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AHHOTAIINA

PaccmarpuBaercs rpymmna koc n €€ roMoMOpdU3M B IPYIITy TOMEOTONN KOMITAKTHOM
OPHMEHTUPOBAHHOI JIBYMEPHOI MOBEPXHOCTH PoOjia HyJIb. B cooTBeTcTBHU C KIacCUpUKAIIN-
eit romeoronmit 1o Hunbceny-Tépcrony pasimmdaior nepuoguvecKne, MCEeBI0AHOCOBCKUE U
PUBOUMBIE KOChI. B crarhe omnuchiBaeTcs 3pHEKTUBHBIN aJrOpUTM PACIIO3HABAHUS THIIA
KochI 110 Knaccudukarun Hunbcena-Tépcrona B rpymie koc Bs. AIroputy nMmeer JIMHEHHY O
CJIOZKHOCTB TI0 JIJTMHE BXOHOTO CJIOBA.

Karouesvie caosa: rpynna Koc, Kiaccudukanna Hunbcena-Tépcrona.
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1 Bseaenne

PaccMoTprM KOMIIAKTHYI0 OPHEHTHPOBAHHYIO JIBYMEPHYIO IIOBEPXHOCTE M pojia Hysb ¢ n+1
KOMIIOHEHTAMU Kpasi (JIByMEpPHBIH JINCK, U3 BHYTPEHHOCTH KOTOPOTO Y/IAJIEHbI 1 OTKPBITHIX
JCKOB). ['pymma romeoronnii 9T0ii MOBEPXHOCTH, OCTABISIONIUX OTOYETHO HEO/BIZKHOI
OJIHY U3 KOMIIOHEHT Kpasl (HaIpUMep, BHEIIHIO TPAHUILY JNCKA), N30MOP(MHA KJIACCHIECKO
rpyume kKoc Apruna u3z n nuteit B,,, IMeoIIet cie/yioliee Kope/cTaBIeHIe:
B,=(01,...,0n1| oi0j=0j0;, 1<i<j+1<mn;
0i0i410; = 0;110;0;41, 1<i<n—2).

[Tosepxuocts M 1ipu n > 2 gBisercs rutiepbo/indeckoit. l'omeoronuu rumepbosinte-
CKOIT TIOBEPXHOCTH B COOTBETCTBUU ¢ Kjaccudukanueit Hunbcena-Tépcrona nendared na Tpu
THIA: I€PHO/INYECKIE, IICEBJ0AHOCOBCKIE U IIPpUBOuMble. COOTBETCTBEHHO PA3/IMYAIOT aHa-
JIOTHYHBIE TUIIBI KOC, I CTaBUTCH 33/1a4a PACIO3HABAHUS TUIA KOCHI.

CyIecTByerT HECKOJIBKO IOJIXOJI0B K pelneHuto roil 3amaun: cM. (1], 2], [7], [8], [9].
Kazkaplit n3 3THX HOIXOJOB OCHOBAH HAa MCIOJIB30BAHNU JIMOO KEJIE3HOJOPOXKHBIX IIyTeil
(train-tracks), 60 HEKOTOPBIX PA3HOBHIHOCTEH cAMMUT-MHOXKeCTB (summit sets). OxHako
HU [IPO OJIMH U3 HUX eIé He JoKazaHa ero 3(MpdeKTHBHOCTH (T. €. TOJHHOMHUAbHAS CIIOK-
HOCTB) KaK I10 JUIMHE BXOJHOIO CJIOBA B KJIACCHYECKUX OOpasyromux ApTuHa 0;, TaK U 110
KOJIMYECTBY HHUTEH.

B crarbsx [5] u [6] omucsiBarores addekTuBHbIe (0 JTMHE BXOIHOIO CJIOBA) AJITOPUT-
MBI PACIlO3HABaHUs THUIIA KOCBI, OCHOBAHHBIE OISTH-TAKU HA UCIIOJIb30BAHUHM CAMMUT-MHO-
JKecTB (a MMEHHO, super summit sets). Bpemsi BBITOJHEHNsT TUX aJTOPUTMOB OII€HUBACTCS
kax O(I?) pys werbipéx mureit u O(I%) jy1st IpoU3BOILHOTO UYMCIa HUTEH, Te | ecTh JyiuHa
BXO/IHOT'O CJIOBA B KJIACCHYECKUX 0Opasylonux ApTHHA 0;.

B macrosieit crarbe upemaraercs 3bdeKTUBHbI (110 JJIHHE BXOIHOTO CJIOBA) AJIro-
PUTM peIleHNs 33/1a9l PACcIIO3HABaHMU: THIIA KOCHI JJIsl CJlydas TPEX HUTel, He HCIOJIb3Y-
IOINI HYU KeJIe3HOJOPOXKHBIX IIyTeil, Hu caMMUT-MHOKecTB. OCHOBHAs njies 3aK/II09aeTcs
B IIPEJICTaBJICHIN KOCBI M3 TPEX HUTEH KaK JIBUKEHUS OJHONW HUTU BOKPYT JIBYX JAPYTUX H
OIIpeIeJIEHHOM KOAMPOBAHUM TAKOT'O JBUKEHUA, 110 KOTOPOMY THI KOCHI 3(MEKTHBHO pac-
IIO3HAETCA.

IlerTpa/IbHBIM PE3YJILTATOM SBJISETCS CJIELYIOIas TeOpeMa.

Teopema 3.10. B 2pynne xoc Bs cyuwecmeyem anzopumm pacnodnasaHus muna Kocv, no
kaaccupurayuu Huavcena-Tépemona co epemenem evinoanenus O(l), 2de | ecmv dauna
B8LOOH020 CA0BA 6 KAACCUMECKUT 00pasyrowur Apmuna o;.

