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1 BBE/JEHUE: OB30P TEOPUU OCOBLIX IIPE/I-
CTABJIEHUN

1.1 TI'pynmnbl TOKOB U 0cOOble IpeACTABICHUA

I'pymmont TokoB G~ rae X — TONOIOrmIeckoe IpOCTPAHCTBO ¢ BEPOATHOCTHOH, 60PeIeBCKON
Mepon m, a (G — MPOMU3BOJIbHAA JOKAIbHO-KOMIAKTHAA IPYINA, HA3BIBAETCSA I'PYIINA HEIpe-
PBIBHBEIX OTOOpaxkennun X — (G ¢ MOTOYEIHBIM YMHOXKEHHNEM, U C TeM, WIN UHBIM YCJIOBHEM
uHTerpupyemoctu mno mepe. M3ydenme mx mpemcTaBIeHUN WHUIUUPOBAHO KAK CAMOU TEO-
puen mpeaICcTaBICHUN, TAK NPUIOKEHSIMA K MaTeMaTHIeCKOn (pu3uke. XOPOIIO W3BECTHAS
MO/Ie/Ib HeIPUBOINMBIX IPeICTABICHIA IpyII ToKoB G~ — (pOKOBCKasA MIN IayCCOBCKAA, B
KOTOPOU CYIIECTBEHHYIO POJIb UCPAIOT HEHYJIEeBBIE 1-KOrOMOJOIMH IPYINEL KOX(DPUITEHTOB
(rpynmet (G) €O 3HAYEHUAME B HEMPUBOAMMBIX YHUTAPHBIX IIPEJCTABICHUIAX HDTOU T'DYIIILL.
Takoe menpuBoguMmoe npegcrapierue 1T rpynmnsl G B ruibb6epToBoM npocrpancTse H, oGaa-
TaeT HeTPUBUAJIBHBIM |-KOIUKJIOM, TO €CTh HempepbBHBIM OToOpaxkenumem b : G — H,
Y IOBJIETBOPAIOIIAM yCJIOBHIO:

b(g192) = T(g1)b(92) + b(g1) mia moberx  ¢1,02 € G

U YCJIOBUIO HETPUBUAIBLHOCTH: He cymecTByeT BekTopa £ € H, Takoro uro b(g) = T(g)§ —¢&
s aoboro g € G.'Takue npeacTaBIeHIS HA3BIBAIOTCA 0c00biMmy. EIMHITHOE TpeacTaBIeHue
ABJIAETCSI 0COOBIM /IS BCEX I'PYIIN, ¢ HETPUBUAJIBHBIM, a1 TUTHBHLIM XapaKTePOM, KOTOPBIN
U SIBJIAETCA KONUKJIOM. B n1pyrux TepMuHax, 0co60€ mpeacTaBieHne XapaKTePu3yeTCs CyIe-
CTBOBAHUEM NOUMU UHBAPUGHMHLE 6EKMOPO6; MOCASIHEE 03HAYAET, ITO IJIA BCAKOTO € > ()
1 KoMmakTa K B I'pyIIe, CyIecTByeT TaKOW BEKTOp i B IPOCTPAHCTBE MPEACTABICHUA, TTO
|lUgh — h|| < € msa Bcex k € K, Uy -onepaTop npencraBieHus, OTBEIAIOMINNA dIeMeHTY k.
[To Teopeme [1] Besikoe 0co60€ IpeACTABIEHIE KOMIAKTHO IIOPOXK I€HHOU T'PYIIIbL 065~
3aHO OBITH HEOTAEJUMBIM 110 Xaycaopdy 0T eIMHUYHOTO IIPeACTaBIeHuA B Tonoaoruu Peira.
Tomomoruss Penra HA TPOCTPAHCTBE YHUTAPHBIX MPEICTABICHUN JOKAJIbHO KOMIAKTHOU
rpynnbl G 3agaeTcs caeqyiommM 00pa3oM: OTKPBITas OKPECTHOCTH MPEACTABICHUS T B

ruIs6epTOBOM IPOCTPAHCTBe H OmpenenseTcs uCIOM € U KOHEIHBIM HA000poM hi, ...~y
pIeMeHTOB npocTpancTBa H, m xkommakToMm K rpynnel (G, ¥ COCTOUT U3 BCEX YHUTAPHBIX
npejcTaBieHnd p rpynnsl (¢, B IPOCTPAHCTBE KOTOPBIX HAWAYTCS TaKWe DIeMEHTH fi. . .. f,
9TO

sup {| <w(g)hi,hi > — < p(g)fi, [i > | < €}.
i=1...k;ge K

O6paTHOe yTBepXKIeHNE HEBEPHO: He BCAKOE MPEACTABICHUE, HEOTACIUMOE OT €IMHUTHOTO
ABIACTCA OCOOBIM, T.€¢ MMeET HeTPUBUAIbHBIE [EePBbIE KOOMOJIOTUH.

B pat6ore [2] E.Illamom mokasan runoresy, BbiCKasaHHYO B [l]: ecam y JoKanabHO-
KOMIAKTHOU I'PYIILI €IUHUIHOE MPEICTABICHIE HEM30JIMPOBAHO B MHOXKECTBE BCEX HEIIPH-
BOIUMBIX YHUTADHLIX MpencTaBIeHud (T.e. Tpynna He uMeeT cBoucTBa Kaxmama 1), To
X0TsA Obl OMHO 0CO0O€ TpeJCTaBIeHUe CyIEecTByeT. [J0Ka3aTelbCTBO OCHOBHOU TEOPEMBI
B [2](cm.rakxke [3],Theorem 3.2.1) HEKOHCTPYKTUBHO, M MOITOMY HE HAET MPIAMOIO CIO-
coba HaXOXKAEHUA 0COOOr0 IPEACTABACHUA: MBI OY€HBb MAJO 3HAEM, KaK BBIICJIUTH 0COOBIE



IPEJCTABICHUS U3 MHOKECTBA BCEX IPEJCTABICHUN, HEOTAEAMMBIX (HIM “HPUKICEHHBIX ) K
eIUHUIHOMY NPEICTABICHUIO.

[Ipunsara cregymas repmunonorus: kopot (Core) dawnozo npedcmasaenus m HA3BI-
BAETCA MHOXKECTBO TAKWUX MPEICTABICHUN ), YTO IPOU3BOJLHBIE OTKPBITBIE OKPECTHOCTH
T W p UMEIT HEIyCTOe IepecedeHne. B Kopy peryIAapHOro IpencTABICHAA aMeHAOeIbHON
IpPYIILL BXOAAT BCe HEIPHUBOIMMEIE IIPEACTABICHAA, I DTO XapaKTePUCTUKA aMeHa0eIbHO-
ctu. Oco6GeHHO BaXKHO MCIOAL30BAHME DTOrO MOHATHUA [IA HENPUBOJUMEIX IIPEICTABICHAN
U B 9aCTHOCTH, 1A €IMHUIHOTO IPEACTaBIeHUA. ECau He OrOBOPEHO IPOTUBHOE, TO KOPOU
I'PYIIIBL HA3EIBAETCA KOPA eIMHITHOI'O OJHOMEDPHOIO IPeICTABICHIA. -

