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B crarbe npuBomgTCcs pe3ybTAaThl SKCIEPUMEHTOB IO BBIYUCIEHUIO HEKO-
TOPBIX CTATUCTUYECKUX XapPaKTEPUCTHUK, CBA3AHHBIX C guarpammamvu FOH-
ra. B 4acTHOCTH, IPUBOIATCS ONEHKHM MAKCUMAJIbLHON U cpendeit (110 Mepe
Ilnanmepesis) pa3MePHOCTH HEIPUBOAUMOIO IIPEJICTABJICHUS CAMMETPUYE-
cKoli rpynnsl S,. Takke NPUBOAATCHA Pe3yJIbTATHI BIYUCIECHUN IPEIeTbHOM
GbOpPMBI IByMEPHBIX U TPEXMEPHBIX IUArpPaMM I CTATUCTUKUA Puvapmco-
Ha.
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1 Bsenenue

Krnaccuueckas quarpamma FOwnra [1] pasmepa n — 910 KOHEUHBIH HUKHUIT HIeal B PEliéTKe
Z, X Z4, TO eCTb MHOXKECTBO, COJIEPXKAIIEe BMECTE C KaXKIOil KJIETKOI BCe MEHBINNE €€ B
CMBICJIE YaCTUIHOI'O MTOPSAJIKA.

Crangaprroit Tabauneit FOura pasmepa n HasbiBaeTcsa muarpamma FOHra, KjaeTKn Ko-
TOPO# 3aITOTHEHBI YUCIaMUA OT 1 70 M, C YCJOBHEM BO3PACTAHUS UUCE B KAXKJOW CTPOKU
¥ KaXKJIOM CTOJIOIE; mHade roBops, tabmauna FOura ects myTh B pemérke guarpamm FOmra,
HAYUHAIONINNCS C MyCTOM AuarpaMMbl M KOHYAIOMNICA B JaHHON guarpamMme. JImarpammbr
FOHTra cOOTBETCTBYIOT HENMPUBOAMMBIM TIpeJCTaBIeHnsaM S, (Hanpumep cM. [1, 2]), a xomn-
YeCTBO TaDJIUI] JUArPaMMbl PABHO Pa3MEPHOCTH COOTBETCTBYIOLIErO IpejcTaBienus. Jljis
KPATKOCTU MBI HA3BIBAEM 3TO YHCJIO PA3MEPHOCTBIO caMoil JuarpaMMbl A, 1 obo3HadaeM —
dim(A). He ciegyer myrarh pasMepHOCTb JUarpaMMbl ¢ 7 — Pa3MEPOM JMAIDAMMBI, T.e.
YUCJIOM KJIETOK B Hel.

Meuoromepuoii (d-meproii) quarpammoii FOHra HasbiBaeTcsi KOHEYHbI HIZKHUN Ueal B
pemérke (Zy)?. Eciu He orosopeHo MpOTHBHOE, TO Toj auarpammamm FOHra mb Gystem
IIOHUMATH KJIACCUIECKUEe JBYyMepHbIe nauarpaMvbl FOHTa.

JanpHeiimmit MaTepraj OpraHu30BaH CAEAYIOMUM 00pa30M: B pa3jesie 2 Mbl IPUBEIEM
Pe3yJIbTaThl SKCIIEPUMEHTOB IO BBIYUCICHUIO ACUMIITOTUKA TUIIMIHON Pa3MEPHOCTH HEIPU-
BOJIMMBIX I[IPEJCTABJICHUI CUMMETPUIECKO IPyNbl (T.e. PA3MEPHOCTU JUAIPAMM) 110 Mepe
ITnanmepesnsi. Ita Mepa BliepBble OblLIa BBeJeHa B pabore (3], moapobuee cM. [4].

Pasniesr 3 mocBsIén aHAIOTHIHBIM SKCIIEPIMEHTAM 10 MAKCUMAJILHOM PA3MEPHOCTH HEIIPU-
BOJIUMBIX TIPEJICTABJIEHUN CUMMETPUIECKONH I'PYIIbl. Pe3ysibraTsl SKCIIEPUMEHTOB CJIElyeT
paccMaTpuBaTh Kak MOATBEPXKICHHUE MMIOTE3bI [4] 0 CyIIecTBOBAHUN IPEIEIHHON HOPMAJIU-
30BAHHOI PA3MEPHOCTHU IPEJCTABJICHUS TUIUIHOrO 10 Mepe lliaminepesss — KOHCTaHTHI C,
Ha3BaHHOM B [4] «yzie7bHOI SHTpONHMe IpeicTaBIeHnsI». B TO YKe BPeMsl OIIpe/IeJIEHHBIX BbI-
BOJIOB 00 aCHMIITOTHYECKOM IIOBEJIEHUU MaKCHUMAJIbHON Pa3sMEPHOCTHU IIPEJCTABIECHUSI IIOKA
Ha OCHOBAHUU KCIIEPUMEHTOB CJIeJIaTh HeJb3si. TOodHee TOBOPs, HEJIb3sl YTBEPKIATH, UTO
WMeeT MeCTO CTaOUIn3alinsi HOPMAJIM30BAHHON KOHCTAHTBL ¢y, IIPU JOCTYITHBIX BHIYUCICHIIO
3HAYEHUIX N.

