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BOJIHOBBIE OITEPATOPHBI HA CUHI'VJIAPHOM CIIEKTPE

B.B.Kanyctun'

1. BBEJIEHUE

KoncTpyKmusa cocTouT u3 mapbl YHUTApHBIX omepaTopoB Uy, Us, meiicTBYIONIX
B IuIb0EpPTOBBIX TTpocTpancTBax Hi, Hy coorBercTBenno, u oneparopa X : H; —
H,. CunpamuBaercst, CyIecTByer Jin BOJTHOBOH OTIepaTop, SIBJISIIOIIMIICS MTPeIeI0M
M0CJIe/IOBATETbHOCTH
U XU™ as mn— +oo,
OIMCHIBAIONINIT ACUMITOTHYECKOE TIOBEJIEHUE CUCTEMBI C JIUCKPETHBIM BPEMEHEM.
Ompenennm kKommyTtatop K,

K =XU, - Uy X.

Cnyuait K = 0 TpuBmaJjieH, MOCKOJBKY TOT/A BCE 3JIEMEHTHI TOC/Ie/I0BATETLHOCTI
OYeBU/IHO PaBHBI X ; €CTECTBEHHO CHPAIMBATH, YTO ITPOUCXOJUT, KOTJIa K Ma
(panra 1, panra 2, KOHEYHOIO PaHTa, W3 KJIACCA OMEPATOPOB CO CJIEJOM, W T.1I.)

Eciiu crniekTpajibable MEpbl YHUTAPHBIX ONEPATOPOB abCOJIOTHO-HEIPEePhIBHBI
(orHOCUTETHLHO MephI JleGera), TO B KIACCUHIECKOIT TEOPUU PACCESHUS YCTAHABIIH-
BAaETCsI CYIIECTBOBAHUE CHJIbHBIX BOJHOBBIX OIEPATOpPOB, KOTJIa KOMMYyTaTtop K
IPUHAJIEXKUT KIACCY OMEPATOPOB co caenoM [1].

[IpocThle mpuMepHI, JaxKe B OJHOMEPHBIX IPOCTPAHCTBAX, MOKA3BIBAIOT, UYTO B
o0ITeM ciIydae mpejes MOKeT He CyIecTBoOBaTh. JleiicTBuTeibHO, BO3bMEM Hi =
Hy=C, U =1,Us =wl, rpe |w| =1, X = I. Torga sicho, uro Uy XU; " = w"I.
Ecmn w # 1, To mociemoBarebHOCTh pacxoautcesa. OTHAKO MOYKHO HAJIESITh-
csd, 9TO Tpejiesi OyJIeT CYIIEeCTBOBAaTh B KaKOM-juO0 Oosiee cjiaboM cMBbICIe, a
UMEHHO, €CJIM TMPUMEHHUTh HEKOTOPBIil MeToj cymmupoBanus. Hanpuwmep, pac-
CMOTPHM METO] CYMMHPOBAHHsI, COMOCTABISIONINIT TOCIETOBATETLHOCTH (X, )00

oCIeI0BaTETbHOCTD (T,) eé cpeanux Yezapo, &, = L > T s Teo-
n ) n n+1 m=0 “m-
& RN 1) _ ~ 1 1—w™
MeTPHYeCKIX Tporpeccnit o, = w" (lw| =1, w # 1) nveem T, = - T — 0.

Eciu nama mociegoBaTelbHOCTD (T,), TO €€ abeseBbl CpeHIe UMEIOT BUJ

(1—r) i e,
n=0

e 0 < r < 1 u npegen paccmarpusaercs mpu r /1. [Tomoxum

A= =r)) rrUpxurm,

n=0

HIpu wacruunoii nomnepsxke PO, rpanr 08-01-00723-a.
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T.e. A, — abesneBbl cpenune nocienosareapunoctu Uy XU ™.

Meron cymvupoBanus mo AGeno 37ech pacCMAaTPUBAETCA M3-33a €r0 CBA3M
¢ uaTerpasamMu tuna Komm. Ob6mag runore3a MoxKeT OBITH cOPMYIHPOBAHA
CTEIYIONUM 0Opa30M.

ITpeamonoxkenue 1.1. Ilycmo Uy, Uy — ynumaprsie onepamopul, u npeonoso-
otcum, wmo X — maxotd onepamop, wmo K = XU; — U X — onepamop
Koneuno2o panza. Tozda mpedes ycpednenutd no Abearo nocaedosamenvrocmu
UYXU" cywecmsyem 6 caaboti onepamoprot monoso2uu, m.e. onepamopv, A,
caabo cxodames npur /1.

Pacemorpum cymmnr By,

(1) B,=Y Uy'KU;™, n>1

m=1

Onnu cBsaszansl ¢ oneparopaMu Buga Uy XU; " cooTHOIEHIEM

(2) B,=X-UXU;".
CienoBaTesIbHO, CXOAMMOCTD 1ocenoBaresbHocT U X U™ paBHOCHIIBHA CXO/1U-
moctu B,,. Onpenennm wosyto wopmy ||| - |||

n

I1K[[] = sup || By|| = sup || > U5 KU ™||.
n>1 n>1 m—1

Ecm K = XU, — UyX, 10 mo dopmyne (2) mopma |||K||| xoneuna. Bos-
HUKAeT eCTeCTBEHHBIN BOIPOC, caeayer qu u3 Koneunocru ||| K||| To, uro mocie-
JOBATETBHOCTD (B,,) OyIeT CXOAAIecs nocIe IPUMeHeHHsT KAKOTO-TH00 S-pery-
JISIPHOTO MeTola cymmupoBanus (Merona “e3apo, Abesst, n T.71.; Olpe/eTeHne
S-PeryJIsipHOCTH CM. B §3).

MorkHO Takrke paccmarpuBarh mHocsegosaresnbHocts UJ XU, ™ npm orpuna-
TEJILHBIX 7 C HANpaBJIeHueM N — —o0. EcIn HeKOTOpbie yCpe HEHHbIE MPeIeThbl
(nBycroponneit) nocaenosarenbnoctn Uy XU ™ cymecrByior npu n — 00,
TO 3TO K€ JOJXKHO OBITH BEPHO W I PA3HOCTU MPEIETOB, KOTOpasg TOTIA
npefcTaBIseT coboit mpenen mnocaemoBarensnoctn Uy XU "™ — U, " XU upn
n — +o00. B Tepmunax kommyTtaropa K 3TH omepaTopbl MOTYT OBITH 3aITHCAHBI
KaK

(3)

n—1 n—1

PaBHOMepHAST OMPAHHMYEHHOCTh HOPM THX ONEPATOPOB OYEBUIHO DABHOCHIHHA
koneunoctu |||K|].



Teneps mycTh (1t — Mepa Jlebera Ha e TUHUIHON OKPYZKHOCTH, BO3bMEM OIEPATOD
X B L*(p) Takoit, uro K = XU —UX =Y (-, ux)vy, rae U — omeparop yMHOKe-
ung Ha 2 B L%(p), cymma xomewna (mmm Geckomewna, HO Y ||ug|| - ||vg|| < o0).
Kraccuaeckune pe3yabTaThl TEOPUU PACCESHUsI TOBOPAT O TOM, YTO CHIbHBIE
npejiesnl nocaegoBaresbroctu UM XU ™" cymecTByOT pu n — +00 U n — —0Q.
MokHO TTpPOBEPUTH, YTO WX PA3HOCTH €CTH ONEPATOP YMHOXKEHUsi Ha (DYHKIUIO
Z > upvy, (usHauvambHO Jexanyio B L'(p), HO Takum 0Opa3oM Ha caMoM jieie
npuHaexRanyo L>(u)).

Teopema 6.1 HEMXKe, COTJIACHO KOTOPOH JJjisi CHHTYJISIPHOTO CIIEKTPAa CyMMa
> ugvr paBHa 0, eCTECTBEHHO MPUBOJUT K MBICJIH, UYTO €CTH HEKOTODPbIH yCpej-
HEHHBII mpeden nocaenoBarenbHocTn Uy XU ™ cymecTByeT mpm n — 400 o
n — —oo0, TO 3TH Tpeaesl coBnamaT. Oobeanusas [lpeamonoxenne 1.1 ¢
dbopmyoii (3), MoKHO chOPMYIUPOBATH HOBOE TIPE/IIOJIOKEHIE YKe B TePMUHAX
oreparopa K.

IIpeanmomoxkeuue 1.2. [lycmo U — yHumapHuil onepamop ¢ CuH2yAAPHHLM
cnekmpom, K — onepamop konewnozo panea (UAu U3 KAGCCG ONEPAMOPOS CO
caedom, u m.n.), das xomopozo |||K||| < co. Toeda aberesv. cpednue nocaedosa-
meavrocmu Y UF'KU[™ cmpemamca & wyaeeomy onepamopy 6 caabotl

m=—n U2 1 P Y y pamopy
0nepamoprotl Monoso2uL NPy n — +00.

