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Annoramusa

Bcee 3-pasmesnsionime MHOXKeCTBA TPEXCBA3HOTO rpada paszdmBaioTcsa Ha
CPABHHUTEIHHO HEOOJIBIIIE I'PYIIIBI C IIPOCTO OIMCBIBAEMOl CTPYKTYPOii, Ha-
3bIBaeMble KOMILIEKCAMH. B crarbe jaercsd mojpobHOe oImcanue BCEX pac-
CMaTPHBAEMbIX KOMILJIEKCOB U WX CBOWCTB. TakzKe MPU MOMOIIH TEOPEMbI
0 pasbuennn (cM. |2]) JOKa3BIBAETCSI, UTO HA MHOXKECTBE BCEX KOMILIEKCOB
MOXKHO €CTEeCTBEHHBIM 00pa30M BBECTH CTPYKTYPY THIEpIEpeBa, JAOILy0
IOJIHOE OIIMCAHUE B3aUMHOI'O PACIOJIOKEHUS KOMILJIEKCOB.

*UccmenoBannsi BRIIOIHEHS [IPU HOAEPXKKE TPOTPaAMMbI (DYHIAMEHTAIbHBIX UCCIIEI0-
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BBenenue

Crpykrypa pasbueHus CBA3HOrO rpada ero ToYKaMu COWwIeHeHus (TO eCTh,
BEPIIMHAME, VJIaJIeHHe KOTOPBIX JielaeT rpad HECBI3HBIM) MIHPOKO M3BECT-
Ha [4, 5|. B 1966 roaqy W.T. Tutte [9] onucan cTpyKTypy B3aHMHOIO PaCIo-
JIO2KECHN A JIBYXBEPHIMHHBIX Pa3/1e/IAI0IINX MHOXKECTB B JIBYCBA3HOM Fpa(be u
[IOKa3aJI, YTO OHA MMEET MHOTO ODIIEro co CTPYKTYpPOil Touek codienenus. B
pabote [2] MbI pazpaboTajin HOBBI METOJ] U3y YeHUs CTPYKTYTYPbI B3AUMHOTO
pacIoJIOXKeHns k-BEPIIUHHBIX PA3J/Ie/ISIONNX MHOXKECTB k-CBA3HOTO rpada —
Teopemy o pazbmennn. C ee MOMOIIBIO MOJIYYIEH PsiJi PE3YIbTATOB I CIIy-
yasg Mpou3BOJbHOrO k. B KadecTBe myumocTpanuu padOTHI HAIIErO MeTOJIa
B KOHIle paboThl [2| MPUBEIEHO JOCTATOYHO HAIVISIIHOE U IIPOCTOE ONUCAHKE
CTPYKTYPHI JIBYXBEPITUHHBIX Pa3IE/ISIONINX MHOKECTB B JIBYCBA3HOM Tpade.

Hacrosimast paboTta mosicBsiiiena n3y4eHno CTPYKTYPbl B3AUMHOI'O PACIIO-
JIOXKEHUST TPEXBEPIITUHHBIX PA3/IEJISIONINX MHOKECTB (BEPIIUHHO) TPEXCBI3-
Horo rpada. Mbl OyeM HCII0/Ib30BaTh TEOPEMY O pa3d0UeHnn U B pe3yJibTare
IIOJIyYUM OIMCAaHWE, MOXOXKee Ha aHAJIOTMYHYIO CTPYKTYDPY JJId JBYCBA3ZHOTO

rpada |9, 2|.

1 OcHOBHBIE IOHATUIA

Beromy B macroseir pabore 1oy rpadgoM OygaeT TMOHMMATHCSA KOHEYIHDIN
HEOPUEHTUPOBAHHBINA Tpad 6e3 meTesib U KpaTHbIX pebep.

Ha mnporsizkenun Bceit paboThl MBI Oy/IeM IOJIb30BATHCS CJIELYOITUMI
ornpejiesieHusIME 1 0bo3HadeHustME. MHOKecTBa Bepiua u pebep rpacda G
Oynem obozradarh depe3 V(G) u E(G) coorsercrBerHo. CrereHb BEPITUHBL
v B rpade G Mbl OyzieM 0603HaYaTh Yepes dg(v).

MpI OyjieM Ha3bIBATD J[BE BEPIIUHBI I'Pada CBI3aHHBIME, €CJIU CYIIECTBYET
yTh Mex 1y HuMU. 1oy KOMIIOHEHTOH CBA3HOCTH I'pada B pabore 1mojgpasy-
MEBAETCS MAKCUMAJIBHOE 1T0 BKJIIOUEHHIO MHOYKECTBO €ro MOMapHO CBA3AHHBIX
BEPIIIVH.

I'pad G HasbBaercs k-cea3HbiM, €CJIN OH COIEPKUAT KaK MUHUMYM k + 1
BEPIIMHY, ¥ COXPAHSIET CBI3HOCTH NpHU yjajeHun jodbix k — 1 Bepmmu. B
YaCTHOCTH, IpU k = 2 Takoii rpad Ha3bIBaeTCs JIBYCBI3HBIM, a 1pu k = 3 —
TPEXCBSA3HBIM.

Mg mroboro muokectBa pebep E C E(G) Mbl, Kak 00bIYHO, OyeM 060~
sHadarh depe3 G — E rpad, nmosydenusiit u3 G B pe3ysbrare yaaaeHus pebep
muo)kectBa F. st e € E(G) nonoxkum G — e = G — {e}.

st smo6oro muoxkectsa BeprimH V' C V(G) Mbr Oyziem 0603HAYATH depes3
G—V rpad, noyuennsiit u3 G B pe3yJsbraTe yaleHus BEPIITHH MHOYXKeCTBa, V/



U BCeX MHIMJAEHTHBIX UM pebep. s v € V(G) nonoxknm G — v=G — {v}.

Mg mroboro muoxkectsa M C V(G)U E(G) Mbt 6yiem o603HAYATH depes
G — M rpad, nonyduennniit u3 G B pe3yJsibTare yAaJleHus BEPIIUH U pedep
MHOKecTBa M 1 Bcex pebep, MHIMIEHTHBIX BepIMHaM MHOKecTBa M.

Bo Bceit pabore nycrs G — tpexcasubiii rpad, npudem |V (G)| > 6.

MuoxkecrBo S C V(G) maswiBaercs pasdeasroujum, eciu rpabd G — S
HecBsizeH. CeMeificTBO Bcex pasfessionmx MHOXKeCTB rpada G Mbl Oyjaem
o6o3nauarh depe3 R(G), a ceMeRcTBO BCEX €ro 3-BEePITHHHBIX PA3/IeJISIONIIX
MHOXKeCTB (MBI Oy/IeM Ha3bIBAThH TAKHE MHOXKECTBA 3-pasdesatousumu) Oyaem
oboznavarh depes Rs(G).

Mgt 6y/1eM HCIOIB30BATH TEPMUHOJIOTUIO 13 paboThl |2]. [IpuBesem Hyx-
HBIE HAM OIpeJIe/IeHns U3 9Toil paboThl B BUJIE, YJOOHOM JIJI TPEXCBSI3HOIO

rpada.

Omnpenesienne 1. 1) Ilycrs R, X C V(G). Bynem roBoputh, 9T0 MHOXKe-
crBo R pasdeasem muOXKecTBO X, eciiu He Bce BepumHbl 13 X \ R Jexar B
OJIHOM KOMIIOHeHTe cBa3HOCTH I'pada G — R.

2) Ilycrs U, W C V(G). Bynem rosoputs, 1to MHOXKeCTBO R omdeasem
muOKecTBO U ot muoxkectBa W, ecsiim U ¢ R, W ¢ R u Hukakue JBe
Bepumuibl u € U\ R uw € W\ R He jie’kaT B 0JHOII KOMIIOHEHTE CBSI3HOCTH
rpacda G — R.

B cayuae, korma U = {u}, Mbl Gyjem ropopurb, uto R orjesser Bep-
muny u or MuOXkectBa W. Ecom ke U = {u} u W = {w}, To mbI Gynem
I'OBOPHTB, YTO R OTJie/IsieT BEPIINHY U OT BEPIIMHBI W.

Onpenenenne 2. 1) Bynem naspiBars Mmuoxkectsa S, T € R3(G) nesasucu-
mowmu, ecan S He pasnenser T u T we pazugensier S. B nporusHoM ciiydae,
HA30BEM 3TU MHOXKECTBA 3a6UCUMbLMU.

2) Kaxnomy wabopy & C M3(G) mocraBuM B COOTBETCTBHUE 2paf 3a6uU-
cumocmu Dep(&), BepImHBl KOTOPOro — MHOXkKecTBa Habopa &, a JiBe Bep-
IIMHBI CMEXKHBI TOTJIA M TOJBKO TOIJIA, KO/ COOTBETCTBYIONIME MHOKECTBA
3aBUCUMBI.

Taxum obpazom, Habop & pas3duBaeTcs Ha KOMNOHEHMbL 3A6UCUMOCTNY —
101HAbOPBI, COOTBETCTBYIOIIIE KOMIIOHEHTaM cBsisHOCTH rpada Dep(S).

Herpynno nokaszars, uro eciu T He paznenser S, To S ne pazjenser 1,
TO €CTh, 9T MHOKECTBa HezaBucuMbl (cM. [6, 3]).

Onpenesnienne 3. Ilycrs & C R3(G).

1) Yacmo pazbuenus rpada G nabopom & (mau gacts G-pasduenus) —
9TO MaKCHMaJIbHOE 0 BKJIOUeHnio MHOkecTBO A C V/(G) Takoe, 910 HIKa-
koe MHOKecTBO S € & He pasmensier A. Bynem obosnadars depes Part(S)



MHOKeCTBO Bcex Takux dacreit. Ecin nHabop G cocrouT m3 OgHOTO MHOXKE-
crBa S, To OyieM 0603HAYATH MHOXKECTBO Beex 1dacteil {S'}-pasbuenns depes
Part(9).

2) Beprmnbr wactu A € Part(&), He BXojdIme HU B OJJHO U3 MHOXKECTB
Habopa &, OyseM Ha3bIBATb GHYMPEHHUMU, 8 MHOXKECTBO BCEX TAKUX BEP-
IIH — 6HYymMpernocmuio dactu A, koropyto Oymem obosnadaTh depes Int(A).
Bepmmunabr yactu A, Bxosime B Kakue-mm0o0 MHOKecTBa n3 &, Mbl Oyjiem Ha-
3BIBATH 2PAHUYHDLMU, & MHOXKECTBO BCEX ITUX BEPIINH — 2paHuyet Jactu A
u obo3HauaTh depe3s Bound(A).

3) Hazosem wacts A nycmot, ecim Int(A) = @ u nenycmoti B tpOTHBHOM
caygae. Hazosem gacts A wmanod, ecn |A| < 3 1 nopmaavrot, ecam |A| > 3.

HerpyiHo MOHATE, 4TO jBe pasiaudnble dactu A;, Ay € Part(&) smbo ne
uMeroT obmmux BepmH, gubo Ay N Ay CONEp:KUTCA B OJHOM U3 MHOMKECTB
Habopa &. B |2, Teopema 2| gokasano, uro rpanuma Bound(A) cocrout u3
BCEX BEPINMH 4acTu A, MMEOIMX CMeXKHbIe BEpIIMHBI BHE A U ormesnser
Int(A) or V(G) \ A.

BasKHBIM YaCTHBIM CJIydaeM pasOMeHusl TPeXCBA3HOro rpada Habo-
pPOM  3-pas3jeAoNnX MHOMXKECTB sBJsiercs pasbuenue storo rpada  oj-
HUM 3-pasjessonum  MHoKecTBoM S. IloHaTHO, Wro syist J1E000# wacTu
F € Part(S) ee Buyrpennocts Int(F') ecrb MHOXKECTBO BEPIIHH OJHOI U3
KOMITOHEeHT cBasHocTu rpada G — S. Tak Kak HUKAKOe IIOIMHOKECTBO MHO-
JKecTBa, S He sSIBJIAeTCs pasJesaionuM MHOXKeCTBoM Tpada G, To KaxKjas
BEPIIMHA MHOXKECTBa S JOJKHA OBITh CMEXKHa XOTs Obl ¢ OJHON BEPITMHOMN
u3 Int(F'), 1o ecth, mHAyIMpOBaHHBI ToArpad rpada G Ha MHOXKECTBE Bep-
muH [ cBs3eH.

OrmernMm, 91O Kazkjas BepiiuHa r rpada G cMexkHa XoTsd Obl ¢ OHOM
Japyroii Beprmuoit y. Torjga HUKaKoe MHOMKECTBO He MOMKET DPaseluTh T
U Yy, CJIeJ0BaTebHO, Jisl IIPOU3BOJIbHOrO Habopa & C R3(G) obas dacThb
A € Part(6) comepkur xors ObI JBe BepIIUHBL TakumM oOpasoM, jobas Ma-
JIasl 9acTh COJIEPKUT POBHO J[BE BEPIIHUHBIL.

1.1 3aBucuMble 1 He3aBUCUMbIE pa3aesidrionme MHO2Ke-
CTBa

[ycts S, T € R3(G). [oudarHo, ITO 9TH MHOXKECTBA HE3ABHCHMbI TOTJA U
TOJILKO TOTJA, KOrjia cyiiecTByer 4Yactb F € Part(S), comepkamiast MHO-
xkectBo 1. B pabore [2, jsemma 1| mokasaHo, 9TO ecyim CyIIeCTByeT 9acTh
A € Part(S) rakas, aro Int(A) N T = &, To muOo)kecTBa S U T HE3aBUCHMDL.
Pazbuenne rpada mapoit 3aBUCUMBIX pa3/Ie/IAIONINX MHOYKECTB OIUChIBACTCS
caeAyIoenl JIEeMMOIA.



JIlemma 1 (|2, memma 7]). ITycmo mmoorcecmea S, T € Ri(G) 3asucumot.
Iyemo Part(S) = {F\,...,F,}, a Part(T) = {Hy,...,Hn}. Aasa ecex
ie{l,...,n} uje{l,...,m} ssedem obosnauerus

P=SNT, S=Snt(H;), T,=TnIt(F), Gi;=FnH,.
Tozda
Part({S,T}) = {Gi;}tiequ,...n}, jeft,...m} Bound(G; ;) = PUT; US;,
npuuem T; # & oas ecexi € {1,...,n} u S; # & dan ecex j € {1,...,m}.

YTBep:Kienne JJeMMbI 1 BepHO 71 K-pasie/iaronumx MHOXKECTB K-CBA3HO-
ro rpada mnpu Bcex k. B muTepecytonem Hac ciydae k = 3 u3 Hee MOXKHO
JIETKO BBIBECTH CJjiejiytornue yreepxaenus. (OOo3HauacHUs B CJCICTBUAX T
JKe, 9TO U B JIEMME).

CaencrBue 1. [lyemv mnoorcecmsa S, T € MR3(G) sasucumov. Tozda
ISNT| <1, u xaocdoe us amux mmooicecms deaum G ne boaee, wem na 3
Yacmu.

HokazareabcTBo. Jlerko BujeThb, 4To m,n < 3, MOCKOJbKY BCE MHOXKEe-
crBa T; n S; menycrel. C Ipyroil CTOPOHBI, OYEBUIHO, ITO M, N > 2, CJle/io-
BaresbHo, |P| < 1. O

CaencrBue 2. Ecau SNT = &, mo 6 Part({S,T}) ecmv xoms 6w odna
manas wacmo. Hpuvem |G; ;| = 2 mozda uw moavko mozda, xozda |T;| = |S;| =
1. Jhobas manan wacmo G;; € Part({S,T}), cocmoum u3 deyx cmeorcrox
6EPULUN, KOMOPIE MOAHCHO 0003HAYUMD U U U mak, wmo u € S uv € T.
Boaee mozo, v — eduncmeennas sepwuna wacmu Hj, cmeorcnan c u, a u —
eduncmeennan sepuiura wacmu F;, cmeorcnan c v.

HoxkazarenbcrBo. Ilockombky |17+ |Th] < 3, KaK MHHUMYM OJJHO U3 MHO-
kectB 1) nnu Ty cocTouT poOBHO M3 OJHOI BepinHbl. He ymasisis oOmHOCTH
MOXKHO CIMTATh, 9TO 5T0 17. AHAJIOTHYHO MBI MOXKEM CUUTaTh, 9To |S1| = 1.
Torpa |Bound(G14)| = |Th U Si| = 2. Caenosarenbho, Int(Gy1) = @ u
|G11| = 2. Amanorutuno, Masoit siBisercs Jjiobas dacTb G j, s KOTOPOi
T =I5, = 1.

IIycrs |G; j| = 2. OueBunno, aro torma |T;| = |S;| = 1u G;; = {u, v}, rae
T; = {u}, S; = {v}. llockonbky u € T, BepiiuHa U JO/KHA OBITH CMEXKHA
x0T OBl ¢ O/IHOII BHyTpenHeii Bepimnoil yactu H;. C npyroil cTopoHsI, Tak
kak u € Int(F}), BeprmmHa u MOXKeT ObITh CMeYKHA TOJIBKO C BEPITHHAMU Ya-
cru F;. Kpome toro, F; N H; = G;; = {u, v}, ciiegoBarenbo, eNHCTBEHHOI



BepMHOi yacTu Hj, KoTopasi MOKeT ObITh CMeXKHa C U, Abjsdercsd v. Takum
00pas30oM, BepHINHBL U U ¥ CMEXKHBI U ¥ — eJIMHCTBEeHHad BepliuHa JacTu Hj,
CMeXKHasl C U. AHAJIOIMYHO, U — eIUHCTBEHHAS BEPIIUHA 9acTu Fj, cMexKHasT
cuv. 0

Caencteue 3. Ecau |[SNT| =1, mom =n = 2 u 6 Part({S,T}) nem
maavir wacmet. Kpome moeo, abas nycmas wacmo {.S, T} -pasbuerus epa-
da G cocmoum poeHo U3 Mpexr ePULUH, KOMOPHLE MONHCHO 0603HAMUMD U, U
up mak, wmou € S\ T, v € T\S u P = {p}, npuvem sepwurv, u u v
CMEDICHDL.

HokazareabcTBo. [lockosibky Bce muoxkectBa 17, T, S, So, P HemycThl,
Mbl nostydaeM, uro m = n = 2 u |T1| = |Ty| = |Si| = |S2| = |P| = 1. Jlobas
qacTb (7, j JOJZKHA COAEPKATH BepIINHBI MHOXKecTB 1;, S; u P, T0 ecTb Kak
MUHMMYM 3 BepinuHbl. TakuMm o6pasoM, MasbIX dacTeii Her.

Ecmu Int(G; ;) = @, 10 G; ; = Bound(G, ;) = T;US;UP. CenosareybHo,
|Gi ;| = 3. lycrs T; = {u}, S; = {v}, P = {p}. Torna G,; = {u,v,p}. To,
YTO BEPIIMHBI U U U CMEKHBI JIOKA3bIBACTCS TaK K€, KaK U B cieiAcTBun 2. [

Sameuanne 1. Mbl MOXKeM WCK/IIOYHTH W3 PACCMOTDEHUsS — CJIydail
m = n = 3, HOCKOJIbKY B 31oM ciydae P = @ u [Ty = |Ty| = |T3] = |51] =
|S2| = |S3] = 1. Torma Bce wactu {S, T }-pasbuenns, O4eBHHO, SABJISAIOT-
cst MasibiMu. TO ecTh HUKAKUX JPYIUX BEPIIUH, KPOME BEDPIIUH MHOXKECTB S
u T, B rpade G wver. Ho torya |G| = 6, a, Kak ObUIO yKa3aHO B HAYaJe CTa-
ThH, Takue rpadsl Mbl paccMarpuBarh He OyneM. (Herpynuo 3amernts, 9ro
B 9TOM cirydae rpad G usomopden Ki;.)

JIemma 2. ITycmo wmmoorcecmea S, T € R3(G) u wacmu Ay, ..., A, €
Part(T) maxoso, wmo S NInt(A;)) = @ npu i € {1,...,k}. Toeda mmo-
oicecmeo S ne pazdeasem A = UF_ | A;.

okazareabcTBO. HeTpy/HO MOHSTH, 9TO BEPIINHBI KAZKI0TO 13 MHOYKECTB
Int(A),...,Int(Ax) cBazaubl B G — S, U ¢ KayKJIbIM U3 HHX CBSA3aHBI BCE
BepinHbl Herrycroro Muoxkects 1\ S. CrenoBaresnbho, S He paznenser A. [

2 OcHoBHBIE CTPYKTYPbI

B sroMm pasjesie Mbl OIHUIIIEM OCHOBHBIE CTPYKTYPbI, KOTOPhIE MOT'YT 00Pa30-
BbIBAThb 3aBUCHUMBIE PA3/IeJIAIOIINe MHOXKECTBA, U JOKaXKeM UX IIPOCTeuImne
CBOHCTBA.



2.1 Pomamkm B TpexcBaA3HOM rpade

Pacemorpum wabop F' = (p;qu, ..., qn) Bepuma rpada G (m > 4), B Ko-
TOPOM BEPIIUHBL (1, . . ., ¢y, CUATAIOTCA UUKAUMECKU YNopadouerHbvimu. Mbl
Oy/eM CYUTaTh, YTO HUKIMYECKas IePecTaHOBKAa MHOXKECTBA (q,. .., (, He
MensteT Habopa F'. Beemem obosmavenue Q;; = {¢i, q;,p}. Ilycts R(F) —
HabOP, COCTOAMMNII N3 MHOXKECTB (); j /Ul BCEX Iap Pa3JIMIHBIX HECOCETHIX
B IUKJIMYECKOM IOPSsIJIKE UHJIEKCOB ¢ U 7.

Onpenenienne 4. Habop F = (p;qi, ..., ¢yn) OyJeM HasbBaTh pomawkol,
ecam cymiecTByer Takoil nabop & C R(F'), uro pasbuenue Part(&) cocront
u3 m qacreit Gia, Gag, ..., Gy, tpudeMm Bound(G;41) = @ i41. Bepimn-
HY p MbI OyJIeM HA3bIBATH UEHMPOM, & BEPIIUHBL (1, . . ., ¢y — AENECTKAMU
sroit pomarmku. Muoxecrso V(F) = {p,q1,...,qm} HA30BEM MHOMHCECTIEOM
sepwun pomamku F. Bee muOKecTBa Q) j = {¢;, q;, p} MBI Oy/eM Ha3bIBATD
MHO2HCECMBaAMU poMawky F.
Bynewm rosoputs, uro nabop G nopootcdaem pomariky F'.

Beenennbie Bbilie obo3HadeHns OyJeM CUYATATh CTAHJIAPTHBIME JIJIS PO-
MaIku. JlemecTku poMallnku Beerja OyaeM yKa3biBaTh B IUKINIECKOM II0-
pSAJIKE M PACCMATPUBAThL MX MHIEKCHI, KAK BBIYETHI 110 MOJLYJIIO KOJIMIECTBA
JenecTkoB. Beenem obosnavenne G;; = ui’;ﬁ Gy zi1 (MHIEKC T mpoOberaer
3HAYEHNS OT ¢ /10 j— 1 B MUKJIMIecKOM Tops/ike). Mer cauraem, aro G, , = .

B pab6ore |2, semma 9| jokazaHo, uro rpad 3aBucuMOCTH JHOGOrO Ha-
bopa k-pas3aediomnx MHOYKECTB, IOPOXKIAIOIero pOMAIIKY, cBsa3eH. Takxke
B pabore [2] gokazano (cM. Teopemy 6 M CIEJACTBHS U3 Hee), 9TO MHOXKE-
crBo (Q;; ortmenster G;; or Gj;, a mpu j & {i,i + 1,1 — 1}, Gosee Toro,
Part(Qi ;) = {Gi;, Gjat-

MnoxkecrBa (12,Q23, ..., Qm,1 MBI OyleM Ha3bIBATb 2PaHUYAMU, 2
OCTaJIbHble MHOXKECTBa () ; — GHYMPEHHUMU MHOIHCECTNEaMY POMAITKH [
s sio6oro ¢ Bermosasiercst Gy € Part(Q;i41), a Gy 41 €cTb 00beuHeHne
BCeX OTIMYHBIX 0T ;11 dacreii Part(Q;11).

