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1 Bsenenme. OcHOBHBIE Pe3yJIbTATHI

B nacrosmieit pabote paccMaTpuBalOTCs KOHEYHbIE HEOPHUEHTUPOBAHHbBIE I'Da-
¢l 6e3 meresib U KpaTHBIX pebep, U3ydaloTcd MpaBUIbHbIe PACKPACKU Bep-
muH TakuxX rpados. [IBeT BepIInHbI v B packpacke p Mbl OyJaeM 0003HAYATD
qepes p(v).

Makcuma/ibHYI0 1 MUHUMAJIBHYIO cTeneHn BepinmuH rpada G Mbl Oyaem
obosnauars udepe3s A(G) u 0(G) coorsercrBenno. ljst j1000# BepIIUHbI
v € V(G) gepes dg(v) Gynem obo3HAYATH CTeleHb BepIiuHbl v B rpade G, a
depe3 Ng (v) — okpecmmocms BepIITHbL U, TO €CTh, MHOXKECTBO BCEX BEPIIIHH,
cMexkHbIX ¢ v. Tak Kak B paccMarpuBaeMoM rpade Het nerenb, v & Ng(v).

Onpenenenne 1. llpaBuibHas packpacka BepmuH rpadga G HasbpiBaeTcs
dunamureckot, ecan g ao6oii Bepmunbl v € V(G) crenenn e MeHee IBYX
oKpecTHOCTh N (V) comepzKuT BepumHbl XOTs Obl JIByX PA3/IMUHBIX 1IBETOB.

[Io amajormm ¢ KIacCHYEeCKUM OIpeeeHrneM XpPOMaTHIeCKOTO YHCIa,
Ompese UM JUHAMHIECKOe XPOMAaTHIeCKOe THCI0 Tpada.

Ounpepesienne 2. Jlunamuueckoe cpomamuseckoe wucao rpada G (0bo3na-
venue: Yo(G)) — 9TO HaMMeHbIIee HATYPAJbHOE YUCJIO TAKOE, UTO CYIIECTBY-
er JuHaMuvecKas packpacka sepumd rpada G B Yo(G) useros.

Teopema Bpykca ([1, 2, 5]) rooput mHam, uto X(G) < A(G) pna ao6oro
cs3uoro rpada G, kpome psiia uckiaodernit. (Ilpu A(G) > 2 equncTBeHHOE
UCKJIIOUeHne — 310 nosueil rpad wa d + 1 Bepumue Ky 1, npu A(G) = 2
MCKJIFOUEeHHs] — [UKJIbl HEYETHOIl JIJTHbI. )

B pabore [6] mokazano moxoxkee Ha Teopemy Bpykca yTBepiK/IeHHe O Ju-
HAMUIeCKOM XpoMarudeckom ducie: Yqo(G) < A(G) + 1 s mo6oro cBsa3HO-
ro rpada G npu ycaosuu A(G) > 3. Bosee Toro, B [6] mokazaHo, 4yTo npu
A(G) < 3 umeer mecto uepaseHcTBO Y2(G) < 4 3a UCKIIOYEHHEM CJIy4vas,
korga rpad G — 9TO IMUKJI U3 HSITH BEPIIHH.

Mper yensmm pesyabrat paboter (6], mokasa mist cBsi3HbIX rpados G (Kpo-
Me psiyia uckiodernit) npu A(G) > 8 anamorudnyto Teopeme Bpykca orneHky
x2(G) < A(G). OcuoBHble pe3yabraThl paboThl chOPMYIUPOBAHBI B CJIEJLY-
IOIUX JIBYX TeopeMax.

Teopema 1. IIycmv G — ceasuwili epagd b6e3 sepuwun cmeneny dea, ydosae-
meopaouwudi yeaosuro A(G) > 8 u omauunnit om noanozo 2paga na A(G)+1

sepwune. Tozda x2(G) < A(G).

Onpeaenenne 3. [lycts n > 3. Paccmorpum 1060it rpad H, moaydeHHbIiT
u3 noJHoro rpada K, ciaemyoimnei onepanueii: 3aMeHOR HECKOJIbKHX pedep



rpada K, Ha menoukn JuHb 2 (€ KayKJI0# TAKOH IMEenovkoil 100aBisieTcs
ojiHa HOBast Bepiinna crenenu 2). Hazosem rakoii rpad nodpasbuenuem K.

[Tycts kaace rpados L, cocront u3 moaxoro rpada K, u Bcex ero moj-
pa30ueHnii.

Teopema 2. [fycmv d > 8.

1) Jas mobozo epaga H € Kyi1 evnoansemen ymeeporcdenue Xo(H) =
d+ 1.

2) yemv G — ceasnui epad, A(G) < d, npuuem G ne uzomopgpen
nukaxomy u3 epagos kaacca Kayr. Toeda x2(G) < d.

B macrosimee BpeMs BeCbMa IIOIYJISPHO HCHOIL30BAHAE BEPOATHOCTHBIX
METOJIOB I JI0Ka3aTes]bCcTBa MoA00HBIX TeopeM. OJHAKO, TaKhe MeTOJbI
MOAPa3yMeBaIOT 3HAUUTENbHBIe orpannuenns cau3y na A(G). Hanpuwvep, B
paborax [3, 4] ¢ mOMOIIBIO BEPOSITHOCTHBIX METOJIOB JOKA3BIBAIOTCS BEChMa
HHTepecHble 00oMIeHus TeopeMbl Bpykca, Ho Ha A(G) HAKIAIBIBAIOTCS OIPa-
amaenns ¢ u 10 cooTBeTCTBEHHO.

C nomoipio 60J1ee TOYHOTrO UCIIOJb30BaHUS HOACYETHBIX METOI0B MOZKHO
3HaunTeNbHO CHU3UTHL onenku Ha A(G). Tak, npu A(G) > 254 Teopema 2
HECJIOKHO JIOKA3hIBAETCS € MOMOIIBIO TEXHUKU U Pe3yJIbTaToB n3 paboTs [7].
Onnaxko, i paboTel ¢ Masbivu 3HadeHusMu A(G) Tpebyercst TPy MbIBATH
CIIeNUAIbHBIE AITOPUTMBI, 9TO 3HAYATENBHO TpyaHee. B macrosmeil pabore
Mbl JIOKa3bIBaeM TeopeMbl 1 u 2, upejjaras MOJMHOMUAIbHBIE OTHOCUTE Ib-
HO KOJIMYECTBA BEPHIMH AJTOPUTMbI MOCTPOCHUS MCKOMOH PACKPaCKd IIpH
A(G) > 8. Boickaxkem Ipe/IiosiozKeHne, 9T0 pe3y/abraThl Teopem 1 u 2 Bep-
ubl u upu A(G) > 5.

OcraBmasgcsa 4acTb pabOTBl HOCBAINIEHA TOKA3ATEILCTBY TeopeM 1 um 2.
OmnpenenuM MOHATHSA, HEOOXOAUMBIE HAM B JOKA3aTeIbCTBAX.

Omnpenenenune 4. [lycrs G — npousBoJibHBI rpad, p — pacKpacka ero
BepIITHH.

1) Hazosewm Bepruny v € V(G) naoxot B packpacke p, ecau dg(v) > 1 u
Bce BepmmHbl U3 Ng(v) uMeT oiuHAKOBBIA IBer. HazoBem BepiiuHy
v € V(G) deyusemnoti B packpacke p, ecim dg(v) > 1, u Bce BeprinHbl
u3 Ng(v) nokpamiensl B jiBa npera (HO v HE ABJIAETCS MJIOXOil).

2) Ilycte Bepmmabl a u b cMeKHBI. Byem Ha3bIBATh BepIINHY b 0nacHbim
cocedom BepIIUHBL a B packpacke p rpada G, ecaun dg(b) > 1, Bce BepiinHb
u3 muoxkectBa N(b) \ {a} mokpamienst B onun nBet, a a — B JAPYTOii.

3) [lycts p u p' — naBe packpacku. Bymrem rosoputs, uro p <qg p, ecnu
BBIIOJIHAIOTCA JIBA YCJIOBHS.

(1) Hdnst si06oii maphbl cMeKHBIX BepinH w 1 v u3 p'(u) = p/'(v) caemyer

plu) = p(v).



(2) JTrobas BepimHa, ABISIOMASICS LIOXOH B o, ABJII€TCS TLIOXOH U B p .
Byaem rosoputs, uro pf <g p, ecu p) <g p u XoTs Obl OJHA U3 ILJIOXMX
BEPINUH B PACKPACKE P HE ABJSIETCS TAKOBOH B .

Sameuanue 1. 1) Jlerko Bugers, uro ecan dg(b) # 2, To BepmmHa b MoxKeT
OBITH OIACHBIM COCEJIOM He DoJiee, 9eM I OJHON APYToil BepIIUHbL.

2) Iycrb dg(a) > 2 u BepIUIUHY @ MOYKHO CJIJIATH ILIOXOIl, TIEPEKPACHB O
HOro u3 ee coceneil. Torma Takoii coces BepUINHBL ¢, OYEBUIHO, ¢ TNHCTBEHEH
n dBJ1deTCd OIIaCHBIM COCEAO0M Q.

3) Ecam packpacku p, p1 u py TakoBbl, 9T0 p <G p1 4 p1 <g p2, TO
p <g p2. Eciiu x0T OBl OJHO U3 HEPBBIX JABYX “HEPABEHCTB’ CTPOIoOe, TO
P <ag p2-

2  Aaroputm DN

B sTOoM pasgene MBI OIMIIEM BCIOMOTATeIbHBINA amroputm DN, KOTOpPLIii
6y,&eT B HEKOTOPBIX CJIy4YadX BbI3bIBATbHCA I'NIABHBIM aJITOPUTMOM II€PEKPACKU
BEPIIHH.

[Iycts manbl rpad H u packpacka p Bepmun rpada H 6osee, gem B 6
nperoB. (Hukakux ycjoBuii Ha COOTHOIIeHHE KondecTBa 1BeToB u A(H ) He
HAKJIJIbIBaeTCs. Packpacka MOXKeT ObITh HempaBuIbHOM. ) IlycTh a — mioxast
BepImHa B 9T0ii packpacke, p(a) = i, a Bce Bepmunbl u3 Ny (a) nokpanienbt
B LBET 1.

Ommmem anroputm DN (H, p, a, J) (3mecw H w p — 310 rpad u packpacka,
¢ KOTOPBIMH MBI HMeeM JIeJI0, @ — IioxXas Bepiuuta, a J = (ja, Js, Ju, J5, J6)
— YIOPAZOYCHHBINH HAGOD M3 IATH PA3JUYHBIX IBETOB, YIOBICTBOPAIONINI
YCJIOBUSAM

io € J, o # i, i1 & {J2. Jss Jas J5 ) (1)
[Iycrs J' = J U {ig, i1 }. Onpenenum dyuxmuio v : J' — J' crepyomum
obpazom:

v(io) = i1, v(ir) = Jo, v(J2) = J3, ¥(J3) = ja, v(ja) = Js, v(js) = Js, ¥ (J6) = Jo-

s xkaxaoro nusera j € J' nser v(j) mbl OyaeM Ha3bIBATL CACOYIOULUM UGe-
mom. Yepes v*(j) mu1 Gymem obosnadarh k-0 nrepannio byHKINT V.

Sameuanue 2. 1) HETPYAHO HPOBEPUTH, YTO OHpejieeHre DYHKIUHE ¥ KOP-
pekTHO. B camom seste, u3 ycaoBusg (1) ciemayer 4To cpejid IBETOB, Ha KO-
TOPBIX OnpeeseHa (PYHKIUSA ' BOZMOMKHO TOJBKO COBIHAJCHHUE i = jg, & MO
oupesenenuto v(iy) = v(js) = Jjo.

2) Mycrs j € J'. U3 yeaosuit (1) caenyer, uro see nsera j, v(j), v*(j),
v3(5) m v*(j) pasmuanbl.



[enbto anropurma DN (H, p,a,J) aBisercsa u3MeHeHHe PACKPACKH p HA

Takyto packpacky p', aro p) <g p, Boimonnserca ycaosue (S) u 01HO U3 JIBYX
yeaosuit (DN1) win (DN2).

(S). Ecrmm p/ (v) # p(v) ans mekoropoii Bepumnst v, To p(v) € J' u p/(v) =
v3(p(v)).

(DN1). p'(a) = v*(p(a)) = ja.

(DN2). p'(a) = p(a). CymecrByer eJuHCTBEHHAsI TaKas BEPITHHA U €
Ng(a), aro p'(v) = v*(p(v)). lsera oramunbix oT v BepmuH u3 Ng(a) B
packpackax p u p' cOBIAJIAIOT.

3ameyanme 3. Tak Kak cTeleHb ILJIOXOil BepIIMHBI G HE MeHee JIBYX, TO
B cJlydae, Korjga packpacka p yaowiersopsier yeiaouio (DN2), Mbl uveem

P < p.

2.1 IlocTpoeHnme MHO>KecTBa L

[Tepen HavaI0M PAOOTHI AATOPUTMA MBI TOCTPOMM BCIIOMOTATETbHOE MHOMKE-
crBo L u oprpad L Ha MuHOXKeCTBe BeprinH L.

Mpbr Oyzem momermarh B MHOXKeCTBO L HeKOTOpbie BepminHbl rpada H,
MMEIOIINEe IBETa W3 MHOYKECTBA J' M OPMEHTHPOBATH HEKOTOPHIE pedpa MerK-
J1y BepinnHaMu MHOzKecTBa L. OpueHTupoBaHHbIE pebpa OyaeM s yaobcTBa
Ha3bIBAThL cmpearxamu. HekoTopble BepIInHbl MHOXKecTBa L Mbl Oyj1eM 00b-
SABJISATH nomevertvimu. Crpesiku Oy/1yT BBIXOAUTH TOJBKO U3 HOMEYEHHBIX
pepmnn. 3navansuo nyers L = {a}, Bepmunaa a He MOMEUYEHA, HUKAKHE
pebpa He OpHEeHTHUPOBAHBHI.

