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Abstract
We construct symmetric representations of distributions over R? with given mean values
as convex combinations of distributions with supports containing not more than three points
and with the same mean values. These representations are two-dimensional analogs of the
following easy verified formula for distributions p over R! with a mean value u:

P= /:O - p(dz) /:_ foo (tx__u)y p(dt) ’ pz,y -p(dy),

where, for y < u < z, distributions py , = ((x —u) - 0¥ + (u — y) - %) /(z — y), d is the
degenerate distribution with the single-point support z, and pg , = py, = 0“ /2.

Key words: probability distributions over the plane, mean values, extreme points
of convex sets, convex combinations of distributions.
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1. Introduction. Setting of problem.

We consider the set P(R?) of probability distributions p over the plane R? = {z =
(x,y)} with finite first absolute moments

/RQ 21 - pldz) < oo, /R [yl - pldz) < oo

We denote by Ep[x] and Ep[y] the mean values of distribution p:

Ep[x]:/R2:n'p(dz)<oo, Ep[y]:/RQy-p(dz)<oo

We construct symmetric representations of the convex set of distributions with given
mean values

O(u,v) = {p € P(R?) : Ep[z] = u, Ep[y] = v},

as a convex hull of its extreme points.

This is sufficient to give the representation for the set ©(0,0). The extreme
points of the set ©(0,0) are the degenerate distribution §° with the single-point
support 0 = (0,0), distributions pgw:z € ©(0,0) with two-point supports (z1, 22),
and distributions pY, _, .. € ©(0,0) with three-point supports (21, 22, 23).

This problem arose from investigating multistage bidding models where two types
of risky assets are traded [1]. As the example for imitation we take the symmetric
representation of one-dimensional probability distributions over the integer lattice
that was exploited in [2]| for analysis of bidding models with single-type asset. Let p
be a probability distribution over the set of integers Z' with zero mean value. Then

oo o0

)8+ 30 s n(~Dp() B M

kllthltp

where pg _; is the probability distribution with the support {—[,k} and with zero
mean value. Formula (1) can be written as

if we put pg’o = pg,—l =6Y/2.

Observe that the coefficients Pp(pgy_ ;) of decomposition (1), that may be treated
as probabilities of corresponding distributions p%_l in the two-step lottery realizing
distribution p, have the form

Py(pp._;) = alk, —1)B(p)p(k)p(—1),

where a(k,l) = k+1 and B(p) = 1/> 21t -p(t) = 1/>;2,t - p(—t), the last
equality playing the crucial role. We mean just this form of coefficients saying that
the representation (1) is symmetric. We aim for constructing the representation of
two-dimensional probability distributions with the analogous characteristics.

Formula (1) can be easily generalized for probability distributions over the set of
real numbers R! with zero mean value. Namely

00 ot T —y
b= / p(dx)/ I N Pg _y - P(dy),
=0~ Yy=—00 ft:() t- p(dt) Y
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where, for y < 0 < z, the distributions p) _, = (z-d(y) —y - 6(z))/(z — y), and
P20 = P)y = 0(0)/2.
Consider the set of three-point sets that form triangles containing the point (0, 0):

A ={(21,22,23), 2 # (0,0) : (0,0) € A(z1, 22, 23)}.

The set A is a manifold with boundary. Its interior IntA° is the set of three-point
sets (21,22, 23) € A% such that (0,0) belongs to the interior of the A(21, 22, 23). Its
boundary AU is the set of three-point sets (21, 22, z3) € A® such that (0,0) belongs
to the boundary of the A(z1, 22, 23).

The distribution p?, _, .. € ©(0,0) with the support {z1, 22, 23} € A" is given by

o > det[zin, zipe] - 6(z:)
b b - 3
e > j—1det[z), Zj41]

: (2)

where det[z;, ziy1] = ;- Yit1 — i - ir1. All arithmetical operations with subscripts
are fulfilled modulo 3. If the points (21, 22, 23) € A® are indexed counterclockwise,
then det[z;, z;41] > 0.

If (21,22, 23) € OAL, then there is an index i such that det[z;, z;41] = 0. In this
case arg z;y1 = arg z; + m(mod 2m), the point (0,0) € [z;, z;+1] and the distribution
P, -,.., degenerates into the distribution pgi’zH_1 with the support {z;, zi+1}-

2. Key invariant of distributions p € ©(0,0).
For 1 € [0,27), let Ry be the half-line
Ry = {z:argz = (mod 2m)}.
With each ¢ € [0,27) we associate the set of two-point sets
A%) = {(z1,22), 2 # (0,0) : Vz € Ry (0,0) € A(z1,22,2)}.

Denote by IntA%(y) and OA%(¢)) the sets of two-point sets (21, 22) such that, for
z € Ry, the set (z1, 22, z) belongs to IntA°? and to AL respectively. We take, that
the points (21, z2) are indexed counterclockwise.

