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AnaHoTarus

Mpg1 gokasbiBaeM, 9ITO IS KaXKI0TO d U 71T JOCTATOYHO OOJIBITTIX N /T KayK 10
[10CJIE/I0BATEILHOCTD HATYPAJIbHbIX unces di, da, . . . , d,, He IPEBOCXOAIINX d MOXK-
HO TIOCTPOUTH Tpadd HA 1 BEPIIUHAX, CTENeHb KOTOPOTO OTPAHUYEHA KOHCTAHTHOI
(HO CTEnenD i-if BepIMHBLI He MeHbINe d; ), 9T0 n3 rpada HeJb3sT yIAIUTh HECKOJIBKO
pebep Tak, 9TobBI B TOJyUuBIIEMCs pade CTeneHb i-ii BepIUHBl paBHAIACH d; U
JI0KA3aTeIbCTBO STOTO yTBEPIKACHN B pe3osmonusx nveer pasmep 2220M) . 13 sroro
PEe3YJIbTATa CJEIYIOT U3BECTHBIE PE3YIBTATHI 00 SKCIOHEHIIMAIbHBIX HIUKHUX OIIeH-
kax gy npuaruna Jlupuxiie u nefitwHcKux Gopmydi.

Mp#b1 foKa3bIBaEM, 9TO JIPEBOBUJIHAS PE3OJIIOITMOHHAS CJI0KHOCTE (BOPMYJIBI, KO-
TOpas KOAUPYeT HEBO3MOKHOCTH pas3bueHus KBaIpaTa 1 X N HA JOMUHOIIKKA TTPH
HEYETHBIX N, PABHSIETCS 20(n)

Mpg1 fokazbiBaeM, ITO APEBOBUIHAA PE3OTIOIMORHAA CJA0KHOCTH CSP 3a1a49m, KO-
TOpas KOJIUPyeT YTBEPKIEHUE O TOM, YTO HEBO3MO2KHO B KaXK/IVIO KJIETKY KBaJpaTa
n X M PACCTaBUTb TO OJHOM cTpesike m3 MHOKecTBa {<—, N\, T, /, —, \, |, }, Tax
9TOOBI CTPEIKN B JABYX COCEIHUX KJIETKAX OTIMYAJNCH MOBOPOTOM He Hojee, dem
Ha 45° rpajgycoB, a CTpeJKM Ha T'DAHUIE KBaJpaTa He ObLIM Obl HAPABJIEHBI BHE
KBaJIpaTa, paBHAETCH 20(n).

*Tonnepxano rpanrom mpe3umenta MK-4108.2012.1, rpanramu POOU 12-01-31239-mo1_a, 11-01-
00760-a u nporpammoii dbysgamenTanbubiii uccaegosanuit OMH PAH.

tdmitrits@pdmi.ras.ru

toparin.vsevolod@gmail.com

$slabodkinm@gmail.com

Ysokolov.dmt@gmail.com
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1 Bsenenmne

Pezomonmonnasi cucreMa J0Ka3aTeIbCTB SIBJISIETCS OHON M3 Hambo/1ee TPOCTHIX W M3Y-
YEHHBIX CHUCTEM JIOKa3aTe/JbCTBa. VI3BECTHBI METOJIbl, KOTOPBIE IO3BOJILAIOT JO0KA3bIBATD
HUKHEE U BePXHHE OICHKH Ha CJIOKHOCTb HEKOTOPHBIX TUIOB (popMys. OTHAKO HEU3BECT-
HO YHUBEPCAJILHOIO METOa, KOTOPBIA ObI MO3BOJISLI IO CeMeicTBY (DOPMYJI ONpPEIe/TUTh
HOPSIJIOK POCTA CJIOZKHOCTH PE30JIIOIMUOHHOIO BBIBOJIA JIJIS 9TOTO CEMEHCTRA.

Mui roopum, 4To cemeiicTBo mporuBopeunBbix popmya B KH® F), ciabee cemeiicTBa
nporuBopednBbix dopmyn B KH® H,, eciu Kaxkiplii qu3bIOHKT dopmyasl H, ciemxyer
U3 KOHCTAHTHOTO YHCJA JTU3BIOHKTOB (opMysibl F,. II0CKOIBKY pe30JIIOIUOHHALA CHCTE-
Ma JIOKa3aTeJbCTB MOJHA OTHOCHTEILHO UMILIMKAIUNA, TO pa3zMep MHHUMAJILHOIO JOKa-
3aresibcTBa (popmysibl H, He MeHbllle, YeM pasmMep MHHUMaJIbLHOIO JloKa3aTrejbeTBa F,.
Takum 06pa30M WHTEPECHO [TOKA3BIBATH HUYKHUE OIMEHKHU sl KaK MOYKHO 0ojiee ciabbx
cemeiicTB popmyir.

Baiikep [Bak95] 06061mmt pe3oIionnoHHY 0 CHCTEMY TOKA3aTeIbCTB Ha 38,1891 BBIIOJI-
HeHust orpanndenuii (CSP) HaJ NPOU3BOJIBHBIME aibaBuTaMu. Pe30I0IHOHHAST cCUCTeMa
JOKA3aTeIbCTB CBsA3aHa ¢ anropurMamu paciiemienuss (DPLL aaropurvamu), Kazkablii
AJITOPUTM PACIIeIIeHns Ha HeBbio,iHIMON CSP 3amade Ha andaBuToM u3 k 3/716MEeHTOB
CTPOUT k-WIHOE JepeBo, KayK/I0il BEPIIHHe JiepeBa COOTBETCTBYET TepeMeHHasi, a pebpa,
BeJIYIIIHE K CBIHOBbSAM, COOTBETCTBYIOT Kk PA3JIMIHBLIM IIOJICTAHOBKAM 3TOW NEepEeMEeHHOI.
B smmcThsax gepeBa 3ammcanbl OTpaHUYeHHsI, KOTOPblE HAPYIIAIOTCS, €CJIU CIeJaTh II0I-
CTAHOBKY, KOTOpasi COOTBETCTBYET MYTH OT KOPHS K TOMY JIECTY. MBI Ha3bIBaeM TaKOe
JIEPEBO — JIEPEBOM MOUCKA TPOTHBOpeUnsi. I3BeCTHO, 9YTO pa3Mep MHHIMAJIBHOTO JIepeBa
MOWCKa MPOTHBOpEYHUs sl HeBbImoJHNMON CSP 3a7adm cOBIAIaeT ¢ pa3MepoM MUHU-
MaJIbHOT'O JIPEBOBU/IHOI'O PE3OJIIOIMOHHOTO JIOKA3aTEJIHCTBA.

Kazkoit HeBpinostauMoit CSP 3aja4e Hal ajipaBUTOM U3 k 3J€MEHTOB COOTBETCTBY-
er Tpu mapamerpa: S(F) — pasMep MHHUMAJIBHOTO PE3OJIIOMHOHHOTO TOKA3ATEILCTRA,
St(F) — pa3mep MHHUMAJBHOIO PE30JIOIUOHHOIO JIDEBOBUJIHOIO JIOKA3aTeIbCTBA |
d(F) — munumasibHas IyOMHA JepeBa MOUCKa IPOTHBOPEUHs. DTU apaMeTphbl CBsI3aHbI
TpuBnabHEIM HepasercTsom: S(F) < Sp(F) < k). B paore [BEGJ00] mocrpoero
ceMeitcTBO (bOpMYJI, KOTOPOe IKCHOHEHIHAIbHO pasienser S u Sr, a B pabore [Urqll|
crpoutcs cemeiictBo dopmyr F,, masa xkoropoit St(F,) = O(n), a d(F,) = Q(n/logn).
Hucio d(F) aBisiercss HUzKHEH OLNEHKOW B HAUXY/IIEM CJIydae Ha YUC/I0 3AlPOCOB, KOTO-
poe HyKHO CAeJaTh K MepeMeHHBIM, 9TOObI HAaliTH OrpaHuYeHne, KOTOPOe He BBIIIOJHIET-
csl.

Kiaccet PPA u PPAD. Kirace PPA (polynomial parity argument) 6bi1 Beesen ama-
aumuTpuy B [Pap94| u cocrour uz NP-3azad moucka, KOTOpble TapaHTHPOBAHHO HUMEIOT
pelrteHns HJIarofaps MPUHIUIY YeTHOCTH, KOTOPBIH TUVIACHT, YTO B JIOO0M Irpade deTHOe
YUCJIO BEPIINH HEYETHOH cTeneHu. PaccMOTPUM MOTMHOMHUAIBHYO O BpeMeHn ThIopuH-
ra M, koropas st Beex n u s Beex © € {0, 1} 3amaer rpad u3 2" BepiiuH, BepIInHbL
KOTOpOro momedensl crpokamu u3 {0, 1}", mpudem creneHn KazKo# BepIIUHBI B 3TOM
rpadye He MPEBOCXOIST JIBYX, a cTeneHb Bepmmabl 0" papHsieTcss omHOMYy. Jl1st Kaxkmoro
c € {0,1}" mamuna M (x,c) BBAAET CIUCOK coceneit Bepmmubl ¢. 3amada A, cBsa3annas
¢ mamuuoit M coctout B TOM, 4T0GH IO = B rpade, kotopas 3amaer M (x,-) naiitn Bep-
muny crenenn 1, ormanyio or 07, Kiyrace PPA cocrour u3 Beex takux 3aja4 A u Beex



NP-3a/1a41 moucka, KoTopble K HUIM CBOJISATCS 0 JIeBuHY.

Knace PPAD (polynomial parity argument directed) onpemessiercss aHaaornaubM 06-
pPa3oM, TOJIBKO PACCMATPUBAIOTCA OpHeHTHpoBaHHbIe Tpadbl. OpuenTupoBaHHbie rpadbl
00J1a1a10T CJIEAYIONIMMHI CBOMCTBAMH: B Kayk/IyIO BEPIINHY BXOJUT W BBIXOJUT HE DoJiee
onHoro pebpa. Mammua M (x,c) 3amaeT MHOXKECTBO BXOJAIIUX M HCXOJSIIUX pebep, a
BepinHa 0" uMeeT cyMMapHYyo creneHb 1. 3amada A, cBsa3anHas ¢ MammHOR M Tak:ke
COCTOUT B TOM, U4TOOBI 10 x B rpade, Kotopas 3amaer M (z, ) HaiiTu BepunHy crenenu 1,
ormmunyio ot 0. Kinacc PPAD cocront u3 Becex takux 3amad A u Bcex NP-3a1a41 nmouncka,
KOTOpPBIe K HUM cBogaTcs 10 JleBuny. Kitacc PPAD conep:kut MHOTO WHTEPECHBIX 33124, B
YACTHOCTH, TAKUE 33Ia9H ABJISIOTCA MOJTHBIME B 3TOM KJIacCe: OUCK HEIOABUKHOM TOUYKH
B JUCKPETHON BepCHH TeopeMbl Bpayapa, MOUCK Pa3sHOIBETHOI'O TPEYTOJbHUKA, KOTOPBIi
cytecTByer 10 aBymeproii emme [nepuepa [Pap94|, nonck pasrosecust Hama [CDT09).
st CSP 3aaqu, koupyiomieir apymepuyio jsemmy [lneprepa B pabore [CS98| mokasza-
Ha JUHeHAs HUKHSS OIEHKA HA TVIyOWMHY /I€peBa MOUCKA MPOTUBOPEYHs. JTO O3HAYAET,
910 coorBeTcTByIONY0 JtemMe [TTneprepa PPAD-3anaqy, Heb3st permmuTh ObiCcTpee, dem
3a 22" ¢ 1OMOIIBIO AJITOPUTMOB, KOTOPBIE HCIOJB3YIOT MAIIHHY T bIOPHHIA KAK YepHbIH
SITITUK.