Onwuirem mar nmocrpoenund. Ilycts © € L — HenomedeHnHas Bepuinna, a M
— MHOXKeCTBO BeexX Bepint u3 Ny (), U3 KOTOPBIX He BBIXOJAT CTPEJIKHA B 1U.
Ecmu M # @ u p(v) = v(p(w)) pis kaxaoit Bepmuas v € M, 10 00bABUM
BEPIINHY U OTMEYEHHOH, nomectum Bce Bepmunabl u3 M \ L B MHOKeCTBO L
i 100ABHM B L CTPEIKH OT U KO BCEM BepPIIHHAM MHOMXKecTBa M.

C KazKJIbIM IIaroM YBeJTHIUBACTCS KOJTHIECTBO IIOMEYEHHBIX BEPIIUH, I10-
9TOMY BBHU/Iy KOHEYHOCTH rpadpa mporecc mocTpoeHuss KoHedeH. B HeKoTo-
pbIii MOMEHT OH 3aKOHYUTCS, PACCMOTPUM MHOXKECTBO [ HA MOMEHT OKOH-
wanus nponecca. Ilycrs L — opueHTHpOBaHHLI rpad ¢ BepumHaME n3 L i
pedpaMu-cTpesIKaMu, PacCTaBJIEHHBIMU B XOJe MocTpoeHus L.

Omnpenenenne 5. 1) Ilycrb u € L. O6o3nauum uepe3 N7 (u) MHOKECTBO
BCEX BEPIIUH, U3 KOTOPHIX BBIXOAAT CTPEIKU B U, a depe3 N1 (u) — muoxe-
CTBO BCEX BEPINUH, B KOTOPHIE BBHIXOAAT CTPEJIKU U3 1. Ha30BeM BepITUHbI U3
N~ (u) npedxamu, a Bepumast u3 N1 (u) — nomomkamu BEpIIUHBL U.

2) Hasosewm Bepiuny u € L ocobot, eciim Ny(u) = N~ (u).



Bameuanue 4. 1) Bepmuna a o6s3atensno apagerca nomedennoit, Nt (a) =
Ny (a). Bepmnna a He MOKeT OBITH HOTOMKOM HMKAKOIl JAPYTOil BEPIINHDIL.

2) N7 (u) # @ nas aw06oit orsmanoit or a Beprmabl u € L. MHOXKecTBO
N7 (u) HemycTo TOrA U TOJBKO TOIIA, KOIJA BEPIINHA U IIOMEYEHA.

3) Io mocTpoennio, oprpad L —armmkmmaecknii (To ecTh, B HeM HET OpH-
eHTHPOBAHHBIX MUKIOB). JIefCTBHTEBHO, Ha 0UepeHOM ITare TOCTpOeHus L
MbI JI00aBIIsieM CTPEJIKH, BBIXOJISIIME U3 BEPIIHHBL U (KOTOPYIO Mbl 00'bsiBJIsI-
eM [OMeYeHHOM) B HeroMeveHHbie Bepinabl. Cire0BaTeIbHO, BCe BePIIHHbI,
OTKY/Ia MOYKHO MONACTh B U 10 cTpesikaM rpada L, Gbian moMedensl pamee i
HU B OJJHY W3 HHUX BHOBb J00ABJICHHBIE CTPEJIKH HE BXOJIST.

4) Ecin u € L — ocobas win nomevernast Bepiusa, 70 Ny (u) C L.

5) Ilycrs Bepumna u € L ne nomedena. Torpa smbo v — ocobast, 1mubo He
see Bepumubl u3 Ny(u) \ N7 (u) umeror nser v(p(u)), nnade mbl Mo Gbi
IPOJIOJIKUTH TTOCTPOeHHe MHOKecTBa L 1 oprpada L.

Onpenenenne 6. 1) Tusa kaxuoit Bepumubl u € L onpegesnm L(u), kak
MHOZKECTBO BCEX BEPIIMH, JOCTHKUMbIX U3 U B oprpade L (To ecTh, MHOKe-
CTBO MOTOMKOB U, TOTOMKOB UX IMOTOMKOB, U TaK ,[[aﬂee).

2) Beme6wio nomomkos BEPIIUHBL U MBI HA30BeM JI1000# 1IyTh B oprpade
L ¢ HAYATIOM B .

3) Buicomot h(u) BepuinHbl ¥ Ha30BeM JI/IMHY HaubOJIbIIeH BETBU 110TOM-
KOB U (TO €CTh, KOJIMIECTBO Pe6EP B COOTBETCTBYIOMIEM IyTH ).

Bameuanwne 5. 1) OueBugno, L(a) = L.

2) Tak xak rpad L — anuk/mdecknii, To g06ast BETBb TOTOMKOB J11060i
BepIUHbI 4 € [ KOHeYHA U HE MPOXOJIUT HU Yepe3 KAaKyI0 BePIIuHY JIBAK /b
CaenoBaTeibHO, BbICOTA JIFOOOI BEPIINHBI KOHETHA.

3) BobicoTra moMevYeHHON BepITUHBI GOJIBbINE HYJIsl, a BbICOTA JII060I Hemo-
MEeUYeHHOI BEPIMTUHBI U3 L paBHA HYJIO.

4) Eciu v € NT(u), to h(u) > h(v).

2.2 Ajaroputm m3MeHeHUs PACKPACKW: UTEPAInN

Jyis o6oit moMeueHHO BepIuHbl U € L MBI TOCTpoUM anroputm A(u), u3-
MEHSIONIU{i PACKPACKY P HA TAKYIO PACKPACKY p , 4TO BBIIOJIHSAIOTCS YCJI0BUS
(S(u)), (P(u)) n omuo u3z ayx ycaosuii (DN1(u)) nan (DN2(u)).
(S(u)). Ecmu p'(v) # p(v) ans mekoropoit Bepmuubl v, T0 p(v) € J' u
p'(v) = 12(p(v)), npuuem v € L(u) — nomedennas uam ocobast BepHInHa.
(P(w)). Jus moboit nomedennoit Bepuunabl w € L(u), ecau p'(y) # p(y)
st HekoToporo y € N~ (w) , To cymecTByer Takas Bepmmua 2z € N (w),



aro p'(2) # p(z). dnga moboit ocoboii Bepmuasl w € L(u) u 11060ii BEepITHHBL
y e N“(w)  p'y) = ply).

(DN1(u)). p'(u) = v*(p(u)).

(DN2(u)). p'(u) = p(u). CymecTByer eMHCTBeHHAsT TaKasi BePIIMHA U €

N*(u), uaro p'(v) = v*(p(v)). LiBera orinunblX oT v BepmuH u3 Ny(u) B
packpackax p u p' COBIAJIAIOT.

Hasosem anropurv A(u) nepexpackoti muna 1, ecn BBITIOJIHSETCS YCIO-
sue (DN1(u)) u nepexpackot muna 2, ecu Bomosusiercs ycaosue (DN2(u)).

JIlemma 1. ITycmo v,w € L, w € L(v), a packpacka p' nosyuwena uz p ne-
pexpackoti A(v), ydosaemeoparwet yerosuro (P(v)). Hyemo packpacka p’
makosa, wmo p'(x) = p'(x) npu x € L(w) u p"(z) = p(x) npu x ¢ L(w).
Tozda packpacka p” ydosaemsopaem ycaosuto (P(w)).

HoxkazarenbcTBo. Paccmorpum nomeuennyio Bepuuny z € L(w), mycrsb
p"(y) # p(y) naa wekoroporo y € N~ (x). Torma, oueBunno, y,x € L(w),
carenoBaresibho, p’(y) = p/(y) u no yenosuto (P(v)) cymecTByer takasi Bep-
muna z € NT(x), uro p'(z) # p(z). OueBugno, z € L(w), ciiepoBaresbHo,
p"(z) = p'(z) # p(2), T0 ecThb, B packpacke p” mepexpammen xorst GbI OUH
MOTOMOK BEPITHHBI Y.

[Iycts x € L(u) — ocobas Bepumuna, y € N~ (z) u p”(y) # p(y). Torma

p'(y) = p"(y) # p(y), aro nporuBopeunt yciaosuio (P(v)).
Takum o6pazom, packpacka p’ yaosiersopsier yeaosuio (P(w)). ]

ITocrpoenue anropurma A(u).
[Toctpoenne Gyaer Bectuch uuaykimedi mo h(u). Iycrs j = p(u).

Baza.

Pasz6epem aBa ciaydasd.

1. [Tycrs B NT (1) ects ocobas Bepmmua w. Torma p(w) = v(j), mosoxum
P (w) = 13(j), ocrambuble BepuuHbl He n3MensaT nsera. O4YeBnIHO, pacKpac-
ka p ynosierBopser ycaosusim (S(u)) u (DN2(u)). Tak kak eauHCTBeHHAS
IepeKparneHHast BepimHa — 0co0ast BEPIHIMHA W — He MMEET MOTOMKOB, TO
He CyIIECTBYeT BePUIMHbBI U3 L, mpeska KOTOPOil Mbl EPEKPACUIIN, & 3HAUHT,
BBITIOJTHEHO yeaoBue (P(u)).

2. ITycrs h(u) = 1, npuuem B N (u) ver ocobbix Bepiun. Torja mosiozxum
p'(u) = 12(j), ocraibuble BepuuHbl He u3MeHsaT nsera. OUeBuIHO, pacKpac-
ka p' ynosrerBopsier yeaosusam (S(u)) u (DN1(u)). Tak kak eguHCTBEHHAS
IIepeKpalleHHast BEPIINHA U UMEET BBICOTY 1, To Bee Bepmuabl u3 NT(u) (a
9TO KaK pa3 Te BEePIIUHBI, MPEIKOM KOTODBIX SIBJSETCS U) — HEIOMeYeH-
Hble, IPUYeM, KpoMe TOro, HeocoObie. Ciie0BATEIbHO, BBITIOJHEHO YCIOBHE

(P(u)).



NBayknuoHHBIN TIEpexo/I.
[Tycts u — momeuennas BepumHa BoicOThl h(u) > 1, npuuem B N*(u) mer
0cobbIx BepruH (cJaydaii, Korja ocoOble BEPIIHHBI €CTh, pa3obpaH B Gase).
Tak kax h(u) > 1, B N"(u) ecrb xorg OB 0JHA IOMEYEHHAS BEPIIMHA.
I[Iycth vy,...,U, — BCe MOMEYEHHBIE MOTOMKH u, Tordaa p(vgy) = v(j) npu
ke {1,...,p}. Ilo 3ameuannto 5, h(vg) < h(u), caemoBaTenbHO, I KazK-
noit u3 9rux Bepumu cymecrsyer aaropurm A(v;). Paccmorpum asa ciydast.

a. JInga ka>k/10if U3 BepUINH Vi,...,0U, CyIIeCTByeT HIepeKpacKa

A(v;) Tuna 2.
EcJin npeT Kakoi-TO BEPIIUHbI i 10JI2KEeH MEHAThC B HECKOJbKUX M3 9TUX I16-
PEKPACOK, TO BBULY ycaoBus (S) HY’KHO MEHSATH 9TOT IBET HA OJUH U TOT JKe
user v2(p(y)). Monoxknm p'(u) = () u aus moboit Bepmunbt y € L(u), nser
KOTOPOIl M3MEHSAEeTCsT XOTd Obl B OMHOM u3 mepekpacok A(vy), ..., A(vp), MbI
nosnoxum p'(y) = v?(p(y)). Ouesuano, packpacka p' yl0BIeTBOPAET YCIOBH-
am (S(u)) u (DN1(u)).

[Tposepum ycaosue (P(u)). Pacemorpum nomeuennyio sepmmny © € L(u),
nycrb y € N~ (x) u p'(y) # p(y). Toraa, ouesumno, y € L(u). Ecau y = u, T0
& = V), JIJIsl HEKOTOPOTO Uy, € {vy, ..., v, }. Tak Kak B mepekpacke A(vy,) Tuma 2
M3MEHSeTCsl [IBET X0Tst Obl OHOM BepumHbl 2 € N1 (vg), 10 p'(2) # p(2).

[Iycrs y # w. Torma Bepumna y jgojzKHa ObiTh nepekpaniena B A(v;)
nuist nekoroporo t € {1,...,k}. Caenosarenbno z,y € L(vy) n mo ycaosuio
(P(v;)) 6Bl mepekpalien XoTsi OJH MOTOMOK BEPIITHHBI .

[Iycts w € L(u) — ocobast Bepmmna, y € N~ (w) u p/'(y) # p(y). Cayuaii
Y = U HEBO3MOKEH: I10 IIPEJINOI0KEHUIO Y BEPIIUHBI % HET OCOOBIX OTOMKOB,
HO B 3TOM caydae w € NT(u). Ilycts y # u. Torga cymecryet Takoe k, 9T0
y,w € L(vy,) u Bepumna y m0/2kHa O6Th nepekpamena B A(vg). Oaaako, 3To
nporusopednt yeaosuo (P(vg)).

Takum 006pa3oM, packpacka p’ yiaosierBopser yeaosuto (P(u)).

b. /s HEKOTOPHIX IOTOMKOB BEPIIWHBI U CYILIECTBYIOT I€pe-

Kpacku tuna 1.
[lyctb vq,...,vy — Bce Takue moroMku. [lockosibKy B rpade L uer nux-
JIOB, TO MOYKHO CYMTaTh, uto v; € L(v) mpu t € {2,...,k}. Torma momo-
®um A(u) = A(vy). TousitHo, uto mepekpacka A(u) yI0BIETBOPSET yCJIO-
suto (S(u)). Tockonbky p(v1) = v(j), 1o ycaosuo (DN1(vi)) Mbl umeem
p'(v1) = 13(j), kak Toro Tpebyer ycaosue (DN2(u)).

