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Annoramnuga

g rpada ¢ KIUKOBBIM YHCJIOM 7 M MaKCHMAJIbLHOI CTEIeHbI0 BepII-
HBI He OoJTee % JIOKA3BIBAETCSI CYIIECTBOBAHIE HE3ABUCUMON MPAHCEEPCAN
(T.e. HE3ABHCHMOTO MHOYKECTBA BEDIITHH, [EPECEKAOIIEro BCe N-KJIUKH 3TOTO
rpaca). I[Tokazano, uro st rpada ¢ KIUKOBBIM YHCIOM N U GOJIbIIeii MaK-
CHUMAJILHON CTEIEeHBIO 9TO YTBEep:KIeHIe HeBEPHO.

Bo BTopoii wacTn pabOTHI BBIBOISITCS HOBBIE COOTHOIIECHUS MEXKIY XpO-

MaTHYECKUM YHCJIOM U CTEIEHbIO Jjist rpadoB, pa3dUBAIONINXCS HA N-KJIUKH.

KJIFOYEBBIE CJIOBA: TPOMAMUNECKOE YUCAO, KAUKEG, MPAHCEED-
Canb
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BBenenune

Haxoxkienne BepxHUX OIEHOK Ha XpOMaTHYecKue 4Yucja rpadoB ¢ OrpaHu-
YEeHHBIMHU Da3MepaMHn MaKCUMaJIbHON KJIMKHU U CTEIIeHU sIBJIdeTcd KJacCcuue-
CKOI1 3ama4eii.

HanGosree Knaccuueckuii pesyIbrar — TeopeMa Bpykca, yTBep:Kaaomas,
gTo B rpadye cTemeHu n > 3, HE COIEp:KAIleM KJIHK Ha 7 + 1 BepIImHAX,
XPOMATHYECKOE THCJIO He MPeBOCXoautT N (cM. [6]).

[Toznnee B. Pugom ObL10 1M0OJIydaeHO yCUIeHWe 3TOTO pe3yjbTaTta: s J0-
CTATOYHO OOIBLIIOrO N B rpade MaKCHUMAIBHOIL cTeneny n+ 1, He comepzKaiem
KJINK Ha 1+ 1 BepIIHHAX, XPOMATHYECKOE YUCIO0 He MPeBOCXomuT 1 (eM. [7]).

[Tpamoe manbHeinIee yCHUICHHE 3TUX Pe3YJIbTATOB HEBO3MOXKHO, UTO IIO-
Ka3bIBaeT NpUMep KJIMKHU Ha N+ 3 BePIIMHAX, U3 KOTOPOl yaaleHbl Bee pebpa
AHTUIUKJIa Ha IMMATA BEPHIINHAX. B 9TOM Fpa(be MaKCUMaJIbHad KJINKa UMeEET
MOIIHOCTH N, CTeIIeHb PaBHA 7 + 2 a XPOMATHYECKOe YHCI0 paBHO 1 + 1.

Jlng panbHeimero m3I0KeHHa HaM IIOTpe0yercs CIeLyonme obo3Hade-
HUS:

ecim G = (V, E) — rpad, o 6ymem ob03HAYATH depes:

n(G) = |V| — uucno sepmun G, a m(G) = |E| — ancio pebep;

ecim M C 'V, 10 G(M) — nuaynuposanusiii moarpad G, onpeensemprii
MHOXKecTBoM M ;

dg(x) — emenensv sepwunov B rpade G,

d(G) (emenens rpada) — MakcuMaabHas U3 creneHeil Bepime rpada G

w(G) (kaurosoe wucao rpada) — YUCIO BEPIHIMH B HAKOOJIBINEH KINKE;

X(G) — xpomamuueckoe wucao G, T0 €CTH MUHIMAJIBHO BO3MOYKHOE YHCIIO
[IBETOB 110 BCEM MPABUJILHBIM pacKpackam G

Xmaz(d,w) — MaKCHMATbHOE BO3MOMKHOE XPOMATHIECKOE UHCIO rpada
crenenn d ¢ KIUKOBBIM YHCIOM W;

G — donosumenvrnd rpad x rpadby G = (V, E);

L(G) — nunynupoBanusiii moarpad G, MHOKECTBO BEPIITHH KOTOPOTO COB-
IAJAET ¢ IepeceueHreM BCeX MaKCHMAIBHBIX M0 MOIIHOCTH KauK rpada G;

T(G) — unaynupoBanubiii moarpad G, MHOKECTBO BEPIIHH KOTOPOTO COB-
magaeT ¢ o0beIMHeHneM BCeX MAKCHMAJILHBIX II0 MOIIHOCTH KIUK rpada G.

Takske OBLIO MOIYYeHO MHOYKECTBO Pe3yJIbTATOB, CBA3BIBAIOIINX CTEIICHb
rpada M ero XpoMaTHYecKoe 4HCIO ¢ Pa3MepoM MaKCHMAaJbHOH Kaukh. B
YACTHOCTH, XOTeJ0Ch Obl OTMETHTH cTaThio [11]|, B KOTOpOii m0Ka3aHO, 9TO
cymiecTByeT packpacka rpada G cremenn n ¢ w(G) < n+1 B n 1BETOB, B KOTO-
poii MAKCHMAIbHASA AHTHKJINKA MOHOXPOMATHIHA, 1 pe3yabraT A. B. Kocrou-
ku [8] ycranosusiero, uro ecin d(G) — w(G) > min{O(rd(G)'*), 0(r?)},
o X(G) < d(G) —r.



JI1st ycTaHOBIEHHST NATBHEHINNX CBs3eil MeXKIy cremeHbio rpada, ero
XPOMATHYECKHM FHCJIOM W Pa3MepPOM MAKCHMAJBHONW KJINKH OKA3BIBACTCS
BaKHBIM HAXOXKJIEHUE HE3aBUCHMOIO MHOYKECTBA BEPIIHH, MEPECEKAIONIErO
BCe MaKCHMAJbHBIE KUK — HE3A6UCUMOT MPAHCEEPCANL BCEX MAKCHMAJIb-
HBIX 110 pa3Mepy KJIHK.

CraThst COCTOMT U3 BBeJeHHS W JBYX dacreil. OCHOBHBIM De3yJIbTATOM
IIePBOil YACTH SIBJISIETCS TeOpeMa 2, B KOTOPOii JOKA3bIBAETCS CYIIECTBOBA-
HHUE HEe3aBUCUMON TpaHCBEPCaJIn OJId MaKCUMaJIbHBIX KJINK Fpa(ba, CTEeII€Hb
KOTOPOro He GoJiee, ¥eM B MOJITOPA pa3a MPEBHIINAeT pa3Mep MaKCHMAThHON
KJIMKH.

13 Hero cJielyeT HEPABEHCTBO, CBSI3bIBAIOIIEE XPOMATHIECKOE THCIIO TPa-
da ¢ ero creneHbIo U KJIXKOBBIM YUCIOM (CM CIeJCTBHE 2).

TakzKe JOKa3aHa TOYHOCTD MOJIYIEHHOH B TeopeMe 2 OIeHKH.

Bo Bropoit vactu crarbu OyjeT jjoka3aHa ONEeHKAa XPOMATUIECKOTO YHC/Ia,
rpada, HA3BIBAEMOTO B CTAThE CAOUCTYLM, KOTODbIH MPeICTABISETCS B BUIE
00beTHHEHNsT HEIePECEKAIOTTUXCST N-KIUK, HA3BIBAEMBIX CAOAMU.

