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Annoramusa

Iostyuen ajsropur™ Hoctpoenus: (GUIbTPAIME C JIMHEHHBIMUA (DAKTOPAMH JIJIA BEK-
TOPHBIX pacc/Ioenuii panra 2 HaJ| nosepxuoctbio Pl rie A — eBkmiosa o6/1acTh.
NupiME €JI0BaMHE, IPEIbIBICHHDLIN aIrOPUTM I OOPATHMON 2-MaTPHUIBI 0 HAaJ
kosbiioM Az, 271 crpomnt Matpunpt A mag Alz] u p nan A[z™Y], qig KoTophIx Aop
ABJIAETCA BEpPXHE! TPeyroJbHON MaTpuIei.

KiroueBbie ciioBa: BEKTOpHOE paccjioeHne, apudmMmeTndecKas MOBEPXHOCTDL, TPOEK-
TUBHAad MpAMasd, PUIbTPAINA, TTHEITHOE PACC/IOCHUE, €BKJIMJIOBO KOJIBII0, &JITOPUTM,
oJIMHOMBI JIopaHa, pelyKIus, IpuBeieHne, BEPXHAA TPEYTOIbHasd MaTPHIIA.
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BBenenue

B nannOll cTaThe MBI H3y4YaeM BEKTOPHBIE PACC/IOEHUs HaJ TOBEPXHOCTHIO P}4, rje
A — nenekuHI0BO KOJbIo. B wactHOCTH, yisi eBKimoBa A (ocobeHHO MHTEpeceH
caydaii A = 7) Mbl OpUBeIeM AJrOPUTM IIOCTPOCHUsI JMHEHHOM (huiibTpanun Ha
BEKTOPHOM paccyioernu panra 2. OTMeTuM, 9TO HAIl aJITOPUTM IOJIYIeH Ha OCHOBE
anasm3a paborsr Y. Xanner [1], e mokasaHo CyIecTBOBaHHe Takoil (hUIbBTpAIIH.
OrmeTnM Tak»Ke, UTO IpeJCTaBJIEHHAs HIXKe BEPCUs aJITOPUTMa pa3paboTaHa Ha
OCHOBE €ro IIepBoHavYaJIbHON Bepcuu, IIpUHa/JIezKalleid BTOPOMY aBTOPY.

amnast paboTa SBJISETCs 9aCThIO Pean3alii IPOrPaMMBI [2] [0 CHHTE3Y Teopun
BEKTOPHBIX pPaCC/JIOEHN Ha aJredpandecKux MHOr0OOpasusix U TEOPUU BEKTOPHBIX
paccjIoennii Ha KOMITAaKTU(PUITTPOBAHHBIX apupMETHICCKIX KPUBBIX, IIPEJICTaBICH-
HOU reoMeTpueil Yncell.

1 IIpenBapureiibHble CBEAEHUS

[Tycts A — nejeKuHi0Ba 00J1aCTh.
Kaxk obprauo (cMm., Hanpumep, [3]),

P!, = Proj Altg, 1], degty=degt; =1,
U; — nononnenne K mynam t;, Uy = Uy N Uy,

xr = tl/to, Yy = to/tl, Ty = 1.

Torma
O(lo) = Alz], O(Ur) = Aly], O(Un) = Alz, y].

1.1 Hekoropbie u3BecTHbIE PE3YJIbTAThHI

ITpuBeeM HEKOTOpBIE N3BECTHBIE PE3YJIBTATHI, CBA3AHHBIE C BEKTOPHBIMU PaCCJIoe-
nusvn Ha Pl

1.1.1 Teopema (I'porenmux, [4]). Beakoe eexmopnoe paccroenue na P, ede F —
noae, moorcem Gvims NPedcmasAeHo Cymmot AUHETHVLET PACCAOEHUT, NPULEM CAG2A-
emole onpedenerv. 00HOZHAYHO.

WHENHBIE PACCJIOEHU Ha, TaKzKe€ XOPOIIO U3BECTHDBLI.
JI P}

1.1.2 Teopema (Cepp, [5]). Beakoe aunetinoe paccaoernue na Py uzomopgdno pac-
caoenuro suda p*L @ O(d), 2de L — aunetinoe paccaoenue na Spec A, a p — cmpyk-
mypras npoexyus P’y — Spec A.

OTTpu BBIOMHEHNUN PAGOTHI IEpBLIi aBTOp 6B TofIep:kan POPU (rpant 13-01-00429 A).



B wacrtrOCTH, JTI0OOE pacciioenne Ha P}p uzomopduo paccioenuto O(d) st He-
KOTOPOTO OJTHO3HAYHO OIIPeIe/IeHHOTO d € Z.

B oTjmmume ot ciydast IPOEKTHBHON IpaAMoil HaJl mojaeM na Pl nia nenexunnosa
KoJiblla A He BCSAKOE DACC/IOCHUE IMPEJCTABUMO CyMMOil jmHeiHbx (eM. [6] wim,
HarpuMep, [2]). BosHukaeT ecrecTBeHHBIH BOIPOC: BEPHO JIH, ITO BCSIKOE BEKTOPHOE
paccioenue na Pl s nepekuniosa kombia A gonyckaer dbusibrpammio, Bee bak-
TOpPBLI KOTOPOH JinHeltHble paccyioenus? [To-BuaumMomy, OTBET Ha 3TOT BOIPOC HE
U3BECTEH.

JlJtst TIpPOM3BOJIBHOTO JIeJIeKUHI0Ba A UMeeT MeCcTo CJIeAyIONuil pe3yibTar.

1.1.3 Teopema (Hanna, [1]). Beaxoe eexmoproe paccaoenue na Pl, 2de A — dede-
Kundoso Koavuo, donycraem dusompayuto, 6ce Gaxmopvt Komopoti Aubo Aunetitoie
PAcCA0enUA, AUOO PacCrOeHUs parea J6a.

[TostHOCTBIO BOIIPOC peltieH JIisi eBKINAOBbIX KoJell (eMm. |7]) mmm 1.4).

1.1.4 Teopema (Hanna, [1]). Bcaxoe eexmopnoe paccaoenue na P, 2de A — es-
KAudo60 KoALYUO, donyckaem duarvmpayuro, 6ce Garmopv, kKomopoti sunetinve pac-
CAOEHUA.

B wacTHOCTH, BesSIKOe BEKTOPHOE paccioenne Ha Pj jomyckaer dbuiibTparmo, Bee
¢dakTOpbl KOTOPOI JINHEIHBIE paccioeHusd. Takas UIbTpaius Ha3bIBAeTCs JINHEH-

o

HOM.

1.2 OcHamieHnust 1 MaTPULbI CKJIEHKNI
[Iycts E — BeKTOpHOE pacc/ioeHue Ha Pi,,
r=rkF.
OCHaHIeHI/IeM E Ha30BEM TpPpUBHAJIU3aIIUIO paCCHOGHI/Iﬁ
E|Uy = Oey + -+ - + Oe,,
ElUy=0fi +---+Of,.