Omupenenmm pasouenne rpada pomarikoit F' kak MHOxKecTBO Part(F') =
{G12,Gag3,...,Gp1}. OueBuaHO, 9TO HU OJNHA U3 STHX YACTEH HE MOXKET
OBITH MAaJION.

Jlemma 3. Ilycmv nabop & nopoorcdaem pomawry F. Tozda nepecevwenue
mHoxcecms nabopa S cocmoum u3 eQUHCMBEHHOT BEPUUHBL — UEHMPL PO-
mawry F'.

okazareabcTBo. IlycThb
F={piq, - an}, &={S,....,5}, P=n.5S:.
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U3z & C R(F) ouesunno, uro P > p. Eciim P # {p}, ro P comep:xur oaux
U3 JIenecTKOB pomaniku, nyctb P S ¢;. Torga Bee wactu Part(G) = Part(F)
cogepkar ¢;. OHaKo, MHOKeCTBO BepitiH (i1 ;-1 # ¢; ABIAETC 00be nHe-
HueM HecKoJIbKUX vacreii P(F). [IporuBopeune, 3aBepinaoniee J0Ka3aTeb-
CTBO JIEMMBI. ]

Sameyanue 2. 1) Ecin qacts G ;41 1ycTa, TO O OMUCAHHON BBIIIE CTPYK-
Type POMAIIKK U CJIeJICTBUIO 3 BEPIIUHBI ¢; U ;11 CMEXKHBI.

2) Ecinr 0o6e wactt G_1; u G 41 MyCTBI, TO BEPIINHA ¢; CMEXKHA B IDa-
de G ¢ BepmuHAME P, ;_1, @i+1 U TOJTHKO C HUMH.

3) Ecom muoxkecrBa S = {a,u,v},T = {a,z,y} € R3(G) 3aBucumsl, TO
C TIOMOIIIBIO JIEMMBI 1 U CJIeJICTBUSA 3 HETPY/IHO MOHSTH, UYTO TU JIBA MHOXKE-
cTBa 00pa3yIoT POMAIIKY C EHTPOM @ U JIEHeCTKAMU U, T, ¥, Y (CJIeyomnmmu
MMEHHO B TAKOM IUKJINIECKOM TIOPSIJIKE).

Oy u Ty 2Ke poMartky F MOryT MOpoxKIaTh PadHble HADOPHI 3-pasieis-
IONIUX MHOYKECTB, OJJHAKO, KaK JIOKAa3aHo B [2, Teopema 7| Bce Takue HAGOPHI
pasbusator rpad ojuHakoBo — Ha yactu u3 Part(F). Bosee Toro, B ykazan-
HOIT TeopeMme Jl0Ka3aHO, uTo ecyu JBa Habopa &, T € Ry (G) nopoxkmaor
POMaIlK1 C OAMHAKOBBIM IIEHTPOM M OJAMHAKOBBIMH MHOXKECTBaMH JICIIECT-
KOB, TO 93T pOMalIKM COBIIaJdaiOT (TO €CTh NUKJIMYEeCKHE ITOPAIKU JICIIECTKOB
B 9TUX POMAIIKAX OJINHAKOBDI).

Ha pucynke nzobpazkeno pazouenue rpada pOMAIIKOI ¢ BOCEMbIO JIeIecT-
KaMH.

q2 q4

q1 D q5

qs (3]

Takum obpa3om, poMallika B TPEXCBA3HOM rpade HaloMuHaeT “KoJeco’,
0T KOTOPOTO, coriacHo pabore [8], “mponsorin” Bce TpexcBs3Hble Tpadbl.

Kpome 5Toro HaMm moHa00uTCs CIEAYIONast TeopeMa, TaKKe JOKa3aHHast
B pabore [2].

Teopema 1 (|2, Teopema 8|). Jlaa mobozo nabopa pasdessrouyur mroscecme
S C R3(G) caedyrowue dsa ymeeporcdenus pasHOCUADHDL.
1° Kaorcdas wacmo Part(&) codeporcum zomasa 6w mpu eepuiumoL.
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2° Kaotcdasa womnonerma sasucumocmu wabopa S aubo cocmoum poeHo
u3 00H020 MHOIHCECTNBA, AUOO 00PA3YEM POMAWKY.

CaencrBue 4. Ecau epad 3asucumocmu nabopa {S1,Ss, ..., Sy} C Rs(G)
ceasen u N, S; # &, mo amom Habop NoporcIaem PoOMAULKY.

JokazareabcTBo. OdUeBHIHO, MOXKHO TaK IEPEHyMepOBaTh MHOYKECTBA, Ha-
mero Habopa, uro s Jroboro ¢ € {1,...,n} rpad 3aBucumocru HAOGOpA
Sy = {951,52,...,S¢} cazen. Hokaxkem unykueit mo ¢, aro nabop S, 06-
pazyer pomaiky. baza g £ = 2 oueBuHa U3 3aMeTaHUA 2.

Hoxkaxkem nepexos ot £ K ¢ + 1. Ilycrs nabop &, nmopoxkjgaer poMaril-
Ky F'= (p;q1,--.,qm). Ecim Spyq He pasbusaer uHu oxHy u3 vyacreii Part(F'),
to Part(Syyq) = Part(F). B srom pasbuenun oueBHHO HET MaJbIX dacTeil
u 110 TeopemMe 1 mepexo| JoKa3aH.

[Iycts Spyq pasbuBaer oxmy u3 vacreii Part(F). Kak ciemyer u3 3ame-
JaHUs 2, MHOYKECTBO Sy He MOXKeT pas3duBaTh HU OJIHYy U3 IMYCTHIX Ya-
creit Part(F). Ilycrs Spi; pasbusaer memycryio dacts Gj 1. Torma Spiq
zapucuMo ¢ Q1. 1lo jemme 3 mbl umeem NS S; = {p}, cienosaresnbho,
Ser1 D p. Temepp u3 3aBUCHMOCTH MHOXKECTB Spi; U ()41 CIIEIyeT, UTO
Se+1 N Qiiv1 = {p}, nepeceuerne Syq N Int(G; ;1) cocront u3 oxmHoit Bep-
IINHBI T, & BEPIIUHBI ¢; U ¢;4+1 JIeXKaT B pas3Hbix dacTax Part(Sy.1). Torma mo
aemme 1 muOXKecTBO Spi1 pasbusaer yactb G,y Ha JBe YaCTH C IPaHUIA-
mut {q;,p,x} u {gis1,p, x}. Kpome Toro, no ciencrsuto 3, obe 9Tu dactu He
sIBJIsTIoTCs MasibiMu. Takum obpasom, B Part(&yy 1) HeT Masibix gacreil u mo
teopeme 1 aroT HabOp oOpaszyer pomarliky. [lepexos j1oka3aH. O

Onpenenenne 5. Byiem rosopurs, uro pomamka F codepotcum pomari-
Ky [, ecrm y mux obmmit nenrp n V(F') C V/(F). Hasosem pomamky F
MAKCUMAADHOU, €CITM OHA HE COACPXKUTCA HU B KAKOU JAPYTON pOMAIIIKe.

JIemma 4. ITyemov F = (p;qu,y ... Gm) — Makcumasvnas pomawra. Tozda
BOINONHAIOMCA CACOYIOULUE YMBEPHCOCHUS.

1) He cywecmeyem mmoorcecmea T € R3(G) \ R(F'), codeporcawsezo p u
3a6UCUMO20 TOMA Ol ¢ 00HUM U3 MHOHCECTNE POMaWKU F.

2) Mas mobott sepwunve v € Int(G;iq1) cywecmeyem nymo u3 g;
6 Gir1, HE NPOTodawull “epes v, SHYMPEHHUE BEPULUHBL KOMOPO2O AEHCATN,
6 Int(Gjit1)-

HokaszarenbcrBo. 1) [Ipeanonoxum nporusaoe. Muox)ecTBO S, 3aBUCHMOE
C OJHUM H3 MHOXKECTB POMallKN F, 06H3aTeﬂbHO 3aBUCUMO N C KaKHUM-TO
muo)kecTBoM Habopa R(F'). To ects rpad 3aBucumoctn vHabopa & = R(F)U
{S} cBazen. Kpome Toro, Bce MHOZKECTBaA 3TOr0 HAGOPa COJEPKAT BEPIIUHY P.
Toryia 1o ciezicrBuio 4 cymecrByer pomanika F’ takas, aro R(F') D &.
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OuesnHo, F' copepzxut F, mpudeM 3T poMalliku pa3jindHbl. [IporuBopedne
€ MaKCHUMAaJIbHOCTHIO F'.

2) Ilpeamonoxkum mpoTuBHOE. B 9TOM cityvae HECTIOKHO HOHATD, ITO MHO-
keetBo T = {v,p, ¢i42} pasuensier ¢; u ¢y, TO €CTh, SIBJISIETCS PA3JIETIAIO-
UM U 3aBUCUMBIM C (); ;11. [IporuBopeune ¢ mynkrom 1. O

Bameuanune 3. 1) Ilo mabopy PR(F') HETpYJHO BOCCTAHOBUTH IIEHTD W Jie-
ecTKu pomariku F'.

2) HerpynHo nonsTh, 9ro poMmarika F' comepxkur pomariky F' torja u
TOJILKO TOrza, Korma R(F) C R(F).

3) U3 nynkra 1 geMMbl 4 JIErKO CJIe/lyer, 9To KaxKJas POMAIIKa CO/ep-
JKUATCS B €IMHCTBEHHONW MaKCUMAaJIbHOI.

2.2 BepmuHaHO-pebepHbIe pa3pe3bl

Omnpenesienne 6. 1) Hasosem muoxectBo M € V(G) U E(G) pasdeasio-
wum, ecim rpad G — M uecBszen. O4eBUIIHO, YTO KayKJ0€ pasJIelisioliee
MHOKECTBO TPEXCBAZHOTO Ipada JO0JIZKHO COJEPKATL He MEHee TPeX 3JIeMEH-
toB. O6o3naunm uepe3 M;(G) (rae i € {0,1,2,3}) cemeiicTso, cocrosinee u3
BCEX PasJIesIsSoNINX MHOXKECTB, COJIepXKalliux ¢ pedep m 3 — ¢ BepIIuH I'pa-
da G. Mycers M(G) = UL, M(G), MT(G) = M(G) UMy(G). Ormernm,
aro My(G) = Rs3(G).

MuoxkecrBa u3 cemeitcrea M (G) Mbl OyjieM TakzxkKe Ha3bIBATDH GEPULUH-
Ho-pebephbimy paspedamu (U mpocto paspezamu) rpada G.

2) Ilycre M, N € IM*(G). Ecin MuO)KecTBO N COIEPIKUT BCE BEPIIUHBI
MHOXKecTBa M 1 juta Kaxkaoro pebpa e € M cojpep:ut jaudo e, Jmbo oIuH 13
ero KOHIIOB, TO OyjeM 1oBopuTh, uro M codeporcum N (i N codeporcumesn
B M).

Eciu paspes M € 9(G) He comepKUTcs HE B OJHOM JIPYTOM paspese
u3 M(G), HAB0BEM €10 MAKCUMANLHBLM.

Byzem rosoputh, uro muoxkectBo M € IMMT(G) MoxHO donoarnums ped-
poM ab, eciin ipu 3aMeHe BepIiuHbl a € M Ha pebpo ab moJsydaercsa paspes

u3 M(G).

OTMeTI/IM, YTO pal3pe3 ABJIAdeTCA MaKCUMaJIbHBIM TOI'/la W TOJIBKO TOTI'/1a,
KOr'la €ro HeJib34d JOIIOJITHUTD.

Sameuanue 4. 1) Hukakas sepmuna paspesa M € M(G) me mMoxker OBITH
UHITUJIEHTHA HUKAKOMY pebpy u3 M.

2) Ecn nsa pebpa paspesa M € 9M(G) umeror obmumit KOHEI[ T, TO T
SABJIIETCSI €IMHCTBEHHON BEPIMHONW OJHOM M3 KOMIIOHEHT CBA3HOCTHU T'pada
G — M. JleiicTBuTe/IbHO, B TPOTUBHOM CJIydae 3aMeHuB B paspese M stu qBa
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pebpa BepUIMHOM & MBI IOJIYYUM Pas3Iesiolniee MHOKECTBO U3 JABYX 3JIeMEeH-
TOB, YTO IIPOTUBOPEYUT TPeXCBA3HOCTU (.

3) Paspes M € M(G) Mbl MOkeM paccMaTpuBaTh Kak mHoarpad rpa-
dba G (cocrosmuii U3 HECKOJBKUX U30JUPOBAHHBIX BEPIIUH M HECKOJBKIX
pebep, b0 He UMEIHX OOIUX KOHIIOB, JIMOO MMEIOIINX POBHO OJIUH 00-
it komerr). Yepes V(M) mbl Gymem 0003HAYMATH MHOKECTBO BEPIINH 9TOIO
nosirpada.

[Iycrs paspes M € IM(G) comepkur pebpo xqxy. HeTpynHo HOHATH, 9TO
rorjga Bepmubbl rpadga G — M pacmagaioTcd PoBHO Ha, JIBe KOMIIOHEHTHI
CBSI3BHOCTH, OJIHA U3 KOTOPBIX COJAEPXKUT BEPIIMHY X1, & JApyras — Ts.

Omnpenenenne 7. [lycrs 129 € M € 9M(G) u Bepmmnsbl rpada G — M
pacraaroTcs Ha KOMIIOHEHTHI cBsisHocTu Hy u Hy takue, uro x; € V(H;)
u zo € V(Hs). Torna Beegem obosnauenus GM = V(G)\ V(Hs_;) u TM =
GMNV(M), raei € {1,2}.

Muoxkecrsa GV u GY mu1 Gynem maswiBarh wacmamu M-pasbuenus u
ucnoyib3oBath oboznavenue Part(M) = {GM GM}. Buympennocmuvio va-
cru GM (tne i € {1,2}) mbl 6y1em nasbiBaTh MHOKecTBO Int(GM) = GM\TM
a OKPECTHOCTBIO 3Toit uacTu — MHoxkecTBo Nb(GM) = GM UV (M). Muoxe-
cra TM u TM mb GyneM HasbBaTh 2panuyamu paspesa M.

Mg moboro paspesa M € 9M(G) Mbl Oyiem UCHONB30BATH BBEJIECHHBIE
obo3HaveHUs, a Kaxk/10e BXojdiiee B M pedpo 3aluchbiBaTh TaK, UYTO MEPBLI
ero xouery xogutT B G, a Bropoit — B G)'.

Bameuanue 5. 1) Bamernm, uro muoxkectBo G moyvaeTcs m3 MHOKe-
crea V(H;) nobasnenmem Bcex BeprmH (HO He pebep!) paspesa M. Takum
obpasoM, gactb GM conepxuT Bee BepmuHbl U3 M 1 POBHO 1O OJHOMY KOHILY
Beex pebep u3 M. Muoxkecrso T Takske cojnepxut Bee Bepiuubl uz M u
POBHO TI0 OJTHOMY KOHITY BceX pebep u3 M, u He COIEPKUT IIPU ITOM HUKAKHUX
npyrux Bepiiund. To ecTb, eciim pebpa paspe3a M He nMeioT obIUX KOHIOB,
to |[TM| = |TM| = 3. Eciu ke obuiue KoHbl y pebep paspeza M ecTb, TO 10
3aMedaHuio 4 ojiHa U3 KOMIIOHEHT cBsi3HOCTH rpada Gy (obosnaunm ee Hy)
COCTOUT POBHO U3 OJHOM BepimuHbl. B stom ciiyuae [TM| =1 u [T)| = 3.

2) 3ameTHM TakKzKe, 4TO OnpejesieHne dactu M-pa3dbueHus BIIOJIHE CO-
ryracyercsd ¢ OOBIMHBIM OIpejieJIeHIeM YacTu pasdbuenus rpada BepITHHHBIMA
paz/ie/AomuM MHoKecTBaMu: MuoxkecTBa G u GY — makcumanbhbie 1o
BKJIIOYEHUIO MHOYKECTBA BEPIINH, He pa3je/isgeMble pa3pe3om M.

3) Caemyer OTMETHTD, 9TO YacTh M-pas3bueHns, B OTJIMINE OT YaCTH Pa3-
buenust rpada BEPUIMHHBIME Pa3/Ie/IAIONIME MHOKECTBAMHI, MOXKET COCTO-
SATh U3 OJHOI BEPIINHBI. JTO IMPOUCXOIUT KOIja paspes M cOCTOUT u3 Tpex
pebep, MHIUJIEHTHBIX BepPIIuHe CTeeHn 3.
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Jlemma 5. [Tyemv v € M € MY(G), vy € E(G) u H — xomnonenma
ceaznocmu epaga G — M, codeporcawasn y. Toeda mnoocecmeo M mootcho
AONOAHUMD PEOPOM XY ECAU U MOABKO ECAU Y — EOUHCMBEHHAA GEPUWUHA
nodepaga H, cmeochas ¢ x.

Joka3zareabcTBo. [lycts M’ — mHOXKecTBO, mosydaemoe u3 M 3aMeHOi
BepIMHbBI T Ha pebpo xy. Torma eciau rpad G — M’ HecBsI3eH, TO OH COCTOUT
POBHO W3 JIByX KOMIIOHEHT CBS3HOCTHU, OJHA U3 KOTOPBIX COJIEPXKUT BePIIU-
HYy T, a Ipyras — y. 3aMeTHUM, 9TO BCe BepIIUHbI ojrpada H jexar B OHOI
KomIoHeHTe ces3noctn rpada G — M'. To ectb, ecim BepIIMHA T CMEXKHA,
B rpade G — M’ xorst 6bI ¢ OjHOI BeprmHOi moarpada H, TO BEpITUHBI T
U 3 JiezKaT B OJIHOM KOMIIOHEHTE CBSI3HOCTH U, CJIeJoBaTesibHO, rpad G — M’
cBsazen. C JIpyroii CTOPOHBI, €CJTM BepPIIUHA X He CMEXKHa HU C OJIHOI BepIu-
Hoil oarpada H, kpome y, 1o B rpade G — M’ 04eBUHO, HET TIYTH MEXKJLY
BEPIIUHAME T U Y U, CJIEJIOBATEIHHO, OH HECBSA3EH. O

CaenctBue 5. Ecau M € My(G), mo cywecmsyem 1e boaee odrnozo pebpa,
KOMOPHLM MONHCHO Donosrums pasped M.

HokazareabcTBo. Ilycth © — enuncTBenHas BepinmHa paspesa M u Hi,
Hy; — xommonentsl csizHoctu rpada G — M. Torpa mo siemme 5 B KazKiyto
U3 HUX BeJleT He GoJiee 0HOro pebpa, KOTOPbIM MOXKHO jonoaanTsb M. Kpome
Toro ouesuHo, uro V(G) = V(H;)UV (Hy) U{z}. Ilockonbky rpad G Tpex-
cesze, d(x) > 3. CrenoBaTesbHO, BepIINHA & He MOKET OBITh CMEKHA POBHO
¢ OJTHOIT BepInuHO ojirpada Hi m poBHO ¢ ojiHO# BepiuHoil nmogarpada Hs.
To ecrb paspes M MOKHO JIONOJHATH He GoJiee, YeM OJHUM PEOPOM. O

Cnencreue 6. Ilycmo wmmooicecmsa S, T €  R3(G) sasucumvr u
{z,y} € Part({S,T}). Toeda xasicdoe uz mnoorcecme S u T mootcro do-
NOAHUMD PEOPOM TY.

HokazareabcTBo. Ilo crnencrsuio 3, SNT = &. He ymastsast o0IIHOCTH MOXK-
HO cuurarh, uto © € S, y € T. Ilycts x € F € Part(T), y € H € Part(5).
[To cnemcrBuio 2 BEPIIMHBI T U Y CMEXKHBI, IPUYEM y — €JINHCTBEHHAas Bep-
mHa Jactu H, cmexxknast ¢ x. Torga mo jemme 5 MHOXKeCTBO S MOXKHO J[0-
IIOJTHUTH pe6p0M xy. AHa..HOFI/I“IHO, MHOZKECTBO T TaKzKe€ MOXKHO JOIIOJIHUTDH
pebpom zy. O

Onpenenenne 8. Hazosem paspes M € IM(G) neswvipoorcdennvim, ecian
Int(GM) # @ u Int(GY) # & u 6wposicderpim B TPOTUBHOM CIydae.

Hasosem pasgesstomiee Muoxkecrso M € IMMT(G) mpusuasvrvim, eciu
0JTHA U3 KOMITOHEHT ¢BsizHOCTH T'pada G — M cocTouTt u3 e mHCTBEHHOI Bep-
IIITHBL U HEMPUBUAALHBLM B TTIPOTUBHOM CJIydae.
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Ciyuait Int(GM) = Int(GY) = @ nam nemnrepecen, MOCKOJILKY B 3TOM
ciaydae rpad G comep:xut He 60see 6 BepmuH. Tak 9TO MBI OyIeM CIUTATD,
4TO JIIst JIIO6OT0 BBIPOKJIEHHOTO Pa3pe3a POBHO OJ(HO 13 MHOkKecTB Int(GYY)
w Int(GYY) mycro.

Sameuanue 6. 1) BoIpoxkjeHHBIN paspes, cojep:Kalyii POBHO OJHO peb-
PO, fABJISIETCsT TPUBUAJIbHBIM. [leficTBuresibHo, eciu paspes M = {u, v, x1xs}
seipozkien (Int(GH) = &), To us TpexcessnocTu rpada G IOHATHO, YTO BEp-
IIMHA L1 CMEXKHA C BEPIIMHAMU T, U,V U TOJBKO ¢ HUMHU. TOr/a MHOKECTBO
TM = {x9,u,v} oTjeIsIeT BepIIUHY T'1 OT OCTaJbLHBLIX Bepinud rpada. [Ipu
9TOM MHOXKECTBO {T1U, X1V, T2} TaKXkKe sBJIAETCA pas3pe3oM. Kak ciemyer
u3 3aMedanus 4, 9TO eJIMHCTBEHHAs CUTYyallusl, Korja pedpa paspesa MOryT
AMeTDh OOIIe KOHIIHI.

2) CrpyKTypa BBIPOXKJIEHHBIX Pa3pe30B, cojepKaliux 06oJsee oJHOro peb-
pa, TakyKe MOXkKeT ObITh Jierko ornmcana. Ecim paspes M = {u, 122, Y192}
soipozkien (Int(GM) = &), To Bepmnna 1 cMexKHA ¢ BepUIMHAMHE Yy, To, U, &
BEPIIMHA Y1 — C BEPIIMHAMU X1, Y2, U U TOJHLKO C HUMHU. A €CJin BBIPOZKIEH-
HbIM siBJIgercs paspes M = {x12q, Y1y, 2122} (onars xe Int(GM) = @), 10
BEPIIUHBI T1, Y1, 21 MOMAPHO CMEXKHBI M KPOME TOI'0 CMEXKHBI €Ille TOJIBKO €
COOTBETCTBYIONIUMEI UM BepITHHAMU MHOzKecTBa T37.

JIemma 6. ITycmv M € M(G) — nempusuanvrod paspes. Tozda evinoans-
0MeA caedyrowue YmeepHcoeHUuA.

1) Jhoboe mpezxsepuwuntoe MHOHCECTBO, CcOOEPIHCAULEE 6CE GEPULUNDL
u3 M u posHo mo odnomy Konuy ecexr pebep us M, Ho He cosnadarouiee
¢ TM uTM, asanemes pazdeamowum. Boaee mozo, ono deaum epagh posro
na dee wacmu, odna u3 xomopuix codeporcum GV, a dpyeas — GY.

2) Ecau Int(GM) # @, mo mmnoocecmeo T asanemes pasdessowum,
npuvem Nb(GM) € Part(TMM), a GY — obsedunenue neckorvkux wacmet
Part(T31). B wacmnocmu, ecau paspes M neeviposicden, mo oba mmosice-
emea TM u TM asasomea pasdessouwumu.

