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1 DBsBenenmue

M3BecTHO, 4TO OnUCaHNe KBAHTOBBIX CHCTEM € IIOMOIIBIO (DYHKINOHATIBHBIX HHTEIDATIOB CTOb Ke
yI0OHO, KaK 1 € IIOMOIIbIO BEKTOPOB FIILOEPTOBA IPOCTPAHCTBA I AeHCTBYIOIINX B 3TOM IPOCTPAH-
CTBe JINHEIHEIX OIePAaTOPOB. DOMBIICHIE IOHATUA ~ (QYHKINOHAIBHEIN NHTETPAJ , MIOBIAIMOMY, HAIIO
oTHecTH K paboraMm D.Burepa [1] mBaguaTsIX TomoB IPOLITIOro BeKa, a MepBhle (GU3MUECKIe IPIMe-
HeHnd k paboram PeflHMaHa [2] B COPOKOBBIX TOAaX MPOIITIOTO CTOTCTHA (CM. TakiKe MOHOTpapIio
[3]). MaremaTmueckoe obpamienne n passurue nneit Peiinvana 6vto ocyiectsieHo M.Kamem B
KOHIIe COPOKOBBIX Hadaje ISTUACCATHIX rofoB (cM. [4, 5]). B masipreiimem MHOrme (QU3UKN U MaTe-
MATHKU BHEC/IN CBOM BKJIAJ B PA3BUTHE U NPUIOKEHNS MeTONA PYHKINOHAIBHOIO NHTEI DUPOBAHUSL.
Ncroputo Bompoca n 6ubanorpaduio Mokuo Haiitn B 0630pe .M.Tenbpanna u A.M.rmoma [6], a
rakxe .M. KoBanbunuxa [7]. Ykaxkem Takxke Ha paborsr JI.[I.Panneesa [8, 9], ®.A. Depesuna [10],
B.D. Domosa [11] u A.D. Bacunsesa [12] mo npuMeHeHNO GyHKINOHATBHOIO HHTEIPAIa B KBAHTOBOIL
TeOPHI IO I CTATUCTHYECKOH pu3NKe.

OTtMeTnM, 9TO OOBIUHBI BIHEPOBCKII MHTETPAJI ABIILETCSI NHTEIPATIOM [0 TPAeKTOPUAM IayCcCOB-
CKOTO CIIyYallHOTO MPOLEecca, OMUCBIBAIOIIEr0 OPOYHOBCKOE NBHZKEHNE YACTUIBL. JTOT IAyCCOBCKHI
IIPOIIECC MOPOKIACTCS TayCCOBCKOI Mepoil (HOpMalIbHOE pacIpeielleHIe B TEOPUH BepPOSTHOCTEN)
ABJIAIONIeNicA MepOIl OpTOTOHAIBHOCTHI KJIACCHYUeCKNX MOIIMHOMOB DPMHITA, depe3 KOTOPBIe BBIpazKa-
I0TCA BOJTHOBBIe (DYHKITUI IIPOCTeMInell KBAHTOBOH CHCTEeMbI — FapMOHIYECKOTO OCHIIIATOpPA. JTO
II03BOJIZET IPEIINOJIOKNITD CYILIeCTBOBAHIIE CBA3N MEXKOY HMOHATIAMI ~00O0OIICHHOTO OCHUIIIATOpPA
IIOPOZKIa€MOT0 CHCTEMON OPTOTOHAIBHBIX IIOIIHOMOB Ha BeIIeCTBEHHON OCH, CIyYallHOTO IIpIiecca,
IIOPOZKIa€MOTO MePOIl OPTOTOHATBHOCTHI ATUX MOJINHOMOB I, HaKOHeIl, (YHKINOHAJILHLIM HHTerpa-
JIOM II0 TPAEKTOPUSIM HTOTO CJIYUANHOTO IPOIecca.

B nacTosmeit paGoTe MbI IPOIITIOCTPIPYEM 9T CBs3b Ha CDABHUTEIBHO MPOCTOM (HO He TPUBH-
aJIbHOM) IpuMepe 0000IIeHHOTO OCUUIIIATOPA, CBA3AHHOTO ¢ KJIACCHYeCKIMNI HojImHoMaMi Jlareppa,
OPTOTOHAJIBHBEIMI II0 Mepe, OIpeleldiolllell TaK Ha3blBacMoe IOKa3aTelIbHOE pacIpelellcHIE B Teo-
pun BeposTHocTell. CylecTBOBaHNE MEPHI U COOTBETCTBYIOLIETO (He MAPKOBCKOTO) CIIYUAlHOTO
mpolecca ciaegyeT U3 TeopeMbl KomMoroposa. DJosToMy paccMaTpHBaeMBII B HacTosIIell paboTe
KOHTHHYaJIbHBII MHTErpal IBIfeTcsa NHTerpaoM Jlebera mo 3Toil Mepe, KOTOPYIO MBI B JajIbHeHIIeM
OyneM HasbIBaTbh Mepoll Jlareppa. Tax xe kax u nis uHTerpaia BuHepa Bo3MOXKHO Apyroe ompeme-
JleHne TOT0 UHTerpaia. VMeHHO, ero MOXKHO MOHIMATH KaK Ipeesl KOHeUHOKPATHBIX NHTErPATIOB,