HenyneBbie KOroOMOIOrAA CO 3HAYCHUAMME B IPEeJCTABICHAN HA3BIBAIOTCA PEIYyIIPOBAH-
ubIMH ([2]), ecaiu cOOTBETCTBYIOMINN KOUK. HE ABAAETCA IPEIeJOM TPUBUAIbHBIX KOIUKJIOB.
PenyupoBaHHBEIe KOTOMOJIOTHE CYyIIECTBYIOT TOALKO B IPEACTABICHAAX, JeKAIINX B KOPE, HO
He Jexamux B nogkopke. s moaynpocreix rpynn O(n, 1), U(n, 1) HeTpuBnaibHbe KOro-
MOJIOrMH PeaynupoBanbl. CyHMIECTBYIOT JIM PA3PEIIUMBIE IPYIINbLL ¢ TUM YCIOBAEM aBTOPAM
Hem3BeCTHO. HakoHem, ymoMAHeM IIA IOJIHOTHI eIle OJHO JIOONLITHOE IOHATHE - I'PYIL
co ceouctBoM Xarepyma ([3, 4]): 5TO rpynmel ¢ HEM30AMPOBAHHBIM €IUMYHBIM MPENCTa-
BreHueM (T.e. He obGrajgaromue cBoucTBOM KaxkaaHa), HO, Y KOTOPBIX KOIMKIBI B OCOOGOM
NpeACTaBICHUN YIOBJICTBOPAIOT CIENUAILHOMY CBOUCTBY HEBBIPOXKIEHHOCTH: KOIWMKJ, KaK
oToOpaxeHue rpynnsl B IrMIb0EPTOBO IPOCTPAHCTBO

g:G—H

ABIAETCA COOCTBEHHBIM, T.e. INpPo0Opa3 ONPAHMYCHHOIO MHOXKECTBa I'MILOEPTOOBa HIPO-
CTPAHCTBA OPEeJKOMIIAKTEH B IPYIIE. DTOMY CBOMCTBY YIOJETBOPAIOT BCE aMeHaOeIbHBIE
rpynmnsl, cBo6oausie rpyniust ([4]), rpynnst O(n, 1), U(n, 1) u ap. (cm. [5]). Ilpumepsr rpymnn
He yIOBJICTBOPAIOMIMX HU CBOUCTBY Kaxkmama, HM CBOHCTBY Xarepyma, IMEOTCA, HO IIOKA
MaJIOUHTEPECHEL.

1.2 OcoO6ble mpeacTaB/ieHUA T'PYNI paHra 1 M UX pa3penmMbIX
NOArPYIII

I3 nambomaee BaxubIX rpyni Jlu -noaynpocteix — Toabko rpymnnsl O(n, 1) u U(n, 1), ume-
fomue panr 1, o61agaroT 0ocoObMu npeacTaBieHuAMA. OcCTalbHBIE HOIYIPOCTHEIE TPYIIILL,
(Bkarouas gaxke rpynnsl panra 1 —Sp(n, 1), kak nokasanx Kocraur [6]), uMeoT ¢BOUCTBO
Kaxgana uX eJUHUYHOE IIPEICTABICHUE M30JUPOBAHO M (POKOBCKAS MOJAEIb IIOCTPOCHU

3Bomee geTanbHAA TEPMUHOIOIHA: IPEICTABICHIA JEKAIIIE B KOPE eIMHIIHOIO IPeICTABICHIAA HA3BIBA-
I0TCS 0eCKOHEUHO MaAbMU (B CMBICTE, aHATOTMYHOM JeNGHUIIEBCKOMY, -cM [1]), nodkxopkot dawnozo npedcma-
64CHUA T HA3BIBALTCA MHOXKECTBO BCEX MPEACTABJICHUU p, B 3aMBIKAHUU KOTOPBIX JEXKUT MPEICTABICHUE
7w (COOTB. eIMHMYHOE IpPEeACTaBICHUE). B APyrux TepMUHAX DTO O3HAYAET, YTO P CIabO COAEPKUT T (B
9aCTHOCTHU, eQMHUYHOE npejgcrasiaenue). [logkopka ecTsb, 01€BUIHO, IOAMHOXKECTBO KOpul. WHTepnperanus
BBEIEHBIX [OHATUU B TEPMUHAX TaYdopPosbir aKCUOM 0MOIEAUMOCTIY €UHAIHOIO U HEKOTOPOI'O IPeacTa-
BJEHUA ) TAKOBA: EIUHUYHOE MPENCTABICHUE JEXKUT B KOPE p, €CIAN HE BBIMOJHEHA aKCHOMa OTIEJUMOCTH
T5, mas TOYEK TONKOPKYM HE BBLITOJHEHA JaxXKe akCuoMma oTaeauMocTu 17, akcmoma T BBIMOJHEHA BCET[A,
TaK KaK €IUHUYIHOE TPEACTABICHAE 3AMKHYTO.



IPYII TOKOB — HEIIPUMEHUMa. 3aMeTHM, 9TO 10 cux mop Teopema Kocranra o Sp(n,1) ue
uMeeT TeOMeTPUYECKOr0 TOKa3aTeIbCTBA.

MoKHO CKa3aTh, 9TO aHAIN3 OpeAcTaBIeHnt rpyun TokoB 1 rpynn O(n, 1) u U(n, 1)
TOCTATOYHO XOPOIIO Pa3BUT. PabOTHI B 3TOM HAIPABICHUN HAYAIUCH C THOHEPCKUX PaboT
N.M.Teabdanga u aBTopoB >Tou cTaTbu cM [7, 8, 9]. Obmas cxema (pOKOBCKOU MOIEIH, He-
3aBHCUMO OT KOHKDETHOU T'DYNIBI, OblIa paHee paccMorpena Apaxu [14], em. [15], ognako
IIPUMEPOB MOIYTIPOCTHIX TPYII A0 paGoTh [7] He 6110, B aTuxX paboTax, a Takke B paboTax
(10, 12, 11, 13| ObLiu HAIEHBI YCJIOBUSA HEIPUBOIUMOCTH NPEACTBICHUN IPYII TOKOB U ADY-
rue ux cBoucTBa. [IpuHIMNIMaIbHOE 3HAYEHNE UMean uaen paboTel (9], B KOTOPOU i IPYIII
panra 1 OBLT IpemIoKeH MeTO] CBEIEHHS 3aMa9M K Pa3pelInMON MOATPYIIIe MOJYIPOCTON
rpynnel Ha npuMepe SL(2, R). Passurume sTou mien B paGoTax aBTOPOB TAHHOU CTATbU
mocaequux 10 JeT mpuBeIo K HOBBIM MOJIEIAM MIPeICTABICHIN IPYIII TOKOB, SKBIBAJIEHTHBIX
(OKOBCKOM, HO MOCTPOEHHBIX 10 ApyruM (HerayccoBckuMm) mepam Jlesu (cm.[16, 17]). Dro
IPUBEJIO K MOCTPOCHUIO NHTErPATHHOU, a 3aTE€M IIyaCCOHOBOW U KBA3UILYyaCCOHOBOU MOIETCH
npejacrasienunin rpynn TokoB ([18, 19]). Bosuukia, Takxke Tak HasblBaeMas, GECKOHETO-
MepHas Mepa Jlebera [22, 23, 24], aasomasca HanboIee TOIHBIM KOHTHYATbHBIM aHAJOTOM
J1e6eroBon Mephl Ha KOHETHOMEPHOM IOJOXKUTEILHOM OKTAaHTe. JTa Mepa TeCHO CBI3aHa C
raMma-tpormeccoM JleBu u umeer GOJBIION CAMOCTOATEILHBIA HHTEPEC.

