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1 Bsenenue

ITox rpadom B ganHO# paboTe MOHMMAaETCsl KOHEUHBII HEOPUEHTUPOBAHHBIN
rpad 6e3 meresb n KpaTHbIX pedbep. MuoxkecTBo BepmnH rpacda G Tpaauim-
ouno obosnauaerca V(G), a muokectBo pebep — E(G). Crenensb BepIIIHbI
v obosnauaercs d(v). KommaecrBo Bepriun rpada G Mbl OyemM 0603HAYATE
|G|. Kpowme Toro, o6o3uaaum Vi (G) MHOKecTBO BepiuH crenenu k rpada G
u Vi (G) — muOXKecTBO Bepmmue rpada (G, creneHn KOTOPBIX GOJIbIIe, YeM

k.

Ounpenesnienne 1. Ecin A C V(G), To gepes G — A obosnavaercs rpad, mo-
JyaeHHbIil 13 GG yaajeHneM BCeX BEPINH MHOXKeCTBa A U BCEX WHITHJIEHTHBIX
um pebep. s v € V(G) monoxum G — v=G — {v}.

Ounpenenenne 2. Ecom B C E(G), To yepes G — B obosnauaercst rpad ¢
mHozxkecTBoM Bepint V(G) u muoxkectBoM pebep E(G) \ B. dus e € E(QG)
nostoxkuMm G — e = G — {e}.

Ounpegnenenne 3. Okpecmmocmyio Bepiuabl v € V (G) MbI Oy/1eM Ha3bIBATD
MHOKeCTBO N (V) BCeX BEPIINH, CMEKHBIX € . AHAJIOTMYHO, OKPECTHOCTHIO
muokecTBa A C V(G) Ml Gyiem HasbiBaTh MHOXKeCTBO N (A), cocrosimee
3 Bcex BepmmH rpada (G, KOTOpbIE CMEXKHBI XOTs OblI C OJHON W3 BEPIIUH
MHOkecTBa A u He jlexkar B A.

Onpenenenne 4. Bepwunnot ceasnocmuio rpadba G (oboznadaemoii k(G))
HA3bIBAETCsI MOIIHOCTh HAMMEHBIIErO IOJMHOYKECTBA MHOXKECTBA BEPIITHH
rpada G Takoro, 4ro npu ero yaajeHnn G CTAHOBUTCS HECBA3HBIM UJIA TPH-
BHAJIBHBIM (TO €CTh, COCTOSAIIMM 13 OJHON Bepinuubl). ['pad G HasbBaercs
k-ceasnvim, ecmn k(G) > k.

Bamernm, urto ecsm rpad G — k-cBsa3ublii, To d(v) > k 1719 BCcex BepIUH
rpada G.

B nannoit pabote OyayT ucciaesoBarbesi k-cBsi3HbIe Tpadbl, KOTOPbIE TIe-
pecTaloT ObITh k-CBA3HBIMU IIPU yJIAJ€HIH UJIU CTATUBAHUN JTIOOOTO U3 pedep
(To ecTb MUHUMAJIbHBIE W MUHHMAJIbHbIE [0 CTSITUBAHUIO Kk-CBSI3HBIE TDa-
dwr). UHTepec Kk sTomy kiaccy k-cBs3ubix rpadop nosismics B 60-x To-
Jax JIBaJIAaTOro Beka B ¢Bsa3u ¢ paboramm Y. Tarrta, B KOTOPBIX OH Xa-
pakTepu3oBaj 3-CBsi3HbIe Ipadbl B TEPMUHAX CTITUBAHUSA W yJ/IAJEHUT pe-
oep. Ilozxke, B paborax P. Xanuna, Obuia chopMmysmpoBana 3ajada O Ha-
XOKJIEHUN HAMOOJIbIEel KOHCTAHTHI Ck, TAKOI, YTO KOJUYECTBO BEPIIUH CTe-



ner k B MUHUMAJHLHOM U MUHUMAJIBHOM TI0 CTATUBAHUIO Kk-CBSI3HOM T'pa-
dbe G pasho 10 Kpaitaeit mepe c¢|G|. B 910ii ke craThe ObLIM MOJIYyYEHbI
IepBble HUKHIE OIeHKU Ha 9TO Yucjo Jjisd caydaeB k = 4,5 u 6. Ha Ha-
CTOSATIUIT MOMEHT HUKAKUX BEPXHUX OIEHOK s Cp 1pu k > 5 He cyIe-
crByeT (HE OOIMX, HU JIs 9acTHBIX ciaydaeB k). CylecTByOIie ONeHKH
JIJIsT MUHAMAJIBHBIX WM MUHUMAJIBHBIX 110 CTATUBAHHUIO T'PadOB MOCTPOEHBI
Ha OCHOBaHWM I'padoB 00JIAIAIONINX CTPOTO OJHUM U3 YKa3aHHBIX CBOHCTB
(em., mampumep, [1], [2], [6] u [7]). B 910it cTaTbe HOKa3LIBAIOTCS CIIEILyIO-
BLS(kQ—Q)J2+8L3(k2—2)J+3 "
NECS DT JUIsT HEYEeTHBIX k U ¢f <
9L@J3+18L3(’“;2)J2759L3(’“;2)J+14
2 P B2

9T OLCHKH CXOIATCS K 3.

