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PDMI PREPRINT { 23/2008On the stability of non-symmetri
 equilibrium �gures ofrotating self-gravitating liquid not subje
ted to 
apillaryfor
esV.A.Solonnikov1Saint-Petersburg Department of the SteklovMathemati
al Institute (POMI),solonnik�pdmi.ras.ruDe
ember 3, 2008To the memory of Professor A.V.KazhikhovAbstra
t The paper 
ontains the justi�
ation of the prin
iple of minimumof potential energy in the problem of stability of rotating vis
ous in
ompressibleself-gravitating liquid bounded only by a free surfa
e. It is assumed that thedomain o

upied by a rotating liquid that is referred to as equilibrium �gure isnot symmetri
 with respe
t to the axis of rotation. The surfa
e tension is nottaken into a

ount. The proof of stability is based on the analysis of evolutionfree boundary problem for the perturbations of the velo
ity and pressure.

1Supported by the RFBR grant No 05-01-009361



1. Introdu
tion.In the present arti
le we 
ontinue the analysis of the stability of an isolatedmass of uniformly rotating vis
ous in
ompressible self-gravitating liquid initi-ated in [1℄. As in [1℄, we do not take into a

ount 
apillary for
es on the freeboundary. We re
all that the velo
ity and the pressure of a liquid rotating as arigid body about the x3-axis is given byV (x) = !(e3 × x) = !(−x2; x1; 0); P (x) = !22 |x′|2 + p0 (1:1)where x′ = (x1; x2; 0), p0 = 
onst, e3 is a unit ve
tor dire
ted along the x3-axisand ! is the angular velo
ity of rotation. The domain F o

upied by the liquid,so 
alled equilibrium �gure, is de�ned by the equation!22 |x′|2 + �U(x) + p0 = 0; x ∈ G = �F ; (1:2)where
U(x) = ∫

F

dz
|x− z|is a gravitational potential of the domain F (the density of the liquid equalsone).We 
onsider the fun
tions (1.1) given in F as a solution of a free boundaryproblem governing the evolution of an isolated liquid mass bounded only bya free surfa
e. This problem 
onsists of determination of a bounded domain
t ⊂ R

3, t > 0, as well as of the ve
tor �eld of velo
ities v(x; t) = (v1; v2; v3)and the pressure fun
tion p(x; t); x ∈ 
t, t > 0, satisfying the equationsvt + (v · ∇)v − �∇2v +∇p = 0;
∇ · v = 0; x ∈ 
t; t > 0; (1:3)T (v; p)n = �U(x; t)n; Vn = v · n; x ∈ �t ≡ �
t;v(x; 0) = v0(x); x ∈ 
0;where �; � = 
onst > 0, U(x; t) = ∫
t dz

|x− z|is the Newtonian potential depending on an unknown domain 
t, T (v; p) =
−pI+�S(v) is the stress tensor, S(v) = ( �vj�xk + �vk�vj )j;k=1;2;3 is the doubled rate-of-strain tensor, n is the exterior normal to �t, Vn is the velo
ity of evolutionof �t in the normal dire
tion. The domain 
0 is given.We assume that the equilibrium �gure F is a given bounded domain. If itis axially symmetri
 with respe
t to the x3-axis (as the Ma
laurin ellipsoids),then the fun
tions (1.1) given in the domain F represent the stationary solutionof (1.3). If F does not possess the symmetry property (as the Ja
obi ellipsoids,2



pear-formed �gures of Poin
ar�e et
., see [2-5℄), then there exists a one-parameterfamily of the equilibrium �gures, F�, obtained by rotation of the angle � aboutthe x3-axis of one of them, F0. We assume that � ∈ R and F� = F�+2�. Inthis 
ase the fun
tions (1.1) de�ned in the variable domain F!t+' represent aperiodi
 solution of (1.3).We observe that in the 
ase of non-symmetri
 F the fun
tion h(y) =N (y) ·(e3×y)|G , where N(y) is the exterior normal to G = �F and e3 is a unit ve
tordire
ted along the x3-axis, is di�erent from identi
al zero, whereas for axiallysymmetri
 F this fun
tion vanishes.We are interested in the problem of stability of these solutions, that is 
loselyrelated to the well known problem of stability of equilibrium �gures. A

ordingto the 
lassi
al theory, the �gure is stable, if the quadrati
 formÆ2R[�℄ = ∫

G

b(x)�2(x)dS + !2∫
F |z′|2dz(∫

G

|y′|2�(y)dS)2
−� ∫

G

∫

G

�(y)�(z)
|y − z| dSydSz (1:4)where b(x) = −!2x′ ·N(x)− ��U(x)�N ≥ b0 > 0; (1:5)is positive de�nite, i.e.,
1‖�‖2L2(F) ≤ Æ2R[�℄ ≤ 
2‖�‖2L2(F) (1:6)for arbitrary fun
tion �(x) given on G and satisfying the 
onditions

∫

G

�(x)dS = 0; ∫

G

�(x)xidS = 0; i = 1; 2; 3; (1:7)
∫

G

�(x)h(x)dSx = 0; (1:8)and unstable, if this form 
an take negative values. We give the justi�
ation ofthe �rst statement by the analysis of the evolution free boundary problem forthe perturbations w(x; t) = v−V , s = p−P of the velo
ity and pressure. Thisproblem 
onsists of determination of a bounded domain in R
3 (denoted also by
t) with the boundary �t, t > 0, as well as of the fun
tions w(x; t) and s(x; t),satisfying the relationswt + (w · ∇)w + 2!(e3 ×w)− �∇2w +∇s = 0;

∇ ·w = 0; x ∈ 
t; t > 0;T (w; s)n = (!22 |x′|2 + �U(x; t) + p0)n; (1:9)Vn = w · n; x ∈ �t;3



w(x; 0) = w0(x); x ∈ 
0:The ve
tor �eld w0 = v0 − V should satisfy the orthogonality 
onditions
∫
0 w0(x)dx = 0;

∫
0 w0(x) · �i(x)dx + ! ∫
0 �3(x) · �i(x)dx = ! ∫

F

�3(x) · �i(x)dx; (1:10)and it is easily veri�ed that they hold at any moment of time t ≥ 0:
∫
t w(x; t)dx = 0; (1:11)

∫
t w(x; t) · �i(x)dx + ! ∫
t �3(x) · �i(x)dx = ! ∫

F

�3(x) · �i(x)dx;i = 1; 2; 3: In addition, we have
|
t| = |F|; (1:12)

∫
t xidx = 0; i = 1; 2; 3:We �nd it 
onvenient to pass to the Lagrangian 
oordinates � ∈ 
0 
onne
tedwith the Eulerian 
oordinates x ∈ 
t byx = � + ∫ t0 u(�; �)d� ≡ X(�; t); (1:13)where u(�; t) = w(X(�; t); t). Under this transformation (1.9) is 
onverted tout + 2!(e3 × u)− �∇2uu+∇uq = 0;
∇u · u(�; t) = 0; � ∈ 
0; t > 0; (1:14)Tu(u; q)n = (�U(X; t) + !22 |X ′2(�; t)|2 + p0)n; � ∈ �0;u(�; 0) = w0(�); � ∈ 
0;where q(�; t) = s(X(�; t); t); and ∇u, Tu are the transformed gradient and thestress tensor, respe
tively. Sin
e the Ja
obian of the transformation (1.13)equals one, we have ∇u = A∇�, Tu(u; q) = −qI + �Su(u); where Su(u) =A∇uu+(A∇uu)T is the transformed doubled rate-of-strain tensor, and A(�; t) =(Aij)i;j=1;2;3 is the 
o-fa
tors matrix 
orresponding to the transformation (1.13).Finally, U(X; t) = ∫
0 |X(�; t) − X(�; t)|−1d� and n(x) is the exterior normalto the surfa
e �t = X�0 
onne
ted with the normal n0(�) to �0 byn(X(�; t)) = A(�; t)n0(�)

|A(�; t)n0(�)| : (1:15)4



The problem (1.14) is studied in the weighted anisotropi
 Sobolev-Slobodetskiispa
es introdu
ed by Y.Hataya [6℄. Let QT = 
0 × (0; T ) and let W l;l=22 (QT ),l ≥ 1; be a standard anisotropi
 Sobolev-Slobodetskii spa
e. The weighted spa
eW̃ l;l=22 (QT ) is de�ned as the set of fun
tions (or ve
tor �elds) u(�; t), su
h thatu ∈ W l;l=22 (QT ); tu ∈W l−1;l=2−1=22 (QT ) (the weight improves the behavior of ufor large t), and supplied with the norm
‖u‖W̃ l;l=22 (QT ) = ‖u‖W l;l=22 (QT ) + ‖tu‖W l−1;l=2−1=22 (QT ):We also set

‖u‖W̃ l;02 (QT ) = ‖u‖W l;02 (QT ) + ‖tu‖W l−1;02 (QT );
‖u‖W̃ 0;l=22 (QT ) = ‖u‖W 0;l=22 (QT ) + ‖tu‖W 0;l=2−1=22 (QT ):The weighted spa
es of fun
tions given on smooth manifolds, in parti
ular, onGT = �0 × (0; T ), are de�ned in a similar way.The main result of the paper is as follows.Theorem 1.1. Assume the following:1. w0 ∈W l+12 (
0); l ∈ (1; 3=2), satis�es the orthogonality 
onditions (1.10)and the 
ompatibility 
onditions

∇ ·w0 = 0; �0S(w0)n0|�0 = 0; (1:16)where �0f = f − n0(f · n0) is the proje
tion on the tangent plane to �0.2. The domain 
0 satis�es (1.12), the surfa
e �0 = �
0 is given by theequation x = y +N 0(y)�0(y); y ∈ G; (1:17)where N0 is the unit normal to G0, and �0(y) ∈ W l+3=22 (G) satis�es the 
ondi-tion ∫�0 �0(��)N(��) · (e3 × ��)dS� = 0; (1:18)�� being the 
losest point of G0 to �.3. The following smallness 
ondition holds:
‖w0‖W l+12 (
0) + ‖�0‖W l+3=22 (G) ≤ �≪ 1: (1:19)4. The quadrati
 form (1.4) satis�es the 
ondition (1.6), where G is anarbitrary G�:Then the problem (1.14) has a unique solution u ∈ W̃ 2+l;1+l=22 (Q∞), ∇s ∈W̃ l;l=22 (Q∞) su
h that s|�∈�0 ∈ W̃ 1=2+l;1=4+l=22 (G∞), and

‖u‖W̃ 2+l;1+l=22 (Q∞) + ‖∇s‖W̃ l;l=22 (Q∞) + ‖s‖W̃ 1=2+l;1=4+l=22 (G∞)
≤ 
(‖w0‖W l+12 (
0) + ‖�0‖W l+12 (G)): (1:20)5



The surfa
e �t is given by the equationx = z +N �(t)(z)�̂(z; t); z ∈ G�(t); (1:21)where N� is a unit exterior normal to G�. The derivative of �(t) satis�es theinequality
|�′(t)| ≤ 
 ∫�0 |u(�; t)|dS� ; (1:22)whereas �(t) = ∫ t0 �′(�)d� → �∞ (1:23)as t→ ∞. The fun
tion r(�; t) ≡ �̂(z; t); (1:24)where z is the 
losest point of G�(t) to X(�; t) ∈ �t; satis�es the 
ondition

