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1 Introduction.

As in [1], we consider the problem of finding a bounded variable domain Qi C R3
with the boundary I';, ¢ > 0, filled with the fluid, together with the vector fields of
velocity v(z,t), magnetic and electric fields H(z,t), E(x,t) and the pressure function
p(z,t). We assume that the fluid is subject to the mass forces, capillary force at the
free boundary I'; and forces due to the presence of the magnetic and electric fields that
are generated by the electric current j(x,t) given in a fixed domain Q3 that is bounded
away from ;. The function j(x,t) satisfies the condition

j(z,t) - n(z)=0, ze€d3=S; (1.1)

and vanishes outside €23. Both 2y; and {23 are surrounded by a vacuum region (2o;.
The domain = Qy; U Q3 U Q9 is bounded by a perfectly conducting surface S. The
governing equations are the Navier-Stokes equations with the magnetic field H and the
Maxwell equations without displacement current (i.e., without the derivative Ey) - see
[4.5]:

vi+ (v -V)v—-—V -T(v,p) =V -Ty(H) = f(z,1),

1.2
V-v(zr,t) =0, z€Qy, t>0, (1-2)
pHy = —rotE, V-H =0, T € Q1 U Qo U Qg,
I‘OtH:Oél(E—l—Hl(’UXH)), x € Qqy, t>0, (1 3)

rotH = a3 E + j(z,t), x € Qs,
rotH=0, V-H=0, V-E=0, z¢ Q.

These equations are completed by the following boundary and initial conditions:

((T(v,p) + [Tu(H))n=0nH, V,=v-n, zecly,

W[pH|+ [, x E] =0, z €Ty,

wH -n])=0, [H;]=0, z€l4US;, [E;]=0, z€S8s, (1.4)
H-n=0, E,=0, z€b§,

v(z,0) =vo(x), =€ Q, H(z,0)=Hy(z), & QoUQypU-Q3.

Here T'(v, p) is the viscous stress tensor: T'(v,p) = —pl+vS(v), S(v) = Vv+ (Vo)
is the doubled rate-of-strain tensor, Th(H) = u(H @ H — 3|H|*I), is the magnetic
stress tensor, p and « are piece-wise constant functions equal to p; and «; in Qj,
p=p3 in O3, a = 0 in 9, n is the normal to [y, S3, S, exterior with respect to {2y,
Q3, Q, V,, is the velocity of evolution of I'; in the direction n, H, = H —n(n - H) is
the tangential component of H, H is the doubled mean curvature of I'; negative for
convex domains. The parameters v, pu;, o, o, o are positive constants and [u] is the
jump of the function u(z), z € Q;, i = 1,2,3, on I'; or S3. We set [u]|p, = u(D) —u®),
[u]ls; = ul®) — u(2)v ull) = u(xvt”xe(—li'

By n, = (ny,n2,n3) and n; we mean the components of the normal vector n to the
surface ® = {x € Ty, t > 0} in R*%.

We assume that [’y is located in the neighborhood of a smooth connected surface
G of arbitrary shape and can be regarded as a normal perturbation of G:

Lo={z=y+ N(y)po(y), yeG}



where pg is a given small function and N (y) is the normal to G exterior with respect
to Qy. Moreover, we assume that also for ¢ > 0

Iy ={z=y+ N(yplyt), yeg},

with an unknown function p(y, t) such that p(y,0) = po(y). We extend N (y) and p(y, t)
from G into Q in such a way that the extension N* of IN is a smooth non-zero regular
function in ©Q and p* vanishes near S U S3 and satisfies the inequalities (1.23) (hence
p* is small for small p).
Let F; be the domain bounded by G, F3 = Q3, F» = Q\ (F, U F3). The transfor-
mation
T =ep(y,t) =y+ N"(y)p*(y,?) (1.5)

maps F; on Qy;, Fa on Qg, F3 on itself and, as shown in [2], it converts (1.2)-(1.4) in

wy — p; (LN (y) - V)u + (L 7w - V)u
~ -~ ~ L
-V -T(u,q) — V 'TM(Eh) = f(ep,t),
V-Eu:O, yeF, t>0, (1.6)
~ L u-LTN
T(U’Jq)n(ep7t) + [T(Zh)n(ePJt)] - UHn? Pt = m7 Yy € g7
u(y,0) = uo(y) = volep), y€Fi, py,0)=poly), yeG,

14 ~ 1
plhy = £ LoLh — P L(LTIN*(y) - V) Lh) = —rotPe, y€FUFUFs,

ProtPh = a(Pe + u(L'u x b)), V-h=0, ycF, (1.7)
rotPh =0, V-h=0, V-e=0, zeclkF,
roth = ae+ j(y,t), V-h=0, ye& F;,
h-n=0, e =0, yes,
[:uh' ) n] =0, [hT] =0, [eT] =0, ye€SIs,
LLTN
- — h-N)| =0, 1.8
|£TN|2( )] ( )
- A(yvp)pt[:u’h] + L[N x Pe] =0, ye g7

o~

ho(y,0) = ho(y) = L(y, po)H (ep,), y € F1UFUF3,

uh-N1=0, [

where

’U,(y,t) = v(eth)u q(y,t) :p(ep,t), h = EH(epvt)v e = EE(eth)J (19)
L= L(y,p*) = (lij)ij=1,2,3 is the Jacobi matrix of the transformation (1.5), L = detL,
L=LLT isTthe co-factors matrix of L;
Ply,p*) = L,
V = £V, is the transformed gradient V, ("7” means transposition, £~1 = (£L~1)T);

(u) = Vu + (6u)~T is the transformed rate-of-strain tensor,
(u,q) = —qI +vS(u) is the transformed stress tensor,

Aly,p) = N(y) - Ly, p)N(y) = 1 = pH(y) + p*K(y)
and H, K are the doubled mean curvature and the Gaussian curvature of G, respectively.