HoxkazarenabctBo. 1) Ilycte R — mpomssBosbHOE Takoe MHOKecTBO. [lo-
ckosibKy R ne cosnagaer ¢ TM u T3 muoxkecrsa G\ R u G\ R nenycror.
OueBniHO, 9TO MHOXKECTBO R pa3jiesisier 9TH JiBa MHOYKECTBA U, CJIEJIOBATE b
HO, SIBJIE€TCS Pa3e/IAIONIIM.

JTokazkeM, uTo Bee BepruHbl MuOKecTBa G\ R jiexkar B 0jiHOI KOMIIO-
nente cestzHoctu rpada G — R. Jleiicreurensho, nycts z; € T \ R. Torja
ZTo € R u, mockobKy paspe3 M HeTpuBHaJeH, £{ — eJIUHCTBeHHas BEPIITTHA
ne u3 yactu G| cmexknast ¢ xy. OiHaKO B Kask/10it KOMIIOHEHTEe CBS3HOCTH
rpada G — R jo/mkHa ObITh BepIUHA CMEXKHA C To, IPUYEM B KOMIIOHEHTE
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CBSIZHOCTH, cojiepzKamieil Beprmuabl MEOzKecTBa G\ R, He O/KHO ObITh Bep-
mmn wactu G, Crenosarenbro, Bee Beprmmabl MHOKecTBa G\ R 1O/KHbL
JIe’KaTh B OJHON KOMIIOHEHTe cBa3HocTu rpada G — R.

To, uto Bee Bepmmubl MuOZKecTBa G\ R s1exkar B ool KOMIIOHEHTE
caszHocTr rpada G — R, 10Ka3bIBaeTCs aHAJIOTHMYHO.

2) Herpyano nomsith, uto Mmuoxkectso 137 ormenser G or Nb(GM)
U, CJIe/I0BATEIBHO, ABJIeTCA pas/esdaronuM. To, 9To Bce BepIIMHBI MHOXKe-
crea G\ T3 nexar B ommoit Kommnonente cesisnocrn rpada G — R, 1o-
Ka3bIBAETCA TaKzKe, KaK M B IpeAbLiynieM IyHKTe. Torna odeBmJHO, 4YTO
qactb {137 }-pasbuenus rpada G, cojeprKalnas 9TH BEPIIMHBI, COBIAJIAET

c Nb(GM). O

CaencrBue 7. [lyemv M € M(G), mmoocecmeo S € R3(G) sasucumo
cTM, SNGY = {z} u mnoocecmeo S omdeasem sepwuny y € TM om
ocmanvhor eepuun mmoorcecmea Tal . Tozda paspes M moowcro donoanumy
pebpom xy.

IokazaTtesabcTBo. Ilyers © € H € Part(TM) (merpyano mposepuThb, 4To
H=GY)uy e F € Part(S). lo ycnosuro, SN H = {z} n TV N F = {y}.
Torna, no caencrsmio 2, {z,y} € Part({S,T3'}), Bepmubt z 1 y cMeKHBI 1
T — ejuHCTBeHHast BepmmHa dactu GY | cmexknas ¢ y. CreoBarebho, 10
JeMMe 5 paspe3 M MOXKHO JIONOJTHATD PEOPOM T . O

3ameuanue 7. O4eBUIHO, UTO BCE PA3/IE/IAIONINE MHOXKECTBA U3 JIEMMBI 6
cozlepzkaTca B pazpese M. Bosee Toro, Bee atn MHOKecTBa, Kpome T u T
nonapHo 3aBucuMbl, a MuHoxkectsa T u TM mesasucumbl gpyr ¢ apyrom u
¢ IpyruMmu cojepzkammmucs B M MHOKecTBaMU.

Onpenesienune 9. MHuoxkecTBa, ONUCaHHBIE B IIyHKTE 1 JIeMMbI 6, MBI Oy/1eM
HA3bIBATh GHYMPEHHUMU MHodcecmeamu paspe3a M. Habop, cocrosimii n3
BCEX BHYTPEHHUX MHOXKeCTB paspesa M, Gynem obosnadars R(M).

2.2.1 Ocobbie pebpa

JIlemma 7. Iycmo paspesv. My, My € My(G) umerom dea obuux pebpa.
Tozda cywecmsyem paspes M € M3(G), codeporcawyui My u Ms.

HoxkazarenabctBo. [lycrs My = {122, 1192, 21}, & 20 — e IMHCTBEHHAS BEp-
muHa paspe3a M,. He ymasisis oOITHOCTH MOXKHO CUMTATh, UTO 2o € Géwl.
Torma muOXKecTBO M, He pasjieigeT BEpPIIMHBI YaCTH Giwl. B wacrHocTH,
OHO He pa3JesiseT BEPIINHBI L1, ¥ U 2z1. 10 €CcTh MBI MOXKEM CYUTATh, 9TO
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My = {x129, y1Y2, 22} ¥ TOBOPHUTD, UTO 21 € G2, Bamernm, aTo TOrIA MHO-
KECTBO T2M1 = {29, Yo, 21} OTJIETIACT BEPIIHMHY Z9 OT BEPIIUH X1, Y1, & MHOKE-
CTBO TlM2 = {1, y1, 22} OTJENSIET BEPIIMHY z] OT BEPIIUH T, Ys. CiieoBa-
TEeJIbHO, Pa3/IeNIAdIoNne MHOXKECTBA TQM ''n TlM ? 3aBUCHMBI U IIO CJIEJICTBUIO 7
paspe3 M; MOXKHO JIONOJHUTH PeOPOM 21Zy U TOJYUUTH HUCKOMBINH paspes

M = {951332,3/192, 2122}- 0

Craencrue 8. /[6a MAKCUMAALHOLT PA3PE3A MO2YM UMEMb He bosee 00H020
obuezo pebpa.

HoxkazarenbctBo. Ilycrs paspeser My, My € 9M(G) umeror aBa ob1mux ped-
pa. [lycre M] = M;, ecin M; € My(G), a ecim M; € M3(G), To M] nomya-
ercs u3 M; 3ameHoi TpeThero pebpa (Toro, KoToporo HeT B M3_;) Ha OJIMH U3
ero KoHIoB. QUYeBHIHO, YTO 3Ty 3aMeHy MOKHO IIPOBECTH TaK, YTO Pa3pe3bl
M u M) 6ynyr pasmmaner. Torma no slemme 7 paspesst M; u M) MOXKHO
JonoTHATE 710 paspesa M € 9M3(G). Opnako, mo cIefACTBUI0 5 KaKIbIil 13
paspesoB M| u M} MoxeT coepKaTbesi TOJIBKO B 0JjHOM paspese u3 Ms3(G).
Taxum obpazom, paspesbt My u M, cojiepkarcsd WM COBIAJIAIOT C pa3pe-
30M M 1 KaK MUHUMYM OJIMH U3 HHUX He SBJISIETCS MaKCHUMAJIbLHBIM. O

Onpenenenne 10. Hazosem pebpo e € E(G) o0cobvim, eciu CyIIecTBy-
10T pas3judHble BepHIuHb u, v, t,w € V(G) rakue, aro {u,v,e}, {t,w,e} €
M(G). O6ozraanm depe3 Ny (G) nogcemeiicto My (G), cocrosiinee U3 Beex
HETPUBHUAJIBHBIX Pa3pe30B, cojepKalinx ocoboe pedbpo.

Bameuanue 8. Ilycrsb {ajas, biby, cic} € M3(G). Herpyaso nousth, 90
pebpa aias, biby, c1co — ocobbBIE.

Omnpenenienne 11. Ilycte M = {u,v,x120}, N = {t,w, z122} € M (G),
NpUYEeM BEpINWHBI U, v, 1, w pas3jaudHbl. Byjgem nasbBaTh paspesnt M u N
nesasucuMbLMU, ecii ofHa u3 dacteit GM u GY comepur npyryio u sasu-
CUMDLMU B TIDOTUBHOM CJIyYae.

Herpyno nousTh, uro paspesbl M u N He3aBUCHMBI TOTJIA U TOJIBKO
Torjia, Korja 6o t,w € Int(GM), 6o t,w € Int(GY).

JIlemma 8. ITycmov paspesv. M, N € M (G) sasucumv, u codeporcam peb-
po x1x9. Tozda cywecmeyem paspes {x122,Y1ys, 2122} € M3(G) maxod, wmo
M = {$1$2,y172’2}7 N = {$19€2>y2,21}'

IokazareabcTBo. Ilycrs MNGY = {y1}, MNGY = {z}, NNGM = {2},
N n GY = {y}. Paccmorpum wmmoxectBa Ty! = {z9,y1,22} u
TN = {z1,y2, 21}. Bamerum, uro TyY ornenser Beprmuny ys OT Beprium
x1, 21, a TV oTaensier BepimHy y; OT BEPIIMH Ty, 22. Torya, 1o ciecTsuio 7
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paspe3bl M u N MOXKHO JONOJHUTH pPeOpoM ¥y1ys. llomyuusmmecs paspe-
3bl {X122, Y12, 21} U {122, Y1Ya, 22} TO JleMMe 7 MOYKHO JIONOJHHUTH peo-
poMm {2122}, u mosryuuTh Tpebyemblii paspes {x1Ta, Y1y, 2122} O

Teopema 2. /Jlaa sepwun x1,x2 € V(G) caedyrowue déa ycaosus skeusa-
AEHTMHDL.

1° Bepwunvt T1 u Ty CMENHCHDL, T1Ty — 0C0bDOE PebPO.

2° Cywecmeyrom 3asucumvie muosxcecmea S, T € R3(G) maxue, wmo
x1 €8, 20 €T u {1, 22} € Part({S,T}).

HoxkazareabcrBo. 1. Ilycrb Beimosnsiercss yesopue 2°. Torma mo cielr-
crButo 6 pasjensromnme MHOXKecTBa S U T MOXKHO JIONOJHUTH peOPOM 1 x3.
CureioBaTeIbHO, PEOPO T'1Xy SABJISIETCST OCOOBIM.

2. ITyctb BBINOJIHSIETCS YCIOBUE 1°) TO €CTh, CYIIECTBYIOT pa3IniHbie BEp-
musbl u,v,t,w € V(G) rakue, uro M = {u,v,r122}, N = {t,w, x5} €
M(G). PacemorpuM n1Ba ciydas.

2a. [Ipeamnonoxkum, aro M u N He3aBucuMbl. He ymaJsisst 0OIITHOCTH MOZK-
Ho cunrarh, uro GYY D GY u GY C GY. Paccmorpum menepecekarorumecs
muoxectsa T u T3Y. B namewm ciayuae t,w € Int(GM), xo & GM. Torna
1o siemme 11 muoxkectso TM apiigercs pasie/sionuM 1 OTAesIeT Ty OT £, w.
Ananornano, MHoxKecTBO T3 ABJIAETCA PA3IeIAIONIAM 1 OTIC/IAeT T OT U, V.
Crnenosarenbno, muaoskectsa 1M = {xy,u,v} u T = {xs, ¢, w} 3aBucumMbI 1,
o crepcruio 2, {xy, o} € Part({TM, TV }).

26. IIpeamnonoxum, yro M u N 3aBucumbl. Torja 1o jemme 8 cyIiecTByer
paspes {x1Ta, Y1y, 2122} € M3(G) rmakoit, uro M = {z129,y1, 2}, N =
{x129, Y2, 21 }. Paccmorpum muozkecrBa S = {x1,ys2, 22} u T = {2, y1, 21 }. Tlo
aemme 6 S, T € R3(G), upudem S oT/IeIsI€T BEPIINHY T OT BEPIIHH Y1, 21,
u T oT/e/sieT BepIInHY T1 OT BEPIIUH Y, 2o. TaKUM 00pa30M, MHOXKECTBa, S
u T 3aBucumsl u, 10 cireactsuio 2, {xy, xo} € Part({S,T}). O

2.3 TpuBmajbHbIe pa3/iesidioNine MHOXKEeCTBa W TPOIi-
Hble pa3pe3bl

HanomuwmM, a0 (BeprimHHO-pebepHOe) pas/iesdioniee MHOKeCTBO M Mbl Ha-
3BIBAEM MPUBUAALHBIM, €CJTU OJHA W3 KOMIIOHEHT cBs3HoCTH Tpada G — M
COCTOUT U3 €JIMHCTBEHHON BepIUHbL. OYeBUIHO, YTO CTEIeHb STON BepIINHbI
paBHa 3. B jmanHOM pa3zjesie Mbl oIpodHee U3YUNM TPUBHAJIbHBIE BEPIINH-
HbIE Pa3/IeJIAIONIIe MHOKECTBA.

Omnpenesienne 12. Ilycrs T' € R3(G) — TpuBHATBEHOE MHOYKECTBO, OT/IEJIs-
[olllee BEPIIMHY G OT OCTAJIbHBIX BepiiuH rpada, a MHOXKecTBO S € R3((G),
cojleprkaliiee BepINuHy a, TakoBo, 410 |Part(S)| = 3 u BHyTpeHHOCTD KazK10i
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qactu Part(S) comepzxur no sepmnae Mmuozxkectsa 1. Tora Oyiem roBoputs,
YTO TPUBHAJIBHOE MHOXKeCTBO T moduurero mHOXKecTBY S. OO03HAUMM e-
pe3 D HabOP, COCTOAIIMIA U3 BCEX 3-Pas3e/IsioNuX MHOXKECTB, I KOTOPBIX
CYIIECTBYET TOJUNHEHHOE TPUBHAJIBHOE MHOXKECTBO.

3ameuanne 9. V3 omnpenenenus HETPYJIHO MOHATL, 4TO eciau S € 2, TO
CYIIIECTBYET BepiuHa a € S creneHu 3.

JIemma 9. 1) Ecau mmoorcecmeo S € R3(G) deaum epag 6oaee, wem na
mpu wacmu, mo S He3a8UCuUMO co 6cemu MHoxcecmeamu u3 Rz(G). Ecau
mmoocecmeo S € MR3(G) deaum epadp na mpu wacmu u 3asucumo ¢ T €
R3(G), mo T — mpusuaavroe u nodwuneno S.

2) Tpusuasvroe MHOMHCECTBO MONHCEM OBIMb NOOYUHENO He boaee, Yem
00HOMY PA3OENANULEMY MHOHCECTNEY.

HoxkazarenabctBo. 1) Ilycre muOkecrBa S, T € MR3(G) 3aBucumbl. To-
raa, mo caeacrsmio 1, |Part(S)] < 3 wum |Part(7)] < 3. Ilycrs
Part(S) = {Hy, Ha, H3}. Torga ecom |Part(T')| = 3, To, mo 3amevanuio 1,
|V (G)| = 6, mo sror ciyuait Ham He nHTepeceH. Takum o6pasoM, JocTaTou-
HO paccmorpers ciayuail |Part(T)| = 2. Ilycrs Part(T) = {F}, Fo}. Moxuo
obo3HaunTh YacT Tak, uro Int(Fy) NS = {a}, |Int(F,) N S| = 2. Torma 1o
cJIeICTBHIO 2, MHOXKeCTBO S jtesut F) Ha Tpu mycrble dactu. CiieoBaTesbHo,
Int(Fy) = {a}, T0 ecrb, MHOXKECTBO T' — TPHUBHAJIBHOE.

2) Ilycrs T — TpuBHATIBHOE MHOXKECTBO, MOJYMHEHHOE JBYM MHOXKE-
cream S u S’. Ilo nyukry 1 Torga |Part(S)| = |Part(S’)| = 3, cienosarensho,
muoxkectsa S u S’ HezaBucuMmbl. Ilycrs A € Part(S) — wacrs, cojepxka-
mas S’. Torma ape Beprmabl Muoxkecrsa 1 He jexar B A u muoxkecrso S’
He MOKeT Pas3/e/IuTh 9TU J(Be BepIuHbL. [IporuBopetne. O

Jlaee B aTOM pasjese Mbl OyjleM paccMaTpUBATh MHOXKECTBO S € D).

Omnpenesienne 13. Paccmorpum BepmmHy a € S, UMEIOIIYIO CTEeHb 3.
CMmexHbIe ¢ Hefl BepITUHBI 00pa3yoT TPUBHAJIBHOE DPA3JIEISIIONee MHOXKe-
CTBO, OTJIEJISIOIIEE BEPIIUHY @ OT OCTAJIBHBIX BEpPIUH rpada. IT0 MHOKECTBO
OyJIeM Ha3bIBATH OKPECTHOCMbIO BEPIIUHBL a u 0bo3HavdaTh depe3 1'(a).

Jlerko BuzeTh, uto eciim a € S u d(a) = 3, o T(a) — TpUBHAILHOE
MHO)KeCTBO, nojpdunentoe S. Ilpm sroM MHOKeCTBO S MOXKHO JIONOJTHUTH
JIFOOBIM pebpoM BHIA aa;, Tie a; € T'(a).

[Iycts Part(S) = {A1, As, As}. O6o3natnm wepe3 M; MHOXKECTBO, MOJIYy-
Jaroreecst u3 S 3aMEHON BCeX BEPIIHMH CTeleHH 3 Ha pebpa, COeIUHSIONIIe
9TH BEPIINHBI ¢ BEPITUHAMHI WX OKpecTHOCTel, exkantumu B Int(A;). 113 cka-
3aHHOTO BbIIe ciefyet, ato My, My, My € M(G).
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Paspesbr My, My, M3 MoryT ObITH He MakKcuMaJibHbIMU. Eciu paszpe3 M;
cofiepxkuTcs B paspese u3 M3 (G), 1o obosnaunm nocseauii wepes M, (oqe-
BUJIHO, UTO OH €JMHCTBEHEH ). B ocTasbHbIX ciiyuasix (B TOM YHCIIE U B CJIydae,
koryia M; € My (G) u comepkures B paspese u3z My (G)) nomoxnm M, = M;.

Ouesnyao, aro V(M;) C V(M]) C A;. Ilpu sT0M MHOXKECTBO S ABIAETCS
ozmoit m3 rpanut paspe3os M; nu M!. VI3 semmbt 6 ciaeayer, aro A UA; o €
Part(M;) n Ajv1 U Ao € Part(M]) (Hymepanust MuK/IHIECKast O MOJLYIIIO
3). O6oznaunm apyryto dactb Part(M;) gepes B;, a ee rpanuity — qepes 1;.
Yepes B obosnaunm [actb Part(M]), comepxarmyiocs B B;. Ee rpanuniy
oboznatmm depe3 T7. Y B; kak y qactu Part(M;) ny B. kax y qacrtu Part(M])
ompejiesielbl okpectHocTr. Jlerko Bumers, uro Nb(B;) = Nb(B) = A;.

OrmeruM, uto paspe3 M; (a, ciaemoBaresnbro, u M]) MoxeT ObITH TPUBH-
asnbHbIM. B arom ciayaae |Bj| = 1. [Ipu 9T0M, ecim Bce BepIINHBI MHOKECTBA S
HMEIOT cTereHb 3, To u |B;| = 1.

Onpenenenne 14. Muoxecrso F = M; U My U M3 Mbl 6yaeM Ha3bIBATh
mpotinvim pazpesom, a Muoxkectso Nb(F) = V(M) U V(M) U V(M5) —
ero okpecmmuocmuwro. MuoxkecTBo S Oy/ieM Ha3bIBTb 0Cb10 TPOWHOIO pas3pe-
3a. Bce BHyTpeHHUE pasjessioniue MHOXKECTBa pas3pe3oB M;, MHOXKeCTBO S
1 BCE TMOIMHEHHBIE €My MHOXKeCTBa OyJIleM Ha3bIBaTh GHYMPEHHUMU MHO-
otcecmsamu, TpoitHOro paspesa. MuoxkectBa T; OyeM Ha3bIBATb 2PAHUUAMU
TPOITHOrO paspesa, a MHOXKecTBa 1] — rpanuramu ero okpecruoctu. Ompe-

JeJIMM V(F) = V(Ml) U V(Mg) U V(Mg) n Part(F) = {Bl, BQ, Bg}

Sameuanne 10. Herpusnasibnoe onpesesnenue paspesa M, cBg3ano ¢ teMm,
YTO MBI CTPEMUMCS C OJIHOI CTOPOHBI K MaKCUMAaJbHO ITPOCTOMY OITHCAHUIO
TOTO, HA KaAKHe YacT pa3dbuBaioT rpad MHOXKECTBA, COJAEPKAIINECT B OKPECT-
HOCTHU TPOIHOIO paspesa HO He sIBJISIONIMECS ero IPAHUIaMK (COBOKYITHOCTh
TaKNX MHOXKECTB MBbI JaJIce 6y,ZLeM Ha3bIBATH TpOfIHbHV[ KOIVIHIIGKCOI\/I). C APYy-
roif CTOPOHBI MBI CTPEMUMCS K TOMY, YTOOBI JiIoboe 3-pasjie/idroniee MHOYKe-
cTBO, He cogepakaitieecss B Nb(F'), oTyessizio oT Hee He 6oJiee OJIHON BEPIIUHBIL.
B nocnemyromux pasjenax OyJeT moKa3aHo, YTO IPUBEJIEHHOE BBIIIE OIpe/ie-
JIEHNEe OKPECTHOCTH YJIOBJIETBOPSIET OOOUM STUM yCJIOBUSIM.

3 /lanabHeiinine cBoOicCTBa OCHOBHBIX CTPYKTYP
Ornucannble B TpeJbIYINEM pa3jesie CTPYKTYPbl MOPOXKIAIOTCA HAabOpaMu

3aBUCUMBIX Da3JIC/IAI0IINX MHO2KECTB. B sTom pas3jgesie Mbl OIIUIIIEM UX CBA3b
C APYT'UMU pPa3ae/IdiomuMn MHOXKeCTBaMU U APYyT C APYT'OM.
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3.1 Buyrpennue pazjessionine MHOXKECTBa

Jlemma 10. Ilycmv S — mHmoocecmeo u3 mpex Aenecmkos pomawky F.
Tozda S He aAsasemca PA30CAIIOUUM MHONHCECTNEOM.

HoxkaszarensctBo. Ilycrs Int(G;,41) # . Torma, odeBu/HO, BCe BEPIIMHDL
u3 G40 \ S casanel B G — S, U B 4HC/Ie 9TUX BEPHIMH €CTh p. Takmm
obpaszoM, B G — S cBA3aHbBI BCE BEPIIUHBI, KPOME, OBITH MOYKET, HEKOTOPBIX
JIETIECTKOB POMAIIKHU, He BXoasimux B Hemycrble dactu Part(F). Ho soboit
TaKOM JIELIECTOK (; BXOAUT B jBe IycTble dactu Part(F') u mo 3amedanuio 2
oH cMmexkeH ¢ p. Takum obpasom, rpad G — S cBs3eH. O

CaencrBue 9. Jloboe 3-pazdessrowiee MHOMCECMEBO, COOEPAHCAUEECA 6 MHO-
orcecmee BEPUWUH POMAULKU, COOEPAHCUM, €€ UEHMP, MO eCMb ABAAEMCA AUOO
BHYMPEHHUM MHOHCECTMEOM POMAWKY, AUO0 ee 2paHuLer.

JIemma 11. Ilyemv M € M(G) — nempusuasvnud paspes, codeporcausud
pebpo x1x5. Tozda ne cywecmeyem mmooicecmea S € R3(G), codeporcause-
20 X1 U To.

HoxkazarenbcTBo. [Ipe/mnosokum nmpoTuBHOE, MyCTh 1,y € S € R3(G).
He ymajsiast obiaoctd npenonokuM, uto S = {xy,xq,t}, Tie t € G,
Tax kak Int(G3!) ecth obbequueHne BHYTpEHHOCTEH HECKOJIbKUX HacTeil
Part(T37) u S NInt(T37) = &, To no semme 2 peprunbt uz G\ S ceazanb
B rpade G — S. Bosee Toro, ¢ HUMM TaK»Ke CBS3aHBI BEPIINHBI MHOYKECTBA
TM\ S, nocko/IbKy KazKjias BepIIMHA 3TOTO MHOYKECTBA JIMG0 TIPUHA[IeKAT
muozkectsy T9 \ S, u6o cMexkHa ¢ OJIHOl U3 ero BepIIuH.

