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AHHOTAIUA

Kiuaccuieckas Teopema JlysuHa yTBepxkKIaeT, ITO U3MepPUMas (PYHKIUSA OTHOU IIe-
peMeHHON “movTH’ HempepbIBHA. [l M3MEpPUMBIX (DYHKIMH HECKOJbKUX IIepeMEeHHBIX
AHAJOIUYIHOE yTBEPXK IeHWe (HEIPEPHIBHOCTH HA [MPOU3BEICHUN MHOXKECTB HOYTH I0JI-
HOU MepHI) yKe He Bcerja umeer MecTo. [[OMCK NPaBUIBHOTO aHAJIOrA HTOU TEOPEMbI
IPUBOIUT K MOHATHUIO BUPTYAJIbHO HEIPEPBLIBHLIX (DYHKIMA HECKOJLKHUX IepeMeHHBIX.
DTO, TMO-BUIAMOMY, HOBOE MOHATHE HEABHO IPUCYTCTBYET B YTBEPXKACHUAX THUIIA TEO-
peM BJIOXKEHWSI W TeopeM O caefax mis mpocTpaHcTB CoboseBa u (PaKTUIECKA BCKPHI-
BAaeT UX MPUPOLY, KAK TEOPEM O BUPTYaIbHOU HenpepsIBHOCTU. OCOOEHHO IOJE3HO DTO
HOHATHE TIPU UCCACJOBAHUN W KIACCU(PUKAIMA U3MEPUMBIX (PYHKINHA, a TAKXKE B PIAIE
BOIIPOCOB TEOPUN IUHAMUIECKUX CUCTEM, TEOPUU MOIUMOP(PU3IMOB U OUCTOXACTUIECKIX
Mep. B sTon paboTe MBI HAIOMHHAEM HEOOXOTUMBIE ONpereIeHne i CBOMCTBA JOMYCTH-
MBIX METPHUK, IPUBOIUM P ONpeJIeJeHN BUPTYAJIbHOU HEMPEPBIBHOCTH U OOCY K TaeM
HekoTopble npuiokenus. CokpamieHHas Bepcus (6e3 T0Ka3aTeIbCTB) OIyOIMKOBAHA B
[22].

Karouesvie cao6a. BUPTyaJdbHAsS HEIMPEPBIBHOCTD, TEOPEMBI BIOKEHUs, TOMYCTUMbBIE
METPUIECKHEe TPOUKM, MOJIUMOP(PUA3IMBI

IPaGoTa BHITIOMHEHA, IpU moaep:xkKe rpanTos PDDU 11-01-00677-a, rpanta [Ipesnzenta Poccun
MK-6133.2013.1, npu mogaepxke Jlaboparopun um. II.JI.YHebOwumesa CII6IY, rpant IlpaBurenscTa
P® gor. 11.G34.31.0026, a Takxe npu nognepxkke OAO “Tazopom HedTh”
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1 Bsgegenue. [lonycTuMmble MeTPUKH

MbI paccMaTpuBaeM CTaHIaPTHOE BEPOATHOCTHOE MPOCTPAHCTBO € HENPEPLIBHOU (T.
e. HeaTOMHU4YECKOW) Mepou (mpocrpancTBo JleGera-Poxauna), Koropoe u3oMophHO 0T-
pesky [0, 1] ¢ me6erosou mepou. B paborax [6, 10, 13] mepBoro aBTopa mpenraraioch
paccMaTpUBaTh HA PUKCHPOBAHHOM CTAHIAPTHOM IpocTpancTse ¢ Mepoun (X, 2, 1) pas-
auanbe (donycmumpie) METPUKH, — B MPOTUBOMOIOKHOCTD OOBIMHOMY IOAXOMY, HPU
KOTOPOM (PUKCUPYETCH, Ha0O0POT, METPUYECKOe IPOCTPAHCTBO UM PACCMATPUBAIOTCA
pasmudHbe OOPETeBCKHE Mepbl Ha HeM. Takoum MOIXOJ MOJe3eH W HEeOOXOAWM B 3P-
rOAMYIECKON TeOopuu W B Apyrux cuTyamuax. CorracoBaHue CTPYKTYP H3MEPUMOrO W
METPUIECKOr0 MPOCTPAHCTBA MPUBOAUT K MOHATHUIO METPUYECKOU (MIU TOIYCTUMOMN)
TPOUKH:

Oupepenenne 1. Mempuka (uau noiymempura) p, usmepuma, kKax Gynkyui 06yx ne-
pemennbir wa cmandapmuom npocmpancmee ¢ mepoti (X, 2, 1), nasvisaemes nomycTu-
MOH, ecau cyuecmeyem uzmepumoe nodmnoxrcecmso Xog C X noanot mepwi, u(Xo) = 1,
markoe, umo mempuueckoe (cooms. noaymempuueckoe) npocmpancmeo (Xo, p) cena-
pabeabro.

Cmandapmuoe npocmpancmeo ¢ mepoti (X, p) u ¢ donycmumoti (noay)mempurot p
HA3bIBAEMCA JONYCMUMOT MEMPUUECKOt mPotikot usu npocmo donycmumoti mpotrot

(X, 1, p).-

CBOMCTBa IOMYCTHMBIX IIOJIYMETPUK U METPHUK IIOAPOOHO M3y4eHHI B paboTax as-
topos [14], [20]. B wacTHOCTH, TaM UpUBEIEH DAL PABHOCHIBHBIX ONPENEICHUN HTOrO
IOHATHA.

[Toab3ysACh CTaHAAPTHOCTHIO MPOCTPAHCTBA HECJIOKHO YCTAHOBUTD CJIEIYIOIIEE

IIpeanoxenue 1. Ecau p — donycmumas mempura wa (X, 2L, 1), mo nonoanennas 60-
peaesckasn cuema-arzebpa B = B(X, p) asasemesn nodaseebpoti A, mepa (i npu mom
BHYMPEHHE PEYAAPHA OMHOCUMEALHO MEMPUKY P, MO ecmb dad aobo20 A € A ume-
emcs Pasencmeo

p(A) =sup{p(K): K C A, K komnaxmno 6 mempure p}.

Tem camvim, das 410601 donycmumoti mempury ucrodnas mepa i bydem mepoti Padowna
6 npocmpancmse (X, p).

Proof. NamepumocTb 60peeBCKUX MHOXKECTB, TO eCTh BKaovdeHue B C 2, Oblia 10-
kazana B [14]. [lokaxeMm Tenepb BHYTPEHHIOI peryasapHOCTb. CymecTByeT HEKOTOPOe
nogmuoxkecTBo Xog C X, pu(Xp) = 1, rakoe 4ro merpudeckoe npocrpancTso (X, p)
cenapabeabno. Cyxenue curma-aiarebpsr 2 Ha MHOXKecTBO X 0603HakIuM 2Ay. OTMe-
THUM, 9TO MBI MOXKEM BBHIOpAaTh X 3aMKHYTHIM B X II0 MeTpUKe p, TAKUM OOpa3oM
noayuauB X \ Xy € B. Ilycrs X; — nonoanenue Xy MO METPHUKe p. SaJaTuM Mepy
{11 Ha GOPEIeBCKOR curMa-aaredpe B = B(X, p) moabckoro npocrpancrsa (X, p),
npogomkus Mepy f ¢ By = B(Xy, p) u monoxus pi(X; \ Xo) = 0. Ilycrs B; —
OIOMHEHNE CUIMa-aIreGpsl B, 1o Mepe 1. OTMeTHM, ITO (X1, B4, y1) ABIAETCA TPO-
crpaucTBOM Jlebera, Tak Kak 3TO IMOJIBCKOE MPOCTPAHCTBO ¢ 6OPEIEBCKOU BEPOATHOCT-
HOM MEepOU Ha IIONOJHEHHOU GOpeJeBCKOU curMa-aaredope. Kpome Toro, oroopaxkeHune



id: (Xo,%%, 1) — (X1,%B1,11) €CTb UHBEKTUBHOE COXPAHSIOMIEe Mepy OTOOpaKeHue
npocrpancTs JleGera. Ilo seMme u3 myHKTa 5 cTaThu [2], Ipu 5TOM 0TOOpakKeHun 00pa3
JMI000r0 U3MEPUMOTO MHOKECTBA TAKXkKe U3MepuM. Takum 00pa3zoM, Mbl IMEEM BK.IIO9e-
aue Ay C B;. Tak kak Ay apisgercsa curma-aare6pon Ha Xy, CyKeHUs curmMa-aareop
B u B, va X, coBuagaor, u Xy € B, mosromy Ay C B. Tax xak pu(X \ Xy) = 0,
MBI moaydaeM A = 9. HamomuumM, 9T0 J1106ad BEpOATHOCTHAA OOpENEBCKas Mepa Ha
IOJIBLCKOM IIPOCTPAHCTBE BHYTPEHHE peryaapHa. [JoKaxkeM BHYTPEHHIOK Pery.IApHOCTD
MepHI /4 Ha (BO3MOXKHO HEmoHOM) meTpudeckoMm npocrpancrse (X, p). Paccmorpuv
mo6oe maOo)ecTBO A € A. Torma AN Xy € By, u u3 BHyTPEHHEN PEryIAPHOCTU Mepbl
{1 Ha moabckoM mpocrpascTrse (X, p) caepyer, dro Hamgercs kommakr K C AN X,
raxon 410 p(K) = pi(K) > ui (AN Xy) —e = u(A) — €, 410 u Tpe6OBAIOCE. O

M.I'poMOB B KHUre [5] OpUBIEK BHUMAaHUE K PACCMOTPEHUIO MPOU3BOILHBIX METDU-
qeckux Tpoek (X, (1, p), HA3BAB UX MM-IPOCTPAHCTBAMU, U K UX KIACCU(DUKALNI, UMEs
B BUJY KJIACCHYECKMEe CUTyauun (PUMAHOBBIX MHOrOOOpasus u ap.). EcrecTBenHo pac-
CMaTpUBATh B DTOM KOHTEKCTe JOmycTUMBle Tpouku. OIpeeiuM dKBUBAICHTHOCTH
JOIIyCTUMBIX TPOCK KaK DKBUBAICHTHOCTH C TOYHOCTBIO NO OOPATHMBIX HM3MEPHMBIX
u30MeTpui, coxpausomux mepy: (X, u, p) ~ (X', 1/, p'), ecan

T X - X Tu=u; T ' =p p(Tz,Ty)=plz,y).
BoT ocHOBHOU pe3yabTaT, ONUCHLIBAIOIIAN TY DKBUBAJEHTHOCTE:

Teopema 1. (I'pomos [5]; Bepwur [6])
Paccmompum omobpasxcenue F,: X x X — M (R) :

Fy({xi, yi}igyenx) = {0(T, ¥5) }ijyenxn,

u cnabdum beckoneunoe npouzsedenue X X X npodaxm-mepoti p™ x p>. Tozda
o o

0bpa3 ommuocumeavro omobpaxcenus F, mepvr u> X u> — mepa D, na npocmpancmee

mampuy, (unaue 2080ps, CAYLAUHAA MAMPUYG PACCTNOANUT), HA3bIBAEMAS MATPUIHBIM

pacrpeeseHneM Mempuky P, eCmb NoAHbIT UHEAPUAGHIT IKEUBAAEHIMHOCTY MEMPUK HO

npocmpancmee ¢ Mepot.

T.e.
(X, 1, p) ~ (X', 1 p)) & D, = Dy

B pa6ote [7] 5TOT pe3yJIbTaT pacnpoCTPaHEH HA TAK HABLIBAEMBIE YUCIMbLE U3MEPHU-
Mble (DYHKIIUM HECKOJbKHUX apr'yMEHTOB.
B Teopum momycTUMBIX METPUK IOJE3HA CJIeNyIOMasd

Jemma 2. ITyemv py, ps — donycmumbvie noaymempury wa npocmpancmee Jlebeza
(X, 1), npuuem py — mempura. Toeda das awbozo ¢ > 0 cywecmeyem usmepumoe
mnoscecmeo K C X, marxoe umo u(K) > 1 — & u noaymempura py HENPEPuI6Ha HA
K x K no mempuke py xax Gynkyus 08Yr nepemennvls.

Proof. PaccmoTpuM IOMyCTUMYIO METPHKY p = p; + p2. Beibepem xommakT K B >TOU
MeTpuke TakuMm o0paszom, 9To p(K) > 1 —e. ITlokaxem, 9410 p (a TOrma u py), Kak
dyuknua Ha K X K, HenpepbIBHA IO METPUKe py X p1. B cuiy HepaBeHCTBA TpeyTroIbHUKA
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HaM TOCTATOYHO MOKa3aTh, 9TO AAA Jaob6oro 0 > 0 mamgerca o > (0, Takoe ITO ecan
x,y € K u pi(z,y) < o, o p(r,y) < 0. Ecau sTo me Tak, To Hamayrca § > 0 u
IOCIEL0BATENBHOCTH { Ty, }, {Yn} TOUek u3 K, Takue 910 p(Zp, Yp) > 0, HO p1(Tp, Yn) —
0. Tak kak K — KOMIAKT B METPUKE p, HE YMAJAAA OOIMIHOCTH MBI MOYXKEM CYUTATDb, ITO
CyHIeCTBYIOT Z,y € K, Takue 4T0

p(Tn,2) = 0;  p(Yn,y) — 0.

Ho Torga
p1 (T, ) < p(n, ) — 0; o1 Ynsy) < p(Yn,y) — 0.

Taxum o6pazom, Mbl noaydaeM p(z,y) = 0, B To Bpemsa kax p(z,y) > 0. DTO mpoTu-
BOPEYUT TOMY, YTO p; — METPHUKA. O

W3 1emMbl Cpa3y BBITEKaeT

CaenpcrBue 3. [Iycmb py u py — dse donycmumbvle mempury wa npocmpancmee Jebeza
(X, ). Tozda das awboeo ¢ > 0 cywecmsyem mnoxncecmseo K C X, maroe umo
p(K) > 1 — e u monoaoeuu, 3adasaembie mempuramu p; w py wa K, cosnadarom.

2 BuptyanbHasa HeNpepbLIBHOCTDH

2.1 Teopewma Jly3auna 06 nuamMepuMbIX (PyHKIUAX OJHOT'O apry-
MEeHTa

B manpuenem Mbl Oy geM roBopuTh 06 (M3MEPUMBIX) BEIIECTBEHHO3HAYHBIX (DYHKIWAX,
XOTs OOJBIMAHCTBO PE3YJABTATOB OCTAIOTCA BEPHBIMU IS OTOOPAKEHUN B CTAHIAPTHOE
HOopereBCKoe MPOCTPAHCTBA, B YACTHOCTH — B MPOU3BOJIBHOE IOJIBCKOE IPOCTPAHCTBO.
O6uen3BecTHH Ka1accuieckue TeopeMbl Eroposa u Jlysuna 06 maMepuMbIX (DyHKITHAX
oxuoro aprymenTa. ChopmyaupyeM 060061eHHY IO TeopeMy Jly3uHa M1 TPOU3BOIBHON
JTOMYCTUMOU TPOUKM:

CaeacrBue 4 (Teopema Jlysuna). Ilycms p — donycmumas Mempuka wa npocmpan-
cmee Jlebeea (X, 1), a f — usmepumoe omobpascenue uz X 6 noabckoe Npocmpan-
cmeo (M, d). Tozda das awboeo € > 0 cywecmsyem muoxncecmseo K C X makoe, umo
p(K) >1—¢c u gynryus f na K nenpepvisna no mempure p.