[MOJIYYAIOIINXCA IIPU 3aMeHe IIPOCTPaHCTBa q)yHKI_II/IfI KOH€THOMEPHBIM IIPOCTPAHCTBOM CTYII€EHYATBIX



GYHKINI ¢ GuKkcHpoBaHHBIME abcimccamn y3moB. U3 pesymbraroB paborsr C.B.®omuua [13] cie-
IyeT, 9TO, KaK 1 IJIs BUHEPOBCKOTO NHTerpasa, 06a onpeneieHNs COBIAIAIOT BO BCIKOM cCIydae s
HENIPEPBIBHBIX I OTPAHNYEHHBIX (yHKIIOHATIOB.

B xauecTBe mocTaTOUYHO MPEACTABUTETIBHOTO MPUMEPa BBIYUCICHUS TOCTPOCHHOTO QYHKIIMOHATh-

HOT'O MHTEer'paJia MBL paCCMOTpPUM B HaHHOfI pa60Te nHTerpaJlibl OT CI)YHKHI/IOH&J'[OB BUOa

exp /0 Vix(r))dr ), (1)

roe V(x) — HekoTopas oTpaHHUeHHAas HeOpPePBIBHAA HEOTPHIATeTIbHAS (QYHKINS HA MTPOMEKYTKE
[0; 00). BameTnm, 9To GyHKHNOHANLL (1) UrparOT BakHYI POJIb KAK B TCOPUH BEPOSTHOCTEN, TaK I
B KBAHTOBOI MexaHmKe. [[ellcTBUTEILHO, BEIUNCIAA CPeIHee 3HaUYeHNe TaKoro (yHKINOHAIA MOXKHO
HallTH XapaKTepUCTUIeCKYo GYHKIINIO, a 3HAUNT U paclpeneseHie BepOSTHOCTEN CIIyIaillHON BesTi-
YITHBL fUt V(z(7))dr. Cpentee 3HaueHIe QyHKUNOHATOB BuOa (1) UacTo OKa3bIBACTCS CBA3AHHBIM C
HEKOTODPBIM UM EPEHINATLHEIM YPaBHeHIEM (IIN cucTeMoil AuddepeHINanIbHBIX YPABHEHII CM.
[14]). Hdns cpenuero 3HadueHns GpyHKnnoHama (1) B cydae BHHEPOBCKOTO MHTerpaja Hanboree spKuil
npuMep — 5T0 ¢Ba3b ¢ ypaBHeHneM [lIpennarepa B kBaHTOBOI MexaHnke (cM. BeiBox B kHure M. Karma
[5]). Dpu paccMOTpeHHN 5TOT0 BaZKHOTO U COAEPKATEIBHOIO KIacca (PyHKI[IOHAIOB JOCTATOTHO ICHO
OPOABIISIOTCS Pa3INUId MeKIY NHTeIPAJIoM 110 Mepe BUHepa 1 mOCTPOCHHBIM HAMI HHTEIPAJIOM 10
mepe Jlareppa. HeflcTBUTeNbHO, BUHEPOBCKII NHTErPaj CBI3aH ¢ OOBIUHBIM MapaboImIecKnM ypaB-
HeHIIeM ’

0o , 0%¢

—— = Q P (2)

ot Ox
T.e. ¢ ypaBHeHHeM Ou((Y3UU ¢ MOCTOSHHBIM KoeQdUIINeHTOM, B TO BpeMs KaK pacCcMaTpPHBaeMbIi
B paboTe KOHTHHYAJIBHBIN MHTerpajl ABISeTCS HHTEerpajioM B MPOCTPAHCTBE TPaeKTOPHUIl [0 Mepe
COOTBETCTBYIOIIEH ypaBHEHNIO Tuddy3un

J0) 0 0\ |
% or TO_.L ?, (3)

¢ IEePEeMEHHBIM KOoe@OUIIIEeHTOM, KOTOPOe SBJISeTCS BBIPOKICHHBIM MapabOINYeCKIM YPABHEHUIEM.
Dornee Toro, ypasHeHue (2) paccMaTpPHBaeTCs Ha Beell BEIeCTBEHHOI OCH, TOIIA Kak ypaBHeHue (3)
3amaHo Ha noiyocu [0;00). OTMeTuM TakkKe, UTO B PacCMaTPIBAaeMOM HAMIU CJIydae He IPUMEHIMbL
pesynbTaThl paboTsl [14] (Tak Kak npaBas 9acTb ypaBHeHUs (3) He SBJAETCSA OTPULUATEIBHO OLpeIe-

JICHHBIM OIIePATOPOM) U CpefHee 3HaueHNe GpyHKuMoHata (1) no mepe Jlareppa cBsa3aHo He ¢ mapabo-

JIMY9EeCKIIM III/I(I)CI)CPCHHH&JIBHBII\/I YpaBHEHUIEM 2-To nmopsagka, a TOJIBKO C HEKOTOPBIM MHTET'PAJIbHBIM



ypaBHeHUeM Tuna BombTeppa

Fad) = v + [ Koo g (4)

0

rne K (x,2) = co. Bo3amMokHO, 5T0 mocsienHee 06CTOATENLCTBO 00YCIOBICHO TEM, UTO PACCMATPHBAE-
MBITI HAMIT CITY 9AllHBIT TTPOLECC He SBISeTC MAPKOBCKIM (XOTS TePEeXOIHbIe BEPOATHOCTH 1 YIOBTIe-
TBOPAIT HEKOTOpoMY 060bmeHHOMY ypasHeHuio CMomnyxoBckoro - Mapkosa - Usnmena - Konvoro-
posa [?]).