[IpeamnosokuMm, uro p'(v) # p(v) Ay HEKOTOPOH OTJIMYIHON OT V1 BEp-
munsl v € NT(u). Tak kak A(v;) MeHgeT 1BeTa TOJBLKO Y MOMEYCHHBIX U
ocobbrx BepiuH u3 L(vy), a ocobbix Bepunn B N(u) Het, T0 v = vs € L(vy).
CaenoBareibHO, § > k, TO €CTb, JJjisi BEPUIMHBI Vs 110 HPEANOJOKEHUIO HE
cymecrByer nepekpacku tuna 1. Jlokazxkem, 9To 9TO He Tak.



Paccmorpnm takyto packpacky p”, uaro p’(z) = p'(z) npu x € L(vs) u
p"(x) = p(z) upu x & L(vs). Tak kak vs € L(vs), umeem p”(vs) = p'(vs) =
v%(p(vs)), nosromy jist packpacku p” Boinosusierca yesosus (DN1(vy)). s
packpacku p” yciosue (S(vs)) oueBuHO, BbIIOIHAETCs, a yejaoBue (P(vg))
BbIOJIHSAETCH 110 JjiemMe 1. CrieoBaTesibHO, I BEPUIMHBI Vs CYIIECTBYET
HepeKpacka THIA 1, IPOTUBOPEYHE ¢ MPeIH0I0KEeHTEM.

Takum obpazom, p'(v) = p(v) s aGOH OTAMYHONW OT U7 BEPUIMHBI
v € NT(u), To ectn, packpacka p’ yaosiersopsier ycaosuo (DN2(u)).

[Tposepum yesosue (P(u)) mast packpacku p'. PaccMorpum nomedeHHy o
Bepminay = € L(u), mycts y € N~ (u) u p'(y) # p(y). Torma, ogeBuiHo,
y,z € L(v1) u mo yenosuo (P(v1)) cymecrByer Takag Bepmmnaa 2z € N1 (vq),
aro p'(z) # p(2).

[Iycts w € L(u) — ocobas Bepmmna, y € N~ (w) u p'(y) # p(y). Tak
KaK [epeKpalimBajuch TOJIbKO Bepuuabl u3 L(vy), 1o y,w € L(v;) u no
yeaoButo (P(v1)) Mbl He MOLJIE TIEPEKPACUTH Y, MPOTHBOPEUHE.

Takum o6pa3om, packpacka p’ yaosiaerBopsier yeaosuio (P(u)).

2.3 AJaroputrm m3meHeHuUs pacKpacKu: PUHAJ

JIemma 2. Ilycmo packpacka p' noayuena us p 6 pesyibmame nepekpacki

A(a). Tozda p' <g p, svnoansemes yeaosue (S) u 00no us yeaosud (DN1)
usu (DN2).

HokazarenbcTrBo. Packpacka p' ynosierBopser yeiaosuto (S(a)), a caemno-
BaTeIbHO, U Gosee ciabomy yeaosuio (S). s packpacku p' BHIMOTHSETCS
onuo u3 yeaosuii (DN1(a)) wiu (DN2(a)), u3 KOTOPBIX CJIEAYIOT COOTBET-
crBenno ycaosust (DN1) u (DN2).

Ocraercst uinb npoBepuTh, 9to p' <y p. Jaaee mbl 1oapodHO pazbepem
cJIyvan.

1. Ilycrs Beprmubt u n v eMexHbl, p'(u) = p'(v), HO p(u) # p(v). Cremo-
BATEIHHO, MBI H3MEHILIH BT XOTs ObI OHOIl M3 STHX BEPIIHH, IyCTh, HATPU-
mep, p(u) # p(u). Torna w € L — nomedennas uin 0cobasi BEPIIUHA, CJ1e-
nosaresibio, Ny (u) = N7 (u) UNT(u). Iycrs p(u) = 7, Torua p'(u) = v2(j)
no yeaosuo (S). Ecom v € NT(u), To p(v) = v(j), crenoBarensno, BBUIY
(), mbo p'(v) = v(j), mbo p'(v) = v3(j). Opnako, user v*(j) oriuuen
u ot v(j), u or 3(j) mo 3aMedanuio 2, IPOTHBOPEYNeE ¢ IIPeIIOI0KEHIEM
p'(u) = p'(v).

Ocraerca cayuaii v € N7 (u). Torna p(v) = £, npuuem v(€) = j = p(u).
Beuuy (S), mubo p'(v) = £, mbo p'(v) = v*(¢). Onnako, user v2(j) = v*(¢)
ormuen u ot ¢, u or v*({) mo 3aMeYaHuIo 2, IPOTHBOPEUHE C MPEIOI0Ke-
auem p'(u) = p'(v).
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Takum 00pa3oM, B pe3ysibTare H3MeHeHUsl PACKPACKH HE MOTJIU TTOSIBUTh-
Csl HOBBIE TTaPbl CMEXKHBIX OJ[HOIBETHBIX BEPIINH.

2. TIpeAnoosKuM, 9TO BEPITUHA, Y ABIAETCS IIOXOH B o/, HO HE ABJISETCS
wioxoii B p. Torga y cMezkHa XOTs OBl ¢ OTHOM U3 epeKPAIeHHbIX BePIITHH W.
[MousiTHO, uTO W € L — momedeHHas WIn ocobas BEpIINHA, CJIEI0BATEIbHO,
y € Ny(w) C L. PaccMOTpUM HECKOJBKO CIY9aeB I BEPIIHHBL Y.

2.1. TTycrs y — ocobag sepmmna. Torga w € Ny (y) = N~ (y) u 1o yciuo-
suto (P(a)) mbr umeem p/'(w) = p(w), nporuBopeumne.

2.2. PaccmoTrpum ciydaii, Korja y — rnoMedennas Bepmuna. [lockosb-
Ky BepIINHA @ ABJISETCS IJIOXOH B PACKpacKe p, TO Y # a, CJIeJ0BATEJIbHO,
N~ (y) # @ u NT(y) # @. Pacemorpum 1Ba mojacaydas.

2.2.1. Tpeauosnoxkum, uro nsera Beex Bepmun u3 N (y) B p u p
nagator. [ycrs © € N~ (y) u p/(z) = p(x) = 7, rorma p(y) = v(j). Iycrs
z € NT(y), rorma p(z) = v*(j) u no ycaosuto (S) mu6o p'(z) = v2(j), au-
60 p'(z) = v*(j). Ilo 3ameuanuio 2 nper j oramden u or v2(j), u or v4(j),
CJIeJIOBATEJIBHO, BEPIIMHA Y HEe SIBJISIETCS IUIOXOH B p/, POTHBOpEYHe.

2.2.2. [Tycts © € N~ (y) u p'(x) # p(z) = j. Torma no ycnosuo (P(a))
cymecTByer Takas sepmmuna 2 € NT(y), aro p/(z) # p(z). Ilo nocrpoenuro,
p(z) = v*(j). To ycaosuio (S) Mot umeenm p' (z) = v2(j) u p'(2) = v1(j), a atm
nBera pas3andnbl. Clie0BaTeIbHO, Y He ABJISeTCs IIOXOIl B ) IPOTHBOpEYHe.

2.3. [lycrb y — HenoMmeveHHasi Heocobas BepiinHa. Tak mepekparieHHast
BepIuHa W — moMedernas uiu ocodast, To Ny (w) = N~ (w)UNT(w), npuaem
N~ (w) cocrour u3 nomeuennnix Bepumn. CraepoBarenbno, y € NT(w) # O,
TO eCTh, w — ToMedenHas epumna. [lycrs p(w) = j, Torna p'(w) = v2(j) no
yesosuto (). Tak kak Bepmmna y — Heocobas, o M = Ny (y) \ N~ (y) # 9.
Onaxo, 1o 3aMedanuio 4 He e epimunbl u3 M umeror user v(p(y)) = v*(j),
CJIEIOBATEJIBHO, BEPIINHA Y HEe SIBJISETCS IUIOXOH B o/, IPOTHBOpEYHe.

Tenepn Mbl gokazanu, uro p' <g p. O

B nemme 2 MBI j0Kasajam, 9To packpacka p’, MoJyveHHas B Pe3ysbTa-
Te mepekpacku A(a), yIOBIeTBOPSET BCeM 3asBJEHHBIM IEJsIM aJrOPUTMA
DN. NlMeHHO 3Ty pacKpacKy Mbl U 00bIBUM Pe3y/aIbTaToM pabOThI aJTrOpPUT-

ma DN(H, p,a,J).

Sameuanue 6. 1) B nporecce paboTsl agroputma nepekpariiBaInch TOJIbKO
HEBBIDOZKI€HHbIC BEPIITUHBI U3 L, a CTelleHb TaKUX BEPIIMTHUH IO ITOCTPOEHUIO HE
Menee 2. CJie/ioBaTe/IbHO, HU OJHA BepInHa crernenu 1 uau 0, cyriecTBoBaHme
KOTOPBIX JIOMycKaeTcs B rpade H, He ObLIa mepekpalieHa.

2) Eciu uger ¢ € J, 10 B pesyabrare paborsl anropurma DN (H, p,a, J)
HE IOABHUJIOCH HOBbIX BEPIIHH IBETA 1.

3) Ecam i ¢ J, To B mporecce paGoThl aJropuTMa W3MEHUJa IBET He
OoJiee UeM OJIHA U3 BEPIIUH IBETA ¢ — IIPHU § = Iy 9TO MOZKeT ObITH BEPIIHHA
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@, IPA ¢ = 41 — OJIHA W3 BEPIIUH OKPECTHOCTH a. B OCTATBbHBIX CIydasx Bce
BEPIIUHBI I[BETA % COXPAHAIOT IBET.

2.4 AaropurMm DN: npuMeHeHUe

Bepuemcs x maremy ucxoguomy rpady G. 3adukcupyem sepiuny b € V(G).
[Tycrs muozkecrBo B C Ng(b) comepxur Beex cocezneil Bepmunbl b, Kpome,
MOKET OBIThH, KAKOIO-TO 0HOr0. Paccmorpum nosbiil rpad G', noayduennbrit
n3 G ynanenuneM pebep, COEAMHSIOMNUX b ¢ BepITUHAMHI W3 MHOXKeCTBa B.
PaccmorpuM packpacky p Bepirut rpada G (He 00s13aTeIbHO TPABUIBHYO),
OHA K€ ABJsgeTcda packpackoil BepmmH rpada G'. Ilycrs U — Bepuiumasl u3
B, koTopbie sBIIOTC m10XuMu B packpacke p rpada G’ a T = B\ U.

JIemma 3. ITycmo u € U, p(u) = iy, a 6ce sepwuro, u3 N/ (u) nokpawenol 6
p 6 usem iy. ITyemov K — nabop uyeemos, codeporcawudi p(b), i u, 603Mm01cHO,
ewe Karue-mo ysema. Pacemompum nabop J = (Jo, J3, ja, Js, Js), JNK = @,
ydosaemeopsrowud yeaosuro (1), a makorce caedyrougum 08ym YcarosusM.

(J1) Ecau sce sepusunv, mroscecmea B\ {u} noxpawenn 6 packpacke p
6 0dun ysem, mo nu ja, MU js HE COBNANAIOM ¢ IMUM UEEMOM.

(J2) Ecau sepuuns, muostcecmea B\{u} 6 packpacke p nokpawenv 6 dsa
PASAUMHOLE UBETNA, O Jo HE COBNA0GEm Hu ¢ 00HUM U3 IMUL 08YT UBEMOs.

ITyemwv 6 pesyavmame npumererus arzopumma DN(G', p,u, J) packpac-
Ka p usmenumes wa packpacky p'. Tozda p' < p, npuvem p'(b) = p(b).

HokasareabcTBo. [lo ¢ BoiicrBam anropurma DN mbl umeeM p/ <g p.
Tak kak de/(b) < 1, 1o p'(b) = p(b). I'pad G orsmuaercs or G’ gobasiaenuem
pedep ot b k BeprmmHaMm u3 B.

[ycrs « u y emexxusl B G, p'(z) = p'(y), Ho p(x) # p(y). Tak kax p’ <g p,
TO U Yy HecMekHbl B G/, cle0BaTeIbHO, MOXKHO HOJIOXKUTL = = b, y € B.
Beuay toro, uto s = p/'(b) = p(b) € J, a BCe M3MeHUBIINE IBET BEPIIUHbI
HEePEKPAIEHbl B IPOLECCE IIPUMEHEHUs aJI'OPUTMa B 1IBETa U3 MHOKECTBA J
BEPINKMHA Y J0JKHA ObljIa H3HAYAJIBHO UMETh 1Ber s 1o ectb p(b) = p/(b) =
P (y) = p'(y), nporuopeune. Cjie10BaTeILHO, €CTM BEPIIUHBI T U Y CMEYKHbI
B rpacde G 1 p'(x) = p'(y), To p(z) = p(y).

[TokazkeM, 4TO B pacKpacke p' He IOIBUIOCH HOBBIX ILIOXUX BepimH. Ecyin
paccmarpuBarh 0 n p, Kak packpacku rpada G, To 10 Jemme 2 Bee I10Xue
B ) BepHIMHBI ABJISIOTCA IJIOXUMHA U B .