1.3 PaspemmMbie MOATPYHOIIbLI MOJYNIPOCTLIX I'PYIII U YTOYHEHHUE
pasJioxxeHus ViBacaBbl

3BecTHO, 9TO 148 KOMMYTATHBHBIX M HAIBIOTEHTHIX IPYII OCOObIE IIPEICTABICHUA WC-
9epubIBaeTCsA efuHUIHBIM npeacTasienueM (Cum. [11, 12]). Ho yxe mias paspemunMbix IpyIIn
5Ta mpobieMa KCCIeI0BaHa HETOCTATOYHO. Hac MHTepecyeT KOHKDETHBIM KJIACC Pa3pelln-
MbIx rpymi, B ocaoBaoM O(p, q), U(p, ) u, B kadecrse nepBoro npumepa, — rpymust U(2, 2)
— MBI UCIIOAB3YEM €€ Pa3pemumMyo MOATPYIILY, KOTOPYIO MOXKHO HasBaTb 2pynnot Hea-
casvl. Takas moArpynma MoxkeT OBITH ONEAeJeHAa B MPOOU3BOJBLHOU CBA3ZHOU IIOLYIPOCTOM
BelecTBeHHON rpynnsl Jlu cM [25], roe oHa HaszBaHa “MAaKCHMAJbHAS CBA3HAS TPEYrOdbHAS
noarpynna’. Pastoxenue BacaBel 418 DPYIII COCTOUT B TOM, ITO 3Ta IIOATPYIIA ABIACTCA
“ TOTIOTHUTEJIbHON K MAKCUMAJIbHOW KOMIIAKTHOW MOATPYIIIIE.

Paspemmmas moarpynna (kax u Beakas ameHabeqbHas Ipynna), obragaeT 0COOBIM
OpeaCTaBIeHneM, W MODTOMY BO3MOXKHA CJACIYIOIAA CTPATErHA MOCTPOCHUA T'PYII TOKOB
[OMYIPOCTON T'PYINBL CHAYala HAUTH 0COO0€, YHUTAPHOE WIM HEYHUTAPHOE, MPenCcTaB/Ie-
HIE€ >TOU PA3pemmMOi MOAPYIIIEL ¥ HOCTPOUTE IPEICTABIEHAE €€ IPYNILl TOKOB, a 3aTeM
IBITATHCA MPOJOIKATH 0CO00€ MPeaCTaBIeHNe Ha BCIO HOMYIPOCTYIO PYIIY U KOHCTPYHU-
pPOBaTH MPOIOMKEHNE TIPEICTABICHUA Ha €€ TPYNIbl TOKOB. [l rpymnm panra 1 oToT mpuém,
KaK OTMEYeHO BBIIIe, BIEpPBble UCIOAb30BaH mist SL(2, R) B [9] u no3aHee ucciaeroBas mo-
IpO6HO B muKIe paboT aBTopoB nocaenuux qaet ([18, 19]). IIpu nepexoxe or rpynn paunra 1
K CpYIIaM OOJBIIEr0 PAHTa 3Ta UAes MOCTPOEHUA MOMPEeKHEMY OCTAETCA pabovel.

Mel paccMaTpuBaeM 31eCh YTOT BOIPOC Ha KOHKpeTHOM npumepe rpynnst U(2,2)), u
uMes B BUAY Oo/ee OOLIYIO0 CATYAInIo, KOTopas OyJeT W3JI0kKeHa B ApyroM mecre. Mbr mo-
IpOGHO ommchiBaeM 3jech noarpynny Vsacassl (rpynma P panee) mis sroro caydas. [lep-



BBEI BOIIPOC, — KAKOBBEI €€ 0cOoObIe mpeacTaBiaeHns’ Ho 3mech MBI CTAIKHMBAEMCS ¢ HOBOU
npoOIeMOR: IS PeaJu3aliy HAIIero IIaHa HeoOXOAUMO, YTOOBI DTO 0C000e MpemcTaB/Ie-
Hue moArpynnsl MBacaBel ObLI0 OB TOYHBIM. ¢ ABTOpaM HEm3BECTHO, JIA KAKUX TPYIIII
2TO mMeeT MecTo. Hampumep mis HUIBIIOTEHTHBIX I'PYIIT TOYHOTO 0COO0r0 MPenCTaBICHUS
HE CyIIeCTByeT. OTOT (paKT MpenCTaBIsgeT WHTepeC yxkKe mad Tpymnmnsl [enmsenGepra, u oH
DKBUBAJICHTEH OXHOU 13 GOpM mpuHIUIa Heonpeaeacanoctn ° /laa adpurron rpynnsr Aff(R)
GeCKOHETHOMEDHOE MPeACTaBlIeHne (KBA3UIKBUBAJICHTHOE PErYIAPHOMY) SBIAETCA TOTHBIM
0co0bIM npejacTaBieHneM. Ho yxke 11 caMbIX HPOCTBHIX 3-MEPHBIX Pa3pelnMobX rpynm (B
YACTHOCTH, IPYNIBL S— CM. [ajee), BOIPOC HeTPUBUAJEH.

IIpo6aema. [lasa Kakux CPyHI CYIIECTBYET TOYHOE HEMPUBOAUMOE YHHTAPHOE OCO-
6oe mpeacTaBIeHNEe, U B YAaCTHOCTHU, MJIA KAKUX paspemmMbIX rpymn’ bBodee KOHKpeTHO:
KOr'a CYIIECTBYET TaKOe IpeJCcTaBIeHne [aA IPYHNbl VBacaBbl MOJYIPOCTON BEIIEeCTBEH-
HOU rpymmnsl Jlu?

Taxum 06pasom, riIaBHAsS TPYIHOCTH JEKWUT B IMOCTPOECHUU TOIHOI'O 0COOOTO mpes-
cTaBIeHus rpynnbl MBacaBel yHuUTapHOTO miau HeT. [locmpoenue HEyHumMaproz2o mouHoz2o
ocobozo npedemasaenus das epynnvt U(2,2) - ecmb ocnosnot peaysbmam amoti padomut, u
aBTOPHLI HE COMHEBAIOTCS, ITO TAKOe IMOCTPOEHNEe MOHO IMPOBECTHU /I JIOOOU BEIleCTBEHHON
noaynpocTon rpynnsl. [Ipomomkenne kKonukiIa Ha BCIO HOLYIPOCTYIO IPYIIY U TOCTPOEHUE
CPYIIBI TOKOB CTAHOBUTCS BO3MOXKHBIM, MOTOMY YTO, KaK MOKA3bIBAIOT PE3yJbTAThI YIIO-
MUHABIIUXCSA BBIIIE PAOOT, MMEIOTCA MOJAEIN (HAPUMED, MYACCOHOBA MOJEIb — B OTIHINE
0T (OKOBCKOU MOJE]M) IPEeACTABIEHNUsS IPYII TOKOB, KOTOPbIE HUKAK HE WCIOJb3YeT YHU-
TapHOCTDb UCXOMHOIO MpeacTaBIeHusa. Bompoc o ToOM, MOXHO J1 3TO CAeJaTh B YHUTAPHOM
IPEICTABJICHAN MPENCTABICHUN MOATPYIIbl VBacaBbl MOKa OCTAETCSI OTKPBITHIM.

