åñêèå
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ôóíêöèè Λ̃1(x) è Λ̃2(x) ÿâëÿþòñÿ ðåøåíèÿìè çàäà÷


− div g(x)∇Λ̃1(x) + v(x) = 0,


∫
Ω


Λ̃1(x) dx = 0,


− div g(x)∇Λ̃2(x) + div g(x)A(x) = 0,


∫
Ω


Λ̃2(x) dx = 0.


Ìàòðèöà-ñòîëáåö V (ñì. (1.32)) çàïèøåòñÿ â âèäå V = V1 + iV2, ãäå V1,
V2 � ñòîëáöû ñ âåùåñòâåííûìè ýëåìåíòàìè, îïðåäåëÿåìûå ðàâåíñòâàìè


V1 = |Ω|−1


∫
Ω


(∇Ψ(x))tg(x)∇Λ̃2(x) dx,


V2 = −|Ω|−1


∫
Ω


(∇Ψ(x))tg(x)∇Λ̃1(x) dx.


(9.8)


Ñîãëàñíî (1.33) ïîñòîÿííàÿ W ïðèíèìàåò âèä


W = |Ω|−1


∫
Ω


(
〈g(x)∇Λ̃1(x),∇Λ̃1(x)〉+ 〈g(x)∇Λ̃2(x),∇Λ̃2(x)〉


)
dx.


(9.9)
Ýôôåêòèâíûé îïåðàòîð äëÿ Bε äåéñòâóåò ïî ïðàâèëó


B0u = −div g0∇u+ 2i〈∇u, V1 + η〉+ (−W +Q+ c5Q0)u, u ∈ H2(Rd).


Èíà÷å ãîâîðÿ,


B0 = (D−A0)∗g0(D−A0) + V0 + c5Q0, (9.10)


ãäå


A0 = (g0)−1(V1 + gA), V0 = V + 〈gA,A〉 − 〈g0A0,A0〉 −W. (9.11)


Â ñîîòâåòñòâèè ñ çàìå÷àíèåì 7.5 â ðàññìàòðèâàåìîì ñëó÷àå âûïîëíå-


íû óñëîâèÿ 7.1 è 7.3, ïðè÷åì íîðìû ‖Λ‖L∞ è ‖Λ̃‖L∞ êîíòðîëèðóþòñÿ
÷åðåç äàííûå çàäà÷è (9.7). Ïîýòîìó ìîæíî èñïîëüçîâàòü êîððåêòîð, íå
ñîäåðæàùèé ñãëàæèâàòåëÿ:


K0(ε; ζ) := ([Λε]D + [Λ̃ε])(B0 − ζQ0)−1 = ([Ψε]∇+ [Λ̃ε])(B0 − ζQ0)−1.
(9.12)


Îïåðàòîð (7.11) ïðèíèìàåò âèä


G3(ε; ζ) = g̃εD(B0 − ζQ0)−1 + gε(DΛ̃)ε(B0 − ζQ0)−1.


Ïðèìåíÿÿ òåîðåìû 4.1, 7.6(3◦) è 7.9(3◦), ïðèõîäèì ê ñëåäóþùåìó ðåçóëü-
òàòó.


Ïðåäëîæåíèå 9.1. Ïóñòü Bε � îïåðàòîð (9.3), êîýôôèöèåíòû êîòî-


ðîãî óäîâëåòâîðÿþò óñëîâèÿì, ñôîðìóëèðîâàííûì âûøå â ï. 9.1. Ïóñòü
Q0(x) � Γ-ïåðèîäè÷åñêàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ è îãðàíè÷åííàÿ


ôóíêöèÿ, è ïóñòü c5 = (c0+c4)‖Q−1
0 ‖L∞ , ãäå ïîñòîÿííûå c0 è c4 îòâå÷à-


þò îïåðàòîðó (9.3). Ïóñòü Bε = Bε+c5Q
ε
0, è ïóñòü B


0 � ýôôåêòèâíûé


îïåðàòîð (9.10), êîýôôèöèåíòû êîòîðîãî îïðåäåëåíû â ñîîòâåòñòâèè


ñ (9.8), (9.9), (9.11). Ïóñòü ζ ∈ C \ R+, ζ = |ζ|eiφ, 0 < φ < 2π, |ζ| > 1.
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Ïóñòü K0(ε; ζ) � êîððåêòîð (9.12). Òîãäà ïðè 0 < ε 6 1 ñïðàâåäëèâû