Proof. Tlonoxum py(z,y) = p(z,y) + d(f(z), f(y)). flco, uro sra merpuka p; mocra-
BJSIET TPUBUAJIBHBIN IPUMEDP MOMYCTUMOU METPUKH, OTHOCUTEIHHO KOTOPOU MCXOTHAS
(yHKIUA [ IOYTH BCIOAY HeIpepbiBHA. Ho mo crexcTsBuio 3 Ha IOIXOAAIIEM MHOKECTBE
K wmepot pu(K) > 1 — € u3 5TON HENPEPBIBHOCTHU CJIEIYeT HENPEPHIBHOCTH (DYHKIINU IO
p- ]

Kak Mbl yBU UM, 3TOT (DaKT HE MEPEHOCUTCSA HA TPOU3BOIbHBIE (DYHKIIUU HECKOJIb-
KHX apT'yMEHTOB.



2.2 OmnpegeneHue BUPTYyalbHOU HENEPLIBHOCTHU U II€PBbIE MPU-
MepbI

s uamepuMbIxX GyHKIuA f(-,+) IBYX mMepeMeHHBbIX aHAJIOr TeopeMsbl JIy3uHa — Hempe-
PBIBHOCTH Ha, npoussenernn X' XY’ MHOXKeCTB Mepel 60/1ee 1 —¢ OTHOCUTENBLHO 3 JaHHOK
merpukn Buga pl(z1,y1), (Z2,¥2)] = px (@1, 22) + py (Y1, ¥2), yXke BBIIOMHACTCA He Bee-
rga. DTO NPUBOAUT K CJCAYIOWEMY HOHATUIO, OCHOBHOMY B gaHHOU pabore. (Cymma
METPHUK MOXKET OBITH 3aMEeHEeHa MaKCHUMYMOM WU JI000U TPYTOM METPUKOU, 3aTal0IIen
TOIOJOTUIO MPAMOrO MPOU3BEAeHUA. ITOOBI MOTIEPKHYTH DTO OOCTOATEILCTBO, MBI
0603HaYaeM OOIIYI0 METPUKY TAKOTO KIACCA Px X Py ).

Ounpepenenune 2. Uzmepumasn Pynryus f(-, ) na npoussedenuu npocmpancms ¢ mepot
(X, 1) x (Y,v) naswisaemes COOGCTBEHHO BUPTYAJIBHO HEIPEPLIBHOU, €CAl 044 4100020
e > 0 natidymes muoncecnsa X' C X, Y C Y wmepvr zoma 6v1 1 — & kanwcdoe, u do-
nycmumbvle noaymempuru px, py wa X', Y’ coomsememeenno, maxue umo gynryus f
nenpepvisna na (X' XY’ px X py). @ynryus, cosnadatowan ¢ cobemeenno 6upmyaibno
Henpepulenot na mroxcecmse noanoti mepvl 6 X XY, nazvieaemcs BUPTYaIbHO HEIIpe-
PBEIBHOU. Bupmyaibro nenpepvisuvie GynKryuy 604bULE20 YUCAL AP2YMEHTTLOB ONPEIECAA-
0MCA MOUHO TAK HCE.

B »ToMm ompegenseHun CyecTBeHHO, 9TO METPUKA, OTHOCUTEIBHO KOTOPOU (hyHKIIWA
TOJKHA OBITH HEMPEPBIBHOU, HE MPOU3BOJIBHA, & YINTHIBACT CTPYKTYPY MPAMOLO IIPO-
usBenerus (6oxee 0010, Harudne PUKCUPOBAHHBIX mogaarebp — cM. naaee). Herpynuo
yOeauThCs, 9TO HEe CYMIECTBYET YHUBEDPCAIbHOU METPUKU TAKOT'O THUIIA, T.e. TAKOU Me-
TPUKHU, HEIPEPBIBHOCTH B KOTOPOU PABHOCUIbHA BUPTYATHHOU HEIPEPBIBHOCTH; DTO
00BACHAET HETPUBUAIHHOCTD BBEICHHOT'O MOHATHUA.

fAcHo, 9TO BeAkasg momycTMMas MeTpUKa — KakK m3MepuMas (YHKIUA IBYX Hepe-
MEHHBIX — BHPTYAJbHO HempepbiBHA. DYHKIWA, HEOPEPBIBHASA MO KAKOU-THOO MOMy-
CTUMOU METPHUKE YKA3aHHOT'O BUIA HA IMPOU3BEICHUU MPOCTPAHCTB, PA3YyMEETCs, BUP-
TyaJbHO HenpepbiBHA. BbipoxaenHble QyHKIuu (w1 “GyHKIUA KOHEYHOrO paHra’)
flz,y) = 30 wi(x)wi(y), rae ¢i(-),¢i(+), i = 1,...,n — ODPOU3BOIbLHBIC U3MEPUMELE
(OYHKINY, TAaKXKe BUPTYAJIbHO HEIPEPBIBHBEL [[0CTATOYHO BOCIOIB30BATHCA TEOPEMOU
Jlysuna mnus Beex gyukimun @;(-), i =1,...,n,mw ¢;(+),i=1,...,n.

Meree TpuBmaibHBIE TPUMEDPHI BUPTYAJbHO HEMPEPBIBHBIX (DYHKIWUA MAIOT, KAK MBI
yBUAAM, (DYHKIME W3 HEKOTOPHIX KiaaccoB CobomeBa, a Takxke sapa sJIepHBIX OMepaTo-
poB. [lJig BUPTYaJbHO HEMPEPBIBHBIX (PYHKINUA MOKHO KOPPEKTHO OMPEICIATE CYKEeHUA
Ha HEKOTOpbIe MHOXECTBA HYJEBOM MEPBI — MMEHHO, Ha HOCATEIN KBA3HOUCTOXACTHU-
geckux Mep. O6 »ToM cM. caexyromuu maparpad.

[IpocTeiM npuMepom uamepumon pynknuu Ha kBagpare [0, 1]%, He apasomencsa Bup-
TYaJIbHO HEMPEPBIBHOU, MOXKET CIYKHUThH XapaKTePUCTUIeCKas (PYHKIUA TPEYTOJbHUKA,
{z > y}. Boobue, B ciydae QyHKIUA ABYX MEPEMEHHBIX HA I'DYIIeE, KOTOPHIE 3aBUCAT
oT “dgacTHOro” IBYX apryMeHTOB, KpUTEPUU BUPTYAJLHON HENPEPBIBHOCTH HPOCT:

IIpeanoxenue 5. [Tycmvy G — mempusyemas KOMNaxKmuas 2pynna, f — u3mepumas
no mepe Xaapa Pywryus na G. Toeda pynryus F(x,y) = f(ry™t) na G x G supmy-
AAbHO HENPEPLIEHA ECAU U MOALKO eCAl, PYHKYUA [ IK6UBALEHMHA HENPEPLIEHOT.



[logaepkueM, 9TO OmpejeleHre BUPTYAJIbHO HEMPEPBIBHBIX (DYHKIIUU HE TOIOJIOH-
JeckKoe, a IYUCTO TEeOPETHKO-MEPHOE, T.e. HCIOJIb3yeT TOJbKO M3MEPUMYIO CTPYKTYPY
IPOCTPAHCTB 1 Mepkl Ha HuX'. [lo ¢BOeHl mpupoge OHO TECHO CBA3AHO C MACCH 3aMEeHBI
METPUK HA JAHHOM HPOCTPAHCTBE C MEPOU, O UeM ILIA Pedb BBIIE. 3aMETUM, ITO
OPSMOU CMBICT MPEIJIOKEHUs D COCTOUT B M3BECTHOM (haKTe O TOM, 9TO T'PYIIIOBAS U
TeOPeTUKO-MepHasA CTPYKTYPHI O3BOJIAIOT BOCCTAHOBUTH TOIOJOTHIO.

2.3 lanpHeumue CBOMCTBA BUPTYAJIbLHO HENPEpPBLIBHBIX (pyHK-
119707

[Tpex e Bcero, BUPTYya/ibHO HENpepBIBHBIE (DYHKIIMU aBTOMATHYECKH 001amarorT Homaee
CUJIBHBIME CBOUCTBAME, I€M DTO TPeOyeTCs 10 ONPEIeNeHnO.

Bo-mepBBIX, TOIB3YACH CAEACTBHEM 3, HEMEIJIEHHO MOIYIaeM, 9TO METPUKHA MOXKHO
CUMTATH Hallepe[ 33 TaHHBIMU:

Teopema 2. IIycmo dynryus f(-,-) cobemeenno supmyaavro wenpepwvisha. Tozda das
06020 € > 0 u a06biz donycmumblr mempuk px, py Ha X, Y natddymes mmoxrcecmsa
X' CX,Y CY mepvi xzomsa 6b1 1 — & kaxncdoe, marue ymo Gynrxyus [ nenpepviena ma
(X, X Y/;pX X py)

C mgpyrou CTOpPOHBI, BHIOMpAs IOIXOMANIMM OOpPa30M METPUKH, MOXKHO TOOUTHCA
TOro, 9T00Bl MHOKeCTBa X', Y’ U3 ompeneneHusa UMeIN MOJHYIO MEPY:

Teopema 3. I[Iycmb Pynkyua f(-, ) cobcmseenno supmyasvro nenpepviena. Toeda nat-

dymes muoncecmsa X' C X, Y C Y noanoi mepvr kaxcdoe u donycmumbie noayme-

mpuru px,py Ha X',Y' coomeemcmsenno, makxue umo Pynwkyus f uenpepvisna ma
/ /

(X" %Y’ px x py).

Proof. 3aduxcupyem momycTuMbIe METPUKE O, 0y Ha X, Y coorBercTBeHHo. /[l11 Ka-
KO0 HATYPAJBHOTO N, MOJIB3YACH TeOpeMon 2, Hauaem MHOX)ecTBa X,, C X n Y, C Y,
Mepa Kax 00 M3 KOTOPBIX He MeHbIe, 9eM 1 — 27" Takue 9T0 pyHKuus [ HenpepbIBHA
Ha X, X Y, no meTpuke ox X oy. BBemem pazpesnbie noaymeTpuku Ha X

pxenl,77) = 0 ecmm z,2' € XTi wi z, " ¢ X,
1 ecmmze Xy, ¢ X, mm o' € X,,,x¢X,.
Onpenerum MHOKeCTBO MOJMHOU Mepbl X' = US| Mi~, X Merpuky px 3agaium Kak
ox + Y., 2 "px;, (HECAOKHO BHAETH, YTO dTa METPHKA OyAeT JOIyCTHMOM). AHAIO-
CUYHO ONPEJEINM MHOXKECTBO Y/ u MEeTpuKy py.

HoxaxeMm, aro Gyukius f(z,y) venpepsiBaa Ha X' X Y’ no meTpuke py X py. Pac-
CMOTPHUM CXOJAIINECA II0 METPUKAM Py, Py HOCIeIOBATEILHOCTH Ly — Lo, Yn — Yo B X/,
Y’ coorBercrBenno. Ilycrs N HACTOIBKO GOJBIIOE YUCIO, YTO Lo € Xy, Yo € Yy. Torma

I Mraxe roBOpS, 9TO IOHATHE OTHOCUTCA K 00BEKTaM KATErOpUY IPOCTPAHCTB C MEPOH; 6o/Iee Tpa-
OUIIMOHHBIA TEPMUH [ TAKUX MOHATUU B PYCCKOU JUTEPATYPEe — “METPUIECKUE TMOHATUA” , HO MBI
u30eraeM ero u3-3a HeXEeIaTeJbHOUN aCCOUAIIN ¢ “MeTPUKAMU’ : UMEHHO OT METPUKU MOHATUE BUP-
TyaJbHOU HEIPEPLIBHOCTHU HE 3aBUCUT.



U3 CXOIUMOCTH IO IOIYMETPHKE py ., CIELYET, ITO Ty, € Xy IPH BCEX TOCTATOIHO HOIb-
IIUX 7, AHAJOTUIHO Y, € Yy mpu 6oabiuux n. Teneps cxoqumocts f(xn, yn) — f(z0, Yo)
cregyer w3 HenpepeiBHOCTH [ Ha Xy X Yy 10 MeTpuke ox X Oy. U

B kadecTBe CJeICTBUA YCTAHOBUM CJEeAYIOIIEe

IIpeanoxenune 6. Ecau dynrxyuu f(x,y), g(x,y) cobecmsenno supmyaivho nenpe-
PLIBHBL U COBNAdAm Ha MHoNCecmee noanoti mepor 6 X X Y, mo cywecmsyom mHo-

acecmsa noanoti mepet X' C X, Y CY makue, umo f(x,y) = g(x,y) das 6cex mouex
reX yeY.

Proof. llpumenum K kaxgon u3 Gyskmun f, g Teopemy 3. CoOTBeTCTBYIOIIHE MHO-
xecrBa moaHon Mepel X' C X, Y/ C Y MOXHO cYMTATh COBHATAIOMUMHA (Iepecedem
MHOXeCTBa, IOCTPOEHHBIE I f U [ ), PABHO KaK W JOIYCTUMBbIE HOLYMETPUKH px,
py (caoxum noxymerpuku, nocrpoenusie s f u mus g). Kpome Toro, MOXHO caurarh
muOxkecTBa X', Y/ HOocurenamu Mep | x/, v|yr. Teneps 3ameTnm, 4T0 MHOXKECTBO TOYEK
(x,y) € X' xY’, nua koropeix f(z,y) # g(x,y), orkpeito B X' X Y’  a 3Hauur, 1u60
MMeeT MOJOKUTEIbHYI0 Mepy (YTO HEBO3MOXKHO MO MPEINONOKEHUIO), JUGO IMyCTO —
9T0 1 TpeOOBAJIOCh. U

Takum 06pa3oM, Bce COOCTBEHHO BUPTYAJIbHO HEIPEPHIBHBIE (DYHKITNH, DKBUBAJCHT-
HBbIe TaHHOU BUPTYAJbHO HENPEpPLIBHOW (DYHKIIUHU, COBIATAIOT HA MPOU3BEICHUU MHO-
JKECTB IIOJHOU MEpHL.

Dyukuo nByX nepeMeHHbIX Ha X X Y MOIEe3HO paccMaTpuBaTh, KaK OTOOpaXKeHUe
u3 X B npocrpancTso Qyukuun Ha Y, (r.e. f(z,y) = f.(y)). Boree nogpo6uo o Towm,
KaK MCIOJIb30BATh TO Wi Kiaccudukauuu usMepuMbix GyHkmmi, cm. B [19]. Bup-
TyaJbHasg HEIPEPLIBHOCTDH OMUCHIBACTCA B DTUX TEPMHUHAX CJICIVIOMIMUM PABHOCHUIBLHBIM
OTIPEIEJTCHUEM:

Teopema 4. Caedyowue ceoticmsa gynwryuu f(-, ) PABHOCUALHBL:
(i) f supmyaavno nenpepvisna;

(ii) das wobozo € > 0 wnatidymea muoncecmsa X' C X, Y' CY mepvr zoma ovr 1 —
e kaxcdoe u donycmuman noaymempuka py wa Y', marue umo dynrxyus fi(-)
akeusasenmua wenpepwvisnot na (Y, py) npu noumu xamncdom x € X';

(iii) dan aob6oeo € > 0 natdymes muoncecmsea X' C X, Y' CY mepvi zoms 6b1 1 — e
Kascdoe, marue wmo mnoxrcecmso Gynkyul euda fp(-) na Y’ (nepemennas x npo-
bezaem X') obpaszyem eénoane oepanuuennoe (NPedkoMnaKmMHOE) MEMPUUECKOE
noonpocmparcmeo 6 Lo (Y');

(iv) das woboeo ¢ > 0 natidymes mnoncecmsea X' C X, Y C Y wmepvr zoma 6bi
1 — € kaocdoe, makue umo muosxcecmeo Pynryul suda f.(-) na Y’ (nepemennasn
x npobezaem X') obpazyem cenapabeapnoe MEMPUUECKOE NOONPOCTPAHCINGEO 6

Loo(Y").