B saxmioueHne 0TMeTHM, UTO AaHHAsd PaboTa HOCUT IpeNBapUTEeNIbHbIN XapakTep. MHorme Baxk-
Hble BOIPOCHI CBS3aHHBIE ¢ M3yUeHHeM (YHKINOHATBHOTO MHTerpaja mo Mepe Jlareppa (umccrmemo-
BaHIe HocuTels Mephl Jlareppa, ommcaHme Kiaacca (yHKINOHATIOB MHTECPUPYEMBIX [0 3TOil Mepe,
BO3MOZKHBIC (U3MICCKNE MPUIOKEHNS, a TAKAKe BO3MOKHOCTH 3AIICH ¢ MOMOLIBI) TAKHX HHTErPa-
JIOB peIleHniT HEKOTOPBIX BEIPOKIEHHBIX MapaboanIecknx and@epeHnnaabHbIX ypaBHeHNniT) TpedyeT

OOIIOJIHITEJIbHBIX IICCHGHOBHI/Iﬁ.

2 (OG6006I11eHHBIN OCHUJLIIIATOP

OnurreM BKpaTIile HEKOTOPBIE OCHOBHBIE STAIlbI IIOCTPOEHNS OCHIJLIATOPO-TIONOOHOI CHCTeMBI II0 3a-
IAHHOMY CeMelCTBY MOMHHOMOB {1, (2)}, ), OPTOrOHABHBIX [0 IOJIOKITEIBHON HOPEIeBCKOI Mepe
/i Ha BelllecTBeHHOIl ocit R, 0714 KoTopoil KOHeUHEI BCe MOMEHTHI

o0

ey e — 4

un:/ " p(dx), n=0,1,..., (5)
—o0

HeTanbHoe paccMOTpPeHNe 5TOIl KOHCTPYKINI 1 J0Ka3aTelbCTBa MpHUBedeHbl B paboTax [16, 17] un

/ o)
MbI He 6}7,[161\1 BOCIIPOU3BOAUTE UX 30€Ch. gy(in ITOJINMHOMBI {’Q//’TL(CE)} oIrpeneJisitoTcs € IMOMOIIBIO

n=0

PEKYPPEHTHOTO COOTHOIIIEHU A

l‘l/)n (J’f) = bnl//'n_H (fﬁ) + bn_1 ¢'n—1 (fﬁ), (6)

0 b O
J = [)0 0 bl (7)
0 b6 0

Ut



a COOTHOILIIeHUEe OPTOTOHAJIBHOCTH UMeeT BUIO

/ U (@) p(x) p(da) = 6,k (8)

o

OTa cuctema o6pa3yeT OPTOHOPMUPOBAHHBIN Ha3MC B THILOEPTOBOM MPOCTPAHCTRE

2 . ,
My = L7 (R; p(de))
OHPQII&HI/IM B HH AHAJIOTT OII€PATOPOB KOOPONHATHI XH’ P/“ UMITYyJIbCa Pﬂ I TaMIJIbTOHNaHa
N2 2 '
H,=X2+P,; 9)
3adaB X HefICTBHG Ha BEKTOpax basuca CTaHIOaPTHBIMUI Cl)OpMy,TIaMI/I

Xurl,[/'n,(x):bnflwnfl (l) + bnul)n+l<l‘)7
Pytn ()= (bn—1¥n1 (%) = bntPns1 (1)) (10)
H, ¢, (2)=N\ 0, (2)

rme A\, =2(b2_, +b2).

91)()(3Tp&HCTBO Hﬂ MOZKHO pacCCMaTpHUBaTh KaK peaJIn3alllilo IPOCTPaHCTBa doxka ‘FH C JIeCTHNY-

HBIMII OIePATOpaMI POKICHHS af I YHHUTOXKCHIA ),
+ 1 -
a, = (X +14P,),
v (11)
a, = (X, —1iP,),

Sl

I[EI‘/)ICTBHE KOTOPBIX Ha 3JIECMEHTHI Dasuca nMeeT BHUO

(L:'I,/}n,(x) = \/§bnwn+l(‘%‘)’

(12)
4y (&) = Vb1t (2).