îöåíêè


‖(Bε − ζQε0)−1 − (B0 − ζQ0)−1‖L2(Rd)→L2(Rd) 6 C4εc(φ)2|ζ|−1/2, (9.13)


‖(Bε − ζQε0)−1 − (B0 − ζQ0)−1 − εK0(ε; ζ)‖L2(Rd)→H1(Rd)


6 (C8 + C9)c(φ)2ε,
(9.14)


‖gε∇(Bε − ζQε0)−1 −
(
g̃ε∇+ gε(∇Λ̃)ε


)
(B0 − ζQ0)−1‖L2(Rd)→L2(Rd)


6 C10c(φ)2ε.
(9.15)


Çäåñü c(φ) � âåëè÷èíà (4.1). Ïîñòîÿííûå C4, C8, C9 è C10 çàâèñÿò


òîëüêî îò èñõîäíûõ äàííûõ (9.7).


×òîáû ïîëó÷èòü ½äðóãóþ� àïïðîêñèìàöèþ îïåðàòîðà (Bε − ζQε0)−1,
âîñïîëüçóåìñÿ òåîðåìîé 8.1 (ñòàðøèé ÷ëåí àïïðîêñèìàöèè) è òåîðåìîé
8.5(3◦).


Ïðåäëîæåíèå 9.2. Ïóñòü âûïîëíåíû óñëîâèÿ ïðåäëîæåíèÿ 9.1. Îáî-
çíà÷èì f(x) = Q0(x)−1/2, f0 = (Q0)−1/2. Ïóñòü ζ ∈ C\ [c[,∞), ãäå c[ > 0


� îáùàÿ íèæíÿÿ ãðàíü îïåðàòîðîâ B̃ε := f εBεf
ε è B̃0 := f0B


0f0. Ïóñòü


âåëè÷èíà %(ζ) îïðåäåëåíà â (8.1). Òîãäà ïðè 0 < ε 6 1 ñïðàâåäëèâû îöåí-


êè


‖(Bε − ζQε0)−1 − (B0 − ζQ0)−1‖L2(Rd)→L2(Rd) 6 C11%(ζ)ε,


‖(Bε − ζQε0)−1 − (B0 − ζQ0)−1 − εK0(ε; ζ)‖L2(Rd)→H1(Rd)


6 (C17 + C18 + |ζ + 1|1/2C19)%(ζ)ε,
(9.16)


‖gε∇(Bε − ζQε0)−1 −
(
g̃ε∇+ gε(∇Λ̃)ε


)
(B0 − ζQ0)−1‖L2(Rd)→L2(Rd)


6 (C20 + |ζ + 1|1/2C21)%(ζ)ε.
(9.17)


Ïîñòîÿííûå C11, C17, C18, C19, C20 è C21 çàâèñÿò ëèøü îò èñõîäíûõ


äàííûõ (9.7) è c[. Â ñëó÷àå, êîãäà ôóíêöèÿ Q0 ïîñòîÿííà, îöåíêè (9.16),
(9.17) âûïîëíåíû ïðè C19 = C21 = 0.


9.2. Ïåðèîäè÷åñêèé îïåðàòîð Øð¼äèíãåðà. Â L2(Rd) ðàññìîòðèì
îïåðàòîð Ǎ = D∗ǧ(x)D+v̌(x), ãäå ǧ(x) � Γ-ïåðèîäè÷åñêàÿ ñèììåòðè÷íàÿ
(d×d)-ìàòðèöà-ôóíêöèÿ ñ âåùåñòâåííûìè ýëåìåíòàìè: ǧ(x) > 0, ǧ, ǧ−1 ∈
L∞(Rd); à v̌(x) � âåùåñòâåííàÿ Γ-ïåðèîäè÷åñêàÿ ôóíêöèÿ òàêàÿ, ÷òî


v̌ ∈ Ls(Ω), s = 1 ïðè d = 1, s > d/2 ïðè d > 2.