B szakaiouenun 5Toro 0630pa ykaxkem Ha HECKOJBKO WHOU MYTh, KOTOPHIN OIMKE K
MePBOHAYAJIBLHBIM PA00OTAM MO IPYIIAM TOKOB, U K KJIACCHIeCKUM PabOTaM MO TEOPHUH IIPE]I-
CTaBJIEHUN MOJIYIPOCTHIX Ipyn. OH COCTOUT B CIAYIOMEM. XOPOIIO H3BECTHO, ITO 0COOBIe
[IpeICTaBIeHNS IMOIYIPOCTHIX IPYNI paHra 1 jexar “B XBocTe” TOMOJHUTEIbHBIX CEPHH, a
TOMOMHATEIbHBIE CePUH €CTh Y 000N HOXynpocTon rypumbl. OTHAKO, IIS CPYIII PaHra,
6oubirero 1, yHuTapHbIe HPEACTABICHUA “HE TOXOJAT MO €IUHUYHOIO MpeacTaBIeHus; 00-
Jee TOYHO, YHUTAPHOCTh TepseTcsa npu jgedopManuu eIuHUIHOro npeacrasieaus. C apy-
COU CTOPOHBI, M3BECTHO, UTO B HEKOTOPBIX CAYYaAX IIA DTUX HEYHUTAPHBIX IIPeICTABICHUIN
MOYKHO YKa3aTh HE3HAKOOIPeAETEHHYIO OMINHENHYIO (POPMY, NHBAPUAHTHYIO OTHOCUTEIBHO
nercTBUA rpymmel, . CBOUCTBA COOTBETCTBYIOIIErO MPOCTPAHCTBA C MHIe(PUHUTHON METPH-
KOU B DTOM CJIy9ae ILIOXO U3Y9UEHBI, U BOIPOC 00 0COOOM IIPeICTaBICHUN, IIYCTh U HEYHU-
TAPHOM, MOBUIAMOMY, DaHee He CTABUICA. Hall albTepHATUBHBIA IIAH COCTOUT B AHAJM-
TUIECKOM IIPOJOKEHNN YHUTAPHBIX IIPeICTABICHAN MOArPYIILl VIBacaBel U B YACTHOCTH B
MOCTPOEHNN HEYHHTAPHOT'O 0COOOr0 MpeICTaBAeHNUS Ha DTOU OCHOBe. BO3MOXKHO, ITO yKa-
3aHBIE IBA [OIX0/1a K TEOPUHU MPENCTABIEHUH IPYIII TOKOB A IMOJIYIPOCTHIX IPYII PAHTA,
6oubirero 1, IpuBeIyT K PA3IMIHBIM KJIACCAM MPENCTABICHUHN.

41ounOE (WM HEBBLIPOXK TEHHOE) MpPEeICTaBICHIe — DTO MPEICTABICHHE, AP0 KOTOPOrO TPUBHATLHO.
’Becensr mepsoro aptopa ¢ B.I1.XaBuHBIM Ha 2Ty Temy MOKa3aqd, ITO YIOMAHYTHIE (aKT O TpyTIe
lensen6epra, kax OyATO, HE UMEET MOKA IUCTO AHAIUTUIECKOrO (HE MPEICTABIEHIECKOr0) T0KA3ATEIbCTBA.



2 TI'pyuma U(2,2) u eé noarpynna VBacasbl

2.1 Omnwucanwme rpynmnst U(2,2)

B kadecTBe mepBOHAYAJIBHOIO IpUMepa Mbl paccMarpuBaeM rpynmy U(2,2) — JInHEHHBIX
npeo6paszosanuit C*, coxpansomux (pUKCUPOBAHHYIO PMUTOBY GOPMY € cUrHATYPOH (2, 2);
3/1eCh BEIOpaHa DPMUTOBA (hOPMa BUIA

T1X3 + 13 + T2lg + ToXy.

Ipynma U(2,2) aBaseTca OQHAM U3 CaMBIX OPOCTHIX IPUMEPOB HOLyIPOCTOU rpymust Jlu,
BEIIECTBEHHBIN PAHD KOTOPOU 6oJblie equHuiel (paser asym). I'pynmst Buga U(p, ¢) HA3BI-
BAIOT IICEBIOYHUTAPHBEIMEA. B HacTosmem maparpade MBI YTOYHAEM pa3/IoKeHus VBacaBbl
IS DTOM TPYNIBEL U U3y9aeM CTPYKTYPY TMIABHOI'O O00BEKTa — pPaspemmMOi MOATPY b
WBacaor — P.

Mer GygeM npeacTaBiaTh saeMeHTHl rpynusl U(2,2) B popme GJI0YHBIX 2 X 2 MaTpHIL
¢ O6JOKaMM 13 MATPHUI BTOPOrO MOPAIKA!

gi11 912
g21 922

31€Chb ¢;; — KOMILICKCHBIE MaTPUILI OPALKA 2, YIOBJICTBOPAIIINX COOTHOMICHMIO:

og"- =0 rome o= 0 e
gg_; rﬂ; - 620

3IeCh €y — eMUHUYIHAS 2-MATPHUIA, & CAMBOJ * O0O3HAYAET B KOMILIEKCHOM CJIyYae
MaTPUYIHOE TPAHCHOHUPOBAHUE COBMECTHO C CONPSXKEHWEM, a B BEHIECTBEHHOM — TOJIBKO
TPAHCIIOHUPOBAHMUE.

DTHU COOTHOLIEHUSA SKBUBAJEHTHBI CJAEIYIOIMIAM COOTHOUIEHUAM MeXIy OJI0KaMé Ma-

TpHUOHL g :

912951 + 911932 = €2,
911912 + 1291, = 0,
G22951 + 921929 = 0.

BemecrBernnas pasmeprocts rpynnst U(2,2) paBaa 16. [aBayo poib B gaabHeHIIeM
OyeT urpath pazpewumnas nodepynna P epynnw U(2,2), noposcdennan caedyowums 08yms
nodepynnamu N u S:

1) agauruBHON (KOMMYTaTUBHON) rpynmnor N — KOCOSPMUTOBBIX GJIOK-MaTDUILL BULA

€9 0
n e

rae n — KOCOPPMUTOBA MaTPHUIA BTOPOro mopsiaka: n + n* = 0;
n



2) paspemumMon HoArpynmon S CTENeH PaspemnMocTy 2, 6I0K-MATDUI BU LA

s 0
0 s /)’
rie

S — HU2XKHETPEYT'OJbHasA KOMILICKCHAA MaTpHUlla C IMOJOXKUTEJbHBIMU 3JCMCHTAMHN Ha

AT OHAJIN:
1 0
T T
ri,ro > 0,7 € C.

['pynner S uw N uMe0T BemeCTBEHHYIO Pa3MEpPHOCTH 4, a rpymnisl P pa3mMepHOCTh 8.
O6umu Bug saementa rpynnst P, (mapa (s, X)) rakos:

s 0
X s )’

rae X — MaTpuUia BTOPOTO MOPAAKA, yAOBIETBOPAIONIASA YCJIOBHUIO, KOTOPOE MOXKHO OBLIO
HA3BATh OMHOCUMEALHOT KOCOIPMUMOBOCMbI0 (OTHOCUTEIBHO MATPUIIBL §):

sX*+ Xs*=0.
HenocpegcrBenno npoBepeTcs CISIYIOMEe YTBEPXK JeHIe:

IIpeanoxenne 1. I'pynna U(2,2) aszebpauvecku nopoxcdena saemenmamu 2pynnot P u
unsomoyuet o; epynnvt N u S nepecexaromcs moabko no eQUHUYHOMY dAEMEHITY.

