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AnHOTaI M

B nannoit pabore NpUBOAUTCS KOPOTKUIT KOHCTPYKTHBHBIN ajro-
PUTM ITOCTPOCHUA (byHK]_H/H/I BeJI.HI\/IaHa. JJIgd 9KCTpeMaJIbHBbIX 3a/Ja4d B
npocrpancree BMO B3amen ormmcannoro B pabore [1].
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1 Bseaenne

B sT0it pabore Mbl IPeIbABUM KOPOTKHIT KOHCTPYKTUBHBINA aJrOPUTM I10-
crpoennst GpyHKIun Bemvana s 9KCTpeMaJIbHBIX 33J1a9 B IIPOCTPAHCTBE
BMO B3amen ropasio 60siee rpoMO3KOro, KOTOPbIii ObLT ormican B pabote [1].
[TockobKy JaHHasi 3aMeTKa SBJSIeTCs MPOCTO JI00ABIEHUEM K yKa3aHHOI
craThe, Mbl He OyJleM HH ONHUCHLIBATH 3aJ1a4y, HU HPUBOIUTH HEOOXOIUMbIE
obo3HAYEHHsI U OIIpeJIeJIeHns, BBEJIEHHbIe B mpenpunte [1], a Oymaem npej-
HoJjiaraTh 3HAKOMCTBO YHUTATE/Isl C COJEepKaHUeM yKa3aHHOI paboThl. Bosee
TOrO, BCE CCBLIKH, COJEpKAIUe pPa3Ie/IMTeIbHYI0 TOUKY, OYILyT CChLIKAMU
Ha yTBepKJeHus win ¢hopMmysibl u3 npernpunra 1] (6e3 sBHOrO Ha 9TO yKa-
3aHUs), & CCHUIKU Ha HACTOSIIYIO 3aMEeTKy OYIyT COJIEpXKATh TOJBKO OJIHY
HOBHIIHIO.

2 Cunosble pyHKIIUN

B pabore [1] 6b110 00bsicHeHO (CM. 00CyzKIeHHe Toce npeiokenns 6.13),
YTO JIJI HAXOXkK IeHus (bYHKIN BesiMana 10cTaToqHO MOCTPOUTH KPUTUTHO
COIJIACOBAHHOE ceMeficTBO JiyHoueK. B mocTpoennn Takoro ceMeificTBa KJIio-
4eByIO poJib urpasu Beipaxkenus (5.15) u (5.16). DTu BeIparKkeHus omnpee-
JISITTH BOBMOYKHOCTD CKJICMBAHUS JIBYX 00JIaCTell, 3aMeTAeMbIX KACATEIHHBIMU
MIPOTUBOIIOJIOZKHOI'O HAIIPABJIEHUS C TIOMOIIBHIO YTJIOBOI 00JIACTH JIMHEHHOCTH.
Bo3mokHOCTH TAKOTO CKJIEfiBaHUS HA3BIBAJIOCH COTVIACOBAHHOCTBIO JBYX JIy-
Houek (cM. ompejesierne 6.6). B Hacrosiem ajaropurme Mbl Oy1€M HUCIIOJIb-
30BaTh 9TU YK€ BBIPAXKEHUA, MIPOJIOIKIUB UX €CTECTBEHHBIM 00pPa30M Ha BCIO
BEIIECTBEHHYIO OCh.

Hamomumm, 9To MBI OyzeM nMeTh geso ¢ dyHknuamu f n3 kiaacca 2.,
(cm. maparpad 1.2). 91o o3HaUaeT, 9TO y f CyIIECTBYET MOYTH BCIOLY OTJINY-
Hast OT HyJIst 0000IIEHHAsT TpeThs Tpou3BoaHast [ KoTopas MeHsET 3HaK B
KOHEYHOM MHOKECTBE TOYEK, PACCTOAHNE MEXKJIy KOTOPBIMU HE MEHbIIe 2¢,
u, kpome Toro, f” € L'(e~!/%0). B npenpunre [1] Bce TouKM cMeHBI 3HAKA
obo3HavAJINCh Uj, HO HaM Oy/eT HeCKOJBLKO yJ0OHell 3TO BHJIOM3MEHHTL 1
TOYKHU CMEHbI 3HaKa ¢ — Ha + U ¢ + Ha — 00o3HAYATh pasHbIMu OykBamu. B
JlaJIbHEHIIIEM BBISICHSIOCh, YTO TOYKU CMEHbBI 3HAKa C + HA — OKA3aJINCh IeH-
TpamMu (KOPHSIME) JIYHOUYEK U ObLIN 1epeobo3HaueHbl ;. Mbl cOXpaHuM Jijist
HUX 9TO IIOCJe/iHee 0OO3HAYeHne, a TOYKHU, I/e 3HaK TPeTheil IPOU3BOIHOM
MeHsieTCd ¢ — Ha +, 0003HAYUM U B U€CThb TOrO, YTO NPU MAJBIX € yIoJ-
K1 00pa3yIoTcs ¢ BePIIMHAMU B OKPECTHOCTH THX TodeK. [Ipu sTom ymobHO
CYUTATDH, YTO HAYMHAETCS BEIECTBEHHA OCh 3HAKOM +, a 3aKAHUIMBAETCS



3HAKOM —, TO €CTb II0CJIeJOBATECJILHOCTL CMEHbI SHAKOB TaKOBa:
<1< <vy<...<wvy<cy.

Takast Hymepanus: BKtodaer B cebs ciejyomiee cornainenne: eciau f” < 0
B OKPECTHOCTH —OQ, TO, ¢g = —00, u ecqn f” > 0 B okpecTHOCTH +00, TO
CN = +00.

