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ABSTRACT

C nomowpro meopemvl 0 wenodsuxcnot mouke, 6 §1 dokazana IK6UBAALEHMHOCTIL MAK
nazvisaemvir L u LP-3adau o Kopone 6 obwet cumyayuu. Ima 3K6UBAAECHITIHOCTL CO-
rpansemcs npu 3amene npocmparcmea LP 6oaee uau menwee npouzsosbnoti 6aHAT0601
pewemkoti uzmepumbly Gynkyut na oxpyrcnocmu. B §2, uz meopembl o xopone das 13-
BHAYHBIT AHAAUMUYECKUT PYHKUYUT 6b1600UMCA HOB0E JOKAAMEALCMEO CYULECTE06AHUNL
AHAAUMUUECKOZ0 PASAOHCERUS COURUYDL, TOJUURERH020 Becy ¢ aozapudmonm uz BMO. B §3
NPUBOIAMCA NPOCMBLE COOOPANCEHUS, TOZBOAAOUWUE NEPELOIUNL 0 00HO20 NPOCTIPAH-
cmea nocaedosamenvrocmets x dpyeomy 6 L°°-oyenkax pewenut 3adavuu o Kopoue.

JIIOYEBBIE CJIOBA: TEOPEMa O KOPOHE, TeOpeMa O HEeIOABMKHOU TOYKE, AHATUTUICCKOE PA3JIOXKEHNE €IUHUIIBI.



ITPEIIPUHTBI

Carkr-IleTepbyprckoro oraenenus
Maremaruieckoro uacturyta uMm. B. A. CrexnaoBa

PAH

TJIABHBIN PEJIAKTOP

C. B. Kucnakos

PEAKOJIJIET'A

B.M. Ba6u4, H. A. Basunos, A. M. Bepmuk, M. A. Bcemupron
A.WN.Tenepaaos, U. A. U6parnmos, JI. FO. Kororuauna, B. H. Ky6ranosckas
I'. B. Kysbmuna, 11 I1. Kyaum, B. B. Jlypse, FO. B. MaTuscesu«

H. }O. Hemneraes, C. U. Penun, I'. A. Cepérun, B. H. Cyrakos, O. M. ®Pomenko.



§1. 3agada 0 KOPOHE JJA PENIeTOK M3MEPUMBIX (DyHKIIUM HA OKPYXHOCTH

1.1. Iycrs {f;} — mocregoBaTeabHOCTD (KOHeIHAS Wi GECKOHETHAA) OIPAHNIEHHBIX AHA-
autuaeckux Gyuknuu B kpyre D = {z € C : |z| < 1}. Kaaccudeckas 3ajgada 0 KOpoHe
COCTOUT B OTHICKAHWU TAKUX OUPAHMIEHHBIX AHAIATHIECKAX B Kpyre GyHKuun {g;}, 1T0

(1) ijgj =1

Pasymeercs, Takue QyHKIUE ¢; CyIIECTBYIOT He BCErAal — Tak 9TO B AEUCTBUTEIHHO-

cTH O6CYXKIAIOTCA MEMPUUECKUE YCao6us pazpewumocmu ypasaerus (1), a Torga yx

¥ OICHKE BO3MOXKHBIX pemrenuit. Hampumep, ecim uckars pemenue {g;}, IOLIMHEHHOE

yeaosmo sup (> |gj(2)]?)Y/2 < C, To m3 mepasencTsa Komm HeMeqTeHHO moTyTaeTes cie-
zeD

Ayrouiee HGOﬁXOJII/IMOG yCiI0BUE Pa3pECIInMOCTH:

(2) SR> 62 zeD,

rge 6 = C L,

He BaaBasch B XOPOIIO M3BECTHYIO MCTOPUIO Bompoca (o sTomy moBomy cMm. |1, Ap-
pendix 3]; MBI ymoMsiHEM 31€Ch TOJABKO BBIAAOIILYIOCA poib JI. Kaprecona B 06¢cyx naemMon
TeMaTuKe), yKaxeMm Ha MeTon Boabda, nzobperennbi Ha pybexe 70-x u 80-x rogos 20
BeKa, a 3areM yaydmeHHbn [ameaunbiM, M. Poszenbaomom n TOIOKOHHUKOBBIM. OTOT
MeTO/[ O3BOIUI NOKA3AThb B TO BPEMs, ITO [IPH YCJIOBUHU (2) CYIIECTBYIOT AHAIUTUAIECKIE
dyHKIIE {g;}, yI0oBIeTBOpAOMe ypaBHeHnO (1) 1 HepaBeHCTBY

1/2

1 1 1
2 /
(3) sup Ej l9;(2)| §S+§ 7 logg—2010g§ , 0<d<1

zeD

(onenxa nopaaka O(62?log 5) npum § — 0). MHOro mosxe >roT METOX GBLI yCOBEPIIEH-
crBOBaH B padore [2]. B wacTHOCTH, TaM GBLIO LOKA3aHO CyLIECTBOBAHUE DELICHUS, Y10
BIETBOPAIOLIEr0 (0/ee CUIBHON OLEHKEe

1/2
Co 1 1
2 0
(3) sup Xy: 195 (2)| < Flog<+ .

rae Co = V1+e2 + e —eV2 ~ 8.38934. BmpotdeM, TO — OIEHKA TOTO e HOPAIKA,
4yro u (3), mpu 0 — 0. [lnsa Hac BaxHee gpyroe: B [2] cHadata pemIaeTCsA TaK HA3bIBAEMas
L?-3ana1a 0 xopome (Tam oHa HaswBiBaeTca H2-3amadeil, HO HAM MPEACTABIACTC Gomee
YAOOHBIM CCBLIATHCS B HA3BAHUU CKOPEE HA METPUKY, Y€M Ha QHAJIATUYHOCTH (PYyHKIUH,
KOTOpas camMa COO0U pa3yMeeTcs), a IOTOM PACCY K I€HNE HECKOIBKO UCIIPABAAETCS, ITOOBI
paspemuTh ypasHenue (1) B OrpaHUIeHHBIX ()YHKIUAX.

1O eIMHCTBEHHOCTH PEIICHUs 31€Ch, KOHETHO XKe, PedIr BOOOIe He UIeT.
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B o6mewm Buge LP-3amaga o kopoHe ¢gopmyiupyercs Tak. Ilycrs A u B — nBa (noka
KOHEYHOMEPHBIX) GAHAXOBBIX MpOCTpaHcTBa. (BeckonednoMepHBIN caydan TpebyeT Aiu-
TEIbHOrO 00CyXaeHus — cM. Huxke.) Ilox dawnbimu 3anadm 0 KOpOHe MbI OyjJeM UMETh
B BUAY OI'PDAHMYEHHYIO (PYHKIIWIO, QHAJUTUYIECKYIO B KPyr'€ X IPUHUMAIOUIYI0 3HAUYEHUS
B npocrparcrse onepatropoB L(A, B) (cumBoabHas 3anucs: F € H*(L(A, B))). Ilycrs
1 < p < oco. Byaem rosoputb, 9To LP-3ama9a 0 KOpOHE ¢ TaHHLIMEU F' pa3pemmMa ¢ KOH-
craurou C, ecim miis Beskon dyukiun © € HP(B) nangercsa takas Gyaxmus y € HP(A),
9TO

(4) F(2)y(z) =x(z) mpuzeD u |ylara) < Cllzlar s

3agata (1) mpm ycrouu (2) (Imoka MbI ODPAHEIAMCS KOHEIHBIM IUCIOM yHKImE { f;}),
Pa3yMeeTCs, MMeeT TOMBLKO 9TO ONMUCAHHBIN Bu: momoxum p = 00, A =2, B = C. Tornma
L(A,B) = [?, Tak 9TO A KaXJ0T0 2 0 TOCAEI0BATETLHOCTH f1(2), ..., fn(z) MoOXHO
IyMaTh Kak 0 auHerHOM omeparope u3 A u B. Ilpasaa, B (1) cupasa crouT enununa, a
B L°°-3a1ade 0 KOpOHE TaM AOKHA ObI IPUCYTCTBOBATH IPOW3BOAbHAA (GYHKIMA w3 H .
flcno, ogaako, 94T0 ymMeTh pemars ypasHernue (1) 31echb L0CTATOYHO, B TOM HYUCIE W IS
pemenusi LP-3ana<qu ¢ 1100bIM P.

O6paTHoe nBUKeHUE (0T P K 00) B 9TUX BOIPOCAX OBLIO HECKOIBKO 3aTPYIHEHO, M. |1,
2]. MbI mokaxeMm, 9TO B JeUCTBUTEAbHOCTH LP-3a1a4u 0 KODOHE BCe DKBUBAJIEHTHBI OTHA
npyrouz B camou obOmen curyaruu. Iloka chpopMmynumpyeM BecbMa CIENUAIBLHBIM CIY Il
TOr0, 94TO OyaeT NOKAa3aHO.

IIpegnoxenne 1. IIycmv A u B — koneunomepnvie npocmpancmsa uw F € H*(L(A, B)).
Ecau LP-3adaua o wopone ¢ damwnwvimu F pazpewuma ¢ wowcmanwmotd C npu odnwom p,
1 <p < oo, mo ona pazpewuma ¢ mot He KOHCManmot npu ecex p.