N



We study the problem (1.6)-(1.8) in the spaces
W2l (Dy) = WP (Dy) "W (Dr), p>3, Dy=Dx(0,T), DCR"

where W;*(Dr) = L,(0,T;W2(D)), Wy (Dr) = W(0,T;L,(D)). The norm in
W2t (D) is defined by

T T
1,2y = /0 ) g oyt + / (laeC )2y + I DI ), (1.10)

and the integrals in the right-hand side represent the norms in W,"° (D) and W' (Dy),
respectively.
By WIQ(D) we mean the space of functions u(z), x € D, with finite norm

. 1/p
lullwyey = (3 107l 1))

71t

if [ is an integer, and
B » |Diu(z) — DIu(y)P L/p
lulhwgoy = (Hll? ) + Z / |$_ e dady)

if Il =[]+ A, 0 < A < 1. The anisotropic space W;’W(DT) is defined as Wé’O(DT) N
0,1/2 1/2
Wy (Dr) = Ly(0,T; WH(D)) 0 W,/ (0, T; L,(D)).
The spaces Wlﬁ, Wé’l/ ? on smooth manifolds are defined, as usual, with the help of

local maps and partition of unity.
We recall the trace and extension theorems for the space W' (D) (see [6,7)): if

u € W2H(Dr), then uli—y, € W2 2P(D), ulpeop € W PV E) (9D x (0,T)), and

e t0) a7y < elllyzs oy
Hu” 2*1/p,1*1/(2p)(3DX(0,T)) < c”“ngvl(DT)'
For arbitrary ¢ € W2 2/p( D) there exists such u € Wg’l(DT) that u(z,0) = p(z) and

HUHW’?J(DT) < CH‘PHWP%WP(D);

for arbitrary ¢ € Wg_l/p’l_l/(Zp)(aD x (0,7")) there exists such u € WPZ’I(DT) that
ulgcop = 1p(z,t) and

lullyztpgy < el liyz-vmi-ven gpyo.ry):

Moreover, if p € Wy~ /"°(0D x (0,T)) N W0, T; Wy~ /P(D)), then p(-,ty) €
W, 2/?(9D) and

For arbitrary py € W;’_Q/p(ﬁD) there exists p € W,?_l/p’o(aD x (0,7)) with p, €
Wg_l/p’l_lﬂp(@D x (0,7T)) such that p(z,0) = po(z) and

”p”Ws’*l/PvO(aDX(OyT)) + Hptngfl/p’lflﬂp(an(O,T)) S CHPOHW572/p(8D)'
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Following [8,9], we introduce some spaces of divergence free vector fields. Let D be
a bounded domain in R? with a smooth boundary. We define finite-dimensional spaces

Un(D) ={u € Wpl(D), V-u=0, rotu=0, wu-nlsp =0},
Us(D) ={u € Wpl(D), V-u=0, rotu=0, wu;|lsp=0}
of the Neumann and Dirichlet vector fields. The dimensions of these spaces are equal to
the first and the second Betti number of the domain D, b;(D) and by (D), respectively.
If b1(D) > 0, then there exist b;(D) smooth closed contours in D¢ = R3 \ D,

generating the first homology group of D¢ and every such contour A generates the
Neumann vector field of the form

u(z) = ui(z) + us(z), z €D, (1.12)

where w; is defined through the Bio-Savard law:

r—y
ui(z) = | — x dl,,
( ) |$ _ y|3 Y
A
and uy = Vo,
2 dyp
Vip(z) =0, z€D, 8_|8D = —u1 - nfsp.
n
As for by(D), this number is equal to the number of the connected components of the
bz(D)
boundary 0D of D minus 1, and if 9D = |J X, then the basis in Uy(D) is formed by
k=0

the vector fields vy = V&, where & are the solutions to the problems
V20 =0, ®ly; =0jk, k,j=1,...,02(D), |y, =0. (1.13)

If ¥, € C™, then vy, u; € W=1(D) for arbitrary p > 1.

For the domain Q = F; U F, U F3 introduced above we have
bi1(F2) = 01(2) + b1 (F1 U F3).
The elements u; € Uy, (F2) can be generated by the contours A; C R3\ Q (in this case

j = 1,...,b1(Q)) or Aj C F, Aj Cc F3 ( J = bl(Q) + 1,...,b1(Q) + bl(fl Ufg)). It is
easily seen that in the first case ujf € U, (F2) are connected with ugl € Up(Q2) by

u]:(x) = u?(m) + Vwj(z), x € Fy,

V2wj(x) =0, z€Fy, &gr(lx) =0, z€S,
dwi(z) _ ¢ wi(z) _ ¢

Finally, we introduce in Q = F, UF, U F3 the space ﬁn(Q) of the modified Neumann
vector fields w4, ¢ =1, ..., b1 (2), satisfying the conditions

rotug(z) =0, V-uy(z)=0, zeF, i=123,
puy - N]=0, [u,,]=0, z€§, [pu,-n]=0, [u, =0, =z¢€83 (L14)

ug-n=0 wecb.



It is clear that
uy =ug + Vu(x), uy € U,(R),

Vigy(r) =0, z€F. i=12,3, %:0, r €S,
0 0
D=0, WO = ulug- N, 20, [p =0, 1) = [uluy m, o eSs

Let us go back to the problem (1.6)-(1.8). We separate the determination of
(u, g, p, h) from that of e. It is easily seen that (1.7), (1.8) imply

p(hy — ®) + o lrotProtPh =rotJ, V-h(y,t) =0, yecF UF;,
rotPh(y,t) =0, V-h=0, yeF,

AT
ih - N] =0, [hTJz(g—Nﬁ—N)[h-N], yeg. (1.15)

[wh-n]|=0, [h;]=0, yeS;, h-n=0, yes,
h(y,0) = ho(y), y€ F1UFUF;,

where J = 1 L7 'u x hin Fy, J = a~'5(y,t) in F3, and

1£h,.

