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ABSTRACT:We 
onsider linear problems arising in linearization of a free boundary problem in magnetohy-drodynami
s. Linear problem for velo
ity ve
tor �eld has a slightly di�erent form as usual as a
onsequen
e of the non-zero velo
ity of motion of the bary
enter. Weighted estimates with the weighteat, a > 0 for solutions of these problems in Sobolev norms are proved. On this base we intendto prove the global solvability for the free boundary problem in magnetohydrodynami
s under theassumptions that the initial data are small and the initial position of the free boundary is 
lose to thesphere. Here we formulate the theorem for the nonlinear problem, the paper with the detailed proofis in preparation.
Key words: magnetohydrodynami
s, linear problem, weighted estimates, Sobolev norms,free boundaryPartially supported by the grant: òææé 11-01-00825-a.
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1 Introdu
tionWe 
onsider the free boundary problem governing the motion of a �nite isolated mass of avis
ous in
ompressible ele
tri
ally 
ondu
ting 
apillary liquid. It is assumed that the liq-uid is 
ontained in a bounded variable domain 
1t whose boundary 
onsists of two disjoint
omponents: the free boundary �t and a �xed surfa
e � that ia also a boundary of a �xeddomain D. The domain �D ∪ 
1t is surrounded by a bounded va
uum region 
2t; we set
 = 
1t ∪�t ∪
2t; 
 is bounded by � and the exterior surfa
e S. It is assumed that both Sand � are perfe
t 
ondu
tors, �t∩S = ∅, �t∩� = ∅ . The problem 
onsists of determinationof 
it together with the fun
tions v(x; t), p(x; t) de�ned for x ∈ 
1t andH(x; t), x ∈ 
1t∪
2tand satisfying the following system of equations, initial and boundary 
onditions:vt + (v · ∇)v −∇ · T (v; p)−∇ · TM (H) = 0; ∇ · v(x; t) = 0; x ∈ 
1t;�1H t + �−1rotrotH − �1rot(v ×H) = 0; ∇ ·H(x; t) = 0; x ∈ 
1t; t > 0;rotH = 0; ∇ ·H(x; t) = 0; x ∈ 
2t;v(x; t) = 0; x ∈ �;T (v; p) + [TM (H)℄)n = �nH; V n = v · n; x ∈ �t;[�H · n℄ = 0; [H� ℄ = 0; x ∈ �t;H(x; t) · n(x) = 0; x ∈ S;H(x; t) · n(x) = 0; rot�H = 0; x ∈ �;v(x; 0) = v0(x); x ∈ 
10; H(x; 0) =H0(x); x ∈ 
10 ∪ 
20:
(1.1)

We have used the following notation:�; �; � are positive 
onstants (the kinemati
 vis
osity, 
ondu
tivity, 
oeÆ
ient of the sur-fa
e tension),
H is the doubled mean 
urvature of �t,T (v; p) = −pI + �S(v) is the stress tensor,S(v) = ∇v + (∇v)T = ( �vi�xj + �vj�xi )i;j=1;2;3 is the doubled rate-of-strain tensor,V n is the velo
ity of evolution of the surfa
e �t in the dire
tion of the exterior normal nto �t,� is a pie
ewise 
onstant fun
tion (equals to �i > 0 in 
it) - magneti
 permeability,TM (H) = �(H ⊗H − 12I|H |2) is the magneti
 stress tensor.
10 is a given initial 
on�guration of the liquid,�
10 = � ∪ �0,[u℄ = u(1) − u(2) - jump of u(x) on �t, u(i) = u|x∈
it .Similar problem but without a rigid domain D is studied in the paper [1℄. It is provedthat for arbitrary 
10 ⊂ 
 and arbitrary initial data v0(x), H0(x) given in 
10 and 
10 ∪
20, respe
tively, and satisfying natural 
ompatibility 
onditions, this problem has a uniquesolution de�ned on a 
ertain (small) time interval.Our goal is to show that the problem (1.1) is uniquely solvable in an in�nite time intervalt > 0, under the additional assumptions that the initial data are small and the surfa
e �0 is
lose to a sphere. We also intend to prove that the velo
ity, pressure and the magneti
 �eldtend to zero exponentially and �t tends to a sphere when t → ∞:Now we make some auxiliary 
onstru
tions. Let 
t = 
1t ∪ �D and let |
t| = |
0| =43�R30: When we imagine that D is also �lled with the liquid of the same density 1, then the3



bary
enter of 
t is lo
ated at the point�(t) = 1
|
0| ∫
t xdx:We assume that �(0) = 0: The velo
ity of the motion of the bary
enter is�′(t) = 1

