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AnHoTarus.

[lycte G — aBymosbHBIE I'pad Oe3 meresnb W KpaTHBIX pébep Ha v > 4
BEPIIHHAX, KOTOPHI MOXKHO H300pa3UTh HA ILIOCKOCTH TaK, YTOOBI KazKI0e
pebpo mepecekaso He Hosee, deM OJHO Apyroe. B pabore mokaswpiBaeTcs, 9TO
upu 9€THOM v # 6 B TakoMm rpade me 6osee wem 3v — 8 pédbep, a nMpu HEYeT-
HOM v 1 v = 6 — He Oosee yem v — 9 pédep. [lasa Bcex v > 4 mOCTPOEHBI
mpuMepbl Tpad 0B, A1 KOTOPBIX 9TH OIMEHKH JOCTUIAIOTCS.

B kom1ie paboThl MBI 006CYIUM BOIPOC 00 N300parKeHuu Ha IMJIOCKOCTH I10JI-
HBIX JBYIOJBHBIX IpacoB He GoJiee 4eM ¢ OTHEM IIepecedeHrneM Ha KayKIOM
pebpe.

'Hcemenopanms BLITOTHEHET TIPH O IEPIKKe TTPOTPAMMEL (DYHIAMEHTATBHEIX HCCIIEI0-
Baruiit OMH PAH, rpanra IIpesunenta P® HII-5282.2010.1 u rpanta POOU Ne 11-01-
00760-a.
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1 Bsenenne

Mpur OyaeM paccMaTpuBaTh rpadbl 6e3 meTesb U KpaTHBIX pébep. B pabdore
OyIyT HCIIOJIB30BAThCA CTaHIaPTHBIE 0003HaYeHnsA. MHOKEeCTBO BEPIINH Irpa-
dba G v Bynem oboznadarh depe3 V(G), mHOKecTBO pébep — depe3 E(G),
JJTsl KOJIMYIeCTBa BepIiuH 1 pébep OyaeM ucmob30BaTh obosnadenus v(G) u
e(G) coOTBETCTBEHHO.

Yepes dg(x) obo3naunm crenens Bepunabl = B rpade G. MunnMmarbuyo
crenenb Bepimbbl rpada G, Kak 00biuHO, 0003HauuM depe3 §(G), a Makcu-
mMasbHy0 — depes A(G).

Ounpenenenne 1. 1) Ilycts k£ — meorpunaresbuoe meioe ancao. Hazosém
rpad k-noumu naaHapHviM, €CJIH €ro MOXKHO N300pa3uTh Ha IJIOCKOCTH TakK,
4TO Kazkjioe pebpo nepecekaeT He 6ojee, yem k JIpyrux.
[Ipu £ = 1 MbI OyJeM Ha3BIBATb TaKOU I'pad IPOCTO NOYMU NAGHAPHLM.
2) Yepes cr(G) o6o3HAYHM MUHUMAJBHOE KOJUYECTBO HAD IepeceKaro-
muxcs pédep B u3obpazkenuu rpacda G Ha IMIOCKOCTH.

Herpyaao moHarsh, aro O-mOYTH ILTAHAPHBIA Tpad — TO IPOCTO ILIA-
HapHbIil rpad. Kak Bcerma, Korma ropopurcs o0 m3o0pakeHun rpada Ha
IJIOCKOCTH, Mbl CYUTAEM, YTO BEPIIMHbI U300PazKalorcsd KakK TOYKHU, & pedpa
— Kak “xoporre” HecaMollepeceKaolnecss KpuBble, He MPOXOISIue depes
BEPIIHUHBI, OTJIMYHBIE OT KOHIIOB pebpa. J[is KazKa0ro 1muK/ia Mbl HOJIaraeM,
YTO OH JIEJINT ILIOCKOCTH HA JIBe YACTH — BHYTPEHHIO U BHEIIHIOIO.

[InpoKo M3BECTHBIH KIacCHIecKnii (paKT TOBOPHUT HAM, 9TO B IIAHAPHOM
rpade Ha v BepIuHaX He DoJIee, ueM 3v—06 pebep, a B IBYI0ILHOM ILTAaHAPHOM
rpade Ha v BeprmHax — He OoJiee, dem 2v — 4 pebep. O0e OeHKH — TOYHbBIE
1 1r06oro v > 3.

B pabore [1] mokazano, ato e(G) < (k+3)(v(G)—2) upu 1 < k < 4. Ilpu
IOJICTAHOBKE B 3TOT pe3yabrar k = () moyiydaercs KJIaCCHIeCKUil pe3y/IbTaT
IS miaHapHeIX rpados. B Toit ke pabore gig kK = 1 u k = 2 mocTpoeHbI
OeCKOHEYHbIE CepUuU MPUMEPOB IpadOB, HA KOTOPBIX JIOCTUTACTCH PABEHCTBO.
[Tokazano, aTo st k = 1 onenka jgocturaerca jijst Bcex v > 12. [lpu k = 2
OIEHKA TOYHA JJIsT TOCTATOYHO bosibimx v = 2 (mod 3). Tam ke nokasano,
gro npu k > 0 jaig k-mouru mianapHoro rpadga G BBINOJHSETCS HepaBeH-
ctBo e(G) < 4.108VE - v(@).

Urak, ajisi nouTn miaHapHbix rpadoB Mbl uMeeM HepaBeHCTBO e(G) <
4v(G) —8. B nareii pabore Mbl Hafl1IEM TOTHYIO BEDXHIOK ONEHKY HA KOJIIIe-
CTBO pédep B JABY/IOIBHOM MOYTH IJIAHAPHOM Tpadde /Tst JTI000T0 KOJTUIeCTBA
BepIuH v > 4.



Teopema 1. Jlaa kascdozo v > 4 o06osnanum wepes B(v) naubosvuiee 603-
MOHCHOE KOAUMECNBO PEOED 6 J6YIOALHOM NOYIMU NAGHGPHOM 2pade Ha v
sepwunaz. Tozda f(v) = 3v—38, ecau v uemmno u ne pasno 6 u f(v) = 3v—9,
ECAU U HEUEMHO UMY PaBHO 6.

OTMeTuM, 4TO ecTh HeMaJslo cTareil, B KOTOPLIX PacCMaTpPUBAIOTCS IKC-
TpeMaJbHbIe 3a7a9d Ha rpadaX, CBA3aHHbIe ¢ PA3JHYHBIMU yCIOBHAMEI Ha
nepecevdeHusi péoep B UX MJIOCKOM H300pazkeHun (CM., HAmpumep, [2]-[6]).

2 Jloka3aTeJIbCTBO OII€HKU

Onpenenenune 2. HazoséMm nBynoabHBI nouTH mianapHsiii rpad G makcu-
MAAOHBLM, €CJU TIPH 100aBaeHuu J1Iob60oro pebpa rpad yrpadyuBaeT XOTs Obl
OJIHO M3 CBOMCTB IIOYTH IJIAHAPHOCTH WJIH JIBYIOJbHOCTH.

[Touru miranapublii rpad MOXKHO MO-pa3HOMY M300pa3UTh HA IJIOCKOCTH.
YroOs! n36eKaTh MyTAHUIBI, MBI OyaeM 0003Ha4YaTh n3o0pazkenne rpada G
apyrum mpudToMm: G. Mbl ompenesnM TpebOBaHUS K H300parKeHUI0 MOYTH
mianapHoro rpacda. Hagrem ¢ Tpéx ycirosmii.