Oxuopoguoe npocrpanctso U(2,2)/ K, rae K - MakcuMaabHas KOMIAKTHAS HOACDPYIIIA
rpynnst U(2,2) u ecTh B TOYHOCTH IPOCTPAHCTBO MOATPYINEL P, MeM U OmpaBIaHO HA3Ba-
Hue — noarpynna Bacasel. (9T0 gaeT B IaJbHEHIIEM BO3MOXKHOCTD HPOIOIKEHUI KOIUKIA
¢ moarpynnsl P Ha Bcio rpynny U(2,2).)

[Tockoabky rpymma S, 09eBUIHO, TEUCTBYET HA aJAUTUBHOU rpyimme N KOCOIPMHUTO-
BBEIX MATPWUIL IO IPABUIY:

n+— sns',s € S,n €N,

TO MOXKHO OIPEIEJUTh IPYnnoBoe moxaynpsamoe npoussegenne () = S A N rpynn S u
N. HenocpegcTBeHHO mpOBepAeTCA Caepyioniee BaXXHOE yTBEPXK ICHUE:

Teopema 1. I'pynnvt P u Q) xanonuuecku uzomopduwvt; Uzomopduszm I : P — () 3adaemcs
Popmyaoii:
I:(s,X)— (s,Xs"),

(nesasn wacmy ecmp saemenm nodepynnet P C U(2,2), a npasas - saeMenm nosynpamo2o
npouzsedenus @ (mampuya X s*, ouesudno, apmumosa,).



Proof. 1lpoBepka roMopdpHOCTH YMHOXKEHMUS:
I((SlaXl) o (52, XQ)) = 1(8152,X1$§—1 + Sng) =

= (8152,)(151< + SIXZSZST) == I(Sl,Xl)I(SQ,XQ)
U

Orob6paxenue [ mepeBoaut rpynny P, 3a1aHHyi0 B MATPUYHOU PEATU3ANAN, B KOTO-
pont aieMenTsl P ects napst (s, X), yIOBIETBOPSIONINE COOTHOUIEHUIO B OOBIYHYIO (HOPMY
HOJYIIPAMOTO Ipou3BeaeHusA moArpynn S u N, uHade roBops, CTPYKTYpPa MOLYyIPAMOLrO IPO-
U3BEIEHUSA He COOTBETCTBYET MATPUIHOUN peaausdanuu rpymnnsl P. B manipHenrmeMm MbI pac-
cMaTpuBaeM rpyniay P kak abCTpaKTHYIO T'DYIIY W CIUTAEM €€ IMOJIYIPAMBIM IIPOU3BEIe-
auem S A N. Jlio60mbITHO CPAaBHUTH CHUTYAIWIO CO CIyYaeM TPYINBI paHra 1, HampuMmep,
s rpynunst U(2.1) noarpynna, anasorudsas nogrpynne P umeer ¢TpyKTYPY HOLYIPAMBIM
IIPOU3BEICHIEeM CBOUX HOATPYII, COMACOBAHHYIO ¢ OOBITHEIM MATPUIHLIM IIPeICTaBIeHIeM. "

O61un BuI »aeMeHTa KOMyTaHTa IPYHHEL S B 06003HAMEHUAX, IPUHATHIX BBIIIE TAKOB:

(+7)

rae r -KOMILIEKCHOe umca0. Panr paspemummoctu rpynnbl S paBeH 2. Taxkum o6pasowm,
KOMMYTaHT rpynnsl P ectb noaymnpsamoe npoussegerne C u KOMMYTaTUBHOU I'PYIIBI KOCO-
SpMuUTOBLIX Marpul (¢ HerpuBuaabHbiM gercTueM C.

CaeacrBue 1. I'pynna P umerom cmynenb paspewsumocmuy pasHbil mpem.

2.2 llpeacraBienus noArpynnbsl MBacaBbl U IMOYTH MHBAPUAHT-
Hble MepBbI.

Hamra nesns B u3ydenuu oco60ro npeacrapieHus NOATPYHnsl P 1 moCaeayomero mpo,oaKe-
HUsA ero Ha Bcio rpyunmy U(2,2).Mer 6ygem usydars IpejcTaBlIeHUs PYNNbl P Kak 1OJy-
IPAMOIrO IPOU3BeIeHus.

['pynna N m3omopdHa rpyIe BceX CBOUX HEMPEPBIBHBIX XapaKTepoB N , a rpymma S
TEeNCTBYET CONPSAKEHHBLIMI aBTOMOP(U3MaMI Ha T'PYIIIe XapaKTepoB N , TP 3TOM IPAMOe
U COIpPsKEHHBIE MENCTBUA HA OTOXKIeCTBICHHOU rpymme N — COBIATaloT:

n— sns*;x — Xs, nae  xs(n) = x(sns®).

ITpennoxenue 2. Umeemcs uemuvipe opoumbl noasorcumesbnot mepsvl deticmeus 2pynnbl S
asmomopdusmamu na epynne N (u na epynne N ):0nu napamempusyiomes 3nakam, Muumos
Yacmu JUAZOHAALHBIL FACMEHMOB, M. €. BAAIOMCA COOMBEMCIMBEHHO OPOUMAMU IAEMEHITLOB

+: 0
0 =2

STIepariit aBTop 6aarogaput O.Bunbepra 3a moJe3HbIE 3aMeYaAHNA IO TIOBOLY 33JaHIA CPYIIEL P.




Ha xaxcdot opbume deticmsue epynnvt S A6A4€MCA C80000HBIM U MOUHBLM, TLOITMOMY
Kaxcdy u3 opobum moxicno omoxcdecmsums ¢ 2pynnot S. a deticmeue cosnadaem ¢ det-
CMeuem NPasbiMl COBU2AMU 2PYNNbL Ha cebe.

3aMeTuM, 9TO UMEIOTCA TaKiKe OpOUTHI MEHBIIEH Pa3MEePHOCTH, UMEIOIIe Mepy HYJIb,
HO OHH HaM He IIOHAI00ATCA.

OwveBUIHO, YTO BCE YETHIPE MEUCTBUsA T'PYIILl S HA HEBBIPOXKIEHHBIX OpOUTAX TO-
MOJOTMYECKH U30MOP(HBI, 8 COOTBECTBYIOININE MPENCTABICHUS TOJYIPIMOTO MPOU3BEICHIS
OTJIUYAIOTCA JUIb KOMAKJIOM CO 3HAYCHUAMU B Zg, HA, KOTOPBIM YMHOXKAIOTCSI MY.JIbTHUILIN-
KaTopax, MOTOMY JIOCTATOYHO PACCMOTPETH JUlb OaHY (I100yi0) OpOUTYy.

