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1 BBeﬂeHI/Ie n OCHOBHBbLIE PE3YJIbTATbI

['pynma HasbiBaeTcs (2, 3)—MOPOK JIEHHOI, €CJin OHA HOPOK JIAETCsT MHBOJTIOIH-
eil 1 3j1eMeHTOM TopsiiKa 3. Xopomo u3BecTHO (M., Hanpumep, [1]), aro mo-
nynsipaas rpytmna PSLy(Z) usomopdua ¢cBOGOIHOMY MPOU3BEJIEHUIO [TUKJIU-
YecKux rpym mopsizika 2 u 3. Takum o6pazom, mpobsema (2, 3)—TIOpOXK IeHsT
TECHO CBsI3aHA C BONPOCOM M3YUYEHUS CTPYKTYPhl HOPMAJLHBIX MOATPYII B
PSLy(Z).

Bagaua 0 (2, 3)-[OpOXKIEHNN PA3JINIHBIX KJIACCOB IPYII PACCMATPUBa-
Jach, HampuMep, B [2, 3, 5, 7, 8,9, 12, 13, 14, 15|, cM. Takxke majibHeiirme
CCBIJIKU B YIOMSAHYTBHIX paborax. B Tom dmcie, ObLI0 1TOKa3aHO, YTO MIPH JI0-
craroqno 6osbmoM n rpynma ESp,, (R) asisercs (2, 3)-0poK aeHHOi 60
[PU YCJIOBHX OOPATHMOCTH 2 B KOMMYTATHBHOM KoJiblle R (cm. |9]), smbo B
ciydae, Korja R — xoneunoe nojie (em. [6, 7]). Hamomuum, 9o cuminiekTu-
Jeckas Ipymma Sp,y, (R) Haj KouboMm R onpeensercs cieLyomum 06pa3oM:

soa(f) = {a e GLam 17 (5 5 o= (5 5 )}

rie [, obo3HadaeT eJIMHUYHYIO MATPHUILy pasmepa n X n, a 1 — TpaHCIo-
HUPOBaHUE MATPUIIBI. DJIEMEHTAPHON CUMILIEKTHYecKoii rpymmoit ESp,, (R)
HA3BIBAETCSI MOJAIPYIIA B Sp,, (R), TOPOXKIEeHHAS BCEBO3MOKHBIMEI MaTPH-
IIaM# CJIETYIONINX THUIIOB:

E.(l.)(a) = Lo + a(ei»”'i‘j + ejan-i-i)? ecmn 1 <1 #j<mn,

" Iyn, +aejpyi, ecm 1 <i=j <n,

(2) _ (1) T o
Ei,j (a) = (E” (a))", ecm 1 <4, j <mn, (1)
Ei(,?;')(a) = Iy, +ae;; —aepijnyi, eccm 1 <i# 35 <mn,

rme a € R ue;; — Marpunpsl pasmepa 2n X 2n, y KOTOPBIX 3JIEMEHT B i—
off crpoke u j—om cToJibre paBeH 1, a Bce ocrtajbabie — (. B wacrHOCTH,
E(a) = B (a) n BX)(a) = B (a) npu 1 < i,j < n.

B nacrosieit pabore MBI CYIIeCTBEHHO oc/iabiisieM yCJIoBUE Ha O0OpaTu-
MOCTh 2 B KOJiblle R. A MMEHHO, MbI JIOKA3bIBAEM CJIE/LYIOIINN PEe3y/IbTaT:

Teopema 1. [Tycmv R — xommymamusenoe xoavuo ¢ 1 u s € R*. Jonoanu-
meavHo npednonoscum, wmo R addumuerno nopootcdaemces MHOHCECTNGOM

{s|kez}u{2s" " | keZ} (2)

(mo ecmo ecakutl anemenm uz R asasemes aunelnot xombunayued sne-
menmos muooicecmsa (2) ¢ yeavimu koapguyuenmamu). Toeda npu n > 25
epynna ESp,,,(R) asasemcsa (2,3)-nopootcdernod.
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B npepiaymux paborax asropos [10, 11| 6pu10 mokazaso, 4ro
o Sps(Z) ne sBasiercs (2, 3)-TI0POKIEHHON TPYIIOIL;
e Spg(Z) n Spyy(Z) (2, 3)—TIOPOK IEHBL.

Kpome Toro, 6blja BbIIBUHYTA THIOTE3a O TOM, YTO BCE I'PYIHIbLI Spy, (Z)
SABJISTIOTCS (2, 3)—TIOPOXKIEHHBIMU 11pH 1 > 4.

Herpysno sameruth, uro u3 teopembl 1 (misg R = Z u s = 1) u Toro
daxra, ar0 Sp,y,(Z) = ESp,,(Z) (cm., nanpumep, [4, 5.3.1]), HememieHHO
BBITEKAET CJIEJICTBHE.

Caencrsue 1. I[Ipun > 25 epynna Sp,y,(Z) asasemes (2, 3)—noposicdenoti.

3ameuanue 1. Hecji0:KkHO IpOBEPUTD, YTO YCJIOBUSAM T€OPEMBI 1 YIOBJIETBO-
PAIOT CJIEAYIOMNE KJIACChl KOMMYTaTUBHBIX KOJICII.

e R = Z[£], tme & — nepBoobpasHblii KOpeHb n3 1 HeYeTHO cTereHn
k > 3. B kauecTBe S MOXKHO B34Th &.

e [ — KomHedHOE T0JIe XapaKTepucTuku 2. B 3Tom ciiydae s — MyJIbTH-
IJINKATUBHASA 00pas3yIonias.

e Paccmorpum P — KoHeUHOE ITOJIMHOXKECTBO NMPOCTBHIX YKUCEe]I B Z U B
KaJdecTBe KoJjIblia R Bo3bMeM MOAKOJIBIO Zp C Q, cocrosiee 3 duces,
3HaMeHaTeIb KOTOPBIX PacKJ/aJIblBaeTCs B Ipou3BeieHne unces us P.
B kauecrBe s MOXKHO B34Th

11

1

peP p
B crenyromux pazjenax OyJaeT MpeJcTaBIeHO KOHCTPYKTHUBHOE JT0Ka3a-

TeJIbCTBO TEOPEMBI 1, TO €CTh MBI IOCTPOUM Takue = u Y u3 ESp,,, (R) mopsiika

2 u 3 coorBeTcTBEHHO, UTO ESD,y, (R) = (x,¥).

2 IlocTpoenmne obpa3yronimx

[Iycrs R — komMmyTaTuBHOE KOJIbIO ¢ 1. Kpome toro, cuuraem, uro GL, (R)
JefcTByeT ciieBa Ha CBOOOMHBIH Momyab R" ¢ 6asucom B = {vq,...,u,},
rmen =3m+r,m>8ul<r <3 (roecrb n > 25). Kak 06bran0, 1o
Sym(I"), Alt(I"), re I' € B, mbt nonnmaem noarpynmst B GL, (R), cocrosrmme
U3 [epeCTaHOBOYHBIX MATPHIL (COOTBETCTBEHHO, MEPECTAHOBOUHBIX MATDHIL,
KOTOPBIE OTBEYAIOT YETHBIM IIePECTAHOBKAM MHOYKECTBA OA3MCHBIX 3JIEMEH-
toB u3 I'). /s yuporuenusi o6o3HaueHnil jgaiee Mbl OyIeM OTOXKIECTBIISITh
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[I€PECTAHOBKU M COOTBETCTBYIOIINE UM IIEPECTAHOBOUYHBIE MATPUIII, HAIIPH-
Mep, (Vi ..., 0;,) Oymer 0b6o3HAYATH MATPHUILY, OTBEYAIONLYIO IHK/IHIECKO
HepecTaHOBKe OA3MCHBIX 3JIEMEHTOB U, . . . , Uj, .

Pacemorpum oneparop y; € GL,(R), aeiicrByromuii cieyionmm obpa-
30M Ha 3JEeMEHTHI u3 B:

® Vi3 > Ugiyo > Uipl > Usigs, 0e 0 <@ <m — 1;
® U3pt3 7 Usmt2 7 Usmql — Usm43, €CIH 1" = 3;
® 71 OCTaBJIFET HEIOJABUKHBIMU V3,14, TIe 1 <1 < 7, ecom r < 2.

I3 IpuBeICHHBIX BBIIIE COOTHOIIEHUIT cieyer, uto ¥, € Alt(B) n yi = I,,.
[Iycrs s € R*. Oupenenum x7 € GL,(R) na 6a3ucHbx smementax R™:

® I MeHsIeT MeCTaMU’ V311 U vg; pu 1 < ¢ < m — 1;
® 1| OCTaBJIeT HEMOABUKHBIMU V3;40 Tipn 0 < ¢ < m — 2;
® Uy — SUy — Vg

e ecii 7 = 1, TO 1 MEHSIET MECTAMU U3y, 1 U Usmil, & U3y OCTABJISIET
HEIIOIBU2KHBIM;

® CCJIIN T = 2, TO 1 MeHdeT MeCTaMU U3py,—1 C Ugma2 U Usyy C U3pppa1;

® CCJIIN T = 3, TO 1 MEHdAET MeCTaMU Uszym—1 C Usmi3 U Usmt1 C Ugmt2, @
V3, OCTABJILAET HEIIOJABUZKHBIM.