[TycTh ¢ — ofHa U3 TAKUX TOYEK CMEHBI 3HAKa TpeTbeil npoussoanoit. Co-
[JIACHO JIeMMe 5.5, CyIIeCTBYIOT HelpepblBHO auddepennupyembie pyHKINNT
a(l) u b(¢) = a(f) + ¢, 3amannbe Ha wHTEpBaJCE [0, 2¢], KOTOPBIE TIOPOXKIAIOT
JIYHKY C KOpHeM B Touke ¢, To ecThb a(0) = b(0) = ¢. B cusy pasmesnenHocTn
KODHeii, Takue JyHKH He OyayT mepecekarnest: b (2¢) < agiq(2¢). Hamomunm
onpejesenne auddepenimana gyuku (bopmyia (5.7)):

Dy(a,b) = f"(a) = (f")»  Drla.b) = f"(b) = {f"), -

Bwmecre ¢ mapoit dyukimit ¢ u b HaM TOHAIOOUTCA TAapa B3aUMHO 0OpaT-
HbIX OYHKIWME @ 1 b, KOTOpble HPUHUMAIOT TE XKE 3HAYCHHS, HO SBIISIOT-
cs1 (DYHKIMAMHI JIDYTOrO apryMeHTa, & WMEHHO, 3TO (YHKIUH OT MepBOit
KOOD/IMHATHI IIPOTHUBOIIOJIOXKHOIO KOHIA XOPJIbI, TO €CTh KaxKJas W3 [ap
{a(u),u}, {u,b(u)} — 310 Mapa ToueK {a,b}, YAOBIETBOPSIONAS yPABHEHIIO
ayuku (5.4).

Badukcuposas pasmep syaku ¢, 3amagum #a orpeske [a(f),b(l)] (koro-
pbIit OyjieM Ha3bIBATH 9KPAHOM) CIEYIONLYo GyHKuo D:

D(w) def —Dy(u,b(u)), ecim a(f) <u < e,
Dr(a(u),u), ecmm c < u < b(l).

EcrecTBenno, mbl nipejmosiaraeM, 910 GyHKIUS [ 110 HEIPEPBIBHOCTH IIPO-
JIOJIKeHa HyJIEéM U B TOUKy ¢. OrmernM, 9T0 BeaundnHa £ 3aaéT TOJIBKO 00-
JIACTb onpejiesienns PYHKINN, a €€ 3HaUYeHne B JIF000i (pUKCUpOBaHHON TOUKe
oT { He 3aBHUCHT.

Teneps 3a71a UM (DYHKITUIO Y2Ke Ha BCEl BEIECTBEHHOW OCH, KOTOPYIO MbI
Oy/ieM Ha3bIBATH CUA060T (PYyHKUUET U TIPOCTO CUAOU.

Omnpeneinenne 1.
a(l)
e“/E[D(a(E))e_“(Z)/E—i— / f’"(t)e—t/ﬁdt}, u € (—o0,a(f)),

F(u,0) € { D), ) u € [a(l),b(0)],
eue [D(b(ﬁ))eb“)/5+ / f’"(t)et/édt}, u € (b(f), 0).
b(6)



Orpesoxk [a(f),b(¢)] mbl Oynem HA3BIBATEL 9kpaHom CUbl F' a ero mpaByro
U JIEBYIO 4actu [a,c| u [¢,b] COOTBETCTBEHHO — NPaGbiM IKPAHOM U ACEHLM
IKPAHOM.

OrMeruM HECKOJIBKO CIENUAJIbHBIX CIydaeB. ZICHO, 4TO HEeIKPAHUPOBAH-
Has cuia F'(u,0) (myseBoit skpan: ¢ = 0) uMeer cJielyommuii IpoCToi BUJT:

c

u/a f///( ) —t/adt = (—OO,C],

F(u,0) =
( ) _u/a/ f/// t/edt = [C, —|—OO).

Ecmm ¢ = 400, TO

F(u,0) =¢e" f”’( e t/edt, u € (—00,+00),
1 e/ ¢ = —00, TO
F(u,t) / " (t)et/=dt, u € (—00,400) .

[Tocsietue jiBe cuiibl He 3aBUCAT OT { (KOHEYHBIN SKpaH Ha GECKOHETHOCTH
He MOXKET 3aJ1eBaTh “KOHEYHbIE TOUKH), TIO9TOMY UX BCEIJIa MOYKHO CUUTATH
HEIKPAHUPOBAHHBIME, TO ecTh £ = (.

OTmMeTnM, Kak CBA3aHbI MEXKLy COOOM Olpesenenne CUIbl U BbIPAsKEHIE
JUIS BTOPOi Ipou3BoHoil Koaddunuenta m B Gyuxkiun Bevana. Pop-
myna (5.15) mns mf (u,a(f)) ¢ TOIHOCTBIO 1O CKAJSIPHOIO MHOMKHUTENS €
COBIIA/IAeT C BBIPDAYKEHUEM JIJIsl CUJIBI JieBee KpaHa, a dopmymna (5.16) ms

% (u,b(0)) — ¢ BeIpazkenneM Jyist CUIBI Ipasee SKpana. Jlamnubie dhopmyIibl
ObLIN TIPUBEJIEHDBI I 3KpaHa pasMepa 2¢, HO B JajbHeiineM ObLIO OTMe-
YEeHO, YTO OHM COXPAHSAIOT CBOH BUJL JJI MPOM3BOJLHOIO £. EauHcTBeHHBIM
OTIMYMEM MEZKJly BBEJICHHBIME HAMHU CHJIOBBIME (DYHKIUSIMU U BBIPArKCHUSI-
MH €My, B €M 3aK/I0YAETCA B TOM, YTO MbI CKJIEHBAEM 3TU JIBa BbIPAKEHH
B OJTHO, HEIIPEPBIBHO MPOJI0JzKas Ha IKpaH [a(l), b({)].