B craTthe Takke OyIeT UCIOIB30BATHCS JIOKAJTBHOE OIIPEJIE/IEHNE CBSI3HO-

CTH.

e BEpXHHUE OLEHKU Cp <

JUI 9eTHBIX k. 3aMeTum, 9To 1npu k — 00

Onpepesienne 5. Bepuuniot c6a3H0cmuio( WK IIPOCTO C8AZHOCMBIO) TBYX
BepiiuH x u y rpada (G Ha3bIBAETCSI HAMMEHbBIEe KOJUIECTBO BEPIIUH, KO-
TOpoe HeoOXoMMO yaaauTh u3 (G Jijiss TOro, 4ToObl B OCTaBIIeMcs rpade
BEPIIMHBI & U Y OKA3AJIMCh B PA3HBIX KOMIIOHEHTAX CBI3HOCTHU. BeprimHHas
CBSI3HOCTH JIByX CMEXKHBIX BEPIIUH CUUTAETCS PaBHOi +00. Obo3HavaeTCs
BEpIIMHHAST CBA3HOCTh & U Y 9epe3 Kg(,y).

O6o3naunm vepe3 P((G) MHOXKECTBO BCeX Iap Pa3IMIHBbIX BepIIUH rpada
G. Jlerko Bujieth, a0 K(G) = ming epq) ka(,y).

Onpenenenne 6. Pebpo nasbiBaeTcs cywecmeenvim, €CJId IPU €ro yiaasie-
HUU CBA3HOCTH Irpada yMEeHbIAeTCs.

Onpenenenne 7. I'pad HA3BIBAECTCST MUHUMAAGHDIM, €CIA TP YIAJEHAN
JII00OTO pedpa MOHUKAETCS €ro CBSI3HOCTb.

Onpenenenne 8. Ilycts rpad G — k-csa3ubriit. Pebpo HazbBaeTcst necm.si-
2UBAEMDBLM, €CJIN TIPH €0 CTATHBAHUU rpad He coxpaHsdeT k-CBI3HOCTD.

Bamernm, 9ro ecau pebpo (,y) — HECTATUBAEMO, TO CYIIECTBYET k-pas-
JIEJIAIONIEEe MHOYKECTBO, COJIepIKaIee OJHOBPEMEHHO BEPIINHBI T U .

Onpenenenne 9. I'pad Ha3bIBAETCS MUHUMAALHBIM OMHOCUMENDHO CMA-
2uBaHUA pebep, ecau Bce ero pedpa HeCTITUBAEMbI.



Onpenenenne 10. Pasdensrouwee MHoscecmeo — 3TO MHOYKECTBO BEPIIUH,
[IPU yJIaJIeHIH KOTOPBIX TepsieTCst CBA3HOCTH I'pada. CooTBeTcTBeHHO, k-pas-
densouLee MHOHCECMB0 — ITO PA3IEJISIONiee MHOXKECTBO, cocTosiee n3 k
BEPITNH.

Onpenenenne 11. Byaem roBoputhb, 4To pasessioliee MHOXKecTBO 1 om-
deasem HekoTopkIi moarpad B rpada G, ecin noarpad B npencraBisieTcs
B BHJie 06'be,ZH/IHeHI/IH HE MEHeEe 9YeEM OZLHOP'I, HO H€ BCEX, KOMIIOHCHT CBA3HOCTH

rpada G —T.

B nmasnbreiiem, 1j1d ya1o0cTBa U3I02KEHUs, BMECTO “KOMIIOHEHTa CBI3HO-
ct”’ OyeM TOBOPUTH IPocTo “KommonenTa’. Kpome Toro, noJmbril nojarpad
Ha TPeX BepIINHAX MbI OYJeM Ha3bIBATH TPEYTOJTLHUKOM.

Onpepenenne 12. Ilycrs XY C V(G). Hazoem XY -myrem sro60it mpo-
CTOfi Iy Th ¢ HAYAJIOM B MHOKeCTBE X M KOHIIOM B MHOXKECTBE Y, BHyTPEHHUE
BEPIIMHBI KOTOPOTO HE MPUHAIesKAT MHOKecTBaM X 1 Y.

Crtestytoriast TeopeMa sIBJISIETCS HE3HAYUUTE/HHO YCUJIEHHOW Bepcueil Teo-
pembl Menrepa (cMm. [8]), Ho ee dopmyupoBKa CyIecTBeHHO yjobHee Jist
HCIIOJIb30BAHUA.

Teopema 1 (cm. [5]). ITyemov XY C V(G), |X| < k, |Y] < k u woboe
mnooicecmeo R C V(G), omdensowee X om Y | codeporcum zoms 6w k
sepwun. Tozda cywecmeyrom k nenepecexarowuxcs XY -nymet.

2 b5-cBgas3HbIe Tpadbl

O6o3HaunM 1OJHBIA Tpad HA YeThIpeX BepIIMHAX (1, T2, T3, T4) C YIATCH-
HBIM pebpoMm (xe, z4) depes K .

Onpepesienne 13. Ilycrs G — npoussosibhbiit rpad u {vy, ..., v5} C V(G).
Haszosem K| -pacwupernuem epaga G na sepwunar vy, . . .,vs rpad G', orse-
YAoK CIEAYIONIUM CBOUCTBAM:

(1) V(G") =V(G) U {1, 29, 23,24}, THE T1, 20,23, 24 & V(G);
(2) E(G') = E(G)U Ey U Esy, tiie

Ey = {(z1,22), (21, 3), (21, 24), (73, T2), (73, 74) },



Vi Vs Vi V4 Vs

Puc. 1: lloarpad, npucoemunsgemsiit kK rpady G upu K, -pacimpeHun.