|
0| ddt ∫
t xdx = 1
|
0| ∫
1t v(x; t)dx;if v(x; t) = 0 for x ∈ D:Let �0 = {x = y +N (y)�0(y); y ∈ SR0 ; }and �t = {x = y +N (y)�(y; t) + �(t); y ∈ SR0 ; }where N (y) = y

|y| is the exterior normal to SR0 = {|y| = R0}: In order to write the problem(1.1) in the �xed domain we 
onstru
t the mapping of 
 = 
1t∪�t∪
2t on 
 = F1∪SR0∪F2;where F1 is the domain bounded by � and SR0 and F2 = 
 \ F1; �F2 = S ∪ SR0 :We take a smooth 
ut-o� fun
tion �(y) equal to 1, when y belongs to the layer R0− d0 ≤
|y| ≤ R0 + d0 (we assume that this layer is 
ontained in 
), and we extend N (y) and �(y; t)from SR0 into 
, as in [1℄, in parti
ular, we assume that the extension �∗(y; t) = 0 near Sand �. In our problem it is possible to set N∗ = y

|y| . Now we de�ne the mappingx = y +N ∗(y)�∗(y; t) + �(y)�(t) ≡ e�;�; y ∈ 
: (1.2)When � and �(t) are suÆ
iently small (whi
h is 
ertainly the 
ase for t ≤ t0), then (1.2)establishes one-to-one 
orresponden
e between Fi and 
it, i = 1; 2: We denote by L(y; �∗; �)the Ja
obi matrix of the transformation (1.2) and we set L = detL, L̂ = LL−1: We note that�t(y; t) = nr(v · n− �′t(t) · n)|x=e�;� ;where nr is the radial 
omponent of the normal to �t, i.e., nr = R(y;t)√R2+(∇!R)2 ; R = R0 + �;
∇! being the gradient on the unit sphere |y| = 1, i.e., the gradient with respe
t to the angularvariables.As in [1℄, the transformation (1.2) 
onverts (1.1) in a nonlinear problem in the �xeddomain 
 = F1 ∪ SR0 ∪ F2;. We separate linear and nonlinear parts in this problem, then it

4




an be written in the following form:ut(y; t)− �∇2u+∇q = l1(u; q;h; �);
∇ · u = l2(u; �); y ∈ F1; t > 0;�0S(u)N = l3(u; �);
− q + �N · S(u)N (y) + �B0� = l4(u;h; �) + l5(�);�t − u ·N (y) + 1

|
0| ∫

F1 udy ·N (y) = l6(u; �); y ∈ SR0 ;�1ht + �−1rotroth = l7(h;u; �);
∇ · h = 0; y ∈ F1;roth = rotl8(h; �); ∇ · h = 0; y ∈ F2;[�h ·N ℄ = 0; [h� ℄ = l9(h; �); y ∈ SR0 ;h(y; t) · n(y) = 0; y ∈ S ∪ �; rot�h = 0; y ∈ �;u(y; 0) = u0(y); y ∈ F1; h(y; 0) = h0(y); y ∈ F1 ∪ F2;�(y; 0) = �0(y); y ∈ SR0 ;

(1.3)
where u(y; t) = v ◦ e�;�, q(y; t) = p ◦ e�;�, h(y; t) = L̂(y; �∗; �)(H ◦ e�;�); lj are the nonlinearterms. �f = f − n(n · f); �0g = g −N(g ·N );B0� = − 1R20 (�S1�+ 2�); (1.4)where �S1 is the Lapla
ean on the unit sphere S1. The expression �B0� is the �rst variationof �(H(x) + 2R0 ) with respe
t to �, and l5(�) is a nonlinear remainder. The 
onditions
|
0| = 43�R30 and ∫
10 xidx = 0 imply

∫S1((R0 + �0)3 −R30)dS = 0; ∫S1 yi((R0 + �0)4 −R40)dS = 0; i = 1; 2; 3;i.e.,
∫S1 �0(y)dS = − 1R0 ∫S1 �2(y)dS − 13R20 ∫S1 �3(y)dS;∫S1 yi�0(y)dS = − 1R0 ∫S1 yi�2(y)dS − 32R20 ∫S1 yi�3(y)dS − 14R30 ∫S1 yi�4(y)dS: (1.5)
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2 Linear problemsOmitting the nonlinear terms in (1.3), we arrive at a linear problem, whi
h is separated intwo independent parts. At �rst, we 
onsider the 
orresponding non-homogeneous problemsvt − �∇2v +∇p = f(y; t); ∇ · v = f(y; t) = ∇ · F (y; t); y ∈ F1;�0S(v)N = �0d(y; t);
− p+ �N · S(v)N + �B0� = d ·N ;�t − (v − |
0|−1 ∫

