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Annoramnusa

PaccmarpuBatorcst BEKTOPHBIE PACCJIOCHUS paHra 2 Ha apudMETHIECKOi MOBepX-
HOCTHU, TPEJICTABJIEHHON MPOEKTUBHON mpsamoit Haj Z. [lpemanosiokum, 4To Takoe
pacciioenne F TpuBmajbHO B cyioe Hag Q, a Jurs Kayk10it 3aMKHYTOW TOYKH Spec Z
orpamudenne E Ha NPOEKTHBHYIO IPSIMYIO HAJI COOTBETCTBYIOIIUM II0JIEM BBIUETOB
nsomopduo O% umn O(—1)&O(1). B 91X npeonoKenusx J0Ka3ano, 4To CymecT-
ByeT TO4Has rocsenoBareabuocTs Buga 0 — O(—2) - E — O(2) — 0.

KiroueBbie ciioBa: BeKTOpHOE pacciioenne, apudmMeTndecKas IOBEPXHOCTh, MPO-
eKTHUBHas IpsAMasd, GUIbTPaIys, JHHeiiHOe paccioenne, IPUBeJIeHNE, TOICKOK.
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BBenenue

Jannas paboTa OTHOCUTCH K IPOTPaMMe 0 CHHTE3y TEOPUU BEKTOPHDLIX PACCIOeHU T
Ha ajarebpandecKux MHOroobpasusx u reomerpun duces (em. [1]). 3aecs Mo Gynem
n3yvaTh BEKTOPHBIE PACCIOEHNs Ha T apuMETHIeCKOil ITOBEPXHOCTHIO P%.

Teopema ['poreninka yTBep:K1aeT, 9TO KayKJI0€ BEKTOPHOE PACCIOCHUE Ha MPO-
eKTUBHOW MPSIMON HaJi 1moJieM U30MOPGHO CyMMe JIMHEHHbIX paccyioeHuil (cM., Ha-
npumep, [2]). st npoexTusHoii npsimoii Haj Z 1o He Tak. OJHAKO U3 TEOPEMbI
Xannbl (cM. [3]) BeITEKaeT, 4TO BCAKOE PACCIOEHUE HA P% JIOIyCKaeT (pUILTPAIINIO,
Bce (haKTOPbI KOTOPOIii JimHeltHbie paccyioeHus. OcoOeHHO TPY/IHO HAXOJAUTh TaKyIO
duabTpanuio g pacciaoennit panra 2. VIMeHHO Takme pacc/ioeHus M pacCcMaTpU-
BalOTCA HUXKe. B 9TOM ciydae 3ajia4da CBOJUTCA K MTOCTPOCHUIO TOYHOMN MOCJIEI0BaA~
TeJbHOCTU BUJIA:

0—0(d) — E— O(e) — 0.
st KaxK10ro KOHKPETHOTO [ yKeJaTelbHO YMeTh CTPOUTDH TaKYIO IOCJIEI0BATE /b
HOCTBH C MaKCUMaJIbHO BO3MOXKHBIM d

B janHoit paboTe MbI OMPaAHUYIMMCS CJIYYaeM PacCIOeHuil, TPUBUAIBLHBIX B OOIIEM
cioe P, n ¢ mpocteivu monckokamu. D10 osnauaer (eM. 1.1), 9T0 11 Kazxk10ro
pocroro p orpanndenue E na npoextusHyto npsmMyio naj F, nzomopduo O(—d,) &
O(d,) ¢ d, < 1. Ocuosuoit pesysbrar gamnnoit paborst (Teopema 1.1.2) yrsepxkaer,
4YTO B pacCMATPHBACMOM CJIydae BCErjla MOXKHO B3ATh d > —2. 9TO HEpPaBEHCTBO
TOYHOE, TaK Kak B [1| mocTpoensr npumepst ¢ d = —2.

1 IlpeaBapuresibHbIE CBEIEHUSA

Kaxk obbrano (cMm., Hampumep, [4]),

P% = PI‘Oj Z[to, tl], deg tyg = deg t1 = ]_,
U; — nononnenne K wynam t;, Uy, = Uy N Uy,
xr = tl/to, Yy = to/tl, Ty = 1.

Torma
1.1 Paccjoenusi ¢ mpoCTbIMH ITOJICKOKAMM
IIycts £ — BeKTOpHOE pacc/ioeHre paHra 2 Ha P%.

1.1.1 Onpenenenune. Bydem z06opumnv, wmo E — paccroenue ¢ mpusuasbroim 00-
WUM CAOEM U TPOCTIBMU NOOCKOKAMU, €CAU

OPabora nomepxana PODU (rpant 13-01-00429 A).



1. paccaoernue E @ Q na P(b uzomopgpro O @ O;

2. Ep ~ O% uau Ep ~ O(=1)®0(1) daa ecaxoti samxnymoti mouxu P € SpecZ,
2de Ep — oepanuvenue E na npoobpas P npu npoexuyuu P% — Spec Z;

3. matidemcsa romsa 6v. 00uH nodckok, mo ecmvb Hatidemces xoms 6wl 00Ha MOYKA
P € SpecZ, dasn xomopoti Ep ~ O(—1) & O(1).