B macrosmeit crarbe meraeTcss HECKOJIBKO PEAYKIHIT 3THX OOIUX P00~
JKeHUil K 9aCTHBIM CJIydasM. B paMKax 3Toro mojaxoja Jaércs T0Ka3aTeIbCTBO
[Ipenmonoxkenuss 1.1 B Oosee cuiabHOil bopme mira ciaydad rank K = 1. B §7
caydait rank K = 2 obcyxaaerca 6osee MOAPOOHO M CBOJUTCA K BOIPOCY 00
onuoit dbyuknun u3 L2-mpocTpaHCcTBa, WIH, YTO PABHOCHILHO, O (DYHKIHH U3
npoctpancTBa Ky, cMm. Teopemy 7.2. IMeroTcs IpUIUHBI CINTATh, YTO OTBET Ha
9TOT BOIIPOC MOKET OBIThH PEIIAIOIINM ITArOM B JI0Ka3aTeabcTBe [Ipeamotokens
1.1 st obmrero ciydvast.

Hekoropwie pesyiabrarsl 3TOit crarhbum wWian (PaKThl, OJU3KHE K HUM, MOTYT
OBITH YK€ M3BECTHBIMH CIIeIHAJINCTaM B KadecTBe “dosbKiaopa’, 0JHAKO aBTOPY
HEe yJaJI0Ch HaWTH WX B JUTEparype. 31eCh OHHW MPEICTABIEHBI [JIsT MOJHOTHI
U3T0KEHNUSI.

Asrop npusnarenen A.B. Anekcangposy, A.I'. [Torropankomy, P.B. PomanoBy
32 [OJIe3HbIe 00CYK/ICHUs, & TaAKKe BCeM KOJLIeraM, IIPOSBUBIIAM HHTEPEC K TOii
pabore.

2. TIPEJABAPUTE/IbHBIE CBEJEHUS

PaccmoTrpuMm npoctoiil, oqHako BayKHBIM IPUMep, HAKJIAILIBAIOIINN HEKOTOPBIE
OTPAHUYEHUS HA TO, YTO MOYKHO MOJYUHUTD.



ITpumep. Bosbpmém omeparop pamra 1, X = (-, a)b. Torma USXU;" =
(-, Ua)URb. Tlycts Uy, Uy — onepaTtopsl ymuozkenus Ha z B L2 (i), L?(v) cooTset-
CTBEHHO, TJI€ [,V — Mepbl Ha eJIMHUYHON OoKpyxkHoctH, a = 1, b = 1. Torma
nonydaem UPXU"1 = [i,,2", tie i, = [Z"dp(z). Jdnsa mep p, yaoBieTBops-
IOIIIX COOTHOMIEHUIO fi, — 0 mpu n — oo, noxy4daem Uy XU; "1 — 0.

Tenepnb paccMOTPUM CIydail, KOrga [t — JUCKpeTHas Mepa. Hampumep, mycrhb
[ — aToM B TOYKe w eJMHHYHOIl OKDYKHOCTH, TOrja TmpocTpanctBo L2(11)
onnomepro. [Moxywaem Uy XU ™1 = (wz)", 970 BBIpAsKEHHE DPACXOIUTCS ECIIN
TOJIBKO IV HE eCTh TOYeYHasd MaCCa B W; OJHAKO, KaK BbITCKacT U3 HpeﬂﬂO)KeHHH
3.1, cXOMUMOCTb MOMKET OBITH MOJYYEHA NPUMEHEHHEM JII0O0r0 S-peryisgapHOro
MeTO/Ia CyMMUPOBAHHUS.

JI/1s Tpou3BOILHON Mephl 1 6e3 ATOMOB BOCIOJIB3YEMCs KJIACCHIECKOH Teope-
Moii Bunepa, corimacuo KoTopoii 11 11000 Mepbl, He UMEIONel TOUeIHbIX Macc,
MMeeM

1
lim,, oo —— g i(m)| =0
+00 H :
2n+1 z )|
—n<m<n
Orcroga cienyer, uro cpeguue Yezapo nociegosarensuoctn UF XU "1 = [i,2"
CTpeMHTCH K HyJIIO.

CxouMoCTh  ycTaHoB/IeHA Ha ojHOM BekTope 1 € L2(p); ast ocraibHbIX
BeKTOPOB 13 L2(j1) JOCTATOMHO 3aMETHTh, 9TO MHOMXKECTBO BEKTODPOB, I KO-
TOPBIX HMMEeTCsl CXOIUMOCTb, €CTh 3aMKHYTOE€ IIOAIPOCTPAHCTBO, MPUBOJIAIIEE
onepatop Uj.

Onpenenmum oTobpazkenue B3, comocTapisioniee onepaTopy K mpees mocaemno-
BATEJLHOCTH B, (€C/U NpeIesIbHBIN ONepaTop CYIIEeCTBYeT B PA3yMHOM CMBICITIE,
HAIPUMep, MOYKET OBITh IOy 9YeH C MOMOIIBI0 HEKOTOPOTO S-PeryIspPHOrO MEeTO/1a
cymmupoBanst). Takzke MOKHO 3ajaBaTh BOIPOC, MOXKET Jin oTobpazkeHue B
OBITH MPOJOJIZKEHO Ha MHOXKeCTBO Beex [, myst kKotopoix |||K||| < oo (mrm Bcex
K, npexacrasumbix B Buge K = XU; — Us X, ecaim 310 Ipyroe MHOMKECTBO),
C MOMOIIBI0 KaKOU-THO0 HEempepbhIBHOCTH. [IpyruMu caoBaMu, MOYKHO TBITATHCS
HATH TOMOJIOTHIO HA YKAa3aHHOM MHOXKeCTBe, 4TOObI oToOpazkerue B OBLIO
HeIPePBIBHBIM.

[TepBoit 3amadeit gBAgeTCS ONMpeIeneHre BOJHOBOTO OMEPATOPA € MOMOIIBLIO
METO/Ia, CYMMHPOBaHUSI, KOTOPBIf MOXKEeT ObITh BeChMa JKECTKUM, WU JIayKe
no HenpepbiBHOCTH. Ecam orobpaxkenme B MoKeT OBITH KOPPEKTHO MPOJIOJ-
JKeHO Ha 06oJjiee MIMPOKYIO 00/1acTh OrnepaTopoB K 10 HENMPEPHIBHOCTH B HEKO-
TOPOI TOMOJIOTHH, BO3HUKAET €CTEeCTBEHHBIN BOMPOC, MOXKET JIH PACIHIHPEHHOEe
oToOparkeHue peaim30BaHO B TepMuHaxX oreparopa K 0ojiee KOHCTPYKTHUBHO,
CKayKeM, KaK TpeJesl CPeJHUX /I HEKOTOPOTO S-PeryIgpHOTO METOIa CYyMMUPO-
Banud. /lanee, ecTecTBEHHO CIpAITUBATL, MOXKET JIM Tpeaes JOCTHTAThCA Oosee



MSATKIMHI METOJAMHI CYMMHPOBAHUS, B CHIBHON OMEpPATOPHOIl TOMOJIOIHH BMECTO
cnaboit, u T.1.

3amernyM, 4TO ecam mociaegoBarenbHocTs Uy XU;™ cxomuTcsd B HEKOTOPOM
Pa3yMHOM CMBICTIe, TO IpeJeabHblil onepaTop A cmetaer Uy u Us:

AU, = U A.
YT0o0bI 3TO YBUIAETH, JOCTATOYHO MEPEHTH K TPeJey B COOTHOIICHUT
(U XU "YUy = Un(UPXTUT™).
Ananornuno, ecn B = B(K), to BU; — UsB = K.

Be3 morepu obIIHOCTH MOXKHO CYUTATh, YTO KPATHOCTH CIIEKTPA YHUTAPHOI'O
omeparopa U; paBua 1. [leficTBUTeNbHO, TPU H3YUYEHHH IOCTIEI0BATEIbHOCTH
omeparopoB UY XU; ", npuMeHEHHBIX K BeKTOPY h € Hp, MOXKHO paccMaTpuUBaTh
HOJINTPOCTPAHCTBO, TpuBoJsiiee U, MOPOXKIAEHHOE BEKTOPOM h, BMECTO BCEro
npocrpancTBa H;. CrnexkrpajibHas TeopeMa JJisi YHUTAPHBIX OMEePATOPOB MOKET
OBITH ChopMyIMPOBAHA CJIEAYIONIAM 0OPA30OM.