Ey = {(z1,01), (w1, v2), (¥2,01), (T2, v2), (w2, v3),

(I‘g, 1)4), (ZL‘g, 1)5), (I‘4, Ug), (I‘4, 1)4), (ZL‘4, 1)5)}.

Takxke K, -pacwupenuem 2pagha G OyJieT HA3LIBATHC U OLIEPAIUs, B PE3yJ/Ib-
TaTe KOoTopoil mostydaercs rpad G'. BepmmHbl x1, g, X3, T4 OY/yT Ha3bIBATH-
ca npucoedurennvimy, K Tpady G upu K -pacrmpenun.

Bameuyanwue 2.1. Ormernm, uro rpad G’ upejcrapisger u3 cebst U3 bIOHKT-
Hoe oObemHenne rpacdos G n K, B KOTOPOM BepIINHBLI [, CO€/IMHEHbI C
BEPIIIMHAMU V1, . . . , U5 TaK, KaK MOKa3aHO Ha puc. 1.

[Tocrponm cemeiictso rpados F = {F,,|m € N}, takux uro rpad F,, u3
9TOTO CceMeMCTBa COJIEPXKUT 5" BEPIIUH CTEIeHU BBIIIE D U ABJIAeTCI MUHU-
MaJIbHBIM ¥ MUHUMAJIBHBIM 10 CTSITUBAHUIO D-CBSI3HBIM I'DAOM.

Ctpouts rpadbl U3 3TOrO cemMeicTBa Mbl Oy/IeM 10 WHLYKITHH.

Baza. m = 1. Paccmorpum rtpad Gy, takoit uro V(Gy) =
{v1,...,v5}, E(G) = @. T'pad Fy nonyuaercst u3 rpada Gy nocenosareib-
HBIM IIPUMEHEHNEM Tpex onepaliuii K, -pacimpenns Ha BEPIINHAX Vg, . . . , Us.

[Tepexoq m — m + 1. Paccmorpum 5 kommit rpada Fy, — EFL ... F5.
Ux obbemunenue 6yner rpadom G,,. B kaxkiaom uz noarpados F! Boibe-
PeM IO IATH BepituH {vy 4, . .., V5, }, CTEleHNn KOTOPBIX Oosbiie 5. [Ipuvernnm
K rpady G, nociaenosaTesbHO H oneparuil [, -paciupenus Ha BepIIMHAX

6



{vig,...,vis}, ..o, {vs1, ..., v55}, coorBercrBenno. Iloyuennblit B pe3yiib-
TaTe 3TUX onepaiyii rpad oboznaunm Fj, .

Jlemma 1. I'pagp F,, — MUHUMAAOHOT U MUHUMAGADHBLT 10 CMALUCAHUIO
5-cea3nlil epag.

oxazameavcmeo. Baza. m = 1. [lokaxkem H-casnoctb rpada Fi. Ilpes-
HOJIOZKUM OOpaTHOe. 3aMeTuM, 9To Kaxkjjoe K -pacimpenne 100aBisieT aBa
HeIlePeCeKaOMUXCA IIyTH MeXK/y JIOOBIMU BEPIIMHAMU U; U Vj, TAe 4,j €
{1,...,5}. Omeparnusi K, -pacuimpeHusi IpUMeHsIeTCsi TPU pasa, CJIe/[0Ba-
TEJIbHO, MEZKJLy JIOOBIME JIBYMsI BEpIIMHAME v; U vj, e 4,5 € {1,...,5}, —
HaiijeTcs NIecTh Henepecekarommxes myreii. O4YeBugHO, ITO NPHU yIAJeHAN
MeHee, YeM IIeCTH BEPIIWH, BEPUIMHBbI {vy, ..., U5} OyJAyT JiexkaTh B OJHOI
KOMIIOHeHTe CBsI3HOCTH. TakumM obpas3oM, eciu cylecTByeT 4-pasjiessiolee
MHOZKeCTBO rpada F, To ojiHa U3 OTAEIAEMbIX UM KOMIIOHEHT COCTOUT TOJIb-
KO W3 BEPIINH, [IPUCOEJIMHEHHBIX TIpu ojHOM u3 K -pacmupennii. O6o3Ha-
YUM KOMIIOHEHTY, OTJIEJIAEMYI0 4-pa3Je/IsiioiiM MHOXKECTBOM, depe3s H, a
BEPIIUHBI, IIPUCOEMHEHHBIE TP 9TOM K, -paCIlMpeHnn, 9epe3 Ty, o, T3, Ty.
Od4eBHIHO, YTO €C/IU KOMIIOHEHTa H COCTOUT U3 OJHON WM BCEX BEPIINH
X1, To, T3, Ty, T0 Ng(H) > 5. PaccMoTpuM J1Ba OCTABIIUXCS CJIydasi — KOM-
HOHEHTa COCTOUT U3 JBYX BepinuH (ciaydvaii (1)) u u3 Tpex BepmmH (cirydait

(2)).

(1) Bamernm, aro |Ng(z;) N Ng(z;)| < 3 mrst moObIX Pa3/IHIHBIX 4,] €
{1,...,4} u, cregoBarenbHO, JIOOBIE JIBE BEPIIUHBI U3 T1, Ty, T3, T4 OT-
JEeII0TCS MHOYKECTBOM TI0 KpaifHeil Mepe M3 5 BEepIuH.