B pazmene 4 Mbl paccMaTpuBaeM JPYIyiO CTATUCTHKY Ha JHArpaMMax — CTATUCTHUKY
Puuap/cona, KoTopast u3ydanach B [5], U 9KCIEPUMEHTAJIBHO MOATBEPKIAEM JOKA3AHHBIN
TaM CTPOTH Pe3yJIbTAT O IMPEJe/bHON (bopMe JBYyMEpPHBIX JuarpaMM. 3aTeM IIPUBOJSITCS
pe3yJIbTaThl SKCIEPUMEHTa I aHAJOTUYHON CTATUCTUKNA TPEXMEPHBIX Tuarpamm u Gop-
MYJIIPYETCs TUIIOTE3a O MPEIEIbHOI (hopme.

2 AcuMNOTOTMKA THUIIMYHOM IIO Mepe
I1nanmiepess pa3MepHOCTU HENPUBOJIMMBIX
mnpejcraBjieHuin S,

Iycrb S, — MHOKECTBO BCEX KJIACCOB SKBHBAJCHTHOCTH KOMILICKCHBIX HEIPHBOIMMBIX IPE/I-
CTABJIEHUIT CUMMETPUIecKOil rpymmsl S,. [lycts A, € S,,. O6osnaunm dim A, Pa3MepHOCTH
npeacrasiaeHus A,,, a

dim? A,

fin (M) !

(1)

— wmepy [Lnanmepess [3]. 1o BeposiTHOCTHAS Mepa Ha §n, 9T0 cemayer u3 popmysisl bepH-

caiizza:
E dim® A, = n!
An€ES,

MuoxkecTBo S, u pasmeprocTsb dim A, umeroT ciemyromtyio unrepuperanuio [1]: S, ectsb
COBOKYIIHOCTB Bcex muarpaMm FOHra ¢ n kiaerkamu, a dim A, paBHO KOJHUYECTBY CTAHIAPT-



HbIX Tabsaut, FOHra, KOTOpBIe COOTBETCTBYIOT muarpamme A,. MBI OTOXKIECTBIISEM THATPAM-
My A, U coOTBeTCTBYyIOIIee IpeICTaBICHIe.

Creyromast ecTecTBeHHAST HODMUPOBKA PA3MEPHOCTH JMarpamMm ¢ n kiaerkamu (cum. [4])
HO3BOJIIeT U3YYaTh ACHMIITOTUKY Pa3MEPHOCTH IIPU 1 CTPEMINeMcs K 6eCKOHEeTHOCTH:

-2 dimA,
BECE ®

Bynem nazbiBars kKoaddunuent ¢(A,,) HOpMaau3oBaHHOoil pazMepHOCcThio. B [4] npusesenst
ACHMOTOTUYECKHUE JIBYCTOPOHHUE OICHKN HOPMAJIM30BAHHON Pa3MEpHOCTH:

C(An)

Hm o, {Ay i co < c(Ay) < e} =1.
n—oo

& ~ U. C ~ Z. .
0 2 ’ 1 \/»

WupiMu c10BaMU, ACUMIITOTUYECKH IIOYTH BCE AUAIPAMMbBI MMEIOT Pa3MEPHOCTD, JIeXKa-
IIyI0 B AWAIIA30HE
4 . ]
Vnle™ 2V < dim A,, <vnle 2V

B [4] BeICKa3aHa ruoTE3a 0 CyNECTBOBAHUH TIpeena lim, o, ¢(A,) nouarn Berogy mo mMe-
pe Ilnanmepesns Ha MHOXKeCTBE GECKOHEUHBIX Tab/uIL (T.e. JJIsl IOCIeJ0BATEILHOCTEH Tua-
rpaMm A; C Ap C ...

Mber 6yiem usydars nosejgerne kodddunuenra c¢(A,) oraocuresnbHo n. OTIeNbHbIE IKC-
[IEPUMEHTHI TIPOBOJIMIINCH PaHee: B CTaThe [6] ONMMCHIBAIOTCS SKCIEPUMEHTHI 110 MPOBEPKE
cpOpPMyYJIMPOBAHHON I'MIIOTE3bI U yKA3BIBAIOTCS MaTeMaTUIeCKOe OKUJIAHNE U JIUCIIEPCUs] Be-
JauHbL ¢(A,,) JUist STH 3HAYEeHU n, MaKcuMaJbHOe U3 KOTopbix pasHo 1600. (IIpu sTom
BBIGOPKA coCTOsIa Beero u3 14 muarpamm.) Mbl peajn3oBajiu aHAJIOIMYHBIE BHIYUCJICHAS C
MTOMOITIBIO COBPEMEHHOI TEXHUKH, KOTOPasi CYMECTBEHHO MPEBBIIIAET BO3MOXKHOCTH JIBA/IIA~
TUIISATHIETHEN JTABHOCTH.