Bajava Takoii OIEHKH B HECKOJBKO HHBIX TePMHHAX OBLIA MOCTABJIEHA
H. Anorom (cm [2]). VM Gblaa mostydeHa HEKOTOpast OIEHKA CTENeHH TAKOTO
rpada, mpu KOTOPOil OH JOIYCKAeT MPaBUJIbHYIO PACKPACKY B 1 I[BETOB.

B nasbHeiinem onenka OblIa CYIIECTBEHHO YJIydIlIeHAa B CTaThe XaKCell-
aa [3].

[To3nnee, B crathe [4] GbLia MOTyYeHA TOYHAS OINEHKA HO TOJBKO IS
cIydasi, KOrJa CJIOeB He 6osiee, €M TPH.

B macrosimieii crathe MOJYYeHO HEPABEHCTBO, KOTOPOE, B YaCTHOCTH,
BKJIIOYAET B €ce0s pe3y/abTarT XakKce/aa W YaydIaeT ero JJjs caydast HeDOJIb-
IIOrO IHCJIA CJIOEB.

OCHOBHBIM PE3YJILTATOM BTODOIl YACTH ABJISETCSI HEPABEHCTBO U3 TEOpe-
MBI 3.

JList HEOOIBITUX 3HAYEHU N TOJTYYeH Pe3YJIbTAT, YJIYUIIAIONUi 9T OIeH-
KW B HEKOTODBIX CIENUATbHBIX ciydasix (cm 6).

1 He3aBucumbie TpaHCBEPCAJIN.

Hamomuum, 910 mparceepcasvio CHCTEMbl MHOYKECTB HA3bIBACTCS MHOZKE-
CTBO, MEPECEKAIOTIee BCE MHOKECTBA CUCTEMBI.
B nannoit crarhe OyayT paccMaTpuBaTLCS TPAHCBEPCAIN JJIST MTOJMHO-
kecTB MEOXKecTBa V (G, 00pa3yoNux n-KJINKH.
OcHoBHOIT 3a7a4eil 3Toit JacTu Oy/IeT ycTaHOBJIeHHe CTPYKTYPHI rpada
3

n-xuk s rpada G, B koropom d(G) < |51 — 2], a w(G) = n u BLIBOI U3



STOr0 TEOPEMBI O CYIIECTBOBAHMU B TaKOM rpade He3aBHCHMOIl TpaHCBepCa-
JIA, IePeceKaromeil Bee n-KIuKN.

Hawm morpebyrorcsi HeCKOJIBKO pe3yJbTaToB u3 craThi [1|, KOTOpbhie MbI
34eCh MMpuBejaeM IJid NOJHOTHI U3JI0ZKEHU .

Teopema 1. ITycmo w(G) = n, cmenenu ecex: sepuun G menvuwe [3n] — 1.
ITyemv wabop T, cocmoawuti us nekomopux n-kauk epaga G maros, wmo
At0bvle dee n-Kauku 2moz0 wabopa umerom obuwyyto sepuwuny. Toeda u ece
n-kauky wabopa T umerom obwyro sepuiumy.

CaencrBue 1. [Tycmo 2pap G maxod, wmo w(G) = n, d(G) < n+ k, 2de
k < [%n} — 1. ITyecmv nabop T, cocmosawutl u3 HEKOMOPLIT N-KAUK 2pada
G makos, wmo abuie dée N-KAuKy 2moz0 Habopa UMeNmM 00UYI0 GEPUILHY.
Tozda nepecevenue L scex n-xaukx amozo nabopa codepicum we menee n —

k — 1 sepusumn.

Jlemma 1. ITycmo 6 2paghe G cywecmsyem Habop NONapHo NepecekaousuLes
n-kauk, ne umerowur obueld eepwuns, u w(G) = n. Tozda n(G) = 2n.

JLns1 moKa3aTeIbCTBAa OCHOBHOTO Pe3y/IbTaTa 3TOH YacTH HaM MOTpedyeTcs
HECKOJILKO MPEeIBAPUTETHHBIX JIEMM.

JIemma 2. ITyemov epap G makot, wmo w(G) = n, d(G) < n+ k, 2de
k < [2n] — 1, u nepecenenue mobuwz deyz n-kaux nenycmo. Tozda n(T(G) \

L(G)) = 2(n — [n(L(G))]).

Hoka3zarenbcrBo. B cuny teopemst 1, [n(L(G))| > 0. Torma |n(T(G))| <
n + k + 1, nockonbky sobas Bepumuna u3 L(G) cmexkua ¢ 1060ii BepImuHOit
u3 T'(G). fcno, aro m0bdast n-kinka, cogepkamas L(G), umeer n—|n(L(G))|
sepmun B T'(G)\ L(G) (ecnu [n(L(G))| = n, To yTBEpKICHHEE JTEMMbI OI€BH/I-
H0). 3amernM, 9T0 npu yaagennu awoboit Bepmunst u3 T(G)\ L(G) naitnercs
n-kauka, cofepxkainiasa L(G), HO He cofepzKalias BHIKUHYTONH BepIINHbL (HHA-
"e 9Ta BepHmmHA 10 ompejesennio Bxoxmna 6sl B L(G)). Ho B T(G) \ L(G)
HeT KJINK, cozepxanux 6osmee n — |n(L(G))| Bepuun (uHade 0ObeanHeHME
takoii kaukn ¢ L(G) 6yner kiankoit G, comepzxkarieii 6oee n sepiun). Ecin
mobete ase n — |n(L(G))|-xmukn u3 T(G) \ L(G) nepecekaiorcsi, T0 B CUIy
aemmer 1, rpad T(G) \ L(G) conepxur ue menee 2(n — |n(L(G))|) sBepimm.
Ecin xe kakne-to e n— |n(L(G))|-kmukn u3 T'(G) \ L(G) He umeror o61mux
BEPIIHH, TO B UX 00beauHeHun comepzkurcs yxe 2(n — [n(L(G))|) Bepmmuw,
npunaexkamnx 1T(G) \ L(G).

U



Onpenenmnm rpad n-kimuk rpada G. Beprmmasl 3Toro rpada cooTBeTcTBy-
10T n-KJuKaMm rpada G, mpudeM JBe BepIIHHbI rpada KJIUK CMEeKHbI TOT/A
1 TOJILKO TOTJIa, KOTJIa COOTBECTBYIONINE N-KJIUKHU TePEeCeKAIOTCSI.

Pacemorpuwm cayqait rpada G, B kotopom w(G) =nu d(G) < n+k, rae
n>2k+1).

Onpenenenne 1. HazoBem sdpom HEKOTOpPOIl KINKH HepecedeHHe BCeX
N-KJINK, TepeceKalomnxcsd ¢ JaHHOW KIukoil. B dacTHOoCTH, ecam maHHYIO
n-KJIUKY He MepeceKaeT HHU OJIHA JApyTas N-KIUKa, TO sSapo OyIeT COBIaIATh
C CaMOM KJIMKOIA.

JIemma 3. ITycmo G — makot epag, wmo w(G) = n, d(G) < n+k, u
n > 2(k+1). Tozda ece adpa 6ydym codeporcams ne menee n—k—1 sepuwun.