Proof. flcuo, uro (i) Baeder (ii), a (iii) Breder (iv).

Beisenewm (iii) u3 (ii). Ygamus u3 mOX)ecTB X' u Y/ moaxonsmue MHOXKECTBA HyJIe-
BOU MepBbI, MBI MOXKEM CYUTATh, 9TO Npu Kax oM ¢ € X' pyuxuus f(x,-) sKBuBaIeHTHA
HenpepbiBHOU Ha Y/, u npu kaxaoM y € Y/ dyuxuus f(-,y) usmepuma va X’'. Beibepem
KoMIakTHOe MHOX)ecTBO Y] C Y’ rakoe, uro v(Y]) > 1 — 2¢. [anee, 3amenum Y] Ha
HOoCUTeNb SUpp(V|y, ) cyxenus Mepot v Ha Y). Tenepsb mis HeNpepbIBHBIX (YHKIUN Ha Y]
paccrosaus B C'(Y]) u B Ly (Y1) coBnagator. Ilycte S — cueTHOE CeMENCTBO OTKPHI-
THIX IWApOB B Y], obpasywomux 6a3y rounogoruu. s x € X' oboznauum depes fi(-),
HENIPEePBIBHY0 QYHKIMIO Ha Y], KOTOPOU dKBUBateHTHA Qyukuus f(x,-). Jokaxem, 1To
orobpaxenune ®: x — f!(-) mamepumo kax orobpaxenne u3 X B C(Y]) (c 6opereBckon
curma-anare6pon). [las 5TOro [0CTATOYHO MPOBEPUTD, YTO HIPOOOPA3 mapa

Xy={reX:VyeVr |fily)—9)|<r}

u3MepuM s Jao6ou HenpepbiBaon Gyuknuu g € C(Y]) u 106000 moI0KUTEILHOTO 7.
B3amerum, 4T0 HepaBeHCTBO |f1(y) — ¢(y)| < r BEImOJHAETCA mpU Beex y € Y] ecan u
TOJIBKO €CJIM BBIIIOJIHAIOTCA BCEBO3MOXKHBIC HEPDABEHCTBaA BU 1A

V(IB) /Bf;(y)dV(y)—/Bg(y)du(y) <r

i Beex mapoB B € S, Ho mox maTerpasom ¢yHKuuio fl(-) MOXKHO 3aMEHHTH HA
DKBUBAIEHTHYIO GyHKImo f(z,-), a orobpaxenne x — [, f(x,y)dv(y) n3smepumo mo
x. Urak, MHOXeCTBO X, €CTh mepecedeHre CIeTHOIO YHCIa M3MEPUMBIX, TaK 9TO OHO
M3MEpPUMO.

Taxum o6paszom, orobpaxenune ® 3amaer 6openesckyio mepy Ha C(Y)) (kax o6par-
ubin 06pa3 Mepsbl 4 Ha X'). Ilpocrpanctso C(Y]) cemapaGeabHO U ITOJHO, CJIeIOBa-
TeJbHO, DTa Mepa BHYTpPEHHe peryaspHa, u Haugerca komnakt K C C(Y]) Takou, 4To
pu(®H(K)) > 1— 2. B cuty npousBOIBLHOCTH € DTO A0Ka3biBaeT, 4To pynxuus f(x,y)
yrosrerBopser (iii).

Ocranoch J0Ka3aTh BUPTYAJIbHYIO HENPEPHIBHOCTH (DYHKIUEU [ B IPEINOJOKEHAN
(iv). Puxcupyem ¢ > 0. Boibepem X', Y’ kax B (iv). CemapabeibHoe ceMencTBO QyHK-
uuii Buga f(x,-) B Loo(Y') o603nauum K. Ilycrs K’ — cuernoe miorHoe B K ceMencTBO
$yrxmui. Hec1o:HO HOCTPOUTHL JOMyCTUMYIO METPHUKY p Ha Y, B KOTOPOH BCe (PyHK-
unu u3 K’ HenpepwiBHBI (MOXKHO, HAIPUMED, PACCMOTPETH PABHOMEDHO CXOISAIIMICS
PsAJ U3 METPUK, MOCTPOEHHBIX M dTUX (DYyHKuuU 1o orgeabroctn). Ilycrs Y C Y/
— KOMIIAKT II0 METPHKe p, MMEIOIINA Mepy He MeHbIme 1 — 2&. 3ameHuMm Y, mpu He-
00X0AMMOCTH, HA HOCATEIb CY2KeHHA Mephl v Ha Y). Temepsb 000I OTKPLITHIA IIAD B
Y] umMeeT moJoXuTeIbHYI0 Mepy. V3 2TOro caeayer, 9TO AJA HENPepPLIBHBIX (DYHKIUH
ua Y] paccrosuaus B C(Y)) u B Ly (Y]) coBunagator. Takum oGpasom, miobas QyHKIMsA
f(z,-), x € X', okBuBaeHTHA Ha Y] HEKOTOPOU OJHO3HAYHO ONPEEJICHHON HenpephIB-
wou pyuxmuu f'(z,-). Beegem na X' moaymerpuxy

pxr(z, ) = ||f'(, ) = /(=" ) lew)-

Ee ponycrumocts caenyer u3 cemapabeabnoctu npocrpancrsa C(Y)). Pyukuus f' Gy-
ner HempepbiBHA Ha X' X Y] mo pyx: X p. B camom gene, ecim x, — o, Yp — Yo,



TO

‘f/(xn; yn) - f/(xo, yO)‘ < |f/(37n7 yn) - f/(x()a yn)| + |f/(33‘0, yn) - f/(xOJ y0)|7

1 06a caaraeMbix crpeMaTca K 0. Pyuknusa [/ coGCTBEHHO BUPTYAIbHO HEIPEPHIBHA HA
X' x Y;. Ilo reopeme @yb6unn oHa skBuBaJdeHTHa ucxognon ¢pyukmuu [ Ha X' X Y], B
CUIy TPOU3BOIBHOCTH £ > () 5TO MOKA3BIBAET BUPTYAJIbHYIO HEIPEPBIBHOCTH f. U

3amedaTeabHo, 9To B (ii-iv) poas mpocrpancts X u Y (T.e. apryMeHTOB (hyHKIUHK)
pasIndHa — TeM He MeHee, alloCTepHOPH ATH CBOMCTBA CUMMETPHYHBEI OTHOCHTEILHO
3aMEHBI IOPAIKa apr'yMEeHTOB. B OTOM TaKXKe CKa3bIBACTCsd HETPUBUAJIBbHOCTD ITOHATUSA
BUPTYAJbHOU HEMPEPBIBHOCTH.

U3 npuBeneHHBIX XapaKTEPUCTUK BUPTYAJbHOU HEIIPEPBIBHOCTH JEI'KO BBIBECTH, 9TO
B IIPOCTPAHCTBE BCEX M3MEPUMBIX (DYHKIUN IBYX MEPEMEHHBIX (¢ TOMOJOTHEN CXOTMMO-
CTH IO M€epe) COBOKYIHOCTH BUPTYAJILHO HENMPEPHIBHBIX (PYHKIME 0OpasyeT HULIE He
ILIOTHOE MHO2KECTBO.

2.4 BwupTyanbHas TOIOJOTUA

Kak m3sBecTHO, (PYyHKIINA HEIpepHIBHA, ecand Ipoobpas JTI60ro OTKPEITOIO0 MHOXKECTBA
OTKPBHIT. DBupTyaabHasg HeIpepbIBHOCTH (DYHKIINU ABYX MepeMeHHBIX TaKXkKe MOXKeT
OBITH XapaKTepru3oBaHa OAO0OHBIM 00Pa30OM.

Ounpepenenne 3. Uzmepumoe muoxcecmso Z C X X Y na3bi6aemcs 6upmyaisbHo om-
Kpuimbim, ecau dan nexomopbiz muosxcecms X' C X, Y CY noanoti mepwl mnosxrcecmeo
ZN(X"'xY'") ecmv cuemnoe 00bedunenue usmepumbir npamoy2oaviuros R; = A; X By,
i=1,2,.... Muojxcecmso nasvi6aemcs supmyaibho 3aMKRYMbILM, €CAl €20 JONOAHEHUe
BUPMYAALHO OMKEPLINO.

Cwmpbict (1 Ha3BaHUE) BBEIEHHOIO MOHATHA OOBACHACTCS CJIETYIOMUM Y TBEPXK TCHUEM.

Jlemma 1. 1) IIycmo X', Y' — mnoocecmsa noanot mepvr 6 X, Y coomsememesenno;
px, py — donycmumbie noaymempury na X', Y’ mnosxcecmeo Z C X XY makoso, umo
ZNX'"xY" omkpoimo no noaymempure px X py. Tozda mmoxcecmeo Z supmyasvho
OMKEPLIMO.

2) Haobopom, scaroe supmyaibho omrpbimoe muoxrcecmso 6 X XY asasemcs ma-
KosbiM Oas nodrodawur nodmnoxcecms X', Y u nodrodswuxr donycmumbis noayme-

mpuK px, py -

Proof. 1). Bamensas muOoxkecTBa X', Y/ Ha moaxomsimme mMOAMHOXKECTBA MOJHOU MEPBI
nobsemcest Toro, aro (X', px), (Y, py) — cenapabeibHble HOIyMETPUIECKHE IPOCTPAH-
CTBa, BCE MIAPbI B KOTOPBIX M3MEPUMBIL IO MepaM [, ¥ COOTBETCTBEHHO. Torga TOmoJo-
UM 3TUX MPOCTPAHCTB UMEIOT CYeTHBIE 0a3bl, COCTOANINE U3 U3MEPUMBIX MHOXKECTB, a
OTOMY TOIOJOTUA MPAMOTO IIPOU3BEICHUA UMeeT CUeTHYIO 6a3y, COCTOAMIIYIO U3 U3Me-
PUMBIX HIPAMOYIOJIBHUKOB. OTO U O3HAYAET, YTO OTKPLITOE MOAMHOXKecTBO B X' X Y’
eCTb CYeTHOE OOBbeIMHEHUE U3MEPUMBIX NMPAMOYTOIBHUKOB, & 3HAYUT BUPTYAJbHO OT-
KPBITO.
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2) [l taHHOTO HANEpe] 3aJaHHOTO CIeTHONO CeMEMCTBA U3MEPUMBIX MO IMHOKECTB
B X HECJOXKHO MOCTPOUTH JAOMYCTUMYIO MOIYMETPUKY, B KOTOPOU KaXK10e 13 HuX Oy1eT
OTKPBITHIM (ZOCTATOYHO CJIOKATH COOTBETCTBYIOIIME DA3PE3HbIE HOIYMETPUKH C Obl-
cTpo yoeBatommmu kKoddduuumenramu). [IpoBoms Ty npoueaypy aus npoekuui Ha X
BXOJAANINX B MaHHOE BUPTYAJbHO OTKPBITOE MHOXKECTBO HPAMOYT'OJBHUKOB, MOCTPOUM
HEOOXOTUMYIO JTOMYCTUMYIO MOIyMeTpuKy Ha X, aHAJIOTUYIHO MOCTPOUM TOIYCTUMYIO
MOTYMETPUKY Ha Y . O

Teopema 5. Uamepumas Pynkyus f(x,y) va X XY cobemsenno supmyaibho nenpe-
PHIBHA ECAU U MOALKO ecal [-npoobdpa3d 4100020 0OMKEPLIMO20 MHOHCECTNBG KA NPAMOT
BUPMYAALHO OMKPLIM.

Proof. Ecin ¢pyukums f coOCTBEHHO BHpTYyaJbHA HEIpPEpPHIBHA, TO IO TeOopeMe 3 OHa
HElpepLIBHA Ha MPOM3BEIEHUN MHOXKECTB HOJTHOU Mephl X' X Y’/ oTHOCHTEILHO mpous3-
BEJICHUS MOILYCTUMBIX HMOJYMETPUK Px, Py. lorga f-mpooOpasbl OTKPBITHIX MHOXKECTB
HA TPAMOU 0014 1al0T CTPYKTYPOU, OMUCAHHOU B Jemme 1.

[Tycrs Temeps f-nmpoobpas a000r0 panroOHAILHOTO MHTEPBAJIA HA MPAMOU BUPTY-
aJIbHO OTKPLIT. Torjga HauIyTCA MHOXKeCTBa HOTHON Mephl X', Y’ Takue, 94T0 014 cyxKe-
Hua f: X' XY’ — R Bce ot mpooOpasel OyAyT CIETHHEIMA 00BEINHEHUAMA N3MEePUMBIX
npsaMoyroabHukoB B X' X Y’ (B kauecrse X', Y’ cieqyeT B3ATH mepecedeHus COOTBET-
CTBYIOIIMX MHOXECTB [OJTHOM Mephl). PaccMarpuBas psaasl U3 pa3pesHbIX IOJSYMETPUK
HECJI0XKHO MOCTPOUTH AOMyCTUMBIE MeTpuKu Ha X', Y/ Takue, 9T0 KaxK A6l U3 TaHHOTO
CIeTHOIO MHOXKECTBA IPAMOYT'OJbHUKOB OyIeT OTKPBITHIM. lorjga (pyHkmus f Oymer
HENPePLIBHON II0 Hape IOCTPOEHHBIX AOIMYCTUMEIX moaymeTpuk Ha X' X Y/ — 1o ecThb
OymeT cOOCTBEHHO BUPTYAJbLHO HEIPEPHIBHOM. U

2.5 Toammua

Pacemorpum mpocrpancTBo X X Y ¢ mepon i X v, B curMa-aaredpe ero m3MepUMBIX
MHOXKE€CTB €CTeCTBEHHO BBIJEJCHO MBE CUT'Ma-IIOAaIreOphl, ONpeaeaseMble MPOeKITuAMI
Ha X u Y. [laxee mbr Gyger nucars A™°B, eciu A)B C X xY upuxv(B\A) =

0. Kpome Toro, mer 6ygem mucars % mim "¢, ecim cooTBeTCTBYIOMEe HEPABEHCTBO

BBIIIOJIHEHO [ X V—IIOYTH BCIONIY.

Onpegenenne 4. /Jas uzmepumozo mmuoxrcecmsa Z C X XY nazosem €20 cO6CTBEHHON
TOJIIMHON 6EAUYUNY

sth(Z) =inf{u(X)+v(Y): X CX, Y CY, ZC (X xY)U(X xY)} (1)

TOJIIIIPIHOﬁ MHONCECTNBA J HA3068€EM BEAUYUHY

th(Z) = inf{u(X) +v(Y): X CX, Y CVY, Z"X xY)U (X xY)}.

Hrvimu caosamu,
th(Z) = min{sth(Z"): Zm°Z'}. (2)
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fcro, uro MuHEMYM B (2) Beerga IOCTHraeTCs, MOCKOIBKY MOXKHO DACCMOTDPETh
nepecevdeHrne MUHIMI3UPYIONEH MMOCIeI0BATEIbHOCTH MHOXKECTB.