1~ * o p— *
&= —LiLh+ piL(LTIN"(y) V)7

As shown in [2], the vector field ® is divergence free.

In the case by (F2) > 0 equations (1.15) should be supplemented by some orthogonal-
ity conditions. Multiplying the first equation in (1.7) by uqf € U, (F2) and integrating
over J5 we obtain

/ pu(hy — @) 'uqfdy = —/ rotPe? . uqfdy = /(N x Pel?)). uqde
Fo F2 g
+/ (n><6(2))'uqde:/(NxPe(l))-ug:dswL/ (nxe(3))'u3:d5'—/\ll-uqfd3
S3 g S3 g
= /g(N x (o ' ProtPhM) — J)) 'uqde —l—/s (n x a H(roth® — j(y, t))) - ug:(y,t)dS
3

_/g\];l.ug:ds, qg=1,..b1(F),

, (1.16)
where h() = h|y€¢i, el) = e\yeﬁ,
piA(y, p)
v = phl, yeg.
Ly "
The same equations are satisfied for ugz(x), g=1,..,b1(Q):
/ plhy — ®) - uldy = / N x (o 'ProtPh) — J) - uldS
F2 ¢ (1.17)

+/ n x o (roth® — j(y, 1)) - uflz(y,t)dS - / v uf]zdS
S3 g
and, since

/ pu(hy — @) -uflzdy = / (—a trotProtPh 4+ rotJ) -uflzdy
F1UF3 F1UF3
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= —/ N x (a”*ProtPhM) — J). ugldS — | nxat(roth® —j). ugldS,
g S3

it holds
/u(ht— ®) - uldy = —/ U-uldS, q=1,..,b1(Q). (1.18)
Q g

Hence, in addition to (1.15), we have (1.16), (1.18).

Equations (1.6), (1.15), (1.16) constitute the main problem for w,q,p,h that is
solved in Sec. 2 and 3. Making use of (1.18), we construct in Sec.4 e(y,t) satisfying
(1.7), (1.8).

Theorem 1. Let ug € WI,Z_Z/p(fl), po € W,?‘?/”(g), hg € Wf_Z/r(]:i), i=1,2,3,
with

3<r<p, 1/r—1/p<1/5(1—2/p), (1.19)

and let the compatibility conditions

% cug =0, ye Fi, S(uo)’no(epo) - no(no . §(u0)n0) =0, ye g,
V-ho=0, yeF, i=123
rOtP(yaPS)hO =0, yeFy,

E( )ETN (1.20)
o o Y, Po - i
[who - N1 =0, [ho] = (—|,ETN|2 N)[hy-N], yeg,
[,u,hg’l’l,]:O, [hOT]:OJ yes&'a hO'n:07 y657
where ng is the normal to Iy, as well as the smallness condition
leollyyz-1/ng) < € <1 (1.21)
be satisfied. Assume also that
feW,(R?), vte(0,Ty), je W (Fsx(0,Tp)), (1.22)
(1.1) holds and the extension p* of p in (1.5) satisfies the conditions
Op*(y,t) | _ fl P :
N g =0, p“(y,t) =0 near SUS3 and in F3,
0" CBllwyiay < ellpllyiimgy: 1€ (1/p,3] (1.23)

lPe G D)llwa) = ellpellygi-im gy, € (1/p,2]:

Then the problem (1.6), (1.15), (1.16) has a unique solution defined in a certain
(small) time interval (0,T), T < Ty, with the following regularity properties:

we W2 (QL), VqeLy,(QL), qeWlVPGr), pewl 3P0 Gy),
p € WP (@Gr), R e WRNQE), =123,



where Q= F; x (0,T), Gy =G x (0,T). The solution satisfies the inequality

Iz gy + 190y + el -vims gy + S Iy + 50D

3
(¢) .
+ |’p”W§*1/Pa0(GT) + HptHWp2*1/P11*1/2P(GT)) + z; Hh HWE’I(Q})
1=
3
Dl i) < (18 capy + Pl gy Il
1=

3
+ ollyz-2rm gy + D Molly a2y + Ilhpoas )
=1

(1.24)
Once the solution with the above-mentioned properties is obtained, it can be shown
that

e WRNQE), i=1,2,3,

provided ho € Wi 2P(Qu), i = 1,2,3, 5 € Wr(Q3) (cf. [3, Sec. 5)).

2 Linear problems

The proof of Theorem 1 is based on the analysis of the following non-homogeneous
linear problems:

1. Find (v, p, p) such that

;

vy — vV + Vp = f(y. 1),

V-v=f(y,t)=V-F(y,t), yeF, t>0,

T(v,p)N(y) +oN(y)Bp = d(y, 1), (2.1)
pe+V(z) - Vep—v-N(y) =g(y,t), yeg,

v(y,0) =wvol(y), ye€F, ply,0)=poly), yey,

where Bp = —Agp — b(y)p, b = (H? — 2K), Ag is the Laplace-Beltrami operator on G,

V is a given vector field from Wﬁ‘””(g).
2. Find the vector field H (y, t), satisfying the equations

( H’Ht(yvt) -I—Oé_II‘OtI‘OtH(y,t) = G(yut)v V- H(yvt) = 07 RS ~Fl UF&';
rotH(y,t) =rotl(y,t), V- -H(y,t)=0, ye&F
[wWH -N]=0, [H;=a(yt), yeGg,
[H‘Hn]:()? [HT]:O7 yESB'J H’I’LZO, yESJ