1°. Kaotcdoe pebpo nepecexaem ne boaee, uem 00no dpyzoe.
2°. Hukaxue dea nepecexaouurcs pebpa He umerm obu,e2o KoHua.

3°. Jhobwe dsa nepecexarouwurca pedopa nepecexaromea posHo 6 00Hol
mouke.

3ameuvanme 1. OueBujHO, cyliecTByer n300pazKeHue MOYTH ILJIAHAPHOTO
rpada, yaosaeTuBopsiioriee ycaosuio 1°. Ecin nzodparkenue moyTu mjiaHap-
HOTO rpada He yJA0BJIETBOpseT YCJI0BHIO 2° wan 3°, TO HETPYIHO MEPEPUCO-
BaTh rpad Tak, YToObl OHH BBIIIOJHUINACD.

Pacemorpum m3obpazkenne G ABYA0JBHOTO TOUTH ILIaHApHOTO rpada G
1 TIOKPACUM BCe BEPHIMHBI IPAaBUJIBHBIM 00pa3oM B 1Bera 1 u 2. [lepecekaro-
niuecst pébpa, odeBUIHO, pa3buBaioTcs Ha mapbl. Hukakoe apyroe pedbpo He
MOZKeT TIepeceKaTh HU OJHO peOpo U3 Maphl MePeCceKAIOIIIXCS.

Paccvorpum Jiroby 1o mapy rnepecekaroniuxcs pedep u iy 1 U1V, IyCTh Bep-
ITUHBI U7 U U1 UMEIOT IBeT 1, a Uy U vy — IBET 2, MycTh A — TouKa mepecede-
nus pebep. He ymasisist o0IIHOCTH MOYKHO CUUTATH, YTO pedpa PaCIOI0KEeHbI
TakuM 00pa3oM, 410 dactu pebep Auy, Avy, Aug, Ave citenytor apyr 3a npy-
TOM IO 4acoBoil cTpeske (cM. puc. la). [Tokpacum 311 gactu pebep B TOT Ke
nser, 9ro ux KoHubl (Au; u Avy — B user 1, Aug u Avy — B 1Ber 2).
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Torma mias gactu Auy cripasa (10 9acOBOI CTpesiKe) PACHoJIOKeHa 9acTh
Toro ke 1Bera Avy, a caeBa — gacTh apyroro msera Avy. To ke camoe BepHO
u st Aug (4acTh TOrO Ke [BETA PACIONOKEHA CIPaBa, a YacTh IPYTroro
IBeTa PACcIoJiokena ciesa). s dacreit Av; u Avy BRITOMHSIETCST 06GpaTHAS
3aKOHOMEPHOCTh: 9aCTh TOTO 7Ke IBeTa PACIOIATAeTCs CJeBa (IIPOTHB Yaco-
BOI CTPEIKH). DTO 06CTOATETBCTBO MO3BOJISIET PA3INIaTh pebpa ity U V1vUs.

Omnpenenenne 3. Hazoém pebpo uius npasvim, a pedpPo vivs — AEEHIM.
AHaTOTHYIHO TOCTYIUM 11 JII000i Mapbl MEePeCceKANnXcsa pedep.

Bynem mazbiBaTh pebpo n3obpazkenunst G npocmoim, €CIi OHO He mepece-
KaeTcd ¢ apyruMu pedpavu. O603HAUUM KOJHYECTBO IIPOCTBHIX PEdep m300-
pazkenust G gepes p(G). Konmnvectso nap mepecexaronuxcst pédep n3obpazke-
nust G 06o3nauum vepes t(G).

Takum obpazom, Bce pébpa n3006pazKeHus Halero rpada pa3dUuTsl HA TPHU
MHOZKECTBa, — IPOCTBIE, MPaBble U JIeBbIe, IPHIEM KOJIIMIECTBO JIEBBIX PEGEp
. G)—
PaBHO KOJIMYECTBY IpaBbix pébep. OueBnano, t(G) = %.

Puc. 1: JleBnie u npasbie pédpa.

Bepuémcs K onucaHHOR Bblllle Hape IePeceKalonuxcs pedep uity u vyvs
1 cOPMYJIUPYEM €IIe OJHO YCJIOBHE, BBHINOJHEHHE KOTOPOro MbI OTpebyeM
OT U300parKeHNsT MaKCUMAaJIbHOTO rpada.

4° Jlaa waotcdotll napv, nmepecekaruurcs pébep uius U U Uy PEGPA UiUs
u Uy npunadasestcam E(G) u asaaomesn npocmumu 6 uzobpasceruu G.

O6”b§{CHI/IM, nmoyemMy MOZKHO ,ZLO6I/ITBCH BBINIOJIHEHU A TTOCJAEJHErO YCJIOBUA.
Pebpo uivs MOXKHO HmpoBecTH “HodTH’ 1O IMyTH Ui Avs, a pedpo usv; — “mo-
gru’ 0o myTH us Avy. (em.puc. la). I3 makcumasabaocT rpada G cirenyer,
ITO U Vg, UV € E(G). Ecau kakoe-To u3 31ux pébep — He mpoctoe B G, me-
PEpUCYeM €ro Kak CKa3aHO BBIIIE. B pe3yabrare yMeHbBIIHTCS YHCIO0 IepPece-
YeHUil, 3HAYNUT, TOCTe HECKOJBKAX TaKUX Ollepaltuii ycaoBue 4° BBIMOJTHATCH.



Omnpenenenune 4. Hazopém n3o0parkeHne MaKCUMaJLHOTO TIOYTH TLJIaHAPHO-
ro ABYA0JbHOTO Irpada G npasusvHvLM, €CJTH BBIIIOJTHAIOTCS yCJI0BHS 1° — 4°,

B cieayoomux JeMMax u ope e/ ieHugax mycTb G — MaKCHMAJIbHBIH TOYTH
IJIAHAPHBIN JABYIOABHBIN I'pad, a G — ero npaBuabHOe U300parKeHHe.

Jlemma 1. /Jlasa 260t sepuunvs w usobpascenus G u KOAUMECNEO UHUU-
OEHMHBLT W NPAGHLL PEOED, U KOAUMECTMEO UHUUIEHTMHLT W ACCHLL Pedep He
nPesoCcrodum KOAUMECMBA UHUUIEHMHLT W NPOCMBLL pebep.

JokazarenbcTBo. OYeBUIHO, TOCTATOYHO I0KA3ATh JEMMY JIJIS IPABBIX
péoep. Ilycts wxy, ..., wry — Bce mpasbie pebpa G ¢ Koumom B w. IlycThb
pebpo wx; mepecekaercs B rpacde GG ¢ JIeBBIM pedPOM Y;2;, TPUIEM BepIIH-
Ha 1; — TOro ke IBera, 910 U x;. [lo ycaoBuio 4° Torma wy; — IIPOCTOE
pebpo G (cm. puc. 1b). Econr a1 KaKuX-TO ¢ U j BEPIIUHBL Y; U Y; COBIAIA-
10T, TO Tor/la 00a pedpa wr; U Wx; He MOTYT ObITH IPABLIMU B CBOUX IIapax
nepecekatoruxcst pedep (cm. puc. 1¢). CregoBaTeabHo, wyy,. .., Wy, — pas-
JINYHBIE TIPOCTHIE pedpa. O

Pacemorpum rpad G', monyuennslii u3 G ynajleHneM BcexX JIEBBIX pebdep.
OueBuano, G' — nBy0bHbBIA I0CKKH Tpad,

v(G') =v(G@) u e(G)=e(G)—-tQ9).
U3 kaaccnaeckoii ONeHKy JIs JABYI0IBHOTO MIOCKOTO Tpada MBI HMeeM
e(G) < 20(G') — 4 =20(GQ) — 4. (1)

Anasormgusrii wiockuit rpad MOKHO OBLIO OB IOCTPOUTDH U YIAJIUB BCE IIpa-
Bble pEOpa BMECTO JIEBbIX.

