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ABSTRACT:
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1 Introduction.

The paper is concerned with the problem of finding a bounded variable domain ,; C R3
with the boundary I'y, £ > 0, that is a strictly interior subdomain of another bounded
fixed domain 2 C R? with the boundary S. In addition, it is required to find the vector
fields H(x,t) = (Hy, Hy, Hs3), © € Q14U Qo v(x,t) = (v1,v2,v3), and a scalar function
p(z,t), z € Oy, satisfying the relations

( v+ (v -V)v—V -T(v,p) =V -Ty(H) =0,
V-v(x,t) =0, x€Qy, t>0,
i H; 4+ o trotrotH — prrot(v x H) =0,
V- -H(z,t) =0, =z Qy,
rotH =0, V-H(z,t)=0, z¢&Qy, (1.1)
(T(v,p) + [Tu(H)])n =onH, V,=v-n, zcly,
wH -n]=0, [H;]=0, zely
H-n=0, x€8,
v(z,0) =vo(x), =€ o, H(z,0)=Hy(z), =€ QU Qsy,

where Qg = Q\ Qy;, T'(v, p) is the viscous stress tensor: T'(v,p) = —pl+vS(v), S(v) =
Vo + (V)T is the doubled rate-of-strain tensor, Ty (H) = p(H ® H — $|H|*I), z €
Q;t, is the magnetic stress tensor, u is a piece-wise constant function equal to p; in
Qit, n is the exterior normal to I'y and to S, V,, is the velocity of evolution of ['; in
the direction n, H; = H — n(n - H) is the tangential component of H, H is the
doubled mean curvature of I'; negative for convex domains. The parameters v, u;, «,
o are positive constants. By [u] we mean the jump on I'; of the function defined in €;;:
[u] = uM) —u® and v = u(z,t)|zeq,,-

Both Q1; and € are assumed to be simply connected.

The problem (1.1) is studied in the paper [1] where the local in time existence
W22+l’1+l/2, | e
(1/2,1). In the present paper the solution belonging to I/Vp2 1 with p > 3 is obtained.
Working in these spaces allows one to get rid of some technical difficulties, in particular,
in the estimates of non-linear terms.

In the case of fixed domain €4 filled with the liquid the problem has been studied
in the joint papers [2,3] of the author and his teacher O.A.Ladyzhenskaya to whose
memory the present article is dedicated.

We assume that I’y is located in the neighborhood of a smooth connected surface G
of arbitrary shape (but such that the domain F; bounded by G is simply connected).
Then I'y can be regarded as a normal perturbation of G:

theorem of the problem is proved in the Sobolev-Slobodetskii spaces

Lo={z=y+N(ypo(y), yeG}



where pg is a given small function and N (y) is the exterior normal to G. Moreover, we
assume that also for ¢ > 0

Iy ={z=y+ N(yply,t), yeg}

with an unknown function p(y, t) such that p(y,0) = po(y). We extend N (y) and p(y, t)
from G into Q in such a way that the extension N* of IN is a smooth non-zero regular
function in ©Q and p* vanishes near S and satisfies the inequalities (5.7), (5.8) (hence
p* is small for small p).

The transformation

z=e(y,t) =y+ N(y)p“(y,1), ye (1.2)
maps Fi on Qy;, Fo = Q\ F; on Qo and, as shown in [1], it converts (1.1) in
u, — pi (LN (y) - VIu+ (L7 u - V)u—V-T(u,q) — V- TM(gh) =0,
V-EuzO, yeF, t>0,
(b — ELh— piE(L'N*(4) - V)7 L)
1 t L t t L
+ o trotProtPh — pyrot (L u x h) =0,
V-h=0, yeh,
rotPh =0, V-h=0, ye¢&F,,
~ 1
T(u,q)n(ep) + [Tni (7 L)In(e) = oH(ep)n(e,), (1.3)
_u- L'N cg
Pt N. ETNJ Yy )

LLTN
LT N2

b N1 =0, [k =( ~N)[h-NJ, yeg,

h-n=0, yeb,
u(y,0) =uo(y), y<€F, h(y,0) =hely), yecFiUF,
p(y,0) =po(y), y€G,

where £ = L(y, p*) = (6 + %Ni* (¥)p*(y,t))i j=1,2,3 is the Jacobi matrix of the trans-
formation (1.2), L = detL, L=LC""is the co-factors matrix of £, P(y, p) = L=1crc,
u(y,t) =v(ey(y,t),1), a(y,t) = plep, 1), hly,t) = L{y, p*) H ey, 1),

V=CT(y, p*)Vy is the transformed gradient V, = (6%1, 6%2, 6%3),

LT = (£7HT (the sign T means transposition),

T(u,q) is the transformed stress tensor: T = —qI + vS(u),

S(u) = (Vu) + (Vu)T is the transformed rate-of-strain tensor,
p is an additional unknown function,

~

uo(y) = volep, (), holy) = L(y, p5)Holep, (y))-
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The vectors n(e,) and N (y) are connected by

_L'N(y)
n(e,) = Wa yeg.

We consider the problem (1.3) in the spaces
Wy (Dr) = W (Dr) "W (Dr), p>3, Dr=Dx(0,T), DCR",

where W, '(Dr) = Ly(0,T;W2(D)), Wy"'(Dr) = W2(0,T;Ly(D)). The norm in
W' (D) is defined by

T T
[0l 1, = / s )y iyt + / (aeC, 8 ) + IO o)t (1.4)

and the integrals in the right-hand side represent the norms in Wy""(Dr) and W, (Dr),
respectively. By Wé(D) we mean the space of functions u(z), x € D, with finite norm

. 1/p
lullwyy = (D ID7ullf )

71t

if [ is an integer, and
\Diu(z) — Diu(y)[? | \1»
gy = (ol + > / [ e dnay)

if | =[l]+ A, 0 < XA < 1. The anisotropic space W,ﬁ’l/z(DT) is defined as W' (Dp) N
Wy (Dr) = Ly (0,75 Wh(D)) N W,*(0,T; Ly (D).

The Wli—spaces on manifolds, in particular, on the surfaces G and S, are introduced
with the help of local maps and partition of unity.

We recall some imbedding theorems for the space Wp2 ’I(DT)
1. If u € W2Y(Dr), then uli—yy, € Wi 2/P(D), ulpes € Wi /P (2 vy =
¥ x (0,T), where ¥ = 0D, and

[[ul, tO)H 2=2/7(p )<c||u||W5’1(’DT)’
[ullyy2-1rp1-1700 5,y < €llullyyzpyy-

2. For arbitrary ¢ € Wi_z/p(D) there exists such u € W' (Dr) that u(z,0) = o(z)
and

Hu|’W5’1(DT) S CHSOHWP2*2/P('D)7



for arbitrary 1 € Wi_l/p’l_l/mp)(ZT) there exists such u € Wg’l(DT) that u|gey, =
P(x,t) and

HuHWI?’l(’DT) < c||¢||W5—1/p,1—1/(2p)(ET)-
3. If pe Wy PU(Sr) nWEO,T; Wy /P (), then p(-,t0) € Wy */P(S) and
||P('at0)||wg—2/p(2) < C(||P||W5—1/p,o(2T) + ||Pt||W5—1/p,o(2T))-

For arbitrary py € W5—2/p(2) there ezists p € Ws_l/p’O(ZT) with py € Wi_l/p’l_l/zp(ZT)
such that p(z,0) = po(z) and

||p||W£—1/P,0(ZT) + ||pt||W§_l/p’l_l/2p(ZT) g CHpOHWg—?/P(Z)

(cf. Proposition 4.1 in [4] for p =2 and [10]).
4. If lp > n, then
sup [u(z)] < cljullwy o).