IHyecmov U — ynumapnwui onepamop 6 2usvbepmosom npocmpancmee H,
so3vmém h € H. Tozda cywecmeyrom mepa o Ha eduHUNHOT OKPYHCHOCTIU U
UBOMEMPUYECKOE OMOACICCMBAEHUE NPUBOIAULE20 NOONPOCMPAHCNEG, NOPONHC-
dénnozo sexmopom h, ¢ npocmpancmeom L?(1) maxoe, wmo onepamop ymmo-
orcenua na z 6 L*(p) coomsememeyem onepamopy U, a dynxyua 1 € L*(u) —
sexmopy h.

Takum 06pa3oM, MOKHO Npejnojarath, uro H; = L*(u), rae p — wmepa
Ha eJWHUIHONW OKpY:KHOCTH, W [ — omeparop yMHOYKEHUsI Ha HE3aBUCHMYIO
nepemennyio B L?(j1). Bes norepu o6IHOCTH MOYKHO B3sTh BEPOSTHOCTHYIO Mepy
p. Ipu paccmoTpenun CXOIUMOCTH B CJa0OH OMEPATOPHON TOTOJTOTHHA MOYKHO
IpeJIoaaraTb, YTo U KpaTHOCTh crekTpa U, TakxKe paBHa 1. CrenoBaTebHO, B
KaduecTBe omeparopa Us MOXKHO B34Tb ONEepaToOp YMHOMKEHHUS Ha HE3aBUCHMYIO
nepemennyio B Hy, = L%*(v) mna HekoTopoii (BepOATHOCTHON) Mephl U Ha
eIMHUIHON OKPYZKHOCTH.

[Ipumennm omepatop B, npu K = (-,u)v x Bekropy h € L*(u) m maiigém
3HAYEHHe Mosydaronieiics GyHKIun B ToUKe 2, 2| = 1:

n

B () = | (S vp KU | h| () = 30 ( / smh<s>u<s>du<s>)v<z>

m=1 m=1

. [
— o) [ e e



Hdna K =), (-, ) v, momydaem

n7

(@) B = )+ [ S @ ante)

3. PETVJ/ISIPHBIE JINHENHBIE METOJIbBI CYMMUNPOBAHI I

31ech maérca HeoOXoauMad HHGOPMAIAA O MeTOJaX YCPEIHEHHd I Orpa-
HIUYEHHBIX IOCIeI0BATEIbHOCTEH, 3aHyMEepPOBAHHLIX HEOTPHUIATETLHBIME ITeTbI-
ME gHcTaMu. BO3bMEM yHOPSIIOUEHHOE MHOXKECTBO (), KoTopoe Oymer mbho
MHOKECTBOM HEOTPHUIATE/IHLHBIX IEJIbIX YHCes C HalpaBIeHueM n — —+00, J1bo
unrepsasgom [0,1) ¢ nanpasmennem r " 1. Ilycrs p,, — Beca, onpezessiomnine
peryJsipublii MeTOJI CyMMHUPOBaHus. To4uHee, TPenoJI0KIM, 9TO

1) pan = 0;  Va 327 pan = 1; 2)Vn 20 pan — 0.

YepeHeHns moCIeI0BATETbHOCTH (X,,) UMEIOT BH/T
To = E Panln-
n

Ecim =z, cxomsitcst, To I, TakyKe CXOISATCHA, OJHAKO OOpaTHOE B ODIIEM CJIy-
yae HEeBePHO; 3TO MO3BOJISCT PACCMATPHBATHL YCPEJIHEHHBIC IPEIEJbl IMOC/Ie-
JIOBATEJILHOCTEl, KOTOPhIe He CXOJATCsT B 00biaHOM cmbicae. CoiicTBo 1) o3Ha-
TAeT, UTO KAXKJIbli SIEMEHT T, SIBJISETCS YCPEeTHEHUEM X,,; IO CBOHCTBY 2) Tpe/ies
(Koryia OH CYINECTBYeT) HEe 3aBHCAT OT JIOOOTO KOHEYHOTO YHC/A SJIEMEHTOB
OCJIeI0BATEILHOCTH.

PerynsgpHblii MeTon cyMMUPOBaHUS OYIeT HA3BIBATHCS S-PEryASpHBIM, €CJIH,
KpOMe TOro,

3) > e o lPayn — Pajnt1| — orpanndennas dbynkuus or o, crpemsimasics K 0.
[TpocToe mocTaTodHOE YCJIOBHE JIJIs CBOHCTBA 3) COCTOUT B TOM, YTO

3,) VOé, N Pan = Pa,n+1-

CBOICTBO S-peryJIapHOCTH METOJAa CYMMHPOBAHUS O3HAYAET, 4YTO CPEIHHE
MOCTIEIOBATETLHOCTH (X,,) CXOASTCA OJHOBPEMEHHO (M K TOMY YK€ CAMOMY Mpe-
JeTy) ¢ JIo0oii TOMOCIeI0BATEIBHOCTHIO BUAA (Lt ), M > 0.

Bce S-peryjadpHble METOJbl CYMMHPOBaHHA O6JI&,H,&IOT OOJHUM BaKHBIM CBOM-
CTBOM.

IIpennoxenune 3.1. Ecau (pon) — S-peeyiaprolli memood cymmuposanus, mo
ons 060t HENOCMOAHHOT YHUMOIYAAPHOT 2eomempuyueckot npozpeccuu (T,)
(x, =w", 2de |w| =1, w# 1) cpeduue T, cmpemames € HYsoO.



dokazareancTBO.

(1 - w)i.a = (1 - LU) ipa,nwn = ipa,nwn - ipa,nwnJrl
= (paO + ZpanJrlw ) Zpanw

n=0
oo

=Pao — Z(pa,n - poz,n—l—l)wn—H — 0. O

a
n=0

[IpocThiM TTPUMEPOM S-peryJIIpHOTO METO/a CYMMHPOBAHUS SIBJISIETCS METO/T

~ ~ 1 n
Hesapo C, rye T, — apudmerndeckne cpennne, T, = =5 >, Tx. CyniecTsyior
S-pery/sipHble MeTO/Ibl CyMMUPOBaHust 6os1ee Msirkue, dem (', HAIpuMep, METO/IbI
Yezapo C, npu o < 1, mau kiraccel Meronos Boponoro (nam Hépmonga), eu. [2].

Teneps 3aduxcupyeM MeTon CyMMHPOBAHUS (Dy,,) U IPEMEHHM IIPOLELYPY
yCpeHeHns K OrpaHHYeHHOl mocaenoBaTenbHOCTH onepaTopoB Uy XU ". Ompe-
JIeJTIM

= panlUsXUT", Bo=X — A,
n=0
Nnmeem

n=0

=D PanX —U3XUT™) =) pan <Z Ug”—lKU;m> .
n=0 m=1

B cuny (4), i K =", (-, g )vg, K : L*(p) — L*(v), umeem

1-> 0o pmn(f_z)” F
(5)  (Bah)(z) =) ui(2)- = ER(ur(§)du(§) ) -
= (f {6t

Meroz yepeaaenust 1o AGesio comocTaBIsier MOCIe0BATeIbHOCTH (T),) cemeli-
crBo (1 — 1) > 0 yr"ey, 0 < 7 < 1, ¢ nanpasienuem r /" 1. [loxcrasiss B
dbopmyay (5) ., = (1 —r)r", nosygaem
(6)

(Brh)(2) = [(Zr"U;KU;<”+”> h] (2) =7 ulz / gh(¢ 1_7@ Jdp (&)

n=0

Ecim ynacrest joka3ars, 9T0 9TO BhIpaKeHue UMeeT Ipeaesbl npu r /' 1 B v-modTH
BCEX TOUKAX z, Cpaldy rKe MOIyInuTcs caabast cxomumoctb B,.h. Crnexyer orMeTnTs,
OJIHAKO, YTO caM 10 cebe (hbaKT MOTOUETHOU CXOAMMOCTH HAMHOIO IVIyOxKe, deM
ciabasd CXOTUMOCTD.
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s cayaas, korga K — omepatop paHra 1, cymecTBOBaHUe YIVIOBBIX MPEIe0B
unTerpasioB Tuna Komm (6) mourn Beioay ObL10 M0Ka3aHo B crathe [3]. 13 sToro
HeMe [JIEHHO BeITeKaeT, 4To [Ipeanonoxkenne 1.1 Bepuo, ecin K — onepaTop paHra
1. Ognako mazke OoJiee CHIbHOE YTBEPXKIECHHE MOXKET OBITh JOKA3aHO TOpa3io
npoiie, cMm. Teopemy 7.1 HuKe.

4. CXOANMOCTb NHTETPAJIBHBIX OIIEPATOPOB

[IycTs g — Mepa Ha e IMHUYHON OKpYKHOCTH, ' — WHTErpaJbHbBIA OllepaTop B
2
L (),

(7) (Kh)(2) = / E(= ORE) (), he LX),

Ecmn K =) (-,Uy,)v,, To K 3amuchiBaeTcss KaK HHTErPAIbHBIA omepaTop (7) ¢

saapom k,
& =3 un©nl2)

Kak 06bruno, U — onepaTop yMHOYKEHUs Ha HE3aBUCUMYIO TepeMenuyio B L2 ().

