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1 Bseaenne

[Iycts SM(n) — BEeKTOPHOE IPOCTPAHCTBO BEIECTBEHHBIX CUMMETPUIECKUX 7 X N-MATPHIL
z = (z:;), 1 < 14,7 < n, nsomopduoe RM"HD/2; dy = HK] dx;; — aJIUTHBHAs Mepa Ha
SM(n). Yepez SM (n) ob0o3HaMMM OTKPBITHIH BBITYKJIbIT KoHyc B SM(n) noiosrcumenvho
onpedenynnvir Marpull. Kak obbrano, 6ygem mucars x > 0 g ¢ € SM7 (n). Ha npocrpan-
cree S(SM(n)) 6eckoneuno muddepennupyembix byukimii f(x) ¢ GbICTPO YOBIBAIOIIUME
IIPOU3BOTHBIMEU 0000TITYHHAsST (DYHKITUS <I>j\r ¢ KOMILJIEKCHBIM TIapaMeTpoOM A OIIpeJIe/IsieTcs

MHTErPAJIOM
1
o, f :—/ det 2)*~
@D =100 [,

B obactu Re A > —1 ero abco/IioTHOI CXOAUMOCTH. 31€Ch

= oo gie (- £

— ramMa-yHKIUMs, cBa3anHasg ¢ Komycom SMi(n), I' — raMMa—(byHKLLHH Ditnepa, Mepa
(det 2)~(+1)/2 dg unBapuanTHA OTHOCHTE/ILHO JeHCTBH © — 'grg Ha Komyce rpymsl GL(n)
BCEX HEBBIPOXKJIEHHBIX 1 X n-marpull ¢ (g — TpaHCIOHMPOBAHHAS MATPUIIA).

Kak nssectno [1], [2], 2 anamnTuuHa M0 A U IPOJO/IKAETC HA BCIO IUIOCKOCTH KOM-
IIJIEKCHOTO TIapaMeTpa B BHJIe Te1oi (pyHKIwr. Bo3HHKaeT BOIPOC O SIBHOM BH/IE 3HAYEHUIT
@) Broukax A = (n—k)/2, k=1,2,..., tae I',(\) umeer nomocsl. B patore [1] 91u 3nate-
HUsI BBIPAsKEeHbI nHTerpajamu Pumana-/InyBusist Ha pOCTPaHCTBE CUMMETPUYECKUX MaT-
putt. OcraBajiach 3a/1a9a 0 3alUCU 3HAYEHUN B TepMUHAX ODOOIIIHHBIX (DYHKINI. SHAUCHIE
Y = b, rae 0y — aeavra-bynkuus Jupaxa, ycranosaeHo B [2]. OcTanbHbIe IPE/IOKEHBL B
HezaBHel pabore [3):

n+1

> f(x) da

dF =1LF, k=1,2,...
o MV —Lks k=0,1,2,...
<I>:L/2 = 0y, r=12,...,n—1,

rae L = det(0;;) — muddepennnansusiit oneparop Ksmm (0;; = 0/0x4, 0;5 = %8/ 0z, ajis
i #7), 0, — obobuHHAsT QYHKIUS, Olpeie/igeMas HHTErPAIOM

)= [ Fwd (1)

110 1ogMHOr006pasmio SMY (n) B SM(n) nososcumervro noayonpedesynpi MATPHLL PAHTa
r.

Oanaxo B [3], nonsTHe He obmen3BecTHOrO MHOrOooOpasusa SMY (n) ne chopmymposa-
HO, a uHTerpas (1.1) onpesedH HEKOPPEKTHBIM 0OPa30M.

Bouee noapodno. To, uro anrebpamndeckoe nogmuozxkectso SMY (n) B SM(n) nomoxn-
TeJIbHO ITOJIYOIPEIeITHHBIX MATPHUIL PAHTa I OKa3bIBAETCsI MHOIOOOpa3ueM 6e3 0CODEeHHOCTEI,



Tpebyer obocnosamnit. laiee, 8 SM! (n) paccmarpuBaercs HOAMHOXKeCTBO U MaTpHIL, y KO-
TOPBIX IIEPBBIE 1" CTOJIOIOB JINHEHHO He3aBUCUMBIL. be3 mokasarebeTBa yrBepKaaercs, 9to U
II0YTH HOJIHOCTBIO MOKphiBaeT SMY (n). Kaxas marpuna x € U 01HO3HAYHO 3aIIMCHIBACTCS

B BUJIC
(tlf(r) LY )
YTy Yrimy

rae y = (Yps) — 7 X (n—r)-Marpura Ko3H UINEHTOB JINHEHHON! 3aBUCHMOCTH JOMOTHITE b
HbIX crosibnos. Ha U BBoauTCs mepa

r(n—r)
ﬁ n-r—1
d, = —— (detx, 2 dxpnd
xT T(T’/Z) (ex()) T(r)yay

drgy = H dx;j, dy = H dyps.
D,

1<i<j<r

(1.2)

YTBep:KIaeTcs, 9YTO d,x ABIAETCA K8A3UUHBAPUAHMHOT MEPOIi:
d,("grg) = |detg|" d,x, g € GL(n).

Nnrerpan (1.1) onpenensiercs |3, Onpenernenne 4| dopmyitoit

mejwwmzzﬁ@mJ. (13)

Takoe omnpejiesiene HEKOPPEKTHO 110 KpaifHeil Mepe B JIByX OTHOIIECHHUSX. BO-TI€PBBIX,
OHO 3aBUCUT OT BBIOOpa MHozkecTBa U. Bo-BTopbIX, Mepa d,2 He MOXKeT ObITh KBa3UHMHBAPH-
AHTHOM, TIOCKOJIbKY 00siacTh U He BBIIEPXKHUBAET BeeX peobpasoBanuii rpymmnbl GL(n).