Tosbko i1 Tieseil JaHHON PaboThI Oy/IeM HCIOIH30BATh COKPAIEHHYIO T€PMU-
HOJIOTHIO. A UMEHHO, BMECTO TepMuHa '"pacc/ioeHne ¢ TPUBHAIBLHBIM OOIIUM CJIOEM
U IPOCTBIMU TIOJCKOKaMu'' Oy/IeM UCI0JIb30BaTh TepMUH 'pacciioeHue ¢ MpoCThIMU
roJckokamu" .

CdopmymupyeM OCHOBHOI pe3y/IbTAT JTAHHONW CTATHU.

1.1.2 Teopema. ITycmv E — sexmoproe paccroenue na Py, tk E = 2. Ecau E
PACCAOEHUE € MPOCTNBLMU NOOCKOKAMU, MO E MOMNCHO 8KAI0MUMD 6 TOYHYI0 NOCAe-
dosamenvrocmo euda

0—-0(-2) = E—0(2)—0. (1)

JlokazarebeTBO TeopeMbl 1.1.2 cOCTOUT M3 HECKOIBKHX IAroB U PacIpeiesieHO
10 BCell cTarhe. 3aK/TIOIUTEIbHBIN ITAIl JOKA3aTeIbCTBA IPUBEIEH B 4.3.

1.2 Ilnam poka3arejbCTBa OCHOBHOII TeOpeMbl

JlokazareabcTBO TeopeMmbl 1.1.2 ommpaercd Ha KJIaCCU(MUKAIIMIO BEKTOPHBIX pac-
CJIOCHHI C IPOCTBIME IOJCKOKaMH, mojydennyio B [1] (cm. takke 1.3). Ognako
IPSIMOiT TIO/IX0/], OCHOBAHHBI Ha Ky1acCHpUKaImy, npuseier Hac (M. 3.4) K Bompocy
0 Pa3peIInMOCTH B IeJIbIX YUC/IaX ypaBHeHus 4-Toil cTeleHn oT 6-TH HepeMeHHBIX.
HaiesKHBIX CpeJICTB JIJIst OTBETa Ha TaKue BOIPOCHI MHE He U3BECTHO.

[TosTomy HEMXKE HCIIOIB3YETCS METO, KOTOPBIi MOXKET OBbITh HA3BaH METOJ0M
obpaTHOl 3aja9u. A UMEHHO, JJIs KaXKJI0r0 PACCIOEHUs, KOTOPOe BKJIIOYEHO B IIO-
cJie1oBaTesIbHOCTD Bujia (1), Mbl HaX0uM ero Mecto B Kiaaccudukarmu. [Tocse sToro
OCTaeTCs 3aI0JTHUTH BCE MECTa B KJIACCHU(MUKAIIUU ¢ TTIOMOIIBIO PACCI0CHU, KOTOPbIE
3aBEJIOMO MOXKHO BKJIIOUUTBH B IOC/Ie0BaTeibHOCTh B (1). BosHukaromue mpn
5TOM YpaBHEHUA OKa3bIBAIOTCS IPOIIIE.

1.3 Kiuaaccundukanmsa paccjioeHnii ¢ IPOCTbIMI MOACKOKAMM

HayneMm ¢ KOHCTPpYKIIME HEKOTOPOI'O 3alaca PacCJIOEHUN C ITPOCTBIMU MOJCKOKAMMU.
ITycThb

V(m, a) = Coker[O(—2)? 2 O(-1)4, (2)
e CTpeaKa 3aJaHa MaTpPUIEi
ty, O
. tho tl
0



am,a € Z. Cheayronuii pe3yibrar moaydes B [1].

1.3.1 Teopema. Ecau m # 0 u GCD(m,a) = 1, mo V(m,a) - paccaoenue.
Ecau, kpome mozo, m # +1, mo V(m,a) — paccaoenue ¢ npocmuimu noockokamu.
Ioodckoku naxodames 6 mounocmu 6 deaumenaxr m. Eeau E — eexmopnoe paccaoe-
nue na P}, ¢ npocmuvimu nodckoxamu, mo E uzomopdno paccioenuro suda V(m, a).

Ham norpeGyercs cpasauBaTh paccyioenus suga V(m, «) apyr ¢ apyrom. Cie-
JIYIOIIHI pe3ysibraT moJydeH B [1].

1.3.2 Teopema. Ilycmv Ey = V(my,aq), By = V(ma, a3), 2de GCD(mq, o) = 1,
GCD(mg,a3) = 1, my # 0, mg # 0. Paccacenus Ey u Ey usomopdmro, mozda u
moavko moeda, koeda udeas (my) pasen udeary (ms) u cywecmeyem z € Z, max
Ymo

g/ = +2°  (mod my).

2 Beruucaenus B V(m, «)

[Iycrs V (m, a)) — paccyioenne ¢ mpoCThIMU TOJICKOKAMHE, TO eCTh m, « € Z, m # 0, +1,
GCD(m, «) = 1. s yuporenus 0603Ha9eHUil TTOJI0KIM

V(m,a) = F. (4)

2.1 Marpuna ckJjeiiku ajasa F'

Jl1st mpoBeieHnst BLIYUCICHUI yI00HO IPEJACTaBUTEL F' ¢ HOMOIIBIO MATPUILI CKJICHKN.
DTO 03HAYAeT, YTO HY»KHO TPHBHAIM30BaTh orpanmyenus F wa Uy u U, TO ecThb
BBIOPATH COOTBETCTBYIONTHE Oa3UCHI [e1, eo] 1 [f1, fo]. [locse sToro marpuria ckireiiku
o € GLy(Z[z,y]) oupenenena ycioBuem:

le1, ea]o = [f1, fo] mim [e, 5] = [f1, folo ™" na Uy

Iycts ¢, 1 ¢, — orpanudenus crpesku ¢ na Uy n U;, cooTBeTcTBEHHO.