IIpennoxenune 4.1. Tycmy K — unmezparvuud onepamop (7) 6 L?(u). Ecau
K]l < oo, u das p-nowmu ecex z ewnoanero | | 525 |du(§) < oo, mo
0 1100020 S-Pe2YAAPHO20 MEMOOG CYMMUPOBAHUA onepamopu, B, crodamca
cAab0T oNepamoporot MoONoA02UL K UHMEPAALHOMY onepamopy B ¢ adpom k(z’g).

(Bh)(2) = [ FELNE)du(&), h € L2(p).

Eeau X — onepamop, ona komopozo XU —UX = K, mo ycpednénrnie npedenvt
nocaedosamenvrocmu UM XU ™" cyuecmeyrom 0as 4106020 S-Pe2YAAPHO20 MEMO-
0a cymmuposanus npu n — +oo u pasnor X — B.

Omneparop B KOppPeKTHO OIPEIETEH Ha IJIOTHOM MHOXKECTBE OIPDAHHYCHHBIX
bynkmuit h € L?()1) m MoxKeT GBITh PACHPOCTPAHEH Ha BCE MPocTpancTBO L2 (1)
11O HEIIPEePBIBHOCTU.

JoxkaszarenscTBo. 3adukcnpyeM TOUKY 2 Takywo, 9To [ |%|du(§) < o0. Ilo
anajornu ¢ dopmynoit (5), IS S-peryIsipHOrO MeToja CyMMHPOBAHUS (Dq.n)
HOJTY 4aeM

R e

[Ipumenum onepatopsl B,, B K BekTopy h = 1:

(B = [ Maigyt—EalenE g )

Eh(&)du(s).

c s 1(§),

OTKY/Ia

(B1)(:) - (1)) = - [ (Zpa,n@z)“) 128 ).

n=0
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ITockombKY | D07 Pan(€2)"| < 1 s moboro o, abeoMIOTHAS BEJIHYINHA BLIPa-

k(27£)|

JKeHUsI B MHTerpaJie He MPEBOCXOJIUT | 3 s-peryasgpHOCTH BBITEKAET, UTO

> o Pan(E2)" — 0, cemoBaTebHO (Bal)( )—(B1)(2) — 0 mo teopeme Jlebera

0 MazKOPUPOBAHHON CXOJMMOCTH.

okazano, uro B,1 — B1 noroue4uno p-moutu Bcoay. V3 mpeanosioKenust
||| K||] < oo cmemyer, uro B,1 — Bl cmaabo. Cuenosarensno, B,h — Bh
c1a00 J11s JII000r0 BEKTOpa, h U3 MPUBOISIIETO MOITPOCTPAHCTBA, TOPOZK IEHHOTO
bynxuueit 1, T.e. aaa Beex h € L? ().

1 BOJIHOBOTO OIlepaTopa, COOTBETCTBYIONIErO IIpeaeay Hmpu n — —oo,
paccyzKjeHne BIOJTHE aHAJIOTHYIHO. 0J

k
Bamermy, uro ecmm [ [ kzt) 2 12dp(€)du(z) < oo, To Bece omepatopsl B, u
oneparop B nmpunaiexkar Kﬂaccy ['mwnpbepra—IlIMuara u, kpome Toro, B, — B
o nopme ['mnbbepra—IlIvuara; Torma apromarndecku umeeM ||| K ||| < oco.

5. B3AUMHO-CHUHI'YJISIPHBIE MEPHI

Teopema 5.1. Jlonycmum, wmo cnekmpaisvhbie MEPbL YHUMAPHLLE ONEPAMOPOS
Uy, Uy 63aumno cumneysapun, K = XU, — Uy X — onepamop koueunoz20 paneza.
Tozda 0rs 2100020 S-pe2yaapH020 MEMOA CYMMUPOBAHUA YCPeIHEHUS NOCAEIO-
sameavrocmu U XU ™ ecmpemamcsa K Hy.a10 6 caaboti onepamoproti monoao2ull.

Hoka3zarenbcrBo. BosbMéMm BekTOpsl & € Hy, y € Ho, u mycrs ||z|| = ||y|| =
1; Tpebyercst moKazaTh, 910 (D PaUs XU "x,y) — 0. Be3 norepu obmrocTn
MOZKHO Tipejnosiarath, uro Hy = L*(u), v = 1; Hy = L*(v), y = 1, rae p,v —
BEPOSITHOCTHBIE MEPbI HA €IMHUYIHON OKPYKHOCTH.

PaccMoTpuM 3apsj [ — UV KaK 3JEMEHT HPOCTPAHCTBA, CONPSKEHHOTO K
IIPOCTPAHCTBY BCEX HEMPEPLIBHLIX (byHKIHUIT Ha OKpyxkHOCTH. HopMa 3apana j—v
paBHA 2, CJIEJOBATEIBHO, /i JMH000r0 € > 0 CylecTByeT BemeCcTBeHHO3HATHAL
HenpepbiBHast GyHKIHS s ¢ HOpMOit 1 Takas, uro [ sd(pu—v) > 2—e. IlockonbKy
[ sdv > —1, nonyuaem [ sdu > 1—e. Bo3bMéM OTKpbITBIE MHOXKECTBA €1 = {s >
s} mes = {s < —1}. Ha MHOKecTBe €, TONONHATETBHOM K €1, UMeeM S < 3,

uel — 1— Mel _ 1= V62

cJIe/I0BaTeTbHO, f sdp < . Anajioruvno, f sdv > I/IMeeM

2—€</3d( — V) /sd,u—i—/sdu / du—/sdu

1 — pey 1 —vey _ Her | ve
< _— T — +1,
< per + 5 + ves + 5 5 + 5 +

OTKYZA fte1+Vvey > 2—2¢e. CremoBaresibHoO, j1e; > 1—2¢, ves > 1—2¢. MuO)ecTBa
€1, €y OTKPBITHI, U MOTOMY KazKJI0e U3 HUX SBIAeTCI 00beIuHEHHEeM OTKPBITBHIX
qyr. Cpein HEX MOZKHO BBIOpPATH MOJMHOKECTBA €], €, 06pa30BaHHbIE KOHETHBIMI
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Ha0OpaMU JIyT, KOTOpBIe GYIyT cofep:KaTh “mouru nosuse” maccsl (= 1 — 3¢, T.e.
C TOYHOCTBIO JI0 JIFOOOTO MAJIOTO YHCTIA) MepP fi U U COOTBETCTBEHHO. DTO 3HATMT,
9TO BEKTODBI Lo = X¢, T, Ye = X,y CTPEMATCA K T,y COOTBETCTBEHHO npu & — 0,
Tae Xe 0003HaTAeT XapaKkTepucrudeckne MOYHKINHT MHOXKECTB ¢, 1 = 1, 2.

[To mocTpoenuto, st 33/ IaHHOTO YUC/IA € PACCTOSTHUE MEYKYy HOCUTEISIMH Mep
He = Xeyfb M Ve = XepV/ HOJOKHTEILHO. _Cne;LOBaTeJIbHO JUTST [1.-TI09TH BCexX &
U JIsl V.-TIOUTH BCeX 2z BbIpaxkenume 1 — &z oTmeneHo or mHynad. aa moboro s-
PeryasipHoOro MeTojia cymvupoBanus u3 [Ipemsioxkenns 3.1 BBITEKAET MOTOUETHAS
CXOJIUMOCTb [0 (v V-TIouTH BCIOAy B (opmyre (5), mpuMeHéHHol K h = ..
Takum 06pazom, moIyIaeM CXOAuMOCTh (ByTe, Y:) 1O .