JIlemma 2. [Tycmov §(G) > 4. Toeda svinosnsomes caedyrowue ymeepotcoe-
HUS.

1) Kaotcdoti sepwune epada G’ unyudenmuo xomsa 6w, dsa npocmulz pebpa
u (G > 2.

2) I'pap G’ ceasen, epanuya kasncdot epanu naockozo epaga G' codep-
orcum npocmoti YyukA, 6 Komopom roms ov, 4 pebpa.

HoxkazareabcTBo. 1) ITo gemme 1 Bepruae w € V(G) UHIUIEHTHO He Me-
Hee, 4eM [dGT(w)W > 2 mpocThIX pedpa.

2) Ha pucynke la Bumno, 4ro Jit060e JjieBoe peGpo MOXKHO 000HTH 1O
NyTH U3 JABYX MPOCTHIX péGep M 0JHOro MpaBoro, a 3uadnT, rpad G casen.
Uz 6(G") > 2 cneayer, uto B rpade G’ ecTb MUK, a 3HAYAT, B TPAHUILY
KaxKJI0¥ IpaHyl BXOJIWT IIPOCTOM MUKJI. V3 aByaoabpHOCTH Tpada cleyer, 9To
B KaXK/IOM IIMKJIE HE MeHee 4eTbIpEX peoep. ]



Jlemma 3. ITyemv G — dsydosvnuti nowmu naanapuud epad ¢ v(G) > 4.
Tozda e(G) < 3v(G) — 8.

JlokazareasbcTBo. Mbl Oy/iemM BecTH j10Ka3aTeIbCTBO WHIYKIHEH 110 KOJIH-
1eCTBY BepIIuH. Basy 171 rpada Ha 9eThIpEX BepIINHAX JIEIKO IIPOBEPUTH.

Ecim B nameMm rpade G ecTh BeplIMHa CTeleHHd He Oojiee 3, TO yIaJIUM
ee W BCe BBIXOJMINME H3 Hee pebpa, B pe3yabraTe MOJYIUTCS IBYIOJIbHBII
rpad G; ¢ v(Gy) = v(G) — 1, KOTOPBIH OYEBHHO TAKKE SBJSETCS HOYTH
IIAHAPHBIM. 110 MHIYKIIMOHHOMY IIPEIIIOJI0KEHHIO MBI UMEEM

e(Gh) < 3v(Gy) — 8 =3v(G) — 8 — 3,

OTKYJIa OYeBHUIHO CJIeIyeT JoKa3biBaeMoe yTBepzKaenue mis rpada G.

Jlamee MBI pacCMOTPUM CJIydaii, KOrJa CTeneHn Bcex BepinH rpada G He
Meree derTbipex. Temepb UHAYKINS HaM He MOHA00uTCs. JlocTarodHo moka-
3aTh YTBEPKJICHUE TOJTHKO JIJIsI MAKHCHUMAJIHHOTO JIBYIO0JBHOTO TTOYTH TLIA-
napuoro rpada G. Paccmorpum npasuibroe u3obpaxkenue G takoro rpada
u rpad G'. 13 nemmbl 2 caepyer, aro job6oit Bepiune v € V(G) uHIUIEHTHO
xoTst GBI 1Ba TPOCTHIX pebpa. Orcroa HeMe IeHHo caeayer, 9ro p(G) > v(G),
TaK KakK y KaxKkJoro pebpa jBa KOHIIA.

ITo mepasenctBy (1) Mbr umeem 20(G) — 4 > e(G') = t(G) + p(G), orkyna
clenyeT

HG) <v(@) —4 u  e(G)=HG) +e(G)) < 3u(G) — 8,

9TO U TPEeDOBAJIOCH JTOKA3ATD. O

[lepeiiiém K 10KA3aTEJIHCTBY TEOPEMbI.

1. [Tycrb G — ABy10/1bHBIH 110YTH IJIAHAPHBLH rpad, Jjist Koroporo e(G) =
30(G) —8, v(G) > 8 u d(G) > 4. I3 remmbl 3 HOHATHO, 9TO 3TOT rpach Mak-
cumasieH. Paccmorpum ero npasuibHoe u3obpaxkenue G u mwiockuii rpad G,
COCTOAIINI U3 MPOCTHIX U IpaBbIX pébep rpada G.

Mpl BeiicHEM, 9TO Tpad G’ nMeeT BechbMa YKEeCTKO OIPEIEIEHHYIO CTPYK-
Typy. 13 e(G) = 3v(G) — 8 crenyer, uTo B HepaBeHCTBe (1) AOIKHO JTOCTH-
raTbCst PAaBEHCTBO, & 9T0 03HavaeT, 4To B rpade G’ rpanuna atwoboit rpanu D
JIOJIZKHA cojiep:KaTh poBHO 4 pedpa. [To gemme 2 31a rpanniia CoaepKuT MUK
¢ XoTs Obl 4 pédpamMu, a 3HAYUT, Tpanuna [) — mpoctoit muks jumael 4. O1-
METHM, 9TO OTCIOAA CJIeAyeT ABYCBA3HOCTH rpada G

Paccemorpum ynanénnsie JieBbie péopa rpada G. Kaxkmaoe seBoe pedpo f
[epeceKaeT POBHO OJHO IIpaBoe Pebpo, KoTopoe geuT [ Ha aBa noAypedpa.



Puc. 2: JleBbie pébpa Ha rpaHsx-derbipéxyrojabankax rpada G'.

DT norypébpa JaexkaT B ABYX cOCenHuX rpangax (G, a rpaHuIa MexKIy 3TH-
MH TPAHSMHU COJEPKUT KAK Pa3 yIOMSHYTOE BBINIE MpaBoe pedbpo, KOTOpoe
nepecekaer f.

[Tycts D = ajasb1by — rpans rpada G', mpudeM BEPIIHHBL a1 U by HMEIOT
nmBer 1, a BepmuHb as u by mmeroT 1Ber 2. [Ipenmosoxkum, 9T0 T2 rpaHb
cofiepKuT norypebpo fi (dacTb seBoro pebpa f) ¢ KOHIOM ay.

[Tonypebpo fi umeer Komern Ha ojHOM U3 pébep e rpanm D. Tak Kak e
u f He uMeloT obmero KoHma u f — JeBoe pebpo, TO HECJO0KHO IOHSTD,
q9T0 € = agby (eMm. puc. 2).

Takum 06pa30M, MbI YCTAHOBUJIH, 9TO U3 KaHcI0l sepusutvl eparny, D 6vi-
xodum ne bosee 00H020 noaypebpa, sescauiez2o 6 epany D, npuvem koHey
IMO20 NoAYPedbpa sedtcum Ha cmpozo onpedesenrom pebpe epanu D. Iloay-
PeEdPO € HAUAAOM 6 1 KOHHaemces na pedpe asby, noaypebpo ¢ HAUAAOM Ao
Konuwaemcs 1a peope bias, noaypebpo ¢ Havasom by Konuwaemes na pebpe boay,
a noaypebpo ¢ wanasrom by Konuaemces na pebpe aias.

