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AnHoTanus

B pabore mokazwiBaeTcst ogHocToponnee HepaBeHcTBO JIuTinsyna—IIsau B
LP(R™)-merpuke npu 0 < p < 2 s napasuiesenunesioB B R™ co croporamu,
napaJsiie;lbHbIMIA 0CsiM KoopauHat. Tem cambim pedyiabrar C. B. Kucssko-
Ba u JI. B. IlapunoBa, orHocuBiuiics kK ciaydaio n = 1, obobimaercs Ha
[IPOU3BOJILHOIO Pa3MepHOCTh. Jjis ToKa3aTeIbCcTBa BBOIUTCS CIIEIIAAIbLHbIIM
oriepaTop S U IPOBEPSIETC €ro OrPAHUYEHHOCTH HAa MHOIOMEPHBIX KJIACCAX
Xapmu. CrpyKTypa omeparopa S Mo3BOJISIeT JJIs OJIY YeHUsT HY >KHOM OIeHKH
HCIIOJIB30BaTh TEXHUKY, CXOJIHYIO C TOH, KOTOpas HPUMEHSETCH K OIepaTo-
pam Kasbiepona—3urMyH/ia, XOTs pacCMaTPUBAEMBbIN OIIepaTOP TAKOBBIM He
SABJISICTCSI.
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I''TABHBIN PEJJTAKTOP

C. B. Kucinakos

PEJAKOJIJIET A

B. M. Ba6buu, H. A. Basuios, A. M. Bepmuk, M. A. Bcemupnos,
. N. Tenepagon, 1. A. N6parumos, A. A. lsanos, JI. FO. Komorununa,
B. H. Kybnanosckas, I'. B. Kyzbmuna, I1. I1. Kymum, B. B. Jlypse,
1O. B. Marusicesuua, H. FO. Henperaes, C. . Perun, I'. A. Ceperusn,
B. H. Cynakos, O. M. ®omenko

A



1 (I)OpMy.JII/IpOBKa TeopeMbl 1 NCTOPUA BOIIPOCa.

[Iycrs A,, — monapHo HemnepeceKaronuecss nHTepBaJsibl Ha npsamoit R. B 1983 romy
Py6uo ge @pancua (cMm. [1]) gokasas, aro npu 2 < p < 00 BBIIOJHAETCS OIEHKA

(32 0100 18) 7] < ol m

rie Maf = (fxa)¥ — mynbruimmkarop Qypbe, cOOTBETCTBYOMMI MHOKeCTBY A,
a C, 3aBucuT TOJILKO OT p. Bekope mocie sroro ZKypue (em. [2]) 06o6mumn sror
pesysibrar Ha R™, TO ecTh JIOKa3aJ1, 4TO OlleHKA, aHAJOrMYHas HepaseHcTBy (1),
BepHa B ciydae, Korjga dynkims [ 3agana Ha R, a A, — HapaJuiesenume/ bl
B R" co croponamu, mapasiieJIbHBIMUA OCAM KOODJIUHAT. 3aMETHM, UTO N-MEPHBIiI
BapuaHT HepaseHCTBa (1) HeJb3s JI0KA3aTh MPOCTO N-KPATHBIM [IPUMEHEHUEM OJI-
rHomeproro. B [2] ZKypue jyist 910ii 1€ onmcbiBaet, a 3aTeM UCIOJIb3YeT TEOPUIO
CUHI'YJIAPHBIX HHTEI'PaJIbHBIX OII€EpaTOPOB Ha IIPAMbBIX IIPOU3BEJACHUAX E€BKJIN/I0-
BoIX npocrpancTs. [Tozxe @Pepranno Copus omybsmkosan (eM. [3]) 6osee pocToe
JIOKa3aTe/ILCTBO B caydae R2.
Tenepnb 3ameTnM, 9TO JABOHCTBEHHBI BapuaHT olleHKH (1) BBINVIAIUT Tak:

ISl =

by LSPE2 (2)

rie { f } — Habop dyHKIWMI, TAKUX, 9TO SUPP Fn C Ay, B 1984 rony Bypreiin (eMm.
[4]) mokazan, uro HepaBeHCTBO (2) OCTAETCS BEPHBIM U IIPU P = 1, TIPU ITOM €ro
JI0Ka3aTeJIbCTBO OBLIO 3HAYUTEIbHO CJ0XKHee, deM y Pyouo jge @pancua. B 2005
rogy Kucmskos u Ilapuios ycranosuan (cum. [5]), 9ro onenka (2) BBIIOTHSETCS
npu Bcex 0 < p < 2, mpuyeM 3TO OBLIO JIOKA3aHO METOJOM, CXOJIHBIM C METOJIOM
Py6uo ne @pancua (B [5| pacemarpusaercst ciiydail OKpyKHOCTH, & He IPSMOI, HO
CYIIECTBEHHOI pOJIM 9TO HEe urpaer). B mganHOil pabore MBI PacpoCTpaHUM ITOT
pesyabrar (1o ecth HepaBeHcTBO (2) mpu 0 < p < 2) Ha R, a UMEHHO, JOKayKeM
CTIETYIONTYIO TEOPEMY.

Teopema. ITycmo 3adara nocaedosamervrocms gynruut { fr, } maxas, wmo f,, €

LY(R™) u supp fm C A, 2de A, — nenepecexaroujuecs naparesenunedv. 6 R
CO CMOPOHAMU, NAPAALEALHBMU 0CAM Koopdurnam. Tozda npu 0 < p < 2 6wvinoa-

HAEMCA OUEHKA
|5 el <l52)

npuiem Koncmarma C, , He 3asucum nu om GyHKYUL, HU 0Mm NPAMOY20NLHUKOS.

< Cyn
LP(R™)

(3)

LP(R" l2



B1ech nHEKC M 1poberaer CUeTHOE WM KOHEYHOe MHOXKeCTBO. Ecim m mpo-
GeraeT KOHEYHOE MHOYKECTBO, Mbl HAMEDEHHO He OTparkaeM B ODO3HAYEHUSIX, UTO
HOpMa B IpaBoii Yactu Beruuciaserca we B LP(R™1%), a 8 LP(R", %) npu Heko-
topom N € N (popmMasbHO MOKHO CIHTATH, YTO KOHEUHBIE [TOCJIEI0BATETLHOCTH
dbyHKIWHIT TOTOIHEHBI /10 6ECKOHETHBIX Hy/ISIME). MBI OyjieM MocTyaTh mo00HbIM
o6pa3oM U B JaJIbHENIeM, He oropapupas 9Toro. Tak:ke HEOOXOIMMO 3aMETHTh,
YTO BCIOJLY B 9TOH CTATbE MBI MOJIB3yEMCs CIEYIONIM OIlpe/IeJIeHIeM Tpeobpaso-
Banusg Pypbe:

fy = [ f@emedag, e ).

Y1006 n36€KaTh CIUIIKOM I'POMO3JIKUX BBIKJIAIOK, MBI IIPOBEJIEM IIOJTHOE JI0-
Ka3aTeIbCTBO chOPMYIMPOBAHHON TeopeMbl st caydas R, olHaKO MeTO/bl, KO-
TOpbIe MBI OyJIEM UCIOJIb30BATDH, 6€3 TPY/a MEPEHOCATCH Ha CIydail n u3MepeHuii.
B konrie paboThl MbI ¢jiejlaeM JIONOJTHUTE/IbHBIE 3aMeYaHus 110 MTOBOJLY N-MEpHOM
cutyannu. Takum obpasoM, j1ajiee Be3jie, KpoMe IOC/IeTHero maparpada, Mbl CIu-
TaeM, 94To n = 2.