2.2
/f pwH, - ug:dy = /g(N x a 'rotHW) . ug:(y)dS (22)
2

—l—/ (n x a_lrotH(g)) 'uqf(y)dS + My(t), q=1,..,b1(F2),
S3

H(y,O):Ho(y), yEfIUfZUJ:&

In addition, we need to consider the auxiliary problem



roth(y) = k(y), V-h=0, yeFUFUZF;,
[H’hN]:O? [h’T]:a’v yeg,

whon]=0, [h]=0, ye S, (23)
h-n(y)=0, yebs.
Theorem 2. Assume that
FelyQr), feW, Qr), f=VF, FecWp(Qr),
d-NeWw, " Gr), d-N(d-N)=d, e W, ~/»1/2=1/C(Gy),
g e Wm PGy, we € WETHP(FY),
po € WyHP(G), Ve Wy HP(G)
with p > 3 and let the compatibility conditions
V-vy(z) = f(z,0), z€F, v(Swy)N),=d,(z,0), z€g, (2.4)

be satisfied. Then the problem (2.1) has a unique solution v,p, p such thatv € Wg’l(QlT),
Vp € L(Q}), p € Wy P(Gr), p e W PG, oo W TG, o) €
W,f"z/p(g), vVt € (0,T), and the solution satisfies the inequality

[vlly 2 gy +IVPIL, @) + IPlly-1m0 g + sup oGOy 2-2rm
Hllelyys-vmo gy + ol y2-1mivron g + sup Plyys-20 g

<) (111,03 + 1 lwrogs) + IFlworqr, (2.5)
+ HdT||W21‘1/1”“2—1/(2P)(GT) + ||d - NIIW;_l/p,o(GT)

gl 2-17mn-sr20 gy + 100 lyaarn 1) + o030y )-

The constant ¢(T') in (2.5) is an increasing functions of T'.

The condition V - vy(z) = f(z,0), z € Fi can be understood in a weak sense as
ffl (vo(y) — F(y,0)) - Vn(y)dy = 0 for arbitrary smooth 7 such that 7|g = 0.

The theorem is proved in [10].

Theorem 3. Assume that k = rotK(y,t), a = [A], K, A € Wg’l(Q%), 1=1,2,3,

K=A=0, yes, A=0, yeF, [K;]-[A]=0. yecSs,

2.6
K,]—a, AV.N(y)=A®.N=0, yed. (26)

Then the problem (2.3) has a unique solution h € WPZ’I(]:Z-), i = 1,2,3, orthogonal to
the space Uy (2):

/ ph-u,dz =0, ¢g=1,..,0(Q). (2.7)
Q
The solution satisfies the inequality
3 3
> gy < K lzsapy + 14l ap) (2.8)
1= 1=
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Proof. We restrict ourselves with the formula for the solution of the problem (2.3):

b1 (Q)
h=A+Vo+X+ > ¢y
j=1
It differs from a similar formula in [3], Theorem 3, only by the last term. The functions
¢, X are the same as in [3]; they solve the problems

dp
8—N—0, .’I)ES,

0 0
=0, lgel=0, v€G, [g=0, W5]=0, e,

V2p(x) = -V -A(z), z€F UFUF;,
(2.9)

rot X =rot(K(z,t) — A(z,t)), V-X=0, € FUFRUF;, X -N=0,zclb,
X -N|=0, [X,;]=0, z€@G, [uX -nl=0, [X,]=0, ze€ds,

X(z) =X 1(z)+ VU (2),
X, = Lo [ D= A,

4m |z —y|
9 ou
VU(x) =0, ze€e FLUFUF;, [U(z)] =0, [ua—N]:—[u]Xl-N, z€Qg,
ou oU
[U(z)] =0, [u%]:—[u]Xl'n, x € Ss, I =—X1-n, z€S8,

and they are estimated as in [3]. The orthogonality condition for h yields the formulas
for ¢j(t): if [ pw; - wedy =05, J,q=1,...,b1(F2), then

0:/uh-ﬁqdy:/u(A+V¢+X)-ﬂqdy+cq(t),
Q Q

This formula and the estimates of ¢, X (see [3]) imply (2.8).
The uniqueness of the solution follows from the fact that in the case K =0,A =0
the solution belongs to U, (£2). The theorem is proved.

Theorem 4. Assume that the data of the problem (2.2) possess the following
properties: G € LP(Q%F), H, ¢ sz_z/p(]:j), j=1,2,3, £ ¢ WE’I(Q%), Llzes = 0,
a € Wg_l/p’l_lﬂp(GT), moreover, a = [A] with AW ¢ WPZ’I(QiT), i = 1,2, satisfying
(2.6), finally, let the compatibility conditions

V- -G(z,t) =0, ze€F UJF;3,

V-Hy(z) =0, ze€FLUFUF;, rotHy(z)=rotl(z,0), z€ Fo,
(wHy-n]=0, [Hy|=0, z¢€Ss,

(wHy-N|=0, [Hy]=a(z,0)=[A(z,0)], z€G, Hy-n=0, z€S8

(2.10)

hold. Then the problem (2.2) has a unique solution H € sz’l(QiT), 1=1,2,3, and

3 3
> 1wz << 3 16 1iap + 3 W Hollyg-smgs,
1=

i=1,3 i= 511
2 b1 (F2) ( ) )
+ HEHWI?’I(Q%) + z; HAHW;?’I(QiT) + 231 ||Mq||Lp(0,T))
1= q=
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Proof. We reduce (2.2) to a similar problem with £ = 0, a = 0. We extend £
into €2 with the preservation of class, i.e., so that the extended function £* € Wp2 ’1(QT)
satisfies

HE*HWgﬁl(QT) < CHZHW;J(Q%), (2-12)
and we define
a*(z,t) = AV (z,t) — AP*(z,1), = e F,
a*(z,t) =0, z€ FpUF;,

where A@* is the extension of A® such that

|AC J<dlA

P2t o1 Loz @2t oz -
Wy (QrUQ7T Wy (Q7)
We set A®) = 0. It is easily verified that

[@*]=[A]=a, [£*+a*]=a, z€g.