HokazareabcTBo. [lockonbky d(G) < n+ k, To B cuny caeacrus 1, Jio-
0oii HaDOp MOHAPHO IEePEeceKAoIINXCsI N-KIUK HMeeT He MeHee n — k — 1
obmux Bepumud. [Tockoabky n > 2(k + 1), T0 310 cocraBuT GoJee MOJTOBUHbI
MOIITHOCTHU Bceit n-kjauku. CjemoBaTeibHO, JI00ast KJINKA, MePeceKaroasics
¢ KakKOi-HUOY/Jb M3 KJIMK HaDOpa, TAK¥Ke COJIEPKUT KAKYIO-HUOY/Ib U3 THX
n — k — 1 Bepmun. Tora Jo0bie JBe N-KJIUKHU, MEPECEKAIONnecs ¢ JaHHOIM,
nepecekaloTcs Mexk 1y coboit. Torma, B cuty ciaeacTBus 1, Bce 9TH KJIUKA UMe-
10T He MeHee 1 — k — 1 oOIMUX BepHInH, OTKY/a, B YACTHOCTHU CJEIYeT, UYTO
BCe siJipa cojepzKaT He Menee, yeM n — k — 1 BepiruH. U

BamernM, 4To Tak Kak 2(n — k — 1) > n, To Kaxk10e A1po COAepKUT 6o-
JTee TOJIOBUHBI BepInH KauKH. Cre10BaTeIbHO, JTI00bIE IBe IepeceKaroIecs
KJIMKH UMEIOT 00IIee siapo.

Takum obpasom, rpad n-KANK s paccMaTpuBaeMoro rpada BBITJISIIAT
KaK O0beIuHeHNe HEeCKOJBKUX KOMIIOHEHT, KarKIas M3 KOTOPBIX SBJISETCS
KIIKO. Bee n-KIMK#, COOTBETCTBYIOINIHE KayKI0i KOMIIOHEHTE, HMEIOT 00IIee
SIPO.

[Tosromy 4TOOBI HAWTH HE3ABHUCUMYIO TPAHCBEPCAJIb, TEPECeKAOIIYI0 BCe
N-KJIMKHU, JOCTATOYHO HANTH HE3aBUCHUMYIO TPaHCBEpPCAb, MEPECEKAIOINLYIO
BCe siapa.

Onpenesnernue 2. /[71g BEPIIUHDI G 9/1pa 8HEWHET CMENEHBIO ITOM BEPITHHDBI
OyIeM Ha3bIBATh KOJTUYIECTBO BepiinH rpada G, CMeKHBIX C ¢ ¥ He BXOJISAIIHIX
B 00beIMHEHHE N-KJIUK, CoaepKamux a. Pebpa, coeIMHSIONINE BEPIIUHY @ C
BepIUHAMHE, HEe BXOJISANIUMHY C @ B OJIHY N-KJIUKY, Oy/IeM Ha3bIBATH 8HEULHUMU.

Jlemma 4. ITycmo G — makot epagh, wmo w(G) =n, d(G) <n+k, un >
2(k +1). Pacemompum sdpo J, codeporcawsee n —t sepwun. Tozda enewnan
cmenend 410000 sepuwuns, 9moz0 adpa 6ydem ne boaee k —t + 1.



Joka3arenbcTBO. B cuny memMmbl 2, 00beuHEeHNe KUK, COAePKAIINX /1-
po J, nmeer e Menee 2(n—(n—t))+(n—t) = n-+t BepiuH. Tak Kak BepITHHBL
J OyIyT CMEXKHBI CO BCEMH BepIMHAME, BXOJIAINIUMA B 00beIUHEHNE KUK,
cojepzKamux .J, To w3 OOIIEro KOJIMYeCTBA UCXOASINX pebep st JTaHHON
BepiuHbl U3 J, He npeBocxosdnero n + k, ne menee, uem n + t — 1 Oyzer
COEIMHATH 9Ty BEPIIUHY C BEPIIMHAME U3 00beIWHEHUS KUK, T. €. He OyIyT
BHermHuMA. Cl1e0BATETbHO, BHEITHUME MOTYT OBITH TOJBKO OCTABIIHECS HEe
bosiee, yem k —t + 1 pebep. O

CdhopmynmupyeM n J0KaxKeM TeopeMy, KOTopas sBJISeTCd OCHOBHBIM pe-
3yJbTATOM 3TOW YaCTU CTATHH.

Teopema 2. ITycmv G — makot epap, wmo w(G) = n, d(G) < n+k, u
n > 2(k +1). Tozda cywecmsyem neszasucumoe nodmmostcecmeo M C 'V
makoe, wmo npu ydasrenuu us G ecex sepwur mmosncecmea M Kaukosoe
YUCAO 2PaPa YMEHDULUMCA.

HokazarenbcTBo. 1. Crauana onpemennm MHOXKectBa M u Np a Tak:ke
KJIACC dKBUBAJEHTHOCTH 7.

[Tycts M — rakoe mHOXKecTBO, 4t0 |J N M| =1 ams moboro siapa J u
|E(G(M))| — munnmagbHO (TaKme MHOXKECTBA OyJeM Ha3BIBATH OMMEYEH-
nowmu). Beprmuny x ¢ M, coaepzKaniyocs B KAKOM-TO sijipe J U He CMeKHYTO
HU C OJHOIT BepImMHON n3 M, KpoMe BEpIIHHBI TOTO Ke siapa, OyaeM Ha3bl-
BaTh 80000107, MHOXKECTBO BCeX CBOGOMHBIX BepimuH HazoBeM S(M) (sTo
muokecTBo 3aucut ot M). Ecin B J ecrtb cBoGomnast BepumHa © € J, TO
1yt Bepruabl ¢ € J N M (sicHO, 9TO Takasi BepIuHa ¢ CYIECTBYeT U eJuH-
CTBEHHA), MHOKECTBO

M= MU {z}\ {t} (1)

oymer ormeuenubiM u |G(M')| = |G(M)| B cuny murEManbHOCTH. By-
JIeM TaKue Omeparuy Ha3biBaTh omepamueii 1. Paccmorpum kirace 717 Takux
MHOKeCTB M OTHOCHTE/ILHO CEPUH BCEX BO3MOKHBIX TOC/IEI0BATEIHHBIX OITe-
pamuit 1. [Tockosibky onepanuu 1 obparumsl, To T OyAeT KIaccoM SKBUBa-
JIEHTHOCTH.

Jlasee paccMOTpUM MHOXKECTBO BeprmuH Ni, KOTOpBIE MPUHAIIEKAT Ie-
PECEUEeHHIO BCEX MHOZKECTB, BXOAANTHX B T7.

Hoxkazkem, aro N; = ().

[Ipeanonoxkum nporusuoe. Ilycrs |Ni| = s, a aapa Jy, Js, ..., Js, B KO-
TOpble BXOAAT BepiwHbl u3 Ny, comep:kar n — ki,n — ko, ..., n — kg Bep-
muH. Torma BHenrHue crenenu BepmmH u3 Ji,Jo, ..., Jg OyayT He Oosiee
k—Fk+1,k—Fky+1,...,k — ks + 1 cooTBeTCTBEHHO, B CHJIY JIEeMMBbI 4.

7



2. OnuireM mepBbIi AT TPOIEcca.

Bcero ¢ Beprmmmaamu u3 Ny OyeT coeinHeHO BHENTHUME pebpaMu He OoJtee
> (k —k; + 1) Bepumn, Bxogsmux B J; U Jo U---U J;. B o e Bpems,
| JIUJoU---UJs| = >0 (n—k; —1). PaccmorpuM Te BepIIMHbI, KOTOPbIE He
BXOJAT B [N| ¥ CMEXKHBI TOJIBKO ¢ TeMu BeprmmHaMu u3 N, KOTOPbIe JIeKaT
B OIHOI KJuKe ¢ HUMH. TAaKMX BepIINH B spaX, COAEPIKAIINX BEPIIHHLI U3
Ny, 6ymer He MeHee

S S
> tn—ki—1)=Y (k—ki+1)=(n—k—2)s>0.
i=1 i=1

Bribepem u3 HuX omHy BepmmHy 1. OOo3HaUYNM dYepe3 P MHOXKeCTBO
BEPINNH, COeUHEHHBIX C 1y BHEITHUMH peOpaMu.