Paccmorpum npomssosibhyto Bepimay w € Int(GY) \ S (ecim Takas
ectn). Tak kax Int(G)) ectb obbeuHeHEe BHYTPEHHOCTEHl HECKOJIBLKIX da-
creit Part(TM), To mo Teopeme Menrepa CymecTBYIOT TPHU IIPOXOJISIIUX
o G nenepecekaromuxcst 10 BHyTPEHHUM BEpHIMHAM IIYTH OT W JIO TPeX
seprmun MuEOzKectBa T . Tlockombky |S N GM| = 2, To xora 6B1 o/uH U3 Ta-
KIX IIyTeil He mepecekaeTcs ¢ S, ciaeaoBarenbHo, B rpade G — S BepimHa w
ceazana ¢ G\ S. Takum obpazom, rpad G — S ceszen, nporusopeune. [

CrnencrBue 10. Jhoboe 3-pasdensrowee mmoosicecmeso, codepircauleecs 6
MHOHCECNBE GEPWIUH PA3PE3A, COOEPHCUM, BCE €20 BEPULUHDL U POSHO MO 00-
HOT sepuiute Katcdozo ezo pebpa. To ecmb 2mo MHONHCECTNGO ABAACNCA NUDO
BHYMPEHHUM MHOACECMBOM PA3PE3A, NUDO €20 2paHuYel.

JIemma 12. 1) Jloboe 3-pasdesmrousee MHOHCECTNBO, COOEPAHCAULEECHA 6 MHO-
2HCECMBE BEPULUH, MPOTIHO20 PA3PE3Q, ABAAECMCA AUOO €20 BHYMPEHHUM MHO-
arcecmeom, Aub0 €20 2paruier.
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2) Jhoboe 3-pasdensrousee MHOAHCECMEO, COOEPAHCAULEECA 6 OKPECTNHOCTIU
mpotinozo paspeda F = My U My U Mz, aubo noduwureno ez2o ocu, Aub0 co-
deporcumes 6 odnom u3 paspesos M, 2de i € {1,2,3}.

HoxkazareabcTBo. 1) MHOXKeCTBO, 3aBHCHMOE C OChIO TPOHHOIO pPa3pesa,
1o JieMMe 9 JIOJIZKHO OBbITH €if TIOIYMHUHO U, CJIe0BATEIbHO, ABJIAECTCA BHYT-
PEHHUM MHOYKECTBOM TPOWHOTrO paspe3a. MHOXKeECTBO, HE3aBUCHMOE C OChIO
TPOITHOTO paspes3a COJAEepKUTC B OJHOM u3 MHOKecTB V (M;) (rme paccmar-
puBaeMblii TpoitHoii paspes F = U?_; M;). Torga no caeacrsuio 10 ono sByig-
ercs MO0 BHYTPEHHUM MHOXKECTBOM JinOO rpaHuiieil paspesa M;, oTKy1a 110
OTIPEIICHUIO OHO ABJIAETCA JIMOO BHYTPEHHUM MHOXKECTBOM JTUOO T'DAHUIIEH
TpoitHoro paspesa F'.

2) AHaJIOTUYHO TpeJbIIYIIEMYy MHKTY, MHOYKECTBO HE3aBHCHMOE C OChIO
paspesa COJEPXKUTCS B OJHOM U3 MHOXKecTB V(M) u, ciejoBaTesbHO, CO-
JepXKUTCsa B paspese M. O

3.2 CBs3b MexK/ay poMalllKaMi U pa3pe3amMu

B sTom naparpade Mbl pacCMOTPUM BOIIPOC O TOM, B KAKUX CIydasix MHOXKe-
CTBa BEPIIMH POMAIIKHA U pa3pe3a MOI'YT COBIAJATh UJIN CO/EPKAThCA OTHO

B JIDYT'OM.

Onpegnenenne 15. Bynem rosoputs, uto poMamika F codepotcumcs B pas-
pese M, eciu V(F) C V(M). Bynem rooputb, uto paspe3 M codeporcumces
B pomartke I, ecm V(M) C V(F).

Jlemma 13. Pomawka, codeprcau,ascs 6 padpese, co0epiHcum posHo 4 je-
necmka u umeem 08e HecocedHue NYCMovLe Yacmu.

HoxkazareabctBo. [lycrs M — paspes u F' — pomarnka, takue, aro V (F) C
V(M). OueBugno, uro |V (F)| < |[V(M)| < 6. Ilpu srom, ecm V(F) = 6,
to M € M3(G), V(F) = V(M) n paspes M uerpusmnasen. Torga mentp
poMalku F' gBiigeTcs KOHIIOM OJIHOTO u3 pebep paspesa M, a apyroit KoHerr
9TOTO pebpa siBysiercs JieniecTkoM pomamkn F. CremoBaresibHO, 006a KOHIA
9TOTO pedpa NPUHAJIEKAT OJHOMY U3 PA3/IEISIONIINX MHOXKECTB POMAIIKH F,
YTO HEBO3MOXKHO 110 jiemMe 11. [TporuBopeune.

Urak, V(F) = 5 u pomamka F cogepxkur posno 4 jenecrka. [To co-
00pazKeHUsIM aHAJIOTHIHBIM WU3/I0’KEHHBIM BBIIIIE, ee MEeHTDP He MOXKEeT ObITh
coeuHeH peOpoMm paspesa M HEH ¢ OJHUM U3 JIEIIeCTKOB. Torja ee Jiemnect-
K1 00pas3yloT JiBe Mmapbl COeIMHEHHBIX pedpamu paspesa M. OueBuHO, UTO
JIETIECTKH, 0Opa3yIoIue mapy, ABJISIIOTCS COCETHIMU (IIOCKOJIBKY HECOCE THIe
JIETIECTKHU HE MOTYT OBITH CMEXKHBI), 8 COOTBETCTBYIOIIAS UM YaCTh IIyCTa Tak
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KaK MHavde OHU ObLIN ObI COEJIMHEHBI Iy TEM, ITPOXOIAIIIMM BHYTPU 3TOH YacTH
1, CJIeJIOBATE/IbHO, HE IIepeceKaronmumMcs ¢ paspesom M. ]

NTak, TOMBKO poMaIlKa ¢ 4 JIeIeCTKAMU MOMKET COACPIKATLCA B paspe-
3e. Jlerko BHETH, ITO /Ist JIIOOOrO HETPUBHAILHOTO paspesa u3 My (G) n1Ba
€ro BHYTPEHHUX MHOYKECTBa IMOPOXKJIAIOT POMAIKy ¢ 4 JiernecTkaMu, MHO-
JKECTBO BEpIINH KOTOPOI COBIAJaeT ¢ MHOXKECTBOM BEpIINH paspes3a. DTO
eJIMHCTBEHHDI CJIydail, Korja MHOMKECTBa BEPIIMH Pa3pe3a U POMAIIKH COB-
najaor. Jlasee, ms jroboro HeTpuBmaiabHOro paspesa M € M3(G) B Hem
cofepzkarcs 6 paspesos u3 My (G), KarKIOMY U3 KOTOPBIX COOTBETCTBYET PO-
MalllKa, cojiep:Kariascsa B M.

Omnpenesienne 16. Hazosem pomartiky F' Hesvipootcdernnoti, eciam oHa He COo-
JepKUTCA HA B KakoM paspese M € M3(G), u sviposcdernoli B IPOTUBHOM
caydae.

Teneps paccMoTpuM 0OJIee FaCTO BCTPEUAIONLYIOCH CUTYaIlNIO, KOrJa pas-
Pe3 COJEPKUTCA B POMAIIIKE.

Jlemma 14. Ilycmo F = (p;q1,--.,Gm) — MAKCUMAALHAA POMAWKA U
{gi,p, gjx} € M(G). Tozda svinoanaemes 00no us caedyrowus deyxr ymeep-
otcdenudl.

1° Bepwuna x — odun u3 cocednwuzr ¢ ¢; aenecmkos F, npuuem
{gj,p,x} — nycmaa wacmo Part(F).

2° Bunoansomea coommowenus {i,7} = {k, k+ 1} v € Int(Gy 1),
npuuem ecau |Part(Qrr41)| = 2, mo eepwunvl g U Qg1 CMENHCHDL.

HoxkaszarenbcTBo. Ilonarno, 4To oba KoHlla pebpa ¢;r JieKaT B OIHON U3
vacreit Part(F'). He ymasnss obuaocTn MOXKHO cuauTaTh, 4T0 © € G 1.
IIycts € H € Part(Q);;). Samernm, uro eciu |Part(Q;;)| =2, o H = G,
(TO ycsioBHE 3aBeOMO BBINOJHEHO Tpu i # j + 1). I3 memmbr 5 cregyer,
9TO ¢; He CMeXKHa C OTJIMIHBIME OT % BepriunHamu u3 Int(H).

Ilycts @ # gj41. Ecom @ # j+1, T0 HEC/I0KHO HOHATH, YTO MHOXKeCTBO 1 =
{gi, p, x} otmensier ¢; or gj41 U, CIEIOBATENLHO, ABIIETCA pasesionmm. [1o
JleMMe 4, 3T0 TPOTUBOPEInT MakcuMaibHOoCTH poMamnkn F'. To ects ¢ = j+ 1.
Bamernm gasee, aro ecan |Part(Q x+1)| = 2, TO ¢j He CMeXKHA € OTIIMIHBIME
or x BepmuHamu u3 Int(G; ;41). Torma merko Bumers, 1To MHOXKECTBO 17 =
{qj+2,p, x} oTHEIAET ¢ OT @41 U, CIIEOBATE/IBHO, SBJIAETCS PA3IEIISIONIUM,
YTO TaKKe MPOTUBOPEUUT MaKcuMaJibHocTu poMariku F'. Takum obpazom, B
STOM CJIydae BEPIIUHBI ¢ U (11 JOTZKHBI OBITH CMEZKHBI.

IIycrs © = gj41. Torma g; He cMexxna HE ¢ Kakoil Bepumuoi u3 Int(G j11),
OTKyJla cIefyeT mycToTa Jacti G 1. O
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Caencreue 11. 1) IIyemv M — mnempusuasvnoii paspes u F =
(P;qay- -y Gm) — pomawra, maxue, wmo V(M) C V(F). Toeda p € M u
moboe pebpo paspesa M umeem eud q;qj+1, 20e wacmv G 11 nycma.

2) IIyemv F = (p;q1,---,qm) — pomawra u Int(G;;p1) = @. To-
eda {q;,p, ¢iqi1}y € Mi(G) das ecex j & {i,i + 1}. Ecau, xpome moeo,
Int(Gj 1) = D wi# j, mo{qjqj+1,p, ¢igiv1} € Ma(G).

HoxkazareabctBo. 1) [lockobKy Kak MUHUMYM OJ[HA U3 TPaHuIl paszpesa M
o Jiemme 6 dBJIgeTCd pa3JesdIoNnuM MHOXKECTBOM, OHa 1o Jjemme 10 co-
nep:xut 1eatp pomamniku. Crenosaresnsho, p € V(M). Tlpeanonoxnm, aro
pr € M. OueBHIHO, CYIIECTBYET Pa3JIEISIONee MHOXKECTBO POMAIIKHU, CO-
JiepaKaitiee p u x, 9To nporusopeunt jemme 11. Takum obpaszom, p € M.

[Tycts zy € M. PaccmorpuM MakcuMmasbHyIo pomainky F’. cojeprKa-
myio F. ITockonbKy x n y — nenecrkn F' onm takzke jenecrku F'. ITo nem-
Me 14 JieriecTKy T ¥ Y JOJIKHBL OBITH coceHUME B pomartike F' (a ciemoBa-
TeJIbHO, U B poMailiike F') i COOTBETCTBYIOIMAs UM YaCTh IIyCTa.

2) HerpyaHO TpPOBEPHUTH, UTO KayKJI0€ U3 ITUX MHOMKECTB OTIENSIET (;
OT Qit1- U

Sameuanue 11. TpuBuaybHBIN pa3pe3 TakKe MOXKET COJIEPKATHCS B PO-
MalllKe, €CJIu B Hell ecThb JIBe COCeJIHUe IIyCThie JacTu. Torja pebpa, coemau-
HSIOIIUE WX OOIIMIT JIEIECTOK € COCETHUMU JIEIECTKAME U IEHTPOM 00pas3y-
10T TPUBUAJIBHBIN paspe3. HeTpyino npoBepuThb, UTO J1I000N MAKCUMAJILHBIHI
TPUBHUAJILHBIN pas3pes, colepKalluiicd B poOMalllKe, UMeeT TaKOW BUI.

Omnpegnenenne 17. Ilycrs G, 41 € Part(F). Oupegenmm muoxectBo M, ;4
cieyomumM obpasoM. 1° p € M, 4q;

2° ¢i_1¢; € M4, ecmm Int(Gi_y;) = @, u ¢; € M; ;41 B IPOTHBHOM
cIydae;

3° qi+1Gi+2 € Mi,iJrla eCcJin Int(Gi+17i+2) = @, n G+ € Mi,iJrl B IIPOTUBHOM
caydae.

Ecimm xora 6b1 ogna u3 vacreit Gi_1; 1 G142 HycTa, HazoBeM M, i1
epanunvim paspesom dactu Gy giy.

Bamevanne 12. 1) To, uro M, ;11 € MT(G) oveBujHO cieyer u3 ciej-
crBuga 11.

2) 3aMeTuM, U4TO TPAHUYHBIA PA3Pe3 YacTU MOXKeT He ObITh MAaKCHMAJIb-
ubiM. Ecin © — enuncrBenHas Beprinnaa dactu Gy 41, CMEXKHAsI C P, TO MHO-
KeCTBO M; ;11 MOKHO JIONOJHUTE PEOPOM pI.

3) Ormernm Takke, aro ecan M, ;11 € M(G), To G, 11 € Part(M; ;411).

JIlemma 15. Ilyemo F = (p;qu, . . ., Gm) — nesviposrcdernnan pomawka. Tozda
BLINONHANOMCA CACOYIOUUE YMBEPHCIEHUA.
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1) Ecau mmoorcecmso Qiir1 MOCHO donosnums  pebpom pr, mo
z € Int(Gyit1).

2) Ecau M; 41 € M(G), mo paspes M, ;11 Heavda donosnume Hukakum
pebpom, kpome, 603mooicho, pebpa px, 2de x € Int(G;i41) u x — eduncmeen-
naa eepwuna wacmu G i1, CMEACHAA C P.

HokaszarenbcrBo. 1) [Iycrs o & Int(G; ;41). Torna x € V(G)\ G ;41. Same-
THM, 9TO Bee Bepmunbl MuoxkecTBa V (G)\ G, ;41 J€2KaT B OJHOI KOMIIOHEHTE
casHocTu rpada G — Q) ;41 U, IO JIeMMe 5, T — €IMHCTBEHHAs BePIINHA STON
KOMIIOHEHTBI CBA3HOCTH, cMexKHas ¢ p. C Apyroii CTOPOHBI, BEPIINHA, P T0JIK-
HA OBITH CMEXKHA XOTd OBbI C OJIHOI BHYTPEHHEH BEPIIUHON 1000 HemycToit
vacrit Part(F') u, mo 3amMedanuio 2, ¢ 0OIIMM JIEIECTKOM JIFOOBIX JBYX COCEI-
HUX IIYCTBIX YacTeii.

Torma cpemam 4acteit, oTiMYHBIX OT (411, MOMKET OBITH He Oojiee OJ-
HO#l HemycToil. Kcimm HemycThIx dacTeil cpejin HUX HET, TO €CTh KaK MHUHU-
MyYM TPH IIyCThIE YaCTH MOJAPsI, COJeprKallue KaK MHUHUMYM 2 CMeXKHBIX
¢ p Jseniectka He n3 (41, ITO HEBO3MOXKHO. Takum obpasom, B Part(F)
POBHO JIBE HEIyCTble YacTH U HET COCEJHMX IIYCTBIX YacTeil. DTO O3HAYAET,
q9T0 ™M = 4, Int(GZ-,M-) = Int(GZ'+17Z'+2) = Jdu Int(GHgﬂ-,l) 7é . TOI‘IL&
M, i1 = {@i¢i-1, ¢i+1Gi+2, P} ¥ IOLOJHUB €ro peOPOM PT MBI HOJIYTIUM, UTO
pomamnka F' comepxkurest B paspese M = {q;qi_1, pT, ¢is1Gir2} € M3(G), 10
eCTh sIBJISIETCS BBIPOXKIeHHOM. [IpoTuBopedne.

2) Ilycrs paspes M, ;41 MOXKHO JonojHUTH pebpom e. Torma st xKe
PeOPOM MOXKHO JIOHOJIHATE U MHOKECTBO (); ;+1. Cile/1oBaTEIBHO, MO IPE/Ibl-
JYIIEMy IYHKTY, 9TO He MOXKeT ObITh pebpo Buga pr, rje « € Int(Giiq ;).

[Ipemmonoxkum, aro e = ¢ (caydail e = ¢ v anagornden). Torna,
ocKOIIBKY M; ;11 € MM(G), Mbr momydaem, 910 M; i1 = {¢i, D, ¢iv1¢iv2}-
Pacemorpum jiBa cirydasi.

1.v e GiJrl,i-

Torma v € Gi—1; u {qiy1,D, v} € M (G), caegosarensho, o aemme 14
noJydaercs, 9ro v = ¢;—1 u Int(G;_1 ;) = &, no torga q;v € M, ;1.

2. v € Gi,i-{-l'

B srom ciyuae, o jiemme 6, {v,p, g0} — pasjesioniee MHOXKECTBO,
cojiepzkaliee p u 3aBucuMoe ¢ Q; ;41. Torma mo semme 4 pomarnka F' He Mak-
cuMaJsibia. [IporuBopeune.

NTak eIMHCTBEHHBII BOBMOXKHBIA caydait — e = pz, e © € Int(G;i41).
Torma no jemme 5 o — enuHCTBeHHAs BepinuHa Yactu (41, CMEXKHAS C
p. 0

Onpenenenue 18. Ecmu mHOXKeCTBO M, ;41 MOXKHO JIONOJHATH PeOPOM P,

riae x € Int(G;;11), TO HOIYyYUBIIHICS B Pe3YJIbTATE ITOTO Pa3pe3 0603HATIM
*

uepes M, ;.
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3.3 MmHuoxecTBa, pa3aeadioniue OCHOBHbIE CTPYKTYPbI

B sTom naparpade Mbl pacCMOTPHUM 3-pa3/eIdioniue MHOXKECTBA, KOTOPbIE
pa3/eIdI0T MHOXKEeCTBa BEPIINH pa3pes3a, TPOMHOIo pa3pe3a WA POMAIIKU.

Jlemma 16. Ilycmv maxcumansvhoi  Hempusuaavholli  paspes M u
S € R3(G) \ R(M) maroswv,, wmo S pazdeasem V(M). Tozda |Part(S)| = 2
U BBINOAHAECNCA 00HO U3 cAedyowuT J6yT ymeeporcienull.

1° Paspes M codeporcumes 6 pomawke, noporHcoeHnoti HaOOPoM
S =R(M)U{S,TM TM}.

2° Mmnoowcecmeo S codeporcumesn 6 okpecmuocmu 00Hot U3 wacmed
Part(M) (obosnanum ee GM). Cywecmeyem maxoe pebpo w115 € M, wmo
S omdeasem eepuwuny r, € TM om ocmarvwuz eepwun mmoscecmea

V(M)\ S, npu amom, S\ GM = {x,}.

HokazareabcTBo. PaccmorpuM jiBa cirydasd.

1. SNInt(GY) # @ m SNInt(GY) # @.

B sTom cirydae MHOXKeCTBO S 3aBUCHMO €O BceMu MHOKecTBamu JR(M), a
taxoke ¢ TM u TM. To ects rpad 3aBucumocTi Habopa & cBsizeH.

Tokazxem, uto |[S N GY| = 2. Tyers SN GY = {z}. Torna z € Int(GY)
u SNTM = @. Orkyna 10 CleJCTBHIO 2 MHOKECTBO S JIOJKHO OTJIEIATh
ojHy u3 BepimuH MHOkecTBa TP (0603HAYMM ee ) OT OCTAJIbHBIX BepITUH
sToro MuoxkectBa. Ho Torma mo ciencrsuio 7 paspe3 M MOXKHO JIOTOJIHATD
pebpom xy. [IpoTuBopetne ¢ MaKCHMAJIBHOCTBIO paspe3a M.

Urak, |S N GM| = 2. Auanornuno, |S N GY| = 2. Uz sroro cuenyer,
aro SNGM N GY # @. To ecrs cymecrsyer Bepmuna p € M N S. Ho
TOTJIa 9Ta BepIInHa IPUHAJIEKUT BCeM MHOXKecTBaM Habopa &, oTKy/a 110
cJieJICTBUIO 4 BhITEKaeT, 4To Habop & mopokaeT poMalKy F', comepKalyto
paspe3 M. IIpu stom S € R(F), crenosaresnsno, |Part(S)| = 2.

2. SNInt(GY) = 2.

B srom ciayuae S C Nb(GY), muoxkecrso S mesasucumo ¢ To4 u 3za-
sucumo ¢ TM. Anajormuano npeppitymemy nyukry, |S N GM| = 2. Tycrs
S\GM = {z}. Tak kak zo € Nb(GY)\ GV, To cymecrsyer pebpo x1z9 € M,
npudem 2, € TV . Torma ouesuno, uro S He pasjendger G5, cienosarebHo,
Bce Bepruabl MHOXKecTBa V(M) \ S, KpoMe 1, JiesKaT B OJHON KOMIIOHEH-
Te cBaszHocTu rpada G — S. B wacrHocTH, 3TO 03HaYaeT uTo S pazjesser
muoxectBo TP posro Ha 2 wacTu, ciegosarensho, |Part(S)| = 2. O

Bameuanue 13. 1) OcranoBumcs mogpobHee HA BTOPOM CJIydae B JI0Ka3a-
Tenbere mpeprrymeit gemmbr (S \ G = {zo} u mMuOKecTBO S OTHENSET
BEPIIHIY T OT OCTAJBHBIX Beprnn Muoxkectsa V (M)). OueBuno, 910 MHO-
JKECTBO S MOXKHO JIONOJIHUTL PeOPOM X1Z2. Jlajiee BOBMOXKHBI CJle/IyIoline
aBa mojcaydast: Maoxectso S N THM MoxeT GbITH KakK IMycTO Tak M HEIyCTo.
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B nepBom ciiyuae pebpo xqxo, O9EBUITHO, ABJIAETCS OCOOBIM.

Bo Bropom ciyuae, eciun S N'TM = {p}, muoxkecrsa S, TM a Takske Bce
mHOXKecTBa 13 R(M), comepkarnue p, IOPOXK 0T pomatiky. [Ipu sTom, ecoin
p € M, To 9Ta pomarika cojepkut M, a eciin p — KOHeI[ 0HOTro 13 pebep M,
TO pOMAIIKa COAEPXKUT Bce BepiuHbl V (M) 3a HCKIIIOYEHIEM BTOPOTO KOHITA
9TOroO pedpa.

2) Ecom paspes M tpusmasen (GY = {z}) u S pasmensier V(M), To
x € S umbo S oryensger oaHy u3 BepmuH Muoxkectsa 1M or aByx npyrux,
JIeyKaIluxX B OJIHOM KOMIIOHeHTe cBa3HocTH Trpada G — S, mubo paszpes M
COJIEPKUTCsT B TPOWHOM paspese ¢ 0cbio S.

B cnenytomeit jiemMme 1oiiger pedb 00 OKPECTHOCTH TPOMHOIO paspesa.
Hamomunm, 910 110 ompe/ie/ieHn0 OKpeCTHOCTh TPoitHOro paspesa F' = My U
M5 U Mj ects muO)kecTBO Nb(F') = V(M) UV (M3) UV (M), tre paspes M,
coBmaiaer ¢ M;, ecm TOCIeIHIN HEJTb3s1 JIONMOJTHATD 0 paspesa u3 Ms(G),
u siBjsieTcst paspesoM u3 Mz (G), comepkammm M;, B IPOTUBHOM CJTydae.

Jlemma 17. Ilycmo mpotinoti paspes F = M; U My U M3 ¢ ocvro S
u mmoocecmeo T € R3(G) makosw, wmo T ¢ Nb(F) u T pasdeasem
Nb(F). Toeda |Part(T)| = 2 u mnoorcecmso T codeporcumes 6 00noti u3
wacmet A; € Part(S). Kpome mozo, mnoorcecmeo T omdeasem odny us eep-
wun x; € Int(A;) om ocmarvnwx sepuwur mroocecmea Nb(F). Ipu smom
T\ B, ={x}, edex € S, xx; € M] u B} € Part(M]) — wacmo, codeporcawya-
aca 6 A;.