3ameuanmue. [locse Toro, Kak IpUBOANMBIE B 9TOI CTATHE IKCIIEPUMEHTHI OBILIN TPOBEIEHBI,
CTaJI0 U3BECTHO O ellé HeolrybmkoBanHOM pabore A. Byderosa, B KOTOpoiil J0Ka3bIBaeTCH
CyIllecTBOBaHUE TaKoi KOHCTaHThI C, 94TO

Tim [ (e(An) — C)2d(un(An)) = 0

TO €CTh, MOCJIEIOBATEIBHOCTh HOPMAJIN30BAHHBIX padMepHocTedi ¢(A,, ) CXOUTCs B IPOCTPaH-
cree L?(Y) mo mepe ILnammepens. 3nadenue kounctanTbl C' MeTojaMu 3Toif pabOThI, MO-
BUJIUMOMY, IIOJIyYUTh, HEJIb34, HO CJEIyeT JyMaTh, YTO 3TO yTBEPXKJEHUE O CyIeCTBOBAHUN
[peJieJia COMIACYeTCs ¢ HAIIMMU BBIYUCJICHUSIMU. 3aMETUM IIPU TOM, 9TO rumnoresa [4] o
CXOJIMMOCTH 1I0UTH BCIOLy Koadduimenta ¢(A) ocraercs HeJOKA3aHHOIA.

HaJiee 1o I€T pedb O BCIIOMOTATEIbHBIX OOIIEN3BECTHBIX IIPOIIEIYPaX: [IOPOKIEHUHN CIIY-
vaiinbx (1o mepe Ilnanmepesst) auarpamm ¢ nomompio RSK u o nozgcuére pasmeprocteii.

2.1 ®opmyJsa KPIOKOB

«Dopmysa KpoKoB» (cM. Hanpumep |1, 7]) mossossier GpicTpo nojgcunTars dim A, He ocy-
MIECTBJISAST JTOPOTOCTOSIIILY IO TIPOTIEY Py Niepebopa Beex cranaapTHbix Tabui FOHra, Koropbie
COOTBETCTBYIOT Juarpamme A:

n'

dimA = =————,
H(i,j)GA hY(Zvj)

(3)

re (4, ) — xaerka quarpammbl FOHTa, a hy (4, j) — JJIMHA «<KPIOKa» B JUarpaMme, KOTOPBIi
COCTOUT U3 KJIETKHU (4, J) U BCEX KJIETOK B i-M CTOJIOIE BBIIIE €€ U BCEX KJETOK B j-ii CTpOKe
npasee eé (puc. 1).
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Puc. 1: Jpuasr kprokoB puarpammber FOmra

2.2 RSK-cayuaitHble guarpamMmMbl

Jazke npu Hamauu (POPMyYJIbl KPIOKOB, OCYIIECTBIISTH TOPOXKICHUE CJIyJafHbIX JUarpaMM
HernocpeicTBeHHo 110 [LrantepesieBoit Mmepe ObLI0 ObI JIOBOJIBHO 3aTpyaHuTebHO. CpaBHU-
TEJILHO JIETKO MTPEOI0JIETh 3TO 3aTpyIHEHNe TIOMOXKeT cooTBeTcTBre Pobumncona-Illencrena-
Kuyra (RSK) u asropurMm cTpodHOil BCTaBKU.

DTOT M3BECTHBIN agroput™ [1] cTpouT Mo MpoW3BOJLHON TEpecTaHOBKe $ € S, mapy
cragnapTabix Tabuaun FOura (P, Q) ¢ 0QMHAKOBBIME JarDaMMaMi, IIPH 9TOM [OCTPOEHHE
3a/1aeT B3aUMHO-OJHO3HAYHOE cOOTBeTCTBUE, HasbiBaemoe (RSK), Mexk iy MHOXKECTBOM BCex
rakux nap Tabumun — (P, Q) u cummerpudeckoii rpymmnoit S,,. IIpu srom pasHomepHas Mepa
(mepa Xaapa) na rpymuie S, nepexoaur B Mepy Ilnaninepesis Ha MHOXKeCTBE IPABBIX (MJIH
JieBbix) Tabumi. Takum obpasom, npumenus ajropur™ RSK k ciay4vaiinoit (paBHoMepHO pac-
IpeJIeJIeHHON) TlepecTaHoBKe n B3siB juarpammy FOnra Y (P), coorsercTByfomiyo tabimnie
P, mbI nostyunM coryuaiinyto o (mepe Ilnanmepess) guarpavmmy FOwra.

2.3 PegyabraThl

s n < 120 3uavenus MareMaTudeckoro oxkuganus ¢(A,) AuarpaMMbl, OTHOCUTEIHHO Me-
pot [nammepestsi, OBLIN MOCYUTAHBI IPSIMBIM BBIYUCIEHUEM TI0 (hopMyTIe

)
¢, = Z c(An)M.

A n!
A"I, eSTI

PesynbraTel HaxomsaTcst B ciemyromeM paszese B Tabsuie 3 u Ha rpaduke 5.