2.1.1 Teopema. [lycmv ad — fy =1, 2de f = m.

Cyoicernue F' na Uy moorcem 6vuimdb mpusuaiu3osano 6a3ucom
e1 =1[0,7,6,0]'ty"  (mod Ime¢,),es =[1,0,0,0/"45" (mod Im ¢,).
Cyoicernue F' na Uy moorcem 6vimdb mpusuaiu3osano 6a3ucom
f1=10,0,1,0% " (mod Im¢,), fo = [0,0,0,1]'¢;' (mod Ime¢,).

Ipu swbope smux mpusuasusayut F 3adarno mampuuet crietixu

ezt B
0_{7 5x}'

Ora TeopeMa JOKa3bIBacTCA HEIIOCPEJACTBCHHLIM BbIYMCJICHUEM.



2.2 Wpentudnkamus cjiaoeB F

Mper yxke 3HaeMm, uro F' wMeer TpUBHAJIBHBIA OOIIMHA CJIO U HPOCTHIE MOJCKOKH
B geautensx m (em. 1.3.1). Oxnako HaM moTpebyroTesi SIBHBIE OTOXK/ICCTBICHUS C
O? u O(—1) + O(1) B coorBercTBY0OMUX ciaydagx. IlycThb [g1, ga] — cTammapTHBI
riobanbhblit 6azuc O?) [e1, es] u [f1, f2] — Up- u Uj-6azucor F uz 2.1.1.

2.2.1. O6mmii cioit. 3aaaum uzomopdusm F ® Z[1/m] ~ O? bopmynamu

1 0

—O./mill‘il m’l

or —m

(91 92 [1 0 } =ler,e2],  [f1, f2] { } = [g1, g2]-

2.2.2. CrmermanbHble cjon. 3aaaaum usomopbusm F @ Z/m ~ O(—1) + O(1)
dopmynamu

10

[talglatOQQ] |: 0 O:| = [61762]7 [fth] |:0 1:| = [tl_lghtng])

—VT «

e B Kavectse 6asnucos O(—1)+O(1) na Uy u U, Boibpansi [ty g1, toga] u [t g1, t192)-

3 O(—2)-duabrpyemocts F

IIycte F' To ke camoe, uto n B §2 (cMm. (4)). Mbl cobupaemcss n3yduTb BOIPOC O
O(—2)-bunbrpyemoctu F', T0O €cTh BOIPOC O BO3MOKHOCTH BKJIIOUUTH F' B TOYHYTO
TOCJTE/IOBATE/IHbHOCTD BUJIA

0—-0(-2) = F—0(2) —0.

Takast (bI/IJIpryeMOCTb F PaBHOCHUJIbHa CyHIECTBOBaHWUIO TaKOI'O [JI00AJIBHOIO Ccede-
HUA PaCCJIOCHUA

E=F(2),

KOTOpOE HUTJIE He obparaercd B HOJIb. [lompodyeM BBIMUCIUTH TPOCTPAHCTBO TAKUX
cedeHUn.

B kauectse 6azuca E na Uy BozbMeM t3]eq, eo], Tae [er, €5] — 6asuc F na Uy, a B
kauectse G6azuca F ua U; BosbMeM t2[f1, fo], tie [f1, fo] — 6asuc F ua U;. Torga

2 2 2 ox 2
} = t1[f1, fo] wm tgler, ea] = ti[f1, fol |:_,7:C2 _3 } na Up;.

axr mwQ

toler, ea { 2

yo? 6B ax

3.1 Berunciaenne H'(P}, F)

Huxe smecro HO(Pj, E) u . . ucnombsyem obosnadenne HO(E) u T 1.



O6miee Up-cevenne s = (s1€1 + Sqe2)t2, tie s; € Z[z], B Uj-6a3uce BHINISIAT Tak:
s = (0 s —ma™2s)t3 fi+(—yx 251+ ax3s89)12 fo. TloaTOMy ye10BUst rI06ATLHOCTH
S TAKOBBI:
{cl : dxTls) — ma?sy € ZlxTY;

ey i —yris) + ax3sy € Z[z7Y).

Otcioia JIerko BUJIETh, UTO T~ 281, T °8y € Z[x~!]. Jlas sroro jocrarodno pac-
CMOTPETH JHHEHHYT0 KOMOUHAITIIO Y2~ Lci + 8¢y, TIE €1 T ¢y — YCTIOBUS TTI00ATLHOCTH
s. TlosroMy s1 = ug + ur® + us®?, So = v + v1& + v9x” + v3z®. Ha u; u v; nomyuammm
ypaBHeHHe: dus = mus. [I0OCKOJBKY m 1 0 B3aUMHO IIPOCTBI, TO obInee ryobaIbHoe
cedyenne E nmeer BUI

s = (up + wx + mwz)tier + (vo + vix + vax® + dwa®)tjes, (5)

rIe o, U1, Vg, U1, V2, W € Z.