PesynbraTei. Mpbl cTpouM ceMe#icTBO ABYI0IbHBIX I'pacdoB G, orpaHnueHHON KOHCTaH-
TOI cTeleH’, KOTOPBIE COCTOAT U3 ABYX J0Jeil 1o n u n — 1 BepliuHe cooTBeTCTBeHHO. 110
rpacdy G, crpoutca opmysa Pg, , mepeMeHHbIE KOTOPO COOTBETCTBYIOT pebpam rpada.
Dopmysa P, KoIUPYeET CyIECTBOBAHUE COBEPIIEHHOTO Hapocoderanus B rpade G, T.e.
JIUTST KaKI0H BEPITUHBI €CTh OTPAHIMIEHIe, KOTOPOe TOBOPHUT, ITO POBHO OHO MCXOJISIIEe
pe6po uMeer 3Hadenne 1. Mbl joKa3biBaeM HUZKHIOW oreHKy 2°4™ Ha pe3osoNuoHHY0
cI0KHOCTD P, . HukHAA OneHKa Ha pa3Mep J0Ka3aTeabCTBa CJeIyeT U3 HUKHeN OIeH-
KU Ha MupuHy gokazareabcrsa [BSWO1|. [Iist oneHKH MUPUHBL TOKA3ATEILCTBA MBI UC-
oJIb3yeM MeToJ, npejoxkentbii ben-Cacconom n Burmepconom B [BSWO1|, ogaako mbr
HCIIO/Ib3yeM HeCTaHJAPTHOE MOHATHE CEMaHTUIeCKOTO CAeCTBUSA U HECTAHIAPTHYIO MEPY
HA MHOYKECTBE JIN3BIOHKTOB.

Qopmynsl P, cnabdee, gem dbopmynsr PHP,,, kogupyromue npuanun lupuxie, mo-
9TOMY U3 IOJIYYeHHOTO Pe3y/IbTATa CIeNyeT HIKHSS omenka 22" Ha pasMep pe3osioni-
onnoro jgokasarenabcrsa PHP,,, nonyuaennas B pabore [Hak85].

HNcnonab3yst 3T0T pe3y/ibTaT, Mbl J0Ka3biBaeM Oojiee obiiiee yTBEPZK IeHNE:

Teopema 1.1. [Ins gwboro d € N cymecrsyer D € N, gaTo ajst jiro0d0ro g0CTaTOIHO
Gosbioro n u s toboit byakuuu bV — {1,2,...,d}, tae |V| = n, cymecrsyer rpad
. h
G(V, E), crenenb KazKI0ii BepoimHbl 3T0T0 rpada He mpesocxoaut D, aro dbopmyia \I/(G),
KOTOpas KoaupyeT, 9To B rpade G ecTh noarpad, B KOTOPOM CTelleHb BEPIIUHBI U PaBHA
h(v), siBJIsieTCsl HEBBIIOJIHUMOM U pa3Mep JII000r0 Pe30IOMHOHHOT0 JOKA3ATEJbCTBA ITOM

bopmysl He MenbIe, gem 2,

3 stoit Teopembr caeayer omenka 24 wa meitrunckue OPMYIIBI, HOIYUEHHAS B
padore [Urq87].

YacTHbl# caydail 9Toil TeopeMbl Ipu d = 2 COOTBETCTBYET IOJHOU 3aJiade B Kjacce
PPA.

Mbi Takzke paccMaTpuBaeM KOHKpeTHbBIH rpad H,, BepIIMHB KOTOPOIrO SBJIAIOTCH
KJeTKAMU KBaJIpaTa n X 1, JIBe BEPIIHHBI COCIUHEHbI PEOPOM, €C/U KJETKHU SBJIAIOTCS
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cocequuMu. [Iag Taxoro rpada BOIPOC CYIIECTBOBAHUS COBEPIIEHHOTO HMAPOCOYCTAHUS
SKBHBAJEHTEH pa30HeHHI0 KBaJpaTa n X n Ha JOMHUHOIIKHK U3 JIBYX KJIETOK. MBI J0Ka-
3bIBAaeM, UTO JIDEBOBH/IHAS PE30TIOIUOHHAS CJOKHOCTH (GopMymnsl Py TPH HEYETHHIX N
paBHAeTCA 20(n) Bepxuss onenka JIoka3biBaeTCs OMHAPHBIM TIOUCKOM, & HUZKHSS OIEHKA
TOKA3LIBACTCS ¢ HOMOIIBIO HI'PHI JOKA3BIBAIONIET0 W OTKJIABIBAIOIETO" .

Mpb1 Tak2Ke paccMaTpuBaeM 33/1a9y BBITIOJTHEHUS OTPAHUYEHHST, KOTOPas COOTBETCTBY-
eT CJAeIYIONEMY YTBEPXKICHUIO: HEBO3MOXKHO B KaxKIyI0 KJIeTKY KBaJpaTa 1 X 1 paccTa-
BHTH IO OJHOI crpesike m3 MuOKecTBa {—, N\, T, 7 —, \, |, }, Tak 91006l CTpEIKH
B JIBYX COCEIHUX KJeTKaX OTJIHYaINCh MOBOPOTOM He OoJjiee, deM Ha 45° rpajycos, a
CTpPEJIKM Ha IpaHuIle KBaJpaTa He ObLIu Obl HalpaBJeHbl BHE KBajpaTa. JTO yTBEPHK/e-
HUe cJie/lyeT W3 JIBYMEPHON TeopeMbl bpayspa O cyIecTBOBAHHW HEMOJIBHXKHON TOYKM.
Mpb1 moKa3bIBaeM, 9TO PE30JIONUOHHAS CJIOYKHOCTHL 3TOW CSP 3ajgaum paBHSAETCS 26(n),
13 PPAD-nonoThl nByMepHOil TeopeMbl Bpayspa ciemyer, 9ro 3aa4a MOUCKa, KOTOpast
COOTBETCTBYET 3aJa4e O CTPeJOUYKax, Je:kuT B Kaacce PPAD.

2 IlpeaBaputejbHble CBeJIeHUA

Mui paccmaTpuBaem nmpoctbie rpadbl 03 meresib u KpaTubix pedep. JIBy10/ibHbIM rpadom
HA3BIBAETCS TAKOW rpad, BEPITUHBI KOTOPOTO MOYKHO Pa30UTh Ha /IBA HENEPECEKAIOTITNXC S
MHOxKecTBa X U Y, TaK 4TO BCe pebpa COeqUHLAIOT BEPIINHBI U3 MHOXKECTBA X C BepIIu-
HaM# U3 MHOxKecTBa Y. MHoxkecTtBa X U Y MBI Ha3bIBa€M JIOJISIMH.

[TapocoueranneMm B rpade Ha3bIBAETCS MPOU3BOILHOE MHOXKECTBO pedep, KOHIIBI KO-
TOPBIX Pa3JudHbl. MBI TOBOPHUM, 94TO HAPOCOYETAHHE MOKPHIBAET BEPIINHY VU, €CJAU CYIIe-
cTByeT pebpo M3 3TOro MAPOCOUETAHNUS ¢ KOHIIOM B BEDIITHHE 0.

Hng neynossroro rpada ¢ moaamu X u Y u A C X obosnaunm I'(A) MHOXKECTBO
BCEX cocelleil BepIIMH U3 MHOMKecTBa A.

JIemma 2.1 (Xosn). Ilycrs B apymonabroM rpade ¢ poasavu X u Y i HEKOTOPOIrO
noamuokectBa A C X s Becex B C A Buimoaasiercst Hepasernctso ['(B) > |B|, To B
rpade cymecTByeT mapocoderanne, KOTopoe TTOKPLIBACT BCe BEPITHHBI MHOKECTBA A.

[Tporno3urmona/ibHOM MepeMeHHO# MbI Ha3bIBaE€M MEPEMEHHYIO, KOTOPasd NMPUHHUMAET
ofHO W3 ABYX 3HadeHuit 0 mim 1. JIuTepasoMm Ha3pIiBaeTCd MPONO3UIIMOHAJIBHAS MepeMeH-
Has WIN ee OTpUNaHUe. M3BbIOHKTOM HA3bIBaeTCS AUIBIOHKIWA JTUTepastoB. Gopmyltoii
B KOHBIOHKTHBHOH HOpMaabHOH dopme (KH®) naspiBaercss KOHBIOHKIUS HECKOJIBKUX
3 bIoHKTOB. PopMmysta HasbiBaercs dopmynoit B k-KH®, eciin B KaxKabiil ee JU3BLIOHKT
BxOoUT He Oojee k nurepasnoB. Popmy/ia Ha3bIBAETCS BBHIMTOJHUMO, €CJIM CYIIeCTBYET
Takoe MPUCBAWBaHIEe 3HAUYEHUN ee IepeMeHHBIM, IPU KOTOPO# 3HaYeHre (DOPMYIIBI CTAHO-
BUTCS PABHBIM 1 (Takoe MPHCBAMBAHUE Mbl HA3BIBAEM BBITIOJHSIONMM HAGOPOM).

JloKazareibCTBOM HEBBIIIOJHUMOCTH (DOPMYJIbl © B PE30JIIOIMOHHON cucTeMe siBJisier-
Csl TIOCTIEI0BATENBLHOCTD U3 bIOHKTOB, 3aKAHIMBAIOIIASICA TyCTHIM JTH3BIOHKTOM (IyCTOi
JTU3BIOHKT Oyiem 0603HauaTh (1), KayKaplil TU3BIOHKT SBJSIETCST JIUOO TU3BIOHKTOM (hop-
MYJIBI (0, JIN0O MOy IaeTCd U3 TPeIblIYIIIX [0 TpaBuIy pe3osonun. [IpaBmio pe3omromnm
03BOJIAET U3 MAPBl AU3BIOHKTOB (1 VIV - - -V i,) u (1 VIV VI ), tne Il = —l,, BbIBECTH

! Prover-Delayer games



TU3BIOHKT (I3 V-Vl VIV -+ VI ). Pa3Mepom pe3oJIIoNnOHHOTIO J0KA3aTeIhCTBA
HA3BIBAETCS YHCJIO TU3BIOHKTOB, KOTOPbIe B HETO BXOJAT.

Ben-Caccon u Burgepcon B [BSWO01| Beopsar nmonsitue mupussl. [lupuna nnsboHK-
Ta — 3TO KOJM4ecTBO JimTepanaoB B Hem. [[lupuna dopmyast B8 KHO — 310 mumpuna
CaMOTO IMUPOKOT0 Nu3bIOHKTA. [IIMprHaA Pe30I0NHOHHOrO TOKA3aTeTbCTBA POPMYIBI —
9TO MIUPUHA CAMOTO IMHPOKOTO JU3BIOHKTA, BXOJAIIETO B HETO.

Teopema 2.1 ([BSWO0I1]). Pasmep pesomoruoHHOro JoKazaTeabcrBa hopMysabl ¢ B k-
af w=k?
KH® ne menbine, yem 2 "/, rme w — 9TO MUHWMAJIbHAS MUPUHA PE30TIONHOHHOTO

JIOKA3aTe/IbCTBA (0, & N — YUCI0 MePEeMEHHbIX (POpPMYyJIbI (p.

Jlemma 2.2. Ecsin popmyiia ¢ mojiydaercsi u3 HeBBIOJIHUMOM POPMYJIbI 1) 110/ICTAHOBKOM
HEKOTOPBIX MMePEMEHHBIX, TO (POPMYJIa ¢ HEBBIIOJHUMA H Pa3Mep JI000r0 pe30/I0IHOHHO-
r'o JIOKa3aTe/IbCTBA (POPMYJIBI 1) HE MEHBIIE, YeM pa3Mep MIHUMAJJIbLHOTO J0KA3aTe/IHCTBA

dopMyIIBL .