∫�0 r(�; t)h�(t)(z)dS� = ∫�0 �̂(z; t)h�(t)(z)dS� = 0 (1:25)and the inequality
‖r‖W̃ l+1=2;02 (G∞) + supt>0 ‖r(·; t)‖W l+12 (�0) + supt>0 t‖r(·; t)‖W l2(�0)

≤ 
(‖w0‖W l+12 (
0) + ‖�0‖W l+12 (G)): (1:26)Thus, w; s → 0 and 
t → F�∞ as t → ∞, whi
h means the stability of theregime (1.1) of rigid rotation.The 
ondition (1.8) is trivial in the 
ase of axially symmetri
 F (sin
e h(y) =0). In the general 
ase we have (1.25); as we shall see, it may be regarded asthe approximate 
ondition (1.18) for �̂(z; t); z ∈ G�(t).The quadrati
 form (1.4) is the se
ond variation of the energy fun
tional
R = �22 ∫
 |x′|2dx − �2 ∫
 ∫
 dxdy

|x− y| − p0|
| (1:27)where � = ! ∫
F |x′|2dx is the magnitude of the total angular momentum of therotating liquid and 
 is the domain in R

3 
lose to F and having the same volumeand the position of the bary
enter as F . If the boundary of 
 is given by theequation x = y+N(y)�(y; t), y ∈ F , then the above-mentioned properties of 

an be expressed in terms of � as follows:
∫

G

'(y; �)dS = 0; ∫

G

 i(y; �)dS = 0; i = 1; 2; 3; (1:28)where '(y; �) = �− �22 H(y) + �33 K(y);6



 i(y; �) = '(y; �)yi +Ni(y)(�22 − �33 H(y) + �44 K(y)); (1:29)
H(y) and K(y) are the doubled mean 
urvature and the Gaussian 
urvature of G,respe
tively. In parti
ular, these 
onditions are satis�ed by �̂: Dire
t 
al
ulationshows that the �rst variation of R (
onsidered as a fun
tional de�ned on the setof small � satisfying (1.28)) vanishes in view of (1.2) and the se
ond variation
oin
ides with the form (1.4); moreover, if the form (1.4) is positive de�nite forarbitrary � satisfying (1.7), (1.8), then the di�eren
e R−R0 where R0 = R|�=0is equivalent to ‖�‖2L2(G) for small � satisfying (1.28), (1.25).It should be observed that Æ2R[h℄ = 0:When the surfa
e tension is taken into a

ount, then the extra term �Happears in the boundary 
onditions, where � is a positive 
onstant 
oeÆ
ientof the surfa
e tension and H is the doubled mean 
urvature of �t. This termis a strong regularizer of the problem, moreover, it guarantees the exponentialde
ay of the solution of (1.9), as t → ∞: The problem of stability of the rotat-ing 
apillary vis
ous in
ompressible self-gravitating liquid is treated in a seriesof papers of the author, partly in 
ollaboration with Professor M.Padula. Inparti
ular, the analogue of Theorem 1.1 for non-symmetri
 equilibrium �guresis proved in [7℄.As it has been pointed out, our main attention is given to the 
ase of non-symmetri
 F . Se
. 2 is devoted to the 
onstru
tion of �(t) and to the proof of(1.22). In Se
. 3 the general s
heme of the proof of Theorem 1.1 is presentedand the ne
essary transformations of the problem (1.14) are 
arried out. In Se
.4 the main estimate of �′(t) is obtained, as well as some important auxiliaryinequalities, whose proof requires additional 
al
ulations in the 
ase of non-symmetri
 F . Finally, in Se
. 5 the "generalized energy" is estimated, whi
hfurnishes uniform bounds for some weak norms of the solution of the problem(1.14). In the 
ase of symmetri
 F these bounds are obtained in [8℄.2. On the 
onstru
tion of �(t).This se
tion is devoted to the 
onstru
tion of the fun
tion �(t). At �rst weintrodu
e some notations (some of them are introdu
ed above).By F� we mean the family of equilibrium �gures obtained by rotation of theangle � of one of them, F0, about the x3-axis, G� is the boundary of F�, N � isthe exterior normal to G�.We set R�(x) = ±dist(x;G�); (2:1)with the signs "+" and "-" 
orresponding to the 
ases x ∈ R

3 \ F� and x ∈
F�, respe
tively. The fun
tion R� is smooth in a 
ertain neighborhood (Æ1-neighborhood) of G� and it possesses the property

∇R�(x) =N�(�x�); (2:2)where �x� is the 
losest point of G� to x. We have x = �x� +N(�x�)R�(x); i.e.,�x� = x−R�(x)∇R�(x) ≡ R�(x): (2:3)7



The fun
tion R� is also smooth in the Æ1-neighborhood of G�: In the 
ase � = 0the index 0 is sometimes omitted, in parti
ular, R0(x) = R(x).It is easily seen that R(y) = R�(Z(�)y); i.e., R�(z) = R(Z(−�)z), and
Z(�)N 0(y) = N �(z). It is also easily veri�ed that h�(Z(�)y) = h0(y); y ∈ G0,and that b�(z) = b0(y), where b�(z) = −!2z′·N �(z)−��U�(z)�N� ; U�(z) = ∫

F� d�
|z−�| :It follows that the quadrati
 form (1.4) is invariant under the rotation aboutthe x3-axis.Let us 
onsider the family of surfa
es �t given by the equation (1.13) with� ∈ �0. In the 
ase of small �0 and u these surfa
es are 
lose to a 
ertain G(say, G0) - see [1℄, Proposition 4.5. We want to 
onstru
t the fun
tion �(t) su
hthat �t 
an be given by (1.21) with �̂ satisfying the 
ondition similar to (1.8).Let �t;� be a surfa
e obtained by rotation of �t through the angle � aboutthe x3-axis: �t;� = Z(�)�t; where

Z(�) = 



os� − sin� 0sin� 
os� 00 0 1 
 :For small �, �t;� is also lo
ated in a 
ertain small neighborhood of G0, and 
anbe de�ned by the equationx = y +N 0(y)�̃(y; t; �); y ∈ G0: (2:4)It follows that �̃(y; t; �) = R(Z(�)X(�; t))and y = Z(�)X:We look for the fun
tion �(t) su
h that

∫�0 R(Z(�(t))X(�; t))h0(ZX)dS� = 0; (2:5)whi
h is equivalent to (1.25) with r(�; t) = R(Z(�(t))X(�; t)), �(t) = −�(t):Moreover, by Proposition 4.2 in [1℄, (2.5) 
an be written in the form
∫

G0 �̃(y; t; �(t))h0(y)	−1dS = 0; (2:6)where 	 = |A(�; t)n0(�)|
|L̂T (y; �̃)N0(y)| ; y = Z(�(t))X(�; t): (2:7)By L̂T (y; �̃) we mean the 
o-fa
tors matrix of the matrix of Ja
obi of the trans-formation (2.4), and the sign "T" means transposition. If �0 and u are small,then 	−1 is 
lose to 1.In the paper [7℄ where the stability of the rotating 
apillary liquid was ana-lyzed, we were looking for � = �(t) su
h that

∫

G0 �̃(y; t; �(t))h0(y)dS = 0;8



but when the surfa
e tension is negle
ted, then the equation (2.5) is more 
on-venient for te
hni
al reasons.Let us 
ompute the partial derivative of the fun
tionf(t; �) = ∫�0 R(Z(�)X(�; t))h0(ZX)dS� (2:8)with respe
t to �. Sin
e�R(Z(�)X(�; t))�� =N0(ZX) · Z ′(�)X =N0(ZX) · Z(e3 ×X)=N�( �X�)(e3 × �X�) = h�( �X�) = h0(Z(�)X);we havef�(t; �) = ∫

G0 h20(y)	−1dSy+∫�0 R(ZX)∇h0(ZX)·(∇R(Z(�)X)Z(e3×X))dS�:(2:9)If u ∈ W̃ 2+l;1+l=22 (QT ) is small, then, by Proposition 5.4 in [9℄, X(�; t) isbounded by a 
onstant independent of t and |	−1| ≥ k > 0: This impliesf�(t; �) ≥ k ∫

G0 h20(y)dS − 
0Æ1 ≥ k2 ∫

G0 h20(y)dS; (2:10)provided 
0Æ1 ≤ k2 ∫
G0 h20(y)dS: For � = 0 we havef(t; 0) = ∫�0 R(X)h0( �X)dS� ;hen
e in the interval

|�| ≤ 2k−1|f(t; 0)|( ∫

G0 h20(y)dS)−1 = 2k−1∣∣∣ ∫�0 R(X)h0( �X)dS∣∣∣
( ∫

G0 h20(y)dS)−1there exists the number �(t) that is sought.We set �̃(y; t) = �̃(y; t; �(t)), y ∈ G0, �(t) = −�(t) and�̂(z; t) = �̃(Z(�(t))z; t); z ∈ G�(t): (2:11)It is 
lear that the equation (2.4) for the surfa
e Z(�)�t is equivalent to theequation (1.21) for �t. Condition (1.25) is a 
onsequen
e of (2.5); it is equivalentto ∫

G�(t) �̂(z; t)h�(t)(z)	−1�(t)dS = 0; (2:12)where 	� = |A(�; t)n0(�)|
|L̂T (z; �̂)N�(z)| ; z = �X�(�; t);9



and L̂T (z; �̂) is a 
o-fa
tors matrix 
orresponding to the transformation (1.21).It 
an be veri�ed that 	� = 	:In parti
ular, if �0 is suÆ
iently 
lose to a 
ertain G′, then there exists su
h�0 that �0 is representable in the form (1.11) with y ∈ Z(�0)G′ ≡ G0 and with�0 satisfying (1.18). This de�nes the 
hoi
e of G0; we also have �(0) = 0.By the impli
it fun
tion theorem, �(t) possesses the derivative�′(t) = − ft(t; �)f�(t; �) ∣∣∣�=�(t); (2:13)where ft(t; �) = ∫�0 N0(ZX) · Z(�)u(�; t)h0(ZX)dS+ ∫�0 R(ZX)∇h0(ZX) · ∇R(ZX)Z(�)u(�; t)dS; (2:14)and f� is de�ned in (2.9). It is easily seen that
|�′(t)| ≤ |ft(t; �)|

|f�(t; �)| ∣∣∣�=�(t) ≤ 
 ∫�0 |u(�; t)|dS� ; (2:15)hen
e for u ∈ W̃ l+2;1+l=22 (Q∞)�(t) = ∫ t0 �′(�)d� → �∞; as t→ ∞: (2:16)Thus we have proved the following proposition.Proposition 2.1. If �t and is de�ned by (1.13) and the norms ‖�0‖W l+3=22 (�0)and ‖u‖W̃ 2+l;1+l=22 (QT ) are suÆ
iently small, then there exists a fun
tion �(t) sat-isfying (2.15), (2.16) su
h that �t 
an be given by (1.21), and �̂ satis�es (2.12)with �(t) = −�(t):Moreover, the following proposition holds.Proposition 2.2. If u ∈ W̃ 2+l;1+l=22 (QT ); then
‖�′‖W̃ l=2+3=42 (0;T ) + supt<T |�(t)| ≤ 
‖u‖W̃ 0;l=2+3=42 (GT ) ≤ 
‖u‖W̃ 2+l;1+l=22 (GT ) (2:17)with the 
onstant independent of T ≤ ∞:We observe in 
on
lusion that �′(t) 
an be represented in the form�′(t) = −