YHUTapHOE MpeICTaBIeHUS HOJIYIPAMOTrO MPOU3BEIEHNUS TPYIIL HA, KOMMYTAaTHBHYO
rpyuny (y Hac P = S A N) KaHOHUYECKU PEATU3yeTCs CJACAYIOUMM 06pa3oM; PacCMOTPUM
BEPOATHOCTHYIO MepY /i Ha I'PYIIE XapakTepos (T.e. Ha rpymme N), KBA3UUHBAPUAHTHY O
orHOCUTENBHO gercTBus (rpynmet S). Bce sTu Mepbl 9KBUBAJICHTHBI IIOCKOJIBKY Ipymma S
JIOKAJIHHO KOMIIAKTHA U IeUCTBYET TPAH3UTHUBHO. [looTOMYy B rmin0epTOBOM HPOCTPAHCTBE
Li(N ) MOXKHO OIPEAEJIUThH YHATAPHBIE MPEICTABICHUSA T'PYNHBI S, UHIYIUPOBAHHOE Tel-
crBueM S, U IpejcTaBieHne rpynnbl N My IbTAILINKATOPAME T.€. OMEePATOPAME YMHOXKEHUS
(Ha XapaKTepbl IPYIIILL N , COBIafafomen ¢ ucxouou rpymmnon N). Obmue npeicraBieHns
peanusyTCs B BEKTOPHO-3HAYHOM IIPOCTPAHCTBE LZ(N ), HO MBI UX HE PACCMATPUBAEM.

HenmpuBouMoCcTh NpUBEIEHHOTO MPEICTABICHNUS MOJYIPAMOrO IIPOU3BEIEHUs PABHO-
CIJIbHA DPTOJUIHOCTH MEPHI [, 1 B CUIY CKa3aHHOT'O BBIIIE, MOXKHO OBLIO OBI CIATATH, ITO
opbuTa ecThb caMa rpymma S, T.e. MOXHO pacCMaTpPUBAThL IPEeJICTaBICHHE T'PYHILl S B
IPOCTPAHCTBE LZ(S), 0 HEKOTOPOW KBA3WMUHBAPUAHTHOW Mepe [/ OTHOCHTEJIHLHO MPABOTO
IEUCTBUA TPYIIIIHL.

OTH MpPeICTaBIeHNA MPUHALIEKAT KOpe TPYIIsl P — 5TO clegyeT 3 TOro, ITO 3TH
[IpEeICTABICHNA B COBOKYIHOCTY KBa3UAKBUBAJICHTHEI PErYIAPHOMY MIPEICTABIEHUIO IPYIIIIHL,
KOTOpO€e M0 aMeHaOEeIbHOCTH T'PYIILI CIAa00 COMEPXKUT eIMHUIOe HmpeacTasienne. Kpome
TOT'0 KOpP€ MPUHAIICKUT € TUHITHOE TTPEJICTABICHIE, & TAKXKE 0COOBIE IPEICTABICHUS I'PY B
S, KOTOpBIE MOXKHO PACCMATPUBATh Kak npeacrasienus P, nockoasky S = P/N. Ucyepubi-
BAETCS JIM KOPA DTUM CHUCKOM — HEM3BECTHO, KAK HEM3BECTHO SABJIAIOTCS JU HOCTPOCHHBIE
YeTHIPe MPEeJICTABICHUSA OCOOBIMU A TPYIIIEL P, nHade rOBOPs, €CTh AU B HUX IMOYTH WH-
BapHAHTHBEIN BeKTOp. HO CHava/la BBIACHUM CTPYKTYPY OCOOBIX MPEICTABICHUN [PYIIBI

S.

Jlemma 1. I'pynna S umeem KowmMuHyym 0coObiT YHUMapHbLs npedcmasieruti, napamempu-
3yemulr zapaxmepamu 2pynnvt R?, sexrcawyumu na edurnuunoti oxpyrcrnocmu. Tounvir ocobbix
npedcmasaenut y epynnvl S Hem.

Proof. Adpdpunnas rpynna (Aff(R)), r.e. rpynna marpun

e 0
b e @

rjae a,b € R asasercsa rpynnon Usacasst mist SL(2, R) u urpaeT Ty x)e poib, 9TO U IPYIIIA
P pus rpynnet U(2,2). 3amerum, 4To, Kak noarpynna rpynnst SL(2, R), oHa ecThb 1moJy-
npamoe npoussegerne R, u R cormacoBanHOe ¢ MATPUIHBIM OPEACTABICHIEM, KAK CKa3aHO
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BBIIIE ¥ HAC DTO He Tak. K& 0coOble YHUTADHBIE TOYHBIE MPEICTABICHUA CYUECTBYeT (X
1Ba), W MPOOIKAETCA 10 0C0O60ro npeicrasienus rpynnst SL(2, R).

Pacemorpum rpynmy S:
1 0
rory )’

rin r; > 0,ry > 0 3aMeTUM, 9TO IpH PUKCUPOBAHHOM JETEPMUHAHTE MATPUIBL (= 71 - 1)
u puxcanum xapakTepa Ha rpynne C = R? pexamero Ha OKpy:KHOCTH, I'PYIIIa n30MOPGHO
orobpaxaercs Ha rpynmy Aff(R) u mosromy Bce ocob6wbie npencrasienus rpymmnst Aff(R)
IO JHUMAIOTCA 0 OCOOLIX MpPeNCTABICHUN TPYINBL S; BCE OHU HETOYHEBI, a APYTHUX OCOOBIX
[IpEeJICTABICHUN Y 3TOU T'PYIIILL HET. O

OsHAKO, HAC MHTEPeCYeT He CTOALKO rpynmna S, cKoabko rpynma P. [mmorermyueckun,
0COOBIE YHUTAPHBIE NPEICTABICHUA IPYNIbL P MOXHO MOCTPOUTD, UCHOAb3Ys 0COObE (He-
TOYHBIE) TPEJCTABICHUA IPYHILL S BMECTe ¢ MPeICTABICHUAME IPYIIEL P, MOCTPOEHHBIMU
Bouiie. [Joka BOOpoc 00 UX CyIIeCTBOBAHU OTKPHIT. /14 HOJIHOTEl KAPTUHEL OMUIICM MOICIb
ruab6epTOBA NPOCTPAHCTBA 0COG0Or0 YHUTAPHOIO IpeacTaBieHus 4iA rpynnsl SL(2, R) u
ee Tpeyroabnol noarpymnst (P). Pacemorpum npocrpanctso L2 (Ry) (m -mepa JleGera na
nOIynpsaMon). Yao6Hee mepenTu K npeobpaszoBanuio Pypbe n TOrga HyKHOE HPEACTABIE-
HUA TPEYTOMBHON HOATPYNNE OyAeT peaam3oBbiBaThca B L2 (R) (Ha mpsamon) caexyrommm
obpazom:

(UasF)(2) = exp{ie’b} F(z + a).

[louTr WHBApUAHTHBIN BEKTOP B 3TOU MOJIEIN €CTh HPOU3BOJIbHAA (DYHKIUA f, yIOBJIETBO-
pAfomIasa 1/ JAI0bIX 3a1aHHbIX §,a, b € R ycaoBuam:

f@)=0,ifr >t eR; f#L* (1 —explie’b})f € L?* [f()— f(.+a)] €L’

[pyroe 6o/ee pacupoCTpaHEHHOE OmMcaHue 0co60ro npencrasienus (cM. [7]) B mpocTpas-
CTBE AHAIATHYIECKUX (PDYHKIUU CBA3AHO IIPEIEIOM MPEACTABICHAN TOMOMHUTEALHON CEPUU
[IPU CTPEMJIEHAN K €IUHUIHOMY MPeACTABICHUIO.