Tax kak Bce mpoeKTUBHBIE A-MOyInm cBOOOJHBI, TO, IO Teopeme KsuiieHa n
CJIMHA, KaxKJ10€ BEKTOPHOE Pacc/ioeHne Ha OITyCKaeT OCHAIIEHUE.
C 8], 19]), P

C ocHalenneM CBsi3aHa MaTpPHIIA
o € GL,(Alx,z71]), (1)
Ha3bIBaeMad HUZKE MATPUIIEH CKJIEUKHW, TaKad, 9YTO
ler, - seo=[fi,. 0 fil (2)

Ha Uy, . Inpivu citoBamu, j-TeIil cTosben o IpejicTaBiigeT coboil 3ammmchk f; B e-6asnuce.



Haobopot, ¢ npoussosibnoit Matpuneit o € GL,.(A[x, z7!]) csasano ocnamennoe
r-paccioenne (o) na Pl ITo onpenenenmo, E(0)|Uy = Oey+- - -+QOe,, E(0)|U, =
Ofi+ -+ Of,, ana Uy pacciioeHus CKJICHBAIOTCS C MOMOIIBIO COOTHOIIEHUS (2).

TakuMm 00pa3soM, MHOXKECTBO KJACCOB M30MOPGhU3Ma OCHAIIEHHBIX BEKTOPHBIX
r-paccioenuii na P npencrasieno xak GL,(A[z, z7']), a MHOKECTBO KJ/IaCCOB H30-
Mopdusma (HEOCHAIIEHHBIX) BEKTOPHBIX T~PACCIOCHUN [IPEICTaBIeHO KaK JBONHOI

dakTop
Vect, (P') = GL,(Alz]))\ GL,(A[z,27']),/ GL.(A[z1]). (3)

1.3 O06o3HayeHuda

1.3.1. s dyukropa F' Ha kareropuu A-anreOp BBeJeM ciemayone 0003HaATEHNS:

B gacraocTH, B KadecTBe F' OyjieM HCIOJIB30BATD CJIEIyIoNne (pyHKTOPHI:

G = GL,,
M = M, , — maTpuiip pasMepa r X r,
T — craHgapTHEBIT TOp (IuaroHagbHBIe MaTPUIlB) B G,

B — cranjaprHas 60pesieBcKasi MOArpyIia (BepxHue TpeyrojbHble MaTpuiibl) B G.

Taxke OyeM UCHOIb30BATEH CJIEAYIONLYI0 TEPMUHOJIOTHIO: LY-CTPOKA — CTPOKA
ssteMeHTOB u3 A[z, y|, x-cronbern— croaber sinementos u3 Az, u T. . Byjaem roBoputs,
9TO CTPOKA TY-YHUMOIYJISIPHA (Z-YHUMOJYIAPHA, ...), €CJM OHA OIpPeJIeJIeHa W YHIU-
Moy isipha Hag Alx, y] (onpemesena u yaumomyaspaa vag Alzl, ...).

1.3.2. Jlna kBaJIipaTHOU MATPUILI W CUMBOJIOM w* 0DO3HAYAEM IPHUCOEIUHEHHYIO
maTpuity. OHa COCTOMT M3 ajareGpamdecKux JONOJHEHMI 31eMEeHTOB MaTPHILL w',
HOJTy9eHHOI TpaHcroHnpoBanneM w. [Ipu sTom ww* = det(w)e, rue € — enuHUIHAST
MaTPUIIA.

1.3.3. Omnepanuu mopmasusaruu. s HEHYIEBO TY-CTPOKU (v HAM ITOTPEOYIOTCs
onepanu HopMaJIu3alun

a—a/rt, a—alyt, (4)

rjie CTpoka o/x* mosydaercd JejieHueM « Ha x", a n € 7 — MaKCUMAaJIbHOE YHUCJIO,
JIUIsT KOTOPOTo /™ SIBJISIETCS T-CTPOKOil. AHAIOrM9IHO, CTpOKa «/y* mosrydaercs
JleJieHneM o Ha y", Te n € Z — MaKCUMaJIbHOe 9HCJI0, JIJIsi KOTOPOTro /Y™ sIBJIsieTcst
1J-CTPOKOW.

ITycte w € M,, n KaxKjad CTPOKa w OTJHYHa OT Hysesoil. Ham morpebyroTcs
omepaIy HOpMaJIu3aIun

w— o/t wealyt (5)



Omnu 3aK/IIOIAIOTCH B IIPIMEHEHIN COOTBETCTBYIoMIEit (cM. (4)) omeparun K KaxKIoi
CTPOKE MATPHIIBI W.

Hanpuwmep, nycts A = Z n

Tora

1.3.4. CumMBosioM w; . OyJeM 0003HAYATH €€ (-TyI0 CTPOKY MaTPHIIBI W.
1.3.5. Ilycts K — moste gactabix A. CumBosiamu
U, vyt K(PR) = Z

obo3HaYaeM HOPMHUPOBaHUsA, CBsA3aHHbIE ¢ TouKamu © = (0 € P}{ ny =0 € P}{.
2 3y 2 3y _
Hampumep, v, (2° 4+ 2°) = 2, a vy(x* + 2°) = —3.

1.4 EBKJINIOBBI KOJbIIA

HamoMHMM HEKOTOpPBIE CBeJIEHUST O €BKJIMJIOBBIX KoJbliax (cM. |7]).

1.4.1. Onpenenenus u coryiamnenus. [lycte A — eBkanmoBa obactsb. VHbIMI
cioBaMu, A He MMeer JiesuTesiell Hysist, U cyIecTByeT (yHKIus (BbICOTA)

ht:A—{0,1,2,...},

JLJIA KOTOpOI'?'I BBIIIOJIHEHDBI CJICAYIOIIUEe YCJIOBUA.

1. ht(a) = 0 Torga u TosbKO TOrIA, KOTJa @ = 0.

2. Jlns Besrux a,b € A — {0} cymecrByior ¢, € A ¢ a = bq+r u ht(r) < ht(b).
3. Ecnu a nemures ma b u a # 0, To ht(a) > ht(b).

4. ht(1) = 1.

Hanpumep, kombiia A = Z u A = F[t], tne F' — moue, eBkiaunosbl. s Z

nozxomut ht(a) = |a|, a i F[t] nogxonur ht(f) = 29/ rie deg) = —oo. [lasee
OyaeM cuuTaTh, 9TO ht pukcuponana.

1.4.2. Onepanus [a/b]. B esximmoBom A ja Beskux a,b € A — {0} maiigercs
takoe ¢ € A, aro ht(a — bqg) < ht(a). Banucs

q = [a/b]

O3HAYAET, YTO ¢ NPUCBOEHO OjHO (yr000e) U3 Takux 3HavdeHuil. Takum oGpasom,
cuMBoJT [a/b] GyJer 03HAUATH YKA3aHHYIO HEOHO3HAUHYIO OIEPAIIUIO.