Hacrosimas 3amerka (baKTHIECKH SBJSETCs yTOIHEeHneM pasena 4 paborsl [3]. B weii
YCTaHABJIMBAETCsI, 9TO d,.T €CTh JIOKAJbHAsl 3aIlUCh CYIIECTBYIOIEH UHEapuarmHol Mepbl
dp(x) na ogropoxHoM MHOroo6pasun SM? (n) ¢ rpymmoit SL(n) = {g € GL(n) | detg =1}
npeobpasosanuii ¥ — ‘grg. Takum obpasom, coorHommenue (1.3) CTAHOBUTCS PaBEHCTBOM
Ha MHOXkecTBe U, a He ompenesnerneM. Kpome Toro, mokaseiBaercs, 9T0 dji,.(x) sABIAETCS
eJIMHCTBEHHO! € TOYHOCTBIO JIO MOCTOSIHHOIO MHOXKHUTEJIS OMHOCUMENHO UHEBAPUAHMHOU
otHOCHTENIbHO TpyHnbl GL(n) Mepoit ¢ myabruminkaTopom X (g) = |det g

Jl1st TOKaJIbHBIX BeIpazKeHuit Mepsl dfi, (x) Ha MHOroobpasun SM (n) paccMarpusaer-
sl €CTECTBEHHBIN TJIaJIKUil aTiiac. B KauecTBe CIeJCTBUS HOSABJIAETC (II0-BUINMOMY, paHee
HEM3BECTHBIN) KpuTepuii opuenTupyemoctu: das r = 1,2,...,n — 1 mnozoo6pasue SM (n)
OPUEHMUPYEMO, ECAU U MOABKO ECAU N — T HEUYMHOE.

2 Mmuoroobpasne SM(n)

U3 obuieit Teopun crparuduKanun MHOroOOpasuil, BKIo4Yas ajredpandeckue (CM., HaIPU-
mep, [5], [6] u mmTHpyemyo B HEUX JHTEPATYDPY), MOXKHO YCTAHOBUTBH, UTO IOJMHOYKECTBO



SM (n) sBasercs IyIaJIKUM IoJMHOroobpasueM B mpocrpancrse SM(n). Onxako, B cBs-
31 C MHTErPHPOBaHUEM (QYHKIMIT HEOOXOMM KOHKpeTHbI arnac na SMY (n). Ilpu nomormu
arTsaca U yCTAaHOBUM CTPYKTYPY IVIQJIKOI'O MHOrOOOpas3us.

[Ipumem jronostHUTEIBHBIE 0003HAaYeHUs. [IycTh x > 0 — 3HAK MOJOKUTETLHON MTOJTY-
OIIPEIETYHHOCTI MATPHUIIBI T U

SM,(n)={xeSM(n)|xz>0}.
Hnar=0,1,...,n 10 onpeeeHuio
SM (n) ={x € SMy(n) | rank(z) =1}

— MHOKECTBO IIOJIOKUTEIBHO TIOJIyOIPeIeMHHBIX MaTpul, panra r. B gacraocru, SMY (n)
ectb Touka © = 0 u SMY(n) = SM}(n) — OTKPBITHIH BBIILYKJIbIH KOHYC IOJOKHTETLHO
onpeJie/TYHHbIX MaTpuil. Beemxam nabopst J (k) = {ji,...,Jx} HOMepoB 1 < j; < ... < ji <
n g k = 1,2,...,n. Yepes x () 0003HAUMM IVIABHYIO IIOJMATPUIYy B I C 3JIeMEHTaMH,
PAaCIIOJIOKEHHBIME Ha Hiepecedennu J(k)-X CTPOK U CTOJIONOB:

Tjrjr -+ Ljugy
Tyk) = : :
Ljige -+ L

B TepMHHaX I'NIaBHBIX ITIOAMATPUI] HAIIOMHUM YCJIOBU A IIOJIO>KUTEJIbHOM IIOJIyOIIpe e/ TYHHOCTU
(HOJIO}KI/ITG.HBHOﬁ OHpe,ZLeJI‘IHHOCTI/I) MaTpulbl 1 YCJIOBUSA €4 IIPUHALJIC2KHOCTU K MHO2KECTBY

V1 ([7, 412.5]). x € SMy(n), ecau u moavko ecru Ty = 0 das ecex J(k) u k =
1,2,...,n.

V2 ([8]). x € SMi(n), ecru u moavko ecau gy > 0 das ecex J(k) uk=1,2,...,n.

YenoBue Y2 ecth Kpurepuit CuibBecTpa MOJOXKUTEIBHON OIMPEITIHHOCTA MATPUIIBI
7 CJEJICTBUSA W3 HEro JJId BCEX TJIABHBIX MUHOPOB.

V3 ([7,4.12.4]). x € SMT(n), ecau u moavko ecau cyuecmsyem nooMampuya T iy >

[onmuozkectso SM (n) C SM(n) paccMOTPUM KaK TOMOJIOTHYECKOE IIPOCTPAHCTBO €
UH/TyIIpOBaHHON Tonosorneit. s k = r obosnauenne nabopa J(r) yIpocTuMm /10 CHMBOJIA
J. Jns xkaxgoro J = {ji,...,j,} BBEJUIM IIOJIMHOKECTBO

UJ:{ZL'ESM:_(TL) |£L‘J>O}.
13 ycnosus V3 canenyer, uro {U;} — mokpsiTue Tonosorudeckoro npocrpancrsa SMY (n).

IIpengioxxkenue 2.1. U; — omxpvimoe nodmHosHcecmso, noumu noAHOCMBHIO NOKPHIBAIOULEE



,
Loxasamenvcmeo. 13 onpenenenns ciaeayer, aro detxz; > 0. Jomommenne SMY (n)\U,; co-
crout u3 MaTpuil x > 0, B KOTOPBIX I HOAMaTPHILI £ 7 > (0 He BBITOJIHIETCsT XOTs Obl OTHO
u3 ycjaosuit kpurepusi Cubecrpa. Bee onn xapakrepusytorcs ypasaennem det x; = 0. Ta-
KIM 00pa30M, JONOJIHEHNE — 3aMKHYTOE MOJIMHOYKECTBO MEHBITEH pa3sMepHOCTH. O]

s mutioctpanuu npe/iozkenns 2.1 npuBeaam mpocreiinmuit mpumep. [lomvHoxkecTBO
B SM(2) cummerpuueckux 2 X 2-marpuli panra < 1 ompenensiercst ypaBaerueM f(x) =
T11T99— 25 = 0. 10 Konyc B mpocrpancTe SM(2) ~ R3 ¢ Toueunoit Bepmmnoit = 0. Yeio-
Bue rank(z) = 1 ynansger BepinuHy, npespaiias KOHYC B OTKPBITOE (B HHJLYIIHPOBAHHOI TOIIO-
JIOTMHN) TIOJIMHOXKECTBO U3 JIBYX KOMIIOHEHT CBSI3HOCTH. YCJIOBUE MOJIOKUTEJLHON OIIPe e H-
HOCTH X1 > 0 U, cIleoBaTeIbHO, Tog > 0 (Wi x99 > 0 u, ciaemoBaTesbHO, 11 > 0) BbLIes-
er oxny Kommonenty SM: (2). ITommuoxecrsa Uy u Upgy pasabt SM; (2)\{momyocs s} 1
SM1(2)\{nomyocs 11} coorsercTBeHHO:

I
o

12 =0 T2
T11 = T22 T11 = T22

T22 T11 T22 11

T12

Marpura dkobu (0f /0x;;) = (292, —2x12, 211) umeer ua SM1(2) panr 1.