∫�0 N0(��) · u(�; t)h0(��)dS�∫�0 h20(��)dS� +m(t); (2:18)where m(t) = ∫�0N0(��) · u(�; t)h0(��)dS� − ft(t; �(t))f�(t; �(t))+ ∫�0 N0(��) · u(�; t)h0(��)dS�( 1∫�0 h20(��)dS� − 1f�(t; �(t))): (2:19)10



The �rst term in (2.18) is a linear part of �′(t) with respe
t to u and m(t) is anonlinear remainder. The estimate of m(t) and the proof of Proposition 2.2 isgiven below in Se
.4.3. S
heme of the proof of Theorem 1.1.As the �rst step, we reprodu
e (with ne
essary modi�
ations) the trans-formation of the problem (1.14) made in [1℄ in the symmetri
 
ase. We in-trodu
e the proje
tion �f = f − n(n · f) and write the boundary 
onditionTu(u; q)n = Mn; where M = !22 |x′|2 + �U(x; t) + p0, in an equivalent way asfollows: �0�Su(u)n = 0; −q + �n · Su(u)n =M:Next, we make use of (1.2) and write M in the formM = !22 |X ′|2 + �U(X; t) + p0 = !22 (|x′|2 − |z′|2) + �(U(x; t)− U(z)); (3:1)where x = X(�; t) ∈ �t and z = �X� ∈ G�(t). Let y = Z(�(t))z: As in [1℄, wehave M = −B0(z)�̂(z; t) + !22 |N ′�(z)|2�̂2(z; t) + � ∫ 10 (1− s)�2Us�s2 ds; (3:1)whereB0(z)�̂(z; t) = b(z)�̂(z; t)− � ∫

G�(t) �̂(�; t)dS|z − �| = b(y)�̃(y; t)− � ∫

G0 �̃(�; t)dS|y − �| ;(3:2)Us(z; t) = ∫

F� Ls(�; t)d�
|es�̂(z)− es�̂(�)| ; (3:3)es�̂(z) = z +N∗�(z)�̂∗(z; t); (3:4)N∗ and �̂∗ are extensions of N� and �̂ from G� in F�; and Ls(z; t) is theJa
obian of the transformation (3.4). When we pass in (3.2) to the variables� ∈ �0, a

ording to the formula y = Z(�(t))X(�; t), we obtainB0�̂ = b( �X�)r(�; t) − � ∫�0 r(�; t)	(�; t)dS

| �X�(�; t)− �X�(�; t)|= b(Z(�(t))X)r − � ∫�0 r(�; t)	(�; t)dS
|ZX(�; t)−ZX(�; t)| ;where r is the fun
tion (1.24), i.e.,r(�; t) = R(Z(�(t))X(�; t)) = �̃(ZX; t) = �̂( �X�; t):It follows that B0�̂ = B′0(�)r +B1(r;u);11



where B′0(�)r = b(��)r(�; t) − � ∫�0 r(�; t)dS|�� − ��| ;B1(r;u) = (b(Z(�(t))X)− b(��))r(�; t)
−� ∫�0 r(�; t)	(�; t)dS

|ZX(�; t)−ZX(�; t)| + � ∫�0 r(�; t)dS|� − �| ; (3:5)M = −B′0r +B1(r;u) + !22 |N ′0(y)|2�̃2(y; t) + � ∫ 10 (1− s)�2Us�s2 ds:Next, we make one more modi�
ation of the problem (1.14) by inserting thefun
tion r into it. We note that r(�; 0) = R(�) = �0(��) andrt(�; t) =N 0(Z(�(t))X) · Z(�(t)(u(�; t) + �′(t)(e3 ×X(�; t))=N0(ZX) · Zu+ h0(ZX)�′(t); (3:6)be
ause N 0(ZX) · Z(e3 ×X) =N �( �X�) · (e3 × �X� +N�( �X�)�̂)=N�( �X�) · (e3 × �X�) = h�( �X�) = h0(Z(�)X):Thus, (u; q; r) 
an be regarded as a solution to the problemut + 2!(e3 × u)− �∇2u+∇q = l1(u; q);
∇ · u = l2(u); � ∈ 
0; t > 0;�0S(u)n0 = l3(u); (3:7)

−q + �n0 · S(u)n0 +B′0(�)r = l4(u) + l5(u; r);rt(�; t) =N0(��) ·u− h0(��)
‖h0(��)‖2L2(�0) ∫�0 u(�; t) ·N0(��)h0(��)dS+ l6(u); � ∈ �0;u(�; 0) = w0(�); � ∈ 
0; r(�; 0) = �0(��); � ∈ �0:The expressions l1, l2, l3, l4, l5, l6 are nonlinear (at least quadrati
) with respe
tto u, q, r; they are given by the formulasl1(u; q) = �(∇2uu−∇2u) +∇q −∇uq;l2(u) = (∇−∇u) · u;l3(u) = �0(�0S(u)n0 −�Su(u)n); (3:8)l4(u) = �(n0 · S(u)n0 − n · Su(u)n);l5(u; R) = !22 N ′2( �X)r2(�; t) + ∫ 10 (1− s)d2Usds2 ds+B1(r;u); (3:9)12



l6(u) = (Z−1(�(t))N 0(ZX)−N 0(��))·u(�; t)+(h0(ZX)−h0(��))�′(t)+h0(��)m(t):(3:10)Owing to the Piola identity ∇ · AT = (∑3j=1 ��xjAij)i=1;2;3 = 0; where ATmeans the transposed matrix A, we havel2(u) = ∇ · L(u); L(u) = (I −AT )u: (3:11)Now we outline the proof of Theorem 1.1. As in [1℄, we use maximumregularity estimates for the solutions of the linear problemvt + 2!(e3 × v)− �∇2v +∇p = f (�; t);
∇ · v = f(�; t); � ∈ 
0; t ∈ (0; T );�0S(v)n0 = �0d(�; t);
−q + �n0 · S(v)n0 +B′0(�)r = d(�; t); (3:12)rt(�; t) =N0(��) ·v− h0(��)
‖h0(��)‖2L2(�0) ∫�0 v(�; t) ·N 0(��)h0(��)dS+g(�; t); � ∈ �0;v(�; 0) = v0(�); � ∈ 
0; r(�; 0) = r0(�); � ∈ �0:and of a similar problem in F0:v′t + 2!(e3 × v′)− �∇2v′ +∇p′ = f ′(x; t); ∇ · v′ = f ′(x; t) x ∈ F0;�GS(v)N0(x) = �Gd′(x; t);

−p′ + �N 0 · S(v′)N0 +B0(x)r′(x; t) = d′(x; t); (3:13)r′t =N 0(x) ·v′(x; t)− h0(x)
‖h0‖2L2(G0) ∫

G0 v′(y; t) ·N 0(y)h0(y)dS+g′(x; t); x ∈ G0;v′(x; 0) = v′0(x); x ∈ F0; r′(x; 0) = r′0(x); x ∈ G0;where �Gf = f−N0(N0 ·f ): In 
omparison with the 
ase of axially symmetri

F , these problems 
ontain an extra integral term in the boundary 
onditions.We 
onsider at �rst the problem (3.13).Theorem 3.1. Let l ∈ (1; 3=2), QT = F0 × (0; T ), GT = G0 × (0; T ) andlet the data of the problem (3.13) possess the following regularity properties:f ′ ∈ W l;l=22 (QT ), f ′ ∈ W 1+l;02 (QT ); f ′ = ∇ · F ′; F ′ ∈ W 0;1+l=22 (QT ), v′0 ∈W 1+l2 (F), r′0 ∈ W l+12 (G0); d′ ∈ W l+1=2;l=2+1=42 (GT ), d′ ∈ W l+1=2;l=2+1=42 (GT ),g′ ∈W l+3=2;l=2+3=42 (GT ). Assume also that the 
ompatibility 
onditions

∇ · v′0 = f ′(x; 0); x ∈ F0; �GS(v′0)N 0 = �Gd′(x; 0); x ∈ G0are satis�ed. Then the problem (3.13) has a unique solution v′ ∈W 2+l;1+l=22 (QT ),
∇p′ ∈ W l;l=22 (QT ); r′ ∈ W l+1=2;02 (GT ); su
h that p′|GT ∈ W l+1=2;l=2+1=42 (GT ),r′(·; t) ∈ W l+12 (G0) for arbitrary t ∈ (0; T ), andY (T ) ≡ ‖v′‖W 2+l;1+l=22 (QT )+‖∇p′‖W l;l=22 (QT )+‖p′‖W l+1=2;l=2+1=42 (GT )+‖r′‖W l+1=2;02 (GT )13



+supt<T ‖r′(·; t)‖W l+12 (G0) ≤ 
(N(T ) + (∫ T0 (‖v′‖2L2(F0) + ‖r′‖2W−1=22 (G0))dt)1=2);(3:14)whereN(T ) = ‖f ′‖W l;l=22 (QT ) + ‖f ′‖W l+1;02 (QT ) + ‖F ′‖W 0;1+l=22 (QT ) + ‖r′0‖W l+12 (G0)+‖v′0‖W 1+l2 (F0)+‖d′‖W l+1=2;l=2+1=42 (GT )+‖d′‖W l+1=2;l=2+1=42 (GT )+‖g′‖W l+3=2;l=2+3=42 (GT ):Moreover, if f ′ ∈ W̃ l;l=22 (QT ), d′ ∈ W̃ l+1=2;l=2+1=42 (GT ), d′ ∈ W̃ l+1=2;l=2+1=42 (GT ),g′ ∈ W̃ l+3=2;l=2+3=42 (GT ), f ′ ∈ W̃ 1+l;02 (QT ); F ′ ∈ W̃ 0;1+l=22 (QT ) (this meansthat f ′ ∈W 1+l;02 (QT ); tf ′ ∈ W l;02 (QT )); F ′ ∈W 0;1+l=22 (QT ); tF ′ ∈ W 0;(l+1)=22 (QT )),thenỸ (T ) ≡ ‖v′‖W̃ 2+l;1+l=22 (QT )+‖∇p′‖W̃ l;l=22 (QT )+‖p′‖W̃ l+1=2;l=2+1=42 (GT )+‖r′‖W̃ l+1=2;02 (GT )+supt<T ‖r′(·; t)‖W l+12 (G0) + supt<T t‖r′(·; t)‖W l2(G0)
≤ 
(Ñ (T ) + (∫ T0 (1 + t2)(‖v′‖2L2(F0) + ‖r′‖2W−1=22 (G0))dt)1=2); (3:15)where