Cymecrsyer 1,844,349,560 quarpamm pasmepa 120. Jlas 60bIIUX 1 BBIYACIEHAE MaTe-
MaTuIeckoro oxxunanus ¢(A,,) nenanocs merogom Moure-Kapuio, 1o Beibopke RSK-ciryuaitibix
nuarpamM. Hopmasin3oBaHHasE pa3MEPHOCTh KaxKJOW JuarpaMMbl U3 BBIOOPKH CYUTAJIACH
o opmyiie (2), ¢ ucnonbzosanrem dhopMysibl Kpiokos (3) s mogcuéra dim A. Onucannas
poreaypa Oblia mpoBeeHa st pa3andHbix 1 B quanaszone ot 1000 mo 18000. MaremaTuae-
ckoe oxujanue ¢, = M[c(A,)] u cpeHerBapaTndHOE OTKIOHEHHE 0y = 0 (c(A,,)) Benman-
ubl ¢(A,,) upusegenst B Tabsune 1 u Ha puc. 2. VI3 91ux JaHHBIX BUIHO, YTO MATEMATUIECKOE
oxuganne c¢(A,) pacrér ¢ n U, HO-BUIUMOMY, UMEET Ipejesl. 3aMeTHM, 9T0O MOHOTOHHOCTH
B BBIOPAHHOM JIMalla30He N BCE Ke HeT: HanpuMmep, npu nepexoje ot n = 15000 k n = 16000
MaTeMarndeckoe oxkujganue ¢(A,) yMeHbIIaeTCst, 9T0 ObLIO MOATBEPXKIEHO IIPU YBEJIMICHUN
pa3mepa Boioopku 710 40000. IIpu sToM, TpeTnit 3HAK [TOCIE 3AIIATON OCTABAJICS ITOCTOSTHHBIM
ocJjie TOro, Kak pasmep BeiOopku mocrurasi 20000.

2.4 NMuaauBujayasibHasi 3BOJIONUS TUNNYHBIX pa3dMepHOCTel

Mepa Ilnanmepesnss Ha 6€CKOHETHBIX TAOJUIAX OINPEIEISIeTCs KaK MapKOBCKas Mepa, 00-
JIAJIAIONIAs TeM CBOHCTBOM, UTO COOTBETCTBYIOIIHME €l pacIpejiesIeHUsI JIuarpaMM Ha BCEX
YPOBHAX ecTh Mepbl [Lnanmepens na auarpammvax (1). Jlerko Hammcarb nepexoJHble Mepbl
9TOIl MApKOBCKON Mepbl. ey y9ecTb, 9TO yCIOBHBIE MEDBI HA BCEX TaOJUIAX UMEIOIUX
IAHHYIO HarpaMMy A\ PaBHBI MEXKTy co00il, TO Mepa OIHON TabJnIbl paBHA dij{;/\. [TosTomy
YCJIOBHASI Mepa Tepexo/ia OT JUArpaMMbl A K jimarpamve A ecTh OTHOIIEHHE

dim(A)

PN = (n+ 1) dim(\)’



n pa3mep BBIOOPKH X Cn X onp
1000 2000 1.6984314 | 0.10431497
2000 2000 1.746588 | 0.091339454
3000 2000 1.7644972 | 0.08351989
4000 2000 1.7750576 | 0.07747431
5000 2000 1.7873781 | 0.07282907
6000 2000 1.7917556 | 0.07022077
7000 2000 1.7969893 | 0.06630529
8000 2000 1.8000197 | 0.06586118
9000 2000 1.8070668 | 0.06243244
10000 10000 1.8102994 | 0.061589677
11000 10000 1.8118591 | 0.059796795
12000 10000 1.8147597 | 0.057941828
13000 10000 1.8162445 | 0.05743194
14000 10000 1.8187699 | 0.056453623
15000 20000 1.820125 0.05504108
16000 20000 1.8181555 | 0.054255717
17000 20000 1.8197316 | 0.053651392
18000 20000 1.8249108 | 0.052745327

Tabumna 1: Maremarndeckoe oxkujanue senuuntbl ¢(A) Ipu pasiandHbIX N

(cm. wanp. [8]). Takum o6pasom, runoresa [4] o IOBeJeHUM MHIUBHJYAJIbHBIX Pa3MEPHO-
cTel THIMYIHBIX TabsuI o Mepe [lnanmepens Ha TabJIMIAX COCTOUT B TOM, UTO JIJIST TIOUTH
BCAKOI GecKOHeIHON Tabuunbl {A,,n = 1,2, ...} 110 910l MAPKOBCKOI Mepe [ocJe10BaTe b
HOCTH HOPMAJIM30BAHHBIX PA3MEPHOCTEH OYJIET CXOMUTHCA K OJHOMY U TOMY K€ KOHETHOM
IpeJIeITy, COBIAIAIONIEMY, KOHETHO, C IPEJIEJIOM CPEIHUX (MATEeMATHIECKAX OKUIAHNUIT) HOP-
MaJIM30BaHHBIX pasMepHocTeil. Mcrmonb3ys gpopMyity [JIsl IepeXoHbIX BEpOSATHOCTE JIerKo,
CTPOUTH PEAM3AINU 3TOH MAPKOBCKOII eI, T.€. CTPOUTH CIydaiiHyio 1o Mepe Ilnanmepens
TabJInILy.

Hammu 9KCIepuMeHThI MOKA3BIBAIOT KPaiiHE Xa0THIECKOe TIOBEJIEHHE ITOC/IETO0BATEBHO-
cTell pa3sMepPHOCTEl, UTO YKa3bIBAET, II0-BUIMMOMY Ha CJIOXKHOCTU B JIOKA3aTEIhCTBE UJIH
OIPOBEPYXKEHUU T'UIIOTE3bl O MHINBUIyaIbHOM HoBeJenun Tabur,. HeperymspaocTs nosese-
HUs HOPMAJIM30BAHHON PA3MEPHOCTH BHUJHA Ha PUC. 3, Ije NpuBejaeHbl suadenus ¢(A,) s
JIBYX TAKUX ITOCIEIOBATENIBHOCTEH. SHAYEHNsT BHIMACIAINCH s 1, KpaTHeix 100, B auarma-

3o0me or 100 mo 7000.