1.4.3. Beicota uneana u crpoku. llycrs I — umean 8 A. Tlomoxum
ht(7) = ht(a),

e a — Ipou3BojbHas obpasyiorias [. BeicoTa He 3aBUCUT OT BhIOOPa 00pa3yIoNIeil.

[ycts (ayq,...,a,) crpoka snementos A. [omoxunm
ht(ay,...,a,) = ht(1),
rje I — ujeast, HOPOXKICHHBIN 3JIEMEHTAMUI 1, . . . , Uy,.

1.4.4. IlpuBenenune crpok. llycrs a = (ay,...,a,), b = (by,...,b,) — cTpOKU B
A. TIpeamosozKuM, 9T0 9TH CTPOKU JIMHEHHO 3aBUCHMBL, TO €CTb a;b; = a;b;, (i,j =

1,...,n). Honoxum

[a/b] = [u/v],
rjae u — obpasytwommas (ag,...,a,) u v — obpasytomas (by,...,b,), upudeM u u v
COTJIACOBAHbI B TOM CMbICJIE, 9TO a;v = ub;, (1 = 1,...,n). Bosamoxuocts BbIOOpaA

COTJIACOBAHHBIX 00OPA3YIONINX BBITEKACT U3 JIMHEHHON 3aBUCUMOCTH CTPOK.

IIpu BBIOODE "HCIA [1/V] EIMeeTCsA HEKOTOPBIT TPOU3BOJI, CB3AHIBII ¢ IPON3BOIOM
[PU TIPOBEJIEHNH aHAJIOTUIHON omeparuu Jiist 37eMeHToB (eM. 1.4.2), HO He ¢ 1mpo-
U3BOJIOM IIPU BBIOOpE coryiacoBaHHOi mapel u u v. Tem He MeHee (HECKOJIBKO He-
KOPPEKTHO) OyJieM CYuTaTh, UTO OUpejeseHa (Heo[Ho3HadHas) oneparus [a/b] (ee
pe3yJIbTaT OIPEIEIAeTCs B MOMEHT BhIducyeHns ). [lomoKnm

(r1, ..., rn) = (a1,...,a,) — [a/b](by, ..., by).

Torma
ht(?“l, . 77‘n) < ht(b17 RN bn)

2 Ajaropmrtm npuBegeHUH

Hasee no ymomaanuio A — eBjmoBa o6acts (eM. 1.4), a
r=2.

(kax u BbIIIE, 3/7eCh T = rk F).

MpbI cobupaemcst oucaTh aJrTOPUTM IIPUBEICHUS K TPEYTOJIHLHOMY BU/LY, KOTOPBIi
ITO3BOJIAET TIPEJICTABUTL [ Kak paciimpenue

0— L —FE— Ly,— 0, (6)

rie L; — JTuHeiiHble paccjioeHns Ha P}4.

OTmeTrM, 9TO HAXOXKJEHHe paciupenns Bujaa (6) paBHOCHIBHO HAXOXKEHHIO
JInHeiHoro paccioenusd Ly u orobpaxkenus Ly B E, He 3aHyJIsI01Ierocss Hu B OJIHOM



roure 6a3p1 P, VIHBIME CJIOBAMIE, TEOMETPUICCKE PEUb MIET O HAXOXK ICHIN CCYCHUST
A ) Il it

P! — P(E) npoexiuu P(E) — P.

AurropuTM IpUBeIEHN K TPEYTOJIBHOMY BHLY 110 IPOU3BOJIbHOM 0 € (5, HAXOAUT
Takne MaTpunpl A € G, n p € Gy, 9TO

x %
Aop =
p 0 * )
rJie *-KU CUMBOJIM3UPYIOT TIPOU3BOJIbHBIE ieMeHThl Az, y]. HbiMu cioBamu,

Aop € By,y. (7)

2.1 CrpykTypa ajJropurMa

[IpuBejienne K TpeyrobHOMY BHUJIy COCTOUT W3 IOC/IEIOBATEIHLHOIO IPUMEHEHUS
JABYX HE3aBUCUMBIX IPOLEAYD: T-IIPUBEACHUA U Y-TIPUBEICHUA.

Ha Bxom mporneaypsl z-IpHBeieHns IToJaeTca mpoms3BosibHag o € Gy, a Ha
BBIXOJIe TToJIydaeM mMarpuiy A € (G, crenuajgbHOrO BUJIa. A UMEHHO, A\ TAKOBa, UTO

Ao — y-cuenmasbhas Marpuma (cm. 2.2.1). (8)

Ha Bx0/1 Hporeaypsl y-IPUBEIEHNST OJAIOTCA IPOU3BOIbIbIE MATPUIBL 0 € Gy
u A € G, ynosiersopsioniue cpoiicty (8). Ha BbIXOje TIpOIEyphI Y-IPUBEICHUST
MBI TIOJTy9uM MaTpuiyy p € Gy, JJIst KOTOPOit BBIIIOJIHEHO CBOICTBO (7).

Taxkum 06pazom, Ha BBIXOJIE MPOIELY Pl L-TIPUBEJIEHUS MbI [TOJTYYHM JIaHHbIE JIJTs
BXO/1a TIPOTIEy PhI y-TipuBeienusd. [[puMenenns mporeaypsl y-IIpuBeIeHUs TPUBEIET
K HAXOXKJICHUIO MCKOMBIX MaTPUIL A U p.

B npejicraBiiennoM HuzKe ajaropurMe padboTa BeJIeTcs co cTpokaMu. Bo3zmokHO, B
KOHTEKCTe BEKTOPHBIX PacCJIOeHUI D0ojiee ecTeCTBEHHO PaboTaTh CO CTOJIOIAMI. DTO
MOXKHO CJIeJIaTh, HO JIJIS 9TOrO HAJI0 HAYUHATDL C IIOCTPOEHUS p, a He A.

2.2 y-cnenuaJibHble MATPUIIbI
Hng o € Gy MBI cobupaeMcd HaliTn Takue MaTpuibl A € G, u p € G, 9T0

Aop € By,y.

Tak Kak MBI XOTUM pa3ge/inTh aJI'OpuTM Ha JAB€ YaCTu (JI-HpHBeILeHHe n y-
HpI/IBe,ILeHI/Ie), TO Ha BBIXOJIE€ T-IIPUBEJICHUA 00€CIIeYNTDb BBIIIOJIHEHIE ycJ1oBUA

o € B, G,

Baxkno ymMeTh pacrnosHaBaTh JOCTATOYHO OOJIBINON KJjiace TakKuX mMaTpuil. B Ka-
JeCcTBE TAKOBBIX OyJIeM paccMaTpHUBATDL Y-CIEIUAIbHBIE MaTPHILHI.