2 TI'pynna koc n kaaccudpukanua Huabcena-Tepcrona

B nanHOl paboTe paccMaTpHBaeTCs KJACCHUecKast rpylna Ko¢ ApruHa (moapobHOe ormpe-
JIeJICHIE 9TOi TPYIIBI U OlEcanue eé cBoiicTB MoxKHO Hajitu B [3] un [4]). Hamomunm 31ech
HEKOTOPbIE OIPEJICIICHNUS.

Ipynna xoc ua n numetdi MOKeT ObITH 3a/]aHa C IOMOIIBIO 0OPA3YIOIIIX U COOTHOIICHUH
CJIEJIYIOIIUM 0OPa30M:



Bn:<01a~-->0n—1| 0,0 = 004, 1§2<]+1§n,
0;0,410; = 04410041, 1 S 1 S n—2 >
prnna KOC CBd3aHa C I'PyIIIIaMU KJIaCCOB OTO6pa}KeHI/Iﬁ (FOMGOTOHI/Iﬁ) JABYMEPHBIX I10-
BerHOCTeﬁ. A HNMEHHO, IIYCTb M ecTb KOMIIAKTHA OpUEHTUPOBaHHad JByMEpHad IIOBEPX-
HOCTH poJia HYJb C 1 + 1 xoMIIOHEHTAMM Kpad Yo, V1,---5Vn (,Z[BYMeprIfI JAUCK, U3 BHYTpPEH-
HOCTHU KOTOPOI'O ydaJIeHBbI 7 OTKPBITBIX ,[LI/ICKOB).
CyH_IGCTByeT U3BECTHBINA FOMOMOpCbI/ISM T'PYIIIIBI KOC Bn B I'pyuiry rOMEOTOIINNA IIOBEPX-

nocru M
¢ : B, — Homeot(M), (2.1)

KOTOPBIH obpazyromieit o;, rae ¢ = 1,2,...,n — 1, cTaBUT B COOTBETCTBHUE IIOJJOBUHHOE CKPY-
yuBanue /leHa BIOJIb KPUBOI, OXBATHIBAIONIEH KOMIIOHEHTHI Kpas Y; U Vi1

JLy1st HATJISATHOTO TIPEJICTABJICHUS KOC PACIIPOCTPAHEHO UX CXeMATHIeCcKoe n300pakeHne
B BHJIe HAOOpa BOCXOSININX KPUBBIX, HA3BIBAEMBIX HUMAMU KOCbl. HuTu Ha cxeme KOCHI [3
ITOKA3bIBAIOT JIBUKEHNE IPAHNIHBIX KOMIIOHEHT Y1, . . . , Y, TIPA H30TOIUU OT TOXKJIECTBEHHOT'O
romeoMopdusMa 10 TOMEOMOPGU3Ma JABYMEPHOIO JTUCKA, OIPEIEIsieMOro KaaccoM oTobpa-
xkenuit (/) nosepxuoctu M.

Kaxktag Koca WMHIyIUpYyeT MepecTaHOBKY Ha MHOXKECTBE I'DAHUYHBIX KOMIIOHEHT 71,

.y Yn, 9TO TPUBOJUT K TOMOMOP(MU3MY T'PYIIIBI KOC B CUMMETPUYIECKYIO IPYIIIY:

B, — S,,. (2.2)

Anpo sToro romomopdusMa Ha3bIBAETCA 2pYnnoti KPaueHsT Koc u3 n Humed.
Ocobyto posib B TpyIine Koc urpaer xoca lapcatida A — MOJIOXKUTETHHOE CKPYIUBAHIE
BCeX HUTeH Ha 10JI000pOTAa:

A = (0'10'2 .. .O'n_l)(O'lo'g .. O'n_g) ce (0'10'2)(0'1).

Ipynma By TpuBmasbHa, Tak 9TO Oy/eM CUUTATh, YTO KOJIUYIECTBO HuTeil n > 2. B
9TOM CJIyUae MOBEPXHOCTh M sABJIsieTCs THIIEPOOTMIECKOI, TOCKOIBKY €€ 3iIepoBa XapakTe-
pucruka orpurarenabua: (M) =1—n < 0.

Cymecryer kiaccudukarusg Hunbcena-TépcTona 3/1eMeHTOB I'PYIIIBI KJIACCOB OTOO-
pazkeHnii KOMIAKTHOJ OPHeHTHPOBAHHOI runepbosmaeckoil mosepxuoct (cm. [10] u [11]).
CorutacHo 9T0i Ky1accuUKAINE B Ka2KJI0OM KJIacce CYIIEeCTBYET [PEJICTABUTE b POBHO OJIHOIO
U3 CJICIYIONNX TPEX THIIOB: MIEPUOJINICCKUIT, ICEBI0AHOCOBCKUIL, TPUBOANMBI. B 3aBucumo-
CTH OT HAJIMYIUS COOTBETCTBYIOIIErO MPEJICTABUTE/SI U CAMU KJIACCHI OTODPaYKeHUH TakzKe
HA3BIBAIOTCSI TTEPUOINIECKIMHE, TICEBI0AHOCOBCKUME UJIH TTPUBOINMBIM.

[To ananorum xocy [ € B, OyjeM Ha3bIBaTh Nepuoduueckoti, ncesdoaroco8CKot WK
NPu60dUMOT B 3aBECUMOCTH OT TOI'O, KAKOMY KJIACCY NPUHAJIEKHUT €€ 00pa3 Ipu TOMOMOP-
dbuzme (2.1).