HT00BI TOMIYYUTH CXOAUMOCTD (Bax, y) M0 (v, OCTAETCS TIepeiiTn K mpeiesty mpu
e — 0. 0

Hawm monamoburcs ciemyrommii odeBuaabiit dpaxt. lomyctum, 910 npocTpaH-
ctBa Hy, Hy npeacTaBigiOTCsS B BHUJIE KOHEUHBIX WM CUYETHBIX MPAMBIX CYMM
HOMPOCTPAHCTB, TPUBOAANINX YHUTapHBIE onepaTopbl Uy, Us COOTBETCTBEHHO, 1
ormeparop X MOKeT OBITH 3alllCaH B MATPUUIHOIT hopMe, COOTBETCTBYIONIEH STUM
paznoxenusaM upocrpancts Hp, Hy. Torma cxoammocTh B c1aboii omepaTopHOi
TOIOJIOTHH YCPeTHeHUN Ipu JI000M S-peryJIgapHOM MeToie CYMMHUPOBAHUSA UMeeT
MeCTO (B JaCTHOCTH, cripaBeinBo [Ipemosoxenne 1.1) s X TOrma M TOJBKO
TOraa, KOrJa TO »Ke caMOe BepHO /I Kaykaoit marpudHoit kiaerkm X. VY
Kazkjioro u3 onepropoB Uy, Us MOXKHO BBIJEISTH YaCTH, COOTBETCTBYIONIUE IO~
IMapHO B3aUMHO-CUHTYJIAPHBIM YaCTAM CIIEKTpPaA. HOCKOﬂbe JJId B3aUMHO-CUHTY -
JIIPHBIX Mep HCKOMasl CXOJIMMOCTb yCTaHaBIWBaeTca leopemoit 5.1, mocrarod-
HO pacCMaTpHUBaThL JHIIL “‘AUaroHAJLHBIE” MATPUUYHBIE KJIETKH, B YACTHOCTH
— COOTBETCTBYIOIIHE CIEKTpaM TOYEIHOMY, abCOTIOTHO-HENPEPBIBHOMY, CHHTY-
JNIpHOMY HempepbslBHOMY. Ciydaii abCOJIOTHO-HEIIPEPBIBHON Mephl MOKpPhIBa-
eTCd KJIACCUYECKON Teopuel pacCedaHud; CAydaill TOYEYHOrO CIEKTPa CJaeyeT
n3 Ilpumepa u3 §2. Tem cambiv o0mas 3axada CBOIUTCS K PACCMOTPEHUIO
CUHTY/ISIDHBIX M€p, HE MMEIONUX TOYedHBIX Macc. [ToCKOIbKY, He ymaJisis obIl-
HOCTHU, MOXKHO cYUTaTh, 4T0 Uy, Uy — yHUTApHBIE ONEPATOPHI YMHOKEHUS Ha 2 B
L?(u), L?(v) coorsercTsenno, obmiast 3aja4a CBOJUTCSA K CIydalo, KOUAa [ = U,
OpUYEM 3Ta Mepa — CHUHIY/IsIpHAs HelpepbIBHASI.

Takum obpazom, 4mobv. doka3amsv, wmo umeem mecmo crodumocmsv 6 caaboti
ONEPAMOPHOT, MONON02UU YCPEOHEHUT NPU KAKOM-AUDOO S-PE2YrapHom memode
CYMMUPOBAHUA, DOCMAMOUHO NPOBEPUMD IMO O0AA cayuaa, kozda U; = U,
— onepamop ymmoscenus ma z 6 L*(p), ede p — cumeyaspras mepa ma
eQUHUYNHOT OKPYAHCHOCTNU, HE UMENULLA MOYEYHOET Ha2py30k. TIpu amom mepy L
MOHCHO Pa3OUBAMD HA B3AUMHO-CUH2YAAPHBIE YACTIU U NPOBEPAMD GHANOZUYHOE
ymeepotcdenue 0aa kascdol wacmu. Ymeepotcdenue dasa p 6ydem cnpasedsusuim
mo20a U Moavko mozda, Kko2da ono bydem sepHuviM OAA Karcdotl u3 eé wacmedl.
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6. IIPOCTPAHCTBA Kj

C BepOATHOCTHOI CUHTYISIPHON Mepoil (1 HA € TMHUYIHON OKPYKHOCTH CBAZKEM
BHYTpeHHIOI0 (DyHKIH ¢ 1m0 dhopmyte

140(2) _/1—1—52
1— &z

= 0(2) dp(§)-

DTO COOTHOIIEHHE 3aJaéT B3aMMHO-OJHO3HAYHOE COOTBETCTBHE MEXKJIY BEPOAT-
HOCTHBIMH MepaMH [ Ha €JIUHUIHOW OKPYKHOCTU U BHYTPEHHUMHU (DYHKIUSIME
0 B emuamuHOM Kpyre ¢ eaumHcTBeHHBIM yciaosuem 0(0) = 0. [Ipumenss sty
dopmyay K BHyTpeHHHM (DyHKIHAM & BMecTo 0, rae a npoberaer eInHUIHYO
OKPYZKHOCTb, TOJIYYUM CeMeICTBO BEPOSITHOCTHBIX MEpP 0, Ha €JUHUYHON OKPY K-
HOCTH, CBSI3AHHBIX C 0:

1+ af(z) /L&daa(ﬁ).

(8) 1-ab(z) | 1-¢&

Nmeem 0 = «  0,-TIOYTH BCIOAY B CMBIC/E YTJIOBBIX TPAHMYHBIX 3HAYCHHUIL.
Omnepenennm Ky = H* & 0H?. Xopomo ussectno (cm. [4], [5]), uto msa xazxkmoro
(v IMEeTCH eCTeCTBEHHOE M30MEeTPUYCCKOe OTOYKIeCTBIeHne V, mpocTpancTs Ky
u L?(0,), orobpazaiomiee gpyuxuuio u3 Ky B eé rpanuunyto dynkuuio uz L (o).
Jns o = 1 oneparop Vi Takxke Oyger obosnadarhess depe3 V. [last oreparopa,
obparnoro K V,, nmeercst popmy.ia

(Vo 's)(2) = (1 - ab(2) / 5(£)doa(€)

222 s € L og).
1—-¢&2

JIst KaXK0r0 (v HOCUTEh MepPbl 0, SIBJISAETCS O0beINHEHUEM OTIOTHEHUS
K TOAMHOYKECTBY €IMHUYHON OKPY:KHOCTH, HA KOTOPOM ) — aHAJIATHYECKAS
byuKIES, ¥ TOUEK, B KOTOPHIX (DYHKINS () AaHATATHIECKASA U TPUHIMAET 3HATCHIEe
a. Cre1oBaTEIGHO, €CTU (L HE UMeeT TOUYEYHBIX MACC, TO HOCUTENIb MEPBI [ = 01
COJIEPYKUTCS B HOCHTEJIE MEPHI 0, TPH JIOO0M (v ¢ MOyIeM 1.

Texunka mpoctpancts Ky HO3BOJISET YCTAHOBATH BayKHOE HEOOXOIUMOE YCJIO-
BHE JJIst TOrO, 9T00bI HOpMA ||| - ||| OblIa KOHETHO.

Tenepb npeanosozkum, 4to K — sijiepHslit oneparop (T.e. MIPUHAIIEKAT KIACCY
onepatopos co cienom) B L*(11). Torna K 3anucwisaercs B suge K = > (-, ug) vy,
IPHIEM Ug, Uy, YIOBIETBOPSIIOT COOTHOIIEHHIO

D el - [[ow]] < oo.

JIuneitnoe oTobpazkeHne

Z(', ﬂk)vk — Z UV
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KOPPEKTHO OIlpe/ie/leH0 Ha KJacce slepHBIX ollepaTopoB B L2(u) m apisgercs
HEIPEPBIBHBIM (CZKUMAIONIMM) U3 KJIACCA SJIEPHBIX OMEePATOPOB B MPOCTPAHCTBO

L (p).

Teopema 6.1. ITycmo p — cuneysapras mepa wa edunuunot oxpyscrocmu, U
— onepamop ymmovicenus na z 6 L*(u). Ipednoroscum, wmo K — adepnwid
onepamop 6 L*(1n), K = > (-, Uy)vg, npuuém

11| = sup ] D USTTKU™|| < oo,
nz m=1

Tozda p-nowmu ecrody umeem Y upvg = 0.

HokazarenbcTBO. Be3 morepu oOmHOCTH OyIeM CYUTATh, 9TO [l — BEPOAT-
HoctHasa mepa. [locrpoum 0 u dyukunn f, € Ky, fr = V 'ug. [Ipuvenum (6)
K BeKTOpY h, h(§) = &; moayunm

(Boh)(2) =7 wi(2) - / ukl(f_)i;g(j) T Zfﬁkéifﬁ(”)

B [5] mokazano, uro dyuknuu fi,. co 3uadenuaMu fi(rz), paccMaTpuBaeMble Kak
smemenTsl poctpancTBa L2(u), crpemsarcea K ug B L?(p), mpmuaém || fr, — ug|| <
||uk||. CremoBaTensuo,

kafkﬂ« — Zukvk in L'(p).