2.2.1 OnpegeneHue. xy-cmpoxy o HA308EM Y-CNEUUANLHOU, ECAU OHA TY-YHUMO-
dyaspna u a/y* asasemca y-ynumodyasaprol (obosnauenus 6 cm. (4)). Mampuuyy
w € Ggy na3o6em y-cneyuarbiotl, ecal ee 6mopas CMPoKa Wy, AGAACMCA Y-CREUU-
aAbHOU.

2.2.2. IIpoBepka crnenuajgbHOCTHU. [IpoBepuTh TY-yHUMOIYIIPHOCTL CTPOKH (v,
BO3MOXKHO, He o4eHb 1pocTo. Ho mac OyayT unTepecoBars cTpoku Marpuil u3 Gy
OHHU aBTOMATHYECKH TY-yYHUMOJIYJISIPHBI, TAK KaK JOMOJHAIOTCS 10 OOPATUMBIX LY~
matpurl. Takum 0o6pa3oM, ocrangach TOJBKO MpobseMa IIPOBEPKH Y-CIEINaTIbHOCTH
CTPOKH, TY-HEBBIPOXKICHHOCTH KOTOPO M3BECTHA. DTO IIPOCTAst MpobeMa, TaK Kak
POBEPKa Y-CIENUATHLHOCTH (¢ PABHOCHJIbHA ITPOBEPKE YHUMO/LYJISIPHOCTH CTPOKI
(a/y*) (mod y) max A. D10 BEITEKAET U3 TOrO, YTO OTKPBITOE MHOXKECTBO U} BMecTe
¢ MHOKecTBOM HyJteit cewenns t; € ['(PY, O(1)) noxpesator Pl (cm. mauaso §1).

Hanpumep, nepsasg u3 MaTpuis

2y 5 . 2v 5

1 2z 1 2y
He sBJISIeTCS Y-CIEIUAIbHOM, a Bropas y-CIelHaabia (ee BTOpast CTPOKA YHUMOJLY-
agpua nax Zly|). Marpnma

—223 4+ 1 472
—xt 203 + 1|

y-crenuasibia. B sToM ciydae wo, /y* = [—1, 2y + yﬂ YVHUMO/IyJIsIpHA HaJt Z[y.

2.3 Ilponenypa r-npuBegeHUs

Hnga o € Ggy MBI XoTUM HafiTn A € G, Tak 4TO Npousselienue Ao OyueT y-
CHCIMAJIbLHON MaTPUIICH.

2.3.1. Crpykrypa x-npuBejienud. [Iporenypa r-puBeeHns: COCTOUT U3 dTala
dopMHUpOBaHUA HAYATLHOIO A U IOCJIEIYIONIEr0 MHOTOKPATHOT'O ITPUMEHEHHS TTPO-
eIy P PeyKIU MePBOit CTPOoKN [ U peyKimn BTOPoi cTpokn Ry, OTMeTnm, 9T0
Ipy MOJUMUKAIINA A He HYKHBI IPEJIbLTyTIre 3Hadenns. [[osToMmy HOBbIE 3HAUEHNST
Oy/ieM 3aliChIBATh HA MECTO CTapbIX. DTO MO3BOJIUT CJe/IaTh OMUCAHUE AJITOPUTMa
pekypcuBHbIM. CTPYKTYPY X-IIPUBEJIEHUS TTOSCHUM OJIOK-CXEMOI:

setup of A vy(det A) =0 ?> yes | end
no \

R1 RQ

N o
| @t()\ (0)) > ht(A (0)5no




Ot HAYAIBHOTO 3HAYEHUST A TPEOYETCs BBIOTHEHUS CJIEJIYIONINX YCIOBHIL:

A€ Ggy; (9)
A€ My; (10)
At (0) # (0,0 A2,.(0) # [0,0]; (11)
A0 — y-crenuasbHas MaTPHUIA. (12)

Baeco ;. (0) — snavenus crpok npu z = 0.

Hens menoukn moaumdukanmii A ¢ nomombio Ry u Ry — npubmmxkenne \ Kk G,
BHYTPHU Gy N M, ¢ 3200TOI O COXPAHHOCTH B XOJIe 9TOTO IIPoIecca Y-ClelnaIbHOCTI

Ao

[Iporeypa x-1puBeieHnsT 3aBEPIINTCA 38 KOHEYHOE UHUC/IO0 MaroB. YTo0bl yBU-
JIeTh 910, OyaeM cieaurhb 3a mapamerpamu v (det A), ht(A1 .(0)) u ht(A2.(0)). Kak
YBUJIUM HUZK€, BBITTOJIHEHBI CJIEJIyIOINe CBOCTBRA:

Ry crporo ymenbimaer ht(Ag.(0)); (13)
Ry me mensier ht(A2.(0)); (14)
Ry me yBemmausaer v, (det \); (15)
Ry ymenbiaer smbo ht(Ag ,(0)), mu6o v, (det A). (16)

Ormernm Takxke, 9ro Ry moxker yseamausarh ht(A;.(0)) u He Menser BTOpPYIO
crpoky A. Kpome Toro, Ry He MeHsieT TIepBYIO CTPOKY A U yBeanauBaeT v, (det A).

U3 coiicts (13) u (14) BbITekaeT, 9T0 Ry MOXKET BBIIOJHATLCH He Gostee, deM hy
pa3, e hy = ht(A\2.(0)) mra magamsroro A. Kpome toro, u3 csoiicts (15) u (16)
BBITEKAET, 9TO Ry MOXKeT BBIIOIHUTHCS TOILKO KOHETHOE THCIIO Pa3 HoApsd. Taknm
06pa3oM, IPOIE/ypa T-IPUBEICHIS PAHO WM HO3/HO 3aBEPIINT CBOIO paboTy.

ocruraer s mporenypa xr-upuBeieHns cpoeit nean (em. magaso 2.3)7 da, mo-
cruraet. HedbopmasibHO roBopsi, eciin MaTpuiia A craja r-00paTuMoii, TO MbI ITPUTILIA
K nesm. Ecan ve obparnma, To ctpokn MaTpuiibl A(0) JIMHEHHO 3aBUCHMBI U K HUM
MOXKHO TpUMeHATH ajroput™m EBkimga. Eciim ObITh 60Jiee TOYHBIM, TO TO33KE MbI
YBUJIUM, YTO

Ry e napymaet ycsosuii (9), (10) u (12); (17)
Ry we napymaer yciosuii (9), (10) u (12). (18)

Kak Bu1HO 13 6JI0K-CXEMBbI, BBIXO/I U3 IIPOIIE/IYPhI T-IIPUBEIEHNT BO3MOXKEH TOJIb-

Ko 1prt v, (det ) = 0. C yuaerom (9) u (10) u3 sToro BoiTekaer, ¥ro A € G,. Tak Kak
(12) Taxske BepHO Ha BBIXOJIE, TO IIPOIEypa T-IIPUBEJICHUS JOCTUraeT CBOEHl TIeIn.
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2.3.2. Bpi6bop HagyaabHOro \. B KadyecTBe Ha4a/IbHOTO A BO3bMEM MATPUILY
o*/x*,

rje o* — Marpuila, npucoenHeHnas K o (em. 1.3.2), a oneparys w ~ w/x* onpee-
nena B (1.3.3). Tak xak Ao € T, To ycaosus (9), (10), (11) u (12) BBIIOIHEHBI.