[Tockonbky A? nopozxkaaer a1po romomopdusma (2.1), To yMHOKEHHE KOCBI CleBa Ha
A% tne k € 7, He MeHsIeT THI KOCHI 110 Kiaaccudukarmy Hmmbcena-Téperona.

BameruM, 9TO B TPYIIIe KOC CYIMECTBYIOT MEPpUOINIECKIe KOChI, HECMOTPsT Ha TO, UTO
B 9TOii rpymie HeT KpydeHus. llepnojudecKuMu siBJISIFOTCS B TOYHOCTH Te KOCHI (3, st



KOTOPBIX CYIIECTBYeT Takoe HaTypajbhoe k, uto (% npunajiexur aapy romomopdusma
. Tak, nanpumep, Koca 010y € B3 gBJIsIeTC TIEPUOIMIECKOlT, TOCKOIBKY (0109)% = A? €
Ker ¢.

Jng pacnosHaBaHUST TEPHOMIECKUX KOC CyIIecTBYeT 3(DhEKTHBHBIA aJroputm (cM.
[2]). Yro Kacaercst CEBIOAHOCOBCKUX 1 MIPUBOMMBIX KOC, TO CYIIECTBYET HECKOJIBKO CIIOCO-
6o nx pacnosnaBanus: cM. [1], [2], [5], [6], [7], [8], [9]. Kaxzaplii n3 s1ux crocobos ocHoBaH
Ha UCIOJIb30BaHUU JIOO KEJIEe3HOMOPOKHBIX IyTeil (train-tracks), 6o HEKOTOPBIX pa3HO-
BUJIHOCTEl caMMUT-MHOXKeCTB (summit sets). [Jamee moigéT pedb 0 HPUHIUINATIBHO HHOM
criocobe pacIio3HaBaHUs THIIA, KOCBI JJIsT CJIydas TPEX HUTEH.

3 DddekTUBHOE paciIo3HaABaHUE IICEBI0AHOCOBCKNX U IIPU-
BOJAMMBIX KOC U3 TPEX HUTEN

[Iycts 8 ecth mpuBoanMasi Koca u3 Tpéx Hureil. IlpuBosiimas cucrema OKpY:KHOCTEH J1/Tst
TaKOil KOChI COCTOMUT, OYEBUTHO, BCETO M3 OJHOII KOMIIOHEHTHI, OXBATBIBAIOIIEH ABE M3 TPEX
IPAHUIHBIX KOMIIOHEHT. TpeThio KOMIIOHEHTY TPaHUIBI KOCA OCTaBJIsieT WHBapuaHTHONH. OT-
CI0/Ia TeopeMa.

Teopema 3.1. Henepuoduueckas xoca u3 mpér wumetl, noporHcoaowas ma MHOMHCECMEE
Humet Mpan3umueHyo NEPecmaHosky (M. e. NePeCMano8Ky, COCMOAWYI0 U3 00H020 YUKAG
daunwl 3), asaaemcea needoanocosckot.

3aMeTuM, 9TO TPAH3UTHUBHOCTD IEPECTAHOBKH SIBJIAETCA JIOCTATOYHBIM, HO HE HEOOXO-
JIMMBIM YCJIOBHEM TOTO, YTOOBI KOCa, ObL/Ia IICEBI0AHOCOBCKOIA.

[TostoxkuM J7151 OIIPEIEIEHHOCTU Y TPUBOIMMON KOCHI 3 IIPUBO/ISIIA OKPYKHOCTH OXBa-
THIBAET TPAHUYIHBIE KOMIIOHEHTBI Y1 U Yo. [loKaxkem, 94T0 TOr1a KOCY 5 MOXKHO TPEJCTABIATH
KaK JIBUZKEeHNe HUTHU, KOTOpas OTBeYaeT MHBAPUAHTHOU KOMIIOHEHTE Y3, BOKPYT JIBYX JIPYTHX
HUTEN, KOTOPbIEe MOXKHO CUUTATHh HETIOBUKHBIMU.

[IpencraBum noBepxHOCTH M B BHJE JBYMEPHOI'O JIMCKa Ha €BKJIUJIOBOI IJIOCKOCTH,
[IPUYEM YCJIOBUMCH, YTO KOMIIOHEHTBI I'PAHUIIBI Y1, Y2 U Y3 PACHOJIOKEHBI TOPU30HTAIBHO B

psz (em. puc. 1).

O

@)
Y172 Y3

\/
Puc. 1:

CooTBeTcTBEHHO OYJEM TOBOPHUTDH, UTO HUTH, OTBEYAION[asi KOMIIOHEHTE Y1, PACIIOJIO-
JKeHa CJieBa, KOMIIOHEHTE Yo — II0 IEHTPYy U KOMIIOHEHTE 73 — cIipaBa. TakuM oOpa3oM,
U3HAYAJILHO HUTD, JIBUKEHUE KOTOPOU OTCJIEXKMBAETCH, PACIIOJIOZKEHA CIIPaBa. DyjieM Kou-
pOBaTh 3TO JIBUKEHUE CJIETYIOIIIM 00PA30M.



Ecim orciiexxuBaeMast HUTH pacIioJiozKeHa ClIpaBa, TO 0003HAYNM
U = 09201, T = 0909.

CxeMaTU4IHO ABHU>KEHIE OTCJIE?KBAECMON HUTH npu ,Z[QﬁCTBI/II/I JaHHDbIX KOC IIOKa3aHO Ha

o
u r

Puc. 2:

puc. 2.