TpynHOE MECTO B NOKA3aTENBCTBE — MEPEXO] OT p = 1 K p = 00; NPEnATCTBUASI TPEOI0-
JIEBAIOTCSA C IOMOIIBIO TEOPEMBI O HEIIOIBMKHOU TOYKE IS MHOMO3HATHBIX OTOOPAXKEHUN.

1.2. [lo ecTecTBeHHBIM MPUYMHAM MBI XOTEIN ObI OTKA3aTHCA OT KOHEIHOMEPHOCTH IIPO-
crpancTtB A u B B mocranoske LP 3anaqu 0 kopore. OnHAKO B caydae 6€CKOHETHOMEPHOT'O
npocrpancTsa V B onpegenernu Kiaccos Xapau HP (V) BO3HUKAIOT Da3IudHbIe BADUAHTHL.
[l1st Hac 6ymeT eCTeCTBEHHBIM TOYHBIA aHAJOT KJIACCHIECKOT'O ONpeIeNeHus, HO DTO IpH-
BOAUT K TOMY, UTO I'pDAHUYIHBIC 3HAYEHUA MPHUIETCI PACCMATPUBATL B CIaOOM CMBICTE.
3aMeTUM, 9TO B CIy9ae KOHETHOMEPHOT'O MPOCTPAHCTBA V BCe CIOXKHOCTH MCIE3AI0T U
TEOPUS MO-CYIIECTBY HE OTIMIALTCA OT CKaaApHOU. [lasmee, Ha NpakTUKe 9acTO 6ECKOHEY-
HOMEPHBIE PE3YIbTATHI ITOIYIaI0TCA U3 KOHETHOMEPHBIX IpefeabHbIM nepexomaoM. O mHako
OH IOCTYIIEH HE BCEra.

Onpepgenenune. Fcau V — 6anaroso npocmpancmso, mo uepez HP(D, V) (1 < p < o0)
o6osnauaemcsa npocmpancmeo V-znaunvir Gynkyui F, anasumuueckur 6 D u makur,
wmo

1/p

def
(5) VE ooy 2 sup / IFCOIL dm(o) | < oo
o<r<i 2

3mech u pagee depe3 m 0003HAYAETCS HOPMUDOBaHHAs Mepa Jlebera Ha eTMHUTIHON
OKpyx)HOCTH T.
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1.2.1. Cayuau, xkorga V — maeaJlbHOE MPOCTPAHCTBO MOCIEJOBATEILHOCTEH.
Buaumo, sTOoT caydad mocTaTOYEH A OOJBIICHCTBA MPUIOXKEHWHN; B TO XK€ BpeMs, OH
CYIIECTBEHHO IIPOIIE, IeM OMUCAHHBIN Jajee OOIMIMHA CIyIau.

W neanbHOE IPOCTPAHCTBO MOCIEA0BATEIBHOCTENR — DTO 6AHAXOBO MPOCTPAHCTBO V (PyH-
KIUU Ha MHOXeCTBe N HATypaJbHBIX 9HUCE]T, 0013/ a0Iee CIeayIMuM CBOUCTBOM: €CIu
x €V uly(n)| < [z(n)| npu Beex n, To y € V u [ly| < |l=|.

Takum o6pazom, kKaxaas Gyuakuusa F uz HP (D; V') 0T0oXK 1eCTBIAACTCA € MOCIENOBATENb-
HoCThIO {f,} ckamapHbix amamurwaeckux Gyakumu B D. Kaxpas uz gynkumu f,, Je-
x®uT B 00br9HOM npocrpancrse Xapau HP (D) m moromy obnajaer rpaHUYHBIMU 3HAYE-
HUAMEA @, (() = }eri frn(r¢) mpu n.B. ¢ € T. Boobuie roBopsi, 3HAYEHUs BEKTODP-PYHKIAN

® = {py }nen MOryT BhImacTh u3 V. DTOro, 0O4HAKO, HE IPOM3OUILET, €CIU CYIIECTBYET

Ipyroe maeadbHOEe HpPOCTpaHCTBO (G Takoe, IT0 V = (G* OTHOCHTENbHO CTAHIAPTHOU
nBoucTBeHHOCTH (£,1) = Y &Ny Kak ¥ B CKATAPHOM cilydae, pemaeT Aejo TO coo0pa-
neN

xenue, 910 GyHKuus ¢ gomkHa coBnacTh ¢ (10601) w*-IpeaeIbHON TOYKOU 1pu 7 — 1
y dyskuun F,., F.(§) = F(r(), 0 <r < 1. (€ T. IIpu 1 < p < 0o 3Ta npepenbHas TOYKa
¥ Gepercsa B IPOCTPAHCTBE Lp/(T; G)*,aupu p=1-8 C(T,G)*, a3aTrem ucnoab3yercs
reopema OparbeB PuccosB. A wmmenno, npu p = 1 npegenbron ToYke ¥ COOTBETCTBYET
HOCAEL0BATEIBHOCTD { [y, } MED HA OKPYXKHOCTH. SICHO, 9TO y KaXKJOU U3 DTUX MeP K0d(]-
unmrerTH Pyphe ¢ OTPUIATEILHEIMA HOMEPAME — HyJIEBLIE, TAK ITO BCEe OHU abCOTIOTHO
HEeIIPEePLIBHLI OTHOCUTEILHO MepHl Jlebera.

Crour ormeruts, 9ro mox L™ (T, G) Mbl moHUMaEM IPOCTPAHCTBO CUALHO UBMEDUMbLE
G-3HAYHBIX (DYHKIWUWA, TIOTOYETHO BHIYUCJAEHHAS HOPMa Y KOTOPLIX MHTEIPUPYEMa B CTe-
nenu r. [Ipocrpancrso L™ (T,G)* npu r < 00 JErKO OHUCATH: OHO COCTOUT W3 TAKUX
G*-3uaunbix Gyakuun H = {h, },cz Ha OKPYRHOCTHU, IS KOTOPBIX BCe h, U3MepUMBI U
yrxmua ¢ — |[H(()||g, ¢ € T, texur 8 L" . BaxHO I04I€PHYTE, 9TO IEMEHTHI COLPA-
XKEHHOI'0 IIPOCTPAHCTBA, BOOOIIE T'OBOPS, HE OTOXAECTBIAIOTCA C CUIBHO U3MEPUMBIMU
G*-3HAYHBIMU (PYHKIUAMUA.

Mo 6ygem oToxaecTBiaaTh npocrpancTso HP (D; G*) ¢ mpocTpaHCTBOM TI'DAHUYHBIX
dyskuun, koropoe oboznadum depes HP (T, G*), u, kak 06bI9HO, 3a9acTyio Oygem 0603Ha-
9aTh PYHKIWIO ¥ €€ TPAHUYIHbIE 3HAYEHUA OJHOU U TOU XKe OyKBOU. Boo0Iie rosops, 31eCh
HEIb3A OXUAATH CXOAUMOCTH K IPAHMYIHLIM 3HAYEHUAM IL.B. IO HOpMe IpocTpaHcTBa G*
(XOTs MOKOMIIOHEHTHAS CXOQUMOCTH II.B. UMEET MeCTO): JAOCTATOYHO PACCMOTPETDH CIIy-
vait, korga G =1t u G* = [*°.

HameuenHOe BbIlIe paccyXIeHue, UCHONb3yomee (CKaIipHyio) TeopeMmy 6parbes Puc-
COB, IPUBOAUT K CJAEAYIOIIEMY yTBEDXK IEHUIO.

Jlemma 1. Ecau G — udeaavnoe npocmpancmeo nocaedosamesbrocmet, ConpanNcennoe
C KOMOPLIM MAKHCE ABAACMCA UDEAALHBIM NPOCMPAHCNEOM NOCAedosamesvrocmet, mo
HY(T; G*) npedcmasasem coboti w*-zamknymoe noonpocmpancmso 6 C(T;G)*. Crodu-
MOCMb 6 IMOM NOONPOCMPAHCNEE IKEUBAAEHMHA NOKOMNOKENMHOT NOMOUeUHot crodu-
mocmu coomeememeyowur Gynwyut uz H(D; G*) 6 kpyee. U

[lorAaTHEe MAEATBHOIO IIPOCTPAHCTBA MOCAC[OBATEILHOCTEN — YACTHBIA CIyIall IOHATHS
6aHAXOBOM pemeTky u3MepuMbix Gysknun (wim npocrpancrsa Kére). Ilycrs (Q, %, v) —
OPOCTPAHCTBO ¢ O-KOHEYIHON MepoH, a X — 6aHAXOBO IPOCTPAHCTBO U3MEPUMBIX (DYHKIIAT
Ha {2, obragatoriee ciegyoomuM cBoucToM: ecau f € X, dyukuus g usmepuma u |g| < |f]

)



m.B.,, 70 g € X u ||g|| < ||f||. Torga X HazbiBaeTCs pemeTKoN M3MepuUMbIX (DYHKIUHA HA
YKa3aHHOM IPOCTPAHCTBE C MEPOU.