(2) BameruM, 9TO0 1060 TPEXIJIEMEHTHOE MOJMHOKECTBO MHOKECTBA BEP-
MIUH T1, L9, T3, T4 OTJEIACTCA PA3JICJIAIONIAM MHOKECTBOM, COJIEPIKa-

M {vg, ..., U5}

Takum  obOpa3oM,  IOJy4YeHO  MPOTUBOpPEYNE €  CYIIECTBOBAHUEM
4-pazgensiromero MaoxkecTBa. CremoBarenbHo, F) — H-cBsI3HBII rpad.
JlokaxkeM MHHHMAJbHOCTL T'pada Fj. Samerum, uro Bce pedpa rpada
Fy npucoenuuens! npu K -paciupeHun U, CIeJI0BaTeIbHO, Y JII000r0 ped-
pa oWH U3 KOHIOB uMeeT cremneHb b. OTcioma mojydaem, 9To Bce ped-
pa cymiecTBeHHBI u rpad F; — MUHUMAJILHBINA 5-cBA3HBIN. Jlokaxkem mMu-
HUMAaJILHOCTDb 110 cTaruBaHuio rpada F). PaccMorpuM BepmmHbI TpUCOe -
HEeHHbIE MPU KaKOM-Jin6o u3 Tpex K, -pacimmpenuit — x1, o, T3, T4 (IpudIeMm



- (21) = dg - (3) = 3). Bamernm, a0 Bee pebpa MuoxecTs By u By, 3a uc-
KJIOUeHneM (vg, To) U (V3, Ty), BXOJAT B TPEYTOJIBHUK, TPEThSI BEPIINHA KOTO-
poro uMmeet crenenb H. Takum odpazom, moJrydaeM, YTo Bce pedpa MHOYXKECTB
E, u F,, 3a uckinodenueM (vs, o) u (U3, x4), — HecTAruBaeMbl. JIerko Bu-
JIeTh, 9TO MHOXKECTBO {1, Tg, U3, Uy, Us } OTHIEIISIET {3, T4}, U, CII€IOBATEIIHHO,
pebpo (xg,v3) HecTATMBaeMO. AHAJOTHYHO, HECTSTHBAEMO U pebpo (x4, v3).
Takum obpazoM, MUHIMAJIBHOCTD 110 CTATUBAHUIO J0Ka3aHa, MIOCKOJIbKY pac-
CMaTPUBAJIOCh IIPOM3BOJIbHOE K -pacuimpenue.

[Tepexom m — m + 1. Haunem ¢ jokazaTesbcTBa H-CBA3HOCTH rpada
F1q. lpenosoxkum obparnoe. [lo unykimmonHomy npejinosoxenuio F,, —
5-cBazubrit rpad. CrreoBaTe/IbHO, €CIU CYIIECTBYET 4-pa3ie/Iarolnee MHOKe-
cteo T B rpade Fj, 11, To Bce BEPIIMHbI, BXOJFIIIE B OjiHy Koo FIL ... F5
BXOJIAT B OJIHY KOMIIOHEHTY cBsizHocTu rpada F, 1 — 1. 3amernm, 4To 110
teopeme 1 B F! Mexkly J1000ii BEPIIMHON M MHOXKECTBOM {vUg,...,Vs5;} Cy-
mecTByer 5 Herepecekatomuxcs myTeit. Mexkry muoxecrBamu {vy 4, ..., Vs, }
u3 pasubix Kommit FL. ... F> TakxKe cyIIecTByeT 5 HellepeceKaroluxcs IIy-
teit. OTcrofia cllejyer, 4To BepHIMHBI U3 pasJudHbx Kormit FL ... F5 pas-
JIEJISTIOTCS MHOYKECTBOM, COCTOSIINM 110 KpaitHeit Mepe u3 5 Beprun. Ciieo-
BaTeJIbHO, Bepmunbl rpada G, cojepxkarcs B oJHOI KoMmmonente. Orcioia
[oJIydaeM, uTo 4-371eMEHTHBIM MHOYKECTBOM MOXKET OTJIEIATHCS TOJBKO KOM-
[IOHEHTa, IeJMKOM JIexKalnas B OfHOM n3 rpados K, , IPUCOeTMHEHHBIX HA
nocsteiaeM mare. OTCoa, aHAJTOTUIHO Da3e WHIYKIUN 0Ty IaeM, 910 rpad
Foi1 — 5-CcBA3HBII.