Haie nokaszarenberBo Gy/leT OCHOBAHO HA WJIEAX, U3JIOXKEHHBIX B [5|, ogHa-
KO HaM OyJler yjo0Hee cChLIaThCs Ha GoJiee o3IO pabory [6], Tak kak B [6]
paccMaTpUBAETCs CIydail MPsiMOil 1 HEKOTOPbIE MOMEHTBI M3JIOYKEHBI 0oJjiee aKKy-
parno. Takxke MBI HestBHO Oy/ieM HCIOIB30BaTh ujen paboTs 3], ogHako B Heil
aBTop ucnobdyer npocrparcTBo BMO(R x R) u meper Kapiecona Ha mpousse-
JIEHUSAX €BKJIUJOBBIX IPOCTPAHCTB. A Tak KakK y HAC CUTyallWs JIBONCTBEHHASI, TO
BMECTO 3TOr0 HaM MOHAI00sTCd Kiracehl Xapan Ha R X R u atomHoe pazsioxkenue
B HuX. Best HeoGxommas Teopusi (TO €CTh aTOMHOE Pa3JIoyKeHne B IPOCTPAHCTBAX
HP(R x R) u neiicTBre Ha HUX CHHTYJISIDHBIX WHTEIPAJIBHBIX OMEPATOPOB) ObLIA
uzsnoxkena P. ®eddepmanom B padbore [7].

2 IlpenBapurenbHble CBeIeHHNS: aHAJIUTUYECKNE U
“BemrecTBeHHbIe”’ Kjacchkl Xapau Ha R X R.

Bce cBenenust, m3soxkeHHble B 9TOM maparpade (Kpome JieMMbI B KOHIIE), COJEp-
xkKarca B pabore [8]. Xorst B Heil Bce paccy:KeHUs MPOBOJATCA JJId OWJIUCKA U
CKaJIIPHO-3HAYHBIX (DYHKITHUI, B KOHIIE IIPUBOIUTCS TepedOpMyITMPOBKa, pe3yIbTa-
toB 711 R X R. B TO Ke BpeMsi siCHO, UTO BCe OIpeesieHns U Pe3yJIbTaThl COXPa-
HAIOT CIUTy 7 i [-3Ha9HbIX DyHKIWHA. B sTom maparpade, Besme, Tae SBHO He
yKa3aHo, KyJa JeficTByeT (DyHKIIN, OIpa3yMeBaeTCsd, YTO OHa MOXKET OBITh KakK
CKaJIAPHO-3HAYHOM, Tak u [*-3naunoil. Takxke moapasymesaercs, uro 0 < p < 2.

Onpepenenne 1. Paccmorpum obmacts D = Dy X Dy, tne D; = {z; = x; +
iy; | z;,y; € Ryy; > 0}. Byzmem rosopurs, uro dyHKnus f, omnpeneseHHas u
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aHAJMTHYIECKAs B 9TOil obsacTu, mpuHayexxut Kiaccy HY(R?), ecim

||f||1;{g = sup //R2 |f(z1 + iy1, T2 + iye) [Pdridry < 0.

y1,y2>0

Mpr mumem HY (R?) Bmecro HY (D), otokaectsass dbyHKIHIO f ¢ ee mpeeib-
HBIMW 3HAYEHUSAME TIpU Y = (Y1, Y2) — 0, IpU 9TOM IpPeJiest TIOHUMAETCST B CMbICTIe
MEJIJIEHHO PACTYIINX PACIIPEIe/ICHHIl.

Onpegenenne 2. Pacemorpum dynkimio ¢ u3 kiaacca [lIsapna na R? takyto, uTo
f ¢ = 1. Ilycts f — MemeHHO pacTymee pacupesenenne na R?. Bynem roBopuTs,
aro f npunasiexur knaccy HP(R?), ecm

M¢f($1,x2) = sup |fx (,051762($1,:E2)| < LP(R2)>

€1,e2>0

PAC Py e (T1, T2) = €16 (1] €1, 32/ €2). TIpn srom nonoms || fl e = | Moo f]| -

Kak n B offHOMEpHOM CoTy9ae, Bbimosiastiores coornomenns HY (R?) € HP(R?)
w || fllgy < | fllge nus f € HY(R?). Tlo anasorun ¢ HY, MOXKHO paccMaTpuparth
POCTPAHCTBO (DYHKINU{T, aHAJIUTUIECKUX 10 OJHON IIEPEMEHHON 1 aHTHaHAJIUTH-
YEeCKHX 10 JPYTOH, WM IIPOCTPAHCTBO (DYHKIMH, aHTHAHAJIATUYECKUX 110 JIBYM
nepeMenHbIM. Boobre, H? Oyner coBnajaTh ¢ NpIMOil CyMMOI BCeX TAKUX IPO-
crpancTs. [logpobHOCTH MOXKHO 1TOCMOTpETH B [8].

B sasibHeiineM HaM MOTpeOyeTcs Clelyrolee yTBEPK JIeHUE.

JIemma 1. ITycmov A,, — npamoyzosvhury 6 nepeoti xoopdurnammnoti wemeepmau
naockocmu R? (603mooicho, nepecexarouwyuecs), a gn — dymxyuu uz L'(R?), das
KOMOPHLT SUPP G C Ay, npuvem Gynruuti, e pasHbr mocicIecmeento 1y,
cpedu nuz kornewnoe wucao. Toeda dynwyusa G = {gn} aeocum ¢ HY(R? 1) u
npu omom |G|l gz a2y < |Gl Lrqe).-

DTO yTBEPXKIEHNE JIEMEHTaAPHO C TOYKH 3PEHN KJIACCUIECKON TEOPUH aHA -
THYECKUX KJIACCOB Xap/in, HO JIJI IMOJTHOTHI MbI TIPUBEJIEM 3JIeCh HAOPOCOK JIOKa-
3aTeJIbCTBA.

Joxasamensvcmeo. st mpocToThl OyJieM cuuTarTh, uTo pyHKIUd (G cOCTOUT U3
OJTHO¥ KOMIIOHEHTBI, HOCUTE b 1TpeoOpasoBannsa Pypbe KOTOPOil JTeKUT B MPSIMO-
yroapauke A = [ x J. [Ipogokum dyuknuo G B obracts D:

G(Zl, ZQ) = g(l’l + iyl, ) + Zyg) = // Py1 (1'1 — tl)Py2 (1'2 — tg)G(tl, tg)dtldtg,
R2

rae (21, 22) € D u Py(x) — anpo Ilyaccorna. Ham my»kHO npoBeputs, 9T0 byHKIMS
G anajuTuyueckas B o0siactu D, 9TO OHa CXOJUTCA K CBOMM TDAHUYHBIM 3HAUE-
HusiM 1ipu Yy = (Y1, y2) — 0 B CMBIC/Ie MEJJIEHHO PACTYIIUX PACHPEIEIeHnil U 4To
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st HopMmbt || G| % BBIIONHsETCsT TpebyeMast onenka. Ilobsysace tem, 40 s1po

Ilyaccona P,(x) siBiasercsa npeobpasoBanuem Dypbe yHKIMI e~ 2™l merpymo
[IOJIyYUTh PABEHCTBO

G(z1,22) = / / G(&1, &)X am2mie e e,
A

~

Tak xak G — HenpepbiBHAs (QYHKIMS ¢ KOMIAKTHBIM HOCHTeIeM, a e ™ &2 —
dbyHKINA, anammTHUecKasg 1o nepemennoit 2 B C2, To dynkmma G — aHaguTn-
qeckasg B [) W CXOMUTCA K CBOMM I'PAHUYIHBIM 3HadeHusiM. OcCTajoch MpOBEPUTH
oreHKy HOpMbL. [l sroro pacemorpum nse dyukimm Gp = G(-,x9 + iys) u
Go = G(z1,-) 3amannbie Ha R. [lepBag dyukimsa — s1o npomoskenne [Tyac-
cona rpaHndHOil yHKIMU G O BTOPOIl NMEPEeMEHHON, TPUYeM BTOpas IepeMeH-
Has (y»Ke KOMIUIEKCHast) 3adbukcrpoBana. Bropast dyHKIs — MpocTo rpaHudHAasT
byakima G ¢ sapukcuposanHoiil neppoil nepementoil. Herpyno nposeputs, 1ro
suppGy C I u suppGy C J. Orciona cpasy caenyer, uro G € H', k = 1,2.
Baecy H' — obbrunoe 1mpocrpancTso Xapau Ha pamoit R. ajiee, Hosb3ysch 60
BHEIITHe-BHyTpeHHeil paxTopusamueil pyukimii G, n nepasencrsoM Mencena, 6o
cybrapmonnaHocTbio dbyukiuit |Gi(x 4 iy)|P, HeTpyHO MOJTyYIUTh HEPABEHCTBA

|Gr(z 4+ iy)|P? < (P, x |GeP)(z), k=1,2.