HoxkazareabctBo. [lycts T 3aBucumo c¢ S. Torga o siemme 9 muoxkectso T’
noanHeHo S, cienosarensro, I C V(F'). Ilporusopetine.

Taxkum obpazom, T' wezasucumo ¢ S. CrenoBaresbHo, T' JIEXKUT B OJHOMN
u3 gacreil S-pasbuenus (obosHaunm ee A;). Torma, nockosnbky T paszsesnser
Nb(F) u T # S, muoxecrso T pazgensier V (M]). Kpome Toro, T' ¢ V(M]).
Ecim paspes M| makcumasieH, TO NPUMEHUM K HEMY U MHOXKeCTBY 1 Jiem-
My 16. 3amernm, 4TO, MOCKOJIBKY MHOXKeCTBa S U 1 HE3aBUCHMbBI, YTBED-
xJjienne 1° jieMMbl 16 BBIMOTHATHCS He MOXKeT. Takum 0Opa3oM, BBIOJIHE-
HO yTBepkK/ieane 2° jeMMbl 16, 13 KOTOpPOro cJjeayeT yTBEPK/IEHNE HaCTO-
smeit semmbl. Ecom ke paspe3 M! me MakCHMaJI€H, TO IO OIPEJIETIEHHUIO

M, = M] € 9 (G) n, nockonbky 1 He3aBHCHMO C S, yTBEPXKJICHHE JIEM-
MBI B 9TOM CJIydae OYEBHIHO. O
JIemma 18. Ilyemv makxcumanvran pomawre F = (p;qu, ..., qm) U MHO-

ocecmeo T € R3(G) \ R(F) marosw,, wmo T pazdeasem V(F'). Tozda
|Part(T")| = 2 u swnoansemcsa 00no us caedyrowur d6yx ymeepscoeHud.

1° Mwootcecmso T omdeasem 0dny u3 eepuur muosicecmea V(F) om
OCMANOHOLT BEPUWUH IMO20 MHONHCECTMEA.
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2°  Mmnootcecmso T omdeasem dea cocednux AENECMKa (i1, @it
om ocmasvnuxr eepwur muoorcecmea V(F). Ipu omom Int(Gii4q1) =
Int(Gito43) =@ uT = {q, x, Girs}, 20e © € Int(Giq142) — eduncmeennan
sepuiuna wacmu Giiqira, CMENCHAA C P.

JokazaTeabcTBO. 3amerum, 9to 10 JjiemMe 4 p & T. Eciau muOoMkectBO T
He pasfenser #Habop L = {qi,...,¢n}, TO OHO OTHENsIET P OT BCEX BEPIIHH
9TOro HAbOpa, CJIeJ0BATETLHO, BBIIOJHEHO yTBEepKIeHne 1°.

[lycrs T paznensier L. lokaxkem, aro TN L # &. [eiictBure/ibHO, pn
Int(Gyit1) # @ n |[TNInt(G;i11)] < 1 110 1emMe 4 BEPIIUHDL ¢; U (41 CBS3AHB
B G —T. Ecom xe Int(G;;41) = &, TO JICHECTKY ¢; U @11 CMEXKHDBL Tak Kak
cymecTByeT He Oostee ofmoit Taxoit dactu Gjjiq, uro |T' N Int(Gj )| >
2, BCe Tapbl COCEJIHUX JIEIECTKOB (KPOMeE, BO3MOYKHO, OJIHOI) He Pa3JiesIeHbl
muoxkectBoM 1. CriesioBaresibio, ecim 1'N L = &, Bce Bepruabl Habopa L
ceszanbl B G — T'. IIporuBopeune.

Bamernm, aro |T'N L| < 2 mo memme 10. Pacemorpum cotepyrormue Ba
caydast.

B srom cirydae 0be ocraBimecs: BEPIIHHBI MHOYKECTBa, T’ JIOJI2KHBI JIEXKATH
B o/1HO#T wactu Part(F), nHave aHAJIONMYIHO JIOKA3AHHOMY BBIIIE MHOYKECTBO T’
He paszgender L. Ilycrs sta gacts Gj j41. Torma ovesuano, 1To MuoxecTso 1’
pasousaer L Ha HAOODBI {¢it1,. .., ¢} 1 {¢jt1,- .., ¢—1}. He ymanss obimmo-
CTU MOYKHO CUUTATH, 9TO P JIE)KUT B TON K& KOMIIOHEHTE CBSI3HOCTH Tpada
G—T,aro u {gj41,...,q-1}. Joxazxkem, uro Torma i + 1 = j. deiicrBuresn-
HO, B npoTuBHOM citydae T NInt(G;;42) = @, cirenoBaTesbHO, MHOKECTBO T
He pazjiendeT 4acTb (G iy, TO €CTh p U @41 CBa3anel B G — T'. IIporusope-
gne. Takum obpasom, 1" oTjiesider JIeIeCTOK (1 = ¢; OT OCTJILHBLIX BepIINH
V(F') u BbIoJHsIeTCA yTBEPIKIeHne 1°.

2. TAV(M) = {4, q;}.

B srom ciyuae odeBmaHO, uTO MHOXKecTBO 1 pasOuBaer L Ha HaGO-
pol {Git1,---,¢i-1} u {gj41,...,¢i—1}. He ymamasa obmmoctn MOXkHO cun-
TaTh, YTO P JIEXKUT B TOH Ke KOMIIOHeHTe cBs3HOCTH rpada G — T, ato n
{gj+1,--.,qi—1}. Hokaxkem, aro Torma B npyrom Habope He Gosee IByX Bep-
muH. [eficrBuresnbro, B nporusHoM ciaydae Int(Gj 40) NInt(G,_2;) = @ u
MHOKeCTBO T’ He MOXKeT IepeceKaThCst ¢ BHY TPEHHOCTSIMU 0DENX STUX JacTeil.
Torma, aHAJIOTHYHO IIEPABLAYINEMY CIy4ato, P U {¢it1,...,(j—1} CBA3AHBI B
G — T'. Ilporusopeune.

Hanee, eciin j = i+ 3, TO €CTb MHOXKECTBO 1’ OTJIe/IAET JIENECTKH (411, (12
OT ocTaJIbHbIX BepimH MuOKecTBa V (M), To cpenu gacreit Gy it1, Git1,it2,
Giy2,it+3 He Ooslee OJHOII HeIyCTOIl (HOCKOJIbe B KaKJIO HEILyCTOH 4YacTu
eCThb IyTh, COEJINHSIONININ €€ JIETeCTOK C IMEHTPOM POMAIIKHU, W TPOXO/ TSI
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10 BHYTPEHHUM BEPIIUHAM 9TOH YaCTH) U HET JIByX COCEJHUX IYCThIX dacTei
(ITOCKOJIbKY TIO 3aMeYaHUI0 2 MX OOIIHIl JIEIIeCTOK CMEYKEH C IEHTPOM). DTo
BO3MOXKHO TOJIBKO eciit Int(G11) = Int(Gito,43) = @ u Int(Giq1i42) # 2.
Torpa oueBuno, uro T = {q;, =, ¢iy3}, vae € Int(Giiq,42). Kpome Toro,
muozkecTBa T 1 (41,12 3aBucuMbl u {p, x} € Part({7T, Q;+1,i12}), ceoBa-
TeJIbHO, T — €IMHCTBEeHHad BepmnHa JacTu (yq 42, CMeXKHad ¢ p. Takum
00pa30M, BBIIOJTHAETCH YTBEpKIeHue 2°.

Bo Beex cirygasix oueBniHo, uro |Part(7)| = 2, nockosbky MHO)KecTBO T
3aBUCHMO C HEKOTOPBIMU MHOXKECTBAMU POMAINKK F' U JIEJUT KaxK/10€ U3 HUX
POBHO Ha 2 YacTH. ]

3ameuanue 14. B ciaydae 2° mpeapbiayimeil JeMMbl O9€BIIHO, UTO MHOMKE-
crBo T' comepurea B paspese M, | = {@ii11, P, Gis3Gira}-

B caenyromux jgemmax Mbl Oojiee IOJIPOOHO OCTAHOBUMCs Ha, ciaydae 1°
JeMMBI 18.

JIemma 19. ITycmv maxcumanvhas pomawra F = (p;qu, ..., qm) w mHooce-
cmeo T € R3(G)\R(F) makosv, wmo T omdeasem aenecmox q; om ocmans-
nox sepwun mnooicecmea V(F). Toeda posnwo odna us wacmetd Part(F),
codeporcawur q;, nycma u muodcecmeo T cocmoum u3 6mopozo aenecmxa
amotl wacmu u 08YT eepuwUH IpY20l Yacmu, co0epHcauLets ;.

HoxkazareabctBo. Ilycts ¢; € H € Part(T). [lo ycioBuio ¢; — ejuHcTBEH-
mas Bepumuna u3 V(F), nexamas B Int(H). Torga Int(H) N Qi—111 = 9,
CJIeIOBATENBHO, (;_1,41 HE pasfenser H. 9to o3nadaer, uro H C G;_1,41
1, B gacTHOCTH, 1" C G;_141.

Bamerum Takxke, 9ro p & T 1o jgemme 4 u, odeBujno, ¢; € 1. Crenosa-
TeJIbHO, B OJ(HON u3 4dacreit G_1; u G ;41 comepKurcs He 6ojee OTHON Bep-
muHbl MHOKecTBa 1. He ymasisiss oOIIHOCTH MOXKHO CUNTAThH, 9TO 9Ta YACTh
Gi—1;. OueBngno, aro |7 NG,y ;| = 1, uHAYE BEPIINHDI ¢; U ¢;—1 CBSI3AHBI B
G —T. Bosee toro, ecm T'NG;—1,; # {¢:}, 0 o jiemme 4 B qactu G;_; ; €CTh
Iy Th, COSJMHSIONINIL ¢; U ¢;_1 U He nepecekaromuiica ¢ 1T', 9T0 HeBO3MOKHO.
Crenoarensuo, TN G;_1,; = {¢:}, 1o ectb T'N Int(G;_1;) = @. Ho T pas-
JeJIsAeT BEPINHLL P, ¢; € G_1 ;. DTO BO3ZMOXKHO ToJIbKO ecin Int(G,_1 ;) = .
Torma Int(G;,;41) # ©, Tak Kak HHAYE [0 3aMEYAHHIO 2 BEPIIUHBI ¢; U P
CMEXKHBI. ]

Jlemma 20. [Tycmwv pasdeasrowee mmoocecmeo T € R3(G) omdeasem
yenmp neswupoocdernnot pomawky F = (p;qi, ..., ¢m) om ocmasvhus eep-
wun muoorcecmea V (F'). Toeda mmoorcecmeo T omdessem p om ocmasvHols
sepwun epaga G. Hpu smomm < 6, 6 Part(F') ne 6oaee mpex nenycmoir wa-
cmeti u 8nympenrnocmy 110600 nenycmot wacmu Part(F') codeporcum posro
00ny eepuiuny mmoocecmsa T, a epanuya ne nepecexaemcs ¢ 1.
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HoxkazarenbctBo. I[lycrs B Part(F') poBHo k HemycTbix u ¢ myCTHIX YacTeil.
Ecmm Int(Gi11) # &, 10 Q141 — Pa3IeIsIoNniee MHOXKECTBO, 3aBucuMoe ¢ 1.
Crenosarensno, T'N Int(G; ;41) # @. Takum obpasom, k < 3. Hasee, ecim
Int(G,-1;) = Int(Gj j41) = &, TO 110 3aMeYAHUIO 2 BEPIIHHBI P U ¢; CMEXKHBL,
cienoBaresbho, ¢; € T. SamernM, uro mycrele dactu Part(F') pastusaiorcs
Ha He OoJiee, 9eM k TOC/IEIOBATEILHOCTEl, ITO j1aeT HaM He MeHee  — k Jre-
[IECTKOB, CMeKHBIX ¢ p. Takum obpazom, ¢ = k+ ({ — k) < 3, ciienoBaresbHO,
m=k+{<6.

[Iycrs |T'N G 41| = 2. Torna |7 N Int(Git1,)| = 1, u mo siemme 5 MHO-
KeCTBO (41 MOXKHO jonosiHuth pebpom pzx, riae T N Int(Giqy,;) = {x}.
[IporuBopeune ¢ nemmoit 15.

Urak, musg moboit wactu Gii11 |17 N Giip1| < 1. D10 03magaer, 9ro
ecn Int(Gyi41) # 9, 1o [T NInt(Gi441)| =1 u TN Q; 41 = F. Kpome Toro,
ectn T N Int(G,i41) = {u}, 1o {p,u} € Part({T,Q;;+1}) mo crexcrsuio 2,
TO €CTh MHOXKECTBO 1’ OTJiesIsIeT P OT BCEX OCTAJIbHBIX BepIuH dactu Gy 4.
[TocKOIBKY 9TO BEpHO st BCEX HEIYCTBIX 9acTeli, MHOKeCTBO 1’ oTae/ster p
OT ocTaJbHBIX BepimH rpada G. O

3.4 Ocobbie pomamku. OKpecTHOCTb POMAIKMI

n JIEHU . Hazoem pomarik = (p;qu,- - - ocoboti, ecan
Onpenesienne 19. H F Sy Om bofi,

d(p) = 3 u meocoboit B poTUBHOM ciydae. Okpecmnocmuio meHTpa 0coboil
pOMAIIKN Ha30BeM MHOKecTBO 1'(p), cocrosiiee M3 BEPIIUH CMEXKHBIX C P.

BamerumM, ITO ecsu p — meHTp ocoboit pomariku, To T (p) € R3(G). lpu
9TOM 110 JieMMe 20 BHYTPEHHOCTD Jii0boit memycroit dactu Part(F') comepkur
POBHO OfiHY BepinuHy MHO)KecTBa 1'(p), a ee rpanuiia He mepecekaercs ¢ T'(p).

Ounpenenienne 20. Ilycte F' = (p;q1,. .., ¢n) — MaKCHMAaJbHAS HEBBIPOXK-
nennas pomanika n G ;41 € Part(F).

Eciu pomarika F' ocobast u 9actb (41 HeIycTa, TO 00O3HAYHM dUepe3
U i+1 €MHCTBEHHYIO BepIIuiy ee mepecedenus ¢ 1T(p).

Eciu pomarika F' Heocobast, B yactu (41 €CTb POBHO OJIHA BEPIIHHA,
emesknag ¢ p, u Int(G;_1 ;) = Int(Gy41.42) = D, TO TakKe 0O03HATUM €/TIH-
CTBeHHYIO BepmnHYy (11, CMEXKHYIO C P, 9epe3 U; ;1.

Bo Bcex ocTasIBHBIX Cilydasx Oy/eM CUUTaTh, UTO U +1 = P.

MuoxectBo Nb(F) = V(F') U {u12,u23, ..., Un1} MBI OyeM Ha3LIBATH
0KPECTHOCMbIO POMAIITKE F .

Sameuanue 15. 3ameTnm, 4TO €CIH U; ;41 F P, TO MHOXKECTBO M, ;11 MOXKeT
*
OBITH JIONOJTHEHO PEOPOM PU; jy1, TO €CTh PU; iy € ]\4ZZ 41
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Ecmun F' — makcuMaJsibHast HEBBIPOXKIeHHAsT 0cobasi poMallika, TO 110 OIIpe-
nenernio Nb(F) = V(F)UT(p).

Ecim ke F — MakcuMaJibHas HEBBIPOXKJIEHHas Heocobas poMallKa u
Uii+1 # p, To 1o onpenenenuio Int(Gi_1,;) = Int(Gip1,10) = 9, cie-
posarenbo, M = {qi-1Gi; PUiiv1, Giraqiv1y € M3(G). Obpatno, ecim
M,y € M3(G), TO 0IEBUTHO, UTO Ui 11 F P-

7

Omnpepnenenne 21. Ilyctsb u; ;1 # p. Beegem obosnavenus M, | = M, 1
fitt = {9 Wiit1s G b 1w w40 = p nonoxun My = My n Q1 =
Qiit1-

bynem cunrarnb, 9To G;,i-i-l = G, \ {p}, ecom mbo w; ;11 # p, 1mbO
Int(G;i4+1) = @ U KaK MEHHEMYM OJHA U3 BEPIIHH U;_j; U Uji1;4+2 HE COBIA-

naer ¢ p. Bo Bcex ocrasibHBIX CIydasix HOJ0XKIM G;Z 1 =Gt

/ / /
Ecrm M, € M(G), To obosranmm vepes Nb(G) ;) okpectnocts G744
!/ /
Kak qactu M;, . -pasbuenug. Paspes M, | MbI OyJieM Ha3bIBATD 2PAHULHBIM
paspesom dactu Gy, 1. Hpu M, € Mo(G) monoxum Nb(G ;) =Gy
Ipn w; ;41 # p Jierko Bugers, uto G|

KalllagdcCdad B Gi,iJrl n Int( ;J-Jrl) = Int(Gm-Jrl) \ {ui7i+1}.

i1 — gactb u3 Part(M,, ), comep-

JIemma 21. ITyems F = (p;qu, ..., Gm) — MAKCUMAADHAA HEBVPOAHCICHHAA
pomawka. Tozda evinosnaromes caedyrousue YmeeprcoeHus.

1) Ecau T € R3(G) uT C Nb(F), mo aubo T € R(F), aubo T codep-
oicumes 6 Mj ;. daa nexomopozo i, aubo T = T(p) (nocaednee 603modicho
moavko ecau pomawika F ocobas). Bee onucanmbie vbiue MHONCECMEA, KPOME
MmHooicecms 6uda Qi ;. 1, 3a6edomo asasomcA pazdessrouumu, deasm epadh G
posno na dee wacmu u pasdeasrom muoocecmso Nb(F'). Mnooicecmea suda

iiv1 Me pazdeasrom Nb(F) u A6AA0OMCA Pa3IeAAOUUMU T0200 U MOALKO
mozda, koeda Int(G},; ) # @.

2) Ecau mnoocecmeo S € R3(G) pasdeasem Nb(F) u S ¢ Nb(F),
mo |Part(S)| = 2 u S omdeasem o0dny uz eepwun mmoocecmsea Nb(F) om
0CANDHBIT BEPWUH IMO020 MHOHCEcmea. Omdeaseman mroocecmeom S eep-
WUHA HE MOHCEM OBIMb UEHMPOM DOMAUKU.

HoxkazarensctBo. 1) Ecom T' C V(F'), o, mo caencrsuto 9, T siBiasercs
muokecTBoM pomaiiku F'. Torga 6o T' € R(F'), mmbo T sBiisiercst rpaHutieit
renycroit wactu Gi;11 € Part(F) n conepxutea B M, .

[Iycres T ¢ V(F). Torga mo ompeseseHnio OKPECTHOCTU POMAIIKH CY-
IMIECTBYET TaKoe ¢, 9TO U;;41 € 1 W U;;11 # p. 3aMeTuM, 4To ecau 1’ He
pasgenger V(F), o T C Gyip1 N NDB(F) = {p, ¢i, qir1, Uiy} C V(M)
o crencreuto 10 sTo osnavaer, uro T' comepxurcesa B M, .

Ocrajoch paccmorpers cutyanuio, korjga 17 ¢ V(F), u T pasumenser
V(F). Ilo nemme 18 jasiee BOBMOXKHBI CIIEYIOMINE 3 CIIyUast.
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1. T ormensier p ot ocranbabix BepimH V (F'). Torga no gemme 20 po-
mamika F' ocobas u T = T'(p).

2. T ornensier OJMH U3 JIEMECTKOB POMAIIKU F' OT OCTAJbHBIX BEPIITNH
V(F). Tak xak TNI1(G;;41) # &, TO 9TOT JIEIECTOK — ¢; WIA (;41. 10Or/a 10
nemme 19 qse Beprmnbl MEOKecTBa T mexat B Gy N Nb(F) C V(M ),
a TPeThbsl MPUHAJJIEKUT cocequeit ¢ G, 41 mycroit dactun Part(F), To ectsb
Taxxe npunajmexut V (M, ). Taxum obpasom, T C V (M, ), crenosa-
TenbHo, T conepxkurea B M, .

3. T oraesser JeecTKy ¢; U ¢;41 0T octaababix Bepiua V (F'). Torma, mo
JIieMMeE 18, IIlt(GZ‘_LZ‘) = Int(Gi+1,i+2) =Jdnu T = {Qi—la ui,i-i-la (]H_Q} C Mi/,i-i-l'

[To croiicTBaM poMaIKu JI060e ee BHYTPEHHEe MHOXKECTBO SIBJIAETCA Pa3-
nengiomuM, aeaut rpad G posHo Ha JBe yactu u pasgenser V(F) (a cie-
nosarenbHo 1 Nb(F')). Tlo jiemme 6 TO ke camoe BepHO U JIJIst JIIOGOTO BHYT-
peHHero MHOKecTBa paspesa M, , a mo jemme 20 — g muoxectsa 1'(P)
(ecn pomamika ocobas). Eemn Qi1 # @41, TO Qi it1, OICBHIHO, ABJIAET-
sl Pa3IEIAIONINM MHOYKECTBOM, OTAEIISIONINM U; ;41 OT OCTAIBHBIX BEPIINH
muokecTBa Nb(F') u, ciemoBaresnbho, jgeaut rpad G pOBHO Ha JIBe YaCTH.
Bee ocrasumecst MuoxkecTBa umetoT i Q; ;1. OUeBMIHO, 4TO MHOMKECTBO
Qi1 1e pasgensger Nb(F). DT0 MHOXKECTBO ABJIAETCSA Pa3IeIAIONIM TOLIA
U TOJBKO Torja, Korja Int(Gj ) # 9.

2) Eciu S paspensier V(F'), To, mo jgemme 4, p ¢ S. Jlanee, o jiem-
Me 18, S mesmT rpad poBHO Ha JIBE YACTH U OTJENIAeT He DoJiee IBYX BEPIITNH
muokecTBa V (F') 0T OCTaJbHBIX BEPIIHH 9TOr0 MHOXKeCTBa. 1Ipm sToMm, ecim
OTesIIoTCs iBe BepimHbl, T0 S C Nb(F'), 9T0 HEBO3MOXKHO IO YCJIOBHUIO.
Kpowme Toro, no siemme 20 eauHCTBEHHOE 3-pas3/e/Isioniee MHOXKECTBO, KOTO-
poe MOXKeT OTJEIATH P OT OCTAILHBIX BepITnH MHOkecTBa V (F') — sro T'(p).
Ho T'(p) C Nb(F).

Taxum obpaszom, S OTAesgeT OMUH U3 JIEIIECTKOB POMAIIKH OT OCTAJIbLHBIX
Beprna MHOXKectBa V (F'). Ilpu 5T0M, MOCKOJIBKY p & S, BCe BepINUHbBI BU-
Jla U;;+1 JIEZKAT B TOIl 2Ke KOMIIOHeHTe cBsasHOCTH rpada G — §, 4t0o U p.
To ectb S oTjeseT OJUH W3 JIEIIECTKOB POMAINKH OT OCTAJIbHBIX BEPIIHH
muoxecrsa Nb(F).