3aMeTnM, YTO 1O IOCTPOeHuo F), BEpIINHBI, UMEOIINe CTeleHb 5, He
3aTParuBalOTCd MPU MPUCOEINHEHUSX U, CJIEJIOBATEILHO, HE MEHHAIOT CBOEil
crertenu. [Ipu nobasienun Jirob60ro pedpa O UH U3 €ro KOHIIOB UMEET CTEeIeHb
5. Orcrona, 09eBUIHO, CIeAyeT MIHUMAJILHOCTD I'pada F),. MuanMmaabHOCTE
o craruBanuio rpada F, 1 J0Ka3biBaeTcs aHAJIOTUIHO MUHUMAJIBHOCTH TI0
crsaruBanuio F) (IIOCKOJIbKY IPU JI0KA3ATEIbLCTBE MUHUMAJILHOCTH TI0 CTSTH-
BaHuio rpada F] 1mokazbBagIOCh, 9TO JI000e PEOPO JIEKHUT B H-3JI€EMEHTHOM
MHOKECTBE, OTJIEJISIONIEM OIMHOXKECTBO BEPIIMH OJHOTO U3 MPUCOEINHEH-
HbIX TpadoB K, a 3TH BEPIIMHDBI HE 3aTPArHBAIOTCS [IPU JIAJIHHERIITNX TPH-
COEJIMHEHNSIX, TaK KaK MUMEIOT CTeIeHb b). ]

Teopema 2. B epagpe F,, 1 doasa eepuwun cmenenu sviwe 5 cpedu écex 6ep-
WUH N0 Kpatineld mepe %

Jloxasamenvcmeo. Ouesugno, |Vs(Fy)| = 12 u |[Vo5(F1)| = 5. ITo mocrpoe-
unto, |Vs(Fi1)| = 5|Vs(EFn)| + 20 u [Vas(Frg1)| = 5|Vas(Fin)|. Coemosa-
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TEJIBHO,
Vs(Fpsr)| =12-5™4+20- (5™ +--- 4+ 1)=12-5" +5-5™ -5
u |Vos(Fpp1)| = 5™t Takum obpasowm,

Vas(Fin)l 5" 5

= > .
| Fol 17-5m145m -5 22

O

CﬂeﬂCTBI/Ie 1. ﬂ/Lﬂ MUHUMAADHO20 U MUHUMAADBHO20 NO CMALUBAGHUNO
/ 17
5-c6a3no20 epaga s < 5.

3 k-cBsg3HBIE rpadbl

Onpenenenne 14. Ilycre G — mupoumsBosbublil Tpad, £ > 6 u C =
{vg,. .. ,ULS(k—Q)J} C V(G). Hazoem (K3, k)-pacwupernuem epaga G 1a eep-
2

wunar C' rpad G, orBeYaOMUN CJISIYIONUM CBOCTBAM:
(1) V(G") =V(G)U{xy,x9, 23}, Ti1E X1, 29, 23 & V(G);
(2) E(G") = E(G)UE\UEJUEZUES tne By = {(x1,22), (21, 23), (T2, 73)},
By ={(z1,v)|i=1,...,k—2},

Ej = {($3,UL3<1€2—2>J+17@.)|2' =1,....,k—2}

u Eg = {(l’z,’l}i), (xz’UL@JJA*]’)‘Z’ = 1,. ey ’Vk—;Q—‘ ’j = 1, RN LTJ}

Taxxke (K3, k)-pacwuperuem epaga G Oyer Ha3bIBATHCS U ONEpAIHs, B pe-
3yJbTare KOTopoil nosaydaercs rpad G'. Beprusbl 21, 2o, r3 OyIyT Ha3bl-
BaThbCs npucoedunennumu K rpady G upu (K3, k)-paciupennn.

Bameuanue 3.1. Ormernm, uro rpad G’ npejcrasisier u3 cedsi U3 HLIOHKT-

Hoe obbemuaerne rpacdoB G u K3, B KOTOPOM BEPIIUHBI K3 COEIMHEHBI C

BEPIIMHAMU Uy, .. ., U| 3(k=2) | AHAJIONIIHO TOMY, "ITO IOKA3AHO HA PHC. 2 ns
2

— — 3(k—2)
ciydad k = 7 (OTAEIBHO OTMETHM, 9TO Hpu k = 7 3HadYeHHe | =~ | TaKiKe

paBHO 7 U, cjieioBaTesIbHO, MHOXKeCTBO C' COJIepKUT 7 BEPIIIWH. )
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Puc. 2: (K3, 7)-pacmmpenne

B panbueiiiem Oy/ryT UCIOIB30BATBCS CJIEJIyIOININE CBOiCcTBa rpada, 1mo-
JIY4eHHOT'O IIPU IIPUCOEIMHEHNN.

(1) JroGble JiBe IPUCOEIMHEHHBIE BEPITMHBI BMECTE CMEXKHBI CO BCEMU V)
(2) mpucoe/iMHEHHbIE BEPIHBI NMEIOT CTEreHb k;

(3) Jr060€ T06ABIIEHHOE TPH TIPUCOEINHEHNI PeOPO BXOJUT B TPEYTOJIbHIK,
O/IHa M3 BEPpHINMH KOTOPOI'o — IIpUCOeJMHEeHHad, TO €CTh, UMeeT CTEIICHb

k.

B rnambneiinem Mbl OyeM CTPOUTH MUHUMAJbHbIE U MUHUMAJIbHbBIE I10
CTATUBAHUIO k-CBA3HBIE TPadBbI ¢ IIOMOIIBIO OITUCAHHON OIepaIuu ITPUCOE M-
nenud. [locrpoenne Oyner ananorn4no ciydaio k = 5. Ho nosryuennas kon-
CTPYKIUS paboTaeT HaYuHasdA ¢ k = 6, MMOCKOJIbKY JIJIs TOJIyU€eHUs CBOMCTBA
MUHUMAJBHOCTH 10 CTSATUBAHUIO BAXKHO, YTOOBI BCE BePIIUHBI MHOXKecTBa ('
OB CMEXKHBI XOTs ObI C JBYMd U3 NpHUCOeINHsEeMbIX Bepiun. g k = 5
9TO YCJIOBHE JIOCTUKUMO TOJIBKO ecyin C' cofep:KuT He 0oJibiie 4 BepIinH, ITO
He TO3BOJIUT TOJIyYUTh H-CBA3HBIN rpad.