3.2 HesbipoxaeHHocts cedenust Hag Z[1/m]

Toiimem, Korma cedenue s Buga (5) me mmeer myieit na P'®Z[1/m]. Hdnsa sroro
uaentudunupyem s kak cedenne O(2)2, nonbsysch uzomopdusmom nz 2.2.1. B
kauecrse Gasuca O*(2) ma Uy BosbMeM t2[gi1, ga], Tae [g1, 2] — crammaprblii rio-
Ganbubit Gasuc O2. Mzomopdusm E @ Z[1/m] ~ O?(2) (em. 2.2.1) na U, ycrpoen

TaK:
or —m
tolgr, 9] [1 0 } = t5[e1, ea).

O6Luee ceyeHnue 0(2)2 uMeeT BU: (agot% + a11t0t1 + GOQt%)gl + (bgot% + bllt()tl -+
bo2t?)g2. Boipasum obmiee cevenne E B 3Tux repmunax: s = (ug+ux +mwz?)tie; +
(vo + 017 + v9x? + dwa3)tdes = (up +urx +mwz?) (0xtigr +t2g2) + (vo +v1T + vox? +
dwx®)(—mitdgr) = (—mug+[dug —muy ]+ [dus —mug)2?)td g1 + (uo +urx +mwa? )t gs.
Nuate rosop4,

a0 = —MUp, @11 = 0Uy — MU, Goz = OU — M2, bag = Ug, b1 = U1, bg2 = Mw.

Urak, no cevennio s € H°(E) nocrpoumu ceuenne O(2)? nan Z[m™'|, to ecrnb
napy HOJIMHOMOB 2-ii crenenu. Hasimuane y HuX o0mmx HyJieil JIeTeKTUPYeTCs Pe3yilb-

TaHTOM
azy a1 agz 0
0 ax ann ap
Raa(ag0, a11, aoz; bao, b1, boz) = det by by b 0l =
20 11 02

0 by b1 bo
= a2 b2 2 b2 2 boob b2 —2 bogb b11b bogb
= Q50002 T Qo050 + a71020002 + Q20002077 — 2A20Q02020002 — A20@11011002 — G11G02020011 -

B nammem ciyuae peds uiet o popme derBepToil crenenu q(ug, Ui, Vg, V1, U, W) =

0 (5U0 5u1 0 —Vg —U1p —V2 0

. 0 0 6“0 5U1 0 —UVyg —U1 —V2

ety w0 0| T o 0w 0] (6)
0 u w O 0 0 0 w



Borancienne ¢ BBINISIAAT JOBOJIBHO TPYIOEMKON 3ajadeit. Omua crocod — moj-
CTaBUTDh BbIparkKeHus I a;; U b;; depe3 KOOpJMHATEl 0OIIero IeJ09rCcIeHHoro ce-
YeHUsl B pe3ysbTalT Ros(agg, ai1, ap2; bao, b11, boz). Apyroit crocob cocTouT B BhIYUC-
JIEHUW M-Pa3/I0XKEHUA

q=qo+qm+ g@m?® + ggm® + qm?, (7)

_ — 02,,,2
FILGQO—07Q4—U0U)73

g1 = 52u3w — dvou’ + dvugud — 5vgu(2)u1. (8)
HaGopst (ug, Uy, vy, v1, V2, w) € Z°, yI0BICTBOPSIONIUE YCIOBHIIO
-1
q(ug, u1,vo,v1,v2,w) € Z[m™ ", 9)

coorBercTBYIOT cedennam s € HO(Py, E), ne umeromum nysieit Bae geiureneii m. B
(9) cumBOIT * 0BO3HAYAET IIEPEXO/ K 0OPATUMBIM JIEMEHTaM KOJIBITA.

3.3 HeBbIpoXKIeHHOCTh ceYeHusl HaJl AeJUTEJIIMUA m

Toitvewm, kora cedenme s Buja (5) He mMeer myseit na P! ®Z/7, tie © — mpoctoii
nemuresib m. g sroro upentudunupyem s kak ceaenne O(1) + O(3), noab3yacs
nsomopdusmom u3 2.2.2. B kadectse 6azuca O(1) + O(3) na Uy BozbMeM [togr, tigo],
rje [g1, go] — crammaprubii riobanbubtii 6azuc O%. Uzomopdusm FE QR Z/m ~ O(1) +
O(3) (cm. 2.2.2) ma Uy ycTpoeH Tak:

0

O6mee ceuenne O(1) + O(3) umeer Bum: (aoty + agit1)gr + (baoty + bartity +
<+ + bost3) ga. Boipasum obmiee cevenne E (cm. (5)) B aTux Tepmunax: s (mod ) =
(ug + urw + mwz?)tde; + (vo + 127 + vox? + dwad)tdes = (up + urr + mwz?)(dtogy —
yatdge) + (vo + vz + vex? + dwad)(atdgs) = (dug + durr + mdwz?)togr + (avy +
[avy — yuglr + [avy — yus]z? + wad)tdge. Mnade rosops (IpuBeeM Bee 110 MOJLYJTIO

),

tog1, thgo) {

ap = Oug, agy = 0uy, byp = oy, bay = avy — Yo, big = avy — yuy, boz = w.