Paccmorpum teneps p' m p, kak packpackm rpada G. Ecam Bepmmuna
xr — mwioxast B p/, HO He 1IoOXasg B p (Kak B packpackax rpada G), To z,
OYeBHUIHO, JOJZKHA OBITH cMexkHa B rpadax G u G’ ¢ pasubiMun HabOpaMmu
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BEPINWH, TO €CTh HAM JOCTATOYHO MPOBEPUTH BEPINWHBI U3 MHOXKecTBa B n
camy Bepriuny b.

IIpoBepka BepmiuHbI b.

Pacemorpum sepruny b. Ecim p/'(u) = p(u) = ig, To B Ng(b) ectb Bepiu-
Ha u nBera iy € J, a HOBBIX BEPIIHUH IBETA iy HE J00ABUJIOCH. DTO O3HAYAET,
qTo ecam b — miuoxas BepmmHa B packpacke p rpada G, To Bce ee cocean
uMeroT B 0/ IBET iy, HO TOIJa OHM MMEJIH TAKOIl Ke IBeT U B PACKpacKe p, TO
€CTb, BepIinHa b u 10 mepekparinBanus ObLIa ILIOXOM.

I[yers p'(u) = v2(ig) = jo. IlpeanonoxKum, uTo BepImuHa b cTaaa ILIOXOM
B noJ1y4eHHoi packpacke p’ rpada G. Torga Bce Bepmunb 3 B okasaanch
nokpaimensl B p) B IBET jp, HO B IIBET jo Mbl MOIJIM NMEPEKPACHTH TOJHKO
BEPITNHBI IIBETOB 4o M J5, TPAYEM POBHO OJHA BEPIINHA IBETA %) OKa3aJach B
pe3yJbTaTe mepekpalrena — 3To BepmuHa u. Ciie10BaTeIbHO, B H3HAYAILHOI
packpacke p Bepumubl MHOKecTBa B\ {u} 6b11H nokpariens: e GoJiee, dem
B JIBa IBeTA: jo U j5. PaccMoTpuM JiBa CJIydas.

1. Tlycrs Bepumubt MuozkectBa B\ {u} nokpantenst B p B ogun nser. ITo
yesosuto (J1), Hu jo, HU J5 HE coBnagaoT ¢ 3ruM 1Betom. CjieoBarebHO, B
packpacke p’ HE ofHA U3 BepiinH MHO)KecTBa B\ {u} He Gyaer mokpaiena
B IIBET jo, IPOTUBOPEYUNE.

2. [Tycre Bepumubl muoxkecrBa B\ {u} nokpamenst B p B 1Ba upera. Xors
Obl OJINH U3 ITUX JIBYX IBETOB HE COBIAJIALT C J5, IyCTh 310 uBeT £ u p(r) = £,
rie © € B\ {u}. Ilo ycnosuio (J2) mbr nmeem jo # €. Torma p(x) & {j2,J5},
caeioBaresibHo, p'(x) # ja, TO ecTh, He Bce BepriuHbl MHOXKecTBa B\ {u}
uMeroT B p/ 1BET jp, IPOTHBOPEYHE.

Takum 06pa3oM, BepIinHa b MOXKeT OBITH ILIOX0H BEPIIHHON B pacKpacke
P rpada G ToabKO B ciaydae, Korja b — Imjioxas BepHIMHA B PACKpPacKe p
rpacda G.

IIpoBepka MmHO>KecTBa B.

Pacemorpum 1r00yio Bepiuny @ € B. OHa cMexkHa ¢ BepIuHOi b, npuaem
p'(b) = p(b). B packpacke p’ Bepmnn nsera p(b) He jobaBjsieTcs, cjiea0Ba-
TeJIbHO, €CJIM BepIINHA I ABJIAeTcd IJI0XOl B packpacke p rpada G, To oHa
SABJIIETCS TAKOBOI U B packpacke p rpada G. Takum obpaszom, p <g p. O

3 IlocTpoeHne AMHAMWYECKOI PaCKpacK! JIJIs
rpada 6e3 BepImuH CTeIeHn 2
B macrosmem paszgene mycrh G — cBa3HBI rpad 6e3 BepIINH CTemeHn 2,

yaosaersopstomuii yeaosuio A(G) < d, rae d > 8 — nesoe 4ucio, npuiem
G ornuaen ot nostHoro rpada Ky 1. Pazaesn nocssimen 1oka3are/ibCTBY T€O-
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peMbl 1, To ecTh, mocTpoenuio B rpade G IMHAMUYECKOH PACKPACKH BEPIITNH
B d 1BETOB.

3.1 Auxaropurm nocrpoenud ienu. Q0miue NPpUHIIUIILI BbI-
Oopa BepIIVH 1 HAYAJIO0 HOCTPOEHUS

[To reopeme Bpykca cymecrByer npaBu/ibHasi packpacka p epiint rpada G
B d nBetoB. [Ipemooxkum, 910 B packpacke p CymeCTBYET IJI0Xasi BEPITUHA
a. Ilyctpb p(a) = 0, Bce Bepmmnbl u3 Ng(a) umeror et 1, a uper 2 orainyeH
or 0 u 1. MBI XOTHM H3MEHHUTH PacKpacky p Ha p' <g p Tak, 9TO HEKOTOPbHIE
(Ho He Bce) Bepmnubl U3 Ng(a) OyayT B p) UMETh IBET 2, OCTAJbHBIE ¥Ke
sepmnnbl w3 Ng(a) e nomensior user. Torga Bepmuna a He OyaeT MJI0XO0H
B packpacke p', caemoBaresbHo, p <g p.

[Monoxkum c(k) = 1 npn wevernom k u c¢(k) = 2 npu verrom k. Mbr mo-
CTPOUM IIOCJIEI0BATEIbHOCTh PA3JIUYIHBIX BepIIuH b1, bo, ... by, . ... Y KaxK-
Noit BepIuHbL by, GyeT onpejieseH poBHO oauH npedok asc(by), KOTOpbii Oy-
jer cMexHoi ¢ by Bepumnoit, nycrb Ng(br) = Ng(br) \ {asc(bg)}. Cmbica
MOCTPOEHUsI OyJIeT MOXO0XKUM Ha KJIACCHYECKUI MeTOJ, Yepe/Ly oIiXCsl Iemeii:
Kask/1asl CJIe/IyIomast BepIiimHa by 1 OyaeT “3amperoM’; MemarouM mepexpa-
cuthb by B uBer ¢(k + 1). OaHako, KOHCTPYKIUs OyIeT 3HAYUTENHLHO GoJiee
CJIOXKHOIT, YeM B KJIACCHIECKOM JOKA3aTeTbCTBe TeopeMbl Bpykca.

Onpexnenenne 7. I[lycrs @ # (k).

1) Ecan cymecrByer Bepmmua v € Ng(by) mpera p(v) = i, T0 Ha30BEM
TAKYI0 CUTYaIUIo 3anpemom muna 1 wa yeem i JJid BepIIUHBI by.

2) Ecmu Bepmmua v € Ni(by) gBIsieTcsl OMACHBIM COCEIOM by W mOCTe
U3MEHEHUS 1[BEeTA BePIIUHbI Dy HA IBET ¢ BEPIIMHA U CTAHET IJIOXOM, TO Ha-
30BEM TaKyl CUTYAIMIO 3GNPEMOM Muna 2 ma ueem i Jjisi BePIIUHbL by, a
BepINUHY U — 060306017 6ePUUHOT ITOTO 3anpeTa.

3ameuanme 7. Y BepHIuHbI by MOXKeT OBITh HECKOIBKO 3aIIPeTOB THIIA 2 Ha
oBeT ) C pa3J/IM4YHbIMHA 6a3OBbIMI/I BEpIIUHAMMU.

[Tepeiizem K mocrpoennio nenu. B kadecTBe by MBI BO3BMEM IIPOU3BOJIb-
uyto sepmuny u3 Ng(a), upeakom by OGyger sepmmna ag = a. das k > 1
BepuIuHa by OyJeT yI0BJIeTBOPATH CJICILYIOIUM YCJIOBHIAM:

— plbr) = c(k);

— BO3MOXKHA OJ{HA U3 JIBYX CHTYyalluii:

60 b1 u by emexkubl, Torga asc(by) = by_1, Bepmmna by € Ni;(bg_1)
aBJsieTcs 3anperoM tuna 1 Ha uset ¢(k) 1y BepuuHbl b1,

60 b1 m by mecmexkubl, Torga asc(by) = ax_1 # by_1, BepmHMHA
ap—1 € Ng(bg—1) stBiIsiercst 6a30Boit BepimHOii 3anpera Tuna 2 Ha et c(k)
1t BepinuHbl b1, by € Ng(bp_1).
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Onpenenenne 8. IlocrnenoBarensHOCTs BepmuH by, ..., b, HTOCTPOEHHYIO
AJId paCKpaCKu p B COOTBETCTBUU C YKa3aHHBIMHA IIPUHIOUIIAMHA, Mbl HA30BE€M
UENDBIO 3ANPEMOS B PACKPACKE p.

Sameuanue 8. Ecim asc(by) = ag_1 # br_1, TO BepIIMHA Af_1 CMEXKHA U C
bi—1, u ¢ by, ciegoBaresnbho, p(ag—1) & {c(k —1),c(k)} = {1,2}.

3.2 VYcaosus (C1) u (C2)

ITycTs by, ..., b, — mens 3anperoB a1s packpacku p. Ilepen ommcannem mara
asiroput™Ma (BbIOOpA CJIeYIONIEeH BEPITHHBI TOCIEA0BATELHOCTH) Mbl ¢HOp-
MYJUPYeM JBa Ba’KHBIX YCJOBHUS W BBISICHUM PsIJ] CBOUCTB IENN 3aIlPETOB,
YJIOBJIETBOPLIONIEH 3TUM YCJIOBUAM.

(C1(p)) Mpum Beex @ € {1,...,p} cymecTByer eIMHCTBEHHBIH 3amper Ha
user ¢(i + 1) st Bepiusbt b;.

(C2(p)) Mycrb i € {1,...,p}, v € Ni(b;), BCe coceu v OKpALIEHbI B
npera 1 u 2. Torma v — Ga3oBasi BepiuHa 3anpera Tuna 2 Ha nser ¢(i + 1)
JIJIST BEPITUHBL b;.

Cuieyromue Tpy JIEMMbI OKAXKYT BO3MOKHOCTH JIJIs1 M3MEHEHUs! [[BETOB
BepIuH nenu 3anpetos. Mbl GyieM IPUMEHSATH STH JIEMMbI JJIs1 JI0KA3aTeIb-
CTBa KOPPEKTHOCTH TMArOB MOCTPOCHUS.

Jlemma 4. Ilycmov by, ..., by — uenv 3anpemos dasa packpacku p, yoosiemeo-
parowas yeaosuam (Cl(s —1)) u (C2(s —1)). Pacemompum 1osyro packpac-
ky p', 6 komopot p'(b;) = c(i+ 1) dan i € {1,...,s}, a yusema ocmasvrvx

sepwun makue dce, Kax 6 packpacke p. Tozda ewnoanaomes caedyrouue
YMmeEePHCIeHUA.

1) Ecau sepwuno, uw u v emeschor u p'(v) = p'(u), mo aubo u = by,
v € Ni(bs) u p/(v) = pv) = c(s+ 1), aubo v = by, u € Ng(bs) u p'(u) =
plu) = (5 + 1).

2) B packpacke p' sepuuna a ne A6AAEMCA NAOTO.

3) Ecau sepuuna v — naozraa 6 p, o ne naozras 6 p, mo v € Ng(bs),
npuUMEM 6 PACKPACKe p 6EPWUHG U — 0A306a4 6EPUUNG 3ANPEMA MUNG 2 HA
ueem c(s + 1) dan eepuunot by.

Hoka3zarenbcrBo. 1) [lycts Bepmunsl u u v eMexubl 1 p'(v) = p/(u). Tak
Kak p(v) # p(u) B CUIy TPABUJILHOCTH PACKPACKH P, TO XOTS OBl OJTHA U3 STUX
JIByX BEPIIUH J0JIZKHA ObITh 1epekpaiiena. He ymaiisisi 0O1IIHOCTH, IIyCTh 3TO
u = b;, MBI Iepekpacuin ee u3 1npera ¢(i) B uer ¢(i + 1).

[Iycrs v = asc(b;). B caygae, xorpa asc(b;)) = a;—1 # b;_1, MBI UMeeM
pai—1) = plai—1) & {1,2}, crenoBarennuo, p'(a;—1) # p'(b;), uro memaer
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HEBO3MOKHBIM cirydait u = by, v = a;_1. Tak kak p/'(b;_1) = c(i) #c(i+ 1) =
p'(b;), cayqait uw = b;, v = b;_1 Tak¥kKe HEBO3MOKEH.

Takum obpasom, v # asc(b;) u ocraercs paccMoTperb ciay4daii u = b;,
v € Ni(b;). Ilyers @ < s. Torga mo yeaosuo (Cl(s — 1)) y Bepummns b;
MOTJI0 OBITEH He GoJiee ABYX coceseii mBera ¢(i+ 1) — 310 b;_1 u b; 1. O6e 3Tn
BePIIMHBI TIOMEHSIA CBOI I[BET, CJIeJ0BATENIbHO, i = .

Nrak, u = bs, v € N (bs), p'(v) = p'(bs) = ¢(s + 1). Mbl uepexpamubajin
B uBer ¢(s + 1) Tonbko Bepmunbl nupera c(s), a p(v) # p(bs) = c(s) B cuy
npaBusibHOCTH packpacku p. CremoBarennho, p(v) = p'(v) = ¢(s + 1).