Urak, monypedbpo fi, jexainee B rpadn [, HAIUHAECTCS B (1 M KOHYAETCS
Ha pedpe aob;. Tak Kak gaBa pasHbIX HMoaypedpa, Jjexkamux B rpann [, He
MOTYT IIepeceKaTh APyT APYra, TO B I'paHud [ MOXKeT JIeXKaTh elle JIUIIb OJTHO
mo1ypebpo — ¢ HAYATIOM B by M KOHIIOM Ha a1dy (CM. PUCYHOK 2).

2. Ilockoabky 3v(G) — 8 = e(G) = t(G) + e(G") = t(G) + 2v(G) — 4,
to t(G) = v(G) — 4.

Ilycrs B rpacde G’ poBHO ko BepIIuH cTeneHd 2 U k3 BEPIIHH CTEIIeHH 3.
Tak kax
4U(G/) - 2]€2 - k‘g

e )
TO 2ko + k3 > 8, npudemM paBeHCTBO MOXKET JOCTUTIATHCA TOJBLKO B Cydae,
korga A(G') < 4 (rak Kak kKaxkjgas Beprmua crenenn 6osee 4 B rpade G
npu e(G') = 2v(G’") — 4 u 6(G') > 2 yBeauuausaetr k3 + 2ks).

Pacemorpum mpoussosibayo Bepimmay w € V/(G). Ecan de(w) = 2,
TO U3 JEMMBI 2 CIeIyeT, dTO BepIIiHe W WHIMICHTHO IBa MPOCTHIX pedpa

e(G') =20(G") -4 <



10 = dG/(;u)—Q

me Oosee 1 =

npasbix pedep. Ecmu dg/(w) = 3, To BepiuHe w WHIMIEHTHO
der(w)—1 6 B
~¢=5>— npapbIX pébep. B ocTanbHBIX CIydagx B CHIY JIEeM-

1 6 dgr (w) &oep. Y
MBbI BeplIinoe w HMHOUJICHTHO HE 00.J1ee 5 IIpaBbLIX peoep. YUTLIBad,

9TO KaXKJI0€ [paBoe pedpo UMeeT J(Ba KOHIA, HAIUIIEM OleHKY Ha t(G):

Z dG’ (ﬂf) — k3 — 2]{32
- zeV(G) . (47)(G> — 8) — ]Cg — 2ko
WG) —4=1(0) < . _ ) |

(3)

Bumecte ¢ HepaBeHCTBOM (2) 910 jaet HaM 2ks + k3 = 8. Kak moka3ano BbIIIe,
orciona B yactnoctn caeayer A(G') < 4.

Taxum obpazom, mol umeem 0eao ¢ deyceasnbvim naockum epagom G, 6
komopom ece eparnu — uemwpéryzosvrury u A(G') < 4.

Bosiee Toro, B Hepasencrse (3) JOJZKHO JIOCTHIATHCS PABEHCTBO, a CJie-
JoBaTebno, 6 epade G xascdoll eepuune cmenenu 3 UHUUIEHMHO POGHO
00HO npasoe pebpo u dsa npocmwux pebpa, a Kascdol eepwure cmenenu 4
UHYUIEHMHO NO 0BG NPOCTNBLL U NPABHLT Pebpa.

3. [Tocrpoum Bcomorarebublil rpacd F', BepiuimaaMu KOTOPOTro SABJISIOT-
cs1 rpann rpada G’ w JiBe BEpIHUHBI CMEYKHBI, KOTJIa IPAHUIIBI COOTBETCTBY-
IOIUIX UM I'paHeil nMmeroT obmiee mpasoe pedpo. [lo mokaszaHHOMY BHIIIE, CTe-
IeHb KaxkJ1oft Bepmunbl B rpade F' He boJiee IBYX, TO €CTh, 9TOT I'pad ecThb
obbeInHeHne HeCKOJIbKIX Ieneil n mukaoB. KomumuecrBo pédbep B rpade F
PaBHO KOJMYECTBY TPaBBIX pédep, 1o ecth, t(G) = v(G) — 4. Kommuecrso
Bepiiun rpada F paBHo KoanudecTBy rpauneii rpada G, koropoe 1o ¢popmy.ie
Ditnepa ectb v(G) — 2. Takum o6pasom, rpad F cocrour u3 aByx myreii u,
BO3MOKHO, HECKOJIBKIX ITHKJIOB.

[TpoBeném paspessl mo BceM npocThiM péopam rpada G'. B pesysvmame
kastcdoe npocmoe pebpo epaga G’ pacnanocy na dea pebpa, 00pPA30EAHHBIL
nocae paspe3a — HA30BEM UX NOAOSUHKAMU.

Mebl cunTaem aBe NOSMIOBUHKKA NpOCTOro pebpa 3a gea pasHbix pebpa, gaxe
€C/IN OHM NONann B OAHY NOJAOCKY UAKN KoAbLO!

[Tocste paspe3oB 0b6IIyIO TPaHUIly OyIyT UMETh TOJIBKO Haphl I'PaHeil, nMe-
fomue ob1ee mpaBoe pedopo. Takum 00pa3oM, naockocmsd pacnademes Ha 4a-
cmu, npurem 6 00ny wacms nonadym kax pas epanu 2paga G, erodaujue 6
00HY KOMNoOHenmy ceasHocmu epaga F.

Onpepenenune 5. HacTu, COOTBETCTBYIONIIE KOMIOHEHTAM-IYyTSM T'paca F,
MBI HA30BEM NM0AOCKAMU, & TACTH, COOTBETCTBYIONINE KOMIIOHEHTAM-TTNK,/TAM
rpaca F' — koavuamu.

I'paruamnvim pebpom MOTOCKU HIIH KOJTHIA MBI HA30BEM JIIOOYIO MOJOBUHKY
MPOCTOTO PEOPA, BXOAAIIYIO B 3TY MOJOCKY WIH KOJIBIIO.



I'paruyedi MoJIOCKH MJIH KOJIBbIA MBI HA30BEM KOMIIOHEHTY CBSA3HOCTH IOJI-
rpada U3 ero rpaHUYIHBIX pEdep.

Kaxxgast monocka mpejcrapiser n3 cebds mIockKui rpad, uzoMopdHBIl
KJIETYATOMY MPAMOYTOJBHUKY €O CTOpoHOit 1. UeThIpe BepHIUHBI MOJOCKH,
COOTBETCTBYIOIIUE yIJIaM MPSIMOYTOJIBHUKA, MBI HA30BEM Y2A0MU, & COIEP-
Kalliye yTIJibl I'paHu ITOJIOCKU — %paﬁHumu I'paHAMHA.

Bce moiocku u KosbIia, moaydernbie u3 rpada G, Mbl HA30BEM 4aCMAMU

epaga G'.

Sameuanwue 2. 1) V13 g0Ka3aHHOTO BHITE CJIEIYET, 9TO CPeJM dacTeii rpa-
da G’ POBHO JBE MOJOCKH.

2) JleiicTBYst B OGpATHOM HOPsIJIKe, MOYKHO CKJIenTh rpad G’ u3 ero ua-
CTEel — IIOJIOCOK M KOJEIl.