Urax, no s € H°(E) nocrpouu cevenne O(1) + O(3) nan Z/7, To ecth napy
nosimHoMoB: 1-it u 3-it crenenu. Hanmuune y mux obmux Hyseil JTeTEKTUDPYETCS pe-
3YJIbTAHTOM

. _ 3 2 2 3
R13(6L10, ao1; bso, ba1, b1, 503) = —530%1 + bmamam - b12a10a01 + bosalo-

[ToncrapisieM BbIpazKeHus JJIs a;; U b;j 4epe3 KOODJIUHATBI ODILIEro cedeHus u
nostygaeM —avg(duy )3 4 [vy — yue] (Gug ) (dur)? — [ave —yur ] (dug)?(dur) +w(dug)® =
83 [wud — auduyvg + auguiv, — audvg]. Tomywaem ycosue

wuy — auduivy + auguivy — audvg #0  (mod 7). (10)
HaGops! (ug, U1, vy, V1, Ve, w) € Z5, yI0BIETBOPAIONHIE STOMY YCJIOBUIO, COOTBETCTBY-
o1 cevernam s € HO(P}, E), ne nMeroruM mysieit Ha Z/7, Te T — JeJuTeTh m.



3.3.1. Bameuanme. Himxe B 3.4 Ham norpebyeTcst HeKOTOpOoe HabJroieHne. A nmeH-
1o, cpasauM ycaosue (10) ¢ g1 = §2udw—dvgus +dviugu? —dvauduy u3 m-pasnokenus
(em. (8)) Bumum, uro a?q; cpaBHmMO ¢ Jeoit gactpio (10) mo mogymo 7 (Hamo
ydaecth, uto ad = 1 (mod m)).

3.4 BmiBoa

Ounbrpyemocts F suga 0 — O(—2) — F' — O(2) — 0 paBHOCH/IbHA CYIIECTBOBA-
Huio Habopa (ug, U1, v, V1, Vg, w) € Z%, yIOBIETBOPSIONIEro YCIOBUSM:

Q(U(), Uy, Yo, V1, V2, U)) S Z[m_l]*u

3 2 2 3 (11)
wuy — auiuive + auguivy — aujvy  (mod m) € (Z/m)*.

OTmernM, 9TO HUKAKWUX JIOKAJIbHBIX IIPENsITCTBII jyisi paspermmoctu (11) Her.
LITO6I)I YBUAETDH 3TO, JOCTATOYHO 3aMETUTDL, YTO BCE€ BbIIICIIPUBC/ICHHBIC BHITUCJICHU A
paboTaloT He TOJBKO HaJl 0A30BBIM KOJIBIOM Z, HO U HaJ Zpy). A B 9TOM ciIydae Jis
PaccJIOeHU ¢ HMPOCTBLIMU MOJCKOKaMu umMeercs He Toiabko O(—2)-, no u O(—1)-
PUIBTPYEMOCTb.

XoTs JIOKAJIBHBIX MPensaTcTBUuil it paspentumoctu (11) Her, HO, uUCIONB3Ys
HEKOTOPYIO TI06a/IbHyI0 HHMOPMAIINIO, & UMEHHO 3HaHue exunutl Z[m '], Moxkno
ciierka Mogudunuposarh cucremy (11), mocse dero JOKaabHbIE MPEISTCTBHAST MOIYT
HOSIBUTHCS.

A wmeHHO, TyCTb T4, ..., T, — BCe TpocTble jejurenn m. Paspemmmocts (11),
OYEBU/IHO, PABHOCUILHA CYIIECTBOBAHUIO HEOTPUIATEILHBIX TEJIbIX N1, ..., N, 1 0 €
Z*, njisl KOTOPBIX pa3pernMa CUCTeMa

gim + q2m2 + q3m3 + q4m4 = 971'?1 e '7T:}7".
3 (12)

wud — auduvg + auguivy — audvy  (mod m) € (Z/m)*.

B sroit cucreme qq,qs,q3,qs — dopmbl 4-it creneru ¢ kodddunneHramMu B Z OT
HepeMEeHHBIX U, U1, Vg, V1, U, W (cM. 3.3).

Bouiee Toro, uz conajienus (cm. 3amedanue 3.3.1) ¢; ¢ hopmoii Broporo ycjioBust
(12) oueBmmano, uro n; = ord,,(m) misg Begkoro m;, gessiiero m. Ilosromy u3
BTOPOIO YCJIOBHUS cJiefiyeT, 9To cucrema (12) paBHOCHIBHA CYIECTBOBAHIIO NI00AJb-
HoOit euHUNLI 6 € Z*, 1J1s1 KOTOPOi#l pa3peninuMo ypaBHeHUe

(g/m)(ug, uy, vo, v1,v9, w) = 6.

Nrak: mycTh paccioenune F' 3aj1ano MaTpuiieil cKJIeiikm

ezt 4 a B
0—{ y 53;} , TIIe {7 5] € SLy A, v =m.