3 AcuMIToTMKa MaKCHUMAaJIbHOI pa3sMepHOCTH
HeNIPUBOANMBIX IIpeJICTaBJIeHUl S,

B sToM paszzese Mbl OyieM usydarh HOBEIEHUE MAKCUMAALHOT PABMEPHOCTMU IAATPAMMBI C
N KJIETKAMU.
m, = max dimA,
An€Sh

u ko dunuenta c(A) s Hee

Cn = C(An)y
rae A, — auarpamMma c n KJIeTKaMM, UMeoIas MaKCUMAJIbHYIO Pa3MEPHOCTh. 3a1a49a Bbl-
YMCJIEHUs] MAKCUMAJIBHOM Pa3MEPHOCTH CTABUJIACHh JAaBHO (cM. [9]).
B crarbe k. MaxKest [10] npusenens! saadenust max dim A,, must n 1o 75. Ha ocHOBannn
CBOWX BBIYUCJIEHUIT OH TPEIIOJIOKUII, ITO

dim A,
V!

max

<

S|
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Puc. 2: Maremarundeckoe oxkunanue Bendunbl ¢(A) upu pasiudsbix n. JuHbl BEPTHKAIb-
HBIX OTPE3KOB PAaBHBI yJIBOEHHOMY CPEJHEKBa/IDATUYHOMY OTKJIOHEHUIO.

1.4 I I I I I -" I
0 1000 2000 3000 4000 5000 6000 700C

n

Puc. 3: ¢(A,) aByx cayuaitubix mo [lnammepeto nociegoBarenbocreil quarpamm FOura

DTO Tpe/IToJIoKeHrne ObLIO CBS3AHO € TEM, YTO CYMIECTBOBAJIO AJbTEPHATUBHOE MHEHHE O
CYIIIECTBOBAHUY HEIPUBOJUMBIX ITPEJICTABICHUN CKOJIb YTOJIHO OOJIBIION Pa3MepPHOCTH, JIJIst
KOTOPBIX BBIIOJHEHO ITPOTUBOIOJIOXKHOE HEpaBEHCTBO. boJjiee Toro, Kak Imokas3aJso IIOCJIe Ty-
0lllee BBIYUC/ICHNE, YIOMAHYTOe B TOM ke pabore [10] mpu KoppekType, 3T0 HEPABEHCTBO
HeBepHo yuke st n = 81. Tem He MeHee, Kak I0Ka3aHO B [4], aCUMIITOTUYIECKU BEPHO IOPA3JIO0
6oJIee CHIILHOE yTBEPKIEHNe: OTHOIIEHIE MAKCUMAJIBHOI pasMepHoCTH K v/n! yObiBaer npu
n — 00 CO CKOPOCTBIO e~V re. GbICTpee He TOJBKO 1/m, HO U JIIOGOH TTOJMHOMUAIBHOI
npobu. OreHKN KOHCTAHT, JaHHble B [4] coBnamamu jyist tunuuaHoii (o mepe Ilnanmepesst)
pa3MepHOCTH U JIJIsi MAKCUMAJILHON Pa3MEPHOCTH, U XOTs JJOrapu(MUIECKUIA MOPSIOK st
HUX JIEACTBUTEIBHO OJIMHAKOB, OJHAKO KAK IOKA3bIBAET SKCIIEPUMEHT, KOHCTAHTHI OT/IMYa-
IOTCSI.

B amanazone mo n = 130 nHaxoxjeHne auarpaMMbl MaKCHMAJJIBHON PA3MEPHOCTH MTPOU3-
BOJIUJIOCH IIyTEM Iiepebopa BCex JuarpaMM JaHHOIO pasMmepa. B jeiictBurebHOCTH, TIEpebu-
pajuch He JUarpaMMbl, a Pa30MeHus YuC/ia 1, ¢ UCIOJb30BAHNEM TPUBUAJIBLHOTO B3AWMHO-
OJTHO3HAYHOT'O COOTBETCTBHUS MeK Ty auarpamvamu FOHra un pazdbueHusiMu HATYPAJIbHBIX UU-
cea [1]. Jus nopcyéra pasMepHOCTH JUarpaMMbl HCHOJIb30BAJIACH (OpMYJIa KPIOKOB (3).