C nmpyroit cropoust, maust byukmuii B.h, tae h(§) = &, M0 TOCTPOCHHUIO HMeeM
||B.h|| < |||K]|]; nockombky O(rz) — 1 mag p-moutn BeeX z, MOJIy9IaeM, UTO
1 -6, — 08 L*(p), n, cnenoarensuo, (1 — 6,)(B.h) — 0 B L'(1). Orciona
3aKJI0UAEM, UTO

Zukvk = limz Uk frr = lim(1 — 6,)(B,h) =0,
KaK ¥ TpeboBaJIOCh. O

3ameuanue. be3 npenooxkenus, 9To Mepa (i CHHTYJIsIpHA, Pe3y/IbTaT HEBEPEH.
Bosbmém oprompoekrop P, na H? B KadecTBe npumepa omeparopa X Ha
npocrpancTse L? (oTHOCHTe bHO Mephl JleGera Ha eTMHUYHON OKPYKHOCTH), TIe
U, = Uy — onepatop ymuOXKenust Ha z. Torma scuo, aro K = (-, u)v, Tae u = z,
v = 1 — omeparop panra 1, u TakuMm obOpaszom uv = z. [loxoxKue mpuMepsI
MOTYT OBITH MTOCTPOEHBI /TSI JTIOOBIX YHUTAPHBIX omeparopos Uy, Us ¢ abcomoTHO-
HEMPePBIBHBIME CHEKTPATLHBIMI MEDAMH.
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7. CJIVUAIl PAHTA < 2

Teopema 7.1. IIycmv Uy, Uy — ynumaphrovie onepamopovl ¢ CuH2YAAPHHLM CNEK-
mpom, u npednoaoscum, wmo X — makot onepamop, wmo K = XU; — Uy X
asaaemcs  onepamopom parza 1. Tozda 0asa aw0bo2o s-peeyarapHnozo memoda
CYMMUPOBaHUA Ycpednenus nocaedosamenvrnocmu UF XU "™ umerom npedea 6
cAaboti onepamopHoti Monos02UL.

HoxkazareabcTBo. Be3 norepu obmHOCTH MOXKHO cauTaTh, 94T0 Uy = Us, 1 4TO
3TOT OllepaTop, KOTOpbIil Oyjer obosnauaThest yepes U, neiicryer B L?(j1), rie
/i — CHHTYJIsIpHAs Mepa Ha eaInHu4IHO# okpykuOCcTH. Oneparop K Mowxker ObITH
sanucan B Buge K = (-,@)v. [lo Teopeme 6.1 umeem uv = 0 p-TOYTH BCIOTY.
CyzKeHust MephI 1 HA MHOXKeCTBa, Tyie 4 # 0 1 v # 0, B3AUMHO CHHTY/ISPHBI (TaKUM
06pa3oM, MOIYIEHO HOBOE JIOKA3ATENbCTBO 3TOr0 u3BecTHOro (akra). Ocraéres
npuMeHuThL Teopemy 5.1. 0

Teneps mpemmonoxkum, uro rank K = 2. Kak o0bI4HO, MOKHO paboTaTh B
npocrpanctse L2 (). Samumem

K = (', ﬂl)vl + (',ﬂg)vg.

[To Teopeme 6.1 mosrygaem uiv1 + ugvy = 0. [Ij1st MHOXKECTB, T/ie XOTsI ObI OJTHA U3
byHKRIHT u1, Us, V1, V9 pABHA HYJIIO, BOIIPOC CBOJUTCA K CAYYAI0 MEHBIIEIO PAHTA.
Takum obpa3oM, 3ajada CBeJeHa K CAydalo, Korja Bce (DYHKIUH HEHYJIEeBBIE.
CoracHo §5 MOXKHO CUYHTATh, 4TO BCe (YHKIUU Uj,Us, V1,V OTAETEHBI OT
HyJId 1 OT OecKoHedHOCTH. BMmecTo omepaTropa X MOKHO paccMOTPETh OIMEpPaTop
valX Mugl, e M, obo3Hadaer omeparop yMHOXKeHus Ha (QYyHKIuIO . Odue-
BHJIHO, CYIIECTBOBAHIE BOJIHOBOI'O omeparopa g X PaBHOCHIBHO €ro CyIIecT-
BoBanuio aag M, -1 XM, 1. cxonneiit onepatop K mpeobpasyeTcd B omepaTop
1 2

(-, u1/u2)1+ (-, 1)vy/vq, KOTOPBI Temeps Oyaer obo3HadaThes depes K. [Tomoxum

U V2

90 g g
U2 U1

JlokazaH craeaytonuii pe3yabTar.

Teopema 7.2. Jlaa 1106020 s-pe2yrapiozo memooa CYMMUPOSAHULA CTOOUMOCTN
yepednenuti nocaedosamenvrhocmu B, 0das arwbozo onepmopa K paneza 2 c
koneunot nopmot ||| K||| pasnocuavna maxot srce crodumocmu das ecer wacm-
nor cayuaes, xozda K — onepamop 6 L*(u) euda

(9) K= ("95)1 - ('7 1)90

ONA HEeKOmMOopPOTl 6EPOAMHOCIIHOT CUHRYAAPHOT MEPBL (1 1A OUHUMHOT OKPYIHC-
nocmu u gymxyuu @ € L*(p).
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Bosee Toro, mocTaTovHO paCCMATPHBATL CJIyYald BeIIECTBeHHO3HAYHBLIX WJIN
YHAMOLYIAPHBIX (DYHKIMA . B mepoM ciydae, IOCKOJIBKY KoMMyTaTop K
umeer Bug XU — UX Torma m TOIbKO TOrma, Korma K™ TakKe IpeICTaBISeTCS
B TAKOM BHje, OOIIMiI Caydail KOMILTIEKCHO3HAYHON (DYHKIWMU (o CBOAUTCI K
cay4alo, Korga MyHKIHsS @ BeNeCTBEHHO3HAYHAA. DTO PACCYKICHUE MO3BOIAET
paccMaTpuBaTh TOJIHKO CAMOCOIPszKEHHBIE ortepaTopbl K. Torma K MoxkeT ObITH
sanucan B Buje K = (-, a)a=(+, b)b. ITo Teopeme 6.1 noayuaem, uro |a|? £ |b|* = 0,
OTKY/Ia 3HAK MOXKeT OBITh TOJIHLKO MUHYCOM U K He MOKeT OBITh IIOJI0KHTEeIHHBIM
WJIH OTPHIATELHBIM oreparopoM. Takzke p-mourn Berogay umeem |a| = [b]. TIpe-
obpasyem mpoctpanctBo L?(p) B Becopoe mpoctpanctBo L2 (|al?i) yHUTAPHBIM
orepaTopoM ym™mHOkKeHus: Ha dyukimuo 1/a; Torma K mnepeidér B omeparop
(-, 1)1 — (-, ¢)p npu yunmomyaapuoit yakmun ¢ = b/a. Ecan BMecto omepatopa
K paccMoTperh ero Cynepro3uIio ¢ ONepaTopoM YMHOKEHHs Ha ©, HOJTYIUTCA
dbopmymra (9).

Teopema 7.3. llycmov 1 — mepa na edunuwrotl okpyscHocmu, 1y — €€ cuh-
2ynapras  Henpepoienas wacmo. Ilyemv U; — onepamop ymmosicenus Ha z
6 L?(u), Uy — ynumapnwi onepamop 6 2uavbepmosom npocmpancmee H.
Jonycmum, wmo X : L*(u) — H — onepamop maxkot, wmo K = XU; — U X
asaaemes onepamopom panea 2, K = (-;u)hy — (-, uz)hy. Iosoostcum ¢ = o
IIpednonosicum, wmo |p(£) — p(2)] < const -|€ — z|*, 2de aubo

a) a=1upu — npoussorvhas mepa,  AuOO

b) a <1 umepa py maxosa, wmo il < const-|I1P daa aoboz0 unmepsana
I, npuuém o+ (3 > 1.

Tozda 0as 21006020 S-pe2yrapHo20 Memoda CYMMUPOBaHUA caabbie npedevl
ycpednernuti nocaedosamenvrocmuy onepamopos UL XU;™ npun — 400 u n —
—00 cywecmsyom u cosnadarom.

HokazareabcTBo. 13 §5 BeITeKaeT, 4To O3 mMOTEPU OOITHOCTH MOYKHO CUNTATh,
910 17 = p. o Teopemam 6.1, 7.2 u [Ipemgnoxkenunto 4.1 10cTaATOYHO TPOBEPUTD,
aro [ \k(z’§)|du ) < oo aas k(z,€) = (&) — ¢(2). B cayuae a) 3to ovesujano. B
caIydae b) JUISL KazKJ0T0 2 UMeeM

o(§) — ¢(2)

o€~ o] o _
/ (&) = E /
£E—z f —z
< const - E = const - g 2°‘+’3

rie e ={&: |-z € [27171,271)} O

3ameuanue. Ha MHOXKecTBe, HA KOTOPOM (DYHKINS Up Maja, MOYKHO PACCMOT-

peThb (byHKIIHIO “f BMECTO .
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Pesynbrar octaércsd BepHBIM, €CIH Hpealloo:KeHne BBIIOJTHEHO IS MepHI,
B3aMMHO abCOIIOTHO-HEMPepbIBHOI ¢ f. Takum oOpazom, omeparop yMHOXKEHHS
Ha HEe3aBHCHMYIO IIePEeMEHHYI0 MOYKHO 3aMEHUTHh Ha IMPOU3BOJILHBIN YHUTAPHBIN
orepaTop; onpeenenne HYHKIUH ¢ 0000IIAETCS eCTeCTBEHHBIM 00Pa30M.