2.3.3. Ri: mogndukarum rmepBoii ctpoku \. [Iporeaypa Ry uciosib3yer B cBoeii
pabore TOBKO MaTpuily A (B 9aCTHOCTH, 0 HE WCIIOJIbL3YeTcsi) U u3MeHsier ee. [lpu
9TOM M3MEHSETCS TOJILKO IEePBasi CTPOKA A, & BTOpasd CTPOKA A HE MEHAETCH.

st paborbl Ry HeoGX0uMO, 9TOOBI BXOJHAA MATPUIA A YJIOBJIETBOPSIA YCJIO-
BusaM (9), (10) u
v (det \) # 0. (19)

BwmecTo nepBoit CTPOKH A, TO €CTh BMECTO A1 ., IpoIeiypa [ pasMernaer ocTaTOK
OT ee JieJieHnsi Ha BTOPYIO CTpoKy Marpuisl A(0), To ecTh Ha Ag.(0). D10 MOXKHO
CZIleIaTh TOJIBKO B TOM cJiydae, Korna A, 1(0) u A, 2(0) nuneiino 3asucumsl. Jluneiinas
3aBHCHMOCTH ObecriedeHa HeoOXOMMBIME ycoBusiMu paboTsl Ry. 13 (10) BeiTeKaer,
gro Marpuria A(0) onpenesena, a u3 (19) Borrekaer, uro A(0) = 0. [Tocse sT0ro Ry
[POBOJIUT Z-HOPMAJIU3AIINIO HOJIY IUBITIefics MATPHIIB U 3aBepinaeT pabory. Unpivu
CJIOBAMH, TIOCJIE 3aMEHBI TI€PBOIl CTPOKU Ha OCTATOK OT JICJICHHS MOXKET OKa3aThCd,
aro A;.(0) = [0,0]. B sToM cirydae HOBYIO EPBYIO CTPOKY CJIEJLyeT HOJEIUTH Ha
& CTOJIBKO pa3, CKOJIBKO BO3MOXKHO, OCTaBasACh cpeau r-marputl. IIpm srom ht(A; )
MOZKET BBIPACTH, HO 3aBEJIOMO YMeHbIMUTCs v, (det 6).

Boutee konkperno, pabora Ry onucana cjaeayronumMu hpopMyIaMu:

)\1,* = /\1,* - P\l,*(O)/)\Z,* (0)])\2,*; (20>
As = A2t (21)

B (20) ucronb30BaHo jeieHne CTPOK ¢ ocTaTkoM u3 1.4.4 n omepanus r-HOpMa-
Jm3anuu CTpoku o — o/x* u3 (1.3.3).

BasiByieHHBIE BbIIIE CBOficTBa Ry, T0 ecth (14), (15), (16) u (17), BusHbI HEIOCPE/T-
cTBeHHO u3 onucanus R;. Hampumep, BTOpasi cTpoka MaTpuilbl Ao HE U3MEHUTCH,
TaK KaK He M3MEHHUTCS BTOpas CTPOKa .

2.3.4. Ry: MmomuduKalum BTOPOil CTPOKHU A. DTa MpoIeaypa MPUMeHSIeTCsT B
TOM CJIyvae, KOIja Ipolie ypa MOAUMUKAIINN IEPBOil CTPOKU cedsl M3XKMJIa, TO €CTh
[P YCJIOBUU

ht(Ar.) < ht(Aa). (22)

Lenas Ry cocrouT B TOM, 9TOOBI MPUOIN3UTHCS K YHUMOMLYIAPHOCTH A2 4 (0), yMenn-
mag ht(Ao ) (ecom go6beMes YHUMOILYISAPHOCTH, TO JIEJIO HPAKTHIECKH CIEJIAHO).
[Ipobema, ¢ KOTOPOii IIPH 9TOM HAJIO CIPABUTLCs, COCTOUT B TOM, YTO U3MEHEHUE
BTOPOiT CTPOKHU A BEJIET K H3MEHEHHUIO BTOPOi CTPOKHU A0, & HaJI0 KAK-TO 0OECIIeTUTh
Y-CIEIUaJIbHOCTb A0 NPH HOBOM A. DTO JOCTUTAETCs TeM (OCHOBHOW TPIOK aJro-
pHUTMA), ITO MBI H3MEHHM ACHMITOTUKY Ao, IPH & ~> 0, He MeHsAsS ee npu y ~» 0
(MMEHHO 9Ta ACHMIITOTHKA BIUSET HA Y-CIEIUATLHOCTD ).
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Pabora R, onmcbiBaeTcd JIByMs OlE€pPAIUAsIMU:

n := max{1,v,(A2.0) — vy(A1.0) + 1}; (23)
)\2,* = xn)\2,* + )\1,*- (24'>

ITo cymectBy B (24) MOXKHO B35ThH J11060€ JOCTATOTHO OOJIBIIOE MOJOKUTETIHHOE M.

[Iponiesiypa Ry ucronib3yeT B ¢Boeil paboTe TOJIBKO MaTPHILy A U IeJIble TUCTIa
Vy(A2,40), vy(A1,40). Ilpome caurars, 410 Ry MCIONB3YyeT A U 0, HO IIPU ITOM U3-
MEHSIETCSI TOJIBKO BTOpas CTPOKa A, a IepBas CTPOKa A W MATPHUIA O IPH STOM He
MEHAIOTCA.

3asiBJICHHBIE BBIIIE CBOHCTBA Ry, T0 ecth (13) 1 (18), BUAHBI HEIIOCPEICTBEHIHO 13
ormcanus Ry. Hanpuwmep, (13) Bertekaer u3 (22) toro, aro n > 0. Bommosmenue (12)
Ha BbIXOJE U3 Ry (910 wacts (18)) obecredeno teM, 9ro n > vy (A .0) — vy (A1,.0).

2.4 Ilponenypa y-mipuBeaeHUA

B sroit mporneaype 1ocTaTodHo TOro, YTo A — KOJIBIO IVIABHBIX HeasIoB. EBKIIMIO-
BoCTh A He siBIIsIeTCS HEOOXOIMMOM (HO MOXKeT OBITh IOJIE3HA).