3.1 Cuayduaii HeueTHOTO k.

Bynem cunrars, uro k = 2¢ + 3. AHAJOIrTYIHO CJIyvaio H-CBI3HOrO rpada 1o
WHIYKIMH OyIeT HOCTPOEHO ceMeicTBO k-cBsi3HBIX rpadoB H = {H,,|m €
N}, takux uro rpad H,, u3 sroro cemeiicrBa comepxkut (3¢ + 1)™ (10 ecrs,

10



m
3(k—2
% ) BEPIIIHNH CTCIIEHU BBIIIIE k 1 aBasieTcd MIHIMAJILHBIM 1 MIHIMAJIb-

HBIM 110 CTATUBAHUIO.

Baza. m = 1. Pacemorpum rpad Ty, rtakoit uro V(Tp) =
{v1,... 03041}, E(To) = @. T'pad H; nonyuaercst u3 rpada Ty nociienosa-
TesibHBIM TipuMeHerneM ¢ + 2 omneparmii (K3, k)-paciiupennst Ha BepImHAX
L PRIRIPRCR TAR

[lepexomr m — m + 1. Paccmorpum 3¢ + 1 wkommio rpada H,, —
H%l,...,HS’fH. O6bemunenne 3tux rpadoB Bo3bMeM 3a 1,,. B kaxkiom
u3 noarpadgos H' Beibepem 1o k Bepuimm, UMEIONUX CTeNeHb Bbime k, u
oboznadnM ux 4epe3 {vUi;,...,Uk;}. 3AMETHM, YTO BBIODAHHDbIE BEPIINHBI
HE MOTYT OBbIThb IPUCOEJIMHEHBI Ha MPEIbLAYNUX Imarax. [IpuMernnm K rpa-
by T,, nocnenoBarensro k oneparwit (K3, k)-pacimpenns Ha BepIInHAX
{via, .. ,vizee1}s oo {Uk1, - - -, Vb 3041}, coorBercTBenno. Ilomyyenuslit B pe-
3yJIbTaTe TUX oneparuii rpad odozHadum H,, 1.

Jlemma 2. I'pap H,, — MUHUMAAOHOT U MUHUMGADHOIT NO CMALUCGHUIO
k-ceasnoiti epag.

Zloxazameavcmeo. Baza. m = 1. B nepByo odepe/ib joKaxkeMm k-CBSI3HOCTH
rpada H;. Ilpeamonoxkum nporusaoe u obozHaunM (k — 1)-pasmestsitomniee
MHOKeCTBO B rpade H; depe3 S. OOO3HAYNM BepIINHDI, TPUCOETUHEHHBIE
Ipu -TOi onepanuu, Yepes xi, ry, x4, amernm, aro ), xh, 4 He moryr se-
JKaTh B pasHbIX KoMmroHeHTax rpada H; — S. Kpome Toro, mockosnbky |S| =
k — 1, cymecTByeT ¢ Takoe, 9TO 110 KpaifHeil Mepe JIBe BEePITUHbI 13 xil, xé, xé
nexar B V(Hp) \ S. CunenoBarenbro, Bce BepiuHbl U3 {v1, ..., U341} \ S
JIEZKAT B OJIHON KOMIIOHEHTE, MOCKOJIBKY JIOObIE JIBe BEPIIUHBI U3 T, Th, x4
BMeCTe CMEXKHBI CO BCeMU BepuIMHaMu {vy, . . ., U311 }. OTCIOa JIErKo ToJTy-
YUTh, 9TO Tt JIIOO0TO J # ¢ u joboro f=1,2,3 :cic oo jgexut B S, b0
HAXOJIUTCS B OJTHON KOMIIOHEHTe ¢ BeputHamu {v1, ..., vgep1} \S. Takum 06-
pasom, B rpacde H; — S posHo ojina kKommonenTta. [loydennoe mporuBopetine
JIOKa3bIBaeT, uTo rpad Hy — k-cBsg3eH. 3aMeTHM, 9TO MUHUMAJILHOCTD I'pada
H; odeBuHO CcrIeyeT U3 TOro, YTO 10 KpaiiHeil Mepe OJIMH U3 KOHIIOB JII0OOT0
pebpa umeet crernenb k. MUHUMAJIBHOCTD 10 CTATUBAHUIO JIETKO CJIEIyeT U3
TOT'O, 9TO Jito0ast Iapa CMeXKHBIX BEPIIUH a,b BXOJUT B TPEYTroOJIbHUK a, b, ¢,
rje ¢ — BepmuHa crenenu k (cM. csoitctso (3)).