Eciu ke S we pasnensier V(F'), To S HE3aBHCHMO CO BCEME MHOKECTBAMHU
pomarku F', To ectb S comepkuTcA B ofHOM n3 dacteit G ;41. Ho Torma S
MOXKET OTJIEJIUTH OT OCTAJIBHBIX Bepuina MHOxKecTBa Nb(F') ToJbKO BepIu-
HY U; j+1, IPUYEM 9TO BO3MOXKHO TOJIBKO B Cilydae, KOIJIa U; ;+1 7 p. Bojiee To-
ro, 1o jemme 2, S ne pazuenser Gy ;. B aTom cirygae oueBunno, aro p € T,
u jiobas dactsb Part(S), comeprxamasicss B Gy 41, COAEPIKUT BEPIIHILY CMEXK-
Hyto ¢ p. Ho, moCKoIbKY ;11 # p, Takasg BepmuHa B (; ;41 TOJBKO OJHA,
ciieoBaTeIbHO B (7 ;41 MOXKET COJEPKaThCsl TOJIBKO ojHa dacTh Part(S). C

31



JPYToit CTOPOHEL, 110 jteMMe 2, S He pazjeinser Gjyq 4, C/IEI0BATEILHO, JaCTh
Part(S), ne cogepxkamasics B G; 41, TAKzKe MOXKET OBITH TOJIBKO ofHa. Takmm
obpaszom, S nenut rpad G POBHO Ha JIBE YaCTU. O

3ameuanue 16. Omnuirem OoJtee JETATBHO TO, KAK MOXKET BBITJISIIETH HEBbI-
pokjieHHast ocobast pomamika F(p;qi, ..., ¢n). PaccMOTpuM HECKOJIBKO CITy-
JAEeB.

1) Iycrs B Part(F') tpu Hemycroie gactu. Torma T'(p) comepKut 110 Bep-
IIMHEe BO BHYTPEHHOCTU KaxKJIOM M3 9TUX YacTei, cjaeaoBaTe/]bHO, HEHTP P
HE CMEeYKeH HU C OJHUM u3 JieniecTKoB F. OTcioja 110 3aMevaHuio 2 Cejyer,
410 siBe cocennne dactu Part(F') ne moryT ObITh mycThivu. Taxkum ob6pasom,
B Part(F’) or wernipex Jio mectu gacteii. Ocobast poMalka ¢ MecTbo 9acTsi-
MU U300parkeHa Ha PUCYHKE.

2) Ilycrs B Part(F) sBe HelrycTbie 4acTH, TOIVIA BHYTPEHHOCTH KazK 0
U3 HUX COJIEPXKHUT POBHO TI0 OJIHOM BepimHe MHOXKecTBa T'(p), a TpeThst Bep-
muna T'(p) — Jtenectok ¢;, He BXomswii B Herycthbie dactu Part(F'). To ecthb
qacTt G;—1; u G; ;41 mycThL. [I0CKOJIBKY BCe BEPIIHMHBI, CMEXKHBIE C P, JIEZKAT
B T'(p), B Part(F') kpoMe deThIpex yKa3aHHBIX dacTeil MOXKeT OBITH TOJHKO
OJIHA IIyCTasl YacTh, IIPUYEM COCEJIHss C JAByMsl HelycThiMu. Takum o6pasoMm,
B Part(F') dernipe mwim nsrh dacTeit.

Ecsm wacreil gersipe, To HX MOXKHO 3aHyMepOBaTh Tak, 9T0 Gio D u U
G41 > v — menycrele, Gog u Gs 4 — mycrsie, a T'(p) = {u, v, ¢3}. Ormernu,
970 B 9TOM ciaydae F' = (¢35 q1, u, p, v) — pOMAIIKa TOTHO TAKOI'O K€ TUIIA, €€
IIEHTD @3 OT OCTAJIbHBIX BEPIIMH Ipada OTIessieTcss MHOKECTBOM { ¢, P, G4}
[Tpu sTom serko Bujers, uro Nb(F') = Nb(F”).
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Ecim B Part(F) nmare wacreil, TO MX MOYXKHO 3aHyMEpPOBATH TaK, UYTO
Giz2 2 u n Gys > v — menycrole, (a3, Gs4 u (51— HycTble, a
T(p) = {u,v,q3}. Ormernm, aro B sTOM caydae F' = (q3;q1,u,p,v,q5) —
poMaIllKa TOYHO TAKOTO Ke THUIla, ee IEHTD ¢3 OT OCTAIbHBIX BepIIuH rpada
OTJIEJISIETCS MHOZKECTBOM { (2, P, @4} 1 tipu 3ToM Nb(F') = Nb(F").

Ny

3) B Part(F’) e moxkeT 66ITH DOBHO OJiHA HeIlycTas dacThb. JleficTBuresnns-
HO, B IIDOTUBHOM CJIydae BHYTPEHHOCTD 3TOI 9aCTH CONEPKUT OJHY BEPIINHY
u € T(p), a aBe apyrue BepIIMHBI MHO)KeCTBA 1'(p) — JIemecTKH POMAIIKH.
Ocraspabie wactu Part(F') mycrsl u ux He menee Tpex. [lo 3amedanuio 2
o0Imuit JIEEeCTOK JABYX COCEIHUX IIYCTBIX YacTell CMeKeH ¢ IEeHTPOM P, H,
caetoBaresibao, BxoguT B 1'(p). 1o oznadaer, uro B Part(F) posHo Tpn
IIyCTBIE YacTU — IIycTh 3T0 (19, Gas n G3 4. Torna mHeTpyaHO HOHATH, ITO

{up, 142, q1q3} € M3(G) — paspes, cogepxkamnuit pomamky F. IIporusope-
que.

Jlemma 22. Ilyemv F — ocobas neswvipootcdennan pomawra. Toeda 6vinon-
HAOMCA CACOYIOUWUE YMBEPHCOCHUS.

1) Jan moboti wacmu Giiq1 € Part(F)  Gi oy # Gigga-

2) Mmnoowcecmso T(p) cocmoum u3 ecex 6epuiun Ui+1, He cO6NAIAI0-
wux ¢ p, u scex sepwunr qj, das komopuixr Int(Gj_q ;) = Int(Gjj41) = @,
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Uj—2j-17F P U Ujt1j+2 7 D-

HokasarenbcTBo. 1) 3ameruM, 4T0 B 0COOOH POMAIIKE ;11 # P (TO €CTh
Giiv1 7 Giiv1) TOTIA B TONBKO Toryia, Korja Int(Gigq1) # @. Kpome Toro,
u3 KiaaccnUuKanuym 0cOObIX POMAIIIEK, IPUBEJICHHON B 3aMedannn 16, BUIHO,
910 y Kak/[0il mycroit wactu Part(F) ects memycroit coces. CremoBaresbHo,
st Takux gacreit Takxke Gy, # Gy

2) Bamerum, yro T'(p) COCTOMT U3 OTJIMYHBIX OT P BEPIIUH Uj;41 H
BCEX JIEIIECTKOB (;, HPHUHAJJIEXKAIUX JBYM IIyCThIM dYacTaM. I3 3ameda-
Hus 16 BUJIHO, 9TO TPHU IyCTBIE YACTH OCODOI POMAIIKK HE MOT'YT MJITH IIOJ-
psz, crenoBaressHo, ¢; € 1(p) osmadaer, aro [(Gi—1;) = [(Giip1) = 9,
I(Gi—gi1) # @ u I(Gij1442) # ©. Torma mo mmytkry 1 Mbl mMmeem
U917 P U Uir1,i42 F P O

3.5 CBs3b TPOUHBIX pa3pe30B C APYTMMU OCHOBHBIMU
CTPYKTypamMu

Ocpb Tpoiinoro pazpesa JieuT rpad Ha TPU YaCTH U, CJIEIOBATETHLHO, HE MO-
2KeT OBITH BHYTPEHHUM MHOXKECTBOM pa3pe3a Wi poMarirku. Takum obpa3om,
MHOKECTBO BEPIIIIH TPOIHOTO pa3pe3a He MOXKET COJIEPKAThCA B MHOXKECTBE
BEPIINH pa3pe3a WA POMAIIKH.

Boutee Toro, kak ciesyer ns jiemm 16 n 21, och TpoOItHOrO KOMILIEKca He
MOKET TaKzKe pas/le/IATh MHOYKECTBO BEPIINH HETPUBUAJIHHOTO pa3pe3a WJIn
OKpecTHOCTH pomarku. Crie/0BaTe/IbHO, eC/In MHOYKECTBO BEPIIINH HETPUBU-
aJTbHOT'O pa3pe3a WJIM POMAIIKH COJIEPYKUTCI B MHOXKECTBE BEPIITUH TPOMHOTO
paspesa (WM B €ero OKPECTHOCTH), TO OHO COJIEPYKUTCA U B MHOYKECTBE Bep-
IIMH OJIHOTO U3 00PA3yIouX ero (Wi ero OKPeCTHOCTh) Pa3pe3oB. 3aMeTuM
TakzKe, IYTO pedpa, COeMHSIONINEe BEPITNHY CTEIeHN 3 OCH TPOITHOIO paspe-
3a C ee OKPECTHOCTBIO, OYEBHHO, 0Opa3yloT TPUBHAJIBHBIN paspes, TaKxKe
coJiepzKalluiicda B TPOMHOM pa3pese.

Omnpenesienne 22. Byaem roBopuTh, 9TO pas3pes WIN POMAIIKa CO0epiHcam-
cA B TPOHHOM pa3pese (OKPECTHOCTH TPOHHOTO pa3pesa), ecyid UX MHOKECTBA
BEPIINH COJIEPKATCS B MHOYKECTBE BEPIHH (OKPECTHOCTH) TPORHOTO paspesa.

4 Komiuiekcol
Mper nipesicraBum Habop R3((G), Kak 00beMHEHIEe HECKOJIBKIX MOHAG0POB —

CTPYKTYPHBIX €JIMHUIL PA30UEHNs, CTPOANINXCH Ha OCHOBE OIMMCAHHBIX BBIIIE
OCHOBHBIX CTPYKTYP. DTU MOIHAOOPHI MbI OyJIeM HA3BIBATH KOMNAEKCAMU.
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B nannoM pazjiesie MbI IEPEYUCTUM BCE BHUJIbI KOMILJIEKCOB, OIUIIEM BCE
3-pasensroniye MHOKECTBa KazK/IOTO KOMILIEKca W pas3dmneHne rpada MHO-
JKECTBAMU OJIHOIO KoMILIekca. Jlajiee ¢ IOMOIBIO TeopeMbl 0 pasbuerun [2|
MBI ITOCTPOUM THIIEPJIEPEBO B3AaUMHOI'O PACIIOJIOXKEHNS MHOYKECTB PA3JIMIHBIX
KOMILJIEKCOB. B pe3ysbrare MmosrydnTcs MojIHasd KapTUHA B3aMMHOTO PACIIO-
JIO?KEHUS TPEXBEPIIMHHBIX PAa3/IE/IAIONINX MHOYKECTB B IPOU3BOJILHOM TpPEX-
CBA3HOM Tpade.

Onpenesienne 23. Hasosem odunounvimu muoxkectBa u3 Rs(G), He 3aBu-
CHUMbI€ HHN C KaKHNMMU MHOXKECTBaMH U3 %3(G) OCT&JIBHBIQ MHO>KEeCTBa U3
R3(G) HazoBeM Heodunounvimu. ObosHatmM depe3 O HaOOP, COCTOSIINIT 13
BCEX OJIMHOYHBIX MHOXKECTB.

Kazkmoe oamHOUHOE MHOXKECTBO OyIeM CYUTATh KOMILIEKCOM. Ommimem
OCTaJIbHbIE TUIIbI KOMIIJIEKCOB.

4.1 TpoiiHble KOMILJIEKCHI

Onpenesnienne 24. Jlns mo0oro TpoitHOro paspesa F Ha30BeM mMpotiHviMm
romnaexcom E(F) nabop, cocrosmuii m3 Beex MuOKecTB R3(G), comepxa-
muxcst B Nb(F'), kpome rpanut, okpectHoctu F'. Ock F' 1 rpaHuiipl oKpecr-
HocTu F' MBI Oy/ieM Ha3bIBaTh COOTBETCTBEHHO 0CH10 U 2PaHUUAMU TPONHOTO
KOMILJIEKCA.

[Iycrs F' = My UM, UM; — tpoiinoit paspes ¢ ocbio S, Nb(F) = V(M])U
V(ML) UV (M) — ero okpecrrocts. Ilycrs Part(S) = {4y, A, A3}, a vacru
B; € Part(M;) u B, € Part(M]) rakosel, uro B, C B; C A;. (Ilogpobuee
OIpeJIeJIeHNsT BCeX ITUX 4dacTeil JaHbl B pasmene 2.3.)

Kak cireyer u3 jemmbr 12, tpoiinoit komiuteke €(F') cocrout u3 S, Bcex
TPUBHAJIBHBIX PA3JIESIONINX MHOXKECTB OIUHEHHBIX S (nX He 6osiee Tpex)
U BHYTPEHHIX MHOXKeCTB paspe3oB M, Mj, Mj.

Onmumiem Teneps Bee dactu Part(€(F)). Eciu Bce paspesst M, nerpusn-
asbHbl, TO Part(€(F')) cocrout 3 masbix dacreit Buia {x,z;} (rne x € S, a
xx; € M!) u HOpMaJIbHBIX JacTeil B.

Ecin paspes M/ tpusnanen, to |Bi| = 1. Ilycts B, = {y}. Torma mmo-
JKeCTBO B; COCTOUT M3 BEPIIMHBI § U TeX BEPIIMH MHOXkKeCTBa S, CTEleHb
KOTOPBIX GoJibire Tpex. Ecm Takux BepuimH HeT, TO Bee cojepkaiumecs B A;
vqactu Part(€(F')) numetor Bug {x,y}, rme x € S.

[Iycte B w™MHOXKEcTBe S ectb BeprmmHbl creniern 0Oosee 3. Torma
B; € Part(€(F)), upuueMm wacth B; gBIISETCS MAJIOi, €C/IM POBHO JBE Bep-
IIIHBl MHOYKECTBA S UMEIOT CTEIEHDb 3, U sIBJISIeTCs. HOPMAJIbHOI, ecin Takast
BEpIIMHA OJIHA.
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U3 nemmbl 17 ciemyer, aro st aoboro muoxkectBa R € R3(G) \ €(F)
CYIIECTBYeT e¢UHCTBeHHas Hemycras dactb A € Part(€(F)) rakas, aro R C
Nb(A) u m6o R = Bound(A), mmbo R N Int(A) # 2.

4.2 KomiuieKkc HEBBIPOXKJIEHHOUN POMAIITKNA

[Tycts B rpacde G cymectByer Takast pomarika F, aro B Part(F') Her Hery-
cToix gacteil. Torna Bce Bepiuabl rpada G aBJILAIOTCS BEPIIMHAMU POMAIITKH,
KazK/IbIi JlereCTOK F' cMeKeH ¢ IIeHTPOM U JIBYMsl COCEJIHUMHU JierlecTKamu. B
9TOM CJIydae Bce 3-pasjessdionine MHOXKecTBa rpada G — 9T0 MHOXKECTBa, PO-
mvamkn F. OTMerum Tak»ke, 9T0 B 9TOM ciaydae rpad G aBisgercs “Kojecom”
(cm. [8]). B masbHeitem He OyjeM BO3BPAIIATHCA K 9TOMY TPHUBUATLHOMY
cirydaro u 6yJieM CauTaTh, 9To s Jiioboit pomaniku F' B Part(F') ecthb Herry-
cTasi IacTh.

OOBbeKTOM U3ydeHus B 3TOM pasjiesie OyIeT MaKCUMaJTbHAsT HEBBIPOZK JIEH-
Has pomamka F' = (p;q1, ¢, - . ., ¢m). Kak 6b1I0 OKA3aHO BBIIIE, BOSMOXKHBI
JIBa MPUHIINAKAJIBHO PA3HBIX CJIydast: poMalika F MoxKeT ObITh 0cobO0il min
HEOCO0OIA.

Omnpenesienne 25. Onpenenmum komnaeke €(F) pomamkun F, kKak HabOD,
cocrosmuii m3 Bcex MHOKecTB R3(G) Ha Beprmmuax Nb(F), pasiesstonux
muoxkectBo Nb(F). 'parnuyamu komiutekca C(F) Mbl Oy/ieM Ha3blBaTh Ipa-
HUIBI BCeX HOpMasIbHBIX dacteil Part(C(F)).

U3 remmet 21 cremyet, aro €(F') cocrour n3 muoxkects R(F'), MHOXKeCTB,
cofiepzKanuxca B paspesax M, ., u ne comajaiomux ¢ Q. (31ech jo-
CTATOYHO PACCMOTPETh TOJILKO T 4, JIJI KOTOPbIX U; ;11 7 P) U, BO3MOXKHO,
muoxkectsa 1'(p) (B ciydae, ecim pomarika F' ocobast). ['panuiier Kominiekca
HEBBIPOZK/ICHHON POMAIIKH B KOMIIJIEKC He BXOZAT!

Jlemma 23. Iyemo G € Part(R(F)) u Gi,y # Gigpr. Tozda cywe-
cmeyem mmosicecmeo Siiy1 € €(F), omdeamowee p om G\, npuuem
Siit1 N Giiv1 = {wiip1} npu Int(Gii41) # & u Siiy1 N Giip1 cocmoum
u3 00H020 U3 NENECTNKOS ¢; U (it1 6 NPOMUBHOM CAYIAE.

J— !
Hoxkazarenbctso. Ecmu Int(Giiq1) = @, To, mockomeky G,y # G,
KAK MUHHIMYM OJIHA U3 BEPIINH U;_1; U Ujt1+2 (HE yMaJiss OOIIHOCTH, IIYCTh

9TO ui—l,i) HE COBIIaJa€T C p U HaM IIOAXOIUT Si,i-l—l = {qi_l,ui_l,i,qiﬂ}.
Ecmm xe Int(G;41) # @, 10 HaM moaxomuT S; ;41 = 1'(p) s ocoboit u
Siit1 = {qi—1, Uiit1, Giy2} T HEOCOOOM pOMAITKY. 0

s Toro, 4ToOBI omMCAaTh YACTU, HA KOTOpble pa3dbuBaeT rpad KOM-
IJIEKC POMAIIKU, HAM IOTpedyeTcst 0600IIeHne IIOHATHsSI OKPECTHOCTHU IEHTPA
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Ha cJIydaii HeocoOo#t pomamiku. [Ijist 9TOro Mbl BOCIIOJIB3YEMCsi CBOHCTBOM
OKPEeCTHOCTHU MEeHTPa 0CODOI POMAIIIKH, JJOKA3aHHOM B IIyHKTE 2 JIEeMMbI 22.

Onpenenenne 26. Oxpecmiocmuvio IEHTpa pOMAIIKKA I HA30BeM MHOMKE-
cro T'(p), cocrosimee U3 BCEX BEPIIHUH U ;11, He COBIAJAIONINX C P, U BCEX
BepmnH ¢;, Myt kotopeix Int(Gi_1;) = Int(Gj 41) = @, uj_9;_1 # p u
Uji1,j+2 7 .

7
u marvlr wacmet euda {p, v}, 2de x € T(p). Yacmo G, acasemcs manot

Jlemma 24. Mnooicecmeso Part(€(F')) cocmoum us ecex wacmeti suda G ;4

moeda u moavko mozda, koeda Int(G;;11) = D U KaK MUHUMYM 00HG U3
BEPUIUN Ui—1; U Uiy 2 He cosnadaem ¢ p. Kpome mozo, ecru wacmo G,
nopmanvra, mo Bound(G,, 1) = Q5 ,41.

HoxkazarenbcrBo. [lo omnpenenennto Part(R(F)) = {G12,Gas, ..., Gma}-
[TocmoTpuM, KaK MOTYT Pa3/essaTh 9TH YacTH JApyrue MHOkecTBa n3 C(F).

Crauana gokazkeM, uto G, € Part(€(F)) mma seex i. 3ameTum, 9TO
ecin Gy # Giiy1, TO 1O JiemMe 23 CYIIeCTBYeT MHOKeCTBO St € ¢(F),
otzesstiomee p ot G ;. ;. Taxum 06pasom, HaM HY?KHO JIOKa3aTh, YTO HU OJTHO
MuOKecTBO 3 Part(€(F)) ne moxker pasienats G, . s storo pacemor-
PHUM HECKOJIBKO CJIyJaeB.

1. Iycrs G,y = Giiq1. Torma no memme 22 pomarnika F' Heocobast.

1.1. [Iycrs Int(Gyi41) = @. Torma w;—1; = Uiy1i42 = P U ¢; CMEXKHA C
Gi+1- Cresiosarenbao, MEOKecTBO T', passensomnee G ; |, IOKHO OT/ICTATH
p or {q;, qi+1}. llycrs, ve ymanas obmuocru, ¢; € T. Torma, mo semmam 18
u 19, T NInt(Gi_1,;) # 9, orkyna T ¢ €(F') Tak Kak u;_1,; = p.

1.2. Ilycrs Int(Gyi41) # ©. Torma, MOCKOMBKY ;11 = P, HA OJHO
muoxkecTBo 3 Part(€(F')) me nepecekaercst ¢ Int(G;;41) u me coBmajgaer
¢ Qiit1. llpu stom, G ;41 sABIAETCH OOBEIUHEHIEM HECKOJIBKHUX dacTeil n3
Part(Q; ;+1). CiiegoBaresbHo, 110 JieMMe 2, HET OJ{HO MHOKecTBO u3 Part(€(F))
He MoxKeT pasfesauTb G = G;Z-H.

2. ycers G,y # Giipar. Conyuait Int(Gyi41) = 9 0ueBUJIeH, TMOCKOJIbKY
B 9TOM CJIydae BepIINHbBI ¢; U ;11 CMEXKHBI W HUKAKOE MHOXKECTBO HE MO-
JKeT WX paziesuThb. OTMETHM, 9TO 9TO €IMHCTBEHHBIH cJIydaii, KOrja JacThb
G iy ABstercsa magoit. Taxum 06pa3om, JIOCTATOMHO PACCMOTPETh Ciryvait
Int(Gi4+1) # @. On pactagaercs Ha CJeLyIONINe TOICITY 9an.

2.1. Ecm Int(GY,,,) # 9, 1o "actb G, aBigerca obbejuHeHIeM
HecKosIbKIX dacteit Part(Q); ;). Torma, mockonbKy Bee muoxectsa €(F) ne
nepecekatorea ¢ Int(Gj ;) u He comagaior ¢ (Qj,,,, U3 JEMMBI 2 CJTeJIyer,
9TO HI Oj1HO 3 MHOXKecTB &(F) ne pasuenser G, .

2.2. Ecm xe Int(G ;) = @, 1o Int(Gii11) = {uii11}, TO ecTb Bepmmna
U; ;41 CMEXKHA C BEPIIMHAME ¢; U ¢;+1. [ajee, 110 jgeMMe 4, cyliecTByer IIyTh
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U3 ¢; B Git+1, HE TIPOXOJAIINIA Y€Pe3 U; 11, BHYTPEHHUE BEPIIHHBI KOTOPOIO
naexar B Int(G; 41). DTO 03HATAET, 9TO BEPIIMHBI ¢; U (41 TAKIKE CMEXKHDI
M HU OJ[HO MHOYKECTBO HE MOXKET Pasle/nTh 4acTh G,y = {qi, Uiit1, Giy1}-
Urax, Bee muoxkecrsa suga G, npunajexar Part(€(F)). Us onpe-
aenennst G,y u Q) oueBnHoO cieiyet, uto Bound(Gi ) = @}, ecim
qactb (G ;1 HOpMaJIbHA.

Bamernm, 9T0 Bce MHOXKeCTBa Buzia {p, x}, e x € T'(p), Tak:Ke npuHaI-
nexar Part(€(F)). leficTBuTesbHO, p U & CMEXKHBI 1 {p, T} MOXKHO OT/IEJIUTH
OT ocTaJbHBIX BepIuH rpada G HeckoabkuMu MHOKecTBaMu u3 €(F). Ecim
T = Uj 41, TO MOAOMIYT MHOXKeCTBA (Q; ;11 U S; ;1 (MHOXKECTBO, HOCTPOEHHOE
B JIeMMe 23), a eCJm T = ¢j, TO Qj,LjJrl, Sifl,i u Si,iJrl'

Hokazxkem, aro apyrux dacreir Her. Ilycre H € Part(€(F)) — srobas
apyras dactb. O4eBuHO, 9T0 H COAEPKUTCS B OJHOM U3 MHOXKECTB (i1 1.
Ipu stom H ¢ G}, 4, cneposarenvro, G,y # Giganp € H.

Ecmn Int(G;41) # @, 10 w41 # pu H = {p, w11}, TOCKOIBKY 110
JeMMe 23 CyIecTByeT MHOXKeCTBO 5,41 € €(F'), ormensiomee p oT Bcex
OCTAJIbHBIX BepIIHH MHOXKeCTBa (G 4 1.