Cymectsyer 5,371,315,400 guarpamm pazmepa n = 130. i Gosbimmx n BBUAY Orpa-
HAYEHHOCTH BBIYUCIUTENBHBIX PECYPCOB OBLIO CIeIaHO OrpaHWYeHHe: MepedupaTh TOJHKO
CUMMETPHUIHBIE JIMATPAMMBI, AUO0 MaKue, KOmopwvie nosyuersvs dobasaeruem 00HOU Kaem-
KU K cummempuurnot duaepamme. Takoit crocob mepebopa vacTo JaéT TOUHOE 3HAYEHUE
max dim A, HO He Bcerya: HapuMep, s n = 14 MakcuMajibHasi pAa3MEPHOCTb OKA3bIBAETCS
y JIuarpaMMbl, KOTOpas HE yJIOBJETBOPSeT yKa3aHHOMY orpanumdeHuto. OmHAKO, 9TO pac-
XOXKJICHUE HECYIIECTBEHHO BJINSEeT HA OKOHYATEbHBIN pe3ysiabrar. B Tabsmie 2 mpuBeeHb
[IOJIy9€HHbIe 3HAYEHUsI Cp,. IIpu n = 310 6pu10 nepedbpano 151,982,627 nquarpamm.

n Cn n ~Cp

10 | 0.57453286 | 140 | 1.05010306
20 0.8198125 | 150 | 1.0839802
30 0.7912792 | 160 | 1.05304872
40 | 0.86301332 | 170 | 1.0784368
50 | 0.90097636 | 180 | 1.0775954
60 | 0.94780416 | 190 | 1.0940416
70 | 0.98343194 | 200 | 1.0953336
80 | 0.96466594 | 210 | 1.1026434
90 0.9749938 | 220 | 1.11596048
100 1.035376 230 | 1.1106038
110 | 1.02168428 | 240 | 1.1273114
120 | 1.02246392 | 250 | 1.11251032
130 | 1.0514124 | 260 | 1.11878812
270 | 1.1175388
280 | 1.1173389
290 | 1.13589692
300 | 1.12641788
310 1.148327

Tabumna 2: 3Hauenust ¢(A,) s auarpaMM MaKCHMAJIbHON pasMepHOCTH. B 1epBoil Ko-
JIOHKE JIaHBI TOYHBbIE 3HAYEHWUs, BO BTOPOl — HMPUOJIM3UTEbHBIE, C YACTUIHBIM 1IepebopoOM
JparpaMm.

XoTst IBYCTOPOHHUE OIEHKH, JaHHbBIE B [4] /7151 MAKCIMAIBHON PA3MEPHOCTH, COBIAIAIOT
C OILIEHKAMM JIJIsl TUIIMYHON Pa3MEPHOCTH, 9TU JIBe BEJIMYUHBI BEJLyT ceDsl I0-PA3HOMY U, CKO-
pee Bcero, mpejiesia mocIe0BaTeIbHOCTH G, He cymectByeT (cMm. rpacduk 4). Ilomuepkuém,
YTO 3HAYEHHE MAKCHUMAJIBLHON PAa3MEPHOCTU CYIIECTBEHHO BbIIIe TUOMYHOTO (CJIeiyer MoM-
HHUTBH O 3HAKE «MHHYC» B IIOK&3aTejIe SKCIIOHEHTHI B OIEHKAX, [I03TOMY <«BBIIIE» O3HAYAET,
YTO KOHCTAHTA ¢ MEHbIIIE).

B Tabaune 3 u Ha rpadure 5 npuBeIeHbl pe3yJbTaThl CPABHEHMS TOYHBIX 3HAYEHUN C,,
u ¢,. Creayer oTMeTUTH, YTO 00e (DYHKIMHN BeayT cebsi HEMOHOTOHHO.

4 Cayqaiinble quarpamMMbl 1o Pugapacony

B crarwe Pocra [5] paccmarpuBaeTcst MApKOBCKHUIT IIPOIECC TOBEIEHNUS YACTUIBI B IPOCTPAH-
cree {0, 1}1, KOTOPBII MOKET OBITH MHTEPIPETUPOBAH KaK IMOCTEIEHHOE HAPAIIUBaHNIE TUa-
rpammbl FOHra, Hadmnas ¢ mycroit mmarpammbl. [lepexom K ciiemyromemMy COCTOSHUIO, T.€.
yBeJIUTIEHNEe pa3Mepa IuarpaMMbl Ha €IIMHUILY, OCYIIECTBIISIETCS CAEIYIONNIM 00pa30M:
Cpenu nuarpaMm pasmepa n+ 1, cogepKainyux JaHHYIO, CIydailHO BRIONPAeTCs OQHA; IIPU
TOM BCE BOBMOYKHBIE TIPOJIOIZKEHNST pABHOBEPOSITHBI. VHa1e TOBOpsI, CPe/IN BHEIITHUX «yTOJI-
KOB» JMarpaMMbl Pa3Mepa 1 CIydailHO BEIOUPAETCsl OJUH, U OH 00pa3yeT HOBYIO JHArDAMMY
pasmepa n + 1. DTa ecrecrBeHHAs! CTATUCTUKA Tpejjioxkena Puuapiaconom [11]. B crarne
[5] maiigena upemesbuas hopMa AUArPAMM OTHOCUTEJILHO ITOW CTATUCTHKY, 3ajaBaeMasl B
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Puc. 4: 3uavenus c¢(A) g auarpaMm MakcuMaJsbHOR pasmeprocru. Haumnas ¢ n = 140
3HaYEHUsT TPUOIN3UTEIbHBIE, N3-3a OTPAHUTIEHHUS epedbopa.

n Cn Cn
10 | 0.57453287 | 0.9348365
20 | 0.81981254 | 1.1238908
30 0.7912792 | 1.2205664
40 0.8630133 1.283057
50 | 0.90097636 | 1.3281072
60 | 0.94780415 | 1.3622344
70 | 0.98343194 | 1.3878295
80 | 0.96466595 | 1.4042087
90 0.9749938 | 1.4061089
100 1.035376 1.3848866
110 1.0216843 | 1.3299882
120 1.0224639 | 1.2363929

Tabauna 3: 3uavenns kKO3(POUITUEHTOB ¢ JJId MAKCUMAJIBHON M TUIIMIHON PA3MEPHOCTEIA.