2) JIokazKuM, 4TO BEPIIMHA @ He sIBJISETCS IJI0XON B HOBOIi packpacke p'.
B packpacke p Bce cocenn Bepimubl a umeroT mser 1. Bepumuna b; € Ng(a)
uepekpamena B user p'(by) = ¢(2) = 2. Tokaxem, uro by, ...,bs—1 & Ng(a)
— roryia B Ng(a) BXOAUT MAKCUMYM JIBE epeKpalleHHble BepiuHbl (310 by u,
BO3MOXKHO, bs) n u3 |[Ng(a)| = dg(a) > 3 cnenyer, uro B Ng(a) ecrh BeprnHb
nBeToB 1 u 2 B packpacke p, TO €CTb @ He SBJILeTCH ILIOXO0il BepIINHON B 3TOI
packpacke.

[IpeAmoaoKuM, ITO HEKOTOPBIE W3 BepiiuH by, ..., b, mexar B Ng(a).
[Tycrb @ (1 < @ < s) — naumenbinuii Takoii Homep, uro b; € Ng(a). Tlpea-
nosioxkuM, uto @ = asc(b;). Tak kak p(a) € {1,2}, ro a # b;_1, HO TOTHA TIO
[IOCTPOEHHIO BEPIIUHA G CMEXKHA C b;_1, IIPOTHBOPEYHE.

Ocraerca ciyqait a € N (b;). Torna no yerosuo (C2(s — 1)) Bepmuna
a noskHA OBITh 6a30Boil 1g 3ampera Ha 1Ber c(i + 1) jag Bepuuubl b; B
pacKpacke p, OJHAKO IJI0Xasd BEPIIUHA ¢ TAKOBOH ObITh OYEBHIHO HE MOKET:
OHa, He ABJISCTCA ONACHBIM coceaoM b;. TToyuennoe mpoTuBopedne 3apepina-
eT JI0Ka3aTeJIbCTBO.

3) IIpeamosioKum, 4TO BepIIHHA v — IUIOXash B o', HO HE IJIOXas B p.
Tak Kak Bce IBeTa KpoMe 1 W 2 OCTaJINCh HA CBOMX MECTaX, OKPECTHOCTD
BepLIMHBL U J0JIZKHa ObITH HOKpalleHa B npera 1 u 2 B packpacke p. Kpome
TOrO, ¥ JOJIZKHA OBITH CMEXKHA XOTS ObI ¢ OJHON U3 IepeKPaIIeHHbIX BePIINH.
[Tycte v € Ng(b;), 1o v & Ng(bj) mpu j < i. PaccMoTpnM HECKOIBKO CIydaes.

a. I[Ipeanosoxkum, aro v € Ny (b;). Ilycrs @ < s. [To yeaosuio (C2(s—1)),
Torga v — Ga3oBag BepInHA 3anpera Ha 1BeT c¢(i + 1) mng Bepruub b;. B
9TOM CJIydae 110 NOCTPOEHUIo BepumHa b1 cmexna ¢ v = asc(b;;1). Onnaxo,
MBI [IepeKpacu/iu Bepiiuhy b; 11 B oimanbiii ot ¢(i+ 1) nser, cjiegoBare/bHO,
BepIIMHA U HE MOTJIA CTaTh ILIOXOM.

[Iyctsb ¢ = s. Torma Bepmmna v He CMeKHA € IPYTUMHE MepeKpalieHHbIMA
BepmuHaMu by, ..., bs_1, caemoBaresibHo, Bee Bepmuubl u3 Ng(v) \ {bs} B
packpacke p umeroT 1ser ¢(s + 1). Takum o6pazom, v — 6a30Bast BEPITHHA
nuist 3anpera Ha nser ¢(s + 1) g Bepumubt bg.

b. [Tycts v = asc(b;). Tak kak 10 BHIGOPY i BEPIIMHA U HE CMEXKHA C b;_1,
MBI 110 OCTPOHUIO UMeeM v = b;_1. BoJiee Toro, Bepinna b;_; He CMeXKHa HU
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C ofiHOI M3 BepiIHH b; rae j < ¢ — 2.

Ecin b,y cmexua ¢ bj u j > i, 1o b; € Ni(bi—1), B 910M ciyuae u3
IPABHJILHOCTH HCXOAHON packpacku cienyer p(bj) = p(b;) = c(i), no Torma
y BEpHIMHBI b;_1 KaK MHHEUMYM JBa 3ampera Tuna 1 Ha user c(i + 1), 4o
nporusopednt yeiaosuo C1(s — 1). Takum o6pazom, b;_; ¢MeKHA POBHO €
OJTHOI TepeKpalIeHHol BePIInHOMi b;, 11 KOTOPOIi

p(bi) =c(i+1) =c(i —1) = p(bi-1).

Ocranbubie Bepmunbl 13 Ng(b;_1) uMeoT B packpackax p u p OJUH ¥ TOT
JKe T[BET, CJIe/I0BATE/IbHO, B CUJIY IPABUJILHOCTH PACKPACKH P HE MOTYT ObITh
nokpamensl B et p(b;_1). Takum o6pa3om, BepumHa v = b;_1 HE SBJISETCA
IJI0XOi B packpacke p'. O

Jlemma 5. Ilycmov by, ..., by — uenv 3anpemos das packpacku p, yooeiemeo-
parowas yeaosuam (Cl(s—1)) u (C2(s—1)), a y sepwunwv. by nem zanpema
na yeem c(s+1). Tozda cywecmeyem makas packpacka p' eepwun epaga G,
umo p <g p.

JoxkazarenbcTBo. PaccmorpuM packpacky p’, MOJYUEHHYIO U3 P CJEIYIO-
Imei mepekpacKoil BepIWH: I BCeX ¢ OT 1 70 S mepekpacuM BepiinHy b; B
user c(i + 1).

[TpeamoiozKuM, 9TO B pacKpacke p’ MOSBUIACH Mapa CMEYKHBIX OJHOIBET-
ubix Beprud. [lo jlemme 4, oiHa n3 HUX — 310 by, U3MEHUBINAs CBOI BET HA
c(s+1), a Bropass — Bepmuna v € N (bs), npuaem p'(v) = p(v) = ¢(s+1), To
eCThb, BEPITMHA U HAKJIQ/IbIBAJIa B pacKpacke p 3anper tuna 1 ua npser c(s+1)
JITSl BEPIIUHBL Dg, 9TO TPOTUBOPEYUT TIPeIIOTI0KEHHIO.

[TpeamoozKuM, 9TO B packpacke p’ MOSBUIACH ILIOXast BeprmuHa v. Ilo
nemme 4, Torga v € Ng(bs), mpudueM v gBIsieTcsl B packpacke p 6a30Boii s
3ampera tuna 2 Ha nBeT ¢(S + 1), 9TO MPOTUBOPEUUT MPEIOIOKEHUIO.

B cniy nemMMbl 4 Tenepb MOXKHO yTBEp:KAaTh, 9To p) < p. O]

Jlemma 6. Ilycmo by,...,bs — uenv s3anpemos das packpacku p, ydosie-
meopaowan yeaosuam (C1(s—1)) u (C2(s—1)). Iyemo packpacka p' <g p
maxoea, wmo ece eepwunv, ud Ng(a) \ {b1} 6 packpacre p' umerom maxoi
orce uysema, Kak u 6 p — usem 1, a das awbot eepuwunn, v € V(G) uz
p(v) € {1,2} caedyem p'(v) = p(v). Tozda evnosnsemca 0dno u3 06yx
ymeeprcoeHul.

1° Iocaedosamenvrocmo by, ..., by — uensv sanpemos das packpacku p,
ydosaemeopsrowasn yeaosuam (Cl(s — 1)) u (C2(s — 1)).

2° Cywecmsyem packpacka p’ < p.
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Hoka3zarenbcrBo. Tak Kak J06as BepluHa v 1BeTa 1 WK 2 B PACKpacKe
p' MMeer Takoii Jke HBeT B pacKpacke p, TO J000i 3anper na nser c¢(i+ 1) €
{1,2} ana Bepmmubl b; HakIaabIBaeTC TeMu ke Bepmunamu npera ¢(k+ 1),
9T0 U B pacKpacke p. OTCIona e CJIe/Iyet, 9To MOCIeI0BATeIbHOCTD by, . . ., by
yaosierBopsier yeaosuto (C2(s — 1)).

[Tycre yenosue (C'1(s — 1)) Boimoaaeno s packpacku p'. Torga u3 cka-
3aHHOIO BBIIIE CJIEJYET, YTO BCE BEPIIUHbL Dy, . .., by COXpaHu/Iu CBOH nBer u
9Ta MOC/IE0BATEIbHOCTD SIBJISIETCSI TIETIBI0 3alIPETOB JjIs PACKpacku p'.

[Tycrs yenosue (C'1(s—1)) ne Boimosineno jyis packpacku p'. Torpa cyime-
crByer Takoe t € {1,...,s}, uro B packpacke p' y BepiiuHbl b; HeT 3ampera
ua nger ¢(t + 1). [Tycrs ¢ — Haumenbiee Takoe 4ucao. JJokazkeMm, 9To TOTIA
BCce Bepuuubl by, . . ., by nokpantenst B p u p' onunaxoso. Ecau p'(by) # p(by),
TO BEPIIMHA @ HE ABJAETCs IJIOXOH B packpacke p/, caegoBareabno p < p u
yTBepzKieHne JeMMbl Jokazano. Eciau ke p'(by) # p(by) = c¢(f), tae 1 < £ < t,
TO [O TIOCTPOEHUIO y BepIIHHBI by_; HeT 3ampera Ha 1nBer ¢(£), 970 mpoTUBO-
peunt MuHAMaabHOCTH t.) Torma muist packpacku p BBIIOJHSIOTCS YCIOBUS
(C1(t—1)) u (C2(t — 1)). ITo temme 5 myist s = t cymecTByeT packpacka p'
rakas, aro p” <g p <g p. O

3.3 IIlar anropurma: BbIOOD BEPIIUHBI by

Urak, mycTh yKe BHIOPAHBI BEPUIUHBL by, ..., b1 (rae k > 2), npudem Bce
oru BepmmHbl paziuunbl, p(b;) = c(i) pis Beex @ € {1,...,k — 1}. Ieun
3aIpeToB OyJIeT CTPOUTHCSA TaK, 4TO HMepes HAadaaoM k-TO IIara aJropurMa
(To ecth, mrara Beibopa BepmiuHbl by) BoimoHenbr ycsosus (Cl(k — 1)) u
(C2(k —1)).

I[To ycnosuto (C'1(k — 1)), y Beputunsl by_1 POBHO OJMH 3alPET HA IBET
c(k). Paccmorpum stor 3anper. Eciam 310 3amper tuma 1, To cymecrsyer
enuHCTBeHHAs BepmmHa U € Ni(by_1), nokpamennas B uper c(k). B srom
ciydae mojioxkuMm by = u, asc(by) = bg_1.

[Iyctb y Bepmubl by_1 ecTh 3amper Tuna 2 Ha uset c(k), a v — 6azoBas
BepIINHA TOro 3ampera. Toria Bee OTIHYHBIE OT by_; BepimuHbl U3 Ng(v)
nokpaiensl B et ¢(k), Bo3bMeM B KauecTBe by JIIOOYIO U3 9TUX BEPUIUH U
nosiozxum asc(by) = ax—1 = v.

B cityuae, Korja BepiimHa by, coBlajia ¢ 0JHOl U3 paHee BHIOPDAHHBIX BEP-
IIIUH, aJrOpUTM 3aBepmuT padory. Eciu ke Bepmunsl by, . .., by pa3iudHbl,
10 60 MBI no0beMcs Bbinosaenust yeaosuit (C'1(k)) u (C2(k)), mubo ai-
TOPUTM 3aBEPIIAT PabOTy, U3MEHUB UCXOJHYIO PACKPACKY p) HA TAKYIO PAC-
kpacky o, aro p <g p.
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3.3.1 IloBTOp BEpIINHBI

[Ipeamnosoxum, aro b, = by tae t < k. HanomauMm, aro Bce BepimuHb by, . . .,
by_1 pasnmunbl. PaccMoTpuM cieyiomyio packpacky p': miast Beex i ot 1 110
k—1 monoxum p'(b;) = c(i+1), Ha ocTATBHBIX BEPITHHAX U MOJIOKUM p' (V) =
p(v). Ormerum, uro s packpacku p Bbinoanenst yeiaosust (C1(k — 1)) u
(C2(k—1)), crenoBarenbHo, packpacka p' yJ0BJIETBOPSIET YCJIOBUAM JIeMMbI 4
s s = k — 1. Mbl nokazkem, 4To packpacka p/ — npaBuiabHasg u p' <g p.

[TpeaiiosiozkuM, 910 B packpacke p’ MOSBUIACH apa CMEKHBIX OJIHOIBET-
HbIX BepiuH. [1o jemme 4, ojHa U3 HUX — 9TO b1, U3MEHUBIIASA CBOH 1BET
ua ¢(k), a Bropas Bepumna v € Ng(by_1), mpudem p'(v) = p(v) = ¢(k), 1o
€CTh, BePIIMHA U HAKJIA/pIBAIA B PacKpacke p 3auper tuna 1 ma user c(k)
qutst Bepmuabl bg_1. Ilo mocTpoenunto 310 o3navaer, aro v = by = b, HO 914
BepiuHa nepekpaniena B uer ¢(t + 1) = ¢(k + 1). Tlo jsemme 4 nosryuaem,
9TO packpacka p’ — IpaBHIbHASL.

[Tpero1ozKuM, 94TO B packpacke p MOSBHIACH IIoXag BepmmHa v. [o
nemme 4, v = ay_1 u Bce Bepumubl u3 Ng(ax_1) \ {br_1} umeror B packpacke
P’ user c(k). Onnako, mo MOCTPOECHUIO aj_1 cMexHa ¢ by = by, a p/(b) =
c(t+1) = c(k+1) # c(k). Torga by, by—1 € Ng(v) umeror pasubiii 1ser B
packpacke p', IpOTHBOpPEYHE.