MuoxecTBa X X Y, X x Y CyTh B TOYHOCTUM MHOXECTBA U3 BBIIEJCHHBIX CATMa-
mogaarebp, ITO MO3BOAAET ONPeneInTh 0OOOIIEHHYIO TOJIIMHY IS TPYTUX BBIIEJICH-
HBIX CUIMa-aaredp B CTaHIapTHOM mpocTpaHcTBe. OTMETHM HEMOCPEICTBEHHO BHITE-
KAIOIINe U3 OIpPeJeJeHIs CBOUCTBA BBEJICHHOIO IMOHATHA:

e TOJIIWHA MHOXECTBa, BCerja He npeBocxoauT 1 m paBHa 0 B TOYHOCTH IS MHO-
xKecTB MephI 0;

® TOJHIMHaA IIOAMHO2KECTBA HE IIPEBOCXOAUT TOJIMIMHBI MHOXKECTBA;
® TOJHIIMHa MHOXKECTBa HE€ MEHBbIIE €I'O MEPHI;

® TOJIINMHaAa KOHEYHOI'O HJAN CYETHOI'O O6’B€,ZI;I/IH6HI/I}I MHO2KECTB HE IIpeBOCXOIUT
CYMMBI TOJIIWH.

Hecaoxno YCTaHABJIUBACTCA TaKXKe CJACTYyIOoIIas

Jlemma 2. FEcau Z C X XY — supmyaavbno omkpuimoe mnosxcecmeo, mo th(Z) =
sth(Z).

Proof. octaroso goxaszare, 110 sth(Z) < u(X)+v(Y), ecmr Z72°(X x Y)U(X xY).
[Tepexoas k MEHOXKecTBaM moHOU Mepsl B X 1 B Y Gyaem cuurars, uro Z = U° | A; X B;.
3aMeTHuM, ITO eCJIu

A X Bi"(X x Y)U (X xY), (3)

To 6o A;"¢°X, mbo B;™°Y. B o6oux caydasx MOXKHO 100aBATH MHOXKECTBA HYyJE-

Boi Mepol K X, Y Tak, 9To0bl B (3) MOXHO ObLIO 3aMeHuTH ™2 Ha C. Cmeras Tak

HOOYEPeNHO MIA BeexX ¢ = 1,2, ... moxy4dmm Tpebyemoe. U

PaBmocunbuoe u B psage curyanuu 6ojee yroOHOe MaA IPUMEHEHWH OIIpereeHne
TOJIIUHBL JaeT CJIeTyIomasd

Jevmva 3. fas awboeo mmoxcecmsa Z paccmompum napvl uMepumbly GyHryut
f: X —[0,1], g: Y — [0,1], maxuz wmo f(x)+ g(y) > xz(x,y) (coomsememeenno
f(x) + g(y)"¢"x, (z,y)). Toeda cobecmeenna moawuna (coomsememsenmno mosuuna )
MHOKHCECNBA Z eCIb MOUNAA HUNCHAR 2DaHb cYymmbl uwmeepaios [y fdu u [, gdv.
Kpome moeo, ama mounas HUlCHAR 2PAHb PEAAUBYEMCA, KAK DEAAUSYEMCA U UHPUMYM

6 (1).

Proof. flcro, aro ecim MEO)ecTBa X C X 1Y C Y makossr, aro Z C (X xY)U(X xY),
T0 f = X, U g = X, yAosersopsior yciosuo f(x)+g(y) > x,(z,y). Takum o6pazom,
HAJO JULIb JOKa3aTh, YTO ecau [ u ¢ yiosieTBopsoT yeaosuo f(z) 4+ g(y) > x,(x,y),
10 [ [+ [, 9 > sth(Z). [aa kaxgoro t € [0,1] paccmorpum MHOKecTBa X; = {2 €
X:fle)>ttuY,={yeY:g(y) >t} fAcno, aro ecaun f(x)+g(y) > 1, To mus a060ro0
t mbo r € X;, mbo y € Y_,. Takum ob6paszom, mis 1106010 ¢ BBIIOJIHEHO HEPABEHCTBO
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Xz (7,9) < Xy, () + Xy, _, (y). Crazo 6wits, sth(Z) < pu(X;) + v(Y1-,). UnTerpupys mo

t, moay4aeM:
1

sth(Z) S/N(Xt)+y(§/1_t)dt:/f—|—/g.

Kpowme roro, ecan sth(Z) = [ f+ [ g, To nupu nouru Beex ¢ € [0, 1] napa MHOXeCTB
X Y
(X, Y1) mocraBaser undumym B (1).

Ocranock 10Ka3aTh, TAKUM OOPa30M, UTO CYIIECTBYET MUHUMU3MDYIOMIAA Hapa
dyukuun.  Paccmorpum MuHEMEBEpYOMYO HocaegoBareabHocTh map (fn(z), gn(y)),
[ fut [ gn — sth(Z). Baarogaps uzsecrron Teopeme Komroura [3] MOKHO cauTaTh, 4T0
nocrenoBarelbHoCTh GyHkun f) = (f; +-- -+ f,)/n cxogurces K HEKOTOPOU (HYHKIUY
f mouru Berony B X, a g/, = (g1 + -+ ¢gn)/n CXOOUTCA K HEKOTOPOU (DYHKIUH ¢ TOUTH
Bcrooy B V2. Torga MOXHO cauTaTh, 910 mpu Beex © € X mmeem f(x) = limsup,, f/(z),
u npu Beex y € Y ¢(y) = limsup,, g, (y). U3 sroro caenyer, aro f(x)+ g(y) > xz(x,y)
npu Beex € X, y € Y, tak 4ro napa GyHkuun (f,g) — MUHEMU3UDYIOLIAL. O

[Tpumensa semMy 3, MOXXHO YCTAHOBUATH “HENPEPLIBHOCTH TOJIIMHBI CHU3Y  :

Jlemma 4. ITyemv {Z,} — 6o3pacmanwas nociedosametsbnocmy u3MEPUMBIL MHO-
acecms, Z = UpZy,. Toeda th(Z) = limth(Z,), sth(Z) = limsth(Z,).

Proof. flcro, aro mas mo6Goro n Bumoaneno HepasercTBo th(Z) > th(Z,), mosromy
th(Z) > limth(Z,). [dokaxem obparHoe HepaBencTBo. Hammem ¢yukuuu f,: X —
[0,1], gn: Y — [0, 1], maxme ar0 fr(2)+9n(y) "¢ X, (2,9), 7 [ fat [y g < th(Z,)+1/n.
Tak Kak W3 OrPaHMYEHHON MOCIeJOBATEILHOCTH B L? MOXKHO BBIAEINTH CIa00 CXOIA-
IIYIOCA MOIIOCIeJ0BATEILHOCTD, ABAXK ALl MPOPEIUB MOCICA0BATEILHOCTD, MBI MOXKEM
CIATATh, YTO MOCIeT0BATeILHOCTL (BYHKIME f, cxomuTea crabo kK f B L?(X, ), a g,
cxogutea caabo k g B L*(Y,v). Torma f,(x) + gn(y) cxomurea k f(x) + g(y) crabo B
L*(X X Y, x v). Tak Kak mepexon K c¢1aboMy HOpeaely COXpaHAeT HePaBEeHCTBA, MO-
aydaem, aro f: X — [0,1] u g: Y — [0,1]. Kpowme Toro, mis a:060ro 1 BHIIOJTHEHO
HEPABEHCTBO

f(@) +g(y)"<"x,, (2, y).
Cramno ObITh,
f(@) +g(y)"¢"x, (2, 9).

Ho [ [+ [, 9 =1lim([ fo + [, 9n) < limth(Z,), nosTomy th(Z) < th(Z,).
Jl0Ka3aTenbCTBO AIA COOCTBEHHOR TOMINMHBEL OTIMIAETCSA TeM, ITO BMECTO CIabou

cxogumocTu B L? crenyer paccMaTpUBAThH CXOAMMOCTD HOYTH BCIOTY, BHITEKAIONIYIO U3

reopembl Komioma [3). O

OTMeTnM, 9TO HEOPEPBLIBHOCTH TOJIIUHBI CBEPXY HE MMEET MECTa: BCE MHOXKECTBA
{(z,y): 0 < |z —y| <1/n} C[0,1]? mmeroT TommuHy 1, HO WX mEpeceYeHne MyCTO.

OmpegenuM CXOIUMOCTh (DYHKIHK “IO TOMIMIMHE 10 AHAJOIHE CO CXOTUMOCTBIO IO
Mepe. DTO CXOAUMOCTb B METPU3YEMOU TOIOJOTHUH, 331aBAEMOU TAKAM PACCTOSHUEM:

23 1ech UCIOMB3YETCA TOIBKO IPOCTAA Bepcusa TeopeMbl KoMoma, B KOTOPO# (GyHKIIMH paBHOMEPHO
Or'DaHUIEHEL.
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Ounpepenenne 5. Paccmosanue 7(f(+,+), g(+, ) mexrcdy deyms npouzsospbubimu usmepu-
MOIMU PYRKYUAMY 08YT NEPeMERHbIT 3a0a0UuM KAk MOUHYI HUXCHIOW 2panb mex £ > 0,
a5 KOMOopwuls

th({(z,y): [f(z,y) —g(z,y)| > e}) <e.

CXOZUMOCTD [0 BBEJEHHOH T-METPUKE B/ledeT CXOJUMOCTH IO Mepe (HO He HAa00O0-
por).

Jlemma 5. Muooscecmso usmepumbly Gynrkyut noano no T-mempure.

Proof. Tlpeanonoxum, 4ro nocregoBareabHocTs {f,(+,-)} uamepumbix QyHkunu QyH-
JTaMeHTaJIbHa 110 MeTpuke 7. llepexons K MmOANOCIENOBATEIBHOCTH, OyJIeM CIMTATD,
910 || fr, — fog1llr < 27" Toaoxum Z, = {(z,y): |fu(z,y) — fori(z,y)| > 27"}, Torga
th(Z,) < 27", u naa muoxkectBa 7/, := Up>, Zg mveem th(Z)) < 217", Torga MmuO)ecTBO
NZ] uMeeT HyJeBYIO TOJIIIUHY, a BHE €r0 MOCAEI0BATEIBHOCTD f;, CXOAUTCSA MOTOYETHO
K HekoTOopou dyHkuuu fy. [Ipu 5ToM BHE MHOKECTBA Z!, MOCIEI0BATEILHOCTD (DYHKIUH
fn cXomUTCA PABHOMEPHO U

|f0 - fn| S |fn - fn+1| + |fn+1 - fn+2| + - S 21—n.

D10 ozHauaeT, 9To || fo— full- < 217", orkyaa cregyer, 9To f, CXOAUTCA K fo 10 METpUKe
T. U

[Iycrs Ex: X = UL, X, &Y = UMY, — koHedHBle pa3OMeHHsA MPOCTPAHCTB
X,Y cOOTBETCTBEHHO Ha M3MEPHUMBIE [I0IMHOXKECTBA [OIOKUTEIbHON Mepbl. DyHKIUH,
nocrosuHble mod 0 Ha KaXIOM U3 IPAMBIX HpomsBefeHun X; X Y; OygeM Ha3bIBAThH

) N
cmynenvambimu Gynrkyuamy. Konednsle tuHennble KoMouuammn y .-, a;(2)b;(y) Gyaem
HA3BIBATD (PYHKUYUAMY KOHEUHO20 PAHRQ.
CBs3b ¢ BUPTYAJbHON HEMPEPBIBHOCTHIO MAET CJIeIYIOMas

Teopema 6. Jamvikanus no T-mempuke Mmuoxcecmsea cmynenwuamur Gynwryut (uau
MHONCECMBA PYHKUUT KOHEUH020 PAH2A) eCMb 8 MOUHOCIMU MHONCECTNEO BUPMYAALHO
nenpepolenbir Gynryut. HUnvimu caosamu, Gynkyus [ 8uUpmMyaibno Henpepviena ma
X XY mozada u moavko mozda, xozda npu scaxom ¢ > 0 watidymes marxue nabopwvl
HENEPECERAOUULCA UBMEPUMBIL MHoxcecms Aq, ..., A, C X, By,...,B, C Y, u wucaa
cij, 1 <i,5 <mn, umo > pu(A;) >1—e, Y v(B) >1—¢, |F(z,y) — ¢ij| <e daa noumu
scex v € A;, y € B;.

Proof. Cravana yBuaum, 4To ecan GpyHKIuA [ ABIAETCA IPEIeJOM B T-MeTPUKE IOC/Ie-
JTOBATEILHOCTH CTYIEHIATHIX (DYHKIUE [, TO OHA ABAAETCI BUPTYAJbHO-HEIIPEPHIBHOM.
Bribepem momycTumbie MeTPUKU py U py HA X u Y COOTBETCTBEHHO TaKuM 0Opas3oM,
9T00OBI CTyneHYaThie (PYHKIUN [, ObLIn Obl HEIPEPHIBHBIMU.

[Ipopeaus MOCIEAOBATEILHOCTD fp,, MBI MOXeM CUUTaTh, 910 T(f,, f) < 2% ITO
3HAYUT, ITO

1 1
th({(2,y): [f(2,y) — fulz,y)| > on ) < o

Bribepem muoxkectBa X, C X, Y, C Y Tak, 49To

{@0): 1 0) = Bl )] > 5} % V) U (X x V),
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u (X)) + V(Yn) < i. HomoxmM X, = X \ UpsnXp 1 Y, = YV \ Upsn Y. cro, uro
w(X,) > 1 — o 1 V(Yn) > 1 — 5;. CysuB, ecan moTpeGyeTcs, MHOKECTBO X, MBI
IOLY UM, ITO OHO KOMIAKTHO B METPUKE px, COBIAJAeT C HOCATEIEM CYKEHUS MEeDHI
poaa X, u ,u(Xn) >1-— 2% AHAIOrIYHYIO TPOLELYPY HPOBEIEM ¢ MHOKECTBOM Y.
Teneps Ha X, xY, PACCTOAHUA MEXKIY HENPEPBIBHBIMU (DYHKIUAME B IIPOCTPAHCTBAX
Lo, u C coBmagaior, modromy frp — CXOIAIIAACIT B C(Xn X }7”) OCJIEe[0BATEIbHOCTD
yukumit. Crano 6biTh, GyHKIUA [ SKBHBAICHTHA HENPEPHIBHON Ha X, X Y,. B cury
IPOM3BOJBLHOCTH 1 3TO O3HAYAET, YTO (PYHKIUA [ BUPTYAJIbHO HelpepBIBHA.

llokaxem Temepb obparnoe. I[lycTs ¢yHkIua [ BupTyaabHO HempepbiBHa. Hawm
HYKHO [OKa3aTh, YTO OHA NPUOIMKAETCA 1O T-METPUKE CTYNEHYAThIMHU (DYHKIMAMHY.
Bri6epen a060e £ > 0 1 Haiigem mEoxkecTBa X C X, Y C Y u AOIyCTUMBIE METPUKH
Px, Py Taxkue, 9To f DKBUBAIEHTHA (DYHKIMK 1, HENPEepbIBHOK Ha XxY, u u(X) > 1—¢,
l/(Y) > 1 —&. Cysus, ecan 5T0 moTpeGyerca, MEOKecTBa X # Y, HX MOXKHO CIHTATH
KOMIIAKTAMH B COOTBETCTBYIOMMX MeTpuKaxX. OCTaI0Ch BOCIOMB30BATHCA PABHOMEPHOU
HeIIPEePBIBHOCTHIO (DYHKINH [ Ha KOMIIAKTE I pa36uTh X u Y Ha I0CTATOYHO MATCHbKHE
9ACTH, TAK 9TO0BI (PYHKIUA f OBLIA ¢ TOYHOCTBIO 10 & MOCTOAHHON HA IIPOU3BELCHUAX
paeMeHTOB pazOuenun. Takum oO6pa3oM, MBI HAXAEM CTYHEHIATYIO (DYHKIMIO, PACCTOsM-

HIEe OT KOTOPOU 10 f B T MeTpHUKe He MPEeBOCXOIUT E. 0

3IeCh TaKXKe€ BUIHBI KAK IUCTO METPUYECKAU XapaKTep MOHATHI BUPTYAJbLHOU He-
OPEPBIBHOCTHU, TAK U BO3MOXKHOCTH ONPEIEJCHUs DTOTO MOHATUA IS MPOU3BOIHHOU
napel curma-noganare6p. OTHOCHTENbHO OJIM3KUX MOHATUN CM. Takxke [15].