[ycrs X = {z1,x9,...,2,} KOHEUHOE MHOXKECTBO NEPEMEHHbIX, KOTOPbIE TDHHUMA-
0T 3HAUeHNsT W3 KoHeuHoro MHoxkecTBa W = {wi,wy, ..., wi}, a S — 9T0 MHOXKECTBO
OrpaHMYCHMH, KazKI0€ OrpPAHHYCHHE ONpeaeasdeT 3aBUCHT OT KAKOIO-TO HMOAMHOZXKECTBA
nepeMeHHBIX X' W 3a7aeT Te 3HAYeHUs, KOTOPBLIE ITH IIePEMEHHBIC MOTYT OIHOBDEMEH-
#o npunuMarh. Tpoiika (X, W, S) naspiBaercs 3a/1a4eii Boinoaenust orpanndenuii (CSP).
Ecim cymecTByer 3Hadenue mepeMeHHBIX, KOTOPHIE BBIMOJHSIOT BCe orpanudenuss CSP
387491 ¢, TO TaKasd 3aJa9a HA3BIBACTCS BHITIOJIHUMON, B MPOTUBHOM CJIydae — HEBITIOJI-

HUMOI.
Banperom? HA3BIBAETCA OFPAHMYEHHE BUAA — (T = a1 A+ AXy = ap), TAC T1, ..., Ty €
X,ay,...,ap € W. B ciyuae andasura W = {0,1} 3auper coBuajaer ¢ Ju3bIOHKTOM.

JIro60e orpaHmveHmii, KOTOPOe 3aBUCHT OT { IepeMEeHHbIX MOYKHO MPEJCTABUTH B BHIE
KOHbIOHKIMH He Gosiee, yem |W |° zanperos.

Pezostionuonnas cucreMa J0Ka3aTe IbCTB MOXKET ObITh 00001IeHa Ha cay4daii CSP, ecin
BCe OI'PAHUYCHUS IPEJACTABICHbI B BHE KOHBIOHKIIUH 3aIIPETOB. Pe30/II0IMOHHBIM JI0KA-
3aTeabcTBOM CSP (hbopMyIbl ¢ HazbIBaeTCs mocaeaoBaTeIbHOCTE 3anperoB C, Cy, ..., Cy,
KOTOpas 3aKaHYUBAeTCs IIycThiM 3amperom L. Kaxaplii 3anper gBjisiercs jimbo 3arperom
u3 orpaHndeHuii GOPMYJIBI ¢, OO MOTYyUAeTCsT O MpaBuiy pesosonnu u3 |W| apyrux
3anpeToB. Ilycts {N,}aew — 9T0 Takoe MHOXKeCTBO 3amperoB, 4To N, = =(x = a A o)
171 Beex a € W, torma 3anper —( A\, oy %) ABIg€TCH pe30bBenTOlH 3anpeToB { Ny facw .
Pezosronnonnoe mokasarebecTBO (hOPMYJIBI HA3BIBACTCS JAPEBOBHIHBIM, €CJIM CYIIECTBY-
eT Takoe k-W9IHOe JIePEeBO, JINCThs KOTOPOr0 MOMEYEHBI 3allPeTaMu HUCXOIHON (hOpMyJIb,
3aMper B KarKOW BEPIINHE SABJISIETCA Pe30JbBEHTOH 3aIIPETOB CHIHOBEIl, 8 KOPeHb /1epeBa
IIOMEYEH IIyCTBIM 3alPETOM.

Zepesom noucka npomusopeyus Jjid HeBBLITOIHUMONR CSP (bOpMYJIbI ¢ Ha3bIBACTCS
KOpHeBOe k-HYHOe JepeBO, BEPIIUHBI KOTOPOro IMOMEUYeHbl ePpeMEeHHBIMH, & pedpa, NCXo-
JIAINNE U3 BEPIIUHbI, TOMEYeHHOH MEPEMEHHON & K CHIHOBbSIM IIOMEYEHbI HOJICTAHOBKAMHI
r = w gag Kaxgoro w € W. B aumcrbgax gepeBa HamMCAHBI OIPAHHYEHHs], KOTOPHIE
OTIPOBEPIAIOTCS MOJACTAHOBKAMM, KOTOPHIE HAMMCAHBI HA MYTH OT KOPHS JIepeBa 0 ITOrO0
JIMCTA.

2anrmmiickuit TepMun nogood



VYreepxkaenue 2.1 ([Bak95|[Hwa04]). Pasmep MHHUMAIBHOTO JPEBOBHIHOTO PE30JIIO-
IIIOHHOTO JTOKA3aTe/IbCTBA HEBBHIMOMHUMONU CSP (hopMy/Ibl ¢ coBmagaeT ¢ pazMepoM MU-
HUMAJILHOTO JIepeBa MONUCKa MPOTUBOpeYHs Jijisd (DOPMYJIbI .

3 Bwoiaesnenue noarpada

3.1 CymecTBOBaHNE COBEPIIEHHOTO MaPOCOYETAHUSA

[To kaxaomy meopuentupoBaunuomy rpady G(V, E) mocrpoum dbopmyny g, xKoTopas
yCTPOEHA CJeAyIoIuM 0bpa3oM: i Kaxjioro pebpa e € F B dopmysie ecTb nepemeH-
Has T.. Popmyna mpeacranisieT u3 ceds KOHBIOHKIINIO YCJIOBUIL: JJId KAXKI0N BEPITUHBL
¥ 3AIICBIBAEM, YTO 3HAYEHHE POBHO OJIHOIO pebpa, UCXOJLAIIEro U3 v, IOMEYeHO e TMHU-
neil. 3amuchBaeTcsT TAKOe YCJIOBHE KAK KOHBIOHKIHS YTBEPXKJIEHUS O TOM, UTO XOTs ObI
OJIHO peOpo, UCXOsINee U3 v UMeeT 3HadeHue 1: \/(M)E £ T(vu), U YTBEPXKICHUI, 9TO 115
KayKJI0il 1apbl pebep €1, €z, MHIUIEHTHBIX BEPIIUHE U, BBIIOJIHACTCI Te, V T, .

Herpyauo 3amernts, 910 eciiu crenenn Beex BepinuH rpada G He mpeBocxonsat [, To
dopwmyna Py 3anmucana B D-KH®.

B sTom pazaesie Mbl JOKaXKeM CJIeIYIONIYIO TeOpeMy:

Teopema 3.1. CymecTByer Takasi KOHCTaHTa [, 9TO JJIsT BCEX JTOCTATOYHO OOJIBIITIX 71
3a MOJUHOMHAJIBHOE OT 1 BpeMsl MOKHO IOCTPOMTH Takoil rpad G Ha n BepIIHHAX, 9TO
CTeIleHH BceX BepiiuH rpada me npesocxoadar D, dopmyna $; HEBBIIOJHEMA, a Pa3Mep
JII0O0T0 ee Pe30JIIOINOHHOI0 T0KA3ATEILCTBA HE MEHbIIe 282(n)

Ounpepesnenne 3.1. [Isynonbnbiii rpad ¢ moasmu X u Y Haswaercsa (r,d,c)-
IPAHHYHBIM SKCIIAHIEPOM, €CJIU CTeIeHH BCeX BepIIuH JoJu X He IMPeBOCXOIAT d U s
aoboro muoxkectsa Bepumi A C X ecan |A] < r, 1o Bomoausiercs |0(A)| > c|A|, rae
d(A) — 3T0 MHOXKeCTBO BepIUH U3 Y, 03 KOTOPBIX HCXOJUT POBHO OJHO peOpPO B MHOZKe-
ctBo A.

Jlemma 3.1. Eciu B aByjosibHOM Trpade ¢ jgoisavu X u Y cyliecTByer napocodyeTanue,
HOKPBLIBAIOIIEE BCE BEPIIUHBI Y, U CYIIECTBYET MAapocOvYeTaHne, KOTOPOe MOKPLIBAET BCE
Bepiuabl MEOKecTBa A C X, TO cymecTByeT mapocodeTaHue, KOTOPOe MOKPBIBAET BCE
BepIIUHLI Y ¥ BCe BepIIUHBI A OJIHOBPEMEHHO.

Joxazameavemeo. 1lycth L obo3HavaeT napocodyeTanue, KOTOPOe MOKPHIBAET BCE BEPIITH-
HBI MHOKeCTBa A, a [’ — mapocoderanue, KOTOpoe MOKPBIBAET BCe BEPIIUHBI B3 MHOKECTBA
Y. JlokazkeM, 9To ecau [’ He MOKPBIBAET BCe BEPIIMHLL U3 A, TO MOXKHO MOCTPOUTH HOBOE
napocoderanue F/, KoTropoe MOKPLIBACT BCE BEPIIUHBLI U3 Y M UUCIO TMOKPBITHIX BEPIIUH
u3 A B F' 6oibme, uem B F. Torga mMoxkHO Oyjger HOCTPOUTH IAPOCOYETAHUE, KOTOPOE
HOKpBIBaeT BepiuHbl u A, Y.

PaccmorpuMm Bepminny v; € A, KOTOpad He IMOKpBITA IapocoderanueM F, m paccMmor-
PUM TIYTh Uy, Uy, Vg, Ug, - - . , U1, Uk, B KOTOPOM pedpa (v;,u;) € L, a pebpa (u;, v;41) € F,
IIPU 9TOM BCE U1, Vs, ..., Up_1 € A, a v & A.

Taxoit myTh cyiecTByeT, IOCKOJIbKY OH OIpejessercs OJIHO3HAa4YHO. Mbl uepejyem
pebpa napocodeTaHusi, 10 KOTOPBIM BhIXOANM. M3 KaxK10it BepIinHbl 1011 X BBIXOIHUT He
boJiee oHOTO pedpa mapocovderanust L, a w3 KaykKI0i BepIuHbl J0a1 Y BBIXOAWT POBHO



o1HO pebpo mapocoderanusi F. 13 BepInuHBI v; He BBIXOAUT pebep mapocodeTanus F,
MO3TOMY 3alUKJIUTHCS ITOT MyTh He MOXKeT. [ [oCKOMbKY 13 KaK10it BepIInHBl MHOKECTBA
A BBIXOIHT OHO pebpo mapocoderanus L, TO MyTh PAHO WJIH ITO3/HO MPHJIET B BEPITHHY
BHE MHOYKeCTBa A.

ITyctb mapocoueranue F' monyuaercs us F' ynanenunem Bcex pebep (v, v;41) 1 106aB-
gennem pebdep (u;,v;) ans 1 < ¢ < k. [lapocoderanume F’ mOKpbIBaeT Bce BEPIIHHBI JOJIH
Y M mokpbIBaeT Ha OXHY BepHInHy OOJIbIIe U3 MHOXKecTBa A, uem mapocoueranue F. [

JIemma 3.2. Ilycrs G — aBynonbubiii (7, d, ¢)-rpanudubiit sxcnangep ¢ goasvu X u Y,
B KOTOPOM ¢ > 2, a B jojie X YUCI0 BePIIUH OoJIbIe, 9eM B jpoje Y. [lycTh aBymoabHbIi
rpadp H nosygaercs u3 skcuangepa G pobaBjieHneM HAPOCOYETAHWS, TOKPLIBAIOIIETO
Bce Beprunbl goau Y. Torna dpopmyna @y HeBBINOTHUMA U IMUPUHA €€ PE3OJIIOIUOHHOTO
ONPOBEPIKEHUsT HE MEHBIIe, YeM %r.

Jloxazameavemeo. B nossix X u'Y pasHoe KOJIMYIECTBO BEPIINH, CJIE/I0BATEIHHO B I'pade
H uer coBepiiieHHOTO MapocoveTannsd, cjaeaoBaTeabHo ¢popmyana Py HeBBITIOTHUMA.

I'pad H apasierca (r,d+ 1, ¢ — 1)-rpaHUYHBIM 9KCIAHIEPOM, TIOCKOJIBKY J00ABICHEE
NapoCOvYeTaHUd YBEJIMIUJIO CTelleHb BepIWH 10 X He Oojiee, 9eM Ha 1 U JIsd KazKJI0TO
muoKecTBa A C X pasmep J(A) MOr yMeHBIIUTCS He GoJtee, deM Ha |Al.

