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BBegenue

B macTosmen paboTe pasBHBAIOTCA HEKOTOPHIE ACIEKTHI TEOPUU IIPENIEPEBHEB.
[IpennepeBbs — mupokoe 0600meHMe OOBIYHBIX JepeBbeB. oxBaThIBafomee A-
IepeBbs (B 9aCTHOCTH, R-IepeBbs), IPEBOBUAHBIE TOIMOJOTMYECKHAE IPOCTPAHCTBA
(BKaIIO9AA MEHADPOHBI, TEHAPWUTHI U T.[.), ICEBAOAEPEBbA W PAJ APYTUX KJIACCOB
IPEBOBUIHBLIX CTPYKTYp. llpenmepeBo MOXHO OXapaKTepU30BATH KAK MHOXECTBO
C TEPHAPHBIM OTHOIICHWEM, WHTEPIPETUPYEMBbIM KAaK OTHOIIEHWE ~MEXIy" , y KO-
TOPOro Kaxjoe KOHEYHOe MOAIPOCTPAHCTBO BKIAJBIBACTCA B AepeBo> llpum nTom
OKAa3BIBAETCSA, ITO B JAHHOM CJIy4Iae BIOXMMOCTH BCEX KOHEYHBIX MOANPOCTPAHCTB
rapaHTUPYETCA BIOKAMOCTHIO < 4-TOUEIHBIXS OIAr0fapsa IeMy KIACC IPe/ePEeBbeB
MOXHO 33JaTh C IOMOIIBIO IPOCTOU KOHEIHOU CHCTEMOU akcumoM. llo-Bummmomy,
BIEDPBBIE TPEAAEPEBbS ObLIM ONpeAeneHsbl (moa HamMeHOBaHUWEM ~ cutpoint struc-
tures”) JI. Bopgom B [33]. Tor xe kracc 06BEKTOB BBOAUTCA (B APYTHUX TEPMUHAX,
B PAMKAaX TEOPUM BHIIYKJIbIX CTPYKTYp) B padore II. [liome [12] kax " variety of ar-
borescent convexities”. CyuieCTBEHHOE Pa3BUTHUE TEOPHUA IPEIIEPEBbEB IMIOMYIUIA
B moHorpadusax B.Boyauua [4], C. Agenexe u II. Honmana [1] (8 [1] npegaepesbs
BBICTYNAIOT IOJ TepMUHOM ” B-sets”). 3aBoe€BaBLUIAU HOMYIAPHOCTH TEPMUH ~Ipe/-
nepeso” (" pretree”) BBemen B. Boymmaem.

VmeeTcss HECKOIBKO MOAXOMOB K ONPEIEICHUIO IPENIepeBheB: TepPHAPHBIE
CTPYKTYPbI, Pa3OMeHns, TPOCTPAHCTBA, WHTEPBAJIOB, TEOPUA BBIMYKJIBIX CTPYKTYD
u npo4. Hambomee mmpokoe pacupoCTpaHeHNEe Ha, TEKYIIMA MOMEHT IOy I BhIIIE-
YIOMSAHYTHIU IO X0 C TEPHAPHBIME CTPYKTYpPaMu. B paMKax 5TOro moaxona mpe/-
JIepeBO 3aaeTcsA KaK MHOXecTBO (ckaxeM, 7) ¢ TepHapHbIM oTHOmeHneM S C T3,
YAOBIETBOPSIOMAM CJIEAYIOIIAM AKCHOMAM:

(TO) ecam (z,y,2) €S, TO T # 2,

(T1) ecmu (z,y,2) € S, 10 (2,y,2) € S,

(T2) ecmu (z,y,2) € S, 1o (z,2,y) ¢ S,

(T3) ecm (z,y,2) €S mw#vy, o (x,y,w) €S mwm (w,y,z) €S.

OTHOWenNE S MOHEMAETCA KAK CTPOr0€ OTHONIEHUE TPOMEXYTOTHOCTH, T. €. COOT-

HOwenue (Z,Yy,2) € S CIelyeT UHTEPIPETUPOBATH KAK Y JEKAT CTPOrO MEXAY &

!B maremaruaeckoi mrepaType mos ” 06 THBIME” JepeBbAMIY MOHMMAECTCH, KAK IIPABILIO, OIUH
73 CIeyIOUmMX KIaCCOB O0BEKTOB:

i) ceasubie ognocBasuere CW-kommiekcer pasmeprocTn < 1;

ii) Tak HasbIBaeMble Z-nepeBba (B KaTeCcTBe pebep BBHICTYNAIOT Haphl BEPIIVH);

iii) moxnsre cuvnumuuansable R-nepespsa (1acTo — ¢ pebpaMyr €JUHUTHON [JIVHEL).

B mamnOM cayvae (kak w B GOIBIIMHCTBE CILyIaeB UCIOIb30BAaHUA TepMuHa ’ (00br1HO€E) AepeBo”
B HACTOAEN paboTe) yTBEPKACHAE CIPABENINBO AJIA BCEX DTUX KIACCOB.

23 gech TaKKe aKTyaIbHO 3aMEYaHMe U3 CHOCKM 1.

3Cp. ¢ xapakTepu3aIel KIACCOB METPHIECKIX MPOCTPAHCTB MX TeTHIPEXTOIETHBIMI MOAIPO-
crpancrBamu [14, 1.19].



u 2”. lonaras mas Touek x,y npeaaepesa (7,S)

[z,y] ={t €T : (w,t,y) € S} U{z,y},
MOoxHO nepenucars cucremy akcumom (T0)—(T3) B Buge

A0) [2,9] D {=,y},

Al) [z,y] = [y, z],

A2) ecmn z € [z,ylmy € [x,2], TOY = 2,

(
(
(
(A3

)
)
)
) [z,y] C [z,2] U lzy],

T.€. B TeDMUHAX IPOCTPAHCTB uHTEepBatoB. (Hamomuuwm, uTo npocmparncmeom un-
mepe6aao6 HasbiBaeTCa MHOXKecTBO X ¢ oTobpaxenumem X x X — 2% (z,9) — [z,y],
obrazaromum coucrsamu (A0) u (Al).)

Onve 13 AThTEPHATUBHBIX MOAXOA0B K TEOPUU MPENIEPEBBEB AT TEOPUA BhI-
OYKJIBIX CTPYKTYp (9Ta Teopus mpeacrasieHa, Hanpumep, B [28, 30]). B pamxax
TEOPUM BBHIMYKJILIX CTPYKTYP BHIMIEYIOMAHYTHIA MPUEM C MEPEXOAOM OT KJIACCA
IPOCTPAHCTB K H0IEe MUPOKOMY KJIACCY TPOCTPAHCTE C TEMU XK€ KOHETHBIMU ITO/I-
MPOCTPAHCTBAME, UTO M UCXOMHBIA KIACC, UCIOAB30BaI P.J. [lxemucon-Bamxmguep,
oupegensis MH02000pa3us BHIIYKIBIX cTPYKTYp B [18]. MHOroo6pasue BbIILyKIbIX
CTPYKTYp, TIOPOXJEHHOE JepeBbAMHA. paccMaTpuBaerca B pabore II. [lome [12].
MoxHO 1mOKa3aTb, ITO 3TO MHOr00Opa3ume DKBUBAJICHTHO KIACCY IPEIIePEBLEB:
AMEETCA €CTECTBEHHOE B3AaMMHO OJHO3HATHOE COOTBETCTBUE MEXY SJIeMEHTAMU
»TOr0 MHOroo6pasmsa m npegaepesbavu. (Hackorbko MHE M3BECTHO, HE OKa3a-
TEIbCTB DTOU HKBUBAJICHTHOCTHU, HU €€ YIOMWHAHUU B JUTEPATYype HE UMEeTCH.
B macTosmen pabore (HaKT SKBUBAJCHTHOCTH He AOKa3biBaeTca.) OrTmerwm, 9To
7 B KJIACCE TEePHAPHBIX CTPYKTYP, U B KJIACCE MPOCTPAHCTB MHTEPBAJIOB IIOAKIACC
IpeePeBbeB ABIACTCA KOHEURO Oa3upyembim (€ro MOKHO 3aJaTh IOCPEICTBOM KO-
HEYHOrO CIMCKA, 3AIPEMEHHBIX MOAIPOCTPAHCTB), B TO BPEMA KAK DKBUBAJEHTHOE
KJIACCY TpelIepeBbeB MHOT00Opa3ne BHIMTYKIOCTEeN KOHETHO GAa3UPYEeMBIM B KIACCe
BCEX BBIIIYKJBLIX CTPYKTYP yXe He saBisgeTcai. B paboTe MbI KOCHEMCA CBA3U IIPE-
IePeBbEB C TEOPHUEN BHIMYKJIOCTH, JAB CEPUI0 AKCMOMATUYICCKUX XAPAKTEPU3AAN
NpenepeBbeB B TEPMUHAX BBINYKIBIX CTPYKTYp. OKa3bIBA€TCA, K NPUMEPY, UTO
MpeIePeBbI — DTO TO XKE CaAMOe, UTO KO2EPEHMHbLE GHMUMAMPOUIbL, YI064EMBO-
parowue nepeoti axcuome omaoesumocmy (AMEeTCA B BUAY OTAEIMMOCTDH B CMBICIE
BBIILYKJIBIX CTPYKTYD).

SHAYMTENBHYI0 9aCTh HACTOAIEN PpabOThHI 3aHMMAET pa3paboTKa HAIPABICHUA,
CBA3aHHOT'O C OJHOU 3aMEeYATEJLHOU TOIIOJOTHEN, KOTOPas MHOMOKPATHO ONMCHLIBA-
JACH IS PA3IMIHBIX KJIACCOB MPEBOBUIHBIX 00BeKTOB. Ha mpenmepese sTa TOMO-
JIOTUA TOPOXK AAECTCA MHOXKECTBAMY BUIA,

{r €T :ré¢|xt]}, raner,teT, r#t,

*Cm. crocky 1.



KOTOPBIE MBI HA3BIBAEM GEMBAMYU (A WX TOTOJHEHU — MEHAMU). Y APEBOBUIHBIX
TOMOJNOTMYECKUX HPOCTPAHCTB (CM. ompenenenue B pasgere 1.2(3)), mampumep —
y 00braabix CW-nepesbes (T. e. cBa3Hbx 0gHOCBA3HBIX CW-KOMILIEKCOB pazmMepHO-
cru < 1) u R-nepeBbeB, BETBE — 5TO KOMIOHEHTHI CBA3HOCTH [IOJMHOXECTB BHA
T ~A{r}, r € T, Tak 9T0 B CIydIae APEBOBUIHBIX IPOCTPAHCTB 6A30U YKA3BAHHOU TO-
MOJIOTUH CIyXAT KOMIIOHEHTHI CBA3BHOCTH TpocTpaHcTs Buga 7 N\ F, rune FF C T —
KOHEYIHO.

Y BBLIMIEOMUCAHHOW TOIOJOTHYA HE HUMEETCSA YCTOABIIETOCS HA3BAHMWA. Tak,
JI. Bopp [33], ompegenss ee mias obmwero ciaydas mpejaepeBa, UCIOIb3YeT TePMUHBL
augmented cutpoint topology u augmented nodal topology. B npemmuecTByromen pa-
6oTe [32] Ty XKe TOIOIOTrHIO B CIy4Yae APEBOBUAHBIX IPOCTPAHCTB Bopa o603HaMaeT
gepe3 0. Y B.Boyauua [4] ara Tonosorus maswBaerca nopadkosot (order topol-
ogy). II. nems Apn u 2K.-I1. [Ipuy [16], Bcaex 3a H. Monogom u U. lamomom [22],
ONMCHIBAIOT BAPUAHT TOU K€ TOMOJOTHY [JIA CIy9Ias MPOCTPAHCTBA, ABJAIOIMETOCT
oObeIUHEHNEM [epeBa W ero KOHIOB, CCHLIAACH IPHU 3TOM HA HEe KaK Ha mono-
ao2uto mewnet wim menesyro (shadow topology). . Pasp u M. xoucon [13] uc-
HOIB3YIOT TEPMUH caabas monoaozus (weak topology). T.Kynbya, A.Xwmmon u
M. JIroctur [11] OOUCEIBAIOT TOHOZOIMIO A CIydasd R-JepeBbeB M HA3BIBAIOT €€
monosozuet; nabaodameaneti (observers’ topology), mpunuceBasg u306peTEeHNE HTOrO
repmuna B. 2Kupapgeno. B mHekoTopbix crydasx (cM., sHanpumep, II. [Tanacoray u
9. Csercon [29, 25]) 5Ty TOMOIOIWIO NPUBIEKAIOT, HE NaBas €l Ha3BaHUiI. B Mo-
sHorpaduu 1. Hukuena [24] pogcTBeHHAs TOMONOrUWA Ha MCEBAOJEPEBLAX, 3AHUMAL
OEHTPATHHOE MECTO, TAKXKe He MOIyUaeT HAa3BaHUA X 0O03HATAETCA depe3 T’g. Ha
MPECTABIIONNX IPEBOBUIHEBIE TPOCTPAHCTBA MCEB NOAEPEBbAX NMHTEPECYIOIAA HAC
TOMOJOTUA COBIAIAELT ¢ monoaoauet Joycona. B HacTosamen pabore ucnonb3yercs
TEePMUH MONOA02US MeEHET.

% TOIONOrWA TEHEeH COLEPKUTCA B

Herpyauo nokasaTb, 9T0 Ha OOBIYHOM JePEBE
CTaHIAPTHOU, COBIAAAIA C HEH B TOM M TOJIHKO TOM CIydae, KOTAa MepeBO JOKATILHO
koneuno. Ha R-gepese Tomomorusi TeHEU COAEPRKUTCA B TOIOJIOTUU METPUKH, CO-
BIAJAA C HEW TOTJA W TOJBKO TOrA, KOTJa METPUUIECKOe MOMOTHeHme R-nepesa
JOKAJTbHO KOMIIAKTHO B TOIOJOTMYM METPUKH. BooOIe, y BCAKOTO JAPEBOBUIHOIO
POCTPAHCTBA, TOMOJOT A TEHEU CONEPKUTCI B MCXOIHOU, a Y NEHIPOHA — COBIA-
maeT ¢ Hew (cMm. pasgen 6.2(3)). IIpum sTom, xak mokasano B [32, Teopemsr 20,21],
epexo/| K TONOJOI'MY TEHEH MPEBPAIIALT JI000€e IPEBOBUIHOE IPOCTPAHCTBO B pe-
CYJSAPHOE JOKAJILHO CBA3HOE U AYTOOOPA3HO CBA3HOE APEBOBUIHOE MPOCTPAHCTBO.

Baxwnas maa npunoxenuin 0COOEHHOCTH TOIQJIOTUU TEHEW COCTOUT B TOM, 4UTO,
MOTIOJMHUB ITPOU3BOIBHOE MPE[ IEPEBO OMPEIeIeHHBIM 00pa30M, MBI MOLYIaeM MPe/-
IEPEBO C KOMITAKTHOU TOIIOJOIMEN TEHEU. JTO CBOMCTBO OKA3bIBAETCA IOJE3HBIM, B
YACTHOCTH, TIPYU U3YIEHAU AEUCTBUU T'PYIII HA NPEBOBUIHLIX CTPYKTypax. Hampu-
Mep, B cIydae OOBITHOrO mepesBa 1’ B KadeCTBE TAKOT'O ' KOMIAKTHOI'O MOIIOTHEHU
BeicTynaer obwvenuuenue 1" U Ends(T"), rae Ends(T) — npocrpancTso xorunos. Ha
T U Ends(T') mMmeercs ecTecTBeHHAsA CTPYKTYpPA IPEIIePeBa, W TOIOJIOTUA TEHEH

*Cwm. cHOCKy 1.



DTOrO mpefAepeBa KOMIAKTHA, KakoBO Obl Hu Obuio 1. (CramgapTHas TOmoIo-
rus, paccMaTpuBaeMas oObIMHO Ha oObeguuenuu 1T U Ends(T'), koMmakTHa TOrga
U TOIBKO Toraa, korga 1 mokanbHO koHewHO. Tomomorums temen ma 17" U Ends(7')
COIEPKUTCA B CTAHAAPTHOU, COBIALASA C HEU B CIydae JOKAILHO KOHeIHOro 1'.)

OpHa U3 menel HACTOAILIEW pabOThl COCTOUT B AOKA3ATEALCTBE PALA TEOPEM
0 6a30BBIX CBOMCTBAX TONONOTMM TEHEH (OTAEIMMOCTH, KOMIAKTHOCTH X T.IL.) B
o01EeM cirydae MPOU3BOIBLHOTO MPEAEPEBa. DTU TEOPEMbI OIU3KU K PE3yabTaTaM
paboTsl [24]. B psjge BaXHBIX YACTHBIX CIYYaeB Pe3yJAbTATHI, OTHOCAIMECT K Oa-
30BBIM CBOMCTBAM TOIOJOIMU TEHEH, NOKAa3bIBAITCA Takxke B [4, 11, 13, 22, 23, 25,
26, 32, 33].

CrpykTrypa pa6orel. B §l npusegeHbl CTaHAAPTHBIE AKCMOMATUKU TEOPUU
MpeIIePeBbeB U MOKA3ATEIbCTBA UX DKBUBAJCHTHOCTH, AAHBLI IPUMEPHI U HEKOTO-
pBIE CBOUCTBA, MPE[ IEPEBLEB.

B §2 m3yvaroTcs CBOMCTBA BBIMYKJIBIX MOAMHOXECTB MPE]AePeBa, UCCICTYETCA
CBA3b TEOPUU MPENIEPEBBEB ¢ TEOPUEH BHIMYKIBIX CTPYKTYP.

B §3 m3ywaroTcsa cBOUCTBA JIMHEMHBIX MMOMHOXECTB MPENAepeBa, Mpe/aepeBbs
paccMaTpUBAIOTCA B KOHTEKCTE Oosee 0OIIUX IPOCTPAHCTB UHTEPBAJIOB.

B §4 ompeneneHbl HEKOTOPBIE KIACCHL IIPE IePEBLEB.

B §5 BBOAATCA MOHATHA BETBEU M TEHEU IIPEIAEPEBa, U3YIaI0TCI UX CBOUCTBA
(OHE HCHOIB3YIOTCA B NOKA3aTEILCTBAX CBOUCTB TomoJormu TeHen). Taxxe B §5
[IPEACTABICHO AIbTEPHATUBHOE OIPEJENCHUE IIPE/EePEBbEB Y€Pe3 CUCTEMBI Pa3ou-
eHUN.

B §6 mpuBeneno onpenenenne TOMOJOTUA TEHEH W MJOKA3AH PAJ €€ CBOUCTB.

§7 MOCBAIIEH CBOMCTBAM OTAEIUMOCTH TOIOJOTMU TEHEH.

B §8 moxasbiBaeTCsA KpUTEPUU KOMIAKTHOCTHU TOMOJIOTMYA TEHEH.

B 89 mokaswiBaeTcsa, 9TO TONOJOIMA TEHEU CEKBEHIMAJILHO KOMIIAKTHA, TOTAa U
TOJBKO TOTA, KOTA OHA CIETHO KOMITAKTHA.

B §10 moxaswiBaeTCsa psan yTBEPXKACHUN O METPU3YEMOCTHU TOIOJOTUU TEHEN.

B §11 maercsa ompemeneHme IMPOCTPAHCTBA KOHIOB IMpENIePeBa, OMUCHLIBAETCS
NPOJOIKEHNE CTPYKTYPBI IPEAAEPEBA HA MHOXECTBO €r0 KOHIOB, JOKA3BIBAETCA
PAM YTBEPK JEHUNA O CBOMCTBAX TOIOJOTMA TEHEU Ha, ~IOIMOJHEHHOM  IIPEaepeBe.

B §12 06cyx garorcs CBOMCTBaA, TOMOJIOTUM TEHEW Ha 0OBIMHOM Z-nepeBe u 00b-
eIMHEHNN Z-1epeBa ¢ MHOXECTBOM €r'0 KOHIIOB.

1 IlpexaepeBbsa

B macrosmem maparpadge OpUBOAATCA OIMPEAEICHA, IIPUMEPLI 1 HEKOTOPHLIE CBOU-
CTBa MpenaepeBbeB. Kak OTMEYeHO BO BBEIEHUHU, MMEETCA HECKOJBLKO IMOAXO0I0B
K OIpefeNeHnio MpenaepeBbes. B 3ToM maparpade mpeacTaBlIeHbl CTAaHIAPTHBIE
AKCHMOMATHUYIeCKHEe CIIOCOOBI 3aJaHUA IIPEeIIePEeBbEeB: B TEPMHUHAX TEPHAPHBIX OT-
HOLIEHUU M MHTEPBAJOB. B KadecTBe CTApTOBOrO MBI 0€pEM OIpee]eHUE depe3



CTPOroe OTHOUIEHUE MPOMEXYTOIHOCTH, — TAKOU BAPUAHT AKCUOMATHUKU HA, TEKY-
WA MOMEHT AOMUHUPYeT B auTeparype. CiaeoM IPUBOIUTCI CUCTEMA AKCAOM JIJIA
HECTPOrOU MPOMEXYTOYHOCTHU. 3ATEM MBI IEPEXOAUM K ONUCAHUIO 9€Pe3 CUCTEMBI
”3aMKHYTHIX HHTEPBaJIOB”. TepMUHOIOI M MHTEPBAJIOB UCIOIL3YETCA HA IIPOTAKE-
HUM BCell PabOTHI B KAYEeCTBE OCHOBHOU. B §§2 u 5 mpeacTaBaeHb HOBBIE (HACKOIBKO
MHE M3BECTHO) CHCTEMbI aKCHOM [UIsi TEOPUU NPEIIePEBbEB, OCHOBBIBAIOIINECA HA
BBIIYKJIBIX MHOXECTBAX U HA, pa3OMEHUIX, COOTBETCTBEHHO.

1.1. Omnpepgenenne. (IlepBas cucrema akcumoM.) TeprapHbimy OMHOWEHU-
Amy (W MEPHAPHBIMY CMPYKMYPaMU) HA MHOKECTBE X HA3BIBAIOTCA IOAMHOXE-
CTBa

RcX?*=XxX x X.

Crenys [33], mb1 Oyaem, kak npasuiao, nucatb Rryz Bmecto (z,y,z) € R.
IIpeddepesom HABBIBAETCA MHOXECTBO 7 ¢ TepHAPHBIM OTHOmeHHEM S C 73,
YAOBIETBOPAIOIIAM CJIETYIOIAM AKCAOMAM:

(T0) ecan Szyz, To x # 2,

(T1

T1) ecau Szyz, To Szyz,
(T2) ecan Szyz, o (z,2,y) ¢ S,
T3)

(T3) ecm Szyz mw w # y, To Sryw wm Swyz.

OrHomenre S MOHUMAETCSA KAK CTPOTOE OTHOIIEHNE MTPOMEXYTOTHOCTH, T. €. COOT-
Homenue STYz CIeAyeT MHTEPIPETUPOBATD KaK Y JEXUAT CTPOrO MEXIY & u z2”.

1.2. Ilpumepsr. 1. O6bruHbIe AepeBba (CM. CHOCKY 1) ¢ OOBIMHBIM OTHOLICHUEM
IPOMEXYTOTHOCTH.

2. R-gepeBbs u, 6onee o610, A-nepesbsa (ompegeneHus AaHbI, HaIpuMep, B [8]).

3. [lpeBoBUAHBIE TPOCTPAHCTBA (BKIIOYAA ACHADPOHBL U T. II.).

Apesosudubim npocmpancmeom HA3BIBAIOT CBA3HOE TOIOJOTMIECKOE IIPOCTPAH-
CTBO, B KOTOPOM JIOOBIE IBE PA3IUTIHBIE TOYKM Pa3/eIeHbl TPEThEe (TOBOPAT, 9TO
TOUKa ¢ € D TOmomorunieckoro nmpocrpaucTsa D pasdessem Touku a,b € D, ecan
npocrpauctso D \ {c} npeacraBumo B Buae AU3BIOHKTHON CyMMBI IBYX OTKDPBITBIX
muoxecTB A u B, raea € Au b € B)® Herpyauo y6equTses, 9TO BCe APEBOBHIHBIE
MPOCTPAHCTBA XaYCAOP(POBHL.

®Touka ¢ € D Tomomormieckoro mpocTpancTsa D paszmerser Touxu a,b € D Torga u TOTBKO
TOrga, Korja a u b 1exaT B PasHBIX KBa3WKOMIOHeHTax npocrparcrBa D \ {c}. Hanomuuwm, uTo
K6a3UuKOMNOKERMOT (CBAZHOCTU) TOYKA TOMOJIOTAIECKOI0 IPOCTPAHCTBA HA3bIBAETCS IIEpeCeIeHne
BCEX COMEPKAIIIX €€ OTKPBITO-3aMKHY ThIX HOAMHOXeCTB. (KBa3MKOMIOHEHTHI 3aMKHYTHI 1 pa36m-
BAIOT IPOCTPAHCTBO. KoMmoHeHTa (CBABHOCTH) TOYKM CONEPKUTCA B €€ KBA3UKOMIIOHEeHTe. Ecam
D — npeBoBuaHOE IPOCTPAHCTBO U ¢ € D, TO KoMnoHeHTH pocTparcTea D \ {c} coBmagator c
€ro KBa3UKOMIIOHEHTAaMH (3TO crefyeT, HampuMmep, u3 [26, Teopema 4] win [32, reopema 19]).

3agada. fIBrseTcs @ APEBUBHAHBIM CBI3HOE IPOCTPAHCTBO E, B KOTOpOM A1a MIOOBIX ABYX
To1ek a,b € E mangerca Touka ¢ € E Taxad, 9TO a u b 1exXaT B Pa3HBIX KOMIOHEHTAX MHOXECTBA
E~ {c}?



Aendponamu Ha3BIBAIOT KOMITAKTHBIE APEBOBUIHBIE TPOCTPAHCTBA.

Aendpumamu HA3BIBAIOT METPU3YEMBIE NEHIPOHBL.

4. Jlroboe mogMHOXECTBO MPEAEePEBa, ABIIETCI IPEIIePEBOM.

Boo6me roBops, IpuBefeHHbIE IPUMEPHI UCYEPIBIBAIOT IIEPETIEHD, MOCKOIbKY
KaxJ0€ IPEeAepeBo BKIaAbBaeTca B HeKoTopoe A-xepeso (cm. [4] u [9]). Ormernm
TakXe, 9TO KaX/[0e IpPeIepeBO BKIAJLIBAETCA B HEKOTODHIM AEHADPOH (CM. Teo-
pemy 7.3).

5. Beakoe quMHETHO yMOpAZOYEHHOE MHOXECTBO C MOPATKOBHIM OTHOIIEHHEM
IPOMEXYTOIHOCTHU ABIAECTCA MPEAEPEBOM.

6. Bcsakoe MHOXECTBO C IyCTBHIM TE€PHAPHBIM OTHOIICHUEM SBIACTCI IPEeIaepe-
BOM.

7. Ilcesdodepesom HA3BIBAETCA IACTUYIHO yIOPAAOUeHHOE MHOXECTBO (P, <), B
KOTOpPOM Kaxjgoe um3 moaMuHoxecTs Buga | p := {t € P : t < p}, p € P, aunenso
ynopsagoaeno. Hngumnymom inf{z,y} snementos x,y € P Ha3zbBAIOT HAMOOMLIIUN
sremeHT MHOXKecTBa (] 2) N (|y) (B cayvae, ecim TakoBou cymecrsyer). [laa Todek
x,y ncesgonepesa (P, <) o6osmauum uepes V'(z,y) muOXECTBO Tex z € P, mua
KOTOPBIX BBIMOJHAETCA POBHO ONHO M3 COOTHOWIEHWM z < T W 2z < ¥, W MOJOXHUM
V(z,y) := V'(z,y) Uinf{z,y}. Toraa TeprapHoe oTHOmEHUE S, ONPEIEIAEMOE
IPaBUIOM

Sabc < b e V(a,c),

oupegenser Ha P crpykrypy npesaepesa. (Cm. Takxe obcyxaenue B [4, crp. 25).)
8. Baxubii npumep: o0bequHEHNE BCAKOTO AepeBa (6omee 00mo, npegaepesa) ¢
IPOCTPAHCTBOM €r'0 KOHIIOB €CTECTBEHHBIM 00pa3oM CHAGKEHO CTPYKTYPOHU Mpes-
mepesa (cm. §11 u Teopemy 11.3).
9. Caeayroumu npumep B3AT u3 [33].

1.3. IIpeanoxenme. IIycmv T — c643H0€ MON0AORUUECKOE NPOCTPAIHCNEO
(svinoanenus axcuom omodeaumocmu ne mpebyemcs). Onpedeaum wa T mepruaproe
ommowenuve S C T3, nosaeas Szyz 6 cayuae, Ko2da x u z pazdesenvt MOUKOT Y
(m. e. aexcam 6 paswuvir xeasukomnowenmar npocmparwcmea T ~ {y}). Toeda S
ydosaemsopsem axcuomam (T0)—(T3), m. e. asasemes cmpyxmypoti npeddepesa.

Proof. Bemoarumocts akcuom (T0), (T1) u (T3) oueBupna us ompeneneHus 0OTHO-
wenna S. [lna nposepku BumoaaUMOCTE akcuoMbl (T2) mpeanonoxum, 9T0 HAR-
nyrea z,y,z € T takue, aro Szyz u Szzy. YcmoBue STyz MO ONPEIEICHUAIO O3HA-
gqaeT, 9T0 npocrpanctso 1"\ {y} pasbuBaerca HA NBA OTKPBITO-3AMKHYTBIX MHO-
xectBa A 3 x u B 3 z. Yciosue Szzy osmadaer, aro T ~\ {z} pasbusaercs Ha
IBa OTKPBITO-3aMKHYTHIX MHOXeCTBA P 5 u Q 3 y. [lockonpky A u B OTKPBHITEHL
BT~ {y},aPuQ@ —8T {z}, Hall{yTCA IeTHIPE MHOKECTBA

A e{A,Auiyl}, B'e{B,BU{y}},
Pre{pP,PU{z}}, Q€{QQU{yl}
oTKpbITHIE B T'. IIpu 5TOM IO TOCTPOEHUIO UMEEM
reA Fz, ¢ B >z
reP Fy, z¢Q >uy.

(1)



Us (1) u (2) cregyer, aro
ANP =AnP u B'UQ =BuUQ.

ITomoxum

R=ANP =AnP u S:=B'UQ =BuUqQ.

MuoxectBo R HemycTo (HOCKOIBKY CONEpXKUT &) u OTKpHITO B T (Gyay4u mepece-
germeM OTKpHITHIX A’ u P'). MuoxecTBo S Takxe HemycTo u OTKpeiTo B T (Gyayam
o6bemuEeHneM OTKpHITHX B’ 1 Q)'). [Ipu sToM

RNnS = (AnP)Nn(BUQR) C (ANnB)U(PNQ) = o,
", IOCKOIbKY B 3 z 1 () 3 v,
RUS = (AnP)U(BUQ) = T.

Jro 03HaIaeT, 9T0 R 1 S — cOOCTBEHHBIE OTKPLITO-3aMKHY ThIe IO AMHOXecTBa B T,
ITO HECBO3MOXHO B CUIYy €r0o CBA3HOCTH. HOJIy“IeHHoe IIPOTUBOPEIUE YKA3BIBACT HA
BBIIOAHUMOCTE akcuoMbl (T2). [Ipenmoxenue mokasaHo. O

1.4. 3agaga. CoxpaHUT JU CIPABEIIUBOCTD IpeNIOKeHue 1.3, ecaIu BMECTO KBa-
BUKOMIIOHEHT CBA3HOCTHU PACCMATPUBATH KOMIIOHEHTHI?

Eme OMYH UCTOYTHUK IIPUMEPOB IIPpEAAE€PEBEEB BOSHUKACT U3 CJACAYIOIIErO IIOHA-
THUA.

1.5. /[dpeBoBuauble HAGOPbI pa3bueHun. Pa3buenuem MHOXECTBA Ha3bIBa-
€TCs COBOKYIHOCTD €r'0 HeIIYCTHIX MOIAPHO HENepeCeKAIOUIMXCA IO AMHOXECTB (dae-
MENMOE8 Pa3OMeHns) KOTOPBIE MOKPHIBAIOT BCE MHOXECTBO. Pasbuenue mpueu-
@4bHO, eCIU COCTOUT W3 ONHOTO dJIeMeHTa. Habop Z HeTpUBHAILHBIX pa3OueHun
MHOXecTBa X HA30BeM Jpe6o8udHbiM, €CIU ¥ BCAKOU TMAPHI (, £ PA3IUTHBIX pa3Ou-
eHUU W3 Z HaMAyTCA daeMeHTH (¢ € ( m {¢ € { Takme, aro (¢ U & = X. flcno,
qr0 ycaosume (¢ U & = X 3agaeT aaeMeHTH (¢ € ( u & € ¢ ofHO3HAMHO (A7
HETPUBUAILHBIX HECOBIAAAIOIMX pa3omenui (, £).

1.6. IIpeanoxenune. Ilycmy Z — dpesosudubiti HaOOP HEMPUBUAALHOIL PA3OUE-
nuti nexomopozo muorcecmea X . Onpedeaum na Z mepuapruoe omuowenue S C Z3,
noaazas Safiy 6 cayuae, woeda o # B # v u Bo # By. To2da S ydosaemsopsem
axcuomam (T0)—(T3), m. e. onpedeasem wa Z cmpyxmypy npeddepesa.

Proof. Axcuomsr (T0) u (T1) BemonmaiorTcsa, Tak Kak u3 [, # [, cregyer, 4To
a #yu fy # Bo. IT06B IPOBEPUTH BHIIOIHEMOCTE aKcuoMel (T2), npeamomoxmm,
aro Saffy u Sayf mis HEKOTOPHIX @, 3,7 € Z. ITO B CUILY ONPENEICHUs 03HAIAET,
aTo @ # B F ¥ F @, Ba F By U Yo V5, T-€. BuNPBy =T uyaNys = J. Ograko us
a # B # v # a B cuiy OPEANoNaraeMou APEBOBUIHOCTY HAOOPa Z 10 OIPEIeJeHUI0
BBITEKAET, ITO

agU By =y Uys =ay U7y, =X, (3)
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B CIIy 9ero u3 ycnoBua (3, N B, = & moxydaem, 9T0

Ba Cyg ®m ,BVCCYB, (4)

a U3 yCIOBUA Yo Y3 = & BBITEKAET, ITO

Ya CBy 1 Y8 C ay. (5)

3 mmetomuxca coorromennu 3, C ag, ¥8 C ay 1 8, Uys = X B CHIy HETPUBHAAIL-
HOCTHU Pa3bMeHusA (v CIeAyeT, ITO (g # (., U, 3HAUAT, ag N (y = &, 9TO B cu1y (3)
oaeT

ag C Y 1 @y C fa. (6)
U3 (4)-(6) crexyer, aT0

O‘ﬂ:')/a:ﬁ'y n O‘vzﬁa:')/ﬂu (7)

oTKyga B cury (3) moaydaem, 9ro o = 8 = «y. IIporuBopeune.
Akcrmoma (T3) Beimonuaercs, Tak Kak u3 o # [y cregyer, 9o au6o fo # B,

6o Bs # B. O

1.7. 3amevanme. Ilycte X — MHOXecTBO, Z — HEKOTODBIM HAOOp ero pastm-
eannt. Ilycrs X/Z — pasbuenue muOXecTBa X, mopoxgeHHoe HAGOpoM Z (TOUKHU
z,y € X xexar B OJHOM U TOM Xe dIeMeHTe pa3bueHus X/Z eciwm U TOIBKO €CIu
B Habope Z He mmeeTcs pa3bueHws, y KOTOPOrO TOYKH I U Y JEXKAT B PA3HBIX
saremeHTax). Ecaum mabop Z apesosupgen, To Ha mHOXecrBe Z U (X/Z) umeercs
€CTEeCTBeHHAA CTPYKTYpa IperIepeBa, ABIAIIIAIACA PACHIIPEHUEM CTPYKTYPHI U3
npemiaoxenus 1.6.

1.8. 3ameuamme. Cusurumable HaGopwul. Hab6op P IOAMHOXECTB MHO-
XKecTBa X HA3BIBAETCA CUBU2UTHBIM, €COU, KAKOBLI Obl HM OBLIM IIOAMHOXECTBA
A, B € P, BHIIOIHAETCA OJHO U3 CIACAYIOIMNAX COOTHOIICHUN:

ANB=@, AUB=X, ACB, ADB.