Hawm, kak u B pabore [1| (ompenenenue 6.5), IPUTOAATCS TIOHATHSI XBO-
CTOB, OJHAKO MBI UX HEMHOIO MOJUMDUIIPYEM.

Omnpenenenne 2. IIpasvim xeocmom cusnosoii dyrkimn F HasbiBaercs or-
pe3ok [ ¢, t7], re

tt=t*(0) o sup{t: F(s,0) <0, Vs, ¢ <s<t}.

COOTBETCTBEHHO /€6bLM TE0CMOM HA3BIBAETC OTPE3OK [t ¢, e

==t (0) Linf{t: F(s,0) >0, Vs, t < s < c}.
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Touku ¢t~ (¢) u t*(¢) cOOTBETCTBEHHO HA3BIBAIOTCS KOHI[AME JIEBOIO U IIPABOIO
XBOCTa CUJIOBOW (DYHKITUN.

Ommane ot onpesesierns 6.5 COCTOMT B TOM, UTO TelE€pPb XBOCTHI CHJIBI
HAYMHAIOTCS HE OT KOHIIOB 9KPaHa, a MPsIMO OT KOpHs JIyHKU. OTHAKO KOHIIBI
XBOCTOB IIPH TAKOH MOJIUMDUKAIINN OCTAIOTCS TEME K.

Tor dakT, 9T0 SKpaHbI COJEPIKATCA B XBOCTAX 3AIIUCAHO B IIYHKTE 3 JIEM-
Mbl 5.5. Ham Takke morpebyercss BbIBOJ jieMMbl 6.18, 0 ToM, 4TO IHpaBbIit
XBOCT MOXKET 3aKaH4YMBATLCS TOJILKO B oOsiacTu, riae 3uak [ mojgoxxureib-
HBI{l, B 9aCTHOCTH [Ck, Ugt1] C [ck, &7 ), & JeBbIil XBoCT — B 0baacth, rae [
IMeeT OTPHIATEIbHbINA 3HAK, B YaCTHOCTH [V, ¢x] C (t;, Ckl.

Hakomerr, mornpobyeMm 00bsICHUTH MHEMOHIUYECKUHA CMBIC/T BBEJEHHOMN Tep-
munosiorun. Cujia Kak Obl CcTapaercss OTTOJIKHYTH YIOJIKH OT JIyHOK. U B
pe3ysibrare MeXKly JBYMsl JIYHKAMU MOXKHO OyJIeT BCTaBUThH yTOJIOK B TOUYKE
GaJlaHca CUJI, TO €CTh B TOM MECTe, TJIe CUJIa OJHON JIYHKH YPaBHOBEIIMBaeT-
sl CUIION coceiHell JIYHKH, B TOUYKe, [JIe CyMMa CHJI paBHA HYJH0. TyT TOJBKO
OJIMH KOHTPUHTYUTHBHBI MOMEHT: CHJIA, TOJKAIONAsi YrOJOK HAIPABO, OT-
puraTesbHa, a HajteBo — mnosoxkureabaa. Orpesok [a(f), b(()] nazBan sxpa-
HOM, TIOCKOJIBKY KaK Obl 4ACTHYHO SKPAHUPYeT JefcTBrIEe CHJIbL: 4eM GOJIbIIe
9KpaH, TeM MeHbIIE 110 abGCOTIOTHON BEJIMYMHE, KAK Mbl YBUMM, CHJIA B XBO-
cTax 3a IpejiesiaMu KpaHa. [Iprn 9ToM B TOYKAxX caMoOro sKpaHa CUJjia yiKe He
3aBUCHUT OT TOTO HACKOJIBKO JIAJIEKO STOT SKPaH PaCIpPOCTPAHSIETCSI.

3 CBoiicTBa cMJIOBBIX (DYHKITUIA

Crenyromas jjeMMa sIBJIS€TCsT aHAJIOrOM JieMMbI 6.21.

Jlemma 3. Cuaa, kax Pynkyus om OAUMBL IKPAHA, CMPO20 B03PACTMAEM,
CNPasa om mez2o0 u cmpozo yovieaem ciesa. Bruympu skpana cusa me mers-
EMCA NPU USMEHEHUY €20 PA3MEPOE.

Joxazameavcmeo. 1lo cymiecTBy 9TO yTBepKJIeHUE JIOKA3aHO IPU JIOKA3a-
TesibcTBe JieMMbI 6.21. K HeMy Hy’kKHO 1006aBUTH TOJBKO /IBa 3aMedaHus. B
jgemmMe 6.21 HIYEro He rOBOPUJIOCH O TOBEJIEHUN CUJIbI BHYTPH dKpaHa, HO €€
IIOCTOTHCTBO TaM CJIeJyeT HEeloCPeJACTBeHHO 3 ompejenenns. CTporoe ke
BO3pACTaHUE CHJIBI ITpaBee dKpaHa (yObIBaHME — JieBee) BBITEKAeT U3 TOTO,
qTO TOCJeHee HEPABEHCTBO B J0Ka3aTe/IbCTBE JJeMMBbI 6.21 Ha camoM jieje
SIBJISIETCSA CTPOI'MM, €CJIM SKPaH He JOCTUT CBOEI0 MaKCHMAaJIbHOTO pa3Mepa,
TO ecThb ecyin b — a < 2e¢. ]

HeckoJibKo POCTHIX CJ1€/ICTBHI:



Caexnctue 4. [lpu cyoicernuu skpara x60cmol cuso60l GyHKUUL YOAUNHA-
OMCA.