Brioepem muoxkectBo M € T} Takum 00pa3om, 9TOOBI KOJMIECTBO Bep-
mH 13 MHOXKecTBa, P; N M, ObLI0 MUHUMAJIBLHBIM IO BCEM MHOXKECTBAM M3
T,. Ormernm, aTo MHO)KeCTBO P N M; HEe MOXKET OBITH MYCTHIM, MOCKOJIBKY
HHAaYe BepIINHA aq ObLIa ObI ¢cBOOOIHOMN 1yt M 1 TOrma ee MOXKHO OBLIO 00-
MEHATH C BepIInHoit v u3 M, BXoadmieil B TO e SApo, HO 9TO MPOTHBOPETUT
TOMY, 9TO U € Nj.

PaccmoTpuM MHOXKECTBO Z] BCEX TAKUX BEPIINH U, COCTMHEHHBIX BHEI-
HUME pebpamu ¢ ap, aro u ¢ M. onoxkum 7, = 7.

3. OmuremM BTOPOIi IIAr mporecca.

PaccmoTpuM Temnephb Kiace SKBHBaJIEHTHOCTH 1o Takoit, uro My € Ty n
BCe MHOXKECTBa ITOTO KJjaacca MOJAydaioTced m3 M mocaeaoBaTeTbHBIM MTPH-
MeHeHHeM oflepanun 1, B KOTOPBIX B KavuecTBe CBOOOIHBIX BEPIIUH & OepyTCs
TOJIBKO BepITHHBI 13 MHO)KecTBa S(M) \ 7.

[TocTponM aHAJIOTHYHO TEPBOMY ITAry MHOXKecTBO Ny Kak IepecedeHne
BCEX MHOXKeCTB u3 1. 3aMeTuM, 9TO HOCKOJIbKY P N My OBLIO MUHUMAJIBHO,
to Zy = Z = P;\ M| MakcuMaJbHO 10 BCeM MHOKecTBaM, Bxoagamum B T (B
TOM CMBICJIE, IYTO MHOYKECTBA, AHAJOTHIHBIE /| U Pj, MOKHO ONMpPeIeIUTh JIIst
aroboro M € Ty w nist yxe BoIOpaHHOiT BepruHbl aq). Torma, B CHly Makcu-
MaJIbHOCTH /1, Bce Bepriuubl u3 P, N My BoiiayT B Ny, wHade mMpu MOMOIILHA
omepanun 1 MOXKHO Oy/IeT YBEJIUUIUTh MHOXKECTBO /1. /lelicTBUTEIbHO, B IPO-
THBHOM CJIy4ae MOKHO OYJeT HPOBECTH Olepanuio 1 ¢ HEeKOTOPOi ¢BOOOTHOIM
BEPIINHOI X, He BXoAgdumeil B Z; u Bepumunoit y u3 M' € Ty, coenuneHHOR
BHENIHUM PeOpoM ¢ a1. [T0CKOIbKY BEPIIMHBI U3 77 HE MOTIN BXOAUThH B M,
TaK Kak 110 ONpeJe/IeHnIo Kjacca Ty OHM HUKOT/Ia He yJacTBOBAJIM B Olepa-
nuu 1, TO TocJie TPOBeIeHUsT ATOI onepann MHOYKECTBO /i BO3pacTeT, TaK
KaK K HeMY JOOABUTCS BepIIHHA Y.

Torma N; € Ns.



BriGepem Terepb BepimuHy as ¢ Ny U3 HEKOTOPOTO sI/Ipa, COAEPIKAIIEro
BepmuHy U3 N, He COeIMHEHHYIO BHEITHUMHU pebpaMu ¢ BepiuHAMH U3 Nj.
BosmoxkHocTh BhIDOpa TaKoit BepIuHbI Gy OyaeT obocHoBaHa jaJiee. Bride-
peMm muOxkecTtBO My € T, Takum 0Opa30oM, 4TOOBI KOJUYECTBO BEPIIUH W3
My, cMEeXKHBIX C @9, OBLIO MUHUMAJILHBIM 110 BCEM MHOXKecTBaM u3 Th, MHO-
»KecTBO P, BepInH, COeIUHEHHBIX C (o BHEITHUMU pedpaMu, HaKOHEI[ MHO-
KECTBO Ly = £ U Zh, tie Z5 — MHOXKECTBO BCEX BEPIITHH, COSTNHEHHBIX C (g
BHEITHUMHU pedpamMu u He BXoasmmx B M.

4. JTokazkeM, 9TO BCer/ia MOYKHO CJieJIaTh CJIEeAYIONINi Trar mporecca.

Bynem amnasornuno crpouth Kiaccel T3, 7Ty ... W aHAJOIMYHBIM 0Opa-
30M ormpeieaTh MHoxkKecTBa N3, Ny, ..., BEepIIUHBI a3, a4, ..., MHOXKECTBA
Ps, Py, ..., xnaccet My, My, . .., MmHOXKecTBA Z4, Z), ... U HEYOBIBAIOIIYIO MO~

CJIETOBATEILHOCTh MHOXKECTB 3, L4, . . . .

Bamerum, uro P; N M; C Nji1, B CHIy MaKCHMATIBHOCTH Z, (AHAJIOTHIHO
nepBomy miary mporecca). Kpome toro, maoxkectso P;NM; HemycTo, Tak Kak
nHave BepInHa a; Oy/eT cBOOOHOI i MHOXKecTBa M;, 9TO NPOTHBOPEYUT
TOMY, 9TO OHA HAXOIUTCS B OXHOM sjpe ¢ Bepiunoit u3 N;. [lostomy N; C
No C Ns....

Jlemma 5. Jlokasicem, wmo 0a8 4100020 HAMYPALLHO20 ¢ 6Ce200 MOHCHO Gbi-
bpamv eepuuny aq, 064a0a10UYI0 CALOYIOUUMU CEOTCMEAMIU:

1. a4 npunadaescum adpy J, codeporcawemy eepwuny us N,.

2. ag He cmedncna ¢ sepuunamy u3 Ny Kpome mot, KOmopas AeHcum 6
J.

3. Gq ¢ Zq—l-

HoxkazarenbcTBo. B cuity Boibopa Beprmu a; (i < ¢), MHOXKecTBO P; He
nepecekaercsa ¢ N;, mosromy u P, N M; N N; = (). Cnenosarensno, N; C
Niy1 1 |[Ny| > q. Bamernm, uro |Z]| < k, mOCKOIBKY /I06ast BEPIINHA NMeeT
BHEIITHIOO CTereHb He 6osee k+ 1, a XoTs ObI 0j1HA BepImnHa BXoauT B PN M;,
caiesioBaTebHo, He BXoaut B Z;. [osromy |Z, 1| = |Z1UZyUZ3U- - -UZ, | <
(¢ — 1)k.

Oboznauum sjipa, cojepxaimue sepumnbl u3 Ny vepes Jy, Jo ... Jyn, |- By-
JIeM CYATATh, 9TO B sijape J;, Oyner n — k; BepmuH. B spax, comeprKaniux

BepmuHEL U3 [NV, Oyger
N |

BEPIIHH.



[TockonpKy BHeIIHSAA cTeneHb Bepuruuel u3 N, N J; He Gomee k — k; + 1,
TO HaliIeTcd He MeHee

|Ng| |Ng|

Y =k =D (k—ki+1) = [Nj| = (n— k = 2)|N,|

=1 =1

BepmuH n3 J;, KOTophie OyIyT HEeCMeKHBI ¢ BepmmHaMu 13 N, 1 He BXOAAT
B [V,. 3aMeTHM HaKOHeIl, 9TO

(n—Fk=2)|Ny| —|Zy| > (n—k—2)¢g— (¢ — 1)k > kq—k(qg—1) > 0.