KaK yKe YyIOMHHaJIOCh, Ha BXO/ HPOHEAYPLI Y-IIpUBEICHUA I10/Jal0OTCA TaKHe
mMarpunpl 0 € Gy u A € G, 9T0 MaTpHIa A0 SBISETCS Y-CIENUaIbHON (CM.
2.2.1). Ha BbIxoze mporieypsl y-IpuBeeHns Ha/l0 IOy duTh MaTpuity p € Gy, s

KOTOpPOil A\op € B, TO ecTb
* %
Aop = [0 *] ’

TJe *-K1 CUMBOJIU3UPYIOT IIPOU3BOJILHBIC XY-3JIEMEHTDI.

2.4.1. Crpykrypa y-nipuBeAeHus. PaccMoTpuM y-HOPMAJIU3AIMIO A0, TO €CThb
TTOJTIOYKUM

n=a)/y" € My,

rJe oreparusi HopMaJim3aiuu ornucana B 1.3.3. Takum obpaszom,

Ao =dn, rned € T,y — nuaroHajbHasd MaTpPUIIA.

[To yciioBuio Ao gBjseTcst y-CHenuaj bHON. DTO O3HAYAELT, YTO BTOPaAsi CTPOKA 1)
ABJIAETCA Y-yHIMOYIApHOM. [IpesmmonoKumM, 4To yaanock JOIOJHUTL CTPOKY 7).
110 y-obparumoit marpuiist 6. Torma

p=10"

IIOJIXOJIUT B KadecTBe oTBeTa. JlelicTBUTEIBHO,

B IR I E
Aop = onb —6[0 1}_{0 *1

3jiech MBI HCIOJIBL30BAIM TO 0OCTOSTE/NLCTBO, YTO BTOpasd cTpoka nf ! zaBucur
TOJIBKO OT BTOPOHl CTPOKM 7) U, TaKUM OOpa30M, COBIJIAET CO BTOPOIl CTPOKOIi

00—t = 1.
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Nrak, ecsim Mbl HaiijeM 0, To 3aja4a TPUBEJIEHUS Y-CHEUATBHON MATPHUIHI K
TpeyroJyibHol opme OyJier pertena. VMenno tak u jieficTByeT mporempypa y-peiyK-
nuu. Ocrajaoch OnucaTh MPOLELYPY JONOJHEHUs Y-YHUMOJLYJIAPHON CTPOKU JI0 Y-
obpaTumoit MaTpuIlbl. ¥Yj100Hee, 0JIHAKO, JIOMOJTHATH BTOPYIO CTPOKY 7) 10 00paTUMOI
Y-MaTPHIIBI, TOJb3YACh BCEii 1), & He TOJBKO ee BTopoii cTpokoit. OcTasioch onucarh
MIPOTIETYPY, PEIIAIoNIyIo ITY 3aatdy.

Mpbr onuiiem JiBe takue nporeaypbl. [lepsasg usz nux (o6oznadum ee E) 1o cy-
IIIECTBY CBOJIUTCSI K MHOTOKPATHOMY HCIIOJIb30BAHUIO OIUCAHHO BBIIIIE MPOIIE/LYPhI
Ry (cm. 2.3.3). Tem cambiM, oHa ucnosb3yer eBKangaoBocth A. Bropast mporemypa
(obozHaumM ee S) Oyer ONMUPATHCA JMIIb HA TO, 9TO MBI yMeeM JOMNOJHATH A-
YHEMOJIY/IAPHDBIE CTPOKU J0 OOPATUMBIX A-MaTpHII.

2.4.2. E: nomnoJiHeHUe y-CTPOKM 1), J10 § € G,. 3xecy A — eskimzoso. Ha Bxon
E nonaercs marpuna 1 € M, N Gy, upudem 1, ,(0) # [0, 0], a crpoka 1 . SBJIsA€TCS
y-YHUMOJY/IpHO#t. 37ech Bbipaxkenust Buga 7(0) U T. 1. O3HAYAIOT 3HAYECHUS IPU
y = 0. Crpykrypy E nosgcaum 6JI0K-CXeMOii:

setup of 6 4——<vy(det 0)=0 ?) e, end

‘  NO

Ry

3/1ech B KavuecTBe HAYAJILHOTO 3HAUEHUs ) MOYKHO B34Th
0 =n.

Kpowme Toro, B onmcanun Ry (cMm. 2.3.3) HaJI0 Be3/e 3aMEeHUTH A HA 1), a T Ha Y. B
gacraoctu, 7(0) — 3uadenne n nupu y = 0. Apryments u3 2.3.3 MOKa3bIBAIOT, UTO
E zakonunT paboTy 3a KOHEYHOE BpeMsi, a Ha BBIXOJE MbI IOJIydIuM Marpuily 6 c
TpedyeMbIMI CBOHCTBAMU.

2.4.3. S: pomoJiHEHUE Y-CTPOKM A0 OoOpaTUMOI MaTpUIlbl. 371ech A — IpocTo
00J1aCTh TJIABHBIX UJEAIOB, B KOTOPO# MBI yMeeM JOMOJTHATH YHUMO/LYJ/ISIITHBIE CTPOKH
J0 obparnmeix marpuil. Ha Bxom S mogaerca marpuna n € M, N Gy, npudeMm
m.(0) # [0, 0], & cTpOKa 1)y, ABJIAETCS Y-yYHUMOJLYJISPHO. 3/1eCh BBIPAXKCHHS BHIA
n(0) u T. . o3HAUAIOT 3HavYeHUA npn Yy = 0.

Matpuma 6 6ymer mocTpoeHa B BHJIE
0 = ay, tae v € G(A). (25)

Haunmem ¢ mocrpoenus . st 9T0r0 ¢Tpoky 7)2.(0) momosmuM 10 obpaTuMoil
A-maTpuiipl. 9TO U €CTb 7.

B kagecTBe HAUAJILHOTO 3HAYECHUSA (v BOSHOMEM

a=mny L (26)
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SameTnm, ITO

0= 7|

rJie *-KU CUMBOJT3UPYIOT eMeHThl A. Vimenno st Toro, arober o(0) mvesa Takoit
CBEPXCIEINAJIbHBIN BI/I, 1 BBeeHa MaTpuna 7. lasee Mbl Oy/ieM MOJEpHI3UPOBATH
marpuity «. [Ipu 3ToM He HA/I0 TOMHUTD MIPEIBIIYIINE 3HAYEHUA (v. A UMEHHO, Oy1eM
MHOT'OKPATHO IIPUMEHATDH CJICAYIONIYIO IIPOIEAYPY MOJAECPHU3ANUN MATPHUIBl (v

la b . _|a—=5b(0)c b—10b(0)d
= L d} ~ oo YT, TIe ag = { . 4

Tounee roBops, mepe1 HAYAJIOM OYEPETHOI MOJIEPHU3AIINN (v HAJIO IPOBEPUTD, HE
TIOJTY YUJIN JTH MBI OOpaTUMYyIo MaTpuity. IHbIMu cjioBaMu, HAI0 OTBETUTH Ha BOIIPOC