Ñ (T ) = ‖f ′‖W̃ l;l=22 (QT ) + ‖f ′‖W̃ l+1;02 (QT ) + ‖F ′‖W̃ 0;1+l=22 (QT ) + ‖r′0‖W l+12 (G0)+‖v′0‖W 1+l2 (F)+‖d′‖W̃ l+1=2;l=2+1=42 (GT )+‖d′‖W̃ l+1=2;l=2+1=42 (GT )+‖g′‖W̃ l+3=2;l=2+3=42 (GT ):The 
onstants in (3.14), (3.15) are independent of T .In fa
t, the theorem is valid for l ∈ (0; 5=2); and the inequality (3.15) isobtained by 
ombination of (3.14) with l and l− 1. The proof is given in [10,9℄.The problem (3.12) redu
es to (3.13) by the transformation� = x+N∗0(x)�∗0(x) ≡ e�0(x); x ∈ F0; (3:16)where N∗0 and �∗0 are extensions of N 0 and �0 from G0 into F0 su
h that N∗0 issuÆ
iently regular and
‖�∗0‖W l+22 (F0) ≤ 
‖�0‖W l+3=22 (G0): (3:17)This transformation 
onverts (3.12) tov′t + 2!(e3 × v′)− �∇2v′ +∇p′ = f ′(x; t) +m1(v′; p′);

∇ · v′ = L0f ′(x; t) +m2(v′); x ∈ F ;�GS(v′)N0 = �G�0d′ +m3(v′);
−p′ + �N0 · S(v′)N0 +B0(x)r′(x; t) = d′(x; t) +m4(v′); (3:18)14



r′t =N 0(x)·v′(x; t)− h0(x)
‖h0‖2L2(G0) ∫

G0 v′(y; t)·N 0(y)h0(y)dS+g′(x; t)+m5(v′; r′); x ∈ G;v′(x; 0) = v′0(x); x ∈ F ; r′(x; 0) = r′0(x); x ∈ G;where "′" denotes the 
hange of variables (3.16): f ′(x; t) = f(e−1�0 (�); t). Theexpressions mi are given bym1(v′; p′) = �(∇̂2 −∇2)v′(y; t) + (∇− ∇̂)p′(y; t);m2(v′) = (∇− L0∇̂) · v′;m3(v′) = �G(�GS(v′)N 0 −�0Ŝ(v′)n0); (3:19)m4(v′; r′) = �(N0·S(v′)N 0−n0·Ŝ(v′)n0)+� ∫

G0 r′(z; t)|y − z| (|L̂T0 (z; �0)N0(z)|−1)dS;m5(v′; r′)= h0(x)((∫

G0 h20(y)dS)−1
−

(∫

G0 h20(y)|L̂T0 (y; �0)N 0(y)|dS)−1) ∫

G0 v′·N0(y)h0(y)dS+h0(x)( ∫

G0 h20(y)|L̂T0 (y; �0)N 0(y)|dS)−1 ∫

G0 v′·N0(y)h0(y)(1−|L̂T0 (y; �0)N 0(y)|)dS:By L0 = detL0 we mean the Ja
obian of the transformation e�0 , L0 is itsJa
obian matrix, L̂0 = L0L−10 ; ∇̂ = L−T0 ∇ is a transformed gradient withrespe
t to �, ∇ = ( ��y1 ; ��y2 ; ��y3), Ŝ(v) = ∇̂v + (∇̂v)T is a transformed rate-of-strain tensor. The normals N 0 and n0 are 
onne
ted with ea
h other byn0(e�0(y)) = L̂T0N0(y)
|L̂T0N0(y)| :We noti
e that m2(v′) is representable in the divergen
e form:(∇− L0∇̂) · v′ = (∇− L̂T∇) · v′ = ∇ · (I − L̂T )v′ ≡ ∇ ·M ;where M = (I − L̂)v′:The expressions (3.19) are linear fun
tions of their arguments with small
oeÆ
ients proportional to the derivatives of �0. Under the assumption (1.19)they satisfy the inequality

‖m1‖W̃ l;l=22 (QT ) + ‖m2‖W̃ l+1;02 (QT + ‖M‖W̃ 0;1+l=22 (QT )+‖m3(v)‖W̃ l+1=2;l=2+1=42 (GT ) + ‖m4(v; r)‖W̃ l+1=2;l=2+1=42 (GT )+‖m5(v; r)‖W̃ l+3=2;l=2+3=42 (GT ) ≤ 
�ỸT (v; p; r) (3:20)that 
an be obtained with the help of Proposition 4.1 in [1℄. The estimate ofm5 follows from ∣∣∣1− ∣∣∣L̂T0 (z; �0)N 0(z)∣∣∣∣∣∣ ≤ 
�: (3:18)15



Using (3.14) and (3.20), it is possible to prove the solvability of the problem(3.12) and estimate the solution in a standard way, provided � is suÆ
ientlysmall (the details are omitted). We obtain the following result.Theorem 3.2. Let l ∈ (1; 3=2), QT = 
0 × (0; T ), GT = �0 × (0; T )and let the data of the problem (3.12) possess the following regularity proper-ties: f ∈ W l;l=22 (QT ), f ∈ W 1+l;02 (QT ); f = ∇ · F ; F ∈ W 0;1+l=22 (QT ), v0 ∈W 1+l2 (
0), r0 ∈ W l+12 (�0); d ∈ W l+1=2;l=2+1=42 (GT ), d ∈ W l+1=2;l=2+1=42 (GT ),g ∈ W l+3=2;l=2+3=42 (GT ). Assume also that the 
ompatibility 
onditions
∇ · v0 = f(�; 0); � ∈ 
0; �0S(v0)n0 = �0d(�; 0); � ∈ �0are satis�ed. Then the problem (3.12) has a unique solution v ∈ W 2+l;1+l=22 (QT ),

∇p ∈ W l;l=22 (QT ); r ∈ W l+1=2;02 (GT ); su
h that p|GT ∈ W l+1=2;l=2+1=42 (GT ),r(·; t) ∈W l+12 (�0) for arbitrary t ∈ (0; T ), andY (T ) ≡ ‖v‖W 2+l;1+l=22 (QT )+‖∇p‖W l;l=22 (QT )+‖p‖W l+1=2;l=2+1=42 (GT )+‖r‖W l+1=2;02 (GT )+supt<T ‖r(·; t)‖W l+12 (�0) ≤ 
(N(T ) + (∫ T0 (‖v‖2L2(
0) + ‖r‖2W−1=22 (�0))dt)1=2);(3:21)whereN(T ) = ‖f‖W l;l=22 (QT ) + ‖f‖W l+1;02 (QT ) + ‖F ‖W 0;1+l=22 (QT ) + ‖r0‖W l+12 (�0)+‖v0‖W 1+l2 (
0)+‖d‖W l+1=2;l=2+1=42 (GT )+‖d‖W l+1=2;l=2+1=42 (GT )+‖g‖W l+3=2;l=2+3=42 (GT ):Moreover, if f ∈ W̃ l;l=22 (QT ), d ∈ W̃ l+1=2;l=2+1=42 (GT ), d ∈ W̃ l+1=2;l=2+1=42 (GT ),g ∈ W̃ l+3=2;l=2+3=42 (GT ), f ∈ W̃ 1+l;02 (QT ); F ∈ W̃ 0;1+l=22 (QT ) (this means thatf ∈ W 1+l;02 (QT ); tf ∈ W 1;02 (QT )); F ∈ W 0;1+l=22 (QT ); tF ∈ W 0;(l+1)=22 (QT )),thenỸ (T ) ≡ ‖v‖W̃ 2+l;1+l=22 (QT )+‖∇p‖W̃ l;l=22 (QT )+‖p‖W̃ l+1=2;l=2+1=42 (GT )+‖r‖W̃ l+1=2;02 (GT )+supt<T ‖r(·; t)‖W l+12 (�0) + supt<T t‖r(·; t)‖W l2(�0)
≤ 
(Ñ (T ) + (∫ T0 (1 + t2)(‖v‖2L2(
0) + ‖r‖2W−1=22 (�0))dt)1=2); (3:22)wherẽ

N (T ) = ‖f‖W̃ l;l=22 (QT ) + ‖f‖W̃ l+1;02 (QT ) + ‖F ‖W̃ 0;1+l=22 (QT ) + ‖r0‖W l+12 (�0)+‖v0‖W 1+l2 (G)+‖d‖W̃ l+1=2;l=2+1=42 (GT )+‖d‖W̃ l+1=2;l=2+1=42 (GT )+‖g‖W̃ l+3=2;l=2+3=42 (GT ):The 
onstants in (3.21), (3.22) are independent of T .16



The norm ‖r‖W−1=22 (�0) is de�ned in a standard way:
‖r‖W−1=22 (�0) = sup'∈W 1=22 (�0) ∣∣∣

∫�0 r(x)'(x)dx∣∣∣
‖'‖W 1=22 (�0) :In order to be able to apply the inequality (3.22) to the problem (3.7), weneed to estimate the nonlinear terms in (3.7) and the lower order norms in(3.21), (3.22).Theorem 3.3. If (u; q; r) satisfy the inequalityỸ (T ) ≤ Æ ≪ 1; (3:23)where Ỹ (T ) is de�ned in (3.22), then

‖l1‖W̃ l;l=22 (QT ) + ‖l2‖W̃ 1+l;02 (QT ) + ‖L‖W̃ 0;(l+1)=22 (QT )+‖l3‖W̃ l+1=2;l=2+1=42 (GT ) + ‖l4‖W̃ l+1=2;l=2+1=42 (GT )+‖l5‖W̃ l+1=2;l=2+1=42 (GT ) + ‖l6‖W̃ l+3=2;l=2+3=42 (GT )
≤ 
(‖u‖2̃W 2+l;1+l=22 (QT ) + ‖∇q‖2̃W l;l=22 (QT ) + ‖r‖2̃W l+1=2;l=2+1=42 (GT )) (3:24)with the 
onstant 
 independent of T ≥ 1.Theorem 3.4. If the solution of the problem (3.7) is de�ned for t ∈ (0; T )and (3.23) holds, then w and �̂ satisfy the inequality

‖w(·; t)‖2L2(
t)+‖�̂(·; t)‖2L2(G�(t))+∫ t0 (
‖w(·; t)‖2L2(
� )+‖�̂(·; t)‖2W−1=22 (G�(t)))d�

≤ 
(‖w0‖2L2(
0) + ‖�0‖2L2(G0)) (3:25)with the 
onstant independent of T .The proof of Theorem 3.4 is given in Se
.5. By Proposition 4.6 in [1℄, (3.25)implies
‖u(·; t)‖2L2(
0) + ‖r(·; t)‖2L2(�0) + ∫ t0 (

‖u(·; t)‖2L2(
0) + ‖r(·; t)‖2W−1=22 (�0))d�
≤ 
(‖w0‖2L2(
0) + ‖�0‖2L2(G0)): (3:26)As in the 
ase of axially symmetri
 F , inequalities (3.22), (3.24), (3.26) allowus to obtain the following uniform estimate of the solution of (3.7) playing a
ru
ial role in the analysis of the problem (1.9) (
f. [1℄, Theorem 2.3).Theorem 3.5. Assume that the assumptions of Theorem 1.1 are satis�ed.If the solution of (3.7) is de�ned for t ∈ (0; T ) and (3.23) holds, thenỸ (T ) ≤ 
(‖w0‖W l+12 (
0) + ‖�0‖W l+12 (G0)): (3:27)17