B pe3yjibTaTe IMpUMEHEHUA KOChbl U4 HUTH CMECTHUTCA BJIEBO, B ClIydae K€ KOCbI " —
OCTaHETCHA CIIpaBa.

Ecim HuTh pacmosioxkena cjieBa, TO 0003HATIM
d:= 0109, |:=0107.

CxemaTnaHo JIBUZKEHNE OTCIEXKNBAEMON HUTN IIpu JTeCTBAN JaHHBIX KOC IIOKa3aHO HA

(@)
d [

Puc. 3:

puc. 3.

B pesynbrare npumeHeHusi Kocbl d HUTH CMECTUTCS BIPABO, B CJIydae »Ke KOCbl [ —
OCTAHETCs CJIEBA.

Hamnee ecyim oTc/iexKuBaeMas HUTh HAXOUTC CIIpaBa U MPUMEHSIeTCA KOoca 01, TO 3TO
O3HavaeT JBUXKEHUe MEPBbIX JBYX HUTEH, HAXOJIAIIUXCS BHYTPU HPUBOJIAIIEHT OKPY?KHOCTH.
ByneM koimpoBaTh 3Ty CHUTYaIMIO CJIEIYIOIIIM 00Pa30M:

o1 = dilA.

enb 1m10106HOTO KOJAMPOBAHKUSA B TOM, YTO U 3JI€Ch JBUYKETCS HUTbL, PACIOJIOKEHHAS
BHE IIPHUBO/ISIIE OKPY?KHOCTH, TOJIBKO [P 3TOM OyJIyT BOBHUKATH JIOTOJHATEHHBIE COMHO-
xwurean A.

Anajiorn4yto, ecm oTCIeXKUBaeMasi HUTh HAXOJIUTCS CJIeBa, TO:

09 = UilA.



Bresiém emé ciempyroriume 0603HATCHUS:
a:= 090", b:i=o0] 00

CxeMaTuvIHO JIBUKEHIE OTCJIEZKUBAEMOI HUTHU IIPH JEHCTBUN JTAHHBIX KOC TTOKA3aHO Ha
puc. 4.

Puc. 4:

B mporecce kommpoBanus KOChI OyAeM OTCIEKUBATH TO3UIMIO WHBAPUAHTHONW HUTH,
oTMeuas €€ HUKHUM WHJIEKCOM K/t (O3HAYAIONIMM, YTO WHBADHAHTHAS HUTH PACIOJIOKE-
Ha CJIeBa) WM KIih (MHBApHAHTHAsI HUTH PACIOIOXKEHa CcripaBa). V3HadabHO WHIIEKC KITH
WM KIIF HAXOJIUTCS B CJIOBE Ilepejl Ieppoil OykBoii. Hampumep, eciim nHBapuaHTHasi HUTH
BHaYAaJ/Ie PACIOJIOXKEHa CIIPaBa, TO:

— €1 Ek
B= oy ..o

[Tepemerasicb 110 oOpa3yomuM, Oy/ieM 3alucbiBaTh KOCY B BHJIE CJIOBa B aJihaBHUTE

F = {urt d v 1+ o 0P AT ¢ nomompio coteyomux mpeobpasoBaHmii:

g1 -1 __ —1
o1 =d Ay, a0y = uA",
_ -1 _ _

10201 = Uy, n0207 = Qp, n0202 = Ty,
| -1 _—1 _ g1 -1 _—1_ -1
n09 or =0, n0gy 04 =d o, n0g 09 =T 'n,

—1 —1 -1
a02 = U Ana a0y = dA he
_ d -1 _ -1 _l
10102 = Gy, HO'10'2 =a g, 10101 = Uy,
1 -1 -1 _ -1 -1 -1 _ -1
201 09 = by, a0] Oy =1U q, 20y o1 =1

Hecnoxno 3aMeTUuTb, 9TO JaHHbIE Hpe06pa3013aH1/15{ ncUdepIibiIBalOT BCE BO3MO2KHbIC Ba-

PUAHTBI pACIOJIOKEHUA OyKB de u O';El U UHBapUAHTHON HUTU. B camoM Jerte, eciin TeKytmas

IO A 3TOM I/IHBapI/IaHTHOﬂ HUTH — KCIIpaBalb, B KOCE HEe MOKeT OCTaTbCdA OJHa 6YKBa 0';:1.

AHaJIOFI/I‘{HO, €CJIM 9Ta HUTDL CJIeBa, TO HE MOZKeT OCTaTbhbCA O/Ha 6YKBa 0'?:1.

[IPUMEP. IIpeictaBuM Kocy 0205050, ‘05 B Buje cioBa B aiadasure F. DTa Koca MEHACT
MeCTaMMt JIEBYIO U IEHTPaJIbHYIO HUTH, OCTaBJIAdA I/IHBapI/IaHTHOﬁ IIpaBYIlO HUTDL. HOQTOI\Iy
Oy/ieM 3alMChIBATH KOCY B ajidaBute JF, OTCICKUBas JIBUKEHNE ITPABOil HUTH.
Bnauase numeem
Hagai’ayfl_l@.



B coorBercTBUM C ITepednCIEHHBIMU BBIIIIE TPEOOPA30BAHUAMU 0901 MEHAETCH Ha Uy:
UHO'%O'QO'IIUQ.
Barem ;07 Menstercd Ha [, U Tak jaJjee:
ulnagaflaQ = ulu’lAﬂaflag = ulu"tAb,.

IIpengioxkenne 3.2. Jhobaa xoca uz mpéx numet moocem 6uims 3a epems O(l) sanucana
kax cr060 6 aagasume F = {uFl dF rFL 1FL o pFL AT 20e | eemn dauna 6x0dmozo
CA06a 6 KAaccuveckux obpasyrowur Apmuna o;.