[Mycre P — cusuruiiaeii Ha0Op MOAMHOXECTB MHOXECTBA X, BKIHOYAMOIIIN
XO0TA GBI OHO COOCTBEHHOE IIOAMHOXECTBO U3 X, a Zp — HaO0Op pa3OMeHn MHOXe-
crBa X, 0OPA30BAHHBIA BCEMU TEMU [ABYXJJIEMEHTHLIME Pa3OmeHmaAMu, y (Kaxaoro
u3) KOTOPBIX XOTsA ObI OAWH U3 dneMeHToB BxoauT B P. Torma, oueBmano, Zp ape-
BOBUIEH.

OTMeTuM, 9TO COBOKYIHOCTD DIEMEHTOB Pa30UeHUN BCAKOTO AIPEBOBUIHOTO HA-
0opa pa30ONeHn ABIACTCA CA3UTUIHON.

1.9. 3ameuanme. HerpuBmasbHOMY OpennepeBy MOXHO IMOCTABATH B COOTBET-
CTBME HEKOTOPBIE NPEBOBUAHBIE HAOOPHI pa3buenuu. B §5 omucwiBaeTcsa orseda-
I0LAsg OpefJepeBy CUCTEMaA Y34068biz pazbueruti (CTPYKTYpa IpeiaepeBa HA DTOU
cucreme m30MOphHA UCXOAHOMY Tpeaaepesy). Kpome Toro, npenaepeBy cooTBeT-
CTBYeT IPEBOBUIHAA CHCTEMA NBYXDJIEMEHTHLIX pa3OueHunl, o0pa3oBaHHaa pa3bue-
HUAMY, COCTOAIIUME U3 6emeéeli IpeqaepeBa U ux AononrHeHur — menetd (M. §5).

11



1.10. Bropas cucrema akcmoMm. B pabore [1] B-mmooxcecmso oupegensercs
KaK MHOXecTBO 7 ¢ TepHAPHBIM oTHOmIeHHeM S C 73, yIOBICTBOPAIONIAM CICAYIO-
M aKCHOMaM:

(B1) (Sabc) = (Scba),
(B2) (Sabe) A (Sach) < b=c,
(B3) (Sabc) = (Sabd) V (Sdbc).

Coorromenune Sabc uaTepnpeTupyercsa Kak ”b 1exuT (HeCTpOro) Mexnay a u c”.
[ Tpow3BOABHOTO MHOXECTBA X IONOXUM

Dx :={(z,y,2) € X’ : (x =y) V (y = 2)}. (8)

3aMeTum, 49TO Kaxgasd CTPyKTypa B-muoxecTBa Ha MHOXecTBe X comepxut Dy
(B cmry axcmombr (B2)), B To Bpemsa Kak HEH OJHA CTPYKTypa Ipennepesa Ha X
He nepecekaerca ¢ Dy (cTpykTypa mpeggepesa He COAEPKUT TPOeK Buna (,y,y)
B cury (T2), mosTomy He cogepxkuT u Tpoek Buga (z,z,y) — B cury (T1)).

1.11. Teopema. Kaxo80 6bi Hu 6bli0 mHoHcecmBo X, dHAOMOPPUIM MEPHAPHBIL
empyrmyp na X, nepesodawuti cmpysmypy S C X3 6 cmpyxmypy S U Dx, yema-
HABAUBAEM B3AUMHO 00HOZHAUHOE COOMBEMCMBUE MEHCIY CMPYKMypamu npedde-
pesves u cmpyxmypamu B-mmnoxncecms na X.

Proof. Ilns mokasaTeabCTBA TEOPEMBI JOCTATOYHO IPOBEPUTD, ITO:

1) Ecim crpykrypa S C X? yposrersopser axcuomam (T0)—(T3), To crpykrypa
S U Dx yposrersopsier akcuomam (B1)—(B3).

2) Ecim crpykrypa S C X2 yaosrersopsaer akcmomam (B1)-(B3), To maigercs
ynosaersopsiomas akcuomam (T0)—(T3) crpyxrypa S C X3 raxas, aro S = SUD .

3) Ecm ynosreropstomue akcuomam (T0)-(T3) crpyxrypsr Si, Sy C X3 pas-
warcsa, To S1 UDx # SsU Dy

B yrBepxpaenun 1 BreimomrmmocTb Kaxzgoun u3 akcuom (B1)-(B3) maa crpyk-
Typsl SUDx yCTaHABIMBAETCA NMPOCTOU MPAMOU poBepkou. Hanpumep, npoBepka
BBIIOJIHUMOCTH akcuoMbl (B3) Beirasgur caepyrommm obpasom. Ilycrs (a,b,c) €
SUDy =: 8'; ecim Sabe, To coornomenue (S'abd) V (S'dbc) Bemonnserca no ax-
cuome (T2); ecu Dxabe, To coorromenue (S'abd) V (S'dbc) BrmonnseTcs, Tak Kak
Dx cormacHO CBOEMY ONPENEICHUIO ABIAETCA CTPYKTYpou B-MmHOXECTBA.

[las MOKa3aTeaBCTBA YyTBEPKACHUA 2) JOCTATOTHO 3AMETUTH, ITO €CJIU ScXx?
yaosrersopser akcmomam (B1)—(B3), To S \ Dx yaosrersopser akcmomam (T0)-
(T3).

YrBepxaeHue 3) ciegyeT W3 TOro, ITO (KaK pasbACHAETCS mepex (popmyid-
poBkou Teopembl 1.11) mum Sj, am Sy He nepecekatorca ¢ Dy, a B oTOM ciaydae
mepaBeHCTBO 81 U Dx # So U Dx paBHOCWIBLHO HEPABEHCTBY S1 # So. O
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1.12. WurepBaabl. Tperba cucrema akcmoM. Bsegem ob6osmadenus. [lus
TOYeK z,y B mpexazaepese (7,S) momoxum

(x,y) : ={t € T : Szty},
[xvy] = <$7y> U {xvy}v (9)
[z,y) : = (y, 2] := [z, 9] ~ {y}-

Ormernm, uro [z,2) = &. Muoxecrsa Buga [z,y], [z,y), (y,z] u (x,y) Gygem

HA3BIBATH UMMEPSalamy. VIHTEpBAIBI BUAA [T,Yy]| HA3BIBAIOTCI 3AMKHYMbIMU UH-
mMepe6aiamy.

1.13. Jlemma. B npeddepese T das arobviz mouek a,b,c € T BbiNOAHAIOMCA
caedyuue COOMHOULEHUN:

(AO0) [a,b] D {a,b},

(A1) [a,b] = [b,a],

(A2) ecau c € [a,b] ub € [a,c], mob=c,
(A3)

A3) [a,b] C [a,c] U c,b].

Jlemma 1.13 BeiTekaeT u3 caenyiomern TeopeMbl 1.14, yTBepXK 1ai0Men, M0 CyTH,
4qT0 Habop coorHomernnn (AQ)—(A3) MOXeT CIyXHUTh CHCTEMOU AKCHOM I T€OPUH
npexngepesbeB. B Teopeme 1.14 ucnons3yercs HOHATHE CUCMEMbl IOAMHOXKECTB;
uHAeKCHpOoBaHHYO cuctemy { X, };c; mogmuoxecTs X; MHOXeCTBA X MBI HHTEpIIpe-
TupyeM Kak orobpaxenme | — 2%

1.14. Teopema. Conocmagaenue npeddepesy cucmembt €20 3AMKHYMBIL UH-
mepeanos 3adaem 63aUMHO 00HOZHAUHOE COOMBEMCMEUE MENCIY Npediepesbami
u memu cucmemany 6uda {[a,bl}qpcx, cocmosuumu u3 NOOMHONCECTE TO20 UAU
uno2o muosxcecmsa X, xomopuvie obaadatom ceoticmeamu (A0)—(A3).

Proof. Ilycte & — npom3BOIBHOE TEPHAPHOE OTHOIIEHUE HA HEKOTOPOM MHOXE-
cree X. Ilomoxum

E!ZSUDX,

rge Dx onpegeneno B (8). Ilomoxum, kpome TOro,
[z,y] .= {t € X : Szty} U{z,y},
kak B (9). B cuiy Takux ompemeneHuN mOIydaeM, ITO
[z,y] := {t € X : Sxty},
TAaK 9TO COOTHOMmMEHNE Sabc PKBUBAIEHTHO cOOTHOmEHHO b € [a, ¢, T.e.

S ={(a,b,c) € X : b € [a, ]}
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Herpyauo Buaers, uro cucrema akcuom (A0)-(A3) mpeacrasaser cob6or HE 9TO
MHOE, KAK PEe3yabTaT [EePeBOJA BhHINICNPHUBEIeHHON cucTeMbl akcuoMm (B1)—(B3)
¢ mbika o6osHavenus Sabc ma A3ek o6o3Hawenus b € [a,c] (mpamas m o6par-
Hasg uMImKanuy akcuoMsl (B2) mpexgcrasiaensr akcuomamu (A2) u (Al), coorset-
CTBEHHO), a NOKa3biBaeMaa Teopema 1.14 aBasercs npamon nepedopmyImpOBKON
Teopemsr 1.11. ]

1.15. 3ameuanme. B imreparype cucrema axcuom (A0)-(A3) Bcrpedaercsa c
pasnamaabiME MogudukanuaMu. Hanpumep (cm. [6]), sKBUBaIEHTHYIO cucTeMy ax-
cuoM faeT 3aMeHa akcmoMb! (A0) cooTHOmeHIEM

(A3) la,a] = {a}.

CooTHomenue (A%) cregyer u3 akcuombl (AQ), mafomwen Bkiaodenue a € [a,a],
akcmoMbl (A2), B cmiy KOTOpOU cooTHOUIeHUE b € [a,a] BiedeT paBeHCTBO b = a
(Tax kak a € [a,b] mo (A0)). Akcmoma (A0) BeBognTca w3 (A3), (A3) u (Al) Tax
KaK [a,a] C [a,b] U[b,a] mo (A3).

1.16. Jlemma. B npeddepege dasn a06biz mouek a,b, c,d, Tz sbinoansomes caedy-
wwue ceotcmaea:

(Ad) ecau b € [a,c], mo [a,b] C [a,c].

(A5) ecau b € [a,c] uc€ [a,d], moce[bd.

(A6) ecau b € [a,c], mo [a,b] N [b,c] = {b}.

(A7) ecau b € [a,c], mo [a,b] U [b,c] = [a,c].

(A8) ecau b€ [a,d], c € [b,d] ub+#c, mo {b,c} C [a,d).
(A9) ecau b € [a,c], mo [z,a] N[z, c] C [z,b].

Proof. (A8) Ilockonsky b € [a,c], w npu sToMm [a,c] C [a,d] U [¢,d] mo (A3), To
BBIIIOIHAETCA XOTs ObI 04HO U3 BKIOYeHUn b € [a,d] u b € [c,d]. Ilockoasky ¢ € [b, d]
ub#c, tobd¢cd Bcuny (A2). Cregosarensho, b € [a,d]. Bxmogenue ¢ € [a, d]
noxy4daem, npuMenus (Al).

(A5) B cayuae, korga b = ¢, TpebyeMoe BKIIOUEHUE BBINOJIHACTCA B CUILY aK-
cuomer (A0). Ilycrs b # c¢. Torga ms ycaoBus b € [a,c| B cuny (A2) BeITekaer,
qaro ¢ ¢ [a,b]. Ycaosus ¢ € [a,d] u ¢ ¢ [a,b] B cuny (A3) mator ¢ € [b,d], 4To u
TpebyeTcs.

(A4) Ilycrs x € [a,b]. Y3 ycaoBun b € [a,c] u z € [a,b] B cury (AD) cregyer, 4ro
be z,c. Ecm z # b, To ycnoBus x € [a,b] u b € [z, ] BiekyT BkIOYeHuE T € [a, C|
B cuny (A8). Eciu z = b, To Bkmodenue z € [a,c| cregyer us ycaosus b € [a,c].
Urak, BKIOYeHNE T € [a, ¢| BHIIOIHAETCA JI4 BCeX T € [a, b].

(A7) IIo akcuome (A3) mbr umeeMm [a,c] C [a,b] U [b,c]. Bxuaouenune [a,c] D
[a,b] U [b,c] cnegyer u3 (A4) u (Al).
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(A9) ycrs p € [z,a]N[z,c]. Tak xak b € [a, ¢|, Mbt umeem b € [p,a] miu b € [p, ]
B cuity (A3). Ecim b € [p,a], To p € [z,b] B cury (A5) Tak Kak p € [r,a|. Ecan
b€ [p,c], To p € [x,b] B cuny (AD) Tak kax p € [z, c].

(A6) Caenyer us (A9) npu z := b B cuny (A3), (AO) u (Al). O

1.17. 3ameuanne. Ilockonbky npumenenne akcuoMm (AO) u (Al) nocrarodno ode-
BU/HO, B JAIbHENIIEM MBI, KaK IIPABWIO, Oy/€M OIyCKATh UX YyIIOMUHAHWE (CIELys
B 5TOM npakTuke [1, 4]).

1.18. Jlemma. B npeddepese dasa a100uixz mouex a,b, x,y, 2z 8bINOAHAOMCSA Caedy-
wwue ceotcmaea:

(1) ecau {z,y} C [a,b], mo [z,y] C [a,].
(2) ecau {z,y} C [a,b], mo (z € [a,y]) V (y € [a,z]).

Proof. (1) U3 ycaoBus {z,y} C [a,b] B cury (AT) cregyer, aro y € |[a,z] win
y € [z,b]. llpu y € [a,z] B cuny (A4) noxyqaem [z,y]| C [a,z] C [a,b], npu y € [z, b]
to xe (A4) maer [z,y] C [z,b] C [a,b)].

(2) U3 ycaosusa {z,y} C [a,b] B cuny (A7) caegyer, uro y € [a,z] wmn y € [z, b],
u 9ro = € [a,y] wm = € [y,b]. CregoBarensbHo, ecau Obl HU OJHO U3 BKIIOUCHUN
x € [a,y] u y € [a,x] HE BEIDOMHANOCH, MBI ONY4MIn ObL, 9TO Yy € [x,b] u = € [y, b],
orkyga £ =y B cuny (A2) u (z € [a,y]) A (y € [a,z]) B cuny (AO). O

1.19. 3ameuanme. Ecam orobpaxenme T : X x X — 2% ma mmoxecrse X
obnazxaer ceoucrBamu (A0) u (Al) (upu [z,y] := Z(x,y)), To mapy (X,Z) HaseBaroT
npocmpancmeom uwmepsaos (cm., Hampumep, [30]).

[IpocTparcTBa HHTEPBAJIOB, O6JIATAONINE CBOMCTBAMMA (A%), (A4) u (AD), usy-
qaauch OTAeAbHO (cM., Hanpumep, [30, 1,§4], [17] [19], [10]). Caenys [30], 6y gem Has3bI-
BATh TAKWE IPOCTPAHCTBA MHTEPBAIOB 2eomempuueckumy. (HeTpyano Bugers, 910
BO BCEX MeOMETPUYIECKUX HPOCTPAHCTBAX MHTEPBAJIOB BHIIOMHAIOTCA TAKXKe CBOU-
crBa (A2) u (A6).) Ilpemmepesbs ABAAIOTCA, TaKuM 00PA30M, F€OMETPUIECKAME
[IPOCTPAHCTBAMU MHTEPBAJIOB.

leomerpuyeckne IpOCTPAHCTBA MHTEPBAJIOB IPEACTABIAIOT CAMOCTOATEILHBIN
UHTEPEC — B OIPENeJeHHOM CMBICIE, OHEM ~0600IIAI0T ¢ JOCTATOYHO XOPOLIEH CTe-
IICHBIO HPHGJIH)KQHI/IH” OTHOHICHU IIPOMEXYTOTIHOCTHY, BOSHUKAIOIINE HA METpU'e-
CKHX MPOCTPAHCTBAX. IJTO OOBACHAETCA ClepytommM obpaszom. [locTaBum B cOOT-
BETCTBUE MPOU3BOJBHOMY MeTpPUIecKoMy mpocrpancTBy (M, p) mpocTpancTBO MH-
repsanos (M,I,), momraras

Zy(a,b) = {z € X : p(a,z) + p(z,b) = p(a,b)}. (10)

[Ipocrpancreo uaTepBanos (X,7) HazoBeM Mempusayembim, ecau HAa X HAUAETCA
Merpuka p takad, 410 I = Z,. Ilycre Ep(M) — kmacc, 06pa3OBAHHBIA TeMH
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IPOCTPAHCTBAMU MHTEPBAJIOB, Y KOTOPBIX BC€ KOHCYIHBIC IIOAIIDOCTPAHCTBA METPU-
3yeMsl, a &;(M) — KIacc Tex HPOCTPAHCTB, Yy KOTOPBIX METPHU3YEMBI BCE MOJ-
npocrpancTBa, momuoctn < k. Kumace &p(M) (B ormmame oT npemgepeBnes) He
ABIAETCA KOHEYHO 6A3MPyeMbIM (ero HEBO3MOXKHO 3a1aTh MOCPEACTBOM KOHEIHOIO
CIIUCKA 3alpPEEeHHbIX TOANPOCTPAHCTB) U HE coBmagaer ¢ &;(M) Hm npum ka-
kom k € N (cm. [19], nokasaremscrso’ m. (v) ocroBHOE Teopemsr). Kaace &(M)
COBIIAIa€T ¢ KAACCOM BCEX MPOCTPAHCTB mHTEpBanoB. Kaacc &3(M) cosnagaer ¢
KIACCOM IIPOCTPAHCTB MHTEPBAIOB, obmagaromux csouctsoM (A2). Kmace &3(M)
COBIAJAET C KIACCOM FeOMETPUYIECKUX NPOCTPAHCTB MHTEpBAIOB. OTMeTHM, 4TO
EA(M) = (M) # (M) (om. [10]).

Kax ormedeHo Bbime, B JIO60M METPUYECKOM HIPOCTPAHCTBE MIA CTPYKTYPHI
uarepsanos (10) mapany ¢ akcmomamu (AO) u (Al) Bemomnserca axcmoma (A2), a
Takxe cBoiicTsa (A%), (A4), (A5), (A6). HeTpyaHo IPOBEPUTE, ITO B Feofe3nte-
CKMX METPUYECKUX HPOCTPAHCTBAX, Yy KOTOPHIX JIOOBIE ABE TOYKH MOXHO CO€IU-
HUTH €IWHCTBEHHOU I'€0/Ie3MYeCKON, BBHINOIHACTCA CBOUCTBO (AT), a B reoxesmde-
CKHX IDPOCTPAaHCTBAX HeHOJIO)KHTeJIBHOfI KPUBU3HBI BBIIIOJIHACTCA K TOMY XK€ CBOﬁ-
crBo (A8). Csoucrso (A9) (koTOpoe B OTIHYIME OT OCTAIBHBIX BHINIEIPUBEJEHHBIX
CBOUCTB KacaeTCs MATEPOK To4ek) BuinoaaseTcs He Bo Bcex CAT(0) npocrpancrsax
(KOHTpIpUMED: TPOUKA CKICCHHBIX KPAAMU IOLYIIOCKOCTEN).

2 Brinykible IOAMHOX€ECTBA

B macrosamem naparpade 00CyXKIaeTCsa CBA3b MPEAAEPEBBEB C Meopuet 8binykao-
cmu (cM., Hanpumep, [18, 28, 30]), BBOAUTCA HOHATHE 6bINYKA020 NOIMHOHCECTNEA
B IIPEIEPEBE U TOKA3BIBAETCA PAJ CBABAHHBIX C DTUM HOHATHUEM yTBEPXKICHUM.

B reopuu BeimykaocTu Ha60p C MOAMHOXKECTB MHOXECTBA X HA3BIBAETCA CINPYkK-
mypoti BLINYKALIL MHONCECTNE WU BLINYKAOCMbIO, €CIU OH OOIAMACT CJIELyOUAMA
coucTBamu (cM., Hanpumep, [30]):

(CO) mycroe muOXECTBO M MHOXECTBO X aexar B C,
(C1) mepeceuennme mo6oro mabopa maoxects u3 C aexut B C,

(C2) obbenuneHue JH060r0 IUHEUHO YIOPALOUYCHHOrO MO BKIIOYEHUIO HAOOPa MHO-
xectB u3 C gexur B C.

Ecnn C — Boimykaocts ma muoxectBe X u A C X, To mepecedeHune BCeX MHOXKECTB
u3 C, comepxamux A, HA3BIBACTCA 8bINYK.A0T 06040uk0otl MHOXecTBA A M 0603HA-
qaercsa 1epes hull(A) := hullg(A4). Us (C1) caexyer, aro hull(A4) € C.

UmeeTcst ecTeCTBEHHAS CBA3L MEXY BLINYKJILIMA CTPYKTYPAMHI W TIPOCTPAH-
cTBaMu MHTEPBANOB (CM. ompegenenue B pasgene 1.19). Kak merpyano Buaers,

B dopMyIax YKa3aHHOI'O JOKa3aTeJbCTBA MMEIOTCA OIeIaTKN, OJHAKO KOPPEKTHbIe 3HATCHUA
MOXKHO BOCCTAHOBUTH U3 KOHTEKCTA.
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KakKOBO ObI Hu ObLIo mpocrpascTso maTepsatos® (X,Z), mabop Cz C 2%, obpaso-
BAHHBIM BCEMH TeMH HoaMHoxecTBaMu DD € 2% KOTOpEIe ¢ KaxIo# mapod TOdYeK
x,y € D conepxar m Bech mHTepBaa Z(r,y), 3amaer Ha X BBIIYKIyI0 CTPYK-
typy. C apyrou croponsl, B mpomssoabHOU Beimykiaoctu (X,C) orobGpaxkeHue
Te : X x X — 2%, 3agasaemoe mpasmiom Z¢(a,b) := hulle{a, b}, onpegerser ma
X CTPYKTYypy NpOCTPAHCTBA MHTEPBAJIOB.

Jlerko npoBepuTh, 4TO BhImeonucanubie orobpaxenus Z — Cz u C — Zp mexay
KJIACCOM MPOCTPAHCTB WHTEPBAJOB M KJIACCOM BBIMYKJIOCTEH HE ABIAIOTCA HU UHD-
eKTUBHBIMU, HU CIOPBEKTUBHBIMU. OTHAKO MOXHO MOKA3aThb, ITO CYXEHUA DTUX
oTobpaxeHun Ha 00pas3bl ” MBOUCTBEHHBIX yXKe ABIAITCA B3AUMHO OOpATHBIMU Ou-
eKIUAMHA, & CYy3UB OMUCAHHBIE OTOOPAKEHUA NAJTee — HA KJIACC BBIMYKIBIX CTPYKTYP
c wucaom Kapameodopu <2 m COOTBETCTBYIOIINT KAACC IIPOCTPAHCTB MHTEPBAIOB —
MBI [OLYYUM B3aUMHO 00paTHbIE (YHKTOPHL (II0 OTHOIIEHUIO K COOTBETCTBYIOLIMM
KaTeropusaM, B KaIeCTBe MOpCpI/IBMOB B KOTODPBIX BBICTYIIAIOT BJIO}KeHI/If{).

B wacTHOCTH, cyx)enuwe orobpaxenus I +— (C7 Ha TpennepeBbsi WHBEKTUBHO,
a B kommnosunuu ¢ orobpaxenmem C +— Zg maeT TOXAECTBEHHOE OTOOPaXKEHWE
(Teopema 2.2), Tak UTO IpPEIIEPEBbsi MOXHO PACCMATPUBATH KAaK OIpPeJeJeHHBIN
KJIaCC BbIHyKJIOCTeI‘/JI. BOOGIHG roBOpA, KaK yX€ OTMEYaJOCh BO BBCACHUU, MOXHO
MOKA3aTh, ITO KJIACC BBITYKJIOCTEH, COOTBETCTBYIOIUN TP IePEBbAM, COBIALAET C
BBeJIeHHBIM B [12] mHozoo6pasuem dpesosuduuir suinykiocmet, OMHAKO TOKA3ATEMb-
CTBO DTOU DKBUBAJCHTHOCTY BBIXOAWT 33 PaMKM HACTOAmen paborel. (B macros-
men pabore ykasaHHBIU (HAKT HE UCHONb3yeTcA.) B Huxecregyomen Teopeme 2.2
[NAHA AKCMOMATUIECKAA XaPAKTEPU3ANNAA KJAACCA, BBITYKIOCTEN, COOTBETCTBYIOIIETO
npenaepeBbaM (cM. Takxke Teopemy 2.6).

B panbmenmiem wmzaoxeHun Mbl OygeM, B OCHOBHOM, O0palaTbCA C TpeIaepe-
BbAMHI KaK C IPOCTPAHCTBAMU MHTEPBAIOB M ommparhes Ha cBoucTBa (A0)—(A3),
HasbiBasg ux ~akcuomamu”. Cucremsr akcuom (T0)—(T3) u (B1)-(B3) Gyayr uc-
MOJB30BATHCA JUIIH U3PEIKA.

2.1. Ompepgeaenne. Ilogmuoxectso C npexgepeBa 7 HA3BIBACTCA BbINYKALIM,
ecmn® [z,y] C C pusa seex z,y € C.

2.2. Teopema. Conocmasaenue npeddepesy wabopa 8Cer €20 BLINYKALIE NOOMHO-
Hcecms 3a0aem 63aUMHO 00HOZHAUHOE COOMBEMCMEUE MEHCOY npeddepesbami, U
memu nabopamu A C 2% nodmmosrcecms mozo uau urnozo muoxcecmea X, womo-
pvie 00460a10Mm CAeOYIOUWUMY CEOTLCMEaMU:

(A0) nycmoe mmoxcecmeo u muoxcecmeo X aexcam 6 A,
(A1) nepeceuenue arobozo nabopa mmuoxcecms uz A aexrcum 8 A,

(A2) ob6vedunenue 06020 nabopa muoxrcecms u3 A, uMeOUWUT 06WYIO MOUKY, Ae-
acum 6 A,

8Cm. onpegerenue B pasgene 1.19.
®O6osnatenue [z,y] cm. B mw. 1.12.
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(A3) ecau a,b,c € X, mo 6 A natidemcs saemenm, codeprcawuti mowky ¢ U poHo
00ny mouky u3 muoxcecnsa {b,c}.

Huvimu caosamu, sepro caedyowee:

1) Cosokynmwocmv A 8uinykavix MHOACECME NPOU3BOALHO20 npeddepesa 06.4a-
daem ceoticmsamu (A0)—(A3).

2) Beawuii nabop A C 2% nodmmosncecme npouzsoavrozo muoxrcecmea X, obaa-
darwwuti ceoticmeamu (A0)—(A3), asasemca coBOKYNHOCMbBIO BLINYKABIT N00-
MHOKHCECTNB HeKomopo2o npeddepesa wa X .

3) Cmpyrxmypa npoussoabnozo npeddepesa 00HO3HAUHO BOCCMAKAEAUELEMCA TO
COBOKYNHOCU €20 BHINYKALIY NOOMHONCECTNE.

Proof. [lns noka3aTenrbCTBa TEOPEMBI JOCTATOTHO JOKA3ATh €€ yTBepXK aeHua 1)-3).

1) IIycte A — COBOKYIHOCTH BCEX BBIIYKIBIX MHOXECTB HEKOTOPOI'O MpEe-
pesa 7. To, uro A obranaer csoucrBamu (A0Q) u (Al), cregyer HemocpencTBEHHO
U3 OIpeJeNeHns BHILYKIOro noaMHoxecTsa (onpegererue 2.1). IIposepum Bbimom-
HUMOCTD CBOUCTBA (A2). Ecau U ecth 00bequHEHNE HEKOTOPOr0 HAOOPA MHOXKECTB
m3 A ¢ obmen Toukon x € 7T, TO nua dAoOBIX Y,z € U BBIMOIHAIOTCA BKIIOYCHUA
[z,y] C U un [z,z] C U, orkyaa B cury akcuomsr (A3) caeayer, uro [y,z] C U.
CrenoBarensuo, U € A. Ilepengem x nposepke cBouctsa (A3). Ilycrs a,b,c € 7.
B cayuae b = ¢ maoxecTBo {b, ¢} COCTOUT U3 OFHOrO >IEMEHTaA, TAK ITO TpeGoBa-
Huio u3 cBoucTBa (A3) ymoBaersopser Beimykiaoe moxectBo 7 € A. Ecm b # c,
To B cuity akcuoM (A2) u (AQ) xors OBl OZWH W3 HHTEPBAIOB [a,c| u [a,b] ”conep-
XKUT TOYKY ¢ W POBHO OJHY TOUKy u3 MHOXecTBa {b,c}’. Tem cambpim A o0aa-
gaeT cBoucTBOM (A3), HOCKONBKY (3aMKHYTBIE) MHTEPBAJLL IPE/AePeBa BHILYKIIbL
(memma 1.18).

2) Ilycrs mabop A C 2% mogmHOXecTB HekOTOpOro MHOXecTBa X 06IagaeT
ceorctBamu (A0)—(A3). Omumem va X CTPyKTYpy Ipeaepesa, COBOKYTHOCTD BbI-
YKIBIX MHOXECTB KOTOporo Oyaer coBmagarh ¢ A. [aa todek a,b € X o6o-
3Ha4YMM depes [a,b]a mepecedeHme Bcex TeX MHOXKeCTB u3 A, KOTOPbHIE COAEpPKAT
muOXKecTBO {a,b}. IlokaxeM, aTo cucrema {[a, b }q pcx YAOBIETBOPAET aKCHOMAM
(A0)—(A3).

Axcuomer (AO) u (Al) BBIIOTHAIOTCS 1O HOCTPOEHUIO.

(A2) Ilycrb a,b,c € X. Ecau b # ¢, To B cuny (A3) B A mangercs snmemenT D
TAaKOM, 9TO BBINOJHAETCS aub0o coorHomenue {a,b} C D # ¢ (B arom ciaydae ¢ ¢
[a,b]a), mmbo coorHomenue {a,c} C D # b (B aTom caydae b ¢ [a,c]a). DTO
HOKa3biBaeT, 9T0 (A2) BBIIOIHAETC.

(A3) Ilyctb a,b,c € X. OrMeTuM, 9TO, CONIACHO ONPEIEICHUIO, BHIIOIHIAIOTCS
BKaAO9eHUs [a,cla D {a,c} u [¢,b]a D {c, b} (uEBIME CrOBaMM, KaK yXe OTMEIEHO
BbIlIe, BeImONHAETCA akcuoma (Al)). Uz (Al) mo mocrpoenuio ciepyer, 4To [a, c|a
u [c,b]a aexar B A. Iockoasky ¢ € [a,c]a N, bla, no ceorcTBy (A2) morydaem,
q10 [a,c]a Ule,bla € A. Orcioga, nockoasky [a, c]a U [¢,b]a D {a, b}, moxygaem,
470 [a,b|a C [a,c]a Ulc, bla.
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Nrak, cucrema {[a,b|a }qpex yaoBreTBopseT akcmomam (A0)—(A3), a aro B cuy
reopemsl 1.14 o3ragaer, 4ro {[a,b|A }opcx ABIAETCA CHCTEMOM MHTEPBAIOB HEKO-
Toporo npenaepesa Ha X . O603Ha4YMM >TO npenaepeBo yepe3 XA U HOKAXKEM, 9TO
COBOKYIIHOCTD €r'0 BBHIMYKJBIX IOAMHOXECTB coBmagaeT ¢ A. [[eMCTBUTEILHO, eCIn
D € A, ro gnsa Beex z,y € D MHOXeCTBO [z, Y] A 10 nocTpoeHuto aexur B D, Tak 9T0
D Bemykio B XaA. O6paTtHo, mycTh C' — BBIIYKJIOE IOAMHOXECTBO IpenaepeBa XA .
Ecm C = &, To C € A nmo akcmome (A0). B caywae, korga C # &, aasa xaxmgon
rouky ¢ € C B cuny (A0) u ompegeneHus BBIIYKIOrO MOIMHOXECTBA (Ompesnere-
uue 2.1) umeer mecro pasercTBo C = Uyec[x,y] A. 3aMeTHuM, ITO BCE MHTEPBAILI
Habopa {[z,y]a : y € C} mexar B A (mo akcuome (Al)) u umeroT 061y TOUKY T
(mo akcuome (A0)), orkyaa o akcuome (A2) noxyaaem, aro C = {J, o[z, yla € A.
YrBepxaeHue 2) m0Ka3aHo.

[last moKa3aTerbCTBa yTBEPKICHUA 3) AOCTATOYHO 3aMETUTh, UTO A JTIOOOU
naper a,b Tovek mpegmepesa 7 mepecedeHUE BCEX BBIMYKJIBIX MOAMHOXECTB B 7,
COIepXKAIMX MHOXECTBO {a, b}, COBIaZaeT ¢ HHTEPBAIOM [a, b] (OCKOIBKY Kaxgoe
BBIILYKJIO€ MHOXECTBO, COAepxKaiee ¢ u b, COLepXUT u uHTEpBal [a,b], a cam uH-
TepBal [a,b] ABIAETCA BBIMYKJIBIM MHOXecTBOM 1o demme 1.18). Taxum o6pasowm,
COBOKYITHOCTB BCE€X BBINYKJIBIX IOAMHOXECTB IPEIAePEBa OMHO3HATHO OIpenendeT
CHCTEMY €ro 3aMKHYTBIX MHTEPBAJIOB, KOTOpad mo TeopeMe 1.14 0THO3HAYHO Ompe-

IerdeT CTPYKTYPY Ipelaepesa.
YrBepxaerue 3), a BMECTE C HUM U TEOPEMa, TOKA3AHBL. U

2.3. 3ameduanme. Boobme rosops, akcuoma (A0) BoBogmTca u3 akcmoMm (Al)
u (A2).

2.4. 3ameduanme. OrTmeTuM, 9YTO NpuU yBeaudeHur HaOOPa, 00IATAIOMWErO CBOU-
crBoM (A3), 5TO CBOMCTBO COXPAHAETCA, IOITOMY M3 BCAKOrO HAOOPA CO CBOUCTBOM
(A3) MOXHO mOIYy4IUTH HAGOD, ynoBreTBopstomuy akcuomaMm (A0)—(A3), nonorHus
ero nepeceveHus My U COOTBETCTBYIOMEro Buaa 00beanHeHusaMu (cM. akcruoMbl (Al)

u (A2)).

2.5. 3ameuanue. Ilycts C — BhIMyKIOCTH Ha MHOXecTBe X (CM. ompeneneHue
B Hagane naparpada).

Ecmm o6beamuenne mobbIX AByX Iepecekaiommxca MHOXecTB m3 C aexut B C,
T0 roBopar, 4ro C kozepenmua (cMm. [12]). (Kax HeTpyAHO IPOBEPUTH, U3 AKCHOMBI
BoI6Opa 1 akcuoMel (C2) caegyer, 9T0 B KOrepeHTHOU BHILYKIOCTH C 0O6bequHeHre
mo6oro HaOopa MHOXECTB u3 C, mMenomux 00uryo Touky, gexur B C. CMm. cBOI-
cTBo A2.)

Ecmu B X me mamaerca nogmuoxectBa A m Toek p,q € X ~\ hulle(A) rakwmx,
aro p # ¢, p € hulle({g} U A) u g € hulle({p} U A), To rosopsar, aro C asuasercs
svinykaot eecomempuets (awmumampoudomn).

Ecau Bce 0gHOTOYEIHBIE TOAMHOXECTBA, MHOXeCTBa, X aexatr B C, TO TOBOPAT,
9ITO BHITYKJIOCTb C yAOBIETBOPAET Nepsoti aKcuome 0moesumocmi.
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Ecan pus xkaxgou maper g, b HecoBnagaommx Todek w3 X maugyrcea A, B € C
rakwme, 9Toa € A, b € B, ANB = @ u AUB = X, To roBopar, 910 C yI0BIeTBOPIET
8MOPOT AKCUOME OMICAUMOCTIY.

2.6. Teopema. Ilycmb C — svinykaocmyv. Toz2da caedyrowue Yycaosus sK8UEA-
ACHIMMHDBL.

(1) Bwuinykaocmov C 4644EMCA COBOKYNHOCTBIO BLINYKABIL MHONCECTNG HEKOTNOPO20
npeddepesa.

(2) Bwinykaocmv C ecmp Koeepenmubili anmumampoud, ydosaemeopaowut nep-
801 arxcuome omaoesumocmu.

(3) Bwinykaocmv C wozepewmua u ydosaemeopiem 6mopoti aKcuome omaoesumo-
cmau.

Mpb1 He TPUBOAUM 31ECH HOKA3ATEAbCTBA TeopeMbl 2.6. OHa BBIBOAUTCA U3 Te-
opeMbI 2.2.