Inequality (3.23) is veri�ed in the pro
ess of the proof of the solvability ofthe problem (1.14). As in [1℄, the proof is 
arried out in two steps. First, usingthe maximum regularity estimates for the Neumann problemvt − �∇2v +∇p = f (x; t); ∇ · v = f(x; t) x ∈ 
0;T (v; p)n0 = d(x; t); x ∈ �0;v(x; 0) = v0(x); x ∈ 
0;and the estimate (3.24) of the nonlinear terms, we prove the solvability of theproblem (1.14) in the interval t ∈ (0; 1), and the estimate
‖u‖W 2+l;1+l=22 (Q1) + ‖∇q‖W l;l=22 (Q1) + ‖q‖W l+1;(l+1)=22 (G1)

≤ 
(‖w0‖W l+12 (
0) + ‖�0‖W l+12 (G0))for the solution (
f. [1℄, Theorem 3.1). Then we 
onstru
t �(t) = −�(t), asmade in Propositions 2.1, 2.2, and estimate the fun
tionr(�; t) = �0(��) + ∫ t0 (N0(Z(�(�)X(�; �)) · Zu+ h0(ZX)�′(�))d�:If � in (1.19) is small, then we arrive at (3.23) and, by Theorem 3.5, at (3.27)for t ∈ (0; 1). Now we 
an make one more step and de�ne the solution fort ∈ (T; 2T ). Assume that the solution of (3.7), as well as the fun
tion �(t),is de�ned for t ∈ (0; T ) and inequalities (3.23) and (2.17) are satis�ed. Thenit is possible to extend the solution in the time interval t ∈ (0; T + 1). As in[1℄ (see Theorem 3.2), this redu
es to the problem (3.5) in [1℄, slightly more
ompli
ated than (1.14). It is essential that in the proof of Theorems 3.1 and3.2 in [1℄ the symmetry properties of F are not used. If u and q are 
onstru
tedfor t ∈ (0; T + 1), then it is possible to de�ne �(t); t ∈ (0; T + 1); satisfying(2.17), and estimater(�; t) = r(�; T ) + ∫ tT (N 0(ZX) · Zu+ h0(ZX)�′(�))d�;t ∈ (T; T + 1). By Theorem 3.5, the extended fun
tions satisfy (3.27), (2.17)with 
onstants independent of T , as in the symmetri
 
ase. In this way we
onstru
t the solution in the in�nite time interval and 
on
lude the proof ofTheorem 1.1.4. Proof of Proposition 2.2 and of the estimate (3.24)This se
tion is devoted to some estimates presented in Se
. 2 and 3.Proof of Proposition 2.2. We 
onsider the fun
tion f(t; �) de�ned in (2.8).When we extend h0 from G0 in the Æ1-neighborhood of G0 so that this fun
tionremains smooth (whi
h redu
es to the extension of N0, as it has been done18



above) and take a

ount of the relation h0(�y) = h0(R(y)); then we 
an writef(t; �) as f(t; �) = ∫�0 F (Z(�)X(�; t))dS� ; (4:1)where F is a smooth fun
tion in a 
ertain neighborhood of �0. The partialderivatives of f with respe
t to � are given byf�(t; �) = ∫�0 ∇F (Z(�)X(�; t)) · Z ′XdS� = ∫�0 ∇F (Z(�)X) · Z ′Z−1ZXdS�= ∫�0 ∇F (Z(�)X(�; t)) · (e3 ×ZX)dS� ≡ ∫�0 F1(ZX)dS;f��(t; �) = ∫�0 ∇F1(Z(�)X) · (e3 ×ZX))dS ≡
∫�0 F2(ZX)dS�; (4:2)where F1 and F2 are also smooth fun
tions. Moreover,ft(t; �) = ∫�0 ∇F (Z(�)X) · Zu(�; t)dS� ;ft�(t; �) = ∫�0 ∇F1(Z(�)X) · Zu(�; t)dS� ; (4:3)ft��(t; �) = ∫�0 ∇F2(Z(�)X) · Zu(�; t)dS� ;ftt(t; �) = ∫�0 ∇F (Z(�)X) · ZutdS� + ∫�0 Zu · ∇∇F (ZX) · ZudS�

≡ �1(t) + �2(t): (4:4)Di�erentiating (2.13) with respe
t to t, we obtain�′′(t) = −
( ��t ftf� )�=�(t) − ( ��� ftf�)�=�(t)�′(t) = �1(t) + �2(t): (4:5)Sin
e X(�; t) and u(�; t) are bounded uniformly with respe
t to t and f�satis�es (2.10), we have ∣∣∣

( ��� ftf�)�=�(t)∣∣∣ ≤ 
;
∣∣∣
( ��t ftf�)�=�(t)∣∣∣ ≤ 
 ∫�0(|ut(�; t)|+ |u(�; t)|)dS;and in view of (2.15)

|�′′(t)| ≤ 
 ∫�0(|ut(�; t)|+ |u(�; t)|)dS;
‖�′′‖L2(0;T ) ≤ 
‖u‖W 0;12 (GT ): (4:6)19



Now we estimate
(∫ min(T;1)0 dhh1+2� ∫ Th |�t(−h)�′′(t)|2dt)1=2;where � = l=2 − 1=4, �t(−h)�′′(t) = �′′(t − h) − �′′(t): Using (4.2) it is notdiÆ
ult to verify that

(∫ min(T;1)0 dhh1+2� ∫ Th |�t(−h)�2(t)|2dt)1=2 ≤ ‖�2‖W 12 (0;T ) ≤ 
‖u‖W 0;12 (GT ):(4:7)The fun
tion �1(t) is given by�1(t) = −
(fttf� − ftf�tf2� )�=�(t) ≡ �3(t) + �4(t):with �4 also satisfying (4.7). Now we 
onsider the di�eren
e�t(−h)�3(t)= − 1f�(t− h; �(t− h))�t(−h)ftt(t; �(t))− ftt(t; �(t))�t(−h) 1f�(t; �(t)) :Sin
e |f�(t; �(t))| ≥ 
 > 0 and | ��t 1f�(t;�(t)) | ≤ 
; we have

(∫ min(1;T )0 dhh1+2� ∫ Th |ftt|2∣∣∣�t(−h) 1f� ∣∣∣
2dt)1=2 ≤ 
‖ftt‖L2(0;T );

(∫ min(1;T )0 dhh1+2� ∫ Th |�t(−h)ftt|2 1
|f�|2 dt)1=2

≤ 
(∫ min(1;T )0 dhh1+2� ∫ Th |�t(−h)ftt|2dt)1=2;whi
h implies
‖�3‖W�2 (0;T ) ≤ 
‖ftt‖W�2 (0;T );

‖�′′‖W�2 (0;T ) ≤ 
(‖ftt‖W�2 (0;T ) + ‖u‖W 0;12 (QT )):The fun
tion ftt(t) is representable in the form (4.4) with �2 satisfying
‖�2‖W�2 (0;T ) ≤ 
‖�2‖W 12 (0;T ) ≤ 
‖u‖W 0;12 (GT ) (4:8)and �1(t) = ∫�0 b(�; t) · ut(�; t)dS;where b = Z−1(�(t))∇F (Z(�(t))X(�; t)) is the fun
tion su
h thatsupGT |b(�; t)|+ supGT |bt(�; t)| ≤ 
:20



Hen
e
‖�1t‖W�2 (0;T ) ≤ 
‖ut‖W 0;�2 (GT );
‖ftt‖W�2 (0;T ) ≤ 
‖u‖W 0;1+�2 (GT );Together with (4.8), this inequality implies

‖�′‖W l=2+3=42 (0;T ) ≤ 
‖u‖W 0;l=2+3=42 (GT ): (4:9)In order to 
on
lude the proof of (2.17), we need to estimate the norm
‖(1 + t)�′‖W�12 (0;T )with �1 = l=2 + 1=4: This 
an be done by repeating the above arguments. Inview of (2.15), we have

‖(1 + t)�′‖L2(0;T ) ≤ 
‖(1 + t)u‖L2(GT );
(∫ min(1;T )0 dhh1+2�1 ∫ Th (1 + t)2∣∣∣�t(−h)�′(t)∣∣∣2dt)1=2

≤ 
(∫ min(1;T )0 dhh1+2�1 ∫ Th (1 + t)2∣∣∣�t(−h)ft(t)∣∣∣2dt)1=2 + 
‖(1 + t)ft‖L2(0;T )
≤ 
‖(1 + t)u‖W 0;�12 (GT );whi
h 
on
ludes the proof of (2.17) and of Proposition 2.2.On the estimate (3.24). The expressions l1, l2, l3; l4 are the same as in thesymmetri
 
ase, and they have been estimated in [9℄, Propositions 5.5 and 5.6,but l5 and l6 are somewhat di�erent. As in the symmetri
 
ase, main te
hni
aldiÆ
ulties arise in the estimate of l5, in parti
ular, of the se
ond derivative �2Us�s2of the pot1ential (3.3). It has the same form as the analogous fun
tion in [1℄,only the role of � is played by �̂ or �̃. We have:�2Us(z; t)�s2 = V1(z; t)+V2(z; t)−W 1(z; t)·N �(t)(z)�̂(z; t)−W 2(z; t)·N�(z)�̂(z; t);(4:10)V1(z; t) = ∫

G�(t) �̂(�; t)��(�; s�̂)�s dS�
|es�̂(z)− es�̂(�)| ;V2(z; t) = ∫

G� �̂(�; t)�(�; s�̂) ��s 1
|es�̂(z)− es�̂(�)|dS;W 1(z; t) = ∫

F� �L(�; s�̂∗)�s es�̂(z)− es�̂(�)
|es�̂(z)− es�̂(�)|3 d�;W 2(z; t) = ∫

F� L(�; s�̂∗) ��s es�̂(z)− es�̂(�)
|es�̂(z)− es�̂(�)|3 d�:21



Sin
e �̃(y; t) = �̂(Z(�(t))y; t), the formula (4.10) is equivalent to�2Us(Z(�(t))y; t)�s2= V (0)1 (y) + V (0)2 (y; t)−W (0)1 (y; t) ·N0(y)�̃(y; t)−W (0)2 (y; t) ·N 0(y)�̃(y; t);where y ∈ G0; V (0)1 (y; t) = ∫

G0 �̃(�; t)��(�; s�̃)�s dS�
|es�̃(y)− es�̃(�)| ;V (0)2 (y; t) = ∫

G0 �̃(�; t)�(�; s�̃) ��s 1
|es�̃(y)− es�̃(�)|dS;W (0)1 (y; t) = ∫

F0 �L(�; s�̃∗)�s es�̃(y)− es�̃(�)
|es�̃(y)− es�̃(�)|3 d�;W (0)2 (y; t) = ∫

F0 L(�; s�̃∗) ��s es�̃(y)− es�̃(�)
|es�̃(y)− es�̃(�)|3 d�:Estimates of these potentials are made exa
tly as in [11℄ and they lead to theinequality analogous to (3.20) in [11℄, namely,