Bysem nazpiBaTh HabOp 3HaUeHUE IepeMeHHbIX (OpMYJIbl P gy JIOIYCTUMbBIM, €CJIH JIJIs
BCcex Bepiiun rpada H ne bojiee, yeM ojiHO ucxo/siee pedbpo, umeer 3uadenue 1. IlycTo
S — 3T0 NOAMHOZKECTBO BepiuH rpada H, Oyaem roBoputh, 910 nu3bioHKT C' 10MyCTHMO
cJIeyeT W3 MHOYXKeCTBa BepIIuH S, ecu JII0OOH TOMyCTUMBIA HaOOp, KOTOPBIil BHITIOJIHSI-
eT Bce YCJOBWS B BepIIHHAX MHOXKeCTBa S, BHINOJHSIET Takyke W Au3bloOHKT C. Bymem
oboznauarh 310 TaK: S F C.

Bregem mepy p Ha MHOXKECTBE AU3BIOHKTOB PE30JIIOIUOHHOIO TOKA3ATEIhCTBA (POP-
myabl @ p(C) =min{|SN X| | S+ C}.

Mepa p obsrajiaer ciaeayoOIMUMI CBOHCTBAMU:

1. Mepa Bcex mu3bIOHKTOB (hopmy/ibl Py paBHAETCA HYJIIO WU €TUHUIE.

2. Honyauurusnocrs: pu(C) < u(Ch) 4 p(Cy), ecin guzbonkr C' 1101y 4aercs npuMe-
HEHUEM MPaBHIa pe3osonnn u3 an3bioakTos C u Cs.

HyCTb Sl F Cl nu \SlﬂX\ = /L(Cl), a SQ F Cg u ‘SQQX‘ = /,L(CQ), TOr Ja 51USQ F Cl
u S;U S, F Cy, caemoBarenbro S;U Sy F C) mostomy u(C) < [S1NX|+[SeNX| =
,LL(C'1) —i—LL(Cz).

3. Mepa nycroro amswionkra [ 6osbiie r.

Ot nporusnoro, nmyctb () < r, paccMOTpHUM Takoe MHOXKECTBO BEDINHH S, 9TO
SEOu|SNX| <r. Hua moboro A C SN X somosnsercs [['(A)] > |6(A)] >
(¢ — 1)|A| > |A|, crenoBarenbro no Jemme Xosta (Jgemma 2.1) B rpade H cy-
MECTBYET MapOCOYeTAHle, KOTOPOe MOKPBHIBAET BCe BEPIMHHBI MHOXKecTBa S N X.
[To mocTpoennto B rpade H ecTh mapocoveTanne, KOTOPOe MOKPHIBAET BCe BEPIITH-
Hbl MHOXKECTBa Y, CJieJloBaTe/bHO 110 JiemMMe 3.1 cyliecTByeT mapocodeTaHue, Ko-
TOpOE TOKPHIBAET BCE BePINHHLI MHOXKecTBA S M X ¥ BCe BEPIINHBI MHOXKECTBA Y,
a CJIeI0BATEJIbHO MOKPBIBACT BCE BEPIIUHBI MHOXKECTBA S. DTOMY HAPOCOYETAHUIO
COOTBETCTBYET HAOOP 3HAYCHHH MEPEMEHHBIX, KOTODPBIH BBIIOJHAECT BCE BEPITHHDI



MHOXKeCTBa S, HO MYCTOH JU3BIOHKT BBIMTOJHATH HEBO3MOZKHO, MOTOMY MBI TOJIY-
JHIH TpoTuBOpeune ¢ TeM, uaro pu(C) < r.

V3 cBOMCTB MepBI CJIeyeT, 9TO B J0Ka3aTeabcTBe hopMyasl Py HARZETCA U3 BIOHKT
C, mepa xoroporo maxoguTced B mpefenax 5 < p(C) < r. Ilycrs S = C n mpn stom
1SN X| = pu(C). Hus kparkoctu oboznaunm A = SN X. [Mockonbky H siBasiercst (r,d +
1, ¢ — 1)-rpammansiM skcnangepom, 10 (A) > (¢ — 1)|A|. Ilycrs F' — muO)kecTBO pebep,
coepuusonux A n 0(A), NOCKOIBbKY B KarK/yI0 BepIuHy MHOKecTBa d(A) BXOIUT POBHO
osiHO pebpo u3 muoKecTBa A, To |F| = |0(A)|. Paccmorpum oxuo pebpo f € F, nycrs f =
(u,v), tme u € A. ockoabky |(S\{u})NX| < |SNX|, To u3 muo)kectBa S\ {u} momycrumo
He caeayer au3bloHKT C) T.e. CyNIecTBYeT JOILyCTUMbIA HAOOP 3HAYEHUI HEPEMEHHBIX O,
KOTODBIi BBITONTHSIET yeaoBus B BeprmmmHax S\ {u}, Ho onposepraer nusbionkr C. Habop
3HAYEHWI 0 He BHINOJIHACT yCJAOBHE B BEPIIMHE U, TAK KAK WHAYE 0 BHIOJIHAI ObI S, a
crenoBareapno 1 C. IocKONbKy HAOOP ¢ ABJILETCA JOIYCTHMBIM, TO OH HA3HAYAET BCEM
pebpaM, UCXOAAIUM U3 1, 3Hagenue .

PaccmorpuM npa ciaydad. B mepBoMm caydae ycaoBHe B BepIINHE v HaOOp O He BBI-
noHmI. Tora ecam Mbl pacCMOTPUM HA0OP ¢, KOTOPBI OTIMYaeTCs OT 0 3HAYCHHEM
pebpa f, ToO ¢’ ABAAETCA JONMYCTHMBIM M BBIIOJIHAET S, CICI0BATENBHO 0 BHINOJIHAET
C, a 1ockoabKy o He BhinoaHan C, clegoBaTeabHo Au3bIoHKT C' COMePKAT MePeMEeHHYIO
f. Bo Bropom ciy4ae HaGOp ¢ BBIIOJIHSET yCIOBHE B BEPIIMHE U, 3TO 3HAYHUT, YTO €CTh
MHITUJIEHTHOE BepiiuHe v pebpo e, uro o(e) = 1. Bropoii Koner pebpa e He JIeKUT B MHO-
KecTBe A, Tak Kak BepIIMHA ¥ NPUHAIIEKAT rpanune muoxkecrsa A. Paccmorpum nabop
0", KOTOpBIil OTIN9aeTCs OT 0 3HAYCHUSIMHA TIePEMEeHHBIX [ 1 €, OH ABJISeTCs JTOMYCTUMBIM
¥ BLINOJIHSET BCE yCaoBusg S, ciaepoBarenbno ppmonnger C. 3naunt, e win [ BXOJAT B
C'. Takum 06pa3oM MbI MOJYUWIH, Y9TO JJIsl KazKJI0H BepiiuHbl v € 0(A) KaK MHUHUMYM
OJIHO U3 pebep, ucxonsmux u3 v cogepxkurca B C. CregoBaTebHO, pa3Mep IU3bHIOHKTA
C ne menpme [0(A4)| > (¢ — 1)|A| > Sr. O

Koncrpykius rpada HaspiBaeTcd ABHO#, eciu rpad MOXKHO HOCTPOUTD 32 MOJUHOMHU-
aJbHOE OT YHCJIa BEPITHH BpeMs.

Jlemma 3.3 (|IS11], zemma 6.2). dna moboro mocrarodno Gosbmoro d u Jjiioboro m
CYIIeCTBYeT siBHast KOHCTPYKIust (7, d, 0.5d)-rpaHUYHOrO 9KCIAHIepa ¢ pasMepaMu JoJ1eil
| X| = |Y|=m, r=Q(m), upudem cTeneHn Beex BePHIMH U3 A0JH Y He NPEBOCXOIUT d-.

CaenctBue 3.1. /Ing 1106010 ocTaToqHo OOJIBIIOrO d 1 JII0OOTO M CYIIeCTBYET siBHAA
kouHcTpyKuust (r,d,0.4d)-rpannaroro sxcnamniepa ¢ pazmepamu gomieit | X| =m u |Y| =
m — 1 (a raxxke moxuo |Y| =m — 2), r = Q(m), upuuem crenenu Beex BepIIMH U3 JI0JH
Y me npesocxomut d>.

Aoxaszamenavcmeo. Konerpykius rpada noaydaercs u3 rpacda u3 gemmbl 3.3 BHIOPACHI-
BaHUEM OJIHOW WJIM JIBYX BEpIIMH U3 MHOYXKECTBa Y . O

Zoxasameavcmeo meopemu, 3.1. IlycTb d > 5 11 KOTOPOTO BBIIOJIHSIETCS YCJIOBHE CIIEI-
crus 3.1, Boibepem (1, d, 0.4d)-rpanmamnsiit sxkcnangep G u3 ciaeacTsus 3.1, 9T06B B HEM
ob1710 poBHO N BepriuH. [lo jieMMe mupuHA PE30JIIONIOHHONO JI0KA3ATEIHCTBA (POPMYJIbI
® we menbire, uem (n). Torma o Teopeme 2.1 pasmep pe30MIOIMOHHONO JTOKA3ATEb-
cTBa He MeHbIe, dem 2" O



3.2 Bwmigenenne noarpada

[Tycrs G(V, E) — neopuenrupoBaussbiii rpad, dbyuknusa b : V' — N rakas, uro mjist Kax-
. h

JIOF BEPIIMHBL U, CTEIeHb U He MeHbliie, yem h(v). Tlocrpoum dopmysty \II(G), nepeMeHHbIe

KOTOPO# cOOTBeTCTBYIOT pebpam rpada G. s Kaxk 101 BEPIIUHBI ¥ 3aMACHIBAETCA YCI0-

BHe, 9TO POBHO h(v) pebep, HCXOASIIUX U3 JAHHON BepIIUHbI, paBHbL equnuie. Popmysia
h .

\IJE;) NpeJICTaBIAET KOHBIOHKINIO 3TUX ycjaoBuii. opmysna Pg gBjIsgeTcd 4acTHBIM CJIy-

qaeM (pOopMyJIbI ‘IJ(Gh ), Korja (PyHKIUA h TOXKJIECTBEHHO PABHSAECTCS €/IMHUIIE.

JlemMa 3.4. /s sroboro d € N g Bcex A0CTaTOYHO OOJBIIUX 7 JIJIsI MHOZKecTBa V|
3 n vxementoB u h 1V — {1,2,... d} cymectByer sBHas KoucTpykius rpada G(V, E),
KOTOPHBIH 00J1a/1aeT CAeyIONIMHA CBOMCTBAMMT:

e I pasbuBaercs B o0beuHeHNE JIBYX Henepecekalomuxcs Muoxkects U u T, npudem
MezKTy BepIHH MHOzKecTBa U HeT pebep;

e Crenenp Kaxk0it Bepuunnl u € U paBaa h(u)—1, cTemens KaxKaoit Bepmuab v € T
pasua h(v);

° ’U|Z%—2d2.

loxazamenbcmeo. YHIOPSI0UAM BEpIIUHBL Uy, Vg, . .., U, B TOpsake HeyObiBanus h(v;).
Ilycts k — MakcuMaIbHOE TAKOe YHC/IO0, YTO BBIITOIHAETCS. HEPABEHCTBO Zle(h(vi) -1) <
> ir M(vi) — d(d — 1). Ompenemum U = {v1,vs,..., 0} (ecmn k = 0, To U = (), a
T =V \U. Ouesuzno, uro |U| =k > n/2 —d(d — 1). locrpoum rpad G na MHO)KECTBE
BepinH V', n3nadaabHo rpad He cojepkut pebpa, Mbl OyjieM B Hero pedpa J100aBIATh.
s kazxaoit Bepiuubl v € T OyieM Ha3bIBATH OCTATOYHON CTEHEHBIO PA3HUILY MEXKIY
h(v) u Texkymieit crenennio v. s kaxmoit Bepmuusl u € U npoBomum h(u) — 1 pebpo B
pasIHdHble BepIMHHBl MHOKecTBa V' \ U Tak, 9T00bI CTEleHN BCeX BEPIIHH U MHOKECTBA
V'\ U ne npesocxoannu 6ut h(v).