2.7. Omnpepgenenmne. Buinykavim 3ambikanuem (WA 8binyka0l 06040uK0l) TOI-
MHOXeCTBa, S B npeaaepese 7 Ha3BIBAETCA IMEPECETICHUE BCEX BBIMLYKIBIX MHOXECTB,
comepxammx S. Boimykaas o6omouka mHOXecTBa S o603Hadaerca depes hull(S).
(U3 onpemeneHus 0veBUAHO caeayeT, 9TO Bbirykaas o0omouka hull(S) Bemmykaa u
cogepxur S.)

2.8. Jlemma. B npeddepese das 4106020 nodmnoxrcecmsa S BbinOAHACTCA PAGEH-
cmeo

hull(S) = | J [r,s].

r,s€S

Proof. B [1] ebinyk.aoe 3ambikarue mogMHOXeCTBa S B IpefnepeBe OMpeNerIseTcsa
kak o0benuuenue Cl(S) := Ur,sES[r’ s|. B [1, niemma 15.5] 1oka3piBaeTCs, 9TO MHOXE-
crBo Cl(S) BeImyKI0 B cMBICIE Onpefenenus 2. Do gaetr Bkaoderre Cl(S) D hull(S)
(mockoampky Cl(S) D S). Bxarouernne CI(S) C hull(S) Bemonmsercs B cuiry ompepe-
nermu. Takum o6paszom, umeer mecto paserctso hull(S) = CI(S), aro n Tpebosa-
JIOCB. O

2.9. 3ameuanme. Ha ssbike Teopuwm BeImykmocTu JgeMMma 2.8 (POPMYyIUPYETCH
crenyiomuM o6pa3oM: y CHCTEeMBI BHIMYKJILIX MHOXECTB IIpefnepeBa wuc.ao Kapa-
meodopu He mpeBocxoauT ABYX (onpenenenme uucaa Kapareonopu u ero csoucrsa
cM., Hampumep, B [28, 30]).

2.10. YrBepxaenue. Ilycmv S — nodmmnosncecmso 8 npeddepese u s € S. Tozda
cAeIYIOUUE YCAOBUA IKBUBAACHITVHDL.

(a) Mmnoaxcecmso hull(S) \ {s} swvinyxao.

(b) Muoxcecrneo hull(S \ {s}) ne codepacum moury s.
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(c) Braouenue s € [z,y] ne svinoansemes wu npu kaxuz x,y € S\ {s}.

Proof. (a)=-(b): Ecamu muoxectso hull(S) \ {s} Bbmykno, To BMecTe ¢ MEHOXECTBOM
S~ {s} omo comepxut u ero Bumykayo o6oa0uky hull(S \ {s}), orkyzsa u crenyer,
qaro s ¢ hull(S \ {s}) (mockonbky s ¢ hull(S) \ {s}).

—(a)= —(b): Ecaz muroxectso hull(S) \ {s} e BBImyKI10, TO (HOCKOABKY hull(S)
BBIIYKI0) HauayTesa z,y € hull(S) rakwe, uro s € (z,y). B cuny aemmer 2.8 nan-
ayres p,q € S Takume, 9to y € [p,q]. llpm sTom y € [z,p] U [z,q| B cuny (A3). He
Tepsis OOMIHOCTH, MOXHO CIATATh, 9T0 Y € [z,p]. U3 ycaoBun y € [z,p] u s € (z,y)
B cuiy (A4) u (A2) caenyer, aro s € (z,p). llpumensas To ke paccyXneHue K T, mO-
IydaeM, 910 s € (r,p) aas HekoToporo r € S. Do o3HagaeT, 4ro s € hull(S~ {s}).

(b)<(c): Bemmonusercs mo remme 2.8. O

2.11. Onpegenenne. Touka s B MOAMHOXECTBe S IperaepeBa HA3BIBACTCA IKC-
mpemaavroti (B S), ecmu BemonHeHsl ycaosusa w3 yrBepxaenusa 2.10. Touka t B
npenaepese 7 HABBIBAETCA MEPMUHAALHOT €CIM OHA DKCTPEMAIbHA B 7, T.€. eCau
HE CyMEeCTBYeT TOYeK T,y € 7 Takux, ato t € (z,y).

2.12. 3ameuanume. Wmmiukanuu (a)=(b)=(c) yreepxaenus 2.10 BEIIOIHAIOTCA
B 000U BBHITYKIOCTH (ecay mOHMMAaTh B Hed [a,b] kak hull{a,b}, a hull(S) — kax
HAMMEHBIIEE BBITYKJIOE MHOXECTBO, cogepxamee S). B o6mem cayqae (¢) He Brever
(b), a (b) He Breuer (a).

2.13. Jlemma. Kakos0 6b nu 6biao nodmuoxcecmso S npeddepesa T, muogrce-
cmeo ex(S) e2o akcmpemasontiz mouex coenadaem ¢ muoxcecmeonm ex(hull(S))
IKCMPEMAALHIE MOUEK €20 BLINYKAO20 3AMIKAHUA.

Proof. Tlokaxem, aro ex(S) C ex(hull(S)). [JeucrBurensuo, ecim s € ex(S), To
hull(S) \ {s} Bemyxkao (cBoncreo (a) u3 yreepxaenus 2.10). Takum o6pasom, mo-
ckoibky hull(hull(S)) = hull(S), maox)ectBo hull(hull(S)) \ {s} Bomyxmo. D10 MO
oupegeneHuio o3Hadaer, 4ro s € ex(hull(S)).

[Toxaxem, uaro ex(hull(S)) C ex(S). Ilycres z € ex(hull(S)). Torma z € S,
nockoabKy maa Beakoro y € hull(S) S mmoxecrso hull(S) \ {y} comepxur S
u, 3HaauT, hull(hull(S) \ {y}) coBnagaer c¢ hull(S) u cogepxutr y, a T0 B cury
ceoucTBa (a) m3 yrBepxgenus 2.10 osragaer, uro y ¢ ex(hull(S)). Urak, z € S, a
MHOX€ECTBO

hull(S) ~ {z} = hull(hull(S)) \ {z}

Boinykao (Tak kak = € ex(hull(S))). 9ro o3nagaer, aro = € ex(S). O

2.14. 3ameuanme. Kak BUIHO M3 IOKA3aTEILCTBA JeMMbI 2.13, OHA BBIIOIHI-
ercsa s TIO00U CTPYKTYPHI BBIOYKJIBIX MHOXECTB, €CIA MOHAMATH 3KCTPEMATIb-
HOCTb TOYKM S € S IOAMHOXeCTBA S B COOTBETCTBHUU C yCJIOBHEM (a) M3 yTBep-
xaeaus 2.10. Ecaum nmommars >kcTpeMasbHOCTH B cMbicae ycaoBua (b) uz 2.10,
ro Bkaodenue ex(hull(S)) C ex(S) BommonuaeTcs u B 00meM CIydae, OFHAKO CyIe-
CTBYIOT BBIIYKIOCTH, B KOTOPHIX ex(S5) ¢ ex(hull(5)).
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3 JIumHemHBbIEe MOAMHOXKECTBA

Hacrosmuin naparpad MOCBAIIEH JIMHEHHBIM IOAMHOXECTBaM B npeggepese. O-
METHMM, 9YTO KOHCTPDYKIWH W yTBEDXKJAEHUA DTOr0 maparpada BHIIOIHAOTCA A
BHAYUTENIbHO 06Ojee IMMPOKUX, UeM IPEAJePeBbsd, KIACCOB IPOCTPAHCTB HHTED-
BatoB. Hanpumep, oum BemmomuaioTca aaa kracca &4 (CAT(0)), obpazoBanHOrO
TEMHU [IPOCTPAHCTBAMEM HHTEDPBAIOB, y KOTOPHIX BCE MOANPOCTPAHCTBA MOIIHO-
cTH!n <4: BKJIQABIBAIOTCA B I'€OAC3UICCKNEC METPUYICCKME IIPOCTPAHCTBA HEIIOJIOXW-
tempuon kpuemsEEY Kiace &4(CAT(0)) BxmodaeT B ce6a Mpeaepesba, JHHEH-
HBIE IPOCTPAHCTBA, IPOCTPAHCTBa A naMapa, ux nogmpocTpaacTsa u T. 1. C Todu-
HOCTBIO IO M30MOP(pU3MA, UMEETCA JHUIIb YETHIPE IeTHIPEXTOYCTHBIX IPEeIIePeBa
(OHE 0 JHO3HAYHO OIPEAENAIOT KIACC IPEIAEPEBbEB) U MATH Y€ THIPEXTOUYEIHBIX IIPO-
crparcts knacca &4(CAT(0)) (k wersipem npemgaepeBbam H0OABIACTCA IPOCTPAH-
crBo {z,y,z,w}, B KoTopoM [z,z] = {z,y,z}, a OCTAIbHBIE UHTEPBAILI CONEPKAT
JIWIIb CBOM KOHIIBI). AKCHMOMATHYIECKH MOXHO OxapakTepu3oBaTh kiaace &4 (CAT(0))
KaK KJIAacC MPOCTPAHCTB, obmanaromux Habopom csoucTs (A0)-(A2), (A4), (A7),
(A8) (u3 xoropbIx creayior u cBoucTsa (Ab), (A6), ro He (A3)). B HeKOTOPBIX KOKA-
3aTeabCTBAX HACTOALWEro maparpada Mbl HAMEPEHHO u30eraeM UCIOAb30BAHUA aK-
cuombl (A3), 9TOOBI IPOAEMOHCTPUPOBATH MX CIPABEIUBOCTE U /A IPOCTPAHCTB

kracca &1 (CAT(0)).

3.1. Onpeaenenus. ['0BOPAT, 9TO HOAMHOXECTBO L B IPEAEPEBE AUHETHO, €CIH
UL TIOOBIX TOYEK T, Y,z € L BeIIOMHAETC XOTs OBl ONHO U3 COOTHOWEHUR T € [y, 2],
Yy € [z,z] u z € [z,y]. Hemycroe BBIMyKI0€ JMHEMHOE MHOXECTBO HA3BIBAIOT 0y20ili.
[lon nanpasaeruem Ha TMHEMHOM IMOAMHOXecTBe L npexaepesa 7 OyneM MOHMMATH
JUHEUHBIA TOPALOK < Ha L TakoW, 9TO i KaXIOW TPOUKU TOYEeK Z,Y,z € L
BBIMIOIHACTCS COOTHOIIEHNE

ye(x,z) & (z<y<z)V(z<y<uz).

Ynopagoaeanoe MEHOXECTBO (L, <) HA3BIBAIOT IPU DTOM HANPGEAECHHbIM TUHETHBIM
MHOXECTBOM.

Cnepys [4], Touxy b B npegaepese 7 OyieM HA3BIBATH CYNPEMYMOM HANDABICH-
wou ayru (A, <) B caydae, korga b asraerca mHamboabmmum daemeHToM B (A, <), a
Takxke B caydae, Korga y (A, <) HeT mHamboIbIIero sreMeHTa, a mHTepBaxll [z, b)
ABIAETCA BepXHUM KraccoM'? B (A, <) mia HekoTopo# (a clefoBaTeIbHO, W AU
kaxgou) Touku z € A. OTMeTHM, YTO HAIpABICHHASA Nyra MOXeT O6IaJaTh He-
CKOJIBKYMU CyIIpEeMyMaMMu.

YTlogpasymesaerca, uro Merpudeckoe mpocrpanctso (M, d) HazeseHO CTPYKTYDPOH IPOCTDAH-
CTBa MHTEPBAIOB: 1A T,Y,z € M cauraem y € [z, z] ecan u Toabko ecau d(z, z) = d(z,y) +d(y, z).

" Cwum. o6o3matenns m. 1.12.

LTTogmuoxectso E muHelHO yIopanodeHHOro MEOKeCTBa (O, <) HABBIBACTCA HUNCHUM KAGCCOM,
ectn B O He HAAETCA DIEMEHTOB T < y Takux, 9T0 y € E n x ¢ E. Beprnumu xaaccamu TOPATKA
Ha3BIBAIOT HIDKHUE KJIACCHL OOPATHOTO K HEMY MOPAIKA.
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3.2. JlemmMma [1, nemma 15.5]. B npeddepese svinykaas o6oaoura 4106020 auneti-
HO20 MHONHCECTNBA AUKETHA (U ABAAETNCA, MAKUM 00pA30M, JY20l, eCAu HENYCma).

3.3. Jlemma. (1) B npeddepese y kancdo2o aunelinozo MHOMCECMEA UMEETNCA
nanpasaenue. Y aunelinozo muoxcecmea, codeprcawe2o roms 6bi dee
MOUKU, UMEETNCA 8 MOUHOCU 084 HANPABAECHUA (ITNU HANPABAECHUS B3AUMHO
obpammbt).

(2) Hodmmoaxrcecmso nanpasiennoti dyeu evinykao 6 npeddepese ecau U MOALKO
ecat, OO NOPAJKOBO BBINYKAO NO OMHOWEHUI K HANPABACHUIO.

(3) B npeddepese sce menycmbie uMmMepPBaibl A6AMOMCA OY2aMmu.

(4) Hycmv x uy — mouku npeddepesa. Toeda na unmepsase [x,y] cywecmsyem
eIUHCTNBENHOE HANPABACHUE, 6 KOMOPOM L ACAAECMCA HAUMEHDULUM IAEMEH-
mom.

(5) Iycmo ([a,b], <) — HanpasieHHbl UHMEPBAL C HAUMEHDUUM IACMEHTTLOM G 6
npeddepese T. Ilycmo S — codepacawee a svinykaoe nodmmoxcecmso 6 7T .
Tozda nepeceuenue [a,b]|NS asasemes wurcnum Kaiaccom 6 nopadre ([a, b, <).

Proof. (1) PaccmoTpum auHEHOE IOAMHOXKECTBO L mpeagepeBa Kak CaMOCTOATENb-
HOE IpeAepeBo (¢ MHIYNUpPOBaHHOK cTpyKTypou). Ha npegaepese L BHITOTHAIOTCA
akcuombel (A0)—(A3) u, B cmry onpeneneHus JMHEMHOCTH, TOMOJHUTEABHAA ~AKCH-

oma”

x € ly,z) wm y € [z,z] wm z € [r,y| 0IA NIPOU3BOILHBIX X,Y, 2z € L.

Takasa cucTeMa akcuoM dKBUBaJIeHTHA cucTeMe akcuoM [lama u I'mipbepra qma MEO-
XKECTBA C JMHEWHBIM OTHOILIEHHEM IpoMexyTodHocTu (cM. [1, crp. 6]), 9ro npespa-
maeT yrBepxaeHue (1) B xopouio msBecTHbIM Kaaccudeckun dakr. Cum. Takxke [4,
aemma 2.7].

(2) OT0 WpAMO creAyeT W3 ONPEHeNCHUS HAIPABICHUM.

(3) Tpebyerca mokasaTh, 9TO AaA JIOOOU MAPHI T,y TOYEK B IIPEIIEPEBE WH-
TepBaasl [z,yl], [z,y) u (r,y) nmuHewHbl m Bhimykabl. B [1, aemma 15.3] mokaswr-
BAETCs, 9TO 3aMKHYTBIE MHTEDBAIbl (HAIPUMED, UHTEPBAL [T,Y]) IUHEWHbI U BbI-
nykasl (cMm. Takxke demmy 1.18). U3 ausemHocTM mHTEpBata [x,y| cregyer iuHen-
HOCTb MHTEPBAIOB [Z,Yy) u (Z,y), HOCKOIbKY HOAMHOXECTBO JJUHENHOIO MHOXECTBA
O ONpEeAeTeHnIo JuHeHO. Takum 00pa3zoM, HaM OCTAETCA JHWLIb II0KA3aTh, ITO
UHTEPBAILL [Z,y) U (Z,y) BbINYKIBL [lOCKOABKY WMHTEpBaX [,y| IAHEEH, B CHAILY
yrBepxaenus (1) y mero mmeerca HekoTopoe Hampasiaeme <. Ilo ompememenuio
HAIPABICHUS, A/ 0001 TOUKH t € [x,y] BepHO aubo x < ¢t < y, mbo y < t < x,
a DTO, OYEBUIHO, O3HAYAET, ITO TOYKA L U Y ABIAIOTCA HAMOOMBIIAM W HAMMEHBb-
VM JIEMEHTAMY JXHENHO YIOPAA0IeHHOro MHOXecTBa ([, y], <). U3 onpenerenus
HANPABJICHUN IIPAMO CAEAYET, 9TO IOAMHOXECTBO HAIPABICHHOW AyT'W BBINYKJIO B
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npenaepeBe eCau U TOIBKO €CIM OHO MOPAAKOBO BBIMYKJIO 10 OTHOIIEHUIO K HANIPA-
BreHuio (yrBepxkgaenue (2)). Orcoga 09eBHAHO CIeAyeT, YTO UHTEPBAILL [T,Y) U
(%,y) BBILYKIBL

(4) IockoabKy Ciydail OZHOTOYETHOrO MHTEPBALA OYeBUAEH, OyIeM I0JIaraTh,
9TO0 MHTEPBAL [,y] cogepxuT xoTs Obl gBe ToukM (T.e. T # y). Torga uarepsan
[x,y] IMHEeH B cUIy yTBepXKAeHUA (3) U UMeeT B TOYHOCTH [JBA HAPABICHUS B CHALY
yrBepxaenus (1). IloBropsas paccyxanenue m3 nokaszaTenrbCTsBa yTBepxgeHus (3),
[OMYy9aeM, ITO TOYKK T U Y ABAAIOTCA HAXOOIBIIMMA M HAMMEHBIIAMY 3JE€MEHTAME
STUX ABYX HampasieHu#l. [[0CKOIbKY 5TU HaIpaBIeHUs Ha [,y| B3aMMHO 0OPATHEI,
TOYKA, T ABIAETCA HAMOOIBIIUM IEMEHTOM 110 OTHOLIEHUIO K O THOMY U3 DTHUX HAIPa-
BJIEHAU W HAMMEHBIIUM — II0 OTHOLIEHUIO K APYroMy. B 9acTHOCTH, HA HMHTEpBAJe
[z, y] uMeeTcs eqMHCTBEHHOE HAIPABIEHUE, B KOTOPOM & — HAUMEHBIIMI DJIEMEHT.

(5) 3amerum, uro mepecedernue @ := [a,b] N S BRIIyKIO (KaK mepecevdeHue BbI-
LYKJIBIX MHOXECTB [a,b] u S) u cogepxut To4xky a. Takum o6pa3zom, MHOXeCTBO ()
ABIAETCA MOPALKOBO BBIMTYKIBIM moamuOXecTBOM B ([a,b], <) (B cmiy yTeepxne-
Hui (2)) ¥ cogepKUT HaUMeHbIUH daeMeHT ¢. CaegoBaTensHo, () ABIAETCA HIKHAM
kaaccom B mopsazaxke ([a, b, <). O

3.4. Omnpegenenue. IlycTs auHernHOE MHOXECTBO L COCTOMT M3 HE MEHEE YeM
IBYX TOYEK W COACPXKUTCA B IMHEHHOM MHOXecTBe L' u mycTh < — HaIpaBlIcHHE
na L. o aemme 3.3(1), y kaxgoro uz muoxects L u L' umeercsa poBHO aBa Hampa-
BaeHUA. V3 ompeneneHus HAIpaBIeHUU CAEIyeT, ITO HAIPABICHHUA MHOXeCTBa L
ABJIAIOTCA CyXeHUAMM HanpasieHuin muHoxectsa L'. CregoBaTeqbHO, CymeCTByeT
eIUHCTBeHHOe HampapieHne <' Ha L' Takoe, 9To < ABIAETCA ero cyxeHumeM. Mbl
rOBOPHUM, YITO HAIIPABICHUE </ UHIYUUPOBAHO HATIPABICHUEM <.

3.5. JJemma. IIycmo (I,<p) u (J,<j) — nanpasaennvie aunetinble MHOIECMEA
8 npeddepese T. Ilpednoaoxcum, umo nepecevenue I N J srarouaem no mewvuiet
mepe 06e MouKU, ABAAACH NPU IMOM BePLHuUM Kaaccom 6 (I, <p) u musxcnum — 6
(J, <J), U UMo cyxHcenus nopadkos <j u <j wa Mmmoxcecmso I N J cosnadarom.
Toeda obwedunenue I U J aunetino, a muosxcecmso I asasemes e2o HUNCHUM KAGC-
COM — MO OMHOWEHWIO K momy nanpassenuto wa I U J, xomopoe undyyuposano
Hanpasaenuem <j.

Proof. [lns nposepku quaennocTu o6bequaenns I U J 10CTATOYHO MOKA3aTh, UTO
ao6oe TpexTodednoe moamuoxectso K C I U J aumenno. B cuny xomeunoctum K
HaugyTcesas Takue p <y q € Il mr <js € J, aro

K C[p,q)U][r,s]. (11)

[Tockonbky, ”"yBemuuuBaa” ¢ B (I,<y) m "ymenbmaa” r B (J, < MBI COXPaHAEM
) y NI y ST )

cBorcTBO 11, MOXHO cauTaTh, uTo ¢ u r aexar B I NJ. Boaee Toro, mockoasky |IN
J| > 2, MBI MOX€EM CUnTaTh, 9TO 7 <7 q. K ToMy Xe, 3aMeHUB IIpU HEOOXO JUMOCTH

) ) I )
p Ha Menbmmi daement B (I, <;), a s — ma Goapmmi B (J, <), MBI IpUXOAUM K
CUTyaIun, KO
psIr<yq m r<jq<jSs.
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Torga B cury (A8) morywaem, 9ro r,q € [p,s], orkyga B cury (11) momygaem, daro
K copmepxwuTcs B MHTEpBaJe [p, s| U, CICAOBATEILHO, IUHENHO (TAK KAK WHTEPBAJLL
auHenHsl; cM. demmy 3.3(3)). Urak, o6begunenue I U J iuHenHO.

IIpu sTom mampaBmenus <y um <j, coBmajgas Ha I N J, IHAYIUPYIOT OZHO U TO
xe Hanpasirerue < Ha I U J (mockoasky |I N .J| > 2). Orcioga, BOCIOIb30BABIINCH
TPAH3UTUBHOCTHIO OTHOLIEHWA IOPALKA, IOLydaeM, ITo a < b Bcerga, korga a € I
ube J~NI=J~(INJ) (nockombky I NJ mo yCI0BUIO ABIACTCA HUKHAM KIACCOM
B (J,<)). CregoBarensHo, I aBiserca HuXHUM KraccoMm B (I U J, <). O

3.6. Onpeaenenue. JluHEHHOE MOAMHOXECTBO IIPEAEPEBA HA30BEM 02PAHUYEH-
HbLM, €CIII OHO COAEPXKUTCA B (3aMKHYTOM) mHTEpBaste. [Ipennepeso Ha30BeM 02pa-
HUYEHHbIM, ECIA BCE er0 JUHEUHBIE IOIMHOXECTBA, OrPAHUYEHHI.

3.7. Onpepgenenus. [lyry B mpexggepese OyfeM Ha3BIBATH .AY40M, €CIH OHA He-
OrpaHKMYeHa U UMeeT DKCTpeManbHylo Touky. (Bygem rosopurs, 4rTo ayd uczodum
U3 CBOEH DKCTPEMAIbHOM TOYUKY. )

Nlyry B mpengepese GyieM HA3LIBATD NOAYNpAMot'S ecru OHA HeOTDAHTICHA W
cogepxuTcsa B HekoTopoM ayde. (Bcee myum, Takum 00pazom, ABIAIOTCSA IOJLyIPs-
MBIMU. )

Hakowen, HazoBeM Ayry B HpefAepeBe npamoli, €CIH OHA HEOUDAHUYCHA U He

SABIACTCA TIOSYIIPIMON.

3.8. JIemma. B npouszsoavnom npeddepese 8bINOAHAOMCA CACIYIOUUE CBOTCMEA.
(0) Heoepanuuennas dyea asasemcs aubo npamot, auwbo nosynpamot. (1) V ayua
umeemes eJUHCMBERHA[ IKCMPEMAALHASL MOUKA U eJUHCMBEHHOE HANPABAEHUE, 6
KOmopom ama mouka murwumasvra. (2) Junetinoe mmosxcecmso, npedcmasumoe
6 sude 00vLedunenus 08YL o2panuuennbis, oepanuveno. (3) Ayea, npedcmasumas
8 sude 00BeIUHENUS NOAYNPAMOT U 0ZPAHUUEHHOZO MHONCECTNEA, ABAACTMCA N0~
aynpamot. (4) Hu odna npamas me asasemcs cobecmseennoti wacmuio dy2u moz2o
ace npeddepesa. (5) Bcee cobemeennbie 6epTHUE U HUNCHUE KAGCCH, HANPABACHHOT
npamots A8aA0McA noaynpamoimt. (6) YV noaynpamoti umeemca eduncmeenmnoe na-
NPasAEHUE, BCE HENYCMbIE BEPTHUE KAACCHL KOMOPO2O ABAAOMCA NOAYNPAMBIMU, G
cobecmeennbie nudcnue Kaacchl — oepanuuenti. (7) Muoscecmeo ecex noaynps-
MBIL, COOEPHCAUUTCA 8 3a0AHHOT NOAYNPAMOT, AUHETHO YNOPAJOUEHO NO BKANUE-
nuto. (8) ITycmv R — ayu ¢ skempemaavroti moukot x u nyemv y € R. To-
eda Ry := R\ [z,y) — ayu c akempemaavnot mouxod y. (9) Ayea asasemca npa-
MOT 8 MOM U MOALKO 8 MOM CAYUaE, Ko2da COOePAHCUM Napy HENEPECEKAOUSULCS
noaynpamviz. (10) Ecau y noaynpamwiz Hy, Ho u H3 nepeceuenus HyNHy u HiNHs;
ABAAOMCA NOAYNPAMBIMU, MO NOAYNPAMOT A8asemca u nepecevenue Hy N Hs.

Proof. (0) 910 cregyer HEMOCPEACTBEHHO U3 OIPEIEICHAN.

13Mer samvcTByem Tepmun us [1], Ho, B oTmmume ot [1], He TpeGyeM, YTOGLI TOIYTPAMAL COAED-
XKAIach B IPAMOMN.
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(1) Bocmombayemca Tem, 9TO y KaxJA0TO JUHEXHOTO MHOXKECTBA MMEETCH Ha-
npasaenue (aemma 3.3(1)). U3 onpegenreHus HAIPABICHAN CAEAYET, ITO DKCTPEMAIb-
HBIE TOYKY JIUHENHOT'O0 MHOXECTBA ABIAIOTCA DKCTPEMATbHBIMY (HAMOOMbImuMy a0
HAMMEHBIINMY) [I0 OTHOIIEHUIO K €0 HAIIPABICHUAM (TaK ITO Yy IUHEUHOI'O MHOXKE-
CTBa MMEETCA He 6OJIee BYX DKCTPEMATBHBIX TOYEK) M ITO JUHEMHOE MHOXECTBO C
IBYMs DKCTPEMAIBHBIMYA TOUYKAMY COJAEPKUTCA B 3AMKHYTOM WHTEPBAJE C KOHIIAMA
B DTUX TO4YKax. Takmm 06Pa3zoM, MOCKOABKY Jyd HEOTPAHUYEH, €r0 BKCTPEMATb-
HasA TOYKA eIuHCTBeHHA. OCTAETCA 3aMETUTD, ITO U3 ONPE/IEJCHUA HAPABICHUN B
CUIYy JeMMBI 3.3 clefyeT K TOMY XKe, 9TO Y IPOU3BOJLHOTO JUHEHHOT'O MHOXECTBA,
C DKCTPEMATBLHON TOYKOU MMEETCA POBHO OJHO HAIPABIEHUE, B KOTOPOM DTa, TOIKA,
MUHUMAJIbHA..

(2) 9o yrBepx aenue gokasbiBaercs B [1, zemma 16.4]. OHO Takxke MOXeT ObITH
JOKA3aHO IO CXeMe IPENCTABICHHOrO HUXEe A0KA3aTeIbCTBA yTBepXKAeHu:A (3).

(3) IIycrs ayra A ssaserca obbeguHeHueM moxynpsamon H w orpanmveHHOTO
mHOXecTBa B. Ilycte < — mpoumsBoabHOoe HampasiaeHuwe Ha A (cymecTByromee B
cmry aemmbr 3.3(1)). Tak xak H BblIykiaa m HEOUDAHUYEHA, OHA ABIAETCA BEPX-
HUM wid HUXHUM KraccoM B (A, <). IlockonbKy y BCAKOrO HAIIDABICHUSA UMEETCA
oOpaTHOE, MBI HE yMaiuMm OOIIHOCTH, cuauTad, 970 H — BepxHumn kaacc. IlycTs
B’ := AN\ H — cooTBeTcTByOmMN HIKHEAA Ki1acc. BEcm B’ = &, to A = H — noay-
npamas. Ecam xe y (A, <) umeerca HamMeHbImy saeMenT, To A — ay4. Ocraercs
paccMoTpeTh caydan, korga B’ # @, a B (A, <) HeT HamMenbIero sremenTa. Muo-
xecTBo B’ B aTOM ciydae 6eckonedno. OTmerum, 9T0 B’ orpaHEYeHO, MOCKOILKY
JeXUT B B, Tak 9TO HAUAETCA 3aMKHYTHI MHTEPBAT [Z, Y], cogepxamun B’. Iycrs
< — HaIpaBleHWe Ha [T,y|, MHAYIMPOBAHHOE HampaBieHHeM <. Mbl MoxeMm, HE
Tepsis OOLHOCTY, CYATATH, YTO ¥ — HauMeHbumy saemedT B ([z,y],<). Ilycrs
I — mamvenbumyu HuXHWE Kaacce B ([z,y], <), comepxamuu B’. Torma, npumenns
aemmy 3.5 k mampasaenabiM ayram (I, <;) u (A, <) (rge <; — cyxenHue mopsagka
< Ha [), moxy4aem, uro obbeguHenue [ U A qwHENHO, a TOYKA &, SKCTPEMAaIbHAS
B I, saBusgercsa skcrpemaiabuon u B I U A. Takum o6pasom, I UA — ayq, a A —
MOy IPSAMASI.

(4) [MomycTuMm, 9TO B HEKOTOPOM IpeAjepeBe MMeeTcs mpamas L, ABigmoma-
scs coberBennon dacthio agyru A. Ilycrs < — mpousBoabHOE HampasieHue Ha A
(cm. memmy 3.3(1)). IlockoabKy mpsAMBIE IO OIPEIEICHUIO BBILYKIBI U HEOTDAHU-
9eHbl, [, ABAAETCA HUKHAM WIM BEPXHUM KI1acCcoM B (A, <). MbI Moxem 6e3 morepu
OOIIHOCTH CYUTATH, ITO L — BepxHME Kiacc. [IOCKOMBKY MBI IpEeANoIaraeM, <ITo
L # A, waugerca rouka £ € AN L. Torma L comepXuTcs B BEPXHEM KIACCe
A, :={t € A:z <t} U3 onperereHus HANPABICHAN 3aKII09aeM, 9TO A, ABIACTCA
OyTOu, a T — €ee DKCTPeMaJtbHOU TOo4ukou. Ilpu srom A, HeorpaHmdeHa, TaK KakK
comepxuT L. HeorpanmydeHHasa ayra, ©MeOIas S3KCTPEMAIbHYIO TOUKY — Jay4. Ta-
kuM 00paszom, L cogepxurcs B ayde Ay v, 3Ha9uT, 1100 OrPAHUYEHA, JU00 ABIAECTCS
noaynpsamon. [loxyaeHHOe TpoTUBOpEtre 3aBEPIIAET AOKA3ATEILCTBO.

(5) IIycte Y — cOOGCTBEHHBIN BEPXHUM WIV HUXKHUU KIACC HAIIPDABICHHOU IIPs-
mou (L, <). Iokaxem, aro Y asaserca moxynpamon. [Tomoxwum X := L\Y. B cuny
OIIpemeNeHs HAIPABICHAN KAACCHI X U Y BBIMYKJIBI U, 3HAUUAT, ABIAIOTCA TyTAMHU.

26



B cuny yrBepxpaenus (4) au X, au Y He ABAAIOTCA npAMBIME. B wacTHOCTH, Iyra
X aubo orpaHudena, aubo ABAAETCA moaympamon. OTcoona BHITEKAeT, 9TO ayra Y
HEOIPAHWYEHA, MOCKOJIbKY B HPOTUBHOM Caydae u3 yTeepxaenunn (2) m (3) mocae-
noBaqo 6b1, uTo mpaMadg L = X UY orpanuyena win aBiaeTCA moaynpsamon. UTak,
ayra Y HEOrpaHWYEHA W HE ABJACTCA MPAMOU. SHAYMUT, Y — MMONIyIPAMAs.

(6), (7) Ilycte H — moxynpsmas, R — cofepxaliuu ee JIyd, p — ero dKCTpe-
MAJbHAA TOYKA, 8 < — TO HAIIPABIEHUE HA R, B KOTOPOM p MUHAMAIBHA (CM. yTBEp-
xperme (1)). O6osmaumm depes <, cyxeHume Ha H nopagka < U HOKaxXeM, ITO
<, yAoBIeTBOpseT TpeGoBaHuAM yTBepxaeHus (6). Beaxuir coGCTBEHHBIN HIKHAN
kracc X B (H, <, ) orpannden, nockoasky X C [p,y] aus mobon roukn y € H N X.
[Iycts Y — memycrou Bepxuuu kiacc B (H, <, ) m oycts X := H \Y. (Ormernwm,
9T0 Y B CuIy OmpemeneHus HanpaBaeHUM saBageTcsa ayrou.) Torma muOxecTBO X
orpannieHo tak kak X C [p,y] upu y € Y. CuenoBarensHo, gyra Y Heorpanu-
9€HA, MOCKOJbKY B MPOTUBHOM Caydae noxynpamas H Obuia Obl OrpaHUYEHA, B CUITY
yTBepx)aeHus (2) kak o0beJUHEHUE ABYX OrPAHWYCHHBLIX JTAHEUHBIX MHOXECTB X
u Y. Urak, Y — HeOrpaHUYEHHAA Ayra, COAEPKAMAACA B MOIYIPAMOUN U, 3SHAYUT,
caMa SABIAIOMALCA HoxynpaMon. Takum 06pa3oM, HanpaBieHue <, YAOBIETBOPSIET
rpeboBanuam yrBepxgenus (6). B cury semmbr 3.3(1), eqMHCTBEHHBIM OTIXIHBIM
oT <, HampapileHumeM Ha H spiserca Hampapienme <. oGparnoe K <. Cregosa-
TeIbHO, <, ABIAETCA €JUHCTBEHHLIM HAIpaBIeHHeM Ha H , yIOBIeTBOPAIONIAM Tpe-
GoBaHMAM yTBepXKIeHHA (IIOCKOIBKY BCe coGCTBeHHBIC BepxHMe Kaaccer B (H,<!)
ABIAIOTCA COOCTBEHHBIMYU HIXXHUME Kiaaccamu B (H, <, ), T.e. OrpaHu<eHsr).

Teneps 3ameTuMm, 9T0 a006as cogepxamaaca 8 H noxynpavas H' asaserca Bepx-
HuM Kr1accoM B (H, <,). (B camom mere: B cmiy ompejeneHns HAIPABICHUN BCAKAA
HEOIDAHWYEHHAA Ayra, COAepXKamaaca B Hanpasienaoun ayre (I, <), momxHa ObITH
B (/,<) HmXHUM WiIM BepxXHUM KiIaccoM, a y (H, <, ) Bce cOOCTBEHHbIE HIKHUE
kaaccol orpaamtensr.) Orcioga caegyer yreepxaerue (7), HOCKOIbKY MHOXECTBO
BEPXHUX KJIACCOB JMHEUHO YIOPATOYEHHOrO MHOXECTBA JUHEUHO YIIOPATOYEHO II0
BKJIIOIEHMUIO.

(8) Ilycts < — TO HampasireHwe Ha R, B KOTODOM TOYKA T ABIACTCA MUHU-
MaJbHBIM aeMeHTOM (cM. yrBepxaerue (1)). Torga, kak caegyeT u3 ompeneeHus
Hanpasirenud, [z,y) = {t € R:t <y} u Ry = {t € R: y <t}. Takxe u3 onpege-
JeHNA HAIPABICHUU ClefyeT, 9To Ry, — nayra, a y — eIMHCTBEHHAA SKCTPEMAIbHAA
Touka y R, (IOCKOIBKY & — €JMHCTBEHHAA SKCTPEeMAlIbHad TO4Ka y R), a u3 yTBep-
xpeHns (2) cregyer, uro gyra R, HeorpaHmieHa. JDTo O3HadIaeT, 9To R, — m1ydc
DKCTPEMAJBbHON TOIKOH Y.