3) YV moyocku W3 n rpaHeil — OJHA I'DAHUIA, TPEICTABJISIONAs COOOIl
UK JIAUHBL 21 + 2. Y KOJIbIla U3 1 'PaHeil JiBe TPaHUIbl, KaXKIas U3 HUX —
MUK JITHHBL N.

Jlemma 4. Bepwuna x € V(G') asasemca yesom nosocku posno 4 — der(x)
pas.

JokazareascTBo. Paccvorpum jobyio rpanb DD, B KOTOPYIO BXOJHT Bep-
muna r. HerpyHo nousaTh, 9To 06a MHIMACHTHBIX Bepiinne x pebpa rpanu D
SABJIAIOTCS IIPOCTBIMHU TOIVIA U TOJIBKO TOIJA, Korja [ — KpaiiHds rpaib Io-
JIOCKH, a & — YIoJ 3TOi mojocKu. B J11000M ApyroMm cjiaydae OJHO W3 HHIU-
JIEHTHBIX BepIuHe x pédep rpanu D aBaseTcs IPOCTHIM, a IPYToe — MPaBbIM.

[Tocunraem, CKOJIBKO pa3 gBJISETCS BEPIIUHA T YIJIOM TOJOCKA U 0003Ha-
quM 3T0 KosmdecTBo depe3 u(z). [lo gokazaHHOMY B YacTu 2, BepiinHA X
crenenu de/(x) = 3 MHIUIEHTHA JBYM IIPOCTHIM PEGPAM H OJJHOMY IIPABOMY,
a 3Haqnt, u(r) = 1. Oba pebpa, HHIUIEHTHBIE BepIlInHe T cTenedu dg () = 2
— mpocThie, a 3uaunT, u(x) = 2. Hakomemn, Bepmuue cremenu 4 WHIHICHT-
HBI JIBa MPOCTHIX U JIBA IIPABBIX pedpa, KOTOPbIE, OYEBUIHO, YEPEpAYIOTCI B
IJTOCKOM H300parkenuu mpu 00xoae mo 4acoBoit crpeske. CjiemoBaTebHO,
npu de/(x) = 4 mbt nmeem u(z) = 0. O

4. Bepuémesa x uccaedosanuro epaga G
[Mocuuraem mas kaxkaoit Bepmuabl © € V(G'), CKOJIBKO pa3 OHa BXOJUT B
KayKJIyI0 TPAHHIY (C y9eTOM KPATHOCTH BXOXKJEHWI) ¥ ODO3HAYUM CYyMMY
[OJIyYeHHBIX duces depes3 m(z).

Kazxkoe BXOXKJIeHHe BEPIIMHBL T B rpaHuily dactu rpada G’ B KauecTBe
yTJIa TMOJIOCKH, OUEBUIHO, JAET OTHY COMAEPKAIIYI0 T TpaHb. KaxKmoe BXOK-
JIEHWe BepINHbI T B rpaHuily dactu rpada G’ He B KauecTBe yrjia MOJOCKH
JaéT JIBe COCEJIHME TPaHu ITOH JacTu, comepyKaime Bepuinuy r. OueBuIHO,
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pa3HbIe BXOXK/IEHUsI T B TPAHUIBI YaCTell AT Pa3Hble IPAHU, TOITOMY U3
JeMMbI 4 HeMeJJIeHHO cyrejiyeT, 4to m(x) = 2.

Ilyers Z4, ..., Z;, — Bce rpanunsl yacreii rpacda G'. Ha xaxkmom npocrom
pebpe e HaNMIIeM Mapy HOMEPOB T'PAHWUIl, COAEPIKAIINX TOJOBHHKA € (BO3-
MOZKHO, 9TH HOMeDa OJIMHAKOBBI). 3aMEeTHM, 9TO Ha JBYX CMEKHBIX MPOCTHIX
péGpax mapkl TOJKHBL COBIAIATH — WHAYE JJIsT OOIIEil BEPITHHB T THX JBYX
pébep Mbl mostyanm m(x) > 3. 3HAUMT, Ui KAXKI0H TPAHUIBI APl THCEJT
Ha BceX peéOpax 3TOil I'PAHHUIIBI OJUHAKOBDI.

[Iycts Ha pébpax rpaHuIbl Z; HAUCAHD Tapbl aucen (i, 7). [lpu i # j na
péOpax Z; HAIHMCAHBL TAKUE Ke IHapbl YUCeI U 3TH /1B IPAHUIBI COBIAIAIOT.

[Toctpoum BemoMoraresibHb Tpad L, BEPITHHB KOTOPOIO — YacTH (TO
eCTh, MOJIOCKU U KoJ1bIa) rpada G, a JiBe BEePIIUHBI CMEXKHBI, €CJTH COOTBET-
CTBYIOIIHE UM YaCTH KMEIOT OOIIYIO I'paHuIly. 13 1oka3aHHOTO BEIIIE CJIeIyeT,
YTO JBE YaCTH, UMEOIIe 00Iee IpaHmIHOe pedPo, UMEIOT OOIIYIO TPAHHMILY.
Torya u3 ceazuoctu rpada G caenyer, aro rpad L cBsazen. Crenenb KaxkK-
JIOTO KOJibIla B 3TOM Tpade He Oojee 2, a CTeleHb KayK/0# TOJOCKH — He
bosiee 1, cienoBaresibHo, rpad L npeacrapisieT u3 cebs 1elb, BUCTUINE Bep-
IIXHBI KOTOPOit — JiBe mojocku rpada G', a ocraibHble BEPIIMHBL (€CTH OHU
€CTh) — KOJIBIIA.

Orcro/ia B 9aCTHOCTH CJIEIYET, YTO Ha KAXKJIOM IIPOCTOM pedpe HAIMcaHa
rmapa pa3JIMdHbIX HOMEPOB I'paHull — uHade rpad L Oyaer HecBszeH. Taxkum
obpa3oMm, JBe MOJOBUHKHU KayK/I0TO MPOCTOrO pebpa MpuHa IesKaT IPAHUIaM
pPasHBIX 4acTeil, TO ecTh, pébpa KaxKkaoii rpaHuibl obpasyior a rpade G’
OPOCTON UK.

JlBe rpaHuIbl OHOTO KOJIBIA B TAKOM CJIydae, OYeBUIHO, UMEIOT OMHAa-
KOBOE KOJIMYECTBO BEPINUH, 1 JBE COBNAJIAIONINE IPAHUIBI — TOkKe. [loaromy
BCE TPAHUIBI UMEOT OJMHAKOBOE THCJIO BEPINHH.

[Iycth B omHOlt U3 mosiocok k rpameii. Torna jnjinHa ee I'DAHHIBI PaB-
Ha 2k + 2, ¢TOJBKO 2Ke BepHIuH Oy/IeT BO BceX I'paHHuIax. Tak Kak KarKIas
BepriuHa rpada G’ BXOAUT POBHO B B IPAHUIIBI, MbI IIOIYUYaAEM, 9TO O0IIee
qucsio Bepiud rpada G’ paBHo (2k + 2) - e(L), T0 ecTh, 9€THO.