Omnpenenum B mpocTpascTBe JF, omepaTop uncia N,, HyMepYIOILIN 31eMeHTHl Oa3ica (aHaIor

omepaTopa UucsIa YacTHll)

Nyitn () = n () (13)

I OIIepaTOPHYI QYHKIUO ) omepatopa N, m0I0K1B
J B(N,. N

B(N)vu(w) = by vn(x). (14)



+

OmnepaTopsr aj;,

Cl/;, u N'u YOOBJIETBOPAIOT IePECTAHOBOYHBIM COOTHOIICHM IM

- 41 9/ .
[a, ’au:| —Z(B(NM+IM) _B(l\u))v .
(15)
+1 _ 4+
[.\Tu,au} = *a,.
AccounatusHyio anre6py A,, TOpoxKIaeMyo TeHepaTOPaMI af, N, yIOBIeTBOPAIOIINME yKA3aH-
HBIM TIepPeCcTaHOBOUHBIM COOTHOIIIEHUSM, OyIeM Ha3blBaTh OOOOGIIIEHHBLIM OCHUJIJIATOPOM, COOT-

BETCTBYIOILIUM CEMEHCTBY OPTOrOHAIIBHBIX HOJMHOMOB {¢,(x)} " .

Anre6pa A, mMeeT HeTPUBHAIBHBI HEHTD, HOPOKIAEMBIIl 37IeMEHTOM

C=2B(N,) —afa (16)

"o
TaK 9TO OHa, B OTJINYUU OT a.TII‘C6pr CTaHOapPTHOTO 0030HHOTO OCHUJIJISATOPa, NMeeT N HCCI)OKOBCKI/IC

npencrapierns. Paxrop-anre6py aarebpst A, 1o ee meHTpy OyaeM Ha3bIBATh 00001IEHHOI anrebpoil

['efizenbepra.

Nmeetcs mBa caydas Korga aiarebpa 0606IIEHHOTO OCIIIIIATOPA ONPEIessieTcss KOppeKTHO (i 6e3
HOMOTHITE/TbHBIX Y CUIIHIT ).

1. B(N,) - muorowren ot N, (3T0T ciIydail BKIIOTaeT Bee 000OMIEHHEE OCHIITIISITOPBI CBSI3AHHbIE
€ KJIACCHIEeCKUMI OPTOTOHAIBHBIMII MHOTOWICHAMI HEIIPEPLIBHOTO APTYMEHTA);

2. B(N,,) He sBiseTcs MHOrowWIeHOM 0T N, HO yIOBI€TBOpsET PEKYPPEHTHOMY COOTHOLIEHNIO
aB(N, +1,) + B(N,) + 7B(N, — I,) = 0 (17)

OJIsI HEKOTOPBIX YUCeJI &v I 7. COOTBGTCTByIOI.I.IHfI OCHUJIJIATOP €CTeCTBCHHO Ha3BaTb O606U_IEHH]:>IM
OCHNJIJIATOPOM dubdonauyn. (OHpeHeJ‘IﬂeMBIfI TaKINMII COOTHOIICHMUAMIT KJIacCcC 06061H6HHBIX OCIIIJIJIA-

TOPOB BKJIIOYaeT MPaKTHUYECKU BCe BapHaHTbL ,HCq]OpMHpOBaHHBIX OCHUJIJIATOPOB, NCCJICOOBAHHBIX K

HacToOsdeMy BpeNIeHI/I) .

3 Poausowmsbl Jlareppa u ocunsmiisTop Jlareppa

O 0INHOMEL Harcppa ornpenesIdioTCda COOTHOIIeHIIEM

Lg(x):M1F] = | :Z n+ o ﬂ (18)

n!



rae CIIMBOJI 90XF&1\/Il\lea onpenesdaeTcsa COOTHOIIEHNAMU
(a),=ala+1)(a+2)-(a+n—1); (a)o = 1;

a 0000LIeHHbIe OMHOMUATIBHBIE KO3hD(PUIINEeHTH BBIYUCIIOTC 0 HOPMYyIe

n4a\ F'n+a+1)
n—v) TIm—-v+Dl(a+v+1)

B runsbepToBoM mpocTpaHCTBe

H (19)
byHKIUU
Un () (20)
06pa3yoT OPTOHOPMUPOBAHHBIN Ha3McC.
DeKyppeHTHBIE COOTHOIIEHNS I 3TUX QYHKIINN IMeT BI
2 (x) = by (@) + (2n + a4+ 1), (2) + bporPp_1(x), n > 0; (21)
¢ HavaJbHBIM YCJIOBLUEM
@/’0(1’) = 13
rme
by =—+v(n+1)(n+a+1). (22)

3II€CB MaTpulia Jxobu umMeeT HEHYJIEBYIO OUaroOHaJIb U OJIA ITIOCTPOCHUA 0606LLI€HHOI‘O OCIINJIJIA-

TOpa cJjregyeT HepefITH K OPYTUM oIlepaTopaM KOOPANHATBI I IMIIYJIbCa

X, =Re(X,-P,), P,=—ilm(X,-P,) (23)
U raMmnjibTOHNAHY
2 2
H, =X, +P,, (24)

q ax basuc ()} I 7 y s 10
KOTOpBIe Ha 3JleMeHTax Oasuca {1, ()}, melcTBYIOT mo TeM XKe dpopmyrtam (10).

Ucnons3ys nuddepeHINATBHBIT OIePATOD

K=z—.
Idx/



TaKol 4TO
v / . o / e I3 e
K, (2) = by 1,1 (x) + niy, () (25)
n7s oneparopos X,, P, n H, noxydaem BeIpakeHms

r ~

Xy =2(K=N,) + [N, X, ],
w= =[N, X,
Hp, = 4(N/12 - KQ) + 2((K - N.“')X/"+

+ X, (K= N,)) + 4(a + 1)(N, = K).