Consider the quantity

O(p,v) = / det|[z1, z2|p(dz1)p(dz2) + 1/2/ det|z1, z2|p(dz1)p(dz2).
IntAO() AO(y) 3)

Using polar coordinates z1 = (r1, 1), 22 = (72, p2) we get
T+t [e'¢) 7r—i—goir %)
o(p, ) = / / P(dT1d901)/ / 71 - 72 - sin(p2 — p1)p(dradps).
p1=ypt Jri=0t pa=m+pT Jra=0*t

Remark 1. The quantity

Pp0) =172 [ detfe,lp(dz)p(dz)

differs from zero only if the measure p(Ry~) is more than zero. In this case

o5(p.v) = [

rap(drs) - / detley, z1]p(dz1)
Ry yr Hpy
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—/ rlp(dr1)~/ det[zg, ey ]p(dz2), (4)
Ryir Hpyyn

where ey, = (1,7) and Hp,, is the half-plane
Hp, ={z:argz € (¢, + m)(mod 2m)}.

The next fact produces the base for constructing symmetric representations of
distributions over R? with given mean values as convex combinations of distributions
with supports containing not more than three points and with the same mean values.

Theorem 1. For any distribution p € 0(0,0) the quantity ®(p,v) does not depend
on 1), i.e. this is an invariant ®(p) of distribution p € ©(0,0).

Proof. We begin with proving Theorem 1 for distributions p € ©7(0,0) with finite
supports. Let 11,19 € [0,27), 11 < 12, be such two values of argument that the
support of the distribution p € ©7(0,0) does not contain points z with ¢; < argz <

.
Set

U +m,ps+7) ={z¢€ R2: ¢ +7 < argz < 1o+ 7}.
We have
®(p, 1) — ®(p,¥2) = > > p(z2)p(zs) detzs, 23]

23€U (P1+m,2+7) 22€R?

Since, for distributions p € 6(0,0),

Z p(z2) det[z2, 23] = 0,

z2 cR2

we obtain

®(p, 1) — (p, ) = 0.

Iterating this argument the relevant number of times we obtain the statement of
Theorem 1 for any distribution p € ©/(0,0).

As the set ©/(0, 0) is weakly* everywhere dense in ©(0, 0) we obtain the statement
of Theorem 1 for arbitrary distributions p € 6(0,0).

O

Remark 2. This theorem is a two-dimensional analog of the fact that, for p €
0(0) C P(R!), the equality

/ £ p(de) = / t-p(—dt)
t=0 t=0
holds.

Example 1. Consider the distribution pghzz’z3 with (21,22, 23) € IntA°. For this
distribution, if arg z; = ¢; and

i+ 1 <Y < pip1 + m(mod 2m),

then the support of the measure induced by p21’227z3 over the set A%(¢) is the set
{(ZZ', Zi—l—l)} C IntAO(z/J). Thus

H?’:l det[z;, 2j41]
(3251 det[zj, 2j11])?

¢(pgl,z2,237¢) = det[ziv Zi+1] : pgl,z2,23 (Zi)pgl,ZQ,zg (Zi+1) =



If ¢; + m = ¢ (mod 27), then the support of the induced measure is the set
{(2i-1,2i), (23, 2i41) } C OA(4)). Thus

®(p21,22,237 w) = 1/2 : (det[’zi_17 Zi] ' pgl,ZQ,Zg (Zi_l)p[z)l,ZQ,Zg (ZZ)

[T;_, det[z), z41]
(35, det[z), zj41])2

Thus, in accordance with Theorem 1, ®(p?, ., .., 1) has the same value ®(p?, . )
for all values of .

+det [zia Zi+1] : pgl,ZQ,z;), (Zi)pgl,ZQ,ZS (Zi-i-l)) =

3. Decomposition of distributions p € ©(0,0).

The invariance of the quantity ®(p) proved in the previous section allows us
to formulate the following preliminary variant of decomposition theorem for two-
dimensional distributions. This variant demonstrate a perfect analogy with the
decomposition of one-dimensional distributions.

Proposition 2. Any distribution p € ©(0,0) has the following symmetric
decomposition into a conver combination of distributions with not more than three-
point supports:

35 detlz, 2j0]
IntA© o (p) P>, 2,2, P(d21)P(d22)p(dz3)

3
Zj:l det[Zj,Zj+1] 0
DA ®(p) Pz1,z,2P

where ®(p) is given by (3).