Sameuanne 3. Bosee Toro, B caydae, korma cpean dacreii rpada G’ ecrb
X0Tsl ObI OJHO KOJIbILO, HETPYIHO IOHATH, 4T Iaockuil rpad G’ uzomopden
KJaeTdaToMy napaJsuiesenuieny 1 X n x m. B ciayuae, korga rpad G ckieen
TOJIBKO U3 JIBYX IOJIOCOK, €ero CTPYKTYPa MOKeT OBITH 0oJIee CI0KHOMA.

5. llycmv H — deydosvnuidl nowmu naanapusil epad ¢ Hevemmvim 4uc-
aom sepwun v(H) > 5 ue(H) =3v(H) — 8.
U3 nemvbr 3 mousTHO, uTO Tpad H MakcuMaseH, pacCMOTPUM €T0 TTPaBUIb-
noe nzobpazkenue H. I3 1oka3aHHoro BoIIie MOHATHO, 4TO H uMeeT BepiinHy
crenienn He Oosee 3. Heckonbko pas ymasisis u3 rpada BepIinHy CTeleHn He
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6osee 3, Mbl ostyunM u3 rpada H ABYIOAbHBIN TOYTH TLTaHAPHBINE Tpad G
mu6o ¢ v(G) = 4, qmbo ¢ 0(G) > 4. B oboux cayuasx e(G) < 3v(G) — 8§,
MOITOMY HETPY/IHO HOHSATH, UTO KayKIbIH pa3 MBI JOJKHBI OBLIN YIAJIATh
BepruHy crenenn posHo 3 u €(G) = 3v(G) — 8. OcraeTcst J0Ka3aTh, YTO MBI
He MOZKeM 1100aBuTh K TakoMy rpady G BepIIuHY @ CTEmeHu 3 TaK, ITOOBI
MOJIYIUJICS IBYAOJbHBIN MOYTH TLIAHAPHBINH Tpad.

B cayuae v(G) = 4 nousitao, uto rpad G — MUK U3 4 BepIIMH, st KO-
TOPOTO 9TO yTBepkAeHue oueBuano. llycrs v(G) > 4. [longruo, aro rpad G
MaKCHMaJeH. YIATUB COOBETCTBYIONINE BEPITUHBLI U3 TMPABUIHLHOTO HU300DPa-
KeHus H, Mbl TIOJIy9UM TpaBubHOE n3obpakenune G rpada G.

Mpur gokasanu, 4to v(G) 9eTHO U HCCTeA0BAIN CTPYKTYPY TakuX rpados.
Bepremcst K paccMorpeHHOMY Bbiliie noarpady G’ w3 mpaBeIX U IPOCTHIX
pEGep, Bce ero rpaHu — YeTHIPEXYTOJBHUKHI, IYyCTh HA HEKOTOPOi rpanu D
JIEZKUT J100aBJIsieMasl BEePIIUHA a. BepIuHy a HyKHO COeTMHUTH pEOpaMu ¢
TpeMs ojHoONBeTHBIME BepinuHavmu rpacda G. Mbr pa3bepém Tpu ciryuasi.

a. D wne asaaemca kpatinet; 2paHb0 NOAOCKU.
Torna me ymasiss OOIIHOCTH MOYKHO CYUTATH, UTO U3 JABYX BEPIIMUH IIBETA 2
9Toit rpann B rpade G BBIXOIAT JeBble PEOpa, mepecekaroIue JBa MPOTHBO-
MOJIOXKHBIX pebpa rpanuns D. Dtu pédpa menar D wa Tpu dactu. Ecam a
PACIONIOXKEHA B OJHON U3 JBYX TPEYTrOJbHBIX YacTeil (CM. pUCYHOK 3a, IIyCTh
970 Oy/JeT mpapasi 9acTh), TO BepPIIHHA @ MOXKET ObITH COEHHEHA TOJBKO C
BepIuHaMu coceanei ¢ D rpanu D', Tak KaK BBIXOJAIIEE U3 a péGpa MOTYT
nepecekarTh ToJAbKO 001ee pedbpo D u D’ 6e3 HapylieHus MOYTH ILJIAHAPHO-
cru. Ho B rpanu D’ ecTh TOJBKO JiBE OJIHOIBETHBIE BEPIIHHBDI.

Ecin ke a 1eXXuT B MeHTabHO YacT rpann D (cM. pucyHOK 3a), To ee
MOZKHO COeIMHUTH pebpaMu TOJBKO ¢ IBYMd BepITUHAMU IiBeTa 2 TpaHu D.

2
1 / 2
- 1 1] w R 1 2 1
D / T >
// D’ N
, o D
4 v
.7a 2 2 1
s 1 D*
2
2 1
/ 2 1 1 2
a b c

Pwuc. 3: Pacrionoxkenns BepIiuHbI a.

b. D — gpatinan 2pard NOAOCKU, € Y2AGMU W U V, COCMOAWET boaee vem
u3 00HOU KAEKU.
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B Takowm ciaydae rpann D mepecekaer POBHO OIHO JieBoe pebpo rpada G
(eM. pucyHOK 3b). DT0 pebpPO BBIXOJAUT U3 OTHOIO U3 YIJIOB TMOJOCKH (IIYCTh
3 w, usera 2). [lokazkeMm, 9TO BTOPOHl yroJ v B 9TOM CJIydae HMEET CTe-
neub dg (v) = 3.

Mper 3uaem, aro 2 < dg(v) < 3. Ilycrs dgr (v) = 2. Torma u3 v B rpade G
BBIXOJIUT JIBa TIPOCTHIX pebpa U /IBa JIEBBIX, KaK J0Ka3aHO B jemMe 1. 3HaqnrT,
B KasKJOH M3 JIBYX cojepxKalux v rpaseil rpada G’ H01KHO OBITH HOJIYpe-
Opo, BHIXOIAIIEe U3 v, HO B I'paHd [) TaKoro moaypedpa HET, IPOTHBOPEUHE.

Urak, de(v) = 3. Pacemorpum nBe oTiumvnble or [ TpaHu, comep:Ka-
mue v — nycTh 310 D’ (comepxkammast w) u D*, em. pucynok 3b. Kak ciemyer
W3 JieMMBbI 4, 9TH JIBe TpaHW TPHHAJJIEXKAT OHON JacTH, CAe0BaTeJIbHO, X
ob1iee pebpo dABJgeTCS MPaBLIM U €ro Iepecekaer JieBoe pebpo. Takoe pedpo
MOXKHO TIPOBECTH €JIMHCTBEHHBIM 00pa3soM — OHO JIOJI?KHO COeIHNHSITH Bep-
muHy w rpann D’ ¢ BepmuHoii neta 1 rpanu D* (310 BepumuHa rpanu D,
IPOTUBOMOJIOKHASL U, CM. PUCYHOK 3b).

CryuJaii, Korja BepIinHa @ JEKUT B TPEYTrOAbHON dacTu rpanu [, ana-
Jloruder paszobpannomy Beiie. [[ycTh a JIe:KUT B 9acTH rpaHu, cojepzkarieit
yriabl v # w. Tak Kak MHOHIEHTHBIE a péOpa He MOIYT HEpPEeceKaThb JIeBOoe
pebpo, npoxogdiiee B rpagax D' u D*, HeTpyIHO 3aMeTUTh, YTO BEPIIUHY @
HEJIb34d COCJMHUTL C TpEMdA BEPpIIMHAMMA OAHOI'O IIBETA.

c. D — eduncmsennas epand noaocku, cocmoauet us 0dHol Kiemxu.