(9) Ecam gyra A comepXuT mapy HEIEepPeCeKaloIUXCsA MOTYNPAMBIX, TO OHA He-
OrpaHUYeHa U, KaK CaeayeT u3 yreepxaerusa (7), me asagerca noxynpamon. Cue-
poBarenbHo, A sBasercsa upsaMou B cury yreepxkaenus (0). O6paTHas MMILIAKAIWA
crepyer w3 yrBepxaenus (5).

(10) Ormerum, uro monyupsmeie Hy N Hy uw Hy N H3 copepxarcsa B MOIyIps-
mvou Hy. Orcroga B cuny yrBepxaerus (7) caegyer, aro nepecedenue H N Hy N Hs
coBmagaeTr ¢ ogaHou w3 nonynpsamerx Hy N Hs u Hi N Hy. B wacraocru, Hi N Hy N Hy
HEOTPAHWYIEHO. BCIOMHUM, 9TO IepecevdeHne JUHENHBIX BBIMYKJIBIX MHOXECTB JIH-
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HEWHO ¥ BBINYKJO, TaK YTO HEpecedeHme Ayr aubo mycTo, aub0 ABIAETCI NyTOu.
Orcioga cremyer, uTo nepecedenune Ho N Hs asaseTca nyrou. [yra Ho N Hy me-
OT'paHUYEHA, TaK KaK cogepxuT moaynpamyio Hi N Ho N Hz. OTcioga, MOCKOIbKY
Hy N H3 comepxurcsa B moaynpamon Ho, crenyer, uro He N H3 ABIACTCA MOLyIpA-
MOM. O

4 Kunaccel npegaepeBbeB

4.1. Omnpegeaenne. Touka m mpenmepesa 7 HA3LIBAETCA MeIuaHoli TPOUKHA
a,b,c € T, ecu m € [a,b]Na,c]N[b,c]. ¥ Tpouku To4Yek umeercs He Goxee OFHOM
mMeauaHbl (cM., Hampumep, |1, zemma 15.2]). IIpenaepeBo Ha3wbIBaeTCA MEIUAHHBIM,
€CIM Y KaXJO0U TPOUKHU €ro TOYEK UMEETCA MEIUAHA,.

4.2. 3ameuanue. IIpeggepesbs us npumepos 1.2(1)-(3) meguanub.

4.3. Omnpegenenue. Eciu y Tpouku a,b,c Touek B npenaepese 7 He uMeeTcs

MeaumaHbl, TO GygeM ToBopuTb, uro mommrorm'* hull{a,b,c} = [a,b] U [b,c] U [c, a]
ABasieTca ocobennocmovio npenaepesa 7. Ilycrs <,, <p u <, — Te NOPAIKU HA
ayrax I, := [a,b] N [a,c], Iy := [b,a] N [b,c¢] u I, := [c,a] N [c,b], cooTBeTCTBEHHO,

B KOTOPBIX TOYKHU Q, b, C ABJIAIOTCA HAUMECHBUIINMU SJIECMEHTAMMU. Byl[eM TOBOPUTD,
a0 ocobernocts hull{a, b, ¢} umeer mun Yy, Y1, Y2 wiu Y; B coorBeTcTBUM C TEM, y
kakoro kommaectsa (0, 1, 2 nau 3) manpasrenusx ayr u3 tpoukn (I, <,), (I, <p),
(I, <) MMEIOTCS HAMOOIBLINE HIEMEHTHI.

4.4. IIpumep. Bosbmem Tpu sksemmusipa eguHmuHOro wmarepsana [0,1];, i =
1,2,3. CxkuaeuB naganbabie Touku (1, 02 u O3, moxyuum mpotinux Y, Ha KOTOPOM
AMEETCsI eCTeCTBEHHAA CTPYKTYpa mpexgepena. Ypgamus u3 Y Touky (0, momy<gaem
ocoberHoCTh THNA Y). Ygamus u3 Y k(€ {1,2,3}) unrepsanos suga [0;, 1;), mory-
qaeM 0COOEHHOCTH THUIA, Y.

4.5. Omnpegenenune. IlogmuoxecTBo S B HpenaepeBe HA3LIBACTCA 38€3001, €CIu
[z,y] = {z,y} nus Bcex z,y € S. (Beakas 3Be3ga BHILyKIIA. )

4.6. 3ameuanme. TpexTovuedHas 3Be3/1a ABIAETCA OCOOEHHOCTHIO Thma Yz. Ka-
XK JIas1 0COOEHHOCTH THUIA Y3 COAEPEKUAT TPEXTOUCIHYIO 3BE3Y.

4.7. 3ameuauue. IIpenaepeso obiramaeT 0COGEHHOCTHIO TAMIA Yo TOTAA U TOJBKO
TOrjla, KOIJa B HEM HMEETCS HAIpaBIeHHas Ayra ¢ aByMmsa (uwim Goxee) cympemy-
MaMMHU.

' 3auMCTBYA TEPMUH M3 TEOPHH BEITYKIBIX CTPYKTYP, MBI HA3BIBACM BBIIYKIYIO OGOIOYKY KO-
HEIHOI'0 MHOXeCTBa noaumonom. Cum. rakxke zemmy 2.8.
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4.8. Onpegerenne. Touka t upeggepea 7 HA3BIBACTCA Pe2YAAPHOU, €CIA COOT-
HoweHrue [z,t] N [t,y] = {¢} BomonHserca auub B caydae, korga t € [z,y]. IIpexze-
PEBO, BCE TOYKU KOTOPOI'O Pery/IApHbI, Oy1eM HA3BIBATD Pe2yAAPHbIM.

4.9. 3ameuanme. PerymapHbe IpPeIePEBba HABBIBAIOTCA HACHIUWEHHLIMY (Satu-
rated) B [4]. B Tepmunax paborsl [1] peryuasproe npegaepeBo — 5o B-MHOX)eCTBO
C MOouHbLM OTHOLIEHWEM HpoMexyTodnoctu ({rue betweenness relation).

4.10. YrBepxaenune. Meduannoe npeddepeso pe2yiapro.

Proof. Ecnu npegnepeBo HEPEryJasApHO, TO B HEM HAULYTCA TOYKHA &, Y, Z TAKUE, ITO
[z,z]N[z,y] = {z} uz ¢ [z,y], oTKysa BeITEeKaeT, 9TO HEepecedenue [z, y|N[z, z]N[z, y]
LyCTO, T.€. y TPOUKY T, Y, Z HET MEJUAHDL. O

4.11. 3ameuanue. HerpyaHo BugeTh, YTO HEMEAUMAHHOE [IPEMAEPEBO PErYIIPHO
TOrJa W TOJBKO TOTJa, KOTAa BCE ero OCOOEHHOCTH MMEIOT THUIM Y.

4.12. Omnpeaenenue. bBygem roBopuTb, 4T0 npenaepeBo dedekundoso moaxo,
eCly BCE ero HaIpaBJICHHBIE 3aMKHYTHIC MHTEDBAILI (& 3HAYAT, W BCE OYTH) 1O-
PAJKOBO MOAKDL, T.€. TOMHBI KAK JUHENHO YyHOPAIOIEeHHBIE MHOXECTBA. (JIuHenHo
YHOPATOYEHHOE MHOXKECTBO N04H0, €CIA B HEM KaXJ10€ OIPDAHUTIEHHOE CBEPXY IOJI-
MHOXECTBO UMEET TOYHYI0 BEPXHIOI I'DaHb.)

HamomuuM, 9TO JUHEWHOE MOAMHOXECTBA MPEIAePeBa 02PaHUUEHO, €CAU OHO
comepxuTca B (3aMkHyTOM) mHTepBaste (onpemerenue 3.6). Bymem rosopurb, uTo
TIpPEIIePEBO CAa0O0 MOAHO, €CAU BCE OTPAHUYIEHHBIE YW B HEM ABIAIOTCA WHTEPBA-
JaMHA.

4.13. Jlemma. Jedexundoso noanoe npeddepeso caabo noano.

Proof. Tlycte A — orpanmveHHas ayra B NeJIeKWHIOBO moaHoM npexaaepese 7. To-
raa, B CHIy OCPAaHMYIEHHOCTH Ayru A, B 7 HaHAETCA COAEPXKAIIMUA €€ 3aMKHYTHIN
uaTepBan (ckaxewm, I). Ilockonbky 7 neIeKWHJOBO MOIHO, MHTEPBAI | MOPAIKOBO
nonoH (¢ MOOBIM U3 CBOMX HampasiaeHuil). V3 onpegencHus HAIPABICHUN MTPIMO
caeyeT, ITO MOAMHOXKECTBO HANPABICHHON YT BBINYKJIO B IpPENIepeBe eCId u
TOJBKO €CaI OHO IIOPAAKOBO BBIITYKJIO IIO OTHOHNICHWIO K HAIIPABJICHUIO. Ta,KI/IM 06pa—
30M, Iyra A ABIAETCA MOPSIIKOBO BBHIIYKJIBIM IIOIMHOXECTBOM B MOPAIKOBO ITOJHOM
3aMKHYyTOM mHTepBajge. OTcooma 09eBUIHBIM 00pa3oMm caepyer, 4To A ABmseTcs
OT'PAHUYIEHHBIM HOPIKOBBIM WHTEPBAJIOM B [, 8 3HAYUT, UHTEPBAJIOM B IIPE] IePEBE.
Nrak, Bcsakas orpaHu<eHHAs [yra B J€AE€KWHIOBO IIOJHOM IPELIEPEBE IBIACTCI UH-
TEPBAJIOM. ]

4.14. 3ameuanme. MOXHO IMOKA3aTh, UTO MPEJAEPEBO IEIEKWHIOBO IIOJHO TO-
a1 TOJIBLKO TOIAA, KOJA OHO CAab0 IOJHO M HE MMEET OCOOEHHOCTEHW THIIa Y].
B wacTHOCTH, nia MeauaHHBIX U, 60j1ee o610, PEeryAAPHBIX MpeaaepeBbeB caabad u
MEeTEKUHIOBA MOJHOTA DKBABAJEHTHEL.

29



OrMerum, 9TO B I€JEKUHIOBO MOJHBIX IPEIAEPEBbAX HE UMEETCA HU OCOOEHHO-
cTenu Tuma Yy, Hu 0COGEHHOCTER THIIA Y7, a CIabo0 MOJHOE IpejaepeBo, 00/1a Ialnee
ocobeHHOCTAMEU TuUMa Yy, obiaamaer m ocobenHocTsaMmu tuna Yi. Orcioga B cury
3amedanud 4.11 cregyeT, ITO BCAKOE peryiapHOe caado MOTHOE MpennepeBo meme-
KVMHOIOBO IIOJHO M1 MEOIUAHHO.

4.15. 3amedganme. B [4, 5] noiHbIMU HA3BIBAIOTCA HPELAEPEBbi, B KOTOPBIX BCE
IYTH ABIAIOTCSA UHTEPBAJAME; B HAIIEH TEPMUHOJIOTUM DTO — OCPAHUYIEHHBIE CIa00
noaHble npeaepesbs (cMm. Teopemy 8.2). B paGorax [33, 25| nonHbiMu HA3BIBAIOTCA
IEeNEeKWHI0BO MOJHLIE IPEIePEeBbA.

4.16. 3ameuanue. OObruable nepeBbsa (M. cHOCKY 1), R-nepesns, gpeBoBugHbIE
OPOCTPAHCTBA, MEIEKUHIOBO IOJHBI (U, CAeI0BATENbHO, caabo moansbr). He Bce A-
IepeBbsA CIa00 TOJHBI.

4.17. Onpepgenenme. Merpuueckoe npoctpancTso (1, p) HaA3BIBACTCA MeMpuue-
crum npeddepesom, ecm orobpaxernme T2 — 2T (a,b) — [a,b],, Tae

[a,b], == {t € T": p(a,t) + p(t,b) = p(a,b)},

yVIOBIETBOPSIET aKCHOMAM IPenJepeBa. bymreM roBopuTh, ITO OPELIEPEBO MEMPU-
3yemo, ecim OHO M30MOP(MHO (KaK IIpenepeBo) HEKOTOPOMY METPUYECKOMY Ipe[-

[EPEBY.

4.18. 3ameuanue. MeguaHHOoe IpejAEPEBO METPU3YEMO B TOM M TOJBKO B TOM
caydae, KOrga oHO BkIaAbiBaeTcA B R-mepeBo. CymiecTBy0T MeTpUIeCKUe Ipe ie-
PEeBbs, HE MOIYCKAIOIIKEe U30METPUIHOrO BIOoXeHus B R-mepeso. Ilpumep: merpu-
YecKoe MPeAepPeBo, COCTOAIIee U3 YeTHIpeX TO4eK a, b, ¢, d ¢ p(a,b) = 3, B koTOpOM
PACCTOAHUSA MEXAY OCTAJIBHBIMU TAPAMU TOYEK PABHBI 2.

4.19. 3apgaua. CymecrByeT Ju HEMETPU3YEMOE MPENAePEBO, y KOTOPOro BCE
gyru MeTpusyeMsl (T.e. BkaaasBaorca B R)? ([ocraTodno paccMoTpers crydan
npeaaepeBa, y KOTOPOro Kaxaad MaKCUMAJbHAA AyTra W30MOP(MHA eIUHUTHOMY OT-
PE3KY BEIIEeCTBEHHOU MPSIMOL. )

5 Pa3b6ueHusa, BeTBU U TEHU

B macrosmem naparpadge BBOAATCA MOHATUSA BETBEN U TEHEU NPEJ IePeBa, U TOKA3bI-
BAETCA PAM UX CBOUCTB. DTHU CBOUCTBA UCIOIB3YIOTCA B MOCICAYIOMUX maparpadax
Ipyu N3yI€HUU TOIIOJOT U TeHeﬁ.
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5.1. Omnpegenenusa. HamomauM, 9T0 pa36ueHuem MHOXECTBA HA3BIBAETCI CO-
BOKYIHOCTH €r'0 HEIYCTHIX HONaPHO HEIEePEeCEeKAIIMXCA TOAMHOXKECTB (9.4eMenmos
pa3buenHus) KOTOPBIE MOKPBIBAIOT BCE MHOXKECTBO. Ecmu ( — pa3bmenme MHOXe-
crBa X u z € X, ycaoBumMcs 0603Ha9aTh depe3 ((z) sneMeHT B (, COAEPKAIIN L.
[IycTs r — Touka B npeaaepese 7. Oupenennm va muoxectse 7 \{r} 6unapuoe
oTHOmeHne R, , mOI0XUB
Ry < r ¢z, y (12)

OrHowenwe R, ABIAETCI OTHOLUICHWEM OSKBUBAICHTHOCTH (OHO pPeQIEKCUBHO B
cury (AL), cummerputdno B cuty (Al) u TpamsmTuBHO B cuy (A3)).

O6ozraqaum wepes (, m OymeM HA3BIBATH Y3406bim pasbuenuem npeddepesa T
6 mouke r pa3bueHue, SIEMEHTAME KOTOPOrO ABIAITCA MHOXECTBO {r} U KIaCChL
SKBUBAJEHTHOCTH OTHOIIEHUA R,.

[TogmuoxecTBa mpexgaepesa 7, umetoume Bujg (. (t), r # t, OygeM Ha3BIBATH

semeanu'® npegnepesa 7. Takum 06pa3om, pu r # ¢, IO OIPEIEICHHIO,

G@)={zeT:r¢[zt]} (13)

Touxy 7 OyaeM Ha3bIBATH IIPU DTOM UCTNOYHUKOM BeTBE (p(t).
Homonuenus sersen GyaeM Ha3wvBaTh menamu. Tens 7T N ((t) orGpacbiBaeTcs
TO‘IKOI‘/’I T, eCiim ICTOTHUK CBE€TA PACIIOJOXEH B TOYIKE t:

TNGEt)={zeT:relzt]} (14)

5.2. 3ameuanue. B caydae, korjga cTpyKTypa IpefAepeBa pacCMaTPUBAETCA HA
Tonoaoruaeckom npocrpanctee X (cm. npeamoxenue 1.3), BeTBu y310BOro pastu-
eHms (; — DTO KBA3UKOMIIOHEHTHI CBA3HOCTHU mpocTpancTBa X N\ {z}. Ecmm X —
OPEBOBUHOE IPOCTPAHCTBO (Hampumep, R-1epeBo uiu NeHApOH), TO BeTBU pa3bu-
enms (; — DTO KOMIIOHEHTHI CBA3HOCTHU nmpocrpancTBa X \ {z}.

5.3. 3ameuanue. Y 7Z-IepeBbeB MHOXECTBA BETBEM U TEHEU COBIALAIOT
(cm. memmy 5.14).

5.4. 3ameuanume. [lna npexgepesa 7 u ero Touku ¢ € T onpeneaum GHHAPHOE
oraomenve R/ ma 7 ~ {a} caegyommm o6pazom:

Ry < [a,x]Nla,y] # {a}.

B [1, Teopema 15.6] gokasbiBaeTcs, 9T0 R, ABIAETCA OTHOLIEHWEM DKBUBAICHT-
noctu Ha MEOXecTBe 7 \ {a} u aro R, C R,. Boxee Toro, R, = R, Torga u TOIBKO
TOr/ia, KOrja TOUKa ¢ perymapHa (cM. onpenenenue 4.8).

Y5Mer menomssyem Tepyvus u3 [30, crp. 7). AlbTePHATHBHBIN TEPMUH M3 TEOPHH BBITYKIOCTEH:
KOMOUKY — MAKCUMAJIbHBIE BBITYKJIBIE MHOXKECTBA B JOMOIHEHNN K TOM WA HHOU TOIKE (BBILYKJI-
OCTb BeTBEN JOKa3bIBaeTCA B aeMme 5.10).
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5.5. 3ameuanume. Ouaementsl (,(t) MOXHO omucaTb GOPMYJION, OOWEN AIA CIy-
qaeB 1 £t u r = t. [leNcTBUTEIHHO, KAK HETPYAHO MPOBEPUTD, MJA JOObIX 7t € T
BBIMTOJHACTCA PABEHCTBO

Gr(t) ={z €T :r¢[zt)} (15)

5.6. 3ameuanme. B mpengepese 7 ¢ TepHApHOU CTPYKTypou S (CM. ompenee-
aue 1.1) ama y3a0BbIX pa3sOMeHUN B CUILY ONPEIEIEHUN BBIIOJIHACTCA COOTHOIIEHUE

Sprq & P #1r# 9N (GP) # G(q). (16)

5.7. 3ameuaunume. Cucrema y3J0BbIX pa3OueHUN TpenaepeBa ABIAETCI IPEBOBU/I-
HOU B cMBIcae onpepenerus 1.5. [lpu sTom onucanuas B npemaoxennn 1.6 cTpykTypa
mpeepeBa Ha DTOU CHCTeMe 30MOP(HA CTPYKTYPE UCXOLHOTO MPEAEPEBA.

5.8. Jlemma. Bo scarom npeddepese T svinoanstomes caedyowue c8oticmasa:
(Z0) Cp(x) = {x} dan scex z €T,
(Z21) Cp(y) UCy(x) =T dun scexx #yeT.

Proof. CsouctBo (Z0) BeimmomuseTca mo mocrpoenmio. [lokaxem csoucTso (Z1).
[Mycrs © #y € 7. Torpa

Gly)={zeT:xdlzyl} n ()={2€T:y¢l[za]}. (17)

[Ipm sToM u3 yciaoBus & # y B cmry akcmombl (A2) caegyer, 9TO AIA KaxoOroO
z € 7 BBHINONHAETCA OLHO W3 cooTHOmeHWd r ¢ [z,y] my ¢ [z,z]. C yderom
coornomenn (17) sTo o3magaer, 9ro ((y) U (y(r) = 7. Jlemma gokasana. O

OxaseiBaercs, coornomernus (Z0) u (Z1) Takke MOXHO HCIOIB30BATH B Kate-
CTBE AKCHOM I AlbTEPHATUBHOTO ONPEAENEHUA IPEAEPEBbEB Yepe3 pa3buenus, —
MBI MOXEM PaCCMATPUBATH IpENIepeBO KaK MHOXECTBO 7 C CHCTEMOU pa30OueHun
{Cs}reT (xaxpon Touke x € 7 comocrasaeHo pasbuenue (), 0OIAAOMWEN CBOU-
crBamu (Z0) u (Z1).

5.9. Teopema. Conocmasaenue npeddepesy cucmembl €20 Y3406blT pasbuernut
3000em 83GUMHO 00HOZHAUHOE COOMBEMCMBUE MEHCY NPEIIEPEBLAMY U MEMU CU-
cmemanmu 6uda {(ylrex, cocmoswumu uz pazbuenutli MoO20 UAU UHO20 MHONCE-
cmea X, komopuvie obaadatom ceoticmsamu (Z0) u (Z1).

Proof. [Ins moka3aTeabCTBAa TEOPEMBI JOCTATOTHO MOKA3ATH, ITO

1) Cucrema y310BbIX Da3OUEHUU MPOM3BOALHOTO HpEAAEpeBa OOMALAET CBOU-
crBamu (Z0) z (Z1).

2) CTpykTypa NpOM3BOIBLHOrO MPEAAEPEBA OJHO3HATHO BOCCTAHABIUBACTCA IO

ero cucTeMe y3IOBBIX pasbuemmit'®

Y6Boo6me ropops, cTpyKTypa mpengepesa BOCCTAHABINBACTCA U [0 HAGOPY Y3IOBBIX Pa3OMeHM
(upm 3abbBanmy 06 nugexcanmu). Cum. cregcrsme 5.11 m ero noxa3’aTeaLCTBO.
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3) Beakas cucrema {€; }pex pasbuennn £, npom3BoabHOr0 MEOXECTBA X , 004~
paromas couctBamu (Z0) u (Z1), ABrgeTcs CHCTEMOU Y3JI0BBIX PAa3OUEHUN HEKOTO-
poro mpeamepesa Ha X.

YrBepxaenue 1) qokaswiBaeTcsa B jaemme 5.8.

Yreepxaenue 2) crenyer w3 coorHomenus (16).

Hoxaxem yrBepxgaenue 3). Ilycrs cucrema {&,},cx pasbuenunt &, HEKOTOPOrO
muOXecTBa, X obGmamaer csouctBamu (Z0) m (Z1). Onpeneamm ma X TeprapHOE
orHomrenze S npasuioM (cp. ¢ (16))

Sprq & #r# QN (EW) # (). (18)

[Tokaxem, 9T0 S ABIAETCA CTPYKTYPOU IpeNAepeBa, T.e. YIOBIETBOPAET AKCHO-
mam (T0)—(T3).

Bomonaumocts akcuom (T0) u (T1) oueBugna u3z (18).

IT06BI IPOBEPUTH BEIIOMHUMOCTD aKCUOMBIL (T2), mpeamnomoxum, 9To Hau 1y TCA
TOYKH ,Y,7 € X Takwe, 90 Yy # 2, Sxyz u Swzy. Torga ¢ #y # 2 # x, {(x) #
&y(2) m & (x) # & (y) (B cmmy (18)). B gacTrOCTH, MBI HiMeeM = ¢ &,(2) u x & &, (y).
Opnnako m3 HepaBeHCTBa z # y B cmay (Z1) Berekaer, uro &y(z) U &, (y) = X.
CrenoBarensro, x ¢ X. Mbl npumwm K mpoTuBopedunio, a 3HaduT, akcuoma (T2)
BBIIIOJIHAECTCA.

Axcuoma (T3): mokaxem, 4TO B CIydae BBIIOIHEHUs COOTHOLWICHUN STYz U W #
1 BEPHO U XOTSA ObI OHO U3 COOTHOUEHUN Sryw u Swyz. Ycaosue STyz O3HAYAET,
aro x # y # z u &y(x) # &y(2). U3 mepasenctsa &y (r) # &y(2) creayer, aro
BBIIIOIHAETCA OJHO U3 HepaBeHCTB &y(w) # &y(2) m &y(w) # & (z). Uz ycnoBun
T # Yy F# 2zuw F Y BHITEKAET, 9TO L # Yy # w u w # y # z. CaenosarenbHO, B
crydae £y (w) # &y () BrmoarAeTCA cCOOTHOMmEHMe STyw, a B caydae &y (w) # &y (z) —
cooTHomeHne SWyz.

Urak, (X,S) asagerca npeggepeBoM. [lias 3aBeplieHus JOKA3aTEIbCTBA OCTa-
eTCA MOKa3aTh, ITO, KAKOBA Obl HU ObLIa TOYKA I € X, COOTBETCTBYIOIIEE y3I0BOE
pasbuenue (, upennepesa (X,S) cosnagaer ¢ £,. CpaBuum pasbuenus (, u .. Die-
menT (,(r) coBmagaer ¢ {r} mo onpenesermio y3aoBoro paszbuenus, a &(r) = {r} B
CILy IPEAIONOXKEHUs O BhIIOAHUMOCTH cBoucTBa (Z0) s cucrembl {&; }zex. Te-
nepsb 3ametrum, 9To aaa Toek p,q € X \ {r} (r.e. upu p # r # q) w3 (16) u (18),
COOTBETCTBEHHO, BLITEKAET, ITO

Sprq < G(p) # ¢r(a), (19)
Sprq < &(p) # & (0)- (20)
U3 (19) u (20), nockonsky ((r) = {r} = & (r), cregyer, aro (, = &,. YrBepxkaenue
3), a BMeCTe C HUM U TeopeMa, TOKA3AHBL. ]

Caenyromme JeMMBI COIEPXKAT Pl CBOUCTB BETBEH.
5.10. JIemma. Bo scarom npeddepese T 8uinoanaomcs caedyouue c80UCmMea:

(1) ¥V xaxncdoii semsu umeemes eduHCMBEHHBIT UCTNOUHUK.
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(2) Kasxcdas semsv svinykaa.

(3) Ecau (Bj)ic; — wmabop semseti ¢ 00wum UCMOURUKOM 7, Mo 00bedunenue
Uy :=UU{r}, 2de U := ;¢ Bi, svinykao.

(4) Kawxcdas menv svinykaa.

(5) Hycmv S — svinykaoe muoxcecmeo 8 T u nyemv r € T . S. Toeda mmosxrce-
ecmso S codepacumes 6 00noti uz semaeti pazbuenus (.

Proof. (1) Ilycts B — npousBoabHas BeTBb. 1lo ompegenenuio, y B umeeTcs uCTOY-
Huk (ckaxem, b). [lomycrum, ToUka ¢ Takke ABIfeTcs ucrodHukoM mius B. Torga
a ¢ Bub¢ B no onpegeneHuio uCTOYHUKOB U BeTBen (onpegenerue 5.1). Bruibepem
npou3BoIbHO TOUKY t € B. Ilockonsky t € B, b ¢ B u a — ucrounuk BerBu B, TO
B cuity oupegenenus 5.1 umeem a € [b,t]. AnamormdebiM 06pa3soM HOLydaeM, UTO
b € [a,t], orkyna no akcuome (A2) caemyer, 9T0 @ = b. YTBepXIeHUE TOKA3AHO.

(2) IIycts B — npowsBonbHAsA BETBb, I' — ee ucTodHuk. Torpa, ecim z,y € B,
TO B CWIY OLpeJeleHns BeTBer uMeeM 1 ¢ [z,y], a B cuiiy B cuiry cBoucTsa (Ad) mus
106010 t € [z,y] BoimonHsercs Bkaodenue [z,t] C [z,y], Tak aro r ¢ [z, 1], oTkyza
IO OMpeJeJIeHuIo BeTBen caenyer, uro t € B. Takum o6pasowm, ecau x,y € B, To
[z,y] C B, T.e. B BoinyKiA.

(3) Homycrum, uro U, He Beimykiao. Torga maugyrcsa Touku p,q € U, Takwe,
1o [p,q] ¢ U,. llycts = € [p,q] \ U,. 3amerum, uro r € [p,z] (eciu p = r, 310
BKIIOYeHne umeeT mecTo mo akcmome (A0); ecim p € U, BKIIOYEHWE BBINOIHACTCA
1o onpegeneHuio 5.1). AHATOrUYIHBIM 06Pa30M IPOBEpPAETCA, ITO T € [z, q]. B cury
ceoucTsa (A5) Bkaodenus x € [p,ql ur € [p, z| BrekyT Bkiarouenue = € [r,q|. B cuny
akcuoMbl (A2), Bkatodenus r € [z,q] u x € [r,q] BrekyT paBercTBo z = . OgHAKO
r € Uy u z ¢ U,. ObHapyXeHHOEe IPOTUBOPEYNE JOKA3BIBACT yTBEPXK ICHUE.

(4) YTBepxnenue ciegyer u3 (3) B CHIY OLIpeeTeHIH.

(5) Paccyxmas OT IpOTUBHOrO, IIPEATIOIOKMUM, ITO S HE COAEPKUTCA HA B OJHON
u3 BeTBen pasbuenus (,. Torga, moCKoIbKy 7 ¢ S, MHOXECTBO S mepecekaeTcs Kak
MUHMMYM C AByMs BeTBAMU (Ckaxem, By m Bs) pazbuenus (,. 3amMeTum, 9TO A1
mo6bIX TOYeK a1 € SN By u ay € SN By BHINOIHAETCA BKIIOYUEHWE T € [a1,as)
(mo ompepnerenuio 5.1). OrTcioma, MOCKOIBKY S BHIDYKIO, cregyer, 4To r € S. Mol
[IPUILIA K IPOTUBOPEYIUIO. Y TBEPK JEHUE [OKA3AHO. U

5.11. Caeacreue. C(Cobcmeennoe nodmmoxcecmso npeddepesa 8LINYKAO M020G U
moabko mozada, Ko2da 0Ho ABALEMCA nepeceuenuem semeeti npeddepesa. Cmpyrk-
mMYpa Npou3osvro20 npeddepesa 00HO3HAUHO B0CCMAHABAUBLEMCS TLO COBOKYNHO-
cmu e2o eemeéet.

Proof. TlepBoe yTBepXkieHUE CAEOCTBUS OYEBUAHBIM O0Pa3OM BBITEKAET U3
aemmet 5.10(5). Bropoe yTBepxkgenue ciegyeT U3 mepBoro B CHIY TOrO, 9TO CTPYK-
Typa IPOU3BOJILHOI'O IIPEJ 1EPEBA OJHO3HATHO BOCCTAHABINBAETCS 10 COBOKYIIHOCTH
€ro BBHINYKJIBIX IOAMHOXECTB (Teopema 2.2(3)). O
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5.12. Jlemma. Ilycmo A u B — semsu npeddepesa T ¢ ucmounukamu a u b,
coomeemcmeenno. Toeda:

l.(ae B)A(be A) & AUB=T.
2. (aeB)N(b¢ A) & ACB.
3. (a¢ B)NbEANA#B) & (ANB=2)AN(AUB#T).

Proof. 1. Ecma € Bub € A, 1o B = (3(a), A = (4(b) m a # b (mockoabky
a € B, a Touka b He sexuT B BeTBU B, OyAytum €€ UCTOTIHUKOM), OTKY/Ja B CUILY
cBoucTBa (Z1) caegyer, uro AU B = (4(b) U (p(a) = 7. Obparuo, ecru AUB =T,
Toa € B (tak kak a ¢ A) mb € A (Tak kak b ¢ B).

2. Ecma € Bub¢ A, ro B = (y(a), A # (4(b) u a # b (mockonsky a € B,
a Toduka b He JexuT B BerBH B, Gyayum ee mcrounukoMm). B cuiry (Z1) umeem
(p(a) U e(b) = 7. Takum obpasom, BetBb B = (p(a) COmEPKUT BCE DIEMEHTHI
pasbuenus (, 3a ucKmodeHueM d1eMeHTa (,(b). B wactHOCTH, B comepxur A. A
u3 TOro, 9T0 MHOXECTBO B \ A comepxwuT a (u, 3HAYAT, HEITYCTO), BEITEKAELT, ITO
A C B.

Ecim A C B, o b ¢ A (nockonsky b ¢ B). Urobel gokasars, 9To a € B, npea-
HOMOXKKM, PacCyX)Jasd OT IPOTUBHOrO, 9TO a ¢ B, u paccmorpuMm BeTBb (p(a). U3
yeaosuit a € (p(a) u b ¢ A B cuy coobpaxeHuil U3 NEPBOM YaCTU NOKA3ATEILCTBA
cregyer, uto A C (p(a). IDTo BxOogmT B mpormBopeuune ¢ ycaosuem A C B, mo-
CKOIBKY BeTBH (p(a) u B ABIAIOTCA pa3InIHBIME daeMeHTaMu pa3ouenus (. Takum
o6pasoMm, a jgexuT B B. YTBepxkaeHuE JOKA3AHO.

3. llycrb a ¢ B,b¢ Au A +# B. Torna AU B # 7T B cuny nm. 1,2 HacTosuen
aemmbl. [lasa mokasareabcTBa cooTHOmenus A N B = & paccmorpum caydanm ¢ = b
ua#b B crydae a = b BetBu A u B ABIAIOTCA DIEMEHTAMU OTHOT'O U TOTO XKe
pasbuenus (, = (p, Tak 9TO cooTHOUeHNne A N B = & ciaegyer u3 COOTHOIICHUS
A # B. B cayuae a # b B cuny (Z1) umeem (p(a) U (4(b) = 7. llpu stom A u
(q(b) aBISITOTCS pasnuaHBIME diaeMeHTaMu pasbuenus (4 (b) (Tak xak b ¢ A), orkyzna
noxy4daeM, 9To AN(,(b) = @. Anamormvasiv o6pasom u3 ycaosus a ¢ B (mpu a # b)
BoITeKaeT, 910 B N (p(a) = &. U3 coorromennn (p(a) U (b)) =T, AN((b) =D n
BN (y(a) = @ ogeBugno cregyer, uro AN B = O.

[ist moxasaTeabcTBa 06PATHON UMILIMKAIINYE 3AMETUM, 9TO COOTHOIeHus: a ¢ B
ub¢ A caepyror us yeaosus AUB # T B cuny ni. 1,2 HACTOSALIEN JIEMMBI, & YCJIOBUE
AN B = J oueBuguo BredeT cooTHomenne A # B. O

5.13. Jlemma. Ilycmo y # x # z — mouxu 6 npeddepese T. Tozda

ye(r,z] & (ylz) C ().

Proof. Ilycrs y € (z,z]. Torga, ecmm y = 2z, 1o (y(z) = (,(), Tax 9T0 BKIIOICHIE
Cy(z) C (;(z) BomomnaeTca. Ecm y # 2z, To z ¢ [z,y] mo (A2) Tak kak y € (z,2] C
[z,z]. U3 ycaoBusa z ¢ [z,y] no onpexenenuto BerBen morydaem, 9ro y € (,(z). Us
yCIoBHA y € [, 2] IO OIpejeJeHnIo BeTBeR IomydaeM, ITo z ¢ (y(x). Uz y € (,(x)
1 z ¢ (y(z) mo memme 5.12(2) momy=aem, 1o (y(z) C (. ().
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ycrs (y(z) C (,(x). B caygae (y(z) = (;(x) no azemme 5.10(1) moxy<aem, 9To
Yy = z, OTKyJa ClegyeT, 9ro y € (x,z]. B cay1ae (y(z) C (;(r) mo memme 5.12(2)
nonydaeM, 9To z ¢ (y(x), OTKyga B CHIy ONpefeleHWsA BEeTBEH CIEAyeT, 9TO Y €
[z, z], Tak 9TO Y € (x, 2], HOCKOIBKY T # ¥. O

5.14. Jlemma. Ilycmv a ub — necosnadarowue mouku 8 npeddepese T . Ilpedno-
aoxcum, wmo [a,b] = {a,b}, u wmo zomsa 6vi 0dua uz mouex a u b peeyaapna'’ To-
2da semsu (o (b) u (p(a) asasromesn e3aumodonoansowumu, m.e. T (o (b) = (p(a).

Proof. Tlonoxum, me ymauasas oO0mHOCTH, 9TO TOUYKa b peryaapHa. Ilycts z € (o (b).
Torga a ¢ [z,b] no onpegenenuio BerBen. Takum obpasom, [z,b] N [b,a] = {b}.
Orcroga B cuiy peryispHocTy Touku b cregyer, 1ro b € [a, z]. DTo o3HA4aeT, 9TO
z ¢ (p(a). CregoBarensro (,(b) N(p(a) = @. Orcroaa, BOCIOIL30BABLIACH TEM, ITO
Ca(b) U p(a) = T (comcrso (Z1)), moxygaem Tpebyemoe 7 N (o (b) = (p(a). O

5.15. O6o3uavyenua. [luas Touku r u mogMHOXKECTBa, S B npenaepese 7 BeegeM
crenyiomee 0603HAYEHMTE:

Us(z) ={teT:[t,z]NnS =0} (21)

5.16. Jlemma. [lycmp x,y — mouxu, S,Q) — nodmuoxrcecmea 8 npeddepese T .
Toeda:

1
2
3

5) Ecau x #y, mo Upp(z) = (y().
Ecauwx ¢ S, mo Us(x) =g G (x)-

Ecau y € Ug(z), mo Ug(z) = Us(y).