Proof. We begin with proving Proposition 2 for distributions p € ©7(0,0) with
finite supports. Take a point z; = (r1, 1) € supp p. This point occurs in three point
set (21, 22, 23) if (22,23) € A%41). The probability p’(z1) calculated according to
formula (5) is

p=p(0,0)-8"+

+1/2 (dz1)p(dz2)p(dzs), (5)

23: det[Z'7Z'+1]
p/(Zl)_ Z j=1 72 =) 0

- (b( ) pzl,ZQ,Zg(Zl)p(zl)p(ZQ)p(ZB)
(22,23)EInt A0 (1) p
Yo7 det[z), 2j11]
+/2 Y, =) Pams(PGEDRE)PE).

(22,23)€0A0 (1)

Substituting the values p?, _, .. (21) given by (2) we get

p(a) =2 S 19 ST ) detfaa, 23] p(2)plzs) = (o).

CP) Al adie

This proves Proposition 2 for any distribution p € ©/(0,0).
As the set ©f(0, 0) is weakly* everywhere dense in ©(0, 0) we obtain the statement
of Proposition 2 for arbitrary distributions p € ©(0,0).
O
The term

3
Zj:l det[zj, zj41]

op=1/2 » 30p) Py, 2,2 P(d21)p(dz2)p(d2s3)




of decomposition (5) contains all distributions p[Z)Z_jzz_+ , with two-point supports
(2i, zi+1), where z; € Ry and 2z;11 € Ryyr. In order that such combination of points
could appear with nonzero probability, it is necessary that the measure p(Ry,) and the
measure p(Ry~) are more than zero. This is possible for a not more than countable
set ¥(p) of values .

These considerations make possible the final formulation of the principal
Theorem:

Theorem 3. Any probability distribution p € ©(0,0) has the following symmetric
representation as a convex combination of distributions with one-, two-, and three-
point supports:

Z?*l det [Zj7 Zj+1] 0
— P, -, -, P(dz1)p(dz2)p(dz3
s O(P) oo PLELPL22)P(020)

p7 / / 1+ 1o 0
T rap+mP(dr2)p(drr). (6)
Ry JRyir wa+ tp(dt) P(ri),(ra,p4m)

Proof. For a pair of points z; = (71,%), 22 = (r2,? 4 7), their combination with any
point z from Hpy, or from Hpy . reduces to the distribution pghn. Since

/ detley, z]p(dz) = / detz, ey ]|p(dz),
Hpy, Hpy4r

where ey, = (1,7)), we get

Ll )
op = Z /H det[ew,z]P(dz)/ / WP?TI,w)v(mwﬂ)p(drg)p(drl),
U(p) P Ry JRyin

= p(0,0)- 6" +

It follows from (4) that

0®(p, 1)

/pr detley, z1]p(dz1) = m

Substituting this expression in place of this integral we obtain

aq) p’ 1412 0
op = / / T to(dn P r T p(drg) (drl)-
Ry JRyir IR, tP(dD) (r19),(r29p+)

Substituting this into formula (5) we obtain (6). This proves Theorem 3.

U
Remark 3. For distributions p € ©(0,0) with discrete supports this theorem
indicates probabilities Pp(p?, , ..) and Pp(pY, _,) of appearance of distributions
with two-, and three-point supports in their symmetric representations:

>y det[z), zj41]
®(p)

0®(p,p) 7T1+72
P, (p!. o o)) = p(r1, o)p(re, ¢ + 7).
p( (r1,0),(r2,00+ )) Cb(p) Z s tp(t) ( 1 ) ( 2 )

Pp( 0 ):

p217227z3

P(21)pP(22)P(23);




4. Examples.

Here we give several elementary examples concerning calculation of invariants ®(p)
and constructing symmetric representations as a convex combinations of distributions
with one-, two-, and three-point supports, for simple distributions with finite
supports.

Example 1’. We return to the distribution pghzma with (21, 22, 23) € IntA°. For
this distribution, as it is shown in Example 1,

H?:1 det(z;, zj41]
(30721 detlz), zj41))2

As the distribution p?, , .. is an extreme point of the set ©(0,0) its symmetric
representation is trivial. To check it formally put

3
0 i1 detfzi, zipa] g 0 0
PY, 29,23 (p21722123) = zq)l(p() = ; Pzi,20,23 (Zl)thZz,Zs (22)p21722,2:3 (23) = 1.
21,22,23

(I)(pgl,zg,zg) = det[Zi, zi‘i’l] ' pgl,zg,zg (Zi)pgl,zz,z3 (Z’i+1) =

P

Example 2. For z = (21,20,23) € IntA?, a = (a1,a2,a3) > 0, Z?:l a; = 1,
consider the distribution

3
Pea = )il ., €0(0,0).
j=1

For this distribution,

SUPD Pz = {21,22, 23, —21, —22, —23}, Pzalzi) = Pza(—2) = ®i/2.