[Tepexom m — m + 1. dokaxkem, uro H,,.1 — k-cBasubiii rpad. [lpes-
nosioxkuM oopatHoe. [lo nnaykimonnomy npemnosioxkenuto H,, — k-cBA3HbII
rpad. CremoBarenbHo, ecn cyiectByer (k — 1)-pasjessitornee MHOKECTBO S
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B rpacde H,,, 1, TO BepIIUHbI, BXojgIme B onny Kormio HY ... H!  sxomsar
B OJIHYy KOMIIOHEHTY cBsznocTu rpada H,,.; — 5. 3amernm, 4To 1o Teope-
Me 1 B an MEXKJIy JIIOOON BEPIINHON M MHOMXKECTBOM {Vy,,...,Ug;} CyIle-
crByer k Hemepecekalonuxcs mmyreit. Mex ity mMuoxkectBamu {vy;, ..., Vg, } U3
pasubix kormit HY | ..., H Takske cymectsyer k HemepeceKaiomuxcs myTeii.
O4eBniHO, YTO BepHIMHBI U3 paszamuubx Komuit Hl ... H! pasnenstorcs
MHOKECTBOM, COCTOSIIUM IO KpaiiHeit mepe u3 k Bepiun. CJiejloBaTeIbHO,
Bepiuubl rpada 1), comepxKarca B OnHON KoMmoHeHTe. OTCIO/Ia MoIydaeM,
4910 (k — 1)-3/IeMEHTHBIM MHOKECTBOM MOKET OTJIEJISITHCS TOJBKO KOMIIOHEH-
Ta, TEJNKOM JiexKalllasd B OJJHOM u3 rpacdoB K3, MpucoeInHEHHBIX Ha TOC/Ie]I-
HeM 1mare. Jlerko Buyierh, 4To J11060€ 1MOAMHOXKeCTBO rpada K3 oTnensercs
MHOKECTBOM 10 Kpaiineil Mepe u3 k Bepiiun. Takum obpasom, rpad H,i1 —
k-cBa3en. MUHIMAIBHOCTh M MUHUMAJIBHOCTD 110 CTATUBAHUIO JIOKA3bIBAIOTCS
AHAJIOTUYHO JIOKA3aTeIbCTBY MUHUMAJILHOCTH U MUHUMAJbHOCTH 110 CTATH-
BaHuio rpaca Hi, MOCKOJIbKY MIPU ONEPAIUgX ITPUCOESTMHEHUS BEPIITUHBI yKe
uMeronuecs B rpade BepIINHbI CTelleHn Kk He 3aTParuBaioTCs. 0

Teopema 3. Ilpednoaooicum, wmo k = 20 + 3. Tozda 6 epaghe H,, 1 doas
& < 2
sepuwuM, cmeneny eviwe k cpedu ecer sepuur no KpatHet mepe %.

Jloxazamenvcmeo. Ouesuano, |Vi(Hy)| =30 +2) n |Vag(Hy)| =30+ 1. Io
[IOCTPOEHHIO,

Vi(Hm1)| = (34 1)[Vi(Hp )| + 3k
u |Varp(Hpy1)| = 30+ 1)|Var(Hy)|. CrenoBarensho,
Vi(Hpi1)| = 3k((30+ 1)+ 4+ 1)+ 3(+2)(30+ 1)™ =

3¢ +1)"—1
%wwm)(%ﬂ)m

u |Vor(Hpit)| = (30 + 1)™. Takum obpasom,

=3k

Var(Hyn)| _ 3¢+ 1)™ y
| H.| 3L CHTTTL 1304 2) (30 4 1)m—L + (3¢ + 1)m
(3¢+1)(3¢) 0(30+1)
> = =
3k +3(0+2)(30) + (30 + 1)(30) 20+ 3+3((+2)0+((30+1)
3+
60249043
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CaencrBue 2. [Ipednonooicum, umo k > 6 — neuemmnoe wucao u k = 20 +
3. Toeda Ora MUHUMAALHOZ0 U MUHUMAALHOZ20 MO CMALUBAHUIO K-C8A3H020

30240 30248043
epagpa c, <1 — g5 = GEyors

3.2 Cuayuaii gyeTHoro k.

Bynem cunrars, uto k = 2¢. Tak ke, Kak U B IPEJBIIYIINX JIBYX CJIyda-
X (It 5 U I HEYeTHOro k), 1O MHJyKIUH OyJeT IIOCTPOEHO CeMEHCTBO
k-cBsizubix rpacdos H = {H,,|m € N}, rakux aro rpad H,, u3 31010 Ccemeii-

3(k—2)
2

BBIIIE Kk U ABJIAETCAd MUHAMAJILHBIM U MUHAMAJILHBIM II0 CTATMBAHUIO. CTpO—

crBa Jyist m > 2 cogepxkut (3¢ — 3)™ (10 ecTb, L Jm) BEPIINH CTEIeHN
UTHCS 3TO CEMENCTBO OY/IET AHAJIOTUIHO CJIyYat0 HEYeTHOTO k: OTJIMIUS Oy/1yT
TOJIBKO B JIBYX IEPBBIX IMarax KOHCTPYKIIAH.

Baza. m = 1,2. Paccmorpum tpad Ty, takoit uro V(Tp) =
{v1,...,v33}, E(Ty) = @. I'pad H; noayuaercs uz rpada Ty nocieno-
BaTeabHBIM IpuMeHeHneM { omepanuii (K3, k)-pacimpenns Ha BepIIHHAX
V1, ..., U3¢_3. LlepBBIil mar mocTpoennst 3akKoH4deH. lenepsb paccMoTpum 3¢ — 3
kormu rpacda Hy — H{, ..., ka?’ n 0603HAYUM OObEIMHEHNE STUX Ipadon
ugepe3 Ty. Bepmunbl ¢-Toit konuu rpada Hi, He gB/sdIONMecd TPUCOETTHEH-
HBIMHI Ha IIEPBOM Iare, IPOHYMEPYeM Uy, ..., Us¢—3;. lelepb IPUMEHUM K
rpady T nociaenosarensbno 3¢ — 3 omepanun (K3, k)-pacimpennst Ha Bep-
MIUHAX {V11, .., V13041 )5+« -» {Vk 1, - - Uk,3041}, COOTBeTCTBeHHO. 'pad, mo-
JIy9eHHBIN TakuM obpazom u3 Th, obosnayuMm uepe3 Hs.

