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Abstract

B craTpe goxaseiBaeTCA HEPEPBHIBHOCTH CIEKTPa aBToMopduama [lackana — ecrecTBen-
HOro mnpeobpa3oBaHus IpocTpaHcTsa myren rpada [lackans, (= 6€CKOHEIHOrO TPeyromib-
nuka [lackamns). Ecmm peamumsoBars 5TOT aBTOMOPGU3M B BHAE CABUra B IIPOCTPAHCTBE
MOCJIEIOBATEILHOCTER HYJeW W eIWHWIL, SITO JeIACTCI HUXKE, TO BO3HUKHET CTAIMOHAPHAL
Mepa, HasdBaHHasA Mepou [lackads, CBOMCTBA KOTOPOU MBI M3y4aeM. B 9acTHOCTH, MHOXECTBO
MOYTUIEPUAOANIECKAX IOCIE[OBATEILHOCTEN UMEIOT IO HEeW MepY HYJb, U3 Yero B KOHETHOM
ATOre U CJAeIyeT HEIPEPBIBHOCTH CIEKTPA COOTBETCTBYIOMIErO ONEPATOPA.

[IpeobpasoBanus, TOpOXK JEHHBIE KIACCUYIECKUMU IPAAYAPOBAHHBIMU rpad)aMu TaKUMU,
KaK OObIYHBIE U MHOroMepHbie rpadsr [lackausa, rpadp FOura, rpad OayxgaHunl B Kame-
pax Bewns m np., 1O0CTaBIAIOT IpUMEpPHl KOMOMHATOPHOI'O MPOUCXOX IEHUI HOBOT'O, OYUEHb
MHTEPECHOrO KJIAacca ajudecKux npeOpa3oBaHUU BeAeHHBIX eme B [l]; K HUM UpUBOAAT u
HeKOoTOpLIe paccmoTpenus B. Y. ApHonsaa. MBI 06CyXgaeM BO3ZHUKAIOUINE 31eCh 32, Ja4H.
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“Y Tex MaTeMaTUKOB, KOTOPHIE OCTAIOTCA TOIBKO MATEMATUKAMY, YM 3 IPABLIA, HO JUIIbL

B TOM CIytae, eCIU UM BCE PACTONKOBATH WUepe3 ONMpeeJeHrs W MIPABUIA; WHATE OHU [VIYIIBI

7 HECHOCHBI, IOTOMY 9TO PACCYXJAIOT 3APABO TOMBKO, KOTJAA MMEIT Iepen cOO0U SICHBIE
npasumia’

Baes Mackans. “Mpiciu. Cepua XXIL” (Ilep. FO. T'mus6ypra)

ITIOCBAMIEHUWE. [luma Apuaoasa ouens mobun B. [Mackana (kak u a), a P./lexkapra
OH He JI0WI, CINTAasa ero MPOBO3BECTHUKOM HEHABUIUMOr0 uM Oypbakusma. fl xe B 1oHOCTH
k Bypbaku OTHOCWICA ¢ IMATETOM, IEHWI €10 5~ TOM, 1 gaxe Kak-To Hamucar emy (H. Byp-
6axu) GOIBLIOE MAHErUPUHIECKOe MUChbMO, 9T0 Juma e ogobpmir. B orser H. BypbGaku (B
sormomernuu 2K. /[pefoHHe) IPUCIAT B IOAAPOK TOJIBKO UTO BHIMIEAUIMY O9epeqHON 6-1 TOM
“UnrerpupoBanue”, — HA TEeMy BeCbMa OJU3KYIO MHE, HO OKA3aBIIMUCIA OYE€Hb HEYIAIHBIM.
A paccTpowmicsa m cTaa AyMaTh, 9TO, HABEPHO, B I€M-TO ApPHOJIb MpaB.

[TposBuBLMUCa B nocaequue roabl xku3au B.. ApHoabra 0CTPHIT HHTEPEC K KOMOMHATO-
pUKe U ACHMITOTUKAM, COMM3UBIINY HAC emie 6oable, ObLI, KaK A TyMAlo, elle U MPOABICHAEeM
TOr0, ITO BCAKUE PAMKU, 3AMPETHI ObLIN IPOTUBHBL €I'0 PA3yMy, OH IIOCTOSHHO YXOAWI OT
KAHOHOB, & JydIle CKa3aTh, BBOAWI HOBBIC, M 5TO YAABAJIOCH €My, IIOCKOABKY OH ObLT (IO
[Tackamio) HE TOTBKO MATEMATHKOM.



e = o

Coaepxaunue

ABTomopdusm Ilackansa, kak npeo6pa3oBaHue 6€CKOHEYHOMEPHOro Kyb6a.
ABTomopdusm Ilackansa, kak pe3yJabTaT 3aMEHBI BpDEMEHHU B OJOMETPE.
AsTomopdusm Ilackansa, kak casur nmo Mmepe ITackams.

AsTomopdusm Ilackana uMeeT IUCTO HENPEPLIBHLIM CIEKTP.

JanbHenmve 3agadu u 0600mIeHAA.



1 BsegeHnue: omnpeaeleHne agM<eCcKOro aBTOMOP-
dusma Ilackamns

1.1 JIuHEeUHbLIX MOPAAOK U APyrHe CTPYKTYPhLI HA MHOXKECTBE
BepHIH KyO0a.

Omnpepnenenne apromoppuama [lackans, Kak OJHOTO W3 MPUMEPOB AUIECKAX MPeobpa3oBa-
HUM, ObL10 cHOpMYyaMpOBaHO B [1, 2], Torga xe ObLIa MOCTABICHA 334294 O BHIYUCICHUN €0
cnekTpa. Ero onpegenrenne 0CHOBBIBAETCA HA, BBEIEHUU JEKCUKO-IPAPUIECKOro (JIMHEMHOTO)
YIIOPAZOUCHUS IPOCTPAHCTBA, Iy Tell KOHEIHOTo Wik 6eckoHedHoro rpada [lackana'. B csoo
otepes OmpeIeaeHne JeKCUKO-IPahuIeCKOr0 IOPALKA CBOAUTCA K BBEICHUIO €CTECTBEHHOIO
JUHEUHOT'O MOPSATKA HA MHOXECTBE BCEX MOAMHOXECTB JAHHOU MOITHOCTY MHOXECTBA U3 7
DIEMEHTOB, WIN, HA, T€OMETPUIECKOM A3BIKE, K OIPEIEJEHUIO JHHEMHOIO TOPA KA HA, MHOXE-
CTBE BEPIIUH N-MEPHOT0 KOOPAMHATHOTO KyOa ¢ JAHHBIM KOIXIECTBOM HYJIEBBIX KOODTUHAT.
Mpb1 HAYHEM ¢ HECKOJIBKUX BAPUAHTOB OIPEAEJICHUI 3TOr0 HOPAIKA.

1. IIycrs I, = {0,1}" -MHOXeCTBO BeplIMH EJUHUIHOTO n-MepHOro Kyba. Paccmo-
TPUM T'UIEPIIOCKOCKOCTH, COAEPKAIIME BEPUIMHBI ¢ CyMMOU KoopauuaT m,m = 0,1,...n.
n o6o3nauM Cpy, p—p, MHOXECTOB BEPUIMH Ha 7—OU THIIEPILIOCKOCTH; Y STHUX BEPIIMH 1M
koopauaaT paBubl 0 U n — m paBuel 1. Onpegeaum 1Mo MHIYKIUU JUHEUHBIU TOPALOK HA,
Bcex Cp . Ilpm n = 2 mopagok Ha oguOTOYeYHBIX MHOXeCTBax (9, (o2 TpBHALCH, a HA
C1,1 mopagok Takos (0,1) > (1,0). IlycTs mopagok 3anan Ha Cj p—p Opu Beex k =0,1...n,
rorga #Ha Cy pi1—m AAA OAP BEePIIMH C OJMHAKOBOU IOCICTHEM KOODAMHATOM — TAaKOH XKe,
KaK Ha nape BepimuH u3 Cyy, y—y,, TOTYHAIOIMAXCA OTOPACHIBAHAEM IOCTeTHEN KOOPAMHATHI;
ecm Xe IOCICAHAA KOOpAMHATA y map BepmmH u3 Cp, pq1—p, PA3IMIHA, TO OOIBIIE TA, Y
KOTOPOW 3Ta KOOPIUHATA PaBHA, 1.

2. To xe camoe HO HECKOJIHKO B APYI'MX TEPMUHAX BBINIALUT TaK. Y 00HO 0603HA-
TuTh k = n —m. Paccmorpum cemenctso C(m, k) Beex C), | TOAMHOXECTB MOMHOCTH K
JAWHEVHO yTIOPAAOIEHHONO MHOXeCTBa u3 m + k saementos {1,2,...k, k41, ...k4+m} n
BBEJEM HA DTOM CEMEHUCTBE JUHEHHBIN JEKCUKO-IPAPUIECKOM MOPAIOK: MOAMHOXKECTBO F'
6oublie MOAMHOXKECTBA (G, €CIU MAKCUMAJIBHBIM HOMED DJIEMEHTA M3 IMOAMHOXEeCTBa F, He
BXOAAIIMYA B IOAMHOXeCTBO (G 60JblIe, 9eM MaKCUMAJIbHBIA HOMED DJIEMEHTA U3 I10[MHOXE-
crBa (G, He BXOIAMUA B MOAMHOXECTBO F. MuHUMAILHOE B CMBICIE DTOTO MOPAIKA MOJI-
MHOXECTBO mMmeeT xapakrepuctuieckylo dyakmuio (1,1,...(k),1,0,...,0), a makcumanrbHOE
—(0,0,...(m),0,1,1...,1). Takum 06pa3oM, MbI IMHEWHO YIOPALOUWIA BCE TOIKM MHOXKECTB
C(m+ k,m).