F1 v(y; t)dy) ·N = g(y; t); y ∈ SR0 ;v(y; t) = 0; y ∈ �;v(y; 0) = v0(y); y ∈ F1; �(x; 0) = �0(y); y ∈ SR0 ; (2.1)
and �1H t + �−1rotrotH =G(y; t); ∇ ·H = 0; x ∈ F1;rotH = j(y; t); ∇ ·H = 0; x ∈ F2;[�H ·N ℄ = 0; [H� ℄ = a(y; t); y ∈ SR0 ;H · n = 0; y ∈ S ∪ �; rot�H = 0; y ∈ �;H(y; 0) =H0(y); y ∈ F1 ∪ F2: (2.2)The main result of the present paper is the weighted estimates in the norms of Sobolev-Slobodetskii spa
es. Let us remind the de�nition of these norms. Let 
 ∈ R

n, the norm inthe Sobolev spa
e W l2(
) for non-integer l is de�ned by the formula
‖ u ‖2W l2(
)=‖ u ‖2W [l℄2 (
) + ∑

|�|=[l℄∫
 ∫
 ∣∣D�u(x)−D�u(y)∣∣2 dxdy
|x− y|n+2(l−[l℄) ;where

‖ u ‖2W [l℄2 (
)= ∑0≤|�|≤[l℄∫
 ∣∣D�u(x)∣∣2dxis the norm in the spa
e W [l℄2 . The anisotropi
 Sobolev-Slobodetskii spa
e W l;l=22 (QT ) inthe 
ylindri
al domain QT = 
 × (0; T ) 
an be de�ned as the spa
e L2((0; T );W l2(
)) ∩W l=22 ((0; T ); L2(
)) with the following norm
‖ u ‖2W l;l=22 (QT )= T∫0 ‖ u(·; t) ‖2W l2(
) dt+ ∫
 ‖ u(x; ·) ‖2W l=22 (0;T ) dx:There exists many other equivalent norms inW l;l=22 (QT ). Sobolev spa
es of fun
tions de�nedon the smooth surfa
es are introdu
ed in a standard way, with the help of lo
al maps andpartition of unity.Theorem 2.1. Assume that l ∈ [0; 3=2), and that the data of the problem (2.1) pos-sess the following regularity properties: f ∈ W l;l=22 (Q1T ), f ∈ W l+1;02 (Q1T ), f(x; t) = ∇ ·F (x; t), F t ∈ W 0;l=22 (Q1T ), d ·N ∈ W l+1=2;02 (GT ) ∩W l=22 (0; T ;W 1=22 (SR0)); d −N (d ·N ) ∈6



W l+1=2;l=2+1=42 (GT ); g ∈ W l+3=2;l=2+3=42 (GT ), v0 ∈ W l+12 (F1); �0 ∈ W l+22 (SR0) where T < ∞,Q1T = F1 × (0; T ), GT = SR0 × (0; T ). Moreover, let the 
ompatibility 
onditions
∇ · v0(x) = f(x; 0); x ∈ F1; �0S(v0)N = �0d(x; 0); x ∈ SR0 (2.3)be satis�ed. Then the problem (2.1) has a unique solution v; p; � su
h that v ∈ W l+2;l=2+12 (Q1T ),

∇p ∈ W l;l=22 (Q1T ), p ∈ W l+1=2;02 (GT ) ∩ W l=22 (0; T ;W 1=22 (SR0)), �t ∈ W l+3=2;l=2+3=42 (GT ),� ∈ W l+5=2;02 (GT ) ∩W l=22 (0; T ;W 5=22 (SR0)), and the solution satis�es the inequality
‖v‖W l+2;l=2+12 (Q1T ) + ‖∇p‖W l;l=22 (Q1T ) + ‖p‖W l+1=2;02 (GT ) + ‖p‖W l=22 (0;T ;W 1=22 (SR0 ))+ ‖�‖W l+5=2;02 (GT ) + ‖�‖W l=22 (0;T ;W 5=22 (SR0 )) + ‖�t‖W l+3=2;l=2+3=42 (GT )
≤ 
(T )(‖f‖W l;l=22 (Q1T ) + ‖f‖W l+1;02 (Q1T ) + ‖F t‖W 0;1+l=22 (Q1T )+ ‖�0d‖W l+1=2;l=2+1=42 (GT ) + ‖d ·N‖W l+1=2;02 (GT ) + ‖d ·N‖W l=22 (0;T ;W 1=22 (SR0 ))+ ‖g‖W l+3=2;l=2+3=42 (GT ) + ‖v0‖W l+12 (F1) + ‖�0‖W l+22 (SR0 )) ≡ 
(T )K(T ): (2.4)