ITosTomy ocTaHeTcsa XOTs OBl OHA BepIInHA, HOAXOAAIAL I Cgp1.
U

Teneps, aHaIOrMYHO BTOPOMY THAry, Beioepem MHOKecTBa M, € T, Takum
00pa3oM, 9TOOBI KOJMYecTBO BepmmuH u3 M,, CMeXKHBIX C G4, OBIJIO MUHH-
MaJIbHBIM 110 BCeM MHOKecTBaM U3 Ty, MHOXKeCcTBO P, BepIINH, COeMHEHHBIX
C a, BHOIIHUMH peOpaMu, HaKOHeI MHOKeCTBO Z, = Z, 1 U Z,, e Z, —
MHOKECTBO BCeX BepIINH, COeIHHEeHHDLIX C @, BHEIIHHMH peOpaMu U He BXO-
namux B M. Tlocie Beibopa BepmmHbI @, BCe 3TH MHOYKECTBA BHIOMPAIOTCH
ABTOMATHYIECKH.

Ho nockosbky wnciio |NV;| MOHOTOHHO BO3pacTaer, TO 3TOT MPOIECce J0JI-
JKeH KOorga-HuOYIb 3aKOHUYUThCs. [loyamnoch mporuBopedne ¢ TeM, 91o [Ny
HEIyCTO.

Ho eciiu Ny mycto, TO B 11000M si/ipe ObLITa CBOOOIHAS BEPIINHA, a TOTIA
MCXOJHOEe MHOXKeCTBO M — He3aBHUCHMOE, MOCKOJBKY B IMPOTUBHOM CJIydae
MOKHO OBIJIO ObI yMEHBIIUTH KOJMYECTBO BHYTpeHHHX pedep B M, 4ro u
JIOKA3bIBAET YTBEPKICHIE TEOPEMBI.

O

CaeacrBue 2. Ecau d < L%w — 2|, mo ewnoanAEMCcA HEPABEHCMBO

Xmax(daw) -1 S Xma:v(d_ l,w — 1).

HoxkazarenbcrBo. [Ipeamonoknm, IT0 s KAKHX-TO MapaMeTpoB d n w,
Y/IOBJIETBOPSIIONINX YCIOBUIO CJIEICTBI, HEPABEHCTBO He BhInoIHsAeTCs. O60-
3HAUMM depe3 k umeno d — w < L%w — 2|. Pacemorpum rpad G Takoi,
aro d(G) = d,w(G) = w u 1yt KOTOPOro XPOMATHIECKOE YUCIO B TOUHO-
CTH PABHO Xmaq(d, w). Bameriy, uro 2(k + 1) < 2|iw] — 2 < w, nosromy
MOZKHO IIPHMEHHTH YTBEPKIeHHe TpeIbiyIeii seMMbl. Bygem no6aBiars K
BBHIODAHHOMY HE3aBUCHMOMY MHOXKeCTBY M BEpIIHHBI 110 OJHOMN ¢ COXPAHEHH-
eM He3aBHCHMOCTH, TIOKa 3T0 BO3MOKHO. [Tosryuennoe muoxectBo M’ Gyzmer
HE3aBUCUMBIM, JIOMUHUDYIOMIMM U Oyaer mepecekarh Bce n—kjnkn. OKpa-

cum Bece Beprmabl M’ B HekoTOpHIH nBer 1. 3amernm, 4T0 MOCIE YAATEHUS
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u3 rpadga G Bcex BepIIMH MHOxKecTBa M', ero cremeHb M KJIMKOBOE UHCIIO
yMeHbInaTcs XoTsa Ol Ha 1. CegoBaTeIbHO, IO TPEIIOI0KEHII0 ero XpoMar-
THYECKOe YHUCJIO JIOJIZKHO yMeHbIUTCes X0Tsd 061 Ha 2. Ho 310 nporuBopedunT
TOMY, YTO W3 HEro yJaJINId HE3aBUCUMOE MHOYKECTBO. U

CaencrBue 3. [lycmv G — nexomopuii makot epad, 6 KOMOPOM 6bLIeAEHO
HECKOALKO HENEPECEKAOULULTCA NoOMHONMCECME sepuiun Ay, A, ... Ay, MOUL-
HoCU KOmMopuix paskvt n—ki,n—ky, ..., n—ky a enewmnue cmenenu sepusum
noommoocecmsa A;, 1 < i < s ne npesocrodam k—k;+1. Tozda cyuecmesy-
em neaasucumoe nodmmoscecmeo M C V maxoe, wmo MUA; #0 1 <i < s.

HokazarenbcTBo. B jjokazare/bcTBe TEOPEMbI 2 HUTJIE HE UCITOIb30BaJIOCh,
4TO si/Ipa SIBISIIOTCA MOJHBIMEU ToArpadaMi, a UCIOIb30BAIOCH JHIIb OTPa-
HUYeHNEe HA BHEITHIOI CTEIeHb BEPIINH ITUX Sep. O

Bameuanne 1. Bamernm, uro onenka na crenens rpada d(G) < 22 no-

JIydeHHas B TeopeMe 2 — TOYHas, UTO HLTIOCTPUPYET CACAYIONNN MpuMep
NI YeTHBIX N.

Paccmorpum HedeTHBIH MUK JJTHHBL OOJIBIIE TPeX. 3aMeHIM KazK Iy ero
BEPHINHY Ha KJIUKY MOITHOCTH 7. Tereph coelHuM pedpamMu BepITHHbI JII0-
OBIX JIBYX KJIMK, COOTBETCTBYIOIINX CMEYKHBIM BEPITUHAM MCXOIHOIO IMHKJIA
(takme 5-K/JIMKN Oy/IeT Ha3bIBAThH cocednumu). 3aMeTuM, 9TO B TIOJIYYEHHOM
rpade creneHnn %n — 1 MakcuMabHag KJIUKa OYIeT UMeTh MOITHOCTH N. flc-
HO, UTO HHKAKOE HE3aBHCHMOE MOJIMHOYKECTBO BEPIIHH HOJTYUYeHHOrO rpada
He MOXKeT CojiepzKaTh OJHOBPEMEeHHO JiBe BEepIIMHbI COCEJHMX F-KJHUK, MO-
3TOMY HalllyTcst JBe COCeJHue §-KIWKH, HU OJIHA W3 BEPHIMH KOTOPHIX He
BXOJIUT B BHIOpAHHOE HEe3aBUCHMOe MHOXKecTBO. Ho Torma obbeanHeHne 3Tux
n

5-KIUK OyJIeT n-K/IMKOii, He Iepecekaromeiica ¢ BHIODAHHBIM He3aBHCHMbBIM

MHOZKECTBOM.

2 XpoMaTumidecKme YNCJa CJIOUCTHIX rpadoB C
OrpPaHMYEHHOIl CTeNeHbI0 BEePIIIH.

Onpenenenune 3. ['pad Oymem HA3LIBATH N-CAOUCTIbIM, €CJIA €70 BEPITHHBI
MOXKHO Pa3biTh Ha HelepeceKaronuecss N-KJInKN (Takue KJINKA Oy/eM Ha3bl-
BAThH CAOAMU).

Jlns takux rpadoB BBINOJTHIETCS CIEAYIONAs TeopeMa, CBS3bIBAIOIIAs
MaKCUMaJIbHYIO BHEIIIHIOIO CTEIEeHb BEPIIHUH 7-CJIOUCTBIX FpaCbOB C 9YHUCJIOM
CJI0€B TPU YCJIOBUH, YTO XPOMATHYIECKOE YHUCI0 rpada TakzKe PaBHO 1.
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Teopema 3. ITycmv G — makol n-caoucmud 2pag, wmo |V(G)| = ngq,
d(G) < n+k, npuuem (3(k + 1) —n)g < 2k + 4. Tozda x(G) = n.

