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Abstract

Renormalization of the shear modulus caused by dipoles of the screw dislocations
lying along infinitely long cylinder is investigated. The core self-energy is taken into
account so that the axial singularities of the dislocations are eliminated due to for-
mation of the finite-sized cores. The dipole-dipole coupling is accounted for. The
behavior of the renormalized shear modulus is studied, and appropriate implica-
tions due to non-singularity of the dislocations are demonstrated near the melting
transition.
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1 Introduction

The physics of nanotubes/nanowires and of graphene sheets is of importance as far as
the development of modern technologies is concerned [1-3|. Dislocations as imperfections
of the crystalline ordering have attracted appreciable interest from the viewpoint of real
properties of nanostructures [1-10]. For instance, the multilayer nanotubes can contain
within their walls screw dislocations lying along the tube axis [8,9]. The electronic and
the mechanical properties of the graphene sheets in presence of dislocations are also of
interest [7].

According to the elasticity theory, the stress tensor components of a single dislocation
are singular on the defect line since its core is not captured by the classical approach.
The dislocation solutions characterized by elimination of the axial singularities have re-
cently been investigated by means of the gradient elasticity and of the gauge-translational
approaches (see [11-15] for refs.). This smoothing is due to modification of the conven-
tional solutions within the finite-sized core regions. Since the cross-sectional characteristic
scales of the nanotubes are comparable with those of the dislocation cores, effects due to
finiteness of the cores look attractive for study from the viewpoint of nanostructures.

Dislocations are of importance also in the theory of melting of two-dimensional sys-
tems [16-19| being a part of more general theory of the defect-mediated phase transi-
tions [20-24]. It is crucial that proliferation of the dislocation dipoles is related to the
renormalization of the elastic constants [16-19,21,25|. Since the nanotubes and the dis-
location cores are characterized by comparable radii, it seems attractive to study the
renormalization of the elastic constants using the modified dislocation solutions possess-
ing the finite core regions. In this respect, an approach has been developed in [15] in order
to evaluate the renormalized shear modulus p for the screw dislocations with finite-sized
core. Free-dipole approximation has been used in [15] to calculate in lowest order with
respect to square of the dipole momenta. The present paper is to evaluate the renormal-
ization of p taking into account the dipole-dipole coupling. The multi-dipole corrections
to the renormalization rule are obtained, and influence of the non-conventional character
of the dislocation solutions on the renormalization is studied near the melting transition.

The paper is organized as follows. Section 1 is introductive. Section 2 begins with
the partition function of the elastic cylinder containing array of the modified screw dis-
locations. The stress-stress correlation function which incorporates averaging over the
dislocation dipole positions is derived in Section 2. Relations characterizing the shear
modulus renormalization are studied in Section 3. Discussion in Section 4 closes the

paper.

2 The stress-stress correlation function

We consider array of non-singular screw dislocations lying along infinite cylinder as a ther-
modynamical ensemble at non-zero temperature. The corresponding partition function Z
is written in the functional integral form:

Z = /G_BWD(O—})jao—fjvuiyeij)7 (1)
W =F— Z.Eext 5 E = Eel + Ecore ) (2)



where (3 is inverse of the absolute temperature 7' (the Boltzmann constant is unity),
and D(a}},ofj,ui,eij) is appropriately normalized integration measure, [15]. Since our
framework is that of the plane elasticity, the independence on the third coordinate reduces
our study to the two-dimensional problem. Therefore, the functional W (2) consists of

the contributions (indices repeated imply summation, i = 1, 2):
1
2p
Ecore = /(—g (@ej — 8jei)2 — 26i O'ZC) dQ.CE, (3)

Ea = (07 +07)* d*z,

Eey = /U?(@iu— 2P;) d?z,

where the integration is over the cylinder’s cross-section. Here, E) is the elastic energy
of superposition of two stresses, oP and o¢, and p is the shear modulus. The notation
oP corresponds to the conventional long-ranged dislocation stress, while ¢¢ is to account
for the modification of 0}’ within the core. The dislocation core energy is F..., the total
strain is e;, and /¢ is the parameter characterizing the core energy. In the two dimensional
problem we abbreviate: o/ = O'jg (# is b or ¢), e; = e;3, etc. Since the displacement
vector of straight screw dislocation is along Ox3, we use u = uz. The stresses respect the
equilibrium equations due to inclusion of the “source” term Fey (3); Eox is also related
to the plastic strain el by means of P; = el + C;. The field el is to fix a specific
configuration of the dislocation lines. Auxiliary field C; is to ensure self-consistency of
the set of equations of the present model.