JlocTaTo4dHble YCIOBHS TEOPEMBI HE ABISIOTCA HEOOXOIAUMBIME, OJHAKO MOXKHO
HAJeATHhCA, YTO KAYeCTBEHHAdA KAPTHHA OTparkeHa NPaBHJILHO, CKaykKeM, dYTO
dbynkuna ¢ gomkHA OBITH JOCTATOYHO TIAIKONH, W 3aMBIKAHHE OIepaTopoB K
C TaKUMH @, KaK B TeopeMe, OTHOCHTeJIbHO HOpMBI ||| - ||[1, cm. maparpad 8
HUZKE, TTOKPBIBAET OOIIUil CoIydai.

Tenepsr xorejioch 6B 00pHMCOBATH CBSA3b Cjlydass paHra 2 cO CBOWCTBaMHU
nenpepbisHoctn dynknuit uz L?(u). Tycrs oneparop K onpejenén dbopmyJioit
(9) npu ¢ € L?(u). Jomyctum, uto nopma ||| K ||| koneuna. Onpenennm g, = Bk,
rae h(z) = z. [To dopmyne (6) mmeem

i) = [EE= A gy,

1 —réz

Hopwma kaxkmoit dyukiun g., 0 < r < 1, He npesocxomut ||| K|||. 3amernm, aro
s dyukuun f = Vlp € Ky, g, uepenucwiBaercss kak g.(z) = —%.
[TpunuMasg BO BHEMaHHUE TO, UTO [-TIOYTH BCIOAY mMeeM # = 1, moaydaem, d9To
ecnu mpenen (pyHKOUi ¢, cymecrByeT npu r /' 1, OH MOXKET pacCMATpPUBATLCS
KaK MPOM3BOIHAS %.

Homoxum ¢ = V_1V; Yo = V_1 f, tie onmeparopst V, (a = 1, —1) onpemememns
B §6. [lo mocTpoenunio p = o1; 0bo3HAYNM 371€Ch V = 0_1. OUpeie UM OTIepaToOpPhI
Y, 13(v) — L(n),

. s(&)dv s(&)dv
lim, , [ 2000 _ [ s(@iv(e)

1—qg¢z 1-réz
(10) (Vos)(z) = — TR
hm‘l/l 1—qgéz - 1—réz

[Ipeses B gucsmrene cymecrByer u pasen 1V,V 7 l's, mpenen B 3mamenarese
2 19
cOOTBeTCTBYeT (DYHKIMH S = 1 U paBeH % [Toyaaem

f(z) f(rz)
V(o) T~ TG _ F()+ S@002) = 20(2) _ () = ()
()= 92— 1 R s
nJjm

CresoBaTeIbHO, CXOAMNMOCTH Y,t) PaBHOCHJIbHA CXOAUMOCTH ¢, (M3 KOTODOI,
B CBOIO OYepeJib, BBHITEKAET CXOAMMOCTH omepaTopos B,.). lns dyskiuit s €
L?(v), aBAAIOMAXCA CIeJaMH JOCTATOYHO TMAJAKHX (DYHKIUHA Ha eJIAHEIHOL
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OKDYKHOCTH (TakzKe 0003HAYAEMBIX Yepe3 S) NMeeM

limgn [(s(€) = 5(2) (2 — =g ) (6
(¥;5)(2) — 5(2) =——— 1()( f) J

:_22(1_’_9(702))' 1—r )/3(5)_5(2) dy(g)

1—0(rz §—z 1—réz
s@€) —s(z) dv(§) _ [ s(&dv(§) 59~ () +5EE=2)
/ §—z 1—7’52_/ 1—réz +/ (5_2)(1_ng) dv(§).

Ecmu dyukmus s npax sl quddepeHnupyeMa, To BTOpoe CJIaraeMoe OrpaHiuIeHo;

IepBOe C1araeMoe orpaHudeHo (1o r) u gaxe crpemurcs K ViV 's' mpu r /1.
1—r

Xopomo u3BECTHO, ITO €CHN [i HE UMEET ATOMOB, TO —5r— — 0 a1 p-nourn

Bcex Touek z. ClieoBaTesibHO, B TakKuX ToYKax nosydaem (Y,s)(z) —s(z) — 0 n

TeM camMbiM Y,s — s upu r /1.

Taxum 06pa3oM, 4TOOBI IMIOCTPOUTH €CTECTBEHHOTO “KaHIuaaTa’ Ha POJIb BOJHO-
BOIO OlepaTopa, GbLIO Obl JOCTATOYHO MOKa3aTh, 4TO ecin ¢ € L*(u), u s
omeparopa K, onepeéunoro dopmysoii (9), sermoaneno |||K||| < oo, To ¢ =
V_1V 'y nonyckaer menpepbIBHOE MPOJOJIZKEHIE B JI-IIOYTH BCEX TOYKAX. BBLIO

OBl JazKe IOCTATOYHO JOKA3ATh, YTO TOLJA (i~IOUTH BCE TOYKH SBJIAIOTCH TOTKAMU
i bdp
Jie dn
e — 0 mag p-moutn Beex z, tae I. — myra {&: [€ — z| < €}

Jlebera byHKIUM 1) OTHOCHUTETHLHO MEpPBI [, T.e. UTO nMeeT Tpejes TMpu

8. EIE HECKOJ/IBKO TPEAMOJOYKEHUN

[Ipenmnosioxkenne 1.1 gBisieTcss Ka4eCTBEHHO 00Jiee CHJIBHBIM YTBEPZKJICHUEM,
aem [Ipeamonozkenme 1.2, n B cayuae, korma K umeer sun (9) 8 L? (1), toe p—
CHHTY/ISpHAs Mepa, BADHAHT HOCTEJHEr0 BBIIVISIUT CAeIYIOIUM 00pa3oM.

IIpenmonoxxkenune 8.1. Ilycmv [ — CUHRYAAPHAA BEPOAMHOCTIHAA MEPL HG
edunnunnoti oxpyoierocmu. Ecau o € L*(u) u |||K||| < oo daa onepamopa K,
onpedeaérrozo dopmynot (9), mo dynkyuu (om z)

1—r?

m(@(f) —(2))du(§)

cmpemamea (cuavno uau caabo) x 0 6 L*(p).
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[Tosrygennble BBIIE pe3yabTaThl HABOAAT HA MBICIB, UTO Caydail, Korma K
— omepaTop paHra 2, MOXKeT OBITh KJIIOUEBBIM /I O0Ieil curyamuu. B 3aTom
naparpade mpeacTaBaeHbl HEKOTOPBIE UJIEH, MOKA3BIBAIOIINE, UTO PACCYKICHHS
0 ILTOTHOCTH MOTYT OBITH MOJIE3HBIMUA B 3TOW TEOPUH.

[IpeamomokuM, YTO CHeKTpasjbHas Mepa YHHTApHOTO omepatopa U; cuHTy-
JgpHa oTHOocHTEeTbHO Mephl Jlebera. B Ilpumepe B §2 paccmarpuBasicsa omepaTop
X panra 1. Ecmn X = (-, u)v, To ans kommyTtatopa K umeercst hbopmyta

(11) K = (-, Uju)v — (-,u)Usv.

31ech KomMyTaTopbl K yKa3aHHOTO BUIA PACCMATPUBAIOTCS KaK ‘dJIEMEHTAP-
Hble OJIOKU’, JIjIT KOTOPBIX ObLJIa YCTAHOBJIEHA CXOJMMOCTH Cpeanux dezapo
nocaenoBareabioctn (B,,), cm. (1). flcHo, 9TO CHIbHAS CXOAMMOCTH CPEIHUX
He3apo uMeeT MeCTO W JIJIsi KOHeYHBIX JIMHEHHBIX KOMOWHAIMIT ONepaTopoB BH/IA
(11), u st MX 3aMBIKaHIs OTHOCHTEILHO HOPMSI ||| - |||. Tpyano noseputs, 9ro6n!
9TO 3aMBIKAHUE MOTJIO HCUEPIIBIBATH, HAIPUMED, BCE OMEPATOPHI KOHETHOTO PAHTa
¢ koHewyHoii mopmoit ||| - |||. OgHako MOXKeT OKa3aThCs, YTO STO BEPHO IS
HEKOTOPOii 6oJiee c1aboit HOPMBI, Yero OBLIO OBl JOCTATOYHO IS HAIIUX IEJIeil.

Cxomumocth nocaeposatesuocta (Y v Us ' KU ™)h, h € Hj, odeBuano
pasrocuibaa cxomumoctn (> o US" P KUT™) (Uyh). MHOXKeCTBO BeKTOPOB, Ha
KOTOPBIX CXOTMMOCTH MMEET MECTO, SB/ISeTCS 3aMKHYTBIM MOIIPOCTPAHCTBOM,
npusogmmM omneparop U;. CienoBaTenbHO, €CIU CXOJUMOCTH YCTAHOBIEHA HA
OIHOM BEKTOpE, OHA aBTOMATHYIECKH DACIPOCTPAHSIETCS U Ha BCE MPHUBOJIAIIEE
O/[IIPOCTPAHCTBO, TOPOXKIEHHOE ITHM BEKTOPOM.