Orciona Boirekaet, 910 |Gillge < ||Gi||Lr, k = 1, 2. Ilpumenns nocsejoBaTenbHO
STHU JIBE ONEHKU K MCXOMHoi DyHKImN G, MOy MM HCKOMOE HEPABEHCTEO. O

3aMeTnM, 4TO 3Ty JIEeMMY MOYKHO (DOPMYJIUPOBATH JJId JIIOO0H KOOPIMHATHOM
9YeTBEPTH, HY?KHO TOJILKO 3aMEHUTH IPOCTPaHcTBO HY Ha nmpocrpancTBo DyHKIMIL,
AHAJIUTHIECKNX MW aHTHAHAJIATUIECKUX IO COOTBETCTBYIOIINM ITEPEMEHHBIM.

3 IlpenBapuTtesibHble CBeJ€HUSA: AaTOMHOE Pa3JIoxKe-

HUEe W HeNpepbIBHbIE OIlePATOPbI HA ITPOCTPAH-
cree HP(R?).

B sTom naparpacde u3ioxKenbl (¢ HeOOIBITIMI OTJIMIUAMHI) OCHOBHBIE PE3YJIBTATHI
paborsl [7]. Orauuuns 3aK/II0YAIOTCA B TOM, YTO TeopeMa 06 ATOMHOM Pa3JIOKEHUH
CCbOpMyHI/IpOBaHa. HaMM TaK, 9YTO Mbl MO2KEM YyBeJ/IMYUBATH II0 CBOEMY YCMOTPEHUIO
YUCJIO0 OOHYJISIOIINXCS. MOMEHTOB y TIpeiaToMoB (uncsio N B OlpeiesleHnn 3 HuzKe ),
vero #e ObL10 B |7] (mompobrocTH cMm. Humke). Janee 0 < p < 1, a Bce dyHKIUMA
MOYKHO, OISTE K€, CIUTaTh KaK CKAJIAPHO-3HAMHBIMU, TaK ¥ [°-3HAMHBIMU.



Omnpegeneane 3. Pacemorpum dbynkmmio o uz L*(R?) (ckajggpHo-3HaUHy0 UId
[?>-3naunyto) u nesoe HeorpunarebHoe uucio N. Byaem rosoputh, uto a — (N, p)-
PEJATOM, €CJIU BEPHO, UTO

(i) suppa C A, e A = [ X J — IPAMOYTOJIBHUK CO CTOPOHAMH, HAPAJLIETh-
HBIMU OCAM KOOPpAHWHAT,

(i) flallzz < |AJY2HPu

(iii) fI a(zy, ) :L‘ld:L‘l fJ (29, x9)x5drs = 0 nipu 0 < s < N u 1upH JHOOBIX
elnzx)el.

Omnpegesienne 4. ITyctnb () — oTkpbiToe MEHOMKeCTBO B R? Koneunoit mepst u M ()
— MHOYKECTBO MAKCUMAJIbHBIX JHAMIECKUX MPAMOYTOJIBLHIUKOB, COJIEPIKAIIMXCS B
Q. Bysem nHaswiBath Gynxmmio a uz L?(R?), cocpepoTouentyio Ha MHOKecTBe €2,
(N, p)-aTomom, eciiu

1) a=> Ac M) QA; THE A — (N, p)-tipeJiaToM, COCPEIOTOYEHHBIN HA TPSIMO-
yrojabHuke A,

(i) flallze < |QY2717 n

(1) Yacrmqe laalzs < Q7.

Teopema 06 aToMHOM pas3JioyKeHUU. Sadukcupyem nokxazamesv 0 < p < 1.
Toeda mooicro 6vibpamsv makoe wucao v,, wmo npu N > v, eepno caedyrouee:
dynruyus f aeocum ¢ HP(R?) mozda u moavko mozda, xozda f = A\pay, 2de ay
— (N, p)-amomvt u wucaa A\, marosol, wmo Y | AP < Cp N || flI%e

B pabore [7] sTa Teopema chopmyanpoBana u JoKazama i ciaydad N = v,
(ecir TOBOPUTH TOYHO, TO TIOJPOOHO TaM PACCMATPHBAETCs TOJBKO ciydail p = 1
u N = v, = 0). Ho maa Toro, arober n36€KaTh TOr0 OrPAHUTEHNUSI, JOCTATOTHO
I1d uaTerpada Jlysuna Sy BEIOpaTh (QYHKIMIO ¢ ¢ Hy?KHBIM KOJTMIECTBOM OOHY-
JIFIOIIUXC MOMEHTOB (CM. COOTBETCTBYIOIIEE J0Ka3arebeTBo B [7]). C momornisio
TAKOIO ATOMHOIO Pa3/IOKeHHUsl, a TakzKe JieMMbl 2KypHe 0 moKpbITHsX, B [7]| q0Ka-
3bIBaeTCs (OMATD Ke Jyist ciydast N = v,) CIeAyIOMHUil Pe3yJIbTar.

Teopema (P. ®eddepman). Paccmompum onepamop T, deticmsyrowsuti o2panu-
wenno us L*(R?) ¢ L*(R?) (nanommum, wmo 6 coomeememeuu co CKazanmvM 6
nauane napazpaga, xasicdoe uz npocmpancmes L*(R?) moorcem cocmosmyv xax u3
CRANAPHO-3HAMMOT Pynruuts, max u us [2-anaunwix). ycmv npu docmamouno
borvwom N (N > v,) eepro, wmo dasn nobozo (N, p)-npedamoma «, cocpedomo-
YEHHO20 HA NPAMOYLONLHUKE L, 6BINOAHAEMCA OUEHKA

// (Ta) (1, x2)[Pdrrdry < C’y"s (4)
(v-A)e
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npu purcuposarrom 0 > 0 u npu mobom v > 2. Toeda onepamop T deticmeyem
ozpanuyenno us HP(R?) ¢ LP(R?).

3nech u jrasee v - A obo3HATAET MPAMOYTOJBHUK C TEM K€ IEHTPOM, UTO U y
MPAMOYTOJbHUKA A, U CO CTOPOHAMU, B 7y pa3 Oosbiumu, dem y A.

4 JloKa3aTeJIbCTBO OCHOBHOII TeopeMbI: BCIIOMOIa-
TeJbHbIEe ollepaTopbl S n R.

[Iepeiiiem Tenephb K JJ0Ka3aTeIbCTBY C(OOPMYINPOBAHHON HAMI TeopeMbl. Tak Kak
BCE HAIllM OIEHKM He Oy/IyT 3aBHCETh OT YHCJa MPIMOYIOJBHUKOB A,,, TO MbI
MOZKEM CUUTATh, YTO UX MHOYKECTBO KOHEYHO.

Brauaje paccMOTpuM YacTHBIN CIy4aiil, KOraa Bce IPAMOYTOJIBHUKHE A, MOTYT
OBITh TOJIyYeHbl U3 HEKOTOPBIX JUAINIECKUX ITyTeM YBeJUIeHHUs JJINH CTOPOH B 8
pa3 ¢ coxpaHeHneM KOOPJIMHAT JIeBOI HUKHe BepIuHbI. T0 ecTh KazKI0MY HPSIMO-
YTOJBHUKY A, MBI MOXKEM COTOCTaBUTh Mysbrunnjekc (k, j) = (kq, ke, j1, jo) € /e
TaKO#, 4TO

A= 712", (1 + 8)2%] x [j22"2, (j + 8)2"2].