B caygae, korga B KadecTBe MPOCTPAHCTBA ¢ MEPOU BBICTYIAET OKPYXKHOCTH C MEPOU
JlebGera, B GanaxoBou pemerke X M3MEPUMbBIX (DYHKIUA MOXHO BBIAEIUTH “aHATUTUIE-
ckoe” momupoctpanctBo X4 = X N Ny, rge N — rpanumuasir krace CumupaoBa. CwM.
(3] u, B ocobennocTH, [4] IO MOBOAY DIEMEHTAPHBIX CBOMCTB TAKUX MPOCTPAHCTB. UTOOBI
u36eXaTh BHIPOXKAeHUA, Ha X HAKIAIBIBAIOT CAEIYIONIEe yCJIOBUE:

ecim  feX, f#0, romuangercs QpyHKIUIL
(*) geX, g>|fl, maxas, aro log € L'(T)
u gllx < Cllflx-

B [3] 6bu10 nokasaro, 4ro B kadecrBe C Bcerjga MOXHO B3ATH JM000€ 4uciao, Géabimee
e TUHUITHL.

Kpome ycmoBusi (*), Mbl 0OBIYHO OymeM HakaanbiBaTh Ha X ycaosue Pamy: ecan
fn € X, fu — foB msup,|[fn]] =C < o0, 0 f € X u|f]| <C. Oro ycrosue
pasaOCUabHO cooTHOmeHnio X' = X, roe X’ — cOBOKynmHOCTD BCeX (DYHKIMOHAIOB (0 HA
X, IOImyCKAOWUX UHTErpalbHOe npeacTasienne ¢(x) = [ &y m1s HeKOTOPOU u3MepuMon
dyuxnun y. Cum., Hanpumep, [5].

Hakomnern, mycts X — pemeTka u3MepuMbIX (DYHKIAU HA OKPYKHOCTH, YIOBICTBOPAIO-
wast ycaoBuio () u ycaosuio Pary, a V' — ugeanbHoe IPOCTPAHCTBO MOCAEA0BATEIBHOTCEH,
HA KOTOPOE MbI TOXe HaaoxuM yciaosue Pary. Jlerko sugers, 910 Torga s JoO0U 110-
caepoBarensrocT { f,} mamepumbix Gyskumu Ha T Gyskums t — |[(f1(t), f2(t),...)|v
U3MepuMa, eClIu TOAbKO OHa KOoHedHa m.B. CrenoBaTeabHo, MOxHO BBecTu pemeTky X (V)
m3mepuMbix pyuxmua F(t,n) = {f,(t)}, t € T, n € N ma upocrparcrse (T x N,m x v) (v
— CYMTAOLIAA MePa), I KOTOPHIX

def
IFllxv) = llallx <oo, rae  a(t) = [{fu(t)}nenllv.

[omoxum X 4(V) ={F : f,, € X4 upu Bcex n}.

Herpyauo Bugeth, uto ecitm X = LP, a V = G* ma1sa HEKOTOPOro MIeaJlbHOrO IIPO-
crpacTBa G (Torga, kKcraTu, V aBTOMaTHYECKM ya0BIeTBOpseT yciaosuio Pary), To MbL
npuxoguM K yxke sHakomoMmy Ham kiaaccy HP(T;G*). Oprako B ciydae IPOM3BOJIBHOW
pemeTku X MeTpUIECKOe yciaoBue, Boigessiomee Kiaace X 4(G*), 1aeTca UCKIIOIUTENIbHO
B TEPMUHAX CPAHUYHBIX 3HadeHun. Onucanume B ryxe Gopmyisl (5) 9acTO OKa3bIBAETCS
HEBO3MOXKHBIM.

1.2.2. IIpocrpaucBa X 4(G*) B cay4yae npousBOJIBHOr0 6aHAX0BA HPOCTPAHCTBA
G. llpexnae Bcero, Mbl OGCYMM TDaHWYHbLIC 3HadeHud GyHKuui ms kracca H'(D,G*),
oupenererroro dopmyaon (5). Horumars ux cregyer B c1aboM cMbICae (B IPeAbIAYIIEM
IyHKTEe MbI, BIpodeM, Tak u jgeaanu). Curyanus ObLia nposicHera B [6] (em. eme [7], a
Takke [8], roe npuBeneHa peBusmsa pPe3yabTaTOB paboT [6] u [7] ¢ HeCKOIBKO Gosee 0OIIen
TOYKU 3DEHU; B [§] UMEIOTCA €IIe CChLIKU Ha APYrue PabOThl IPUMEPHO TOT'O XKe BPEMEeHU
HA TY XKe TeMy).

Caemyromee yTBepXK IeHrEe XOPOIIO U3BECTHO U, BUANMO, HEOJHOKPATHO MePe[OKa3bIBa-
JIOCh B PA3HOU CTENeHU OOLIHOCTHU (CM., HAIPUMED, CCHUIKY B [6], KOTOpbIE BAPBUPYIOTCS
o Bpemenu oT 1936 1o 1959 r.).
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IIpeagnoxenne 1. Ilycmv G — 6anaroso npocmpancmeo, a K — xomnaxm. Tozda co-
npasxcennoe C(K,G)* omoxcdecmeasemes Aunelino © MEMPUYECKU ¢ NPOCMPAHCINEOM
M(K,G*) scex G*-3Haunblt cuemno ayoumusHuly pPe2yiaprbly OG0Peacscrur mep 02pa-
Huuennot sapuayuu na K.

C COBpPEMEHHOU TOYKM 3PEHUSA DTO YyTBEDPXKJACHUE MOXKHO BBIBECTH U3 OOIIMX TEOPEM O
IBOUCTBEHHOCTH IIPOCTPAHCTB OIEPATOPOB, HE MOBTOPSA JOKA3aTEALCTBA TeopeMbl Pucca
UL IPOCTPAHCTB CKAMAPHBIX (MYyHKIUKA. MOXHO maxke W3JIOXKHUTH PACCYXKIEHUAE TAK, ITO
U caMa JBOWCTBEHHOCTDH IPOCTPAHCTB OMEPATOPOB OyJeT MPUCYTCTBOBATH JIWIIL HEABHO.
A umenno, to, uro gus mepel A € M (K, G*) HOpMa COOTBETCTBYIOMIErO €M (DYyHKIUOHALA
va C'(K,G) paBHa ee NOITHOU BAPUAILIUY, IPOBEPIETCA TEM XK€ HECAOKHBIM DACCY XK TeHUEM,
YTO U B CKAJAPHOM caydae. TpyaHas 9acThb — 5TO NPEIbABATE IPEACTABIAONLY IO MEPY I
npousBoibHOro dyaknuonata ¢ € C(K,G)*. Takon (yHKIMOHAL OPOKAAET JTAHETHBINT
omepaTop

Ty : C(K) — G*, (Te(f))(z)=®(f -z), feC(K), zecG.

n

Ecma fi,...,fn € C(K)u > |fj| £1,a 21,...,2, — 2I€MeHTHI €JUHATHOTO IIAPA IPO-
i=1
crparcTBa (G, TO s MOOBIX KOMILIEKCHBIX 9ucen (1, ... ,(, € T nvmeem

S GTe(f) )| = |2 | Y Gliow; || <@l ZijjxjHC(K,G) <[],
j=1 j=1 j=1

n
oTkyza moxyiaeM, 1To » || T (f;)|| < ||®||. 3rauur, onepaTop Ts — aGCOIIOTHO CyMMEPY-
j=1
fomui ¢ KoucranTou ||®||, a Torga mo reopeme Ilmuaa (cm., mHampumep, [16]) or gomyckaeT
$aKTOpPU3aIAIO

id

C(K) % Lip) % 67,

rje p — BeposTHOCTHas (peryispHas GopeneBckas) mepa Ha K, a U — orpaHu4yeHHBIT
auuersbi oneparop, ||[U] < ||®||. Mepa A, npencrasasiomas dpyuakuumonans P, 3amgaercs
paBeHCTBOM A(e) = U(x,) Aas Beakoro GopeneBckoro Muoxecrsa e C K. O

[ycts Temeps F € HY(D; G*). Iomoxum F,.(() = F(r{), ¢ € T, 0 < r < 1, u pac-
CMOTpHUM w™*-TpelelIbHyto TOUKY A y cemeunctsa Mep F,.dm B mpocrpancrse M(T;G*).
Y mepbr A ucuesaor KoahdunpmeHTsr Pypbe ¢ OTPANATEIBHBIME HOMEPAMU (MHTErPAJIH,
onpenesaronue KoddpuiuenTol Pypbe, Kak U BOOOIIE UHTErPAJTbI f pdA, rae ¢ — cKa-
JsapHas QYHKIWSA, TOHUMAKTCA B cMbicae lenbdamnma: uMeeTcs B BUAY IEMEHT & +—
[ ¢d{z,\), © € G, mpoctparctsa G*). B cuty ocrOBHOrO pesyabrara paGoTsl (6], Hail-

nercsa G-uamepuMas G*-3uavHas GyHKIusa [ Takasd, 9To A(e) = f fdm nns Bcex 60penes-
e
ckux MHOXecTB € C T (MHTEerpasa CHOBa MOHUMAETCA B c1aboMm cmbicae). [anee, qucaoBas

byuxuus t — || f(t)]| g+ moxer He 6b1Tb u3MepuMon. OJHAKO CEMENCTBO CKAIAPHBIX (PYHK-
oy

{t = [{z, f(t)) : v € G, [[af| <1}

obnanaer cynpemymom B pemerke S(T) Bcex msmepumbix Gysxuur Ha T mod 0 (sro
BEPHO dus 4100601 G-uzmepumon GyHkiuu f co 3uadenusmu B G, a HE TOIBKO VIS BO3-
HUKIIUX B ONMUCAHHOW KOHCTDYKIWMK). HKcaum 0603HAYUTH DTOT CyIpPEMyM €epe3 af, TO
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okaxercs, 910 || F| gi(m,g+) = [|ar|pir). Om. obcyxpenne u ccoiku B (8] mo mosomy
OPUBEIEHHBIX (DAKTOB.