Beprumest K obmiemy cirydato. 13 ocrpoenus ciaeyer, aro B Marpurie & € U cToa01b!
Tj, ..., T JUHEHHO HE3ABUCHUMBIL, a JOIOIHUTEILHBIE JIMHEHHO BBIPAYKAIOTCS 9€pPe3 Ly, , . . . , Tj, -
CoorsercrBytommue KO3(POUIMEHTE! COCTABIAIT 1 X (n — r)-Marpuiy y = (Yps), 1 < p < 7,
1 < s <n—r. Ecm gepe3 x,7 0003HAUNTH TOJMATPHIYY B T U3 JEMEHTOB, CTOSIINUX Ha
nepecedenusx J-x crpok u J = {1,2,...,n}\J-x cronbros, To y = z;'x,5. B pesynbrare
Kazk1as Marpuiia & € Uy OIHO3HAYHO 3alMCHIBACTCS B OJI0THOM BHJIE

. oy gy
=1\t t )
yrg Yyrgy
r7le 10 YMOTIAHUIO TIOJIPa3yMeBaeTCs, IYTO MOAMaTPUIA X 3aHUMAaeT CBOY MEeCTO Ha ITepece-
YeHnn J-X CTPOK M CTOJIOIOB, X ;Y — COOTBETCTBYIOIIEE MECTO Ha IepecedeHun J-X CTPOK U
J-X cTOoI0NOB, ocTabHbIE OJIOKU PACIOJIATAIOTCS B COOTBETCTBUM ¢ CUMMETPUIHOCTHIO MAT-
PUIIBL.

Bosuukaromiee orobpazkenue p;(x) = (xs,y) ABIgETCS TOMEOMOPGUIMOM MOJAMHOZKE-
crBa Uy na otkpbitoe noamuozxkecrso SM (r) x R"™=") g npocrpancree SM(r) x R7 =),
[omyuaerca arnac u3 C), xkapt (Uy, @) Ha TomosorndeckoM npocrparcrse SMY (n) pasmep-
Hoctu nr —r(r —1)/2. Jlokanpabivu koopauaatamu B Uy (haKTHIECKU SIBIISIIOTCST 9JIEMEHTBI
Tjj,, 1 <k < p <71, MaTpULBL 77, yA0BICTBOPAIONIIE KpUTeprio CuibBecTpa HOJI0MKUTe  b-
HOII OIPEJICTTHHOCTH, U 3JIEMEHTHI Yps MATPHIIBL Y.

6



JI7t XapaKTepUCTUKN TVIAJKOCTH (DYHKIIHH TIePexojia (0@ " JTOKATBHBIX KOODMHAT B
nepecedenusx Uy N Uy BOCIOJIb3yeMCsl IOHATUEM CMeNHCHOT KapT |9, it 3, /b2, m.2|. Kaprer
(Uy,y) u (Uy, @ ) HASBIBAIOTCS CMEKHBIMHU, €CJIHM JIJIS COOTBETCTBYIONNX HAOOpoB J =
{jro-- ey m JJ ={41,...,j.} cymecrByer nosmius | € {1,2,...,r} rakas, 9t0 j; = j;£ 1 u
Jp = Jp 1A p # 1. ZcHo, 9TO CYIECTBYIOT CMeKHBIe I HECMEXKHbIe KapTBl M MTO JIFO0bIE JIBe
KapThl aT/1aca COCIUHAIOTC IeIIOYKOM 13 CMeKHBIX KapT. g n = 5 u r = 3, HaupuMmep, B

cxeme
Uias o Ujga o Uizs o Uz

(@] O (e)
Uiss o Uizs o Usss
O O
Uiss o Us
O
Usus

(o — 3HAK CMEXKHOCTH, CKOOKU U 3alsiThle B Habopax omyiienbl) KapThl Usg u Ulgy CMEIKHBIE
B nosuruu [ = 3, kKapThl Ujgy u Uyzy — B mosuiun | = 2, kKapThl Uyys 1 Usys — B mo3uiun
= 1, KapThbl U123 n Uv1257 U145 n U235 — HeCMezKHbIeC.

IIpengioxkenne 2.2. Kapmw amaaca {(Uy, p)} enadko cozracosarol.

Zoxazameavcmeo. B cuiy nemHoro npasusia npeoOpa3oBaHusd JTOKAJIbHBIX KOOPJIUHAT U Ha-
JIMYHST COEJIMHSTONINX MEMOYeK U3 CMEXKHBIX KapT JIOCTATOTHO ITOKA3aTh IIaJIKOCTh (DYHKITHI
repexoyia @ g o gp}l JIJIs1 cMeXKHBIX KapT. B nepecevennu U; N Uy umeeM JIOKaJIbHBIE KOOP-

JMHaTDbI
Ljijr -+ Ljgr Yin -+ Yin—r
ps(x) = - :
* R Yr1 - Ypp—p
nu
Tijr oo Tig Yoo Yiner
pr(x) = SR :
* s gy y7/"1 te y;n—r

CMeKHOCTH KapT B O3UNuu [ (J1si ONpeIe TMHHOCTH [TOJIOYKUTEJIBHOM) 0O3HAYAET, ITO
/ ¢/ ./ ./ ./ ./ . . . . .
J = (]17 s 7]l—17jl>]l+17 s 7]7") = (]17 sy Ji-1, 01 + 17]l+17 s a]r>~