CaencrBue 5. Ecau ¢ > 0, mo F(u,l) > F(u,0) npuu > ¢, u F(u,l) <
F(u,0) npuu < c.

[Tocnemnee cieacTBue MbI OyJIeM HUCIOJIB30BATH BMECTE CO CJIELYIOIIM
ITPOCTBIM COOTHOTIIEHUEM.

Jlemma 6. [lycmv Fy u Fy, — dse cuavl, ucrodauwjue u3 mouex ¢; U Cs,
c1 < co. To2da npasee Kopha co cnpasediuso mostcdecmeo

Fl(u,ﬁl) = 6(62*“)/5}7’1(02,61) +F2<U,O), u 2 Co,
a sesee ¢; —

FQ(U, EQ) = e(u_cl)/€F2<Cl, EQ) + F1<U, 0) s u S Ct.
Joxazamesvcmeo. YTBepKIeHUE JEMMbl CTAHOBUTCS TPUBUAJIBLHBIM, €CJIU
IeperncaTh ero, MoJib3ysAach (POPMyJIaMU U3 OIPEIeJICHUS CHUJIbI:

e—u/s [Dl (bl)ebl/e + f///(t)et/edt]
by

_ e(cg—u)/se—cg/a [Dl (bl)ebl/g X CQf///(t)et/sdt] + e—u/s /uf,//(t)et/adt 7
by c

2

U € [c2,00) .
AHaJIOrUYHO 3aIUCBIBAETCS 1 BTOPOE TOXKIECTBO. O
OresnbHO ¢OPMYIHPYEM IIPOCTOE CJIEJICTBUE JIAHHOI JIEMMbI

CaencrBue 7. Ilycmov Fy u Fy — dse cuavl, ucrodaujue ud mouex ¢1 U Co,
c1 < ¢o. Ecau wopenv 0dnoti us cua monan 6 reocm 6mopoli CuAbl, Mo 6
nepeceverul UT 00HOUMEHHDIT TEOCMOE CNPasedAuso nepasencmeo Fy < Fy.

Jlokazameavcmeo. Eciu 1mmpaBble XBOCTHI Tlepecekatores, To ¢y < t) . Torna,
UCIOJIB3Yst JleMMy 6 1 cieJicTBre 5, B TOUKaX U € [Cg, +00) MbI MOKEM 3aIll-
caThb HEPABEHCTBO

Fl(u,ﬂl) = 6(02_u)/€F1(CQ,€1) + FQ(U, O) S FQ(U,O) S Fg(u,€2) .

AHaJIOrUYHO, €C/IM [epeceKaroTCsl JIeBble XBOCTbI, TO ¢ > ty, U B TOYKAX
u € (—00, ¢1] IMeeT MecTo HepaBEHCTBO

Fy(u, ly) = e“~V/Fy(cy, £y) + Fi(u,0) > Fi(u,0) > Fi(u, ().



[Toka MBI U3y4Jaju MOBEJIEHNE CUJIBI B 3aBUCUMOCTH OT pasMepa dKpaHa,
Tenepb MOCMOTPUM Ha 3aBHCUMOCTH OT TepBoil nepemennoit. Harra 1ens —
obobIrenre MyHKTa 2 U3 JieMMbI 6.24.

Jlemma 8.
(—f"(u) + e F(u, 0) u € (—o0,a(l)),
2
_f/”(u) + ~—F(U,€) u € (a’(£>7 C) )
%F(u,ﬁ) = b(u)2— !
f"(u) — u——d(u)F(u’ 0) ue (b)),
| f"(u) — e F(u, 0) u € (b({),+00).

Joxaszamenvemeo. PopMyJIbl /IS IPOU3BOAHBIX BHE SKpaHa OYEeBUIHLI, 10~
STOMY OyzeM BBIIHCIATE mpon3Boguyio D'(u). CrepBa IPeIoOaoKuM, UTO
u € (a(l),c). Tak Kak B 9TOM CIIydae

TO

Teneps Boctosb3yeMmest popmyiioii (5.6) B Buie mostHoro Juddepenimaa,
KOTODBIII HE 3aBUCUT OT IapaMeTpU3aIUN:

Dg(a,b) db+ Dy (a,b)da = 0.
Y Haca=u,b= B(u), 1 dopMyJIa IPUHAMAET BUL
Dy (u, D)0’ + Dy,(u,b) =0,
[I09TOMY
2D(u)

D/(U):—fm(lb)—i— B—u .

CoBepIlieHHO aHAJIOTUIHO, UCIIOJIb3Ysl GOpPMYIIy st auddepeHImalia B Buie

Dr(a,u) + Dy(a,u)a’ =0
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ca=awub=u, nomyanm g u € (c,b({)):

D'(u) = f"(u) = ——
O

CaencrBue 9. Ilycmov Fy u Fy — dse cuavl, ucrodaujue ud movex ¢ U Co,
c1 < Cg, mozda

( 2
Fy(u, bs) — Té(u) Fi(u, &) w e (c1,br),
0
8%(F1(U,€1)+F2(U752)) = Fy(u, b2) — Fi(u, &) u € (bi,a2),
2
= Fy(u, by) — Fi(u,6) € (az,ca).
(Do (u) — u

CaencrBue 10. IIycmov F) u Fy — dsee cuav, ucrodawyue u3 mouex c1 U
Co, €1 < Co. To20a cymma smux cuns cmpozo 603pacmaem Ha NEePECEUeHUU
npasozo reocma cuiv, Fy u snesozo xeocma cuav Fy.