HaJIeXKAINel cucreMe KOOPAUHAT, Kak rpaduk QyHKIua /7 + VY = const (cm. HEKE).
Hamu GbumM BBIMHUCIIEHBI 3HAYEHUs] HOPMAJIM30BaHHON pasmepHocTH c(A,) st mociie-
J0BaTEJbHOCTH BJIOXKEHHBIX juarpamMm HOHra, MOpOKIEHHBIX 0 cTaTuCTHKe Pudapmicona
(rpacbuk 7). Ilo TOMy, HACKOJIBKO BBICOKU ITH 3HAYEHMs 1O CPABHEHUIO C AHAJIOHMIHBIMU
3HaYeHUsIMU [Tt cTarucTuku [laniepesisi, MOYKHO CyJIUTh, HACKOJIHKO PA3HBIMU SIBJISTIOTCS
9TH J[BE CTATUCTHUKU.
Paccemorpum riporece 66CKOHEYHOIO POCTa, JUATPAMMBI, ¢ HODMHUPOBKOI HA KayKJIOM II1are
ﬁ 10 KaxKJI0i OCH; IJIOMIA b [IO/T AUarpaMMOIl IIPU 9TOM OcTaeTcs mocTosaHoi. Kak mo-
Ka3aHo B [5], Ipu n — 00 9TOT HPOLECC CXOIUTCS K IpeIesibHol hopMe, 3a1aHHoi napaboioii
VZ 4 \/y = h. Snadenne xKoucranTe! h 3aBHCAT OT KO3GbMUIMERTa HOPMATIIAINL; B CTATHE
Pocra BpiGpana Takas HOpMaJH3allus, 9TO h OKa3pIBaeTCA paBHA eiuHUIe: /2 + /y = 1.
Jlpyrast HOpMAaJIM3aIl¥sl, UMEOIas CMBICJ — 110 IO 00pa30BaHHOI (PUTYPbI, KOTOPAast
pasna 1/6 ot miomasu omucannoro Keaapara. CTopona KBajpara Gyjer pasna h2:

Ha

h2
sz/o (h— V&) 2dz = h /6
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Puc. 5: 3unadenns kodpPUIHEHTOB ¢ JIJIsT MAKCUMAJIBHON U TUIITIHONW Pa3MEPHOCTEN.

Eciii B3sTh 1roma is Guryps 3a 1, To koucranta h Gyner pasHa v/6, a ypaBHEHHE [PeIeib-
HOI (pOPMBI OyIET TaKUM:

VE+ G = V6 (4)

4.1 3agaHue d-MepHBIX AMArpaMM C IIOMOIIBIO T'PAHUYHOI (DyHK-
U U TIpesejabHast popma

Hauunas ¢ paborsl [3] crasa obienpunsaToii cucreMa KOODAUHAT, B KOTOPOI 3a/1aeTCsl Jia-
rpamMma, rmoBepHyTas Ha 135°; IMEHHO B Hell ypaBHEHUE [JIsi IPee/IbHOi (DOPMBI IIJIAHIIIE-
peJIeBoit TuarpaMMbl BBITJISITUT OCOOEHHO IPOCTO. AHAJIOTUYIHO 9TOMY JUJisi d-MepHbBIE JTha-
rpammbl FOHra ecTeCTBEHHO 3aJ1aBaTh C IIOMOIIBIO (DYHKIUH OIpeIeJIeHHON Ha, d — 1-MepHOii
TUTIEPILIOCKOCTH, TIPOXO/ISIeil depe3 Hada 0 KOOPJWHAT U OPTOIOHAJIBHOM TJIABHOM Juaro-

%
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Puc. 6: ITocrpoenue ciaydaiinoii quarpammbl FOura o Puuapcony. 13 k 3amTpuxoBaHHBIX
KJIETOK KaxKJiasi BBIOUPAETCsl ¢ BEPOSITHOCTHIO 1/k.
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Puc. 7: ¢(A,,) aByx ciyqaitabix no Puuapiacony nocienosarenbaocreit quarpamm FOmra.

Hasm. IIpu BceX m ¢ TOYHOCTBIO /IO MTOCTOSTHHOT'O YHCJIA, 3aBUCHINIErO0 TOJIBKO OT TOYKH HA
9TO# rUIEPINIOCKOCTH, 3HAYEHHS 9TOH (PYHKIIMH €CTh IIPOCTO JTHHA OTPE3Ka AaPAJLIEILHOTO
IJIABHOW JMATOHAJIN C KOHIIAMU Ha THUIIEPILIOCKOCTH W I'PAHUIE JUATDAMMEI.

[Tonbza sroit dyukiun, 3amaromeit fuarpammy FOHra, B TOM, 9T0 110 Hell MO2KHO 0€3 Tpy-
Ja ONIPEIENINTD CPEIHIO (OpMY HAabOpa ArarpamMM, YCPEIHssT COOTBETCTBYIONTNE (DYHKITAMN.
D10 mpeobpa3oBaHe TPUBUAIBLHO 0000IaeTCs Ha ciydail 3-x u 6oJiee n3mMepeHuii.