N3 pasencrsa
zy  xpy Ty xgy
T = = 2.1
lty'%J' tylﬂﬂJ/y' tyl“J tyiUJy ( )
CJIEJIYET, UTO
T = Tj,, p 7é la
Jp Jp (22)

Ty = Tj41 = TjpYig T T+ TG g



rjae 1o HyMmepanuu cTosouos ¢ = j; + 1 — . IIpm stom y;, # 0, Tak Kaxk B IPOTUBHOM
CJIyae HOJTy IaeM JITHEHY 10 3aBUCUMOCTD CTOJOUOB Ly s -+, Tjy_ys Ljfy Ljy s - - - 5 Lj, MATPHUILBL
x € Uy. Bosnee moxpobuo paserncrsa (2.2) o3Hadaior

( _
Ty = Tig, PFELOLSkST
iy = TjpYiqt - T Th5Y + ot T Yrgs
Ty g = TipYgt T T5 gt T TG Yrgs (2.3)
Tj g = ThgnYig T H TGl et T Yrg
iy = TjpYigt - T X550+t TG, Yrgs
_ t
L T = W1+ -2 Yra) T3 " W1gs - - -, Yrg)s

_ 2
Tijr = Ty Yig + 2505 YiqYoq + - -+ 22515, Y1q Yrg

T Ty Yoy + 2Ty Yoq Ysq + - - - 2T ), Yog Urg

2
+ xj’rflj'rfl yrflq + 2Ijrfljr yT—lq y’l‘q
2
+ Ijrjr yrq'
Basucumocts =y = x (2, y) Haiimena. s naxoxaenus byHKnuit y’ (xs,y) BOCIIOJBL-

a2/

=Y
3yeMCsl PABEHCTBAME COOTBETCTBYIONIUX JOMOJHUTEIBHBIX ¢TOI01O0B B (2.1). C yuayrom (2.2)
JJTs TIEPBBIX 3aBUCHMBIX CTOJIOIOB NMEEeM

'
/ ! / / /
TjpYyu+ o T X5 Yt E T kg | Yoy T T Y e T
k=1
=TjYu T+ T Y- T Ty T Yk - T Y

OTkyna n3 JIMHEHHON HE3aBUCUMOCTH CTOJIONOB Zj,, . .., T, CIeJyeT

( / _ —1
Y1 = Yu —YigYnn Yy s

/ _ -1
Y11 = Yi-11 —Y—1qYn1 Yy

Yo = UnYg (2.4)
Yiei1 = Ykl — Yi+1q¥n yl;l,
/ _ -1
\ yrl = Yr1 — yrq Un qu .



AHaJIOruIHBIM 00pa30M paBeHCTBA MOCJIEAYIONINX CTOJIOIOB JAf0T

( / .
Y12 =

/
Yi—12
/
Yo

/
Y12 —

/ —
\ y’/‘2 -

/ _
\ yT‘q o
( /
Y1g+1
/
Yi—1q+1

/
Yig+1

/
Yit1g+1

/
\ Yy q+1

Y12 — Yiq Yi2 yl;l’

Yi-12 — Yi-1q Yi2 yﬁll,
Y12 yz;la (25)
Y1412 = Yi+1q Y12 yfql,

Yr2 = Yrq Y12 Uig

_ —1
- qufl - qu qufl qu )

Y-1q-1—Yi-1q¥Y1q—1 yz;lv
= Yig1 yl‘ql, (2.6)
Yir1g-1 = Yir1qYia-1Yig
—1
Yrqg—1 — YrqYiq—1 qu )
_qu yl_ql7
_yl—lq yl;la
-1
qu ) (27)
Y19 Vg
—1
“Yrq qu )
= Yig+1 — Y1qYig+1 Z/ﬁlla
Y-1q+1 — Yi-1q Yig+1 y;’

= Yigr1 Yy (2.8)

-1
= Yrtig+1 — Yi+1qYq+1 Yyg s

-1
= Yrq+l — YrqYig+1 qu ;



—1
Y1n—r = Yin—r = Y1qYin—1rYyq s

/ . -1
YU1n—r = UY—1n—r —Yi-1qYn—r qu )

yanr = Yin—r yg;la (29)
yf+1 n—r — Y+in—r —Yi+1qYin—r yl;l,
/ _ —1
\ Yrn—r = Yron—r = YrqYin—r qu .

Kax sugnm, dopmysst (2.3)—(2.9) mokaspBaoT TIajKyl0 3aBUCAMOCTD JIOKAJIbHBIX KOODJIU-
HaT B nepecedennu Uy N Uy, O]

CaencrBue 2.3. B nepeceuenuu kapm (Uy, o) w (U, @), cmesrcnvr 6 nosuyuu l, umeem
MECTNO PAGEHCME0
det Ty = yIQq det Zyj.

oxasamenvemeo. B onpenenutene det x; ymuoxkuM [-i cTosber u [-10 CTPOKY Ha Y4

T o TiaYle - Thugy
2 detx; = @i s T 1> Ti:
Yiq J = | TiqnlYq - aaYe - GigrYlg

Ljigr oo TigeYig - Tjegp

[IpubaBum K [-My CTOJIOIY JIMHEHHYIO KOMOUHAIIIO

TjYig+ - T 5  Yi—1q T Tj  Yirrg T - T T5,.YUrg

OCTaJIbHBIX CTOJIOIOB. AHAIOTMYHYIO OIIEPaIldio COBEpPIINM ¢ [-if cTpokoii. Oupeennress He
u3MeHuTCs, a popmysibl (2.3) moKa3bIBAIOT, 9TO TosTydaercs det . 0

CaencrBue 2.4. Axobuar pynrkuut nepexoda @y o go;l 6 KaApmMax, CMENCHHT 6 NO3UUUL
[, pasen (—1)’"/yl7;_r_1, 2de q=7j,+1—1L.