Ecmm xe Int(G; 1) = @, 10 mubo H = {p,q;}, mbo H = {p,qit1}
He ymassas obmpoctn Moxkuo cunrtarh, 9to H = {p,¢;}. Torna H C G;_1,,
caenoBarebho, Int(G;_1,;) = & (MHAYE IPUMEHUM PACCYIKJEHHE W3 IPE/Ibl-
JIYIIEro CIydast), TO eCTh P U ¢; cMeXHbL. [lasee, 110 jieMMme 23 cyIiecTByOT
MHOXKeCTBa O;_1,; U 5j i41, OTAEIAIOMNUE P OT ¢;—1 U ;11 COOTBETCTBeHHO. To-
r'J1a, 110 JIEMMaM 18 u 19, S‘,Liﬂlnt(Gi,g,i,l) 7é gn S@Z’Jrl ﬂInt(Gi+17i+2) 7£ @,
CJIEJIOBATEIIBHO Uj_9;—1 F D U Wit1,42 7 P. DTO O3Ha4aer, 4to ¢; € T'(p). O

Js kaxxoit HopmastbHoit gactu Part(€(F')) onpeesnm ee OKPECTHOCTb.

Onpesenienne 27. OKpecTHOCTBIO HOpMaTbHOM YacTn Gy, € Part(F) na-
soBem MHOKecTBO Nb(GY ;1) = Gi ;1 UV (M, ).

7
Bo Bcex ocraspHBIX cilydasx HopMasibHas dacTb G, ., € Part(€(F)) nveer

rpanndHbiil paspes M, ;. Torna okpecraocru G, Kak gactu Part(C(F))
u KaK 4gactu Part(M],, ) coBuanaor.

/ / /
Bamewanue 17. Ecm M], , = Qiip1, 10 Nb(G}, ) = Gi,yy = G

)

Teopema 3. ITycmo F = (p;q1, -+, @m) — MAKCUMAALHAA HEBLIPOHCOCHHASA
pomawra, R € R3(G) \ €(F). Tozda cywecmeyem eduncmsennan HENYCMas
wacmvy H € Part(€(F)) maxas, wmo R C Nb(H) u aubo R = Bound(H),
aubo RN Int(H) # @.

HokaszarenbctBo. Ecm R C Nb(F), To mo semmam 21 u 24 mHOXKe-
crBo R sBisiercst rpammneii Hemycroit wactu H € Part(€(F)). Torma
R C H C Nb(H). OueBnzano, uro rpanura memycroii dactu Part(€(F))
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He MOXKeT OBbITh IpaHuIeil Apyroii Hemycroii qactu Part(€(F)) mwin mepece-
KAThCs C €e BHYTPEHHOCTHIO.

[Iycts R ¢ Nb(F). Torma cymectsyer qacth Gy, € Part(€(F)) Takas,
aro RN Int(GY ) # @. Jdokaxkewm, uto R C Nb(Gj, ). D10 ouesuno B
ciydae, ecm R nesaucnmo ¢ Q) , HOcKosbKy Torja R C Gy, ;. To ectn
JOCTATOYHO PACCMOTPEThH CJIydail, KOrjla 9TH MHOYKECTBA 3aBUCHMBI. B sTOM
caydae 110 Jemme 21 MHOKecTBO R oTjiessieT poBHO ojHy Bepituny © € Nb(F)
or octanpubix Bepma Nb(F). Ouesnamo, uto x € Q; ;1 = {qi, Uiit1, Git1}-
Jlasee BOBMOXKHBI CJIE/IYIONIHE /(B CIIyYas.

1. Ecmm x = ¢; (ciyuait ¢4 aHajorudeH), To mo Jjiemme 19 MHOXKe-
crBo R cocrour m3 apyx sepmmH dactu Gi;p1 C Nb(GY, ;) u Bepmmmmbr
gi-1 € Nb(G} 1)

2. Ecin 2ke © = w41, TO O9€BHIHO U; ;41 7# p. [lockombky p € Nb(F) u p
CMEe’KHA C U;;4+1, To p € R. Torna R nesasBucumo ¢ Q; ;11 (unade 1o jemme 4
pomarmka [’ He MakcnMaabua). 1o ozHadaet, 9to R C Gy C Nb(G ).

OcTayioch 3aMeTUTDb, 9T0 OKpecTHOCTH Apyrux dacreil Part(€(F')) e me-
pecekatorcs ¢ Int(G;41) 1, crenoBaresbHo, He copepxKar R. O

4.3 Kowmmiekc 60/bIOTO pa3pes3a

Onpenenenne 28. 1) Hazoem merpuBnasibubiii pazpes M € My boavwum,
ecin V(M) He comepKUTCsi B MHOKECTBE BEPIIMH HUKAKOTO TPOIHOIO pas-
pe3a M He COIEPKUTCS B OKPECTHOCTH HEBBIPOXKIEHHOI POMAIIIKH.

2) Ompegenum xomnaexe €(M) Gosbimoro paspesa M kak HabOp, COCTO-
AUl U3 BceX MHOXKeCTB, cojiepskamuxcs B V (M), kpome rpanun TM u T
KOTOpbIe Mbl Ha30BeM epanuyamu C(M).

[To cnepcruro 10 smo6oe muoxkectBo R € €(M) comepKutest B paspe-
3e M (TO ecTb, COJIEPKUT 110 OJHON BEPIIHHE U3 KarKJ0ro BXoJdAIiero B M
pebpa). Bee takue MHOXKecTBa, KpoMme rpanurt paspesa M, sxomst B E(M).
Ouesnno, aro Part(€(M)) cocrour ms Hopmasmbubix dacreit G u GY | a
TaKyKe MaJIblX dacreil Buma {xq1,x2}, tie 122 € M. Byaem cunrarh, 9To
oxpecrioctn GM xax wactu Part(€(M)) n xak wactu Part(M) cosnajaior.

U3 semmbl 16 corenyer, uro jyist soboro muoxkecrsa R € R3(G) \ €(M)
CyIIeCTBYeT eJuHCcTBeHHas Henycras dactb A € Part(€(M)) rakas, aro R C
Nb(A) u 5m6o R = Bound(A), mubo R N Int(A) # 2.

[Iycre M = {ajag, biby, cica} — Goubmmoit paspes. Kak 6buio mokasza-
HO BBIIlIe, CYIIECTBYET IMECTh YETHIPEX/IEIIECTKOBBIX POMAIIEK C BEPIINHAMI
u3 V(M) (sro (b1;ay,as,ce, 1) U ellie IATh aHATOTUIHBIX). [I0CKOJIBKY pas-
pe3 M He MOXKeT COIEPKATHCA B OKPECTHOCTH HEBBIPOXK/IEHHON DOMAIIKH,
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BC€ 9TU pOMalIKM {ABJIAIOTCA MaKCHUMaJIbHBIMU M, €CTE€CTBEHHO, BBLIPOXKJICH-
HBIMMH.

4.4 MaJjible KOMIIJIEKCHI

Omnpenesienne 29. TpoiiHble KOMILIEKCHI, KOMILIEKCHI HEBBIPOXKJIEHHOH PO-
MAaIlIKH 1 KOMILIEKChI OOJIBIIIOr0 pa3pe3a Mbl OyleM Ha3blBaTb O0ALWUMU
KOMILIeKcaMu. Bee pasiesisionie MHOYKeCTBa, He BOIIE/INE HI B OJIUH 00JIb-
IOl KOMILJIEKC, MBI PA3006beM Ha KOMILIEKCHI, COCTOSAIIIE U3 OJIHOTO WJIN JIBYX
MHOKeCTB. Takne KOMILIEKCHI MbI Oy/1eM Ha3bIBATH MAAbGLMU.

MHozkecTBOM BepIuH JIE060T0 (6OJIBIITIOro Wi MaJjoro) kKomiriekca C Ha-
3oBeM MHOKecTBO V(C), saBismonieecs o0beIMHEHNEM BeeX BXogasmmx B C
PasIeNIAONIX MHOYKECTB.

OueBUIHO, YTO KaXKJ0e OJMHOYHOE MHOXKECTBO 00pasyeT MAaJiblii KOM-
IIJICKC. ﬂaﬂee MBI OIIMIINM OCTaJIbHBIC MaJIble KOMIIJIEKCHI.

[Iycre T' € R3(G) — HeopMHOUHOE PA3IEIISIONee MHOKECTBO, HE BOIIE/[-
1ee HU B OJMH GOJIBINOf KoMILieke. 3amerum, 4to Torja |Part(T)| = 2. deii-
CTBUTEIBHO, B IPOTUBHOM CJIydae 1o jieMMe 9 jioboe 3-pasjiesisiioriee MHO-
2KECTBO, 3aBUcUMOe ¢ T') TOTIMHEHO €My, TO €CTh 1’ ABJISIeTCs OChIO TPOIHOTO
koMmIutekca. Kpome toro, ecian S € R3(G) zasucumo ¢ T, ro |Part(S)| = 2
(nnave T mojuuHeHO S U JIEXKUT B TPOIHOM KoMILIeKce ¢ ocbio S) u TNS = &
(nnave muOKecTBa T 1 S MOPOXKIAIOT POMAIIKY ).

JIemma 25. ITycmo pasdeasrowsee mnoocecmso T = {x,y, z} maxoso, wmo
|Part(T)| = 2 u T wmootcho donoarums Kastcovm u3 pebep TTy U Yy, Npusem
amu pebpa sesicam 6 pasnwoir wacmaz Part(T). Tozda T mootcno donosnumo
oboumu amumu pebpamu oonospemerno (m. e. {xxy, y1y, 2} € Ma(G)) 6 mom
U MOALKO 68 OM CAYYae, K0204 BEPULUHDL T U Y HE CMENHCHDL.

JokazareabcTBo. IlycTh BepmuHa T JIGKHT B KOMIOHEHTe cBs3HOoCTH H
rpacda G —T. Ilo emme 5, x1 — enruHcTBeHHad BepmuHa nogarpada H, cmexk-
Has ¢ x. amee paccmorpum paspes M, = {z,y1y, 2z} € MMy (G). OueBuano,
gro V(H) U {y} siBiisleTcst MHOYKECTBOM BEDIIUH OJIHO M3 KOMIIOHEHT CBSI3-
noctu rpada G — M,. Ilo nemme 5 paspes M, MOXKHO JOTIOJHHATL peOpoM
Zx] TOIJIA U TOJILKO TOrJA, KOIJa T — €IMHCTBEHHAs BEPIINHA MHOXKECTBA,
V(H) U {y}, cmexknasi ¢ . A 970 paBHOCHJILHO TOMY, YTO T U Y HE CMEXK-
HBI. U

JIemma 26. ITyemv T = {x,y,z} — neodunounoe pazdeastouee MHOHCE-
cmeo, He soweduwee HU 8 00uH boavwoti komnaexc. Tozda evinoansromcs
caedyrowgue ymeepirHcoeHU.
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1) Jlas 06020 mmoorcecmea S € R3(G), zasucumozo ¢ T, posro odna
u3 wacmet Part({S,T}) asasemesa manot. dmot wacmu coomeememsyem
ocoboe pebpo, donosrsowee mroxncecmea S u T

2) Bce pebpa, Komopuimu MosHcHo donoasnums muosicecmeo T, aesrcam
6 0dnoti u mot orce wacmu Part(T). Boaee mozo, mmoorcecmseo T mooicro
JdonosHums BCEMU IMUMU PEOPAMU 00HOBPEMEHHO.

HoxkazareabcrBo. 1) Kak nokazano seime, TN S = &, To ecTb 10 Ce-
crBuio 2 xors Obl ojHa u3 dacreit Part({S,T}) smisiercs magoii. 13 Toro,
uro Part(7") = Part(S) = 2 oueBuamo cireyer, 9T0 Takas 9acTh POBHO OJIHA.
[To Teopeme 2 3Ta 9acTh COCTOUT U3 BEPIIUH 0COOOTO pedpPa, KOTOPHIM MOYKHO
JIOIOJHATL MHOZKecTBa, S u 1.

2) BameruMm cHadYaJa, 9TO MHOXKECTBO 1  HEJIb3sl OJHOBPEMEHHO JIOIIOJI-
HUTH JIBYMsI peOpamu, JiexkaluMu B pa3ubix dactax Part(T'). [eiictBuresinb-
HO, B IIPOTUBHOM cJiydae 1 sIBJIsSIeTCs BHYTPEHHIM MHOXKECTBOM HEKOTOPOIO
paszpesa u3 My (G), TO €cTh MPUHAIEIKUT OHOMY 13 OOJIBIINX KOMILIEKCOB.

[IpeamosioKum Tenepnb, 9T0 MHOXKECTBO 1’ MOYKHO JIOIOJTHATH KAaKIbIM U3
pebep xxy u yy;, IpudeM 3T pebpa Jjiexkar B pasubix dactax Part(7). Torma
1o JieMMe 25 BepIInHbl T 1 Yy cMeKHbI. Paccmorpum muO)ecTBO S € R3(G),
saBucuMoe ¢ T’ (Takoe MHOXKECTBO CyNIeCTByeT Tak Kak 1 He OJIMHOYHO). Mbl
sHaeM, aro T N S = &, crenoBaresnbro, S pazuenser z u {z,y}. Torma, kak
cyiejlyeT U3 9acTd 1) HACTOSINEH JIeMMbI, MHOKECTBO 1’ MOXKHO JIONIOJTHUTH
0coOBIM pebpoMm zzy. He ymasisasg oOITHOCTH MOYXKHO CUNTATh, 9TO BEPIIHHBI
Y1 W 21 JeXKaT B pa3HbIX KOMIIOHEHTaX cBsi3HocTH rpada G — T'. Torma ana-
JIOTUYIHO JIOKA3aHHOMY BBIIIE BEPIINHBI i U 2 CMEXKHBI U MHOXKECTBO S He
MOKeT pazjiesiarh 1. [IporuBopeune.

Ecim ke MmHOX)KecTBO T' MOXKHO JOTOJTHUTH pedpaMu £xX1 U LTo, TO 10 JIEM-
Me 5 BEPIINHBI £1 U To ABJSIOTCA €IUHCTBEHHBIMI CMEXKHBIMU C & B KaXKJIOM
u3 JIByX KOMIIOHEeHT cBst3HocTH rpada G — T'. Torma, mockosbky d(x) > 3,
BEpINIUHA X JIOJKHA ObITh CMEXKHA ¢ KAKOH-Mb0 BepHIMHON MHOXKecTBa 1 1
pPACCY>KJIeHNSI aHAJOIMYIHbBIE M3JI0’KEHHBIM BBIIIE IIPUBOIAAT HAC K IIPOTHUBO-
peunio.

Takum obpazom, Bce pedpa, KOTOPBIMH MOXKHO JIOIOJHUTH MHOXKECTBO
T, nexar B oxnoit u Toit ke dactu Part(7T). Torma u3 jleMMbl 5 04eBHIHO
CJIeJTyeT, ITO MHOXKECTBO 1 MOYKHO JIONOJIHUTH BCEMH dTUMU peOpaMu OJIHO-
BPEMEHHO. U

Tenepp MBI MOYXKeM OIHMCATH BCE BUJIBI MAJIBIX KOMIIJIEKCOB, YaCTH Ha KO-
TOpbIe OHM Pa30UBAIOT I'Pad U OKPECTHOCTU ITUX UACTEIl.

Onpenenienne 30. s o6oro paspesa M = {x1xs,y, 2}, 06e rpaHuUIbl
KOTOPOT'O SIBJIAIOTCH HEOJMHOYHBIMU DPA3JIEISIONIMMI MHOXKECTBAMU, HE BO-
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IIeJIIIAME HU B OJIH GOJIBINON KOMILIEeKC, ornpenennm Komiieke E(M) kak
Habop cocrosmuit 3 odbenx rpanun; M. Paszpe3s M wmbl OyjieM Ha3bIBaTh M-
AviMm, & KoMmiuteke C(M) — xomnaekcom manozo paspesa.

Bce ocranbable pa3iesisionie MHOKECTBa, HE BOIIEINNE HI B OOJIbIIINE
KOMIIJIEKChI HM B KOMILIEKCHI MAJIBIX Pa3pe30B, OyAyT 0Opa3OBBIBATH KOM-
IJIEKCBI, COCTOSIIIIE U3 OJIHOIO €/IMHCTBEHHOIO MHOYKECTBA.

Jlerko BUJIETD, YTO KazK/Iblil KOMILIEKC MaJoro paspesa M = {z1z9,y, 2}
et G na tpu wacta: GV G u {x1, 24,vy, 2}. Boobmie rosops, Bee 9TH 1a-
CTH SIBJISIIOTCS HOPMAJIbHBIMHE, OJJHAKO 9acTh {T1, Tg, Y, 2} pasiesisercs MHO-
JKeCTBaMU, 3aBUCHMbIMU ¢ rpanunamu M, tak aro B Part(R3(G)) eit co-
OTBETCTBYET MaJjiasd 4acTh {T1, To}. OTMeTuM Tak:Ke, 4TO 9Ta 4aCTh BCEIJIA
nycras. Byjem cunrars, uto okpecrnoctn GM kak wacru Part(€(M)) n xak
gactu Part(M) coBmamator.

OmnpeiesM TakzKe JJIs KazkJoro majoro komiiekca suga C = {71}
okpectHocTn 4acteii C-pasouenus rpada G. Ecim muO)ecTBO T OMUHOY-
HO, TO Jiyt Jii06oit wactu H € Part(C) mosmoxum Nb(H) = H. B nporusnom
cayuae, mycrhb Part(C) = {Hy, Ha}. Tlo silemme 26, Bece pebpa, KOTOPBIME MOK-
HO JIONOJHUTH MHOXKecTBO T, copepKarcs B onoil actu Part(C) — mycrb
510 dactb Hp. Torma nomoxkum Nb(H;) = Hi. Jlnsg Toro, 4tober ompee-
JIUTh OKPECTHOCTh 4YacTh Hy JOMONHUM MHO)KeCTBO 1’ 710 MaKCHMAJBLHOTO
paspesa M 1 HA30BEeM OKPECTHOCTHIO YacTu Hy ee OKpeCTHOCTb KakK JacTH
M-pasbuenus rpada G (oguesuino, uro Hy € Part(M)).

13 gemmbr 16 ovueBHHO Cielyer, UTO Jiis JI060ro Majaoro koMiurekca C
u soboro muoxkecTBa R € R3(G) \ C cyliecTByeT eJIMHCTBEHHAS HEIyCTast
qactb A € Part(C) rakass, uto R C Nb(A) u RN Int(A) # @.

Omuiiiem 60Jtee JIETATBHO BCE MAJIble KOMILIEKCHL.

JIemma 27. Ilyemv T = {x,y,z} — meodunounoe pasdeasrouiee MmHootce-
cmeo, ne soweduiee Hu 6 00ur 6oavwol Komnaekc. Tozda evinoanemcs roms
OvL 00HO U3 caedyrowuxr mpex ymaeepoarcoerull.

1° Mnootcecmeo T mpusuanvro.

2° Mmnootcecmeo T asasemces eparuyets 6oAbUL020 KOMNAEKCA, NPUIEM BCE
MHONHCECTNBA IMO20 KOMNAEKCA Aeatcam 6 mot orce wacmu Part(T'), 2de u ace
pebpa, KomopvMu ModHcHo donosrnumsv 1.

3° Mnootcecmso T mootcro donoanums posno odrnum pedpom (0603nawum
€20 TX1), NpuUeM MO Pebpo ABAAECMCA 0COOvM U A0b0e 3-pazdeasrouiee
MHO02CECMB0, 3asucumoe ¢ T, codeporcum x1 u omdeasem x om y u z.

HokazareabcTBo. [lockoyibky MHOXkKeCTBO 1 HEOJMHOYHO, CYIIECTBYET
MHOXKecTBO S € R3((G), 3aBucumoe ¢ T'. Torga mo jgemme 26 onHa U3 dacreit
Part({S,T}) saBisiercst MaJioii, u 9T0ii YacTU COOTBETCTBYeT 0coboe pebpo,
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JorostHsTforee MHOXKecTBa S u 1. He ymasiss oOIMHOCTH MOXKHO CUHMTATH,
9TO 3TO pedpo 1.

Jlajiee pacCMOTPHM HECKOJILKO CJIyYaeB.

1. Ilycte xxy — eauHcTBeHHOE pPEOPO, KOTOPBIM MOXKHO JIOTOJI-
uurh 1. Torma s Jsoboro muoxkecrBa R € R3(G), 3aBucumoro ¢ T,
{z,21} € Part({R,T}). CnenoBarenbro, 1 € R u R orgenser x oT y u
z. To ecTb B 9TOM cjlydae BBINOJTHAETCH YTBEpK/IeHne 3° JTAHHOW JIEMMBI.

2. Ilycts muOXKecTBO T' MOYXKHO JIONOJIHUTE pebpom yxi. Obo3HaunMm de-
pe3 H kommonenty cBsaznoctu rpada G — T, comepxkariyio x;. [lo semme 26,
MHO2KeCTBO 1" MOYKHO OJIHOBPEMEHHO JIONOJIHUTEL pebpamu yry u xxi. Torma
no myukry 2 samedanus 4 H = {x;} u muoxkectBo 1T — TpuBHagbHOE. B
9TOM CJIydae BBIIOJIHIETCS yTBEPKIeHne 1° JTaHHO JIeMMBI.

3. Ilycrs MmHO)KECTBO T' MOKHO JOMOJHUTE pebpoM yy; (rme x1 # yi). To-
rJ1a 1o JieMMe 26 MHOKeCcTBO 1’ MOYKHO JIONIOJTHUTH pedpamMu £ U Yy, TO eCTh
M = {zx1,yy1, 2} € My(G). Buyrpennue mHOKecTBa paspesa M mopoxkjia-
I0T POMAIIKY (2;Z,Z1,Y1,Y), KOTOpasi COJEPKUTCS B HEKOTOPOM OGOJIBIITOM
komiutekce C. Torma T C V(C). Ho o ycsosuto T' ¢ C, cireioBaTebHO, MHO-
xxectBO T sBysiercs rpanuteit komiiekca C. [lockobKy rpanniia KoMILIeKca
He MOYKET Pas3/leiiTh MHOYKECTBO ero BepiuH, MHOKecTBO V (C) comepKuT-
cst B 1oit ke gactu Part(7'), rjae u BepmuHbl £1 u 1. 10 €CTh BBITOJHAETCS
yTBepzKJeHue 2° NaHHOH JIeMMBbI. U

Bameuanue 18. 1) YrBepxk/enue 1° He MOXKeT OBITH BBIIIOJHEHHO OJTHOBPE-
MEHHO HU C OJJHUM U3 yTBepzKJieHuit 2° niam 3°.

2) U3 mokazaresnbeTBa JeMMbI 27 BUJIHO, 9TO €CJIM HEOJWHOYHOE 3-pas-
JIeJIATOIIee MHOXKECTBO, He BOIIEJIIIee HA B OJIUH OOJIBINION KOMILIEKC, MOYKHO
JIONIOJTHUTH POBHO OJIHUM pPEOPOM, TO JIJIT STOTO MHOYKECTBA BBITIOJTHAETCS
yTBepxK/IeHne 3° jeMMbl 27.

3) I'paruIier TPOIHOrO KOMILIEKCA M KOMILJIEKCa GOJIBIIOTO pa3pesa BCeria
MOXKHO JIONIOJTHUTH PEeOPOM, JIeXKAIllUM B TOH K€ YaCTH, IJie U BCE BEPIIHHBI
aToro Kommiekca. I'pammiy Q) ;,, kKommyiekca pomarmku €(F) Heb3s 10moT-
HATH TaKUM PeOPOM B €JIMHCTBEHHOM CJIydae: ecjii pomallika F' Heocobasd,
U;ir1 = p 1 00e qactu G_1; U Gy 42 HellycTBL JIerKo BHJIETH, YTO B 9TOM
cityuae MHOXKeCTBO () ;| OJIMHOYHO.