Êàê îáû÷íî, ñòðîãîå îïðåäåëåíèå îïåðàòîðà Ǎ äàåòñÿ ÷åðåç êâàäðàòè÷-
íóþ ôîðìó


ǎ[u, u] =


∫
Rd


(
〈ǧ(x)Du,Du〉+ v̌(x)|u|2


)
dx, u ∈ H1(Rd). (9.18)
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Çà ñ÷åò äîáàâëåíèÿ ê v̌(x) ïîñòîÿííîé áóäåì ñ÷èòàòü, ÷òî êðàåì ñïåê-


òðà îïåðàòîðà Ǎ ÿâëÿåòñÿ òî÷êà íóëü. Ïðè ýòîì óñëîâèè îïåðàòîð Ǎ
äîïóñêàåò óäîáíóþ ôàêòîðèçàöèþ (ñì., íàïðèìåð, [BSu1, ãë. 6, ï. 1.1]).
Äëÿ îïèñàíèÿ ýòîé ôàêòîðèçàöèè ðàññìîòðèì óðàâíåíèå


D∗ǧ(x)Dω(x) + v̌(x)ω(x) = 0. (9.19)


Ýòî óðàâíåíèå èìååò Γ-ïåðèîäè÷åñêîå ðåøåíèå ω ∈ H̃1(Ω), îïðåäåëåííîå
ñ òî÷íîñòüþ äî ïîñòîÿííîãî ìíîæèòåëÿ. Ýòîò ìíîæèòåëü ìîæíî ôèê-
ñèðîâàòü òàê, ÷òîáû ω(x) > 0 è∫


Ω
ω2(x) dx = |Ω|. (9.20)


Áîëåå òîãî, ðåøåíèå ïîëîæèòåëüíî îïðåäåëåíî è îãðàíè÷åíî: 0 < ω0 6
ω(x) 6 ω1 <∞, à íîðìû ‖ω‖L∞ , ‖ω−1‖L∞ êîíòðîëèðóþòñÿ ÷åðåç ‖ǧ‖L∞ ,
‖ǧ−1‖L∞ è ‖v̌‖Ls(Ω). Ôóíêöèÿ ω ÿâëÿåòñÿ ìóëüòèïëèêàòîðîì â H1(Rd), à
òàêæå â H̃1(Ω). Ïîäñòàíîâêà u = ωz ïðåîáðàçóåò ôîðìó (9.18) ê âèäó


ǎ[u, u] =


∫
Rd
ω2(x)〈ǧ(x)Dz,Dz〉 dx, u = ωz, z ∈ H1(Rd).


Òàêèì îáðàçîì, îïåðàòîð Ǎ äîïóñêàåò ôàêòîðèçàöèþ


Ǎ = ω−1D∗gDω−1, g = ω2ǧ. (9.21)


Ðàññìîòðèì òåïåðü îïåðàòîð


Ǎε = (ωε)−1D∗gεD(ωε)−1. (9.22)


Â èñõîäíûõ òåðìèíàõ âûðàæåíèå (9.22) çàïèøåòñÿ â âèäå


Ǎε = D∗ǧεD + ε−2v̌ε. (9.23)


Ïîä÷åðêíåì, ÷òî â (9.23) ñòîèò áîëüøîé ìíîæèòåëü ε−2 ïðè áûñòðî îñ-
öèëëèðóþùåì ïîòåíöèàëå v̌ε. Îïåðàòîð Ǎε ìîæíî òðàêòîâàòü êàê îïå-
ðàòîð Øð¼äèíãåðà ñ áûñòðî îñöèëëèðóþùåé ìåòðèêîé ǧε è ñèëüíî ñèí-
ãóëÿðíûì ïîòåíöèàëîì ε−2v̌ε.
Äàëåå, ïóñòü, êàê è âûøå, A = col {A1(x), . . . , Ad(x)}, ãäå Aj(x) � Γ-


ïåðèîäè÷åñêèå âåùåñòâåííûå ôóíêöèè, óäîâëåòâîðÿþùèå óñëîâèþ (9.1).
Ïóñòü v̂(x) è V̌(x) � Γ-ïåðèîäè÷åñêèå âåùåñòâåííûå ôóíêöèè, ïðè÷åì


v̂, V̌ ∈ Ls(Ω), s = 1 ïðè d = 1, s > d/2 ïðè d > 2,∫
Ω
v̂(x)ω2(x) dx = 0.