B takom ciaydae rpad G’ cKaeeH M3 JIBYX OJHOKJIETOYHBIX MOJOCOK H,
BO3MOZKHO, HECKOJIbKUX KoJten. Ecian kosien wet, 10 v(G) = 4, a sror ciayyait
oueBHIeH. 3HAYNT, cpeau dacreil rpada G ecTb X0Ts ObI OHO KOJIBIO, TPH-
4éM U3 YeThIpéx rpaneii. B 3Tom ciiydgae uMeHHO Takoe KOJbIO MPUKJICEHO
K OJIHOKJIETOYHOH mosiocke (cM. pucyHok 3c¢). Torya Jerko BUAETh, 9TO pac-
MOJIO?KEeHHAs Ha rpaHu [) BepInHA a He MOYKET OBITh CMexKHa 0ojee YeM C
ABYM# OJHOUBETHbLIMU BEpIINHaAMU.

6. HamomuunM, 90 1 Kaxka10ro v > 4 gepe3 ((v) Mbl 0003HATAEM MaK-
CHMAJIBHO BO3MOXKHOE KOJHYECTBO PEGEp B ABYTOJBLHOM IIOYTH ILTAHAPHOM
rpade Ha v BepimHax. Mbl jokazanu, uro f(v) < 3v — 8 jjg Beex v > 4
u f(v) < 3v — 9 A1 HEYETHBIX V.

Ocraercs siutib orMeTHThb, 9T 5(6) < 9 = 3:6—9, Tak KaK MaKCHMAaJIbHOE
KOJINYEeCTBO PEGEp B JIBYNOJBbHOM rpade Ha 6 BepHIMHAX JOCTHIAeTCs I
TIOJIHOTO JBYI0/IbHOTO rpada K33 u pasHO 6.

Tenepb 10KA3aTEJIbCTBO OLCHKN ITOJHOCTHIO 3aBEPIICHO.
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3 OKcTpeMaJibHBIE ITPUMEPHI

Bepmunamu rpada G, Mbl OyneMm CUHTATH Y3/Ibl CETKU KIETYATOrO Mapaji-
gieenurena 1 X 1 X k, a pédpaMu — €JIMHUYHBIE OTPE3KH KJeTIaToil CeTKH.
Herpyano nousTs, 9To 1000# KiaerdarTsiit mapasutenenumnes 1 X 1 X k MoxK-
HO CKJIEMTh W3 JIBYX HOJIOCOK (HUKHell u BepxHeil rpaneit 1 X k) u oJHOrO
KOJIBIIA, OMOSCBHIBAIONIETO OCTAJbHBIe 2k + 2 rpanu. B mosiockax m KoOJIbIIaxX
JIETKO TIPOBECTHU JIeBbIe PEGpa, IpU 9TOM, KPATHLIX pédep, 0UeBHIHO, HE II0-
SIBUTCSI M B PE3yJIbTaTe MOJIyIUTCs JIBYA0JAbHBIN H0o9TH 1aHapHbiil rpad Gy
c v(Gy) = 4k + 4 u e(Gy) = 3 - v(Gg) — 8. Tem cambiM, MBI TIOKA3aJIH, 9TO
B(v) =3v—8 ana v =40 > 8.

<
N
N
N
—

—_
N

Puc. 4: Ky6 1 x 1 X k u noyrn ninanapubiit rpad Ky 4.

OTMeTuM, 4TO KJIeT4aThlil mapaJsuienenumnes 1 X 1 X k& MOKHO CKJIEUTD U3
JIBYX 1oj10coK. [Tpumep mrs kyda 1 X 1 X k u3obpazkeH Ha pHCYHKe 4: cieBa
n3o0parkeHa ckJjeika Kyda us3 JIByX 110JIOCOK, a ClIPpaBa — HOJLY YaIOIIUICs 110-
ITH ILUTAHAPHBINA IBYA0IbHEN Tpad. OTMeTnM, 9TO 3TO MOJTHBIH JIBY/10THHBII
Fpacb K474.

Kpome Toro, u3 aByx 1nosocok 1 X k u n xojen u3 2k + 2 KJIeTOK HeCJI07K-
HO CKJIEMTD mapaJuienenunen 1 X k x n. Ha ocnose sToro mapaJuiesenumneia
MOYKHO HOCTPOUTH JABYIO/IbHBL mouru mianapustii rpad Gy, ¢ v(Gi,) =
2(k+1)(n+1) u e(Gy) = 3v(Gpn) — 8. OxHAKO, B TAKOM BHJIE He IPEICTaB-
JIAIOTCS YeTHBIE Yucaa BUAa 2p (T7e p — MPOCTOe), MOATOMY HAM TPHIETCS
HAYYHUThCd CKJIEHBATH 00Jiee CJOXKHBIE [0 CTPYKTYPE IPUMepPbl U3 JABYX IIO-
JIOCOK.

Msr moctpoum mnanapusiii rpad H; na 4k + 2 Bepmunax (k > 1), Koto-
phiii cKieeH u3 AByX mosocok 1 x (2k + 2). Tlpuvep s k = 1 uzobpazxken
Ha pucyHke ba. B m3o6parkennom rpade H{ nBe BepIIHHBI CTENEHN 2 PA3HBIX
mBeToB (MyCcTh 9TO BepIMHA T ITBeTa 2 W BepIIWHA Yy 1BeTa 1), 4 Bepiu-
HBI cTemeHd 3 (IO JiBe KAXKJIOTO U3 I[[BETOB), OCTAJIbHBIE BEPIIUHBI HMEIOT
crenenb 4. CIIONHBIMY JTHHUSMEA MOKA3aHBl TPOCTHIe pébpa rpada Hi, a
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Puc. 5: Ckieiika modTn mianapHoro rpada u3 JIByX MOJOCOK.

NYHKTUPHBIME — TpaBbie. JIerko BueTh, KaK 3TOT MPUMEp CKJIEEH U3 JIBYX
nos10coK 1 x 4. Hecs10:kHO aHATIOTHYHO JOCTPOUTD 3TOT puMep J0 rpada Hj,
Ha 4k + 2 BepmuHax, g00aBuB eme k — 1 KBaapar.

Ha pucynke 5b mokazaHo, Kak B KaxKJI0# M3 MTOJOCOK HPOBOIATCS JIEBBIE
pébpa. Baxkuo, uro B 06enx moaockax, u3 Koropbix ckieet rpad G, aBa yria
KazKI0# TIOJIOCKHU, 13 KOTOPBIX BBIXOJIT JieBble pEOpa — 3TO BEPIIUHBI T U Y.
[Ipu k£ > 1 jerko npoBepurh, YTO KpaTHBIX PEGep He obpas3yeTcs.

Sameuanwue 4. 1) Ormernm, uro npu k& = 0 B 00eMX MOJOCKAX OBIIO ObI
IpoBeeHo pebpo Ty, KoTopoe uMesao 0bl KpaTHOCTD 2. [IpoBecTn B mosocke
BMECTO JIEBBIX pEGep mpaBble pEGpa (To ecTh, Apyrue pédpa, mepeceKaronye
HEPErOPOJKI IIOJIOCKH) HE HOJYYUTCs. B 9TOM Cilydae MOUbITKA COSJMHATH
YTOJI IIOJIOCKHU, UMeloluii crenens 3 B rpade H) c coorsBercrByIOmUIeil mpu
TaKOM CIIoco0e BepIMHOI MpuBeaeT K 00pa30BaHWIO KPATHOTO pedpa — CTOo-
POHBI BEPXHErO WJIM HUKHEIO KBaIPATa.