JlokazaTeabCTBO. AHAJTOIMYHO JOKA3aTEIbCTBY  OCHOBHOH  TEOPEMBI
OpEebIAYINeil 4JacTh, J0Ka3aTeJbCTBO OyleT OCHOBAHO Ha IOCTPOEHUN
mpoIecca, Mpu KOTOPOM MHOZKECTBO BEPIHINH OJJHOT'O U3 IIBETOB, OCTAIOIIUXC
HEIOABUKHBIMU IIPU 3TOM IpoIiiecce, OyIeT HeOrpaHWYeHHO PacTH, UTO MPH-
JeT B MPOTUBOPEYNE C MCXOAHONW MOCBLAKOW O TOM, YTO MCKOMOW paCKpacCKu
HE CYIIeCTBYeT.

1. Cuauasa omnpegenum MHOKecTBa M u N; a TakxKe KJ1acC SKBUBAJIEHT-
moctu 17.

Paccmorpum kakyo-aubdy s packpacky Bepriua (G B 1 [BETOB, TIPH KOTO-
POt MUHUMAJILHO KOJIMIECTBO pebep, COeAMHSIONINX OHOI[BETHHIE BEPITUHBI
(takue pebpa OymeM Ha3bIBATH NAOTUMU) W TPH ITOM BEPIIHHBI KazKOTO
I[BeTa JIeKAT B PA3HBIX CJI0sX M0 omHoil. Obo3HaumM 1depe3 A; MHOKECTBO
BCeX BEpINUH IBeTa 7 > 1, a yepe3 M — MHOKECTBO BCeX BEepIINH IBeTa 1.

[Ipeamooxkum, 910 cymecTByeT pedbpo, COeIMHSIIONEe IBe BePIIUHbI W3
M. Beprmmay z mupera i, OTIMIHOrO OT 1, Oyaem Ha3bIBaTH €80000H0U, ecin
OHa He COeJIMHEHA BHEINTHUMHU pedpaMu ¢ BeplImHaMU IBeTa 1| U BepIinHA Y
1BeTa 1, JIesKaIas B ee ¢I0e, He COeIMHeHA BHEITHUME peOPaMU ¢ BePITHHAME
nBeta i. MHOXKeCTBO Beex ¢BOGOMHBIX BepimnH HazoeM S(M). OrmernM, 9To
MHOZKeCTBO S (M) 3aBUCAT OT paCKpPACKH.

3aMeTnM, 9TO ecJid MOMEHSITh IBeTa BePHIMH X u Y (HA30BeM 3Ty ornepa-
U0 00MEHOM), TO KOJIMYECTBO IJIOXUX pebep He yBeJndnTcs. PaccMoTpum
KJIACC dKBUBAJEHTHOCTH 1] TaKUX MHOXKeCcTB N OTHOCHUTETHLHO CepuH BCEX
BO3MOYKHBIX MTOCJIEIOBATETbHBIX OMepaluii 0OMeHa co CBOOOTHBIMU BEPIITIHA-
MHI BCEBO3MOZKHBIX IIBETOB ¢, OTIMYHBIX OT mBeTa 1. PaccMoTpuM MHOXKECTBO
BeEPIIUH NI; KOTOpPbBI€ TPpUHAAJICZKaT IepeCceIeHnio BCeX MHOXKECTB, BXOIAIIINX
B Tl-

Hamreii nennio 6y1er goKasaTeabeTBo Toro, ato Ny = ().

2. OnwuireM mepBbIi AT TPOIEcca.

[Ipeanonoxkum nporusuoe. Ilycrs |Ni| = s. ZdcHo, 9TO $ > 2, TMOCKOJIb-
Ky B N BXOJIAT J[Be BepIIUHbBI, U3HAYAILHO COEJUHEHHBbIE pebpoM (uHaue
orepanueii obMeHa € OJHOW M3 TUX BEPIIHMH MOYKHO ObLIO Obl YMEHBITUTH
KOJIMYECTBO IJIOXHX pebep). 3aMeTuM, 4To ¢ BeprinHaMu w3 N; BHENTHUMU
pebpamu coequneno He Gosee s(k + 1) — 2 BepIIUH U3 CI0EB, COAEPIKATIIX
Bepmuubl u3 Ni. CiaegoBaTeibHO, HaligeTcs Takoit caoit Wi, B KOTOpOM 3THX
BepmuH He Oosee k + 1. Bepmmua 3Toro cmog ty, Bxomgamas B Ny, Oyaer
cMexkHa He OoJiee, ueM ¢ k + 1 Bepmmuamu japyrux cjioes. [Tockonbky w3
ycaoBust ciaemayet, 9to 2k +2 < n— 1, ro B W Haligercs BepminHa a, # t;, He
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coe/IMHeHHAs BHEITHUMHU peOpaMu ¢ BepimmHaMHu u3 N7 M He COBIIAIAOINIA
IO NBETY C BepIIMHAMHE JIPYTUX CJI0EB, CMeXKHBIX ¢ ti. CBoiicTBa BepIIHHBI
(1 COXPAHSIIOTCS TIPHU OTePANHAX 00OMEHA, TOCKOJIBKY 3TH OMEePAINH TPOU3BO-
JIATCS TOJIBKO CO CBODOIHBIMI BEPITUHAME, a BEPITHHA, ¢ BCerga OyaeT mpera
1, ciietoBaTeIbHO BEPIIMHBI, COEINHEHHDBIE ¢ Heil BHEITHUME pedpaMu, HUKO-
r1a He OyayT cBoOOaHBIME. Kpome Toro, BepIinHa a; HA B KaKOii MOMEHT He
ObL1a cBOOOIHOM, Tak Kak t; € N;. Boibepem mmuoxkectBo M; € 1| Ttakum
obpazoM, 9TOOBI KOJIMYECTBO BepiinH u3 M7, CMEeKHBIX C 1 W He BXOISIINAX
B OJMH CJIOH ¢ a; (MHOXKECTBO TaKMX BEPITHH 0003Ha4MM [epe3 Pj), GbLIO
MHUHUMAJIBHBIM 110 BCeM MHoOyKecTBaM u3 17. OTMerum, 9To MHOKECTBO P
HE MOKET ObITh IYCTBIM, TOCKOJbKY HHAYe BEPIINHA a1 ObLIa OBl CBOOOTHOI.
PaccMoTpuM MHOXKECTBO 71 BCeX TaKuX BepuiuH u € P;\ M, 4To u He BXOIUT
B CJIOH, COJIepXKAIi a1 .