Now we present the main result of the paper.

Theorem 1. Let uy € W,?_?/p(]:l), po € W;”‘Q/”(g), hy € Wr2_2/r(,7:i), i=1,2,
with
3<r<p, 1/r—1/p<1/5(1—-2/p) (1.5)

and let the compatibility conditions
V- Ly, pt)uo =0, y€Fi, S(uo)noley) — no(no- S(uo)ng) =0, yeg,

V-hy=0, yelkF, =12,
TOtP(yapS)hO = 07 Yy e f?a

L(y,p)L'N o)
J— — ? 0 — .
uho - N =0, fhor] = (S 205= = N)lho N, €6,
hy-n=0, yes,
where ng is the normal to Iy, and the smallness condition
”po”ngl/P(g) S ekl (17)

be satisfied. Then the problem (1.3) has a unique solution defined in a certain (small)
time interval (0,T) with the following regularity properties:

ue W2HQY), Vg€ Ly,QF), qeW\PGr), pewiVrOGr)
pre Wy P (Gr), RO e WRNQY), i=1.2,



where Qb = F; x (0,T), G =G x (0,T), h() = h'|Q§p7 i = 1,2. The solution satisfies
the inequality

I3y + IVl @)+ 1yz-1im0 gy + 50D il

+ |’p”W§71/p’O(GT) + |’pt”Wg*1/Pa1*1/2P(GT) + ?EE ”p”Wg*WP(g)

2

+ 20 (A gy + 50 IR o) (18)
i=1

< C(||f||Lp(Q;}F) + IIHHW;_W(Q) + ||u0||W;—2/p(f1) + ||Po||W5—2/p(g)

2
+ > Ihollyz-2 sy )
=1

where H is the doubled mean curvature of G.
For the problem (1.1) this means that it is solvable in the time interval (0,7") and

voe, € Wg'l(QlT), Vpoe, € Ly(QF), poe,€ Wpl_l/p’O(GT),
pe W PGy), p e WVPIY(Gr), HDoe, e WAHQE). i=1,2.

Once the solution with the above-mentioned properties is obtained, it can be shown

that . .
hD e W Q) i=1.2,

provided hg € WI,Z_Z/p(QiO), i =1,2 (see Sec. b).

2 Linear problems

The proof of Theorem 1 is based on the analysis of the following non-homogeneous
linear problems:

1. Find (v, p, p) such that

v, — vV + Vp = f(y,1),
V-v:f(y,t):V'F(y,t), yEfla t>0a
T(v,p)N(y) + oN(y)Bp = d(y, 1), (2.1)
pr+V(y) -Vep—v-N(y) =g(yt), yeg,
(v(y,0) =vo(y), y€F1, py,0)=poly), yeG,
where Bp = —Agp — b(y)p, b = (H? — 2K), Ag is the Laplace-Beltrami operator on G,
‘H and C are the doubled mean curvature and the Gaussian curvature of G, respectively,
V(z) is a given vector field from W,?‘l/”(g).




2. Find the vector field H (y, t), satisfying the equations

pHy + a trotrotH = G(y,t),

V-H=0, yelk,

rotH = rotl(y,t), V-H =0, ye&F, (2.2)
[wH-N| =0, [H:]=a(yt), yeg, H-n(y)=0, yeSs,

H(y,0) = Ho(y), yeFUF,

In addition, we need to consider the auxiliary problem

3.
roth(y,t) = k(y,t), V-h=0, ye&F UF,

[wh-N]=0, [h;]=a, yegq, (2.3)
h-n(y) =0, yes.

Theorem 2 [5]. Let p > 3. Assume that f € L,(QL), f € Wpl’O(QlT), f=VF,
FewWl'(QL), d-N e Wy V" (Gr), d— N(d- N) = d, € Wy /P10 (g,

g € WEYPITV2 (G vy € WEHP(FY), po € W P(G), Ve WEVP(G) and let
the compatibility conditions

V-vy(z) = f(z,0), xe€F, v(Swy)N);=d;(z,0), z€g, (2.4)

be satisfied. Then the problem (2.1) has a unique solution v,p, p such that v € Wg’l(QlT),
Vp € L(Q}), p € Wy P(Gr), p e WG, oo W TG, 1) €
W,f"z/p(g), Vt € (0,T), and the solution satisfies the inequality

HUHWPZI(Q%) + va”Lp(Q%F) + ”pHW;*l/P,O(GT)

+ ||p||Wg_l/p’0(GT) + ||pt||W22_l/p’l_l/2p(GT) + §E¥ ||p(7 t)HWg_Z/P(g)

<o) (111,03 + 1 lwrogry + 1 Flwor g, (2.5)
+ ”dT|’W21—1/p,l/2—1/(2p)(GT) + ”d NHW2171/p,o(GT)

+ ||g||W§‘1/P’1‘1/2p(GT) + ||Uo||ng—2/p(F) + ||Po||W5—2/p(g))-

The compatibility condition V - vg(z) = f(z,0), z € F can be understood in a
weak sense as

/ (vo(2) — F(,0)) - Vi(z)de = 0
Fi

for arbitrary smooth 7n(z) vanishing on G.
Theorem 3. Assume that k = rotK(y,t), a =[A], K, A € Wg’l(QiT), 1=1,2,

K=A=0, yeS, [K,)]=a, AYD.N(y =A@ .N@y) =0, yeg. (2.6)



Then the problem (2.3) has a unique solution h € Wg’l(}"i), i = 1,2, that satisfies the
inequality

lehllw21 <CZ 1By 21 sy + 1ALy 21 (,0)- (2.7)
=1

Proof. Following [1], Theorem 3, we seek the solution in the form
h=A+V¢+ X,
where ¢ and X are solutions to the problems

Vip(z) = -V - A(z), z€FLUF, %:0, z €S,

on (2.8)
[#] =0, [NaN]_O z€Qg,

rotX =rot(K(z,t) — A(z,t)), V-X =0, zeF UF,
uX -N]=0, [X,]=0, z€G, X-n=0, zc&.