3. Haxkomemn, “«amcioBas” MHTEPIpPETAIUA DTOTO MOPIAKA COCTOAT B CAEAYIOMEM: Pac-

! Bosee pacmpocTpaHeH TepMuH “Tpeyronbruk Ilackana”, HO OH, IPaBIa, OTHOCUTCA B OCHOBHOM K KOHETHOMY
00BEKTY, U B BEPIIMHAX TAKOTO rpada CTABAT OUHOMUAIbHLIE KOd(M UIUEHTH. [[0pTOMY Ha3bLIBATEH OECKOHETHBIN
rpad Ilackaas TpeyroJbHUKOM HE BIIOJHE eCTeCTBeHHO. HO €CTh BO3paxKEeHWs M MPOTUB TEPMUHA “TPEyTOJbHUK
Mackans”: mpexjae BCero mOTOMY, 9TO €r0 OTKDPLITUE NPUIUCHIBAIOT Takxke uHaunny [lunrana (10 Bex), nepcy
Owmapy Xamsamy (12 Bek) u kuranuny Xysio (13 Bek). C apyrou croposnst npu Ber3ose B ['yrue cios “rpad Hackans”
nosiBsgeTca npexae scero I'pad JI. H. TomcTon, KOTOpEIN TOXe O9eHb Jo0uI Ilackals, a Takxke TeMa rpapuaecKux
pPeXUMOB B MAamMMHHOM s3bike “Ilackaun”.



CMOTPHUM TOYKY KOHEIHOMEPHOI'O Kyba, KOODAMHATEL Ky0a YIOPANOYCHBI) KAK [IEAbIe TUCIA,
B JBOMYHOM PA3JOXKEHWHU. BO3bMEM [ABa TAKUX GHUCIA, y KOTOPBIX, OAUHAKOBOE TUCJIO €IU-
HUL (M HyJe) B 5TOM pa3noxkeHud. 1orjga 5To caMblil OOBLIYHBIN HOPAAOK < HA MHOXECTBE
HATYPAIbHBIX dmciaax 1o Beamawse. COBHOAeHUE HAIIAX TPEX HE3ABUCUMBIX OIIPEIeJeHUN
IOPAAKA JET'’KO IPOBEPUTh.

[Mockoabky myTr B KOHEIHOM TpeyroiabHuKe [[ackass BEICOTHL 71 MOXHO OTOX AECTBUTD C
MOCJIEIOBATEILHOCTBIO HYJIeH W eQUHUIT, TO MBI (PAKTUICCKA JUHEUHO YIIOPAJOTWIA KAXK IO
73 MHOXECTB IyTeH, BeAYIIUX B KAKYI-Iu00 KOHEYHYIO BEPIIUHY TPEYTOIbHUKA.

2 BeckoneunomepHbiu Ky6 u aBromopdusm Ilackais

PaccmoTpuMm Teneps MHOXECTBY BepUInH G€CKOHETHOMEPHOr'O eIUHUIHOrO Kyba, T.e. CUeT-
Hoe npoumssegenue asoeroumit: 1°° = {0;1}°°, mbr Oygem ero kKOPOTKO HA3BATH OGECKOHEY-
HOMEpPHBIM KyO6oM. YMCI0 BaXHBIX MATEMATHIECKHX CTPYKTYP HA DTOM 3aMeUaTEILHOM
00BEKTE, UX MONE3HBIX UHTEPIPETAIUN U CAMBIX PA3HBIX WX MTPUMEHEHUA— OrPOMHO.

[Tpex e Bcero mbl paccMaTpuBaeM OECKOHEIHOMEPHBIN Ky0, KAK KOMIAKTHYIO a1 IUTUB-
HYIO TPYIIY HEJIbIX AUATUIeCKUX ucea Zo, MblI peatudyeMm ee, Kak I'PYIIILY IOCIEI0BATENb
HOCTEHU BBIYETOB [0 MOAYJIAM 2", U UCIIOAB3yeM aqAUTUBHYIO 3alKUCh. B Hamen uareprnpera-
WK eI0e TUATATIECKOe IUCIO €CTh TOXe OECKOHEeTIHasA OTHOCTOPOHHAS MOCAeI0BATEILHOCTD
wysen u equanl. Crabasa Tomomorus Ha [°° mOpoOXmgaeT CTPYKTYpPYy CTAHIAPTHOO U3MEPH-
MOr'0 IPOCTPAHCTBO; Mepa BepHyin i, ecTh 6eCKOHEYHOE MPOW3BEfeHNE MED HA COMHOXU-
rensnx {0,1} ¢ BepostHOCTAMEU (1/2,1/2). Ona sBiaseTcs 04HOBPEMEHHO U Mepon Xaapa Ha
Kybe, kKax Ha rpynne Zs. MoxXHO TakXe pacCMOTPEThb B APyrue OepHYIIHEBCKHE MEPHI [ip
— npoussegenus mep (p,1 —p),0 < p < 1, OHM yXe HE MHBAPUAHTHHI (& JUIIL KBA3UUHBA-
PUAHTHBI) OTHOCATEIBHO CIOXKEHUsA (HO OyAyT MHBAPUAHTHEI OTHOCUTEILHO aBTOMOpPdU3MA
[Mackamnsn). BeckorevHOMEPHBIN KyO €CTECTBEHHO OTOX IECTBIAITCA C IPOCTPAHCTBOM Oec-
koHeuHbIx myTen rpada [lackamra, (Hyab ecTb BBIGOD JEBOrO, a €IMHUIA -IPABOrO HAIPA-
BJICHUs IyTHU)— U OHO-TO U OyAeT (a3oBBIM IPOCTPAHCTBOM i aBToMopduama [lackaus,
ompeneasTeMoro Huke. Bce Tu mHTEpHpeTanuu MAEHTUYIHBL 1 MEPA OMHA U Ta Xe; BHIOOD
yIOOHOU pealn3aluu - 1ea0 BKyca. Ham mo Goablmern 9acTu yao0Hee FOBOPUTE O OECKOHE™-
HOMEPHOM Ky0e€; TOIOJOrusa MPOCTPAHCTBA [/ HAC HE MMeeT 0COOOro 3HAMEHUS.

Y 106HO 3aIMCHLIBATDH IEAble TUATAYeCKAe TUCIa B popme

0...(m)...01...(kp)...1 5 % = 0™ 1F1 5 4,

[IpeobpasoBanue caBura Ha eguHuiy 1’ B aJIuTUBHOU Ipyimne Zy, T.e. Ipeobpa3oBaHue
Tzr = xr + 1, pasymeercs, coxpauser mepy Xaapa-BepHy/in, ero Ha3pIBAIOT B TEOPUU [U-
HAMEYIECKUX CUCTEM 00OMEMPOM Ul OUAIUYECKUM ABMOMOPPUMOM, OHO ABIAETCA CAMBIM
OPOCTBIM DProAUIeCKUM ABTOMOD(M3UMOM; €ro CHEKTP (=MHOXeCTBO COOCTBEHHBIX TUCEN)
€CTh T'PYIIa BCeX KOpHEW m3 eauHuMnbl cremenen 2",n = 1.... OpOuTbl omoMeTpa eCThb
KJIACChl CMEXHOCTH 10 (BCoay mioTHou) moarpynne Z C Zp. OOmas agmaeckas MOAETb
npeoOpa3oBaHUN, COXPAHAIOIIAX MepPy eCTh ajgekoe 06o6menue ogomerpa ([1, 2]).

Paccmorpum 2-anmdeckyio MEeTpUKY p Ha aJJATUBHOU rpyime Zo NEAbIX 2-aTu9eCKUX
9MCea; OHA MHAYIUpPyeT crabyto Tonoaorus Ha [°°. Merpuka p Beirmagur tak: p(z,y) = ||z—



|| rme gl =219 ecrs Kanonuuecrkoe nopmuposanue, 3geck t(g) - ecTh HOMEp mEPBOIL
HEHYJEBOU KOOPAMHATHI dJIeMeHTa §. Merpuka p, 049€BUIHO, UHBAPUAHTHA OTHOCUTEIHHO
0J0MeTpa, HO, KAK MBI YBUAM, HE OTHOCUTEIHLHO aBToMOpduama [lackais.