Crout 3aMeTUTh, 9TO (pyHKIUA ¢ — ||f(t)||G* n3MepuMa, eCIn IIPOCTPAaHCTBO G cena-
pabenbHO, M TOrIa OHA COBHALAET C (U II.B.

Mar otox aectsum poctparctso H (D, G*) ¢ npoctpanctsom H(T,G*), cocTosmumu
U3 BCEX OIMMCAHHBIX BBINIE MPAaHUYIHBIX GyHKIUU f. VMeer mecTo caemnyromree o600ImeHue
JeMMBI 1.

Jlemma 2. Ilycmv G — 6anazoso npocmpancmeo. Tozda HY(T,G*) ecmb w* — 3a-
mrnymoe nodnpocmpancmeo 6 M(T,G*) = C(T,G)*. Caedosamenvno, edunuunbiii wap
amozo npocmpancmea w*-komnakmen. Crodumocmv (0600UeHHBIT) NOCALIO6AMEADHO-
cmetd 6 amom wape 6 monoaozuu o(M(T,G*),C(T,G)) sxeusasenmua nomoueunot w*-
cxodumocmu 6 Kpyze daa coomsemcemeyowur G*-3naunvly anasumuveckus Gynkyut. Ecau
npocmpancmeo G cenapabeavno, mo w*-monosoeus na wape npocmpancmea H (T, G*)
mempusyema. Iocaedosamensvbrocmyv f,, U3 YnoMARYmMO20 WAPA 6 IMOM CAYUAE CLOOUMCA
(6 w*-monoaoeuu) k Pynkyuu f € HY(T,G*) moeda u moavko moada, xko2da das coom-
semcemeyowur anasumuveckur gywkyuid F, uw F nocaedosamesvnocmov (x, Fy,(-)) czo-
dumes x (x, F(+)) pasnomepro na xomnaxmaz 6 D, kaxos 6vi wu Obia saemenm x € G.

Hoxazameavcmeo. lloscaenuss Tpebyer, MOXeT ObITH, JUIIb IMOCTEIHEE YTBEPXKICHUE — O
CMBIC/IE CXOQUMOCTH B caydae, Korga (G cemapabenbHO. B 5TOM ciIydae 3aMKHYTHIE IIAPBL
B G* MerpysyeMbl (4, pazyMeeTcs, KOMIAKTHBI) B Tonoaoruu o(G*, G). IlosTopssa ¢ He-
SHAQIUTECJNBbHbBIMU U3MCHCHUSIMU NOKA3aTEIbCTBO TE€OPEMbI MOHTeJI}I (BaMeTI/IM, 9TO B BTOﬁ
CUTYyalIu MOXKHO OI'DAHUIUTBCS O6]V:>I“IH]':>IMI/I7 d HE O606HIGHHLIMI/I HOCJIer[LOBaTeJIbHOCTHMI/I),
MBI yBUAUM, 9TO Imap mpoctpanctsa H'(D, G*) koMmakTeH B TOMONOTUM “DaBHOMEPHOM
o(G*, G)-cxomumocTu Ha KoMmakTax B D" (4TO 5TO Takoe — ACHO W3 KOHIA (HOPMYIHU-
pOBKH). ITa Tomonorus He cirabee Tomonoruu norodednon o(G*, G)-cxomumocTu, a mo-
TOMY DKBUBAJICHTHA, €. O

Hakonen, nycts X — 6aHaxoBa pemeTka M3MePUMbIX (PYHKIUUA Ha OKPYXKHOCTH, Y/I0-
BreTBOpsomas ycaosuo Pary u ycaosuio (%), a G — 6aHAX0BO HPOCTPAHCTBO. MBI XO-
TuM ompeneauTh NpocTpaHcTBO X 4 (D, G*). DTo MOXHO cheraTb OGBICTPO B TEPMUHAX
npocrpancrsa H(D,G). Umenno, nycts X' — nopagkosoe compsxenroe ¢ X (2To mpo-
CTPAHCTBO ynoBireTBopser ycnoBusaMm Pary u (x) Bmecre ¢ X, cm. [5] u [3, 4]). Cumraewm,
aro G*-3mavnas Qyskuua F, amammruaeckas B kpyre [, mpuHAIIEXKUT TPOCTPAHCTBY
X4(D,G*), ecu YF € HYT,G*) pna nobor dynkmun y € X'y, rae gepes Y 0603Ha-
YeHa Ta AHAIUTHIeCKas QyHKuma u3 Kiaacca CMUPHOBA, MPAHUYIHBIE 3HAYEHUS KOTOPOU
coBmapaoT ¢ y. llpm sTom

(6) 1Fllxa@a) < suplY Fla e : v € X'y yllx <13

[lnst manbHENIEro He06X0MMO 00CY IUTh PPAHUYHbIE 3HAYeHUs (DYHKIUN KIacca,
X4(D; G*). Mst yBugum, 910 uX MOXKHO cauraTh G*-3Ha4abiMu G-U3MepUMBIMU (DYHKIU-
SIMU, €CJIU MBI YCIOBUMCSA HE PA3IMIaTh CKAIAPHO dKBUBadeHTHbIE pyHKIMH. (Co6CTBEHHO,
TaKoe OTOXIECTBICHNE HyX)HO U miuA KiaccoB HP (D, G*), TOIbKO MbI He aKIEHTUPOBAIU
Ha HeM BHuMaHuA). [IBe dyukumu fi, fo : T — GF HaspiBaroTCs G->KBUBAIEHTHBIMY, €CJIN
(g, f1(:)) = (g, f2(*)) n.B. paa mobGoro saementa g € G.

Jlerko nousTh, 9To B onpegeneruu npocrpascTBa X 4(D, G*) u B dopmyne (6) MOXKHO
OT'PAHUIATHCSI TOMBKO TAKUMU (PYHKIUAME Y, MJIA KOTOPBIX (DYHKIWA Y — BHEIIHSAA, T.€.
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log |Y| ects uarerpaa Ilyaccona or ¢yuxkuuu log|y|. Ilycrs ®y — rpanudnsie 3uade-

Hus aas dysknun YF € HY(D,G*). ®ysxnus ®y G-usmepuma, mostomy G — mame-

puma u yEkmua fy = y 1®y. C gpyrou cropomsr, (z,F(r()) —— (z, fy(¢)) m.B.
r—1

s moboro x € (. lercTBUTENIbHO, 5TO cregyer w3 cooTHomenuu Y (r¢) — y(¢) w.B. u
(, Y(r{)F(r¢)) — (x, Py (¢)) n.B. Takum 06pa3om, GYHKIUY fy CKAIIPHO SKBABAICHTHBI
npu pasubix Y. Orcioga caegyer, 970 QyHKOMA

def
ap = sup [z, fy)]
T€G, o<1

(Bepxuss rpanb Gepercsa B pemerke S(T)) Toxe e 3aBucut or Y. U3 o6cyx)geHus mpo-
crparctsa H'(D,G*), npuseseHHOro BhIIIe, JETKO ycMoTpeTh, drto apy € LY(T) ma
MI000U HEOTPUIATEIHLHON PyHKIMEA ¢ € X' ¢ CyMMUPYeMbIM JTOrapu)MOM, 1 3TO BKIIOYTE-
HUE BBINOTHEHO ¢ Hajtexamed onenkor Hopmbl. Tem cambv |lap|x < [|F|x,mc+) B
cuity yenoBus (%) mus X' (MBI BOCHOIB30BAIKCH T€M, 9TO IPOCTPAHCTBO X' HOpMHUDYyeT
X, ecim X yposnesopsier yciaosuio Pary, cm. [5]). [lauxee, coBceM JerKO HOHATH, 9TO
log ar € LY(T), ectu Tombko f # 0, a TOTOMY MOXHO IIOCTPOUTH (CKAIAPHYIO) BHEIIHIO
dyakmo Ve ¢ MOAYIEM (vp HA T'DAHUIE.

Jlemma 3. /Jas scaroti pynkyuu F uz X 4(D; G*) umerom mecmo coommowenus F\Ifgl €
H®([D;G*) u [|[FYL" | gy < 1.

[lercTBUTENBHO, DTO CAeAyeT U3 IPAHUYHOTO IPUHIMIIE, MaKCuMyMa Moayid. Ilycrs
y € Xy, upudeM cooTBeTCTBYIOWAs GyHKIusa Y B Kpyre — BHewmHsasa. Toraa

[z, y (O F (O] < ly(Olar(C) mb. npu |¢| =1,

rae [ — ogHa u3 G-M3MepUMBIX (DYHKIIUU, IPEACTABIAIONAI IDAHNIHbIE 3HATCHUA (DYHK-
mua ) a x € G, ||z|| < 1. U copasa u cieBa B 5TOM HepaBeHCTBe (DUYPUPYIOT MOIY/IN
I'DAHUYHBIX 3HaUeHUN (yHKmud w3 H1; 6omee Toro, jia OpaBodl €acTH Ta (DYHKIUS 13
H' pasra YV u gBIgeTcs BHEIIHEH. U

Ecnu B kadecTBe G u G* BBICTYHAIOT UAeAIbHBIE IPOCTPAHCTBA MOCAEJOBATEILHOCTEN,
TO, KaK JIEFKO BU/IETh, BBEJEHHBIE B 3TOM IIyHKTE IPOCTPAHCTBA COBIANAIOT C MIPOCTPAH-
CTBaM®, ONUCAHHbIMUT B 1. 1.2.1.