[lepexom m — m + 1. Paccmorpum 3¢ — 3 wommm rpada H,, —
HY ... H;’jf—3 . Obbeunenne stux rpagos BoszbMeM 3a 1),. B kaxaom u3
noarpacdos H: Beibepem 1o k Bepmua crenenn Bbune k — {vy;, ..., Uk}
3aMeTnM, YTO BepIIUHbI, MPUCOEINHSEMble Ha JIIOOOM Iare, MMeEOT CTe-
IeHb k ¥ JAJbHEHIIMMEU [PUCOEIMHEHNUSIMA HEe 3aTParvBaJiiChb, & 3HAa-
90T, COXpaHSOT crenedb k. OUYeBUIHO, ITO W Ha STOM Iare OHU He
OyJyT 3aTPOHYTHI U BHOBbL COXPAHAT CBOIO cTeleHb. l[Ipumenum K rpa-
by T, mocnenosarensro k oneparmii (K3, k)-pacimupenusi Ha BepIIHHAX
{via,..,vi3e-3}, o, {vk1, - .., Uk 303}, coorBercTBenno. Iloyyenublit B pe-
3yJIbTaTe 3TUX oneparuit rpad odosznadum H,, 1.

Jlemma 3. I'pap H,, — MUHUMAALHOT U MUHUMGADHOIT O CMALUCAHUIO
k-ceasnoiti epad.

,ﬂon‘asameﬂbcmeo. SaMeTI/IM, 9TO JOKa3aTeJIbCTBO 9TOU JIEMMBI JIETKO IIO-
JIYIUTHb aHaJIOTUYIHO CJIYyYal0 HEeYETHOI'O k. Oranumne MOSABUTCA TOJIBKO 1Ipu
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paccmorpennn rpacdos Hy; u Hy. CMmbIca omiinydns B KOHCTPYKIIUU B TOM,
YTO TPU Y€THOM Kk Bce BepiuHbI Hy Oy/IyT UMETh CTeleHb kK U KOJTMYeCTBO
[IPUCOEIMHEHNT Ha BTOPOM IIIare YBEJMYEHO MMEHHO JIJIT TOT'O, YTOOBI BCE
BEPIIUHBI U3 BCcex Komnumit H; 1mocjie BTOpOro mara MMeJn CTeleHb BbIIe k.
DTu u3MeHeHNUsI B KOHCTPYKIIUN HECYIIECTBEHHO BJIUSIIOT HA JOKA3ATETHCTBO
k-cBsI3HOCTH, MUHUMAJILHOCTH U MUHUMAJBLHOCTH 110 CTATUBAHUIO. U

Teopema 4. IIpednonoorcum, wmo k = 20. Toeda npu m > 2 6 epage

Hm+1 doasa sepwiur cmenenu eviue k cpec?u 68CET BEPWUH NO KpatiHel mepe
9031802 4174—12
1803 —42(+26

Jloxazamenvcmeo. Ouesugno, |Vi(Hy)| = (30 + 3)(3¢ — 3) u |Var(Hy)| =
(3¢ — 3)%. 3ameTum, UTO Ha M-TOM IIare KOJUIECTBa BEPUIMH CTEICHU Kk U
CTENeHN BbIIe k MEHSIOTCS CIIeyoImuM 00pasoM:

Vie(Homi1)| = (3€ = 3)[Vi(Hr)| + 3K
u |Var(Hpi1)| = (30 — 3)|Var(Hyp)|. CrenoBaresbho,
Vi(Hpy1)| = 3k((30 = 3)™ 2 + -+ 4+ 1) + (30 + 3)(3¢ — 3)™ =

_ 5B _3?:”41 —1, (30 +3)(30 — 3)™
u |Vor(Hpit)| = (3¢ — 3)™FL. Takum o6pasom,
VeulH,)l -3 ]
[Hal  3kBET2L L (304 3)(30 — 3)m 1 4 (3¢ —3)™
(30— 3)%(3¢ — 4) B (30— 3)%(3¢ — 4)

T B0 (313)30—3)(3—4) + (30 —32(30—4)  6U(B—-3)BI—H+1)

903 — 180% + 170 — 12

1803 — 420 + 26
O

CaenctBue 3. I[Ipednoaootcum, wmo k > 6 — wemnoe wucao u k = 20. To-

204 ONA MUHUMANDHOZ20 U MUHUMAALHO20 NO CMALUBAHUIO k-C64A3H020 2paga
o < 1 — 903 1802 4170—12 _ 9341802590414
k 1803420426 1803 —420+26

21
317

31

31 46
457

CaencrBue 4. /laa k = 6,7,8,9,10 svnoaneno cg < < cg < o5,

/ 9 / 401
Cy < 14 U Cq < 665

Jloxazameavcmeo. 3aMeTuM, YTO 3TO YTBEPKJEHUE JIETKO IOJIYYUTH U3
cjaencTBuit 2 u 3. [
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