(1)
(2)
(3)
(4) Us(z) NUg(z) = Usug(z).
(5)
(6)
(7)

7

Proof. (1) Ecim Ug(z) = 7, 7o [t,z]NS = & mus Beex t € T, OTKyAa, MOCKOIBKY t €
[t, z] mo akcuome (A0), cregyer, uro t ¢ S, Tak uro S = &. ObparTHAs UMILTUKALAL
OpAMO CAEIYET U3 OIPEICICHU.

(2) Ecm Ug(z) = @, o © ¢ Ug(x), a 5TO 1O OLPENEICHUIO O3HATAET, ITO
[z,2] NS # @. Ocraerca sameruts, uro [z,z] = {z} (cBoficto (A3)). Ecm
x € S, To upu mobom ¢t € T mHOXKecTBO [t, 2] N S conepxur = (Tak Kak = € [t, ]
no akcuome (A0)) u, crefoBaTeIbHO, HEMYCTO. DTO IO OHPENEeICHUI0 O3HATALT, ITO

US(.’E) = .

Y Oupegenenne peryasgpHOCTH aHO B 4.8.
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(3) Ecm z € Ug(z), To Us(z) # &, tak uro x ¢ S B cuny (2). Ecim z ¢ S,
T0 [7,2] NS = @, Tak kax [z,z] = {z} no ceoficTBy (A3), oTKyza HO ompeeneHnIO
nonydaem, ato & € Ug(z).

(4) IIpsamo crepyet u3 onpexenenus (21).

(5) Cregyer w3 ompegeseHus BETBEN.

(6) Cnexyer m3 (4) u (5).

(7) Ompegerum orHomenue R, Ha MHOXecTBe 7 \ S, momoxus R,y B TOM
criydae, korga [z,y] NS = @ (cp. c oupexereruem 5.1). OrHomenue R ABtAeTcs
OTHOIICHUEM DSKBUBAJEHTHOCTU (OHO PeQIEKCUBHO B CHILY (A%), CUMMETPHUIHO B
cuny (Al) m TpamsurusHO B cuny (A3)). Kax BUAHO HEmocpencTBEHHO U3 oupeme-
neHuy, quA Kaxaoro r € 7 .S muoxectBo Ug(x) ABISETCS COAEPKAIMM TOUKY T

kaaccoMm oTHomenusa R.. Orcooga o4eBugHBIM 00pa3oM cregyeT Tpebyemoe. O

6 TomoJiorusa TeHen

B macrosmem naparpade HpuBegeHO ONPEAEJICHNE TOMOJIOI MY TEHEN U JOKA3AH Pl
ee CBOUCTB.

6.1. Onpegenenue. HamomuuwMm, 9T0 8emsamu npegmepeBa 7 HA3BIBAIOTCA MHO-
XeCTBa BUIA,

Ca(b) = {t €7 :a ¢ [tv b]}a

rge a # b (onpenenenue 5.1). Onpegeaum monosoeuio mewnetl Ha nupegaepese 7 Kak
HAMMEHBIIYIO TOMOJOTUIO, B KOTOPOU BCe BeTBU npenjaepesa 7 OTKPHITHL. WHbiMUT
CIOBAaMM, BETBU 00pa3yloT Mpeaba3y TOMOJOIUHU TEeHEH.

Tenu (T.e. gomonuenusa BeTBew; onpenenenue 5.1) 06pa3yoT npendasy 3aMKHY-
THIX MHOXECTB B TOIOJOTUU TEHEH.

6.2. IIpumepsnr. 1. Ha mpemmepeBe ¢ myCTBIM TepPHAPHBIM OTHOIIEHHEM TOIIOJIO-
U TEHEU COBIAIAET C TOIMOJOTUEN KOHEYHBIX TONOJHEHUN.

2. Ha paccMmaTpuBaeMOM Kak IIpeaepeBo JUHEUHO yIOPAJ0UIeHHOM MHOXECTBE
TOMOJOT U TEHEU COBHAMAET ¢ OOBITHOU MOPAIKOBOU TOMOJOTHUEN.

3. Y BCAKOrO APEBOBUAHOIO HIPOCTPAHCTBA (CM. ompenenerue B mpumepe 1.2(3))
TONOJIOI WS TEHEH COAePKUTCA B ucxogHon (cMm. [32, Teopema 20]), a coBnagaer ¢ Hen
TOTJa ¥ TOIBKO TOT/A, KOTJa IPOCTPAHCTBO mepudepmieckn KoHedHo'® (cM. [32,
Teopema 21|, a Takxe [23, crencrsue 5.12]).

B wacTHOCTH, HA AEHAPOHE TONONOTUA TEHEW COBIAJAET C MCXOAHOU (CM., Ha-
npumep, [20, cregcrsue 2.2)).

Beakoe mpeBoBmAHOE MPOCTPAHCTBO MPU MEPEXOAE K TOMOJOTMY TEHEW MPEBpPa-
[AETCA B PErYJIAPHOE JOKAIBHO CBA3HOE MNyTOOOPAa3HO CBA3HOE IMepUPEPUIeCKE KO-
HeYHOE APEBOBUAHOE IPOCTPAHCTBO (cM. [32, Teopemsr 20,21]).

1
80BOpPAT, ITO TOMOIOrWIECKOE MPOCTPAHCTBO NEPUPEPUUECKY KOHEWHO, €CIN Y HEr0 MMeeTCH
6a3a OTKPBITHIX MHOXKECTB, Y KaXIOT'0 DJIEMEHTa KOTOPOU MPAHUIA KOHETHA.
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4. Ha mepese (0yap To Z-gepeso, CW-aepeBo unu cummunuaasaoe R-gepeso, —
CM. 3aMeYaHUe M3 CHOCKH 1) TOMONOrUsA TEHEN COAEPKUTCA B OOBIHOM, & COBIATAET
C HEW TOr[a W TOJBKO TOr/a, KOrAa AepPeBO JoKanabHO KoHewHo. (Cm. mpumep 3.)

5. Tomosorms Temen ua R-mepese T CONEPEKUTCA B TOMOJIOTHA METPUKH
(cm. mpegmoxenue 6.6), a coBnagaeT ¢ HEX TOTAA W TOABLKO TOTAA, KOrAa (MeTpwu-
Yeckoe) momnonHeHue y 1 IOKAJIbHO KOMIIAKTHO, T.€. KOU[a BCAKAsg OrDaHUTICeHHAS
OEeCKOHEYHAsA MTOCAEOBATEABHOCTh TOUeK B 1 mMeeT (byHIAMEHTAILHYIO IIOIOCTE-
JOBATEIBHOCTh. (DTO BBIBOAWTCS W3 YyTBEPXKACHUM mpuMmepa 3.) B gacTHOCTH,
TOMOJOT'AA COBINAJAIOT B CACAYIOUINX CIYIAgK:

— T CUMILTUIUAIBLHO U JIOKAJIBHO KOHEYHO,

— T JOKATBHO KOMIIAKTHO B TOMOJOTUU METPUKW,

— T "umMeeT KOHEYHYIO AJAUHY’ , T.€. HAKPBIBAETCA HAOOPOM MHTEPBAJIOB KOHEY-
HOHU CyMMAapHOU [JIMHEIL.

6. IIycrs T — mepeso (kax B npumepe 4), a Ends(7") — MHOXeCTBO €ro KOHIOB.
Ha o6wveguuenun T'U Ends(7T') umeeTcs ecTecTBeHHAs CTPYKTYpa Ipeiaepesa (OHA
omuceBaerca B §11), comepxkaman T' B Ka9ecTBe BIOKEHHOTO Ipeanepesa. Hamm-
Yre eCTECTBEHHOU CTPYKTYpHI npeaaepena Ha 1 U Ends(7') nossoaser roBoputhb 0
TONOJMOTMK TEHeR Ha >ToM o0beguuenun. Kpome Toro, ma T'U Ends(7T') mmeerca
M3BECTHAA CTaHJAPTHAA Tomoaorua'® MOXHO IIOKa3aTh, ITO 3Ta CTAHIAPTHAS TO-
MOJIOTUA ABIACTCA HAMMEHBIIEN W3 TOIOJOTHMH, COAEPXKAIIAX TOMOJOTUI0 TEHEW U
MHAYIUPYIOMUX UCXOMAHYIO TONOJMOruio Ha gepese 1. TewmeBas Tonosorus npepie-
pesa T'U Ends(T') cogepXuTcsa B CTAHZAPTHOU, & COBIAJAET C HEM TOTJA M TOIBKO
Torga, korga 1’ JoKarbHO KOHEIHO (cM. mpemaoxenue 12.3).

7. IlcepomepeBo (cM. ompenenerue B mpumepe 1.2(7)) ABIgeTCS MOLypeMIeTKON
TOra W TOJBLKO TOTJA, KOTLA COOTBETCTBYIOIIEE NMPENAePEBO MEIUAHHO. B sTOoM
CIIy'Iae TOOJOTHA TeHew coBmagaer ¢ Tomonoruen T m3 [24].

6.3. Jlemma. Ilycmv 7T — npeddepeso. Tozda cosoxynmocms 3 ecex nodmmo-
scecms suda

Up(z) :={teT:[t,z]NF =2},
edex €T, a F CT — Koneuno uau nycmo, asasemcs 6a3ot monoso2uu mewet.

Proof. W3 memwmebr 5.16 crenyeT, 9TO COBOKYIMHOCTD 4 COCTOUT M3 mMepeceveHun Bee-
BO3BMOXHBIX KOHEYHBIX HAOOPOB BETBEU mpemaepesa 7 , myCTOro MHOXECTBA U MHO-
xectBa 7. OCTaeTcsa 3aMETUTh, ITO BETBU IO ONPEIEICHUI0 0Opa3yoT mpendtasy

19CymecrByer HECKOIBKO HIPOPAGOTAHHBIX TEXHUK, II03BOIOMIX omucaTsh MEOxkecTBo Ends(T)
KOHILIOB fePeBa W CTaHAAPTHYIO Tonomoruio Ha oobveguuenuu 1'U Ends(7'). Muoxecrso Ends(T)
MOXHO PacCMaTpUBATh, HATIPAMEp, Kak

A) MuOXECTBO KIACCOB KoHPunaabhbiz ayueli (0600menne >Toro moaxona Ha CILyIal IPOU3BOIb-
HBIX IPenaepesbes paccmarpusaercs B §11);

B) npocmpancmeo konyoe B cmeicae Ppengenrans (cM., Hampumep, [3, 7]);

C) epanuyy wa 6eckoneunocmu B cMBICIe runepOommieckux no ['pomoBy mpocrpancTs (cMm., Ha-
npuep, [15]);

D) nabawodaemyro eparuyy CAT(0) mpocTpaHCTBA — C TAK HA3BIBAEMOU KOHUUECKOT MONos0uel
(cm., manpumep, [3]).
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TOIOJIOTUU TEHEW W YTO B TOMOJOTUYECKOM mpocTpancTBe X ¢ npenbaszoun P MHO-
®KECTBO, COCTOAIIECE U3 MEPECEICHNN BCEBO3MOXHBIX KOHETHBIX HAOOPOB DJIEMEHTOB
u3 P, mycToro MHOXeCTBa U MHOXeCTBa, X, aABigercsa Oa3ou npocrpauncra X. [

6.4. Jlemma. Iocaedosameavnocmo (z;)ien mouek npeddepesa T crodumcea ¥
mouke x € T 8 monosozuu menet na T mozada u moavko mozda, Ko2da dai KaAHCIOT
mouru z € (T ~ {z}) mmomcecmso {j € N : z € [z,2;]} nycmo uau Koweuno,

m. e. Ko2da
N Ulzz] = {=}.

keNj>k

Proof. 1lo onpepgeneHuio, HOCIEIOBATEILHOCTD (Z;)icN TOYEK TOMOIOIAYIECKOTO IPO-
crpauncTBa X cxoamTcsa K To4dke T € X, ecinm BCAKAS OKPECTHOCTH TOYKU L COIEP-
KUT BCE DIEMEHTHI IMOCIeJOBATEILHOCTH (Z;)icN, HAYUHAA C HEKOTOPOIO HOMEDA.
Ecau P — npenbaza B X, 70 miis Beakou okpecTHoCTr U TOYKE T HAWAETCS KOHEY-
HBIM HAOOp DIEMEHTOB Npeabasbl P, mepecedeHre KOTOPHIX COMAEPXKUT L U COIep-
xurca B U. Orcioga ogeBugabiM 00pa3oM caegyetT, 9To (T;);cN CXOAUTCA K & TOTAA
U TOJBKO TOr[a, KOIJa KaXILIM DJAEMEHT Ipendassl P, COAepXKAIIUN L, COAEPKUT
U BCE DIEMEHTHI TOCAE0BATENLHOCTY (X;)icN, HATUHAA C HEKOTOPOI'0 HOMEpA.
[lepergeM HENOCPEACTBEHHO K NOKA3ATEILCTBY yTBEPXKAEHUA JeMMbI. [lycThb
(2;)ieny — mocaegoBarensHOCTH B 7 m & — Touka B 7. B cumy onpenenenma 5.1
cemericTBo {(;(7)}.e(7 (o)) €CTH B TOTHOCTH MHOXECTBO BCeX Tex BeTsed B 7, KO-
TOpBIE COEPEKAT TOUKY . Toraa, IOCKOAbKY BETBU 006pPa3yoT Ipendta3y TOMOJOT N
TEHEW, B CUIy BBHIIIEIPUBEIEHHOTO (PaKTa MOTyIaeM, ITO (I;)jeN CXOAUTCA K & eCIn
U TOIBKO ecau giA Kaxaon Touku z € (7 ~\ {z}) Bersb (,(x) comepxur Bce sie-
MEHTHI TIOCIEA0BATEALHOCTH (X;)icN, HAIMHAA ¢ HEKOTOPOTO HOMEPA, T. €. ECIN /I
kaxgon Touku z € (7 \ {z}) muoxecTBo {j € N:z; ¢ (;(z)} mycro mmm konedHO.
Ocraercsa 3aMeTUTb, 9TO B CHIy ONpPeAeNeHuMN npw z # x ycnosua z; ¢ ((z) n
Z € %, %] PKBUBAJCHTHBI. O

6.5. Ilpegnoxenue (cp. [4, memma 7.8]). Ilycmv S — nodmmuosrcecmso nped-
depesa T. Tozda monoaoeus menetd na S (xax na npeddepese ¢ ynacaedosanmot
om T cmpyxmypoti) codeprcumcs 8 monoao2uu, Komopyo uwdyyupyem wa S mo-
noaozus mewneti npeddepesa 7. Ecau S ewinykao 6 T, mo ykazanubie monoso2uu
co8nadatom.

Proof. Bynem o603uauars qepes (5 u CxT y370BbIe pa3buenus B npegaepeBbax S u 7,
COOTBETCTBEHHO (cM. ompegenenue 5.1). VI3 onpexenenus BeTBen (TO Xe Ompexene-
uume 5.1) BeITekaer, uTo Kaxaas Bersb (o (y), T # y € S, upengepesa S ABIAETCA
nepecesennem MHEOKecTBa S ¢ BeTBbio (! (y) mpexgepesa 7. TTockombKy BeTBH mMO-
POXJAIOT TOIMOJOTHIO TEHEH, OTCIOa CIeLyeT IMEePBOe YTBEPXK AeHUE IIPeNIOKEHUA.
[Ipu >TOM mus HOKA3ATEIBCTBA BTOPOT'O YTBEPXKJEHUS OCTAECTCS JUIIb IIPOBEPUTH,
ITO, KAKOBBI ObI HU ObLIH TOYKE a # b € T, B caydae, Korga S BBIIYKIO B 7,
nepecesenne S N (7 (b) orkpuiTo B TOmOMOrME Terek npegepesa S. Bcrm a € S,
to S N ¢Z(b) mmbo mycTo, 6O ABIAETCA BeTBBIO pasbuenums ¢, MHOXecTBa S (m,
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CIeN0BATEILHO, B 060MX CIydasx OTKpbITo). Ecau a ¢ S, To B cuny aemmsr 5.10(5)
nepecesenne S N ¢Z (b) mmbo mycTo, muGo copmagaer ¢ S (4, CIEIOBATEILHO, OT-
KPBITO). O

0

6.6. IIpeanoxenne. Ha mempuueckom npeddepese?® monoaozus mewneti codep-

HCUMCA 8 TNONOAOC2UU METPUKUY.

Proof. TlockonbKy BeTBU MOPOXK AAIOT TOMOJIOTUIO TEHEH, IS JOKA3ATEIHCTBA IPE/-
JOXEHUsA NOCTATOYHO MOKA3aTh, ITO BCE BETBU OTKPHITHI B TOMOJOTUU METPUKH.
[Iycts B — BeTBBb ¢ HEKOTOPBIM UCTOYHUKOM 7* B MeTpudeckom npeaaepese (1), p).
B cmny onpenenenus BeTBer, KAKOBBI Obl HE Ob1M TOYKU © € B uy € T\ B, BbIIOI-
HETCs COOTHOLIEHHUE I € [T, Y], DKBUBaneHTHOE paBeHcTBY p(z,y) = p(z, )+ p(T, y).
OTO O3HAMAET, ITO, KAKOBA ObI HU OBLIA TOYKA L € B, OTKPBHITHIA MAP C IMEHTPOM
B x pamuyca p(x,r) cogepxurca B B. Orcioga oueBuano crenyer rpebyemoe. [

6.7. IIpeanoxenne. B peeyaaprom (6 wacmmocmu, 6 meduarwnom) npeddepese
3AMKHYMbIE UHMEPBAALL ABAMOMCA 3AMEHYMBIMU NOJMHOHCECMBAMY NO OMHOULE-
HUIO K TONO0A02UY MeHned.

6.8. 3amedyanme. UYyTb Gojee qeTAIbLHBIM AHAJIN3 MOKA3LIBAET, UTO BCE 3aMKHY-
TBIE MHTEPBAILI (4 BMECTE C HUMM — Jy9d U IPAMBIE) mpeagepesa 7 ABIAIOTCA
3aMKHY THIMU [TOMHOXECTBAMU II0 OTHOIICHUIO K TOMOJOT MY TEHEN TOTa U TOIBKO
Torga, Korjga B 7 He mMeeTca Hu 0COOEHHOCTEN Tuma, Y1, Hiu OCOOEHHOCTEN T Ya
(cM. ompegenenue 4.3).

Hoxazameavcmeo npedaoxcenus 6.7. Ilycrs [a,b] — 3aMKHYTHIM MHTEpBA1I B pe-
ryagpaoM npeaaepese 7. [lia mOKa3aTeabCTBA MPENIOKEHUA TOCTATOTHO MOKA-
3aTh, 9TO s aoboun Touku £ € 7 \ [a,b] B T Hammercs BeTBb, COAEpXKAIAL T
U He ImepeceKammaics ¢ [a,b]. Ormerum, 4ro B cury akcuombl (AQ) mepeceuenue
Q = [z,a] N [z,b] cogepxur Touky z. OgHako () HE cOBHAAET C T, IOCKOIbKY B
OPOTUBHOM CIy9ae B CIIYy PEryIApHOCTH Ipennepesa 7 MbI MOLyIuIn Obl, BOIIPEKA
LPEANONOXEHUIO, 9T0 T € [a,b]. Bospmem npomssonbryio Touky ¢ € Q) \ {z} u no-
KazKeM, ITO BeTBb (,(2) (IO ompejeneHuo cofepKamas TOUKY ) He IepeCceKaeTcsa
¢ [a,b]. JencrBurenbHO, U3 BKAIOYEHUS ¢ € [T, a] 10 OLIPEIeNIeHNI0 BETBER 10Ty 9aeM,
aro a ¢ (4(z), a u3 Bkmovenns ¢ € [z,b] — 1aro b ¢ (,(x). Orcioga B cury ToOro,
aro Terb 7 \ (4(z) Bemykaa (remma 5.10(4)), cregyer Tpebyemoe. O

[Ipuemem pesyabTaThl THa TeopeMmbl Kpenna—MumibMaHa.

6.9. Ilpegumoxenne. B oepanuuennom npeddepese 8binykaai 06040UKG MHOHCE-
CMea €20 mepMUHAILHLLIT T mouer coenadaem co ecem npeddepesom.

20Cw. ompegenenue 4.17.
21Cu. ompegenenue 2.11.
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Proof. Illycts T — orpammvennoe npeagepeso, ex(7) — MHOXECTBO €ro Tep-
MUHAIBHBIX TOYEK. IlycTs @ € 7 — mpomsBoibHas Todka. llokaxem, 49TO
a € hull(ex(7)). [docTaTovHO PACCMOTPETH CIydad, KOTAa G HE TEPMUHAIBHA.
Toraa, COrIACHO ONpEeNeNeHUAM, HAUAYTCI TOUKMU p,q € 7 Takume, 910 a € (p,q).
Paccmorpum wa 7 oTHOIIEHUE TTOPALKA <g, ONPEAEIIEMOE IPABAIOM

T<gy = [G’Jx] - [aay]'

[Mokaxem, uro Beakaa nens C' B (7,<,) wmeer BepxHIOIO r'panb. [lencTsu-
TEIbHO, KAaK HETPYAHO BuUAeTh, C ABIACTCA JWHEHHBIM MHOXECTBOM B 7 wu, 3Ha-
9UT, HOCKOALKY 7 OrDaHWYEHO, JEXUT B HEKOTOPOM 3aMKHYTOM WHTEpBaJIe [v, w).
B cuny (A3) umeem [v,w] C [a,v] U [a,w], Tak 4T0 Kaxabm saement ¢ u3 C co-
zepxurca B [a,v] U [a,w]. Ilpu sTom, eciu ¢ € [a,v] (coors., ¢ € [a,w]), TO u Bce
saemeHThl U3 C, <,-MeHbIINE, YeM ¢, TOXe JeXaT B [a,v] (coors., [a,w]). Orcoaa,
KaK JIerKO IpOoBepuTh, caeayer, aro C' cogepxurcs aubo B [a,v], 1ubo B [a,w], a
DTO 3HAYUT, ITO B MHOXeCTBE {v, w} mmeercsa Bepxuas rpanb g C.

Teneps, obpamasics K aemme Kyparosckoro—llopra, moxywaem, aro B (7, <,)
HAUyTCA MaKCUMaJabHBIE dieMeHThl p' u ¢ Takue, aTo p <, p' u q¢ <, ¢, T.e.
p € [a,p] m g € [a,¢']. Us ycuoenit p € [a,p'], a € (p,q) u q € [a,q'], nBam B
obpamasce k (A8), moryaaem a € (p,q’), a satem — a € (p',q’).

MaxcuMaibHbIE DIEMEHTHI MOPAAKA <, ABIAITCA TEPMUHAIBLHBIMA TOYKAMU
B 7. ([leucrBuTensHo, eciu ToYKa s € 7 He TePMUHAIbHA, TO HAUAYTCI v, w € T
Takue, 9T0 s € (v, w), orkyAa B cuay (A3) momydaem, 9T0 s aeXuT B [a,v) U [a, w),
rak 910 B cuny (A4) aubo s <, v, mmbo s <, w, T.e. s He ABIIETCI MAKCAMAILHBIM
DJIEMEHTOM. )

Mer mokazamm, Takum obpasom, uto a € [p',q'], rme p',q € ex(7T), Tak uro
a € hull(ex(7)). [Ipegtoxenue nokasaHo. O

6.10. CaegcrBue. Ilycmb svinyxaoe nodmmoscecmeo K npeddepesa T wom-
naxkmuo 8 monoso2uu mewnet. Toeda K cosnadaem c 8binykaot 06040uKk0U MHO-
HCECTNBA CEOUT IKCTNPEMAALHBIL MOUECK.

Proof. Tlycte S — cyxenme cTpykTypsl npeaaepesa ¢ 7 ma K. Torma, B cury
npegmoxerus 6.5, Tonomorus TeHen Ha npexpgepese (K, Sk ) KOMIAKTHA, OTKy/Ja B
cmty Teopemsbl 8.2 caeayer, aro npeaaepeso (K, Sk ) orpammaeno. Ocraercs BOC-
IIOJAB30BATHCA IIPEMIOXKECHUECM 69, 3aMETHUB, ITO MHOXECTBO 3KCTPEMAJBHBIX TOYCK
moamuOkecTBa K B mpexaepese 7 COBIAIAET C MHOXECTBOM TE€PMUHAILHBIX TOYEK
npenaepesa (K, Sk). O

7 OrTaeaumMocTb

Hacrosamuu naparpad MOCBAIIEH CBOMCTBAM OTAECIMMOCTH TOIOJOIMM TEHEH Ha
upegaepese. Mbl HCHOAB3yeM CXEMBI JOKA3ATEALCTB U3 [24].

HamoMHUM, 9TO TOHOJIOrHYECKOE MPOCTPAHCTBO X HA3LIBAIOT

— Ty -npocmpancmeom, €CIu BCe ero TOUYKA 3aMKHYTHI,
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— zaycdopdosvim, ecau a00bIe ABe pasaudHble TOUYKHA B X 00/1a1aI0T Henepece-
KAIOIIMUCSI OKPECTHOCTAMI,

— PE2YAAPHbIM, €CIU BCAKOE 3AMKHYTOE HOAMHOXECTBO B X U BCAKasA HE COJep-
KAIMAACA B HEM TOYKA 00/IaAI0T HEIepeCeKAIIUMUCA OKPECTHOCTAM,

— HOPMAALHBIM, €CIU JIOOBIE IBA 3AMKHY THIX HEIEPECEKAIOMUXCS 0 IMHOXECTBA
B X 001aJal0T HEmepeceKalmuMUCI OKPEeCTHOCTAMM,

~ HACAEICMBEHHO HOPMAALHLIM (6T0AHE HOPMAALHBIM ), €CIU TI0O0E ero MO AIPO-
CTPAHCTBO HOPMAJAbHO B MHIYIUPOBAHHON TOIIOJOTUH,

— COBEPULEHHO HOPMAALHBIM, €CIU IS JTIOOBIX ABYX 3aMKHYTBHIX HEIEDPeCEeKao-
mmxcesa noamMuoxkecTB A u B B X manugercs menpepoiBaoe orobpaxenue f: X — R
taxoe, 10 f1(0) = Au f~(1) = B.

— MOHOMOHHO HOPMAALHBIM, ecar X ABaseTCsA T]-IPOCTPAHCTBOM U CYyLIECTBYET
oneparop H, conocrasiusromuu nape (p,C), roe C C X — samayTou p € X N\ C,
orkperroe maoxectBo H(p,C') C X Tak, aTo

(1) pe Hp,C) C X~ C,

(2) eciu D C X samkayrou p ¢ C D D, o H(p,C) C H(p, D),

(3) eci p,q € X m p # g, To H(p,{q}) N H(q, {p}) = @.

7.1. 3amedanue. MOHOTOHHO HOPMAJILHOE IMPOCTPAHCTBO BIIOJHE HOPMAJABLHO 1
xaycaopdoso. CoBepmeHHOE HOPMAIBLHOE MPOCTPAHCTBO BIOJIHE HOPMAILHO. Mo-
HOTOHHAA HOPMAJILHOCTD W COBEPUICHHAA HOPMAJBLHOCTH HECPABHUMEL.

CymiecTByloT mpenmepeBbs, TONOJOTUA TEHEW Ha KOTOPBIX MOHOTOHHO HOP-
MaJbHA HO HE COBepIIeHHO HOpMaibHa. (IIpmMep: MHOXECTBO BCeX CYETHBIX Op-
JQVHAIOB C OOBIYHOU MOPSAKOBOM TOMOIOTHEN. )

7.2. Jlemma. Ilpeddepeso ¢ monoaozueti menet asasemcea Ti-npocmpancmson.

Proof. Jlemma cregyeT u3 TOro GakTa, 9TO IIA KAXKAOU HApbl T 7# Y Pa3IMIHLIX
To4ek mpexaaepesa BeTBb (;(y) (cm. onpenenenme 5.1) comepkuT TOUKY Y, HE CO-
NEPXUT I W IPHU DTOM II0 ONPEAETCHUIO ABIACTCA OTKPBITBIM B TOMNOJOTMH TEHEH
MHOX€ECTBOM. U

Durypupyromme B HIXKECISAYOMER TeopeMe 7.3 TOHATHAA 3Be3[bI U CYIIPEMyMa,
ayru gasbl B pasgemax 4.5 u 3.1, coorBercrBenHo. OupeneneHus MeqUaHHBIX U
PEeryJIpHBIX TP IepeBbeB mpuBeneHsl B §4. Oupenenenue NeHIPOHA TAHO B IPHU-
mepe 1.2(3).

7.3. Teopema. Ilycmb T — npeddepeso. Tozda caedywue ceolicmea 3K8UEA-
AEHIMHDBL.

(i) B npeddepese T wne umeemcs mu OECKOREUNBIT 36€30, HU HANPABACHHBIT JY2,
obaadarwus dsyma u 6oaee cynpemymanu (nanpumep, T meduanno uau, 60-
aee 000, pe2yaipro).

(ii) Tonoaozus mewnet na T zaycdopdosa.
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(iii) Tonoaozus menet na T pezyaspha.

(iv) Tonoaozus menet na T HOPMAALHA.

(v) Tonoaozus meneti na T 8NoAHEe HOPMAALHA.

(vi) Tonoaoeus mewneti na T MOHOTNONHO HOPMAALHA.

(vil) Ipeddepeso T ¢ monoaozuet menet skaaduisaemca (Kax monoso2uveckoe
npocmpancmeo) 6 denopon.

Proof. e (i) = (ii) :

IIycrs © u y — pasawanbie Touku B 7. [lokaxewm, 9To ¢ u y 0061ajaoT Hemepe-
CEKAIOUIUMUCA OKPECTHOCTAMHE.

B cayuae, ecan (z,y) # &, A1a OPOU3BOILHON TOYKA 7 € (,y) BETBU

Glo) e T rdltal) u )= {teT:relhyl)
ABJIAIOTCA HEIEPECEKAIIUMEICA OKPECTHOCTAMHA NaA & U Y. [lelcTBUTEnsHO, B
cuity ompepneneHus uMeoT MecTo BkiaodeHus r € ((x) and y € ((y). Ilpm sTom
¢r(z) # G (y) (mockonbky T € [z,y], OTKyAa O ONPEAEICHHAIO BETBER LOLY9aeM, ITO
z ¢ ((y) my ¢ ((x)), rak aro ((z) u (,(y) GU3BIOHKTHLI (OyAy4Yd Pa3IXIHBEIMA
saemenTamu pa3buenus ().

B cayuae, ecim (z,y) = @ (t.e. [z,y] = {z,y}), nycts S — makcumanbHas
3Be3ga B mpengepese 7, comepxamas 3Be3gy {z,y}. CormacHo mpeamonoxeHuro
nyekTa (i), S KoHeuHa. 3ameruMm, 4TO mId Kaxzgoro r € S muoxectso S \ {r}
COMEPKUTCA B OTHOW BeTBU pa3bueHma (, (ITO JErKO CJAEAyeT W3 ONPENENCHUN).
O603Ha4uM Takyio BeTBb muad r € S depe3 D, u moaoxum

P, = ﬂ D, u P,:= ﬂ D,.
reS~{z} reS~{y}

(IIpu sTom P, N Py = (), cg D;.) Ilockonbky S xomedno, nepecedenus P, u Py or-
KpHITHL (B Tomonoruu TeHen). Ilo mocrpoenmio, € P, uwy € Py. Ilokaxewm, aro
P := P, NP, = @. [eicTBATEILHO, PACCYXAAd OT IPOTUBHOLO, AOIyCTHM, ITO
Haugercsa Touka p € P. Torgap ¢ S (tak xak p € D, ur ¢ D, pua Bcex r € S).
Boaee Toro, kakoBbl Ob1 HU ObLIM TOYKE 7 # § € S, BBIIOJIHAETCA COOTHOUIEHUE
r ¢ [p,s] (oTo cregyer m3 ompeneneHus BeTBed, TakK Kak p,s € D, mo mocTpoe-
Huo). Orcioga cregyer, 4ro [p,r) = [p,s) s Bcex r,s € S (AeUCTBUTENIBLHO, B
cuny (A3) mmeewm [p,r] C [p,s]U[s,r] u [p,s] C [p,r]U[s,r], npudem [s,7] = {s,7} &,
KaK I0Ka3aHo Beime, {s,7} ¢ [p,r) U [p,s)). O6o3Ha4UM He 3aBUCAIUN OT BHIOOPA
r € S unrepsan [p,r) 1gepes [p,S). Ormermm, uro [p,S) C P, HOCKOIBbKY, KakK
crenyeT w3 oupenenenus sersed, [p,r) C D, nusa xaxngoro r € S. Ilycrs < — To
HAIIpABIEHWE HA MHTEpBale [p, S), B KOTOPOM p ABIAETCS HAUMEHBIIMM DIEMEHTOM
(cm. nemmy 3.3(4)). Toraa, ecau B ([p, S), <) umeercs HAUOOJIBIIUY DJIEMEHT 17, TO
S U{m}, kak Jerko caenyer u3 KOHCTPYKIUW, 3BE3/A, & DTO IPOTUBOPETIUT MAKCHA-
MAJIbHOCTH 3Be31bI S, a ecau B ([p, S), <) HeT HaMOGOIBIIErO SIEMEHTA, TO KaXKJasd
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U3 TOYeK 3Be3abl S sABagerca cynpemymom gas ([p, S), <), a »To mporusBopeduT
ycnoBuio 1. (i). Ilomy<enHoe mpoTuBopetume mokasbiBaeT, uTo P, N Py = @, T.e.
P, n P, — menepeceKalomuecs OKPECTHOCTH Aaa T 1 Y. XayCcaopdoBOCTb, TAKAM
obpa3oM, gOKa3aHA.

o (i) = —(ii) :

Tomonorusa TeHe: Ha Mpeaepese, ABIAIIEMCS 3BE3I0M, COBHALAET C TOIOJO-
ruell KOHeYHBIX gomnoaaeHuin (cm. npumep 6.2(1)) u, crenoBaTeabHO, ABIAETCA XayC-
IOpdOBOM, TOJBKO ecau 3Be3fa KoHedHa. OTComa, MOCKOIBKY IOAIPOCTPAHCTBA
xaycaopdoBa IPOCTPAHCTBA XayCAOp¢OBbI, B CUILY HPEeLIOXKeHUs 6.5 ¥ BBHILYKIO-
CTHU 3BE3[ CIeAyeT, 9TO TOMOJOTUSA TEHEU Ha, IpeinepeBe ¢ OeCKOHEeYHOU 3Be3I0u
HexaycxopdoBa.

Ecim B npengepese 7 HAUAYTCA Pa3Au<dHBbIE TOYKYU ¢ U b, ABIAIOIIUECA Cympe-
MyMaM# OJHOU W TOU Xe HampasieHHou ayru (A, <), To Tomomorus Texen Ha T
HexayCa0pdOBa, HOCKOIbKY TOUKHY ¢ U b He 00JaJAI0T HeepeCeKAIMMMUCT OKPEeCT-
HOCTAMHU. (/leMcTBUTENBHO, B CIydae, KOU4a TOYKA § ABISETCA CYIPEMyMOM HAIpa-
Brernou ayru (A, <), npousBoabHaA BETBb ((S), comepxamas S, COAePKUT aubo
Bcio ayry A (ecam r ¢ A), mubo ee BepxHmu kaacc (r,s) (ecim r € A). Orcioga
BBITEKAELT, 9TO JI00Aasd OKPECTHOCTH TOYKU § COAEPKUT HEIYyCTOU BEPXHUU KJIACC
ayru (4, <).)

o (ii) = (vii) :

W3 semmbr 5.12 cregyer, 9T0 HAOOP BETBEN MPOU3BOILHOTO MIPE] IePEBA ABIACTCS
cu3uruvHLIM (cM. onpegenernue B pasgerne 1.8). Kak mokasano B [21] (cm. Takxke [20,
reopema 6.6] u [24, cregcrsue 3.13]), xaycaopdoBo npocTpaHCTBO, OO1aKAIOWIEee CH-
3UrMIHHON (3aMKHYTON?2) Ipen6as3ol, BKIAJBIBACTCS B HEKOTOPEIA ICHIPOH.

o (vii) = (vi):

[leH ApOHBI MOHOTOHHO HOPMAJIBHBL (CM., HAIPUMED, AOKA3ATEIbCTBO CJIeJCTBAA
3.14 B [24]). U3 oupepeneHus MOHOTOHHOU HOPMAJBHOCTH SCHO, YTO DTO CBOU-
CTBO SABIAETCA HACICACTBEHHBLIM, T.€. IIOAMHOXECTBO MOHOTOHHO HOPMAJILHOI'O
MIPOCTPAHCTBA, ¢ UHIYIIUPOBAHHON TOIOJIOTUEN MOHOTOHHO HOPMAJIBHO.

o (vi) = (v) = (iv) :

OTH UMILIMKAIAA BBIIOJIHAIOTCA /A JIOOBIX IIPOCTPAHCTB IO OIPEIEIeHUIO.

e (iv) = (iii) = (ii) :

[Ipamo crexyeT m3 JeMMEI 7.2. U

8 KommakTHOCTH

B macrosmem maparpadge mokKasbIBaeTcs TeopeMma 8.2 0 HEOOXOAMMEBIX W AOCTa-
TOYHBIX YCAOBUAX KOMIAKTHOCTH TOMOJOIMM TEHEW Ha MpemaepeBe. JTa TeopeMa
00001aeT pe3yabTaThl 0 KOMIAKTHOCTH TONOJOT'MEA TEHEW A PA3JUIHBIX KIAC-
COB IPEBOBUIHBIX CTPYKTYP, MOy ICHHBIE, HAIpUMeED, B [4, npegmoxenue 7.13], [22,

22Ha60op, COCTOAMMI 13 LOMOJHEHNH IO JMHOKECTE, 006pa3yIoUX OTKPHITYIO Ipen0a3y, ABIAETCA
3aMKHyTOU mpenba3ou. HaGop, COCTOAIINY U3 AOMOTHEHUN MOAMHOXKECTB, 00Pa3yOUUX CA3UTUAL-
HBIN HAOOP, TAKXKE ABIACTCA CH3UTCUAHBIM.
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npegiaoxenue 4.2] (caygayl 06beAuHEHUA CYETHONO A€PeBa C IPOCTPAHCTBOM €ro
KoHIIOB), [13, mpenmoxenwue 7.13], [11, npemaoxenue 1.13] (caydan cemapabeabHBIX
R-nepesbes).