Beegem Teneps ymopagodenue ua Zo ~ I° = {0;1}*° cregyomum 06pa3zom: Ha30BeM
napy BepunH (To4eK ) 6€CKOHeTHOMEPHOr 0 Ky6a CDABHUMBIME, €CJIM Y HAX COBIALAIOT BCE KO-
OPJMHATHI, HATUHAA ¢ HEKOTOPOro MecTa (“OAMHAKOBBIA XBOCT” ), & 9UCIO €IWHUL, 10 DTOTO
MecTa y 00enX MOCIe0BATEILHOCTER OAMHAKOBO. VX MBYX CpaBHUMBIX BEDIIMH OOJbIIE IO
OIIPEIENHUIO Ta, Y KOTOPOU HAYAJIbHBIN KOHEYHBIN OTPE30K OOJBIIE B CMBICIE ONPEIETCHNUs,
MAHHOT'O BBIMIE. JTO W €CTh HYKHBIN JEKCAKOIPADUICCKUN TOPATOK HA OECKOHETHOMEPHOM
kybe; 0603Ha4uM ero <. Jlerko mepeckasaTh BCe BBHIIENPUBEICHHBIC ONMMCAHUA MOPIIKA, HA,
KOHEYTHOMEPHOM KybOe mis 6eCKOHeIHOMEPHOTO Kyba

Ho, xaxmas BepmmHa 6eCKOHETHOMEPHOI'O Ky0a MOXET pacCMaTpUBATBHCA KaK OecKo-
HedHBIA yTh Ha rpada llackama. CpaBHUMBIME B DTOM MOPALKE OKA3BIBAIOTCI IIYTHU C
OQWHAKOBLIM “XBOCTOM”, T.e. C PaBHBIMEH KOOPIMHATAMM, HAUMHAA C HEKOTOPOrO MECTA.
Tem caMbIM BBEJI€H JUHEMHBIN MIOPALOK Ha MHOXecTBe myTen rpada [lackass.

Tun ynopsgodeHus Ha KIACCe CPABHAMBIX IMyTeH ecTh TUll 6GeckonedHou B oauy (N) wim
06e (Z) croponbl nenu:. GECKOHETHBIM BJIEBO DTOT THIl OKA3bIBAETCA. €CIM Y COOTBETCTBY-
IOIIEeN BEPIIMHBI Ky0a JWIIb KOHEYTHOEe YUCJAO HyJed, U GECKOHEYHBIM BIIPABO, €CIU KOHETHO
qucno equanAl. [ BCEX OCTATBHBIX TOYEK (IyTel) ynmopAg0IeHrue IMEET THUIL Z; OHU COCTa-
BIAIOT MOJHYIO Mepy o Mepe Bepuymiun. MoxXHO cKa3aTh, 9TO MBI IIEPEOIPEISIUNIN TOPA 0K
HA KJIACCAX CMEXHOCTH II0 HOACPyHne Z, IPYU STOM MOYTH KaX IbIM KJIACC CMEXHOCTH Pac-
MAJICA HA CIETHOE UUCIO JUHEHHO YIOPAJOICHHBIX IOIMHOXECTB.

Ounpepgenenne 1. Asmomopdusm ackaan ([2]) onpedeasemea, kax omobpaxncenue P, 6ec-
KoHeunomepHo20 kyba (8 410601 e2o unmepnpemayuu) 6 cebs, nepesodsuwee Mouky 68 Heno-
cpedcmEento CAeIYoUWYI0 6 CMBICAE B8EIEHHO20 B8bLULE NOPAJKG <.

[ Bcex TOUEK, 33 MCKIIIOYEHWE CIETHOTO UUCAA, CACHYIOMAA TOYKA CYIIECTBYET, U BCE
TOYKHM 33 UCKIYEHUE CICTHOTO TUCIA MUMEIOT U IPEABIAYILYI0 TOYKY, MO3TOMY aBTOMOD-
dusm [Tackans u 06GpaTHBIN K HEMY OIPEAEJeHBI BCIOAY 33 UCKAIYEHUEM CYETHOTO YUCIa,
TOYeK (a TOvYHEee, 33 MCKIIOYEHWEM IDYNNbl Z, KAK NOATPyNnbl rpynnsl Zs. Jlerko nosaTs,
9TO mpeobpasoBaHue P m3MepuMo U [aXke HEMPEPBIBHO B CAA0OU TOMIOJOTUA BCIOAY, KPOME
YKA3aHHBIX MCKJIIOYCHUN.

3 ABtomopdusm Ilackansa, kak pe3yabTaT 3aMeHbI
BPEMEHH’ B OJOMETPEe U CJIy4dauHble II0JCTAHOBKMA Ha
rpymnmne Z

Teneps MBI MOXEM MEPERTU K GOJIEE AETATHHOMY PACCMOTPEHUIO AJUIECKOrO aBTOMOP-
dusma [lackansa. Ilokaxem, aro apromopdusm Ilackamns coxpamser mepy. [lercTBUTEIHHO
mEPEeXO K CIEAYIOMIEN TOYKE €CTh MOACTAHOBKA KOHETHOI'O UMCIa KOOPIUHAT, IOITOMY CO-
XpaHeHue MeEphI cilaeaqyer u3 Toro, 1To Mepa BepHyJII/II/I C OONHAKOBBIMUA COMHOXHUTEC/IAMA WH-
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BapUAHTHA OTHOCUTEILHO AEUCTBUA O€CKOHEYHOU CHMMETPUIECKON I'PYIIE, TeUCTBYIOIEH
MOICTAHOBKAMU KOOpAWHAT. V3 mpesbiaymiero sCHO, 9TO Kaxjaad opbura aBTOMOpdU3MA
[Tackaus mpuHANIERKUT OJHOU OPOUTE OMOMETPA, & UMEHHO TOMY XKe KJIacCe CMEXHOCTH IO
Z. lloaTomy saemenT ¥ — Px B rpyunne guanmdeckux ducen aexut B noapyune Z C Zo, u,
crefoBaTeabHO, aBroMopdusM llackans MOxHO pencTaBiaTh cebe, KAK pe3yIbTaT 3aMeHbI
BPEMEHU B OLOMETPE.

Eciz ¢ moMompio MBOMYHBIX Pa3JOKEHUA OTOXAECTBATH C TOYHOCTHIO MO MHOXECTBA
MepbI HyJIb rpynny Zo ¢ eIUHUYIHBIM OTPE3KOM, TO aBToMOpdu3aM [lackans neperger B npo-
Opa3oBaHUE OTpPE3Ka, MPUHALIEKAIIEee K KIACCY, TAK HA3BIBAEMBIX, CIETHBIX PAIMOHAIBLHBIX
MEPEKJIAIBIBAHUN.

Huxe 6yayT manel ABHBIE (POPMYIIBI, IOKA3BIBAOIINE, KAKYIO 3aMEHY BpEeMEHHU HA O Cle-
JaTh B ofoMeTpe, YT0ObI moryunTh aBromopdusM llackansa. Kak Mbr yBugum, aBTOpMOp-
dusm [Tackans, mepeynopagoImBaeT TOYKU HA KIACCAX CMEXHOCTH 1o moarpynne Z (T .e.
HA TPAEKTOPHUAX 0JOMETPA) BECHMa, CIOKHBIM 00Pa30OM.

To, 9T0 geraeTcs ganee aHAJOIUIHO TOMY, 9TO IPOAeIaHo B pabore [7] B Goxee npocTom
mo cpaBHeHuwio ¢ aBToMmopdusmom llackama caydae, a WMEHHO TaM MPOBENEHO AETAIHHOE
CPABHEHUIO OOBIMHOrO MOPALKA C MOPCOEBCKUM NOPAIKOM, BOSHUKAIOUIUM U3 AHAIU3A, ABTO-
Moppusma Mopca.

W3 ompepgenenus aBromopdusma Ilackans Jerko BBIBECTH, ITO OH 33Ja€TCA CASTYIOUEH

dopmy.ton:
z— Pz; PO™1%10 % %) = 1%0m01 % %, m,k=0,1....

Asromoppusm P! yno6mo 3amucaTs B aHATOrIIHOR hopMe
P7H(1%0™01 % %) = 0™1F10 %+ m,k=0,1....

[epexox or P x P~! menser poramu m u k T.e 0 u 1. Asromopdusm P u o6paTHbI
K HeMy P! ompegeneHbl 1A BCeX — ¢ GECKOHEIHBIM GHCIOM HyJell W eJWHMIL, T.e. HAa
muOXeCTBe Zo\Z. C 1pyrou cCTOpOHBI, TOCKOALKY P () 1eXnuT B TOM ke KIacCe CMEXHOCTH,
YTO U Z, MOXHO CIPOCHUTD, 9eMy paBHa pasHocTb P(z) = z. [logsiToxum oTBeT B JIeMMe:

Jemma 1. Asmomoppsum Hackars 3adaemes Gopmyiamu:
P(0™1%10 % %) = 10" 1% %, m,k >0,
UAU 68 YUCAOBOM NPEICTNABACHUL:
PRM™MF _om 4y =2m TRl Lok 14 m k> 0,7 € Ker(Omyri1),

3decv 2omomopdusm 0, onpedesen Gopmyaot Oy, : Zy — Zy/Zon, u €20 adpo cocmoum u
nocaedogamenbrnocmets ¢ HYAAMU KA NEPBLIT T MECMAL.

Coomsemcemeenno gopmyaa 0aa 3amenvt nepemennoti npu nepexode om odomempa T ®
asmomopdusmy Hackass P maxosa:

Pz =T"®g = z + n(z),

2de



n(z) = P(z) —z = prman(k,m)glm—klq oo

UAY
n(z) = 2™ 4+ 2" — 1.