(9.24)


Ðàññìîòðèì îïåðàòîð B̌ε, ôîðìàëüíî çàäàííûé âûðàæåíèåì


B̌ε = (D−Aε)∗ǧε(D−Aε) + ε−2v̌ε + ε−1v̂ε + V̌ε. (9.25)


(Ñòðîãîå îïðåäåëåíèå äàåòñÿ ÷åðåç êâàäðàòè÷íóþ ôîðìó.) Îïåðàòîð B̌ε
ìîæíî òðàêòîâàòü êàê îïåðàòîð Øð¼äèíãåðà ñ ìåòðèêîé ǧε, ìàãíèòíûì
ïîòåíöèàëîì Aε è ýëåêòðè÷åñêèì ïîòåíöèàëîì ε−2v̌ε + ε−1v̂ε + V̌ε, ñî-
äåðæàùèì ñèíãóëÿðíûå ñëàãàåìûå ε−2v̌ε è ε−1v̂ε.
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Ïîëîæèì
v(x) := v̂(x)ω2(x), V(x) := V̌(x)ω2(x). (9.26)


Ó÷èòûâàÿ (9.22), (9.23), óáåæäàåìñÿ, ÷òî ñïðàâåäëèâî òîæäåñòâî B̌ε =
(ωε)−1Bε(ωε)−1, ãäå îïåðàòîð Bε çàäàí âûðàæåíèåì (9.3), â êîòîðîì g
îïðåäåëåíî â (9.21), à v è V � â (9.26). Â ñèëó (9.24) è ñâîéñòâ ôóíêöèè
ω êîýôôèöèåíòû v è V óäîâëåòâîðÿþò óñëîâèÿì (9.2).
Ïóñòü Q̌0(x) � Γ-ïåðèîäè÷åñêàÿ âåùåñòâåííàÿ ôóíêöèÿ, ïîëîæèòåëü-


íî îïðåäåëåííàÿ è îãðàíè÷åííàÿ. Ïîëîæèì Q0(x) := Q̌0(x)ω2(x). Îáî-
çíà÷èì c5 = (c0+c4)‖Q−1


0 ‖L∞ , ãäå ïîñòîÿííûå c0 è c4 îòâå÷àþò îïåðàòîðó


Bε, îïèñàííîìó âûøå. Òîãäà îïåðàòîð B̌ε := B̌ε + c5Q̌
ε
0 ñâÿçàí ñ îïåðàòî-


ðîì Bε = Bε + c5Q
ε
0 ñîîòíîøåíèåì B̌ε = (ωε)−1Bε(ω


ε)−1. Î÷åâèäíî,


(B̌ε − ζQ̌ε0)−1 = ωε(Bε − ζQε0)−1ωε. (9.27)


Ïîä èñõîäíûìè äàííûìè ñåé÷àñ ïîíèìàåì ñëåäóþùèé íàáîð âåëè÷èí


d, ρ, s; ‖ǧ‖L∞ , ‖ǧ−1‖L∞ , ‖A‖Lρ(Ω), ‖v̌‖Ls(Ω), ‖v̂‖Ls(Ω), ‖V̌‖Ls(Ω),


‖Q̌0‖L∞ , ‖Q̌−1
0 ‖L∞ ; ïàðàìåòðû ðåøåòêè Γ.


(9.28)


Íà îñíîâàíèè (9.27) è ïðåäëîæåíèÿ 9.1 ïîëó÷èì ñëåäóþùèé ðåçóëüòàò.