The problem (2.8) can be written in a weak form as

/qub'Vndx:—/,uA'Vndx
Q Q

with arbitrary smooth n(x). It is uniquely solvable, up to a constant, and

VoL, < clAllL,@ Z IVollwzz) < CZ [Allwz (2.9)

which implies
2 2
Z Hvﬁb”wg,l(Q%) < CZ ”A”W}I(Qgp)- (2.10)
=1 i=1
As for X, we represent it as the sum

X (z,t) = X1(2,t) + VU(a,1),
Xi(z,t) = L7"015/Q rot(K(y,t) — A(y’t))dy,

™ lz —yl
9 oUu
VU (z,t) =0, ze€FUF, [U(zt)]=0, [uaN] —[ulX:1-N, zeg,
8—U =—X;-n, z€b,
on

or, in a weak form,

/uVU-Vndx:/[u]Xl-NndS+/u2X1'nndS:/qu-Vndx.
Q G S Q

9



Since [N x (K — A)]|zeg =0, K; = A;|zes =0, it holds rot X = K — A,
1 1
X1 (2,1) = = rot / V(K1) - Aly,1)dy,
4 Q |ﬂc - y|

||X1(' e, < KDL, + [AC DL, @)

2
ZI!Xl Hllwaz) < e D UKD Iwz) + IAC D lwze)
i=1
and, as a consequence,
ZI|X1IIW21Q1 <CZ 1By 21y + 1Al 21 () (2.11)

=1

In addition, we have

IVU( DL, @ <CHX1( llz, 2

IVU( ) lwz <CZ||X1 w2z (2.12)

ZHVU”WZI (@) < CZHX1HW21 (Q4)"

=1

Inequality (2.7) follows from (2.9)-(2.12). If k =0, @ = 0, then h = 0, hence the
solution of (2.3) constructed above is unique. The theorem is proved.

Theorem 4. Assume that the data of the problem (2.2) possess the following
properties: G € L,(QL), Hy € sz_z/p(fl) N sz_z/p(fg), a € sz_l/p’l_l/zp(GT),
Le WE’I(Q%), £|es = 0, moreover, a = [A] with A e W,?’l(QiT), AD.N(2)|eq =0,
1= 1,2, and the compatibility conditions

V'G(x,t):(), .TEfl, V‘Ho(x):(), LEEflUfg,

rotHo(z) = roté(z,0), z € Fo, (2.13)
(wHy-N|=0, [Hy]=a(z,0)=[A(z,0)], z€G, Hy-n=0 z€S8

are satisfied. Then the problem (2.2) has a unique solution H € sz’l(Q%ﬂ)ﬂme(Q%),
and

2
Z; IOl 01y < D (1G], @4 + 1€z g2
2

+ > UHolly 220 ) + 1A9Ny21 1))

=1

(2.14)

10



Proof. We reduce the problem to the particular case £ = 0, a = 0. We extend £
into © with the preservation of class, i.e., so that the extended function £ satisfies

1€ (2.15)

HWI?’I(QT) < C”e”wg’l(Q%)a

and we define
a*(z,t) = AV (z,t) — APD*(z,1), ze F,
a*(z,t) =0, z€Fy,

where A@* is the extension of A such that

A" 20, < cllAC

"z w22 @z

It is easily verified that
[@*]=[A]=a, [£*+a*]=a, z€g.

Now we define hq(z,t) as a solution of the problem (2.3) with k(x,t) = rot(€£*+a*).
By (2.7),

2 2
Z thuwgsl(Q%) < C(Z ”Z*”W}I(Qgﬁ) + |’a*”W§,I(Q§F))
=t , (2.16)
< clllehwzr gz + 2 14llwzagy)-
i=1
For h = H — h, we obtain the problem

p1hy + o trotroth = G/ (y, 1),

V-h=0, yelik,

roth=0, V-h=0, ye&cF;, (2.17)
[wh-N]=0, [h;]=0, yeg, h-n(y)=0, yes,

h(y,0) = ho(y) = Ho(z) — h1(y,0), y € F1U T,

where G = G — pu1hyy — a rotroth,.
The equations roth(y,t) =0, V - h(y,t) = 0 in F2 imply

h(y,t) = Vo(y,t),
V2(,0(y,t) = 07 Yy S f27
dyp dp 1
ol =0 pagE —mh® - N
) — Voplyeg =0,

T

(2.18)

yeG — 0,

so (2.17) can be written in the form

11



prh; + o trotroth = G'(y,t), V-h=0, ycFi,
0
V2(,0(y,t) = 07 Yy € FZa W‘yES 7
80 (2.19)
pagyy — mht - N| g hY — V. plyeg =0,
h(y,0) = ho(y), y€FUF,

As shown in [6], this problem is uniquely solvable, and

2
Il sy + IVl @z < UG Lyp) + D IRollyzsm )

Together with (2.16), this inequality implies (2.14). The theorem is proved.
Equations (2.18) show that h(?) = V¢ is completely determined by h(") -N|yeg and

|yh<2>uwz,1 < ¢|n™

Q%) HW“(Q L)

IRP1,, 22/, <6||h My 22/

3 Nonlinear problem

In this section we outline main ideas of the proof of Theorem 1. Following [1], we write
the problem (1.3) in the form

wi(y,t) — vViu + Vg =1,(u,q,h,p),

V-u=l(u,p), yeF, t>0,

lIgS(u)N = l3(u, p),

—q+vN-S(u)N(y) +0Bp = ls(u, h, p) + l5(p) + oH(y),

pe+V(z) Veip—u-N(y) =ls(u,p), yeg,

pih: + o trotroth = l7(h,u,p), V-h=0, ycF,

roth = rotlg(h,p), V-h=0, y¢& Fo,

[wh-N]=0, [h:]=1ly(h,p), y€G, h-n=0, yecs,
u(y,0) =wuo(y), y€Fi, h(y,0)=ho(y), yeF1UP,

p(y,0) =po(y), ye€G,

where

12



(1i(w,q,h,p) = v(V? = VA)u+ (V = V)g + p; (LT'N*(y) - V)u

- (c—lu.V)u+%-TM(§h),

(u
L(u,p) = (I — L)u, y€ Fi,
I3(u, p) = lg(IlgS(u) N (y)) — IS (u)n(e,(y)),
li(u,h,p) = (N -S(u)N —n-S(u)n) — [n- TM(%h)n],

! . LT (y,sp) N

Is(p) = —/0 (1- 5)@5 "y, sp)V - 127y, sp)N| s,
wah) = (N g N v v 2
6(u, aP)—(m‘i‘ P—N)-u+(V—-u) Vip, yeg,

1 ~
I7(h,u,p) = a 'rot(roth — ProtPh) + m(zﬁtﬁh

. 1
+piL(LTIN - V)Zﬁh) + prot(L7u x h), y € F,
lS(h'ap) = (I - P)hv Yy € ~7:27

LLTN

ly(h, p) = (=
9(h,p) (|£TN|2
L(y,p") LT (y,p*)N* N*
L7 (y, p*)N*|2 [N*[?
Hf=f-n(n-f), lgg=g—-N(g-N).