IruMm aBToMopdusM [lackana 3anan mis a060ro saeMenTa & € Zsg, B Pa3IOXeHUU KOTO-
poro ectb dpparmenT 10, T.e. 3amaH AIA JOOOTO MEIOT0 AUATUIECKOrO TUCIO, OTIATHOTO
ot uucexn Buga 0™1°° m > 0 (meabix oTpunaTKibHBIX). [IpuBegenubie gopmyast misa n(x)
JETKO TPOBEPAIOTCA 1A KaXA0ro u3 ciaydaes: m >k um < k.

Omnpenenum Temeps byuxnna ny(x) : PRz = T (@) g = ng(x) 4z, jua Bcex HATYPAIbHBIX
k=0,1,2...:

no(z) =0, ni(z)=n(z), npz)=Pc—z ...,
— dopmyaa g ng(x) cregyer w3 OmpeneeHus:

Jlemma 2.
N1 = ny(ng(x) + z) + ng(z).

Proof. P*tlg = Tmen@g = ny ) (z) + .
Ho

Pk+1$ — P(Pk)x — Tnl(qu;)ka,

IIO3TOMY

Pk+1$ — Tnl(Pk:B)+nk (:B):L,

r.e. T+ nppi(z) = ni(PrPz) + ni(z) + 2 = ni(z + np(x)) +np(z) + 2
Takum ob6paszom,

Py =ny(ng_1(z) +2) +ng_1(z) = - = 2+ n1(z) + nu(ni(z) + ) + ... + 1 (ng_1(z) + ).

3amerum, 9T0 GHOopMysl, Beipaxaomme Gyakmum ng(z), k > 1 1epes dyuknuio ni(zr) =
n(Z) UMET, KOHEYHO, YHUBEPCAJIbHBIN XapaKTep — OHU BEPHBI [ 3aMEHBl BDEMEHU B
IPOU3BOALHOM aBTOMOpdU3Me. Mbl OygeM ucnoab308aTh TOALKO (GyHKIMO n(.) = ny(.).

Ocobas opbuta Z C Z, omoMmeTpa moj aercTsueM aBroMmopdusma [lackara pacnamaercs
Ha, CYETHOE YUCIO OPPAHYEHHBIX OPOUT, ¢ KOHEYHBIM YMCJIOM €IWHUILL WIK HYJICU: 3 UMEHHO
a060€e Tenoe MOJOKUTEIbHOe Iuca0 & € N mpuHa[IeXuT moay6ecKOHETHON OpOuTe ¢ KOH-
EBOU TOYKOUM — umcaoM 2° — 1, rpe s — IuCaI0 eIUHUI] B JBOMYHOM PA3IOKEHUH L, a J060e
OTPUIATEIBLHOE TEJI0E TUCJIO TPUHAICKAT MOIYyOeCKOHETHON OpOUTe ¢ HAYAILHOU TOYKON —
quciaom —2° 4+ 1. Bee ocranbabie 0pouThl P Kak JUHETHO yIOPS JOYEHHBIE MHOXECTBA, UMEIOT
MOPAIKOBLIA THUII 7.

B cBs3u ¢ popmyaon mius Pr BO3HUKAET BaXHBIM BOIPOC, YIIOMAHY THIA PAHEE: KAaK Mpe-
06pa3y0TCa KIaCChl CMEXHOCTH 1O HoAarpynne Z, T.e. OpOUTHL OZOMETPA, MOJ AEUCTBAEM



asromopdusma [lackana? VHade rosops, Kak ommcaTh HOACTAHOBKY k — n(z + k), Kak
IIOJICTAHOBKY B r'pymue Z:
oy t—n(r+t), telZ?

Taxum 06pazom, asromopdusm [lackana 3agaer caydannyio (mapameTp CIy9IallHOCTH —
x € Zy) 6eCKOHEUHYIO MOACTAHOBKY O, 0OTOOpax)amllyo Z (IpocTO KaK CIeTHOE MHOXKe-
cTBO) Ha cebA U mMenmas GECKOHEIHOe YUCI0 OECKOHEYHBIX MUKIOB. 1€M CaMmbIM, Ompe-
JereHa Mepa Ha rpynme SZ Bcex GECKOHEYHBIX IIOJCTAHOBOK Z, KOTOPAaA eCTh 00pa3 Mephl
Bepuyunu npu coorBercrBum Zo O & — 0y € S, OTa Mepa CYHNECTBEHHO OTIMYIACTCA
OT TOU MepHI, KOTOpas BO3HUKAET IIPU AHAJIOIMIHOM aHaIM3e mpeobpasoBanus Mopca [7]
(TaM MOACTAHOBKU -OJHOUUKIIOBBIE); AHAIU3 DTOM MEPbI NPENCTABIAET UHTEPEC MO PA3HBIM
IPAYIAHAM.

OO6wuy TpUHOUI, COCTOUT B TOM, YTO BCAKAA 3aMEHA BPEMEHU B HEKOTOPOU AUMHAMUYE-
CKOU CHCTEMEe C MHBAPUAHTHOU MEPOU ONpeNeNseT Mepy Ha TpyIme GeCKOHEUHBIX MOACTA-
HOBOK I'DYIIBI (BPEMEHHM), ¥ CBOMCTBA DTOM MephI MO3BOIAIT JEAATh 3aKIOYCHUE O HOBOU
cucreme. VIMEHHO B 9TOM CMBICJAE MBI KCIOA30BAIU (DOPMYJUPOBKY, O TOM, UTO AEACTBUE
CPYIIILI ¢ KHBAPUAHTHON MEPOU MOXET PACCMATPUBATHLCA, KAK JEACTBUE CIYIaANHON MOACTA-
HOBKU Ha 3T0ou rpymme. Ho mus aToro Hago BeIOpaTh reference action - OTIpaBHOE IEUCTBUE,
B KOTOPOM NPOU3BOAUTCA 3aMEHA W KOTOPOE€ YHOPAMAOYUUBAECT TPACKTOPUU; TOT[A CIIyIau-
HasA TOACTAHOBKA COOTHOCUTCA CO CABUTOM Ha I'pymme. B Hamem Caydae 3TO €CThb AeNCTBHe
0IOMETPA.

4 CraunmonapHas Moaeab aBTromopdusma Ilackais
u mepa Ilackaus.

[MpencraBum Teneps geucrBue aromopdupma [lackauas B 6omee TpaJUIMOHHBIX TEPMUHAX,
B BHU/J€ CABUrA B IPOCTPAHCTBE JBYCTOPOHHUX MOC/IEJOBATEALHOCTEN HyJICH W eJuHUI (T.e.
oATh 6ECKOHEYHOMEPHOrO Kyba), CHAOXKEHHOM HEKOTOPOU MEepOU, MHBAPUAHTHOU OTHOCH-
TeNbHO caBura. VIMEHHO 5TO mpeacrasieHue OyAeT UCIOIb30BATHCA B OCHOBHOU TEOPEME.
Caenyromas TeopeMa 3aaeT CTAIMOHAPHYIO MOJeIs aBToMopduama [lackaurs.

Teopema 1. Onpedesum das xaxrcdo2o T € Zs nocacdoB8amesbHoCmb U3 Hyaet U eJuHuy
Yn(T) caedyrowum obpazon
yn = (P"z)1, n€Z,

3decw (.)1 o3nauaem nepsvili pa3pad duaduueckozo wucaa, cmoswezo 6 ckobkar m.e. 0 uau
1. Tem camvim, 3adano omobpaxicenue

SZﬁ{O;l}EZQHYZQZ:ﬁ{O;l}:
1 —00

Zy STy = {yn}nEZ : yn(x) = (an)lun S/

Omobpasxcenue S nepesodum mepy Bepuyasu v na beckoneunomeprom xybe 6 nexomo-
pyro mepy Syv =T na dpyzom (dsycmoponne beckoneunomeprom) kyoe — Y = [[>,_{0;1},
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Komopyo mbl Hazosem mepot llackass. Tawum obpazom S ocyuecmsarem uzomopPusm
npocmparcms ¢ mepoti, nepesodaswuti asmomopdusm IHackass P npocmpancmsa Zz, 6 dey-
cmopownuti cdsuz 6 npocmpancmee Y = 2% co cmayuonaproti mepoti = Siv).

B repmuuax myTten B rpadge Ilackans npusemeHHOE OTOGPAKEHNE €CTH COMOCTABICHUE
Iy TH, KaK TOCAENOBATEILHOCTD BepunH rpada [lackans, mocienoBaTeibHOCTh U3MEHEHUN
MEPBOT'O OTPE3Ka B IMPOIECCe aTUIEeCKON DBOJIIONUY Iy TH.

Jemma 3. Paszbuenue npocmpancmea Zs ma 064 MHONCECMBG NO 3HAUEHUAM NEPEOT KOOD-
dunamur ecmb (00nocmoponnas) obpasyrowasn asmomoduszma Iackans. Unaue 2080ps: no-
YU 6CAKAAL MOYKE 00HOZHAYHO 60CCMAHABAUBCAETNCA NO 3HAYEHUAM TLOCACI0BATNEADHOCTIU
nepsvir Koopdunam ee 06pazos nod deticmsuem NOAOHCUMEALHBIT cmenenet a8momopPusma
IHackaan:

z < {(P"z)1 }nen

ecmyv buekyus das noumu scex x € Zo. Apyeumu caosamu, omobpaxcenue S ecmv u30mop-
$uzm npocmpancmea Zy wa o6paz [], {0, 1} npu omobpancenuu S.