Takxke mpeanooKuM, ITo supp f, C % - A,,. Crietaem ciiesyiornee TeXHIIECKOE
3aMevaHue.

Bamewanue. Jlroboit npsmoyronbauk R = [a,b] X [, d] MOXKHO MOMECTUTH B TIpsi-
mMoyrosibHuK A = [ X J, uMmeronuii Takoil BUJ, KaK Mbl ONHUCAJIU, [PUYEM TaK,
YTO JIIMHBI COOTBETCTBYIOIINX OTPE3KOB GY/yT cpaBHUMBI (TO ecTh |[| < Ha, bH u

|J| =< |[e,d]])) m RC 3-A.

Heitcreurensro, nycrs [ = [j2F (5 + 8)2%], rie cremens k Takas, uto 28 <
lla,b]| < 28" u j =sup{j € Z | (j+1)2* < a}. Herpyano Busers, uro |I| < |[a, b]|
u [a,b] C 3. 1. Anasorniso BBIOpaB J, IOJIYHMNM HCKOMBIf IPSIMOYTOIBHIK.

Tenepnb JoKarxkeM TeopeMy JIIs OMMCAHHOIO YacTHOro ciydas. Ilyecrb A —
MHOKECTBO MYJIbTUMH/IEKCOB, COOTBETCTBYIONMX IIpAMOyrojibHUKaM A,,. Ilycrsb
h = {hi;} @ jyezs € L*(R?,1%). Ham norpeGyercst omeparop S, KOTOPbIi 3a1a8TCs
dopmynoit

S(h)(.fll'l,l'g) _ Z 627rij12k1 xle2m'j22k2 T2 ((I)k % hk,j)(xlax2>7
(k,j)eA

riae Pp(z1,22) = pr, (T1) @k, (72), & GYHKIMU ©,,, B CBOIO OY€PE/Ib, ONPEIETAIOTCS
Tak: IycTh ¢ — ynknug n3 kiaacca [IIBapma na R takas, 4ro ee npeobpaszoBanue
Dypbe HEOTPHUIATETHHO W PABHO HYJ0 BHe orpeska [0, 8] u exumHuIle Ha OTpesKe

[1,7], Torma ¢, (t) = 2"¢(2"t).



Jlemma 2. Onepamop S deticmeyem oepanuuenno us HP(R?,1%) ¢ LP(R?) npu
0 < p < 2, npuvem oueHouHaA NOCMOANNAA 3A6UCUM MOALKO OM, P.

JlokazaTebCTBO 9TOM JIeMMbI MBI BpeMeHHO OTJIOKMM. [lokaxkem, 4To ecym
OHa BEpHa, TO HaIlla TeOpeMa JOKa3aHa JjIg OMMCAHHOIO YaCTHOrO ciydasd. IlycThb
gr; =0, ecmm (k,j) ¢ A, n

—2mi j12F1 21 _—2mi jo2k2 a9
e fm(

gk,j($1,$2) =e€ IE1,$2),

ecmn mysbrunaiekce (k,j) € A coorBercTBYeT NMpsiMOYTOIbHUKY A,,. 3amernm,
4YTO HOCUTe/ 1peobpasosanuil Pypbe HeHylIeBbIX (DYHKIUI gy ; JI€XKaT B IPSMO-
YTOJTbHUKAX

3 Ap — (125, jp20) = [28, 7 2M] x 22,7 28],

Orcrona, o Teopeme Ilnanmepens, ciaemyet, 9To g ; = P, * g ;. ObosHauuM g =
{9k.5} (k,j)ezs- YIUTBIBAS TOIBKO YTO CKA3AHHOE U IOJIB3YSACH JIEMMOI 1 u jiemmoit
2, moJrygaem

H;meL =18(9)]],, <
Collgllma) < Cyllglzoaey = Cyll{ Fn} | oy

TakuMm 06pa3oM, BBIIOJIHIETCS HY KHAsI OIEHKA.

Tenepn cBesieM TeOpeMy K PaCCMOTPEHHOMY YacTHOMY cirydaro. Harme paccyx-
neHne GyjIeT MIPUMEPHO TaKoe Ke, KaK COOTBETCTBYIOIIee paccyskenue B [6], oqna-
KO BBIKJIQJIKK Oy/yT 60Jiee IPOMO3JIKIME, TaK KaK Mbl PACCMATPUBAEM CUTYAIIUIO
aByx msmepennit. Ham morpeGyercs erme ojtun Beniomorate bl onepatop. [Tycrs
Y — dbynkus n3 Kiaacca [Isapia na R Takast, aro ¢ > 0 usupp ) C [A™1, A], rue
A > 1. Tlonoxum 1, (t) = A"p(A™), n > 0. BameTum, 4TO SUPP Un C [An=1 AnHl)
ycrs Wy, k, (21, 2) = Uk, (21)Uk, (22) 1 {hy} € HP(R?,1?), Torna HyKHBI HaM
oreparop R Gymer 3a1aBarbest GopMysioit

R(hi,ha,...) = (r(hn),r(ha), . ..),

rie .
T’(hm) = {hm * \Ilkhm}klak?:O'

Jlemma 3. Onepamop R deticmeyem oepanuuenno us HP(R? 1?) ¢ LP(R?,1%) npu
0 < p < 2, npudem oueHouHas NOCMOAHHAA He 3asucum om L.

JlokazaTeIbCTBO TOM JIeMMbI MbI TaKzKe OTJI0KUM. [[okarkeM, Kak, HCIIOJIb3Ys
oneparop R, mepeiiTu K 9acTHOMY CJIy4aro, pacCMOTpeHHoMY panee. [[na Hada-
JIa 3aMETUM, YTO PaCTIKEHUeM MOXKHO J00uThes (6e3 1moTepu OBIHOCTH) TOTO,
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ITOOBI JJTMHBI OTPE3KOB, MPOU3BEICHUSIMU KOTOPBIX ABJISIOTCS MPSIMOYTOJIBHUKI
Ay, 6bu He Menbiie 1. 3acduxcupyem ncno A, jgoctatodno 6JM3KOe K €JIMHH-
e, a dyHKIUO 1) BbIGepeM Tak, d9ToObl » . -, ¥,(t) = 1, mpu t > 1. O6o3Ha-
qus 0 = (1,1), BeesieM byHKIMN g, (7) = e 27H@m=02) £ () rne a,, — JeBbIe
HIUKHIE BEPITUHBI IPIMOYTOJIBHUKOB A,,. “Usmensaus” Hocurenn GyHKIHA g, €
IIOMOIIBIO oreparopa R U CMECTHB UX OOPATHO, MOIYINM (QPYHKIHA [y, gy &y (T) =
emilam=0.0) (g 5 Wy 1) (x), npmaem f,, = ka Sy ks (TIDH KaXKIOM M CyMMU-
poBaHue OOPbIBAETCS HA KOHEYHOM HHUCJIE CIAraeMbIX — KOIJla HOCUTE b (DyHKIUNI
Uy, k, IMOKHIAET HPSIMOYTOIBHUK A,,). Paccmarpusasi TpOiHYIO II0C/IE10BATE b
HOCTD { fin k1 ks | K&K QyHKIMIO 13 ipocTpancTsa LP(R?, %) u nosb3ysich jeMMamMu
1 u 3, mosryqaem:

H{fmvklka}HLP(P) = HR({gm}>HLp(z2) <
CP,AH{gm}HHP(P) < C;,AH{QW}HLP(P) - C;,AH{fm}HLP(P)'