\

B’rpaBHeHI/IQ Ha cOOCTBEeHHBIE 3HAUEHIIA OJId TaMHIJIbTOHaHaQ

, v+ 1 ,
H ¥, (z) = Atln(x), A, =4 <n2 + (a+1)n+ a—2|— ) ., n>0, (27)

S9KBUBAJICHTHO III/ICI)(I)GI)GHHI/IH,JH)HOMy YPaBHEHUIO OJIs ITOJIMHOMOB Hareppa
e (L))" 4 (04 1= 2) (L)) +n (L3 (2)) = 0, (28)

DakKoHell MepecTaHOBOUHBIE COOTHOIIEHNUS OMePATOPOB POXKIEHNS I YHUUTOXKEHUs OCUUIIIIATOPA
Jlareppa nmeroT BUO

[G,.at] = 2N, + (a + 1)L,. (20)

wo

4 @YHKINOHAJILHLIA MHTerpajl njs ocnuiiisTopa Jlareppa

4.1 PocTtpoeHue ciaydanHoro npoiecca X L(t) CBA3aHHOTO C MOJMHOMAaMMH

Jlareppa

91)[1]36,[[61\/1 HEKOTOpbIE 0003HaUeHUS U Pe3yJabTaThl OTHOCIALIIECT K CJIyqalebll\/I nmponeccaM. O603H‘d—
YIIM

fol@n, tas. o 2, tas 2y, ty), n>1, (30)

N-TOYEYHYIO JIOTHOCTD CIYYalHOTO MPOoIlecca ;L'(t), rmue xj = :E(fk). Torma

fn(Tna tn; <Ly, f27 T, fl) = pn('r'na tn|xn717 tnfl; <. g, IL? T, tl)fnfl('rnflﬂ tnfl; <. L2, lo; T, tl)‘,‘

(31)



rie po(Tn, ty|Tn_1,tn—1;... 22, t2;21,1;) 0603HATACT YCIOBHYIO IIJIOTHOCTH BEPOSTHOCTIL. 3aMeTIM,

9TO B CJIy49d€ MAapPKOBCKOI'O IIponecca

Prl(@ns tol|Tnot, tats o o tas 21 ty) = Pal@p, | Tn1, T 1), n > 3. (32)
B pa6ote [15] mokasamo, 4To

S palwss tas wa tos b )pa(we, to; y, ) fr(w, ) day

Pa(s tales, ) = ffooom(:rz,t2;171,t1)f1(;1?1,t1)d:171 (33)
Ypasuenne CmonyxoBckoro - MapxkoBa - Usnmena - Konvoroposa nmeeT Bua
pa(as, ts|vy, tiyu) = / pa(@3, ts| g, ty; u)pa (w2, ta|ay, tr; u)das, (34)
PN yCIIOBUN
pa(x,tly,t) = 0(x —y). (35)
DepeiifieM K MOCTPOCHNIO CIyUYalHOTO MpOIecca CBA3AHHOTO ¢ HmosimHoMaMn Jlareppa. Mur 6y-
IeM paccMaTpHBaTh caydaii mosnmHoMos Jlareppa ¢ a = 0, L,(2) = L(z). Cucrema {L, ()},
OPTOHOPMUPOBaHA TI0 Mepe
Aua () = o) (36)
C TJTIOTHOCTBIO
e x>0,
fr(x) = -
0 <0,

COOTBETCTBYIOIICH MOKa3aTeJIbHOMY 3aKOHY paclpelesleHUs B TeOPUU BepOATHOCTeIl.
Crayuaitasiit mportece X L (¢), orBeuatortmit djiy,, onpenenseTcs ocaeqoBaTeTbHOCTBIO N-TOUCTHBIX

IIJIOTHOCTEeM paciipenesieHI L BCpOﬂTHOCTCI\/)I

{f,f(érn:fm---x27t2§ﬂ“1at1)}:11: (37)
roe
Le_% T 2 07
fllent) =" : (38)
0 r < 0.

Hna n > 2 npn
t:tn>tn_1>...>t120

n

T=02,> T, >...>2 >0, (2(0)=0)

10



nMeeM

fr(rn tn; . aotosay, 1) =
e—ml/ﬁ 6_(T2_TI)/(t2_t1) e_(mn_rﬁu,—1)/(tn —f,,,,,|)

o =t ty— b1

(39)

O6o3nauus 3, = (tk — tk,l)fl u cautas tyg = 0, 29 = 0 umeem

ff(:vn,tn; c Xy, ty) = Hﬁi cexp | — Zﬁk(rk — Zp—1) |- (40)
i—1 k=1

roet, >t,_1>...>t >0unx,>x,_1>...>x >0.
DoMHIMO OOBIUHBIX CBOMCTB IMJIOTHOCTEH BEPOATHOCTHU, O/ TOTO UTO OBl MOCJIEI0BATETIBHOCTD
, 8] o o A

{ 15}7171 OMHOBHAYHO OMpemessia cAyUallHbIN mTpolecc XL(t) MOCTATOUYHO MPOBEPUTDH BHITIOIHEHIIE

CJIeqyommx CBOIICTB.