Ïðåäëîæåíèå 9.3. Ïóñòü B̌ε � îïåðàòîð (9.25), êîýôôèöèåíòû ǧε,
Aε, v̂ε, V̌ε êîòîðîãî óäîâëåòâîðÿþò óñëîâèÿì, ñôîðìóëèðîâàííûì âûøå


â ï. 9.2. Ïóñòü ω(x) � Γ-ïåðèîäè÷åñêîå ïîëîæèòåëüíîå ðåøåíèå óðàâíå-


íèÿ (9.19), óäîâëåòâîðÿþùåå óñëîâèþ (9.20). Ïóñòü Bε � îïåðàòîð (9.3)
ñ êîýôôèöèåíòàìè gε = ǧε(ωε)2, Aε, vε = v̂ε(ωε)2 è Vε = V̌ε(ωε)2. Ïóñòü


Q̌0 � Γ-ïåðèîäè÷åñêàÿ âåùåñòâåííàÿ ôóíêöèÿ, ïîëîæèòåëüíî îïðåäå-


ëåííàÿ è îãðàíè÷åííàÿ, à Q0 := Q̌0ω
2. Ïîëîæèì c5 = (c0 + c4)‖Q−1


0 ‖L∞ ,
ãäå ïîñòîÿííûå c0 è c4 îòâå÷àþò îïåðàòîðó Bε. Ïóñòü Bε = Bε+ c5Q


ε
0,


B̌ε = B̌ε+ c5Q̌
ε
0. Ïóñòü B


0 � ýôôåêòèâíûé îïåðàòîð äëÿ Bε, îïðåäåëåí-
íûé â (9.10). Ïóñòü ζ ∈ C \ R+, ζ = |ζ|eiφ, φ ∈ (0, 2π), |ζ| > 1. Ïóñòü
K0(ε; ζ) � êîððåêòîð (9.12) äëÿ îïåðàòîðà Bε. Òîãäà ïðè 0 < ε 6 1
ñïðàâåäëèâû îöåíêè


‖(B̌ε − ζQ̌ε0)−1 − ωε(B0 − ζQ0)−1ωε‖L2(Rd)→L2(Rd) 6 C4‖ω‖2L∞c(φ)2ε|ζ|−1/2,


(9.29)


‖(ωε)−1(B̌ε − ζQ̌ε0)−1 − (B0 − ζQ0)−1ωε − εK0(ε; ζ)ωε‖L2(Rd)→H1(Rd)


6 (C8 + C9)‖ω‖L∞c(φ)2ε,
(9.30)


‖gε∇(ωε)−1(B̌ε − ζQ̌ε0)−1 −
(
g̃ε∇+ gε(∇Λ̃)ε


)
(B0 − ζQ0)−1ωε‖L2(Rd)→L2(Rd)


6 C10‖ω‖L∞c(φ)2ε.
(9.31)


Çäåñü c(φ) � âåëè÷èíà (4.1). Ïîñòîÿííûå C4‖ω‖2L∞ , (C8 + C9)‖ω‖L∞ è


C10‖ω‖L∞ çàâèñÿò òîëüêî îò èñõîäíûõ äàííûõ (9.28).
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Äîêàçàòåëüñòâî. Äîìíîæàÿ îïåðàòîðû ïîä çíàêîì íîðìû â (9.13) ñ
äâóõ ñòîðîí íà ωε è èñïîëüçóÿ (9.27), ïðèõîäèì ê îöåíêå (9.29).
Â ñèëó (9.27) èìååì (ωε)−1(B̌ε − ζQ̌ε0)−1 = (Bε − ζQε0)−1ωε. Äîìíîæàÿ


îïåðàòîðû ïîä çíàêîì íîðìû â (9.14) ñïðàâà íà ωε, ïîëó÷àåì (9.30).
Àíàëîãè÷íûì îáðàçîì èç (9.15) âûâîäèòñÿ (9.31). �


×òîáû ïîëó÷èòü àïïðîêñèìàöèþ îïåðàòîðà (B̌ε − ζQ̌ε0)−1 â áîëåå øè-
ðîêîé îáëàñòè èçìåíåíèÿ ïàðàìåòðà ζ, èñïîëüçóåì ïðåäëîæåíèå 9.2. Ïî
àíàëîãèè ñ äîêàçàòåëüñòâîì ïðåäëîæåíèÿ 9.3 íåòðóäíî ïðîâåðèòü ñëå-
äóþùèé ðåçóëüòàò.