Hagee, nyctb N — PpUKCUPOBAHHOE JIOCTATOTHO OOJIBIIOE HATYPAJIBHOE UNCJIO
(manpumep, N = 100). PazobbeM mocie1oBaTesbHoCThb { fin k&, } Ha N? mO/IOCTE-
JIOBaTEIbHOCTEN — B COOTBETCTBUU C OCTATKAME OT JIeJIEHUsT UHJIEKCOB k1 1 ko Ha N
B KaskJI0i rpyrie (T0O eCTh P OJHOM 3HAYEHUU ). YUUThIBAs CKA3aHHOE BBIIIE,
TEOPeMY JIOCTATOYHO JIOKA3aTh OTJENbHO JJIST KarKJOW II0/IITOC/IEe/I0BATETBHOCTH.
Ecim B Takoit nojirocsie 10BaTeIbHOCTH U3 KaKJI0i IPYIIIBI UCKJIIOUYATD (DYHKITUH,
Yy KOTOPBIX MaKCHMaJIeH OJINH U3 WHIEKCOB ki Wau ko, TO HOCHTEN OCTABIIIXCS
GYHKIUI MOXKHO IIOMECTUTH B HEIIEPECEKAIONTNECsT ITPSIMOYTOJIbHIKHI, COOTBETCTBY-
IOIIe JAaCTHOMY CJIyYalo, OIMMMCaHHOMY BbIIIe. /[jis 9TOro Hy»KHO BBIOPATH YHCJIO
A 1ocTaToIHO OJITM3KUM K €JIMHUIIE W BOCIIOJIB30BATHCS TEXHUIECKIM 3AMEYAHUEM,
KOTOpOe MBI ¢Jiej1ain B HadaJie rmaparpada. [List Toro, 4rodbl pa3obpaTbes ¢ ocTaB-
muMucs QyHKIUIMEA, Pa300beM X HOCUTENH eIlle Pa3, CMECTUB IIpaBble BepXHUe
BEPIIMHBI COOTBETCTBYIOIMINX MPAMOYTOJILHUKOB B ToUKy (—1, —1). Tasee mpume-
HIM TEXHUKY, OIMCAHHYTO BbIlIe (HO paborasi ¢ GyHKIHAME, AaHTHAHAIATHICCKUME
0 JIBYM [E€PEMEHHBIM ).

5 Jloka3aTe/IbCTBO OCHOBHOII TeOpeMbl: OrpaHNY€EeH-
HOCTH orepaTopoB S n R.

Teneps npoBepum jemMbr 2 u 3. Eciim Mbr jlokaxkem nx ipu p =2 u 0 < p <1, T0
JIsT OCTAJIBHBIX P OHU IMOCJEYIOT U3 WHTEPIOJSIHOHHBIX cooOpazkernuii (06 mH-
TepHOJIANNE B IMpocTpancTBax Xapan Ha R X R M0oxKHO npounTarh, HalpumMep, B
o63opHoit cratee [9]). Tlosb3ysick Teopemoii [Lnanmmepestsi, cpasy mosydaem, 9To
oneparopbl S u R JeiicTByIoT orpaHmuenHo Ha Ipocrpancrse L2, UTobbl JoKa-
3aTh orpanndeHHocTh pu 0 < p < 1, 10CTATOYHO MPOBEPUTH (COTIACHO TeopeMe
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Deddepmana), aro st oneparopos S u R u moboro (N, p)-npegaroma (ipu J10-
craTovHO 6osbIIoM N) BBIIOIHSETCS OleHKa (4).
Haunem ¢ oneparopa S. Ham norpebyercs cieayomiee yTBepzK IeHHe.

Jlemma 4. 3adadum nocaedosamenvrocmo dymwuuti £(x,y) = {kr; (T, Y) } k. j)ez2,
2de ki j(x,y) = ™00 (x — y) (nanommum, wmo dynryuu ), Goau 6eedenl
namu npu onpedeaenuu, onepamopa S ). Hyemv N > 0 — yeaoe wucao. Tozda das
scaxozo ompeska I C R natidemesa maxas 1*-anavnas gynxuus pr(z,y), aeaso-
wascs nosuromom cmenenu we svuue N noy, wmo npu ecex & = {& ;i w.jenz € 12,

ecex y € I, scex v > 2 u 6cex ueavix s > 1 svinoanaemca ouenxa

1/2
( }<ﬁ($,y)—pf(w,y),£>12\2dx) < Cny BTV 1E e,
Is

npuuem By > 1 u By — 00 npu N — oco. 3decwy I = v\ v*1.

[Toso6HbIE OIEHKK BCTPEeYaIuch B paboTax, MOCBAIIEHHBIX OJHOMEPHOMY CJIy-
vaio (cM., Hanpumep, [1]), onHako B Hux napst (k, j) npoberaju He Bce MHOKECTBO
72, a TOJIBKO HEKOTOpOe ero IojMHozxkecTso B € Z2 takoe, uTo Z(k,j)eB |ok(x —
2Fj)|? < C. B rakoit curyanun nocsiegoBaTenbHoCTb { Ky, (2, Y) }k jes OKasbiBa-
Jach SPOM HEKOTOporo omeparopa tuma Kasbmepona-3urmyHia (0JIHOMEPHOTO
anajiora omneparopa S), npudem ero L2-orpaHuveHHOCTH cjiejloBaia (0 Teopeme
[Lnanmmepesisi) U3 yHOMSHYTOrO orpaHndeHus Ha MHOKecTBO nap (k, 7). Ojnako,
JeMMa 4 BepHa 1 6e3 MoJ00HBIX OrPAaHMYEHNUil, 1 IMEHHO 3TO 00CTOATEIHLCTBO M03-
BOJIUT HAM OIEHUTH oriepaTop S (To eCcTh PacCcMOTpeTh CJIydail AByX W3MepeHuii).

JlokazaTebcTBO JIeMMBI 4 OyJIeT TPOBEJIEHO B T10c/Ie/iHeM naparpade. Mcmosb-
3y ee, HPOBEPUM OrpaHmueHHOCTE oneparopa S. Ilyers o = {a j} (k. j)ezs — 1po-
U3BOMIbHBIN [2-3Haunblii (N, p)-upegarom (N — 10CTaTOYHO GOJBIIOE), COCPEIO-
TovYeHHbIH Ha npamoyrojbauke A = [ X J (kak u panee (k,j) = (ki, ks, j1, Ja))-
Pazobbem muO)KecTBO (77 - A)¢, burypupyiomniee B omerke (4), Ha TpU YaCTH:

2 )
Ay ={(z1,20) eR* |z €y -[; 20 ¢ v+ T},
2 )
AQI{(JZ'l,l'Q)ER|$1¢7*I,$2€’Y’J} nu
2 .
Ay ={(x1,20) ER* |y & v -1, 29 & v J}.
Bynem mHTerpupoBaTh OTHEILHO 110 KasKIOMYy MHOXKecTBY. [is MuoxkecTs A;
u Ay BOCIIOJIBb3yeMCsl II0CJIe/IOBATEILHO JIeMMoil 4 1o ojHoil nepemennoit u L2-
OIPaHMYEHHOCTBIO 110 JIPYIOii, a JJIs MHOMKECTBa Az BOCHOJIBL3yeMcs JIeMMOii 4 11o
KazKJIOl IepeMeHHOit. Vjiest JI0CTaTOYHO IIpoCTasl, HO CTPOTUE BBLIKJIAJIKH OYIyT
JIOBOJIBHO I'POMO3IKUMHU.