Now we define hq(z,t) as a solution of the problem (2.3) with k(z,t) = rot(£* +a*).
By (2.8),

3 2
> allzoag < llelziayy + 2 14w oy (2.13)
1= 1=

For h = H — h; we obtain the problem

phi(y,t) + o trotroth(y,t) = G'(y,t), V- h(y,t) =0, y& F UFs,
roth(y,t) =0, V-h(y,t)=0, yeF
[uh - N]=0, [h;]=0, ye€G, (2.14)
[wh-n] =0, [h]=0, yeS;, h-n=0 yeS,

( h(y,0) = ho(y) = Ho(y) — hi(y,0), y€FUFUF;,

/ phy - uqfdy = /(N x a troth) - uqf(y)dS
Fa g

+/S (n x a—lroth<3>)-uqf(y)ds+M’q(t), g=1,...b(F),
3

(2.15)
where
G =G — phy — a_lrotrothl,
M, =M, + /Q(N x roth{") - u? (y)dS
+/ (n x roth”) -l (y)dS — [ phy-uldy, q=1,..,b1(F).
S3 Fa
The equations roth(y,t) =0, V-h =0, y¢& F imply
b1 (F2)
W =Voly,t) + Y ki(u] (v), yeF, (2.16)
j=1

12



where ¢ is a solution to the problem

Vip(y,t) =0, y€ T, 8—(p=0, yes,

on (2.17)
0 0 '
,11,28—;\0[ ::u‘lh(l)'NJ yng Iu2a_: :/1'3}1’(3) ' n, y€S3-
It follows that R(M, R and @ satisfy
( Mht(yat) + a_lrotroth,(y,t) = G/(yat)a V- h’(yat) = 07 Yy e ~7:1 U -7:37
0
V2<,0(y,t):0, yej:éa 8_220’ yeSa
0 0
MZa—;\D[ :Mlh(l) 'Na yega M28_Z :/-1‘3h(3) ' n, yeS37
" 2.1
7'_ T(’D_Zk 7 yeg, (8)
b1 (F2)
7' - T(p — Z k 7 Yy e 537
kh’(ya ):hO():HO()_hl(yao)a y € F1UFs.

This problem is studied in [11] under the assumptions k; = 0, S3 = (), but the
result remains valid in the case considered here, in particular, there holds the a-priori
estimate

.21:3 1RO 2 g + IV 2 03

= C(i;(”G’HLp(QiT) 1ol 2170 ) + Iy 1120 )

(2.19)

The functions k;j(t) can be expressed in terms of h with the help of equations (2.15),
(2.16): if f]__ pul, qfdy = Omgq, ¢;m = 1,...,01(F2), then (2.15) imply

k;i(t) :kj(0)+/0tM3(r)dr+/0th(/g(N x rothV) - uf dS

(2.20)
—|—/S (n x roth®). uldS), j=1,..,b(F),
3

and
Ikllwio,r) < c(T)([R(0)] + > MYz, 00m)
q (2.21)

+ [[x0th V1, (62 + [10th |1 (5,02 + [1Bllyyi-1720 g )

The norms of h in (2.21) can be estimated by (2.19) and the interpolation inequal-
ities, which yields

Z 18O 2 gy + IVl g2, + IRllwy o
2

) () 1G 1,0 +Z||h0|| 21y + D IMGlz,0m) + 1ROz, @n)

i=1,3 q

+ &l ,00,1)-
(2.22)
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This inequality holds for arbitrary 7" < T', hence, by the Gronwall lemma,

Z Hh(i)ng,l(QiT) FIVelly21qz) + IEllw0,7)

i=1,3
3 (2.23)
< D)X NG 00+ D Mol 21y + S0 1M, 0m)
q

i=1,3 i=1

Finally, the estimate of h(?) is obtained from (2.16). Taking (2.13) into account, we
arrive at (2.11).

Our arguments show that the term Zglz(f:2 kj(t)u;(y) in (2.18) generates a compact
operator, which makes it possible to deduce the solvability of the problem (2.18), (2.15)
from the solvability of the same problem with k; = 0 (established in [11]) by standard
methods. Theorem 4 is proved.

3 Nonlinear problem

In this section we outline main ideas of the proof of Theorem 1. We consider the
problem (1.6), (1.15), (1.16) that can be written in the form

(uy(y,t) —vViu + Vg =1i(u,q,h,p) + fy,1),
V-u=ly(u,p), yeF, t>0,
g S(u)N = l3(u, p),
—q+vN-Su)N(y) +0B(p) = la(u, h,p) + I5(p) + oH(y),
pe+V(z) Vep—u-N(y) =ls(u,p), yeG,
Lu(y,0) =uo(y), y€F, py,0)=poly), yeG,
phy + o trotroth = U7 (h, u, p),
V-h=0, yer,
phy + o~ trotroth = o~ 'rotj(y, t),
V-h=0, ye€Fs,
roth = rotlg(h,p), V-h=0, ye& F, (3.2)
[wh-N]=0, [h;]=1l(h,p), yE€EG,
[wh-n]=0, [h]=0, yeSs,
h-n=0, yes,
h(y,0) = ho(y), y€F1UFUF3,

(3.1)

/ phy - ug:dy — / N x o 'roth™ . ug:dS — n x o 'roth®) . ug:dS
F2 g Ss3
(3.3)
:llo,q(uapa h) _/S a_lj ’U,g:dS, q= la"'abl(j:?)a
3
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where