Zoxazameavcmeo. llpeamnomoxkmm, 910 Koca [ OCTaB/sieT WHBAPUAHTHONM JIEBYIO WMJIM IIPa-
BYIO HUTh. VCIo/ib3yst yKa3aHHbIE BBIIIE TPeoOPa30BaHmsl, €€ MOXKHO 3aIlliCaTh B ajdasure
F, orciexuBas JBUKeHHE WHBapuaHTHOH HuTH. IIpm sTOM, oueBHMIHO, 11 MpeobpasoBa-
HUsI BXOJIHOI'O CJIOBA JIOCTATOYHO €0 OJWH pa3 IOJHOCTBIO IpoiiTu. IlosroMy TpymoéMKoCTh
Takoro 1peobpasosanust ectb O(1).

Boutee Toro, ymobasg Koca u3 TpEX HUTEN, B pe3ysabTaTe JeHCTBUS KOTOPON JieBasi HUTH
IIepexouT HallpaBO MJIN ITpaBasd HaJIeBO, TaK>Ke MOXKeT 6bITb IpeacTaBJI€eHa B BUAe CJIOBa B
asipasuTe F. A 510 BepHO I J1I000# KOCHI M3 TPEX HuTeil. Takum obpasom, J0OyI0 KOCy
13 TPEX HUTE MOXKHO IIPEJICTaBUThL B BUJE cJoBa B ajdasure F. O

Sameuanue 3.3. Eciu koca ocTaBjiseT ”HBAPUAHTHO IIEHTPAJIbHYIO HUTh, & JIEBYIO U IIPABYIO
HATU OHa JINOO OCTaBJIsIET MHBAPUAHTHBIMU, JUOO IIEPEBOIUT JPYT B JApyra, TO TaKyl KOCY
MOKHO TIPEJICTABUTH B BHUJIE CJIOBa B ajidaBuTe F JIByMs CIIOCOOAMU: OTCIECKUBA JIBUKEHUE
JIEBOIT HUTU WJIWM NPaBOW.

J1a cioB B andasute F yeaosuMmcs Bce 6ykBbl AT nepemernars B Konern ciosa. [l
9TOTO PacCCMOTPUM, KaK JIefiCTByeT BHYTpeHHHI aBroMopdusM 7 (compsizkenue kKocoil [ap-
caiijia) Ha SJIEMEHTAX MHOYKECTBa JF

u—d, r<—l, a+—sal, bbbl

Teneps j1a epemerenus 6yks AT! B Komery c/ioBa MOXKHO HCIIOIB30BATL CJICLYIONICe
pPaBEHCTBO:

A*G = 7(B)AF

ITpennoxkenune 3.4. IIpu 3adanuu xoc 6 sude cao6 6 aspasume F 6o3nukarom caedyroujue
COOMHOULEHU:

wt=a, ub=r, drt=at, db'=1,
rd'=a, rbl=u, Wwl=at Ib=d, (3.1)
ad=r, al=wu, b '=ult bdt=1",

nossoasouwue 3a epems O(l) cokpamums dauny caosa do murumarvrol, 20e | ecmov diuna
8x00H020 ca06a 6 aagasume F.



Jlokasamenvcmso. Coorrorenust (3.1) poBepsaOTCst IPsIMbIMU BhlancieHusMu. Hanpumep:

ul ™' = 090, - (0101) 7 = 090, = a.

Hecmo:xHO TakzKe MPOBEPUTDH, 9TO TOJIBKO COOTHOIMIEHHs (3.1) MO3BOIAIOT COKPATUTD
JumHy ciaoBa. CKazkeM, HUKaKoe JIByXOYKBEHHOE COYeTaHne, HaunHaloIeecs ¢ OyKBbI U, KPO-
Me ul~™' m ub, He cokpalaerca 10 OIHON OYKBBI. B camoMm Jese, OYKBa 4 = 090, MOXKET
COKPATHTBLCA TOJTBKO ¢ OyKBaMH, HATHHAIOMIAMICS ¢ 0]+, T. e. [ 71 = o

3 coorHomenuii (3.1) Jierko MoJIy9aroTcsi COKPAINAIONIIecs: JTBYXOYKBEHHBIE COYeTa-
Hus, HauuHatonwecs ¢ oyks v~ L, d=t v~ 7t a7t n b1

OueBnIHO, JJIsI COKpAIIEHUsI BXOIHOI'O CJIOBA JOCTATOYHO €ro OJMH Pa3 IOJHOCTHIO
npoiiTn, nepemeras cuMBosibl AT! B KOHeI c10Ba U IPUMEHSS COOTHONICHNS BHIa Uy + = 1,
a Takxke coorHomenus (3.1). Kaxmoe npumMenenne cOOTHOIIEHNsT YMEHbBINACT JJINHY CJIOBA
Ha 1 wam 2 6ykser. [TosTomy TpymoémrocTh cokparenusi cioBa paBaa O(1). O

oi'ub=o;'oy.

[IPUMEP. Pacemorpum cioso ulu~tAb. Tlepemectum GykBy A B KOHell cjioBa (IPH 3TOM
b msmenutes na b~ '): wlu~'b7'A. Tlomyuennoe cioBo MoxHO peaynuporars (lu™' = a™!):

ua~ 1A

Bymem roBoputh, aTo ciioBo w B ayidasute J, 3aa011ee KOCy 3, IPUBEIEHO K KAHOHU-
weckomy 6udy, ecau Bce OYKBBI A TIepeMeIieHbl B KOHEIT CJIOBA, 1 CJIOBO W UMeET HAMMEHBIITYTO
JUIMHY, T. €. K CJIOBY HeJIb3sl IPUMEHUTH COOTHOIeHus Buaa uu '+ = 1 wmm (3.1), cokpara-
IOIHE ero JIJTHHY.