Bragaste pacemorpum muokecTBO A1, BBesiem nekoTopbie obo3Hadenusi. S apom
ortepaTopa S dABJIETCs CJeaylonuit Habop dyHKIIit

K(l’l, Ta, Y1, y2) _ {627ri2k1j1 1 627ri2k2j2 T2 @k(l'l — Y1, Ty — yQ)}(k,j)eA'
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Hycrs h = {hg, j, Y joezz € L*(R,1%). Onpeenuy BCoMoraTesbHbIe OEePaTophbl
Ska,ja PopMyION

Skz,jQ(h)(x1> = XA(kla k27j17j2) €2m2k1j1 o (90161 * hkl,j1)(x1)'
(k1,j1)€Z2

Bamernm, 9T0 PN (PUKCHUPOBAHHBIX MHJEKCAX ko U Jo Y IPAMOYTOJIBHUKOB A, =
I, X Jp,, cooTBeTCTBYOMUX MyabTURHICKCAM (K1, ko, j1, j2) € A, OyiiyT coBIaiarh
orpesku J,, = [j22%2, (ja + 8)2%2], a snaunr orpesku I,, = [7:2%, (j; + 8)2*] 6y-
JIyT TONAPHO HEellepeceKaromuMucs (Tak Kak A, — [IOIapHO HEeIePeCeKaroIecst
upsmoyrosbaukn ). Orciofa mo Teopeme [liaHmepesis mosydaem, 9TO OMEPATOPBI
Sky.j» OTpaHHMYeHBl Ha npoctpaHcTBe L?. Takxke s ymo6cTBa BpeMeHHO Oyjem
obo3HavaThH

(Y2, 21) = {Skwé <{O‘k17k2,j17j2('7y2)}(k;1,j1)ez2> (xl)}

(k2,j2)€Z2

Baech Mbl I KaxKk0oro uHjekca (kg, jo) B3sin HAOOP KOMIIOHEHT IpPeiaToMa (v,
COOTBETCTBYIOIIUX 9TOMY WHJIEKCY, U, 3a(UKCHUPOBAB BTOPYIO IMEPEMEHHYIO, IIPU-
MEHIIN orepaTop Sk, j, K 3ToMy Habopy. [lanee dyHKIUM £ 1 p; — Takue, Kak
B JieMMe 4, IpUYeM MX KOMIIOHEeHTBI POMHJIeKCUpoBanbl apamu (ks, jo) € Z?. B
9TUX 0003HAYEHUAX TIOJIyIaeM, UTO

S(a)(w1, x2) / <K T1, T2, Y1, Y2), (Y1, Yo >lz dyrdys =

/ Z 2Tz o (5 — ) Sy ({Oékl,kg,jl,jg('ay2)}(k17j1)622) (1) dys =
J (k2,j2)€Z2
[ (el 2) = prtan, ). €l ) e 9
J
HOCJIG,ZLHQG PaBE€HCTBO BBIIIOJIHAETCA, TaK KaK Yy IIpeJlaTOMa (¢ paBHbI HYJIIO II€PBbLIC

N MoMeHTOB 110 Kaxk/10#1 nepemenHoii. /lasee, monb3ysch HepaBeHCTBOM | €/1b1epa,
IoJIy4aeM, 4To

// Sa ) (1, x2) } dr1dzy —Z/ ’ Sa)(xy, xs) } dzredr; <
A

s>1

Z/I|Js|1_p/2</Js ‘(504)(901,xg)}deg)p/del.

s>1

Paccmorpum BHYTpennuit unTerpast B crenenn 1/2, To ectb HOpMy oT (Sa)(xy, -)
B nipoctpanctiee L2(J,). Bocnonbsyemes dbopmyitoit (5) ausa S(a) u 3amecem sty
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L?-HOpMy TOJ 3HAK WHTErpaJja 110 OTPe3Ky J, a 3aTeM HPUMEHUM JeMMy 4:
, 1/2
( }(S(x)(xl, l’z)’ dx2> =
Js

(/.

/J (/J ’<“(x2> y2) — (w2, ¥2), € (Y2, 21))

e y*BY |72 / (o, 1) e e
J

2 1/2
d!E2) <

) 1/2
d$2) dy, <

/J <”v(9€2> Y2) — Py (T2, Y2), & (Y2, :E1)> dya

[ToncTaBiisast 3Ty ONEHKY B IMPEIbLIYILYIO, CHOBA TOJIB3YsACh HEPABEHCTBOM [€/1b1e-
pa 1 3aHOoCa L2-HOpMY IOJI 3HAK UHTErpaJa, I0/IydaeM:

// ’(Soz)(:pl,xg)}pdxgd:pl <
A
p
> Covyy e g ( [ et dy2) i, <
vy-1 J

s>1

1/2 P
ZCN,p’YspBN‘Js‘lme‘p/QW'”lp/Q(/ (/ |f(y2,$1)‘122 dxl) dyz) .
J v-I

s>1

BenoMuuB onpesienenne mocaeoBaTebHoCT & (Y, T1) M BOCIOIB30BABIINCH L
OrPaHIYIEHHOCTBIO O1EePaTOPOB Sk, j,, BUJIUM, 9TO

1/2
/(/ |5(?J2>171)|122d$1) dys <
J v

/J( Z /R’{akh/@,jl,h(xlay2)}(;€17j1)ez2

(k2,j2)€22

) 1/2
2d$1) dy, <
!

1/2
([ latos il dndin) < 11 (1)1
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Cobupast Bce BMecTe, MOJIydaeM:

// ’(Sa)(xl,xg)}pdxgdxl <
Ay
Oy PP [T P2 |72 - I TP 1P <

s>1
Cnp Z’Y_SPBN ('75(7 — 1))14?/2 |J|1—p 71—1!7/2 |]|1—p/2 |J|p—1 |I|p/2_1 <
s>1

CN,p’YQip Z ,.)/s(lfp(l/QJrBN)) < Cp’yié,

s>1

[Tocnennee HEpaBEHCTBO Mbl HOJIY4YW/IM, BbIOpaB N Tak, 9To6bl Yucjo By ObLIO
JOCTATOYHO BesMKO (HamoMHUM, 9T0 By — 00 mpu N — 00), Ipu 9TOM HaII
BBIOOD Oy/IeT 3aBUCUTDH TOJIBKO OT TIOKA3aTeNd p.

MuoxkecTBo Ay paccmarpuBaercs aajorudno. Ocrajoch pazobparbes ¢ MHO-
skecTBoM As. CHOBa BBeJIeM HecKOJILKO oboszHadenuii. ITycTh & — Takoil [2-3naunblil
(N, p)-tipeJiaToM, 9TO Te €ro KOMIIOHEHTBI, WHJIEKC KOTOPBIX MPUHAJIEKUT MHO-
2KecTBy A, COBIIQJIAIOT ¢ COOTBETCTBYIIMMU KOMIIOHEHTAMHU IIPEJATOMA (v, & OCTAJb-
HbIE KOMIIOHEHTBI TOKIECTBEHHO PaBHBI HYJIIO. BBeIeM 1oc/ie10BaTeIbHOCTh DyHK-

it & popmyJioit:

f(xla Y1, y2) = {</€($1, yl) - pl(xh y1>7 {ak17k27j17j2 (yl, y2) }(kl’j1)622>}(k‘2,j2)622.
3/ech MbI 15t Kazk10r0 HHeKca (Ko, jo) BEIOpaI HaOOP KOMIIOHEHT TIpelaToMa «,
COOTBETCTBYIOIIUX 3TOMY MHJIEKCY, U BBIUUCIUIN CKAJSAPHOE MPOU3BEJIEHNE STOTO
Habopa U pa3HOCTU K — Py, TJe DYHKIMN K U p; — TakKue, Kak B JieMMe 4, 1pu-
YeM MX KOMIIOHeHThI MpouHieKcupoBanbl napamu (ki, j;) € Z*. Tloabaysch TeM,
4TO y mpegaToMa (v neppbie N MOMEHTOB 10 KasKJOW IePEeMEHHO paBHbBI HYJIIO,
IOJTY IaeM:

S(a)(zy, x2) Z/J/I</”v(902>y2) — pa(@2,y2), E(21, Y1, Ya2) ) dyr dys.