vy(det o) = 07

Eciu orBer oTpunarenbHbBINA, TO HAJ0 HAYMHATH OYEPEIHYIO MOJEPHU3AIIUIO,
€CJIU TIOJIOXKUTEIBHBIN, TO HaJI0 cauTaTh o chopmupoBannoii. [Tocte sToro MoxkHuO
BeIauCUTh 7) 1m0 (25). IlpumepHo Takme apryMeHThl, Kak U B 2.3.3, MOKa3bIBAIOT,
49TO Iporiece KoHedeH. [Ipu 9ToM MBI HOJIyYIUM UMEHHO TO, 9TO TpeboBasIoch. [leii-
CTBUTEJILHO, BTOPasi CTPOKa (v IIPU MOJAEPHUBAIMHI He n3MeHuIach. [loaromy BTOpas
cTtpoka 0, a § = o~y upu PpUHATLHOM (v, TaKasl Ke, KaK 1 Y vy [IpU HAYAJIbHOM (v, TO
ecTh Takas e, Kak y 1 (em. (26)).

2.5 IIpumepsl paboThl aJropuTMa

Ilycte A = Z ¢ Boicoroit ht(n) = |n| (cm. 1.4). Hmke paccmorpeno Tpu mpumepa.
[Ipumep 2.5.1 paccmoTpeH 110,IpOOHO, YTOOBI TPOULIIOCTPUPOBATEH ADCTPAKTHOE OITH-
caHmne ajaropuMa mnpusegennd. IIpumep 2.5.2 umeer JieJ10 ¢ TeM Ke PaCcCJIOEHHEM, ITO
u 2.5.1. OHaK0 MBI ¢iesiam HeOOJIBINOE U, B IPUHIIHAIIE, JOMYCTUMOE OTKJIOHEHHE OT
OCHOBHO#1 cxeMbl paboTel. [lokazaTesbHo, UTO pe3y/braT OKa3aJICsd UHLIM, ITPUYEM
XYJIIIM € TOYKH 3PEHHsi BBIOOpa MaKCUMaJIbHO II0THO# (busibrpanun (cM. §3). Ha-
KOHell, B mpumepe 2.5.3 6eryio mpejicrapiieH 0oJiee CJIOXKHBIN coIydail.

2.5.1. Ilycrs E — paccioenue, 3aJJaHHOE MaTPUIIEH CKIICTKI
> 2071 5
1 2|
[Ipumenum K o asroputm npuseserust (cm. 2.1). Haarem ¢ mporietypel x-pejyk-

1, 1o ecthb ¢ mocrpoerust A. Chopmupyem HadaibHoe A (cM. 6y1ok-cxemy B 2.3.1 u
2.3.2):

A= otz = B’i 2?1} I = {2"” _25} | (27)

—X
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Baech det A = —z u v, (det \) = 1. Veaosue v, (det A) = 0 we Bbimosaeno. [Tosromy
(em. Guok-cxemy B 2.3.1) mepexoauM K mposepke ycosust ht(Aq .(0)) > ht(Ag.(0)).
B namewm ciaydae 1o yeiaosue BoimosHeHo (5 > 2). [losromy Bxogmm B mporemypy
Mo uKalun mepBoit crpoku Ry (em. 2.3.3).

IIpexxne Bcero BeraueanM [A;.(0)/A2.(0)] = [[0,—5]/[0,2]]. dua sroro mamo
BBIOpATH coryiacoBaHHble obpasytorume u u v uaeanos (0, —5) u (0,2). [lycrs u =
—5,v = 2. dna [u/v] ects nBe Bosmoxkuoctn: (—2) u (—3). Ilycrs [u/v] = —2.
Takum obpaszom, [[0, —5]/[0,2]] = —2. [Ipumenssa dopmysst (20) u (21) k A u3 (27),
HOJIyYaeM HOBOE 3HAYeHHUE A:

2 —5| ma | 0 —1 . |0 -1
Rl.[_x Q]W{_x 2]/:10—{_1: 2] (28)
3nech Mojudukaius md COCTOUT B TOM, 4TO K IEPBOIl CTPOKe A IPUOAB/ISIETCS
YABOEHHAs BTOpasi CTpoKa (Tak Kak BbOpano smadenue [A1.(0)/A2.(0)] = —2).

[IpoBepka ycmoBuii (cMm. 610K-cxemy B 2.3.1) mokasbiBaeT, 4TO MOAUGDUKAIIIO A
CJIeIyeT MPOJOJIZKNATE, IPUYEM C TOMOIIBIO IIPOIEYPhI MOANMUKAIINA BTOPOit CTPO-
ki Ry (eMm. 2.3.4). Baxomum B Ry. Haxommm, 1aro

\o — 0 —1][2z7' 5 =1 =2z
T 2 1 2z |0 —z|°
Haxomum, garo

max{1l,v,(Ag.0) — vy (A1 0) + 1} = max{1,(—-1) — (0) + 1} =1

u bepeMm
n=1. (29)

[pmvenssa Gopmymy (24) k A u3 (28), mosydaeM HOBOE 3HAYCHHE \:

0 -1 0 —1
Ry : ~ 9 .
—x 2 —x¢ =142z
31ech MogudUKAaIsd COCTOUT B TOM, YTO BTOpas CTPOKa yMHOXKaeTcs Ha " = & u
K Heil 100aB/IsieTcs IepBasi CTPOKA.

Jabueftmmii Xo1, £-pelyKInn KPaTKO IPEJCTABUM CJICYIONIEN MEeIoYKoi mpe-
obpazoBaHMil A:

0 -1 R| -2 Ry 1+ 2% —4 (30)
—x? —1+2z —r? —142z —r?  —1+42z|"
st Tekyrmero 3HatueHus A\, TO €CThb JJIsi caMoii mpaBoit marpurbl B (30), mosydaem
det A = —1 u v,(det \) = 0. [Tosromy 510 OKOHUATETHLHOE 3HAYECHHE .