13 cooTHOMIEHMIA BBIIIE JIETKO BH/IETH, 9TO MOAMOYJIH (U1, Ug) U (U3, . . . , Ugmir)
MHBAPUAHTHBI OTHOCUTEIHHO JAEfCTBUS T1, IPUYEM X1 UHILyIUpPYyeT Ha (vq, Ug)
onepaTop ¢ MaTpUllel

-1 0
s 1 )7
a Ha (U, ..., U3mir) JEACTBYET Kak mepecTaHoBKa mopsijika 2. CiiemoBareib-

HO, L1 — WHBOJIIOIHSI.
Temeps paccmorpuMm Komnunio 6asuca B, 0003HAUNB ee 3JeMEeHThI KaK

Un+1y---5VU2n,

u onpejenum Biaoxkenue 7 : GL, (R) < Sp,,(R),



Hna p € R* u ¢ € R onpenenum 2z € GlLog,(R) crenyromum obpazom:
z JeficTByeT TOXKJEeCTBeHHO Ha Beex v, @ ¢ {11,14,n + 11,n + 14}, a Ha
noMotyte (V11, V4, Ung11, Uns14) B RZ™ JleficTByeT Kak onepaTop, 3aaHHbIil
MaTpuIen

0 O 0 p!
e 0O —pt 0
p 0 0 0

TO €CTb
® V11 > QU14 + PUny14;
® Vig /= —PUp411;
-1,, .
® Unt11 = —P V14,

-1
® Upt1a P V11 + qUnt1-

Jlerko nposepsiercd, urto A? = I, a 3Ha4UT, Z ABJIAETCS UHBOJIONHEH.
Haxkowner; pacemorpum cienytorne Marputibl 13 GlLo, (R):

r=m(r1)z, y=7(y1)- (5)
Jlemma 1. 22 = 3 = I,,.

Jlokasameavcmeso. Ormernm, aro ecan a € GL,(R) nmeer nopsiiok k, To u
7(a) umeer nopsinok k B cuty onpenenenus (3). Tak kak 23 = ¢ = [, n
x1 # L,yn # I, 10 w(x1) — uHBOMMONMS, a y = 7(y;) UMeeT HOPSJIOK 3.
Kpowme Toro, 1moamMory/im

(11, V14, Unt11, Ung1a) 1 (v; | @ & {11, 14, n + 11, n + 14})

MHBAPUAHTHBI OTHOCUTENLHO 70(x1) W z, mpuueM m(x1) JeHCTBYyeT TOXK/ie-
CTBEHHO Ha IIEPBOM MOJIyJIe, a 2z — Ha BTopoM u3 Hux. CienoBarenbHo, (1)
U z KOMMYyTuUpyIoT. Tak Kak 7(x1) U 2 UMEIoT MOPAIoK 2, To 1 & = 7(x1)2 —
MHBOJIFOLINSI. ]

3ameuyanue 2. MarTpuribl & u y IPHU CIENUAIBHO 0 IO0PAHHBIX ITapaMeTpax
P U ¢ OYIYT UCIIOTB30BATHCS TIPU JIOKA3ATEIbCTBE TeopeMbl 1; M. pazjen 4. B
obIIeM ciIydae MOXKHO [OKa3aTh, UTO T, Y € Spy, (R). Mbl He Oy1eM 371eCh 910
JIOKa3bIBaTh, HO IO3/IHEE MTOKAXKeM, UTO JIJIs BHIOPAHHBIX Jlajiee P U ¢ UMeeT
MecTo 6oJiee CHIIbHOE BKJIIOUeHne .,y € ESp,, (R); cM., Hanpumep, temmy 7
B pasjese 4 u naparpad mocie GopMyJIUPOBKU TeOpeMbI 3 B pasjieie b.

Bameuanue 3. Haira KOHCTPYKIMsI MATPHI] & U Y CXOJHA ¢ KOHCTPYKIUeNd
u3 [7] ¢ Toil Jiuib pasHUIei, YTo



1. y Hac x7 meficTByer Ha (Vg . .. Ugmir) KAK EPECTAHOBKA HGA3MCHBIX DJIe-
MEHTOB, a B |7| Kak mepecTaHOBKa CO 3HAKAMIU,

2. oTMYaeTrcs BUJ MHOXKUTEJIA 2.

B To Bpems, Kak 11. 1 HOCUT 9MCTO TEXHUYECKUI XapaKTep U JIUIIb YIIPOIIAET
JacTh JI0Ka3aTeJbCTB B HAIlEM cjIydae, II. 2 UMeeT pellaloliee 3HaYeHNe U
MIO3BOJISIET MTOJIYYUTh OCHOBHOI Pe3yJIbTaT B CIydae KOJel ¢ HeoOpaTuMoii 2.

3 BcrmomorareJsibHBIC JIeMMBI
Omnpemennm

Ay = {V3m—6, V3m—5} U {U3m—3, ..., 03m} U{vgmyi | 1 <1 <r} CB

U IIOKaXKeM, 4YTO CTEIeHb KOMMYTaTOpa [y,x] = yflzflym = yflxy:p nMeer
<MaJIbIiI HOCUTEJIb>.

Jemma 2. (y~tzwyx)'? € m(Alt(A)).

Jlokasamenvcmeo. JInsa n1oKasaTeJbCTBa JeMMbI CHadaJa pasjoknM R2" B
MPSIMYIO CYMMY CJIEIYIOITUX TTO/IMO/TYIei:

Sf” = (Usi, Usit1, Vsigs) , TaE 6 < i <m —3,
Sg) = (Un+3i, Un43it1, Unsiss) , Tae 6 <@ <m —3,
Sél) = (v, v7,v11) © (g, V10, V14) © (Vnt6, Vns7, Unt11) @
D (Unt9, Vn+105 Unt14)
S§2) = (v12,013,V17) @ (V15, V16, V20) D (Vnt12, Ung13, Unt17) D
& (Vnt15, Unt16, Unt20) 5
Sy = (v1,v2,05) ® (v3,04,8)
S5 = (Uny1,Vns2,Vnis) © (Unis, Unia, Untsg)
S = <U3m—67 U3m—5, Usm—3, Usm—2, - - - 7U3m+7“> )
S; = <Un+3mf67 Un+3m—5; Un+3m—3; Un+3m—25 - - + » Un+3m+r> )

U IIPOBEPHM, YTO KarK/IbIl M3 HUX MHBAPUAHTEH OTHOCUTEILHO Y ‘zyx, H,
GoJiee Toro, MaTpHlla cyzeHus oneparopa (y 'zyz)'? ma kamuplil uz sTHX
noamoyieit, Kkpome Sg u Sy, — emunuuna. Jns ynobeTsa jaabHeiinero us-
JIO¥KEeHUs Mbl OyJleM HpoBepsATh Jeiicteue y~ wyr = y~ 'm(xy)zyn(x1)z, yuu-
ThIBas JAEHCTBUE KAaXKIOr0 U3 COMHOKHTEIEH.

Ciyyqait 1: SY) mpu 6 < ¢ < m — 3. Or™Merum, 4YTO JAHHBIN Ciydait
BOBHIKAET TONbKO, ecit m > 9. Pacemorpum neficrsue y~'zyz na S
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w(z1) y (1) y~!
CRY s V3j V—— U3i4+1 F—— U3i+3 - V3i+3 V— U3j4+4 F— U3i+5,

(1) y m(z1) y!
V3i+5 s U3i45 V" U3i45 /= U3i+4 S V3j4+4 V— U343 F— U3i+1,

m(z1) Yy m(21) y!
U3i+1 s V3i+1 V—— U3 —— U3j—1 s U3j—1 — U34—1 —— U3;.
i . _
OTcrona caeryer, 970 MO/ S§ ) UHBaApPUAHTHI OTHOCUTEJILHO NefiCcTBUA Y lxyas
U MaTPUIA CYKEHUA y‘lxyx Ha KaKJIOM U3 MOJIyJIeil paBHA

B wacrnoctu, (y~'xyz)?® neficryer ToxiecTBenHO Ha Sfi) mpu 6 < i < m—3.

Cayuaii 2: S, 2 npu 6 < ¢ < m—3. Jlanubrii ciryvait, Kak u IpeIbl Iy i,
BOBHUKAET TOJIBKO IIpu m > 9. 113 onpe,ue,neHI/H/I ruyus (3), (5) n mposenen-
HbIX BBIUUC/IEHUI B ciiydae 1 cne;;yeT aro Sy () MHBapHMAHTeH OTHOCHTEIHHO
y~lzyr n maTpuna cyxkenns y~lryr Ha KasKIbIH U3 9THX HOIMOJLYJIel TaksKe
pasna Aj,, a nosromy (y~'zyr)? ToKaecTBeHEH Ha Sg) upu 6 <t <m — 3.