Proof. Jlerko BugeTb u3 GpoOpMyJI, ITO ABa HECOBIAIAMOIINAX SIEMEHTA I'PYIHLL Zo, OTINIA-
OIIMECA PA3PAAOM C MUHUMAJABHBIM HOMEPOM 71 IOPOX AT IOCAEA0BATEIbHOCTH IEPBBLIX
KOODAMHAT (Pk:r)l, KOTOpPHIE OYAYT PasindaThbCA XOTA ObI OAWH Pa3 B PaspAgax ¢ HOMEPaMU
MeHbIIME 2. O

3ameuanme. 1. [lgxa omomerpa TO xe pa3sbueHUe MO MEPBOU KOOPAUHATE, OUEBUIHO, HE
ABIAETCA 00PA3yIOMUM.

2. MHOXecTBO, Ha KOTOPOM COCpenoTotdeHa Mepa Ilackansa mpeacrasiageT GOJMBIION WH-
repec (cMm. Tabauuy). B pabore [11], (cm. Takxe [6]) mokaszaHO, 9TO YUCIO NUIXHADPOB B
obpase (“croxuocTs” aBroMopdusma [lackanus), T.e IUCIO CAOB JIUHBL 7 PABHO ACHMIITOT-
aeckn n> /6.

st m3ydenus asromopdusma Ilackans yqo6HO KOAMPOBATEH LEIbIE AUAIUIECKUE TUCIA
-3JEMEHTHL Zy He CTOMbKO ABOUTIHBIME [IOCAEAOBATEABHOCTAMY HyJIeH ¥ €JUHUL, KaK BHILIE,
CKOJIBKO C HOMOLIBIO IIOCIEL0BATEILHOCTEN ap HaTypalbHbIx ducen (m;(z), ki(x)), koropbie
OIPEAEIAITCA CIeAYIOIIM 00Pa3OM:

z = (0@ k@) goma(@) k2 @) 1 goms (@) ks(@) |y

Yucaa m;(x), ki(x) onpegenaor guuuel ciaoB u3 mHyaeu (m;(z)) u exurux (k;(z)), cTosume
Mexay AByMs mocaeposaTenabHbMU ((i — 1)-M u 4-M) BxOoxaeHusamu cioBa 10 B gBom<IHOM
pa3noKeHuu Iucia . Pasymeercs, 0ObIYHBIE KOO AMHATHI TPUBUAILHO BOCCTAHABINBAIOTCS
no nocaegosBarensHocTu map (m;(x), k;(x)); arm xkoopauHATHL OyAeM BPEMEHHO HA3BIBATH
NaPHLIMU.

OueBugno, aT0 BeKTOPHBI (M;(2), ki(£)) 06pasyoT mocaegoBaTensHOCTE (10 1) HE3ABUCH-
MBIX OJMHAKOBO DACIPEIEICHHBIX CILyIalHbIX BEKTOPOB (KakK (QYHKIWA OT &), & pacIpesere-
HUe KaXIOU mapbl TAKOBO:

Prim; =m,k; =k} =272 g =0,1,2....
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Onpegenenroe Beiute orobpaxenue S : Zy — Y = [[Z,_{0;1} moxHO mpeacrasurs B
60Jee KOHKPETHOU (popMe. ITO MPUBOAUT K MOHATHUIO ONOPHHIL CAOB.

[Ipegnonoxum, 9TO mepsas MapHas KOOpAUHATA daeMeHTa & € Zo pasHa my(z) = m >
0,k1(z) =k >0, T.e. HAYANBLHBII OTPE3OK

z = 0™1%01 * x.

2 s — (m
Paccmorpum anementwt x, Pr, Pz ... PPz, s = C}} , | 7 BbIIWIIEM NEpPBbIe KOOPAW-
HATHI DTAX DJIEMEHTOB. MBI mOMy<dmM CIOBO [JIWHBI S, KOTOPOE IO ONPEAENeHUIO0 u OygeT
HadagoM S-06pa3a saemenTa . He mocpencTBeHHO mpoBepseTcsa CAefOyINee WHIYKIIUMOHHOE

IIPABUJIO U3MECHECHUA IIaPHBIX KOOPDAWHAT.

Jlemma 4. Ecau k > 0, mo nepsas napnas koopdunama saemenma Pz makxosa my(Px) =0

u (Sz); = S(Pz) = S(x)s = --- = S(PFlzy = S(x)p_1 = 1;

Ecaum >0, mo my(P°z) =m+1;

Ecau npu smom u mo(z) > 0, mo ki(P°z) = k, a ecau mo(z) = 0, mo ki (P’z) =
k+ky—1.

Omnopuev c10BoM Oy, ), MBI 1 HA30BEM CJIOBO [MIMHBI §, COCTOAIIEE U3 MEPBLIX KOODAUHAT
snemeHToB &, Pz, ... P°x. Crencraue

Caegcteue 1. Iloumu atobas nocacdosameavrocmsb no mepe Ilackans ™ codeprcum npo-
UBBOALHO OAUHHYIO CEPUI0 EOUNHUY.

[leACTBATENBHO, B MOYTH JIOOOM daeMeHTe TZo GECKOHETHOE YMHMCIO Pa3 BCTPETAIOTCA
napHbie KOOpAuHATEL My (1), ki () ¢ IPOM3BOIBHO GOIBIIMMY 3HAYECHUAMHA U 110 TIEPBOMY CBOU-
CTBY JIEMMBI IHCIO HOCIENOBATEIbHBIX equHAL B 00pase Oyger pasuo k;(z) — 1.

[pyrue nBa yTBEDPXIEHWS JEMMBI IMO3BOJIOT MOCIEIOBATEIHHO CTPOUTH KOOPIWHATHI
obpasa Sz kak saementa Y = [[*,_{0;1}. O6pas Sz ecTb KOHKATEHAIMA CILy9aMHBIX OLOD-
HBIX CJIOB OIpeaeaaeMbIX II0OCIeAO0BATEAbHOCTBIO HE3aBUCHUMBIX IIaPHBIX KOOpAWHAT
(mj(x), ki(z)). HocTpoeHue ouepeaHOro OHOPHOrO CIOBA ONPENIACTCA MPABIIAME, BBHICKA-
3aHHBIMU B JemMe. [[JIrHBI OMOPHBIX CIOB PACTYT DKCIOHEHIUAJBHO BMECTE C pocToM m u k,
1 M3y9eHNE CTATUCTUKA MEPHI [acKana CBOAMTCA K M3y IE€HUIO IO CAI0BATETLHOCTH OIIOPHBIX
cioB. JIF06OMBITHO, YTO KOOPAWHATA MEHIETCA NeTEePMUHUPOBAHHA M — m + 1, a xoopau-
Hara k pacrer cryvanno co cpegaum 1. CTaTUCTUKA CIOB MOXET M3y9aThCA 110 aCUMIITO-
TUYECKAM CBOKCTBAM PACTYIIUX OMOPHBIX CJOB, KAXI0€ M3 KOTOPHIX AETEPMAHUPOBAHO, HO
X BBIOOD CIydaeH.

3aMevanme. Boimie MbI TOBOPUIN O KOOPAUHATAX ST C MOMOXATEILHEIMA HOMepamu. [lia
TOro, 9T00bl BBIACHUTH CTPYKTYPY KOOPAWHAT C OTPULIATEILHBIMA HOMEDPAMU, HAIO B CO-
OTBETCTBUM C 3aMETAHUEM BBHIIIE PACCMOTPETH TO XK€ IEMEHT & TOTHO TAKUM ke 00pa3oM,
HO OIIPEJeJUB MAPHBIE KOOPAWHATHI, moMeHaB mpeasapureabio 0 u 1. C apyrod cTopoHbI
HETPYIHO, TOKA3aTh, ITO KOOPAUHATHI ¢ OTPUIATELHEIMU HOMEPAME OJHO3HATHO OIIP€TeIA-
IOTCA IO IMOJOXUTECABHBIM [IJIA IIOYITHA BCEX TOYECK IIO MEpe HaCKa,JIfL

[IpuBegem npumep arHAMUKE aBTOMOpdu3Ma [[acKara n yKaxeM COOTBETCTBYIOIIEE OIOP-
HOE CJIOBO.
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PaccmoTpumM npumep ¢dpparMenTa TpaeKTopuu aBToMopdsuma [lackans:
my =3,k = 3,2 = 00011110,
[lninaa dpparmedTa paBHA Ck11+k1+1+1 =02 =35+1=36: z—— > P(z) = 11100001 — — >

m
P?(z) — — > -+ — — > P3 = 00001111. (HamOMHMM, 9TO CIEAUTH HYXKHO 33 IEPBHIM
nogBiaeHweM ciaoBa 10 m 3aTeM NPUMEHATH AITOPUTM. MBI pAaCHONTOXWIN IEnodIKy u3 36

IIOCJAEAOBATEIBHBIX 00pa30B TOYKM & B Tabmuiy 6 X 6.