Joxazameavecmeo. JleficTBUTEILHO, COTVIACHO MPEIBIIYINEH (hOpMyse B TOU-
kax u € (c1,t7)((t3,ca) cymma Fy + Fy obnasaer HEOTPHIATENBHO IPO-
u3BoHOi (mockosbky Fy < 0 m Fy > 0), Koropast HU Ha KaKOM HHTEpBa-
Jle He paBHa HYJO TOXKJIECTBEHHO (BBUJLY MHPEJIOJIOKeHust o Tom, 910 [
He BBIPOXKJIAETCsI HU HA KAKOM MHTEpBaJie), modTomy cymma Fy + Fy He
UMeeT MHTEPBAJIOB MOCTOSHCTBA, TO €CTh CTPOI'O BO3PACTAET HA MHOYKECTBE

(Clati) ﬂ<t5762)' ]

CaencrBue 11. IIycmov F) u Fy — dse cuavl, ucrodawue u3 mouex c; U
Co, U npu omom c; < ty <t < cy. Toeda cymma smux cus umeem Kopenn
(npuuém eduncmeennviil) na nepeceuenus reocmos [ty ,t1].

Aoxaszamenvcmeo. CorytacHo npeabIyemMy ciecTsuio cymma Fy+ Fy cpo-
r0 BO3PACTAeT Ha MEePecedeHnun XBOCTOB [ty ,t1]. TlosToMy KOpeHb y Hempe-
pbiBHOI (byukmmu F) + F5, nMerolieil TpoOTUBOIIOIOXKHBIE 3HAKK HA KOHIIAX
poMeKyTKa (Tak Kak Fy(tF) = 0), Ha 3TOM TIPOMEXKYTKe CyIIeCTBYeT |
€/ IMHCTBEHHBIN. ]

3aBepIuM HCC/Ie0BaHIe CBONCTB CUJIOBBIX (DYHKIUI CJIe/LyIomeil BaK-
HOH JIEMMOIA.

Jlemma 12. Ecau ucmounuk cuao6ot ynkuuu sescum 6 xeocme dpy2ol
cun0800 PYHKUUU, MO 006 TE0CTA NEPBOTi CUABL COOEPAHCAMCA 8 TEOCTNE MO-
poti.
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Jloxazameavcmeo. Bo-1iepBbIX, OTMETHUM, YTO XBOCTBI JIByX CHUJI HE MOTYT
COJICPKATH UCTOYHUKH JIPYT JpyTa. JleficTBUTe/IbHO, e Gbl 9TO MMEJIO Me-
CTO, TO, CTPOro Bo3pacTaolas (coraacHo ciejacrButo 10) Ha TPOMEKYTKe
[c1, ca] cymma Fy + Fy umesta Obl HeoTpUIATEIbHOE 3HAUCHUE Ha JIEBOM KOHIIE
(Fi(c1) = 0, Fy(c1) > 0) u menosnoxkurenbuoe — ma upasoM (Fi(cy) < 0,
F5(¢y) = 0), 9T0 HEBO3MOXKHO.

[Ipe/inotozKuM J1J1st OPEIeIEHHOCTH, YTO TOUKA Co JIEXKUT B IIPABOM XBO-
cre cuitbl Fi, 1 mokazkeM, 94To 06a XBOCTa BTOPOM CHJIBI YMEIIAIOTCH B IIpa-
BOM XBOCT€ IIEPBOii, TO ecTh [t; , 4] C [c1, ¢ ]. Mbl TosibKO UTO JOKa3a/1H, UTO
c1 < ty, & BTOPOE HEPABCHCTBO tf > t;“ COJICPXKUTCS B CJICJICTBUU 1. ]

4 (CbajlaHCUPOBAHHOCTh CUJIOBBIX (DYHKIINIA

Omnpenenenne 13. /IBe cuibl Oy/ieM Ha3bIBATh COGAGHCUPOSAHHBLMU, €CIT
IX XBOCTBI IIepeceKaroTcs U B HEKOTOPOH TOUYKe 3TOI'O IepecedeHus, JiexKa-
el CTPOro MEKJIy NCTOYHUKAMHU, CYMMa CIJI PABHA HYJIIO. DTy TOUKY OyjieM
HA3bIBATH TOYKOI Oasarca. CeMelcTBO Cui1 Oy/ieM Ha3bIBATH COAAGHCUPOCAH-
HoLM, ecJii cOaJIaHCHUPOBaHa KaxKjias COCEIHSs Iapa CHJI, JIMOO ceMelCcTBO
COCTOUT U3 €JUHCTBEHHOI'O dJIEMEHTA.

Ucrionb3yst 910 onpejiesienne, ciejacrsue 11 MoxKHO ¢chOopMyTUPOBATD CJle-
JIYIOIIIM 0OPa30M.

Jlemma 14. Ecau dea x6ocma napvl cun UMM HENYCMOE NEPECeYEHUE, 6
KOMOpoe He Nonadarom UCMOYHUKY CUL, MO IMU CUNDL COANGHCUPOBAMDL.

Ham rorpebyeTrcst u yTBep:KIeHIE, KOTOPOE ABJISA€TCS B HEKOTOPOM CMBIC-
Jie 0OpaTHBIM K IIPEJIBIIYIIEMY.

Jlemma 15. Ecau cuavt Fy u Fy coararcuposarnvl, mo ucmounuk 00Hot cuavl
HE MOMCEM, NEAHCAMD 8 T80CMme OpY20i.