Ciyyaii 3: Sg()l). BrauaJie JoKazkeM, 9T0 i~ ' xyr MUKJITIHO IepecTaBideT
obpasyrolme MOJLyJIst

Ty = (vs, V11, qQU10 + PUn+10, QU9 + PVnt9, QU14 + PUni14, V7) .
JleficTBUTE/IbHO, HETPY/IHO TTPOBEPUTD, UTO

(1) Yy m(w1) y~!
Uﬁ'—>Uﬁ '—>U7’—>U9*—>U9 — V10 /— V11,

m(x1) 2
V11 = qUI4 + PUni1a = quig + DPUni14 R qui3 + PUpy13 —
-1

m(w1)
qU13 + PUny13 = quig + PUnt12 LN qU10 + PUn+10,

z 7T($ ) z
qU10 + PUpy10 — QU10 + PUni10 = qug + DUn+t9 A qus + PUpyg —
-1

r(a1)
qUg -+ PUnig b QUg -+ PUnig > qUy + PUpro,

(1) 2
qUg + PUpyg — qUg + PUptg s qV10 + PUnt10 R qU12 + PUpy12
m(x1) y~ 1
qU12 + PUpy12 s qU13 + PUpy13 F— qU14 + PUpy14,
—1

(1) Y 7(21) Yy
qUI4 + PUny14 = V11— V1) > V1 > V1o F— Vg F— U7,
m(x1) y m(w1) y!

U?'—>U7'—>UG'—>U5'—>U5'—>U5'—>U6

CnenoBaresbno, Ty — MHBAPUAHTHBIH MOJTY/Ib OTHOCUTEILHO y L xyw, u (Y~ lzyr)"
neiicteyer ma 1) ToxkmecTsenno. Temeps mpoBepuM, UTo Y~ lxyr JeHcTByeT
IUKJINIHO Ha 00pa3yIolue MO

Ty = <1}9, V14, =PUn+7, —PUn+6, —PUnt11, Ulo> :
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m(z1) y m(21) y~!
Vg s Vg —— V10 — V12 e V12 = V13 —— V14,
m(21) Y
V14 - —PUn+11 —— —PUp411 F— —PUn410 -
m(z1) y~!
—PUn+10 —PUn+49 ? pvn+77
m(z1) Y
—PUn+7 > —PUn+7 > —PUn+é6 > —PUn+s ?
m(z1) y~!
—PUn+s 7 —PUnys ? _pvn+6a
m(z1) Y
—PUn+6 > —PUn+6 > —PUnpy7 > —PUn+9 %
m(z1) y~!
—PUn+9 —PUn+10 —PUn+11,

(1) Yy m(x1) y~!
—PUn+11 s V14 /= V14 /> V13 s V13 /—— V12 /—— 7?10,
w(z1) y m(21) y~!

Ulo'—>U1o’—>U9'—>Us'—>Us'—>Us'—>Ug

1 1

Takum obpaszoM, Th MHBapUaHTEeH OTHOCUTeNbHO y lxyxr, u (y ‘zwyz)® neii-
crByeT Ha T ToxktecTBeHHO. Hakonerr, 3amMeTuM, 9T0 Tak Kak p € R*, To

Ty & Ty = (ve, v7,v11) B (Vg, V10, V14) D (Unt6, Unt7s Unt11) B
b <Un+97 Un+10, Un+14> = S:E,l),

1 _ - "
u nostomy S nuBapnanTen orHocHTeNbHO Y~ lzyr, u (y  wyx)® eficrsyer
1
Ha Sy() ) T tecTBeHHO.

. (2) .
Cay4qaii 4: S;7. DTor ciaydail OyeM pacCMaTpuBaTh IO CXeMe, aHAJIOo-
ruvHOM caydaio 3. st 3T0r0 paccMOTpuM MOJLYITh

T3 = (v12, V17, V13, QU15 + DUnt15, QU20 + PUn1205 QU16 + PUnt16)
I IIPOBEPUM, UTO y ' 2yx MUKJINIHO IEePECTaB/IgeT ero obpasyIonye:

P m(z1) y m(z1) y!
Vg /= V12 /—— V13 —— V15 s V15 /—— V16 — V17,

2 m(x1) y m(z1) y~?
V7 /> V17 V—— U17 —— V1¢ s V16 /— V15 — V13,

z m(x1) Yy
V13 /> V13 V—— V12 — V11 s

m(x1) -1
qU14 + PUnt14 = quig + PUnt14 LA qU15 + PUnt1s,

m(x1)
qU15 + PUn+1s s qU15 + PUny1s s qU16 + PUnt16 s qUu1s + PUpt1s R
m(21) y~ !
quis + PUpy1s M qU19 + PUpy19 F— QU0 + PUpy20,
7(x1)
qU20 + Pnt20 s quyg + PUnt20 —— qU20 + PUni20 R qU19 + PUpi1g s
(1)
qU19 + PUpi1g — qU1s + PUpt1s LA qUi6 + PUni16,
m(21) 2
qU16 + PUnt16 — qU16 + PUnt1s = qU15 + PUpy1s s qU14 + PUpy14

m(z1) y~!
V11 —— V11 /— V12



B wacTHOCTH, MBI TIOJTB3yEMCS T€M, YTO TaK KakK 10 IPEJITOJIOKEHUIO M > 8,
1O (1) AEACTBYET TOXKIECTBEHHO HA U; U Upyy, €ciu ¢ = 2 (mod 3), i <
20. CyresroBaTesbho, 13 — WHBAPUAHTHBIN MO/LYJIb OTHOCUTEHHO OlEpaTOpa
y lryx, n (y lowyz)® neitcreyer na Ty toxmectsenno. Kpome Toro, y~lzyx
IUKJIMIHO [T€PeCTaBIgeT 00Pa3yoine MOILYJIs

Ty = (1)15, V20, V16, —PUn+12, —PUn+17, —pvn+13> .
JleticTBUTETHHO,
w(z1) y m(w1) y~!
V15 s V15 —— V16 —— V18 s V18 —— V19 —— V2o,

w(x1) y m(w1) y!
V20 s Voo F—— V20 —— V19 s V19 —— V18 —— V1e,

m(21) y (1) y!
V16 P Vig /—— V15 —— V14 s —PUn411 —— —PUpy11 /—— —PUp412,

m(21) y
—PUn+12 s —PUn412 /" —PUn413 V= —PUn415 s
m(z1) y~!
—PUn+15 /> —PUp416 F—— —PUn417,
z ﬂ'(ﬂﬁl) Y z
—PUnt17 V" —PUn417 = —PUp417 /> —PUn416 M
m(x1) y~!
—PUn+16 —— —PUn+t1s /= —PUp413,
w(x1) y m(21) y!
—PUn+13 s —PUn4+13 V> —PUp412 /= —PUp411 s V14 F—— V14 /— V1s5.

Taxum o6paszom, T TozKe HHBAPUAHTEH OTHOCUTEILHO ONepaTopa iy ‘xyx, u

(y~tayz)® neitcreyer na T, ToxnecTsento. Hakomerl, 3aMeTuM, 4TO TaK Kak
p € R*, To

T35 & Ty = (vi2, 13, v17) DB (V15, V16, V20) B (Un+12, Unt13, Unt17) B

(2)
D (Unt15, Unt165 Unt20) = O3 5

u nosromy (y~'xyz)® Toxnecreenen na S§2)

Cuayuaii 5: Sy = (v, 09, v5) B (v3, Vg, vg). CHAYAIA pacCMOTPUM JleficTBHE
y~layr ma obpasytomme vy, Vs, Us:
z 7T(931) y z
U] > U] — SUy — U1 —— SU; — U3 ——
m(x1) y~!
SU1 — U3 '—>8 Ug-SUl—U4i—>S Vs — SV — Vs,

z m(x1) y (21 y!
w(z1) y z (1) y~!