The partition function Z (1)—(3) is estimated by steepest descent [15]. For definiteness,
consider N straight screw dislocations intersecting the plane x;0x5 at the points x = y;
(we use X = (x1,22)), 1 < T <N, and possessing the Burgers vectors b; parallel to Ox.
Provided the “electro-neutrality” condition ij\; by = 0 is imposed, the steepest descent
gives the effective energy W = %1 log Z approximately as follows:

W=W({yr}) = 153" bibsUlslyr —yal), Uls) =log(s) + Kols),  (4)
I£J

where {yr} = {ysr}1<r<n is the set of the dislocation positions, and x = (u/0)z. The
energy ¥/ (4) demonstrates that the system of the dislocations is equivalent to the
electrically-neutral gas of charges interacting through the potential which is logarithmic
at large separation but tends to zero for the charges sufficiently close to each other. The
smoothing of the Coulomb potential occurs since the self-energy of the cores is accounted
for.

Let us turn to the grand-canonical ensemble of positive and negative modified screw
dislocations located, respectively, at {y; }1<r<n and {y; }1<7<n and possessing unit Burg-
ers vectors. Its partition function in the dipole approximation reads:

00 N
Zaw = Y 1l [ @ [ @ngex[-20n2-
N=0 T I=1

— 8(Swln) + Swn)]. Al = Ked(en),

I=1 1<J



where A is the chemical potential per dislocation, and K = % Position of I'*" dipole is
given by its center of mass, £, = (y; +y;)/2, and momentum, n; = y; —y; . Summation
over the positions is replaced by the integration. The dipole energy is w(n), where n = |n|,
while w;; is the energy of interaction between I** and J* dipoles.

Define two-point stress-stress correlation function (o7 (x1) 05 (x2))) (where 07 (x) =
oP(x) + o$(x)) as the following average:

(o1 (a) of (x2)) = Zagy D 07 (x1) 05" (x2) €= D(0y, o7y, wi ei5) . (6)

numbers of dipoles,
dipole positions

The functional Wp is expressed by (2), (3), and Zg;, is the partition function (5). The
index P is to stress that distribution of the dislocation lines is prescribed by means of the
plastic strain in the source P; (i = 1,2). After evaluation of the functional integral, we
obtain from (6):

O O _M
(o1 (x1) 03" (x2))) = 373 1) i Oxa); U (K[ x1 — X2])
+ Z(;ilp Z JZpot (Xl)a;ot (XQ) e PV 7 (7)

numbers of dipoles,
dipole positions

where the total elastic stress of a specific distribution of the dislocations, of°*(x), is
expressed through the corresponding stress potential U:
H +
(%) = 5o ek O Ulslx — y7 ) (8)
I

The dipoles are very compact since the dipole momenta are not too large at small enough
temperature: (n*) < k2. We use the center of mass and momentum coordinates, respec-
tively, &, = (y; +y;)/2 and n, =y} —y; for L'" dipole (1 < L < N). We follow [26] in
order to take into account the dipole-dipole corrections. Therefore the sum in right-hand
side of (7) takes the form:

> o)) e =

numbers , positions

00 N
7 )2 1 2 2 —BR2A+w(nr))
= (— €ik€il O(x1), O(xa), Z N /d SI/d n;e (9)
2m N N=1 N I=1
x ] e7ore 57 Uy (x)Uf ™ (x2)
P<Q K,L=1

where A is the number of dipoles. The stress potential of K dipole observed at the
point x, Ut~ (x), is approximated with regard at |n,| < |x — €| as follows:

U (x) = Uklx —yil) — Ulslx —ygl) & = (g, O U(EIx = &), (10)

where (-, ) stands for the scalar product of 2-vectors. In order to account for the dipole-
dipole couplings, we expand e #*P¢ in (9) into the series over wpg. The dipoles are



compact, and therefore non-trivial contributions into (9) are due to the n-dipole terms
given by the integral [26]:

1\ G - w(ng
(%) €ik€jl a()q)ka(xg)z Iljl/d251/d2nle A@A+wnn) (11)
X U (x1) (=Bwiz) (—Bwss) . . . (—Pwn—1,7) Us ~(x2),

where the dipole-dipole coupling is of the form:

pp
—Bwiy = K (17,0, )(n;,0¢, U(KIE — &), K= o (12)
In order to proceed with evaluation of (11), we integrate subsequently over &,, 1,, &5,
M5, ... (just taking into account (10) and (12), and tacitly assuming that n > 2). After
k — 1 steps, we obtain:

k k
T, = H/d2§1/d2771 e~ B2A+w(nr)) H 5wJJ+1 _ ’Ck(_ﬂ<n2>]\7)k71
I=2 J=1

k-1

x ("71,(951)(%+1735k+1)[U(filél —&al) + Y (D) Ko(kl€, — &al)| - (13)

=1

Here D, stands for the operator Tﬁdi The &-integrations in (13) are enabled by the
Green theorem [15]. The m-integrations are expressed in (13) by means of the definition

of the mean square of the dipole momentum (n?) [21,26]:

[y iy = )N (14)
where N is the average dipole density. The integral (14) diverges at K < 4. The dipolar
phase does not exist at the temperature 7' > T, = £

At each intermediate integration over &;, n;, 1 < I < n, it is appropriate to keep in
right-hand side of (13) only the long-ranged logarithmic contribution thus neglecting the
terms decaying fast at x|§; — &;,,|21. Thus we avoid the situation when the distance

between positions of compact dipoles is smaller than the characteristic size of the core
k™! [26]. Therefore, Eq. (13) should be written as follows:

~ KM =m(?)N) " (11, 0,) (g1, O, ) log €, — &yl - (15)

After n — 2 steps, two integrations remain, over &, 1,, and &;, n;,. Provided (13) is used,
the following expression appears for the whole Eq. (11):

2 d —_ ~
(%) K = () N)™ €ineji D) Oa), [“(/‘lel —x|) +
+ 200 Kosba — )] (16)
=1

However, only the term [ = 1 is to be kept in right-hand side of (16) as far as the relation
(15) holds. We take into account Zg, (5) and, eventually, obtain (7) in the following
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form:

—
o Qe Doa) U (| A
27Tﬁ Z (—Bud)" EZkEjl a(xl)ka(xz)z) [u(lilAXD"‘

(07 (x1) 03 (x2)) =

17
FlAx| Ki(k|Ax])] 1

where Ax = x; — X3, and the contribution at i = 1 just corresponds to [15]. Besides, we
introduced d by means of the relation: Sud = 7K(n*)N. The parameter d is proportional
to mean area covered by the dipoles.

3 The renormalization of the shear modulus

Let us obtain the renormalized shear modulus iy, Which is expressed through the average
(6) as follows [18,25]:

= Z / / ot (x;) o1 (x2))) d*x;d*xy (18)

where S is the area of the sample’s cross-section. The main relation of the present paper
arises from (17) and (18):

Hren

1 1 Bd
[hren ucl(KR) " 1+ Bpd
where Cy(2) = 1-2K,(z)11(2) and C3(z) = C1(2)+D,C(z) are given by the modified Bessel
functions. When ud is not too large, ud < 1, the renormalization rule (19) is reduced
to the relation obtained in [15]. Equation (19) demonstrates that the shear modulus fiyen
depends on the ratio R/ k" of the sample’s cross-section radius to that of the dislocation
core. The coeflicients C;(z) and Co(2) both are positive and less than unity T hey behave
at growing z as follows: Ci(z) & 1 — 1 + 25— ... and Co(2) = 1 — & + 5
Equation (19) corresponds to the case of singular dislocations when xR tends to infinity
(see, for comparison, Eq. (59) in [25] obtained however for three-dimensional solid).
According to the rule (19), the ratio “T“ is characterized by the following double-sided

estimate: ]

1o o e 1+ Bud -1 (20)

2 Cl + C2 % Cl + ﬁ/id (Cl + CQ) Cl
Let [i;en to denote the renormalized shear modulus in the case of singular dislocations
(when Cy2 = 1). Then, one obtains from (20) that firen < firen and % < flren/pt < 1.
Since C; 5 are positive and less than unity, certain restrictions must be fulfilled in order
to make (20) physically meaningful. First of all, in order to avoid the contradiction with
tren/ 1t < 1, we require C; + Cy > 1. The latter is valid at kR 2 2.17. Therefore, the
series expansions of C12(z) are admissible provided the value of I respects the estimate:
0< = § 5 17 ~ 0.46. External diameter of the nanotubes ranges from nanometers to tens
of nanometers. As an example, let us specify the cylinder’s radius R as follows: R<10a,
where a is lattice spacing. We know that % ~ 0.25a, according to [11], and thus xR < 40,
or % ~ 0.4a, according to [14], and so kR <25. Thus, an admissible range is determined

for kR.