1) CBolicTBO MHBAPUAHTHOCTH DYCTh

0 = (i1,i2,...,1,) — HEKOTOpas MepecTaHOBKa Habopa gy = (1,2,...,n). O6o3naunm

lel‘ (O-n> = lel‘ (Iln Y tln 7 xin—l ? ti1L—l e Jjil ? 2Lll )7 (41)

Oput;, >t >...>t;, >0 umeem

-1

n n
Ly, ., . _ | | v - E / . . 4
fn (lin? tin? ‘rin,—l 3 ti’n,—] c e g“il 7ti1 ) - /d7k ' e}\.p - rdik (‘Lik - lik—l) Y (42)
k=1 k=1
n ‘,L g = O B OCTaJIBHBIX CJIy4HaiaX. TOFII&L HJI51 JI000I1 IIePEeCTAHOBKI 0 UMeeM
n n, B

fi(on) = £ (00). (43)

2) Y caoBusa corgaacoBaHudg [ng moboro m (1 <m<n-— 1) CTTPAaBEIJINBBI YCITOBU A

/ S o / dpgo ... / dan fE(an,t:. oo ty) = ,ﬁ(l‘m, b ooy, ty). (44)

“m, m+1 n—1

TOPI[& o TeopeMe I{OJIMOFOpOBa Hpe,ﬂeJ’IBHbII‘/)I mponecc JY’(t) OOHO3HAYHO OIIpedejieH U CyIiie-

CTBYET MeDa, ABJIAOIIAACA IIpedesioM ITOoCJIed0BaTeJIbHOCTI Mep

ph = fhda, .. da,. (45)

11



DoBUANMOMY. HOCHTeIeM Mephl 1l 4BideTcsa Klacc orpaHNYeHHBIX GYHKINI MOHOTOHHO BO3pa-
cramomux Ha orpeske [0,¢] n Takux, aro X (0) = 0.
DecMoTps Ha To, uTo npouece X F(t) e aBaseTCS MAPKOBCKNM, /17151 HETO BBITIOTHACTCS Y PaBHEHIe

CMO.HYXOBCKOFO - NlapKOBa - Usnimena - KOJIMOFOPOB& KOTOpOe B 3TOM CJIydae nmMeeT B

p2(y,tlz,0) = / p2(y,t|z, 7)pa(z, 7]2, 0)dz, (46)
rme
1
pa(z,7|x,0) = ezl O0<z<z 7>0) (47)
T
—(y—=x)/t
=27 e b ==/ =7) (48)

p2(‘y>t|277) = t(t _ T) ) e—(y—)/(t—7) —_ o—(y—=)/(7)
mpun 0 < z <y, 0 <7<t

4.2 PoctpoeHue GyHKIIMOHAILHOTO MHTErpaja

Tax kax g BeposTHOCTell ciaydaiiHoro mporecca x'(t), Takoro arto z(t = 0) = 0 mpu ¢, > t,_1 >

.>ty>0ume, >x, 1 > ... > 2 >0 cipaBenIuBO COOTHOIIIEHITE

Play < x(t)) < by;...an, < 2(t,) <b,) =

by b
/ / fian,tn;. . ot o, t)d ey .. day, (49)
Jay

Jan

To mpu (x9 = 0) nMeeM

Play < x(ty) < by;...an, < 2(t,) <b,) =

n

by by
/ Bi...03, - exp <—Zg3k(xk—xk_1:)>d;1’,l...d;rn, (50)

1 an k=1

Onpenennm cooTBeTcTByRoInil mponeccy X ©(t) yHKIMOHATBbHBIN WHTETpal 0T (QYHKIMOHATIA

F(x(7)) mo mepe pu" dopmymoit (zy = 0)
/ F(a(r))dye =
M '

o o0 o0
lim/ dx1/ (1;]32.../ dz,F(ry,za,...,2,)
n—oo fq ) '
Tl Ty —1

<H @) exp <— Zﬂk(l‘k — Lkl)) (51)

=1 k=1

12



(KOHEUHO, OIPA3yMEBACTCS, ITO MPH TOM MaX|<k<n (T — Tp—1) — 0, Ipu n — o)

DaligeM MaTeMaTHYecKoe OKUIAHIe CIYIaAlHOTO mpomecca X L(t). Nmeem,

Je ) Jo'e) Jo's) n n
mp(t) = lim/ ;mdrl/ d;172---/ dzx, Hﬂz exp | — E Brlay — xp—1) |- (52)
n—oo J . . )
v Tn—1 i=1 k=1
YunTeBas ycaoBue COracoBaHUs, IOy IM
OO
. Ty =
myp(t) = lim —e tda =t (53)
n—oo [, t \
AHaJIOrn4YHO /IS KOPPeaaInOHHON (hyHKIINI
[{L(tl,tg) = / L(tl)l’(tg)dLl =
M
lim / r1d / rod 29 / das-- / dx, Hﬁi exp | — E Be(ay —xp—y) | =
n—oo
J0 J oy J g S, 1 i=1 b—1
glo o}

/ fC]d;IT] / x’zf‘z]“(fﬁg,tz;ﬂf],t];o,o)dxg:
J0

o 1

/ Qf]dfﬁ1 / ;132/,81628_’61$1_/32($2_$1)d332, (54)
D 0 o T

1
TaK 9YTO OKOHYATEJIBHO IIOJIyYaeM

. 2 1 -
AL(tl,tz)=6—2+5]—62=t1(t1+t2), 0<t—2<t. (55)
] 8.