Kpowme Toro, amamoruydno ciaydaio 1, Jerko BUJIETb, 9TO yflxyx OUKJITIHO
repecTaBJigeT 00pas3yolme vs, Ug, Uy, & UMEHHO:
m(x1) y m(w1) y!
U3'—>U3'—>U4'—>U6'—>U6HU7'—>U87

m(x1) y m(w1) y!
U8'—>U8'—>U8'—>U7'—>U7'—>U6'—>U4a

m(21) y m(z1) y!
v4»—>v4r—>v3r—>v2|—>v2 — Uy — V3.
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BHaunT, MOLYIIL S; HHBAPUAHTEH OTHOCUTE/ILHO 4§~ Loy, 1 MATPHUIIA CYKeHUA
y~lzyxr na S, B Gasuce vy, vy, Vs, U3, Uy, Ug PABHA

0 0 1000
—s =100 0 0
-1 0 0000
Ay = 2 s 0010
0 0 0001
0 0 0100

Hernocpeicteenno nposepsiercs, uto A2 = Ig, a snaunt (y~'zyr)'? neiicrey-
eT TOXKJeCTBEHHO Ha Sj.
Cuyyaii 6: S5 = (Un11, Unto, Unis) D (Unts, Unid, Unts). VI3 moCTpOEHUS 1
u onpeiesienus T u3 (3) BugHO, 4To MaTpura m(x1) gaeificTByeT Ha (Vp 41, Unta)
KakK
-1 s
0o 1)
m(z1) m(z1) _1 .
TO €CThb Upi1 H—— —Upi1, Upnt2 — SUpt1+ Uppo. Torma y~taxyxr neiicrByer Ha
(Unt1, Unt2, Unys) CIAEIYIONIM 0OPa30M:
m(21) y m(z1) y~!
Un+1 ’_> Un+1 /= —Upt1 /= —Uny3 '—) —Un43 /= —Un4q /= —Unys,

m(z1) y
Un+2 '—> Un4+2 V—— SUn+1 + Un42 V—— SUp43 + Un+1 '—)

7(w1) y !
SUn+3 + Un+1 —— SUn44a — Un41 = SUnys5 — Un+2,

m(21) y m(21) y~!
Un+5 > Un+5 > Un+5 > Un+4 > Un+4 > Un+3 > Up+1-

PaccMoTpuM jajiee eiicTBue y~oyx Ha 0OPasyIOMINe Vp 43, Upid, Unig:
m(z1) y (1) y~!
Un+3 > Un43 ? Unt4 > Un+6 > Unt6 7 Unt7 > Un48,

(1) Y (1) y~
Un+4 '—> Unt4q4 V" Up43 V= Up42 '—> Un+42 '—> SUn41 + Uny2 /> 5Un+2 + Un+3,

m(x1) Y m(z1) y!

Un+8 > Un48 > Un48 > Un47 > Un47 > Un+46 > Un44-
TaxuM 06pa3oM, TTOIMOILYIb S5 HHBAPHAHTEH OTHOCHTEILHO OIlepaTopa y 2y,
I MATPHIIA CYZKEHN 4 YT B BABHCE Upy1, Upt2s Unt5s Unt3s Unid, Ungg HA ITOT
TOJIMOJTYJTh PaBHA

0 0 1000
0 -1 00 s 0

1 s 0000
A=109 0 0010
0O 0 000 1

0 0 0100



Henocpecrsenno nposepsiercs, uto A2 = Ig, a snaunt (y~'zyr)'? neiicrey-
eT TOXKJeCTBEHHO Ha, Sj.

Takum obpas3om, B pesyjabrare U3ydeHus ciydaeB 1—6 Mbl 3HaeM, 9TO
(y~'zyx)'? neiicTByeT TOXKIECTBEHHO Ha BCeX MOJLyIsx, Kpome Sg u Sy. Jlns
3aBePIIEHNs] JJ0Ka3aTeIbCTBa HaM OCTAaJI0Ch PACCMOTPETD JIefiCTBIE orepaTo-
pa Ha TUX IIOJAMOLYIAX.

Caywait 7: Sg u S7. Tak kak m > 8, To 3m — 7 > 14. B wactHOCTH, 2
JIefiCTByeT TOXKIeCTBEHHO Ha

U3m—75 -+ - s Usm+r U Unt3m—7, - - - Unt+3m+r- (6)

[To oT/ebHOCTH PACCMOTPHUM KazK/10€ M3 BO3ZMOXKHBIX 3HAYCHUI IapamMeTrpa
r. Illycts r = 1. Onummewm geiicreue y~ taxyr na Sg:

2 w(z1) y z m(z1) y~!
Va3m—6 V= U3m—6 — U3m—5 —— U3m—-3 —— U3m—-3 /= U3m—-2 —— U3m—1,

4 i z )

Vam—5 V= U3m—5 = U3m—6 V—— U3m—7 —— U3m—7 /= U3m—-7 —— U3m—6,
z Yy z Yy

U3m—3 /= U3m—3 /= U3mpm—2 —— U3m —— U3m —— U3y /— U3m—2,

z i z )
U3m—2 /= U3m—2 V= U3my—3 —— U3m—4 /= U3m—4 —— Usm—4 — U3m-3,

2 w(z1) y z (1) y~!
Usm—1 V= Usm—1 /= U3m+4+1 — U3m+4+1 — U3m+4+1 —— U3m—1 /= U3m,

2 m(x1) y 2 (1) y~?
Usm ¥/ U3m V—— U3m /= Usm—1 — Usm—1 —— U3m+41 —— U3m+1,

z w(z1) y z (1) y~!
Usm+1 V= Usm+1 V—— U3m—1 — U3m—2 —— U3m—2 —— U3m—-3 /—— U3m—5-

CrenoBaTelbHO, MOLYIh Sg MHBAPHAHTEH OTHOCHTEILHO Y ‘xyx, n y lzyx
nefictByer Ha Sg Kak IIepecTaHOBKA

(U3m—37 U3m—2) (U3m—57 U3m—6; U3m—1, Usm, U3m+1)-

OTmeTnM, 9TO M3 TPUBEIEHHBIX BbIllle BbIYUCIeHUH, 13 (3) ¥ TOro, 4To
Ha Sg OIEPATOPHI L1 U Y1 JACHCTBYIOT IIEPECTAHOBOYHO, & Z — TOXKJIECTBEHHO
He TOJIbKO Ha Sg, HO U Ha obpasytomue u3 (6), cieyer, 9T0 S; TaKXKe MHBA-
pPHUAHTEH OTHOCUTEIBHO § 'xyx Uy~ 'xyx neiicTByeT Ha S7 KaK IIepecTaHOBKA

(Un+3m—37 /Un—i-Sm—Z) (Un+3m—57 Un+3m—65 Un+3m—15 Un+3m, Un+3m+1)-

-1 12
Taxum o6pasoM, Tak Kak (Y~ zyx)

Kpome Sg u Sy, TO

TO2KAECTBEHECH Ha BCEX IMOJMOIAYJIAX,

(yflxyl')u = 7T((U3nn4b U3m; Usm—5, Usm—1, ’03m+1))-
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Terteps paccMoTpuM cirydait r = 2 1 ONHUIIEM JIeliCTBUE y‘lxya: Ha Sg:

2 n(z1) y m(21) y~!
Usm—6 —— Usm—6 V— U3sm—5 —— U3sm—3 — U3m—3 /= Usm—2 /—— Usm—1,

2 n(z1) y m(21) y~!
VUsm—5 V= Usmm—5 /= U3m—6 — U3m—71 s UV3m—7 V= Usm—7 V" U3m—6,

p m(x1) y (1) y!
Usm—3 V= Usm—3 V—— Ugm—2 —— Usm - UV3m — U3m+41 = U3m+1,

P m(x1) y m(21) y!
Usm—2 /= Usm—2 V" U3m—3 /—— U3m—4 s U3m—4 V" Usm—a4 V— U3m—3,

7(z1) y m(z1) y~!
U3m—1 s Usm—1 F— U3sm+42 V— U3m+2 s U3m+2 V= Usm—1 V" U3m,

2 m(x1) Y m(x1) y~ !
Vg Y U3m = U3sm+1 " Usm+1 s Usm+1 F— U3m — U3m—2,

m(z1) y m(z1) y~!
U3m+1 s Usm+1 V" U3m = U3m—1 S U3m—1 F— U3m+42 V—— U3m+2,

m(z1) y (1) y~!
V3m+-2 R Usm+2 V" U3m—1 — U3m—2 R U3m—2 V> U3m—3 /—— U3m—5.

Taxum 06paszoM, Sg THBAPUAHTEH OTHOCUTEJILHO § L 2yx, Uy~ 'axyx JeficTByeT
Ha Sg Kak

(U?)m—ﬁa Usm—15 U3m>, Us3m—2, U3m—3, Usm+1, U3m+2, U3m—5)-

AnajormunniM obpasoM, ¥y~ lzyx meiicryer Ha S; Kak

(Un+3m—6> Un+3m—15 Un+3ms Un+3m—25 Un+3m—35 Un+3m+15 Un+3m+2, Un+3m—5)-

CiretoBaTe/ibHO,

(y_ll"?ﬁ)lz = W((Usm—ﬁ, U3m—3) (’U3m—5, U3m—2) (’U3m—1, U3m+1) ('U?)ma U3m+2))-

Haxoner, pacemoTpuM ciaydait r = 3. Ouuinewm geiicTsre oneparopa y~ loyx
Ha SGZ

2 n(z1) y m(21) y~!
Usm—6 —— Usm—6 V— U3sm—5 —— U3sm—3 P Usm—3 /—— Ugm—2 —— U3m—1,

2 n(z1) y m(21) y~!

Usm—5 V= Usmm—5 /= U3m—6 — U3m—71 — U3m—7 V= Usm—7 /—— U3sm—6,
2 n(z1) y m(z1) y~!

Usm—3 V= Usm—3 V—— Ugm—2 —— Usm s U3m —— U3m —— U3m—2,
o m(z1) y (1) y~!