Joxazameavcmeo. 1lyctb ¢ < co. Ecam npeamnosioKuThb, 4To KOPEHb ¢ T0-
nast B xBocT cuiibl Fy, 1o Fi(c1) + Fo(er) = Fy(c) > 0, a ecaim KOpeHb ¢z
nonaJ B XxBocT cuiibl Fy, To Fi(ca) + Fay(ce) = Fi(cy) < 0. To ectb B Jito-
60M cilydae CTPOTrO BO3pACTAIOINas Ha IEPEeCeUeHn XBOCTOB cymma, Fy + Fy
He Morjia Obl UMeTh KOPHsI Ha WHTepBase (c1, ), TO ecTh, cuibl Fy u Fy He
MOTIJIH ObI OBITH cOATAHCUPOBAHBIMU. O

OTMeTHM CXOJICTBO U PA3HUILY MEXKJy HOHATHAME cOAJTaHCHPOBAHHOCTH
CHJI U COIVIACOBAHHOCTH JIyHOK. fICHO, uTO Kazkiad cuiioBad QyHkima F 1o-
poXKIaeT JIyHKY pa3Mepa ¢; ¢ KopHeM ¢;. Ecmm cumst F; u Fj coamancHpoBaHbI,
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a ToYKa OaJiaHca OKa3aJjach BHEe BHYTPEHHOCTH SKPAHOB, TOr/1a cOaJaHCHPO-
BAHHOCTb CHJI PABHOCHJIBHA COTJIACOBAHHOCTH COOTBETCTYIOIMIUX JIyHOK (CM.
oupenesenne 6.6). Ecin Touka bGasanca momnasia BHYTPb 9KpaHa OJIHOI n3 Cu-
JIOBBIX (DYHKITMH, TOTJIa CXOJCTBA YK€ HET, OJHAKO KaK He TPYJHO BHJETH,
MOXKHO Cy?KaTh COOTBETCTBYIOIIUIT 9KpaH (TO €CTh YMEHBINATh JIYHKY), /10
TEX 0P, HOKa TO4YKa Gasanca (a OHa OCTAETCA Ha TOM Ke MECTe, IMOCKOJIb-
Ky CHJIa BHYTPHU 9KpaHa HE 3aBHCHT OT €ro pa3Mepa) He OKarKeTcs Ha KParo
SKpaHa. JTa Impoleaypa n OyaeT OCHOBON HAIETro ajJropHTMa.

Ienbro anropur™Ma Oy/1eT HOCTPOEHNE KPUTUYHO COIVIACOBAHHOIO CeMeii-
crBa JyHOK. CdopMmymmpyeM aHajOr KPUTUYHOI COIVIACOBAHHOCTH JIYHOK
(onpesernennst 6.12) Ha sI3bIKe CUIOBBIX (DYHKITHIA.

Onpenenenne 16. CoasancupoBaHoe CeMeCTBO CUIOBBIX (DYHKIIUN HA3bI-
BaeTCs 6NOAHE COUAGHCUPOBAHHDIMU, €CJIN, BO-TIEPBBIX, TOYKH OasiaHca He 110-
IaTAI0T BHYTPH 9KPAHOB, 1, BO-BTOPBIX, XOTsI ObI OJMH KOHEIT JTI000r0 SKpaHa,
pasmMep KOTOPOT'O MeHbIIe 2¢, SIBJIeTCd TOYKO OaaHca.

BadurcupyeMm yrnoMsHYTYIO aHAJOTU0 B Buje (hOPMaTLHOTO YTBEPK/Ie-
HUd, CIIPABEIJINBOCTh KOTOPOI'O OYCBUIHA IO OIIPEICJICHUIO.

Jlemma 17. Cemeticmeo AyHOK KPUMUYHO CO2AACOBGHO M0200 U MOALKO
moezda, Koz2da coomeemcmeyruee CeEMETCMBEo Cul 8NoAHe COGAAGHCUPOBAHO U
obseduHenue UT TEOCMO8 NOKPIBAEM, 8CH0 BEULLCTNEEHHYIO NPAMYIN.

5 Auaropurm.

Ouncrka. Ilycrs HaM 3a71aH HeKUil HAGOP TOUEK {Cj H_ M UCXOIANINX U3
ux cui {Fy}. YiaauMm U3 5T0ro MHOXKECTBA T€ TOYKH (g, KOTODBIE MOIa-
JIAI0T B XBOCT Kakoi-ymbo cuiiosoit dbyukimu Fj, j # k. Takyo omepanuio
Oy1eM HA3BIBATDL 04uUcmKot. IToObI He UCIIO/IB30BATEL CJIOXKHYIO HHICKCALMIO,
TOJTy YMBIIeecs MOC/Ie OYUCTKH MHOMKECTBO TOUEK {Ck; 7o MbI TIO-TIPEIKHEMY
OyaeM 0603HATATH {Ck .y, XOTd Teneph 9ucjao N MOIIO yMEHBIUTHCH, U
TOrJIa CUMBOJI €, y7Ke MOKeT 0003HA4aTh JAPYIYIO TOYKY.

Tak Kak B mporecce OYUCTKN YAAIAINCH CAJIBI, XBOCTBI KOTOPBIX HEJIMKOM
COIEPZKAJIUCH B XBOCTAX JIPYTUX CHJI, TO IOC/IE OYUCTKI OObEJMHEHIE XBOCTOB
He yMEHBIIAeTCs.