Kak u o0br4HO, MOXKHO paboTaTh C ONEPATOPOM YMHOXKEHHS HA 2 B IPOCT-
pancre L*(p1) B kauecrse Uy, rje p — CHUHTYJIspHas Mepa. TakuM obpasoM,
pe/roaraeTcst 3aMenuts nopmy ||| - |||,

111} = sup ] > UsT KU,
nz m=1

HOPMOW

n n
[1K]l[y = sup|| Y Us" KU ™ 2| =sup || Y U5"Kz"]],
n=1 m=1 n=0 m=0

T.€. PACCMOTPETH T€ K€ CaMble OIEePATOPhI, HO BMECTO HX HOPM B3ATh HOPMBI
BEKTOPOB, T0JIyYaloluxcst B KauecTse 0bpasos dynknuu z € L?(u). Tlo nocrpo-
enmio umeeMm |||K|||; < |||K]|||. (Takxke MOXKHO paccMaTpuBaThb W HOPMBI,
B KOTOPBIX BMECTO CyMM » ' U KU;™ wucnoan3ylorcs nX ycpejiHeHwus,
COOTBETCTBYIOIINE HEKOTOPOMY S-DEryJIsiPHOMY METO/Y CYMMUPOBAHUSI.)
Hekoroppie u3 pe3yJabTaToB Ha CAMOM JI€JI€ BBIBOAATCH W3 OIPAHMYEHHOCTH
uwopmbl |||K|||1, M., manpumep, mokazarenbctBo Teopembt 6.1. Bouio 6bl oueHb
BAaKHO OIUCATH 3aMbIKAHIE BCEX JTUHEHHBIX KOMOMHAIMI “31eMeHTapHBIX OJIOKOB”
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(omepaTopoB pamra 2, 1js KOTOPLIX H3BECTHO, UTO CXOAMMOCTH HMEET MeCTO)
OTHOCHTEJILHO HOPMHI ||| - |[|1, 160 HA STOM 3aMBIKAHHI IOy IIICS OBl PE3YIILTAT,
bosee cumbHbl, dem IIpeamonoxenne 1.1, a uMeHHO, abeaeBBl CPEIHEE MOXKHO
ObLTO OBl 3aMeHHTH Ha cpeauue Uesapo. B c¢Basm ¢ comepkannmem HacTosmieit
CTATBU HPEJCTAB/SET WHTEPEC CJAeIyIollee IIPenoIokKeHne 00 omepaTopax Ko-
HEYHOrO paHra ¢ KOHedHo# nopmoit ||| - |||

IIpenmonoxkenue 8.2. Jlunetnas oboroura onepamopos euda (11) (usu kax 6
Teopeme 7.3, u m.n.) 6 L*(1) npu cuneyaapnoti mepe [ naommua omrocumenvo
nopmol ||| - |||1 cpedu ecex onmepamopos koneunozo pamea ¢ koweuwrnol nopmot

Kax ™Mbl Bugesn, Jijis TOro, 9To06l J0Ka3arh [Ipegnonoxenne 1.1 mist obmmx
orepatopoB K paHra 2, J0CTATOYHO MPOBEPHUTH €ro Jisi onepaTopos Buaa (9).
st 3TOTO, B CBOIO OYepeb, OBLIO Obl JIOCTATOYHO MPOBEPUTDH CJIEALYIONIEE MPe/i-
OJIOYKEHHE.

IIpenmonoxkenue 8.3. Ilycmv (1 — cuneyaapuas mepa na eQunuuHot oKpYHC-
nocmu. Ha mmoocecmee dynruyuti ¢ € L*(p) 66edém nopmy, pasnyio mopme
|1 K|]|1 das coomeememsyrousezo onepamopa K, 3adannozo gopmyaot (9). Toeda
noauromv. (om z u Z) naommuu 6 kaacce Pynkuul, 0Af KOMOPLLT MG HOPMG
KOHEUHA, OMHOCUMENLHO IMOT HOPMDL.

13 coreytonero npeyiozKennsi BHITEKAET, UTO aHAJIOT yTBEPKaeHust u3 [Ipes-
noJIoKeHust 8.2 crpaBeyinB, ecin 3aMeHnTh HOpMmy ||| - ||| HOpMOIT Kiacca
sIePHBIX oreparopoB. TakuM 00pa3oM Takzke Oy/eT MOKa3aHo, YTO obpaleHue
Teopembl 6.1 mMeeT MecTO Jisl OMEPATOPOB U3 IJIOTHOTO MHOYKECTBA OTHOCH-
TEJTHHO HOPMBI KJIACCA SJIEPHBIX OIEPATOPOB.

IIpennoxkenne 8.4. Cpedu onepamopos K = Y (-, ux)vx u3 KAaCCa AIEPHHLT
onepamopos 6 L*(p) co ceoticmeom > upvr, = 0 onepamopul, xKomopwie npedcmas-
agromes xax xommymamopo, K = XU — UX, 0bpasyrom niommoe MHOMCECMEBO
8 HOPME KAACCA ADEPHBLT ONEPAMOPOS.

HokazareabcTBO. /[0CTaTOYHO B3SITh MHOYKECTBO BCEX ONEPATOPOB KOHEUHOI'O
pamra Buga K = Y (-, Uy)vg, 1e cyMMa KOHEUHA, a (DYHKIUE Uy, V), OECKOHETHO
DIAJIKUE U YIOBJIETBOPSIOT YCIOBHIO Y Uity = 0. O

Bo Beeaennn ynmommuasiach Teopema Bunepa, corsiacHoO KOTOpOit Jist JIFOOOI
KOHEYHON Mepbl Ha OKPYZKHOCTH, HE WMEIONIeil aToMoB, cpejanue dezapo adbCo-
JIIOTHBIX BeTHIrH KO duimerToB @yphe Mepbl CTPEMSTCS K HYJII0. DTO obecrre-
YHBAJIO CXOJMMOCTb K HYJIIO cpeauux esapo oneparopos uma Uy XU; ™", rue
X Obu1 omeparopoMm panra 1, wu, ciemgoBarejbHo, K — oneparop panra 2
Buga (11). flcno, 9TO Takas CXOAMMOCTH B TEPMUHAX omepaTopa K nMmeer Mecro,
eciin K TpUHAJIEXKAT 3aMKHYTOM JinHEiiHOH 06010uKke Beex omeparopos (11)
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OTHOCHTEIHHO HOPMBI ||| + |||1 (KoTOpast, Kak mpenosaraeTcs, MOKeT COIEPKATh
BCE OIIEPATOPHI KOHEYHOIO PaHra ¢ KOHeIHOH HOpMoi ||| - ||])-

EcTecTBEHHO BO3HUKAET CJIEAYIONMil BOmpoc: MoKHO Jin Meroy, Yezapo (C) B
TeopeMe BuHepa 3aMeHUTDH GoJiee MITKHM METOIOM CYMMHPOBAHUsI, HAIIPUMED,
merogom Yezapo C,, ipu av < 17 JIF0OBIM S-PeryJisipHbIM METOIOM !

Econ mepa p obmagaer csoiicrom [ 2"dp(z) — 0 npn n — oo (1 Torma
rakke [ 2"f(z)du(z) — 0 mna moGoii dyskmun f € L'(p)), umeeM cHIbHYIO
cxonuMocTh st onepatopos Buga (11). Ecau Ipegmonoxenus 8.2 u 8.3 o
IJIOTHOCTH CIIPABE/IJIUBHI, HOJYIHIOCH ObI 0600IIEHNE KIACCHIECKOTO Pe3yIbTaTa
O CHWJIBHOU cXOmUMOCTH TocaenoBarenbroctu UYXU;™ B mpeanonokKeHnn, 4TO
omeparop K = XU; — Uy X umeer KOHEYHBIH paHI, OT KJjacca aOCOJIOTHO-
HEIPEPBHIBHBIX CIEKTPAJIbHBIX Mep Ha KJjacc Bcex Mep ¢ Koadduimentamu Pyphe,
CTPEMSTIUMHUCS K HYJIIO.

EcrectBenno 3ajath BONPOC, CYIMIECTBYIOT JIM KJIACCHI MEXK/y MePaMu C KO3(h-
dbunuenramun Oypbe, CTpeMSIMUMUCA K HYJII0, U BCEMH CHHTYISPHBIMU Mepa-
MU, JJIsI KOTOPBIX CXOJUMOCTb PEATU3yeTCsl MeTOJaMU CyMMHpPOBaHHS OoJtee
MsITKuMHA, deM Metoq Hezapo Cf.
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