‖�2Us�s2 ∣∣∣y=ZX‖W̃ l+1=2;l=2+1=42 (GT ) ≤ 
 supt<T ‖r(·; t)‖W l+12 (�0)
(
‖r‖W l+1=2;02 (GT ) + ‖(1 + t)u‖W 1=2;02 (GT )): (4:11)The proof is based on the estimates of the Newtonian and single layer poten-tials obtained in [12℄. We also make use of the estimate of the time derivative�̃t. Let V ′n be the velo
ity of the evolution of the surfa
e Z(�(t))X(�; t) in thedire
tion of the exterior normal n′. We haveV ′n = ��tZ(�(t))X(�; t) · n′ = Zu · n′ +Z ′Xn′�′(t)= u · n+ (e3 ×X) · n�′(t):Hen
e �̃t(y; t) = V ′nn′ ·N 0 = u · nn′ ·N0 + (e3 ×X) · nn′ ·N 0 �′(t)= u(�; t) · L̂T (z)N �(z)�(z; �̂) + (e3 ×X) · L̂T (z)N�(z)�(z; �̂) �′(t): (4:12)Here, as usual, the points y and z are 
onne
ted with Z(�(t))y = z and �(z; �̂) =1− �̂H�(z) + �̂2K�(z); where H� is the doubled mean 
urvature and K� is theGaussian 
urvature of G�: From (4.12) and (1.22) it follows that
‖�̃t(·; t)‖W 1=22 (G0) ≤ 
‖u(·; t)‖W 1=22 (�0);22



whi
h is analogous to the estimate (3.19) in [11℄ for �t. This allows us to obtain(4.11).Now we turn our attention to B1(r;u). A

ording to (3.5),B1(r;u) = B2(r;u)− �B3(r;u)− �B4(r;u)− �B5(r;u);where B2(r;u) = (b(Z(�(t)X)− b(��))r(�; t);B3(r;u) = ∫�0 r(�; t)(	(�; t) − 1)dS�
|ZX(�; t)−ZX(�; t)| ;B4(r;u) = ∫ 10 ds ∫�0 r(�; t) ��s 1

| �Xs(�; t)− �Xs(�; t)|dS;B5(r;u) = ∫ 10 ds ∫�0 r(�; t) ��s 1
|Z(s�(t))X(�; t)−Z(s�)X(�; t)|dS:In the 
ase of axially symmetri
 F we have Z = I and the term B5 dropsout.We start with the estimate of B2 and show that

‖B2‖W̃ l+1=2;l=2+3=42 (GT )
≤ 
(‖u‖W̃ l+2;02 (QT ) + ‖r‖W̃ l+1=2;02 (GT ))‖u‖W̃ l+2;02 (QT ): (4:13)Following the arguments in the proof of Proposition 5.7 in [9℄, we estimate thedi�eren
e b0(ZX)− b0(��): (4:14)In Proposition 5.7 it is proved that

‖b0( �X(�; t))− b0(��)‖W l+1=22 (�0) ≤ 
‖u‖W̃ 2+l;02 (Qt); ∀t ∈ (0; T ): (4:15)The di�eren
e (4.14) satis�es the same inequality; indeed,b0(ZX)− b0(��) = (b0(ZX)− b0( �X)) + (b0( �X)− b0(��));b0(ZX)− b0( �X) = ∫ 10 ��sb0(Z(s�)X)ds= ∫ 10 ∇b0(Z(s�)X)ds�(t);where b0(·) = b0(R(·)): Hen
e, by (2.15),
‖b0(ZX)− b0( �X)‖W l+1=22 (�0)

≤ 
(1+‖u‖W̃ l+2;02 (Qt))|�(t)| ≤ 
 ∫ t0 ∫�0 |u(�; �)|dSd� ≤ 
‖u‖W̃ l+2;02 (Qt): (4:16)23



We also need to estimate the time derivative��t(b0(ZX)− b0(��))r= (b0(ZX)− b0(��))rt + r∇b0(ZX)(Z(�)u(�; t) +Z ′(�)X�′(t)):Using the inequalities (4.16), (2.15), we obtain
‖ ��t(b0(ZX)− b0(��))r‖L2(�0) ≤ sup�0 |(b0(ZX)− b0(��)|‖rt(·; t)‖L2(�0)+‖�b0(ZX)�t ‖L2(�0) sup�0 |r(�; t)| ≤ 
‖u(·; t)‖L2(�0)(‖u‖W̃ l+2;02 (Qt)+ sup�0 |r(�; t)|):Together with (4.15), (4.16), this estimate implies (4.13).For the estimate of B3; B4; B5 we 
an use Proposition 2.10 in [11℄. It 
on
ernsthe surfa
e integrals of the formv(y; t) = ∫�0 |T (y; t)− T (�; t)|−1g(�; t)dS;v1(y; t) = ∫�0 T (y; t)− T (�; t)

|T (y; t)− T (�; t)|3 · (a(y; t)− a(�; t))g(�; t)dS;where T (y; t) is an invertible mapping of 
lassW l+3=2−�2 (
0); � ∈ (0; l−1); with
Tt ∈ W 12 (
0) and a is as regular as �̃. It is easily seen that the transformation
T = Z(�(t))X(�; t) possesses these properties and ZX = e−1�̃ X: Therefore theappli
ation of Proposition 2.10 leads to the same estimates for B1 (and for l5)as in [11℄, namely,

‖l5‖W̃ l+1=2;l=2+1=42 (GT )
≤ 
( supt<T ‖r(·; t)‖W l+12 (�0) + ‖r(·; t)‖W̃ l+1=2;l=2+1=42 (GT ) + ‖u‖W̃ l+2;l=2+12 (QT ))2:(4:17)Now we pass to the estimate ofl6(u) = (Z−1(�(t))N 0(ZX)−N 0(��))·u(�; t)+(h0(ZX)−h0(��))�′(t)+h0(��)m(t)

≡ l(1)6 (u) + l(2)6 (u) + l(3)6 (u)where m(t) is de�ned in (2.19). We have already seen above that
‖h0(ZX)− h0(��)‖W l+1=22 (�0) ≤ 
‖u‖Ŵ l+2:02 (Qt);

‖Z−1(�(t))N 0(ZX)−N0(��))‖W l+1=22 (�0) ≤ 
|�(t)|‖N 0(ZX)‖W l+1=22 (�0)+‖N0(ZX)−N0(��)‖W l+1=22 (�0) ≤ 
‖u‖Ŵ l+2:02 (Qt): (4:18)24



Exa
tly in the same way we obtain
‖h0(ZX)− h0(��)‖W l+3=22 (�0) + ‖Z−1(�(t))N 0(ZX)−N0(��))‖W l+1=22 (�0)

≤ 
(1 +√t)‖u‖W̃ l+2;02 (Qt):In addition, we have
‖ ��th0(ZX)‖L2(�0) + ‖ ��tZ−1N0(ZX)‖L2(�0) ≤ 
‖u‖L2(�0);

‖ �2�t2h0(ZX)‖L2(�0) + ‖ �2�t2Z−1N0(ZX)‖L2(�0) ≤ 
(‖ut‖L2(�0 + ‖u‖L2(�0)):These inequalities allow us to estimate l(1)6 and l(2)6 exa
tly in the same way asl6 has been estimated in [9℄, Proposition 5.8:
‖l(1)6 (u)‖W̃ 3=2+l;3=4+l=22 (GT ) + ‖l(2)6 (u)‖W̃ 3=2+l;3=4+l=22 (GT )
≤ 
‖u‖W̃ l+2;l=2+12 (QT )(‖u‖W̃ l+2;02 (QT ) + supQT |u(�; t)|):The proof redu
es to repeating the arguments in this Proposition. Finally, it iseasily seen that

‖l(3)6 (u)‖W̃ 3=2+l;3=4+l=22 (GT ) ≤ 
‖m‖W̃ l=2+3=42 (0;T ):A

ording to (2.19), m(t) = m1(t) +m2(t), wherem1(t) = − 1f�(t; �(t)) ∫�0 (
Z−1(�(t))N 0(ZX)h0(ZX)−N 0(��)h0(��))·u(�; t)dS� ;m2(t)= ∫�0 N0(��) · u(�; t)h0(��)dSf�(t; �(t)) ∫�0 h20(��)dS ∫�0 r(�; t))∇h0(ZX) · (∇R(ZX)(e3 ×ZX))dS

−
(∫�0 h20(��)dS)−1 ∫�0 r(�; t)∇h0(ZX)∇R(ZX)Z(�(t))u(�; t)dS: (4:19)In view of (4.18), (2.15),

∣∣∣Z−1(�(t))N 0(ZX)h0(ZX)−N0(��)h0(��)∣∣∣ ≤ 
‖u‖W̃ 2+l;02 (Qt);
‖ ��t(Z−1(�(t))N 0(ZX)h0(ZX)−N 0(��)h0(��))‖L2(�0) ≤ 
‖u(·; t)‖L2(�0);

‖ �2�t2(
Z−1(�(t))N 0(ZX)h0(ZX)−N 0(��)h0(��))‖L2(�0)

≤ 
(‖ut(·; t)‖L2(�0) + ‖u(·; t)‖L2(�0));25



hen
e m′1(t)= ft�(t; �(t))f2�(t; �(t) ∣∣∣�=�(t) ∫�0 (
Z−1(�(t))N 0(ZX)h0(ZX)−N0(��)h0(��)) ·u(�; t)dS�

− 1f�(t; �(t))( ∫�0 ��t(Z−1(�(t))N 0(ZX)h0(ZX)−N 0(��)h0(��)) · u(�; t)dS�+ ∫�0 (
Z−1(�(t))N 0(ZX)h0(ZX)−N0(��)h0(��)) · ut(�; t)dS�):satis�es the inequalities

‖m′1‖L2(0;T ) ≤ 
‖u‖W 0;12 (GT )‖u‖W̃ 2+l;02 (QT );
( ∫ 10 dhh1+2� ∫ Th |�t(−h)m′1(t)|2dt)1=2 ≤ 
‖u‖W 0;1+�2 (GT )‖u‖W̃ l+2;02 (QT )and

( ∫ 10 dhh1+2�1 ∫ Th (1 + t)2|�t(−h)m1(t)|2dt)1=2 + ‖(1 + t)m1‖L2(0;T )
≤ 
‖(1 + t)u‖W 0;�12 (GT )‖u‖W̃ l+2;02 (QT );established in the same way as (2.17). This implies

‖m1‖W̃ l=2+3=42 (0;T ) ≤ 
‖u‖W̃ 0;l=2+3=42 (GT )‖u‖W̃ 2+l;02 (QT ): (4:20)The fun
tion m2(t) is estimated by similar arguments. Taking (3.6) intoa

ount we obtain
‖m2‖W̃ l=2+3=42 (0;T ) ≤ 
‖u‖W̃ 0;l=2+3=42 (GT )(‖u‖L2(�0) + ‖r‖L2(�0)):This implies