Torna O(—2)-dbuabrpyemocts F paBHOCHIBHA Pa3peNIMMOCTH B 7 OJHOTO U3
YPaBHEHUH:

(Q/m)(UO,Ul,UO,'Ul,UQ,UJ) = 17 (Q/m)(UQ,Ul,UO,Ul,UQ,UJ) =-1 (13)



4 Meroxa obpaTHOIl 3aga9n

Tak kak u3Becta (cM. 1.1) mosHast KiaccnduKanus HHTEPECYONIIX HAC PACCIOCHUI
(TpUBHABHBIX B OOIIEM CJIO€ U C MPOCTHIMU TIOJCKOKAMHE), TO MbI MOYKEM TOWTH B
00paTHYIO CTOPOHY. A UMEHHO, pacCMOTPHUM paccioerre W BKIIOUEHHOE B TOYHYTO
[I0CJIe/I0BATEIbHOCTD

0—0(-2)>W 3 0(02) =0, (14)

U BBISCHUM, KOTJIa OOIIMil CJI0i TpUBHAJIEH, a BCe MOJICKOKHU mpocThie. [locse sToro
MIPUJIETCA BBIYUC/IUTH KiiaccuuKanuio jiist Takux W 1 mocMoTpeThb, Bce JIn Paccjio-
€HUs MOJTyJal0TCsl TAKUM 00Pa30M.

[Tpenmosoxkum, uro W 3ajgano Marpureil CKIeliKu

, e a,b,c € Z.

[y? ay+b+cx
““lo 22

[Tpu sTom moppasymesaembie 6azucel W na Uy u Uy obosnadatorest [eq, es] u [fi, fal.

4.1 Caoou W

Jlng moHMMaHMS CJI0€B JOCTATOYHO CYNTATh, 9TO MBI paboTaeM HaJ MOJIEM, U B
sroit curyarun Boraucyutb HO(W(—1)). Jlas 3Toro MoxHO, HAIIpUMep, BHIYUCTHTD
rparnunbiit romomopdusm 9 : H°(O(1)) — H(O(-3)) = H°(O(1))" B Toumoii 110-
CJIEJIOBATEILHOCTH KOTOMOJIOTHI nocseoBarenbHoctu (14), nogkpydennoit va O(—1),
wmn Beraucuts HO(W(—1)) ¢ nomonipio MaTpuIpl CKIeiiku.

4.1.1 Ilpenyoxxenune. HUmeromes udomoppusmol

O +0, ecau b® — ac # 0;
W ~<O(-1)+0(1), ecrub®*—ac=0,(a,b,c)#(0,0,0);
O(-2)+ 0(2), ecau (a,b,c) =(0,0,0).

Ioomomy W umeem (mpusuarvrodi obwut croti u) npocmoie nodckoku moada
U MoAvKo mozda, K020a

b? # ac u GCD(a,b,c) = 1. (15)

oxaszamensvcmeo. llpenmozkenne ToT9ac BBITEKAET U3 CJIEYIONIEr0 (haKTa, KOTOPBI
[IPOBEPSAETCs MPAMBIM BbhIUuC/IeHneM. /15 TPON3BOIBLHOTO TOJIST UMEETCs] COOTHOTITE-
Hue

BO(W(=1)) = 2 — rky [‘g ﬂ |
Baech h'(W(—1)) = rk, HO(P,, W(—1) ® k). O

Hanee npennosaraeM, 9to ycjiosue (15) BBITOTHEHO.
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4.2 Mecto W B Kaaccudukamum

Mgt cobupaemcs BuraucauTb Mecto W B knaccudukarym n3 1.3.1. Dra kinaccuduka-
IUst TI0JIydeHa B [1] ¢ IoMOIbIo CleKTpasIbHOll moc/iefoBaTebaocTy Befiuncona [2].
[TosTOoMy HY2KHO BBIYHCJIMTH 9Ty IIOCJI€I0BaTEIbHOCTD it W. B paccmarpuBaemom
HAMM CJIy9Iae OTHOCUTETLHON PA3MEPHOCTH OJIMH CIIEKTPaJIbHA TOC/IEI0BATETHHOCTD
BBIPOXKIACTCA B TOUHYIO MOCIEI0BATEILHOCTD. TOMBKO €€ MbI U OIUIIEM.

PaccmorpuMm cranmaprhyio pesosibenty it Oa Ha P% X P%, a UMEHHO:
0= O(-1)RO(=1) 5 O = Ox =0, i=tRitg—toXty. (16)

e MXN = pM @ ¢*M, a p,q : P, xPj, — PJ — cTpyKTypHBIE HPOEKIH.
Dra Mocse0BaTeIbHOCTD ¢ ToMOIIbI0 noakpyTku Ha W (1) X O(—1) unmynupyer
KOPOTKYIO TOUHYIO IIOCJIEI0BATEILHOCTD

0= WRO2) 1o W) RO(~1) = p'W © Os — 0, (17)

e j7 = jg Wito + ji Bty jg = idw @11, ji" = — idw &t
PaCCMOTpI/IM JJIMHHYIO TOYHYIO IIOCJ/IECJOBATEC/JIbHOCTL BBICIIUX ITPAMBIX O6pa30B
Riq,, cBszanmyio ¢ (17):

0— H(W)® O(=2) S H(W(1) ® O(=1) = W — 0. (18)

Jlnst sieroro onmcanus ¢ uago seraucauts HO (W), HO(W (1)) u BoiGpaTs 6a3uch
stux rpym. Ilycrs

L=0(2).