Durypupyromme B Teopeme 8.2 MOHATHUI OTPAHUICHHOCTH U CIAOOU TOJHOTHI
npepepeBa BBOAATCA B pasgenax 3.6 u 4.12. OnpegeneHus HanpaBIeHHOW YU U
ee cynpemyMma npuBeneHtbl B 3.1. Teopema TakXke MCIONB3YeT MEPEKIMKAIOIMIEECT C
MOHATHUEM CYNPEMyMa HAMPABICHHOU NyTY MOHATUE MUHUMAJIHLHOU BEPXHEW TDAHU
[IENU BETBEU, KOTOPOE IIPUBEICHO HUXKE.

8.1. Onpegenenmne. YCIOBUMCA CIMTATH COBOKYIHOCTH [3(7) Beex BeTBed mpej-
acpeBa T TaCTUTHO YyIIOPALOYICHHBIM MHOXECTBOM, — C IIOPAAKOBBIM OTHOIICHUEM
BKa0YeHus nogmuoxects. Coorsercrsenno, Habop C Bersenn u3 B(7) Oyaem Ha3bI-
BAThb Yemblo, eCIU I Kaxaou napel By, By € C onua u3 BerBen By, By comepXxuT
apyryo. Berss D € B(7) masbiBaerca geprueti epanvio vHabopa P C B(T), ecanm
B C D gna Bcex B € P. Berse D € B(7) HA3BIBAETCA MUHUMAALHOT 6epTHEl 2pa-
nvto Habopa P, ecma | Jpop B C D m me cymecrsyer sersu D' € B(T) rakou, 910
Ugep B C D’ C D. OrmernM, 9T0 y HaGOpa BETBEU, HE UMEIOIIETO MouHol 6epI-
Hell epary, MUHIMAJIbHAA BEPXHAA I'PAaHb IU00 OTCYyTCTBYET, MO0 HE €IUHCTBEHHA.

8.2. Teopema. Ilycmv T — npeddepeso. Tozda caedyrowue c8oticmen IK6UBA-
AEHIMHDBL.

(i) IIpeddepeso T oepanuueno u caabo NoaKHo.

(ii) Bce dyzu 8 T A8a#0MCA UNMEDBAAGMU.

(iii) YV waacdot nanpasiennoti dyeu 6 T umeemcsa cynpemym.
(iv) Kaocdas yenv semseti 6 T umeem MunUMAAbHYIO 6EPTHION 2PaAkb.

Tonoaoeus mewnet Ha T Komnaxmua.

(v

Proof. e (i) = (ii) :

B orpanumdenHoM caaGo MOTHOM IpeJaepeBe Kaxas Ayra OrpaHdYeHa (B CHALY
OrPAHUYIEHHOCTH MIPEAAEPEBA) U, CAEAOBATENILHO, ABIACTCA HHTEPBAIOM (B CHILY Caa-
60U IIOIHOTEHI).

e (ii) = (i) :

Ecau Bce gyru B 7 saBasiorcs uaTepBataMu, To 7 caabo moaHO (IO OIpeereHu o
caabou moaroThH). Kpome Toro, B 3ToMm ciaydae 7 u OrPAaHUIEHO, MOCKOABKY KaXJ0€
JUHEXHOE II0IMHOXECTBO COAEPKUTCA B CBOEH BHIIYKJION 000JOUKE, KOTOPAA B CHILY
JeMMBI 3.2 ABIAETCA NyTOW, KAXAad Ayra B CUILY MPENIONOXKEHUs ABIAETCA UHTEP-
BAJIOM, A KAXJIbIM MHTEPBAJ I10 ONPEAEICHUI0 COAEPKUTCI B HEKOTOPOM 3aMKHY TOM
UHTEpBAIE.

o (ii) < (i) :

DKBUBAIEHTHOCTE cBoMCTB (ii) m (iii) mokasbiBaerca B [4, memma3.13]. (B [4]
npeaepesbs, 00Iagamue CBOUCTBOM (ii), HA3BIBAIOTCA ITOJHBIMUL. )
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o (iii) = (iv) :

[Ipeamomoxum, 49To B mpeggepee 7 y KaXIOW HAIPABICHHOM IYT'H HMEETCS
cynpemyMm. Ilokaxem, 910 y mpomsBoabHOU nemu C BeTBed B 7 wWMeeTCA MWHU-
MAaJbHAA BEPXHAA TPAaHb. 3aMETHUM, ITO HAUOONBIIMU DIEMEHT I[ENU ABIAETCA ee
MUHUMAJIBHOU BEPXHEU I'PAHBIO, IIODTOMY NOCTATOYHO PACCMOTPETh Ciydau menu C
6e3 HauOOIbLIEr0 dIeMeHTA.

O603na4nm gepe3 R, mogmMHOXeCTBO B 7, 00pPa30BaHHOE MCTOYHUKAMYI BETBEH
u3 C. IockonbKy y KaxX/JOU BEeTBU MCTOYHUK efuHCTBeH (1eMMa 5.10), a y pasamd-
HBIX BETBEHU C HEILYCTHIM IepeCeYeHreM NCTOYHUKY PA3MUIHLI (ITO IPIMO BEITEKAET
U3 ONIPEIENeHuN ), NePexXO] OT BETBU K €€ MCTOYHUKY AAET B3AWMHO OJHO3HATHOE
COOTBETCTBHE MeXJy saeMeHTaMu MHOX)ecTB C u R,. O603HaMMM 4epe3 < JIMHEHU-
HBIM MOPAAOK Ha MHOXecTBe R, coorBercrByfomui nopsaaky B nemu C (411 Touek
r,s € R, momaraem r < s ectu B, C By, rae B, u By — BerBu u3 C ¢ HCTOYHIKAMU
T X S, COOTBETCTBEHHO).

3aMeTHuM, UTO MOPAMOK < COMVACOBAH CO CTPYKTYpOHU mpeanepeBa 7 B TOM
CMBIC/IE, ITO BCAKasA TPOMKA T, S,t ToueK u3 R,, yJOBICTBOPAIOMIAA COOTHOUICHHUIO
r < s < t, yAOBIETBOPAET U COOTHOWEHWIO s € (r,t). [eNcTBUTEILHO, yCIOBUE
r < s < t IO OmpeIeNeHn0 PaBHOCUILHO yeaoBuio B, C By C B; mas Berseu B,
Bs; u By w3 C ¢ ucrodHukamu r, s u t, coorsercrBenno. U3 ycmosus B, C B; C
B, no memme 5.12(2) caegyer, uro r € By ut ¢ Bs. OTO B CWIy OIpEIEICHUSN
BeTBeHW O3Ha4YaeT, 4To s € [r,t], orkyga cregyer s € (r,t) Tak Kak r # s # t.
U3 5TOro HabmoqeHus B CUILy ONpeneNeHrs HANPABICHUN U JUHEHHOCTY OPAIKA <
BBITEKAET, ITO IR, ABIAETCSA IMHEMHBIM II0AMHOXeCTBOM B 7, a MOPALOK < ABIAETCA
HaIpaB/JeHIeM Ha R, .

Paccmorpum Bhimykiyto obonouxy R, := hull(R,). Us muHeitHOCTH MHOXECTBA
R, no memme 3.2 caegyer, 4UTO RC asagerca ayrou. Ilycrs </ — HampabieHume

Ha IR, UHIyIIpOBaHHOE? HampapicHmeM < Ha R.. Ilo ycnoBuio y HalpaBIeHHOH

ayru (R,,<') maugercs cynpemyMm (ckaxewm, s) B 7. Ilpu sToMm, Kak cregyer u3
onpenenennit, MEOXecTBO R, U {s} aBageTca myroh, a TOUKa s ABIACTCA HAMOOMb-
M DIeMeHTOM >Tol xyru (mo mampastermio <’ ma R, U {s}, urgymuposamrOMY
nanpasieaneM <'). OTcoga BBHITEKaeT, ITO s ¢ R,, MOCKOIBKY MBI PacCMATDH-
BaeM ciy4van, korga y C mer mamboabmero srementa. (B camom geme, yciaosme 06
orcyTcTBuu y C HAXOOJBLIETO BJIEMEHTA OYEBUIHBIM 06pPA30M BIETET OTCYTCTBUE
taxosoro u y (R,,<). Caemoparersno, mer Hambombmero srementa u y (R, <'),
TOCKOMBKY A Kaxjaoro T € R, \ R, cymecTsyoT a,b € R, Taxue, aTo = € {(a,b),
oTKynma cregyer, 9To mbo & <’ a, mbo z <’ b.) Ilockonbky s ¢ }_26, a MHOXECTBO }_26
BBIIYKJIO, 110 Jgemme 5.10(5) cymecrByer BeTBb B, ¢ HCTOYHUKOM B §, COAEPKAIIAS
ayry R..

[Tokaxem, 9TO BeTBb B, ABIACTCA MAUHUMAJBLHOU BepXHEU rpaHbio menu C.

[MpogemoncTpupyem cHadada, 910 B, sABigercsa mis C BepXHEW TpaHbIO, T.e€.
Upec B C Bs. llycts B, — BeTsb m3 C ¢ HCTOTHAKOM B HEKOTOPOU TOUKe 1 € R,..
[Tockoapky y C HET HAMOGOIBIIErO IEMEHTA, HAUAETCS BeTBb B,s € C ¢ HEKOTOPBIM

Z33T0T TepMUH [IA HANPABICHUN OIpeIeeH B 3.4.
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ucrounukom ' € R, rakaia, uro B, C B,.. U3 ycaosus B, C B, caegyer, 4ro
r<r'mr <" 7. Mol Takxe umeem 1’ <" s, IOCKOIBKY $ €CTh HAUOOMBIIAM DJIEMEHT
B (R, U{s},<") mr’ # s. Orcroga, nockonbky <" — HaIpaBIeHHTe, MOLYIAEM, ITO
r’ € (r,s]. Ilo memme 5.12(2) u3 ycaosua B, C B, cregyer, 910 r € B/, Tak 4TO
B, = (u(r). 3amernm, aro r aexut B B, (mockomrbky B, comepxut R.), Tak ITO
B, = (s(r). Y3 noxygennrix coorromenuin By = ((r), B. = (s(r) m 1’ € (r,s] B
cuny jgeMmmbl 5.13 Beitekaer, uro B, C B,y C B,. Tem cambiM gokasano, uTo B,
aBasgeTca g C BepXHEH TPAHBIO.

Tenepp mokaxeM, YTO BEpXHAA I'paHb B, MmHEUMaIbHa. Paccyxmasd OT mpo-
TUBHOT'O, JOMYCTHUM, 9TO B, He MUHUMaJIbHA, T.e. HalgeTca BeTBb B’ Takas, 4To
Upee B € B € B,. Torga B’ conepxur mHOXecTBO R,. ([leMCTBHTENIBHO, HO-
CKOJIBKY MBI PACCMATPUBAEM Caydan, Korga B nenu C HeT HaubOOIBIIEro DJIEMEHTA,
TO MM KaXJA0H Toukum r € R, coorBercrByomas BeTBb B, € C ¢ HCTOTHEKOM
B T JO/DKHA COAEPKATHCI B KadecTBe COOCTBEHHOI'O MOAMHOXECTBA, B HEKOTOPOU
serBu D € C. Torga u r aexwur B D no semme 5.12(2), tak aro 7 € D C B'.)
CaegoBaTensHo, MOCKOABKY BeTBb B’ Bomykaa (cm. aemmy 5.10(2)), ona copepxmr
7 BBIOYKIYIO O000TOUIKY RC = hull(R,). Ilycts s’ — mcrounuk Bersu B’. 3ame-
TUM, 9TO aai a06ou Toukm r € R, mbt umeem r € R, C B’ C B,, orkyga B
cmry memmbr 5.13 crepyer, aro s’ € [r,s] C R, U {s}. Ilpm arom s’ ¢ R, mo-
ckombKy R, C B’, a Betsb B’ He cogepxut cBoero uctoinuka s'. ClreqoBaTersHo,
s’ = 5. Ognako B cury aemmbr 5.12(2) 5TO TPOTHBOPEYUT MPEAMONOKEHUIO O TOM,
aro B’ C B,. Ilony4eHHOe mpOTHBOpETME AOKA3BIBACT, ITO B, ABIACTCA MUHH-
MaJbHOU BepxHed rpanbio nenu C. MTak, MBI IOKA3aau, 9TO KaXIasd Iellb BETBEN
IMeeT MUHUMAJIbHYIO BEPXHIOI CPAHb.

o (iv) = (iii) :

[Ipenmomoxum, 9To B mpeaaepese 7 y KaxXIOU IEIN BETBEU MMEETCA MUHAMAIb-
Hasg BepxHAA rpaHb. [lokaxem, 9T0 Kaxaas Hanpasiennas ayra (J, <) B 7 umeer
cynpemyMm. B caydae, korga y gyru (J, <) uMmeercsa HAMOONBIINY DIEMEHT, OH, OYe-
BUIHO, ABIAETCA €€ CynpeMyMoM. Paccmorpum ciaydan, korga y (J, <) Her Hamboxnb-
mero >IeMeHTa. YCIOBAMCA 0603HAYATDL depes J, Hmxmmi® kmacc {t € J : t < z}
ayru (J, <), orBedaromumu Touke z € J. V3 ompemeneHus HAIPABICHUU CIEAYeT,
9T0, MOCKOABKY J — myra, MHOXeCTBO J, Beinykao (u auaerHO) B 7, KakoBa ObI HU
6pw1a Touka z € J. Ecam Touka z € J He ABIAETCA HANMEHBUINM dIeMeHTOM B (J, <),
TO MHOXECTBO J, HemycTo (u ABaseTcsa, Takum 0Opasom, ayrou). Kax caemgyer u3
aemMmsbl 5.10, ecim Touka z € J He ABIAETCA HAUMEHbIIUM diaeMeHToM B (J, <), TO B
pasbuenun (, HAUgeTCA equHCTBeHHAA BeTBb D, := D, (J, <), conepxamas ayry J,.

O6osraumm 4wepes Cj := C(J,<) MHOXECTBO BCEX BETBEH BHIIICOIMCAHHOIO
Buga D, (rge Touka z € J He aBuaerca naumenbmmm daemerTom B (J, <)). Ilycrs
D, n Dy, — nBe npousBoapHbie BeTBu u3 Cy ¢ z < y € J. Bo3apMeM IPOM3BOILHYIO
Touky w € Jp; C D;. Torga, mockoabky w < = < Y, BBIIOJHAETCA BKJIIOTCHUE
z € (w,y]. Kpome Toro, u D,, u D, cogepxar w, MOCKOIBKY Dy D J; > w n
Dy, > J, > w. Orcrooga mo remme 5.13 creayer, aro D, C D,. Mb nokaszamm,

24Onpegenenne HIKHEr0 KIacCa JaHO B CHOCKe 12.
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TakuM o6pasom, uro C; aprgerca mensio u 9ro upu Dy, D, € C; u x < y umeer
MecTO BKIoUeHne Dy C Dy,

[Mockonbky npepmomaraeTcs, YTO y KaXJAOU Uenu BeTBed B 7 MMeeTcs MUHU-
MAaJbHAA BEPXHAA CPAHb, HAUETCA BETBb B, ABIAIOWAACA MUHUMAJILHON BEPXHEN
rpaubio s ternu Cy. [lokaxeMm, YTO UCTOYHUK 1M BETBU B, ABIAETCA CYyIIPEMyMOM
masa (J,<). [lasg »TOro ZoCTATOYHO MOKa3aTh, 9TO MHOXecTBO J U {m} asisercs
AYTOH, & TOYKA, 1M MaKCHMAJbHa MO OTHONICHWIO K HAIPABICHUIO <' Ha DTOU ayre,
UHAYIUPOBAHHOMY HampasieHueM < Ha J. (/lercTBUTEIBHO, IPOAEMOHCTPUPOBAB,
aro (JU{m},<') — manpaBreHHas nyra ¢ HAMOOJBIIUM DIEMEHTOM 17, MbI TEM
CAMBIM [TOKAXeM, 9TO I KAXJAOU TOYKYU I € J BHINOJHAECTCA PABEHCTBO

{teJ:z<t}={te(Ju{m}):z< t <" m}=[z,m),

KOTOpO€ U O3HAYAET, UTO TOYKA M ABIAETCA cynpemyMoM s (J, <).)

OTMeTuM, 9TO, MOCKOABKY MBI PACCMATPHUBAEM CIydau, Korga mopagok (J, <)
He ¥MMeeT HauGOJbUIErO HIEMEeHTa, TOIKa m He JexXuT B J. ([encTBurensho, ecan
661 . 1exkaaa B J, TO B cury orcyTcTBud B (J, <) HAMOOABIIErO DIEMEHTA HALLIACH
661 TOUKa p € J Takag, IT0 m < p. ITO Aaxo Ovl BKIOUeHMEe m € J, C D) C By,
KOTOPOE HEBO3MOXHO, MOCKOJIBKY BETBb HE MOXET COAEPKATH CBOU UCTOTHUK.)

[Moxaxem, uro muoxectso J U {m} munenno. [lockoabky J IuHENHO, 1A TIPO-
BEPKU JMHEMHOCTU MHOXECTBA, JU{m} 10CTaTOTHO yA0CTOBEPUTHCA B TOM, 9TO /LA
OPOM3BOABHBIX & < Yy € J BLINOIHAETCS BKIOUeHUE y € [x,m]. Ycaosue z < y maer
BK/IIOYeHre © € D,. 3ameTum, KpoMme Toro, 1ro m ¢ D, (moTomy aro Dy C By, u
m ¢ Bp,). Orcioga B cuny (13) creayer, aro y € [x,m]|. Takum obpasowm, JuHen-
HOCTH MHOXecTBa J U {m} mokasaHa.

Ocraerca ynocrosepursca, aro J U {m} Bemykmo. Homyctum, wro J U {m}
He BBHIIIYKJO, & €r'0 BHINYKIYIO 060m04Ky obosnaduMm depe3 K. Ilo memme 3.2 obo-
nouka K asnserca gyroun. O6osmauum uwepes <' u <” manpasaenus ma (muHEHOM
muOoxkecTse) JU{m} u gyre K, cOOTBETCTBEHHO, MHYIUPOBAHHLIE HAPABICHUEM <
ayru J. V3 onpenenenus HampaBIeHUU IPAMO CIEAYET, ITO MOAMHOXKECTBO HAIIPA-
BJIEHHOU IyTH BBIIYKJO B IPEIEPEBE €CIA W TOIBKO €CIU OHO MOPATKOBO BBHILYKJIO
[0 OTHOIIEHUIO K HanpasieHuo. OTCIO[a BBITEKAET, B YACTHOCTHU, TOT (PAKT, 9TO
BBIITyKJIasd 0O0J0YKA MOAMHOXECTBA HAIIPABICHHOU TYTH COBIAJAET C IMOPATKOBOK
BBIIYKJIOM 00OM0YKON HTOr0 MHOXECTBA (II0 OTHOLIEHWIO K HANPABICHWIO). Takum
o6paszom, muoxecTBa J u {m} nopagkoso Bomykianbl B (K, <”), a mopagkosas BbI-
nykias o6omouka MEOXecTBa J U {m} B nopaake (K, <") coBmagaeT co Bcem MHO-
xectBoM K. DT0, 09€BUIHO, O3HATAET, ITO OAHO W3 MHOXECTB J u {m} asriaercsa
HIDKHEM, & IPYTO€ — BEPXHUM KIaccaMu JuHerHOro nopaaka (K, <”). Bemmenpn-
BEJIEHHOE [OKA3ATENbCTBO JMHEMHOCTU MHOXeCTBa, J U {m} acHo cBugeremscTByeT
0 TOM, ITO TOYKA 1M ABIAETCA HAMOOIBIIMM >1eMeHToM mopaaka (J U {m},<'), a
saaumt, u nopagka (K, <”). CregoBareabno, MHOXECTBO {Mm} ABIAETCA BEpXHEM,
a MEOXeCTBO J — HmXHUM KiaccoM B (K, <”). DTo, 09eBuaHO, O3HAYAET, ITO /A
m06b1x Tovek ¥ € J up € K\ (JU{m}) sumonuserca coornomenue x <" p <" m.
(MuoxectBo K ~\ (J U {m}) HemycTo, HOCKOIbKY MBI moxaraeM, 9o K ecTb BBI-
IyK/Iad 000J0YKa HEBBILYKIOro MuoxecTsa J U {m}.)
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Banaaum Teneps wHabop BeTsen Cx := C(K, <") no manpasnennon ayre (K, <") B
TOYHOCTHU TeM ke cnocoboMm, kakuM Habop Cy mocrpoer mo (J, <). (O6o3nadum de-
pes K, muoxecrso {t € K : t <" 2} nna Toukm z € K. Torga nis kax o HEMUAHU-
mansaou B (K, <") Toukm z € K cymecrsyer eguacrsennas setsb DY := DY/(K, <)
C UCTOYHUKOM 7z, copepx)ammas MEOKecTBO K,. MuoxecTBo Cx ONpeaenum Kak MHO-
KeCTBO BCex BeTBel Buna D rae Touka z € K He ABIAETCA HAUMEHDBIIIM DIEMEH-
tom B (K,<").) Hocmosro Bocmpoussega B npuveneHud K Cy BBINIECIPUBEICHHOE
JTOKa3aTeIbLCTBO TOro, 9T0 Cj ABIACTCA LENbIo, MOTyIaeM, 9T0 Cx ABIACTCA IEHbIO
u aro npu D, Dy € Cx u o <" y emonuaerca yciosue D C Dy. 3amerum,
YTO IJA KaxX A0 HeMuHUMaIbHOU B <” Touku z € J C K BBLIIOAHAETCS PABEHCTBO
D = D, (moromy uro sBerBu D! u D, mMe0OT OAWH I TOT Xe MUCTOYHUK z U 00e
comepxaT MHOXeCTBO J,) u aro By, = D!/ (HOCKOIbKY CyleCTBYeT eIMHCTBEHHAS
BETBb ¢ MCTOYHUKOM M, comepxamaa J). /lanee, IOCKOTbKY, KAK JOKA3AHO BBIIIE,
it npousBoabHbIX TodeK £ € J up € K N (J U {m}) Bemmoansercs coorHOmeHNE
z <" p <" m, u nockomexy mpu D7, Dy € Cx u x <" y umeem Dy C Dy, To mas
KaX J0W HEMUHUMAJIBHOU TOYKU T € J MBI UMEEM

D, = Dy ¢ D] € D, = By,

a BTO O3HAYMAET, ITO BeTBb D)) ABIACTCA BEpXHel rpanbio qia nemu Cj u <ITO Bepx-
HisA TpaHb B, HemuHUMaabHA. Mbl npunwm kK nporuBopeunto. CaeqoBaTenabHO,
muOXecTBO J U {m} Bemmykao. Vtak, Touka m asasercsa cynpemymoM s (J, <).

o (iv) = (v):

I[Mycres B mpenmepese 7 BCAKas UEeNb BETBEW MMEET MUHUMAJIBLHYIO BEPXHIOIO
rpafb. [lokaxem, ¥T0 Tomomorusa TeHen Ha 7 KoMmakTHA. HamomMHuM, 9T0 MHOXe-
crBo BerBen B(7) obpasyer npedbasy srou Tomomormu. I[lo memme Anekcannepa,
TOMOJOTMIECKOe TPOCTPAHCTBO C MPeA6a3on P KOMIIAKTHO TOT/a U TOIBKO TOT/A,
KOr[Ia KaX0€ MOKPBITHE, COCTABIEHHOE U3 DIEMEHTOB Ipexbassl P, 00mamgaeT Ko-
HEYHBIM MOANOKPBITHEM. TakuM 06pa3oM, IId MOKA3aTeIbCTBA KOMIAKTHOCTH TO-
I1oJornm TeHefI Ha T AOCTATOYIHO IIOKa3aThb, ITO B T BCAKOE€ IIOKPBITHUE BETBAMU
0612 1aeT KOHEIHBIM TONMOKpEITAEM. [IpeqnonoxuM mpoTUBHOE: IIyCTh B MHOXE-
CTBe BeTBeU Haugerca HaOop &, nokpwBaiomuu 7 u He 00/aJaloluil KOHEeIHBIM
MOANOKPBITHEM. MBI IMOKaXeM, ITO IPU TAKOM HIpeAnonoxeHuu Habop £ obranaer
CAETYIOUIMU ABYMS B3AUMOUCKIIOTAIOIIAMA CBOUCTBAMMT:

P1. [laa xaxmgou Bereu B € & manaerca sersb B’ € £ Takan, uro B C B’.

P2. Y Bcakon nenu BeTBen 3 £ HAWAETCA BEPXHAIA I'PAHDb B .

Ceouctso P1 BreiTekaer m3 aemumer 5.12. [lercrBurensHo, nycts B € £ u mycTs
rouka b € 7 sBasercsa ucrounukoM BerBu B. Torga b ¢ B mo ounpepereHuio.
[Mockonbky € nokpwiBaer 7, maugerca sersb B’ € £, comepxamas b. Torma us
JaeMMEI 5.12 cregyer, 9TO BRIMOMHAETCA JubO BKaodenwe B’ D B (ecim B He co-
gepxuT ucrounuka sersu B'), mbo ycaosue B'U B = 7 (B OpOTUBHOM CIydae).
[Ipeamonoxenue 06 oTCyTCTBUM Yy £ KOHEIHOT'O MOAMOKPHITAA UCKIIOIACT BAPUAHT
B'UB =T. 3uauur, B’ D B, 9T0 1 Tpe60BAIOC.

loxaxem couctBo P2. Ilycts C — mens B mokpeiTum €. Ilo ycmoBuio mus
nenu C HAUAETCA MUHAMAIbHAA BepxHad rpaub By, € B(7). Ilycts m — ucrodnuk
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BeTBu By,. Ilockombky & mokpeBaer 7, mHanmgercsa BeTBb B, € £, ¢ HEKOTOPBIM
UCTOIHUKOM T, cofepxkaias m. [lokaxeM, 9TO BeTBb B, ABIAETCA BEPXHEU I'PAHBIO
st C.

[l 5TOro JOKaxkeM CHadala, 9To obwegunenue | Jp o B He cogepXuT mcTod-
HUKA T BeTBU B,. [[eNcTBUTENIbHO, IPEATIOI0KUB, HATPOTHUB, I9TO ' € D 111 HEKOTO-
pou BerBu D € C, B cuiy geMMebt 5.12 moxydaem, aro au6o D O B,, mbo DUB, = T.
[Tpeanonoxenune 06 orcyTcTBrM y £ KOHEIHOT'O TOAMOKPBITHA UCKIIOIAET BAPUAHT
D UB, =7. Bapmautr D D B, Takxe HEeBO3MOXEH, TaK KaK [, IO MOCTpOEHUIO
COIEPXKUT TOUKY 1, KoTopasd He jJexuT B D (mockonbky D, xak saement uenu C,
COJEPKUTCS B BEPXHEW rpaHu By, U, CIeI0BATEILHO, HE MOXET COAEPKAThb ee WC-
rounmka m). Urak, r ¢ (Jgco B. Orcioga B cury gemmer 5.10 cregyer cymecTso-
Banue BeTBu B, € (;, comepxamen (Bbirykioe) Muoxectso | Jpco B (k0TOpOE BBI-
MYKJIO KaK 00beIMHEHNE BLINYKIBIX MHOXECTB, oOpasyomux nens). [lokaxem, ITo
B! = B,. [las 5Toro npegnosoxmm, 9to, Hanporus, B # B,. Torga B, N B, = &,
[OCKOIBKY BeTBU B u B, ABIAIOTCA BIEMEHTAMHI OJHOT'O U TOTO ke pazbuenus (.
Tak kak m € B, (o nocTpoenunio), mo aemMme 5.12 BBIMOTHAETCA OLHO W3 YCJIOBUR
By, D By wn B,,UB, = T. U3 ycaosuir By, D Jgee B, By D Upee Bu B,NB, = @
BBITEKAET, 9T0 B, 2 B,. Cregosarensno, B, UB, = 7. U3 ycnosun B,,UB, =7
u B] N B, = & BerTekaer, uro B). C B,,. Boaee Toro, mbt nmeem B.. C B, (mo-
CKOMbKY u3 ycaosuil By, UB, =T ur ¢ B cregyer, aro r € (B, \ Bl)). Takum
obpasom, B, 2 B. > | Bec B, 9TO BXOAUT B IPOTMBOpEYME C HPEANONOKEHUEM O
MUHUMATGHOCTH BepxHel rpauu B,,. 3mauwur, B, = B. D Upgec B- Urak, BeTsn
B, € £ asaserca Bepxuen rpaubio nenu C. Csouctso P2 misa nokpeirus £ goka3aHo.

Temeps 3aMeTuM, 4TO 1o Jemme KypaTtosckoro—Ilopua m3 csoucTsa P2 BbiTe-
KaeT CymecTBoBaHUE B & MAKCHMMAJBLHOT'O DJIEMEHTA, B TO BpEMA KakK CBOUCTBO P1
YKa3BIBA€T Ha OTCYTCTBUE TAKOBLIX. [lOIy<YeHHOE IMPOTUBOpPETINE NOKA3BIBAET, ITO
7T KOMITAKTHO.

o (v) = (iv):

ITpeanonoxmm, 9T0 B MHOXECTBE BeTBeW npengepesa 7 mammercsa menb C, HE
IMeIas MAHUMAILHON BEPXHEM I'DAHU, U MOKAXKEM, 9TO B DTOM CIydae TOIOJO0-
rusa TeHen Ha 7 He KoMmakTHa. IlycTeb D — MHOXECTBO BceX TeX BeTBed B 7,
KOTODEIE He mepecekaiorcsa ¢ obweguuenueM | Jp o B. okaxem, aTo mabop D U C
ABIAETCA TMOKpBITHEM mpeanepesa 7. [las 5TOro mpeamooXuM, HAIPOTHUB, ITO
Haugerca Todka T € 7, He HakpbiBaeMad BeTBamu u3 D U C, u paccMoTpum pa3bu-
erne (,. Ilockonbky muOXecTBO |Jpce B BBIIYKIO (YTO OMEBHAHO CIETyeT U3 BEI-
IyKIOCTH BeTBeR; cM. aemmy 5.10(2)), u3 npegnonoxenus o Tom, 910 & ¢ | Jpce B,
no aemme 5.10(5) morywaem, 4To B pasbuenun (, uMeeTcs BeTBb B, comepxkaias
MHOXeCTBO | Jpce B. Ilockoneky mens C He mMeeT MEUHEMAILHOM BEDXHEH I'DAHH,
BepXHAA I'PaHb B, He MHHHMaIbHA. JTO O3HAYAET, ITO HauJeTca BeTBb By (c mc-
TouHuKOM y) Taxad, 910 g B C By C B;. Ormerum, 910 y # 2 (HOCKOIBKY
By C B,). 3ameTnM Takxe, 9TO BeTBH (y(2) u By IpeACTaBIAIOT COO0M pa3IXIHbIe
BlIeMeHTHI pa3buennus (, (Tak Kak « ¢ B, B cury ycaosuu « ¢ B, u By C B,), Tak
aro (y(r) N By = @. Us ycrosmi (y(z) N By = & u |Jgee B C By BoITeKaer, 910
Cy(z) N (UBeC B) = @. Takum obpaszoM, (y(z) € D, T.e. TOIKA & COJEPKUTCA B
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BerBu u3 D. Iloaydennoe Takum 06pa3zoM mpoTUBOpedme nOKasbiBaeT, 1ro D U C
ABIAETCA TTOKPHITHEM s 7 .

Kak merpynuo Bugers, B mokpbrruu D U C HET KOHEYHOrO TOAMOKpBITHA. [len-
CTBHUTEIBHO, IO HOCTPOEHMIO, BeTBr 13 D He mepecekaioT MHOXecTBa | Jpo B, B TO
BpeMsA KaK HU OHO U3 KOHEYIHBIX MOAMHOXeCTB 1enu C He MOKPHIBAET BCEr0 MHOXe-
crBa | Jgee B (9T0 cregyer m3 Toro, uro C He mMeeT MEHAMAIBHOU BEPXHEU T'DAHH,
a CIeNOBATENBHO, W MAKCUMAJIBHOrO dnemenTa). Vrak, maoxectso D UC asrsercs
OTKPBITHIM TOKPLITHEM, HE MMEOIIM KOHEYHBIX MOAMOKPBITUHN, & 5TO O3HAYAET,
<TO TpeaaepeBo 7 B TOMOJOTUU TEHEH He KOMIAKTHO. TeopemMa JOKa3aHa. O

9 CekBeHIMAJIbHAA KOMIIAKTHOCTD

B sTom maparpade nokasbBaeTca TeopeMa 00 DKBUBAJEHTHOCTHU CICTHOU U CEKBEH-
OAATHEHOU KOMIAKTHOCTY [ TOIMOJOTMYA TE€HEW Ha MPEe[IePEBbIX.

HamoMmuauM, 9T0 TOMOIOrXYeCKOE TPOCTPAHCTBO HABBIBAETCA CUETMHO KOMNAKM-
HblM, €CIU B IIOOOM €ro CI€THOM OTKPBITOM IOKPLITAY (T. €. HOKPHITUHA OTKPBITHIMA
MHOXECTBAME) HAUAETCA KOHETHOE MOAMOKPBITHE. TOMOIOrnIeckoe npoCTPAHCTBO
HA3BIBACTCA CEKBEHUUAADHO KOMNAKMMHbIM, €CIU B JIOO0U 6€CKOHEYTHON MOCTIEI0BA-
TEJIBHOCTU TOYEK 3TOrO MPOCTPAHCTBA HAWAETCH CXOMAIIAACA MOATIOCIEI0BATE b
HOCTh. BCsKOe CeKBEeHIMATBHO KOMIIAKTHOE IPOCTPAHCTBO CIETHO KOMIIAKTHO (CM.,
Hanpumep, [27]). MeTpudeckoe IPOCTPAHCTBO CEKBEHIMAILHO KOMIAKTHO TOIA U
TOJBKO TOT[a, KOIa OHO KOMIAKTHO. CyIIecTBYIOT KOMIAKTHBIE U HE CEKBEH-
OAATHEHO KOMIAKTHBIE, & TAKXKe CEeKBEHIMAJBLHO KOMIAKTHBIC, HO HE KOMIIAKTHBIE
npocrpancTBa. CymecTBYIOT NpeaepeBbi, TOMOJIOTUA TeHeN Ha, KOTOPBIX CEKBEH-
[UAJBHO KOMIIAKTHA, HO He KoMmakTHA. (I[IpuMep: MHOXeCTBO Bcex CYETHBIX OpAX-
HAJIOB € OOBIMHOU TOPAAKOBOU Tomosornen.) Kak mokassiBaeT caegyomas Teopema,
BCAKOE TIPEIIePEBO, KOMIIAKTHOE B TOIOJOTMM TEHEH, CeKBEHIIMATLHO KOMIIAKTHO.