Let arg z; = ;. If
i <Y < pi_1 + m(mod 2m),

then the support of the measure induced by p,. o over the set AY(¢)) is the set

{(~2i,2i-1), (25, —2i11), (2i41, 2i-1)} C IntA%(9)).
Since det[—z;, z;—1] = det|z;—1, z;], det[—z;, —zi+1] = det[z;, zi41], we get

3 3

O(Pra) = D det[zi, 2i41] - Pral2i)Paalzisn) = 1/4>  detzi, 2i41] - @ - vy,
i=1 =1

The symmetric representation of the distribution p,, includes five extreme
distributions: two three-point distributions pghzw3 and p% 21— 29— 23> and three two-
point distributions pgh and These distributions occur with
probabilities

0
—z17 pZ2,—Z2’ p237—33'

>3 det[z, 2i41]
®(pz,a)

St det[zi, ziv1]
Z?:1 det[2;, zi41] - 0 - Qi1

2det |z, zi11|Pz.a(zi+1) + 2det|zi42, 2i|Pz.a(Zit2
sz’a (pgiﬁZi) _ [ 1y “1+ ] ,oc( H—(I))(p ) [ i+ Z] ,Oc( i+ )pz,a(zi)z
Z,0

sz,a (p21722,Z3> = sz,a (pgzl,—z%—@,) = pz,a(Zl)pzp((ZQ)pz’a(Z?))

Q102033

= 1/2
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_det[z;, ziy1]aip1 + det[ziga, 2l o2

S0 det[zi, zi1] - @ - g .

Observe that

3
0 0 0
sz,a (p2172’272‘3) + sz,a (p—z1,—22,—23) + Z sz,a (pzi,—zi)
=1
_ Z?:l det [Zi, zi+1]a1aga3 + Z?:l(det [ZZ', zi+1}a?ai+1 + det [ZZ‘+2, zi]a?aHQ)

Z?:1 det[2;, ziy1] - i - Qi1

_ (X5 det[zi, zip] i) (0 i)
2?21 det[z;, zit1] oo

=1

Example 3. For z = (21, 20, 23) € IntAY, 3 € (0, 1), consider the distribution

pﬁ,z = ﬂpghzz,zs + (1 - B)I)(lzl,fzz,fzg € @(07 0)

This distribution has the same support as the distribution p,., of the previous
example:
SUpp Pgz = {21, 22, 23, —21, —22, —Z3},

The probabilities of these points are

det (241, zi42]
5 .
Zj:l det(zj, zj41]

det([z; 41, zi12]
3
Zj:l det|zj, zj41]

For this distribution, if

Ppa(—2) = (1—0)

Psz(2i) =8

;i <1 < i—1 + m(mod 2m),
then the support of the measure induced by pg, over the set A%()) is the set
{(=2i2i-1), (=20 —zi41), (2141, 2i-1) } C IntA° ().
Since

[T5_1 det[z;, zj+1]
(051 det[zj, zj11])2

H?:1 det(z;, zj41]
(30721 det(z), 2j41))2

det[—2;, 2i-1]Pga(—2i)Ppa(zi-1) = B —B),

det[—2i, —2i+1|Ppa(—2)Pse(—2it1) = (1-5)3,
we get

[T;_, det[z), zj41]
(37 det[z), zj41])

The symmetric representation of the distribution pg, includes the same five
extreme distributions as in the previous example: two three-point distributions
and P(lzl,—@,—z;;a and three two-point distributions p217 and
These distributions occur with probabilities

(pg) = (52 + B(1—B) + (1- B)2).

0 0
p217227z3 —z1? pz2,—227

pZ3:7Z3'

>oiy det(zi, ziga]
Ppﬁ,z(pgl,zmz?,) == 1(1) . pﬁyz(zl)pﬁ,Z(ZZ)pﬁyz(z?))
(pﬁ,z)

9



53
B+ -8+ (1=
3 . .
Pp,(s,z (p92177227723) - Zi:lq)d:;iz:)zl—i_l]pﬂ,z(_Zl)pﬂ,z(_ZQ)pﬁ,z(_Z?))
) (1-p)? |
B2+ p(1—-p8)+ (1 -8

2det[zi; 2i+1]Pg,a(2i1) + 2 det[zite, 2P a(—2it2)
Ppﬁ,z(pgi,fzi): — & - (I)(pﬁ ) : clud : pB,Z(Zi)p/B,Z(_Zi)
\Z

_ det[zi11, zit2] 26(1 - )
S det[z), z541] B2+ B(L = B) + (1 - B)*

Observe that

3
Ppﬁ,z (pgl,zg,zg) + Ppﬁ,z (pgzl,—zz,—z:g) + Z Ppﬁ,z (pgi,—zi)
i=1
_ B+ (A-8P+280-8) _ BP-pL-p)+ (1) +281-8) _ 1
B+ p(1-6)+(1-p) B2+ p(1—-p)+(1-p)? '
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