Proof. Similar result for a problem arising in linearization of a free boundary problem with a�xed bary
enter is proved in [2℄. Problem (2.1) di�ers from the one 
onsidered in [2℄ by theterm
|
0|−1 ∫

F1 v(y; t)dy ·N ;whi
h we have as a 
onsequen
e of the non-zero velo
ity of the motion of the bary
enter.This term is of the lower order in 
omparison with the others in the boundary 
ondition,and 
an be estimated by the interpolation inequality. Indeed, applying to (2.1) the 
oer
iveestimate proved in [2℄, we arrive at
‖v‖W l+2;l=2+12 (Q1T ) + ‖∇p‖W l;l=22 (Q1T ) + ‖p‖W l+1=2;02 (GT ) + ‖p‖W l=22 (0;T ;W 1=22 (SR0 ))+ ‖�‖W l+5=2;02 (GT ) + ‖�‖W l=22 (0;T ;W 5=22 (SR0 )) + ‖�t‖W l+3=2;l=2+3=42 (GT )
≤ 
(T )(K(T ) + |
0|−1 ‖ ∫

F1 v(y; t)dy ·N ‖W l+3=2;l=2+3=42 )

≤ 
1(T )(K(T ) + ∫

F1 ‖ v(y; ·) ‖W l=2+3=42 (0;T ) dy): (2.5)
By the interpolation inequality [3℄, we have

‖ v ‖W 0;l=2+3=42 (Q1T )≤ " ‖ v ‖W 0;l=2+12 +C(") ‖ v ‖L2(Q1T ) (2.6)Estimates (2.5) and (2.6) imply
‖ v ‖W l+2;l=2+12 (Q1T )≤ 
2(T )(K(T )+ ‖ v ‖L2(Q1T ) ):7



Clearly, this estimate is true also for any t ≤ T . In parti
ular,J(t) = ∫
F1 |v(y; t)|2dy = t∫0 dd� ( ∫

F1 |v(y; �)|2dy)d�+ ‖ v0 ‖2L2(F1)
≤

t∫0 ∫
F1 |v� (y; �)|2dyd� + t∫0 ∫

F1 |v(y; �)|2dyd�+ ‖ v0 ‖2L2(F1)
≤ 
3(t)(K(t) + t∫0 J(�)d�): (2.7)With the help of the Gronwall lemma, we dedu
e from (2.7) the estimate of the L2 norm:

‖ v ‖L2(Q1t )= t∫0 ∫

F1 |v(y; �)|2dyd� ≤ 
4(t)K(t); t ≤ T: (2.8)Colle
ting (2.5), (2.6), (2.8), we obtain the desired estimate (2.4).Remark. Estimate (4.22) [2℄, estimate (2.5), and interpolation inequalities imply that ifwe add to the right-hand side of (2.4) the week norm of v, the 
onstant 
(T ) remains uniformlybounded. It means that under the assumptions of Theorem 2.1 the following estimate
‖v‖W l+2;l=2+12 (Q1T ) + ‖∇p‖W l;l=22 (Q1T ) + ‖p‖W l+1=2;02 (GT ) + ‖p‖W l=22 (0;T ;W 1=22 (SR0 ))+ ‖�‖W l+5=2;02 (GT ) + ‖�‖W l=22 (0;T ;W 5=22 (SR0 )) + ‖�t‖W l+3=2;l=2+3=42 (GT )
≤ C(