B cuity sieMMbl 4 Tenepb MOXKHO YTBEp:KJaTh, 4To p <g p. Anropurm
OCTAHAB/INBACTC.

Urak, Terepb MOXKHO CIATATH, 9TO BCE BEPIIUHBL Dy, . .., bx_1, by pazand-
HbBI, 4TO Mbl U Oy/IEM HCIO/IB30BATH HA CJEIYIONUX dTalaX ajrOpuTMa.

3.3.2 IIpuBeneHue B MOPAA0K OKPECTHOCTH BEPIIUHBI Dy

MBI XOTHM JOOUTHCS TOrO, YTOOBI BBIOIHAICH OJJHO M3 JIBYX YCJIOBUIL:

(R1) y Bepmunbt by poBHO onuH 3anpeT Ha mser c(k + 1);

(R2) y Bepmunbl by HeT 3ampeTa Ha Kakoii-to mser i # c(k).

Ecau seinostnurces yenosue (R1), to, ouesuano, seinosnurcsa u (C'1(k)). B
9TOM CJIy4ae Mbl poBepuM BoinojHenne ycjosus (C2(k)). Ecau 1o yeiosue
BBITIOJTHSIETCSI, TO aJIFOPUTM TIepeiiieT K cJepyoneMy mary (Bhioopy BepIi-
HbBI Dj1+1), & B IPOTHBHOM CJIydae 3aBePHIUT PaboTy.

B ciyuae, kora BeinotHATCS yeaosue (R2), aaroputM nepeiiier K pasje-
Jay 3.3.3, B KOTOPOM 00st3aTesibHO 3aBepiiuT padbory. C mOMOIIbIO aJropuTMa
DN wmbt OyjieM U3MEHSTh PACKPACKY TaK, YTOOBI BBITIOJIHUJIOCH OJTHO U3 YCJIO-
Buii (R1) u (R2). Tlepeiizem K meTaJbHOMY OMUCAHUIO HATITHUX JefCTBHIL.

[Monoxkum B = N (by). Kaxgasa sepmnna v € B, sBistioniasicst 6a30Boii
JIT KAKOTO-TH00 3alpeTa TUIa 2, JaeT ABa 3alpera Ha IBET s by: 9T0 IBeT
p(u) m nBer 3ampera TUNa 2, MOITOMY O0IIEe KOJHUECTBO 3AIPETOB MOKET
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ObITH OoJtee d — 1.

3.3.2.1. Ilnnoxue Bepmunbl B N (by).
[Iycts © € Ni;(by) — mioxas Bepmuna, npudem p(z) = c(k + 1). Torga, Tax
kak by € Ng(x), Bce Bepmuunt u3 Ng(z) umeror user p(by) = c(k). Orme-
tuMm, uro {c(k),c(k + 1)} = {1,2}. Paccmorpum j11060e MHOKECTBO BETOB
J = {Ja, J3, Ju, J5, J6 }, HE COmeprKamiee NBETOB 1 M 2, 1 U3MEHUM PACKPACKY P
¢ nomonipto ajropurma DN (G, p, x, J). B pe3yibrare HoayduTcs packpacka
P <g p, npudem qubo p(r) = jo ¢ {1,2}, mmbo BepuMHA T HE SIBJISIETCS
wioxoit B packpacke p’. Bo Bropom ciayuae Mbl umeeMm p' <g p U aarOpUTM
OCTaHaBJINBa€TCd, B IIEPBOM CJ1y4dae Mbl IIPDOJOJIZKUM C APYTIUMU I1IJIOXUMHU BEP-
muaaMu u3 Ni; (), ecomm takue ectb. B pesyibrare b0 aaropuT™ oCTaHO-
BUTCSI, JIMOO TOJIyIUTCs packpacka p* <g p, VIOBJIETBOPSIONIAs CJIeLy IONTUM
YCJIOBHSIM:

— mrobas mioxast B packpacke p* BepumuHa u € N (by) Oyaer nmers nper
p*(u) # c(k +1);

— ecym p*(x) € {1,2}, 10 p*(x) = p(x).
3.3.2.2. MHO>KeCTBO JIOIIyCTUMBIX PacKpacoK.
3.3.2.2.1. CkaeuBanue 1nBeToB 1 u 2.
[TocTponm 1o packpacke p* HOBYIO PacKpacky pj, oobeawHUB IBeta 1 n 2
B onuH 1BeT /. Packpacka p] BIIOJTHe MOYKeT OKa3aThCs HEMPABHUJIBHOII, HO
J7Is1 JTIOOBIX JIBYX OJTHOIIBETHBIX B 0} CMEKHBIX BEPIIWH OJHA W3 HUX MMEET B
packpacke p* nBer 1, a npyrag — nser 2. Jlrobasg mioxag B pj BepIInHA U B
MCXO/IHOM packpacke p* ubo aBaseTcst mIoxoi, mbo Bee Bepiunbl n3 Ng(v)
UMerT B packpacke p* npera 1 u 2.

3.3.2.2.2. MuoxkecTBO packpacok D;. Nznauanbuo nonoxum D = {rho*}
D; = {p;}. lycrs G’ — rpad, nonyuennsiii uz G ypanenuem Beex pebep, co-
eIMHAIONKX by ¢ BeprimHamu u3 B.

PaccMoTpuM npousBoJibayio packpacky pr € Dy. Tycers U(pl) — muOwKe-
CTBO, COCTOdAIIee U3 IJIOXUX B packpacke pt rpada G’ Bepmun MuoxkecTsa B,
aT(p}) = B\U(p}). lycrs u € U(p}). Ormernm, uro de(u) > 3 mia moboii
sepunbl u € U(pl), cneposarensno, de(u) > 2. 910 06CTOATENBLCTEO Jla-
er npumenuth K Bepumue u agroputm DN. Iycrs J = {jo, J3, Ju, J5, J6 } —
POU3BOJILHBIT HAOOP MBETOB, He copepKamuii I 1 yJ10BIeTBOPSAIONIHIA yCI0-
pusam (1), (J1) u (J2) nia sepmunbt u, rpada G’ u packpacku pr. Pacemor-
PUM PacKpacKy p%, HOMYUeHHYIO U3 pr B pe3yjbTaTe IpUMeHeHH aJropUTMa
DN(G, p},u, J). Ormerum, uto p? <q pj, caeposatensno, U(p?) C U(ph).
ITo temme 3 mbr umeenm p? <g pt. TloMecTunM packpacky p? B MHOKeCTBO Dj.

B HECKOIBKO MIaroB MOCTPOUM MHOYKECTBO JOIYCTHUMBIX Packpacok D,
IPUMEHAA BCEBO3MOKHBIC YKA3aHHBIC MPONETYPhl K PACKPACKAM, y7Ke HAXO-
namumea B Dy, 13 KOHEIHOCTH MHOKECTBA PACKPACOK CIELyeT KOHEYHOCTD
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nocrpoerusi. OT™MeTnM, IT0 [171s T000i packpacku p) € Dy mo moCTpOeHH o
BBIIIOJIHAIOTCHA CBOHCTBA

pr <c i, U(pp) CU(p}).

KpOMe TOro, B 1ponecce HeperaHII/IBaHI/Iﬁ He ,ZLO6aBI[HJ’[I/ICb HOBbIC€ BEPIUINHBI
usera I, nosromy us pf(v) = I caenyer pj(v) = 1.

3.3.2.2.3. PackiaeuBanue nsera /. MHO>XecTBO pacKpacok D.
Paccmorpum pousBo/ibHy 0 packpacky p; € Dr. Tlocrpoum HOBYIO packpac-
Ky p ciaegytomum obpasom. st jit060oit Bepuuubl v Takoii, uro pf(v) = I
HaM u3BecTHO, uTo pj(v) = I. Torma momoxum p'(v) = p*(v). Takum obpa-
30M, MBI “packJiennn’ 1Ber | obparHo B nBera 1 um 2.

Hawm uzBectHo, uto p) < pj. Tak kak HOBBIX BepiiuH nBeta I He 100aBHU-
JIOCb, a IIPpU PaCKJIEUBAHUHW IBETOB Mbl IIOKPACUJIM BEPIIWHbBI IIBETA _[ B I BE€TA
1 m 2 B packpacke p’ Tak ke, Kak u B p, 10 p' <g p* <g p, ciegoBarenbHo,
p/ — npaBmiabHast packpacka seprmH rpada G.

[Tomectum packpacky p' B muoocecmeo donycmumnx packpacok D. Pac-
KpacKu MHOxKecTBa D OyaeM HaszbIBaTh donycmumvimu. Jlamee Mbl Beerga
Oy/jieM cuutarh, 4T0 packpacku o' € D u p) € Dy coorBeTCTBYIOT JAPYT JPY-
r'y, TO €CTh, IePexXO/IdT JIPYT B JIpyra Nnpu ckjenBanuu npetos 1 u 2 B uper [
U ONMKMCAHHON BbINIE 0OOPATHON Oneparun.

[Iycts p' € D. OrmeruM, uro s Jioboii Bepmabl v u3 p'(v) € {1,2}
caenyer p'(v) = p*(v) = p(v). CremoBarenbHO, packpacka p’ yI0BIETBOPSIET
yeaosuto (C2(k —1)).
3.3.2.2.4. CpoiicTBa JOIIyCTUMBIX PACKPAaCOK.

Mpbr goKazkeMm, 9TO B CJIydae, KOTJA He BBITIOTHSIOTCS JBA CJIEIYIONIIX
CBOMCTBA aJIrOPUTM OCTAHABIMBAETCH, PEAbsIBIAA packpacKy p’ <qg p.

1) B aboti donycmumoti packpacke éce sepwunv, muoscecmsa Ng(a) no-
Kpaulerv, max e, Kax u 6 p — 6 usem 1.

HokazareabcTBo. [IpenosiokuM, 9To CyImecTBYIOT TakKue BepIIdHA U €
N¢(a) u packpacka p' € D, uro p'(v) # p(v) = p*(v) = 1.

Ormernm, uro rtorga p;(v) # pi(v) = I. Mbl u3MeHWIN PACKPACKy Bep-
LIMH P} HA PACKPACKY p7 B HECKOJIbKO LIAIOB, KAXK/IbIH 1Al COCTOSAI B LIPH-
MeHeHun ojHOoro ajaropurma DN ¢ muoxkecrsom 1nperoB J Z I. ITo myHk-
Ty 3 3amedanus 6 3a Kaxkjoe npumenenue ajropurma DN MakCUMyM ojHA
BeplIMHa nBera I Morsa u3MeHUTh IBer. Bee Bepumnbl u3 Ng(a) umeror B
packpacke p; BeT /. PaccMoTpuM mepBbIil Iar mepeKkpacku, ocae KOTOPOro
M3MEHUICS BT OJHON M3 BepHIMH MHOXKecTBa Ng(a), mMycTh 3TO BEpIIHHA
z. Ilycrb B pesy/ibTare 3TOro Imara nojydena packpacka pr € Dy. Torma
Pt <c p* < p-
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Bepmmna a He aBasgercs Iioxoll B packpacke p' (y mee B p' poBHO onuH
coce/1 IBeTa, OTIMYHOro 0T 1 — BepimHa T), cjejoBaTeabho, pb <g p. An-

TOPUTM OCTaHaBJINBAECTCS. O

2) /Tas a060t packpacku p' € D ysema eepwun by, . .., by_1 6 packpackaz p u
) )

p 00UHaKO08VL, Nnocaedosamenvhocms by, ... by —uenv 3anpemos 6 packpacke

0, yoosaemeoparowas ycaosusm (CL(k —1)) u (C2(k —1)).

JoxkazarenbcTBo. [lo jokaszanHoMy Bbile, 11t packpacku p' u s = k BbI-
MOJIHAIOTCS Bce TpeboBauust jgeMMbl 6. Toraa 1nbo0 BHITTOJIHSIETCsS T0KA3bhIBa-
eMoe CBOHCTBO, b0 cymecTByeT packpacka p”’ <g p. B mocremmem coayuae
AJITOPUTM OCTAHABIUBAETCSI. O

3) ycmo p € Dr, uw € U(p}), npusem pf(u) = I. Tozda sepusuns us N (u)
umelm 6 packpacke py yeem, omauwnold om 1.

HokazarenbcTBo. Bee Bepmuubl MHOKecTBa N¢v (1) UMEIOT B pacKpacke
Py ommH W TOT Xke mBeT 1. llpemmonoxum, uro i; = [. Tak kak mser [
obpasoBan mpn ckiaenBanuu 1peroB muoxkectsa {1,2} = {c(k),c(k + 1)},
B CHJLy IIPABUJIBHOCTH PACKpPacKu p’ M CMEXKHOCTH U C BEPINUHOI by nsera
p'(by) = c(k) vl umeem p'(u) = c(k + 1). Torma nBer Bcex BepiIMH W3
N¢(u) B packpacke p’ — 3ro ¢(k + 1). OxHako, mocje BbIIOJHEHUS IYHKTA
3.3.2.1 TakuX BepIIMH He OBLIO U He IMOSBUJIOCH B MPOIECCE TOCIEYIONNX
MepeKpalIuBaHuil, TaK KaK He J0OABJISINCH HOBbIE BEpPIIUHBI MBETOB 1 u 2.