4.2.1 JIemma. I'pynna H°(W) umeem caedyrowee onucarnue. Cmpeaxa m (em. (14))
undyyupyem eaooicenue HOm : HO(W) < H(L). Kpome mozo,

Im H7 = {uoty + uitots + usts|ug, u, us € Z, aug + buy + cug = 0}.

4.2.2 Jlemma. 'pynna H°(W (1)) umeem caedyrowsee onucarue. Cmpeaxa w(1) (cm.
(14)) undyyupyem uzomopgpusm

HO(W(l)) — HO(L(1)> = {"U()tg + ’Ult(z)tl + ’Ugtot% + ’Ugtﬂvo, U1, VU2, V3 € Z}

Jlemma 4.2.1 u jtemma 4.2.2 mpoBepAroOTCsd MPAMBIM BBIYUCJIEHHEM C UCIIOIb30Ba-
HUEM MaTPHUIIhI CKJIEHKMH.

4.2.3. Buibop 6asucos B KoromoJsiorusix. B H?(W) Bce onpejeneno nabopom
(ug, u1,uz) € Z3, Ho ne npousBoabHBIM — cM. (4.2.1). [Tis neneit qanuoit paboThl Mbl
He OyIeM paccMaTpuBaTh OOIIYIO CUTYaIldio, 8 OIPAHUINMCS CJIydaeM, KOT/Ia

(a,b) = 1.
Bribepem n 3adukcupyeM pasiiokeHne

ua 4+ vb = 1. (19)
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B kauectse 6azuca H°(W) BozbMeM BeKTOpa, Hepexojisiiue B
ts — vctoty — uct] u bts — atot, (20)
npu Bioxkeranu HO(W) < H°(O(3)) (em. 4.2.1).

B H°(W (1)) Bbibepem Gasuc, MHyIUPOBAHHBI CTAHJIAPTHBIM Ga3HCOM
to, toty, tot3, 1] € HY(O(3)), (21)
npu uzomopdusme HO(W (1)) — H(O(3)) (cm. 4.2.2).

4.2.4 Jlemma. B 6asucax H°(W) uw H°(W(1)) us (20) u (21) onepayus ¢ us3
mounot nocaedosamesvrocmu (18) 3adana gopmyrot

0 0 -1 0
1 0 ve a

¢= —vc —a fo+ uc —b b (22)
—uc b 0 O

Jloxasamenvcmeso. Pesombsenta (16) ¢ nomommpio moakpyTku Ha L(1) K O(—1) un-
JYIEPYET TOUHYIO [OCTIE[0BATEIBHOCTD

0= LRO(-2) L5 LR O(~1) = p"L © Oa — 0. (23)

Crpesika m(1) (em. (14)) usmymupyer crpesky u3 (17) B (23). B wactaocTn, KOMMY-
TATUBHA JHATDAMMA

— g0/, W
HOW) ® O(—2) =107

HO(W)®O(—2)\L
H(L) ® O(-2)

HW@1)®0(-1) . (24)
lHO(ﬂ(l))Q@O(—l)

PER. (1)) © O(—1)

B cramgaprubix 6asucax HY(L) uw H°(L(1)), To ecrb B Gasucax t3,tot1,13 u
tg, t%tl, tot%, t*;’, olepanusd gbL 3aJlaHa MaTpulen
0 00
1
L _
o= 0
0

= O O

to — t1. (25)

o O = O

1
0
0
0 0

OTcIo/1a JIETKO BBITEKAET JIeMMa, eC/Iu yuecTh Beibop 6asucos 8 HO(W) u HO(W (1))

(em. 4.2.3). lnist oKasaTebCTBa BBUJLY KOMMYTATHBHOCTH (24) M MHBEKTUBHOCTH
ee JIeBOIl CTPEJIKU JIOCTATOYHO [IPOBEPUTD, UTO

1 0
R
—uc b

Ijle MaTpuIla 1 3a/1aHa npaBoii YacTbio dbopmysl (22), Mmatpuna ¢l samana npasoit
qacThio gopmyiibl (25), a (2 x 3)-marpuia Bbipaskaer 6azuc H°(W) uepes Gazuc
H°(O(2)) (eM. (20)). DT0 paBeHCTBO POBEPAETCS MPSIMBIM BHIUHUCICHHEM. O
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4.2.5 TIpepnoxenune. W ~ V(0? — ac, u + v3c + abu®v + acuv?), 2de paccaoenue
u3 Npasot wacmu yxazano 6 (2).

Joxazameavcmeo. 1lo cymecTBy H0Ka3aTeIbCTBO MPEICTaBIIIET cOOOi TPOXOT 110
JokazarebeTBy Teopembl (1.3.1) B [1]. Tlpusegem Juib pe3yIbTaT TOro IMporecca.
A mMeHHO, TIpeIoyKeHe BhITEeKaeT U3 PABEHCTBA

0 0 10
1 0 |u+ v2e + abu?v + acuv? 0 0 1

D (C (B(A¢)) [bu2 + cuv 1])) o b% — ac 0 to+ 0 O t1, (26)
0 1 0 0

rje ¢ — marpuna us (22), a A, B, C u D, COOTBETCTBEHHO, CJIe/IYIONIIE MATPUIIHI:

-1 0 0 0] [L 0 O 0 1 00 0] [t o0 ©
0 w —v O |01 0 0 —buP—cuwv 1 0 0O [0 1 0 —av
c b a 0|/7|0 0 b a® ’ 0 01 0[]0 0 1

0 0 0 1| [0 0 —u?® bw?+ 2auv 0 00 1] |0 00 1

Pagenctso (26) mossossger caenath nojgxoigmume 3amennl 6asucos 8 HO(W) u

HOW(1)). O

4.3 Jdoka3aTeJbCTBO OCHOBHOII T€OpeMbI

31ech puBeieHo JoKazaTeabeTBO Teopembr 1.1.2. [Iyers E — pacciioenue u3 yC1oBust
Teopembr 1.1.2, TO ecThb paccjioeHHe ¢ POCTBIME ITOJCKOKaMu. ByieM caurarh, 94TO
E ~ F, rne, kak u B (4),

F=V(m,a), GCD(m,a) = 1.