Cxarme. Ilycts {F)} — cbamancupoBannbiii Habop cuit. Ilpenmommoxkmnm,
4YTO TOYKa OajlaHca ;i) HEKOTOpoil mapel cui Fj u Fjiq nonajia BHYTPb
sKpaHa cuibel [, Obpasyem HOBBIT HaOOp CHJI IO CIEYIONEMY HPaBUITY.
CnepBa yMeHBIIIM 3KpaH cuibl Fj Tak, 94TOOBI TOYKA ;41 CTaJa IPAaBBIM
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KOHIIOM 9KpaHa. 1IocKo/IbKy BHYTPH HOBOI'O yMEHbBIIEHHOI'O 9KpaHa cuja I
He U3MEHUIaCh, TOUKa Uji 1 OCTAETCd TOUKOI Oastanca HoBOM cuibl [ u cTa-
poit F;q. Tak Kak 1ocjie czKaTuga sKpaHa CUJIbl [ €€ XBOCThI yBeJINIUIINCE,
OHH MOIJIN MTOKPBITh KAKNE-TO COCEJIHIE TOYKU Ck. 1IpoBeiéM o9nCcTKY 1 BCIo
3Ty INpPOLEAYyPY Ha30BEM npacvim coicamuem. Bemm Touka dajaHca w4 10-
IIajia BHYTPb 9KpPaHa CUJIbL Fj 1, TO aHATOIUYHYIO HIPOIeaypy (yMeHbIIeHue
BeJINYUHLL {j 11 U IOC/EIYIOMAas OINCTKA) Mbl HA30BEM NE6bIM COHCAMUEM.
OtrmeTnM, 9TO TIPU JIEBOM CXKATUU U3MEHEHUs] B CTPYKTYpPE CeMeNCTBa CHJI
IPOUCXOJAT TOJBKO CIIPaBa OT TOYKHM Ujyq, & IPU IIPABOM — CJIeBa.

eiicTBuTesnbHo, paccMoTpuM Ipasoe cxkaTue. Ilockonbky cumbt Fj u Fjiq
OCTAJINCH COAJTAHCUPOBAHHBIMU, HOBBIN XBOCT CHJIBI HE MOXKET JIOXOJIUTDH JI0
TOYKH Cj41 (CM. jleMMy 15), 1 cIIpaBa OT TOUKH W41 BCE CHJIBI COXPAHUIINCD.
[TocmoTpum, ¥TO MOTJIO TTpOM30iiTH cyieBa. Kcmn j = 0, To ciieBa TOKe HIIETO
HE MPOU3OIILIO: JIMOO ¢y = —00, U CJIeBa BOOOINEe HUYEro HeT, JubO 9TO KO-
HeYHasd TOYKa, U KaK JIOXO/UJI JIEBBII XBOCT CUJIbL F{y 10 —00, TaK U JOXOIUT
nocjie cxkatud. Ecim j > 0, To B pe3y/braTre OYUCTKU HyMepalus OCTaB-
HIIXCA CHJI MOIJIa NOMeHAThed. IlycTh ObIBIIag TO4YKa ¢; HMOJIydHIIa IOCHIe
OYNCTKN HOMeD %, ¢ < 7. [locko/bKy 1oc/ie cxkaTtnsd HOBasd cuiia F; He MeHb-
mre crapoit cuiibl F; (1o jiemme 3, eciin Mbl He YIAJISIN HUKAKUX CHJI, WA [0
CJIEJICTBUIO 7, €CJIN yJIaJIs/In ), TouKa bajianca Mexkry cuiamu F; u F;_; mora
CIABUHYTBHCS TOJBKO BJIeBO. TakmM oOpa3oM, €IMHCTBEHHAas HOBasg TOYKa Oa-
JIaHCa BHYTPH dKpaHa, KOTOpasd MOXKeT MOABUTHCA B Pe3yabTaTe OUNCTKH —
9TO TOYKA B IIPABOM 3KpaHe cuibl F; ;. VlTak, npu mpaBoM CcKaTW# BHYTPHU
JIEBBIX 9KPAHOB HOBbIE TOUKM DaJiaHca BOODIIE TOABUTHCA HE MOTYT, & BHYTPHU
[IPaBBIX 3TO BO3MOKHO JIUIIb CJI€Ba OT CKUMaEeMOI'o SKpaHa.

[Ipu neBOM CxKaTuu KapTUHA, Pa3yMeeTcs, CHMMETPUYIHA — BCE U3MeEHe-
HAS MOTYT TPOUCXOJUTDH JIUIIH CIIpaBa OT CKUMAEMOTO dKpaHa, U BHYTDb
SKpaHa MOKeT TIOIACThb JIUIIb O/IHA HOBasg TOYKA DasjlaHca — BHYTPH JIEBOTO
SKpaHa MEePBOI CIpaBa OCTABIIENCS MTOCTIEe OYUCTKU CHUJIBI.

Becp anroputMm 0Oyjer cocTodTh U3 TOCIEI0BATEIHHOIO TPUMEHEHUS ITPO-
eIy Phl JIEBOTO CxKaTWs, HAUUHAS C CUJIbI [ 1M 1Oc/Ie/1yIonero mpuMeHeHns
IIPABOI'0 C2KaTHS, JIBUTAsCH C IPABOI'O KOHIIA B 00paTHOM HanpaseHnu. Pazy-
MeeTcsI, MOYKHO IIOMEHSTH IOPsJI0OK JefICTBUI U cliepBa MPUMEHATH IIPaBble
CXKaThsl, a TOTOM — JIeBble. 3aMEeTHUM, 9TO HAUMHAEM HE C CaMOil KpaitHeit
CUJIbI, TAK KaK CJIeBa OT Cy U CIpaBa OT ¢y BOODIEe HET TOYeK OaJianca, Io-
CKOJIbKY JIHOO CaMU 9TU KOPHHU JIe2KaT Ha OECKOHEYHOCTH, JIMOO JIEBBIIl XBOCT
cuibl Fy 3anosmmser Bechb Jayd (—00, ¢p|, COOTBETCTBEHHO IPABBIN XBOCT CHJIBI
Fy — nyd [en, +00).

HaumnaTth airopur™ Mbl GyeM ¢ ounctku cemefictsa cui { Fy(u, 2¢) HY,.