We have used the formula for the variation of the mean curvature under the normal
perturbation of the surface:

—N)[h-N]=[A(h,p)l, yeg,

AD (B, p*) = ( )h(“ ‘N*, yeF, i=1,.2

' L L (y, sp)N
H(ep) — H(y) = —Bp —/0 (1- 3)@5 (y,sp)V - st-

The vector field V' € Wﬁ‘””(g) should be close to u¢ in the norm Wpl‘l/”(g) (see

(3.6)) and provide good estimates for the non-linear expression lg(u, h, p).
The solvability of the problem (3.1), (3.2) is proved by successive approximations,
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according to a standard scheme:

((Wnt1, (Y1) — vV U1 + Vamit = U (W, Gy B, pm)
V-tmi1 = lo(Wm, pm) =V - L(up, pm), y € F1, t>0,
HgS(wm+1)IN = U3(wm, pm),
— qm+1 T VIN - S(Um+1) N (y) + 0Bpmi1 = la(Wm, Bm, pm) + 15(om) + o H(y),
pm+1t + V() - Vipmir — Umy1 - N(y) = ls(Wm, pm), Y E€G,
b1 + a trot rothy, 1 = U7 (R, U, P,
V- -hnpt1 =0, yeFi,
rothy,+1 = rotls(hm, pm), V- -hpi1 =0, y € Fy,
whmy1 - N1 =0, [Amtir] =lo(hm,pm), v EG,
hpy1-n=0, yes,
Um1(y,0) =wo(y), ¥ E€F1, hmu(y,0) =holy), yeFUF,
pm+1(y,0) =poly), y€G, m=12,.

(3.3)
The first approximation, (w1, q1, p1,h1), is defined in the following way: ¢; = 0, u; and
p1 satisfy the initial conditions

wi(y,0) =uo(y), yveFi, pi(y,0)=poly), yeg

and the inequalities

letllwz gy < elwillwzqu) < ellwolly z-2e ), (3.4)
leHW{?_l/p’O(Goo) + le’tHW;_l/p’O(Goo) S C||p0||W5_2/P(g)’

and h, is defined as a divergence free vector field satisfying the equations (2.18), initial
conditions

hi(y,0) = ho(y), y € F1UF,

and the inequality
2
' 1
D10z giy < ellag” - (35)
i=1
The existence of such u;, p; follows from the inverse trace theorems (see Sec. 1) and
h; can be constructed exactly as in the proof of Theorem 3 in [1].

The proof of the solvability of (3.3) is based on Theorems 2, 4 (with the exponent
r instead of p) and on the estimates of nonlinear terms (3.2) obtained in Sec. 5.

Theorem 5. Assume that u,, € Wg’l(Q%p), Vam € Ly(QL), pm € Ws_l/p’O(GT),
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Pm,t € W,?_l/p’l_l/zp(GT), h., € W,?’O(QiT), i =1,2, and the conditions (1.5),

1/2—1
T / /p|’VHWp2*1/P(g) < o
are satisfied. Then
Zn(T) <90, T)(Yin(T) + Y (T), (3.7)

where
Zn(T) = ||l1(umanahmap)||Lp(Q1T) + ||l2(umapm)||wplv°(QlT) + ||L(um’pm)||wz?’1(Q%r)

+ ”l3(um7Pm)”WI}*I/p,l/%l/%(GT) + Hl4(um7 hmapm)”WI}ﬂ/p,O(GT)

+ ”l5(pm)”W1}71/p’0(GT) + ”lﬁ(uﬁupm)Hngl/PJ*lﬂp(GT) + ”l7(hm7um7pm)HLr(Q%)

2
+ 18 (Pom, o) 2 g2y + Z; HA”)HW;Z’I(QI'T))’
1=

and 9(0,T) is a constant that can be made arbitrarily small by the choice of small §
and T.

Estimate (3.8) is a direct consequence of the inequalities (5.15)-(5.20), (5.22), (5.23),
(5.26), (5.27), (5.32), (5.34)-(5.38) obtained below in Sec.5.

If (wm, @m,Pm,hm) are found, then, by Theorems 2 and 4, the problem (3.3) is
uniquely solvable and

Y1 (T) < cB(8,T)(Yon(T) + Y2(T)) + 1N, (3.8)
where

Yin(T) = HumHWg’l(Q%) + ?3]2 ||um||W1‘f—2/p(]_—l) + HVQmHLp(Q%J + quHWpl_l/p’O(GT)

+ HpmHWS’_I/”’O(GT) + H’Om’tHW;?_UP’I_I/QP(GT) + ?3113 ||pm('7t)||Ws—2/P(g)

2

5 h'm 2,10~ su h'm w22/ =} U, mapmahm )

2
N = ||u0||W5_2/P(]_—1) + ||p0||W5_2/P(g) + ||H||W;_1/P(g) + Z ||h0||W7-2_2/T(.7:1) (310)
1=1

It follows that
Yin+1(T) <2¢1N, (3.11)

if Y,,(T) < 2¢ N and ¥ is so small that
(8, T) (21N + 4(c1N)?) < e/ N
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ie.,

I6,T) < —

1
— < 3.12
~2(142¢N) — 2’ (312)

in addition,

t
loms Oz gy < Islhz-singy + [ omss Mgty

<e+20TYPN < 6.

Hence if ¢; is chosen in such a way that (3.11) holds for m = 1, then (3.11) and
(3.13) are satisfied for all m.

In order to prove the convergence of the sequence (U, Gm,Pm, m), we estimate
the differences

Uil — Um, Gmtl — Gms Pmtl — Pmy Pyl — B

We show that
Y (Umnt1 = Wy Gt — Gy Prat1 — P> By 1 — o)

< ﬁly(um —Um—1,9m — 9m—1, Pm — Pm—1, hm - hm—l);

m > 1, with a small J;, which guarantees the boundedness of

o
Z Y(u'm+1 — Um, 9m+1 — 9my Pm+1 — Pm; hm+1 - hm)
m=1
and the convergence of (un, Gm, Pm, Pm). This is made in the same way as in [1,7] in
the case p,r = 2, and we omit the details.
It is clear that (W, ¢m, Pm, Pm) tend to the solution of the problem (3.1), as m — oo
and the solution satisfies (3.11):

Y(T) < 2¢N. (3.14)

Remark. In the proof of (3.11) we have used the fact that the constants ¢(7") in
(2.5) and (2.14) are bounded for small T'. This follows from the assumption p > 3, which
implies 1/2 — 1/2p > 1/p. As a consequence, the functions d € Wi_l/p’kﬂ_lﬂp(GT)
k = 1,2, vanishing for ¢ = 0 (like d; in (2.1) in the case of zero initial data) admit zero

extension in the domain ¢ < 0, and the extended functions d(©) satisfy the inequality

)

||d(0)||W1]f_1/p,k/2—l/2p(g><(_ooyT)) < c||d||W]§:—l/p,k!/2—l/2p(GT), VvVt < T,
(see [8, Sec.4, §4]) without any additional terms of the type
1
ﬁ”d”Lp(g)a a >0,

as it was in the case p = 2 (see details in [7]).
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4 Construction of the electric field

The complete system of equations of magnetohydrodynamics contains the electric field
E(z,t); in particular, the problem (1.1) consists of finding the free boundary I'; and
the functions v,p, H and E such that

{m+(v-V)v—v-T(v,p)—V-TM(H) =0, @)

V-v(z,t) =0, x€Qy, t>0,

HHt = —I‘OtE, V-H= 0, T € Qlt U Qgt,
rotH = a(E + p(v x H)), z€Qy, t>0, (4.2)
rooH=0, V-H=0, V-E=0, xzé¢€Qy.