Croo B anndapure F OyaeM HA3bIBATD Ud-CA0680M, €CJI OHO COCTOUT U3 UEPETyFOIITNXCS
OyKB u 1 d mMI60 U3 Yepeayromuxcsa 6yKB " U d~!, 1, BO3MOKHO, HEKOTOPOil CTEIIeHH KOCKI
lapcaiina A B KOHIIE CJIOBA.

[TPUMEP. Ciuosa dudud, udul, d-*u=tA*, uA, A asnsiorca ud-ciosamu, a ciosa dduu,
dud A, duAdu ne aBnsgOTCH Ud-CIIOBAME.

Hecnoxno 3aME€TUTb, 9TO ud-CJI0Ba UMEIOT KAHOHUYIECKUA BHUI.

ITpenmoxkenue 3.5. Henepuoduueckas xoca 3 € Bs asasemes npusodumoti mozda u mosb-
K0 moeada, k0206 cywecmeyem conparcénnas et xoca, xomopas 6 aspasume F 3anucvea-
emesa 6 sude ud-caosa.

Jokazameavcmeo. Tlyers koca [ npusogumast. IlepexoioM K CONPsIZKEHHOI KOce BCerya
MOZKHO JIOOUTHCS TOTO, 4TOOBI IPUBOJIAIIAST OKPYZKHOCTD ObLiIa PACIIOJIOKEHA KAHOHIMIECKUM
obpazom (cm. puc. b).

TaKaﬂ KOCa IIpeJCTaB/JIACTCA KaK KOMIIOSUIIUA IEPEIlJIETeHNd IIEPBbIX JIBYX HI/ITeﬁ, q9To
3aIlUCBIBAETCA KaK Of JJIsi HEKOTOPOro mejoro k, u obMaTblBaHue TpeTbeil HUTH BOKPYT

IIEPBBIX JIBYX, YTO 3aIINCHIBAETCI B BUJIE (agafag)m JJIg HEKOTOPOTO IIEJIOTO 1M

B = of(agafag)m.

[Ipu sTOM 311€Ch k # 2m, uHade Koca [ OyjeT MepuondecKoi.



Puc. 5:

NuBapuanTHas HUTh U3HAYAJIBHO HAXOuTCs ciipaBa. [losTomy B asipaBure F JaHHasA
KOoCca Oy/IeT BBITJISIIETH TakK:

B =(d"A)*(ud)™.

Hecnoxno IIPOBEPUTDL, 9TO II0CJIE€ IpUBEACHNUA K KaHOHNYICCKOMY BUJ/LY IIOJIYIUTCA ud-
CJIOBO!

B=udud.. AF ecmu2m >k, u B=dwd'u' . AF eciu k> 2m.

2m—k k—2m

B obparthyio cTopoHy Ji0Ka3aTebCTBO MOYTH ouyeBHIHOE. Koca, KoTopas B ajihaBuTe
F zamnmceiBaeTCs B BHJE Ud-CJIOBA, SIBJIIETCSI MPUBOIUMON C MPHUBOJISINEH OKPYKHOCTBIO,
pacIoIoXKeHHoH KaHoHuYIecKuM obpaszoMm. Ho Torma u jrobast eif conpszKEHHasi KOCa TaKKe
IIPUBOIUMA. O]

Jlemma 3.6. IITycmo dee kocvl 3a0arv, nocpedcmeom NPUGEIEHHIT K KAHOHUYECKOMY 6UdY
cn06 6 aagpasume F:

W= 117y . . 1A 2=y y, A my; € F\{A}, k,s € Z,

NpuUMEM T, Lo£ 7%(y1). Toeda 6 mpouecce npusedenus cao6a wz % KaAHOHUNMECKOMY GUDY MO-
olcem npousotimu 6cezo 00no coxkpawsenue, a umenno, dee bykew, T, u TF(y;) Mozym cokpa-
mumuca 0o 00Ho.

Zoxazameavcmeo. B cioBe wz nepenecéM Bce OYKBBI A B KOHEIL CJIOBA
_ k k k kts
wz =x1Ta ... TpT (Y1) 7" (Ya) . .. T (yg) AT,

[IpeacraBuMm 310 CI0BO B ajidaBuTe {af[l, aétl } Tak Kak cjioBa w M z NPUBEJIEHBI K KAHOHU-
YECKOMY BUJY, TO COKPAIIEHUe 3/1eCh MOXKeT IPOU30UTH TOJBKO Ha CTBIKE OyKB X, H ™ (1),
B pe3y/IbTaTe 4ero 3T JiBe OYKBbI MOI'YT COKPATHThCs J10 OHOM. /lanbHeiine cokpalenns,
OYEBU/THO, IPOU30ONTU HE MOTYT, YTO U JJOKA3bIBAET yTBEPK/ICHNUE. O

ITpennoxkenme 3.7. Henepuoduueckas xoca [ € Bs, 3adannas 6 eude npusedénmnozo
KanoHuveckomy 6udy caosa w 6 aspasume F, asaaemca npusodumoti mozda u mosvko
mo2da, k0204 CA0B0 W MONHCHO Pa3bums Ha 084 NOACA06G W = WiWe MAK, YMO CAOBO Wally
nocae npusedenus K KaHoHuveckomy eudy oydem ud-cao80m.
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Aoxaszamensvcmeo. CoracHo MpeJIozKeHuIo 3.5 NPUBOAUMYIO KOCY 3 MOYKHO IIPEJICTABUTH B
sugie 3 = v~ 13y, rae koca (' sanucbiBaercs B andasure F B Buje ud-ciaosa. ClegoBaTesbHO,
Koca (3 zanuceiBaercs B ajidapute F B BUJE CJI0Ba 2 1wz