Li(u,q,p) = v(V2 = V) u+ (V= V)g + p; (L7 (y, ) )N () - V)u

~ ﬁ 1
(e Vit VTS + / 0" ) (N () - Vi) £ (2, ) amer, s,
lhu,p)=I—-LWV -u=V-L(u,p), L=(I-Lu, yeTF,
I (u, p) = Tg(Tlg S(u)N) (y) — TS (w)n(e,(y)),

la(u b, p) = V(N - S@)N —n - Su)n) ~ La(Fh)jn,
. & . L™ (y, sp)
I5(p) = —/0 (1 =3)25L" (y,50)V - Wﬂl&
lo(u,h )—(ET7N+V —N) - u+(V—-u)-V €g
6\u,n, p NETN| TP P Y )
1.
lI7(h,p) = a 'rot(roth — ProtPh) + Zﬁtﬁh (3.4)

P 1
+piL(LTIN - V)Zﬁh + prot (L7 u x h), y € F,
lS(h'ap) :(I_P)ha y € Fa,

LLTN
ly(h, p) = (== — N)[h-N]=[A(h,p)], ye€G,
9(h, p) (|£TN|2 )l |=[A(h,p)], ¥
) _ (Lw,p)L'N*(y) ~ N*(y) -
A = 2 - N*-h®), i=12 A® =y,
N e
log(u, p, h) = / pue - uqfdy + / N x a Y (ProtPh® — roth) -uqde
Fo g

_ /Q(N x (L7 x h(l)) —-v)- ude, g=1,...,b1(F2).

We have used the formula for the variation of the mean curvature under the normal
perturbation of the surface:

1 2 T
H(ey) = 1) = ~Bp— [ (1= 50 509 - o 0T
and we have set
llga=a—-N(a-N), Ila=a—n(a-n).
The vector field V' € Wp2 e (G) is introduced to optimize the estimate of the expression
ls in (3.4).
The solvability of the problem (3.1)-(3.4) is proved by successive approximations,
according to a standard scheme:
um+1,t(yat) - Vv2um+1 + Vami1 = U(Um, Gms P, pm) + £y, 1),
V- tpi1 = lb(Wm, pm), y € Fi, t>0,
g S(wmir)N = U3(Wm, pm),
= qm+41 + VN - S(Umi1)N(y) + 0B(pm+1) = la(Um, B, pm) + 15(om) + oH(y),
Pm+1,t + V(z)  Vipmi1 — i1 - N(y) = ls(um, pm), vy €0,
Unt1(y,0) = uo(y), y€F1, pmir(y,0) =po(y), yeb,

(3.5)
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(php1 e + a " trotroth,, 1 = (R Uiy, Pr),
V-hpu1 =0, y€F,
pho 14 + o trotrothp, 1 = o trotj(y, t),
V- hpy1 =0, yeFs,
rothy,+1 = rotls(hm, pm), V- -hpi1 =0, y € Fy,
[hmi1 - N| =0, [hm-i-l,r] =lo(hm,pm), Yy E€G,
[hyg1 -] =0, [hm-i-l,T] =0, yess,
hpi1-mn=0, yes,

/ Pl uqfdy — / N x a 'roth,1 - uqde — n X o trothy, 1 - uqde
Fa g S3

= llO,q(umaPmahm) _/ .7 : ug:dsu q= 17 -"Jbl(f2)7
S

hm-l-l(yao):h'o(y)a yEfIUj:?Uj:i%-

(3.6)
The first approximation, (u1,q1,p1,h1), is defined as follows: ¢; = 0, w1, p1 hy satisfy

Ul(y,O) = uO(y)a Yy e F, pl(yao) = pO(y)a Yy e ga hl(y,O) = h’U(y)a y e F1UFUF3

and the inequalities

Hul”Wﬁ’l(Qr}) < CHUlHWﬁ’l(QClm) < CHuOHWp%wp(ﬂ)’

— 9 _1/ < .
Iorlgovoniy +Iorelhyzosimsrm,y S elonlyzmgy oo

2
] 1
SRl 2 gy < el a2
=1

in addition, h; is divergence free and satisfies (2.16), (2.17) (for the construction of
such hj, see Theorem 4 in [2]).

The proof of the solvability of (3.4) is based on Theorems 2, 4 (with the exponent
r instead of p) and on the estimates of nonlinear terms (3.2) obtained in [3], Sec. 5.

Theorem 5. Assume that u,, € Wp2’1(Q1T), Vam € Lp(QL), pm € Ws_l/p’O(GT),
pg € Wi PV (Gr) Ry € WENQEL), i = 1,2,3, V€ Wy VP(G), and the
conditions (1.19), (1.22), as well as

1/2-1/
T pHVHngl/P(g) S 5
are satisfied. Then
Zn(T) <9, T)(Yin(T) + Yo (T)), (3.9)

16



where
Zn(T) = i (wm, gms Boms P) |, (01 F 2(wms pm) It 1y + 1L (wms pm)lly 01 1)

+ Hl3(umaPm)HWplfl/Pyl/271/2p(GT) + [[la(wm, hmapm)HWplfl/nO(GT)
3
s (om)llyy 110y + W6 (Wms pm) gy 2-1/m11720 ) + z; 17(hs P) I, 1)
7

2
A 1 (Poms i) 202 + Z; 14D 2103
1=

and 9(0,T) is a constant that can be made arbitrarily small by the choice of small §
and T'.