Tak Bcerja MOKHO CJeJaTh, TOCKOIBKY 1Mo mocTpoennto MuokectBa U (ecim U He my-
CTO) CyMMapHasl OCTATOYHAsI CTeleHb st Bepinus u3 T Gosbire d(d — 1), cienoBaTesabHO
upu 6oJIBIINX N 003aTENbHO HAlIeTcsd Kak MUHUMYM d BEDIINH OCTATOYHON CTeleHH
xorst 6b1 1. IToka uncio Bepuiua B 1' MOJOKUTETBHONR OCTATOYHON CTeneHn GOJIbINe, deM
d, OysemM HPOBOANTD U3 OJIHON TAKOIl BEPHIIMHBI €e OCTATOYHYIO CTEleHb pebep B OCTaJIb-
HbIe BEPINHBI MOJOKHUTEJILHON cTenieHn. B urore ocranercs He OoJiee, dem d BEpIHH U3
V' crenenn we Oouibiiie, uem d. X MOXKHO COeIMHUTH C BepIIMHAMEU W3 MHOXKecTBa U, a
KOHIIBI UCIOJIb30BaHHBIX pedep nepenectn u3 U B T. Takum obpaszom mbl yaaaum u3 U
He Gousbire, gem d? Bepmua. Vtoro mMbr noayunm |U| > n/2 — 2d2. O

Teopema 3.2. /Ina soboro d € N cymecrsyer D € N, garo jjist Jjiroboro g0CTaToqHO
Gosbioro n u Jgis Joboi dyukmun b Vo— {1,2,... d}, tae |V| = n, cymecrByer
rpad G(V, E), crenenb Kax 10l BepuruHbl 31010 rpada we npepocxomut D, aro dopmyia
\IJgL) SIBJISIETCS HEBBITIOJIHUMOW W pa3Mep J000T0 pe30/I0INOHHOTO I0KA3aTeIhCTBA ITOM
GOpPMYJIBI HE MEHbIIE, YeM 282(n)

Jlokazamenvecmeo. 1lo nemme 3.4 mocrponm rpad G1(V, E1) u muoxkectso U C V, aro
quist mo6oit Bepumusl v € U ee cremens pasuserca h(v) — 1, a ayisg 1060 BepIIHHEL
v € V\U ee crenens pasua h(v) u npu stom U] > 2% —2d*. Ha Bepmunax Muozxecrsa U
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noctpouMm rpad G (U, Ey) u3 teopemsr 3.1. Ompenenum rpad G(V, E), muoxkectBo pebep
E xoroporo asnagerca obbeauuenneMm Fy U Fy. 3amerum, uto pebpa u3 MHOXKeECTBa, Fo
COEJIMHSIOT BEPIIUHbI U3 MHOXkecTBa U, a pebpa u3 MuoxKecrsa [] He COEIUHSAIOT AP
BepruH 13 MHOkecTBa U (310 caemyer u3 mocrpoerns rpada Gy mo semme 3.4).

B dopmyite ayist Beex Bepuud v € V' \ U, cTenenb paBHA OrPDAHUYIEHUIO, CJIEI0BATEb-
HO, ecau (opmysia \I/gL ) BBIIIOJIHAMA, TO B JIFOOOM BBIIIOJIHSIOINIEM HabOpe BCe IepeMeH-
Hble, KOTOPbIE COOTBETCTBYIOT pebpam, cMexkubiM ¢ V \ U, umeror 3Hauenue 1. ITocse
MOJICTAHOBKHM BCEM TAaKUM MepPeMeHHBIM 3HaueHus 1, morydaerca dpopmyna Pg,, KoTopas
SABJISIETCA HEBBIITOJIHUMON 110 Teopeme 3.1.

Dopmyna P, nosyuaerca us \Ifgf) MOJICTAHOBKO#, CJIe/IOBATEILHO IO JieMMe 2.2 pe-
30JTIOTIMOHHOE JIOKA3ATETHCTBO \Ifgf ) he MEHBIIEe, YeM HEKOTOPOE PE30JIIONHOHHOe JTOKA3a-
TesberBo P, uTo 10 Teopeme 3.1 He MenbIne, wem 294, O

3.3 CuaencrBuga

IMTpuanun Jdupuxae. QPopwmysibl, KoAupyolue npuHiun Jupuxie, 3aBucdar oT me-
PEMEHHBIX p; j, KOTOPBIE O3HAYaIOT, 4TO -l KPOJUK cuauT B j-it kierke, 1 < ¢ < n,
1 <7 <n-—1, u upeacTapiasgior u3 cedd KOHbIOHKIIUIO TAKUX JU3BIOHKTOB:

o —1 .
o Kaxkaplit KpOJIMK CUIUT XOTS OBI TJ1e-TO: \/?:1 Dij Anga Beex 1 < < n;

e B kaxz0it Kjerke cuaur He GoJiee OLHOrO Kpouuka: (—p;x V —p;k) At Beex 1 <
1#£j<nul<k<n-1

Bynem oboznauars Takyio hopmyay PHP,,. HeBsimonmaumocts 310it (hbopMyisl ciemayer u3
npunnuna /lupuxie.

s rpada G u3 caeacrsus 3.1 dhopmyna &g nmonyuaercs u3 PHP,, moacranoskoii
HyJ1eii BMecTO pebep, KOTOphIX HeT B rpade (G, HO eCcTh B HMOJHOM JBYIOJBHOM rpade ¢
nonsvu | X| =n, |Y| =n — 1 u nobaBienneM HECKOJbKUX JH3BIOHKTOB.

Taxum obpazom, u3 jeMMbl 3.1 U JIeMMBI 2.2 CJIeIyeT, UYTO HUXKHSIS OIEeHKA, 20) ga
pasMep pe30JI0INUOHHOTO jokasareabcTBa gopmysn PHP,. Dr1a omnenka Oblia BrepBbie
nokazama B pabore [Hak85].

Hetitunckue dopmyasbl. [leiitunckue dopmyna T, éf ) CTPOUTCS TIO TPOU3BOJBLHOMY

rpady G(V,E) u dbyukmun f : V' — {0,1}, nepemenubim coorsercryior pebpa. s
KayKJ10il BepIinHbl v 3anucbiBaercs ycaosre B KH®, koropoe Koaupyer, 4To 9ucso pebdep,
HCXOJISAIIMX U3 BEPIIMHBI U UMEEeT TaKyIo JKe YeTHOCTh, Kak u ducjo f(v).

ITo dyukmuu f: V — {0,1} nocrponm dyuknuwo h : V — {1,2}, koropasi onpee-
ngetcs caenyomuMm obpaszom: h(v) = 2 — f(v). Apyrumu crosamu, ecan f(v) = 1, To n
h(v) = 1, a ecin f(v) = 0, To h(v) = 2. Ilo Teopeme 3.2 cymecrByer Takoe ynucsio D,
9TO JUIS JOCTATOYHO GOJIBIMUX 7. MOXKHO MOCTpOnUTH rpad G Ha n BEpHIMHAX, CTEICHU
BCEX BEPITUH He MPeBOCX0oadaT [, u4To pasmep JI1060ro Pe3oIonUOHHOT0 J0KA3aTeIbCTRA
dopMyIBI ‘Ilg HMeeT pasMep He MemHbiie, qenm 2947,

3aMeTnM, YTO yCJIOBHE B BEPIIMHAX MEeHTHHCKON HopMyabl Tgl) CACAYIOT U3 yCJIOBUU

B BepruHax dhopmyisl W, [TocKOIbKY pe30TIONUOHHAs CHCTEMA J0KA3ATEbCTE TOIHA
)

. . . h
OTHOCHTE/IbHO UMILIUKAIUH, TO KazK/J0€ yCJI0BUe NeHTUHCKON (hopMyJIbl T((; MOXKeT ObITh

11



BBIBEICHO U3 yeaoBust WY ¢ momompio BeiBofa munbt 2°. CrieroBaTe1bHO Bee U3 BIOHKTHI
NeHTHHCKOM POPMYJIBI MOTYUAIOTCS U3 AU3LIOHKTOB opMyabl WP, ¢ TOMOIIbIO BHIBOJA
amabbl O(n). Orciona ciiejyer, 4ro pasMep Pe30JII0INHOHHONO JI0KA3aTeIbCTBA (hOPMYJIbI
T, éf ) He venbine, gem 22", Brepssie mono6uas HIZKHsS OleHKa Oblia T0Ka3aHa B pabore

[Urq87].

Ilonnslit rpad. Ilycrs K, — nosanbiii rpad na n Bepmunax, oyaxiuga h @ V. —
{0,1,...,d}, d — mekoropas koucrauta. [Iycts dbopmyna \D%n HeBBITIOTHIMA. 10 Teope-
Me 3.2 CyIIecTBYeT Takoe 9uciao [, 94To M JOCTATOYHO OOJBINMHUX 77 MOYKHO TMOCTPOUTH
rpad G Ha N BepIIMHAX, CTEIEHH BCEX BEPIIMH He HPeBOCXOAAT [, 9To pasmep Jodo-
ro Pe30JTIONHOHHOTO I0Ka3aTeTbeTBa hopmyabl WA mveer pasmep He Merbite, e 24,
['pad G monygaerca u3 K, ynaaenueM pedep, mo3ToMy (hopMmy.ia \IJ(Gh ) OJTYy 9aeTCs U3 \I/%Li
HOJICTAHOBKOI HYJIsT BMECTO Tex pebep, koropeix HeT B (. CiemoBaTeibHO, 110 jleMMe 2.2

(h) Q(n
pasMep Pe30TIONUORHOTO JoKa3aTeabeTsa Wy He MeHbIe, JeM 2 ),

4 Kaerdarble 3aga49n

[Tycrb mana CSP dopmysa ¢ naj konednsim aiadasurom W = {wy, we, ..., w,} or nepe-
MeHHBbIX MHOKecTBa X = {1, s, ..., 2T, } u cocrour u3 orpanudennii Cp, Cy, ..., Cp,.

Jlast moka3aTe/ibCTBa HUKHEH OIEHKYN Ha pa3Mep JiepeBa MOUCKa MPOTUBOPETH Pac-
CMaTPHUBAIOT cJejyioniyio urpy. rpa onpeaensgerca nepbinosauMoit CSP (opmysioit ¢,
B MIPy UIrpaloT aBa Urpok: Asmca m Bob. Ammca B Taiine or Boba BbIOMpaeT aepeBo
HOUCKA MIPOTUBOPEYUs JJIsi () U CTABUT B KOPEHb ITOTO jepeBa dumiky. Xoj Aucel co-
CTOWT B BOIPOCE O 3HAYEHWN MEPEMEHHOil, KOTOpasi COOTBETCTBYET BEPIINHE, B KOTOPOil
crout ¢dumika. Xoj boba cocrour B TOM, 4TO OH JIMOO BHIJIAET 3HAYEHUE TIEPEMEHHOI, O
KOTOPOii ero cupamnruBaior, 1ubo npepiaraetT Ajuce BHIOpaTh 3HAYCHAE CAMOCTOSTETHHO,
npeIoXKUB el Ha BBIOOP momMHOXKecTBO W, pa3zmep KoToporo He MeHbIre 2. Bo Bropom
cJIydae MBI Oy/1eM TOBOpUTh, 9To Bob nemaer xom ChooseAny. Annca nepeasuraet Gpuiiky
B CBbIHA BEPIINHBI COIIaCHO oTBeTy Boba, ecinm Bob moxommr ChooseAny, To Anuca ca-
MOCTOSIT€JTBHO BHIOMPAET, B KAKYIO BEPIIHHY TepeaBuHyTh (purky. rpa 3akandanBaercs,
ecJIM HaliJIeHO IPOTUBOpeydne, T.e. puiika npuinia B juctT. [leqs Boba Ha myTn oT KopHA
JIO JIUCTA KAaK MOYKHO Gosibiiie pa3 ckaszarhb ChooseAny.