‖ v ‖L2(Q1T ) +‖f‖W l;l=22 (Q1T ) + ‖f‖W l+1;02 (Q1T ) + ‖F t‖W 0;1+l=22 (Q1T )+ ‖�0d‖W l+1=2;l=2+1=42 (GT ) + ‖d ·N‖W l+1=2;02 (GT ) + ‖d ·N‖W l=22 (0;T ;W 1=22 (SR0 ))+ ‖g‖W l+3=2;l=2+3=42 (GT ) + ‖v0‖W l+12 (F1) + ‖�0‖W l+22 (SR0 )): (2.9)
holds with the 
onstant C independent of T.The unique solvability of problem (2.2) and estimates of the solution in Sobolev normsfollows from the results obtained in [1℄.Theorem 2.2. Assume that the data of the problem (2.2) possess the following prop-erties: G ∈ W l;l=22 (Q1T ), H0 ∈ W l+12 (F1) ∩ W l+12 (F2); j = j(2) ∈ W l+1;(l+1)=22 (Q2T ); a ∈W l+3=2;l=2+3=42 (GT ), moreover,j(2) = rotJ (2); x ∈ F2; a(x; t) = [A(x; t)℄; x ∈ SR0 ;with J (2) ∈ W l+2;l=2+12 (Q2T ); J (2)t ∈ W l=22 (0; T ;W−1=22 (SR0)); A(i) ∈ W l+2;l=2+12 (QiT ); A(i)t ∈W l=22 (0; T ;W−1=22 (SR0)); i = 1; 2; and the 
ompatibility 
onditions
∇ ·G(x; t) = 0; x ∈ F1; ∇ ·H0(x) = 0; x ∈ F1 ∪ F2; rotH0(x) = j(2)(x; 0); x ∈ F2;[�H0 ·N ℄ = 0; [H0� ℄ = a(x; 0); a ·N = A(i) ·N = 0; x ∈ SR0 ;H0 ·N = 0; rot�H0 = 0; x ∈ �; A(2)∣∣∣S = 0; A(1)∣∣∣� = 0; J (2)∣∣∣S = 0;8



are satis�ed. Then the problem (2.2) has a unique solutionH ∈ W l+2;l=2+12 (Q1T ) ∩W l+2;l=2+12 (Q2T ) with H(i)t ∈ W l=22 (0; T ;W−1=22 (SR0)); i = 1; 2;and2∑i=1 (
‖H(i)‖W l+2;l=2+12 (QiT ) + ‖H(i)t ‖W l=22 (0;T ;W−1=22 (SR0 ))) ≤ 
(‖G‖W l;l=22 (Q1T ) + ‖H0‖W l+12 (F1)+ ‖a‖W l+3=2;02 (GT ) + supt<T ‖a(·; t)‖W l+1=22 (SR0 ) + ‖j‖W l+1;02 (Q2T ) + supt<T ‖j‖W l2(F2) + ‖J (2)t ‖W 0;l=22 (Q2T )+ ‖J (2)t ‖W l=22 (0;T ;W−1=22 (SR0 )) + ‖At‖W 0;l=22 (QT ) + 2∑i=1 ‖A(i)t ‖W l=22 (0;T ;W−1=22 (SR0 ))):Now we 
onsider the homogeneous linear problems:vt − �∇2v +∇p = 0; ∇ · v = 0; y ∈ F1;�0S(v)N = 0;

− p+ �N · S(v)N + �B0� = 0;�t = (v − |
0|−1 ∫

F1 v(y; t)dy) ·N ; y ∈ SR0 ;v(y; t) = 0; y ∈ �;v(y; 0) = v0(y); y ∈ F1; �(x; 0) = �0(y); y ∈ SR0 (2.10)
and �1H t + �−1rotrotH = 0; ∇ ·H = 0; x ∈ F1;rotH = 0; ∇ ·H = 0; x ∈ F2;[�H ·N ℄ = 0; [H� ℄ = 0; y ∈ SR0 ;H · n = 0; y ∈ S ∪ �; rot�H = 0; y ∈ �;H(y; 0) =H0(y); y ∈ F1 ∪ F2; (2.11)Linearization of 
onditions (1.5) leads to

∫SR0 �0(y)dS = 0; ∫SR0 yi�0(y)dS = 0; i = 1; 2; 3: (2.12)It is easily seen that (1.3) implies the same 
onditions for �(y; t):
∫SR0 �(y; t)dS = 0; ∫SR0 yi�(y; t)dS = 0; i = 1; 2; 3: (2.13)This follows fromddt ∫SR0 �(y; t)dS = ∫SR0 v ·NdS − 1

|
0| ∫

F1 vdy · ∫SR0 N (y)dS = 0;ddt ∫SR0 yi�(y; t)dS = ∫

F1 vi(y; t)dy − 1
|
0| ∫

F1 vdy · ∫SR0 N (y)yidS = 0:9



Now we formulate the main result of the present paper:Theorem 2.3 For arbitrary v0 ∈ W 1+l2 (F1) and �0 ∈ W 2+l2 (SR0), l ∈ [0; 3=2); satisfyingthe 
ompatibility 
onditions
∇ · v0(y) = 0; y ∈ F1; �0S(v0)N (y) = 0; y ∈ SR0and the 
onditions (2.12), the problem (2.10) has a unique solution, and