Joxazameavcmeo. JlokanbHbIe KOOPJMHATHI YIOPAJOUNM CJIEIYIOMIM 00Pa3oM
(lejl; Ljijos Ljogas =+ LThrgrs -+ Lirjrs

Yty -5 Urls -3 Yinorr s Yrnor)-

[TocKOIbKY KOOPIMHATHI 3 HE 3aBUCAT OT 7, TO AKOOMAH MMeeT OJIOYHO TPEYrObHBINA BH/
ox g oy’

O&s¥) _ gy 200 oy O

det )
a(xJu y) axJ ay
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[MogcrpauBasics o hopmysist (2.3), TPOU3BEIIM B MATPUIIE X/ OJJHOBPEMEHHO II€PECTAHOB-
Ky [-if cTpoku u [-ro cTosibna Ha nocjiennue Mecta. Marpuiia x j mepexoguT B MaTPUILy

xj{ji ijilel Ijijl/+l e xjij; l‘jijl/

* il Vil o Yiaar Yl

5]’ — * Ce * l'jl/+1jl/+1 Ce :L‘jl/Jrle :Ejl/+1jl/
* e N * xj;.j;. xj;jl’

Awnajiornunyto 3amnuch nosydaer marpunia . Jduddepenupyst paserctsa (2.3), noaydaem

aer ('%Jf
¢ &cJ ¢ al’J

., 0 . . . . 0

* Yy, 0 . . . 0

= ::y;nq—"_l7

* yqg O

2

* qu

371€Ch 1, — eumHUYIHAs MaTpHIla nopsjaka m = r(r — 1)/2.
HenocpencrBenubiv nuddepernnpoBanneM 3asucumocteit (2.4)—(2.9) ybex maemcest, 910
marpuiia dkobu Jy' /Oy umeer cireyroliee CTpOeHNe: MO JTUArOHAJIN CTOAT 1 X T-OJI0KN

1 ...0 = 0 ... 0

oy 0O ... 1 %= 0 ... 0
ks _ -1 _ .
(W)_ 0 ... 0y, 0 ... 0, kp=12,....7, 5#g;

ps 0O ... 0 = 1 ...0

0 0 % 0 1

11



B KOJIMYECTBE N — I — 1 ¥ OAUH HEeHTPaJILHbBIN 0JI0K

1 ... 0 %« 0 ... 0

! 0O ... 1 %= 0 ... 0
(a kq) :_yljll 0O ... 0 yl;l 0 ... 0 ,k,p:1,2,---,7"§ (210)

Ypq 0 0 x 1 0

0O ... 0 = 0 ...1

Yepes IeHTpasIbHBIH 6s10K (2.10) AuaroHa i IpOXOAUT BEPTUKAIBHAS [T0JI0CA U3 ' X 7-OJIO0KOB

*x ... 0«0 ...0
0 oox o ox 0 ..000
8/
<ayks) —1lo 0 % 0, k,p=1,2,...,r, s#gq;
Ypq 0 .0 % % .0
0 ... 0 = 0 ... =

Bce ocrasibhble 610Ku B (0Y'/Oy) HyseBble.
Boruncienue sikobuana det(Qy’ /Jy) HaunHaeTcst ¢ BBITUPKUBAHUSI «[IEHTPATIBHON» CTPO-
, . . . / — 2
ku Jy, /0y, cojepzaieil eMHCTBEHHBIH Heny/eBolt snement 0y, /0y, = —1/y;,, u «uen-
TPABLHOTO» cTO0na OYks/Oylq- [Iponece sakamumpaercs snauenuem (—1)"/yp. H

Cnencrsue 2.5. ['nadkoe mrozoobpasue SM' (n) opuenmupyemo, eciu u mosvko ecaw n—r
HEYYmHoe.

Jloxazamenvcmeo. Ilpu neaqraom n—r 3uak skobuana (—1)"/ yl’;’“l B [I€PECETEHUSIX CMEXK-

HBIX KapT He MeHgeTcs IIPH Iepexojie u3 objacTth ¥y, < 0 B obsacts y, > 0. Ilo nemoukam
CMEXKHBIX KapT 3HAK COXPAHSETCs B IepecevdeHus X MMPOU3BOJIbHBIX KapT. [Ipu aqranom n — r
3HAK MEHSIETCSI. [

3 llnBapuaHTHasi Mepa

I3 3akoHa MHEpIUK KBaJpaTHIHbIX (GOpM ciejyer, uro jeiicrsue z — ‘grg rpynmst GL(n)
Ha mpocrpaHcTBe SM(n) coxpaHsieT PaHIU U MOJOXKUTEJBHYIO MOJIYOIPEIeTIHHOCTb. Tem
caMbIM, Bce MHOroobpasust S MY (n) apnaiorca opburamu jeitctsus rpynnst GL(n).

Hoxrpynma SL(n), 8 ormrane or GL(n), geficrByer Ha Konyce SM (n) He TpaH3uTHB-
Ho. Opburamu siByigroTes nopepxuoct detx = ¢, ¢t > 0. Ognako, misg r = 1,2,...,n — 1
nMeeT MeCTO

IMpennoxxenne 3.1. Mnoeoobpasus SM (n), r = 1,2,...,n — 1, aeasomca opoumamu
deticmeusn epynno, SL(n).

12



Zloxazameavcmeo. g TpaH3UTUBHOTO AEHCTBHUSA T'PYIITHI JOCTATOYHO MOKA3aTh, YTO ITPO-

0 0
[Monmarpuryy x; B x mepectaBuM Ha nepsble Mecta {1,2,...,7r} cTpoK u CTOJGIOB.
Eciu coorBercTBytolas mepectaHoBKa o ddqTHas, 70 0 € SL(n) u mpoMe:KyToIHasl Ie/Ib
toxo € Upy,. ry Mocruriyra. Ecim o — HedqTHas, TO IepecTaHOBKA T CTPOK M CTOJIOIOB
MaTpUIBl £y HA MecTa ¢ HoMepamu {1,2,...,7 — 1,7 + 1} garnag. K 7 crenyer nobaButh
npeobpaszoBanue ¢ Marpureil Beiins [10]

1, 0
U3BOJIbHYIO Marpuily © € SMY (n) MOXKHO IlepeBecTH B MaTpHIly e(r) = ( )