JlemMma 4.1. Ilycts myig CSP dhopMysasl ¢ cylmecTByeT Takas cTparterus boba, 9To mpu
sioboii crparernn Ajnncer Bob menaer xox ChooseAny kak MmuaumyM t pas. Torma paszmep
mo6oro Jepersa NoUCKa MpoTuBOpedns aas hopMysabl ¢ He MeHbine 2°.

Zokazamenvcmeo. PaccMoTpuM Kakoe-HUOYIb JIepeBO MOUCKA ITpoTuBopeunsd 1" 1js (pop-
Myabl @. [TocTponm BepoATHOCTHOE paclipeeieHne Ha JUCThIX JiepeBa 1, KOTOpoe cOoT-
BETCTBYeT cTparernn boba u caeayooleil BepOSTHOCTHON cTpaTerun aisa Anncel. Anmca
BeIOUpaer jepeso T, a mpu nojaydenun orBera ChooseAny, Anmca BwiOupaer cirydaii-
HBIIl OTBET C paBHOW BEPOSTHOCTBIO. TOra 1Mo yCJAOBHUIO JIEMMbI BEPOSATHOCTH OKA3aThCS
B KOHKPETHOM JIICTe He HpeBLICHT 27 ¢, [I0CKOMbKY ¢ BepodaTHOCTBIO 1 (bUIIKa NPUXOJIUT
B KaKOii-HHOY/Ib JINCT JepeBa, TO BCEro JUCTheB He MeHble 2°. O]

Jlnsg mpumenenus jeMMbl 4.1 ynobno onuceiBarh crpareruio boda B ciaeayionmx rep-
MUHaX: BoO XpaHUT HEKOTOPYIO YACTHUYHYIO TOJCTAHOBKY, KOTOpasd HA3HAYAET 3HAUYCHUS
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HepeMeHHBIM, KOTOPBIe CIpalnrBaJia AJuca u, BO3MOKHO, HEKOTOPBIM ApyruM. [Ipu sTom
TeKyInas MojcTaHoBKa Boba He 10KHA HApPYIIAaTh orpanudennst. Ecan Annca cipamuBa-
eT 3HavYeHHe MepeMeHHoll, 3HaueHne KOToOpOoil orrpeaeeHo TeKyIieil noJAcTaHoBKOoil, To Bob
OTBEYAET ITO 3HAUeHHe. e Airca cripammnBaeT 3HaUYeHNe TIePEeMEeHHON, KOTOPAast e1e He
IMeeT 3HAYeHUs B IOJCTAHOBKE, KOTOpYIo XpaHuT boo, To bob orsegaer ChooseAny, mo-
OaB/IsieT B IMOACTAHOBKY 3HaUYeHHe, KOTOpoe BhIOMpaeT Amca M, BOSMOXKHO, IOACTABJISET
3HAYEHHE elle HEKOTOPHIX TepeMeHHbIX.

4.1 Pa30buenue Ha JOMUHOIIKU

B sToM pasesie Mbl pacCMOTPHM HEBBITOJTHIEMYIO CSP (bopMyIy ¢,,, KOTOpas COOTBETCTBY-
eT 3ajade pas0MeHHus KJIeTIaTO’ JOCKH 1 X N Ha JOMUHOIIKK M3 ABYX KJIeToK. Ilepemen-
HbIE dTON 3aJla9 COOTBETCTBYIOT KJIETKaM AOCKHW W IIPUHUMAIOT 3HaA4YCeHUAd U3 aJ'ICbaBI/ITa
{<, 71, —,!}. Crpenka yka3piBaeT, B KAKyt CTOPOHY IPOJOJIZKACTCS JOMUHOIIKA, TTOKPHI-
Balollad JaHHYIO KJIETKY. OFpaHI/IquI/IH COOTBETCTBYIOT TIEperopojxkaM MeXKIYy KJIEeTKa-
MU: JIJIsI BHYTPEHHHX II€PErOpOIOK 3alpelraeTcs CHTyalus, KOTJa POBHO OTHA CTpesKa
(M3 IBYX KJIETOK, HPUMBIKAIOIIAM K MEPEropojiKe) HANpaBJIeHA HA TEePEropojKy, a JiJis
BHEIITHUX 1I€PEropoJIOK 3alpeIiaercs, YTo0bl CTPeJIKA, CTOsIAasd B IPUMbIKAIONEH K Heil
KJieTKe, ObljIa HalpaBaeHa BHe KBajpara. I3 coobparkeHunit 9eTHOCTH CJjiejyeT, 910 Hop-
MyJIa ¢, HEBBIIOJTHUMA, TTPU HEYETHBIX 7.

CaenctBue 4.1. [Ipu nedernsix n st CSP GpopMyibl ¢, €CTh jiepeBo MOUCKa OpoBep-
kenuii Trybunabr O(n), a ciegoBaTeIbHO pazmepa 20(n),

Joxazameavcmeo. IlporuBopedne uiercss JBOMYHBIM IOMCKOM: HAJ/0 Pa3/IeJIUTh KBaJl-
paT BePTUKAJIBIO HA JIBE MPUMEPHO PaBHBIE YaCTU U CAEIATDH 3aPOC MPO KaXKJAYI0 KJIETKY,
OJ/IHa W3 4YacTell jaJibiie He OyaeT pa3dMBaTbCA HA JOMHWHOIIKU W3-33 9eTHOCTH. [loTom
9TY YacTh MOJEIUTH MTOMOJaM TOPH30HTAIBIO, CIeJIATh 3aITPOChl KO BCeM KJIeTKaM U3 Hee.
OcraneTrcs 9acTh IPUMEPHO B JIBA pa3a MeHbIIIe HCXOIHOM 110 BHICOTE U IIUPUHE U CIETAHO
npumepHo 1.5n 3ampocos. toro 3a O(n) 3ampocoB nporuBopedne 6yaeT HaiiTeHo. [

Teopema 4.1. Jlioboe gepeBo Moucka ITPOTUBOPEUU /st (DOPMYJIBI ¢, IPH HEUETHBIX 7
mveer paszmep 24" a ciaemosaTensmo rayGumy Q(n).

Teopema cienyer u3 jemMbr 4.1 U caeayonieit JeMMBbI:

JlemMa 4.2. I1pu HedgeTHBIX N 747151 POpMyJIbI ¢, B0OO MMeeT cTpaTernto, rapaHTHPY OIILY O
Q(n) orseros Tuna ChooseAny s m060i cTparerun Aauch.

Joxazameavecmeo. Bob Oyjer xpaHuTh TeKyluii Habop 3HaYEHUN MEPEMEHHBLIX B BUJIE
JIOCKH 1. X 7, KOTOpas JaCTUYHO YK€ 3aIM0/IHeHa JOMHUHOIMKAMEA. [0 TeXHWmdIecKnM mpu-
quHaM HaM Oy/eT yJI0OHO CYUTATh, 9YTO N jejuTcd Ha 3. Eciau 310 He Tak, To Bod Moxer
CaMOCTOSITEJILHO BHIOPATH JIeBbIil BepxHuil kKBajgpar (n—2) X (n—2) wiu (n—4) X (n—4),
a OCTATOK pas3OUTh HA JOMHHONIKHA KaKHM-HUOYIb (DUKCHPOBAHHBIM CIIOCOOOM.

Hauunas ¢ sieBoro kpasi, bob MbicjieHHO pa3buBaeT JIOCKY Ha BEPTHKAJIbHBIE 110JIOCHI
n X 4, Koropele Mbl Oy/geM Ha3BIBATH CAOMAMU. 1IOCKOIBKY 7 HEYETHO, TO OCTAHETCS
OJI0CKa pa3mepa n X 1 mwin n X 3. M3HavanbHO B camMoM IpaBom cjiore bob BeiOupaer
0JIOCY N X 3, BBIPOBHEHHYIO II0 JIEBOMY KPalo CJOTa, TO MOJOCY MbI Oy/IeM Ha3bIBATh
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bydepom. B nanpueitiem Oydep OyaeT mepemeniarbcs, HO OH Bcerjga OyIeT 3aHUMaTh
JIEBYIO TIOJIOCY 1 X 3 OT Kakoro-to cjaoTa. Crnpaba ot Oydepa ocTaHeTCs MOJI0ca 1 X 2 WK
n X 4, Bob 3amocTuT ee MOMHUHOITIKAMHA. DTO U300PaAKEHO HA PUCYHKE 1.

CJIOT 2

™
g
=
O
Q
Q,
g
P
[€a]

Puc. 1: Crorsr, 6ydep u obsacts npasee Oydepa

Bob nmognepxuBaer cjeyiomue HHBAPHAHTDI:
1. Bydep Bcerma mycr.
2. O6aacTpb crpasa ot Oydepa Beeria 3aMoIIeHa.

3. Bob pazdbuBaer obsiacTh caesa ot Gydepa Ha TPAMOYTrOAbHIKE pasmepa 3 X 2. Kax-
Jlasi JOMUHOIITKA, U3 JIEBOI 4acTu JIeYKUT BHYTPU TPAMOYTOJIbHUKA 3 X 2. Kakiprii
IPSMOYTOJIBHUK 3 X 2 JInOO MOJHOCTHIO 3aMOIIIeH, JTHOO IYCT.

4. Kaxkaplii cj10T crpaBa oT TeKylero oydepa CoAepKUT KITKY-3al1poc AJIMCHI, Ha
koropyio bob orBernn ChooseAny.

W3navya/ibHO BCe MHBAPUAHTDHI BBHIITOIHAIOTCS.

Crparerust Boba Oyjer nmers cieayionuit BuL: ecan Ajinca 3alpaliinBaeT yzKe mmo-
KPHITYIO Kj1eTKy, bob Bo3BpariaeT To, 4TO B Hell 3amucano. B nporuBHom ciaydae Bobd
orBedaer ChooseAny misg HekoToporo Hadbopa 3Hadennii. I[Tocse sToro, ecim HEOOXOIUMO,
Bob6 BoccranapiuBaeT mHBapuaHT, caBUrad oydep BiaeBo. Ecjin ”HBapHaHT BOCCTAHOBHUTD
He VIAJIO0Ch, TO Jajbiie BoO meiicTByeT Npou3BOIbHBIM 00PA30M.

MBI yTOUHUM, 94TO UMEHHO JiesiaeT Bob, eciu 3amparnBaeMas KJIeTKa, ele He MOKPBITa
U JIOKaXKeM, ecyii Bob He MOzKeT B KAKOH-TO MOMEHT MOIPABUTH HHBAPUAHT, TO OH K 3TOMY
MoMeHTy yxke ciaenan §2(n) xomos ChooseAny.

[Tycts Astca 3ampalliuBaer MyCcTyio KIeTKy ¢. PaccMorpum jBa ciaydas: 1) KieTka ¢
HAXOUTCs ceBa oT Oydepa; 2) KieTka ¢ HaXOAUTCst BHYTpU Oydepa.