2.3 IlouyTu uBapumaHTHBIE MePbI U HEyHUTAPHbIE 0COObIE ITpeaCTa-
BJICHUA

Hasosem mepy v ma rpynne S noumu umnsapuanwmuot (cnpasa) , ecau oHa GECKOHEUHA,

abCOMIOTHO HENPEPHIBHA OTHOCUTEABHO IIPABOU Mepbl Xaapa Ha rpymme S (1 TeM caMbiM
dv(ssg)
dv(s)

OIpeIedeHbl U OPPAHUYEHBI 1/ JI000r0 so € S. (B cuay ykasanoro uzomopopusma S — H,
rae H — mpou3Bo/IbHAA HEBLIPOXK IEHHAS S-0pOUTa Ha I'PYIIIe XapakTepos [N, 5TO Ompeee-

HUE MEPEHOCUTCA Ha MEPbI, COCPEIOTOYCHHBIE HA, JIOOOW U3 HEBBIPOXK IEHHBIX OPOUT I'PYIIIBI

N).

KBA3UMHBAPUAHTHA OTHOCUTEIBHO IIPABLIX CABUIOB S — $Sp,), U BCE €€ IPOU3BOIHEBIE

Yca0Buio moUTH WHBAPUAHTHOCTHU YIOBICTBOPSET, KOHEYHO, u Mepa JleGera na S T.e.

ds = dsy1dsgedse d5y,
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nocKoabKy d(ssg) = m(s)ds, rue 7(s) = s3,592. OtTcrooma caegyer, 9TO >TOMY yCJIOBHIO
yIoBiaeTBopseT Jaobas Mepa Buga dv(s) = u(s)ds, rae u(s) — npousBoabHas QyHKIMA, TaKas

u(ssg)
ITO OTHOMICHHE =755 — OrDAHITICHHAA dyukumsa npu awobom sy € S. B wacTHOCTH emy

VIOBJIETBOPAET Mepa /i, WHBAPUAHTHAS OTHOCUTEIBHO HPABBIX CABUIOB (Mepa Xaapa):
s)=m “(s)as, w(s)= S7;522
d (s)d H

Onmnako, HaM OyaeT ymoOHee pacCMOTPEeTh MHYIO Mepy.

PaccmoTpuMm Bompoc 0 TOM, KaK 3aBUCAT KOTOMOJOTHE OT 3aMeHBI Mephl. llycTh Ha
npocTpancTBe X meuctBeyeT rpynna G u Ha X 3aJaHBl IB€ DKBUBAJCHTHbBIC KBA3UMHBADU-
AHTHBIE OTHOCUTEJIBHO AeUCTBUA Ipynibl G Mephl i u V. [Ipeanonoxum, 970 mIOTHOCTD O/1-
HOW MEPHI 110 APYTOU OTAEJeHA OT O€CKOHEIHOCTH U OT HyiA. PaccMOTpuM B IPOCTPAHCTBAX
L7(X) n L}(X) npeacraprenns rpymmst G mogcranoskoi mepemennoir (Uyf)(.) = f(g.) =
CPYIIBEl MYJIbTUILIIKATPOB O MOV PAaBbIX €IWMHUIE. XOPOIIO M3BECTHAA M30METPHSI
MeX Iy MPOCTPAHCTBAMHU, COCTOSAIIAS B YMHOXKEHUU (DYHKIMEM HA KBAIPATHBIN KOPEHb W3
IIOTHOCTH OJHOW MEPBI MO APYIOU KOMMYTUPYET € MYJIbTUILIUKATOPAME, HO HE KOMMYTH-
pyeT BOOOOIIe rOBOPs C JAEUCTBUEM CPYMNBL. JTa U30METPHUS MIMUPOKO UCIOIB3YETCA /IS
TOT0, IYTOOBI MOJIIPABUTHL MEUCTBUE, HANPUMED, €CAU OMHA U3 MeP WHBAPUAHTHA W, TEM
CaMBIM,OIpeIeIIeT YHUTAPHOE HPEeICTABICHAE CKPENIeHHOT'0 MPOU3BEICHUsA, TO U MOAMPA-
BJEHHOE JTeHCTBHUE TOXKEe CTAHOBUTCA YHUTAPHBIM. Ho amo “nodnpasaennoe” npedcmasae-
Hue, 6000Ule 2080PA, HEIKBUBAAEHMHO UCTOOHOMY, G UBOMEMPUA HE NEPEBOIUM KOUUKA
2PYNNbL CO 3HAUEHUAMU 8 00HOM MPOCMPAHCMBE 8 KOUUKA CO 3HGUEHUAMY C 8 OPY2OM.
Inate roBops, aTa M30METPHA He HHAYLUPYeT n3oMopdusm rpynn koromonornit H' (G, T,)
u H'(G,m,) rae m,, T,~—IpeacTaBieHus, COOTBETCTBYOMME MepaM (1 4 v. [losToMmy HeTpu-
BHAJBHBIE KOIUKJIBI 3ABUCAT OT MOYTH WHBAPUAHTHOU MEPHI.

[TycTs v — mouTu naBapuanTHas Mepa Ha H |, paccMOTpUM HEYyHUTAPHOE MIPECTABICHUE
rpynnsl P B ruis6eprosom npocrpanctse L?(S,v), To ecTth npocTpancTse Gynkuuin F' Ha
S ¢ mopmoit ||F||* = [, |F(s)]*dv(s) < oo. Ilo onpejereHnio, omepaTopsl IPejCTaBICHUA
noarpynn N u S 3aTal0TCA CAeIYVIOMUMEA (POPMYIAMIE:

(T(n)F)(s) = xk(n, s)F(s) npu n € N; (1)
(T'(s0)F)(s) = F(ssp) npu sg € S. (2)

31eck xk(n,s) ectb o6pa3 xapakrepa x(.) € N kax QpyHKIuE Ha S IpH (emuHCTBEH-
HOM) #30MOpdU3Me OpOUTH S B N ¢ HoMmepoM k = 1,2,3,4 u S, coxpaHAoIEM TeUcTBHE S,
pasImdme MeXIy IeTHIPbMSI OpOUTaMM CBOAWTCA K YMHOXKEHHI0 00pasa Ha +i M0 KayKIOu
U3 mepeMeHHbIX. V3 ompeneneHus caexyer, 9rTo omepaTopsl 1'(n) yHUTAPHBL, a OIEepaTOPLL
T'(sp) OrpaHUYeHBl B CUILY MOYTU MHBAPUAHTHOCTU Mepbl V. MOXHO nepenucaTb (GOpPMYIbL
0oJee KOMIIAKTHO:

(T'(n)f)(s) = x(sns*) f(s) npu n € N; (3)
(T'(s0) f)(s) = f(ss0) mpm 59 € S, (4)

A~

rae X — HeKOTOPBIA (PUKCUPOBAHHBIN XapakTep S-opbutel H ma rpymnme xapakTepoB N.
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Herpynuo ybeaurbcsa, 4To onepaTopsl npejacTaBienus noarpynn N u S mOpoxkaaoT B
COBOKYIIHOCTH NpecTaBienue seeil rpynnel P B npocrpancrse L%(S, v). B wacrnocru, eciu
v = i — Mepa Xaapa Ha S, oT0 npencraBieHue yHATAPHO. OO03HAMUM DTHU TPEICTABICHUA
rpyunel P depes 7w, k = 1,2, 3,4; DOCKOJIbKY BCe YeThIpe NMPEeACTABICHUA B CyHIECTBEHHOM
HE OTJIXIAI0TCA MEeXK 1y COOOH JIUIIb BLIOOPOM XapaKTepa Ha OpOUTAX), MBI OIIYCKAEM WHIEKC

k.