Co(kR), (19)

—_




Furthermore, the leading contribution to figen /gt is (C1+Co) ™! provided the dislocation
density pd is large enough. For instance, (C; +Cy)~ 1 is 0.72 at kR = 4.0, or 0.55 at kKR =
15.0, or 0.53 at kR = 25.0. Besides, fien/p reduces to c_ll provided pd decreases. Since

é > 1, it is appropriate to ensure fie, /i < 1 requiring the validity of the inequalities:

14 Bud
61(2) + ﬁud(Cl(z) + CQ(Z))

Therefore, the inequality f(z) < Sud, Eq. (21), imposes the lower bound in the sense that
Bud should not lie below f(z) (see Fig. 1) provided z acquires admissible values. One
can also compare the dependence of fiye, /it on Sud in the singular and non-singular cases
(see Fig. 2 drawn for kR = 15.0).

1 —Cl(Z)
Cl<2) -+ Cg(Z) -1

<1< f(2) =

< fBud. (21)

(2)

O TTTTTTT[TTTT [ TTTT[TTTT]
5 10 15 20 25

Figure 1: f(2)

The rule (19) enables one to express the renormalized shear modulus as the function
of the absolute temperature, fiyen = piren(7"). The temperature 7, of the melting transition
is given by (14), and it respects uf. = 8w. The function p,e,(7") takes the following form
in a close vicinity of T, (at T' < Tp):

,uren(T> T 87Td

/L ~ 1 — —1)h(kR h(kR) =

fren(T5) * <TC ) (kR)., (kR) (1+87rd)(87rd+€*(f<oR)(1+87rd))(2’2)
where C*(kR) = SQEZ% The limits C*(kR) — 1 and h(kR) — ho take place at kKR — o0,

and this corresponds to the case of singular dislocations. Numerical estimate shows us
that 1.0 < C*(kR) < 14 at kR > 2.17, and so h(kR) is smaller than the limiting
value he. The limiting value of pien (7)) below the critical temperature, pien (7)), is also

8
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Figure 2: piren/p (dashed) and figen/p vs po = Bud

obtainable from (19) (fien is zero above the transition point). The value of pien (7). ) can
be compared with the analogous value for the singular dislocations. It is appropriate to
put the corresponding inequality in the following form:

teen(T;)  8m(1 + 87d) - fieen(T7)  8m(1 + 87d) (23)
T.  Ci+8md(C +Co) T, 14 16nd
Crucially, Eq. (23) demonstrates that the value of %CT‘_) at d < 1 (or d > 1) ceases to

be an integer multiplied by 7, as it happens for %

Therefore, Eqs. (22) and (23) demonstrate how the non-conventional character of the
dislocation solution influences, through the dependence on Ci(kR), Ca(kR), the shear
modulus renormalization near the melting transition. It should be noticed that a direct
verification of the limiting value of the Young modulus (which is 167 at T — 7)) predicted
by the theory [16-19] has been reported in [27|, where the two-dimensional colloidal
crystal has been used. More references concerning testing of the essential elements of the
theory [16-19] can also be found in [27]. Appropriate candidates for observing the effects
of the elastic constants renormalization have been discussed in [25], where the colloidal
crystals have also been mentioned as the suitable ones.

4 Discussion

The renormalization of the shear modulus is studied in the case of the screw disloca-
tions possessing the finite-sized core. The influence of the dipole-dipole interaction on the
renormalization rule is taken into account. Approximation of compact dipoles is used.

9



The non-triviality of the cores is valuable for the renormalization of the shear modulus at
finite kR. The numerical restrictions ensuring the validity of (19) are not in contradiction
with realistic characteristics of the nanotubes/nanowires. The relations obtained, (19),
(22), (23), demonstrate the thermodynamical implications of the usage of the singular-
ityless modified dislocation solutions. Although the effects of the renormalization a very
subtle, the nanophysics could hopefully provide an opportunity to verify the correspond-
ing predictions of the approach proposed to elimination of the dislocation singularities.
Further development for nonsingular edge dislocations should be interesting.
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