Inequality (3.9) is established in [3], Sec. 5, except for the estimate of p*N* -
V f|z=e,, that is obtained as follows:

p*N* -V fla=es, I,y < TP sup |p"(z, 1)] sup IVFC D)L, @)
y 9r (3.10)
p
<cr fggllpllwg—up(g)-

The nonlinear expressions in /1o, are also estimated in [3].
If (wm, @my P, b)) are found, then, by Theorems 2, 4,5 the problem (3.5), (3.6) is
uniquely solvable and

Y1 (T) < 06, T)(Yon(T) + Y2(T)) + 1N, (3.11)

where
3
N = HuO”W372/p(]‘—1) + ”po”Wg*WP(g) + ”HHW;*UP(Q) + Z ”hOHW712*2/T(fi)7 (312)
=1

Y (T) = HumHW;’l(Q%) + ?ng ||um||W§—1/p(]_-l) + HVQmHLp(Q%)

+ qu”Wz}_l/p(GT) + HpmHWg—l/p,O(GT) + Hpm,t||W1‘f—2/p,1—1/2p(GT) (3.13)

2
Ul gy + 590 Wl -2 ) = Y (s e i )
i=1 <
It follows that
Yin+1(T) < 2¢1N, (3.14)

if Y, (T') < 2¢1 N and ¢ is so small that
(8, T)(2¢c1 N + 4(c1N)?) < e/ N

ie.,
1
9(6,T) < T2 (3.15)
in addition, for small € and 7',
t
lom-41 (s )llyy2-2ro gy < Nlpollyyz-1rm gy + A lom1,r (o T2/ gy dT (3.16)

<e+20TYPN < 6.
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In the case m = 0 this inequality follows from (3.7), (1.11). Hence if ¢; is chosen in
such a way that (3.14) holds for m = 0, then (3.14) and (3.16) are satisfied for all m.

In order to prove the convergence of the sequence (Um,Gm,Pm,m), we estimate
the differences

Wm+1 = Um+1 — Umy Sm+1 = 9m+1 — 9ms T"m+1 = Pm+1 — Pm, km+1 = hm+1 — hy,.

They satisfy the relations

( wm+1,t(y7 t)_szwm+1 +V5m+1 :ll(u’mu dm, hm; pm)_ll(um—h dm—1, hm—h pm—l)a

V- wmt1 = lb(Um, pm) — lo(Wm—1,Pm—-1), vy € F1, t>0,

g S(wm+1)N = U3(wm, pm) — U3(Um—1, pm—1),

— Smt1 + VN - S(wit1)N (y) + 0Brpmi1)

= ly(Wm, Py pm) — la(Win—1, A=, pma—1) + 15(pm) — Is(pm—1),

Tm41,t + V() Virmi — wmg - N(y) = le(wm, pm) — le(um—1,pm-1), y €,
wmnt1(y,0) =0, y€F, rpu(y,0)=0, yeg,

(3.17)
fikmi1t + o rotrotky 1 = 17 (Rm, W, pm) — U (Bm—1, Wm—1, Pm—1),
Vi kni1 =0, yé€F,
pkmy1e + a trotrotk, 1 =0, V-kyi1 =0, y& Fs,
rotk,,+1 = rot(Is(hm, pm) — ls(Rm—1,Pm-1));, V- -kni1 =0, ye Fo,
kmy1- N1 =0, [kny1r] = lo(hm, pm) —lo(hm-1,pm-1), Yy €G,
[1kmi1-n] =0, [km-i-l,T] =0, yess,
Emt1 - m=0, yebs
/ pkmit uqfdy - / N x a_lrotka . uqde' — n x a_lrotka . uqde'
Fo g S3
= l10,¢(%Wm, P, Pm) — Liog(Wm—1, Pm—1,Pm—1), q=1,...,01(F2),
kni1(y,0) =0, yeF UFUF;.
(3.18)

Using Theorems 2, 4 and the estimates of the differences of nonlinear terms in
(3.17), (3.18), we show that

Y(wm+1)7 Sm+1,T"m+1, km+1) < ’191Y(’u)m7 Sm>yTm, km)7
m > 1, with a small J;, which guarantees the boundedness of
o0
Z Y(“m—l—l) — U, Gmt1 = Gms PmA1 — Pms Bmy1 — Bim)
m=2

and the convergence of (W, ¢m, Pms hm). The idea of the proof is the same as in [2,7]
in the case p,r = 2, and we omit the details.

It is clear that (wp,, ¢m, Pm, hm) tend to the solution of the problem (5.1), as m —
00, and the solution satisfies (3.14):

Y(T) < 2¢,N. (3.19)
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4 Construction of the electric field

We have proved the existence of (u,q,p, h) satisfying (1.6), (1.15), (1.16) and the
additional condition (1.18). Now we find e satisfying (1.7), (1.8). We introduce the
vector field e; such that

V-el(y,t)zo, y e F1UFUFs, [NXPGI]:\I', [N-el]:0, yeg

T (4.1

n-e]=0, yeSs; elyt)=0 yes, (41)
3

S llerllyrogny < Il e (12)
i=1

Since the matrix P is close to I, such e; exists. As shown in [1, Proposition 1], see also
[3], the conditions

V- -h(y,t) =0, yeFLUFe, [ph-N]=0, [N xPe]=¥, yeg, (4.3)
imply [N - rotPe;] = —[pu(hy — ®) - N] = [u® - N|, y € G. In addition, we have
n - ((uhy — ®) + rotPeq)|yes = 0. (4.4)
Now, we consider the problem
rot€ = —p(hy — ®) —rotPe;, V-Pl€=0, ycQ, &,=0, ycS (4.5)

Theorem 6. The problem (4.5) has a unique solution € € W2(Qr) orthogonal to
the by(S2)-dimensional space Uq(S2) of vector fields vj(y) = VW;(y) such that

V-PIVW(y) =0, yeQ, Wjlg = Wils =0, (4.6)

where Si,, k =0, ...,b2(2), are all the components of the boundary S of Q. The solution
satisfies the inequality

1€l 1oy < cllPell, @r) + 1Rllzr@r) + 12y 21 () (4.7)