‖l6(u)‖W̃ l+3=2;l=2+1=22 (GT )
≤ 
‖u‖W̃ l+2;l=2+12 (QT )(‖u‖W̃ l+2;02 (QT ) + supQT |u(�; t)|+ ‖r‖L2(�0));Thus (3.24) is proved.5. Proof of Theorem 3.4We start by obtaining some auxiliary relations and estimates. Let w be asolution of the problem (1.9) and let w⊥ be a proje
tion of w on the subspa
eof ve
tor �elds orthogonal to all rigid displa
ements. In view of (1.11),w(x; t) = w⊥(x; t) + 3∑k=1 gk(t)�k(x); (5:1)26



where �k(x) = ek × x, ek = (Æik)i=1;2;3: and gk(t) are fun
tions de�ned as asolution of a linear algebrai
 system3∑k=1Sik(t)gk(t) = ∫
t w(x; t) · �i(x)dx = Ii(t) (5:2)with Sik(t) = ∫
t �i(x) · �k(x)dx;Ii(t) = −!(∫
t �3(x) · �i(x)dx −
∫

F

�3(x) · �i(x)dx); (5:3)by F we mean arbitrary F�. Sin
e
−

∫

F

�3 · �jdx = ∫

F

xjx3dx = 0; j = 1; 2 (5:4)(see [2℄), we have Ii(t) = �Æi3 − Si3(t)!; (5:5)where � = ! ∫
F
|x′|2dx is the magnitude of the angular momentum of the rotat-ing liquid. The matrix S = (Sik(t))i;k=1;2;3 is symmetri
 and positive de�nite,be
ause for arbitrary real �k3∑i;k=1Sik(t)�i�k = ∫
t | 3∑i=1 �i�i(x)|2dx = ∫
t |� × x|2dx ≥ 
|�|2:Hen
e there exists the inverse matrix S−1 = (Sik(t))i;k=1;2;3, andgk(t) = 3∑m=1Skm(t)(�Æm3 − Sm3(t)!) = �Sk3(t)− Æk3!: (5:6)We re
all that �t is given by the equation (1.21) with �̂ satisfying (1.25).We 
ompute the proje
tion �̂⊥ of �̂ on the subspa
e of L2(G�) orthogonal tothe fun
tions (1; x1; x2; x3; h�(t)(x)). It is 
lear that (1; x1; x2; x3) are linearlyindependent fun
tions of x ∈ G and h�(x) = N�(x) · �3(x) is orthogonal tothem, be
ause

∫

G� N�(z) · �3(z)dS = ∫

F� ∇ · �3(x)dx = 0; (5:7)
∫

G� ziN �(z) · �3(z)dS = ∫

F� ∇ · xi�3(x)dx = 0: (5:8)We have �̂ = �̂⊥ + 4∑k=0 
k(t)'k ;27



where '0(x) = 0; 'i(x) = xi, i = 1; 2; 3, '4(x) = h�(x): By (5.7), (5.8),
∫

G� �̂'adS = 3∑b=0 
b(t) ∫G� 'a(x)'b(x)dS; a = 0; 1; 2; 3;and 
a(t) = 3∑b=0 �ab(t) ∫G� �̂'bdS;where �ab(t) are elements of the matrix inverse to � = ( ∫
G� 'a'bdS)a;b=0;1;2;3:It follows that� = �⊥ + 3∑a;b=0�ab ∫

G� �'bdS'a(x) + h�(x)‖h�‖−2L2(G�) ∫

G� �h(y)dS:Conditions (1.28) for �̂ imply
∫

G� �̂(x; t)dS = ∫

G� �̂(x; t)(1− '(x; �̂))dS;
∫

G� �̂(x; t)xidS = ∫

G� �̂(x; t)(xi −  i(x; �̂))dS;
∫

G� �̂(x; t)h�(x)dS = ∫

G� �̂(x; t)h�(x)(1−	)dS;and, as a 
onsequen
e,
∣∣∣
∫

G� �̂(x; t)dS∣∣∣ ≤ ‖�̂‖W−1=22 (G�)‖1− '‖W 1=22 (G�) ≤ 
Æ‖�̂‖W−1=22 (G�);
∣∣∣
∫

G� �̂(x; t)xidS∣∣∣ ≤ 
Æ‖�̂‖W−1=22 (G�);moreover, sin
e
|1−	| ≤ 
(|1− |An0||+ |1− |L̂T (z; �̂)N �||)
≤ 
(‖u‖W̃ 2+l;02 (Gt) + ‖�̂‖W l+1−�2 (G�)) ≤ 
Æ;we have ∣∣∣

∫

G� �̂(x; t)h�(x)dS∣∣∣ ≤ 
Æ‖�̂‖W−1=22 (G�):Hen
e
‖�̂− �̂⊥‖W−1=22 (G�) ≤ 
Æ�̂‖W−1=22 (G�);28



whi
h means that for small Æ the norms ‖�̂‖W−1=22 (G�) and ‖�̂⊥‖W−1=22 (G�) areequivalent to ea
h other:
1‖�̂‖W−1=22 (G�) ≤ ‖�̂⊥‖W−1=22 (G�) ≤ 
2‖�̂‖W−1=22 (G�): (5:9)Now we pro
eed to the proof of Theorem 3.4, assuming that the solution of(1.9), (1.14) is 
onstru
ted for t ∈ (0; T ) and the 
ondition (3.23) is satis�ed.The following propositions play an important role in the proof.Proposition 5.1. Given the fun
tion f0 ∈ W 1=22 (G0) su
h that ∫
G0 f0dS = 0;there exists a divergen
e free ve
tor �eld W ∈ W 12 (
t) satisfying the 
ondition

∫
t W (x; t) · �j(x)dx = 0; j = 1; 2; 3; (5:10)and the inequalities
‖W ‖W 12 (
t) ≤ 
‖f0‖W 1=22 (G0);
‖W ‖L2(
t) ≤ 
‖f0‖L2(G0); (5:11)

‖W t‖L2(
t) ≤ 
(‖f0‖W 1=22 (G0) + ‖f0t‖L2(G0)):Sket
h of the proof. At �rst we 
onstru
t a divergen
e free W̃ in the do-main 
̃t = Z(�(t))
t with the normal 
omponent on �
̃t equal to f0(e�̃(y))|L̂T (y; �̃)N 0|−1that satis�es inequalities (5.11) and the 
ondition (5.10) in 
̃t. The 
onstru
-tion (for a parti
ular f0) is given in [13℄, Lemma 4.1, and it is valid for arbitraryf0 ∈W 1=22 (G0): The ve
tor �eld W is de�ned byW (x; t) = Z−1(�(t))W̃ (Z(�(t))x; t); x ∈ 
t:Dire
t 
omputation shows that W satis�es (5.10). Inequalities (5.11) followfrom similar inequalities for W̃ .Proposition 5.2. Let Us be a potential de�ned in (3.3). For arbitraryf1 ∈W 1=22 (G0) the following inequality holds:
∣∣∣
∫

G� �2Us�s2 f1(z)dS∣∣∣ ≤ 
Æ‖�̂‖W−1=22 (G�)‖f1‖W 1=22 (G�): (5:12)Proof. A

ording to (4.10),
∫

G� �2Us�s2 f1(z)dS= ∫

G� (V1(z; t)+V2(z; t)−W 1(z; t)·N�(t)(z)�̂(z; t)−W 2(z; t)·N�(z)�̂(z; t))f1dS= ∫

G� �̂(z; t)(��(z; s�̂)�s V3[f1℄ + �(z; s�̂)V4[f1℄)dS29



−
∫

G� �̂(z; t)f1(z)N�(z) · (W 1(z; t) +W 2(z; t))dS; (5:13)whereV3[f1℄ = ∫

G� f1(�)dS
|es�̂(z)− es�̂(�)| ; V4[f1℄ = ∫

G� f1(�) ��s 1
|es�̂(z)− es�̂(�)|dS:The right hand side of (5.13) does not ex
eed

‖�̂‖W−1=22 (G�)(‖���s V3[f1℄‖W 1=22 (G�) + ‖�V4[f1℄‖W 1=22 (G�)+‖f1N � · (W 1 +W 2)‖W 1=22 (G�)):Applying Proposition 4.1 in [1℄ that 
on
erns the estimate of the produ
t of twofun
tions, we obtain
∣∣∣
∫

G� �2Us�s2 f1(z)dS∣∣∣ ≤ 
‖�̂‖W−1=22 (G�)(‖���s ‖W l+1=22 (G�)‖V3[f1℄‖W 1=22 (G�)+‖�‖W l+1=22 (G�)‖V4[f1℄‖W 1=22 (G�)+‖f1‖W 1=22 (G�)(‖W 1‖|W l+1=22 (G�)+‖W 1‖|W l+1=22 (G�))):In view of the estimates of the volume and surfa
e potentials obtained in [11℄,Se
.3, this inequality implies (5.12). The proposition is proved.Inequality (3.25) follows from the estimate of a "generalized energy". Wemultiply the �rst equation in (1.9) by w and integrate over 
t. Making use ofthe transport theorem and of the boundary 
onditions, we arrive at the energyrelation12 ddt(‖w‖2L2(
t) − !2 ∫
t |x′|2dx− � ∫
t U(x; t)dx) + �2 ∫
t |S(w)|2dx = 0:(5:14)By (5.1) and (5.5),
‖w‖2L2(
t) = ‖w⊥‖2L2(
t) + 3∑k;j=1Skj(t)gk(t)gj(t) = ‖w⊥‖2L2(
t)+ 3∑k;j=1Skj(�Sk3(t)− Æk3!)(�Sj3(t)− Æj3!) = ‖w⊥‖2L2(
t)+S33(t)�2 + S33(t)!2 − 2�! = ‖w⊥‖2L2(
t) + �2∫
t |x′|2dx+�2(S33 − S−133 ) + !2 ∫
t |x′|2dx− 2�!:The expression �2(S33 − S−133 ) = −�2S−133 2∑j=1 S3jSj330



= �2S33 detS (S11S223 + S22S213 − 2S12S13S23) ≡ Q(t)is a positive de�nite quadrati
 form with respe
t to S13; S23, sin
e 2S12 ≤√S11√S22. Hen
e (5.14) may be written in the formddt(12‖w‖2L2(
t) +Q(t) +R(t)−R0)+ �2 ∫
t |S(w)|2dx = 0; (5:15)where
R(t) ≡ �2(2 ∫
t |x′|2dx)−1

− �2 ∫
t U(x; t)dx− p0|
t|;
R0 = �2(2 ∫

F� |x′|2dx)−1
− �2 ∫

F� U(x)dx − p0|F�|:Now we use the relations2(e3 × �i) = −∇(�i · �3) + �i; i = 1; 2; 3;where �1 = �2; �2 = −�1; �3 = 0; and write the �rst equation in (1.9) in theform w⊥t + (w · ∇)w⊥ + (w · ∇)w′ + 2!(e3 ×w⊥)
−�∇2w⊥ +∇(p− ! 3∑j=1 gj(t)�3 · �j) = −w′t − ! 2∑�=1 g���(x); (5:16)where w′ = ∑3j=1 gj(t)�j(x): Sin
e (w′ ·∇)w′ = − 12∇|w′|2, (5.16) is equivalentto w⊥t + (w · ∇)w⊥ + (w⊥ · ∇)w′ + 2!(e3 ×w⊥)