Hauwnnaem uckars p (cM. nadaso 2.1). 3amyckaeM y-peayKimio (eM. 2.4), a nMeHHO

HaXOJIMM
2y by +2 }

T P
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Ham HaJI0 JIONOJHATE BTOPYIO CTPOKY 7. = |—y?, —2y — 1] 10 obparumoit y-
matputibl 0. [Ijst aroro B (em. 2.4) npejyioxkenst e npoueaypoi: E u S. Bocnosbay-
emcs1, Hanpumep, S-uporeaypoit (em. 2.4.3). Haxoaum 7(0)2.,(0) = [0, —1] 1 moxxem
B34Th, HAIIPUMED,

-1 0
T=lo -1
CdhopmupyeMm HaTATBHOE (v
_ —2y? —by—2
_ 1 _
a=m _{yQ 2y+1]

[IpoBeaem 1enOUKY MOJEpHUBAII (.
—2y? 5y —2 0 —1 Y 2 1-2y -4
[yQ 2y+1}w[f %+&]W{f w+1| 7 2 21|

Camas mpaBast MATpHIAa B 9TOU IENOYKE JIaeT OKOHYATEIbHOE 3HAYEHHE (v, TaK
kak det o = 1. Jlayiee Haxomm, 9TO

—1+2y 4 1 —1-—2y —4
7 [ -y =2y - 1] e { y? —1+2y

[Tocmorpum, uro 3a duabrpanuio E Mbl HOIyIuin (3a01HO TPOKOHTPOJIUPYEM
PaBUIBHOCTH Bbraucaenuit). HoBast Mmarpuria ckieiiku st £ BBITVISIAT TaK:

'~ \op— 2071 542 -1 -2y —4 e =14 227
TTAPTA 1 oy g2 y? —14+2y| | 0 x? '

Taxum obpazoM, F BKJIIOYEHO B KOPOTKYIO TOYHYIO TIOCJIEI0BATETbHOCTH
0—-0(-2) = E—0(2)—0.

2.5.2. PaccmorpuM pacciioerue ¢ Toil ke marpuieil ckieiikn, aro u (2.5.1). o
OTIPEJICJIEHHOTO MOMEHTa OyJjieM JIeficTBOBAThL TakK Ke, KakK W B 2.5.1, a UMEHHO, JI0
BbIOOpa 1 B (29). B aroM Mecte oTkiioHnMCs oT ipumepa 2.5.1 (1 ot asropurma Ry)

1 BO3bMEM
n=2. (31)

HanbHelmuit Tporece T-peIyKIuu MMPeJICTABUM TEOYKONH Tpeodpa3oBanuii A:

0 —1lr [ 0O -1 R | z -2 R [1+222 —da
~> ~ ~ .
—r 2 —z3 -1+ 222 —z3 -1+ 222 -z =1+ 222
[Tonmyunin okoH4YaTe/IbHOE 3HAYCHUE .

Haunnaem uckars p. Haxomum

_ «_ 207 ByP+2
0=0oy = |2 SR
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MozkeM B34Th, HalpuMep, v = —1 u chopMUpOBaThL HaYaIbHOE (v = 77y~ L.

[Iposejiem 1IETIOUKY MOJIEpHU3AIAN (.

-2 —hy? —2 0 -1 2 1 — 242 —4
:3? :g ~ s 2 ~ y3 2 ~ 3 Y 2 Y .
Y 2y 4+ 1 ¥’ 2y +1 ¥’ 2y +1 Y 297+ 1
[Tosryunnu okonvaTe/ibHOE 3HAUYeHUE <. /laiee HaXOMMM, UTO

=142y 4y o 1 =2yr 4y
90&’)/|: _y3 _2y2_1 Hp*e - y3 _1+2y2 .

Hopast maTpuiia ckieiiku jjisi £ BBIDJISAIAT TaK:

' gy — 3 20724+ 1— 222
o' =Xop=|", 3 .

Taxum obpazoM, F BKJIIOYEHO B KOPOTKYIO TOUHYIO IIOCJIE/I0BATEIHHOCTH
0—0(-3)—=FE—0(3)—0.
2.5.3. llycrs E — pacciioenne, 3ajlaHHOe MaTPUIEN CKIEHKN
o — 5 17
(22 Tx|”

Cdopmupyem HavasibHoe A\ = ¢* /2" U HpoBeieM TENoYKy ero MojauduKaImii:
Txr =17 rR | ® 2| R T —2 Ry 2x -5 Ry
oard > ord ord

—2r 5 —2r b x—22% —2+52 r— 222 —24 bz

R1 472 —1—10z| R, 422 —1—10x R1
~ ~ >
x—2x2 —24 5z 422 + 23 — 22 —1 — 102 — 222 + 523

—z + 222 2 — bx Ry
472 + 23 — 22 —1 —10x — 222 + 523
R, |—14 10z + 222 — 423 —25 — 4z + 1022
POSY
422 + 23 — 224 —1 —10x — 222 + 522

[osyumin okoruaTeabHOE 3HaUeHHE A, Tak Kak det(A) = 1. Haxomum, 4ro

N — 5+ 222 —17 — bx + 622 4 223
T =2z 42 —Tr —22%+ 3% + 2|’

U HaAYMHAEM Y-PeLyKIINIO:

B . [=hyP 2y =17y — By + 6y + 2
n=)/fy {—ng—l—y Ty =22 +3y+1|°
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BamyckaeM E-peayKimio: mojaraeM = 1) 1 HaIWHAEM ero Mo inuKaIum:

=5y’ +2y 1Ty =By +6y+2] | -y —3y—1
2 +y =Ty -2 +3y+1 2P +y Ty =27+ 3y+1

—2y —Ty —2 —49? —14y? — 4y — 1
> D
=23 +y =Ty -2y +3y+1 =23 +y Ty -2y +3y+1
—2y? — 4y +1 ~Ty? — 16y — 1
=23 +y =Ty -2+ 3y+ 1]

[Tonyunim okoHdaTebHOE 3HaYeHHe ¢, Tak Kak det § = 1. Haxoaum

gl —Ty3 =2 +3y+1 Ty>+ 16y + 1
P= - 23 —y 2% —4y +1

[TocmoTpum, uTo 3a uibTparuio £ Mbl noxyunin B utore. Haxomaum, aro

3 —y? -2y —x+ 223
wop= 1 ]

", TakuM 00pa3oM, F BKJIIOYEHO B KOPOTKYIO TOYHYIO MOC/IEI0BATETbHOCTD

0—0(-3) = E—04)—0.

3 3akJirroueHue

st paccioenns E xorenoch Obl yMeTh HAXOUTh JrHelinyo duabrpamnuio O(d) C E
C MAKCHMAJIbHO BO3MOXKHBIM d (HA30BEM TaKyto (DHJILTPAIMIO0 MAKCUMAJIBHO TLIOTHOI ).
Bceerma mm MOXKHO JT0OOUTBCST 9TOTO € MTOMOIIBIO TIPEJJIOZKEHHOTO aropurma’

Hanpumep, st paccioennst u3 npumepa 2.5.1 aaropurs Bbinaer d = —2, a B [2]
[OKA3aHO, YTO 9TO MaKCUMAaJbHO BO3MOXKHOe 3Hadenue. C jipyroii croponsr, B [10]
[MOKA3aHO, 4TO B ciaydae A = Z i BCAKOTO PACCIOCHUsT ¢ TPUBUAJBHBIM OOIIIM
CJIOEM U TIPOCTBIMU TTOJCKOKAMU MOXKHO B34Th d = —2. YTO B 9TUX CIydasgx CKaxKeT
AJITOPUTM !
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