DamoMHnM, 9TO Tpu t; >ty > 0

[{L (tl, tz) = -[(L (t27 tl) .

Mg He 6YII€M BBIITICBIBATDH JOBOJIBHO I'POMO3IKO€ BBIpazKeHIIe OJId MOMEHTa ITPOU3BOJIBHOTO IIOPAOKA

./I;[;L‘(tl)x(l‘z) coa(ty)dpe =

o0 o0 o0
/ ;rld:m/ ;L‘deg.../ Ty
JO X Ly —1

Hﬁi -exp | — Z,ﬁk(xk — xp-1) | day,. (56)
i=1

5 Boruncienue B [exp (_ fot V@;(T))dT)}

o _ [ty
B KBaHTOBOU Me€XaHUKe BbIYUCIEHUE CTaTCYMMBI E <€ fo v dT) (HHTera.TI 6epeT(:;I mo Mepe BHHepa)

MOZKHO CBeCTU K pPeIIeHUIO IIH(l)q)epeHHHaJILHOFO YpaBHEHUA Hlpem/IHrepa. Bosunkaer ecrecrBen-

13



HBIII BOIIPOC O BO3MOZKHOCTHU IOJIyUeHUS aHAJIOTMYHOrO pe3yjbTaTa O IOCTPOEHHOIO BHIIIE (PYyHK-

IIOHATBHOTO HHTerpata mo Mepe pl. Dpu obcyxmeHnnm 3Toil 3agaum MBI OyIeM clIeIoBaTh CXeMe

npemtozxersuoil B pabore M.Kama (1954r.) msmnoxkeHme koTopoll nMeeTcst B MoHOTpadui [5].
YxazaHHas cXeMa COCTOUT U3 TPeX HTATOB:

1. CTaTC}’MMa npencTraBlideTCda B BIIe NHTerpajia OT HGKOTOpOfI BCIIOMOTaTeIbHOMI CI)YHKHI/II/I

E (e* I Vdr) = /OC‘ Q(z,t)dx.

2. DaxomuTcs oCHOBHOE MHTerpasibHOE YpaBHeHNe s ¢yHKiun Q(x, t).

3. UHTerpanbHOMY YPaBHEHUIO COMOCTABIsAeTCS HEKOTOpoe OuddepeHIINATIbLHOE YpaBHEHIE, KO-
TOPBIM, B CTAaHIAPTHOM CIyuae BIHEPOBCKON MepHI, aBiseTcs ypaBHeHne lllpenuurepa.

B cayuae pacemaTpuBaeMoro GyHKIINOHATIBHONO HHTErPAjla, CBI3aHHOTO ¢ ToaumHoMamu Jlareppa

VaaJI0Ch OCYIIECTBUTH TOJIBKO II€PBLIC OBa 3Talla.

Nrak, nmycts V(x) HenpeprIBHAS, OrpaHUUeHHAs GYHKINS 3a0aHHas Ha oTpeske [0, 00)

0<V(x)<B = 0< /Ot V(x(r))dr < Bt. (57)
Sammcas |
exp (_ /Ot 1 (x(r))dr) - g (‘k}!)k </Ot V(x(r))dr) (58)
S—
B [ (= [ Viatnar)] = % LI (59)
r e (60)

() = B < /Otv'(g;(ﬂ)d/—) | (61)

I/ICHOIIb3y$I omnpenesyieHme @yHKHHOHaHBHOFO nHTerpaJla HMeeM

t Tn o [e'e]
e (t) = k!/ dTn/ dr,_q .. / 71/ d&V(E) fl (&, ) %
0 0 0 0

X / | dfzv(fz).ff(& — &1, T2 — Tl) e
. / eV (E) = T = Ta). (62)

14



0O06o3HaAUIM

—_

R
t

olz,t) = =77, (x>0,t>0, (63)

Qo
Qni1(x.t) / / V(E)Qn(&, )fl( E.t—r1)d¢ (64)

H—

Moz HO moKa3aTh, UTO
t) = n!/ Qn(x,t)d x. (65)
Jo

Do IHOYKINN II0JIy49aeM

0 < Qu(z,t) < (i t,) (1), (66)
Torma psan N
Qr,t) = > (=1)"Qu(w,1) (67)

CXOoOUTCs n
|(1)(L7 t) | < eBl(QO (l, t)'

Ymuoxas (64) Ha (=1)"*!, cymmupys no n u nobasmnss Qo(x,t) moTyUIaeM HHTerpaIbHOE YPAB-

HeHue st GpyHkinu Q(z, t)

Q) / / TV = €= 7)A€ = Qulat). (68)

Inst cpaBHeHNS IpUBeneM aHAJIOTUYHOe ypaBHeHIe 3 paboTsl M.Kamna

w ~ 1 t,, AW e L . _(f—g)Q o _ AW
Q (m’t)—i_'\/ﬂ/n drf_mi(g)Q (g,T)’\/mexp< —Q(t—7)>dg_Q0 (x,1), (69)

roe

W t) = 1 exp(—x2>
OV ont 2t

QY (v,t) = / /v QY ( )ﬁexp(—%)d{. (70)

8QVV 6QVV 82 QVV
ot > Hxr 7 Ox?