00011110 11100001 11010001 10110001 01110001 11001001
10101001 01101001 10011001 01011001 00111001 11000101
10100101 01100101 10011001 01010101 00110101 10001101
01001101 00101101 00011101 11000011 10100011 10001101
10010011 01010011 00011101 10001011 01001011 00101011
00011011 10000111 01000111 00100111 00010111 00001111

ITocreqoBaTebHOCTD IEPBBIX 3HAKOB IIPUBENEHHOIO OTPE3KA TPAEKTOPUU, T.€. OIOPHOE
ciaoBo O(3,3) Takoso:

(1,1,1,0,1,1,0,1,0,0,1,1,0,1,0,0,1,0,0,0,1,1,0,1,0,0,1,0,0,0,1,0,0,0,0).

Caenyronme maHHBIE TAIOT MPEICTABICHUE O PACIPEIeJeHAN BEPOATHOCTEN o Mepe [la-
CKa/IA MUIMHAPOB AauH oT 6 xo 10. 2

Huuua caosa | Yucao rpynn | Yucao smemenToB o rpyumam | Mepa rpymno
6 3 ) 0,312484741
12 0,374969482
20 0,312213898
7 4 2 0,124998093
14 0,437492371
16 0,249990463
24 0,187408447
8 5 1 0,062498093
12 0,374994278
19 0,296865463
20 0,156238556
28 0,109274864
9 5 10 0,312494278
22 0,343740463
24 0,187488556
24 0,093736649
32 0,062393188
10 6 8 0,249994278
21 0,328117371
28 0,218738556
29 0,113267899
28 0,054672241
36 0,03504467

23Ty BLIMUCICHN TPOJETIATH IO MOeH TIpockOe acmupaHThl M. Manaer u A. MunaOyTAUHOB.
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Ob6pammaetr Ha ce6a BHUMAHME Pa3ieleHre MUINHIPOB HA HECKOJIBKO I'PYII, B BHYTPH KO-
TOPBIX BEPOATHOCTYU MWIMHAPOB PABHBL JTO YIPOIIAET IOLYYCHUE HUKHUX OIEHOK POCTa
MaCIITAOMPOBAHHON SHTPOINHA, U3 €0 W JOJKHO IMOCIEN0BATEH HOKA3ATEIbCTBO HEIPEPhIB-
HocTH cuekTpa aBromopdusma Ilackans no nepsonadansHoMy cueHapuio ([4]), npusenen-
HOMY HEXE.

4.1 KpuTepum HENPEPHIBHOCTU CIIEKTPa aBTOMOpPU3Ma 1 OC-
HOBHasg TeopeMa.

OCHOBHOU pe3yJabTaT HTOU PabOThI — NOKA3ATEALCTBO TOI'O, UTO CIEKTP aBTOMOpP(U3IMA
HaCKaJIﬂ ABAACTCA INCTO HEIPEPBIBHBIM, TOTHEE, ITO B OPTOTOHAJBbHOM OOIIOJMHCHUU K KOH-
crarTam B mpocTpancTse L2(1°°, 1), cekTp yrETapHOro oneparopa Up, aCCOIIIPOBAHHOIO
¢ asromopdusmom [lackana o popmyne Up f(z) = f(Px) - nenpepbiBen. JTa 3aja4a BMe-
cre ¢ oupegenerueM asromopdusma Ilackana Geuta mocrasaena asropoM B 1980 roxy [4],
U pacCMaTPUBATACH HO3XKe B cepum pabor [9, 11, 13, 12, 14] u ap, rae Obum U3y<IeHBI pas-
JWYHBIE TTOJE3HBIE CBOMCTBA aBTOMOpd3uMa [lackand, oqHAKO 3aa9a 10 CUX MOP He ObLia
pemena. OKa3al0Ch, 9TO ee PEelIeHne COBCEM HECIOXKHO.

[TepBOHAYANBHBINA IIAH PENICHUA DTOU 3391 OBbLI CBA3AH ¢ MACHITAOMPOBAHHOU DHTPO-
nmen, ycpeanerueM Merpuk u Ap. (cm.[4, 6]). IIpegmaraBmmucs cnocob noKa3aTerbCTBa
HEIPepBLIBHOCTH ciekTpa (cM. [4]) ObL1 OCHOBAH HA TOM, YTO, YCJIOBUE YMTOU HEIPEPLIBHO-
CTH CIEKTPA PABEHOCWILHO TOMY, UTO YCPEeTHEHUE JI0O0M MOTyMETPUAKHI BIOIbL TPAEKTOPUI
eCTb TpuBUANbHAA (MOCTOAHHAA) METPUKA. T.€., ITO

n—1
nh—{go nt Z p(Péz, P°z') = const
5=0

JUIS TIOYTH 110 Mepe 4 X j4 BCeX map T,z .

B wactHOCTH, B pabore [4] qokaszana cirepyromas Teopema. [lis Toro, 9To6B CHEKTp yHUA-
tapHoro oneparopa Ur B L?(X, 11), oTsedatomero asromopdusmy 1’ npocrpancTsa JleGera
(X,p) OBLI B OPTOrOHAIBLHOM [OMONHEHUW K KOHCTAHTAM YHUCTO HEIPEPLIBHBIM, HEOOXO-
OUMO U OCTATOYHO, YTOOBI Ui JIOOOU JOIMYCTUMOU MOJYMETPUKHU, Y KOTOPOU MPENEIbHOE
yCpeqHeHue MOIMyCTUMO, MACIITAOUPYIOMAA TOCIEAOBATEIBLHOCTD SHTPONAY 6bL1a GBI Orpa-
HUYIEHHOMN.

OroBopka 0 IpeaeabHON JOMYyCTAMOCTH YCPEIHEHUA He HYKHA, IIOTOMY UTO €€ TOMyCTH-
MOCTb IMEET MECTO MJIA JI0ON HAYAILHOU MAOMYyCTUMON METPUKH, KakK mokasaau P.Ilerpos
u [I.3arunkuin (cm. [4]); nepBOHAYATBLHO AOMYCTHMOCTDH NPEAEIbHON OblLIa JOKA3aHA s
KJIACCa KOMIIAKTHBIX U OUPAHWYEHHBIX JONYCTUMBIX HoayMeTpuk. C npyrou cTOpOHHI B [4]
JOKA3AHO, 9TO MOCTOAHCTBO YCPEIHEHHOUW MONYMETPUKU PABHOCUIBLHO HEOIPAHUYIEHHOCTD
MacITAGUPYIOMEN TOCIEAOBATEILHOCTA Il SHTPOIUHU, T.€. TOMY .ITO E-3HTPONUA MPO-
CTPAHCTB, IIOJMYYICHHBIX ITOCJACAOBATCIBHBIMUI YCPECAHCHUAMMU, CTPEMUTCA K 6 6eCKOHe“IHOCTI/I.
s meTpuk XoMmMunra 6auskun pakT 6611 panse gokasaH B [10]. Ilosromy MOXHO GBLIO GBI
JOKAa3bIBATh HEIPEPBIBHOCTH CIEKTPA, OPAHAYUBAA CHUA3Y POCT SHTPONUU [ONPEeIbHBIX
YCPEeIHEeHHBIX METPUK HEKOTOPOU PACTYIIEH MOCAeNOBATEILHOCTHIO. bomee Toro, 3To 6hLIO
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OBl JOCTATOYHO CAEIATH TOIBKO I PA3PE3HBIX MOLYMETDHUK, KOTODBIE BCerAa (purypupo-
BaJI B DProAMYECKON TEOPUU HE KaK METPHUKH, a Kak oOpasymoume pa3buenus. Hamomumm,
ITO PA3Pe3noti NoAYMempuKot Ha3bIBACTCA MOLYMETPUKA, ONpeelseMasd KOHEUHBIM pa3tu-
€HMEM TIPOCTPAHCTBA ¢ MEPOU Ha m3Mmepumble mogMHOXecTBa {A;},i = 1...k cregyomum
obpa3om:

p(x,y) = 0;(z)i(y), rge i(z) -HOMep MHOX)ecTBa A;, B KOTOPOM JIEXKUT TOYKA L.

[ToaBoAsA UTOr, MOXHO CPOPMYIUPOBATE CIACAYIOIINY KPUTEPUN HELIPEPHIBHOCTH CIIEKTPA
aBTOMOpPd3UMA.

Teopema 2. Cnexmp onepamopa Ur 6 0pmozonasvnom JoONOAHEHUY K KOHCMAHMAM 46~
momopdusma T nenpepvisen mozada u moavko mozada, K020a 8LINOAHERO A1000€ U3 IKEUBG-
AECHMHBIT YCAOBUL:

1. Ilpeden ycpednenuti npoussoavroti pa3pesnoti MEMPUKY P eCMb KOHCMAHMA:

n—1
liﬁnn_1 E p(TFz, TFy) = const  a.e.
k=0
2. Incuaon-smmponus ycpeoHenuli MEMPUKY HEZPAHUYEHHO PACTNE 0AA NPOU3BOALHOT HA-
YAALHOUT NOAYMEMPUKY.