‖eatv‖W l+2;l=2+12 (Q1T ) + ‖eat∇p‖W l;l=22 (Q1T ) + ‖eatp‖W l+1=2;02 (GT ) + ‖eatp‖W l=22 (0;T ;W 1=22 (SR0 ))+ ‖eat�‖W l+5=2;02 (GT ) + ‖eat�‖W l=22 (0;T ;W 5=22 (SR0 )) + ‖eat�t‖W l+3=2;l=2+3=42 (GT )+ supt<T ‖eatv0(·; t)‖W l+12 (F1) + supt<T ‖eat�(·; t)‖W l+22 (SR0 )
≤ 
(‖v0‖W l+12 (F1) + ‖�0‖W l+22 (SR0 )); (2.14)where a > 0, the 
onstant 
 is independent of T .Proof. At �rst we prove the energy estimate. We multiply the �rst equation in (2.10) by v,integrate over F1, and integrate by parts. We arrive at12 ddt ‖ v(·; t) ‖2L2(F1) +�2 ‖ S(v) ‖2L2(F1) + ∫�F1 (

− �∇v ·N · v + pv ·N)ds = 0: (2.15)Due to the boundary 
onditions in (2.10), the boundary integral takes the form
∫SR0 �B0�(�t + 1

|
0| ∫

F1 v(y; t)dy ·N)ds = ∫SR0 ��tB0�ds+ � ∫SR0 B0��′(t) ·Nds; (2.16)where B0� = −�SR0�− 2�:The se
ond term in (2.16) is equal to zero due to the 
ondition (2.13), while the �rst termtakes the form
− �R20 ∫S1 (�S1�+ 2�)�tds = �2R20 ddt ∫S1 (

|∇!�|2 − 2�2)ds = 12 ddtM(t):As a result, (2.15) reads12 ddt( ‖ v(·; t) ‖2L2(F1) +M(t))+ �2 ‖ S(v) ‖2L2(F1)= 0: (2.17)It 
an be demonstrated in the same way as in [4℄, [5℄, that 
onditions (2.13) imply thatM(t) is positively de�ned. Really, due to (2.13), � is orthogonal to the �rst and the se
ondeigenfun
tions of Lapla
e-Beltarmi operator �S1 . Consequently, if we de
ompose � = +∞∑n=2Yn,where Yn are linear 
ombinations of eigenfun
tions, 
orresponding to the eigenvalue �n =n(n+ 1), we see thatM(t) = �R20 ∫S1 +∞∑n=2(n(n+ 1)Yn − 2Yn) +∞∑n=2Ynds ≥ �2R20 ∫S1 |∇!�|2d! + �R20 ∫S1 �2d!;10



hen
e, M(t) ≥ C ‖ �(·; t) ‖2W 12 (S1) : (2.18)In (2.17) there is no dissipative term for �. To add this term, we use the so-
alled "freeenergy" method (see for example [6℄, [7℄, [8℄).Lemma1([6℄,[8℄) For any fun
tion � ∈W l+1=2;02 (GT ) su
h that �t ∈ L2(GT ), and satisfy-ing the orthogonality 
ondition ∫SR0 �(y; t)ds = 0;there exists a ve
tor �eld w(·; t) ∈ W 12 (F1); wt(·; t) ∈ L2(F1);whi
h is a solution to the following problem
∇ ·w = 0; y ∈ F1; t > 0;w∣∣� = 0; w ·N ∣∣∣SR0 = �;and satis�es the estimates

‖ w(·; t) ‖W 12 (F1)≤ 
 ‖ �(·; t) ‖W 1=22 (SR0 );
‖ w(·; t) ‖L2(F1)≤ 
 ‖ �(·; t) ‖L2(SR0 );
‖ wt(·; t) ‖L2(F1)≤ 
 ‖ �t(·; t) ‖L2(SR0 ) : (2.19)We multiply the �rst equation in (2.10) by w and integrate over F1, we arrive at

∫

F1 vt ·wdx+ � ∫

F1 ∇2v ·wdx+ ∫

F1 ∇p ·wdx = 0:Then we integrate by parts and take into a

ount the boundary 
onditions in (2.10), we haveddt ∫
F1 v ·wdx+ � ∫

F1 S(v) : S(w)dx−
∫
F1 v ·wtdx+ ∫SR0 �B0�w ·Nds = 0: (2.20)Due to the 
ondition w ·N ∣∣∣SR0 = �, we see that the boundary integral in (2.20) 
an bewritten in the form �R20 ∫SR0 (

|∇!�|2 − 2�2)ds =M(t):We multiply (2.20) by a small positive number 
 and add to (2.17), we obtain12 ddt(E(t) + 
E1(t) +M(t)) +D(t) + 
D1(t) + 
M(t) = 0; (2.21)11



where E(t) =‖ v(·; t) ‖2L2(F1); E1(t) = 2 ∫
F1 v ·wdx;D(t) = �2 ‖ S(v) ‖2L2(F1); D1(t) = � ∫