1.3. Temepsb, HaKOHEN, MBI MOXKeM C(HOPMYJIHPOBATHL OCHOBHYIO TEOpPEMY DTOr0 Iapa-
rpadga B noanon obmuocTr. Ilycts G m G5 — 6GaHAXOBHI HpocTpaHcTBa. J[laHHBIME 3a-
Jagu 0 KOpOHe MbI OyjeM HasdblBaTh aHamuTudeckyio dysxkuuio F € H™(D; L(GY,G3)),
3HAYEHUsA KOTOPOM B TOYKAX KPyra — W*-HEeNpepbIBHbIE JUHEWHbIE omepaTopsl u3 G B
G (vHBIMU CJIOBAMY, KAXIBIM TAKOU OMEPATOD COMPSKEH C HEKOTOPBIM OIEPATOPOM M3
G2 B G1). Ilycrs X — GaHaxoBa pelleTKa U3MEPUMBIX (YHKIUU HA OKDPYXKHOCTH, YIO-
BIeTBOpsomasn yeaosuoo Pary u ycaosuio (k). Bygem rosopurs, uro X-3amatda 0 KOpOHE
¢ mamabiMu F' paspemmuma ¢ koucranroun C, ecam s Beskon dysxkunum 7 € X 4(D; G3)
Hangercs rakas Gyskuus p € X 4(D; GF), aro

(7) F(z)p(z) = 7(2), z€D, ullpllximes) < Clirllx, D;G1).



Teopema 1. (a) Ecau X -3adaua o xopone ¢ dawnvimu F pazpewuma ¢ koncmanwmot C,
mo L'-3adaua o xopone ¢ memu xe danwnvimu pazpewuma ¢ xvowcmanmoti C.

(b) Ecau L'-zadaua o wopowne ¢ damnvimu F paspewuma c woucmanwmotd C, a npo-
cmpancmeo G1 cenapabesvro, mo L -3adaua o xKopone ¢ memu sHce aGHHLIMU PA3PEUWUMG
¢ kowcmanmot C.

(¢) Ecau L™-3adaua o kopone ¢ danwvimu F paspewuma ¢ kowcmawmot C, mo X-
3adaua 0 Kopowe ¢ memu KHce dannvimu paspewumna ¢ Konwcmanwmot C.

Ecnu onycTuTh He 04eHb BaXKHBIE MOAPOOHOCTH, TO TEOPEMY MOXHO C(HOPMYJIUPOBATH
Tak: B claydae cemapabenbHOro npocrpancrsa (G, mub6o X-3amada o KOpoHe paspemmMma
npu ao6om X, mn60 He pas3pemnMa HU Opu Kakom X.

Horazameavcmeo. YTBepxaeHue (¢) — IpOCTOe CIeACTBUE JeMMBL 3. [leNCTBUTENBHO,
nycts 7 € X4(D; G3), rorma dynxmua 7V aexur 8 H*(D; G%). Pemas L>®-3agad1y o
KOpOHe, Mbl HaigeMm Takywo ¢ynkuuio p € H®(D;G), aro F(2)p(z) = 7(2)¥ (2) npu
z € D. OueBuano, uyro pyskuus p - ¥, Oyger pemarb X-3agady 0 KOPOHE IS IIPABOU
JaCTH T.

Yrepxaenme (a) memHOrmM caoxmee. [leicTBuTensHo, mycts 7 € HY(D;G3), m Mol
XOTUM [OJIy4YUTh perterre 3anadn (7) 0 KOpoHe ¢ Tor (yHKIMEN B IPAaBOU dacTu. Fcan
7 = 0, To B KadecrBe pemenus 6epem p = 0. Ecau xe 7 # 0, paccMoTpuM IpaHUYHbBIE
3HaYeHUs PYHKIWA T U COOTBETCTBYIONIYI0 GYHKIUIO . (CM. 06CyX)qeHre BEKTOPHBIX
kraccoB H' B m. 1.2.2.) Mer Buamm, aro ar € LYT) u |lorllpr = (|7l gy iay). Janee,
acuo, aro loga, € L(T). Tlo Tteopeme Jlozanosckoro o dakropusanuu (cm. [9]) umeem
(u; = Uvy 1A HEKOTOPLIX HEOTPUIATEIbHBIX (yHKIUA 4 € X 1 vy € X', mpuIeM MOXKHO
cautaThb, 910 |ul|x||||lvollxs < (1 + €)||ar||z1, Tae € — mpomsBoIbHOE Hamepen 3aJaHHOE
HONOXKUTENbHOe 9uCI0. Kak yke ylnoMuHAI0Ch, pemerka X' yAoBIeTBOPSIET YCIOBUIO (%)
(koamb CcKOpO eMy ygoBrerTBopsieT pemerka X ), cM. [3, 4]. 3Haumr, Hamgercs QyHKIUAA
v € X!y, 111 KOTOPOH COOTBETCTBYIOMIAS AHAIUTHIECKAs PYHKIUS V — BHemHAd u |v| >
lvol, [[vllxs < (1 + ¢€)||lvol|x. Homoxmm ¢ = 7V~ Tak kak a, = |70~ ! < u, zerko
BUAETb, 9TO ¢ € Xa(p,gy). Pemms X-3agaty o xopoue ¢ IPABOU YaCTBHIO (, HAWIEM
dymxnmo ¢ € Xa(D;GY), ma xoroport Fyp = ¢ u [[Y|x,mar) < Cllellxima;)- Ho
Torga (pyHKmua p = V) 6yaeT mCKoMbIM permerueM Ll-3a1atu o KOpoHe ¢ IpaBod IacThIO
T ¥ C IOCTOAHHOM, HE 3aBUCAIIEH OT T.

st nokasarenbcrBa yrBepxkaeHus (b) moHagoOUTCSA TEOPEMa O HEMOABUKHON TOUKE.

Teopema (Pan Ku-Kakyranw; cm. [10]). IIycmb B — komnaxmuoe evinykioe mmoice-
cmeo 6 nexomopom raycdopPoeom aokasbro-evinykiom npocmpancmee, T : B — 2B
— omobpasxcenue makxoe, wmo ece muoxcecmsa T'(b), b € B, nenycmol, sbinykavl u 3a-
mxnymuv u epagur {(b,d) : d € T(b), b € B} omobpancenus T 3amxnym 6 B x B. Tozda
natidemes maxas mouxa b € B, wmo b € T'(b).

B mamen curyauum B KadecTBe B OygeT BHICTYNATh €IMHUYHLIA AP IPOCTPAHCTBA
HY(T,G%), nanenennnit w*-rononoruei (cM. memmy 2).

[Iycts 7 € H>*(D;G3). [lanee, mycTh € — OPOU3BOALHOE KOHEYHOE IOIMHOXKECTBO
eAMHUIHON cepsl npocTpancTBa G1. JocTaTovHO JOKA3aTh CIEAYIOMIYIO JIEMMY .

Jemma 4. Jas ar060e0d > 0 cywecmsyem pynryus p € C(9)-B makas, umo F(z)p(z) =
7(z), z€D u|(z,p(2))| < (14 9)C npu scex z €D ux € e.
10



[lemcTBUTENIBHO, MyCTh JeMMa AOKa3zaHa. (OO003HAYMM MHOXKECTBO BCEX OIMCAHHBIX B
Hen GyHkmu p depes A, (6 > 0 cauraem pukcupoBanHbiM). MHOXKECTBO A, w*-3aMKHYTO
B mape C(J) - B, crenosareasHo, w*-komoakTHo. 11o semme 4, ono Hemycro. Ecau ey D eg,
10 Ae;, C A.,, Tak 9T0 MHOXeCTBa A, 00pa3yioT IEHTPUPOBAHHOE ceMeucTBO. Jlrobas
TOYKa p (HEIYyCTOrO B CHIy KOMIIAKTHOCTH) II€pecedeHus Bcex MHOXecTB A, obmajgaer
CBOMCTBOM

[(z,p(2))| < (L+0)C, weGr, |z =1,

Tax ITo [|pl|ge~m;ar) < C(1 + 0). Pasymeercs, p Gyner pemernuem ypasuenus (7). V-
6aBUTHCA OT 0 MOXKHO C IIOMOIIBIO €I1e OAHOrO MPEIEILHOrO IePEX0a, ¢ NCIOIb30BAHNEM
w*-KoMIakTHOCTH mapos npocrpanctsa H* (D, GF). O

YTo6bI mOKa3aTh TeMMYy, 0O603HaUUM depe3 P, omepaTtop cBepTkm ¢ aapom Ilyaccona
1—r?

0 — 1—2rcosf@+r2"’

BEKTODHBIX), IJle dTa olepanus mMeeT cMbica. Hampmmep, ecmm f € HY(T;G*), a F —

byaxmus w3 H'(D; G*), A1a KOTOPO# f CIyXWT TPAHEIHON (DYHKIHEH, TO WHTErpal B
dbopMyse ms CBepTKEM MOHUMAeTCs B cMbicte Lenbdanga (B c1aboM CMbICIE) M CHPABE/-
auBo pasercTso (P, f)(¢) = F(r(), ¢ € T. B wacrHocTH, oneparop P, umeer Hopmy 1 Kak
omeparop w3 H!(T,G*) B mpocTpancTBo cuibHO maMepuMbix dynkman L (T; G*).