9.1. Teopema. Ilpeddepeso ¢ monosozcueli meneti CeK6EHYUAADHO KOMNAKITIHO
moeda u moavbko moada, K02da OHO CUEMHO KOMNAKMHO.

[ moxa3aTeabCTBA TEOPEMBI HAM MOHAJOOUTCS CIeAyOINas JEeMMA.

9.2. Jlemma. Ilycmv a u b — mouxu npeddepesa T. Ycaosumes das moury
x € T obosnauamov uepe3 @y nepeceuenue [a,b] N[a,z]. Toeda:

1. Ecau z,y € T, mo odno u3 muosxcecms Qz, Qy codeprcum dpyeoe.

2. B mobom woneunom nodmuosncecmse S C T wmatidemes mouka s’ € S maxas,
amo Qy = Myes Qs

Proof. O603Ha4uM depe3 < TO HaIpaBIeHUE Ha MHTEPBAJE [a, b], B KOTOPOM ¢ ABIA-
ercs HauMeHbIMM daeMeHToM (cM. aemmy 3.3(4)). Torpga mo aemme 3.3(5) mas xa-
KIOU TOUKH & € 7 MHOXECTBO (), ABIAETCA HAKHEAM KIaCCOM B mopagke ([a, b], <).
BTO ACTAE€T YTBCPDAXKACHUA JCMMblI OYICBUAHBIMU, ITOCKOJbBKY MHOXECTBO HUXHUX
KJIACCOB JIOOOI'0 JMHEUHO YHOPAZOIEHHOI'O MHOXECTBA JIMHEWHO YIOPALOYEHO IIO
BKJIIOTEHHIO. O
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9.3. 3ameuanune. W3 memmbr 9.2 ogeBugHBIM 06PA30OM CIAEAYET, ITO A JIOOBIX
Touky t € T ¥ KOHEIHOrO MOAMHOXECTBA, S C T HAUTYTCA TAKUe DIEMEHTHI S1, So €
S, 1o (\,eqlts 8] = [t, 51]NE, 52]; Goaee Toro, mus mo6oro aremenTa s; € S HAWAETCA

DIEMEHT sy € S Takou, ITo (\,glt, s] = [t,51] N [t, s2] (momoxuM a :=1 u b := s51).

Loxazameabcmeo meopemvr 9.1. IloCKOTBEKY BCAKOE CEKBEHIMATIHLHO KOMIIAKTHOE
OPOCTPAHCTBO CIETHO KOMIIAKTHO, TPEOYeTCA MOKA3aTh JWIIb, ITO CIETHO KOM-
NAKTHOE TIPEIEPEBO CEKBEHIMATBHO KOMIIAKTHO (B PAMKaX HACTOAMIETO TOKA3a-
TEILCTBA [0/ MPEIIEPEBOM UMEETCA B BUAY IPENNepeBO C TOMOIOTME TEHEH).
[Iycte 7 — mpPOM3BOIBHOE CYETHO KOMIAKTHOE HpeaaepeBo u (Z;)ieN — HpOu3-
BOJIBHAA MOCAEI0BATENLHOCTE €r0 TOIEK. BOCIOMB3yeMecs TeM, ITO TOMOMOTTIECKOe
OPOCTPAHCTBO CIETHO KOMIIAKTHO TOT/A M TOJBKO TOT/A, KOTAA KAXAasd MOCIEN0-
BATEILHOCTH B HeM 001ajaeT TOYKOW HAaKOIIeHus (cM., Hampumep, [27]). Takumm
00pa3oM, y MOCIENOBATEABLHOCTH (Ij)jeN €CTh TOdYKa Hakommenus B 7 (ckaxem,
Touka x). llokaxeMm, 4TO B IOCIELOBATEILHOCTH (Z;)jcN MMEETCA MOAIOCIECA0BA-
TEILHOCTD, CXOAAWAACA K £ (B TOIOJOIMK TEHEH).

flcHO, 9TO MOCTATOYMHO OTPAHUYIUTHLCA PACCMOTPEHHEM CIy9Tad MOCIENOBATENb-
HOCTH, B KOTOPOU T; # & jAua Bcex ¢ € N m x; # z; npu ¢ # j. Bocnoabsyemcs
OIINCAHHBIM B 3aM€YaHUUN 54: n O6OBHa‘IeHHI)IM qepe3 R:,L‘ OTHOUICHMEM OKBUBAJICHT-
Hoctu Ha MHOXecTBe 7 \ {z}, B koTOpOoM yR.z TOrza m TOIBKO TOrAa, KOTAa
[z,y] N[z, 2] # {z}. Oycrs a € {1,2,...,00} — 9UCIO KIACCOB DKBUBAICHTHOCTH
orHOmeHUA R!, COAEpXKAIMX TOUKA M3 MOCIENOBATEIBHOCTH (Z;)ieN-

Ecmm o = 00, 10 B (Z;)jen HaWmeTca GECKOHETHAA MOAIOCAEIOBATEIBHOCTE
(pi)ieN, COCTOAWAA W3 NMONAPHO HESKBUBAJEHTHHIX (B R)) 5aeMeHTOB. JTO O3HA-
qaer, 910 [2,p;] N [z, pj] = {x} gra Bcex ¢ # j € N, Tak 9T0 MOCIENOBATEILHOCTH
(pi)ien cxommres K x 1o aemme 6.4.

Ecin xe « xomeuno, paccmorpum Ha6op Yi,...,Y, Bcex Tex kmaccoB R -
SKBUBAJIEHTHOCTH, B KOTOPBIX CONEPKATCA TOUYKHA MOCIEOBATEIBHOCTH (Z;)icN-
[lokaxem, aTo aaa mekoroporo kaacca Yy € {Y1,...,Y,} Bomoansercsa ycaosue
Nicn, (7,7;] = @, rae 1epes N, obosmadteno muoxectso {i : x; € Yi}. [len-
CTBUTETBHO, ecan Ol mepecesiennme [y, (%, 7], rae Ny = {i : z; € Y;}, 6Bu10
HemycTo aasa Beex k € {1,...,a}, To, B3aB maa xaxmoro k € {l,...,a} Touky
zk € [Vien, (T @], MBI momywunm GBI, 4TO mepecedeHme (\ycry o) (s (2) BeTBen
(s, (%) ABIAETCA OTKPBITOM OKPECTHOCTBIO TOYKM &, HE COAEPKAIEH TOYEK U3
(%;)ieN, ITO HEBO3BMOXKHO, IIOCKOIBKY T ABIACTCSA TOYKOM HAKOILICHUA A1 (ZTj)ieN.

3aMeTuM, ITO IIA Kaxaoro KoHedHoro muoxectsa S C 7 N\ {r}, cocroamero
u3 R/ ->KBUBAJEHTHBIX TOYeK, mepecedenue (| cq(%,s| Hemycro. (ITo cregyer ms
aemmbl 9.2(2), HOCKOIbKY A ar060u mapsl $1, So Rl -DKBUBATEHTHBIX TOYEK IEpe-
cegenwe (z,s1] N (z, s3] HemycTo no onpegenenuio oruomenus R..) CregoBarensHo,
IIOCKOMBKY y Kaacca Yy mepecedenne (), (7, T;] MyCTo, 3TOT KIacc CoAepxuT Gec-
KOHEYHO MHOIO TO4eK u3 (Z;)ien. Ilycrs (tj)jen — OeCKOHedYHas IOAIOCIEZOBA-
TEIBHOCTD B (Z;)icN, COCTOAIAS M3 BCEX TeX TOYEK, KoTopble dexar B Y. (Ilpm
atoM [;en(®, ;] = Nien, (%, 2] = @.) Mb nokaxewm, 1To B ({;)jeN EMEETCA TOA-
HOCIE0BATENBHOCTD, CXOMAMIAAC K .
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[Mus xkaxporo j € N momoxum

P; = m<x,ti] u I = (x,t1] N (x,t;].
i<j

3ameruM, 9T0 (A1 Kaxgoro j € N) BBIIOIHAIOTCA CIefyrolue CBOUCTBA:

P oS P, (22)
P £ o, (23)
1€N
L = P, (25)
i<j
(Pj+1 # Fj) = (Pjy1 = Ljg). (26)
Csoucrsa (22) u (25) oueBmAHEI, cBOUCTBO (23) BBITeKaeT u3 JeMMEBL 9.2(2) B
CHULY BBILIEYIIOMAHYTOIO PACCY XK J€HMA, HOTOMY 9TO {t1,...,t;} ecTb KOHEIHOE MHO-

xecTBO R! -skBuBameHTHBIX TOIeK. CBOMCTBO (24) JOKA3BIBAET LEMNOTKA PABEHCTB

N P= b= ) (=] =2

ieN jEN iEN.

[okaxem crnpasegmusocTh cBoucTBa (26). B cmry csomcrTsa (25) mepaBeHCTBO
Pj i1 # Pj 5KBUBaJICHTHO HEPABEHCTBY

() L # ()L (27)

i+l i<y

U3 nemmer 9.2 cregyer, 9TO CEMEUCTBO BCEX MHOXECTB Buaa @y := (z,t1]N (z, p| au-
HEWHO YIOPAAOYEHO 110 BKIAYEHN0. B 9acTHOCTH, epecedeHus ﬂz'gj g lim ﬂz'gj I;
paBHBI HauMeHblreMy [; B MuoxecTBax {I;}icj+1 1 {I;}ig;. CrenoBarensHo, ycio-
Bue (27) o3HAYAET, ITO MHOXECTBO [j4| ABIAETCA HAMMEHBIIMM (IO BKIIOYCHUIO) B
{Ii}i<j+17 TaK 1ITO mi<j+1 Iz' = Ij+1 n Pj+1 = Ij+1.

Homoxum M = {1} U{j € N~ {1} : P; # Pj_1}. U3 ceoucts (22)(24)
0veBUIHO ciaexyer, 1T0 MHOXecTBO M Oeckoneuno. [lokaxem, 9T0 mocieqoBaTersb-
HOCTb (tj)jenm cxopurea K x. [omycrum, uro (t;)jenm He cxoamrea K x. Torga
B cuny aemmbl 6.4 mamgerca touka z € 7 N\ {z}, comepxamaica B GECKOHETHOM
qHClIe MHTEpPBAIOB m3 ceMencTsa {(z,t;] : j € M}. OtTciona BHITEKaeT, B IaCT-
HOCTH, 9TO z € Y, (Tak Kak m3 ompeneneHus R ->KBUBAIEHTHOCTH ACHO CIEyeT,
9ITO JIA BCAKOrO ¢ € Y, mHTepBanx (x,t| meamkoM JgexuT B Y,). 3HAIAT, MHOXE-
crBo I, := (z,t1] N (z, z] HemycTO M comepxuUTCa B GECKOHEYHOM HUC/IE MHTEPBA-
708 w3 MHOXecTBa {(z,t1] N (z,tj]}jenm. U3 cBomcTBa (26) mO ompejgeneHn0 MHO-
xecTBa M O9eBHAHO CaefyeT, 9TO MIA KaXA0oro j € M BBINOTHAETCS PABEHCTBO
(z,t1]N(x,t;] = Pj. Taxum o6pa3om, MHOXKeCTBO [, cogepKuUTCA B 6ECKOHETHOM KO-
JUUecTBe MHOXeCTB Pj, oTKyza B cuiy cBomcTBa (22) crexyer, 4To I, comepxurcs
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BO BCEX MHOXeCTBaxX Pj, 94T0 IPOTHBOPEYUT CBOMCTBY (24). DTO NOKA3BIBAET, UTO
(tj)jem cxommrea K . OcTaeTca BCIOMHHUTD, ITO (1) e ABIACTCA HOAIOCICNOBA-
TEeTbHOCTHIO B (;);cN. Teopema nokasana. O

10 MeTpusyemocTsb

B sToMm maparpade mOKa3bIBaETCA PAN yTBEPKICHUN O METPU3YEMOCTH TOMOJOT I
TEHEU Ha MPe]IepeBe.

10.1. Omnpegeneunsa. DByaem rosopurs, 9T0 mogMHOXECTBO S mpemaepesa T
keazunsomuo B T, ecam ;i Kaxjgouw mapel a # b € 7 B muTepBase [a,b) conep-
xurca Toaka u3 S. [Ipemgaepeso, cogepxaniee KOHEITHOE WU CIETHOE KBA3UILIOTHOE
[OMHOXECTBO, OyIeM Ha3LIBATL K6a3UCENAPAOEAbHBIM.

[IpexnepeBo, He nuMmerouee HU 6€CKOHEYHBIX 3BE3 /], HU HAIPABJICHHBIX AyT, 00uaa-
garommx AByMs u 6oxee cynpemymamu (cum. 1m.(i) B Teopeme 7.3), GyneM Ha3BIBATH
keazuzaycdopPosvim. B cmry Teopemsr 7.3, mpenaepeBo kBazuxaycaopdoBO B TOM U
TOJBLKO TOM CJIydae, KOra TOMOJOrAA TeHe! Ha HeM XaycaopdoBa. Beakoe perysap-
HOE (B 9aCTHOCTH, MEAMAHHOE) IPEAEPEBO, TAKUM 00Pa30M, KBa3UxayCca0pdoBo.

Orpanuvennoe caabo MOJHOE MPe[aepeBo OyaIeM Ha3BIBATD K643UKOMNAKIHbIM
(B cumy Teopembr 8.2, IpeIEPEBO KBA3MKOMIIAKTHO B TOM M TOJBKO TOM CIydae,
KOrga TOIIOJOTUS TeHeﬁ Ha HEM KOMHaKTHa).

10.2. Teopema. (1) IIpeddepeso reasucenapabeavro mozda u moavko moezda,
Ko20a Monoao2us menet Ha Hem Ydosaemeopiem 6mopoti aKCUOME CUETHOCMU.
(2) Tonoaoeus mewnet na keasuzaycdopPosom Keasucenapabeasvrom npeddepese
mempuayema. (3) Tonoaozus mewneli na K8A3UKOMNAKMHOM KEa3UTAYCIOPPHosom
npeddepese mempusyema mo20a u MoabKko moz2da, Ko20a npeddepeso Ka3UCENGP G-
beabro.

10.3. 3ameuaume. MeTpuka Ha mpejgaepeBe MOXeT OBITh COBMECTHMA C TOIO-
JOTHEN TEHeW, HO HECOBMECTUMA CO CTPYKTYpPOU mpeaaepesa (B CMbICIE Ompemene-
uus 4.17), u vao6opor. B reopeme 10.2 maer peds 0 METPU3YEMOCTH TOHNOIOIMY
TeHEeH U He 3aTPAruBACTCA BOIPOC O COBMECTUMOCTHU METPUKY CO CTPYKTYPOU MPe/I-
mepesBa. Boobuie roBops, MOXHO MOKa3aTh, 9TO HA KaXJIOM KBa3uxayCmaopgdpOBOM
KBasucenapabelbHOM IpefnepeBe UMEeeTCsI METPUKA, COBMECTUMASA U CO CTPYKTY-
PO IpeanepesBa, u ¢ TOMOJOIMEN TEHEN.

[Mnsa moxazarenbcTBa TeopeMbl 10.2 Ham moTpebyeTcs claeqyiomas JIeEMMA.

10.4. Jlemma. Ilodmnoscecmeo S npeddepesa T K6a3uniomuo moeda U moabko
mozda, kozda cemeticmeo semseti Bs := {(,(b) : a # b € S} obpazyem npedbaszy
monoao2uu mened.

Proof. Tlycte S — xBasummoTHOe moamuOXECTBO B 7. ITloCKOIBKY MHOXECTBO
B(T) Bcex BerBent B 7 1O OmpeNeNeHUIO ABIAETCA NPEAOA30N TONOJOIMK TEHEH U
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Bs C B(T), To mas Toro, 9Tobbl noKa3aTb, 9TO Bg — mpemda3a TOIOJIOTHH Te-
HEH, TOCTATOYHO IOKA3aTh, YTO KaXasd BETBb B 7 ABIAETCA 00BEJUHEHNEM BETBEN
u3 Bg. WapIMEU croBaMu, I0CTATOYHO MPOBEPUTH, ITO s awobou sersu B € B(T)
7 qiobon ee TOYKM ¥ € B maumerca BerBb D € Bg Takas, uro r € D C B.
Badpukcupyem B € B(7T) mw © € B. Ilycrs r — wmcrounumk BeTrBm B (Tak «T0
B = (,(z)). Ilockoabky MHOXECTBO S KBa3WILIOTHO, HAUAYTCI TOYKH a,b € S Ta-
Kue, 9410 @ € [r,x) u b € [z,a). onoxum D := (,(b) u nokaxem, aro z € D C B.
Bkaouenune z € D = (,(b), K0TOpOE IO ONPEJENCHUIO BETBA PABHOCHIBLHO COOT-
HoweHuo a ¢ [z,b], cienyer B cuny axcuomsl (A2) w3 ycaoBus b € [z,a). ITo6BI
nokazatb, 910 (4(b) = D C B = (;(r), AOCTATOIHO NPOBEPUTH, ITO MJIA BCEX
To4ek t € 7 Takux, 9TO T € [z,1], BomoaHsercs yciosue a € [b,t]. O6o3HaMM
4epe3 < TO HAIPABICHUE HA UHTEPBAIE [T, 1], B KOTOPOM Z ABIAETCA HAMMEHbBIIUM
saemeHToM (cM. aemmy 3.3(4)). U3 ycaosun r € [z,t], a € [r,x) u b € [z,a) B cury
ceoucrBa (A4) cregyer, aro a,b € [x,t]. U3 Tex ke ycaoBUM B CUILy OIPEAEICHUS
HAIIPABICHHBIX TUHEAHBIX MHOXECTB IOLYIaeM, ITO

r<b<a<r<i,

T.e. a € [b,t]. Urak, Mbl mokasaau, 4To Bg — mpenbasa TOMOIOIUYM TEHEH.

ITycTs S — Takoe mogMHOXECTBa npeaaepesa 7, 9T0 MEOXeCTBO Bg ABmiaeTCAa
npenbas3on IIA TOmoJOrnu TeHed. Tormga, MOCKOMIBKY HmpenaepeBo 7 ¢ 3TOU TOIOJIO-
ruent ssagerca T-upocTpancTBoM (Teopema 7.2), MId Kax I0U HAPL T, Y Pa3IMTIHBIX
Tovek u3 7 Hampgercsa BeTBb B € Bg Takas, uto x ¢ Buy € B. Ilycts r € § —
ucTogHuK BeTBu B. YcnoBusa x ¢ B uy € B 110 OnpeeneHuio BeTBel 03HA4AI0T, YTO
r € [z,y] u r # x (mockoabky r ¢ B mo onpegerenuo). Takum o6pasom, r € [y, x).
OTO NOKA3LIBAET, ITO S KBA3WILIOTHO B 7 . O

Horazameavemeo meopemvr 10.2. (1) U3 memmpr 10.4 BBITEKAET, ITO TOMOJIOTUA Te-
HEHM BCAKOIO KBasucernapabeJbHOrO IpeaaepeBa 00JagaeT CIeTHOU Ipenba3on u,
CIeIOBATEIBLHO, YIOBJIETBOPAET BTOPOU AKCUOME CIETHOCTH.

O6paTHO, MyCTH TOMOJIOrUA TEHEN Ha mpeaaepese 7 yaoBIeTBOPAET BTOPOU aK-
CHOME CUYETHOCTH. BOCIOIB3YyeMCA TeM, ITO 68 MONOA02UUECKOM NPOCMPAHCMBE,
ydosaemeopaowem 6mMopoti akcuome cuemnocmu, wobas npedbasa codepacum Ko-
HEUHbLl UAlU Cuemubiti nodHadop, MaKmice ABAAOUUTLCA npe(96a30ﬂ25. Orcrona cue-
ayer (IOCKOMBbKY BETBH 110 OnpeneaeHuio 06pa3yioT mpeabda3y TONONOrYA TEHEH),
YTO B MHOXECTBE BETBEU HAUAETCA KOHEIHBIA WIX CIETHBIN HAOOD D, ABIAIOIIUNACA
npenbazon s rononoruu Terer B 7. O6o3naqmM wepes S1 MHOXECTBO, 00pa30BaH-
HOEe MCTOYHUKaMu BeTBed w3 D. MuHOXecTBO S| KOHEYHO WIM CYETHO, IMOCKOIBKY

ZIpesnonoxum, 4ro A — npesbasa HEKOTOPOIO TOINOIOIMMIECKOIO IPOCTPAHCTBA X, yAOBIe-
TBOPSIOWIETO BTOPOM aKCHMOME CIeTHOCTH. lorga (Kak CaefyeT W3 OIpENeIeHHN) MHOXECTBO B,
COCTOsIIEe U3 IePeCeIeHNU KOHEIHBIX HaOOPOB DIeMeHTOB u3 A, ABasercs 6a301 MPOCTPAHCTBA X .
TTockoabky X ya0OBIETBOPAET BTOPOU AKCHOME CIETHOCTH, 6a3a B COIepXKUT HEKOTOPYIO CIETHYIO
6asy B’ C B (cm., Hampumep, [2, ra. I, §1, reopema 2] mm [31, 3agaga 16(15).10].) DaemernTs! mpea-
6aser A, yacTBylomme B 06pa30BaHWU MHOXECTB mpeab6assl B’, 0ueBmaHO, 06pa3syoT MCKOMYIO
caernyio npeabasy A’ C A.
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KaxIasd BeTBb mMeeT jauinb oauH uctodnuk (aemma 5.10). Ilycrs Sy — mpowus-
BOJMBHOE He Gojee WYeM CUYeTHOE MOJIMHOXECTBO B 7, MEPECEKAIIeecs C Kaxk IOu
BerBbi0 U3 D. Torga muoxecTBo S := S7 U .Sy KOHEYHO WIM CYETHO, 8 MHOXECTBO
Bs = {Ca(b) : a # b € S} cogepxur D u TeM caMbIM ABIAETCA IPeI6A30M TOIO-
agorum Temern. Orcioga mo aemme 10.4 cremyer, aro S kBazummoTHO B 7, 9TO 1O
OIIPEeIeHNIO O3HATAET KBA3UCENAPAOEIbHOCTD TOMOJOT NN TeHen Ha 7 .

(2) B cuny yrBepxpaenus (1), Tomonorus TeHeW BCAKOIO KBa3UCeNapabeabHOrO
mpeJepeBa yIOBJIETBOPAET BTOPOU AKCHOME CIeTHOCTH. TOmoJOrusa TeHen Ha KBa-
3UxXaycaop@oBOM mpeaaepeBe peryiapHa u xaycaopdosa mo Teopeme 7.3. Ocra-
€TCsl BCOOMHIATH METPU3ALUOHHYI0 TeopeMy TUXOHOBa—YPBICOHA: 8CAKOE Pe2yanp-
Hoe TaycAdopPoso monoso2uueckoe nPocCmparcmeo, ydosaemasopiousee 8mMopot aK-
CUOME CUETMHOCTIU, MEMPUSYEMO.

(3) IIycTp 7 — KBa3MKOMIAKTHOE KBAa3uxaycaopdoBo mpegaepeso. Torma Tomo-
Jorus TeHer Ha T xaycaopdoBa U KOMIIAKTHA, B cuiy Teopem 7.3 u 8.2. Hamomuuwm,
ITO KOMNAKMHOE TaYcAopPoso NpocCmparncmeo Mempusyemo moz0a u MoAbKo mo-
eda, Ko2da ono ydosaemsopsem emopot akcuome cuemuocmuy (CM., HAIpUMED, [2,
ra. V, §2, reopemad]). Takum o6pasom, Tomonorus TeHen Ha 7 MeTpusyema TOraa
7 TOJBKO TOrAA, KOTJAA YIOBIETBOPSIET BTOPOU AKCHOME CIETHOCTH, a W3 yTBEp-
xgerus (1) MbI 3HAaeM, YTO HOCAEAHEE YCIOBHE PABHOCUIBLHO KBA3UCEIAPAOEIbHO-
CTH. U

11 IIpocTpaHCTBO KOHIIOB

B macToameM maparpade JaeTca OmpeeleHre KOHIOB IIPEeAAepeBa U OMUCHLIBACTCA
OPOJOMKEHNE CTPYKTYPBI IIPeepeBa Ha, MHOXECTBO ero KoHmos. OTMeTuM, 9To
MMEETCA HECKOIBKO TIOAXO0B K ONPEIEICHUI0 KOHIOB (IIpen)aepesbes. Mbl oTTal-
KMBAEMCA OT KJIACCUIECKOT0 ONPE/IeTeHnsA KOHIIOB Yepe3 KIaCChl KOH(PUHATLHBIX JIy-
Jed. JKBUBAJIEHTHOE ONPENEIeHIe MOXHO MOMYYATh, K IIPUMEDY, I€PE3 BBEJECHHOE
B [4] noHsTHE NOMOKOE — OLPEAEINB KOHIBI KAK IOTOKY OIPEJEICHHOI'O THUIIA.

11.1. Onpegenenne. Ilycrs 7 — npeggepeso. HamomuuMm, 910 4y4om B Ipe ge-
peBe HA3BIBAETCs HEONDAHUYIEHHAA Nyra, IMEIOasd SKCTPEMAIbHY0 TOUKY (Ompee-
nernwme 3.7). Onpegeaum Ha MHOXeCTBe ayden B 7 OGurapHOe OTHOmeHue F, moraras
(R,R) € E nna aywen R u R, ecim nepecevenne R N R’ aBrseTca momrynpaMOm.
Orromenne E ABIAETCA OTHOUIEHMEM DKBUBAJCHTHOCTHU (PEMICKCUBHOCTH W CUM-
METPUIHOCTb OYEBUIHBI, TPAH3UTUBHOCTE caeayeT u3 jdeMMbl 3.8(10)). Kowuyamu
npenaepeBa 7 HA3BIBAIOTCA KJIACCHI SKBUBAICHTHOCTH OoTHOmEHUA F. MuOXecTBO
BCeX KOHIOB mpennepesa 7 o6ozuadum depes Ends(7).

11.2. Omnpegenenne. Ilycts 7 — upexgepeso, S C 72 — ero TepHapHAs
crpykTypa, Ends(7) — mpocrpancTso ero konnos. Omnpegernv Ha MHOXECTBE
7 U Ends(7) reprapHy!o CTPYKTYpPY S CAeAyIOMMM 00pa3oM:

R1. Ecmu z,y,z € T, ToO §xyz < Szyz.
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R2. Ecm 2,y € T u w € Ends(7), To

§xyw & §wy$ & mamgerca ayd R € w Ttakon, uro Sxyr nis Bcex r € R.

R3. Ecm z € 7T u w,7 € Ends(7), To

SwrT & HaugyTes ayau R € w u Q € 7 Takue, 9T0o Sraq aud Bcex 1 € R
uqeEqQ.

R4. Ecm w € Ends(7) u z,y € 7 UEnds(7), To (z,w,y) ¢ S.

11.3. Teopema. Mmnooucecmeo T U Ends(7) ¢ swiweonucannoti cmpykmypot S
A8asemes npedoepesom.

Proof. Bomoaaumocts akcuom (T0), (T1) u (T2) gra orHOmeHMs S rerko caegyer
13 BBIIOIHUMOCTH DTUX AKCUOM [ OTHOMIEHUS S B CUILY OIPEIEICHs OTHOUICHU S
7 TOro pakTa, ITO Jy4d, IPEACTABIAIONME OJUH U TOT XK€ KOHEIl, UMEIOT HEILyCTOe
nepecedenne (oo kacaerca akcuom (T0) u (T2) B crywae R3).

[ast mpoBepku BeImOTHUMOCTH akcuOMEI (T3) Bocmoabsyemcs ommcaHHOM B §5
CUCTEMOU MOHATUN, CBA3BAHHON C BETBAMU U y3JI0BBIMU Pa3OUEHUAMY [IPE/ 1EPEBbEB.
Ilycrs z,y,z,w € 7 U Ends(7) rakoss, 10 §xyz uy #w. U3 ycaoBus §xyz B
cuiIy ompegeneHus oTHoumeHus S cregyer, dro y € 7. HamomawuM, 9TO BiIeMEHT
pasbuenns (y, cogepxammit To4ky t € T, o603HagaeTca depes (y(t).

Ecm w € Ends(7), 6ygem o603uaaTh 1epe3 (y(w) Ty BeTBb pa3bueHus (y, B KO-
TOPOM MMeIOTCA Jyun, npegcrasiaomue w. (CymecrsoBanme BeTBr (y(w) cregyer
u3 geMMbL 3.8(6), B cuiIy KOTOpOU BCAKEU ay4d R, NPEACTABIALMEA W, COLEPKUT
B KQYeCTBE MOAMHOXECTBa ayd R’ Takke MpeACTABIAMIMA W W HE COACPKAIIAN
TOUKy y, u eMMbl 5.10(5), B cury KoTopou ayd R/, Gy 1y<u BEIIyKIBIM MHOXECTBOM,
COJePXUTCA B HEKOTOPOU BeTBH pasbuenus (. EaumHCTBEHHOCTH ClegyeT U3 TOro,
9YTO pa3iWvHble BETBU Pa30MEHUsA HE IIEPECEKAIOTCA, B TO BPeMA KaK JIOObIE 1Ba
JIy4a, TPEeJCTABIAILIAE OQUH U TOT XKe KOHEI[ IIPeJAepPeBa, 110 OIPENeJeHUIO mepe-
CEKAIOTCA. ) R

U3 onpenerenns oTHOmeHna S u pa3bueHus (, IPAMO CIeAyeT, ITO IPH P,q €

7 UEnds(7)~{y} ycaous gpyq 1 Cy(p) # Cy(q) sxBuBaNeHTHHL W3 mpegmonoxennsa
o ToM, 9T0 STYz 1 Yy F w, cregyer, 94ro {z, z, w} F y u {y(x) # (y(2). SnaunT, 60
Cy(w) # y(z) m Szyw, mabo (y(w) # (y(2) m Swyz. Takmm obpasom, (T3) gma S

BBIIIOIHACTCA. O

11.4. Ompegenenmne. B paabHenmeMm, eciau 3aJaHO OpenaepeBo 7, MBI pacCMa-
TPUBAEM HA, MHOXECTBE T:=TU Ends(7) crpykTypy npennepesa, ONUCAHHYIO B
pasmene 11.2.

[ mHTEPBAJIOB IpEmaepeBa T OyzeM wuCHOABL30BaThH O00O0O3HAYEHWA U3 pas-
mema 1.12. IlyTaHunel Mexay MHTepBAIaMU IOpenaepeBbeB 7 u T me BO3HUKAET,
IIOCKOJNBKY B CHIY OIpPE/eNeHUs Ipe/aepeBa 7T ero cucrema MHTEPBAJIOB COAEPKUT
cucTeMy MHTEPBAIOB mpexgepesa 7. B caydasx, korma Ha ypoBHE 0003HAYECHUU
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Pa3IuYeHne MHTEPBAIOB y npeaaepesbes 7 u 7 yMEeCTHO, MHTEePBAIbl CHAOXKEHBI CO-
OTBETCTBYIOIMIME WHEKCAMU: Hampumep, [a,blr u [z,y)5 (npm aTom mpw a,b € T
Bceraa [a,blr = [a,b]3).

11.5. Jlemma. 1. IIyecmv p — moura 6 npeddepese T u nycmv w € Ends(7).
Toeda 8 T cywecmsyem eduncmeennbili Ayy, UCLodawut u3 p u npeod-
cmasasowut w.  Imom ayu cosnadaem ¢ uwmepsasom [p,w) npeddepesa

7 U Ends(7).

2. Ecau wonwyvt w u 7 npeddepesa T pasauunvi, mo 6 T cywecmeyem edun-
CMBEHHAA NPAMAA, COOEPHCAUWAA AYYY U3 W U T. IMa npamas cosnadaem ¢
uwmepsaaom (w, ) npeddepesa T UEnds(T).

Proof. 1. Ilycts R — UpOM3BOJIBHBIA JyY U3 W, & T — €ro HAYAJbHAA TOUKA.
[Monoxum H := R\ [p, x] u nokaxem, 9T0 BbllyKaas 00oa0uka MHOXecTBa {p} U H
ABJIAETCA JIyIOM, UCXOAAIIMAM W3 P U IPEACTABIAIONINAM W.

Y6egumes cHadana B ToM, 4To MHOXecTBO {p} U H mmmenno. Ilockonsky H
nauaerHo (Gyay<y MOAMHOXECTBOM JIy4a), MJA 3TOr0 AOCTATOYHO MPOBEPUTH, UTO
[PU IPOM3BOJBHLIX G, b € H BBIIOMHAETCS OJHO M3 BKIOYeHUA ¢ € [p, bl u b € [p, a).
[leACTBATENBHO, TOCKOIBbKY a U b JIeXXAT HA MCXOAAMEM U3 T JAyde R, BLIIOMHAETCA
O[HO W3 BKIIOUeHUM a € [x,b] u b € [z,a]. B cayuae a € [z,b] B cuny akcuomsr (A3)
BBINIOIHAETCA BKIIOUeHNe ¢ € [p,b] (mockonsky H = R \ [p, z], otkyza a,b ¢ [p, z]),
a B ciy4dae b € [r,a] — Bkmodenue b € [p,a]. Urak, {p} U H nunenso.

W3 mpuBeIeHHOTO PACCy X IEHAA CACAYET K TOMY XK€, 9TO TOYKA P DKCTPEMATbHA
B {p} U H. OrMeruMm, KpoMe TOro, 9TO MHOXeCTBO H HeorpaHuveHo (MHAYE MBI
nomy«mnu 61, 9T0 ayd R cogepxuTcsa B 00beAMHEHAN OrPDAHUTEHHBIX MHOXECTB H
u [p,z], a 9T0 HeBO3MOXHO B cuiy JeMMbI 3.8(2)). Taxumm 06pasom, MHOXECTBO
{p} U H nmueNHO m HEOrDAHWYEHO, a P — €ro DKCTpeMatbHaa Touka. Orcioona B
cury nemum 3.2 u 2.13 cregyer, 4ro Bemmykaas ob6onouka Ry, := hull({p}UH) arserca
HEOTPDAHUYCHHOU AYrOd ¢ 3KCTPEMAIbHOM TOYKOM p, a dTO O3HadIaeT, 9To I, ecTsb
JIyd, UCXOAAIIUA U3 TOUKH P.

JIlya R, mpejgcTaBiasgeT KOHel w, IOCKOIbKY mepecedenue [, N R asigercsa mo-
aynpamon (MHOXecTBO R, N R ecTb HeOrpaHWYEHHAs Iyra, MOCKOIbKY ABIAETCH
nepeceveHueM Ayr u cogepxut H, HO He ABIAETCA TPAMOU, HOCKOIbKY CONEPKUATCA
B Iyde).

MokaxeM Temepb paBeHCTBO R, = [p,w), U3 KOTOPOro MOCIEAYET, B IaCTHOCTH,
eMHCTBEHHOCTH Jy4a R, ¢ TpefyeMbIMU CBOMCTBAMM.

Ilokaxem, aro R, C [p,w). Touka p rexur B [p,w), Tak Kak p # w. Illycts z —
npousBoibHaA To4Ka u3 R, \ {p}. Bosbmem mobyio Touky y € R, \ [p,z]. Torga
MHOXeCTBO Ry := Ry, \ [p,y) aB1gerca aydom (remma 3.8(8)), mpuieMm mpeacTasid-
IOIUM W, & U3 OHPEJEICHUA HAIPABICHUI JETKO CIeAyeT, 9To I Jaoboro t € Ry
uMeeT MecTo BKIdeHue z € (p,t). OTcoona mo onpegeseHnio CTPYKTYPHL Ipe 1e-
pesa Ha 7 U Ends(7) umeem z € [p,w). Urak, R, C [p,w).

[Tokaxem, uro [p,w) C R, Ormerum, uro [p,w) = {p} U (p,w) (Tak kak
p # w). Touka p nexur B R, no onpenerennio. IlycTs 2z — npousBoabHas TOUKA 13
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(p,w). Torga, no onpeaerenuio crpykrypsl npegaepesa Ha 7 U Ends(7), umeerca
ay1 R € w rakon, uro z € (p,t) mus Beex t € R'. Oxnako R’ mepecekaerca ¢ Ry,
Tak 49T0, B3iB t € R' N R, nony4daem z € (p,t) C R, (Tak Kax Jy4u BBIIYKIIEL).

YTBepX meHue MOKa3aHoO.

2. Ilycrb ¢ € T — npowm3BOABHAA TOYKA. B CHIy IEPBOrO yTBEPXK ACHUA JEMMbI
cymecTByOT ayuu Ry € w u Ry € 7, ucxonamue u3 . [lomoxum H; := Ry \ Ry n
H; := Ry \ R; um nokaxem, ITO BHIIyKJIas 00oaouka maoxectsa Hy U Hy sBisgercs
OPAMOU ¥ COJEPXKUT JYId U3 W U T.