[To Teopeme 1.3.1 Takoe IpeJo/iozKeHne He orpaHuvduBaeT odmrHocTu. bostee Toro,
He OrpaHMYIMBasi OOIIHOCTH, MOXKeM (1 OyJieM) CUuTaTh, ITO

m > 1.

Heiicteurensro, ecim |m| < 1, to y F' wmer mogckokos (cm. 1.3.1). Kpome Toro, u3
Teopembl 1.3.2 BbITEKaeT, 9TO MBI MOXKEM 3aMEHUTbH M Ha (—m), He MeHsis Paccio-
eHusl.

4.3.1. Penykius. U3 npemioxkenns 4.2.5 u Teopembl 1.3.2 cpa3y Ke BBITEKAET,
9TO JI BKJIOYeHusi F' B TouHyIO mocsenoBaTeabHocTh Buga 0 — O(—2) — F —
O(2) — 0 mocrarouHo HaijiTu Takue a, b, c,u,v € Z, 910

b —ac = +m; (27)
ua + vb = 1; (28)
u 4 v’ + abvu® 4+ acv’*u = £ * - mod m, (29)

rJie * — IPOU3BOJILHBII 31eMenT (Z/mZ)*.
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4.3.2. 3aBepiiieHHE JI0KA3aTeJIbCTBA. 3aBEPINM JI0Ka3aTe/IbCTBO OCHOBHON Te-
opeMbl, TIOKa3aB pa3penuMocTh ypapaenuit u3 4.3.1. Ilycrb

m = 2'pit - pPr = 2'my  (p; — medeTHo).

Haunewm ¢ Boibopa 3naka npu a B (29), a Tounee ¢ Beibopa o = ta. [lomoxkim

a, ecmt =0;

a*=¢—a, ecmt>0ua (mod?2') - kBagpar; (30)

a, ecmmt>0ua (mod2') - HekBaapar.
Tertepn BrIOEpem Takoe a € N, aTo
a — MPOCTOE YHCIIO, (31)

a=—1 (mod 8), (32)

(g) _ (%:‘) (i=1,....n). (33)

Taxoit BEIOOD ocytiecTBUM BBULy TeopeMbl Jlupuxiie o mpocThixX duciax B apudme-
TUYCCKOU IIPOrpeccui.

U3 (30) u (32) BBITEKACT, UTO
o =a-** (mod 2"). (34)

HeitcrBurensro, npu t = 0 u ¢t = 1 npoBepsTh Hevero, Tak Kak (Z/2'Z)* = 1. Ilpn
t > 2 najio npoBeputh, 9To * = —1 (mod 2¢). Dro cpazy Bumno us (30).

U3 (32) u HEYETHOCTH P; BBITEKAET , UTO

(%) =G (%) = G&i, He G = (;11>7 & = <%>,

[Tosromy (erme pa3 mosszyemcs (32)):

G&ii
( ; ) — 1. (35)
Ormernm, 9To KpoMe TeopeMbl JIupuxiie nCroib30Ba/Il 1 3aKOH B3auMHocTH Laycea.
[Tomoxxnm
C=Gq" G =816 (36)
U3 (35) u (36) BBITEKACT, YTO
(@;”0) — 1. (37)

U3 (32) BBITEKAET, ITO

(2) — 1. (38)



U3 (37) u (38 BeITEKAET, 9TO

<g§_m) ~1. (39)

a

Bribepem mpousBosibHoe b € Z, 17151 KOTOPOTO
Cém =10 (mod a). (40)
BosmozkuOoCTh Takoro Beibopa obectieuena yciaosueM (39). Beibepem v € Z Tak, 4ro
v=1/b (moda)mv=0 (modm). (41)

TTosoxkum
1—bv b2 —CEm
U= , = —21>—,
a a

U3 (40) u (41) BeITEKACT, YTO U, C € Z.

[Ipu npousseaeHnoM BuiOOpE a, b, ¢, © U ¥ 11O MOCTPOCHUIO BBIIIOJIHEHBI YCJIOBHS
(27) u (28). ITokazkem, aro (29) Toxe BoimosHeHo. lefictBurensHo, u3 (33) BoITEKAET,
aro of = a - *% (mod mg). OTciona, ¢ yaerom (34), mosydaem, 4To

o* =a-** (mod m). (42)
Tak kak v = 0 (mod m) (em. ((41))), To

u + vic + abvu® + acv®u = 1/a  (mod m).

A sro, BBUY (42), Kak pa3 u jaer (29).

Taxum obpazom, Teopema 1.1.2 nokazana.
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