O

3.3.2.3. MuauMmagbHasg JOMyCcTUMAas packKpacka.

B muoxectBe packpacok Dy BeiGepem packpacky pf, mias koropoit |U(p})]
muHEMaabHO. Onpenennm Habop mperoB C(p}) caexyrommv obpasom: st
kazk 10§t Bepumubl u € U(p}) momectnm B C'(p)) 1iBet, B KOTOPBIii MOKPAIIEHBI
Bce BepuuHbl 13 N (1), a s kaxnoit Bepumunsl ¢ € T'(p}) nomecrum B C' ee
user p(t). Takum obpasom, nosyunsics Habop ue Goaee vem u3 d — 1 npera.
Paccmorpum jiBa ciydasi.

3.3.2.3.1. B na6ope C(p)) He MeHee aAByX pa3 BcTpedaercs nser /.

Tak kax |C(p})] < d—1, a kosmuecrBo nperos pasuo d— 1, T0 B 910M HAGOPE
He BCTpedaercst ojauH u3 nperoB i # [. ITocrapaevcst n3baBuTh OT 1BETA @
Beprnabl MHOXKecTBa U(p]). Tlyeth Uy, ..., Uy, — BCe BEePHIMHBI MHOYKECTBA
U(p}), nmerotie B packpacke pj 1BeT i. PaccMOTpUM OYePeHYI0 BePIIHHY
Ug, mycThb ig = pr(us) = i, a i3 — uBer Beex BepiuH U3 N (ug). TTomokum

K = {1,i}.

IToab6op uBeroB mja aaropurma DN.
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BuiGepem natop J = {jo, J3, J4, J5, J6} U3 He BXoagmux B K IBETOB Tak,
aroObl cobuopamuch yeaosus (1), (J1) n (J2).

Cuauasa nogbepem mBer jo. OH HOJIZKEH OTINYATHCS OT 41, ¥, BO3MOXKHO,
eme AByX mBeroB (ecam cpenn BepurmH MuHOKecTBa B\ {us} BeTpevaercs
He GoJiee, yeM JBa mBeTa, TO 1o ycaousMm (J1) u (J2) nper jo He MOKeT
OBITH OJHUM W3 HUX). LITOro MBI MMeeM He GoJiee TpeX 3alpeToB Ha IBeTa,
He Bxojgime B K. Ormerum, 4To B JIFOOOM CJydae Mbl HOJLYyYUM Jo 7 i, Tak
Kak 19 =1 € K.

Caeyronum Mbl BeIOepeM 1er js. [1o yeaosuto (1) oH 1017KeH OTIndaTh-
csl OT [BETOB i1 U Jo. Eciu Bce Bepummabl MHOXKecTBa B\ {u} mokpariensr
B OJIUH TIBET, TO j5 1m0 ycjoBuio (J1) He MOXKET COBHAJATH ¢ STHM I[BETOM.
Mroro mbl umeeMm He GoJiee Tpex 3allpeToB Ha 1Bera, He BXojsiue B K.

[Ber j3 M0/i2KeH ObITH OTJIMYEH OT i1, Jo U j5, IBET jy JIOJZKEH ObITH OT-
JIMYEH OT 11, Jo2, j3 U J5 W, HAKOHEI, IBET jg JIOJZKEH ObITh OTJIMYEH OT Jo, j3,
Ja 1 J5. O4UeBUIHO, JIJIA TAKOro Mojbopa IBETOB JOCTATOYHO, ITOOBI KOJIU-
YeCTBO I[BETOB, He BXoadamux B K, ObL10 He MeHee 5. Takum obOpa3om, HaM
JOCTATOYHO 8 I[BETOB B UCXOJHOM Habope (10 “ckienBanus’ neToB 1 u 2).

Teneps rpad G, Bepuimna us, packpacka p; u Habopbl nBeroB J u K
VAOBJIETBOPSIOT YCJIOBUSM JIEMMBI 3.

VHUYTOXKEHHUE I[BeTa | CPeiu BEPIIUH MHOXKecTBa B.
Boimosmanm aaropurm DN (G, ply, ug, J), mycTh B pe3yabrare mOJIyunTcs pac-
kpacka p] € Dy, 1o gemme 3 mMbl umeeM pf < pf.

Ormernm, uro pf(us) # ph(us) =i u U(p]) = U(p}). B camom jene, kak
nokazano B pasmese 3.3.2.2.2, U(p]) C U(p), HO cTporoe BKIIOUEHHE HEBO3-
MokHO BBHIY MuHuMasnbHOCTH U(p}). Ecmm xe pf(us) = pj(us) = i 1o 1m0
3aMEYaHMIO 3 BEPIINHA Us HE sIBISETCS IJIOXOH B NOJydeHHOi packpacke p”
rpada G’, caenosarensno, U(p)) C U(p}) \ {us}, nporusopeune.

Tak Kak HOBBIX BEDIIUH IBETA { HEe JO0ABHIOCH, TO KOJIUIECTBO BEPIINH
usera i B U(p!) menbie, uem B U(p}) u v ojiHa u3 Bepuius Muozkecta 1'(p7)
He nokparmrena B nser /. TakuM 06pa3oM MBI 3a HECKOJIBKO IMATOB HAHIEM
TaKylo packpacky pr € Dy, uro B muoxkecrse U(pl) mer sepmmn npera I u B
nabope C'(p}) ner upera I. Torga B packpacke p' y BepHinHbI by, HET 3aIPETOB
Ha 1BeT 7. B 3TOM ciydae alaropuT™M MepexoIuT K pasjeny ¢ packpackoii p'
K pazjeny 3.3.3, rie o0sg3aTe/IbHO 3aBEepPIIAT PadoTy.

3.3.2.3.2. B mna6ope C(p}) He GoJsiee ogHOrO pa3a BCTpeYaeTcs BeT /.
[Iycte w € U(p}), py(u) = I. Bee Bepruuubl MHOXKecTBa Nev(u) UMEOT B
pacKpacke p; BeT i1, MpUYeM BbIllle MbI JIOKA3AJIH, 4TO i1 # [. AHAJIOTHYHO
nyHKTY 3.3.2.3.1 MBI ¢ TIOMOIIbIO TPUMEHEeHHsI cepuu aaroputMoB DN u3-
MEeHHM pacKpacky p; Ha pt € D Tak, uTo0bl HHKaKas BEPITMHA MHOXKECTBA
U(p}) ne 6ni1a nokpamena B user I u B nabope C(p}) OGbLI0 POBHO OIHO
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Bxoxaenne mpera [. (EquHCTBEHHOE OT/IHYHE COCTOUT B OTCYTCTBAH HEOOXO-
JIMMOCTH 3allpeliarh Jijisg Habopa 1BeToB J HBeT %, M0ITOMY Telepb XBATUT
CeMH TIBETOB.)

IIposepka yciosuii (C1(k)) n (C2(k)).

Hanomunm, uto s packpacku p' € D poinosnens yeiaosusa (C1(k — 1)
u (C2(k —1)). Ocraercst j1oka3aTh JIUIIb BINO/THEHUE YCJIOBUI [T BEPIITH-
HEIL by,.

Kazpiit sanper tuna 1 na uset c(k+1) aua sepmunst by B packpacke p'
cooTBeTcTBYeT Bepmuue x € T(pl) npera pl(z) = I. Kaxaprii 3anper Tuna
2 na user c(k + 1) umeer 6azosyio sepmmuny u € U(pl), ana xoropoit Bee
sepmunbl u3 Ner(u) noxpamenst B pr B user I. Takum 06pazoMm, KazKibiii
sanper Ha upet c¢(k+ 1) 1yis BeprmuHb by, B packpacke p' cooTBeTCTBYeT BXO-
xjenuio B Habop C'(pl) nsera I. IlockoIbKy Takoe BXOZK/IeHHe e IMHCTBEHHO,
TO U 3amper He OoJee YeM OIUH.

Eciin 3anper na user ¢(k+1) juis Bepimunb by B packpacke p* cylecrsyer,
10 BbInoHeHO yeaosue C'1(k). Ecm ke y Bepiunbl by, HET 3aPETOB Ha 1BET
c(k + 1), To npuvenus g s = k u packpacku pl jgemmy 5 Mbl mosyuuwm,
4TO CyIIeCTBYeT TaKad pacKpacka p?, uro p? <g p' <g p. B atom cayqae
AJITOPATM OCTAHABJIMBACTCS.

[Tpeanosoxkum, uto He Bhinoauserca ycaosue C2(k). Toraa cymecrsyer
Takas sepumna v € N (bg), aro Bee sepmmubl u3 Ng(v) nokpamens B ph
B 1Beta 1 m 2, HO v He sBJsieTcss 0a30BOIl BepIIMHOI 3ampera Tuna 2 JJIs
sepiunbl by,. [lonarno, uro v € U(p}) u Bee Bepmmubl u3 Ng/(v) umeror B
packpacke p} et I, To ecTh, BepIlliHe v COOTBETCTBYeT BXOZK IeHHue 1BeTa [ B
natop C(p}), He cooTBeTcTBYIOMmee 3anpery Ha nBeT c(k+1) 171 BepITuHL by,.
B srom ciydae sanperos Ha user c¢(k + 1) mis Bepmunb by B packpacke pl
HET W aJTOPUTM, KaK O0bsICHEHO BBIIE, 3aKOHIUT CBOIO PaboTy.

3.3.3 OrcyrcrBue 3amnpera Ha 1Ber i # c(k + 1)

Urak, mepexomuM K MOCJTeTHEMY OCTABIIEMYCS CJIydar0, KOTJA y BEPIIHHBI
br mer 3ampera Ha et i ¢ {1,2}. OxHako, 370 BOBCe He O3HAYAET, YTO by
MOZKHO TI€PEKPACUTH B IBET 7 TOMY MOYKET MOMeITaTh TPeI0K BEePITUHBI by
Nmeroniyrocst Ha JIaHHBIA MOMEHT pacKpacKy Oyjiem obo3navarhb depes p. Mbl
snaem, uto p! <g p. Hamteit neanio Oyaer 3aBepiienne paboThl aIrOPUTMA.
PaccmorpuMm aBa caydasi.

3.3.3.1. asc(bg) = br_1.

B srom ciayuae p(bg—1) = c(k — 1) # 4, Tak 9TO packpacka OCTaHETCsl Mpa-
BUJILHO{T U HIOCJIEe TepeKpaInuBanus by B 1BET ¢, OJIHAKO, BepIiuHa by_1 MOXKeT
CTATh TJIOXOI: B TOM cJiydae, ecau by_; — omacHslii cocel by M Bce BEPITUHBI
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13 N (bg—1) \ {bx } numeror et i. B arom ciyuae pacemorpum rpad G, moty-
yennblii u3 G ynajaenuem Bcex pedep or by K ee cocegsam. B arom rpade by_q
— mtoxast BeprmHa. [Tomoxum ig = p(by—1) = c(k — 1), iy = i — uBer Bcex
Bepiu# u3 Ne(bg—1). Homoxxum K = {1,2,i}. IlocTpoum mogxoasmmii 1ist
npuMeHeHus JieMMbl 3 Habop nBeroB J. Kak m B nmynkTe 3.3.2.3.1, 14 1mo-
CTPOEHHs JOCTATOYHO BOCHMHI IBETOB. IlycTh p' — packpacka, moaydeHHas B
pesyabrare npumenenus ajaropurma DN (G, p, by_1, J). Tlo emme 3 mbl ume-
em p' <g p. OrMernM, 9TO HOBBIX 3aIIPETOB Ha 1BeTa 1,2, i B packpacke p’ He
nobasuioch. Eanncreennoil Bepmunoii nBera 1 u 2, KoTopas B IPOIECCe MOT-
JIa M3MEHHTDH CBOM IBeT, apiasercd sepmuna b,_1. Torna maag packpacku p u
s = k BBIIIOJIHEHBI Bce TpebGOBaHUs JIeMMBI 6 U OO CYIECTBYeT pacKpacka
p" <c p (B 9TOM Cilydae aJropuT™M OCTAHABJIUBAECTCH), JUOO JJIs PACKPAC-
K1 p 1MOCaeI0BATEALHOCTD by, ..., by — IeNnb 3anpeToB, yI0BJIETBOPSIONA
yeaosusivm (C1(k —1)) u (C2(k —1)).

Paccmorpum Bropoii cayuait. Tak kak p/'(bg_1) = p(bx_1), BBUIY 3aMeda-
Hug 3 BepinHa b1 mepecrasa ObITH II0X0H B rpade G', TO ecTh, BepIInHA
b, mepecTasia OBITH OMACHBIM cocenoM b 1 B rpade (G. 3amperoB Ha IBET 7
JIUIA BePIIUHBL by He J100aBUJIOCH U MbI TelePh MOKEM IIePEKPACUTh BEPIIUHY
by, B uBet i. B pesysabrare y sepmunbl by 1 B mosydennoi packpacke p’ mer
sampera Ha 1BeT ¢(k) (u3MeHuB 1BeT by, Mbl yOpasu CyNIeCTBOBAIINN paHee
e/IMHCTBEHHBIIl 3amper, a HOBBIX He nogsuioch) u p” <g p <g p. OTmernm,

qTO JIS PACKPACKH p MOCTIeN0BATEILHOCTD by, ..., bx_1 — TeNb 3alperos,
yaosersopsttomas ycaosusam (C1(k —2) u (C2(k — 2)), no3romy nupumMeHus
aemmy 5 s s = k — 1 u packpacku p”, MBI MOJydnM, 9TO CyHNIECTBYET

packpacka p; Takad, 4ro p1 <g 0’ <g p. AIropuT™M OCTAHABINBACTCS.
3.3.3.2. asc(bk) = Qf—1 7é bk—l-

[To mocTpoennto, by_| ABIsETCSA €IMHCTBEHHONW BEPITNHON OTJIUYIHOIO OT
c(k) nsera B Ng(ax—1) u dg(ax_1) > 3, cieoBarebHo, a1 HE MOXKET ObITh
onacHeIM cocefoM by. OIHAKO, BEpIIMHA (j_1 MOXKET UMeThb IBET i, TOTIA
nepeKkpainBanue b, B IBET { HAPYIIT HPABUILHOCTL pAaCKpacKh. Ilycrhb
rpad G’ noayden u3 G ynanenueMm Bcex pedep OT by K ee CoCeasaM, B 3TOM
rpacde ar_; — 1aoxas BepminHa. Kak ¥ B IpeJblAyIIeM IIYHKTE, TOJOXKUM
K ={1,2,i}, ananorunano onpeaegum HaGOp NBETOB J 1 U3MEHUM PACKpPac-
Ky Ha p' ¢ momomipio anropurma DN (G, p, ax_1,J). ITo nemme 3 Mbl umMeem
P <g p. OTMeTuM, 94TO HOBBIX 3alpeToB Ha mBera 1,2, ¢ He 100aBUI0OCH. AHa-
JIOTUYHO, OCTAHETCSI PAaCCMOTPETh Ciydait, koraa by, . .., by — menb 3amnperon
B packpacke p, yaosiersopsitomas ycaosusam (C1(k —1)) u (C2(k — 1)).