B kagecTBe npunoxkenus TeopeMsl 6 TOKaxKeM IIPeIIOXKeHUe D.

LAorazameavcmso npedaoscenus 5. Ecan Gyskmusa f >KBUBaJIEeHTHA HENPEPBIBHOU, TO
DKBUBAJEHTHA HENPEPBIBHOW 10 (JOMyCTHMOU OTHOCUTEIBHO Mepbl Xaapa) MeTPUKe
rpynnel G pyaknus F' #a G X G, TeM 60/ee OHA BUPTYAJbHO HEIPEPBIBHA.

llokaxkem ob6paTHOe. 3adurcupyeMm € > 0. BeibepeMm mpou3BOIbHYIO TOUKY ¢y € G 1
JTOKayKeM, 9TO B €€ JOCTATOIHO MAJON OKPECTHOCTHU CYIIeCTBeHHAA Bapuanus (pyHKIUN
f He mpeBocxouT £. B cuily npou3BOIBHOCTH TOYKY gy U € > 0 mOIyIuM, 9T0 PYHKIIUA
f mo¥TH BCIOAY COBHATAET CO CBOMM CYIIECTBEHHBIM BEPXHUM MPEIEIOM, KAKOBOU €CTh
HelpepLIBHAA (DYHKITAA.

[lo1B3yACH BUPTYAIbHOU HENPEPLIBHOCTLIO (DYHKIUNA f, HAAeM TaKue HaGOPHI Helle-
PECEeKaIONNXCA I3MePUMBIX MHOXKecTB Ay, ..., A,, By,..., By, uw 1ncra ¢;, 1 <1i,j <mn,
aro Y |A;| > 1/2, % |Bi| > 1/2, |F(x,y)—cij| < /3 pusnoaru Beex x € A;, y € B;. Tlo
npuanuny /[upuxie HalgyTCsa Takme MHAEKCH 4, j, 910 [C] > 0, rge C = A; N goB;. U3
HENPEePLIBHOCTU CABUIA B CPEIHEM CICAYET, YTO AIA HEKOTOPOU OKPECTHOCTH €IMHUIEL
A 6yner |C NsC| > |C]/2 musa Becex s € A. [JocTaTOYHO 0KA3aTh, 9YTO B OKPECTHO-
et Agy TOUKA gy LA MOYTH BCEX TOYEK 2z BBIIOJIHEHO HepaBeHCTBO |f(z) — ¢;;] < /3.
[Iycts Sgg, rae S C A, — MHOXKECTBO TexX 2z, IS KOTOPBLIX TO HE Tak. Torga s 1mo-
arm Beex 2 € C C Ay, y € g5 'C C Bj umeem xy ' ¢ Sgo. Vabivu croBamu, creayomui
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uHTerpaJj pasex 0:

0= / Xe ()X, 16 (9) X4 (zy "dady = / Xeo (2) X0 (@) x4 (t)dadt =
= [1enciaz1s)- o2

orkyma |S| = 0, uTo u TpeGoBajsoch (BTopoe paBEHCTBO COOTBETCTBYET 3aMeHe Iepe-
MerHEBIX (1,y) — (2,t),t = 2y~ gy t). O

Namepumeie pyuxnuu f(+, ), KAK MBI BULeIU, KIACCUPUIUPYIOTCA MATPUIHBIMEA PAC-
NpeeNeHIAME, T.€. MeDaMi Ha MPOCTPAHCTBE GECKOHeTHBIX MaTpuil (a;;)S_;, WHIy-
nupyeMsrx orobpaxenuneM f — (ai; = f(z;,y;)), Toukn ; B X my; BY, i =1,2,...,
BBLIOMPAIOTCA HE3ABUCUMO. B DTHX TePMMHAX MOXKHO 0XapaKTE€PU30BATH CBOUCTBO BHUP-
TyaJIbHOU HENPEPHIBHOCTH:

Teopema 7. Ilycmbv mouku xy,To,..., 8LIOUPAIOMCA CAYUATHO U He3a8ucuUMO 8 X,
Y1, Y2, - - -y CAYUATHO U He3a6ucumo 8 Y. Bupmyasvhas nenpepvienocms gynkyuu f(x,y)
PABHOCUALHA KANCIOMY U3 08YT CACOYOUUT C80TUCTNE:

(i) das 06020 € > 0 natidemes namypaavnoe N, maroe 4mo 6eposmnocmy caedy-
uwe2o cobvimus cmpemumcea v 1 npu n — +0oo:

ECAU MOUKY, T, - . ., Ty, BLIOUPAIOMCA CAYUATHO U HE3ABUCUMO 8 X, Y1, . .., Yn CAY-

watino u weaasucumo 6 Y, mo natidymes marue pa3ouenus, MHoHecmsa undekcos
N A N

{1,...,n} =UY yA; = UY  B;, umo

‘AU‘ <én, ‘BO| <éen, |f(xsayt) - f(xrayp)| <e
npun>1i,7>0,s,reA;,p,te B;.

(i) Aan awbozo ¢ > 0 natidemca namypasvroe N, makoe wmo 6eposmmocmsp caedy-
we2o coovimus pasna 1:

ECAU TMOUKY Ty, Ta, . . ., BLIOUPAIOMCA CAYUATHO U HE3ABUCUMO 6 X, Y1, Y2, - - ., CAY-
watino u nezasucumo 6 Y, mo natidymea marue pazbuenus Hamypaibnozo pala
{1,2,...,} = UY A; = LN B;, wmo sepznas naomnocmyv mmoxcecmsa Ag U By

menvwe € (mo ecmp limsup [(Ag U By) N [1,n]|/n <e) u|f(xs,ye) — f(zr,yp)| <€
nput,j >0, s,r € A;,p,t e B;.

Proof. BupTya/lbHo HempepbIBHAA (DYHKINA ANINPOKCUMUPYETCA CTYHEHIATHIMU B Me-
TpUKe T, a IOTOMY yjoBiaeTBopser cBoucTBaM (i), (ii) B cuiy 3akoHa GOXBIIMX UCETL.

Hoxaxem (i), npexnonaras (ii). MHO)eCTBO BepXHEH ILIOTHOCTH MeHbLIE £ Oyger
colepKATh MeHee 2£n dJAeMeHTOB OT 1 M0 7 Ipu BCeX AOCTATOYHO OOIBIIUX 7. IJTO
3HAYUT, YTO C BEPOATHOCTHIO 1 NIpM BCEX TOCTATOYHO GOJBLIUX 7 OYIYT CYUIECTBO-
BaTh pasbuenus MHOXKecTBa {1,...,n}, yrosiersopswomue (i). Ho Torjga, koHedHo, u
BEPOATHOCTH OJHOT'O TAKOTO COOBITHA KaK (PYHKIUA OT N CTPEMUTCA K 1.

Ocrasoch BbIBECTH BUPTYalbHYIO HempepbiBHOCTH u3 (i). Bygem cumrars X, YV
equHUIHBIME OoTpeskamu [0, 1].

Hawm momamoburcs crexyiommas cTaHIapTHAA JeMMa 00 OleHKe OOJBIINX YKJIOHEHUH
U-craTucruk:
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Jemma 6. IIycmv Z C X XY — usmepumoe nodunoxrcecmso 8 X X Y. Toeda sepo-
AMHKOCIL MO20, YMo Koauuecmso mouer 6uda (r;,y;), 1 < 1,7 < n 6 mnoxcecmee Z
omaunaemcs om n?|Z| Goavwe, wem na n°/°, ne npesocrodum 2n=3/5.

Proof. Beexem dyukumio g(z,y) = x,(z,y) — |Z] (¢ HyaeBBIM CpefHEM) U CILyYalHbIE
BeauauHbl & j = ¢(x;,y;). Y Hac OygeT n’ NEHTPUPOBAHHBIX CIYIANHBIX BEJIMYIHH, IIPU-
HUMAIOIUX 3HadeHus B orpeske [—1,1]. BoapmmHCTBO map 5TUX CoyvIallHBIX BEIMIHH
HE3ABUCUMBI, YTO NO3BOJACT OLEHUTH AUCIEDCHIO

2
iJ irj,k#j
+ ) g(xi,yj)g(xk,yj)) < 2n?,
i,g.k#i

Tpebyemas omenka Tenepb CaeayeT n3 HepaBeHCTBa leObIiesa. ]

Brbepem moammoxecTso NN C N mak, aro Y. n™%° < +oo. Torga, mo aemme
neN

Bopeas-Kanremm, nia ao6oro mamepuvoro Z C [0,1]?, naa movTm Beex CIydallHbIX
nap nocregosareasrocren ({z;}, {y;}) npm gocrarouno Goabumx n € N BeIOIHEHO
HEPABEHCTBO

2
E‘Z‘S#{(Z;]) 1§Z,jSn,(xz,y])EZ}§2n2|Z| (4)

[IpuMeHuB 5TO PacCykKIeHue A CIeTHOro Habopa MHOKecTB Bua Z = R\ f71(A),
rae R npoberaeT Bce NPAMOYTOIBHUKHA C PAIMOHAJBHBIME KOODIUHATAMUI BepIinH, a A
npoberaeT BCe MHTEPBAILI BEMICCTBEHHON IIPAMOH € PAIMOHAILHBIME KOHIAMH, MIOJIY-
9UM, 9TO [JIA HOYTH KAXkKJIOU CIydalHOUW mapbl mocaegosareabrocren ({z;}, {y;}), mus
KaK0r0 7 YKa3aHHOI'O BUJAA NP TOCTATOYHO OOMBIIUX (3aBUCHT OT CIYYaWHOU HAPLI
u or MHOXecTBa Z) n € N Bemoanexo HepaseHcTBO (4). B mampmeiimem Mbr Gyzem
paccMaTpUBATh TOJABKO TaKue Maphbl MOCJAe[0BATEILHOCTEN, IS KOTOPBIX DTO CBOMCTBO
BBILIOMHEHO (TAKOBBI MIOYTH BCE CIYyYalHBIe Mapbl MOCIEN0BATEILHOCTEH).

Bapukcupyem ¢ > 0 u mHaugem 1no Hemy N u3 ycaosus (i). Pacemorpum ciaydan-
HYIO Iapy MOCJICTOBATEILHOCTEH HE3ABUCUMBIX TOYCK Ty, Lo, -+ € X W Y1, Yz, -+ € Y.
C BepOATHOCTBIO 1 MIA DTOU MOCACIOBATEIBHOCTH AIA KAaxKIOTO 7 BBIIOJIHEHO YCJIO-
Bue (i). [uaa xaxgoro n € N paccMOTpHM SMIMPUYECKUE DacupesereHus jij(n) =
nt Y an 0(x;) Ha X U aHATOTHYHBIE SMIMpUICCKHe pacupegencHus Ha Y. Ilepexons,
eCcIu DTO JHOTpe6yeTC}I, K IO/IMOCIeI0BATEIbHOCTH, MBI MOXEM HOJYYUTb, ITO IMOCTe-
IOBATEIBHOCTH Mep {14;(n)}nen €100 CXOZATCA mpH N — 400 K HEKOTOPBIM MepaM
pj(00). MOXKHO TakXKe CIMTATH, ITO COOTBETCTBYIOMNE MepPHL L1A Y TOXKe CXOIATCA.
OrmeTuM, 9TO Zjvzl pj(00) = i ¢ BEPOATHOCTBHIO 1, Tak ITO C BEPOATHOCTBIO 1 Bce
MepHI /1;(00) abCOMIOTHO HENPEPBIBHEL 1O f¢, TOra mo Teopeme Parona-Huxoguma onn
NMEIT HeOTpUulIaTe/JAbHbBIC U3MEPUMBIC IIJIOTHOCTHU SOJ MMeeM fQDO S g, TaK 9TO Mepa
rex © € X, mas KOTOpeix ¢o(z) > 1/2, me npeBocxomuT 2e. [liA BCEX OCTAIbHBIX &
nMeeM Zj\;l @i(r) > 1/2, nostomy @j(x) > 1/2N s mekoToporo mugekca j. Taxum
06pa3zoM, MOXKHO pa3burh X Ha MHOKecTBa X, Xi,..., Xy Takue, uro u(Xy) < 2¢,
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¢; > 1/2N ma X;. Amnarormunoe pasbmenme nmocrpomM Ha Y. [lokazkeM, 4ITO C Be-
POATHOCTBIO 1 (DyHKIMA f MMeeT CYMIECTBEHHYIO Bapuanuio (OmpemesseMylo Kak Cy-
IECTBEHHBIN CYIPEMyM MUHYC CYIIECTBeHHBIN uH(puMyM) He Ooaee 2 Ha X j X Y}, npn
J, k > 1. [lencTBUTEIBHO, €CIN CYMIECTBEHHAS BapUAIUsI OOJIbIIE 2, TO HAUAYTCSA PaIu-
oHaJbHbIe MHTEpBaIbl Ap, Ay, PACCTOAHME MeXIY KOTOPBIME HE MeHblIe 3¢/2, Takue,
aro mEOKecTBa f~1(4A;), i = 1,2, IMEIOT IepecedeHne MOJOKNTEIbHOR MEPEI C X x Y.
3adukcupyeM MajdeHbKoe duciao > 0 (6ymer BBIOpaHO mo3ikKe, 3aBucsiiee oT € u N).
Torga MOXKHO BBIIEIUTH HTPAMOYTOJAbHUKU FR;, ¢ = 1,2, ¢ panroHaJIbHBIMUA KOOpIAWHA-
TaMU BEPIIWH, TAKUE 9TO

|R; 0 (X5 % Ya) N fHA)] > (1= 0)[Ril-

I3 crabon cXoAuMOCTH Mep, HEPABeHCTB BuAa ¢; > 1/2N na X; u aHAJOIMIHBIX Hepa-
BEHCTB Ha Y}, caegyer, 9To npu n — oo, n € N,

pi(n) x vi(n)(R;) — pj(00) X vj(oo)(R;) >

> p13(00) X 15(00) (s 1 (X x V) > —

> ol Ren (X % Vi)l

IOSTOMY, IIPH AOCTATOYHO Goibmux n € N, xkoarmdecTBo Todek BuAa (Ts,y;) € R,
TaKUX ITO S € A;-‘, t € B}, He MeHblIIe, 1eM

B cuy cBoricTBa (i) 60 Bee oru Toukn (qas i = 1 u i = 2 Bmecre) He aexat B f1(A),
160 Bce oHEU He JdexaT B f(Ay). Ho m1a MHOXKeCTBa KaxKIOrO U3 MHOXKECTB Z =
R; \ f7Y(A;), mepa koToporo He mpesocxoautT §|R;|, npu 6oapmmx n € N, KOTIeCTBO
Todek Bua (T, 1Y), 1 < s, < n, NIOHAJAIOMIUX B HErO, He MPEBOCXOAUT 20| R;|n?, aro
IPOTUBOPEIUT MOTYICHHON OLEHKEe NP TOCTATOYHO MAJBIX 0.