F1 S(v) : S(w)dx−
∫
F1 v ·wtdx;M(t) = �R20 ∫S1 (

|∇!�(·; t)|2 − 2�2(·; t))ds:Making use of (2:19)1, we estimate E1(t) in the following way
∣∣E1(t)∣∣ ≤ 2 ‖ v ‖L2(F1)‖ w ‖L2(F1)≤ 2 ‖ v ‖L2(F1)‖ � ‖L2(SR0 )≤ (

‖ v ‖2L2(F1) + ‖ � ‖2L2(SR0 ) ):For the suÆ
iently small 
, it leads toE(t) + 
E1(t) +M(t) ≥ 
( ‖ v(·; t) ‖2L2(F1) + ‖ �(·; t) ‖2W 12 (SR0 ) ): (2.22)Similarly, with the help of (2:19) and the boundary 
ondition (2:10)4, we have
∣∣D1(t)∣∣ ≤‖ v(·; t) ‖W 12 (F1) (

‖ w(·; t) ‖W 12 (F1) + ‖ wt(·; t) ‖L2(F1) )

≤ 
 ‖ v(·; t) ‖W 12 (F1) (
‖ �(·; t) ‖W 1=22 (SR0 ) + ‖ �t(·; t) ‖L2(SR0 ) )

≤ 
 ‖ v(·; t) ‖W 12 (F1) (
‖ �(·; t) ‖W 1=22 (SR0 ) + ‖ v(·; t) ‖L2(SR0 ) ): (2.23)By the Korn inequality

‖ v(·; t) ‖W 12 (F1)≤‖ S(v(·; t)) ‖L2(F1);and, for the suÆ
iently small 
, (2.18), (2.23) implyD(t) + 
D1(t) +M(t) ≥ 
( ‖ v(·; t) ‖2W 12 (F1) +
 ‖ �(·; t) ‖2W 12 (SR0 ) ): (2.24)As a 
onsequen
e of (2.21) (2.22), (2.24), we obtain the exponential de
ay in L2 norms:
‖ v(·; t) ‖2L2(F1) + ‖ �(·; t) ‖2W 12 (SR0 )≤ Ce−�t( ‖ v0 ‖2L2(F1) + ‖ �0 ‖2W 12 (SR0 ) ); � > 0:(2.25)Now we pass to the estimate (2.14). Let us introdu
e the notation:~v = eatv; ~p = eatp; ~� = eat�; a > 0:If v, p, � is a solution to problem (2.10), then ~v, ~p, ~� satisfy the following relations~vt − �∇2~v +∇~p = −a~v; ∇ · ~v = 0; y ∈ F1;�0S(~v)N = 0;

− ~p+ �N · S(~v)N + �B0~� = 0;~�t = (~v − |
0|−1 ∫

F1 ~v(y; t)dy) ·N − a~�; y ∈ SR0 ;~v(y; t) = 0; y ∈ �;~v(y; 0) = v0(y); y ∈ F1; ~�(x; 0) = �0(y); y ∈ SR0 : (2.26)
12



By estimate (2.9), we have
‖~v‖W l+2;l=2+12 (Q1T ) + ‖∇~p‖W l;l=22 (Q1T ) + ‖~p‖W l+1=2;02 (GT ) + ‖~p‖W l=22 (0;T ;W 1=22 (SR0 ))+ ‖~�‖W l+5=2;02 (GT ) + ‖~�‖W l=22 (0;T ;W 5=22 (SR0 )) + ‖~�t‖W l+3=2;l=2+3=42 (GT )
≤ C(

‖ ~v ‖L2(Q1T ) +a‖~v‖W l;l=22 (Q1T ) + a‖~v‖W l+1;02 (Q1T )+ a‖~�‖W l+3=2;l=2+3=42 (GT ) + ‖v0‖W l+12 (F1) + ‖�0‖W l+22 (SR0 )); (2.27)
where the 
onstant C is independent of T . We apply to the right-hand side of (2.27) inter-polation inequalities, and then estimate the week norms ‖ ~v ‖L2(Q1T ), ‖ ~� ‖W 11 (SR0 ) by (2.25).For a < �, (2.25) implies