Ha sToT pas KoMmoHeHThI (DYHKIWI £ U p; TPOUHIEKCHPOBaHbl apamu (kg, jo) €
7Z2. Jlanee, moib3ysach HepaBeHCTBOM Lénbiaepa u 3anocs L2-HOpMY II0J 3HAK HH-
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Terpasa, 1oJjy4aeM, 4To

//,43 |(Sa) (a1, 22)|"daaday =
Z /J /151 /J/I</i(azg,y2)—pJ(xQ,y2)75(x17y1’y2)>dy1dy2

s1,52>1 $2

2 1/2 P
E : |151|1—p/2|J82|1—p/2(//(/ / ’<>’ dx?dxl) dyldy2) .
JJI Is; JJs,

51,8221

p
dl’ldl’g S

JIBa pasza BOCIIOJIb30BaBIIKUCH JTEMMOI 4, BHIUM, UTO

5 1/2
(/ ’<"€(5’32a3/2) _pJ(x27y2)7€(xlaylay2)>’ d$2d$1) <
Iy, J s,

1/2
Oy 7528 |12 ( [ i dx1> <
I

1

C]/V 778131\/ |[‘*1/2 fy*s?BN ‘J|71/2 ‘&(y17y2)‘l2'

CHoBa ucrosb3ysd HepaBencTno [€biepa, moydaeM:

[ [ @t wledyndys < 1217211 o < (1
JJI

CobpaB Bce BMecTe, BUJIMM, ITO

J[ 1@ Voo <
As
Cnp D |72 | Jo| P2 oty ympsaB e/t | /2=t <

81,8221

CN,p’Y%p Z 7(81+82)(1*p(1/2+BN)) < Cpﬁyﬂs_

81,5221

[Tocennee HepaBeHCTBO 0OCY>KIAIOCH IPU paccMorpernn MHOXKecTBa A;p. Taxkum
obpaszoM, JieMMa 2 j1oka3aHa (TOUHee, CBeJIeHA K JieMMe 4).
Tenepr paccmorpum oneparop R. Ero siapo R 3amaercs dopmysioit

L
R(z1, 2, Y1, Y2) = {\I’kl,kg(«?ﬁ — Y1, X2 — y2)}khk2:0

Bnadenns Toil (BYHKIMN CyTh JMHEHHBIE OmepaTopul u3 [ B ZIQW,, TJIe 3JIEMEHThI
BEKTOPOB 13 [ IIPOHYMEpOBAHbI MHIEKCAME 170, & SJIEMEHTBl BEKTOPOB U3 l3; —
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mysabTurHIeKcaMu (m, kq, ko) (cM. ompenesenne omeparopa R). Omeparop R 6o-
Jiee “cTaHIApPTEH’, UeM OIepaTop S, U sABJISETCS TEH30PHBIM IIPOU3BEIEHNEM CBOUX
OJIHOMEPHBIX aHAJIOIOB, TO €CTh OIEPATOPOB, AP0 KOTOPBIX 3a/1aeTCA TI0C/IEI0Ba-
TEJIbHOCTHIO
p(x,y) = {tn(r = y) Yo

[TospoGHoe omucanue onepaTopa ¢ TaKuM spoM, jeficteytomero uz L*(R, %) B
L*(R,1%,), moxHO Haiitn B pabore [6], TaMm ke NPOBEJEHO BBIMUCIEHHE, IOKA-
3BIBAIOIEE, YTO TAKOi OlepaTrop — CHHTYIAPHBIA mHTerpan tuna Kajbuaepona—
Burmysia (XoTs 970 OBLIIO U3BECTHO M PAHBIIE), TO €CTh JJisl sS/Pa O BBIIOJIHEHO
CTaHJAPTHOE YCJIOBUE TJIAKOCTH:

CN‘]|N+1
|:E _yO|N+2’

lp(z,y) — pr(@,y)lie < (6)
e N > 0, I — npousBoJIbHBII KOHeUYHBI mHTEpBaJ B R, Yy — ero menrp, y € I,
v ¢2-I,ap(z,y) — HekoTopas [2-3naunas QyHKIMSA, ABIAIONAACA TOJTMHOMOM
crenieru He Bbime N 1o y. JTokazaresbeTBo orpanndenHoctu orneparopa R (1 Bo-
ob111e JII0OOT0 ollepaTopa, ABJIIONIErocst TEH30PHBIM IPOU3BEIEHUEM CHHTYISPHBIX
MHTErpasIbHBIX OIIEPATOPOB) MOXKHO IPOBECTH TaK K€, KaK JOKA3aTeJbCTBO Orpa-
HUYEHHOCTH ollepaTopa S, BOCIIOJIL30BABIINCH BMECTO JieMMbl 4 Gojiee CHILHOIL
onerkoit (6). To ecthb HykHO pasdbuTh MHOXKeCTBO (7 - A)° Ha TPH HOJIMHOKECTBA
Ay, Ay u Az (cMm. BbiIe), 3areM Jyist MHOXKeCTB A; 1 As BOCHOJIB30BATHCS 10~
cJIeI0BaTeIbHO yesoBreM (6) 1o ojiHOi mepeMeHHON u L2-0rpaHMueHHOCTHIO 10
JpYTOii, a Jiyisi MHOXKecTBa As BOCIIOB30BaThCs ycsaoBueM (6) 10 KayKJoil mepe-
MeHHOit. Mcro/ib3yst cooTBeTCTBYOIIEe PACCYKIIEHHE JIJIs OllepaTopa S, duTareib
JIETKO BOCCTAHOBHT JIETAJIM, IIPUYEM BBIKJIAJIKU OY/LyT IIPOIIE.

Hokazaresberso onenku (6), Kak yzke ObLIO CKa3aHo, cojepkuTcs B pabore [6].
3/1ech MbI IPUBEJIEM €r0 HADPOCOK, TaK KaK HaM IOHaI00ATCs HEKOTOPBIE ITPOMe-
JKyTOYHBIe HepaBeHcTBa. [lycth I — oTpesok, yo — ero nenrp, y € [, v ¢ 2- 1.
O6osuatnm wepe3 P, (t) N-it mommuom Teistopa mjs ), ¢ IEHTPOM B TOUKE 1.
Honoxum py(z,y) = Po—yor(x —y) n pr(z,y) = {pr(z,y)}r_. Benomuus onpe-
nesienre (byHKIUA 1), ¥ BOCIIOJIB30BABIIMCHL Te€M, 4TO (BYHKIMS 1P — U3 Kjacca
[IIBapra, JIerko MOJIyIUTh, 9TO

r(z —y) — pe(w,y)| < Cny A2 |y — o] V(1 + AF|z — o),

[=1,2,....
[Tonarast [ =0 u l = N + 3, nojny4daeMm JiBe OIEHKU:
[Yn(a —y) = pr(a, )| < Oy ASFD 7|V, (7)
e =) — o] < Oy a+ L )
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1
lz—yol "
BaeM KBaJ[paT nHTepecyromeii nac [2-nopmbr u3 orenku (6) Ha JiBe CyMMBbL: IepBas
— 110 BeeM k, jyia kKotopeix AF > |zfy0‘, BTOpasg — II0 BCeM OCTaJbHBIM k. [lomib-
3ysicb HepaBeHcTBaMu (7) u (8), mosydaemM Hy?>KHYIO OIEHKY.

Bamern, 9To IpH JI0Ka3aTeIbCTBe HepaBeHCTB (7) 1 (8) HCIoIb30BaAIOCh TOb-
KO TO, 4TO (pyHKnug v npunajgexuT Kiaaccy HIsapia. Takum obpasom, anaso-
IUYHBIE ONEHKH OY/yT BepHBI /1A (DYHKIHI ¢y U3 OIpe/ieeHns onepaTopa S (st

A=2).

Ormenxa (8) sryumme onenku (7) B TounocTH TOTA, Kora AF > Hanee pasou-

6 3aBeplieHHe g0Ka3aTeJILCTBA.