1,.1 0 O 0
0 0 1 0
0 -1 0 0 € SL(n).
0 0 0 1,-,1

[Iycrh Temeph mojMaTpuIiia Ty PACIOIOXKEHa B HMEPBBIX CTpOKax u croJdmax. [lo of-
HO3HAYHOI 3ammcy T; = ‘car ¢ BepxXHeill TpeyroJabHON 7 X r-MaTpureil o oOHapyKuBaeTcst
1peobpa3oBaHme ¢ MaTpUIlEit

a b —yd
g_< 0 5 ), detd = det a,

Takoe, 9T0 ‘grg = e(r). O

ITocraBum Bompoc 06 MHBAPUAHTHOH Mepe Ha OJHOPOJHOM npocrpancrse SMY (n) ¢
rpymmoit SL(n) npeobpazoBanuit & — 'grg. HamomuuMm, 9T0 JIOKAJIHHO KOMIIAKTHAS IPYIIIA
HA3BIBACTCH YHUMOOYAAPHOT, €CJIN JIEBONHBAPUAHTHAA Mepa Xaapa Ha TPYIIEe COBIAIACT C
IPABOMHBAPUAHTHON. DKBUBAJICHTHOE OIPEIEICHAE COCTOUT B TOM, UTO MOOYAAPHAA HYHK-
yus Ag(g) rpynuer G (T.e. HenpepbIBHOe IpejcTaBienne rpymnel G B rpymmy R moso-
JKUTEJILHBIX BEIECTBEHHBIX Ynces1) ToKecTBeHHO pasHa 1 [4]. I[lepBbiM mpumepoM Beerja
caykuT yHIMOMyssipHast rpyrmna GL(n) ¢ mepoit Xaapa dx/|det xz|". KommyratuBhbie u
KOMITAKTHBIE TPYIIIBI YHUMOJLYIAPHBL. 1IpsMoe IpOou3BeIeHre YHIMOLYIAPHBIX IPYII YHH-
MO/LYJIIPHO, HOIYIPSAMOE — HE BCEera. 3aMKHyTas HOpPMAaJbHAS MOArPYIIIIa YHUMOILYJIAPHOI
IPYIIBL YHUMOJYJISIPHA, B YacTHOCTH, Tpyima SL(n) C GL(n) yHuMOIyIsipHA.

IMpennoxenne 3.2. Ha odnopodiom npocmpancmee SMT (n), r=1,2,...,n—1, c epyn-
noti SL(n) npeobpazosanuti x — 'grg cywecmsyem nosoHcumesbHas UH6aPUAHMHAA MEDQ,
COUHCTNBENHAS C MOYHOCTNDBIO D0 NOCMOAHHO20 MHONCUMEN.

Jlokaszameavcmso. Ilycrs O(k) — rpynma oproronaibibix k X k-marpui, M(n, k) — Bek-
TOPHOE IIPOCTPAHCTBO BEIIECTBEHHbIX N X k-MaTpull, CTanpuoHapHas MOArPyIIa OJIHOPOIHOIO
npocrpancrsa (SMY (n), SL(n)) nzomopdua crabummsaTopy

- a 0 aecO(r), ve M(n—r,r),
N v 0 e GL(n—r), detddeta =1

13



toukn e(r). Hemocpeacrsenno mposepsiercst, 910 H SBIISIETCS TOIYTIPAMBIM IIPOU3BEICHAECM

HOJIMPYIIII
1, 0
N_{<7 1n_r>"y€M(n—'r’,r)},

K:{(g g) a € O(r), 66GL(n—r),}

detddeta =1
OTHOCHTEJILHO aBTOMOpdU3Ma ix(n) = i 5(7) = dya~

ToM k € K: 7
1, 0
v las

a 0) (L 0 o 0

0 6 A1, 0 &
(1L 0 1, 0 [ a0 o 0
7 1, ol 1, 0 o 0 ¢ )

0 al 0 a0
i) (0 ) )
O6e noarpymiel yHUMOYIsIpHBL. [lepBast Kak KOMMyTaTHBHAsI, BTOpast KaK 3aMKHYyTasl (BbI-
nensiemas yeaosueM detd - det« = 1) HOpMasbHAsI MOArPYIINA B IPAMOM [POU3BEICHUN
O(r) x GL(n — r) yunmoynsipubix rpymi. Kak ussectro [4, . VII, b2, 1.9, Tpemioxenue
14B)|, B TakOM cirydae MOJLyssipHast (DYHKIW rpynisl H uMeer BHT

! mopmasnsnoit moarpymmst N ssenen-

Q

= |detd|"|deta """ = 1.

Bnauut, noarpynna H yHEMOLy/IspHA 1 UMeeT MecTo coBuajienue Agryy(h) = Ag(h) na H.

[a¥)

ITo xpurepmio [4, ro. VIL, w2, 1.7, Crencrsue 2| Ha oaHoposaoM npocrpancrse SMY (n) =
SL(n)/H cymecrByeT nHBapHAHTHAS [TOJIOKUTEIbHAST MePa, €JUHCTBEHHAS ¢ TOYHOCTHIO /10
[IOCTOSTHHOI'O MHOKUTEJISI. O

NuBapuanTHyO Mepy 0003HAUNM CUMBOJIOM dfi,. ().

IIpennoxenune 3.3. B iokarvnox koopdunamax (xy,y) npoussosvnot xkapmu. (Uy, @)
amaaca mepa di, () umeem 3anucy

n—

i, o 05" (1 5,y) = const (det z ;) s dz y dy, (3.1)
ede

dry = H drj, ;. , dy = deps,
p,Ss

1<p<k<r

a xoHcmarma He 3asucum om J.

Joxazameavcmeo. B cuy pasmepHocTr
dpy 0 05 (27,y) = fi(s,y) de;dy,
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rje mwiotHocTs f; > 0 npexgcrout Haiitu. Ilyers Buavase J = {1,2,...,r}. [logrpynna B
SL(n) marpur
a B aeGL(r), € M(r,n—r),
< 0 9 > " §e€GL(n—r), detddeta =1,

coxpanseT Kapty Uy o, ;1. IIpn sTOM J10KaIbHBIE KOOPAMHATLI IIpeodpasytoTcs 1o (popMy-
JIaM
Ty — 25 ="oxa,

y—=y=a 'ys+alp.

LB
0 1n—r
B CUJIy MHBapUMaHTHOCTU MEPLI II0JIyd9acM PaBEHCTBO

fr@y,y+B)deyd(y+ B) = fi(xs,y) drsdy.