Takum 06pa3omM, ¢ BEPOATHOCTHIO 1 (PyHKIUA [ NpubIMKAETCA B T—METPUKE CTY-
HeHYIATON, MO[INHEHHOW MOCTPOEHHBIM pa3buerusaM. OcTagoch BOCIOIB30BATHCI MTPO-
I3BOJBHOCTBIO € U TeopeMon 6. O

2.6 bwucroxacrudyeckme Mepbl M MOJIUMOPQPU3MbBI

C Tovku; 3peHus Teopuu Mepwl cama mo cebe GYHKIUA k apryMeHTOB Ha MPAMOM IIPO-
U3BEJIEHUN CTAHIAPTHBIX MPOCTPAHCTB C HEIPEPBIBHOM MEPOU €CTh CHOBA (DYHKIWSA HA
CTAHJAPTHOM IIPOCTPAHCTBE C HEMPEPBIBHOU MEPOU — B CHIY U30MOpP(U3Ma BCEX Ta-
KIX IpocTpaHcTB. IToOBI paccMaTpuBaTh ee MMEHHO KaK (DYHKIUIO k IepeMeHHBIX,
cIeyeT BBECTH HECKOJIbKO MHYIO KATErOpHUIO, IeM KaTeropus NPOCTPAHCTB C MEpPOu.
MeHHO, paccMOTpuM IpoCTpancTBo ¢ Mepou (X, 2, m), B curma-aare6pe KOTOPOro
BBIIETCHO k curma-tiogaaredp Ay, ..., Ax. EcrecrBenno cunrars, 9T0 5TH nOxAITeOPHI
B COBOKYITHOCTHU TOPOXK JAIOT BCIO CUIMa-aIre0py U APYruX TpeOOBAHWN HA DTU I10TAJ-
re6pel HET. B TakoM IpOCTpAaHCTBE COMHOKUTEID 2A; OTOXK IECTBAACTCA C MO AAIreOpOn
aare6psl 2 = [[2; moayvaromencs mepeMHOKEeHTEM STOr0 COMHOKUTENA HA TPUBUATb-
HbIE TOJAIreODBI OCTATBHBIX COMHOKUTENen. VubiMu cioBamu, pyukuuu f(xq, ..., Tk)
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Ha A, ©3MepuMble OTHOCUTEIBHO -OU CUTIMa-mogaareopsr A;, cyTh QYHKINU, 3aBUCS-
e TOIBKO OT OJHOro aprymenta x; (i =1,..., k). To4HO Tak e MOXKHO OIPEJeIUTH
(yHKIIMU, 3aBUCALIIIE OT JIOO0r0 MEHBIIEr0 YuC/Ia MEePpeMeHHBIX. [eM caMbIM, u3Me-
puMas (PYHKIUA HECKOJbKMX IEPEMEHHBIX U CaMH I[IepeMEHHBIE OIPEIeIAITCA B IPO-
CTPAHCTBE C MEPOU, B KOTOPOM BBIJEICHO CEMEUCTBO CUTMA-II0IAITre0p, TOPOK TAIOMINX
B COBOKYIHOCTH BCIO CUI'Ma-aJreopy.

Onpeneneuune 6. Msmepumyo Pynrxyuio wa npocmpancmee X ¢ k svidesenubimu nod-
anzebpamu, 6ydem naszvisamyv oOwet uzmepumoti pynkyuet k apymenmos.

B kraccmueckoMm ciaydae STH MOAaaeOphl HE3ABUCHMBI M CAMM MEPEMEHHLIE TaKiKe
Ha3BIBAIOTCA HE3aBHCHMBIMU ° OTHAKO, MHOTHe (paKThl 06 M3MEepUMBIX (DYHKIHUAX He-
CKOJBKUX MEPEMEHHBIX OCTAIOTCA BEPHBIM U B OOIIEM CIyYae.

Paccmorpum mepy A, 3amannyio Ha curma-aiarebpe 2. Ee MoxXHO orpaHmvYmBaTh Ha
curma-mmogaarebper A;, ¢ = 1,...,k. Bymem paccmarpuBaTh Takume MEpPHI A, 9TO DTHU
OrpaHUIeHnsA a0COIIOTHO HEIIPEPBIBHEL OTHOCUTEILHO MEPHL M, cyxkeHHou Ha ;. Eciam
OTpaHUYIEHUA Mepbl A Ha cUrMa-aarebpsr 2A; coBnagatoT ¢ m, ¢ = 1...k, To Takasd Mepa
HA3BIBACTCA MYAbMUCTNOTACMUUECKOT Mepoli OTHOCUTENBHO TaHHBIX HOJAIre6p (mpu
k = 2 — 6uCTOXAaCTUYECKOM); eCIU K€ DTU OIPAHUYCHUS JUIIb SKBUBAJICHTHBL 1 A
i=1,...,k, To MBI HA3BIBAEM MEPY A noumu mysbmucmoracmuueckot. Hakonem, eciau
ANU) <m(U) pas mo6oro U € A;,i = 1,...,k, Mepy OyaeM Ha3BIBATH CYOMYALMUCTO-
racmuyeckot.

Pasymeercs, bucroxacTudeckas Mepa MOXKeET ObITh CUHTYIAPHON OTHOCUTEIBHO TTPO-
usBeneHus Mep. Hanmpumep, B caydae opaMoro mpomsseteHus orpeskoB (X, p) =
(Y,v) = [0,1] b6ucroxacrudeckon Oyzer Mepa A, COCPEIOTOYCHHAA HA [UATOHAIN
{z =y} (o6pa3 mepsl y mpu oTOOGpakenuu r — (x,x)).

Bo Bcem maabHenmeM MBI IJIS IPOCTOTH HoIaraeM, 9To k = 2, T.e. pacCMaTpPUBAEM
caydayd JABYX apryMEHTOB, OJHAKO HUKAKUX CEPbEe3HbIX M3MEHEHUU /I CAydas MpOou3-
BOJALHOTO k > 2 B HAIIUX PACCMOTPEHUAX U Pe3yabTarTax AelaTh He IpuaeTcsa. Mbr
OyaeM paccMaTpUBaTh He TOABKO CAydall HEe3aBUCUMBIX apryMEHTOB, T.e. He 00sa3a-
TEIbLHO (DYHKIINY 33 aHHBIE HA MPAMOM IPOU3BEICHUN ABYX NPOCTPAHCTB C HEIPEPHIB-
HOUM MepOHU, OOJIBIIAA YACTh MOHATUU MOXKET OBITH ONpeaeJeHa IJIA IPOU3BOILHON Maphl
curma-nogaareop. Ho u ciydan He3aBUCUMBIX apryMEHTOB YaCTO MOJE3HEE PACCMaTpH-
BATh KaK OOIIUN.

Bucroxacrudeckue Mepbl Ha IPAMOM TPOU3BEIEHUN IIPOCTPAHCTB ONPEIEIAI0T TaK
Ha3BIBAEMBIN noaumop@uam npocrpancrsa (X, p) B mpocrpancrso (Y,v) (em. [11]),
TO eCTh “MHOTO3HAYHOe OTOOpaxkenwe” ¢ MHBapuaHTHOU Mepou. (OCOOEHHO BaxKeH
caydan oroxkaecrBieHHbix aprymenTos: (X,2L p) = (Y,B,v); Torga nomuMopdusm
06006m@aeT MOHATHE aBTOMOP(U3MA IPOCTPAHCTBA ¢ Mepou. [lodru-6ucroxacTudeckas
Mepa ONPEIENAET NOAUMOPPUIM C KaA3UUHEAPUAHMHOT mepoti. BucroxacTuieckas win
MOYTH-OMCTOXACTUYIECKAA Mepa A ONpeNefaioT TaKKe OWINHENHYo (B OOIIeM Ciydae
k-murennyio) dopmy (f(x),9(y)) — [ f(z)g(y)dA(z,y), KOTOpOR COOTBETCTBYET T.H.
MapKOBCKHUHI (COOTB. KBA3UMAPKOBCKUI) OMEPATOD B COOTBETCTBYIOMINX (DYHKIIMOHAID-
HBIX NPOCTPAHCTBAX. 3aMETHM JHUllb, 9TO TOT oneparop U, ecTh cxKaTue, T.e. €ero

3XOTf{ 9TO JIAIIIBL YAAYIHOE COBIIQJICHUEC NBYX PA3JIUTIHBIX MIOHMMAHNN OOHOT'O W TOI'O XK€ TEepMHUHaA

“HE3aBUCUMOCTD’ — BEPOATHOCTHOI'O U AHAJATUIECKOrO.
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HOpPMa HE MPEBHIIIAET eIUMHAILI, OH COXPaHAeT HHBAPUAHTHBEIM KOHYC HEOTPHUIATEIbLHBIX
¢yEKIEKA. B caydae 6MCTOXaCTHIECKOW MEPHI DTOT OIEPATOP, KaK U €0 COMPIKEHHBIN,
coXpaHseT HemoABUKHBIMEU KOHCTAHTh: Uyl = 1. O MHOMOYHUCJIEHHBIX CBS3SIX TEOPUU
10auMOpGU3MOB (MAapPKOBCKUE OLEPATOPBL, JKOUHUHIU, OUPACCIOCHUSA, COOTBETCTBUS,
mepsl FOura, kammuaru u t.1.) oM B [11, 12, 9]. Bucroxacruyeckume Mepbl urpaor
KJIOYEBYIO POJb B OYPHO PA3BUBAIOUICHCSA TEOPUN HENPEPHIBHBIX rpados [17].

3aMeTuM, 9TO 1A KBa3u-OMCTOXACTUIECKON Mephl A Ha X X Y Bce MHOXKeCTBa HY-
JIeBOM COOCTBEHHOU TOMUHBL u3MepuMbl (1 umeor mepy 0). Torjga u BupTyaabHO OT-
KPBITHIE MHOXKECTBA TAKKe \-U3MEPUMBI, & IOTOMY U3MEPUMBI COOCTBEHHO BUPTYAJbHO
HEeIPEePbIBHbIE (PYHKIMU. DKBUBAJCHTHBIE XKe (II0 Mepe (4 X V) COOCTBEHHO BUPTYAIbHO
HeIpepeIBHbIE (DYHKIINN DKBUBAJEHTHHI U II0 Mepe A B CHIy mpeatoxenus 6. Takum
00pa3oM, KAGCCY IKBUBAAECHMHOCTIU USMEPUMBLE BUPMYAALHO HENPEPLIEHBIL PYHKUYUL
00HO3HAUKO COOMBEMCMBYEM KAACC A-IKBUBAAEHMHOCU A-U3MePuMbIL Pynryut. B
TAJTbHEHNIIeM Mbl O(DOPMUM DTOT TE3MC KaK TEOPEMY BJIOKEHUs HOPMUPOBAHHBIX MIPO-
CTPAHCTB.

2.7 HopmMma B npoCcTpaHCTBe BUPTYaJbHO HENpPepPbIBHLIX (PyHK-
187071

MeI ompegenuan cX0IuMOCTDb [0 T-MEeTPUKe, ABJIAIOIIYIOCA IS BUPTYAJIbHO HEIPEPBIB-
HBIX (DYHKIIUU AHAJOCOM CXOAUMOCTH 1O Mepe. MOXKHO BBECTH aHAJIOTH H3BECTHBIX
GaHAXOBBIX MPOCTPAHCTB U3MEPUMBIX (DYHKIUH.

Namepumyto ¢yakuuio h(-, -) sa npocrpancrse (X X Y, u X v) HazoBem cyb6ucToxa-
CTHYECKOW, eCIU Mepa ¢ IOTHOCTHIO |A(-, )| oTHOCHTEIbHO pOgAaKT-Mepbl HA X X Y
ABIsETCA cybbucToxacTudeckon. MHOX)KeCTBO cy60MCTOXaCTHIECKUX (PYHKIMN 0003HA-
quMm depes S.

Onpenenny KOHEYHYIO WM OECKOHEYHYIO HOpMY uaMepumon GyHkuun f(-,-) paBeH-
CTBOM:

Il =t { [ a@)inte)+ [ vyivto):

a(@) 2 0,b(y) = 0, |f(w,y)["2"a(x) + b(y) }.
Ceasb BeegenHoil Th'-HOPMBI U T-METPUKE Za€T CIeLYIOMAs

Jlemma 7. Jas mobot gynryuu f evinoaneno nepasencmeo 7(0, f) < 4 /2| f]l..,,-

Proof. Ecim || ]|, = 0o, To yrBepxgenne rpusmambro. Ilycrs |f|| < t7/2 mua
Hekoroporo t > 0. Torma mammgyrcs HeoTpunareabuesie GyHKIU a¢: X — Ru b: Y —

R, rakue aro |f(z,y)[" a(z) +b(y), n [, a+ [, b < t?/2. Ho Toraa, no mepaseHcTsy

Yeobwimena,
plx: a(z) >t/2} +v{y: bly) > t/2} < t.
Ho
{(z,9): fz,y) = 137w a(e) 2 1/2} x Y UX x{y: by) > 1/2},

nosromy 7(0, f) < ¢, 9TO U HOKa3BIBaeT TPeGyeMoe HePABEHCTBO. O
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CuaexcrBue 1. Crodumocms 6 Thl-nopme saeuem crodumocms 6 T-mempure.

Caemyomas TeopeMa ecTb aHAJOr WM3BECTHOM TEOPEMBI  IBOUCTBEHHOCTH
JL.B.Kanroposu4a ([1]) B TpaHCIOPTHOU 3axade — MMEHHO, JBOUCTBEHHOCTH MEX Iy
IPOCTPAHCTBOM Mep ¢ MeTpukon KamTopoBuva m mpocTpancTBOM (PyHKUIuE Jlummmmma
(em. Taxxe [21]).

Teopema 8.

11, = sup / (@) (e, y)dp(x)dv(y): he Sy . (5)

XY

Proof. Tlokaxkem cHadata, 9TO JeBasd 9acTh (5) He MeHbIIe HpaBoU. [leNCTBUTEIBHO,
ecim h € S, a pynkuuu a: X — Ru b: Y — R rakossl, uto |f(z,y)|"<a(z) + b(y), To

/ @), ) du(z)dn(y / Ih(z, )] (a(z) + b)) du(z)dv(y) <

XxXY XxXY

< [at /my\dv y)dp(z) / /Ihxy\du()dl/()
/ )du(x +/b Vv (y

Y

[Tepexogsa k wHEUMYMY [0 TOMYCTUMBIM HapaM (PYHKIUU @ u b, MOIydaeM HCKOMOE
HEPABEHCTBO.

Ocranoch J0oKa3aTh, 9TO mpaBas 4acTh (D) He MeHbIIe JeBOW. BriGepeM mpousBoib-
Hoe f > () 1 paccMOTPUM [Ba BHIMYKILIX moaMHOKecTBa B LY(X X Y, 11 X v):

A= {ofa) +bw): 0,02 0, [ ala)due) + [ bo)duty) < 11, - 0}

B ={g(z,y): g(z,y)"2"|f(z,y)|}.