Jlist 3aBepineHns JI0OKa3aTeIbCTBa 0CTaI0Ch TpoBepuTh JemMy 4. ng N = 0 u
v = 2 1oxo)Kee yTBep:KeHne ObLIo IpoBepeHo B pabore [1], ograko B ero dbopmy-
nmposke ungekc (k, j) npoberan we Bee Z2 (Ho JoKasaTenbeTBoO B [1] Tem He Menee
HOJXOUT U Jiisl Halmero ciaydas). B pabore [6] cHOBa JoKasbiBaeTcss yTBEPIKe-
HUe, CXOJIHOe C JieMMoit 4, Ha 3ToT pa3 jyisd Bcex N > 0 u v = 2, HO cuTyanus
TaM HECKOJILKO JIpyras. HecMoTpst Ha 9TH OTJIMYMs, HAIIIE JIOKA3aTeTHCTBO JIEMMbI
4 GyJier TOUYTH TAKUM K€, KaK JOKA3aTeIbCTBO YIOMIHYTOIO YTBEPKIeHus B [6).

Omupenesnm osimHOMBI Py, y) depe3 nosmuoMbr Teitopa jyist byHKIWIT @y,
— TaK JKe, KaK Mbl OIpEJeJIsiin UX MpH JoKasareiabcrse oneHkn (6). Kak yxe
rOBOPUIIOCK, otieHKH (7) u (8) GymyT BepHbI /1711 byHKIWMA @ ipu A = 2. OyHKIHIO
pr(x,y) onpemesmm dbopmyIioit

2mi 2K j o

pr(z,y) = {e pk(x’y)}(k,j)eZQ'

Takzke 0003HAYUM

Ths = sup |or(e —y) — pr(z,y)|
xzels,yel

B sTux obosnaueHuax IIoJIydJaeM:

(/1 |(k(, ) _p[($,y)7£>’2dl‘) 2 <
(/I <kZZ low(z —y) —pk(x,y)” ZZ&W, 2mi 2 >2dx) 1/2 .

C 2mi2kjx 2 2
Z Tk,s Z fk‘,] € dz S
k I
() (e [ [y
k k Is ©

2dx> "0
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3J1ech MBI BOCIIOJIb30BAJIICH HEPABEHCTBOM TPEYroJbHUKA B L? M HEpaABEHCTBOM
Ko syt cymm. [lasee, nosb3ysichk orenkamu (7) u (8), mosydaem, 9To

Th.s S ON 2k(N+2) |]|N+17 Th.s S CN Q—k |I|_2 '7_(N+3)S~ (10)

BTopas OIleHKa CHIbHee IIepBoii B TOYHOCTH TOr/a, Korya 28 > |I|~'y~*, nosromy

Z Tk,s S

k
Cy Z 2k(N+2) |[‘N+1 +Cy Z 9=k |[‘72 77(N+3)s <
k:2k<|I|—1y—s k:2k>|I|—1y—s

CJ/\T ,st(NJrQ) ‘]|71.

Ocrajioch ONEHNTH BTOPOH MHOXKUTENb B THOCTeqHeM Bbipaxkenun B (9). Crenas
3aMeHy IepeMenHnoii t = 2°x u Bocnoab3oBaBmUCHL Teopemoit Pucca—@ummepa, 110-
JIy9UM, 9TO

C* |1 Z €k gl?,  ecmm AP T] > 27F
dx < /

j
] 27k Z €517, ecim *|I| < 27k
J

2mi 28§ & 2
’ ) et
oLy
[Tosib3ysich 3TUMU OTIEHKaAMU, a TaKxKe HEPABEHCTBAMU (10), OJIyYaeM:

S [ | S
k Is =
C‘f‘%Q( Z 7"]{7327]{4‘ Z ’I"]g,s")/s‘ﬂ) S

2
de <

k:2k<|I[=1y=s k:2k>|1[=1y=s
Cvlea( 3D RO ST gyt <
ki2k<|I|~1y—s 2k >|I|-1y—s

Ciy €]y~ D,

Taxkum obpazom, jgemma 4 jokazana, npudeMm By = N + 3/2.

7 3amMedaHHUsS MO MOBOJY N-MEPHOTO CJIydas.

[Ipexkie Bcero 3ameTnm, 4YTO Tpe/IBApPUTEIbHAS TEOPHS, U3JIAraBIIasgcsd B Hada-
Jie paboThI, MOXKET OBITh PacIpOoCTpaHeHa Ha cjIydail n u3Mepenuii. B coorBer-
CTBYIOIIUX CTAThsAX OHa (POPMYJIHpoBasach J1d R? IpocTo jiIs TOro, YTobbl U36e-
JKaTh CJIMIIKOM I'POMO3JIKUX BBIKJIAIOK. Takum 00pazoMm, 1o aHAJIOTHH C CUTYaIuei
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n = 2, oupejiesenns npocrpancts HY u HP, onpejiesieHns npejaToMa n aroma, a
Takke JiemMa 1 n Teopema Peddepmana nmepeHocaTcs Ha cirydail Tporu3BOJIBLHOTO
n.

JlokazaTebCTBO OCHOBHOI TEOPEMBI B CJIydae IMPOU3BOIBLHOTO 1 TAKXKE MOXKHO
MIPOBECTU aHAJIOTMYHO JIOKA3aTeJbCTBY g n = 2. Crie/laeM HECKOJIbKO 3aMedva-
HU, TIPOSICHSIIONMUX CyTh Jiesia (HO 06e3 CTPOruX BBIKJIAIOK). MbI Gy1emM HCIoJib-
soBath caepyronme obosuavenust: (k,j) = (ki,...,kn, j1,---,dn) € Z*", ay; =
(1280, o0 gn2kn) m @ (x) = p, (21) -+ - o, (2). Kasknomy mymbrunmexcy (k, )
COIIOCTABUM IapaJlIesIeuIe]

Apj = [72n2", (1 +8)2% ] x - x [jn2", (4 + 8)2%].

Hauee, ycrb h = {hi i}k jyezen € L*(R™,1%). BBesieM n-MepHbBIil aHAIOD OLEPATO-
pa S caemyiomieit hopmyIoii:

S(h)(w) = Y e @ (@ x ) (2),

(k,j)eA

rie A — HEeKOTOpoe MHOYKECTBO MYJIBTHHJIEKCOB (K, j) TaKuX, YTO MapaJsiiesernuie-
T Ay, ; TIOTIAPHO He IepeceKaroTes.

Criocob60M, aHAJIOTMIHBIM y7Ke OIIMCAHHOMY B 3TOI paboTe, HaIlla OCHOBHAA TEO-
peMa cBojuTCs (€ OMOIIBIO N-MEPHOIO BapuaHTa orneparopa R) K yTBEPKJIEHUTO
O TOM, YTO M-MepHBIii onepatop S jeiictByer orpanudeno us HP(R™,[%) s LP(R™)
npu 0 < p < 2. YTo0BI JI0Ka3aTh €r0 OrpaHuIEHHOCTb, PACCMOTPUM TapaJLIe eI~
neq A = Iy X -+ X I, u pazobbem MHOKecTBO (77 - A)¢ 3 Teopembl Peddepmana
(ee n-MepHOrO BapmaHTa) Ha MOJMHOYKECTBA CJIC/IYIOIIEro BUIA:

{(z1,...,2,) ER" |z, €7 L;y ..., m, €71,
T — ¢’7.[7;m+1 yoeey Ly ¢’7[zn}a

rjie 0 < m < n, a uagexcel 1 < iy < N MONAPHO PA3JIMYHBL. By/ieM MWHTEIrPUPOBaTH
Beipazkenue |(Sa)(z)|P (3mech av — npenarom Ha R™) 0TIeabHO 110 KaXKJIOMY TaKO-
My TOJIMHOZKECTBY. BOCIIOIb30BABIIICH JIeMMOIt 4 JJIsT TIePEMEHHBIX ¢ WHJIEKCAMUI
Tndly - oslp U L2-0rpaHIYeHHOCTDIO JIJI TIEPEMEHHBIX C MHIEKCAMH i1, . . . , iy, (o
AHAJIOTUH C T€M, KaK MBI 9TO JICJIAJN B CUTYAIUN 1 = 2), MOy UM HEOOXOMMYTO
OTICHKY.
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