He Tepsis 0OITHOCTH, TOJIOXKHIM, 9TO CJIOBA 2 1, W M Z y2Ke 3alMCAHBl B KAHOHIYIECKOM
suge. B ciose 2z lwz nepenecém Bee 6yksbl A B Koner ciosa. Coracuo jiemme 3.6 B cioBe
27 lwz cokpallenust MOryT HPOU30MTH TOJLKO JIMOO B MECTe COeJMHeHHsl HOJICA0B 2 & 1 w,
JIOO B MeCTe COeJIMHeHus MOJICJ0B w U 2. [Ipu 9ToM MOXKHO TOKA3aTh, UTO COKPAIIEHUS He
MOT'YT TIPOU30UTHU B OOOMX MecTax cpaszy.

B nepsom ciydae obo3mauuM depe3 wp NPUBEIEHHOE K KAHOHUYECKOMY BHJLY CJIOBO
271w, u nonozkum wy = z. Bo BropoM ciyuae MOMOKUM w; = 21, a 4epe3 w; 0603HAUNM
IPUBEJEHHOE K KAHOHUYECKOMY BH/Ly TOJCIOBO wz. Hec/moKHO MoKa3aTh, 9YTO TOrJa CJIOBO
W1 TIOCJIE TTPUBEJIEHUS K KAHOHMYECKOMY BUJLy OyJieT ud-CJIOBOM.

B obparnyio cTopoHy JI0Ka3aTesIbcTBO 1o4TH oueBuHoe. Koca, onpeensemast ud-ciio-
BOM W91, MOJIYIAETCS U3 KOCHI [3, OIPEJIEITeMOil CJIOBOM W = WWsg, MYTEM CONPSIKEHHUA

KOCOIi, otpeiesisieMoit ciioBoM wi. C yaérom mpeioxkennst 3.5 BCé T0Ka3aHO. O

Cdopmynupyem emé oHO IpeIoXKeHne, HeoOX0IuMOoe It OBICTPOro paclo3HaBaHUs
IEPUOIMIECKTX KOC.

IIpensoxenne 3.8. Koca § € Bz asasemca uesouucaennoti cmenenvio xocv, Iapcatioa
mozda u MoAvKo mozda, Koeda coomeemcmeyrowee Koce 3 cao8o w 6 aspasume F nocae
npusedenus ¥ Kanonuveckomy 6udy evessdum xax A¥ das mexwomopozo k € 7, npuuém
He uMeem 3HaueHuA, J8udcenue Kakol HUmMu (e80T Ul NPasoti) OMCAEHCUBAAOCH NPU
COCMABAEHUU CA0BA W .

Hoxasamensvemeo. Ilpenorkenne jIerko JOKa3bIBaeTCA IPAMBIM BBIYHCJIEHUEM C UCIOJIB30-
BaHUEM WHIYKIUH 10 YUCTy K. [l

Tenepb BCE TOTOBO 11T TOTO, ITOOBI CPOPMYIUPOBATH AJTOPUTM PACITIOZHABAHUS THIIA
Kochl § o kinaccudurarun Hunbcena-Tépcrona.

[ITar 1. Beraucanthb nepecTaHoBKY S, KOTOPYIO MMOPOXK/IAeT Koca 3 Ha MHOXKECTBE HUTEH.

lar 2. Eciau nepectanoBKa s TpaH3UTHBHAs, TO 3amucaTh Kocy (3° B andasurte F,
OTCJ/Ie2KBadAd ABHU2KCHUE HpaBOﬁ WJIN JIeBOH HUTHU, 1 IIPUBECTU IIOJIYIECHHOE CJIOBO K KaHOHU-
gyeckoMy BHIYy. Bcom mosmyuminocsk ciaoso A% s mekoroporo k € Z, To Koca 3 aBisgercs
[IEPUONYECKON, B IIPOTUBHOM CJydae — IICEBJI0aHOCOBCKOM.

lar 3. Eciu mepecTanoBKa § COJEP:KNT IUKJ JUIMHBI 2, TO 3ammcaTh Kocy (32 B aj-
dasure F, OTCICKUBAS JIBUKEHIE TTPABOI WU JIEBOW HUTHU, U IIPUBECTH Oy IEHHOE CJIOBO
K KaHOHHYeCKOMy BHIy. Ecim moayuamnocs cioso A% mia nekoroporo k € Z, To Koca 3
SABJIIETCH TIEPUONYIECKOI, B IIPOTUBHOM CJIydae IepeiiTu K Imary o.

[[Tar 4. Ecu nepecranoBKa s TpUBHAJIbHASI, TO 3amucarh kKocy 3 B andasute JF, orciie-
JKUBas JIBUZKEHME MTPABOI WK JIEBOH HUTH, U IPUBECTHU IOy ICHHOE CJIOBO K KAHOHUIECKOMY
suy. Ecim nonyuamnocs cioso A 11s nekoroporo k € Z, To Koca [3 ABSeTCs IIepHOIte-
CKOif, B TPOTUBHOM CJIydae MepeiiTu K Imary 5.