Torga, B 4acTHOCTH, COXPAHUIU CBOI 1BeT Bee BepmuHbl u3 Ngr(ag_1) =
Neg(ak—1) \ {bx—1}: nnage y Bepummnsl by_; ucdes 3anper tumna 2 ua nper c(k).
Crnenosarenvuo, p'(ax—1) # plag—1) = @ BBUay 3ameuanust 3. Tak Kax y
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BepIIMHBLL by, He J00ABUIOCH 3aIPETOB HA IBET 4, MBI MOYKEM IMEPEKPACUTH
by B 1Ber i, He HAPYIIUB [PABUJIHHOCTU PACKPACKH U HE CO3/aBas HOBBIX
moxux BepmuH. Mbl noayunan HoByio packpacky p” <g p, B KOTOPOii y
BepIMHbl b1 Her 3ampera Ha mser c(k). OTmerum, 4TO s packpacKu
p" mocnenoBaTebHOCTD by, . ..,bg_1 — IEllb 3alperoB, Y/I0BJIE€TBOPAIOIIAL
yeaoBusaMm (C1(k—2) u (C2(k—2)), nosromy npuMeHus jemMmy b st s = k—1
U packpacku p”, Mbl HOJyYUM, YTO CYIIECTBYET DACKPACKA P Takas, 4TO
p <g P’ <g p. Anropurm ocTaHABINBAETC.

3.4 BrniBoabl

dokazareascTBo TeopeMbl 1. lrtak, paccMOTPpUM HPABUJIbHYIO pacKpac-
Ky p ¢ MUHUMAJIbHBIM KOJIMYECTBOM IIJIOXUX BEPIIWH, WU IIPEAIIOJI02KUM, YTO
a — IJIOXad B O BepIIUHA. TOF,ZL& 3allyCTUM aJITOPUTM HNOCTPOCHU IIEIn 3a-
IPETOB ¢ HAYAJOM B IJI0XOi BepinuHe a. JloKazaHO, 9TO BEPIINHLI B TeTH He
MOTYT TOBTOPATHCA. ITO B CHIIY KOHEUHOCTHU rpada 03HAYAET, YTO B HEKOTO-
PBIi MOMEHT AJITOPUTM OCTAHOBUTCS M MBI MOJYUYUM PACKPACKy p' <G p, 9TO
HPOTUBOPEYUT BbIOOPY p. EjumHcTBEHHAs OCTalomasics BO3MOYKHO 3aK/I04a-
eTcsl B OTCYTCTBUU TIJIOXUX BEPIIUH B packpacke p. Ho Torja sta packpacka
ABJIIETCA THHAMUIIECKOII. O

4 Jloka3aTeJabCTBO OCHOBHOII TeopeMbl

Hamomunwm, aro npu n > 4 nodpazbuenuem noanoro rpacda K, Mbl Ha3biBaeM
Jo6oit rpacd H, mosrydennsiit u3 nosHoro rpada K, ciaeayiomieit oneparueii:
3aMeHOl HECKOJIbKUX pebep rpada K, Ha 1menouku JimHbl 2 (¢ KaxK 10l Takoit
HEN0YKOil JobaBsiercs ojiHa HOBas BepiinHa crenenu 2). Bepmmubt rpada
H, ansromuecst BepuimHaMu KCXOHOTO TOJTHOTO Tpada, Ha30BeM 24a6HblMU,
a J100aB/IEHHbIE BEPIIUHBI CTENEHN 2 — PebePHHLMU.

[IycTts k1ace rpados L, cocrout u3 moaHoro rpada K, u Bcex ero moj-
pa30ueHunii.

Jlemma 7. Jlas epapa H € Kyqiq svinoanaromes caedyrousue ymeeprcoerus.

1) x2o(H) =d+ 1.

2) ycmv H # Kgiq, t € V(H) — pebepras eepuuna. Tozda mosrcho
nocmMpoumb NPasUILHYIO packpacky eepuun epaga H 6 d usemos, 6 xomopoti
YCA0BUE 0 HANUNUL TOMA OV, 08YT PASHLIL UBEMOE 6 0KPECTHOCTIU BEPUIUHDL
bydem cobarodamupes OAs 8CEX BePUUH, KPOME t.

HokazareabcTBo. 1) OTmernm, 9To B JUHAMHYECKOH DPACKpPacKe JIOObIE
JiBe TJIaBHBbIE BePHIUHBI U 1 U rpada H J0/KHBI ObITH PA3HOIBETHBIME: €CJIH
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OHHU CMEeXKHBI, TO 3TO OYeBUIHO. EC/IM © 1 v HECMEXKHBI, TO UX COeNHIET My Th
b JaBa utv, rae t — pebepuas sepmmna. Torga Ny (t) = {a, b}, cienosa-
TEeJIbHO, BEPIIMHBI U U ¥ UMEIOT pa3Hbiii nper. Takum obpasom, yo(H) > d+1.

Hec10:KH0 HOCTPOUTD TUHAMHYECKYIO PACKpacKy Bepiiut rpada H B d+1
I[BET: MOKPACKUM BCe TJIABHBIE BEPIIMHBI B Pa3HbBIE I[BETA, IIOCJIE Y€r0 MPUCTY-
UM K TIOCJIeI0BATEbHOI TOKpacke peGepHBIX BepiinH. PaccMoTpum ode-
pesHyio pebepHyio BepiinHy ¢, CMEXKHYIO C TVJIABHBIMU BEPIIUHAMEU U U V.
Bepmuny ¢ wesb3st Kpacuth B 1BeTa BepimH u u v. Kpome Toro, eciu Bep-
muHa ¢ — 1MOC/e/HsAs HelloKpanieHHas Bepinaa u3 Ny (u), a Bce ocrajibHbIe
BepiuHbl MHOZKeCTBa N 7 (1) OKPAIIEHbl B OJINH IBET, TO HEJIb3s1 KPACUTH ¢ B
9TOT 1BeT. AHATIOTUIHBIN 3aMpeT Ha MBeT s ¢ MOXKeT OBITh HAJTOXKEH M3-32
LBETOB cocejieil Bepiiuubl v. Mbl 110J1lydyaem He 0oJiee deTbipex 3allpeToB Ha
nBer ¢t. BBuay Toro, 9To KOJIMYECTBO BETOB HE MeHEe 8, Mbl JIETKO MOYKEeM
moKpacuTh Beprmmay t. HeTpyaHo BuaeTh, 9T0 B UTOTE MOJYIUTCSA JTHHAMUI-
JecKas pacKpacka: I[BETA BCEX IVIABHBIX BEPIINH W3HAYAIHHO DA3JUIHbBIE,
MIO9TOMY BEPIIUHBI U3 OKPECTHOCTH JI000# pebepHoil BepIImHbl OyIyT pas3-
HONBeTHBIMU. O COOTIOMEHUN YCIOBUM /T TJIABHBIX BEPIITHH MBI 3200THINCH
[pHU MOKPACKe peOepHBIX BEPIIUH.

2) Tlycrs Ng(t) = {a, b}, Torna a u b — aBe riaBHbIe Beprmubl rpada
H. Ilokpacum d + 1 rmaBuyto Bepunny rpada H B d 11BeTOB: BepIIUHBI G H
b OyayT moKpalieHsl B 1BeT 1, OCTAaJIbHBIE BEPIINHBI MTOKPACHM IO OJIHOI B
nBeta 2,..., d. Cmocobd mokpacku peOepHBbIX BEpIINH He H3MEHUTCS. Il

JokazarenbcTBo TeopeMsbl 2. [lycts d > 8. BBumy JieMMbl 7 HaAM J0CTa-
TOYHO i JtIoboro rpad G, HE OjHA W3 KOMIIOHEHT CBA3HOCTH KOTOPOTO HE
npunaiexut kuaccy Kqpp nu A(G) < d, nokasars onenky Yo(G) < d. Mbl
JIOKazKeM WHJIYKIUeil 110 KoJm4ecTBy Bepiind B rpade G cyliecTBoBanue -
HAMUYECKOI pacKkpacku ero BepiinH B d 1BeroB. OYeBUIIHO, MOKHO CUATATH
rpad G cBA3HBIM, TaK KaK KOMIOHEHTDI CBA3HOCTH I'pada MOXKHO MOKPACUTH
HE3aBUCHMO.

Ba3y maaykmuum cocraBsr ciydaii rpacda 6e3 Bepiiun cremnesu 2, KOTo-
pblii poBepeH B TeopeMe 1 M TpUBHAJbHBIN ciy4dail rpada, B KOTOPOM BCe
BEPIIMHBI UMEIOT CTeleHb He Dojiee 2, KOTOPHI Mbl ceiiuac pacCMOTPHUM.

[Iycrs G — cBasubiii rpad, A(G) = 2. Torpa G — 1o npocroii muka C),
win npoctoit myrh P,. Ilpu n < 3, ouesugno, x2(Cy) = x2(FP,) = n. Jlerko
BHJIETD, 9TO X2(P,) = 3 mpu n > 3 u x2(C,,) = 3 mpu n kparaom 3. Ocraercs
sameTuth, 9T0 X2(C5) = 5 u x2(C,) = 4 anda Bcex n > 3, HE KPATHBIX 3 U
OTJINYHBIX OT D.

NBayknuoHHBINA nIEpexos.

[Iycts u € V(G), dg(u) = 2, Ng(u) = {v,w}. omoxum G' = G — u, ec-
aa v u w cMexkasl 1 G =G —u+ vw B nporuBHoM caydae. O4UeBHIHO,
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A(G") < A(G) < d, rpad G’ cBazen. PaceMoTpuM JiBa Crydast.

1. ITycrs G' & Kyy1. Torpa cymecrByer auHaMuyeckast packpacka Bep-
mun rpada G’ B d npseros, npuuem p(v) # p(w). Takum obpasom, jBe Bep-
munbl 13 Ng(u) B packpacke p pa3HOIBETHBI.

JlomomHEM pacKpacky JI0 JuHaMH4YecKoii packpacku rpada G. ITocmor-
puM, B KaKue IBeTa HeJIb3s KPACUTH BepIInHY 4. Bo-mepBbix, 310 nBeta p(v)
u p(w). Bo-Bropeix, Bee Bepiunbl u3 Ng(v) \ {u} MoryT 6biTh 10OKpaIiens: B
OJIMH LBET i — TOT/IA JIOJ?KHO BBLIHATHC yejoBue p(u) # i. Enie oaun 3auper
MozKeT J06aBuThest, ecyim Bee Bepimuabl U3 Ng(w) \ {u} Moryr 6rTh OKpa-
IIEHBI B OJ(UH IBeT. ITOro Mbl nMeeM MaKCHUMyM YeThipe 3ampera. II0CKoIbKy
KOJIMYECTBO 1BETOB d > 8, Mbl MOXKeM HMOKPACATL BEPUIUHY U, CJIETAB pac-
Kpacky Bepiiud rpadga G juHaMUYeCKOii.

2. Ipeanonoxkum, uro G’ € Kyy1. Tak Kak v m w — JBe CMEXKHBIE Bep-
muabl Tpada G, To XoTst 6bI OHA U3 HUX SABJSETCS TIABHON (IyCTh 9TO V).
Torna dg: (v) = d > dg(v), oTkyna Heme ieHHo caeayer, 9yto G = G —u+vw
(B ciyuae G' = G — u mbl umeeM dgr(v) = dg(v) — 1).

[Iycrs Bepurnaa w — rnasuag. Torma G € gy, 9TO O YCTOBUIO TEOPEMBI
ne Tak. [IporuBopeune.

CrenoBarenbro, BepinHa w — pébepuas. [lo myHkTy 2 jtemMMbl 7 cytie-
cTByeT “mouTn aumHamMudeckad® packpacka p sepmuH rpada G, B KOTOpOit
eIMHCTBEHHOE HapYIIeHHe YCAOBUS JUHAMHYHOCTH OYIeT B OJHOIBETHOCTH
coceneii BepummHbl w. PacemorpuMm 31y packpacky. Ilyers N (w) = {a, v}
u p(v) = pla) = 1, p(w) = 2. B rpade G nBe riaBHbBIE BEPUIMHBI U U
OKa3bIBAIOTCS COCAMHEHBI HEIOYKON n3 Tpex pebep vuwa. [lepenecem npsera
packpacku p Ha BepiniuHbl rpada G u JOHOMHEM ee, 10J0XKHB p(u) = 3.
O4eBUHO, MOJYUNTCA JUHAMHYECKAs pacKkpacka BepuuH rpada G. O

Asrop 6sarogapen H. B. I'paBuny 3a nmomomis B pabore HaJI CTaThEI.
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