[To onpeneneHnIo HOPMBL, TU ABA MHOXKECTBA HE MepecekaoTcsa. [lokaxem, 9T0 paccTo-
AHUE MEXK Ty dTUMHU MHOKecTBamu B L' noaoxurensno. Ecin 5T0 He Tak, TO HalayTCA
I0CJI€I0BATENLHOCTE HEOTPUIATENBHEIX (DYHKIUM Gy, by, gp, Takue 910 a,, () + by (y) €
A, gn € Bu |lan(x) +bp(y) — gn(2,y)||Lr(x xy) — 0. Illepexos, ecm HyKHO, K HOIOC.Te-
JOBATEIBHOCTH, Mbl MOXEM MOLYIUTh, ITO Gy (2) + by (y) — gn(x,y) — 0 p X v—mourn
Bcioay. Bocnoassyemces reopemon Komioma [3]. Tlepexoms x coorBeTcTByIOmEN MOA-
OC/Ie10BATEIBHOCTH, MOXKHO AOOHTBCA TOrO, 9TO SV ag(r) — a(z) p—mnourn:

BCIOTTY, % 25:1 bi(y) — b(y) v—movTu BCIoAy I HEKOTOPLIX HEOTPUIATEIbHBIX (DYHK-
mma o € LY(X), b € LY(Y). Pacemorpum dymkmuo ¢(z,y) := a(x) + b(y). Torga
% Zgilgn(x,y) — g(x,y) p X v—unouru Bciogy. flcuo, uro rorga g € B. C apyron

CTOPOHHI,
/a+/b<hmsup— (/ak+/bk)<ﬂf“ﬂ,1_
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B CHJIY IOJYHEIPEPHIBHOCTU CHU3Y HHTErpafga HeOTPUIATENbHBIX (PYHKIWH OTHOCH-
TeJbHO CXOAMMOCTH Hmo4uTH Be3ne. Takum obpasom, g € A. IIporuBopedne.
Bocnonssyemes Temepb TeopeMon oTaeIuMOCTH XaHa — bamaxa. Tak kak MHOXKe-
ctBo A comepxur 0, Hamgerca ¢yrkuma h € L°(X X Y), takas uro [gh < 1 aan
moboit g € Au [gh > 1 aaa mobonn g € B. Tak kak MHOXKeCTBO B sBIeTCA CABU-
rOM KOHYCa HEOTPUUATEIbHBIX (GyHKIuE, 1 [ gh > 1 mia moGol g € B, MbL HoILydaeM
h > 0 mouru Bcoogy. /[aa mpousBoibHOrO MHOXKecTBa X; C X BO3bMeM (GYHKIIHIO

—0
a(z) = Ml

w(X1) Axy (37) Torna CL(JC) € A, mooTomy

@/X /Y(”f”m — O)h(x,y)dv(y)dpu(z) < 1.

AHanoruvHbBIE HEPABEHCTBA MOXKHO HANKCATH, MOMEHAB MEPEMEHHbIE, MOITOMY MOXKHO
BAKTIOINTD, 9T0 dynxmua h = (|| f[|  , — 0)h npuragrexut muoxectsy S. Ho [f| € B,
ODTOMY

J 1=y =0) [ 1102 151, -0
B cuny npousBoabHOCTH €, Teopema 7 goKa3aHa. 0
JlokazkeM Tereps elme OZHy TeopeMy o BBegeHHON mopme Thl.

Teopema 9. Aas w060t uzmepumoti pynkyuu f: X XY — R svinoanenvt Hepasencmsa:

oo

1
Ml < [ endls = ar <27, ©)

0

Proof. Ecmm |f(x,y)

"<a(z) + b(y), To

{(z,9): [f(z,9)] = A} e®({a: a(z) = A/2} x YV) U (X x {y: b(y) = A/2}),
HODTOMY
th{[f[ = A} < p{a = A/2} +v{b = A/2}.
WuTerpupys »To HEPABEHCTBO IO A, MOIyYaeM

e e}

/th{m > M) < /Ooo(u{a > 0/2} + v{b > A/2})dA = 2 (/Xa + /Yb) |

0

[Tepexost k naGUMYMY 10 napaMm QYHKIUA @ u b, moaydaeM npaBoe HepaBeHCTBO B (6).
HoxaxeMm Teneps JeBoe HepaBeHCTBO. Tak kak th{|f| > A} MonoTOHHO y6BIBaeT 1O
A, BBIIIOJHEHO TAKOe HEePABEHCTBO:

[ GER e ST RS @

Jlns npomssoabHOTO £ > 0 BEIGepeM MHOXKecTBa Ay m By Tak, uro {|f| > 2F}med( A4, x
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Y)U (X X Bg) u

w(A) + v(By) < (1+¢) th{|f| > 2*}.
Bospyey dymkmm a(r) = Y 26bx, (z) m b(y) = Y281y, (y). Jlerko mposepurs,
aro | f(z,y)|""a(z) + b(y), nosromy

1] S/Xa+/yb§4(1+e)22’“‘1th{\f| > 9k,
kEZ

IlocregHee HepaBEHCTBO, BMECTE C (7), B CIIy IPOUW3BOJBHOCTH €, TOKa3bIBaeT Tpelye-
Moe. ]

U3 »Tou TeopeMbl moaydaeM MOJIE3HOe

Crepcreue 2. Ecau || f||.., < 0o, mo dywxyus f npubauxcaemes no Th'-nwopme coo-

UMY CPE3KAMU,.

Thl

Proof. Ilyctes fy — aBycroponnsas cpeska f mo yposuo N. Torma {|f — fx| > A} C
{|f] > N + A}, nosromy

[e.e] e e} (e e

/th{\f A< /th{m > N+ AJdA = /th{m > AJdA — 0,
0 0 N
npu N — oco. Ilo reopeme 9, || f — fnll.., — 0. O

Thl

Teopema 10. amvikanue muoxcecmea cmynenvamvx @yuwyuti 6 Th'-nopme cocmoum
U3 6CET BUPMYAALHO HENPEPLIEHBIT PYHKUUT, Y KOMOPUIT 9Ma HOpMa Koneuka (6 uacm-
HOCTU, A100G4 02PAHUYEHHAA BUPMYAILHO HENPEPLIBHAL PYHKYUA AEHCUTN 6 FMOM 3a-
MBUKGHUL) .

Proof. Ilns TOro, 9T00B 0Ka3aTh, 9TO MPEAE] II0 HOPME MOCIEN0BATEILHOCTH CTYIICH-
9aTHIX (PYHKIUHN ABIACTCA BUPTYAILHO HEMPEPLIBHON (DYHKIUEN, JOCTATOTHO BOCIIOMb-
30BaThCA CaeqcTBueM 1 m Teopemon 6.

JloKazKeM Teleph, 9TO KAk 1ad BAPTYAIbHO HeIpephiBHas (pyHKINA ¢ KoHearon Th'-
HOPMOU TPUOIMAKAETCA O DTOU HOpMe cTynendarbivu Gyrxmuavm. ycrs || f|| < oo
ue > 0. Ilo caegcrBuio 2, npu gocTarodHo 6oubmoM N, IBYCTOPOHHAS cpe3ka fy
¢yrkmEm f o yposmio N xopomro npubmmxkaet dynxmmo f mo mopme: [|f — fyll <.
3apukcupyem Takoe 6oabmoe N. Janee, GyHKIusa fy, O9€BUIHO, ABIAETCA BUPTYATILHO
HEIPEPBIBHOM, TI0DTOMY, 110 Teopeme 6, OHa NPUOIMKALTCA B T—METPUKE CTYHEHIATHIMA
QYHKUUAMM, TO €CTh HAWAeTCs cTylneHdaTas GpyHKuus ¢, Takas 9ro 7(g, fx) < €/N.
[Tpu >TOM (PYHKIWMIO ¢ MOXKHO CIMTATH OIPAHWYEHHOW MO MOYJIIO TOW YK€ KOHCTAHTOU
N (ecam 5T0 He Tak, ee MOKHO cpe3arsh). Tak kak 7(g, fv) < €/N, HALIYTCSA MHOKECTBA
Xo C X, Yy C Y, rakue uro u(Xy) < /N, v(Yy) <e¢/N u|fn —g| < /N nouru Bcroxy
Ha (X \ Xo) x (Y \ Yp). Ho Torga Mer umeem HepaBeHCTBO

|fn(z,y) — g2, y)|"<% /N + 2N x () + 2N x,, (v),
< 6e.

noaTomy [|fy — gl < &/N + 2N (u(Xo) + v(Yo)) < 5e. 3mauur, [|f — g, <
Teopema mokazana. ]

23



IIpocTpatcTBO BCeX BEPTYAIbHO HEIPepHIBHBIX (PYHKIHH ¢ kKoHedHon Th'-HOpMoOi
o6o3aauM VC!. OHo aBIgeTcs aHAJIOrOM IpocTpaHcTBa L' 11a BEpTyalbHO Hempe-
PBIBHBIX (DYHKIWU U ABJIAETCS MPEICONPAKEHHBIM K MPOCTPAHCTBY MOJIAMOPMUIMOB C
OrPAHUIEHHBIMU TLIOTHOCTSME TTPOEKITUN.

Teopema 11. Conpsascennvim x npocmpancmey VCL asasemes npocmpancmeso sapa-
dos n na X XY ¢ Koweunot nopmot

177/l me = max Hapw\mH Hapy\mH
me Lo (X)) Lo(yw) )’

ede P* u PY — npoexyuu na X u'Y coomsememsenno, a |n| — sapuayus 3apsada. /[eti-
cmeue 3apada 1 KA SUPMYabKo Henpepviskylo dynkyuto f onpedeasemea xax [ fdn,
ede f — cobcmeenno 6UPMYaIbHO HEnpepbvienas Gynkyus, sKeusatenmuan f*.

[lns moxazarerbcTBa TeopeMmbl 11 HaM MOHATOOUTCA CJeTyIONIAsd

Jlemma 8. [lycmv K — mempuueckuti komnaxm, F' — nenpepvieubiii aunetinbit dyrr-
yuonaa wa npocmpancmse wenpepwvisnvir Gynkyut C(K). Henpepvisnvie na K dynryuu
fi, fo, ... Mmaroswl, WMo UL HOPMbL PABHOMEPHO 02PAHUYUENDL, G HOCUMEAU HE NEPECEK-
womea. Tozda psad Y F(f;) cxodumes abcomomuo. Ecau npu smom (3adannas nomo-

weuno) Pynkyus [ =Y f; nenpepviena, mo F(f) =>_ F(fi)-

Proof. ®yukuunonan F' o reopeme Pucca 3amgaercs maTerpupoBaHueM 1mno 60peaeBCcKOn
Mepe CO 3HAKOM, MMEIIed KOHEYHY Bapuanumio. AGCOMOTHAA CXOAUMOCTH PALA CJIe-
IyeT M3 CIeTHOU A AUTUBHOCTH DTOU MepHI U KOHEYHOCTH Bapuaruu. Vckomoe paBeH-
crBo F(f) =>_ F(f;) crexyer u3 Teopemsl JleGera o cyMMEpPYeMOl MazKOpDaHTE. O

[Aoxazameavcmeo meopemvr 11. Tlycrs craganra 1) — Taxkasg Mepa €O 3HAKOM, €TO
I1M|lme < oo0. Bamerum, 9To ecaum guA crymerdaron GyHkumu h ouenka |h(z,y)| <
a(z) + b(y) umeeT MeCTO HOYTH BCIOLY, TO OHA MMEET MECTO M HOYTH BCIOLY Ha IPO-
U3BEJEHUU MHOXKECTB MOJHOU Mepbl, CTaI0 ObITh |n|-movru Beoogy. I[losromy Takoe
HEPABEHCTBO MOXKHO MHTEIPUPOBATH 10 |7], OTKY1a

[ wte.win| < [nidinl < [ ato) + byl <
<l ( [ la(allanti) + [ 1lavts))

ITepexons k urdumMmymy 10 a,b rakum, 9ro |h|*a(x) + b(y), noxyaem, uaro | [ hdn| <
[A]]._,.. 17]/me, TTO B TpeGoBatOCH.

Teneps mokaxkem, ITO TI0O0U IMHENHBIN HEIIPEPBIBHBIN (hyHKIIMOHAT F' HA mpocTpaH-
cree VO 3amaerca ykasanabM o6pasom. He ymanas o6OIHOCTH, MOXKHO CIATATH, ITO

4Coruacuo 3ameuanmio B Koune naparpadga 2.6, Gyakimsa f GygeT 1)-u3MepuMoi, U 3HAMCHUEe MHTe-
rpaja He 3aBUCUT OT BhIOOpa f.
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|F|| = 1. [lag cTymeHYaToro MHOXKeCTBa (TO €CThb KOHEYHOIO OOBETMHEHUS MPAMO-
yroapHukoB) Z C X X Y momoxum

n(Z) = F(x,)
nl(Z) :==sup > _ |n(Z)],

rje CympeMyM 0epeTcs IO BCeM MOCAeNOBATEIbHOCTAM HEIePeCEeKAMIUXCA CTYIeHYa-
THIX MHOXKECTB Z1,... B Z. O4eBHIHO, CympeMyM MOXKHO OpaTh JHIIb 110 KOHEYHBIM
Habopam, 6o1ee TOro, B KadeCcTBe /Z; TOCTATOYHO OpPaTh JUIIb IPAMOYTOJbHUKEN. DBBe-
MeHHbIe (DYHKIIMM MHOXKECTBA KOHEYHO [ IMTUBHHI.

[nst 106010 KOHEIHOT0 HabOpa HElepeCceKalomMnuXCsa CTYIeHIaThIX MHOXeCTB 4; C Z
uveem ) [n(Z;)| = F(3_+x, ). Kpome roro, | £x,| < x,. Eemn Z = X; xY, 10
122 EX, g < [Xal, mosromy [n[(Xy x V) < [X|. Amarormumo, [n(X x Yi)| < [Yi].
JlokazkeM, 9TO KOHETHO aJ IUTUBHBIC (QYHKINY MHOKECTBA 1) U |7|, 3a,1aHHbIe Ha anrebpe
CTYHEHYAThIX MHOXKECTB, IPOAOIKAIOTCA 10 MEPBL CO 3HAKOM U MeDbI Ha, BCel o-anrebpe
2 x B npocrpancTtBa X X Y.

[lnsa »Toro, coraacHo Teopeme KoamoropoBa-XaHa, HOCTATOYHO MPOBEPUTH, UTO
eCcIu Z; — HellepeCceKalluecsa CTyIeHIaTble MHOXKeCTBa 1 4 = LIZ; ToXKe CTyIeHdIaToe,
o |n|(Z) = > |nl(Z;). Tak xak |n| — upeamepa, To Hepasenctso |n|(Z) > > |n|(Z;)
odeBuaHO. OCTAIOCh I0Ka3aTh HEPABEHCTBO B ApYryio cTopoHy. Ilo ompexenenuio,
Benmuuna |1|(Z) ects cynpemym cymm Y [n(Pg)| mo BceM KOHeYHBIM HAGOpAM HeIe-
PECEKAONIMXCS MPAMOYTOIBHUKOB Py, COAePKAMUXCA B Z, HOITOMY JOCTATOYHO JO-
Ka3aThb, 910 y . |17(FPx)| < >, [1/(Z;). B cuny kometnon aggmrTuBHOCTE mpeaMepsl |7],
JIOCTATOYHO TOKA3aTh, 9TO MJIA KaXKIOI0 IPAMOYTOIBHUKA F) BEIIOIHEHO HEPABEHCTBO
n(Pr)| <>, Inl(ZiNPy). Pa3ous xax 10e n3 MHOXKeCTB Z; P, Ha KOHETHOE KOIMIECTBO
MIpAMOYTOJABbHUKOB, MBI CBOAUM 3TO K HEPABEHCTBY TAaKOI'O BHIA:

n(Q)| < Z n(Qi)],

rae NpAMOYTOJIbHUK () eCTh 00beINHEeHNEe HellepeCceKaloMuXCa IPAMOYTOJIbHIKOB ;.
PaccmarpuBas psg m3 paspesHBIX MOIYMETPUK, HECAOXKHO IMOCTPOUTH TAKUe TOIY-
CTUMBIE TIOJIYMETDUKA pPx, Py, 9T0 Merpudeckue npocrpancrsa (X, px), (Y, py) Oy-
IYT IMPEIKOMIAKTHBI, & MPOEKINA KA¥XK 0 CTOPOHBI KAXKI0I'0 U3 HPAMOYIOJIBHUKOB ();
n () OyJeT HAXOAUTHCA Ha IOJOXKUTEJLHOM PACCTOIHHU OT CBOEro MOmOJHeHms. To-
ria Bce QYHKIME X, ¥ X, ABUIIOTCA PABHOMEPHO HENPEPHIBHEIME HA IPOCTPAHCTBE
(X XY, px X py) 1 MODTOMY NPOTONKAIOTCA HEPEPLIBHO HA IOMOIHEHNE (eIUHULEN HA
3aMbIKAHIE COOTBETCTBYIOMIErO MPAMOYTOJbHUKA ¥ HYJEM Ha 3aMBIKAQHUE er0 TOMOJIHe-
uust). [Ipu sTOM HOCHTEIN TPOMOMKEHHBIX (DYHKIUH MO-IPEKHEMY HE MePEeCeKAITC.
[IpocTparCTBO HeOpepLBHEIX (GyHKImE Ha momosnennn X X Y Braagsmaerca B VO ¢
HOPMOU BJIOXKeHHUsA He 6osee 1, Tak 9T0 GYHKIHOHAT F' ABIAETCS HA HEM HEIPEPLIBHLIM.
[Ipuvenus emMy 8 K HOCICZOBATEIPHOCTH (DYHKIMH X, , TOLYIaeM PaBCHCTBO

n(Q) = Flxg) = 3 Flxo,) = D n(Q),

13 KOTOPOT'O CJaeayeT MCKOMOe HEPaBEHCTBO. ]
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Caeacteue 3. /[as supmyasvrno menpepvisuns @gynkyut uz npocmpancmea VC (6
YACTHOCTIU, 04 02D AHULEHHBIT BUPMYAAbHO HENPEPbIBHbIT PYHKYUT) KOppermmo onpe-
Jenén unmez2pas ne MoabKo N0 MHOHNCECMEAM NOAOHCUMEALHOT MEPLL, KAK 044 NPOU3-
BOALHBIL CYMMUPYEMIT PYHKYUl, HO U uwmeepas no oducmoracmuueckum (Cun2yaLp-
noim) mepam, nanpumep, no mepe Jdebeea na duazonasu {x =y} C [0,1]%, uau no mepe,
cocpedomouennoti na epadure npeobpaszosanus ¢ Keéasuunsapuanmot mepot. Tarum
06pazom, supmyaibro wenpepviubie Pynkyuy umetom “caed (oepanuuenue) ma Juao-
HAAU" 8 CMBICAE MEOPEM O CAEIAT.