Usm—2 /= Usm—2 V" U3m—3 /—— U3sm—4 s U3m—4 V= Usm—a4 /—— U3m—3,

m(z1) y m(z1) y~!
Vam—1 s VUam—1 ¥ Usm+3 /= U3m+2 C Usm4+2 V= Usm+1 —— Usm+2,

m(x1) Y 2 (1) y~ !
V3m s Usm ¥ U3m V= U3m—1 V= U3m—1 = U3m+3 /" U3sm+1,

m(z1) y m(z1) y!
U3m+1 o Uam4+1 V= Usm+2 — U3m+1 s Usm+1 F— U3m+2 —— U3m+3,

(1) y (z1) y !
V3m+-2 s Uam+4+2 F—— Usm+1 — U3m+3 - U3m+3 F— U3m—1 V" U3m,

m(x1) Yy (1) y~!
V3m+3 s Usm+3 F— U3m—1 — U3m—2 s U3m—2 V> U3m—3 /—— U3m—5.
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Torma Momy/ib Sg MHBAPHAHTEH OTHOCUTEILHO Y ‘zyx, n y ‘zyx jeiicTByer
Ha Sg KaK IepecTaHOBKa

('U3m737 U3m72) (U3m767 V3m—1,; U3m+2; U3m, Usm+1, U3m+3, 03m75)-

AnajormaabIM 06paszoM, S; MHBapHAHTEH OTHOCHTEILHO Y ‘xyx, n y lzyx
JleficTByeT Ha S7 Kak

(Un+3m—37 Un+3m—2) (Un+3m—67 Un+3m—1y Un+3m+2; Un+3m» Un+3m+1; Un+3m+3, Un+3m—5) .

CiieoBaTe bHO,
(v~ " 2yx)" = T((V3m—6, V3m+3: V3ms Vsm—1, Usm—55 Usma+1, Um~+2) )-
Taxum 06pasoM, IIPH KaszkK/JI0M 3HaYeHUN IapaMeTpa I BEPHO, YTO
(y 'zyz)'? € m(AlL(Ay)).
]

Teneps onpegennm A = {U3,-8, Vsm—7, - - -, Usmir y & B 1 3aMeTHM, 9TO

A; CA.
JIemma 3. 7(Alt(A)) C (z,y).

Jokazamenvcmeo. VI3 ieMMbl 2 MbI 3HAa€M, 9ITO
(y tzyz)? = w(a), e a € Alt(A;) C Alt(A).

CreoBaTesibHO, Tak Kak m — roMoMopdusm u y = m(yp ), TO

1 12,4

y (v eyr) Py = w(yayl), 0= 1,2,

Ompegennm
Bi =y oy, e 1 =1,2.

Torma, Tak kak A u B\ A — y;-unBapuanTHble MHOXKecTBa 1 o € Alt(A),
To 3; € Alt(A) mpu i = 1,2. B gacrrocru, rpymma

{(y " wyz) ",y (y tayx) Py, y 2y ayx) Py?)

cosnazaetr ¢ 7({(a, 1, f2)) u comepxurca B 7(Alt(A)). Cregosarensho, mjs
JIOKa3aTeIbCTBA JIEMMBI HAM JIOCTATOYHO [OKA3aTh, ITO

Alt(A) C {a, By, B2) -
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[t 917010 MBI HCCIIEyeM CTPYKTYDPY Ipymibl (v, 31, F2) IpU KazKIOM BO3-
MOY>KHOM 3HAa4YE€HUU I1apaMeTpa 7.
Cayuaii 1: r = 1. I3 jjokazaTe/bcTBa JIEMMbI 2 MbI 3HAEM, UTO

o = (USm—6; U3my U3m—5, U3m—1, U3m+1)7
a 3HAYUT,
B = (USme; U3m—2; U3m—4, Usm, U3m+1)7
B = (U3m—7, U3m—1, U3m—3, Usm—2, Usm+1).

HerpynHo nposeputs, ato (a, 31, f2) — npuMuTHBHAs rpymma crernenn 10 =
|A|, comepzrarmast UK ¢ JJIHHBL 5.
Cayuaii 2: r = 2. I3 jmokazaTebcTBa JeMMbI 2

o = (v3m—6> v3m—3)(v3m—57 U3m—2)(v3m—1, U3m+1)(v3m, U3m+2)7

a 3HAYUT,
B = (USmf& U3m75> (03m74, U3m71) (USm, U3m+1> (03m72, U3m+2)7
B = (U3m—7, Usm—4) (U3m—37 U3m) (USm—Qa U3m+1) (USm—la U3m+2)-

Kpowme Toro,

(04((%51)4(0652)4(5152)4)3 = (U3m787 U3m—3; U3m; U3m—5; U3m—1, U3m—4, 03m77)-

Takum obpasom, (a, 31, F2) — npumuTHBHAs Tpyimna crernenn 11 = |A|; co-
Jiep Kalias MUK JJTAHBL 7.
Cayuaii 3: r = 3. Torma u3 j10Ka3aTe/ILCTBA JIEMMBI 2

o = (v3m767 U3m+3; U3m» Usm—1, U3m—5, U3m+1, U3m+2),
a 3HAYUT,
B = (U3m—8, Usm+1; U3m—2, U3m, U3m—4, U3m+2, U3m+3)7
B2 = ('U3m777 U3m+2; U3m—1, U3m—2; U3m—3, U3m+3, ’U3m+1)-

HerpynHo Bujiers, ato (o, (1, f2) — OpuUMHUTHBHAsA TpyIa cremnenn 12 = |A|,
cojiepzKaliiasgd MUK (¢ JJIMHBL 7.

Corstacuo Teopeme 2Koppana (em. [16, Teopema 13.9]), Besikast npumu-
THUBHas I'PyIIIa IePEeCTaHOBOK CTEIeHNU d, COo/leprKallias UK IIPOCTOM JITHHbI
< d — 3, co/lep:KUT 3HaKoIlepeMeHHyIo Ipymiry crenenn d. CieioBaTesbHO,

Alt(A) C (o, By, Ba)

pu JIIOOOM BO3MOXKHOM 3HAYCHUN T, 9eM U 3aBepliaeM JOKa3aTeJ/JIbCTBO. O
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Cuejtyrornast 4acTb pas/esa Gyjier HOCBSIIEeHa JIOKA3aTeIbCTBY TOT0, YTO
m(Alt(B)) C (z,y). dns ynoberBa u3I0KeHNsT pa3odbeM ero Ha HeCKOJIBKO
JIEMM.

Jlemma 4. ITyemo I' C B w |I'| > 3. Paccmompum nepecmainosky
€ = (c,a1)(aq,a3) € Alt(B),

ede c € B\ T, aay,az,a3 € I' u nonapro pazauunw. Tozda
(&, AlL(T)) = Alt(T' U {c}).

Jloxazamenvcmeo. Ouesnano, uro (£, Alt(T")) C Alt(T" U {c}). IIpoBepum
obparmnoe Briodenue. Tak kak Alt(I' U {c}) nopoxgaercs BceBO3MOKHBIMIE
3-IMKJIaMH, JIOCTATOYHO II0KA3aTh, YTO BCe 3-IMKJBI Buia (c¢,d;,ds), rue
di,ds € T' u pasmuansl, comepxkarest B (€, Alt(T)).

Bamerum, uro (¢, a1,a2) =& - (ay,as, az) € (¢, Alt(T")). Torna n

(c,as,a1) = (c,a1,as)* € (&, Alt(T)).
Ecmu {dy,d>2} N{ay,as} =0, 10
(c,dy,d2) = (d1,a1)(da, a2) - (¢, a1,az) - (d1,a1)(ds, az) € (€, Alt(T)).

Ecnu d & {ay, a3}, 10

(¢, a1,d) (c;a1,a2)(a1,d, az) € (€, Alt(T)),
(c;dyar) = (c,a1,d)” € (€ AlK(T)),
(C a27d) = (Cua? )(a2vdﬂa1) < , Al ( )>>
(c.das) = (0, d)? € (€ Al(T)).

]

JIemma 5. ITyecmv 1 < i <m—3 ul ={vs3i11,...,V3mer} C B. Tozda, ecau
T (Al(T)) C (z,y), mo u m (Alt({vzi—2, v3i-1,v3,} UT)) C (2, y).

/loxazamesvcmeo. PaccMoTpuM 11epecTaHOBKY
Y= (U3i+1>U3m—5)(v3m—3>"03m—2) € Alt(F)-

Torna xm(y)x™t € (z,y), Tak kak m(Alt(T)) C (z,y) 10 YCJIOBUIO JIEMMBI.
Tak Kak 2z = 2! jieficTBYeT TOXKJIECTBEHHO HA

(v; |1 ¢ {11,14,n 4+ 11,n 4 14}),
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-1 1

10 zm(y)z~! = 7(7). B wactnoctn, zw(y)r~! = 7(xyz;t). Tak Kak 10 1m0-
CTPOEHUIO T JEHCTBYET MepecTaHOBOYHO Ha {vs, ..., U, }, TO

£ = xyey = (vsi, Usim—g) (Usm—3, Usm—2)-
[Ipumensiss gemmy 4, mojydaeM, 9TO
(wiyay ', AlE(D)) = Alt(T U {vs}),
U [O3TOMY

m(Alt(T U {wg;})) = 7r(<x1fyxfl,Alt(F)>) = <a:’7r(7):1:"1,7r(Alt(F))> - <x,y(>7)

Terreps paccMOTPUM MEPECTAHOBKY

d = (U3i, V3m—2) (Usm—1, V3m) € Alt(I'U {vs;}).