Urak, 3adpukcupyem 6 > 0u 0 < r < 1. [l1a g € B monoxum

u(¢) = max|(z, (F.9)(C))], C€T,

ree

0 < r < 1, cauras, 9TO OH 3aJaH HA TeX OYHKIUAX (CKAMADHBIX WK

i = expllog (8 + u) + iH (log(é + u))],

1
C(1+9)
rge H — omepaTop rapMoHWYECKOro compsikenus. (Mbl He OTpaswim B OGO3HAYEHUIX
3aBUCUMOCTb MyHKIuEM © 0T 7.) CHpaBeiivBbl HEPABEHCTBA

1

3) 1012 w1y < G+1)= 2.

o 1
(1+9) C(1+9)

Onpegemnm oTobpaxenme T : B — 28 popmymnon

T(g)={heB: Fh= fg(r)T}.

PasenctBo F'h = fg(r)T CIAenyeT, pa3yMeeTcs, eCTEeCTBEHHBIM 00pa30M UHTEPIPETUPOBATH

KaK IOTOYETHOE PABEHCTBO BHYTpH KpyTa. 1lo yemosmio, Ll-3ama9a 0 KOpoHe ¢ JaHHBIME

F paspemmuma ¢ koucraurou C, mosromy MHOXKecTBO T'(g) HemycTo. SICHO TakXke, 9TO OHO

BBINYKJIO U w*-3aMKHYTO. [lokaxem, aTo rpacduk orobpaxenus 1 3amuyT. [lo remme 2,

MOXKHO OIPAHUYUTHCA MpeeJaMu OOBIMHBIX MOCAEN0BATEAbHOCTEN: MyCTh ¢, € B, h, €
" .

T(g,) (n=1,2,...,)un h, — h, g, — g. Hago nposeputs, ato h € T(g).
Muoxecrsa T'(g,) oupemessioTcs B TepMuHAX (DYHKIMT fé:), a I TOr0, 9TOOBI IIO-
CTPOHUTDH DTH HOCIeJHIE, HYKHO CHAYaIa 00pa30BaTh (DYHKIUHA Uy,

un(C) = max|(z, (Pg)(()), CeT.

rece

Tak KaK MHOXECTBO € KOHEe4YHO, 110 jeMMe 2 uy(¢) — u(¢) paBaomepno no ¢ € T. Torga
bynxuua H(log(d + uy,)) exonarca x H(log(d+u)) 8 L2(T), oTkyna momygaem, 9T0 féz) —
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(r)

9 = PaBHOMepHO Ha KoMmakTax B Kpyre D). dysknunu h,, Toxe cxogarca K h paBHOMEPHO

é:)T MOXKHO IIEPEUTH K IIPeIery

Ha KOMIIAKTaX B KPyre, TaK 9TO B cOOTHomeHuu F'h,, =
7 3aMKHYTOCTb I'paduKa TOKA3aHA.

[To Teopeme 0 HEOABMAKHOU TOIKE HAUAETCA (PDYHKIUA ¢, € B, MII KOTOPOU
9) Fg, = fi0r.

[ HEKOTOPOU TOCIEA0BATENBHOCTH Ty, — 1 QYHKIUM g, W*-CXOOATCS K HEKOTOPOU
byukun g € B. O6pasyeMm GyHKI®A 0,, = mgx|(a:, P. g, )| 7 a, =log(d+wv,). [locrexo-
rece

BATEILHOCTD @, PABHOMEDPHO OT'paHIIeHA B L2, HO3TOMY, Iepeifd K IIOAIOCTe[0BATEb-
HOCTH, MOXHO CYMTATh, 9TO a, — a € L? crab6o. Torma n Ha, — Ha cmabo B L2. A
TOIIa AHAIUTUIECKUE PYHKIUA Gy + 1 Ha, CXOaATCsa K a+1Ha paBHOMEPHO HA, KOMIAKTaX

BaHyTpHu Kpyra 0. OweBuaro, aTo a > logJ.
(rn)

Wrak, BHemHne GyHKIUA fg,"' CXOLATCA PABHOMEPHO HA KOMIAKTAX BHYTpPH Kpyra DD
K BHemHen QyHkiun P = ﬁ exp(a + iHa), npuaem u3 (9) u (8) BEITEKaeT, 9TO

)

(10) Fg=®7r nu |¢(Z)|Zmy

z € D.

Eme pa3 nepexond K DOANOCTELOBATEIBHOCTH, MBI MOXKEM CINTATH, ITO PyHKIWH hy =
P, g, w*-cxomarca K HekoTopou ¢yekmum h € B. [lna xaxpgoro z u3 G 1 Kaxaoro r,
0 <r <1, nmeem

(,(Ph)(+)) = lim P.(z,h, ()= lim P.(x, g, () + nli_{go(PTn —id)P(z, g, ().

n—oo n—oo

ITo memme 2 ¢pyuxmmu P, (z,g,, (-)) cxogarcs paBHOMEpPHO K (%, P.g); MO 5TOM IpUYnAHEe
BTOPOE CJIAraeMoe B MOCJIEIHEM BBIPAXKEHWU CIIPABa PABHO HYJIIO, TAK 9TO MOIYYaeM, 9TO
(x,P.g) = (x,P.h) upu Bcex * € G u r < 1. Takum obpasom, Gyukuuu g u h Gi-
DKBUBAJICHTHBI U CIyXKAT MPAHAIHBIMY 3HAYCHUAMEA OTHOU U TOU XKe (f-3HATHOU AHAIU-
THaeckon GyHKIuE V U3 emHETTHOrO mapa npoctpancTsa H1(D; G}). Umeem FV = &1
(cob6cTBeHHO, 5TO mepBoe cooTHommerue B (10)).

(rn)

n

[anee, mockombKy (HyHKIUA f, — BHemrHUe, B Kpyre [) umeeT MeCcTO OIEHKA

(@, by () < CA+ OS], w e

[Tepexoast k mpegeny mo n, noaydaem, 4ro |(z,V(z))| < C(1 + 0)|®(z)|, z € D. Tosromy
dbyuxmua U = VO~ ynosrersopser nepasenctsy |(x, ®(-))| < C(1+46), z € ¢ (manomuanmM,
49ro pyrKnusa ¢ — roxe BHemHAA), a u3 (10) crexyer, 9To

C(1+9)

FU=0 u [[Ullg ey < 5

ODTO MOKA3bIBAET JeMMy 4. U
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§2. AHaIUTHUYIECKOE PA3JIO3XXKEHUE €JUHUIIHI

B sTom maparpade gercrsue Oyger npoucxoauTsb Ha npocrparcrse ¢ Mmepon (T x €2, m X
@), TAe [1 — o-KoHedHas Mepa Ha MHOXKecTBe (2. Cregyiomiee MOHATHE UIPAET BaXHYO POIb
B HEKOTOPBIX BOIPOCAX, CBA3AHHBLIX C MHTEPIOIANUNEN aHAIUTUIECKUX KIACCOB XapIm.

Onpeapenenune. Ilycmv w — weompuyamenavras usmepumas Pynxyus wa T X Q. Iocae-
dosameavrnocmov {p;ticz, ©; € H®(T x ), nasvisaemca anaiumuueckum pa3ioxrcenuem
edunuybt ¢ kowcmarwmamu C > 0,0 < e <1 u A > 1, coeaacosannvim ¢ Pynrxyueti w, ecau
BLINOAKEHDL CACOYIOULUE YCAOBUA:

(11) I Z|80j|€||Loo(1er) <C,
JEZ
(12) lpjw < CN nse., jEL,
(13) Z ;SN < Cw  n.s.,
JEZL
(14) Z@j =1 n.s.
JEZL

[To onpegenenuto, mpocrpanctBo H (T x §2) cocToUT U3 11.B. OrpAaHUYEHHBIX (DYHKIUK
F ma T x Q, nexamux B H>®(T) nmo nepsou nepemennou. OHO, KCTaTh, COBIALAET C
MHOX€eCTBOM IpaHu9HbIX GyHKumu nis kaacca H(D; L°°(€2)), BBegennoro B §1.

Dyskuun @; BegyT cebs IPUMEPHO TAK XK€, KAK XaPAKTEePUCTHIeCKHe (DyHKIUNA MHO-
xects {AM 71 < w < M}, oHAKO OHW aHATUTHYHLI 1O TEPBOW IEPEMEHHOHW. XOpOIIO
M3BECTHA CBA3b Mex 1y yciaosueM logw(-,w) € BMO(T) u cymecTBoBaHAEM aHAIUTHIEC-
CKOI'O Pa3/I0XKEHUA €IMHUIIEL.

Teopema 2 (cm. [11]). IIyemv w — neompuyameavras uzmepumas Pywkyus wa T X Q.
Caedywwue ymepercoenus pasHCuibHbL:
1) esssup || logw(-,w)||Bpmo = d < o0;
we

2) cywecmeyem AHAAUMUUECKOE PABA0HCEHUE eJUHUUDL C HEKOMOPLIMY (9KEUBALEHM -
Hotm 00pazom, ¢ aobbuimu) € >0 u A < 1, cozaacosannoe ¢ Gynryued w.