Yb6enumcsa criepBa B TOM, 9TO MHOXeCTBO Hy U Hy muaenno. [lockonbky Hi u Ho
auHenHbI (Oy1y 91 IO AMHOXKECTBAME JTy 9€l ), A DTOCO JOCTATOTHO IIPOBEPUTH, ITO
npu mpomsBoabHLIX a € H; u b,c € Hj, vae {i,j} = {1,2}, Bemonuaerca oguo u3
BkaOUeHUn b € [a,c] u ¢ € [a,b]. [encrBurensHo, 3amerum, 4to b, ¢ ¢ [a, ], Tak
Kak [a,2] C R;, ab,c € Hj = Rj ~ R;. Tak kak b u ¢ 1exaT Ha UCXOJAMEM U3 T
nyde Rj, BemonHserca ogHo u3 BrIodeHni b € [x,c] u ¢ € [z,b]. B ciyqae b € [z, ]
u3 ycaosus b ¢ [a,x] B cuny akcuombl (A3) momywaem, uro b € [a,c]. B caygae
¢ € [z,b] u3 ycaoBus ¢ ¢ [a,z] B cuny akcuomsr (A3) monyuaem ¢ € [a,b]. Urak,
H{ U Hy nuaenHo.

Temepsb nokaxem, uro Hi cogepxur ayd u3 w, a Ho — u3 7. [ledcTBUTEABHO,
MOCKOJIBKY w # T, mepecedenne K := R; N Ry, cornacuo onpenemenuio 11.1, me
asasgercsa moaynpsamon. Opxaako K BeImykiao (OyAy<du HepecevdeHreM BBILYKIBIX).
Brimykiaoe mogMHOXECTBO Jayda, HE ABIAIOIICECS MOIYIPIMOU, OYEBUIHO, OrPAHU-
geno. Orcoga xerko caepyer, aro H; = R; ~ K (i = 1,2) cogepXuT HEKOTOPLIN
ay4 R;. Hockonsky R; N R, = R, nya R, xak u 1y4 Ry, nexur B w, a ay4d R, —
BT.

Taxum 06pazom, maoxecTBo HiUHy muaerHo u cogepxuT (HenepeceKaommecs)
ayuu w3 w u 7. Orcioga B cuny gemm 3.2 u 3.8(9) caeayer, 9TO BHIIyKIas 060I0TKA,
L := hull(H; U Hy) aBaserca npamonn (u, kak u TPeOyeTCs, COMEPKUT JIydIn U3 W
uT).

Mokaxem Tenepb paBeHCTBO L = (w,T), U3 KOTOPOTO CreayeT, B IaCTHOCTH,
€IMHCTBEHHOCTDb IPAMOU L ¢ TpeOyeMbIMU CBOUCTBAM.

[okaxewm, uro L C (w, 7). llycTs 2 — npouwssBonbHas Touka u3 L. B3ssas mpous-
BOJBHOE HampasieHve < Ha L m mapy Touek a,b € L Ttakux, ur0o ¢ < z < b, MBI B
CUWIY MMEIOMIMUXCA CBOUCTB NPAMOR L u 1eMMbI 3.8 mMomy<IaeM, ITO OUH U3 JIyIer

R, ={teL:t<a} m Ry:={teL:b<t}

JEXUT B W, a BTOpod — B 7. llpum srom mma awobeix 7 € R, u s € R, umeem
r < z < $, OTKy[a [0 OIPEJENCHUI0 HANPABICHAN CAEAyeT, 9T0 z € (r,s). ITO IO
onpegeneHnio cTPyKTypsl npeaaepesa Ha 7 U Ends(7) osmagaer, aro z € (w, 7).

[Moxaxem, ato (w, 7) C L. IlycTs z — npoussoabuas Touka u3 (w, 7). Torma, mo
onpegenernio cTpyKTypst npeaaepesa 7 UEnds(7), maugyrcaayau R € wu Q € 7
Takue, 9T0 z € (r,q) muA Bcex 1 € R u g € Q. Oxrako u R, u () mepecekaoTcs
¢ L, Tak xak L comepxutT ayuu u3 7 1 w. B3as r € RN L u g € Q N L, noxygaem
z € (r,q) C L (Tax KaK npAMbIe BHIIYKIBI).

JlemMma mokasaHa. O
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11.6. IIpegnoxeunue. Ilycmo T — npeddepeso. Toeda:

(1) Muoacecmeo Ends(7T) nycmo ecau u moavko ecau T oepanuueno.
(2) Bce mouxu uz Ends(T) ssasmomea mepmunassnoiny 6 npeddepese 7 .
(3) B npeddepese T mmoscecmso T BHINYKAO.
(4) Hpeddepeso T 02PanuUeHO0.
Proof. (1) IlokaxeM, 9TO PABHOCWIBHBL CIEAYIOIME CBOUCTBA!
(a) Ends(7) = @,
(b) B 7 mer xyuen,
(c) B 7 HeT HOXYNPAMBIX,
)

(d) B 7 mET HEOrPAHWYIEHHBIX AYT,

» def
(e) B 7 HeT HEOrDAHWYECHHBIX JUHENHBIX MHOXECTB (< 7 OrpaHWYEHO).

Ceoucrsa (a) u (b) paBHOCHIBHBI, TOCKOabKy Ends(7) ects, 1m0 onpegenenuto,
MHOXECTBO KJIACCOB DKBUBAJEHTHBIX Jy4ded B 7 .

Csoucrsa (b) u (¢) paBHOCHIBHBI, IOCKOIbKY KaXABIU JIyd €CTh IOLYIPAMAL, a
KaX [asd MOMYIPAMAas COAEPKUTCA B HEKOTOPOM JIyJe.

CeoucrBa (¢) m (d) paBHOCHMABHBI, IOCKOIBKY HEOTDAHWYIEHHBIE [yTW ——
DTO TpAMBIE W HOJYIPAMBIE, NPUAUEM KaXAad HOPAMasg COMAEPRKUT IIOLYIPAMBIE
(cm. memmy 3.8).

CeoucrBa (d) u (e) paBHOCWIBHBI, IOCKOIbKY BBINYKJIAaA O0OJIOYKA HEOIDAHU-
YEHHOI'O JMHEHHOT'O MHOXECTBA B CHILY JEMMEBI 3.2 ABIACTCA NyTOU.

(2) YrBepxkpenue cregyer u3 m.R4 B ompegereHu# CTPYKTYPBI S (ompepeune-
Hue 11.2).

(3) Ecm z,y € 7, TO B cmly OnpemereHuAs TPeAAepeBa T wumeem [z,y]7 =
[z,y]r C 7. OT0 WO ompejeNeHNI0 O3HAYAET, ITO 7 BHIIYKIO B T.

(4) Tpeamonoxwum, 9TO MPERAEPEBO T neorpanmieno. Torga, xak cregyer us
gokasaTeabcTBa yrBepxkaenus (1), B upenaepese 7 maugercsa aya R. Ilycrs r —
DKCTpEMaIbHAsd TOYKA Jdyda R. 3amerum, 4T0, MOCKOIBKY Bce Touku w3 Ends(7)
TEePMMHAJILHEL B IPEJAePeBe T (yrBepxaenue (2)), T TOYKM DKCTPEMAIBHBI B
1:060M [IOMHOXECTBE, B KOTOpOe BXOAAT (B cMbicke oupepenenus 2.11). Caenosa-
TEJIBHO, MMOCKOJIbKY HAYAJIO JIy4a, ABIAETCA €ro eIUHCTBEHHOU 3KCTPEMAJIBHOU TOY-
kou (memma 3.8), muoxecTBo R N\ {r} aexur B 7. Bo3bMeM IPOM3BOIBHYIO TOUKY
z € R~ {r} m paccmorpum muoxectso R, := R\ [r,z). Uz nemmpr 3.8 cie-
oyer, aTo R, ectb aya B 7 ¢ skcTpeMaabHOU TOYKOU . OT™MeTmMm, uTo R, comep-
xurca B 7. Kax merpynno Bugers, R, asaserca ayaom u B npengaepese 7. Ilycrs
w € Ends(7) — xomen, npexcrasienusm aydom R,. Torpga, B cury semmsbr 11.5,
MHOXeCTBO R, copepxuTca B mHTepBate [7,w] mpeasepesa 7, T.e. _OrDaHIIEHO
B 7 ¥ He ABIAETCA TaM JIy9IOM. DTO IMPOTUBOPEUIUE NOKA3BIBAET, 9TO 7 HEOrpaHU-
9€HO. U
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11.7. Hpepnoxenue. [Tycms T — npeddepeso u T =T UEnds(T). Tozda:
(1) Hpeddepeso T meduanno ecau u moavko ecau T meduanno.
(2) Hpeddepeso T caabo noano ecau u moavko ecav T caabo noano.

(3) Ipeddepeso T wKeasucenapabeavbno ecau u moavko ecau 7 Kea3ucenapa-
beabHo.

11.8. 3ameuanwme. IIpenaepesba 7 u 7 U Ends(7) we pazaw<aumer u Takumm
CBOMCTBAMU, KaK PEryJIpHOCTh, Haau4ue ocobenHocren (onpexpenenue 4.3), mexe-
KUH/[0BA MOJHOTA, HATUYINE COBMECTUMOU CO CTPYKTYDPOU METPUKHU (CM. Ompemene-
Hue 4.17) u T. 1.

Hoxazameavemeo npedaoscenus 11.7. (1) Bocmorbsyemcsa caeayommuM yTBEDXK 1e-
HHIEM:

11.9. Yrsepxaerne. Ecaup,t,q€7T ut ¢ {p,q}, mo
[t,plN[t,glNT # 2.

Proof. B cayuae t € T muoxectso [t,p] N [t,q) N T cogepxur Touxy t. B caygae
t € Ends(7) B cuny qemmbr 11.5 B kax oM u3 uHTEpBAIOB |t, p| U [t, q] conepxurcs
TOT WIM WHOU JyY, TPENCTABIAIIMUN ¢, TaK 9TO P COAepXuT mepeceveHme aByx
TaKMUX Jy4Ier, KOTOPOe COrIACHO ompeneneHuio 11.1 apaserca moaynpamon B 7. [

U3 onpemeneHusa MeamaHHOrO MPENAEPEBA, JEMKO CIEAYET, YTO BBIMYKJIOE TIOJ-
MHOXECTBO MEJUAHHOT'O MpEIIepeBa, PACCMATPUBAEMOE KAaK MPeanepeBo C WHIY-
LMPOBAHHOU CTPYKTYpOuU, Takxke MefuanHO. CiefoBaTelIbHO, eciun T MEIUAHHO,
To u 7 MexmaHHO, Tak Kak 7 Beinykiao B 7 (mpenmoxenwe 11.6), a ero TepHapHas
CTPYKTyPa IPe/ JepeBa BIOKeHa B CTPYKTYPY Hpe/epesa T.

[Tokaxem, aro 7 Meamanuo, eciu Menuanuo 7. Bymem mcmoan3oBaTh 0603HA-
qeHme

Y(a,b,c) := [a,b] N [b,c] N [a,c].

Ilyctb a,b,c € 7 — npousBoibHAA TPOUWKA TOYEK. Kcaum Touku a, b m ¢ HE BCe
pasamdHbl, TO B cuiry akcuombl (AQ) ogHA W3 HWX U ABIACTCA MEIUAHOW TPOWKH.
Ecmu a # b # ¢ # a, To B cary yreepxaenua 11.9 maugyrca touku o, b/, € T
TaKue, 9TO

a € [b,a]Na,d, v € la,b] N b, u d € la,c]NIe,bl.
3aMeTuMm, ITo
[a',b] C [a,b], [d',c] C [a,c] u v, b,

B cmry demmbl 1.18, Tak uro Y (a',V/,¢) C Y(a,b,c). Ocraerca ormeTuTsb, 9TO
Y (d',¥, ) menycro B cuny megmannocTH npegaepesa 7 .
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(2) Jomycrmm, wTo cymecTsyeT c1abo noaxoe npeagepeso 7, y KOTOPOro mpej-
nepeBo 7 He sABIgeTcs ¢1abo moaHbIM. Torga, mockonbKy 7 OrpanmdeHo (mpemio-
xenue 11.6), mo reopeme 8.2 B T HAWAeTCA HanpaBaeHHas ayra (A, <), He uMmemasn
cynpemyma. B gacraocTH, y (A, <) He mMeeTcs HAUOOIBLUIErO HIEMEHTA. 3aMETHUM,
aro nepecedenne A N7 HEMyCTO, TaK KaK IOAMHOXECTBO Ends(7) npenagepesa
7 COAEPKUT JIULIb OAHOTOYETHbIE IYrU (9TO CleqyeT, HampuMmep, w3 JeMMbl 11.5).
ITycts © — npoumssoabras Touka w3 A N 7. OGozmaqaum vepes A, BEepXHUUN KIACC
{t € A:z <t} udepes <, — cyxenue Ha A, nopsaaka <. flcao, aro A, ecTsb ayra,
7 4TO HampaBieHHas nyra (A, <,) #He mMmeer cympemyma (mockoabky (A,<) He
umeetr cynpemyma). B gactHocTH, ¥ (A, <) HE IMEETCA HAMOOMBIIETO DIEMEHTA.
Orcroga crepyer, 4To A, mexut B 7 (MOCKOIBKY T — €IMHCTBEHHAA DKCTPEMATIbHAL
Touka ayru A, — aexut B 7, a Bce Touku m3 Ends(7) TepMUHATBHBI B e ae-
pese T (mpegmoxenue 11.6) u, 3HAYUT, SKCTPEMAILHEL B TI060M MIOJMHOXECTBE, B
KOTOPO€ BXOAAT). JTO, KAK HETPYAHO BUAETH, O3HAYAET, 9TO mOPAAOK (A, <;)
ABIAETCA HAIIPABIEHHOU Ayrou u B npengepese 7. Curyanus pasbuBaeTcsa Ha aBa
CIIyJad:

(i) myra A, orpanum4ena B upegpaepese 7,

(ii) myra A, meorpanuvena B npennepese 7 .

B cayuae (i) gyra A, sBaseTcs HHTEPBAIOM B IpegaepeBe 7 MOCKOIBKY IIPEAIO-
naraercs, 9o 7 caabo monuo. Ilockoapky y nmopsaka (Ag, <,) UMeeTcs HaUMEHb-
MUY DIEMEHT & U HE UMEeTCsA HaubOOAbIIErO DJIeMEHTa, MHTepBal A, npencraBum
B BUje [z,y) nas Hekoroporo y € 7. OMHAKO B TAKOM CILydae TOUKA Y ABIACTCA
CYLIPEMYMOM HAIPABICHHOU AyrH (Ag, <) B mpemgepese 7, a Tak kak 7 BBIIIYKJIO
B 7, TO y ABIAETCA CynpeMyMOM HampasieHHOU ayru (A,, <,) u B upexaepese 7.

B cayuae (ii) gyra A, asrgercs, COIVIACHO ONIPEJEIEHNIO, Iy 90M B T, MCXOAAIIMAM
u3 Touku z. Ilycrs w € Ends(7) C 7 — komen mpepgepeBa 7, COepKalun
ays Ay. Torga Ay = [z, w) no aemme 11.5, Tak 9TO TOUKA W ABIACTCA CyIPEMyMOM
HanpasiaeHHou ayru (A, <,) B upexaepese 7.

Urak, 06a BOBMOXHBIX CiIydas NpUBeIn HAC K nporuBopeunto. CienoBaTenbHO,
T c1a60 HOTHO.

JlokaKeM, ITO U3 IPEeJIOIOKeHA 0 CIaboil DOTHOTE IpeAepesa 7 CIeyeT
crabas noanora npegnepesa 7. Ilycrs L — orpanudennas gyra B npegaepese 7.
Torna L apnseTca orpaHWIEHHOU AyTOU U B IIPEJAepeBe T (mockoubKy 7 BBIIYKIIO
B T) Ecin 7 crabo [IOJIHO, TO L ABIAETCA MHTEPBAJIOM B T TaK 9TO HAUAYTCA a, b €
T raxue, aro L € {[a,b],[a,b), (a,b)}. B ciyuae, korga a wm b texar B Ends(7),
uHTEpBAIH [a,b], [a,b) u (a,b) aBrgIOTCA HEOrpaHWYEHHBIMM Ayramu npegaepesa 7
B cuy gemMel 11.5. Cregosarensso a,b € 7, Tak aTo unTepsaust [a, b, [a,b) u (a,b)
npeaepesa 7 ABLTIOTCA HETEPBATAMY 7 B Ipejfepese 7. YTBEpPK 1eHHIe JOKAZAHO.

(3) Ecm moamuoxecTso S C 7 KBAasUILIOTHO B IpefAepese 7, TO OHO KBasu-
IVIOTHO ¥ B IIPEJ 1epeBe T T. €., KAKOBBI ObI HU ObLIM TOYKU G 7% b € 'T MHTEPBAJI
[a,b) conepxut TOUKy U3 S. ,ﬂeHCTBHTeJIbHo, ecau a,b € 7T, To uuTepBal [a,b) co-
JIEePKUT TOUKY U3 S, HOCKOIbKY S KBa3umwioTHO B 7. Ecau a wiu b nrexat B Ends(7),
TO B cuiy aeMMbl 11.5 unTepsan [a,b) cogepxuT HeorpaHuueHHYIO Ayry u3 7, a Ka-
XKIasd HEOUDAHUYIEHHAA Ayra u3 7, O9eBUIHO, CONEPKUT OECKOHETHO MHOTO TOUEK
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u3 S.

W3 moka3saHHOrO yTBEPXKICHUA CIEAYeT, UITO KBa3UCenapabelbHOCTH IIpPe re-
peBa 7 BiaedeT KBaszucenapabeIbHOCTh IPEaepeBa, T. O6paTHas UMILITMKAIUA O9e-
BHTHA. O

11.10. Caeacreue. Ilycmv T — npeddepeso. Tozda caedywwue Yycaosus 3K6u-
BAACHIMHDL.

(i) IHpeddepeso T caabo noano.
(ii) Ipeddepeso T UEnds(7) 6 monoaozuu meneti Komnaxmmo.

Proof. Ecmu T caa6o noaso, To u 7 U Ends(7) crabo monuo (upegnoxenue 11.7).
Kpowme Toro, 7 U Ends(7") orpanudeno (npegmoxenue 11.6). Cregosarensno, 7 U
Ends(7) B Tomosornu TeHen KOMIIAKTHO 1O Teopeme 8.2.

O6patno, ecim 7 UEnds(7") B Tonosoruu TeHen KOMIAKTHO, TO OHO CIab0 MOTHO
o Teopeme 8.2. Torga 7 crnabo nmoaHO Mo npemroxenuio 11.7. U

12 /[lepeBbsa

B macrosmem maparpadge o6CyXKIAIOTCA CBOUCTBA TOMOJOTMM TEHEW Ha OOGBLITHOM
Z-pepese u o0bequHeHNN Z-n€peBa ¢ MHOXKECTBOM ero KOHoB. (Tomomormsa renen
B DTOM Clydae paccMaTpuBaiachk B [22, 16].)

B Tepmmurax Teopuum mpennepeBbeB Z-AepPeBbsi ONMUCHIBAIOTCA KAK MEIUAHHBIE
npegaepesbs (ompegenerue 4.1), y KOTOPBIX BCe MHTEPBAJIBL ABIAIOTCA KOHEIHBIMA
MHOXECTBAMU. ~ JKBUBAJICHTHOCTD’ 3TOrO OIPEAEICHNA U KIACCUIECKUX OIpenee-
HuU Z-nepesa JoKasaHa, Hanpumep, B [1, memma 29.1] u B [4, memma 3.34].

PaccmarpuBas Z-nepeBbs Kak KIACC TPEAEPEBLEB, B XO/€ MTaJbHENIIEr0 U310~
XKEHUA MBI, KAK MIPABWIO, 663 TOMOIHATEIBHEIX ONOBOPOK UCIIOAB3YEM B IPUMEHEHUN
K Z-1epeBbaM OIUCAHHBIE B IPEABIIYIINX Maparpadax I IperIePeBbeB KOHCTPYK-
UUY U OHATUA (TaKMe KaK WHTEPBAJBL, JIyIM, BETBY, KOHIIBI, IOJHOTA U T.1I.). 3Ha-
YATENbHAA JACTH DTUX MOHATUY ABIACTCA IPAMBIM 0006IIEHTeM COOTBETCTBYIOIIIX
CTAHIAPTHBIX OHATUU TEOPUU NEPEBHEB.

Kpowme Toro, namee mpuBIeKAeTCA DA HE OMUCAHHBIX BBINIE TEPMUHOB KIACCH-
YECKOUW Teopuu nepeBbeB. Tak, TOYKU Z-mepeBa OyeM HA3bIBATH GEePUUHAMU, A
(HeymopsgoUeHHbIE) Haphl cocednur BepUIMH (TO €CTh BEPIINH, MEXIY KOTOPBIMEI
HE UMEETCA APYTUX BepuH) — peopamu. HamoMamM, 9TO cmenenyio BepIIMHBL Ha-
BBIBAIOT TUCJIO COMEpXKAMUX ee pebep. Z-TepeBO HA3BIBAETCA A0KAADHO KOHEUHbILM,
€CJix BCE €I'0 BEPIIMHBI UMECIOT KOHCYIHBIC CTCIICHU. CTa,Hrqa,pTHyIO OEJIO3HATHY IO MeE-
TpuKy Z-nepeBa 6ymnem obosHadaTh depes ‘dist’: mis Todek ¢ m b mpOM3BOIBLHOIO
Z-nepesa 3uaqenue dist(a,b) coBnagaeT ¢ 9uCaIOM COAEPKALMXCA B HHTEPBATE [a, b]
pebep (KOTOpoe Ha eqVHUIly MEHbBIIEE, I€M KOAMIECTBO TOYEK B DTOM UHTEPBAJE).

Hanomuuwm, aro muosxcecmsom konyos Ends(T') Z-pepesa T Ha3BLIBAIOT MHOXKe-
CTBO KJIACCOB DKBUBAJICHTHOCTHU KOHPUHAAbHLIL JTyder B T, cauTas aBa, Jyda SKBUBA-
JEeHTHBIMY (KOH(MDUHAJIBHBIME), €CIM UX IepecedeHne ABageTcs aydoMm (cm. §11, rae
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KOHCTPYKIVA MHOXECTBA, KOHIIOB OIIMCHIBAETCA [JLA CJIydas IPOU3BOJILHOTO IIPEN ne-
pesa). Ha muoxecrse T'U Ends(T') ecrecTBeHHBIM 06pa30M BO3HUKAET CTPYKTYPA
npeaaepesa (cm. §11). Teopemsr 7.3, 8.2, 9.1 u 10.2 gator caeayommin pe3yIbTaT O
rTonosoruu TeHen Ha npexgnepese T'U Ends(T) (cm. onpegenenne 6.1).

12.1. CaegcrBue. Kakoso 6b1 nu 6biao Z-depeso T, monoaoz2us mewnet na nped-
depese T := T U Ends(T) HOPMAAbHA, zaycdopPosa, KOMNAKMHA U CEKEEHYUTADHO
womnaxmua. Tonosozus meneld wa 1" mempusyema 6 MoM U MOALKO MOM CAYUAE,
ko2da T ne boaee wem cuemuo.

Proof. IlockonbKy BCce MHTEPBAJILI Z-IepeBa ABIATCA KOHEIHBIMA MHOXECTBAMU,
B cury onpegeaerus 4.12 nomydaem, 9To Bee Z-nepeBba AeACKWHIOBO MOMHBL (1 Cae-
goBaTenbHo, 1o aemme 4.13, crabo moausr). Bcee Z-nepeBbs MeguaHHBL (CM. Ompe-
JEeJEHNE). Ta,KI/IM 00pa3oM, mOCKOAbKY 1’ MenquaHHO U CJIa60 IIOJHO, B CUIYy HIpe.-
moxenns 11.7u T MeauaHHO ¥ c1abo moxno. Kpome roro, T OUPAHUYEHO (B CHILY
npeqnoxerus 11.6). V3 meguanaOoCcTH Ipegaepesa Ts CIIy TEOPEeMHI 7.3 ClIenyer,
9TO TOMOJOTUA TEHEW HA HeM HOPMAaJibHA U xaycaopdosa. U3 crabod moaHOTHL U
OTPDAHUIEHHOCTHY IPeIepPeBa T s CUIy TeopeMbl 8.2 ciaegyeT, ITO TOIOJOTHUA Te-
Hel Ha HeM KoMuakTHa (cp. co caegersueM 11.10). CekBeHumantbHas KOMIAKTHOCTD
crexyeT m3 TeopeMsl 9.1.

Yo KacaeTCa METPU3yeMOCTH, TO, MOCKOJIbKY TOIOJOTUA TEHEU Ha T xom-
IIaKTHA ¥ XaycaopgoBa, OHA MeTpU3yeMa TOrJa W TOALKO TOrAa, KOU'Ja YIOBIE-
TBOpsET BTOPOU aKCHOMe CYeTHOCTH (CM., Hampumep, [2, rua. V, §2, Teopemad]).
[Io Teopeme 10.2, Tomonorus TeHEeW HA MperJAepeBe yIOBJIETBOPAECT BTOPOU AKCH-
OMe CI€THOCTH B TOM ¥ TOIBKO TOM CIydae, KOrAa IPeAAePeBo KBasucenapabeabHo
(cm. ompepgenernue 10.1), a B cury npegnoxenus 11.7 npegnepeso T kBasucemapa-
6eJbHO ecau W TOJIbKO eciaum 1’ xBasucemapaberbHO. TakuM o6pa3oM, TOMOJOTHUA
reneit ma T MeTpU3yeMa, TOrJa U TOAbKO TOoraa, korga 1" kBasucemapabeasro. Co-
raacHO ompegenenuio 10.1, mpexmepeBo kBasucemapabeabHO, €CIH Y HETO MMEETCS
He fosiee YeM CYeTHOE KBABUILIOTHOE MOAMHOXeCTBO. W3 onpemeneHun 049eBu THBIM
o6pa3oM craenyer, 9TO eIUHCTBEHHBIM KBa3WILIOTHBIM IMOAMHOXECTBOM B Z-AepeBe
ABIACTCA MHOXKECTBO BCEX €r0 TOTEK (Bepummn). CrenoBaTeaBHO, TOMOIOTUA TEHEN
Ha T MeTpusyeMa B TOM U TOJIBKO TOM ciaydae, Korpa 1’ He 6osiee 1eM cieTHO. [

12.2. Omnpegenenune. Cuapaasg Tomouaorus. llycts T' — Z-mepeso. Ompe-
oemuM cuabiylo monoaozuto Ha npegaepese ' U Ends(7') kax HauMeHbIIy0 TOMO-
JOTHIO, B KOTOPOU OTKPBITHL Bee BeTBu mnpexgepena 1" U Ends(T') u Bce BepumHbL
Z-pepeBa 1. VNabiMuU caoBaMu, CHIBHAS TOMOJOTHUA — DTO HAWMMEHBIIAS U3 TOIO-
JIOTUH, COMEPKAMMX TOMOJOTUIO TEHEN U WHAYIAPYIOMIAX TACKPETHYIO TOIOJOTHIO
(T.e. Tomomoruio merpuku dist) ma camom Z-gepese T

B kagecrse craggapTHOU Tonomoruu Ha o6beauaenuu 1'U Ends(T') pacemarpu-
BaeTCsA, KaK MPAaBWIO, MMEHHO CUIbHAS TOMONOTrUA. VMeeTcs HECKOIHKO M3BECTHBIX
noaxon0B K ee onucanmio (cMm. cHocky 19). Herpyano mokaszarTs caemyiomme yTBep-
XK IeHUS.
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12.3. IIpeanoxeunne. I[lycmov T — Z-depeso. Tozda:

I. Tonoaozus mewnet na T U Ends(T) codepacumcesa 6 cuavnoli monoso2uu, «
cosnadaem ¢ weti moeda u moavko mozda, koz2da T A0KAABHO KOHEUHO.

II. Tenesas u cuavnas monoaozuu cosnadatom wa Ends(T).

III. Cuabnas monosozus wa T U Ends(T) mempusyema (6 wacmuocmu — nop-
maavna u zaycdopdosa), Karxoso 6vi wu 6viao T, a womnaxmua mozda u
moavko moeda, koeda T aokasvno xoweuno. (Cp. co caedemsuem 12.1.)

12.4. 3ameuyanue. HanoMHEM, YTO TOMOJIOrTIECKOE TPOCTPAHCTBO HABBLIBAECTCA
BNOAHE HECBAZHBIM, €CIU BCE €ro MOAIPOCTPAHCTBA, COMepXKallue He MEeHee IBYX
TO4eK, HeCBA3HbL. KakoBo Obl Hu Obuo Z-gepeso T', mpocrpanctso T' U Ends(7T)
BIIOJIHE HECBA3HO U C CAIHLHOU TOIOJOTMEN, M C TOIOJOICMEN TEeHEH.

Ecan y noxanpHO KOHEIHOrO Z-1epeBa 1’ HeT BepIIWH CTeHeH: < 2, TO IPOCTPAH-
crBo kounoB Ends(7T) kanmoposo (To ecTh roMeoOMOPHHO KAHTOPOBY MHOXECTBY ).
(9To0 BEITEKAET M3 TeopeMbl Bpayspa, KOTOpas yTBEPXKAAET, ITO BCAKOE HEIMYCTOe
KOMITAKTHOE XayCA0P(OBO MPOCTPAHCTBO, HE MMEIOIIEE M30JUPOBAHHBIX TOYEK W
o0aagaromiee CIeTHON 0a30U, COCTOAIEN U3 OTKPLITO-3aMKHYTHIX MHOXECTB, KaH-
TOPOBO. )

Ecmu y caetnoro Z-nepesa T HeT BepIIMH KOHEYHOU CTENEHU, TO TOIOJOTUA
renern Ha 1" U Ends(7T') xamToposa, a npocrparcteo Ends(T) romeomopduo npo-
cmpancmsy Bapa?® mmm, 910 TO XKe camoe, MHOXKECTBY HPPAIMOHAILHBIX SHCET C
YHACJIECJOBAHHON OT BEIIECTBEHHOU MPIMOU TOIMOJOTMEN.

W3 BBIIIEyIOMAHY THIX (PAKTOB BHITEKAET, UTO B CIydae CIeTHOro Z-nepesa T u
TONOJMOTHA TEHEW, n CuibHasg Tonoaorus uHa muoxectse 1T'UKEnds(T') BkragbBaoTcsa
B BEIIECTBEHHYIO IPAMYIO.

12.5. 3ameuanue. Merpuku Ha Z-aepeBbax. llpusegem psapg (HECIOXHO fgo-
Ka3bIBaeMbIX) (PaKTOB O mMeTpukax Ha Z-nepesbax. llycrs 1T — Z-nepeso, E —
MHOXECTBO Bcex ero pebep. [l npou3BOIBHON MOJIOKUTENLHOU BEIIECTBEHHO3HAY-
Hou pymkmuu f : F — R, onpegemum dynxmmo disty : T? — R, momoxus

distr(a,b):= > f(e).

ecE :eCla,b]

Herpyano mposeputs, aro dist; aBrgerca merpmxon Ha 1 m 9TO dTa METPUKA
coBMecTuMA (B cMbIcie onpegenenus 4.17) co crpykrypou npegaepesa va 1. Cran-
maprHai Merpuka dist Ha T’ coBnagaer ¢ merpukon disty,, rae fi(E) = {1}.

26 [Tpocmpancmeom Bopa HasbBaOT MHOKeCTBO N BCeX GECKOHEYHBIX MOCICOBATEILHOCTEH
(2i)ien HATYPAIBHBIX IHCEJ C TOIOIOIHMEN, IOPOXACHHOU HA0OpaMu BHAA

{(@i)ien s 2p =k}, pkeN.
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Ecin T noxanbHO KOHEYHO, TO mia Besakou pymkuum f : E — Ry Tomonorms
meTpuku disty muckperna. Ecam T He ABIAeTCA TOKAIbHO KOHEIHBIM, TO [JIA OIpe-
aenensnoro Buga dyukuui f : F — Ry merpuka dist; me guckperna. ([Jna mocrpo-
€HUA COOTBETCTBYIOIIEr0 IPUMEPA JOCTATOYHO BHIOPATH BepinHy v € 1T’ 6ecKOoHed-
HOM cTemeH” U B3aATh GyHKIuo [ : K — Ry Takyo, 1To

inf{f(e) :e€ E,v€e}=0.

Ecmu T' caerro, To cierno u I, u naugerca dynxnua f : B — Ry c ) pfle) <
00 (eCTEeCTBEHHO HA3BIBATL Takue (YHKIUU cymmupyemvimu). BEcaum dysxnusa f :
E — R, cymmupyema, To merpuka dist; magynupyer Ha T’ TOIOIOIMIO TEHEH.

Mycrs f : B — R, — npoussonsnas nonoxurersuas dyuxmua, (17, dist)) —
MeTpuieckoe nomoanenue npocrpancTsa (1), disty). O6o3natum 1epes 0yT MHOXKe-
CTBO TJ’c \ T (c ymacaegoBannou merpukon). HeTpyaHo BugeTs, 9T0, KaKOBa ObI HI
oputa pyuknus f : £ — R, onpegenreHo0 KAHOHUYECKOE HHBEKTUBHOE 0TOOpAXKEHUE

OfT — Ends(T) (28)
1, COOTBETCTBEHHO, OTOOPAKEHNe
T} — T U Ends(T). (29)

Nabeknus (28) ABIAETCA TONOMOIMYIECKUM BIOKEHUEM II0 OTHOLICHUIO K CTAHIAPT-
moi?’ Tomomorma ma Ends(T). Kax snerxo smgers, mis moboro Z-gepesa T cyume-
CTBYIOT HOJOXUTeNbHbIe GyHKnuu f : £ — R, patoomme orpaHMYeHHY0 METPUKY
dist;. (B wacrrocTu, ecim T caerHo, a f — cymmupyema, To dist; orpanndena.)
Ecm dist; orpamumvena, To KaHOHHYeCKasd MHbeKNuA (28) aABagerca OMeKIuen u,
6oxee Toro, romeomopdusmom. Ecmm disty orpanmdena n gaeT AUCKPETHYIO TOHO-
JOrUI0, TO KaHOHUWYecKas Guekuys (29) ABaseTcs roMeoMoppu3MOM 110 OTHOLIEHUIO
K cuabHOU Tomosoruu Ha T U Ends(T'). Ecau T cuerno, a f : E — Ry — cymmn-
pyema, TO Oueknusa (29) aBraeTca roMeoMopGU3MOM O OTHOMIEHUIO K TOMOJOTUM
renen Ha T'U Ends(T).

12.6. 3ameuanume. B [7], [I.U. Kaprpanr, [I. M. Coapau u B. Byc onucsiBazor
KOMTAKTADUKAIAY [ He ABITONIXCA JOKATbHO KOHeTHbIME TpacdoB. B wacTHO-
CTH, UMM KOHCTpympyercsa (Merpudyemasn) komnakTudukanusa 1 naa (c9eTHOrO u
He ABJIAIMIErOCsa JOKAILHO KOHEYHBIM) Z-aepesa 1. Komnakrudukanus cTpouTcs
nyrem nonoasenus maoxectsa 1T’ U Ends(7T') muoxectBom T necobemeennbix eep-
wuwr (MHOXecTBO T ABigercsa xonmen MHOXecTBa 1 C T BepumH GECKOHETHOU
CTeneHn).

MoxHo mokasaTb, aro Tomosnorus Tereu ua 1 U Ends(T') asasercs daxTop-
ronosorren kommnakTudukanuu Kaprpanra—Coapau—Byca, oTrBedaiomen pakTop-
0TOOpaXEHUIO

T UEnds(T)UT* — T UEnds(T),

27HarIOMHI/IM7 9TO U TOMOJOTUA TEHEH, U CAIbHAA TONIOJOTMA UHAYUUPYIOT OAHY U Ty K€ TOIO-
JIOTHIO HAa MHOXECTBe KOHIIOB, Ha KOTOPYIO MBI I CChLTIaeMCA KaK Ha CTaHAApPTHYIO.
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OTIPABIAIOIIEMY KaX VIO HECOOCTBEHHYIO BepmuHy £* € T B COOTBETCTBYIOLILYIO
Bepumuay = € 1.

Ormerum, uro kommakTudukamus Kaprpanra—Coapau—Byca o6obmaercs Ha

3HAYNTEILHO 0oJee MIMPOKUU KIACC IpEeNIepeBbeB, 9eM Z-IepPeBbA, IPUIeM C CO-
XPaHEHNEM OIMCAHHOU CBA3U C TOIOJOTMEN TEHEH.
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