H-n=0, E, =0, z€b,

[:U‘H : n’] =0, [HT] =0, (4.3)
(T(v,p)—l—[TM(H)])n:UnH, Vo=v-n, xely

nt[,uH] + [na; X E] =0, xzely (4:4:)

v(z,0) =vo(x), =x€ o, H(z,0)=Hy(z), =€ QpUQo, (4.5)

where n; = (ny,n92,n3) and n; are components of the normal vector n to the surface
® = {z € I[',t > 0} in RY. In particular, if u; = pso, then the condition (4.4) takes a
standard form n, x E] =0, i.e., [E;] =0.

The condition (4.4) can be deduced from the assumption that the first equation in
(4.2) is satisfied in the sense of the distributions theory, i.e.,

to+7
/ / (=B -y, + E -rotp)dzdt =0, (4.6)
to K

where B = pH, ¢ € C§°(K), K C Q, KNI, # 0. From (4.6) it follows that

B;+rotE =0, ze€kK,
w[B]+n, xE] =0, ze€ KUy, tE¢€ (to,to+T).
The following proposition is important for the construction of E.
Theorem 6. If the relations
V- -B(z,t) =0, z€KN(Q1UQ), [B-n]=0, KNIy (47)
m[B]+[n; x BE]=0, ze€ KNIy '

are satisfied, then
[n-rotE]=—[n-By, ze€lNK. (4.8)

Proof. Suppose the surface &, = & N (K x (tp,to + 7)) is given by the equation
&3 = 2(&1, &9, 1), where (€1, &9, &3) are Cartesian coordinates in R3. The functions given
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on &, can be considered as functions of £1,&s,t. The normal n to &, is parallel to the
vector (n, z;), where n = (2, z¢,, —1).
It is easily verified that

—[n - rotE| = [z (B2 — E32) + 2, (E31 — E13) — (B2 — E21)]

0 0 0 - 0 (4.9)
= |— (e, B3+ FE2) + —(—E1 — 2, B3)| = —[n X Ely + —[nx E
[851 (2, i3 + E2) + 852( | — 2¢, B3] o6, [n x E]; + 95 [n x Els,
where E; ; is the partial derivative of E; with respect to §; and
E
g—é.a:E,a—i_zfaE,& a:1727

are derivatives calculated taking the dependence of E on 3 into account. By (4.7), the
equation (4.9) is equivalent to

0 0
a—&zt[Bl] - a—&zt[

= _[Zgl,tBl + ZtBl,§1 + z¢, ZtBl,g + Z527th + ZtB2,§2 + z§2zth,3].

— [’;’VL . I‘OtE] = — BQ]

(4.10)

Now we differentiate [n - B] = 0 with respect to ¢, which leads to
[2¢,4B1 + 2¢, B1y + 2126, B1 3 + 2¢, 4 Bo + 26, Boy + 2¢, 24 Bo 3 — B3y — ;B3 ] = 0. (4.11)
When we add (4.11) to (4.10) and make use of the equation V - B = 0, we obtain
—[n - rotE] = [z¢, B1 + 2¢, By — Bayg] = [n - By,

q.e‘(;“he proof of the theorem is due to Dr. N.Filonov.
The transformation (1.2) converts (4.1)-(4.4) in
u — pf(LTIN* () - VIu+ (L7'u - V)u
—V-T(u,q) —6.TM(§h) =0, (4.12)
V-Euzo, yeF, t>0,

L= 5 1
plhi = 7 LoeLh = piL(LTIN" (y) - V) L Lh) = —1otPe, y € F1U P,

ProtPh = a(Pe + p(L'ux h)), V-h=0, yeF, (4.13)
rotPh =0, V-h=0, V-e=0, z¢&F,,
(h-n=0, e, =0, yes,
rrr
N
ph-N) =0, [h-= NNy =,
] (4.14)
T(u,q)n(e,) + [T (Eh)n(e )] = cHn = ﬂ
) ’ T Ny p)
— Api[ph] + L[N x Pe] =0, yeg,
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and (4.7), (4.8) (with K = Q) in
V:b=0, ye FLUF,, [b-N]=0, yeg,
[N xPe] =¥(b,p), yeU,
[N x rotPe] = ®(b, p), (4.16)
where e = EE(ep,t), b= EB(ep,t), h = EH(ep,t), y € FLUF,

(4.15)

1 ~ 1
®(b,p) = ZﬁfﬁbJr piL(LTIN - V) Lo, ¥(b,p) = —=[b],

Aly,p) = N(y) - LT (y,p)N(y) =1 — pH + p*K, y€G.

Hence (4.15) imply (4.16). We observe that the vector field ®(h,p) is divergence
free in F1 U Fy [1].

Now we pass to the construction of e satisfying (4.13), (4.14) together with u,p, p, h
whose existence is established above. We introduce auxiliary vector field e;(y,t) such
that

V-el(y,t) =0, yeF Uk,

[N(y) X Pel] = ‘I’(Mh,P), [N ’ 61] =0, ye g, el(yat) =0, ye€ S,
) (4.18)

Z ”eIHWTl*O(QIT) < CH‘I’|’W,«171/T’O(GT)7

=1

(4.17)

and we solve the problem

rot€(y,t) = —phi+®(ph, p)—rotPei(y,t), VP LE(y,t)=0, ycQ, & =0, yes.
(4.19)
In view of Theorem 6, we have
[N(y) - (u(hy — @) +r0tPey)] =0, [uh,- N]=0, yeg,
n - (u(hy — ®) +rotPei(y,t)) =0, ye€S,

hence the problem (4.19) is solvable. The solution has the form €& = &, + VZ(y, 1),

where
—phi + p® —rotPe;(z, 1)

1
Ei(y,t) = Erot/Q | dz,
V-PIVZ=-VP '€, yeQ, Zyt)=—glyt), yeSs.

It is easily seen that

rot€; = —phy + u® —rotPe; (y,t), y e Q.