IIpu smom d u xoncmanma C' 6 onpedeaenut GHAAUTIUYECKO20 PABAOHCEHUS COUHUYDL
oyenusaomces dpye wepes dpyaa u Yepe3 Napamempsvt A u €.

Popmanbho B [11] 5TOT pe3yabTaT JOKA3BIBAICA IS BECOB HA OKPYXKHOCTHU T, OJHAKO
BCe PACCYXJIeHWA DOAATCA s u3MepuMoro npocrpacTsa T X Q. Umnmukanus 2) = 1)
K MOMEHTY Hamucanus crarbu [11] 6bura masecTra. O6paTHAA UMILIMKALWS IIOJLY 9a1aCh
JNOBOJIBHO 3aMBICIOBATHIM My TEM U3 CIenupUuIeCKON “UHTEPIOMAIMOHHON YCTOUIUBOCTH”
napsl npocTpancTs (H(wo), H*(w1)) npu ycaosuu log ¢ € BMO. Cum. cepinku B [11],
a Takxe [12].

O/IHO U3 [0KA3aTeIbCTB TAKOU HHTEPIOAMOHHON YCTONIMBOCTH OBLIO TTOLY IeHO B [13]
C MOMOIILIO KIACCUIECKON TEOPEMBI O KOPOHE C JaHHLIMEU W3 IIapbl CKAAAPHBIX (DYHKIIAN
(f1, f2) (T.e. pemaercs ypasrerue f1g; + fage = 1). Mbl certaac mokaxem, 9T0 UMILIAKA-
nuio 1) = 2) MOXHO MOIy9UTH HENocpedcmEenHno W3 TeOPeMbl 0 KOPOHe ¢ [2-3HavHbIMm
naHHbIME. TodUHEee, HAM IIOHALOOUTCA CAEYIOMIEe YTBEPK ICHHE,
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Ipeanoxenne 2. [Tycmo f; € H®(T x Q), npuwen 6% < Y |fj(2)]* <1, z € D. Toeda
JEZL
cywecmyom makue gynkyuu g; € H®(TxQ), wmo Y. gihj =1 u Y. |g;(z,w)|* < C(9).
JEZ JEZ
B neucreuremsroctn C(§) = O(6 2logd~ 1) mpu 6 — 0, xax B (3), (3). [aa nokasa-
TEILCTBA MOXKHO, HAIIDUMED, MOBTOPUTHL paccyxaerus u [1, Appendix 3] u y6enurbcsa B
TOM, 9TO BTOpas IE€PpEMEHHAsA HUYICMY HE MeIIacT.

Aokazameavemso umnaukayuu 1) = 2). B Teopeme 2. IlycTh GpyHKIUA w yAOBIETBOPIET
ycaosuio ess sup || logw(-,w)|| pmo = d < oco. Ycnonsays Tak HassiBaemyio Hopmy Lapcun
we

Ha BMO (cMm., Hanpumep, [14, riasa 6, Teopema 1.2]), 3akiodaeM, 9T0 CymecTBYeT TaKas
IIOCTOAHHASA ¢, 3ABUCAMIAA OT d, 9TO M BcexX 2z € D u m.B. w € {2 BBIIOJHEHO HEPABEHCTBO

Ky

(15) % /\mgw(o,w) - % /(logw(T,w))Pz(T) dr| P.(0)do < c,

—T

rae P, — azgpo Ilyaccona gusa Touku z € D. Paccmorpum Bremnne pysknun f; = exp(o;+
. . i i
iHaj), j € Z, rge 'H — onepaTop rapMOHHYECKOI'O COIPSXKEHH:, a «; = log[(Azw™= A

_J 1 —1 _1 1
(A"Fw=)]. Bamermm, uTO mOX 3HaKOM Jorapudma crouT [3; A B; ", rae Bj = ATFweE,
nosToMy «; < 0 m —a; = |log ;.

[Tocmorpum Ha BekTOp-hyHKIMiO h = { sz} KaK Ha JaHHbIE 3302494 O KOpoHe. Mbr
Ceﬁqac yYBuUAUM, OTU OdaHHBIC YOOBJICTBODAIOT 3HAIUTE/JIBbHO 0oJiee CUIbHBIM yCIOBUAM, I€M
Tpebyercs B npemaoxennu 2. Sadukcupyem z € D uw w € Q, u mycTh j — meaas 9acTb

THUCIA
™

1 1
log A\t 27

—T

(logw* (1, w)) P, (7) dr.

Ouenum 3uagenne f;(z,w) cHU3Y:

™

—togfyz)| = 5= [ (@0 o = o [ J1og5(0.0)1P(0) a0

—T

Ky

17 . 1 .
< —/|10gw?(9,w)——/(logw?(T,w))Pz(T) dr|P.(0) b
27 27

—T

117 .
/L / (logw? (7, w)) P, () dr — jlog \¢| P.(0) df.
21 21

—T —T

B cuny ompegeneHus €mcaa j, BRIpaXKeHHE IO 3HAKOM MOAYJIA B IOCACIHEM HHTEIPAJIC
1

(mo #) me mpeBocxomuT wmcaa log A=, Tak 4ro, ¢ yderoMm HepaBeHcTBa (15), moiaydaem

—log|fj(z,w)| < e lc+e tlogA, T.e.

1£5(z,w)] > (Aef) "7 &,
14



Taxum o6pasom, 4aa GyHKIUA hj = sz IOy daeM OIECHKY

(16) (O Ihi(z,w)[)'? > max|fi(z,0) > 0%, 2€D, weq.
heZ
C apyrou cTOpoHHI, npu J6oM ¢,0 < ¢ < 00, MeeM

(17) Z ‘fj‘q - Z([)\_j/swl/s] A [)\j/sw—l/f'?])q < 22)\—%j _

JEZ 320

2
e

Homaras 3aech ¢ = 4, Bugum, 910 [>-3HaHAs anamaTraeckas Gysaxnms (27 1(1 —AE NY2h
YIEOBIETBOPSET YCIOBUAM IIPEIIOKEHAA 2, TAK ITO HAUAETCA Takad GyHKIMA g = {g; }jez €
H®(1?), aTo

(18) S f2gi=1 u |lglge=qz) < C=Cle,Ae).
J

_ 2

Hckomoe aHaIUTUIeCKOE PA3I0XKEHNe eJUHUIbI JOCTABIAeTCA PYHKIMAMEA @ = fj Jj,

j € Z, upuyeM HaMm jgaxe He moHagoOuTCs ouenka u3 (18) B moanyio cury. Yciosue (14)
yx)e obecneueno. [anee,

1D 10l lzee < Mgl Zoe ooy 1 1 Fe 26y < Cales Ase)
JEZL

B cuny HepasercTBa (17) ¢ ¢ = 2¢ u ouenku B (18), u ycaosue (11) nposepeno. Hakower,

lpj|® < Calfilfw < CoMw™tw = CyN

n
D_Ngsl" <oy NI 1S31 < Ca d N A w)|f51° < Caw
JEL J J
B cuiny HepasercTBa (17). Tem cambiM, ycTaHOBICHBI HepaBeHCTBa (12) u (13). O

63. OmeHKH C Pa3IMYHLIMM HOPMaMM HA
IIPOCTPAHCTBAX HOCJAEJ0BATEILHOCTEH

Paccyxmenme m3 §2 B KaKOU-TO Mepe MOTHUBHUPYET CJAEIVIOIIANA BOIPOC: KAaK OINEHUTD
pemerne g = {g;} 3aga<1u o0 KOpoHe ) g;f; = 1, eciu HOTOUeIHbIe OrDAHUIEHNA Ha [TaH-
Hble { fj} HAIOXEeHEI B TeDMUHAX KAKAX-TO HOPM HA IPOCTPAHCTBE IIOCIeLOBATEILHOCTEH,
ormanbx 0T [?-HopMbI? B uacTHOCTH, npu Kakux pasymHbIX ycaosuax Ha f = {f;}
MOJDKHO obecmednTs OumeHKKy »  |g;j(2)|* < C, z € D, ¢ MauabM @ 4is Kakoro-aHuby b
pemterns {g;}?

Bompoc 06 oreHKax B pa3sHbIX HOPMaX pacCMATPUBAICA U paHee. [[oMUMO pe3yabTaToB,
yKazaHHbIX B dopmynax (3) u (3'), ynomssem Tpynayio Teopemy Yumsambl [15]: ecam 0 <
sup; | fj(2)] <1, z € D, o maugyTcs amamaTIaeckne B Kpyre QyHKIUE gj TaK@e, ITO

(19) Z 9;(2)| = 0(67°), §—0,
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npu HeKoTopoM ¢ > 0. B ¢BomMx paccyxaeHuax Y4amaMa yCOBEPIICHCTBOBAI OPUTMHAIHHBIN
meTon Kapmecona. Texumka Boabda, BepOATHO, 31eCh HEIPUMEHNIMA.

B [1, Appendix 3] npuBegena eme (BepOATHO, HEOILyOIUKOBAHHASA) OleHKa TOJOKOHHU-
KOBA: IIPH YEeMHOM UEAOM P > 2, €CIU JAHHBIC yIOBICTBOPAIOT yCIOBHIO 0 < (E|fj(z)|p)1/p
<1, To HamgeTCA pemenue {g;}, A1 KOTOPOro

(20) (Zlgj(2)P)Y? =06 Plogd™t), §— 0.