B mepBom coryuae, Bob HaxXomuT mpaMOYTOIBLHUK 3 X 2, CO/IePKATIN KJICTKY , U IPeJI0-
crapisier Annce orBer ChooseAny coryracHO 1ByM 3aMOIIEeHUsIM, TOKa3aHHBIM Ha PucyH-
Ke 3.
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Puc. 2: luBapuanTs

Puc. 3: 3amormienust mpsiMOyroJibHAKA 3 X 2

B ciyugae, korja kierka ¢ naxoaurcs Buytpu 0Oydepa, 1o nocie xoga Boba mnapyima-
eTcst HHBapHaHT. BO3MOXKHBI J1Ba Cirydasi: a) cjeBa or Oydepa ecTh IMycThie CJIOTH nin 6)
X HET.

a) Eciu mycTeie 10Tl ecTb, 0603HAYAM caMblil IpaBblii ycToit cot depes S. [Tosoca
IIAPUHBI N X 3 U3 CJI0Ta S, IpUzKaTad K JeBOMY Kpaio, OyieT MecToM J1jis HoBOro bydepa
B. O6osznauum crapuiit 0ydep gepes B'. O61acTh MexKay cJI0oToM S U cTapbiM 6ydepom
B’ o6o3naunm uepes M. Haiinem B M nycryio ropu3oHTajbHYO mojgocy H BBICOTOMR
3, 9TOObI W CBEPXy WM CHH3Y OT Hee OBLIO KpaTHOe 6 4mcjio KJIeToK (CM. PHCYHOK 4).
Bcero takux ropusoHTAIBHBIX moa0¢ 2(n). Ecau HE 0fHA M3 HUX He OKAYKeTCs MyCTOH,
to Bob yxe cmenan Q(n) orseroB ChooseAny (tak Kak kieTka JeBee Gydepa Moria
OBITBH 3aI0JIHEHA TOJBKO B pesyabrare orBera ChooseAny). TTokpoem Gydep B u monocy
H upamoyronbaukavmu 3 X 2, Kak mokaszaHo Ha pucyHke 4. OcTaBIIyOCs 9aCTh MOJIOCH
mupuabl 1 B caoTe S 3aMOCTHM JOMUHOIIKAMH. 3aMeTHM, 9TO Kaskaas KJeTka Oydepa
MOKPBITA MPSIMOYTOJTBHUKOM 3 X 2, 3TO 3HAYUT, 9TO B KJIeTKe ¢ Bob MOXKeT cemarh Xo
ChooseAny corstacio pucynky 3. B M morin ObITH JIpyrue 3amoJIHeHHbIE KJIETKU, HO
BCE OHH PACIIOJIOXKEHBl B MPAMOYTOIBHUKAX 3 X 2 W 9TH NPIMOYTOJBHUKU MOJTHOCTHIO
3anosiHenbl. OcrajabHble MPIAMOYTOAbHUKE 3 X 2 Bo0 3aMoriaer mpou3BoibHBIM 00pa3oM
(em. Pucynok 4).

OTMmeTnM, 9TO U3 TOCTPOEHUsT CJIEIYET, YTO B KaXKI0M cJIoTe cipaBa ot Oydepa Bobd
nast kak MunuMyM ogauna orBeT ChooseAny.

6) IlycTh mycToro c¢jiota He HAILIOCH, TOTJA JJisl KAXKJIOTO CJIOTa, KPOMe ¢JIoTa ¢ Oy-
dbepom, Bob kak munumym oaun pas jasa orser ChooseAny, no Beero ciaoros Q(n). [
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IIycras moJsioca

— —
Hosspriit 6ydep Craperii 0ydep

Puc. 4: 3amortenue npu cMmernenuu Oydepa

CaenctBue 4.2. Paccmorpum rpad G,,, BePIIMHBI KOTOPOI'O 9TO KJAETKH KBaJipara n X
n, JIBe BEPIIUHBI COEIUHEHBI PeOPOM, eCJu KJIEeTKH HMeloT obIiyio cropony. Torma mpwu
HeueTHBIX N opmyna P gaBasgeTcs HEBBIMOIHUMONW M pa3Mep JII0OOTO JIepeBa IOUCKA
nporuBopedns pasHsercs 24

Jloxazameavcmeo. @opmysia O ToKe Koaupyer GpakT, 9T0 KBaJAPaT N X N HEeJIb3s pa3pe-
3aTh Ha JOMHUHOIIKH Npu HedeTHuIX n. CTparerus ajis Boba, KoTopas rapanTupyer, 9ro
on maet (n) orBeroB ChooseAny coBnagaer ¢ n3/10KeHHOI BbiIe. AJTIca BMECTO KI€TOK
3alparuBaeT WHMOPMAIKIO TPO IPAHUILY MeZKy KJIeTKaMu. B ciaydae, KOrja B TEKYIIeM
pazbueHny PO Ty TPAHUILY OTBETUTH MOXKHO, TO B0obG OTBedaeT, B MPOTUBHOM CJIyUae
Bob cumraer, 9To ero cupammBaiOT PO OJHY U3 KJIETOK, KOTOPas HPUMBIKAET K 3TOM
paHidle KpomMe OJHOI'O HCKJJIIOYCHUD. EZLI/IHCTBGHHOG HCKJIIOYEeHHEe IPOUCXOAUT B YaCTH
neBee Oydepa, korga Bob BeigeaseT npsiMoyroibHUKT 3 X 2, ecan Ajtuca jiesraet 3ampoc
K TPaHUIIEe STOTO MPIMOYTOJAbHUK, TO Bob cpasy maer orBer 0. MOXKHO TPOBEPUTDH, YTO
JIBa pa3dbUeHust NPAMOYTOJLHUKA 3 X 2 Ha JIOMHHOIIKHA OTJIHYAIOTCS BCEME BHYTDEHHUMH
rpaHuiamMu (CM. PUCYHOK 3). O

4.2 Crpenkn

Pacemotpum eme oxay CSP dpopMyity 1, KOTOpas COOTBETCTBYET KJIETUATON JTOCKe 1 X N.
[lepemeHHBIE COOTBETCTBYIOT KJIeTKAM U MPUHAMAIOT 3HAUeHHE W3 MHOXKeCTBa: {<—, N\, T

7/(7_%\17%\/}-

OFpaHI/I‘{eHI/IH COOTBETCTBYIOT IIeperopoakaM MezKAy KJIETKaMUN:

e JIBe cTpesku, KOTOPBIE CTOAT B KJETKAX, HMEIOMHUX 001mee pebpo, pa3andaercs He
OoJIblle, YeM Ha 45 rpajrycoB.

e Bce cTpesiku B KJI€TKaX Ha T'PAHUIE KBaJIpaTa HE HANPABJICHBI HAPYKY.
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HespinostauMocTs hoOpMYIIbI ¢, ciIegayeT u3 TeopeMmbl Bpayspa, HO MBI IPUBEIEM aJIb-
TepHATUBHBIA CIOCOD T0KA3aTEJIHCTBA HEBBLITOJIHUMOCTD ¢, OH OYIAET MCIIOJb30BaH JIIs
JIOKA3aTe/bCTBA BEPXHEH OIEHKH Ha pa3Mep JepeBa MOUCKa HPOTHBOPEYHS.

PaccmorpuM 3aMKHYTBIN ITyTh Ha JIOCKE, KOTOPBIH MPOXOAUT MO COCEIHUM IO pebpy
KJeTKaM. ByaeM ujiTu B/10JIb IyTH U CIUTATH CYMMY [TOBOPOTOB, KOTOPBIE JeIaeT CTPEe/IKa
B TeKyIiei kjerke. [locKOIbKY MyTh BO3BpAIAETCS B HCXOIHYIO KJIETKY, TO CYMMapPHbBIi
MOBOPOT KpaTeH 360°.

Jlemma 4.3. llycTb cTpesiku paccTaBieHbl B KJIeTKaX KJI€TIATOTO NPIMOYTOJbHUKA TaK,
YTO CYMMAapHBIM MOBOPOT MO 3aMKHYTOMY IIYTH IO TPAHUIle MPAMOYTOJbHUKA He PaBeH
HYJI0, TO BHYTPHU 3TOrO HNPSAMOYTOJIbHAKA €CTh JIBE COCEJIHUE KJIETKH, B KOTOPBIX CTOMIT
CTPEJIKH, YIOJI MEYKJIy KOTOPbIME OoJtbitie 45°.

Jlokasameavcmeo. J1oKa3aTeabCTBO IO HHAYKIH IO pasMepy IPIMOYToJbHKA. Baza —
npaAMOyTOIbHUK 2 X 2. [t npsimoyrosbauka R ¢ cymMMoii TOBOPOTOB .S, pa3/iejiuM ero
Ha JIBE 9aCTH, KaK MOKA3aHO Ha PHUCYHKE 5, MOCYMTAEM CyMMy IOBOPOTOB S| m Sy Ha
IPAHUIAX MEHBIINX IPAMOYTOJIbHHKOB [R; m Ry. 3amermm, aro S7 + So = S. 3Haqur,
XOTd OBl JJI4 OJHOrO M3 MEHBUIMX IPAMOYTOJLHUKOB CyMMa IIOBOPOTOB HE PaBHA HYJIIO.

Pwuc. 5: Jlenenune nmpamoyroabanka R #a Ry n Rs.

Teopema 4.2. CSP ¢dpopmya 1, HEBBIIOJTHUMA.

Joxazameavcmeo. Jlokaxkem, 410, €CJM PACCMOTPETh 3aMKHYTBIfl MapIIPyT BJIOJIb I'Pa-
HUIIBI KBAJIpaTa n X 1, TO CyMMapHbIil moBopoT Oyaer 360°. PaccMOTpuM JIeBYIO BEPXHIONIO
kjaetky A m npasyio HmkHIO0 B. [lycrs mpu npoxoxaennn ot xierku A g0 kierku B
cyMMapHBIi moBopoT pasen [ + 360°k, rme 0 < [ < 360°,k € Z. B rinerke A crpesnka
MOZKeT ObITh U3 CIEYIONero MHoKecTBa {—, N\, |}, a B kiaerke B — {+ N\, 1}, coor-
BETCTBEHHO, TaKUM obpaszoMm [ # 0. Bamernm, uro, ecau k > 0, To HA TyTH OT KJAeTKH A 10
KJIeTKN B Haiijgercsa crpesika ', dero He MoxkeT ObiTh. Cjie0BaTeIbHO Ha paccMaTpuBa-
€MOM yJacTKe IMyTH IMOBOPOT TOJOKUTEJBHBIN U CTPOro Menbine, yem 360°. AHaJIOIruIHO
MOZKHO PACCMOTPeTb YIaCTOK OT KjIeTKu B 10 kiaeTku A. Takum oO6pa3oM IpH IPOXOZK-
JICHHH TIO0JIHOI'O KOHTYpPa CYMMAapHbBIH IMMOBOPOT He paBeH HYJII0 U He IpeBocxomauT 720°, u
TaK KaK CyMMapHBIl TOBOPOT KpaTeH 360°, To oH paBeH 360°.

Teopema cieayer u3 jsiemmbr 4.3. O

CaencrtBue 4.3. g CSP GopMyabl 1, €CcTh JepeBO MOUCKA ONPOBEPXKEHHH TIIyOUHbBI
O(n), a caegoparensuo pasmepa 20,
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Loxazameavemeo. CraestaeM 3alpochl KO BCEM TpaHMYHBIM KjeTkam. llocie sroro mo-
JIeJIUM KBaJIpaT MO BePTHUKAIN Ha JABE NPUMEPHO paBHbIe YacTH. TakK Kak CyMMapHBIi
HOBOPOT 1O I'PAHUINAM 4YacTell OyjeT OTJIHYeH OT HYyJd, TO 1O JjemMMe 4.3 IpOTHBOpeYHe
oyzer B oiHOl M3 HuX. [[PpOTHBOpPEYUBYIO YACTH MOJECAUM MO TOPU3OHTAJIM U TOJIYUUM
3ajady 14 KBajpaTa pasMepoM He Gobmie, eM (§ + 1) X (§ 4 1) ¢ m3BecTHBIME cTpel-
KaMu Ha TpaHuie. Itoro, Mpl cienaan 1.5n 3aIrpocoB U cBeJIM 3a7a9y K 2 pa3a MeHbIIe.
Lny6una aepesa oymer O(n). O

Teopema 4.3. JIo6oe jiepeBo noucka mporuBopeunsd s CSP (hopMyJIbl 1, HMeeT pa3Mep
224" 3 caemopaTensro rayGuny (n).