−�∇2w⊥ +∇(p− ! 3∑j=1 gj(t)�3 · �j − 12 |w′|2) = −w′t − ! 2∑�=1 g���(x); (5:17)We multiply (5.17) by the auxiliary ve
tor �eld W 
onstru
ted in Proposi-tion 5.2 leaving for the moment the fun
tion f0 inde�nite. Then we integratethe produ
t over 
t. Elementary 
al
ulations lead toddt ∫
t w⊥ ·W dx−
∫
t w⊥ · (W t + (w · ∇)W )dx + 2! ∫
t(e3 ×w⊥) ·W dx+�2 ∫
t S(w⊥) · S(W )dx+ ∫
t(w⊥ · ∇)w′ ·W dx

−
∫�t(M + ! 3∑j=1 gj(t)�3(x) · �j(x) + 12 |w′|2)W · ndS = 0: (5:18)We multiply (5.18) by a small positive 
 and add to (5.15). As a result weobtain dE(t)dt +E1(t) = 0 (5:19)31



with E(t) = 12‖w‖2L2(
t) +Q+ (R−R0) + 
 ∫
t w⊥ ·W dx; (5:20)E1(t) = �2 ‖S(w⊥)‖2L2(
t)−
 ∫
t w⊥·(W t+(w·∇)W )dx+2!
 ∫
t(e3×w⊥)·W dx+�
2 ∫
t S(w⊥) · S(W )dx+ 
 ∫
t(w⊥ · ∇)w′ ·W dx − 
J ; (5:21)where J is the surfa
e integral in (5.18).We pass to the estimates of E and E1. At �rst we 
onsider the integral J .It 
an be written in the form
J = −

∫

G�(t) (M + ! 3∑j=1 gj(t)�3(x) · �j(x) + 12 |w′|2)∣∣∣x=e�̂−1 (z)f1dSzwhere f1 =W ·n|x=e�̂(z)|L̂T (z; �̂)N �(z)|:We introdu
e the matrix S0 = (S0jk)j;k=1;2;3with the elements S0jk = ∫

G�(t) �j(x) · �k(x)dx:In view of (5.4), S0�3 and S03� vanish, S033 = ∫
G� |x′|2dx and the matrix (S0��)�;�=1;2is positive de�nite. We make use of the relationM + ! 3∑j=1 gj(t)�3(x) · �j(x) + 12 |w′|2∣∣∣x=e�̂(z)= −B0(z)�̂(z; t) + ! 3∑k;j=1Sjk0 dk(t)�3(z) · �j(z) +M ′; (5:22)where B0(z) = b0(z)�̂− � ∫

G� �̂(�; t)dS|z − �)| ;dk(t) = −! ∫

G� �̂(z; t)�3(z) · �k(z)dS;M ′ = !2|N ′(z; t)|2�̂2(z; t) + � ∫ 10 (1− s)�2Us�s2 ds+ 12 |w′|2+! 3∑j;k=1(Sjk(t)Ik(t)− Sjk0 (t)dk(t))�3(z) · �j(z)+ 3∑j;k=1Sjk(t)Ik(t))(�3(x) · �j(x) − �3(z) · �j(z)); x = e�̂(z) (5:23)32



is the sum of nonlinear terms with respe
t to �̂ in (5.22). LetB(z)�̂(z; t) = B0(z)�̂(z; t)− !S330 d3(t)|�3(z)|2= B0(z)�̂(z; t) + !2|z′|2∫
G� |� ′|2dS ∫

G� �̂(�; t)|� ′|2dS;B1(z)�̂(z; t) = B0(z)�̂(z; t)− ! 3∑k;j=1Sjk0 dk(t)�3(z) · �j(z)= B(z)�̂(z; t) + !2 2∑�;�=1S��0 z�z3 ∫

G� �̂(�; t)���3dS;
B1�̂ = PB1P �̂+ 4∑k=1'k(z) ∫G� �̂(�; t)'k(�)dS;where P is the proje
tion on the subspa
e of L2(G�) orthogonal to the fun
tions'k, i.e., to (1; z1; z2; z3; h�(t)(z)) de�ned on G�: The quadrati
 form ∫

G� �B�dS ofthe operator B 
oin
ides with the form (1.4), hen
e, for � satisfying (1.7), (1.8)we have ∫
G� B1(�)�dS ≥ 
‖�‖2L2(G�): It follows that ∫

G� �B1(�)dS ≥ 
‖�‖2L2(G�)for arbitrary � ∈ L2(G�): The integral equation
B1f = gof the Fredholm type is uniquely solvable for arbitrary g ∈ L2(G�); moreover,if g = Pg, then the equation B1f = g holds. Finally, if g ∈ W 1=22 (G�), thenf ∈ W 1=22 (G�), and

‖f‖W 1=22 (G�) ≤ 
‖g‖W 1=22 (G�): (5:24)Now we de�ne f1 as the solution of the equation
B1f1 = P (−��)−1P �̂ = P (−��)−1�̂⊥;where �� is the Lapla
e-Beltrami operator on G� (in fa
t, the equation B1f1 =P (−��)−1�̂⊥ is satis�ed). By virtue of (5.24) and (5.9),
‖f1‖W 1=22 (G�) ≤ 
‖(−��)−1�̂⊥‖W 1=22 (G�)
≤ 
‖�̂⊥‖W−1=22 (G�) ≤ 
‖�̂‖W−1=22 (G�):The fun
tion f0(y) = f1(Z(�(t))y; t); y ∈ G0; is a solution of the equationB1(y)f0 = P0(−�0)−1=2�̃⊥; y ∈ G0;where �0 is the Lapla
e-Beltrami operator on G0 and P0 is a proje
tion on thesubspa
e of fun
tions orthogonal to (1; y1; y2; y3; h0(y)). Hen
e

‖�̃‖W−1=22 (G0) = ‖�̂‖W−1=22 (G�):33



We setW ·n∣∣∣x=e�̂(z) = f1(z)|L̂T (z; �̂)N �|−1. By the de�nition of the oper-ator B1,
−J ′ ≡

∫

G�(t) (B0(z)�̂(z; t)− ! 3∑j=1 Sjk0 dk(t)�3(z) · �j(z))f1(z; t)dS= ∫

G� B1(z)�̂f1(z; t)dS = ∫

G� �̂B1f1dS = ∫

G� �̂⊥(−��)−1�̂⊥dS ≥ 
‖�̂‖2W−1=22 (G�):Now we 
onsider the 
ontribution of the nonlinear terms (5.23) into −J ,i.e., the integral
−J ′′ = ∫

G� M ′f1(z; t)dS:We have
∣∣∣
∫

G� |N ′(z)|2�̂2(z; t)f1(z; t)dS∣∣∣ ≤ ‖�̂‖W−1=22 (G�)‖|N ′(z)|2�̂f1‖W 1=22 (G�)
≤ 
Æ‖�‖W−1=22 (G�)‖f1‖W 1=22 (G�) ≤ 
Æ‖�̂‖2W−1=22 (G�);From the formula (2.9) in [14℄ it follows that (5.3) 
an be written in the formIk(t) = −! ∫ 10 ds ∫

G� �̂(z; t)�3(es�̂(z)) · �k(es�̂(z))�(s�̂)dS;whi
h impliesIk(t)−dk(t) = −! ∫ 10 ds ∫

G� �̂(z; t)(�3(es�̂(z))·�k(es�̂(z))�(s�̂)−�3(z)·�k(z))dS;
|dk(t)|+ |Ik(t)| ≤ 
‖�̂‖W−1=22 (G�);
|Ik(t)− dk(t)| ≤ 
Æ‖�̂‖W−1=22 (G�):For the estimate of Sjk(t)− Sjk0 (t) we use the relations S−1 −S−10 = S−10 (S0 −

S)S−1 andSjk(t)−S0jk = ∫ 10 ds ∫

G� �̂(z; t)(�j(es�̂(z)) ·�k(es�̂(z))�(s�̂)−�j(z) ·�k(z))dS:It follows that
|Sjk(t)− S0jk | ≤ 
Æ‖�‖W−1=22 (G�): (5:25)From the above inequalities it is easy to 
on
lude that

∣∣∣
∫

G� (12 |w′2|+ ! 3∑j;k=1(SjkIk − Sjk0 dk(t))�3(z) · �j)(z)34



+ 3∑j;k=1SjkIk(t)(�3(es�̂(z)) · �k(es�̂(z))− �3(z) · �k(z))f1(z; t)dS∣∣∣

≤ 
Æ‖�̂‖2W−1=22 (G�):Finally, by Proposition 5.2,
∣∣∣
∫ 10 (1− s)ds ∫

G� �2Us�s2 f1dS∣∣∣ ≤ 
Æ‖�̂‖2W−1=22 (G�):Putting all the estimates together we see that for small Æ
−
J ≥ 

‖�̂‖2W−1=22 (G�) = 

‖�̃‖2W−1=22 (G0):We pass to the estimates of the volume integrals in (5.21). By Proposition5.1, ∣∣∣

∫
t w⊥ ·W tdx∣∣∣ ≤ 
‖w⊥‖L2(
t)(‖f0‖W 1=22 (G0) + ‖f0t‖L2(G))
≤ 
‖w⊥‖L2(
t)(‖�̃‖W−1=22 (G0) + ‖�̃t‖L2(G));and sin
e

‖�̃t‖L2(G0) ≤ 
‖w‖L2(�t) ≤ 
‖w⊥‖L2(�t) + 
 3∑k=1 |Ik(t)|
≤ 
(‖w⊥‖W (2
t) + ‖�̃‖W−1=22 (G0));we have
∣∣∣ ∫
t w⊥ ·W tdx∣∣∣ ≤ 

‖w⊥‖W 12 (
t)(‖w⊥‖W 12 (
t) + ‖�̃‖W−1=22 (G0)):In view of Proposition 5.1, other integrals in (5.21) do not ex
eed

‖w⊥‖W 12 (
t)‖f0‖W 1=22 (G0) ≤ 

‖w⊥‖W 12 (
t)‖�̃‖W−1=22 (G0) = 

‖w⊥‖W 12 (
t)‖�̂‖W−1=22 (G�);whi
h allows us to 
on
lude, taking the Korn inequality into a

ount, that forsmall 
 E1(t) ≥ 
(�‖w⊥‖W 12 (
t) + 
‖�̂‖W−1=22 (G�)):As for E(t), this fun
tion satis�es (also for small 
) the inequality
1(‖w⊥‖2L2(
t) + ‖�̂‖2L2(G�)) ≤ E(t) ≤ 
2(‖w⊥‖2L2(
t) + ‖�̂‖2L2(G�)):that is a 
onsequen
e of the estimate
3‖�̃‖2L2(G0) = 
1‖�̂‖2L2(G�) ≤ R−R0 ≤ 
4‖�̂‖2L2(G)� = 
2‖�̃‖2L2(G0)35



(see the remark at the end of Se
.1). When we integrate (5.19), we arrive at(3.25). Thus Theorem 3.4 is proved.Referen
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