[ToggepkueM, 9TO pazbueHre, TOPOXKJAIIEE PA3PE3HYI0 METPUKY B 3TOM TEOpEMe OT-
HIOIb HE MPEAIOIAraeTCsa 00Pa3yOUMM.

3aMeTHuM ele, 9TO MMEETCA CBA3b MPUBEJEHHOrO YTBEPXKACHUA O MACIITAOUDOBAHHON
DHTPOIMU C KPUTEPUEM JUCKDETHOCTHU CIEKTpa, AaHHbIM KymHupenko B [5] ¢ momousio
A-sHTpOonum.

O gHAKO, UCHONB3BATE YKA3AHHBIN IYTh AOKA3ATEIbCTBA HEIPEPBIBHOCTHU CIIEKTPA MOKA,
HE yIan0Ch W3-33 CIOKHOCTU OIEHOK DHTPOIMU (CM. 3aMEYaHue K TaOIMIAM BBIIIE), II0-
DTOMY; MBI HCIOIb3YEM 30eCh APyrue, 60aee MPOCThIE COOOPAXKEHNS, JUIIb OTIACTH CBA3AH-
HBIC C YIIOMAHY THIMMU.

CHavana HAIOMHUM, 9TO JIOO0U SProAM<YeCKUN aBTOMOP(MU3M € IUCTO TOYCIHBIM (UC-
KPETHBIM, KaK €r0 Ha3bIBAIOT B DPrOAMYECKOU TEOPUM) CHEKTPOM IO M3BECTHOU TeopeMe
¢ou Hemmama m3oMopdeH CABUT'Y HAHEKOTOPBLIA DJIEMEHT KOMIAKTHOU abeleBOM TpYIIIIE.
C Opyrom CTOPOHBI, €CIM PEATM30BATH DTOT ABTOMOPGU3M, KaK CABAT B MPOCTPAHCTBE
OrPpAHMYEHHBIX YUCIOBLIX IIOCAE0BATEILHOCTEN HA IPYHIe Z, TO MOYTH BCAKAA PeaTu3aIsL
{zn}n, xKax dremenT npocrpancTsa [°°(Z), ecTb IMHENHAT KOMOMHAIMEN XaPAKTEPOB.

In = ch eXp{iAsn}a {cs}s € l2; n € Z,

S

3[€Ch \g - IpOOeraeT MHOXECTBO BCeX COOCTBEHHBIX 3HaYeHUN oneparopa Ur.

Jlemma 5. Jas mozo, wmobv cdéuz S 6 npocmpancmse A% nocaedosameavrocmet 6
Koneunom aagasume A = {1,2,...,l} co cmayuonaprot (uneapuanmmol ommocumesbHo
cdeuza) Mepoti (b uMen WUCmo Mmoueunblli cnekmp, neobrodumo u Jocmamourno, 4mobvl no-
umu ece peasuzayuu {z,} € A% ssasaucy 6b1 noumu nepuoduueckumu (no Bezuxosuuy)
PynKyuAMY Ha Z cO 3HAUEHUAMY 6 A.
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OTO CBOUCTBO MO3BOJAET NATH IMPOCTOE NOCTATOYHOE YCJOBUE IUCTOU HEIPEPHLIBHOCTH
CIIEKTDA.

Teopema 3. IIpednoaoxrcum, wmo 0as HEKOMOPO20 00PA3YIOULE20 KOHEUHO20 UMEPUMO20
pazbuenus £ = {Ay,... A;} npocmpancmsa (X, p), 6 xomopom deticmeyem spzoduueckud
asmomopdizum T, svinoaneno caedyroujee ycioeue: peaiudyem uszomopdmnvili 06pas aemo-
mopduzma T npu uzomopduzme V :

ViXszw {in(@)l,: ede T'z € Ay (p),— ——

Kax npaewvit cdsue 6 npocmpancmee [°°(Z;1), nocaedosamesvnocmeti co anauenusmu {1,2...1}7
cnabxcennom mepoti v = Viu — V-06pazom mepv i, U npednosorcum, 4mo cyuwecmeyem
marot cumeon (wanpumep 1), umo sce yuaundpot 1%k =1,2... umeromnosoxcumensnyo
MEPY (8 OUEHD UACMHOM CAYUAE -6CE UUAUHIPDL UMEITN NOAOHCUMEALHYI MEPY)

Tozda cnexmp onepamopa Ur 6 0pmo2onasvnom AONOAHEHUU K KOHCMAHMAM, HENpepbl-
8€EH.

Proof. Ilpexpe Bcero, m3 CAEIAHHOIO IPEINONIOKEHNA BEITEKAET, ITO IOUTH BCE IO Mepe v
peanusanuu (T.e. saeMeHTH npocTpascTsa ((°°(Z), V), He ABISIOTCA HOYTH IEPUO AAIeCKUMUI
(mo BesukoButy) nmocrenoBaTenrsHOCTAME HA Z. [leMCTBATENLHO, IOYTH KAXK Ad PeATT3aIH
C €UHUIHON BEPOATHOCTHIO IEPECEKAIOTCS € IMINHAPUICCKUMY MHKECTBAMHY, COCTOALMMUA
U3 IPOM3BOJIBHO JIMHHOIO IIOBTOPEHMA BHIOPDAHHOI'O CHMBOJIA, HAIPEMED CHMBOIA 1 ¥ mO-
STOMY NO/KHA OBITH KOHCTAHTOM. TeM CaMbIM, CHEKTD He ABIAETCA YUCTO TOYEIHLIM, — ¥
HEro ecThb HempepbiBHAA 9acThb. [las Toro, 9robbl 40Ka3aTh, YTO AUCKPETHON KOMIIOHEHTHI
HeT, HAaJO IPOBEPUTH, YTO CIEKTP HU B KAKOM (PAKTOpPE He ABIACTCA TUCTO TOYEIHBIM.
[IpoBepum 5TO st HPOU3BOILOHOIO (HaKTOP-aBTOMOPU3MOB aBroMopdupma 1. IIpegnono-
KUM, CHaJalIa, ITO GaKTOP-aBTOMOPGU3M MOPOXKAEH (PaKTOPU3AUEN 10 HHBAPAAHTHOMY
pasbuenuto npocrpancTsa ((°°(Z), V), KOTOpOe HOPOXK AEHO KOHEUHBIM NUIXHIPUICCKAM Pa3-
OueHMeM, HAIIpUMeED HOPAAKA f. DTO 3HAUAT, ITO BCE CIOBA JIMHEL, ¢ Pa3OUTHI HA KOHETHOE
9UCJAO IPYII, KOTOPbIe 06pa3yioT HOBBIM yKDYIHEHHBIM axdasBur. Torga OQuH U3 HOBBIX
cuMBOIOB, Hanpumep I GyeT COepKaThCa TOCTOSHHOE c1oBo 1% cocToamee 3 mosTopenus
cusoxa 1. Ho Torga cioso B crapom aidasure 1% (k_l)*,
T.e I noBropeno t(k — 1)-pa3, u B CHIy IPOM3BOABHOCTH Kk HALI apryMeHT 00 OTCYTCTBUZ
HOYTU-IEPUOAUTHOCTH M3-3a [IMHHBIX OTPE3KOB IIOCTOSHCTBA, OCTAETCA CIPABELIMBLIM K
LI (paKTOp-aBTOMOPGd3UMA.

s TOro,4To6El PaCHPOCTPAHUTEL STOT BBIBOJ HA (DAKTOP-aBTOMOP(MU3MEL 110 IPOU3-
BOJIBHOMY KOHEYHOMY Da3OMeHMIO, MBI MCIOJb3yeM Apyrou apryment. I[Ipexne Bcero, mio-
60e KOHeIHOe pa3OueHne U, CIeJOBATENILHO MO0y PA3PE3HYIO IOLYMETPUKY 0, MOXKHO CKOIb
YTPOZHO TOYHO ANIPOKCUMUPOBATH LMAIUHAPUYECKUMA Pa3OUEHUEME, U COOTBETCTBEHHO IIH-

6y/leT ¥ B HOBOM BBITVIALETH, Kak I’

JUHAPDUYIECCKUMU ITOAYMETPUKAMU P — B TOIOJOI'MM CXOAMMOCTHU IIO Mepe:

(1 x p{(z,y) : lp(z,y) = p'(z,y)| > e} <e.