11



[[Tar 5. OnpenennTh UHBAPUAHTHLIN JIEMEHT IepecTaHoBKU s. OTCiieKuBast JIBUKe-
HUE COOTBETCTBYIOIIEH TOMY 3JIEMEHTY HHUTHU, BBIIOJHUTHL Inaru 6 u 7 jjsg kocel 3. Ecin
repecTaHoOBKa TPUBHAJIbHAA, TO HEOOXOIMMO BBIIOJTHUTE Taru 6 u 7 Jij1d KaxKJI0il u3 HUTel
kochl 3. Ecnn mHBapmanTHaSs HUTH HAXOJUTCS T10 IEHTPY, TO HEOOXOIUMO BBITOJTHUTD AN
6 1 7 11 KOChI 0 ' 301, y KOTOPOil NHBapHaHTHAA HUTH GYIeT PACIOIOXKEeHa CIeBa.

[Tar 6. 3amucaTk Kocy B ajiaBuTe F 1 MPUBECTH MOy YEHHOE CJIOBO K KAHOHUIECKOMY
BU/LY.

[[Tar 7. Ilepenocuts 1epBbie OYKBBI 110 OJHOW B KOHEIl CJIOBA, IEPEXO/s TAKUM 00pa-
30M K CONPSAKEHHBIM KOCAM, W IIPUBOJIUTD MTOJTyYEHHOE CJIOBO K KAHOHUYECKOMY BUTy. Ecin
HOJIyIUTCs ud-CI0BO, TO Koca [ saBjsercs npuBoanMoii. Ecin ke B pesysbrare mepeHoca
MEPBBIX OYKB B KOHEIL CJIOBa CJIOBO ITPOKPYTHUTCH IEJIMKOM, a Ud-CJIOBO TaK U He MOJIYUUTCs,
TO KOCA $IBJISETCS TICEBI0AHOCOBCKOMA.

Samevanue 3.9. Ecau Ha mare 5 nmepectaHOBKa sABJISIETCsS] TPUBHAJILHOM, TO maru 6 u 7 HaJ10
BBIIIOJIHATD JIJIsT KasKJI0i U3 TPEX HUTel 1o odepeju. U ecim xoTs ObI B OJIHOM U3 CJIYYaeB
Ha Iare 7 MOJyInTCca ud-C/I0OBO, TO KOCa 3 ABJISIETCS MPUBOANMOI, B IPOTUBHOM CJIydae —
IICEBIOAHOCOBCKOIA.

Teopema 3.10 (ocHoBHOIT pe3ynbrar). B epynne koc Bs cywecmeyem aszopumm pacnosna-
8aHUA MUNG KOCHL NO Kaaccudurayuu Huavcena-Tépemona co epemenem evnoanenus O(1),
2de | ecmv dauna 8X0dH020 CA06A 6 KAACCUMECKUT 00pasyowur Apmuna o;.

Jloxazamesvcmeo. AropuTM pacro3HaBaHUs THUIIA KOCHI IPUBEJIEH BhIe. /lokazaTebecTBO
€ro KOPPEeKTHOCTH, a TaKXKe ero JIMHeiHas CJI0YKHOCTDb IO JIJIMHE BXOJIHOTO CJIOBA CJIEIYIOT
u3 TeopeMbl 3.1, a Takyke npejyioxkennit 3.2, 3.4, 3.5, 3.7 u 3.8. O

[TPUMEP. PaccmoTpum Kocy
B=(o10y")  oi(010;y ") = oa0ioy

DTa Koca, OUEBUIHO, ABJISIETCS MPUBOINMOIL, TIOCKOIBKY OHA MOJIyIeHa U3 TPUBOINMOIN
KOCBI 0 IIyT€M CONPAZKEHNAA KOCOI 0105 ! (mocJie iHsAsT, KCTATH, SIBJISIETCS TICEBI0AHOCOBCKOIT ).
[Ipumenum K Koce 3 PaCCMOTPEHHBIN AJTOPUTM.

Koca 8 nopoxgaer mnepectanoBky, cojepzkaityio muki (13). Tlosromy samumiem xocy
(% B andasure F, oTcIeKUBas ABUKEHIE TPABOil HUTH:

5

6 _—1 -1

1

= ul,oioyt = ullyoy05t = ulla™!

Kak Bujum, Koca [ He ABJgeTCA TEPUOIUIECKOII.
Koca [ menser mectamMu mepByIO U TPETbIO HUTH U OCTAB/IsI€T WHBAPUAHTHON HUTD,
HaXOJIAIILYIOCs TI0 TTeHTPY. 1109TOMYy BBITOJTHUM CONPSAXKEHNE KOCON 071:

-1 _ -1 3 1
oy Boy =0y 09070, 01.

WNuBapuanTHas HUTH Telepb HAXOJUTCS CJeBa. amuiieM Kocy [ B andasure JF, oT-
cJIeKUBasl JIBUZKEHHE JIeBOI HUTU:

207 to90t05 oy = byotoy toy = bd ' Ayoioy toy =
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= bd_lAd_lAnalaglal = bd_lAd_lAd_lAnaglal =
= bd P AdTTAdTTALL

HpI/IBe,ZLéM CJIOBO K KAHOHHYE€CKOMY BH/Y:
bd 'AdTTADTIADT = bd T dTOA? = 1T d T A3.
[Tepenecém 1epByto OYKBY B KOHEI[ CJIOBA U IMPUBEIEM K KAHOHUYECKOMY BHJLY:
w N dTAN T = T T A = w t T T A,

[ostyunsock ud-cjioBO, TaK 9TO COIVIACHO AJIFOPUTMY KOCA SIBJISIETCA TTPUBOMMON.
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