The function g is defined as follows. Since (uh; — u® + rotPe;) - n|s = 0, we have
Jxrot€1 - ndS = 0 for arbitrary ¥ C S. Hence by the Stokes formula,

/El-dlzo
v
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for arbitrary closed contour v = 9% C S, which implies £1|s = V.g(y,t) with a certain
single-valued g. Now the equations (4.19) are easily verified.
By the Calderon-Zygmund theorem,

||81||W7‘1’0(QT) < c||phi—p@+rotPe1l s, (@) < C(||ht||Lr(QT)+||‘§||LT(QT)+||‘I’||WT1—1/T,0(GT))a

(4.20)
in addition,
IV Zly2oqry < clrllwrogy)
hence
1€lr00gry < elhelieion + 1@Nc@n + 1€y imag,)  (@421)
The norms of ® and ¥ are estimated below in (5.37), (5.38).
Now we define e(t) by
Pell) = oy 'ProtPh — p(L ™ u x h). (4.22)
Then
rotPell) = rot(ag ' ProtPh — u(L ™ u x h))
= —phy + p® =rot€ +rotPey, ye F,
which implies
Pel) = £ 1 Pel 4 Vyi(y,t), ye R (4.23)
with a certain single-valued xi(y,t). Finally we set
Pe® = €2 1 Pel?) 1+ Vya(y,t) + C()Vuly), ye T, (4.24)

where y2 and w are solutions to the problems

V- P 'Vxa(y,t) =0, y€F, xo(y,t)=x1(y,t), y€G, xo(y,t)=0, yeS,

V-PWVu(y) =0, yeF, wly) =1 yeg, w(yt)=0, yes
(4.25)
The vector field e defined in this way satisfies (4.13), (4.14). Indeed,

phy — @ + rotPe” = phy — ® + rot€® + rotPegi) =0, yekF, i=12
V-e?=v.Ple® 1v.e =0, yerm,
[N x Pe] =[N x £] + [N x Pei] = ¥(uh,p), yE€G, erls=E& +er]s=0.

2)

In order to find C(t), we need to impose on e a normalization restriction, for

instance of the form

/ Pe@ (y,t) - n(y)dS =0, (4.26)
S

which coincides with

/ E® (z,t) - n(z)dS = 0.
S
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Since I = [ g—ﬁb’dS # 0, we have
Ct)=-1" / (ED 4+ 77652) + Vixa(y,t)) - n(y)dS. (4.27)
S
As for the estimates of e, we have, by (4.21)-(4.24),

e 2003 < clPRly 20y + I(£7 % x B)llyzoiqs):
e ly10002) < cUIEP 1oz + llerllyrogs)
HIVxallyrogzy + €L ©,1): (4.28)
IVx2llwroqgzy < cllVxillwroge),

1931 wzocp) < lleWlhzogy) + 16D wrorgy) + etz

1C1, 07 < elllerlyzoggg) + I1€P o) + IVx2llwoggz):

Taking (4.21), (4.18), (2.5), (2.15) into account, we conclude that e € W,}’O(QiT),
i=1,2.

5 Estimates of nonlinear terms

In this section we estimate the expressions (3.2). For this we need some auxiliary
propositions.

Proposition 1. Arbitrary functions u(x),v(z) given in a domain D C R"™ satisfy
the following inequalities:

Juvllwy o) < elsup [o(@)] [l o) +59p (@) 0]y ) < el ol o). (-1

luvllw2py < clllullwzolvllwy ) + lvllwz o) llullw (o)), (5.2)

if p>n,
lwvllwe(py < ellullwp) Sup lv(@)| + vl D) Sup lu(z)]), (5.3)

if pl > n and | is not an integer.
Proof. The inequality (5.1) is obvious, and (5.2) follows from (5.1) and

IV (uo)llwi(p) < [vVullwr o) +lluVollwr ) < clllullwzo)llvliw o) +llvliwzm llullwy o)

(5.4)
To prove (5.3), we estimate the semi-norm

dz \1/p
H’U)HWZI’(RTL) = (\/Rn ”Am(z)wHiP(R")W> ) m > l7 (55)
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of the product w(z) = u(z)v(z), assuming that u,v € C§°(R").By A™(z)w(x) we mean
a finite difference

A™(z)w(x) =Y (=)™ Chw(z + j2)
j=0

and we notice that the semi-norms (5.5) are equivalent to each other for different m > [
[9]. We assume that m > 2[; then in every term of the sum

A" (2)u(x)v(x) = i O (A (2)u()) A" (z)o(z + (m — j)z)
j=0
one of the numbers j or m — j is greater than [. Hence
IA™ (]|, @) < clsup [o(@) A" (2)ull ., gy + sup [u(@) | A*(2)v] 1, (&),

k>1, and

[0l gy < elsup (@) llgeny + s1p (o) 0]y )
From this inequality and

luvllz, @ < elsup fo(@)lllullz, @) + sup lu(@) o]z, @)

it follows that

vl < el o)l ey + 0P i) 1015y ) (56)

where

o573 gy = Il ey + g

This norm is equivalent to the norm in Wzﬁ (R™) defined in Sec 1, if [ is not an integer.
Since every function from Wlﬁ(D) can be extended in R™ with preservation of class,
(5.6) implies (5.3). The proposition is proved.

Now we formulate our assumptions concerning the extensions N* and p*. We
assume that N*(y) is a sufficiently regular non-zero vector field in Q and p* = Ep
where F is a linear extension operator with the following properties:

Op*(x,1t) .
_ = t) =

N lg=0 P (1) =0 near S, (5.7
Hp*(Jt)HW;(Q) < CHPHWZ:*UP(Q)J re (1/p7 3]

It follows that the time derivative of p* satisfies similar inequalities:

PG Oy < elloellyr-rmgy, ™€ (1/p,2]. (5.8)
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Proposition 2. Let R(z,t) = (822_’)*

) and let the conditions p > 3 and
i,j=1,2,3

lollyz-ngy < < 1 5.9)
be satisfied. For arbitrary smooth function f(ﬁ) defined for |ﬁ\ < dp, 09 > 0, the

inequalities
IRf(R)||L, ) <R,

RS (R) vy < clRlwya < ellollyzvog) (5.10)
Hf(R)HWpl(Q) <c
IR 11106y < elollys g, (5.11)

hold.
Proof. Inequalities (5.10) are obvious, and (5.11) follows from (5.10):

IRf (R)lly1-10 gy < cRF(R)[wi () < clRllwie) < cllpllyz-1/m ),

q.e.d.
We also have

sup [ R(w)] < el Rllwy o) < ellollyz gy < 0 (5.12)

Examples of functions satisfying the assumptions of Proposition 2 are provided
by the elements of the matrices L(z,p*), L7 (z,p*), L(z,p*), whereas n(e,) and
L(z,p)N (z)(A(z, p)~! are smooth functions of R, p and x. They satisfy the inequality

IRF(R, p, )y oy + 107 (B, Ylwgy < e(IRIwaey + 10 lwpm)) < b (5:13)

It is obtained in the same way as (5.10).
We shall use similar estimate in the two-dimensional case:

IRF(R, p, )lyyi-1r gy +0f (B oy )l a1 ) < C<||R||W;—1/p(g)+||P||W;—1/p(g)) < cd.
(5.14)
Now we estimate all the terms in (3.2), step by step. We always assume that p > 3.
1. Estimate of (V — V)gq.
Since

(V=V)g=(I-£T")Vg
and |I — £7T| < ¢|R|, we have

17 = V)alleap) < esmw 1R 1Valzy ) < BVl ary (5.15)
T

2. Estimate of (V2 — V2)u.

23



It is easily seen that

(V2-VHu=V-(V-Vu+ (V-V) - Vu=(LTV (L7 -D)V)u
+(TT-—DV-Vu=LT-1):D>)u+ (LT -1V -Vu+ (M -V)u,

where M is the vector field whose components M; Zk el l’” lJZ are linear com-

binations of VRg(R) (I are elements of £~ ). The first two terms on the right hand
side are estimated in the same way as (V — V)¢

L™ =DV - Vull,gp) + I(E7HLT = 1) - D*)ullp, g1

< Adfullyzogy)

and
T 1/p
02 - Dyl qpy < e [ sup (Tupae) " sup Ml
0 xzeFi
*
< esup o g [l oy < o3 Iollyz g elhizoggry < Blulhugoggy

(5.16)
3. Estimate of (L™ 'u - V)u.

(£ - V)ullg,q <CSC;1P|U($ DN VallL, gy < TP (sup Jullwy /) (5.17)

T t<T

4.Estimate of pf(L™IN* - V)u.

Py (€7 N™ - V)l p) < esup o (2, D)1V, q
Qh

(5.18)
* 1/p
< csup ot wp o llullwiogry < T Sup lwllwy iz sup oty =175 G-
5. Estimate of (I — LT)V -u=V-(I - L)u
[y )Vu||W10 (@b < csup||I ||W1}(fl)||Vu||Wp1,o(Q1T)
(5.19)

< esup [ollyz-1rn >||u||W;’°<Q1T> < edllellwzogy):

17 = ETYully g + (2 — £7)

1 1/p
L u < up |u|||p — </l up ||u up ||p - .
H ¢ ”LP(Q%“) S8 ;‘ |” tHﬂzpl 1/p(GT) >c §<P ” prl(fl) §<p H tHﬂzpl 1/p(g)

wilp,op) < dllulyoi o,

(5.20)
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6. Estimate of V- Th(£h).
If (1.5) holds, then
Rl < cllblly o (5.21)
hence

L *
IV T (R 0 < ellhllggogn, + 16" yzoqgs up Ay, ) sup (s, )
QY Qr
< TP 9 o/n g : ).
< I (?ngHhHWg 2/ (fi)Jril:IF)HPHW; 1h(g) §1<1¥||h||w,}(f,))il¥||h||W,}(f1))

(5.22)
It follows that

Vs 2 .
T2 (TP 2170, < c;(lthW;,o(QiT) + o lw2oqs Sélip h(y,t)]) s;ip |h(y,t)|
1= T T

2
1/
<c) T p(iljlj [1Polly2-2rr gy + sup lollyy2-172 g sup [Pllw2z)) sup R llw:z)-

= . (5.23)
7. Estimates of S(u)n — S(u)N.
Since n(e,) = éixg;\’ we have
sup In = N| < clln = Nlly1-ing) < cllplly2-1ng) < €,
hence
IS~ SN lyony < 180) = SN ygomny

+S(u)(n - N)| < cdfwllyy2-1/m0

w70 Gr) (Gr)’
Now we pass to the estimate of

T dh T
I= | s [ 1A E @ = S@NIE,

where Ai(—h)f(t) = f(t —h) — f(£). We have

[AU=R) (S — S@N) |1, (0) < |A(~h)(S(w) - SNl

1A (=R F ) (0~ Nllp,0) + [S@)A (Bl

h

< AT Ul 0+ [Vl i0) [ 1t =l )

which implies

TP < BVl yossn
p

(Gr)

1/2-1/2p o
tc §1<1¥ ||VU||LP(Q)||Pt||sz P0Gy
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hence

I8 (@) = SNy m1r2 g,

o1/ | (5.25)
< eblfullyzs gy + 0P sp VL, )l 22 7m0

It follows that

1/2—-1/2
||l3(u7p)HWI}—l/P,l/?—l/?P(GT) < C(5||u||W;,I(Q1T) +1'/2 pil:IF) ||VU||Lp(g)||Pt||W5—1/p,o(GT))a

040t gm0y < Bl 20 g
2

+ Tl/psup h||. 2—2/r —l—Tl/psup 2-1/ sup [|h||ywiczy) sup [|R|lwicgy)-
ST sup [l )+ 77500 ol - gy s [l ) s el )

i=1
(5.26)
The next step is the estimate of I5(p) and lg(u, p).
. &2 T . LT (z,5p)N(z) ﬁLAT(a:,sp)N
8. Estimate of 75L7" (x,sp)V ZT(z 50)N(D)] and 4 “Rwsp)

T
The function Cf—;ﬁ_T(x, sp)V - % is a linear combination of the expres-

sions VRRf(sR,r) where R = (%if(w’t)). o3
Z’-]: <

satisfying the assumptions of Proposition 2 but depending also on z. Making use of
this proposition (in the two-dimensional case), we obtain

IVRRF (SR, )y-s/0g) < VR s | Ry -1

, $ € (0,1) and f is the function

(@)

This inequality implies
||VRRf(SR7 ‘)HW;_I/Z”O(GT) S c?gj}? ||p||W5_l/p(g)||p||Ws_l/p’0(GT) S CdeHWs_l/p’O(GT)’

hence
||l5 HWPI—I/P’O(GT) < C(SHpHW;}_l/"’O(GT)‘ (5.27)

. 2 2T . . c . .
The function %% is a linear combination of the expressions

RRfl(SRJ Sp,.’E), pr?(SRa SPVT)J P2f3(3R, 3/0773)

with f; as in Proposition 2, but depending also on p and z. We estimate RR fi, since
two other functions are estimated in a similar way, and p* is more regular than R. As
above, we have

||RRf1 (SR7 Sp, .)HW;_I/}”O(GT) < C(SHpHW:g—l/P,O(GT)a

h
Ay(=h)|RRf1(sR, sp, ) 1,(6) < cslép|73|/0 ||Pt(',t—§)||W;—1/p(g)d§a
RN LN hWRRf1 ! odb) /P < cT!/?P
(0 /24P N [A¢(=h) f1||Lp(g) )P <e fggHp”Wi‘l/P(g)Hpt”Wﬁ‘l/P’O(GT)'
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T
The same inequalities hold for j—;%.