Cpennee paccTosHme MeXIy TOYKAMU [JIA BCEX MOIYMETPHUK Pz MOXHO CIATATEH (PUKCH-
POBAHHBIM U PABHBIM CPpeIHEMY paccTosHuio D mo meTpuke p.
Paccmorpum ycpennenue sTux HEPABEHCTB M UCIOIB3YEM DPrOAUIECKYI0 TEOPEMY:
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n—1
(p x p){(z,y) : liﬁnz |p(T*z, TFy) — o (T*z, TFy)| > €} < (1 —€) + 2De.
k=0
[TockombKy mpeerbHOe yCpEeOHEHUe METDPHUK P, €CTh IMOCTOSHHAA METPUKA, PaBHAd 1L
HOYTH BCEX HAp CPEIHEMY PACCTOAHUIO D, M MOCKOIBKY € - NPOM3BOIBLHO, TO TOIAA yCPen-
HEHVE U METPUKY p TaKXKe €CTb IOCTOSHHAA MeTpuka. COIMIACHO ymOMAHYTOMY BBIIIE pe-
3yJABTATY, 3TO O3HAYAET HENPEPBIBHOCTH crekTpa 1. O

B ocmoBe mokaszamoro ¢gaxra 06 aBToMopdsume [lackans JexuT OTMEIEHHOE CBOUCTBO
OTIOPHBIX CJIOB - CYyIECTBOBAHUE B IOYTH J000U 110 Mepe [Tackadis mocaeqoBaTeibHOCTH CKOIb
YLOJHO JIMHHBIX cepuél efuHull (miu Hyxen). JIIOGOMBITHO, YTO 3aKIIOYEHUE O HEIPEPBIB-
HOCTH CIEKTPE CAETAHO HA CYIIECTBOBAHUA MHOXECTBOKCIOHEHIIMAIHLHO MAJOU MEpHI. IJTO
¥ HE YIUBUTEJbHO, TAK KaK CyIIECTBOBAHUE IUCKPETHOrO CIEKTPA KPAUHE HEYCTOUIUBOE
CBOUCTBO.

Takum 06pa3oM morydaeM

Teopema 4. 1. Asmomopdusm [ackass umeem wucmo Henpepvieubil cnexmp.
2. Yepednenue 41000t donycmumoti mempury p omuocumenvro asmomoppusma Iackaasn
P, — ecmb xouncmanma:

n—1
Pav(z,y) = nh_)ngo n~t Z |(ne(z) — ne(y) + o —y|| = const  a.e.
k=0

B wacmuocmu, npedeavnoe ycpednenue duaduueckot mempuru wa 2pynne Zo no mepe Bep-
nyaau u mempury Xomunza wa (1°°(Z),v) no mepe llackars —ecmsb nocmosnnas mempuka.

3. Hopmupyrowas nocaedosamesbHocmb 0as MaCUmMaduposannoti sHmponuy aemomop-
Pusma [lackass neoeparnuverno 803pacmaem.

3ameuanme. [[0Ka3aTeIbLCTBO HE MaeT HUKAKOU ONEHKH POCTA A HOPMUPYIOMIEH IO-
CIE0BATENLHOCTY I MACIITAOMPOBAHHON DHTPONUM. [IPEAONOXUTEILHO DTOT POCT JI0-
rapudmmaeckun (cMm. [4, 6]).

[IpoBenennoe paccyXAeHUE OCTALTCA COPABEIIUBBIM U A APyrux Mep beprymwmu (Bme-
cTo xaapoBckon). OQHAKO, €CTECTBEHHO MPEAIONOKUATE, ITO aBToMOpdu3Mbl [lackans s
PA3IMIHBIX OEPHYLINEBCHX MeD (fiy) HEe M30MOPQHBL.

5 O chnekTpe APYrux aagmvIecKuX aBTOMOP(P3UMOB

ITo Tomy e mIaHy MOXHO NOKa3aTh HEMPEPHIBHOCTH CIIEKTPA HEKOTOPHIX A UIECKUX ABTO-
Mopdsumos. Omuitem noapobuee asmomop@aum FOnea, MOME3HBIN B TEOPUH IPEICTABICHIN
OECKOHEYHOU CHUMMETPUYECKON TPYIIIbL.

[IpocrpancTso, rae meucrByeT aBToMopd3uM FHOHra ecTh IPOCTPAHCTBO GECKOHETHBIX
craggaprabix Tabmun FOura (cm. [8]), T.e. 6eckoneunsix nyren B rpade FOura, Hanpumep,
mepon I[Lnanmepens. Ilopagok onpegenserca Ha TabAUIAX C 33JaHHOU AUAIPAMMOU TAKXKE
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Kak u nopanok B rpade Ilackama -mo muaykumu. bBa3ou MHAYKINM CIYXWUT HOPAIOK Ha,
OUArpaMMax ¢ TPEeMsA KIETKAMU: A IBYX CTAHIAPTHBIX TAOIUL, C [AATDAMMON 122 Taxos:
TabInIIa

1 3

2
6ombure, 1eM Tabauma

1 2

3

[TycTs nopsagok yxe ompeneieH Ha CTAaHIAPTHBIX Tabaumax ¢ n — 1-ou kiaerkou. Torma,
eCIu y IBYX CTAHAAPTHBIX TAOIUIL C 1l KIETKAMU U OJHOU U TOU XK€ AUATPAMMOU MOCIEIHEE
YUCJAO M CTOUT B OJHOW W TOU XK€ KJIeTKe, TO MOPAIOK ONPENeNAeTCA MO AUATPAMMAM C
n — 1-01 KIeTKOU, MONy YeHHBIM OTOPACHIBAHUEM MOCAEIHEN KJAETKHU. HCau XKe 9ucio n CTouT
B Pa3HBIX KJIETKAaX, TO OOJbIIe Ta TabIwWma, rae 1 CTOMT Bbime. Hambonbuien ABIAETCS
TabIUIA YHOPAZOYEHHAA IO CTOAOIAM, & HAMMEHBIIAA — IO CTPOKAM.

Ounpepgenenue 2. Paccmompum npocmparncmeo Y ecex mabauy FOnea (uau nymet 8 epade
FOnea). Asmomopduszmom KOnea nasvisaema npeobpazosanue nepesodiwee mabauyy 6 cae-
Ayrowyo 6 cmvicae 86edenn020 NoOPAIKa.

AsTOMOpPPU3IM KOPPEKTHO ONpPENeNeH A BCeX TAOJIUI], KpOMe CIeTHOro umcia. Ha mpo-
CTPaHCTBE TAOMUI €CTECTBEHHO BBBOAUTCA €Ia0ad TOLOJOTHA U CTPYKTYpa CTAHAAPTHOI'O
I3MEPUMOr0 POCTPAHCTBA. BOopeneBcKkas Mepa Ha3bIBAeTCA MEHTPAILHOR, €CIM OHA MHBAPU-
QHTHA OTHOCHATEIHLHO IIPOM3BOJIBHBIX 3aMEH JI000T0 HAYaI TAOIUIIBI WA — DKBUBAJECHTHBIM
06pa3oM—, MHBAPUAHTHA OTHOCUTEIbHO aBToMopdsuma FOura. HamGoabmuu waTEpeC n3
[EHTPAJbHBIX Mep npexacrasiaser mepa [lranmepess.

Jemma 6. Cra6dum npocmpanmeo 6eckoneunbiz nymeti ¢ epage FOwnea, m.e npocmpan-
cmeo ecex mabauy FOnea apeoduueckot yenmpaibrotl mepod u pa3obvem e2o0 Ha Jéa MHO-
HCECMBA 8 3ABUCUMOCTUY OM MO20, 8 KAKOU cmpore — Nepsoti uiyu 6mopoti cmpoxe cmoum
Yucao 2. Imo pazbuenue A8asemcs deyuaennoti oopasyowets das asmomoppuzma FOwneza.

CaencrBue. Apromopdusm FOura kak npeobpaszoBanue mpocTpancTBa Beex Tabuaur FOura,
CHAOKEHHOE DPTOJANTIECKON MEHTPAILHON MEPOU MOXKET OBITH PeATM30BAH KAK CIBUI B IPO-
CTPAHCTBE ABYCTOPOHHUX 0€CKOHEYHBIX MOCIEJOBATEILHOCTEN HYJIEH U €UHNALL, ¢ HEKOTOPOU
CTAIMOHAPHON MEPOH.

Teopema 5. Asmomopdzum FOnza umeem Henpepui8ubiti Cnexmp OMHOCUMEAbHO #0001
apeoduueckot yenmpasbroti mepol.

Jloka3aTeabCTBO TeOpEeMBI B TOYHOCTH TaKOe Xe KaK M [jId apToMopdsuma [lackamxa u
OCHOBAHO HA, TOM, YTO MOYTH J00as Tabauna COAEPKUT MO AercTBrueM apToMop3uma FOura,
MOXET UMETh CKOIb YIOJHO [IUHHBIE IEPUOJBI, KOL/Ja HHUCJAO 2 CTOUT B IEPBOU (MIX BO
BTOpOM) cTpoke. Ilo cymecTBy ucmonb3yerca aumb creayiomee csoucTso rpada Ilackaus,
FOura u ap., a umeHHo — 5Ty rpadbl ABIAIOTCA AUArpaMMaMu Xacce AUCTPUOYTUBHBIX
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pPEeIIeTOK, T.6. PEIIETOK MAEAJ0B TACTUIHO YIOPATOICHHBIX MHOXECTB ¢ 6ECKOHEIHBIMMA I1e-
IIIMUA. ArZ[I/I‘IeCKI/Ie a,BTOMOp(I)I/IBMBI COOTBETCTBYIOIINE TAKVUM AUAr'DAMMaM IIPDUHAAJICKUT K
HOBOMY MHTEPECHOMY KIaccy (agudecKux) Ipeobpa3oBaHuy, 3aHUMAOMINX IPOMEXKY TOIHOEe
MECTO MEXY Xa0TUIECKUMU CUCTEMAMHU C MOJOXKUTEILHOU SHTPOIMUEN U JeTEePMUAHUPOBAH-
HBIME CHUCTEMaMM THIIA IOACTaHOBOK Mopca-XemryHra.
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