Brrancass IIPpOU3BOOHBIC MOZKHO IIOKa3aTb, UYTO Cl)YHKHIH[ QW yYaoBJIeTBOPAET

o)
YPaBHEHIIIO IHpemIHrepa. B marem cJIydae 5TOT IIpueM He IIPpUMEHUM TaK KaK IIPOU3BOOHAL % He
CyiecTByeT. TeMm caMBIM MBI MoJIy4YuJin OTpI/II_IELTC.,—IbeII\/)I OTBeT Ha Ha 3-uil BOIIPOC MMOCTaBJICHHEIN B
Ha4aJie 5TOro pasaesia. I/IMGHHO./ B HallleM CJIy4Yae BbIYUCJICHNEe CTATCYMMBI HEJIB34 CBeCTU K PEIICHIIO

nuddepeHnnanboro ypaBHeHIs I ¢IeyeT NCH0Ib30BATh HHTerPallbHoe ypaBHeHne (68) uim sKBuBa-

JIEHTHOe eMy ypaBHeHIe, KoTopoe moaydaeTcs n3 (68) mpuMeHeHmeM mpeobpasoBanus Jlamraca.
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Dpumennu K (68) mpeobpasoBanne Jlanmaca £ no mepemensoit t. O6osuatuns L[Q(x,t)] = U(x, \)
I HCnosb3yst opmymty (3.471.9) us [18]

—z/t

L0 (2,1)] = / A= 2K, 2VaY),  Rer >0, Red> 0, (71)
0

roe Ky - MonuduunposarHas GyHKIus Deccers 3-ro popa (¢yHknus MakmoHanbaa), HoLydaeM

Uz, \) + /OO V(€u(x — &)V (x, \)2K(2¢/ (x — )N A E = 2K(2VzN), (72)
Jo
roe u(x — &) - QYHKIUS eIIHIUYHOTO CKATKa
‘ 1 mpun x>¢
u(x — &) = : (73)
0 mpn z<¢

3aMeTnM, UTO KaK U ypaBHeHIe noslyueHHoe ypaBHeHue (72) gBaseTcs ypaBHeHHeM Boiib-
3 ; 3 68), mo; 3 72 3 B
Teppa.

B 3akmioueHume paboOTHI MOJIYUNM OTHO YTBepiKIeHIIe OTHOCUTEIBHO sopa MHTEerPAJIbHOLO ypaB-

Herus (68).

Teopema 5.1.  Ob6osnauum

t
A’Y(Ivf;t):[/’(g)u(l’—f) / dTQO(x_€7t—T) (74)
JO
40po unmeepaswnozo ypaswenus (68). Tozda npup > 1,t >0, V({) € F(RL), V >0
K(x.&:t) € IP(RY x RY). (75)

Toxazameavcmeo.  Nveem

Ikl = [ [ wagisegnr= [ avier [t (/ dTQo(x—&t—T)>-(76)

Tax kax

/it exp(=15) _ ['do .
dr————+ = —e
0 t—1 Jo O

/ithQn(;r—ﬁ,t—T) =

J0

?

TO mestas 3aMeHy y = & — & u yuuTsBas (72) umeeMm
100 g p
- ‘ do _y
Il ==l = [ ([ Fer)
0 0
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Opn 0 =ta u y = 2t nomydaeMm

oo t p [e%s) 1 y P
[a([ o) = [Cae([ sy
Jo Jo O Jo Jo «

Il yauThBas dopmyms (3.471.2) u (9.236) u3 [18]

o0 t 1 y P o g D
/ dy ( 9. U) == / dz (li(eiz))I Ay, (77)
0 o 7 0

roe li(z) — umHTerpasbHbIl gorapudM. MoxKHO moKazaTh, YTO UHTerpas B OpaBoil uacTu (77) cxo-

OUTCA. O0603HaUNB 5TOT nHTerpaJl ‘41, IIMeeM

|| X

= tIVIE Ay (78)

MozxHO mokasaTs, 4o sapo K (x,&;t) we npunagmexur L (RL x RL).
3 moxasaHHOI TeopeMbl U T€OPUU WHTErPalbHbIX ypaBHeHuil [19] crmemyer, uro nHTerpanbHoe

ypasaeHne (68) nMeer ennHcTBeHHOE pererne ((x,t) npu

1 1

V|, < — —.
1 1
t /p Ap /p

BameTnM, IT0 ecnu paccMaTpuBaTh pernenus Q(z,t) ma [0,00] mpu x € Rl To BmecTo pyHKUN-

OHaJIa exp <— fot dTV(.Q:(T))) cileqyeT B34Th (PyHKINOHAT

exp (_t% /O't dTV(x(T))) .
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