[Ipu npeobpaszoBaHUSIX ¢ MATPUIIEi

[Mockonbky d(y + ) = dy 1y1st iTuTUBHON Mepbl, TO (DYHKIMs f; MOCTOSIHHA 110 apIyMEHTY
y. B pesysibrare

dpy 0 o5 (g, y) = fs(xy) dey dy.
Jajee yuTuM MHBApUAHTHOCTL Mepbl IIPU NPeoOpasoBaHUAX T — 'grg ¢ MaTpuuei g =

a 0 1 .
0 5 | Vmeem pasencrso

fi(tax o) d(taz o) dla " yd) = fi(xs) dxydy.
Vunrbisag G L(r)-unsapuantuyio mepy (det x;)~"*+)/2 dx; na komyce SM: (r), moyuaem

fr(tax a) = |det | " fi ().

B TakoM cilydae OJHO3Ha4YHAs 3allUCh Tj; = ‘G4 TOJIOKUTEILHO OIPEeICTIHHON MaTpHUIlbI
qepe3 BEPXHIO TPEYTOJAbHYIO MATPHILY @ C MOJOXKUTE/IHLHBIMY JITUATOHAJIBHBIMU 3JIEMEHTAMA
ITPUBO/TUT K PABEHCTRY

fJ(l"J) = fJ(taa)
= |detal”"1f;(1,)

= co(detzy)mr=1/2

€ MOJIOKUTEIBHOI KoHcTanToii ¢g = f;(1,). Pasencrso (3.1) mokazano g J = {1,2,...,r}.
C xaproit Uy o, ;3 CMeKHa TOJILKO ojiHa KapTa Uy ¢ Habopom J=A{12...;r—1,r+
1}. Cwmexnocts Habmomaercs B nosurmn [ = r. Tem cambiv, j; = r, ¢ = 1, y,q1 # 0. Io

caeacTBuaM 2.3 u 2.4

(det wJ)n%H — ‘yrlrnﬂﬂ(det mJ/)n%H7
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n—r—1 /
dxydy = |y,m1| dzy dy'.
Buaunt, Ha nepecedernnu Uy N Uy uMeeT MECTO PaBEHCTBO

co(det xj)n7571 drydy = co(det .73]/)”7;71 dxy dy'.

B cuty eHCTBEHHOCTH MepPBI (€ IPUHATON KOHCTAHTOI ¢o) TOJIydaeM 3aluch

n—

co(det ) 5 dx y dy

Mepbl du,.(z) Ha Beeit kKapre Uy. VHIyKIws 10 3BEHbSIM IIEIIOYKH U3 CMEXKHBIX KapT, CO-
emungioneil mepsyio Kapty Uy o . ) € 110000t qpyToii (IIpU UCTIOIH30BAHKHN CJIEJICTBH 2.3 1
2.4), maar okoHYATEIbHBIH pesysbrar (3.1). O

Kak yzxe ormeuasiocs, MHOrooopasus SMY (n) apisiorcs opburaMu JefiCTBIs TPYIIIIBI

GL(n).

IMpennoxxenne 3.4. Uneapuarmnasn mepa dp,(x) na odrnopodnom npocmparcmee (SMY (n), SL(n)),
r=1,2,...,n—1, aeasemcs omHocumesvbro uneapuaHmmot ommuocumenrvio epynnoe GL(n)
mepoti ¢ myavmunaukamopom x(g) = | det g|":

dp,(‘grg) = |det g|" du.(z), g € GL(n). (3.2)

Jloxasamenvcmeo. Marpuny g € GL(n) npeobpasosanus x — ‘grg sanumem B Bujie

det 0
g=s5sq1, s€SL(n), glz( eog >

1nfl

B cuiy SL(n)-uHBApHAHTHOCTH JTOCTATOYHO YCTAHOBUTH PABEHCTBO (3.2) I MATDHIBL g .
[TokazkeM, 4TO B KarKJI0ii KapTe aTjaca IMeeT MeCTO PaBeHCTBO (3.2).

dcno, uro npeobpasosanue T — 'gixg; coxpaHsieT Bce KapThl armiaca. Pukcupyem
kapry (Uy, ;). Ecim j; = 1, To npeobpa3oBanue JIOKAJIbHBIX KOODJMHAT MPOUCKOIUT IO

dopmyaam
t
detg O detg O i
ZEJ—>( 0 1T1>$J( 0 1T1)_OZIJ04,

[To mpemoxkenuto 3.3

dpr 0 05t yo, a7 ty) =

[un

n—r

= ¢o[det(fazya)] 7 d(fax;a)dla'y)

= |detg|"dp, o 3 (zs,9).
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Ecmu j; # 1 nna xkaprer Uy, To moj meiicTBueM mpeoOpasoBaHus ¢ MaTpPUIEH ¢; JIO-
KaJIbHbIE KOOPJIMHATHI U3MEHSIOTCA 110 (hopMyJiaM

Ty — Xy,

N det g 0
Y Y 0 1n—7’—1

HOCKOJIBKY T1 = Zj, Y11 + ... + ;. Yr1 = x5y1 — T1det g = xyy; det g.

B pesynbrate
_ det 0
dpr o3t |2,y g
0 1n—r—1

= | det g|" dp, o 05 (21, 9).

4 OTHOCUTEJIbHO MHBApPUAHTHAS Mepa

Kak yze 3naem, rpymma G L(n) jeiicTByeT TpaH3UTHBHO Ha KaKJ0M MHOroobpasuu S M (n),
BKJIIOUAd cIydail r = n. EcrecTBeHHO BeTauT BOpOoc 06 NHBAPUAHTHON Mepe Ha OJIHOPOJIHOM
npocrpancrse (SM' (n), GL(n)). CrarmonapHast MOArPYIIIa TOYKI e(r) UMeeT BHJ

r{(:9)

Kak CJIeICTBUE I10JIydaeM IIOATBEP2KICHUE Pa3MEPHOCTU

a€O0(r), 6 € GL(n—r) } . (4.1)

v€M(n—rr)

dim SM% (n) = dim (GL(n)/H’)
= nr—r(r—1)/2.

Curyanus ¢ Mepoil pacnaaercst Ha J(Ba cjaydas r =n u r < n.