IMockonbKy BU3yaIn3aIyio JuarpaMm (1 uX cpegHux hopM) MBI JleJaeM B HOJIOKUTEb-
HOM d-MEPHOM OKTaHTe, TO IOCJI€ BBIUYUCIEHUsI CpejiHell (hOpMbl TpebyeTcs BBIIOJHATL 00-
paTHOe mpeobpa3oBanre — (YHKINA B HADOP TOYEK OKTAHTA.

Ha pucynke 8 mzobparkena cpemusis dopma 2200 ciaydallHbIX AuarpaMM pasMepa n =
100000. BuzyasbHoe monTBepK IeHEe YPABHEHHUS, HallIeHHOrO POCTOM, JIErKO HOJIYIUTh, Ha-

pucosas cpeHo0 hopMy B KoopauHaTax (v/x,/y) (puc. 9).
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Puc. 8: Cpemuss popma 2200 guarpamm pasmepa 100000

IMocse macmrabupoBanust ¢ KoabduinueHToM 1/4/n MBI TOMYININ TPAKTUIECKH TOY-
HYIO KOWiO rpaduKa, onpeneéHaoro ypasaeaneM 4. [lnomans dpurypsl, n300pak€HHOI Ha
puc. 10, paBua 1.

1N
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Puc. 9: Cpemuss dopma 2200 guarpamm pasmepa 100000 B koopaumarax (1/z, /y)

25 3

Puc. 10: Cpegusisi dopma 2200 muarpamm pasmepa 100000, HopmuposanHas Ha 1/4/n

4.2 JIucrniepcusi HEeHTPAJIbHOTO CeYeHUS

B npeapuiymeM pas/esie 6bL10 TPOJeMOHCTPIPOBAHO COBIIaIeHUe cpeiHelt (DOPMBI ¢ ypaBHe-
nueM 4. JIJ1s HONTBEP:K IeHNs TOTO, YTO 3Ta (pOpMa, ABJISeTCA IPeIeIbHOMN, ObLIa IOCUNTAHA,
T.H. JIUCIIEPCH IIEHTPAJLHOTO CEYeHUs JUArPAMMBI, T.€. JUCHEePCHs IJTMHbI «TJIaBHOM IHAaro-
HaJU» JAuarpaMMbl. MaTeMaTHdecKoe OXKIIaHIe 9TOi BeIMYUHbl paBHseTcs JIJIMHe OTPe3Ka,
JIEXKAITero Ha MpAMOM § = T MeXK/Iy HavJaJIOM KOOPJAWHAT U cpeaneit popmoit. B Tabmure 4
[PUBEJIEHBI IOy I€HHBIE 3HAYEHUSI CPEIHEKBAIPATUIHOIO OTKJIOHEHUs! (T.e. KBAJPATHOTO
KOpHsl u3 aucnepcnn) d(n) s n or 10000 mo 40000, a tak:ke HopMmasau3oBaHHbE d(n)//n.
Ha puc. 11 xopoimo BuIHO yObIBaHHE CPEIHEKBAIPATHYHOIO OTKJIOHEHHUS IIPU N — 00.

n pasmep BLIGOPKHI ~ d(n) ~d(n)/v/n
10000 2000 1.8262177 | 0.018262176
15000 2000 1.9742892 | 0.016120004
20000 3000 2.0621564 | 0.014581648
25000 4000 2.1949573 | 0.013882129
30000 5000 2.203268 | 0.012720575
35000 6000 2.3289392 | 0.012448704
40000 7000 2.3589768 | 0.011794884

Tabmuma 4: JIucnepcust EHTPAJIBLHOIO CEYCHUST

11
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Puc. 11: Hopmanmu3oBanHnast AUCTIEPCHST TMEHTPATHHOTO CEUCHUST

4.3 Cpennssa dopma B ciaydae TpEX M3MepeHuid

OrpeiesieHne ciry4aifHOI JuarpaMmMbl 110 Pudap/cony TpuBrajibHO 06001aeTcs Ha TpEXMep-
HBII ciry4aiil. JIoka3aHHBIX Pe3yJIbTATOB O MPEIeIbHOM (POPME JIJIst ITOTO CJIyUasi He UMEeeTCs,
HO puc. 12 3acTaBiser MPeoJIOKUTh, 9TO U 31eCh UMEET MECTO AHAJOIUYHOE YpPaBHEHUE

VI 4+ Y+ 2= hs:

=

OFRNWAUIOIN00WLO

Puc. 12: Cpexusiszi bopma 400 muarpamm pasmepa 10000, mapucosannas B (1/, /Y, /%)

OTH BBIYUCIEHAS TTOKA3BIBAIOT, 9YTO MPEJENbHAs (POPMa TPEXMEPHBIX TUATPAMM OTHOCH-
TEJBHO CTATHCTHKA PUYap/CcoHa, MO-BUAUMOMY, OTJIUYAIOTCA OT IPEICTbHON (hOPMBI IS
PABHOMEPHOH CTATUCTUKM, M3y4YEHHE KOTOPOH HAYaTO MEPBBIM aBTOPOM — CM. 00 3TOM
B [12], — a npegenbHas dbopma HaiijieHa B paborax [13, 14].
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