Ïðåäëîæåíèå 9.4. Ïóñòü âûïîëíåíû óñëîâèÿ ïðåäëîæåíèÿ 9.3. Îáî-
çíà÷èì f(x) = Q0(x)−1/2, f0 = (Q0)−1/2. Ïóñòü ζ ∈ C\ [c[,∞), ãäå c[ > 0


� îáùàÿ íèæíÿÿ ãðàíü îïåðàòîðîâ B̃ε := f εBεf
ε è B̃0 := f0B


0f0. Òîãäà


ïðè 0 < ε 6 1 ñïðàâåäëèâû îöåíêè


‖(B̌ε − ζQ̌ε0)−1 − ωε(B0 − ζQ0)−1ωε‖L2(Rd)→L2(Rd) 6 C11‖ω‖2L∞%(ζ)ε,


‖(ωε)−1(B̌ε − ζQ̌ε0)−1 − (B0 − ζQ0)−1ωε − εK0(ε; ζ)ωε‖L2(Rd)→H1(Rd)


6 (C17 + C18 + |ζ + 1|1/2C19)‖ω‖L∞%(ζ)ε,
(9.32)


‖gε∇(ωε)−1(B̌ε − ζQ̌ε0)−1 −
(
g̃ε∇+ gε(∇Λ̃)ε


)
(B0 − ζQ0)−1ωε‖L2(Rd)→L2(Rd)


6 (C20 + |ζ + 1|1/2C21)‖ω‖L∞%(ζ)ε.
(9.33)


Çäåñü %(ζ) � âåëè÷èíà (8.1). Ïîñòîÿííûå C11‖ω‖2L∞ , (C17 +C18)‖ω‖L∞ ,
C19‖ω‖L∞ , C20‖ω‖L∞ è C21‖ω‖L∞ êîíòðîëèðóþòñÿ ÷åðåç èñõîäíûå äàí-


íûå (9.28) è c[. Â ñëó÷àå, åñëè ôóíêöèÿ Q0 ïîñòîÿííà, îöåíêè (9.32),
(9.33) âûïîëíåíû ïðè C19 = C21 = 0.


Çàìå÷àíèå 9.5. Ïðåäëîæåíèÿ 9.3 è 9.4 äåìîíñòðèðóþò, ÷òî äëÿ îïå-
ðàòîðà (9.25) õàðàêòåð óñðåäíåíèÿ ìåíÿåòñÿ (ïî ñðàâíåíèþ ñ ðåçóëüòà-


òàìè äëÿ îïåðàòîðà (9.3)). Íàëè÷èå ñèëüíî ñèíãóëÿðíîãî ïîòåíöèàëà
ε−2v̌ε ïðèâîäèò ê òîìó, ÷òî îáîáùåííàÿ ðåçîëüâåíòà (B̌ε − ζQ̌ε0)−1 íå


èìååò ïðåäåëà ïî îïåðàòîðíîé íîðìå â L2(Rd); îíà àïïðîêñèìèðóåò-


ñÿ ÷åðåç îáîáùåííóþ ðåçîëüâåíòó (B0 − ζQ0)−1, îêàéìëåííóþ áûñòðî


îñöèëëèðóþùèìè ìíîæèòåëÿìè ωε.


9.3. Äâóìåðíûé îïåðàòîð Ïàóëè. Îòìåòèì, ÷òî âîçìîæíî ïðèìå-
íåíèå îáùèõ ðåçóëüòàòîâ ðàáîòû òàêæå ê äâóìåðíîìó ïåðèîäè÷åñêîìó
îïåðàòîðó Ïàóëè ñ ñèíãóëÿðíûì ìàãíèòíûì ïîòåíöèàëîì, âîçìóùåííî-
ìó ñèíãóëÿðíûì ýëåêòðè÷åñêèì ïîòåíöèàëîì. Ýòîò îïåðàòîð ïîäðîáíî
ðàññìàòðèâàëñÿ â [Su2, �14] ñ ïîìîùüþ èñïîëüçîâàíèÿ óäîáíîé ôàêòîðè-
çàöèè äëÿ îïåðàòîðà Ïàóëè. Õàðàêòåð ðåçóëüòàòîâ äëÿ íåãî àíàëîãè÷åí
ïðåäëîæåíèÿì 9.3 è 9.4. Ìû íå áóäåì îñòàíàâëèâàòüñÿ íà ýòîì ïîäðîá-
íåå.
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