Hng r = n cranmonapuas noarpymnma (4.1) cosmamaer ¢ O(n). Kak koMmnakTHas oHa
yuumoyspaa. CiiejoBarenbio, Moyispable GyHKImI Agr iy (g) 1 Ag:(h) rpynn GL(n) u
H', 103 1€CTBEHHO paBHbBIE eIMHUIIE, COBIAIAIOT Ha toarpyiie H'. 1o kpureputo [4] Ha ogHO-
posHom npocrpanctee (SM7(n), GL(n)) cymecTByer nHBapHAHTHASA HOJIOKUTEILHAS Mepa
du,(x), eJIMHCTBEHHAs ¢ TOYHOCTBIO JIO IIOCTOAHHOrO MHOKuTesst. Muoroobpasue SM(n)
IIOKPBIBAETCsl OJJHOM KapTOil ¢ KOOPAUHATAMHI 12, (%) = (245), @ < j. YcraHoBieHO (CM.,
Hanpumep, |4, ror. VII, b3, 1.3, TIpumep 8]), uro

dl (z) = (det )~ +D/2 4y

Kak ynomumHa0ch, 9Ta Mepa NPUCYTCTBYET B MHTErpaJie (q)i, f), Re A > —1.
Hnar=1,2,...,n — 1 uMmeer MmecTo
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IMpemoxkenne 4.1. Ha 0dnopodrom mmozoobpazuu SMY(n) cummempuveckus nososcu-
MEABHO NOAYONPEIENYHNLLT T X -Mmampuy, panea T = 1,2, ... .n—1 ¢ epynnot GL(n) npeob-
pazosanuti v — tgrg uneapuanmmoti mepo, ne cyuecmeyem. C mounocmvio 0o nocmosno2o
MHOHCUMENS CYWECMEYEM COUHCMEBEHHAL OMHOCUMEALHO UHBAPUAHMMHAA OMHOCUMENDHO
epynnoe GL(n) wmepa du,.(n) ¢ myavmunaukamopom x(g) = | det g|":

du.(‘gzg) = | det g|" d.(z), g€ GL(n).

Jlokazameavcmeo. Tlpu r < n cranuonapuas noarpyima (4.1), Kak JIErKO IIPOBEPUTD, sIBJIsI-
€TCA IMOJIYIIPAMBIM IIPOU3BCACHUEM IIOATIPYIIIL

N’:{(lvr 1n0_r> ”yEM(n—r,T)},
=15 %)

OTHOCHTEJILHO aBTOMOPGU3MOB ik (n) = ia,6(7) = dya™
BIJIHO, 9TO 00€ HMOArPYIIIbl yHIMOYIapHbL. OHako,

aeO(r), 6 € GL(n — r)}

! nopmasbnoit nmoarpymmsr N/, Oue-

= |detd|"|deta """
= |deth|" #1.
Heobxoumoe 171t HaJInaust MHBAPUAHTHON MepbI YCJIOBUE YHUMO/LYISPHOCTH TOArpy bl H'

He BbInosHgAeTCsA. [losTomy G L(n)-uHBapHAHTHON MEpBI HE CYIIECTBYET.
Ho npeacrasnenne

A (h)
Acrm)(h)
rpynnsl H' B rpymny RY mpojoszkaercs 10 HepephIBHOTO IpejicTaBienus g — | det g|”

rpynmsl GL(n). Cormacuo [4, . VIL, 2, .6, Crencrsue 1] cymectByer yTBepKiaeMast B
npeioxkenun 4.1 OTHOCUTETHLHO MHBAPHAHTHAS MEPA. O

h— = Agi(h) = | det A"

CaencrBue 4.2. C mownocmuio do nocmoannozo muoostcumena mepu dp-(x) u dpl(x) cos-
nadarom (r =1,2,...,n —1).

CoBnajieHne Mep MOXKHO yCTAHOBHUTH, HEIIOCPE/ICTBEHHO BBIIICAB JIOKAJIbHbBIE BbIPaZKe-
Hus Mepbl dy, (), KaK B JIOKA3aTeIbCTBE MPEeIOZKeHns 3.3.

5 3akJIroueHue

B omitmane or (1.2) nporopmupyem mepy dp, (), TT0JI0KUB KOHCTAHTY B paBeHcTBe (3.1) pas-
Hoit eimnuIle. BosHuKaromuit mHTErpas 1o riagkoMy Muoroobpasmio SMY (n), r =1,2,...,n—
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1, BoIUnC/IAETCA 110 (hbopMyJIe

Sy J@ @ = [ ) dnte)

= / fowi (xyy)du o o7 (21,y)
ws(Uy)

n—r—1 ry Xy
(detzs) =+ f ( tyry tyxry > d dy

/SMj‘r(r)XM(T,n—T)
B Jjioboit kapre (Uy, @) ariaca.

Cxomumocts uaTerpana g dyakmun f € S(SM(n)) obHApyKUBAETCS IPH TEPEXOJIE
K KoopJuHaTaMm Ty = ‘aa, rae a € T (1) — BepxHsiad TPeyroJbHasA I X T-MaTPUIA C TTOJOKH-
TeJIbHBIMU JINArOHAJIBHBIMU 3JIEMEHTAMU:

/ £() dyup () =
SMZ.(n)

d ’ taa ‘taz
= 2’”/ | | a;; " < > dzda,
Tr(r)yxM(r;m—r) ‘2a ‘zz

=1

rje u3-3a 610KOB ‘aa n Y2z dynkuua

wmw:f(?mim)

za 2

6eckoneuno juddepeHimpyeMa u ObICTPO YOBIBAET.

Kaxk ormedeno B |2, c. 35, 3ameuanue|, mHTErpas cxouTcs s J0boit dyHkimm f Ha
konyce SM7(n) Takoit, uro dbyukmus ¢ (a) = f(‘aa) Geicrpo yObIBatoIas Ha IPOCTPAHCTBE
BCEX TPEeyTrOJLHBIX MATpHIL B WacTHOCTH, TakoBoil apusgerca dbynkmus f(r) = e @ rue
tr(x) — caen marpunet z. Narerpast

/ e—tr(:c) d,ur(x) _ / e—tr(x) dﬂr(l')
SMY (n) Uy

= / e_tr(x")(det x‘])% dxj/ e~ tr('vzy) dy
x>0 M(r,n—r)
— o / el | Gt / —tr(22) g
Ty (r) i=1 M (r,n—r)

= VA" (/)

[IO3BOJIMJT BBECTH HECTAHIAPTHBI HOPMUDPYIOIIIHA MHOXKHUTETh B paBeHCTBO (1.2).
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