13



Tak KaK OTPE30K [¢j_1, ;| J€KUT B XBOoCTe CHIIBL F;_1, a OTpe3oK [v;,¢;| — B
XBOCTe CHJIBI [, TO coce/lue CHJIBI UMEIOT HellycToe IlepecedeHne XBOCTOB.
OTO CBOWCTBO COXPAHUTCH U ITOC]E OYUCTKH, ITOITOMY, COIVIACHO JieMMme 14,
MBI TTOJIyIUIn cOATAHCHPOBAHHOE CEeMEHCTRO.

Nrak, 9TobbI yOeUThCsA, YTO B pe3yJibTaTe JIEUCTBUSA aJrOPUTMa MbI 110~
JIydaeM BITOJTHe ¢OaIaHCHPOBAHHYIO CHCTEMY, HaJI0 TOJIHBKO IIPOBEPUTH, UTO HE
OCTaHeTCd TO4YeK OajlaHca BHYTPU KaKOTO-HUOY/Ib SKkpaHa. [leficTBUTE/IHHO,
TpeboBaHue, 9TOOLI OJIMH KOHEI 9KpaHa JJIMHBI MEHbIeH 26 ObLT ObI TOYKOI
OaJiaHCca, BBIIIOJIHEHO aBTOMATUYECKH — €CJIU dKPaH IOJBEPraJiCs CXKaTUIO,
TO Ha €ro KOHIIE TOSIB/IsIaCh TOUKa Oasianca. [Ipu aBukennn cjieBa HaAIpaBo
MBI BBIBEJIN HA TPAHUITHI CBOMX YKPAHOB BCE TOUKU DaslaHCca, KOTOPBIE JIeyKa-
JIX B JIEBBIX YACTAX SKPAHOB. TakuM oOpa3oM, Mmocje MpUMEHEHUs POy P
JIEBOI'O CXKaTUs Y HAC HE OCTAJIOCh HU OJIHON TOUYKM OajiaHca BHYTPHU JIEBBIX
9KPAHOB, U IIPU 9TOM He IOSBUJIOCH HOBBIX TOUYEK OaJjiaHca BHYTPU IIPABBIX
9KPAHOB. AHAJIOTUYIHO, IIPU IIPOXO/IE CIIPABa HAJIEBO, TO €CTh [IOCJIE IPUMEHe-
HUSI TIOCJIEIOBATEIbHOCTH TIPABBIX C2KATUI, MbI BHIBEIN HA TPAHUIIBI SKPAHOB
BCe TOYKH, JIEZKABIINE B UX MPABBIX YaCTIX, U MPU ITOM HE MOSBUIOCH HO-
BBIX TOYEK OaJjiaHca BHYTPHU JIEBBIX KPaHOB. 10 €cTh, B pe3y/brare BHYTpH
9KpPaHOB OOJIbIIIE TOYEK HET, YTO U TPEeDOBAJIOCH.

Haxkomner, mocsie/inee 3amedanue, KOTOpoe HaJIO Ce/IaTh, 9T0 OTMETHUTh,
YTO XBOCTBI JIYHOK MCXOJIHOTO CEMEHCTBA MOKPBIBAJIN BCIO OCh, & MMOCKOJIBKY
KaK OYNCTKA, TAK U CZKATHe He YMEHbBIAT 00be IMHEHNsT XBOCTOB CeMeficTBa,
TO 9TO CBOWCTBO COXPAHAETCA U B TOM HaOOPe CUJI, KOTOPBIH MbI ITOJIY NN
B pe3yJsibTaTe JAeHCTBUS aJIlOPUTMA.

6 3akJ/IroueHue

MpbI co3HATETHHO OIpaHUIMIN cebsi B 9TOM 3aMeTKe TeMU K€ CaMbIMU yCJIO-
BUSIMU Ha IPaHUIHYIO (DYHKIMIO f, KOTOpble ObLM B crathe [1], u cocpeo-
TOUYNJIUCh Ha OIIMCaHNWN a.HFOpI/ITl\/Ia, KOTOprI';I Ha CaMOM JeJIe HpI/IMeHI/IM n
B ropaszjio 6oJjiee oOIell CUTyalluu: ¢ MEHBITUMHU TPEOOBAHUSIMU TJIaIKOCTH
dyukmun f, 6e3 yc/oBus pasIeéHHOCTH HyJeil, HeT HeoOXOINMOCTH Tpe-
60BaTh OTCYTCTBUsI MHTEPBAJIOB BBIPOXK/IEHUsT TPEThel MPOM3BOIHON 1 T. JI.
OpHako Bce 3TU ocjiabIeHusl yCJI0BUil MoTpedoBaIn Obl OT HAC JTOTOJTHUTE b
HOI'O HccJ/ieOBaHMsd, BBEIACHUA HeKOTOprX HOBBIX O6’beKTOB, qT0 HpeBpaTI/I—
JI0 OBI HACTOSAIILYIO 3aMETKY B BeChbMa 00bEMHYIO CTaThiO. II0CKOIBKY cTaThs
C TaKNUM I/ICC.HGILOBaHI/IeNI, riae HSyqaeTCH JMHaMUIKa (byHKL[I/H/I BeﬂHMaHa 110
SIICUJIOH, ceiivuac HaXOIUTCsS B IIPOIECCe HAIMCAHUS, Mbl PEIININ N30e:KaTh
HEHY>KHOI'0 JIyOJIMpOBaHUs U MOKa3aTh PabOTy JAaHHOIO ajropuTMa B Oosee
o0Imeit cuTyaryun Toraa, Korjaa Bce HeoOXOAMMbIE IS 9TOTO CBOMCTBa OyIyT
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yZKe ONUCAHBI.
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