3. Onumem BTOPOIL Tar mporecca.

Paccmorpum tenephb Kjacc sxkBuBajieHTHOCTH T Takoit, ato My € T, n
BCE MHOYKECTBA, TOI0 KJIACCA TMOJIydaloTcs u3 M mocaeoBaTeIbHbIM TPHMe-
HEHUEM ollepalni 0OMeHa, B KOTOPBIX B KaUecTBe BepIIHH X 6€pyTCs TOJTHKO
Beprmuabl 13 MEOKecTBa S(M) \ Z;. TlocTpouM aHATIOTHYHO TEPBOMY IIATY
MHOKeCTBO Ny KaK IepecedeHne BceX MHOXKeCTB u3 Th, cioit Wy, B KOTOpHI
BXOJUT MHUHUMAJIbHOE KOJUYECTBO BEPIINH, CMEYKHBIX C BepirmHaMu u3 No,
He Bxoagmumu B Wy, n He BXOAAINX B /1, BEPIINHY ay € Wy, HE cMeXKHYIO C
BepimuHAME U3 Ny ¥ HE COBIMAIAOILYIO TI0 IBETY C BEPITUHAMU, CMEYKHBIMHA C
BepmuHOit t = WoN Ny, BeIOepeM gasiee MHOKECTBO My € Ty TakuM 0O6pa3oM,
YTOOBI KOJTUIECTBO BepHinH U3 My, CMEXKHBIX C (o, OBLIO MEHUMAJIBHBIM IO
BCeM MHOKecTBaM u3 Th, MHOXKECTBO P, HaKOHeIl, MHOKeCTBO Zy = 71 U Zb,
rae Zh — MHOXKECTBO BCEX BEeDIIHH, CMEKHBIX ¢ Ay W He BXOASIINX HU B B
Ms, Hu B cjoit, copep:Kamiuit as.

Bynem amamormuno crpouth Kiaaccel 13,7, ... W aHAJTOTHIHBIM OOpa-
30M ompenendarb MHoxKecTBa N3, Ny, ..., BEpHUIUHBI 03,04, ..., MHOXKECTBA
P3, Py, ..., xnaccel Mz, My, ..., MmaOXKecTBa Z5, Zy, ... U HEyOBIBAIOULYIO T10-

CJIeJIOBATEILHOCTH MHOYXKECTB L3, Z4, . . . .
4. JTokaykeM, 9TO BCeT/Ia MOYKHO CJIeJIaTh CJeAYIONNil Tar mporecca.

Bamernwm, uto P; C N;,, B cuity MmuanmMaibaocT MaOKecTBa M; u N; C
Nit1, mostoMy Bce P; momapro Hemepecekatomuecs u [N, > ¢ + 1. Kpowme
toro, |Z!| < k, mockogbKy sobas BepinnHa nMeeT He Gosee k + 1 cMexkHOi ¢
Heil BepIIUHBI B JIPYTUX Ca09X. KpoMe Toro, Xorda ObI OJlHA U3 HUX BXOJIHUT B
P;, a, crenoBarennno, e BXoauT B Z,. [losromy

| Zy—1| = | Ug;l Z{| < (¢ —1)k.
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JloxazkeM, 9TO 1715 J11060T0 ¢ BCErja MOYKHO BBLIODATh BEPIIUHY g .

PaccmoTpum Te BepIuHBI, KOTOpBIEe Hesb3g OpaTbh B KauecTBe (gii.
Bo-nepsoix, 310 He 6osee |N,|(k + 1) — 2 BepmmH, CMEXKHBIX C BepITHHA-
mu u3 N,. Bo-Bropsix, sto |N,| Bepumu n3 N,. B-rpersux, B Kax10M ciioe
He OoJtee k-+1 BepImH UMEIOT IIBET, COBNAIAIONINI C [[BETAMH BEPIITHH, CMerK-
HBIX € BepIIMHOI 3TOT0 cj1od, BXoadmeil B N, IpudeM XoTsd OBl B IBYX CJIOAX
TAKWX BEPINHH He Dosee, 4eM 1O k, & UIMEHHO B TeX CJI0dIX, KOTOPBIe COIep-
JKaT CMeyKHble BepIInHBI 1BeTa 1 w3 MHOXKecTtBa N,. Hakonemn, B kadecTse
(g41 HEJIb3d OpaTh BePMIMHBI U3 Z, 1. Taknm 00pa3oM B CHIIy TOTO, 4TO B
¢cJ10s1X, cofeprkamux Bepruusl w3 N, Oyaer n|N,| Bepiun, To He MeHee

nINg| = (2k + 3)|Ny| + 4 = [Z, 4]

MOZKHO BBIODATH B KAYeCTBE (giq1. JLOKAZKEM, UTO 3TO UHCJIO GOJIBINE HYJIS.
st sToro BenomunM, 1to |Z, 1| < (¢ — 1)k, crenoBaresnso

n|Ny| — (2k + 3)|N,| +4 — |Z;-1]| = |Ny|(n — 2k —3)) — (¢ — 1)k + 4.

Ho ¢ < |N,| — 1, mockonbky Ha KaxaoMm mare |N,| BO3pacTaer, mosToMy

INg|(n —2k —3)+4— (¢ — 1)k > |[Ny|(n —3(k+1)) + 2k + 4.

[IpaBast 9acTh TOrO HEPABEHCTBA MOJOKATEIBHA B CHITY TOTO, 9T0 | Ny| <
q u o yeaosuio (3(k+1) —n)g < 2k + 4.

Ho nockosbky wnciio |NV;| MOHOTOHHO BO3pacTaer, TO 3TOT MPOIECcE J0JI-
JKeH KOrjia-HuOy/Ib 3aKOHUYUThCs. [losiyumnioch mporuBopedne ¢ TeM, 9to Ny
nernycro. Ho ecaim Ny nycTo, 70 HUKaKue BepimuHbl u3 M He cMeXKHbI, nHaYe
omepanug obOMeHa, IPOBEJEeHHAS C OJHONH M3 TAKUX BEPIINH YMEHBIIUT KO-
JITYECTBO ILIOXUX pebep, UTO MPOTUBOPEUHUT BBIOOPY MCXOTHONW pPACKPACKH.
AHAJIOTTIHO, HUKAKWE BEPIIMHBI KayKJI0T0 U3 OCTAJIHHBIX I[BETOB HECMEYKHHI,
MO9TOMY HMCXOJ[HAsI pacKpacKa — IPaBUIbHAs.

O

CaencrBue 4. Ilycmov G — wnexomopwiti maxot 2pag, epuwUuHbL KOMOPO-
20 MOXNCHO Pa30UMb HA HENEPECEKANOULUECA HE DOACE, YeM N—INCMEHMHbLE
muootcecmea Aq, Ag, ... Ay maxum 06pa3om, wmo 6HEWHUE CMENEHU BCET
sepwun He npesocrodam . Tozda smom epadh n—zrpomamunen.

Joka3zareabcTBO. 3aMeTHM, UTO B JOKA3aTE/THCTBE TEOPEMBI 3 HUT/IE HE HC-
0JIb30BAIOCH, YTO CJIOU ABISIOTCA KIUKAMH, a HCIOJIH30BATOCH JIUIIL Orpa-
HUYeHWe Ha BHENTHIO creneHb BepiuH. Torma mobasum "dukrusabe' Bep-
muHbl creniedn 0 B kaxkaoe u3 A;; 1 < i < s, cueaB Bce 3TH MHOYKECTBA
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n—3JeMeHTHBIME. Tenepb J00ABAM B KarkKJ0e N3 HAX BCE BHYTPEHHHE ped-
pa, MPEeBPATHB 3TH MHOXKECTBA B N—KJIUKA. 3aMETHM, YTO TOLJA CTEleHb
KazK0fi Beprmunbl Oyger e 6omxee n + 3 — 1. Tlockombky 3(3 — 1+ 1) = n,
TO MOYKHO NPUMEHHTH Pe3yJIbTaT TeOPeMbl 3 TIPU JII0O60M KOJIHYECTBEe CJIOER,

OTKY/Ia U TIOJIyYaeTcss TpedyemMoe.