1 -2

u y?7(0)y 2 nexkar B (x,y), TaK Kak IO JIOKA3aHHOMY

m(8) € m(Al(I' U{vsi})) € (z,9) - (8)

Torma ym(d)y~

Bosee Toro, neTpyaHo BUIETH, YTO

ym ( )Z/ = (ylfsyf ) 7(6)7 rae € = (USi—lavSm)(Uiim—QaU3m—1)>
2 (5) = 7(91591 ) 7T(77)7 rme n = (U3i—27U3m—1)(v3mav3m—2>-

JIBaxK/Ibl IpUMEHSS JieMMy 4, TIOJTy9aeM, 4TO

<€, Alt(F U {’031}» == Alt(F U {Ugi_l, Ugl‘}),
(n, Alt(T' U {wzi—1, v3:}) = Alt(F U {vs;_9, v3i_1, U3 }),

a 3HaunT, ucnoab3ys (7) u (8),

m(Alt(I'U {v3, 2, Ugi_1, Ugl})> =7({e,n, Alt(T' U {vs;}))) =
= (yr(8)y ", y*m(8)y 2, m(Al(T U {vsi}))) C (2,y) .

JIemma 6. 7(Alt(B)) C (z, ).

Jloxazamenvemeo. Cremyer n3 yTBepKJICHUH JIEMMbBI 3 U JIEMMBI 5. O
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4 Jloka3aTeJibCTBO OCHOBHOII TeOpeMbl

IIycts s € R*. IIpeanonoxkum Terepb, 9To R aIMTUBHO TOPOZKIAETCH MHO-
skecTBOM (2). B onpenenennn z (cMm. Takxke (4)) mooxmm:

p=s54¢=s

[Ipu 3TOM MaTpHIA Cy’KeHUs Zz Ha TOAMOYIb (V11 V14, Uni11, Uni14) B R
paBHa

As = R (9)

ITo anasornm ¢ e; j (cM. §1) gepes €; ; Gymem 0603HAMATH MATPHUILY pa3Mepa
n X M, y KOTOpOii 1 HAXOIUTCA B i-if CTPOKE M j-M CTOJIOINE, a BCE OCTAILHBIC
ssementsl paBHbl 0. Tasee Oygem 00603HAYATH 3JIeMEHTAPHbBIE TPAHCBEKIUU
B GL,(R) gepes t; j(a), To ecTh

ti,j(a) = In + Cléiﬂ', riae 1 S 1 #] S n,a < R,

a gepe3s w;j, 1 < i # j < n, — obpa3 tpancunosunuu (i,j) B Sym(B), To
€CThb MATPHUILY COOTBETCTBYIOILYIO IIEPECTAHOBKE OA3UCHBIX 3JIEMEHTOB U; U
vj. Kpome Toro, ompemenm nuaroHaIbHbe MaTPUIILL

di(a) =1I,+ (a—1)¢;;, tne 1 <i<nmunaécR".

Honommurensrno oupegemnm h; ; € GL,(R), 1 < i # j < n, caeayomum
obpaszoM: h; j JefiCTByeT TOXKIEeCTBEHHO Ha Bcex vg, k € {1,...,n} \ {4, j}, a
Ha IIoAMOyIe (v;,v;) AefCTBYyeT KaK OlepaTop, 3aaHHBIH MaTpHUIel

-1 0
W (1)

Tak Kak A% = Iy, 10 h;; — unBosmonud. Bosee Toro, uz onpejesneHus T
CJIeJyeT, 9To 1 U hy o JEHCTBYIOT OAMHAKOBO Ha (U1, Va).

Haxonen, oupenenum z; ; € GLo,(R), 1 < i # j < n, cienyionmm obpa-
30M: 2, j JIEWCTBYET TOXKJIECTBEHHO Ha BceX vy, k & {i,j,n +i,n + j}, a Ha
HOJMOZYJIE (V;, Uj, Unti, Untj) ACHCTBYET KaK OIEPATOD, 3aJaHHbli MaTpuieit
As, onpenenennoii B (9). Jlerko Bumers, 94T0 2; j — HHBOJIOIHS U OLIPEIe/IeH-
HBIT ocpeicTBoM (4) omepatop 2 Ipu p = 8, ¢ = S~ ' COBHAIAET C 211 14.

Jlemma 7. Onpedesum x u y coanacno (3)—(5) npup = s, ¢ = s~'. Tozda
x,y € ESpy,(R).
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Jlokasameavcmeo. B cumy onpenenenust m (eM. (3)) Mbl 3HaeM, 9To 7(21)
y = m(y1) comepxkarcs B Spy, (R). B ciyuae R = Z umeem y € Sp,,,(Z). Tax
Kak Sp,,(Z) = ESp,,(Z) cornacuo [4, 5.3.1], To y € ESp,,,(Z), To ectb 312
MaTpHUIla PacKJIaIbIBaeTCsl B IIPOU3BEJICHNE 3JIeMEHTApHbIX 00pasyonmx (1)
rpyunbt ESp,,(Z). dnsa npoussosibHoro xoiibiia R, Tak Kak y cocrout u3 0
u 1, IpUMEHNM K 9TOMY passiozkenuio romomopdusm ESp,,, (Z) — ESp,, (R),
WH/IYyIIUPOBAHHBIN €CTeCTBEHHBIM KOJIbIIEBBIM roMoMopdusMom 7 — R, jid
koroporo 1z — 1g, u noayunm, aro y € ESp,, (R).

Tak kax B3 (—s) € ESpy,(R) u m(21) € Spy,(R), 10 m(w1)ES)(—s) €
Sps, (R). Kpome Toro, W(IﬂEé?(—S) cocrout u3 0, 1 u —1. Torga, paccyx-
Jast aHAJIOTMIHBIM 00Pa30M, HMOJIydaeM, UTO 7T(:L“1)E§1)<—S) € ESp,y,(R), a
saaqnT m(zr1) € ESp,, (R).

Takum obpazoMm, JjId JIOKA3aTe/ILCTBA YTBEPXKICHUS JIEMMBbI JIJI & HAM
OCTAJIOCh MOKA3aTh, 9TO 2z = 211,14 € ESp,, (R), ITO ClIeayeT U3 ciie/yIomero
paBeHcTBa:

sy = (B (“DEZ P - EY ES () B (-5 ED (-DE] (). (10)

]

s mokazaTebecTBa TeOpeMbl 1 HAM OCTAJIOCh MPOBEPUTDH CIIPAaBE/I/IN-
BOCTb 0OPATHOI'O BKJIFOUEHMSI.

Teopema 2. Onpedeaum x uy coenacro (3)—(5) npup =s, ¢ =s'. Tozda
ESp,,(R) € (z,y).

Jlokasameavcmso. ocraTodHo mokasaTh, 9To (,y) COAEPKUT Bce 00pasy-
formue (1) rpynmst ESp,,(R). Mbt Gyzem mocsie1oBaTeIbHO CTPOUTD SJICMEH-
Tl U3 (x,y). B gacTHOCTH, HUZKE BCe MATPHIBI ¢; OY/YT 10 IMOCTPOCHUIO U3
(x,y). BHauaje Mbl JOKayKeM, 4TO BCEBO3MOXKHBIE MATPUILI BUJA EZ(‘? (a),
rjae a € R, npunajexar (x,y).

HamomunwM, uro 7(Alt(B)) C (z,y) mo gemme 6. Tamee mbl 6yaem mocto-
SIHHO 110JIb30BAThCA 3TUM (DAKTOM, HE OrOBapHBasi €ro CleruaibHo. V13 omnpe-
JleJIeHus 1 U hy o CIeayer, 910 T1hyo = xlhl’é € Sym(B). 3HaunT, MOKHO
BLIOpATh TaKylo mepectanoBky o € Alt(B), uro axy = wjhiy = hipws,,
rae 77 =0 wm 1 B 3aBUCHMOCTH OT Y€THOCTH [IEPECTAHOBKU T'1hq 5. SHAUWT,

m(hig)m(wy ) 21104 = m(ar)z = w(a)r € (2,y).

Torma, conpsiras w(«)x npu momoru m(/[3), Tjae [ — IMOAXOJAINas IepecTa-
HoBKa n3 Alt(B), momaydaem, 4To

W(hihjl)ﬂ(wg’jz)zig’js € (x,y) s BCex (11)
ronapHo pazindubiX 1 < i1, 1,49, Jo, 43, J3 < M.
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1
Ormernm, aro comnozkuresn w(hy, j,), T(wy, ;,) 1 zi j; 13 (11) KommyTupyior

JIPYT C JAPYTOM, €CJIM BCE MHJIEKCHI IOIAPHO PasaudHbl. Mbl OyjeM HeoqHOo-
KPaTHO UCIOJIL30BATh 3TOT (DaKT Jlajiee, He OroBapuBas ero CleluabHoO.