‖ eatv(·; t) ‖L2(Q1T ) + ‖ eat�(·; t) ‖W 11 (SR0 )≤ 
( ‖ v0 ‖L2(Q1T ) + ‖ �0 ‖W 12 (SR0 ) ):As a 
onsequen
e, we arrive at (2.14).Weighted estimates for solutions of problem (2:11) 
an be 
arried out by the same s
heme.Theorem 2.4 For arbitrary H0 ∈ W l+12 (Fi), i = 1; 2; satisfying the 
ompatibility 
ondi-tions
∇ ·H0(x) = 0; x ∈ F1 ∪ F2; rotH0(x) = 0; x ∈ F2;[�H0 ·N ℄ = 0; [H0� ℄ = 0; x ∈ SR0 ;H0n = 0; rot�H0 = 0; y ∈ �;H0 · n = 0; y ∈ S; (2.28)the problem (2.2) has a unique solution, and the inequality2∑i=1 (

‖eatH(i)‖W l+2;l=2+12 (QiT ) + ‖eatH(i)t ‖W l=22 (0;T ;W−1=22 (SR0 ))) ≤ 
 2∑i=1 ‖H(i)0 ‖W l+12 (Fi) (2.29)holds with a 
ertain a > 0 and with the 
onstant 
 independent of T .3 Nonlinear problem.Weighted estimates for linear problems give us the opportunity to prove the global solvabilityfor the free boundary problem in magnetohydrodynami
s under the assumptions that theinitial data are small and the initial position of the free boundary is 
lose to the sphere. Herewe formulate the result for the nonlinear problem (1:3), the paper with the detailed proof isin preparation.Theorem 3.1. Let u0 ∈ W l+12 (F1), �0 ∈ W l+22 (SR0), h0 ∈ W l+12 (F1) and let the
ompatibility 
onditions
∇ · u0 = l2(u0; �0); y ∈ F1; �0S(u0)N (y) = l3(u0; �0); y ∈ G;
∇ · h(1)0 = 0; ∇ · h(2)0 = 0; roth(2)0 = rotl8(h(2)0 ; �0);[�h0 ·N ℄ = 0; [h0� ℄ = l9(h0; �0); x ∈ G;h0 ·N = 0; rot�h0 = 0; y ∈ � (3.1)13



and the smallness 
ondition
‖u0‖W l+12 (F1) + ‖�0‖W l+3=22 (SR0 ) + ‖h0‖W l+12 (F1) ≤ � ≪ 1 (3.2)be satis�ed. Then the problem (1.3) has a unique solution with the following regularity prop-erties:u ∈ W 2+l;1+l=22 (Q1
∞); ∇q ∈W l;l=22 (Q1

∞); q ∈W l+5=2;02 (G∞) ∩W l=22 (0;∞;W 1=22 (SR0));� ∈ W l+5=2;02 (G∞) ∩W l=22 (0; T ;W 5=22 (G)); �t ∈ W l+3=2;l=2+3=42 (G∞); h(i) ∈ W l′+2;l′=2+12 (Qi
∞);where Qi

∞ = Fi × (0;∞); G∞ = SR0 × (0;∞), h(i) = h|x∈Fi , i = 1; 2: The solution satis�esthe inequality
‖eatu‖W l+2;l=2+12 (Q1

∞
) + ‖eat∇q‖Ŵ l;l=22 (Q1

∞
) + ‖eatq‖W l+1=2;02 (G∞) + ‖eatq‖Ŵ l=22 (0;∞;W 1=22 (G))+ ‖eat�‖W l+5=2;02 (G∞) + ‖eat�‖Ŵ l=22 (0;∞;W 5=22 (SR0 )) + ‖eat�t‖W l+3=2;l=2+3=42 (G∞)+ supt>0 ‖eat�(·; t)‖W l+22 (SR0 ) + 2∑i=1 (

‖eath(i)‖W l′+2;l′=2+12 (Qi
∞
) + ‖eath(i)t ‖Ŵ l′=2(0;∞;W−1=22 (SR0 )))

≤ 
(‖u0‖W l+22 (F1) + ‖�0‖W l+22 (SR0 ) + 2∑i=1 ‖h(i)0 ‖W l′+12 (Fi)) (3.3)with a 
ertain a > 0.Estimate (3:3) shows that velo
ity, pressure and the magneti
 �eld tend to zero exponen-tially and �t tends to a sphere when t → +∞: The 
enter of the limit sphere is lo
ated atthe point �(+∞) = +∞∫0 d� ∫
1� v(x; �)dx = +∞∫0 d� ∫
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