It follows that

LTN ! d? ET(:E sp)N
D — — N —I— v,[. = / ]_ — S .z TR
Ay, p) "= s S A(z, sp)

satisfies
||D||W571/p,171/2p(GT) < Cd(HpHngl/p,O(GT) + T1/2P||Pt||szfl/p,o(GT))a

sup [D(y,1)] < csupg|RR| < edllpllyy =170 g

hence by (5.3)

1D - llyo-1m0 ) < D lyy2-1rm0 sup (-, D) llw 7

el z-2rmo ) SRl 2170 )

< ed(llplly 510 gy i lwllwy iz + lullyz-mo,, sup 1Pl 2172 gy):
1D - ullyyo1-1/20

< DTl y221m0 gy S0 [l ) 1l 00272 SR ol ) )

(5.28)
9. Estimate of (V —u) - V.p.
We have, by (5.3),
”(V - u) ' vaHngl/on(GT) S c”va”ngl/P,O(GT) §1<‘11p1 ”V - unplfl/P(g)
T » » 1/p (529)
+ (/0 HV - u”WZ‘f—l/p(g)||V7'p||w1}—l/p(g)dt) .
We require that
||V - UUHWI}—l/P(g) <4, (530)

then
s [Vl 311y < 8450 sl gy < (04T [l e 6= 1/2-1/p
because u € W,,I/Q(O, T; W, (F1)). Hence the first term in (5.29) does not exceed

o0+ T ully 2 g Pl ys- 1m0
and the second term is not greater than

”V”ngl/P(g)HVTPHI/Vplfl/PvO(GT) + ”’U’HWI;’O(Q%) ?EIB ”vauwplfl/P(g)
g C(Tl/p ?2113 ||v7’p||W1}—1/P(g)||V||Wj—1/iﬂ(g) + 5||u||WPZ’O(Q}F))

< o .
< eOsup lpllyz-1rn(g) + el
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if
1
TPV y2-17m gy < 6. (5.31)

We also have
[(At(=h)u)) - VrpllL,g) + (V= u) - A(=h)VrpllL,g)
< C||At(—h)u||Lp(g)||P||W;—1/p(g) +c|V - u||Wpl—1/p(g)||At(—h)VTP||Lp(g),

T dn (T 1/p

v LA A Yl )
+esuplV = ullyuoing) (| i |, 1810l )

< 5 e

= C?ng”p”sz 1/P(g)||u||Wg,1 I/ZP(GT)

4 e (5 4 Tl )ty im0
It follows that

||l6||W5—1/P,1—1/2P(GT) S Cd(HpHW:g_I/PaO(GT) + ?ng ||IO||W;_1/P(Q) + ||u||W5’1(Q%F)) (5 32)
1/2p 8 . '
Y54 el g oy 7m0 -

Now we pass to the estimate of lg, lg, A.
10. Estimate of (I — P)h.
We have

I = P)Rlyzagy < clblbllzagyy + 10" lypogap sup Ihlbwa )

* T * (|7 1r 1/r—1/ g *(|P
1oy = (10 Fvemdt) < 7 ([ 10 By )

< TV Vs
p

1/p

(@4’
hence
1/r—1
(1 - ,P)h'HWTZ’O(Q%) < C((SHhHWT‘Z’O(Q%) +TY /pHpHWS—l/p,O(Q?F) ?3]2 ||h||WT1(}'i))'
Moreover,
_ . ) 1/r
I = PRl sy < A0l gy + T S0 el vy s Wl
and finally
_ . < . , 1/r—1/p B ,
fes P)h”wf’l(QzT) = C(é”huwf’l(QZT) +T HPHWS’ Vp0(Qi ?EZB ”h”W,}(]-',—)
1/ _
+T ’“fgg ol 1106, sup IRlwiz), i=12,

(5.33)
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The same inequalities hold for Ig(h, p). Moreover, since the elements of the matrix

LLr I
ILTN*(y)[2  |N*[?

= f(y, R)

in (3.2) satisfy the assumptions of Proposition 2 (just as the elements of I —P), (5.33)
holds also for HA(Z)sz,l(Qi )
r T

11. Estimate of l7(u, h,p) and ®(h,p) = %Etﬁh +p* L(L7IN - V)1Lh.
We estimate the expression
roth — ProtPh = Prot(h — Ph) + (1 — P)roth.
We have
I~ Pyrothly 11 < Al yzo0n

IProt(I = )k 1001 < cllrot(I = P)hlly0.0 5,

and this norm has been estimated above in (5.32). Hence

|lroth — ProtPhHer,o(QlT) < C((s”h“Wf’O(QlT) + Tl/r_l/pHPHW;’*”P*O(QIT) ?BQE ”h”W}(ﬂ))-

(5.34)
Other terms in [; are estimated as follows:
* pr p—1 1 * L
lpe £(L™"N - V) Lhl|L, 1) < C?ngHPtprl(fl)th”er,O(fl)
1
< r ?211:3 ||pt||WI}—1/P(g) ?ng ||h||WT1(.7'-1)7
1. (5.35)
I £eLhllL, 1) = Csclgllp \h(z, )V il L, 1)
T
< T _
<cT ?EIE”hHW,}(]—H)?EjE”Pt”WI} 1p(gy;
1£7 e x Rllyro gy < clllully oo sup 1Pllw: )
(5.36)
+ ||R |51, sup ||u < TV sup ||lu sup ||k ,
1Pl roqr) KgH lwrm)) < t<IE” w1 s t<¥H w1 (z)
hence
2
®(h < crhir h , - . 5.37
12k )l @ny < T > _sup Ikl ry Sup ey avn g (5.37)

=1

12. Estimate of ¥(h,p).
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A p*p
1m0y = 1P ]2 ZH Lkl o
(5.38)

2
< ch/T||pt||W;_1/p(g) Z?ug IRllwror)
i=1 <

In conclusion, we show that Theorem 1 holds for r = p, i.e., that the solution of the
problem under consideration possess the property h € Wg ’I(QT), if hy € Wp2 —1/p (F),
1 = 1,2 We restrict ourselves with obtaining the a-priori estimate. It suffices to estimate
the norms

sk iyiany Wslwzaioyy IAlzigyy 1%l o,
Instead of (5.33), we have

I = Phhlyzgy) < c(0lRllyzagy)

1 (5.39)
+ (HpHWs—l/PaO(Q%) +T /p fg? ||:0t||W;—1/P(g))8upt<T||h’||W1}(.7:z))

With the help of this inequality and the estimate (5.21) we obtain

2 2
sl g2 14Tz ) < €3Ol apy +C1 ) sup - ) (5:40)
1= 1=

with Ci(p) depending on the norms of p estimated in (3.14).
In view of (5.35), (5.36), (5.38), Hl7HLp(QiT) also satisfies (5.40), and

1/p .
||‘I’|| 1 1/p, O(GT) < T ||pt||W1}—1/P(g) z;fg? ||h||WT2_2/T(.7——)
1=

Hence by Theorem 4

3

2
> kllzsay) < D (0B lza gy + o) suplyz-ar iy + cllbolly )
1= 1=

with a certain Cy(p,u) < oo, which yields the desired estimate in the case of small 4.
Inequalities (4.18), (4.20), (4.21), (4.28) with p instead of r show that e € W, (Q%),
i=1,2.
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