Hasee GyieM UCIIOIB30BATH CJIELYIOIIEe COIIAIEHUS [T 3alCH KOMMY-
taropos: [U, V] = U 'VIUV. Paccmorpum MaTpuity, Jexkamiyio B (x,y) B
cuy (11):

g1 = [w(heo)m(wi 1) 22,3, T(ho3)m(w( 1) za5] = [z2,3, W(ha3)] = (2237 (ha3))*.

IToctentiee paBeHcTBO BepHO B cuity TOro, 9To m(h; ;) U z;; — HIBOJIONUH.
U3 onpenenenuit zo3 u hys ciemyer, 9To g; JefiCTByeT TOXKIECTBEHHO Ha
(v; |7 # 2,3,n+2,n+ 3), a MaTpuria CyKeHusl ¢; Ha MOAMOIYIb M; =
<U27 V3, Un4-2, Un+3> €CThb

0 0 0 st -1 0 0 O -1 0 0 0

st 0 —s7t o0 s 1 0 0 _ o -1 0 O
-s 0 s 0 0 -1 s N o 0 -1 0

s 0 0 0 0 0 0 1 o 0 0 -1

To ectb m(da(—1)d3(—1)) = g1 € (x,y). Bomee Toro, conpsirast g, upu momMo-
mu (), e f — noaxoxsias nepectanoBka u3 Alt(B), HeTPyIHO BUIETD,
4TO

m(di(—1)d;(—1)) € (z,y) ansa Beex 1 <i# j <n. (12)
Tax xkak d;(—1)h; ;(s) = t; j(s), TO mEpeMHOXKAas TOAXO/AIINE MATPUIILI BUIA

(11) u (12), momy4aaem, 9T0

Tr(dj (_1))7T(ti1,j1(3))7T(w?2,j2)zz‘3,j3 € <x,y>, rae (13)
1 <41, 71,19, J2,%3, J3, J4a < M, W BCE WHJIEKCHI ITOMTAPHO PA3INIHBI.

Terepb MOCTPOMM CJIEYIONIIE MATPHUIBI, cojepzKaruecst B (T,y) B Ch-
ay (11):

7)24,5] = [23,2,7T(h1,2)] = (23,27T(h1,2))27

)zas) = [223,m(h12)] = (z23m(h12))?.

g2 = [m(hgg)m(wg ;)232, T(h12)m(W

g3 = [m(hso)m(wg,)za3, m(hi2)m(w

)

N3 O3

)

B 3ak/1104uTEeIbHBIX PABEHCTBAX Mbl BHOBD HIOJIb3YeMCH TeM, 9TO 2; ;j U ’/T(hid')
— naBOJIOIKA. OTMETHUM, 9TO g U 3 AEHCTBYIOT TOXKJIECTBEHHO HA

(vi |1 ¢ {1,2,3,n+1,n+2,n+3}),
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a ux cyxenus Ha My = (U1, V2,03, Uni1, Unt2, Unts) 380AI0TCS MATPUIIAMU
(A7A9)? u (AgAg)?, te Az, Ag, Ag — maTpuisl cyxkenus nHa My, cooTBer-
CTBEHHO, 239, 223 U m(h12), TO eCTb

1 0 0 0 0 0
0 0 st 0 0 —st
0 0 0 0 st 0
A7 = 00 0 1 0 0 ’
00 s 0 0 0
0 —s 0 0 st 0
1 0 0 0 0 0
0 0 0 0 0 st
0 st 0 0 —st 0
s = 0 0 0 1 0 0 '
0 —s 0 0 st
0 s 0 0 0 0
100 0 00
s 10 0 00
0 01 0 00
4y = 0 00 —1 s 0
0 00 0 10
0 00 0 01

HpI/I IIOMOIITU HECJIOZKHBIX MaTPHUYIHBIX BBIYHCJIEHUI IpoBepdeTcsd, 9TO

2 2
g2 = lop +s€21 — S€pyint2 +5%€ny31 + S €nt13,

2 2
g3 = o+ S€21 — Sepyint2 — €31+ €niints — S €ni31 — S €nt13,
a 3HAYWT, B (X, Y) COMEPKUTCS U
= = Iy, +2 -2 —e31+ + 52
g4 = g3g2 2n S€21 S€n+in+2 — €31 T Entlnt3 TS Entl,l-

Ucnonssyst Tor dakt, aro B (,y) comep:karcs Marpuibl Buga (11), mo-
JaygaeM, 9To (x,y) UPUHAJIEKAT 1
-1 _
g5 = (m(hso)m(wg;)zs2) ga (w(hso)m(wi7)zs2) = 23204755
= Iy, + 571(6n+1,n+2 —e21) + 52€n+1,1 — S(ent21 + €nt1,2)
—25%(ent31 + €nt13)-
Bropoe paBeHCTBO cireiyer u3 Toro, 94to g4 Kommyrtupyer ¢ w(h; ;) n w(w; ;)

pu %, j > 3.
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Hanee, u3 Toro, uro B (z,y) cojep:karcs marpulisl Buga (13) u gs, cire-
ayer, 9ro (x,y) TPUHAJJIEXKAT U CJIEYIOIIAe MATPUIIBL:

g6 = [g5m(ds(=1))7(to1(s))7(wg7)2a5] = g5, m(t21(5))],
g1 = g5, m(ds(=1))7(t32(s))m(wg ) 245] = [g5, 7(t32(5))]-
[Tocneinue paBeHCTBa B KazKJI0M CTPOKE BEPHBI B CUJTY TOT'O, 9TO 5 JIEUCTBYET

tokaectBento Ha (v; | @ ¢ {1,2,3,n + 1,n + 2,n + 3}). Hemocpeacrsento
[IPOBEPSETCs, UTO

2 (2) 2
g6 = -[2n —2s €nt1,1 = El’l(_zs )7

2 3
gr = Iop+es1 — entints +45"eni11 — 257 (€nya1 + €nt12)-

Comnpsirast gg npu omorm 7([3), e [ — HOAXOJAIAsl IepecTaHOBKa, 3
Alt(B), moaygaem, 9To

EZ.(E)(—QSQ) € (z,y), aua seex 1 <i < n. (14)

Takum 06pa3oM, u3 Toro, 9To (x,y) cojepKut Marpuibl Buja (13) u (14),
CJIeJLyeT, 9ITO

upunaiexkar (z,y). Hecioxuo npoBeputs, 910

g8 = Ipy — 25" - €n+1,1 — 2s% - <€n+2,1 + en+1,2)7
go = 7(ts1(s%) = B5(s%).
Kpowme Toro, B (x,y) colepKuUTCsS MaTpUIA
gio = 9o [93,m(ds(—1))m(t32(8))m(we 7)za5] = go - [g3, T(t32(5))]
= I, — 234€n+1,1 — 33(6n+2,1 + ent12)-

Bropoe pasencTio ceyer u3 Toro, uto gz Kommytupyet ¢ m(dg(—1)), w(wg 7)
n 245.

HaxkoHerr, ucrosib3yst MoJIyYeHHble BBIIIEe MATPHUILL U3 (X, YY), Mbl MOKEM
HOCTPOUTH MATPUILY

_ 3
g1 = g702(g1095 1)? = ES(1).

)
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Conpsirast gy7 npu nomornu 7(f3), rae [ — MOAXOSAIINAE IEPECTAHOBKU 13
Alt(B), nomywaem, 9To

E& (1) =n(ti (1) € (2,y), aspcex 1 <i#j<n. (15)

Tak kak B rpymme (z,y) coJep:KaTcs BCeBO3MOXKHbIe MaTpuilbl Buja (13) u
(15), To B (x,y) comepKuTCS

[7(t3,2(1)), 7(ds(— 1) (t21 ()7 (W 1) 2a5] = [m(ts2(1)), 7(t21(5))] =
= 1([ts2(1), t21(5)]) = m(ts1(s)) = ES)(s).
3)

Conpsiras E§71 (s) mpu momormu 7(5) A noaxogamux 3 € Alt(B), nmomyda-
eM, 9TO

EZ(:;)(S) =7(t;;(s)) € (x,y), mmsBeex 1 <i# j <n. (16)
ITosoxxum
g2 = [957 E(g)(l)]
= Dn+s ez — s teniinis +4seni11 — 25%(€nio + €nii12),
g3 = 195, BS](1)] = Ton — 25€n11 = E{7(=25).

Tak Kax E§32( 1), By ES(1) € (z,y) (em. (15)) 1 g5 € (z,y), To 1 g12, g13 € (2, 1).

Comnpsaras g3 = E£2)(2s) upu nomornu 7(/3) s noxxoxamux [ € Alt(B),

oJTy9aeM, 9TO

)

Eﬁ)(2s) € (x,y) misa seex 1 < i < n. (17)
Kpowme Toro, ucronssys (16), moaydaeMm, 9to (x,y) COIEPKUT
3 - 3 2
g2 (B31(9) 7 = g2 By (=) = Don + 5™ (ensrs + enyan) = Ei3 (%),

Comnpstras E{ :.2( %) npu nomoru 7(3) aya nopxongamux 4 € Alt(B), nomy4a-
eM, 9To
E®(s?) € (z,y) nnaseex 1 <i#j<n. (18)

z?]