2) TakzKe OTMETHM, YTO CYIIECTBYIOT JOCTATOYHO MHOTO JPYIHUX MLJIaAHAD-
HbIX I'PAOB, KOTOPbIE MOYKHO CKJIEUTh U3 JIBYX 1IOJIOCOK OJMHAKOBOMN JIJINHbI.

[Iposesnem seBbie pébpa B rpade H; n moayunm rpad Hy, ¢ v(Hy) = 4k+2
u e(Hy) = 3v(Hy) — 8. Takum obpazom, Mbl mokazanu, 410 [f(v) = 3v — 8
s v = 4k + 2, vae k — HaTypajabHOe YHCJIO.

Temepb pazbepémcs ¢ MaabIMK 3HadeHuaAME v. s v = 4, u v = 5 3Kc-
TpeMaJIbHBEIE IPHMEPBI — 3TO HOJIHbIe ABYAOJbHBEIE Tpadbl Koo u Ky 3. OTn
rpadbl SBJISIOTCS MUTAHAPHBIMU (& 3HAYWT, W MOYTH MaaHapHbivMu). OTMme-
TuM, 910 €(Ko9) =4 =3-4—8u e(Ky3) =6 =3-5—9. Tem campiM, MBI
nokazanu, 4to ((4) =4 u B(5) = 6.

s v =6 u v = 7 3KCTpeMaJIbHbIe TPUMEPHI — 3TO MOJHBIE IBYI0Thb-
uble rpadbl K33 n K3 4. OHE gBAAIOTCA HOYTH IJIAHADHBIME, TAK KaK TaKoO-
BBIM sBIAeTcs rpad Ky 4, m300pakéHHbIil Ha pucyHKe 4 cupasa. OTmernwm,
910 e(K33) =9 =3-6—9u e(K34) = 12 = 3 -7 — 9. Tem cambiM, MbI
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nokazann, 9to ((6) =9 u B(7) = 12.

Ocrasoch 1o0Ka3aTh, uro [f(v) = 3v — 9 mag wederunix v > 9. g sro-
ro JOCTATOYHO Ha OJHOM M3 I'paHell MOCTPOEHHBIX BhilIe rpadoB Ha v — 1
seprmuie ¢ 3(v — 1) — 8 pébpamu (oT™MeTnM, 9TO0 v — 1 — YeTHOE YHUCIIO,
He MeHbIee 8) M00aBUTH BEPIIUHY ¢ U COEJMHHTDH €e ¢ JABYMs BepIInHAMI
OJMHAKOBOTO TBETA, KaK Ha, PUCYHKE 3a.

Terepb TeopeMa HOJTHOCTBIO JIOKA3AHA.

4 O moaHBIX ABYJOJBHBIX rpadax

B sak/rouerun BCIOMHIAM O MOJIHBIX JIBYAOJBHBIX Tpadax, U BHIICHUM, KaK1e
U3 HUX 4BJIMIOTCA IOYTH IjanapHeiMu. ['padsr K, u Kj, dasiagiorcd ma-
HAPHBIMH H, CJEI0BATEIbHO, IMOYTH ILIAHAPDHBIMU. MBI YCTAHOBHUJIN BBIIIIE,
410 Tpadnl K33, K34 n Ky 4 aBI410TCA HOYTH 11JIAHAPHBIMU.

13 pucynka 6 scuo, aro rpad K3 (a 3naunt, u ero noarpad Ksj) aB-
Jsiercst movTH mianapueiM. Tak kak e(Ky5) =20 > 3-9 — 9, To rpad Ky 5
He ABJIAETCA MOYTH IIJIAHAPHBIM.

Puc. 6: I'pad Ksg.

[Tokazkem, uTto rpad K37 He apiagercd MOYTH IJAHAPHBIM, TO €CTb, €TI0
HeJIb3s N300Pa3uTh Ha ILIOCKOCTH TaK, YTOOBI KazKaoe pebpo mepeceKkaso He
6oJiee, YeM OJIHO JIPYTOe.

Cuavana ormerum, 4t0 cr(K33) > 1. Teneps paccmorpum rpad K.
B uio6om u3omopduom K3 noarpade (KoTopsix, odesuguo, 10) ecrb xors
Obl 071HO Tepecedenue pebep. Kaxkmas mapa mnepecekarommxcsi pédbep, Kak
HETPYJIHO TIOHATH, BXOAUT poBHO B Ci = 3 noarpacdos Kj 3. Crenosarennno,
cr(Ks5) > 4, 1o 310 03Hadaer, 410 cr(Ks5) > 4,

Teneps paccmorpum rpad Ks ;. [Ipeamosoxkum, 94To oH fABIgeTCd MOYTH
wianapapiM. [lorsiTHO, 4T0 910T rpad MakcuMaseH (Kak HOJIHBIH JIBY/0JIb-
whiii Tpad). Paccmorpum ero mpasuibHOe m3obpazkenue. B cury semmbr 1

JII000#1 BepIuHe cTeneHu 7 WHIMJICHTHO XOTS Obl [ﬂ = 3 npocThix pébep,
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OTKY/Ia HeMe/JICHHO CJIe/IyeT, 9TO B HallleM H300pazkKeHnn XoTd Obl 9 HPOCTHIX
pébep, a 3naunt, cr(Ks7) < % = 0.

Oxmnako, B Kazxk10M m3oMopduoM K3 5 moarpade ne Menee 4 nepecedeHnit.
Beero takux noarpacdos C2 = 21, a kaxmoe nepecedenne sxomut B CF = 10
nogarpados Ks s, orkyma cr(Ksqz) > cr(Ksj) - % = % > 6. [oyuennoe
IPOTUBOpeYNe NMOKA3bIBaeT, uTo rpad K37 He ABIdeTCd MOYTH TJIAHAPHDBIM.

Takum 06pa3oM, Cpeay HOJHBIX ABYIOILHBIX IpadoB IOYTH ILIAHADHDI-
MU aBaawTca Ky, Koy, K33, Ksa, K35, K3¢ 1 K44, a ocTanbHbIC — He

ABJIAIOTCHA.

Crmcok aurepaTyphl

[1] J.Pach, G. Téth. Graphs drawn with few crossing per edge. Combinatorica
17 (1997), no. 3, p.427-439.

[2] P.K.Agarwal, B. Aronov, J.Pach, R. Pollack, M. Sharir. Quasi-planar
graphs have a linear number of edges. Combinatorica 17 (1997), no. 1,
p- 1-9.

|3] E.Ackerman, G.Tardos. On the mazimum number of edges in quasi-
planar graphs. J. Comb. Theory, Ser. 114 (2007), no. 3, p. 563-571.

|4] E.Ackerman. On the Mazimum Number of Edges in Topological Graphs
with no Four Pairuise Crossing Edges. Discrete Comput. Geom. 41
(2009), no. 3, p.365-375.

[5] G.Tardos, G. T6th. Crossing stars in topological graphs. STAM J. Discrete
Math. 21 (2007), no. 3, 737-749.

|6] J.Pach, R.Pinchasi, G.Tardos, G.T6th. Geometric graphs with no
self-intersecting path of length three. (English summary) European J.
Combin. 25 (2004), no. 6, p.793-811.

17