Proof. As in [3], the solution may be expressed by the explicit formula

E(y,t) =&y, t) + VZ(y,t Z A;(H)VV;(y

E1(y,t) = —irot/ (ht(z’t) _ é( z,t)) + rotPe;(z,1) iz,

Q |y—z\
V-PIVZ(y,t)=-V -P &, yeQ Zyt) =—glyt), yeSs,

The function g is defined as follows. In view of (4.4), [;,rot€;-ndS = 0 for arbitrary

¥ C S and, moreover, for the surfaces ¥ C Q such that the domain Q\ UgXy is simply
connected. This follows from the condition (1.18), i.e.,

/Q(,u(ht — ®) + rotPey) - u?dy =0, ¢g=1,...01(9Q),

see [8,9] for details. Hence [, £ - dl = 0 for arbitrary closed contour L C S, which
means that £, = V,g and £, + V,Z|s = 0.
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From the Calderon-Zygmund theorem and elliptic estimates it follows that

181+ VZlyrogp < cllikillz,r + 1Rl i@r) + 1¥ 1m0 g, )

Moreover, the orthogonality condition

b2(Q)
0= / (E1+VZ+ ) At)VV)) - VVdy
0 -
7=1

yields the estimate of Ay by £1+V Z, which completes the proof of (4.7) and of Theorem
6.

Now we pass to the definition of e. We set

PelV) = a; ' ProtPh — u(L ™ u x ), y € F,

4.8
e® = o Yroth — j), y € Fs. 4
Then
rotPe = —ph; + p® = rot€ +rotPe;, y € Fy, (4.9)
rote = rot€ 4+ rote;, y € F3, .
which implies
Pe=E+Pe, +Vx1, y€Fi,
1 X1 Yy 1 (4‘10)

6:8+61+VX3, y€f3.

Since F; and F3 may be multi-connected, this conclusion should be justified. We
show that

/ (Pe—g—Pel).rot¢(y)dy+/ (e—E—e1)rotep(y)dy =0, Vap € HD(Q), (4.11)
F1 T3
where H(1) () is the space of solenoidal vector fields from W (F1) N Wi (Fy) N W (F3)
satisfying the equations roty(y) = 0, V-1 (y) = 0 in F» and the relations (2.16), (2.17)
with k; = const (cf. [12], [9]). Then (4.10) follows from Theorem 3 in [2] (with a = 0,
J(y) = 01in F3), that shows that rote|z,, ¢ = 1, 3, coincides with the space of solenoidal
vector fields in F; with vanishing normal components on the boundaries G and Ss; see
also Theorem 3.3 in [9].

Let H{" () be the subspace of (1 () such that ¢ (y) = V(y), y € Fp and k; = 0
in (2.16). The remaining finite dimensional subspace of H(}) () is a linear combination
of vector fields ¥ ,(y), ¢ = 1,...,b1(F2) such that

Y(y) =u) (), u) €Up(F), yeF,
Ve (y) =0, yeF, vP,(y) N(y) =0, (,)r=(ug):(y), veG,
Vet (y) =0, yeFs Puly) nly) =0, (P)r=_(ug:(y), yEeESs

Let v € HSY(Q) and let ®(y), y € 71 U Fs be the solution of

VIo(y) =0, yeF, &) =e¢y), yegq,
V20(y) =0, yeFs @(y)=¢y), yeSs.
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Since (¢(y) — V®(y)); =0, y € GUS3, we have

/ (Pe — €& — Pey) - rotp(y)dy + / (e — & —ey) - rotp(y)dy
Fi1

F3

= / (Pe — & — Pey) - rot(¢p(y) — VO)dy + /
F1

i (e — & —e1) rot(¢(y) — VO(y)dy

_ /f 10t(Pe — € — Pey) - (9 (y) — VO(y))dy

+ / rot(e — £ — e1) - ($(y) — VB(y))dy =0,
F3

(4.12)
vip € H{P (). In addition, if ) = 1),, then
/ (Pe — & — Pey) - rotap, (y)dy + / (e — & —e1) - rotap,(y)dy
F1 F3
= / (atProtPh — J) - rotep, (y)dy —I—/ a~(roth — j) -rotap,(y)dy
F s (4.13)
[ - @) vy
F1UF3
+ / N x (E+Pel") -4, (y)dS +/ n x (€ +e) -, (y)dS,
g S3
and since the last two surface integrals are equal to
~ [ xotle +Per) oy = [ nlhi—®)-pdy+ [ ¥ -w,ds,
Fa2 Fa g
we can conclude from (4.10) and (1.16) that
/ (Pe — € — Pey) - rotp,(y)dy —I—/ (e — & —e1) - rotep, (y)dy = 0,
Fi Fs
q.e.d.
Finally, we set
b (F2)
Pe=E+Pei+Vxa+ > Di()VWi(y), ye€F, (4.14)
7j=1

where W) and x» are solutions to the problems (4.6) and

V'P_IVXQ(yvt) :Oa yEfZa

x2(y,t) = x1(y.t), y€G, xa(y:t) = x3(y:1), (4.15)
y€S37 XZ(y7t) :07 yES

It is easily verified that the vector field e defined by (4.10), (4.14) satisfies (1.7),
(1.8). In order to find Dj(t), we need to impose on e(?)

some normalization restrictions,
for instance of the form

Pe(2)(y7t) ' n(y)dS = 6(2) (yat) ' n(y)dS = 07 k= la ---abZ(fZ)'

(4.16)
Sk Sk
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Since the matrix J with the elements szﬁ- %db’, J,k =1,...,b2(F2) is non-degenerate,
the equations (4.14), (4.16) define D; in a unique way.

As in [3], the functions e, Vix;, D; are easily estimated with the help of the relations
(4.8), (4.14), and these estimates show that e € W,}’O(QiT).

But it hy € W, *P(F), 5 € Wy'(F), then h € W'(Qh), e € Wy°(Qh),
i =1,2,3 (cf. the remark at the end of Sec. 5 in [3]).
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