BeposTHO, TpeboBaHME TETHOCTH YUCIA P BO3HHUKIO 31€Ch IIOTOMY, UTO aBTOD DTOU
OLEHKY TIPUMEHSAI HEMOCPEACTBEHHO KAKOU-TO BAPUAHT TeXHUKKM Bo/b(a, a Bce Takue pac-
CyXeHus TPeOyIOT ABHOIO BBIMUC/ICHUA P-X CTEHeHer MOAyJel HeKoTopbeix cymm. Cpeau
IpPOYero, HuXkKe Mbl yBuauM, 910 onenka (20) Ha camom gene BoiBoguTcs u3 (3) muu (3)
Ha ypOBHe HepaBeHCTBa [ €nbaepa u 6e3 OrpaHUYIeHUN Ha P € [2,00).

rax, MBI pacCMaTpUBaeM JaHHbIE 33Ja<dd O KODOHe (T.e. IOCIeZOBATEILHOCTH { f;}
aHAMUTAIeCKUX (DyHKumU B Kpyre) m3 npocrparcrBa H®(IP), 0 < p < oo. Ograko
pemenwe {g;} MbI Oymem mckarh B mpocrpancTse H(l"), rge r, Boobime rosops, He
cBA3aHO ¢ p. Jlerko BbIBeCTH HEOOXOUMMOE YCIOBHE pPa3pelmmMocTd: ecin y  fig; = 1 m

19llnery = C (9 ={g;}321), TO
L<[[f@) v - Nglla=ary, =z €D,

TaK ITO inﬂng(Z)Hl(rwy > C~!. B cBs3u ¢ DTUM €CTECTBEHHO JATh CIEeAYIOLIEe OIpe-
FAS

nenenue (B HeM 0,p,q,7 > 0,0 < 1, a p,q ¥ 7 MOI'YyT IPUHUMATD €Ille W 3HAUEHUE +00).
Paccmorpum BeceBoamoxubie ganubie [, mas kotopwix |[f(2)|ie < 1 u [[f(2)|ir > 6 upm
z € D; monoxum

C(6;p,q,1) = Sl}pinf{HgHHOO(lr) > figi =1},

rje cynpemyMm OGepeTca 10 BceM (PYHKIMAM [, yAOBIETBOPAIOIIAM YKA3aHHBIM ONDAHMYIE-
HILAM.

B sTux Tepmunax, popmyast (3) u (3') maroT onenky csepxy mis seamuaunsl C(0; 2,2, 2).
Ormerum eme, aro C(§;2,2,2) > max(d~1,672v1 —62), em. [1, Appendix 3]. Pop-
mysa (19) — sro Bepxuss onenka Beawaunsr C(6,00,00,1), a dopmyna (20) — BeawauHb
C(,p,p,p'), p =2k, k € N. UyTb no3xe Mbl IOKAXKEM, ITO

(21) C(8;p,p, ') < C(67/%;2,2,2), 0<d<1, p>2

OpuyYeM p MOXKET ¥ He ObITh IeIbIM YeTHBIM. 1loKa caemaeM psj IPOCTHIX HAOII0fCHIN.

Jlerko nowusts, uro dyuxuus C(J;p,q,7) — (HecTporo) Bozpacraromas 0THOCATEIHHO
aprymMeHTa ¢ u (HECTpOro) yObIBAIOIIAA OTHOCAUTENLHO p, 7 W §. PaccMoTpeB naHHBIE
f={fi},rae fi=1u f; =0mpn j > 1, Bugum, aro C(0;p,q,r) > 1 Ipu Bcex 3HATEHAAX
napaMeTpOB.

Hanee, C(d;p,q,7) = ocoupur > 1, p < qur’" > p. [deucrsurersro, msi N € N
ompegerum gamnsie f dopmyaoir fr(z) = N~ P npu 1 <k < N u f(z) = 0 mpuz k > N.
Torna ||f( )|l =1 = [|[f()]ie = N<~ 5. Ecm C(0;p,q,7) < 00, TO mus aoboro € > 0
Haugerca yuknus g € H(I"), gua koropot ||g|| gy < (14+€)C(6;p,q,7) 1 )Y fi9; = 1.
OmHako Torma

L< gO)llllf Ol < (1 +€)C(8p,g,7) N7,
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9TO HEBO3MOXHO, MOCKOIBKY 7' > p. M3 MoHOTOHHOCTH TOMydaeTcsa, 9ro npu 1 < p < ¢
seawausa C(0;p, q,r) 6eckoHedHa npu Ja060M 1 < p'.

B wactHOCTH, ipm ¢ > p > 1 omenku B [” ¢ OYeHb MAJEHLKUM I” HEBO3MOXKHBI. Huxe
MbI, CPEIU IIPOYEr0, YBUAUM, 9TO IpKU ¢ < P CUTyalus WHaAA. B CyIIHOCTH, 3TO TOKA3bIBA-
eTCs TEM XK€ IIPUEMOM, KOTOPBIU ObLI UCIOIB30BAH B §2 IIPU MOCTPOECHUN AHAJUTUIECKOTO
PA3IOXEHUA €IUHUITHL.

Teopema 3. Ilycmv 0 < § < 1, t > 1,0 < p, ¢ < co. Tozda npu s = m (a,
cne@oeameano, u npu 6cexr 66,/waux 3HAYEHUAT S) B8bITLOAHAETNCA HEPABEHCIN B0

(22) O(6:p,a.8) < O, 5. 5.7).

Jokazameavcmso. Ilycrs gamnsie f = {f;} s3agauu o xopore Takossl, 4ro || f(2)|w >

, Nf(2)lie < 1 opu z € D, w nycrs f; = 0;h; — BHemHe-BHYTPEHHAA (HAKTOPUA3ALML
byuknun f; (BHemHen ABigeTc hj). Hpe,zuIOJImKIxIM aro semmmaa C'(0°, 2, 4, ) koneana
¥ PACCMOTPHM 3a/1aIy O KOPOHE C JaHHBIME {; j}. [TockombKy

> (10;(2)] (=) ZIH \p>2|9 )P|h (2)P > 67

J

mpu z € D, a

> (05O R (O = Z\h <1
J
npu ¢ € T, Bugum, 9T0 a1 aio60ro € > 0 Hafx’I,quCf{ TaKue aHAIUTUIECKNe (DYHKIUHA a; B
Kpyre, ITO

1—Za]9ht Zf] ajhtl

t
||aHH°°(lT) < (1 + €)C(§ ) ;: Za T)'
Takum o6pasom, ¢ { ht 11 06 f
p yHKOZE {a; 00pa3yIoT pelleHne 33,1391 0 KOPOHE C TaHHBIME f,
KOTOPO€ MbI OLEHUM C IIOMOHIBIO HepaBeHCTBa [ €nbaepa ¢ nokasaremimu u u u':

S s (1 (1) < (3 ag ()3 ()¢

[Torpebyem, aTobbl su = r, s(t — 1)u’ = ¢, Torga HeCIOXKHBIE BHIYUCICHUS IOKA3BIBAIOT,

9TO § = m, a ImpaBasg IaCThb MOCAEIHEr0 HEPABEHCTBA, HE MPEBOCXOAUT BEJUIUHbBI

(Z|a3()|r)§ < [(1+€)C(6t;1t_?7%,7')]8_ o

Ionaras B Teopeme r = £ = 1 = 2, npmxoaum K obemanoi onenxe (21). [laree, BugHo,
9TO § MOXHO C/IelaTh CKOJIb YI'OJHO MaJbIM, €Cau B3siTh Heboabinoe q. Hanpumep, myctsb

p u t TakoBbl, 4T0 p/t = 2. BozbMmeMm ¢ < p u 7 = 2, TOrja OKaXeTCs, 9TO

p
t

C(8;p,q,5) < C(6%,2 t 2) < C(6%,2,2,2) <
17



2
Ecnm, ckaxem, p = 4, t = 2, nonygaerca s = ﬁqq. [Ipu manbix g Bo3HUKaeT >PdexT,

O OOHBIN TOMY, KOTOPBIA OBLT B §2 — TOABKO Ipu 60/1ee CBOOOMHBIX YCAOBUAX HA TaHHEIE,
gem (16) u (17).

K Teopeme moxuO mo6aBuTh emie omgHy coBceM mpocTyio omeHky: ecim 0 < a < 1 u
aqg < p <00, TO

p_p—oq
2 03 < ) ; .
(23) C( ,p,qu)_C/’(p_aq, 1_a,q,r)

[Ipm o = 1 >T0 HEpaBEeHCTBO BepHO B (hOpMe

Jencrurensro, npu o = 0 ¢popmyra (23) — rasrosorua. Paccmorpum gammee f = {f;}
3agaqu 0 Kopore, maaa KoTopsix 07 < > |f()P u Y |f;(1)|? < 1. Ilpu o = 1 dpopmyna
(24) crepyeT w3 HepaBeHCTBA

7 <Y 1HOP < IFOIPTY 1501 < OIS,
a mpu o < 1 ¢popmyna (23) BeiTekaeT u3 HepaBeHCTBa [ éabaepa:

11—«

pb—«g

@ < S IGOF = X IHOFILOR < (ILOM* ( IO

OTKYyIa
l—«o
p—agq

SILOEE)  z e,
J

Crour 0oTMETHTH, 9YTO HEM3BECTHO, KoHeuHa au BeaundunHa C'(d;p,q,7), 0 < § < 1, upm
p=q<2mr>p,atakxkenpup=g=oconr < l.
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