OrmernMm, 9TO
91203 (B57 (5%))? = Lo + 5 sy — s enins = B3 (s7),

3),
a 3HAJWT, E?() )(s71) € (z,y). Kak n Bblle, conpsras mpu HOMOIIH HOXO/1s-
mux 7(03), 3aKaIr09aeM, 9To

E(3)(s Y =7t ;(s7h) € (z,y) musseex 1 <i#j < n. (19)

4,7
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HaroMHIM XOpPOIIO M3BECTHOE KOMMYTATOPHOE TOXKJIECTBO JIJIsl 9JICMEH-
TapHBIX TpaHcBeknuil: [¢; ;(u),t;,(v)] = t;x(uv) M Bcex momapHO pasIHd-
HBIX HHJEKCOB i, j u k. Vcmosnb3ys ero Bmecte ¢ (16) u (19), sakmodaem,
qTo

Ef?;)(sk) = W(ti,j(sk)) €(r,y) mascex 1 <i#j<nukéelZ.

Kpowme Toro, (E’i(f);)(sl‘z))_1 = EZ-(E)(—Sk), EZ(? (u)EZ(:j) (v) = EZ(? (u+v). Tak Kax
110 [PEJIIOJIOKEHHIO TeOPeMbl R a/UIUTUBHO MOPOZKIACTC MHOKECTBOM (2),
TO

El.(’?;)(a) € (x,y) muaBeex 1 <i# j <nusbcex a€ R. (20)
ajiee TIOKaKeM, ITO BCEBO3MOXKHBIE MaTpullel .7 (a), tme 1 < 4,7 < n,
EZ(E) 1<i,j <
a € R, Takxke cojepxarcs B (x,y). 3aMeTuM, 9To

GES (1) ES) (=25) = Ly + s2eny11 = B)(52).

Orcroga u u3 (20) cremyer, 9T0 E§21)(s2) € (z,y). Conpsras Eﬁ)(sQ) pu

nomornu 7(3) ms noaxoxgamux 3 € Alt(B), moaydaem, 910

E(Q)(SQ) € (x,y) mug Beex 1 <7 < n. (21)

Kpowme Toro, HECJI0:KHO ITPOBEPUTDH, YTO

EF(WES) (s — 1) EP)(—s ) EY (s — 82) = m(dy(s)da(s7Y)) € (x,y).

)

Orciona u u3 (20) creyer, uro m(dy(s*)da(s7%)) € (x,y), k € Z. Buosb
compsirast IPU HOMOIIH ToAXoasnwmx 7(3), moaydaem, 9o

m(di(s¥)d;(s7%)) € (x,y) nnameex 1 <i#j<nukécZ (22)
[Ipu MOMOIIN HECJIOZKHBIX MATPUIHBIX BBIMUCIEHUI TTPOBEPSIETCS, UTO

B (as™) = wl(di(s")d(s ™) ED (@)m(dils™)d; (s1)),

1,1

B (as™) = wldi(s)de(s™))ES (@)m(dils™)de(s")),

Z7j

riae 1 < 4,5,¢ < n u nonapuo paziudsel, a € R, k € Z. Torma, ucnoyib3ys
5TH cooTHoOmIeHus1, BMecTe ¢ (17), (18), (21) u (22), nosydaem, 9To B TpyIIIe
(x,y) comeprKaTCcst BCEBO3MOXKHBIE MATPHITHI BHJIA Ei(j)(sk), el <i#j<n
ukez, Eﬁ)(s%) u Ef?(?szk*l), rne 1 <i¢<nuk € Z, aTakke obpaTHble
K HUM Ei(?(—sk), Ei(?(—s%) u Ei(?(—Qszk*l). YunreiBag, 9To R aJuTuBHO

IIOPO2KIa€TCA MHO2KECTBOM (2), MbI IIOJIy49a€eM, 9TO

EZ.(E.)((I) € (r,y), msmBecex a € Ru1l<14,j <n. (23)
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1
Ocrasoch IpoBEPUTD, 9TO BCEBO3MOXKHBIE MATPUIIBI Ei(jj)(a), rie a € R,
upunaiexkar (z,y). [lomoxum

di6 = W(hs,g)ﬂ(wg:)zz?r

SaMeTI/IM, 4TO CIIpaBeJIUBBI CJIEAYIONIEe MaTPpUIHbIE paBEHCTBA, IIe a € R:

gisE(as)grs = 2B (as)zh = BV (a),
(

2 7
2 _ _ 1
916E§,2)(_a32)9161 = Z3Lb, 2)( 2>Z2,§ Eé:s)(a)

7 )

3 2
Bocmnonbsyemes e, 910 gig, EB(as), Eéﬁz)(—aSQ) JIeKaT B (X, Y) COIIACHO

(11), (20), (23). Buauur u E(l)( ), Eé}g(a) € (x,y). Compsiras 9T MaTPHIIBI
upu omoru 7(3) jus nmogxonsnmx 5 € Alt(B), moaydaeMm, 9ro Ei(;.)(a) €
(x,y), tne 1 <i,j <nwuaé€ R 1o 3aBepIiaer 10Ka3aTEIbCTBO. ]

,HOK&S&TGJII)CTBO TEeOPEMbDI 1 cjeayeT nu3 JIEMMbI 7u TeoOpEMbI 2.

5 3akJIloueHue

B 3aKJIIOYEeHHNEe, He IIPUBO/IA HO,ILpO6HI>IX JOKa3aTe/JIbCTB, OTMETUM, 9YTO TaK>Ke
CIIpaBEJIJINBBI CJICAYIOIHE TEOPEMDI.

Teopema 3. I[lycmv R — xommymamusenoe xoavuo ¢ 1 u s € R*. Jonoanu-
meavHo npednonoscum, wmo R addumuserno nopootcdaemes MHOMCECTNGOM

{26 |keZ}u{s® " | keZ}.
Tozda npu n > 25 epynna ESp,,, (R) asasemca (2, 3)-nopootcdennot.

JlokazaTebCTBO TeopeMbl 3 B IIeJI0M IIOBTOPSIET J0Ka3aTe/IbCTBO TEope-
MBI 1, 33 HCKJTIOYEHNEM TOTO, YTO B OIIPEJETIEHNN 2 1 2; j CJIE/LyeT B34Th P = S
u ¢ = s 2. Ilpu stom pasencrso (10) B JoKazaTeIbCTBE aHAJIOTA JIEMMBI T
3aMEHeTCs Ha, CJIELYIOIIee:

_ (1) 1\ (2) (1) —1\ (2) 213
Rij = (Em (s )Ez,z (S)Ezz (—s )Ezz (2s)) Ej,j (s7)
2.1\ (2 (1) —1\ (2)
X Eii (s ) By (s)Eij (=s7 ) By j (s).
Teopema 4. I[Iycmv R — xommymamueroe xoavuo ¢ 1 u s € R*. Jlonoanu-
meavHo npednonoscum, umo R addumusroe noposcdaemces MHOHCECTNEOM
{s¥ | k € Z}. Tozda npu n > 37 epynna ESp,,(R) (2,3)-nopooscdena.
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B kauecTBe obpa3syroleii x JiJid JJ0Ka3aTeIbCTBA 9TOI0 YTBEPKICHMIST MOXK-

HO B34Th

m(21)211,14(5, 5~ ) 23.26(8, 572,
e r; € GL,(R) — marpuna u3 JoKasaTejJbCTBa TeopeMbl 1, a omepa-
Ttop %j(p,q) € GLg,(R) oupenesen ciemyionmm obpasoM: z;;(p,q) Jeit-
CTBYET TOXKJIECTBEHHO Ha BceX vk, k &€ {i,7,n + i,n + j}, a Ha mommosyste
(Viy U, Uni, Ungj) B R?™ neficTByer Kak omneparop, 3ajlaHHBI Marpuneit Aj,
riae A; ompejeniena B (4).

Kpome Toro, nokazarembcrBa TeopeM 1, 3 m 4 MpaKTUYECKH JIOCIOBHO
HEPEHOCATCA Ha CJIydail 9JIeMEHTapHBIX MUIEePOOIMIECKIX YHUTAPHBIX TPYIII
Ha1 KosblioM Z[s, s7!]. B dopmyuposke ciieytomnieii TeopeMbl Mbl UCIIOTb-
3yeM obosHatenus u3 [4, rmasa 5.

Teopema 5. [Tycmv R = Z[s, s |. Paccmompum 6 (R, +) dse nodepynnvi

A = ([ kez)ulas ! [ kez)),
Ay = ({25 | kezZ} U {s* | kez)).

Tozda npu n > 25 epynno. EUs, (R, Aq,idg, —1) u EUy, (R, Ag,idg, —1) s6-
asaromes (2, 3)—nopootcdennvimu, a npun > 37 epynna EUy, (R, R,idg, —1) =
ESp,, (R) asasemcs (2, 3)-nopootcdernotl.
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