Teopema 2. Heywumapnvie npedcmasaenus © 2pynnvt P, onpedesennvie eviwe, onepa-
MOPHO U NPOCMPAHCTNEERHO Henpusodumbl. [Ipu smom npedcmasaenusn, omeevaouue pas-
HbLM MEPAM U PABHBIM UKIEKCAM k IKE6UBALEHMHbL TN020a U TNOAbKO M020a, K02da Mepbl 1V
omavuaomes muoxcumenem (V' = cv), a undercol k cosnadaiom.

2.4 TouyHoe HeyHUTaApHOEe 0CO00€ HENPUBOJAMUMOE MPEACTABICHUA
rpyunbl UBacaBbl

Bygem manee mpeamoaraTh, ITO HEYHATAPHOE MPEACTABICHUE DEATH30BAHO B MHILOEPTO-
BoM npoctpanctee L%(S,v). Torma ycrosue, 9T0 OHO 0c060€, O3HATAET CYMIECTBOBAHUE
BekTopa f(s), Takoro aro f ¢ L*(S,v) u T(g9)F — F € L*(S,v) ana mo6oro g € P. Tlo-
IpoOHee 3TO 0O3HAYAET, ITO

15 Parts) = o< (5)
/5 | f(s50) — f(5)|*dv(s) < 0o maa moboro sy € S; (6)
/g\(x(sns*) —1)f(s)*dv(s) < oo mra mo6oro n € N. (7)

C KaxIbIM BEKTOPOM [, yIOBICTBOPAIONINM MPUBEICHHBIM TPEM YCIOBUAM, aCCOIMUUPOBAH
HETPUBHUAJBHBIN |-KOUMKI mpencTasieHus 1 Buga

b(g) =T(g9)f - [
B naabuenimem GukcupyeTcs moYTH WHBAPDUAHTHAS MEPa V CJACIYIOUEr0 BUIA:
dv(s) = \s\_4ds, rie \3\2 =tr(s*s) = 52, 4 555 + \321|2.

Y 106HO IpeacTaBIAThL DTy MEPY B MOJAPHBIX KOOpAuHaTax Ha S. [l1s1 oToro samerum,
9T0 MHOI0OGpa3ue 31eMeHTOB w € S ¢ HOpMOH |w| = 1 SKBUBAIEHTHO 00JACTH HA €IUHUIHON
cpepe B R Hazosem chepuieckuvn KoopamHaTaMu MAaTpunel s € S 4ucio r = |s| u
MaTpuiy w = |s|7ls. Torma s = rw u BHIPaXKEHUE MEPHL ¥ B MOIAPHBIX KOOPDAMHATAX HMEET
B

dv(s) = r~drdw,

rae dw — mHBapuaHTHas Mepa Ha cdepe.
HEOCPEICTBEHHO MPOBEPAETCA CJAEAYIONIEe YTBEPXK IeHUE:
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Teopema 3. . Ilpedcmasaenue T epynnor P 6 2uavbepmosom npocmpancmee L*(S,v), 2de
dv(s) = |s|"*ds saeasemea ocobbim u 0b6aadaem HEMPUBUAALHBIM KOYUKAOM 6UIA

b(g) = T(9)f — f, ede f(s) = e 2. (8)

2.5 IIpogoiaxeHue 0cO60r0 HEYHUTAPHOI'O IMPEACTABJICHUSA IIO[-
rpyunst P Ha Bcio rpyamy U(2,2)

OcraeTrcs mpoBepuTh, 9TO 0c060€ MpeaCTaBICHIe TPOI0IKACTCA 10 HEYHUTPOT'O HPeacTa-
Biaenus Beenl rpynust U(2,2). KoHCTPYKIUsS MCKOMOIO IPOLOIKEHUA OCHOBAHA HA CJICAYIO-
weMm coucrse rpynust U(2,2). Jlrobon saement g € U(2,2) npeacraBum, U IPUTOM OJTHO-
3HAYHO, B Buje npomwsBenenus g = pk,p € Pk € K, rage K — MakcuMajabHasg KOMIIAKTHASA
noArpymnna saemeHToB k € U(2,2), yIOBIETBOPAOIINX COOTHOMmEHUO kk* = e, TO ecThb

MOATrPYIIBL OJOYHBIX MATPUIl BUIA
a B
b= ( B a )

rae oo’ + " =e, u af* + fa* = 0 (pasnoxenue UBacassr).

[Tycts T' — ocoboe mpencraBienune noArpynmnsl P B ruib6epToBoM mpocTpancTBe H =
L?Sv, onpeneneHroe B TeopeMe 2, 1 b — ero HeTPUBUAILHBIA KOIUK., 38 IaHHBIN (DOPMYIOM
(8). O6o3nauuMm vepes Hj JuHENHOEe MHBAPUAHTHOE MOANPOCTPAHCTBO B H, HATAHYTOE HA
BEKTOPLI KOIUKIA b.

Jlemma 2. 1.Ilodnpocmpancmeso Hy scrody naomuo 6 H.

2. Bexmopoi b(p), p # e aunetino nezasucumvl (C80UCMBO HEBLIPOHCIENHOCTIU).

Onpedeaun deticmsus onepamopos T(k), k € K na muoscecmse sexmopos b(p),p € P
no gopmyae

T(k)b(p) = b(p"),

ede p' € P onpedeasemca uz coommowenusn kp = p'k' k' € K.

3. Onepamopwi T (k) ydosaemsopaiom epynnosomy coomuowenuwro T'(k1ka)b(p) = T (k1)1 (k2)b(p)
ons mobvir ki, ke € K up € P, a nomomy nopoaxrcdarom npedcmasaenue nodepynnvt K 6
nodnpocmpancmee Hy.

Teopema 4. Onepamopwvr T'(k),k € K cosmecmuo ¢ onepamopamu T(p),p € P nopo-
acdatom npedcmasaenue eceti epynnvt U(2,2) 6 nodnpocmpancmee Hy, 6 xomopom one-
0 ¢

PAMOP UHBOAOYUY O =
e, 0

) zadaemcesn na muoxcecmse sekmopos b(p) caedyowed

Popmyaoii:
T(o)b(p) = b(p),p € P, (9)

2de p odno3nauno onpedeasemca coomuouenuem pp* = opp*o. B amom npodoaxceruu one-
pamopbvl nodepynnvt P ynumapuvi, onepamopsvr nodepynnvt K oepanuuenvi, a onepamop
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UHBOMIOYUL HEOZPANUYEH U He npodoaxcaemca na sce npocmpancmeo H. IIpodoancenue
I-koyukaa b ¢ epynnvr P na epynny U(2,2) 3adaemes gopmyaoi:

b(pq) = b(p) dan arobrizp € P u q € Q. (10)

[Tpuroxkenus onuCcaHHOU KOHCTPYKIIMHU K HPEJICTABJICHUAM TPYINBI TOKOB OyIeT Omu-

can B apyrom mecre. Orpanwdenue rpynmou U(2,2) B sror paborTe 00yCIOBIEHO JIHIIb
METOUIECKUME MEJAME: [aTh IIPOCTOU MpUMep OOUIEN TeOpuu, KOTOPas, KaK MOJaraioT
ABTOPBI, PACIPOCTPAHACTCA HA IMUPOKUN KJIACC MOMYIPOCTHIX Pyl JIu u UX IpymIbl TOKOB.
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