JokazareabcTBo Teopembl 4.3 ciepyer u3 jgeMMbl 4.1 u ciepyrorieil JeMMbl:

Jlemma 4.4. Jljia CSP dopmysibl 1, cymiecTByeT Takas crparerus boba, 1pu KOTOPOit
Bo6 nacr 2(n) orseros tTuna ChooseAny st 11060ii crparerun AJUCHI.

Zokxazamenvcmeo. CTpyKTypa J0Ka3aTeIbCTBA JIEeMMBI 4.4 MOX0XKa Ha CTPYKTYPY JdOKa-
3aTebCTBa JIeMMbl 4.2.

Haunnas ¢ jseBoro kpas, Bob paszbuBaer JOCKYy Ha BEPTHKAJIbHBIE MOJOCH N X 8,
KOTOpbIe MBI OyJeM Ha3biBaTh caAomamu. BO3MOXKHO N He JeauTcsd Ha 8, B 3TOM CJIy-
Jae ocTaHeTcs Hepa3duTas JacTh. B camoMm mpasoMm ciore Bob BeiOupaeT mojocy n X 4,
BBIDOBHEHHYIO II0 JIEBOMY Kpalo, TaKyI IOJIOCY OymeM Ha3bBaTh Oydepom. Ilpu takom
pasbueHnn crupaBa oT Oydepa ocTaHeTcss HEOOJbIIAS TM0JI0CA, B KOTOPYIO MBI PACCTABAM
CTPEJKH TaK, KaK MOKa3aHO Ha pUCYHKE 6.

TTTTTT
TTTTTT
TTTTTT
TTTTTT
T

.......A.........
e

T Tt
T Tt
T Tt
T Tt
T Tt

Puc. 6: 3amornenne npapoit yacTu

Bob byner momep:kuBaTh cJeAyIONEe NHBAPUAHTHI:
1. Bydep Bcerya mycr.

2. Ob6aacTb crupasa ot Oydepa mosHOCTHIO 3amoanena. Camas jgeBas mojoca n X 1 u3
obstacTu cripaBa oT Oydepa Bcera 3amoJiHeHA CTPEJKAMU <— KaK Ha pHCYHKe 6.
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3. Bce cocenum He3amoJIHEHHBIX KJIETOK JieBee Oydepa Jimbo He 3allOJHEHBbI, JUOO 3a-
MOJTHEHBI TaK: —.

4. Ilycts k — 910 4MCIIO CJIOTOB IpaBee Tekyiero 6ydepa, Torga bob man ne menee

k
5 orsero ChooseAny 1 knetox npasee Oydepa.
5. Paccrapiennbie cTpe/iKd He HAPYIIAIOT OIPAHUYCHUIA.

OrmernM, 4TO U3HAYATIHLHO BCE MHBAPUAHTHI BBHIIOJTHEHBI.
Crparerns Boba OyaeT nMersh Caeayonmii BII;:

1. Ecan Anunca 3ampammmBaeT yzKe 3al0JHEHHYIO KJIeTKy, bob Bo3Bpamaer To, 9TO B
HER 3anmmcano.

2. Ecsm Anuca sanpammBaer mycryioo Kjaerky, 7o boo maer orBer ChooseAny u pac-
CTaBJIdeT HECKOJILKO CTPEJIOK, LITO6bI BBITNIOJIHAJINCH BCE NHBAPUAHTLHIL.

3. Ecqm mHBapmaHT BOCCTAaHOBUTL He yaaeTcd, TO Bob meiicTByeT Mpom3BOJBHBIM 00-
pa3oM.

MBI yTOYHHUM BTOPOIi Al M JOKazKeM, 4T0 ecau Bob He MOXKeT MCIIPABUTh HHBAPUAHT,
TO OH K 3TOMY MOMeHTY jaJ yxke 2(n) orseros ChooseAny.
[Mycts Anuca 3ampammBaer mycTyio KJeTKy ¢. MbI paccMOTpuM Tpu Cirydas:

1. K1eTKa ¢ HaXOAUTCs cjeBa OT Oydepa W He HMeeT OOIIYI0 TPAHUIY € KJETKAMH
Oydepa;

2. KJeTKa ¢ HaXOJuTcs BHYTpH Oydepa.
3. KJIeTKa ¢ HaXOJIUTCs Ha Iojoce n X 1, mpuMbIKaoliei K Oydepy ciesa.

B nmepsom cayuae Bob gemaer xom ChooseAny, mpemiaras BeIOpaTh W3 CAEIYIONIAX
BApPUAHTOB:

o {—,\/}, ecam KJIeTKa ¢ HAXOAUTCSI HA BePXHEH IPAHUIE;
e {—, 7}, unaue.

HesamosiHeHHBIX cocefieil o cTopoHe KjaeTku ¢ Bob 3amosHsier Tak: — (CM. pHCY-
HOK 7). Hec/ioxKHO 3aMeTUTh, 4TO TaKoe 3all0JTHeHHe He HAPYIIAeT HHBAPUAHTOB.

%
N =
— — —
N [
(a) Bepxusia rpanuna (b) BuyTpenHsis Kierka (c¢) Huxkusist rpanuna

Pwuc. 7: Tpu Buma oKpyKeHUS CTPEJTKU

Bo Bropom ciydae Anuca geiaer 3ampoc K KiaeTke Oydepa. Bo3MoKHBI 1Ba BApHAHTA:
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a) cJeBa or Gydepa HeT MycToro CJI0Ta;
6) caeBa or Gydepa ecTh MycToii CIOT.

a) Ilycth mycroro ciiora cieBa oT Gydepa HeT. 3HAYUT, B KAXKJIOM U3 t CJIOTOB CJieBa
OT TeKymero Oydepa ecTh 3aloJHeHHAs KJIeTKa, MOCKOJBbKY Ha KaxKIblii 3aIIpoc B IIy-
CTYIO KJIeTKY cjieBa ot 0ydepa Bod gaer orBer ChooseAny u 3arparuBaer He 0oJiee JIBYX
ca0ToB, TO bob nan He Menee % orBeroB ChooseAny caesa or Oydepa. [lockonbky Ha
HPeJIbIIYINEM Tiare MHBAPUAHT BBINOJIHAICS, TO Bob ma g orBetroB ChooseAny st KJte-
TOK cIipaBa oT Oydepa, rje k — 3T0 4ucjio caoToB cupasa oT Oydepa. toro, Bob man
e Menee % = Q(n) orseros ChooseAny.

6) Ecau uycrbie ¢jorbl ectb, TO BbiOepeM u3 HuX camblil npasbiii. OGo3HauuM ero
gepe3 S. [Togoca n X 4 u3 coora S, mpuKaTas K JeBOMY Kparo, OyIeT MeCTOM [Ijis HOBOTO
oydepa B. Obosnaunm crapoiit Oydep vepes B'. Obsactb MeXKIy CJI0TOM S U CTapbiM
oydepom B’ o6o3nauum depe3 M. Haiinem B M 1mycTyio TOpu30OHTaIbHYIO mmojocy H
BBICOTBI 8, KOTOpasl He IIPHKaTa HU K BepxHeil, HM K HUXKHell IpaHHIIe.

3aMeTuM, 9TO eCJI TAKOH TOI0CH He Hafimercs, To BHyTpu dactu M Bob caenan (n)
orseroB ChooseAny. Bo Bce nezanonuennsie kiaerku M \ H Bob crasur —. Yacts caora
S\ Bu M N H Bob6 3anoaHsier Kak moka3aHo Ha Pucynke 8.

Crapslii 6ydep B’ pasaenuM Ha TpH YacTH: BbIIIE MOJI0CH H, Ha nomoce H u Huke
nostockl H. 3amoanm 6ydep B’ omHAM U3 IBYX CIIOCOOOB: 1O MabJIoHy 1 WK 1O MabJI0Hy
2, m300pazkeHHBIM Ha PUCYHKe 8. 3aMEeTHUM, UTO STH JBa MabaI0Ha 00JIaJal0T TAKUM CBOIi-
CTBaMHU: OJNHAKOBO PaCIIOJJIO2KCHHbIE KJICTKH Pa3HbIX ]l[a6ﬂOHOB 3allOJIHEHDBI I10-Pa3HOMY.
Brarogaps stomy Bob moxker orseruth Ha 3ampoc Ananckr ChooseAny, npejioKuB Bbi-
OpaTh JBa BapWaHTa CTPEJKH: U3 MEPBOTO MAOJIOHA WIH U3 BTOPOTO TMab/IoHA.

Herpyaso mpoBepuTh, 9TO mOCJe TAKOIO X013 HHBAPHAHTHI OYIET BBIIOIHITHCA H
orpaHuyeHnus Hapymensl He 6yayT. [lycTs k& — 910 9mcn0 cJIoTOB mpaBee ctaporo dydepa
B', s — uncso caoroB Mexk iy crapbiM u HoBbiMu Oydepavu B u B’. Torja Beero cioros,
KoTopbie npasee, ueM B’ pasusercs k+s+1. Cupasa or B’ Bob gasan e menee g OTBETOB
ChooseAny, oaqun orser ChooseAny ObL1 gan aas Oydepa B, Bce s ciaoros mexay B
u B’ okazanuck He mycrble. [lepBbiil 3ampoc B KazKAblil U3 ITUX CJIOTOB HOJYyYa] OTBET
ChooseAny, npu 3TOM IIpH BOCCTAHOBICHHH MHBAPHAHTA MOIJIO OBITH 3aTPOHYTO He Hojee
apyx caoros. T.e. kak munumym 5 orseros ChooseAny Bob gan jist s1ux s cioros. roro
ancio oreeTos ChooseAny npasee B’ ne menpie 5 + % +1> #

B Tperbem ciyuae Asnca jesiaeT 3ampoc K KJIETKEe, KOTOPAast sIBJISIETCSI JIEBBIM COCEI0M
oydepa. B stom ciryuae Bob maer orer ChooseAny 1o nmpasmiaM mepBoro caydasi, HO O/I-
Ha U3 KJIETOK OKPYXKeHUsI 3aX0IuT Ha Oydep, I03TOMY HeIb3sl MOCTYIUTh TaK Ke, KaK H
B epBoM ciaydae. Ilosromy B aTOM ciaydae Oydep Oymer nmepeaBuraThbcs Tak, Kak 9TO OIHU-
CaHO BO BTOPOM cCJiydae. EIMHCTBEHHOE OTJIMYUE B TOM, 4TO caM Oydep Oy/aer 3amo/iHeH
TOJIHKO 110 TIEPBOMY TIAGIO0HY (CM. PHCYHOK 8), B 9TOM CJIydae OPaHHYEHUs HADYITATCSA
ie O6ynyT. KomuaectBo orBeroB ChooseAny B 9TOM ciiydae ONEHHBAETCS HEMHOIO MHAYE:
% OTBETOB clipaBa oT B’ u He MeHee % octapimmxcs (Kpome k coros npasee B’ octaercst
s+ 1 caor u kaxaprii orBer ChooseAny 3amonusger He Gosee 2-x ¢10ToB). Takum 06pazom
Bob6 man kak MEHEMYM S*’“T“ orBeroB ChooseAny jurs 3ampocos npasee Oydepa B. [

Baaromapuoctu. Asropsr 6iarogapsar Asekcangapa [llens 3a miomoTBopHbIe 00CY K-
JieHust 1 POPMYJTMPOBKY 33291 O CTPEIOIKAX.
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Puc. 8: 3amorenue npoMexkyTka MexKay Oydepamu, MabI0HbI I cTaporo oydepa
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