O

Bamernm, 9TO Teopema 3 JaerT pe3ysbTaT, He CJIeAYIONUi HAPIMYO 13
Teopembl Bpykca, Toabpko HaunHast ¢ n = 6. A 9T0 ke npu MeHbIUX N7 MoxK-
HO TOJIYYUTHh WHTEPeCcHbIe pe3yJIbTaThl JIs MEeHBIUX 7, eCJIU UCHOIb30BATh
HECKOJBbKO MHOU moaxoa. Haumem c ompenenenns:

Onpenenenne 4. ['pad G Oyaem HA3BIBATH OUNGPHLM, ECTTU €T0 BEPITHHDI
MOYKHO pa30UTh HA MHOYKECTBA, YIOBIETBOPSIOIINE CIeAYIONNAM CBONCTBAaM:

1. Kaxkoe MHOXKEeCTBO COCTOUT U3 OJHOI MM ABYX BEPIIIHH.

2. JIrobast Bepmmaa (G cMezKHa ¢ BEPITHHAMH TOJIHKO OJHOTO MHOYKECTBA
KpPOMe TOTO, B KOTOPOM OHA JIEJKHT.

Takoe pazbuenune BepruH dunapaoro rpada OyjaemM Ha3bIBaATh CNEUUAAD-
HOLM.

Jlemma 6. Jlan epagp G, obradarowut caedyrousum c80tCMBOM: CYULECMBY-
em maxoti ocmoshwil nodepad G, KOmMoOPul cam ABASEMCA OUNAPHBIM U NP
yodasenuu scex pebep G ocmasuwueca pebpa obpasyrom bunapnvili epap Go.
Toz0a G 4-xpomamumen.

HokazarenbcTBo. [lycts 17 u T, — cuernuanbubie pa3ouenus rpados G u
(G5. PaccmoTpuM TOIBKO Te pebpa, KOTOPBIe COeTMHSIIOT BEPIINHBI 3 OTHOTO
MHOKEeCTBa, KazKJI0r0 U3 CIIeNHaJIbHbIX pa30ueHnii. 3aMeTHM, ITO B OCTOBHOM
rpade, 06pa3zoBaHHOM TUMHU pedpaMu, BCe MUKJIbI OYIyT YeTHOW AJIUHBI, 110~
CKOJIbKY B HUX OYIyT 4depenoBaThCs pedpa W3 clenuaabHbIX pasouenwii (G
u (5. CrmegoBare/bHO, MOXKHO pa3buTh Bepimmabl G Ha JABa MHOXkKeCTBa A
n B Takue, 4TO HUKaKHe JBe BEPIIMHBI, MPUHAIIEKAIINE OJHOMY M3 STHX
MHOKECTB, He MOT'YT OJTHOBPEMEHHO MPUHA/I/IeKATH OJJTHOMY MHOYKECTBY CIIe-
MUAJIHLHOTO pa3duenusi. PaccMOTPUM OTIEIBHO KAKOE-TO U3 ITUX MHOYKECTB
(mampumvep, A). B cuty onpenesenusi crenupaabHOrO pasOueHus, HHKaKast
BepmmHa t 3 A He MOXKeT ObITh coeauHeHa peOpoMm, npuHaaIeKamum (1,
¢ aByMs npyrumu BepummHamu u3 A. JleiicTBUTETBHO, B IPOTHBHOM CJIydae
BepimnHa ¢ ObLIa OBl CcOeIMHEHA C BepIIMHAME JIBYX PAa3JUYHBIX MHOYKECTB
crenaabHOTrO pazbuenusi G, He copepKaNuX ¢, 9TO MPOTHBOPEUUT OTIPE/Ie-
JIEHUIO CIeNuaJIbHOTO pa3duenusi. AHAJIOTHIHOE YTBEPZKIEHUE BBITTOTHIETCS
u st Go. Torma B A Bce MUKJ/IBI 9€THBI, MMOCKOJIBKY B HUX Pedpa, MPHHA/I-
nexkame G u G, yepenyorcs. [ToaTomy Bepmmabl A MOXKHO IpaBHILHBIM
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00pa3oM okpacuThb B jBa mBera 1 u 2. [lo aHAJOrUYHBIM TPUINHAM BEPIIIH-
Hbl (G5 MOXKHO TPAaBUJIBHBIM 00pa30M OKPACHTDh B JIBa IBETa 3 U 4, ITO JTaeT

MPaBUJIBHYIO OKPACKy BepiiuH rpada G B deThipe mBeTa.
U

Tenepb paccMOTpPUM HECKOJIBKO MPUMEPOB OUIIAPHBIX I'PadoB.

1. YerHblit UK gBIsgeTca OumapHbIM rpadom. JleiicTBuTe/IHHO, ClIenn-
aJIbHBIM Pa30MeHneM SIBJISIeTCS MOJTHOE MapoCOoveTaHue.

2. K, asnisiercs bunapubiM rpadom. JIioboe ero pazdbuenune Ha mapbl siB-
JIAETCS CHeIUATbHBIM.

3. K3 Toxe aBngerca bunapaeiM rpadoMm Kak moarpad K.

4. JIBa TpeyroJbHUKA, COeTUHEHHBIX MyTeM U3 HEUYeTHOIO KOJIUIeCTBA pe-
6ep. CreruaJibHBIM pasbuenneM Oy/1eT: mapbl BEPITHH TPEYTOJBHUKOB CTele-
HU 2, IyTh pa3OMBaETCs Ha Mapbl CMEYKHBIX BEPITHH.

SaMeTuM, UTO HEYETHBIH MUK JTUHBI OoJee 3 He ABIsIeTCsS OUITapHBIM
rpacdom. JleiicTBUTE/ILHO, B CHTY HEYETHOCTH IUKJIAa HAMIeTCSI MHOXKECTBO,
cocrosmiee n3 eauHcTBenHoil Bepmuubl A. Torma obe cocemnme ¢ A Bepun-
HBI JOJIZKHBI BXOJWTH B OJHO MHOKecTBO. HO Torma y KaskIoit u3 3Tux Bep-
muH Oy/IeT 10 JIBa Coce/ia W3 pas3HbIX MHOXKeCTB (cama BeprmHa A u BTOPOit
cOCelT), ITO MPOTHBOPEYNT ONPEIETIeHUIO CHeHalbHOro pasouenns. Takike
3aMeTHM, 9TO B OMmapHOM rpade BCe BepIINHLI J0JKHBI OBITh CTEIeHH He
oostee 3.

CaencrBue 5. Paccmompum 4-caroucmoiti 2padp G cmenenu 5. Ilycmo
nocae YoareHua BCET BHYMPEHHUT pebep 6Cexr CA0e6 0cmaswulics zpag
ne 6ydem codeporcamv weuemunT yukaoe daunwve boaee 3. Toeda epap G
4-TPOMAMUYGEN.

HokazarenbcTBo. [lockonbKy mocie yaanaenus Bcex pedep G, coeanHsIio-
IUX pa3Hble CI0u, rpad crTaHer ODUITAPHBIM M caMU yjaJieHHble pedpa obpa-
30BBIBaJIN OUMApHBIT rpad, To B cuy Jiemmvbl 6 rpad G 4-xpomaruden. [

CaencrBue 6. Paccmompum n-croucmoidi 2padp G ecmenenu n+ 1 (n > 4).
ITyemv nocae ydanrenus ecex pebep 6cer caoes ocmaswulicsa 2pagp He
bydem codepotcamv Hewemmolr uukaos daunve boaee 3. Tozda epadh G
N-TPOMAMUYEN.

HoxkazarenbcTBo. [Tockoabky npu (n > 4) BHIOIHSIETCS YCIOBHE HA CTe-
nenb rpada TeopeMbl 2 U3 MepBOi YaCTH, TO MOC/Ie HECKOJIbKAX MPUMEHEeHUiT
9TOI TEOPEMBI 3aJa9a CBOJAUTCA K IIPEIbILYIIEMY CIeICTBHIO. O
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