B kxadecTBe NpUIOKeHUA NOKAaXKeM BAPMAHT HeNpepLIBHOM TeopeMbl XOoaIa, 6ope-
JEBCKUI BAPUAHT KOTOPOIO IpuUBeeH B npuiokenusax [18] k kuure JI. Jlosaca [17]:

Teopema 12. Ilycmv Z C X X Y — supmyaabro 3amkrymoe muoxcecmso. Tozda
PABHOCUALHBL CAeIYUUe 08a YCAOBUA:

(i) Hatidemces bucmozacmuueckas mepa A makas, umo A\(Z) = 1;

(ii) Cobcmeennas moawuna sth(Z) muoncecmsa Z pasna 1.

Proof. Ycaosue (i) memocpegcrBenno Baeder (ii). [lokaxem 0OpaTHYIO HMILIMKAIUIO.
MoxHO cauTaTh, YTO MHOXKECTBO Z 3aMKHYTO 1O MeTpuke d = px X py, Ule px, Py —
ponycrumble MeTpuku Ha X, Y. Torga ¢yuxuus f(x,y) := exp(—d((z,y), Z))) Oyaer
COOCTBEHHO BUPTYAJIbHO HEIPEPLIBHA.

HoxaxeMm, uro ee VCl-mopma passa 1. Ecium 5To He Tak, TO HalAyTcA HEOTPHU-
narenpusle Gyuxkuun a(z), b(y) rakwme, uro a(z) + b(y) > f(x,y) mourm Bciogy u
Ja+ [b=e?* ¢ >0 PaccMoTpuMm £-0KPECTHOCTH Z. MHOXKECTBA Z B METDHKE
d. DTO MHOXKECTBO BUPTYAJIbHO OTKPBITO, TAK YTO MO JeMMe 2 I Hero COOCTBEHHAA
TOJIIUHA COBIAJAET C TOJMMIUHON (M moTomy pasHa 1). Vmeem

a(x) +b(y) > e “xz.

npu modTHu Bcex © € X,y € Y, Tak 4TO

th(Z,) <e€° (/a+/b) =e ",
[TporuBopeune.

[lst areMeHTa ¢ eIMHUIHON HOPMOU B 0OAHAXOBOM IPOCTPAHCTBE HAUIETCSA HEMpe-
PBIBHBIN (DYHKITMOHAA €IUHAIHON HOPMBI, IpHHUMAMOMNN Ha HeM 3Hadenme 1. Ilo Te-
opeme 11 5TOT (yHKIHOHAIL 3a1aeTcA Cy6OUCTOXACTHICCKUM 3apatoM A u [ fd\ = 1.

Ho
Jra < [isax= [ o<,

1, IOCKOJIbKY BCe HepaBeHCTBa obpamaioTca B paseHcTBa, A(Z) = A(f~H{1})=1. O
Orcroga HECJI0XKHO BBIBECTHU

CaegcrBue 4. /[as 8upmyaibho 3aMKHYMO20 MHOHCECMEG Z 6Ce20a UMEEm MECO
pasencmso max \(Z) = sth(Z), 2de makcumym 6epemca no 6cem 6ucmoracmuieckum
MEPAM .
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Proof. IlpumeruM cTaHIAPTHBIM TPIOK: T06aBUM K IpocTpaHcTBaM X u Y HpOCTpaH-
crBa Xy, Yo Meper 1 —sth(Z) coorBercrsenno, ornopmupyem mepst Ha X U Xy u Y LY.
Pacemorpum B (X U X)) x (Y UY)) muO)ecTBO Z LX) X YoU X)X Y UX XY} coberBennon
roamuHbl 1. /I 5TOr0 MHOXKECTBA UCHOAb3yeM TeopeMy 12; 9acTh COOTBETCTBYIOIIEH
O6UCTOXaCTUIECKOU MepHI, Jexaias B X X Y, 6ynreT ucKOMOH. O

3 IIpuioxeHusa: TeopeMbl BJIOXKEHUA, TE€OPEMBI O
cjieJax M OrpaHUYEeHUEe METPUK

YKaxkeM Ha HEKOTOPBIE MPUIOKEHNS MOHATHSA BUPTYAJIbLHON HEIPEPLIBHOCTH.

3.1 IIpocrpancrBa Cob6oseBa m TEOpPEMBI O Cjaegax

Teopema 13. ITycmv §21, s — obaacmu pazmeprnocmeti di,dy coomeememeenno, pl >
dy aubo p=1,1 = dy. Toeda Pynryuu us Wzﬁ(Ql X Q) (I-vie 0606wennbie npoussoduvie
CYMMUPYEMbL CO CTNENENIO P) BUPMYAALHO HENPEPLIBHbL KAk HYHKYUL 08YT NepeMEHHbIT
x € Q, y € Qy. Baoncenue W;(Ql X Qy) 6 VCY(Qy, K) nenpepvisno das anboeo
xomnaxma K 6 obaacmu (.

Proof. CoriacHO TeopeMe BJOXKEHUs B HEMpepbIBHBIE (DYyHKIUU (CM., Hanpumep, [4, 8]),
ana gynxumit h(y) € Wi(Q) umeer mecro onenka

1Pllow) < e(€Q2, K)[hllwg)-
IIycts f(z,y) € Wi( x Qp) — rragkas Gynxmma. [Tomoxumm
a(z) == || f(z, ')||W},(Qz)-

Torga no Teopeme Pyounn a € L(Q;) n

[ 1ol < (@121 oo

Ha Q; x K umeem
|f@, )] < [[f (@ e < Q2 K)alz).

Pestomupys, nory4daem, 4To

[flver@nr) < (@, Qo K) || Fllw 0 xa)- (8)

Jrobaa QpyHKImA M3 Kracca W;(Ql X {)y) ecTh Hpelen MOCIeIOBATEILHOCTH [IAJKUX
dyukiuit, kKoropsil B cuay (8) asiserca u npeeaom B VO O

Takum 06pas3oM, B YCIOBUAX YKA3AHHON TEOPEMBI O BIOXKEHUU MBI ITOIYIaeM BO3MOXK-
HOCTh MHTErpPUPOBATH (PYHKIWM IO JIOO0M KBA3HOMCTOXACTUIECKOU Mepe, 9TO 0600-
maeT OOBIYHBIE TEOPEMBI O CJaefaX Ha MOIMHOI000pa3usXx.
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3.2 SHnmepuble onmepaTopbl B r1JibOEPTOBOM IIPOCTPAHCTBE

XO0pOoIIo U3BECTHO, YTO IPOCTPAHCTBO fAAePHBIX OIIEPATOPOB B I'MIbOEPTOBOM IPOCTPAH-
crBe L? eCcTh MPOEKTUBHOE TEH30PHOE IIPOM3BEICHIe TIIL0CPTOBEIX IIPOCTPAHCTB. VX
AIpa CyTh u3MepuMble (DYHKINY NBYX IE€PEMEHHBIX, IPAMO€ OIMCAHUEe KOTOPBIX TPYIHO
o6o3pumo. Caexyromas TeopeMa YTBepXKIaeT, YTO AApa ATePHBIX UHTErPAIbHBIX OIle-
paTopoB KakK (PYHKIUU ABYX HEPEMEHHBIX BHDPTYAJbHO HENPEPBIBHBI. J3aMeTUM, 9ITO
anpa omnepaTopoB ['mabbepra-llIMuara, BooOIIe rOBOPs, HE ABAAITCA BUPTYAJIbHO He-
IpPEPBIBHBIMU.

Teopewma 14. [Tycmy (X, 1), (Y,v) — cmandapmmuvie 8€poammocmubie npocmparcmsa.
IIpocmpancmeo adep adepuviz onepamopos uz L*(X) 6 L*(Y) (¢ nopmoti Mlammena —
pon Hetimana) nenpepvisno exaadvieaemca ¢ VO,

Proof. Tycts K (z,y) — AApO MHTErPAILHOIO ONEpaTOpa KOHeIHOro panra u3z L2 (X)
B L?(Y) ¢ anepuon Hopmoi 1. Torga mMeeT MeCTO pa3loikeHHEe B KOHETHYIO CYMMY
K(xz,y) =Y spar(z)b(y), rae s — cunryaspubie duciaa omeparopa, (ax), (by) — op-
TOHOPMUPOBaHHbBIE CUCTeMBL, Y |si| < 1. [louTn BCogy umeem

Kyl < 3 3 Isel - la2(@)] + 5 3 Isel - w1

[IpaBas qacTs Hepasencrsa nmeet sug A(z)+B(y), npuaem [ |A(z)|dz+ [ |B(y)|dy < 1.
Takum o6pasom, HOpMma (ynkmun K (x,y) B npoctpanctse VC! me mpesocxomut 1.
Ocranoch 3aMeTUTh, 9TO JIOOOU AACPHBIA ONEPATOP AMIPOKCUMUPYIOTCA 0 SIEPHOU
HOpPME OIIepATOPaMé KOHEYHOI'O PAaHra, U, M0 JOKA3AHHOMY, DTa allpPOKCUMAIUI Oy1eT
anmpokcuManyern u 8 VO, O

Orcroma cregyer, 9TO 5TH AIpa MOXKHO HHTEMPUPOBATH He TOJIBKO MO IUATOHAJM,
9TO XOPOIIO U3BECTHO, HO 1 10 bmcToxacTwaeckuM mMepaM. O grako, mpocTparcTso V O
HE NCYEPIIBIBACTCA 3TUMU AIPaMU. CJIe,L[yeT TaK2Ke€ IIOMHUTB, 9TO €CJIn paCCMaTPUBATH
npoctpancTo VO, kKak NpoCTpaHCTBO fAfep ONepaTOpOB B MOAXOMAIIAX TPOCTpPAH-
cTBax LP, TO OHO HE ABIACTCA MHBAPUAHTHBIM OTHOCHTEIBHO CONPAKEHUA YHATAPHBIME
omepaTopamu, Kak npoctpancTsa lllaTrena — ¢pon Henmana, 1 B 9aCTHOCTH, IPOCTPAH-
CTBO ATEPHBEIX omepaTopos. [eicTBuTensHo, B onpegetennn V Cl cymecTBenHO yyacT-
BYIOT WM3BECTHBIE CHT'MA-IIOJAIreOPBI, KOTOPbIE HE UMEIOT HYXKHOU MHBAPUAHTHOCTH.
Cwm. pabory [16], rge paccmarpuBaeTcs GIU3KUNA BOIPOC.

3.3 OrpaHuveHue MeTPUK

Cuaenyromas 3a1a4a ObLIA OJHIM I3 HCTOTHUKOB IMPOOIeMaTUKN TaHHOU paboTel. [lycTh
(X, j1) -cTaHZAPTHOE MPOCTPAHCTBO C HEMPEPHIBHOM Mepou. IIpeamonoxum, 4T0 p —
JomycTUMAas MeTpuKa u & - uaMepumoe pasduenue npocrpancTsa (X, 1), DIeMEeHTHL KO-
TOPOr0 MMEIOT Mepy Hy./Ib — HampuMmep, & - pa3bueHue Ha JUHUEU YPOBHA (DYHKIINAM,
HEIOCTOSHHON HYM HA KAKUX MHOXKECTBAX MOJOKUTEIHLHON Mepbl. MOXKHO Ji1 KOPPEKTHO
OrPAHUYUTH METPUKY (KAK (PYHKIUIO IBYX MEPEMEHHbIX) HA DIEMEHTHI pa3OueHus’?
OTBeT Ha BTOT BOIPOC HE CTOJIb OUYEeBUIEH, TaK KaK METPUKA 31€Ch allpUOPHU BCErO
Jauirb u3MepuMas QyHkmua. OTHAKO, KaK YTBEPXKIAaJI0Ch BBIIIE, BCAKAA TOMYCTUMAS
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METPHUKA BUPTYAJbLHO HEIPEPBIBHA, W IIODTOMY [JIA IMOJYIeHU MOJ0KUTEILHOTO OTBETa,
TOCTATOYHO YKA3aTh Ty OMCTOXACTUIECKYIO Mepy, Ha HOCUTEIb KOTOPOU CIeAyeT Orpa-
HUYUTH MeTpuky. [las npocroTsl OGyjaem cuurarTh, uto X = [0,1]?, p- ae6erosa mepa
Ha KBajapare, a pa3buenume £ — paszbueHume €IUMHUIHOIO KBaApPaTa HA BePTHUKAJbHBIE
orpe3ku. Torma peds maerT 06 OrpAHWYEHUN BUPTYATHHO HENPEPBIBHOU (DYHKIUU, 3a-
nanson Ha X2 = [0, 1]*, Ha TpexmepHOe moaMHOroOGpasue: {(xy, Ty, T3,T4): T3 = T3}.
Jlerko BumeTh, ITO 5TO MOAMHOr0OOpasne, CHAOKEHHOEe TPEeXMEePHOH Je6eroBOu MepOu,
onpegenseT OucToxacTudeckyio mepy Ha X X X.

4 DbaarogapHoCcTH

ABTopsl npusHaTeabHs! JI.JIoBacy, KOTOPEIN TPUCIAT CBOIO HETABHO BBIIIEIIIYIO MOHO-
rpaduio [17], B KOTOPOU, B 9aCTHOCTH, 0OCYK JAIOTCA HEKOTOPBIE OJM3KUE BOLUPOCHI, U
A.JIoryHoBy, oOpaTuBIIeMy Hallle BHUMAHUE Ha BO3MOXKHOCTH JABOUCTBEHHOI'O OIpere-
JEHUS TOHATHUA TOJIINHBI.
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