W3 sToro cieryer, 4To ecam rpaHuiia 0OJILIIIOrO KOMILIEKCA He sABJISeTCs
OJIMHOYHBIM MHOYKECTBOM W HE JIE2KUT B JPYTOM OOJIBIIIOM KOMILIEKCE, TO
ee HeJIb3d JIONOJHUTH PeOpPOM JIeXKAIUM B YacTU, OTJIMYHOW OT TO, 9TO
COJIEPYKUT BCE BEPIIUHBI JJAHHOTO KOMILIEKCA.

B wacTHOCTH 3TO O3HaYaeT, YTO MHOXKECTBA, BXOJIAIINE B KOMILJIEKC Ma-
JIOTO pa3pe3a He MOTYT ObITh IPAHUIIAMU OOJILIIIIX KOMIIJIEKCOB. TaKKe OHH,
OYEBU/IHO, HE MOTYT ObITH TPUBUAJILHBIMU MHOYKECTBAMU U IO OTIPEJIETICHUIO

43



He OJMHOYHBI. Takum o0pa3oM, KaxKjaoe M3 MHOYKECTB KOMILJIEKCa MAJIOro
paspesa M = {x122,y, 2} MOXKHO JOMOJHUTH TOJIBKO PEOPOM T1Ts.

JIemma 28. Ilyemv T = {x,y,z} — meodunounoe pasdeasrouiee mHootce-
cmeo, He sowedwee HUu 8 00UH DOALULOT KOMNACKC U He ABAANOWEECA 2P0~
Huuet 60avwWo20 Komnaekca, npudem T mootcno donoanumos eduHcmeeHHvim
pebpom xxy. Toeda mmoocecmeo Ty = {x1,y, 2} asasemca pazdessrousum u
BLINOAHEMCA 00HO U3 CACOYOWUT J6YT Yymeeparcienull.

1° Mnootcecmeo Ty odurouno.

2° Mnoorcecmea T u T 0bpasyrom Komniexc mManro20 pa3pesda.

JoxkazareabcTBo. Muoxectso T} MOXKeT He OBITH PA3JIEJISIONIUM B €JIIH-
CTBEHHOM CJIydae: eC/Iu T €JMHCTBEHHas BEPIINHA COOTBETCTBYIOIIEH KOM-
moHeHThl ¢BsizHOCTH rpacda G — T. Ho Torma muOXKecTBO T TPUBHAIBHO U
€ro MOXKHO JIOTIOJTHUTH TaKxKe pebpamu yxr, u zx1. [[poruBopeune.

Nrak, muoxkectso 1) — pazpesnsiomniee. [Ipeamnonoxkum, 4ro oHO HE 0Ou-
Houno. Ham Hy2KHO J0Ka3aTh, 9TO B 9TOM ciydae MHO)KecTBa 1" m 1) 006-
pPa3yioT KOMILIEKC MAaJIOTO pa3pes3a, TO eCThb 4YTO 1] He BXOJIUT HU B KaKOil
OOJIBITION KOMILIIEKC.

Bamernm, 910 110 Jemme 27 pebpo xxry ABJIeTcss 0COOBIM 1 Jioboe 3-pas-
JIeJIATOIIee MHOYKECTBO 3aBUCUMOE ¢ T’ COJIEPXKUT X1 U OTJE/IAeT L OT Y U Z.
CiieoBaTeIbHO, 9TO MHOYXKECTBO HE MOXKET ObITh 3aBuCUMO ¢ Tj. DTO 03HA-
Jaer, 4To Ji0b0e 3-pasjiessdioniee MHOXKECTBO 3aBucuMoe ¢ 1) He3aBUCHMO
cT.

[Ipemmosioxkum Terepb, aro 17 BxoauT B 6osbmioit komiuteke C. Torma T;
JTIOJI?KHO OBITH 3aBUCHMO XOTs ObI ¢ otHuM MHOXKecTBOM S € C. Ilockosibky S
3aBucuMo ¢ T, HO He3aBUCUMO ¢ T', OHO JIOJIZKHO cojiepKaTh Bepimuny . Ho
torna T € V(C), to ectb T 6o Bxogut B C, MO0 SABJISETCS €r0 IPAHUIIEH.
[IporuBopeune. U

CraencrBue 12. Odnosnemernmmvie KOMNAEKCH, 0bpasyom caedyroujue pas-
DEAANOUUE MHOHCECTNEA, HE BLOOAULUE 68 DONDUUE KOMNAEKCDL:

1) odunounvie mroocecmea;

2) MPUBUAALHBLE MHOIHCECTNEA;

3) epanuyvl GOALWUT KOMNAEKCOS;

4) mmoorcecmsa, KOmMopve MOHCHO JONOAHUMD POSHO 0OHUM PEOPOM, NPU-
wem OpY2as 2paHULG NOAYIAIOUWEL0CA PA3PE3A ABAACTNCA 00HUHOYHLM Pa3de-
AANOUUM MHOHCECTIVEOM.
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5 BsaummMmnoe PacCIIOJIOZKEHNE KOMIIJIEKCOB

B npepityinem pasjiesie Mbl OIICAJIN BCe BUJIBI KOMIIJIEKCOB 1 JIJIst KaXKJ0T0
BH/JIa JIOKa3a/I11 HEKOTOpbIe cBoiicTBa. [lepednciinm re u3 HUX, KOTOPbIE BEPHBI
JTsT BCEX BHUJIOB KOMILJIEKCOB.

Mg moboro komiutekca C rpanuia Job6oit Hemycroit wactu A € Part(C)
SIBJISIETCST 3-Pa3JIeJISIIOIIIM MHOXKECTBOM, KoTopoe He pasjensger V(C) (ao
moxker pasnensaTs A). Ilyers R = Bound(A). Ecim C me cocrout n3 onu-
HOYHOIO MHOXKecTBa, TO B Part(R) ecrb pOBHO OJ[HA YaCTh, HE IIE€PECEKAIO-
magcs ¢ Int(A). O6ozmaamm ee A. B 3ToM cmydae okpecTHOCTh A cTponTes
CJIeIyIOIUM 00pa3oM: MHOXKeCTBO R jioro/iHgeTcs 10 paspesa M Bcemu BO3-
MOZKHBIME peGpanir, jexkammmn B A, mocye wero gepes Nb(A) obosHauaeTcs
okpecrHocTh A kak qactu Part(M). Ormernm takxe, uro ecim A € Part(Cy)
u A € Part(Cy) (Takoe BodmMoxKHO, Harpumep, eciu C; — GOJIBIION KOMILIEKC,
a Cy = {R}, tne R — onna u3 rpanur Cy u |[Part(R)| = 2), To oKpecTHOCTH
A B 060UX CIIydasx TOJIydaeTcs OJHA U Ta, JKe.

Omnpenenenne 31. /[ia moboro komiuiekca C MbI OyjeM TOBOPUTH, HUTO
muoxkectBo 1T € R3(G) \ C ommnocumesn x venycroii uacru A € Part(C), ecim

T C Nb(A) u 6o T = Bound(A), mu6o T N Int(A) # 2.

B npepiaymenm pasjere ObLIO 1aka3aHo, uTO JIs J11060ro KoMiutekca C
so6oe MHOKecTBO T € R3(G) \ C oTHOCHTCS POBHO K OJIHON HEILyCTOM YacTu
Part(C).

Haima 6smkaiiiast 11e1b COCTOUT B TOM, 9TOOBI [TOKA3aTh UTO /B MHOZKE-
CTBa, IPUHAJJIEZKAIIAE OTHOMY KOMILJIEKCY, He MOTYT OTHOCTHTBCS K PA3HBIM
JacTsM pasbuennst rpada JPYruM KOMILIEKCOM.

st sT0r0 HaM MOTPEOYIOTCH CJIE/IYIONIIE BCIIOMOTATEIbHBIE YTBEPIK JIe-
HUS.

JIemma 29. ITycmo C — xomnaexe, T € R3(G) \ C — mmoorcecmso, pasde-
amowee V(C), A € Part(C) — wacmo, K Komopoti 0mHoCumcs MHOHCECME0
T u R = Bound(A). Tozda évinoanaomes caedyrouue ymeeprcoenHus.

1) Mnoowcecmea R u T 3a6ucumol.

2) Mnootcecmeo T omdessem poeno 00ny eepuuny x € R om ocmanvHoir
sepuiun mrosicecmesa V (C).

3) Mnoorcecmeo T cocmoum u3 deyx sepwun wacmu A u sepwunv y € A,
maxoti, 4mo pedpom Ty MorcHo donoanumyv 0ba muoocecmea R u T .

HoxkazarenabcTBo. 1) Samerum, uro T' ¢ A, Tak Kak unade 1’ He pas3iesisiio
6er V(C). Torma T' # R. Iockosbky T oTHOCHTCS K 9acTu A MBI moJydaem,
gro TN Int(A) # @. Takum obpazom, R pasmessier T, ciie1oBaTe/bHO, 9TH
MHOXKECTBA, 3aBUCUMBL.

45



2) To, aro mHOxkecTBO T OT/EasiIeT poBHO oy BepuuHy x € V(C) or
OCTAJILHBIX BepiiH MHO)KecTBa V(C), HEMOCPEJCTBEHHO CJIEIyeT U3 JIeM-
MbI 16, eciin C — KoMILIEKC HOJIBIIONO WK MAJIOro paspesa, JieMMbl 17, eciin
C — rpoitHoii KoMIeke u jieMMbl 21, ecyin C — KOMILIEKC poMaliki. B ciydae,
ecim |C| = 1, nannoe yrBepxkaenue odesuino. [lockosbky T u R 3aBucumsl,
r € R.

3) Homomanm MHO)KeCTBO R 110 paspesa M BceMu BO3MOXKHBIMU pebpaMu,
neskamumu B A (mamommmy, uto A — wacrs Part(R), He mepecexalomasics c
Int(A)). Ilycrs M' — makcumasibhbIil paspes, comepzxaiuit M. TTockoabKy
T C Nb(A) = AUV (M), muoxKecTBO T HE MOXKET IOPOKIATH POMAIIKY BMe-
cre ¢ obenmu rparutiamu paspesa M'. Ilycte T ¢ V(M'), Torga u3 nyHkTa
2 jemmMbl 16 s paspesa M’ u muoxkectBa 1’ ciiejyeT yTBepxKjeHnue 3 Ha-
crosimmeit emmbl. Ecmm ke T C V(M'), mbr moaygaem, aro M’ # M. Dto
BO3MOXKHO TOJIBKO ecyin C — TPOHHOM KOMILIEKC WJIM KOMILIEKC POMAIIIKH,
npudeMm M € My (G), a M' € My(G). B arom ciryaae Tpebyemoe yTBepKie-
HIE€ OYEBUIHO. U

Caencrue 13. ITycmv komnaekco. C; u Co makosv,, wmo Co = {T'} u mmo-
orcecmeo T pasdeasem V(Cy). Iycmo makorce A € Part(Cy) — wacmo, % xo-
mopoti ommocumesa mmoscecmso T, R = Bound(A) u A — wacmo Part(R),
ne nepecexarowanca ¢ Int(A). Tozda |Part(R)| = |Part(T)| = 2, npuvem wa-
cmu Part(T) moorcho obosnavums wepes B u B mak, wmo 6unoinaomcs
caedyrowgue YymeepirHcoeHUu.

1) |[AnB| = 2.

2) Nb(B) = B C Nb(A4).

3) Bce wmmooicecmsa komnaexca Cy omuocamea x wacmu B € Part(Cy).

HokazareabcTBo. [lo jsiemme 29 muoxkectBa R u T 3aBucumbl, 1’ oTjiesis-
er BepumHy r € R or octainbHbIX Beprinn Mmuoxkectsa V(Cp) n oba MHO-
xkectBa, 1" u R moxkuo momosanTh pebpom zy (e y € T'). Kpome Toro,
T\ A ={y}. Hockonbky T He BxoAUT B GOJIbINIE KOMILIEKCH, T N R = & u
|Part(R)| = |Part(T")| = 2. O6o3naunm yepe3 B gacrb Part(T), He comepxKa-
myto ¥, a yepes B — cofeprKantyio . [IpoBepiM, ITo BBITIOTHEHBI TpeGyeMble
YTBEPIK JICHUSL.

1) Tlockombky TN R = @ umeem TN A = {y} w RN B = {z}. Tlo
creicTBIIO 2 910 o3Hauaet, uto AN B = {x,y}.

2) Tlo memme 26 Bce pebpa, KOTOPBIMH MOXKHO JIOHOJIHUTH 1, JIeXKaT B
qactn B, cienosarensno, Nb(B) = B. Kpome toro, B\ A = BN Int(4) =
{y} € Nb(A), cnenosarensno, B C Nb(A).

3) Hockombky Nb(B) = B, K 9acti B MOTYT OTHOCHTLCSA TOJBKO MHO-
xKecTBa, cojepxamuecst B B. Omnaxo V(C) N B C {z,y}, crenosarensho,
MHOMKEeCTBa KoMILTeKca C; He MOI'yT OTHOCUThCA K dJacTu B. O
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JIlemma 30. /Jlaa 1106020 MaKCUMANDHO20 HEMPUBUAALHO20 padpe3a M 6vi-
NOAHAEMCA 00HO U3 CAeYIOWUT 08YT YymeepHcIenul.

1° Bee 3-paszdeasmouwgue mmootcecmea, codeporcausuecsa 6 M, (kax enym-
pPEHHUE, MAK U 2PAHULDBL) NPUHAOAEAHCAT HEKOMOopoMmY Komnaekcy C.

2° Mnootcecmeo sepwunr 106020 xomnaexca C codeparcumces 6 0Kpecmmo-
cmu 00not uz wacmet; Part(M).

HoxkazareabctBo. [lo emme 16 ecomm muokecTBO T € R3(G) HE COMEPKUT-
csl HE B OJIHOI U3 OKpecTHOCTel dacteii Part(M), To oHO BMecTe ¢ rpaHuIia-
Mu M 1mopozKaeT POMAIIKY, KOTOPYIO MOXKHO JIOTOJIHATD JI0 MAKCHMAJTBLHOMN
pomariku F'. Torna Bce BHyTpeHHUE MHOYXKECTBA M I'PAHUIILI paspe3a M mpu-
HaJ[TIe’KaT KOMILJIEKCY POMAIIKN F | U BBIOJHSIETCA YTBepKieHne 1°.

[Iycrs Takumx muoxkecTB HeT. Torga smo6oe muoxkectBo 1T € R3(G) co-
JIEPXKUTCST B OKPECTHOCTH OJiHO# n3 wacreit Part(M). lokaxkem, aro Torma
BBITIOJTHsIeTCsT yTBep:kaeHne 2°. B ciyqae |C| = 1 910 yTBEpXKIeHIE OUeBU/I-
Ho. [Tosoxkum |C| > 1 1 paccMOTPUM HECKOJIBKO CJIydaes.

a. Ilycrs C — xoMmILIEKC OOJIBIIIONO WJIM MAJIOTO paspe3a. 3aMeTuM, 9TO
MHOKECTBO BEPIIUH JIF0O0r0 JIpyroro paspesa M’ cojepKures B OKPeCTHOCTH
omuoit u3 vacreir Part(M). D10 04eBHIHO, MOCKOIBKY JIIOOBIE JIBE BEPIIUHBI
u3 V(M) mubo cMeRHBI, JTHO0 MPUHAIIEZKAT 00IIeMy 3-Pas3/Ie IsioneMy MHO-
JKeCTBY, copepzkaiemycs B M’ — B 060uX cjIydasX OHU He MOT'YT JIeXKaTh BO
BHYTPEHHOCTSIX pa3Hbix udacreii Part(M).

OTcrofia HEMeJIEHHO ciiejiyeT yTBep:kaenue 2° B ciaydae, ecin C — KOM-
1J1eKC OOJIBIIOrO MM MAJIOTO Pa3pesa.

b. Ilycrs C — Tpoiinoit KoMiueke ¢ ocbio S. Tak Kak paspes M HeTpu-
BuajeH, S Hesapucumo ¢ obemmu rpanunamu M. Ilyers S C G, Torma
MHOYKECTBO BEpIINH JII060ro paszpesa ¢ rpanuteil S cojepskures B Nb(GHM),
cieosarenbho, V(C) C Nb(GM).

c. Ocramoch pacemoTpers ciydail, Korjga C — KOMILIEKC poMariku F.
B stom ciayuae V(F') comepKuTces B OKpeCTHOCTH OHOI u3 dacreit Part (M)
(o6oznaumm ee G, TocKoIBKY JTI06BIE /TBE BEPIMTIHBI 9TOIO MHOYKECTBA JIHO0
CMEXKHBbI, JIN0O TPUHAJIIEXKAT O0IEeMY 3-pa3Ie/IsdioIieMy MHOXKecTBY. Toraa
mo6oe MHOMKecTBO pomarnku F' nezasucumo ¢ To7, cienosarensno, G co-
JepKuTcs B ofHOi u3 gacreit Part(F) — mycrs ato G ;41 Takum obpasom,
euncTBenHoit Beprmunoit V(C), ne conepxaieiica B Nb(GM) (u, ciemosa-
TesbHO, cogiepzKaieiica B Int(GA)) Moxer 6bITh ;44 1, IPUUEM TP YCJIOBUH
Uji41 7# p. B oTOM citydae u; ;41 — €IMHCTBEHHAs] CMEXKHAs C D BEPIIHHA
MHOXKecTBa (3 ;41 H, CJIeJIOBATEIbHO, MHOXKECTBA GM c G it1. Hockombky
wiiv1 € Int(GY') mbr mosyuaem, uro p € T31. Torga p He MOXKeT GBITH KOH-
oM pebpa pr € M, MOCKOJBKY B IIPOTUBHOM CJIydae P CMEXKHA C BePITHHAMU
Ui 41 U T, ¥ TOJIBKO C HUMH, 9TO HeBO3MOXKHO. 110 jlemme 5 5T0 03HAaUaeT, 4TO
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paspe3 M MOXKHO JIONOJIHUTH PEOPOM Pu;y1, HPOTUBOPETHE ¢ MAKCHMAJIb-
nocreto M. Cnenosarensuo, V(C) C Nb(GM). O

Jlemma 31. Ilycmv C1,Co — dea xomnaexca. Toeda ece mmoorcecmsea u3

Cy \ Cy ommocamea ® odnot uw moti oce wacmu A € Part(Cy). Ipu smom
V(C2) C Nb(A).

HokasarenbcTBo. B ciyuae, ecin |Co| = 1, yTBepxKeHne JT€MMBI OU€BU/I-
HO, a B citydae |Ci| = 1 OHO HENOCPEICTBEHHO BBITEKAeT U3 CJIejcTBus 13.
TakuMm 0O6pa3oM, HaM JIOCTATOYHO PACCMOTpETh ciaydail, korjga |Ci| > 1 u
|Co| > 1. Torma mMbl mosydaem, uro Hu ojgHO U3 MuOKecTB V/(Ci) u V(Co)
HE COJEPIKUTCS B JAPYTOM (MHOXKECTBO BEPIIUH OOJIBIIONO KOMILIEKCA 10 M0~
CTPOEHHMIO HE MOYKET COJIEPKATHCS B MHOYKECTBE BEPIIHH JPYIOT0 KOMILIEKCA,
a JIJI MaJIOro KOMILJIEKCA 9TO BO3MOXKHO TOJIBKO €CJIH OH COCTOUT U3 OZHO-
0 MHOKECTBA, SIBJISIONIErOCs TPaHuUIell 6OJIbIIOro KoMIueKkea). Pacemorpim
sepunny u € V(C2)\V(Cy) u gacrs A € Part(Cy), conepxantyto u. [Tockosb-
Ky u ¢ V(Cy), Mbl osydaeM, 410 u € Int(A).

Bamernm, 4Yro TOCKOJBKY |Ci| > 1, OKpecTHOCTH JH00O# dYacTu
B € Part(Cy) comepxurca B V(Cy) U B. D10 03Ha9aeT, ITO HAUKAKOE 3-pas-
JeJISIONee MHOYKECTBO He MOXKET IepeceKaTh BHYTPEHHOCTH JIBYX dacTeil
Part(Cy), ciemoBaresibHo, Bce MHOXKeCTBa KOMILIEKca Ca, MEPECEKAIOIIECs
¢ Int(A), ornocsitest kK wactu A.

Hokazxewm, aro V(Cy) C Nb(A). s 9T0ro Mbl paCCMOTPHM HECKOJIBKO
CILyIaeB.

1. IIycts Cy; — KOMILIEKC MasIoro paspesa. Ecim 0ba pas/iesndonmx MHO-
JKeCTBA 9TOTO KOMILIEKCA COJIEPXKAT U, TO OHH oba OTHOCATCS K dactu A
u, cieaoBarenbHo, cojep:xkarcs B Nb(A). Eciu ke u comepKurcs TOJIBKO
B ogHoM MHOXKecTBe 1 € Cq, To V(Cy) cocTouT m3 Bepmina MHOXKecTBa 1
BEPIINHBI 1] cMeKHOM ¢ u. [TockoibKy u € Int(A) MbI mostyaaem, 9to u; € A.

2. [Iyctb Co — GOJIBINOI KOMILIEKC.

2.1. ITycts C; — KOMILIEKC OOJIBIIONO MM MaJIoro paspesa. Torja Tpe-
Oyemoe yTBepKjieHue cieayeT u3 jJeMMbl 30.

2.2. [lycts C; — TpoitHOil KOMILTEKC ¢ ochio S. B sarom ciydae, S He3a-
BHCHMO CO BceMu MHOxKecTBaMu u3 Ca, cirenoBaresibio, V (Cy) comepKuTcs B
onmoit u3 gacreit Part(S), a mobas gacts Part(S) sBisiercss OKpeCTHOCTBIO
onmoit u3 gacreit Part(Cy).

2.3. Ilycts C; — komiuieke pomarmku F. Torma A = G;Z 41 /LI HEKOTOPO-
ro 4. Pacemorpum muoxkectso M, . Ecmn M, .| aBIgeTcs MaKCHMAaTbHBIM
paspes3oM, TpebyeMoe yTBep:KaeHne HeMeIIeHHo cieayer n3 jeMMbl 30. Tak-
e Tpebyemoe yTBep:K/IeHne OueBuIHO, e/ M, | He COJIeP:KUT HU OJIHOTO
pebpa (B aToM cirydae u3 semm 18 u 19 crnenyer, uro M, | ABIsgeTCa OqUHOY-
HBIM Pa3/IeJISIONIMM MHOXKECTBOM, COBIaaomuM ¢ rpanureii vactu A). To
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ecTh HaM JIOCTATOYHO PACCMOTPETh Ciydait, Korga M, colepKuT XoTs Obl
OJTHO pebpo, HO He SIBJIAETCS MaKCHUMaJbHBIM paspe3om. U3 omnpenenenns 20
BUJIHO, 9TO 9TO BO3MOXKHO TOJIBKO €cjii pomarika F' Heocobas, POBHO OJI-
Ha u3 dacreit G;_1,; U Giq1,40 IycTa (He yMaJistsd oOMIHOCTU Oy/IeM CUUTATD,
910 970 (Fj41,+2) U LEHTDP P CMEXKEH POBHO C OJHON BeprinHOil dactu G i1
(obozmaunM ee u'). Pacemorpum sror ciydait 6osee o apo6HO.

Kax crnepyer us jemmbr 15, pazpes M;;,; MOXKHO JIOHOJHATL TOJIBKO
pebpom pu’. O6GO3HAYMM MMOJIyIMBIINICS MaKCUMaJbHBIA paspe3 4depe3 M.
[To semme 30 muOKecTBO V(Co) COMEPIKUTCH B OKPECTHOCTH OJHOM M3 da-
creit Part(M). 3amernM, 910 OKPECTHOCTH OJHON U3 1BYX dacteit Part(M)
ectb G 11 = Nb(A) — ecm V/(Cy) comepxkurcs B Heil, To TpebyeMoe ycio-
Bue Bbinosaeno. pyras gacrs Part(M) — 310 Gyya;, & €6 OKPECTHOCTH —
Giy1; U {u'}. To ects mbr moxxem cunmrars, aro V(Cy) C Gipy, U {u'} n
V(Cq) ¢ V(M). Bamerum, uro torga V(Cy) NInt(A) = {u'} u v’ = u. Pac-
cmorpuM MHOKeCTBO T € Co, comepixkartee u. [lockoabky Co — 60JIbINOIN
KOMILJIEKC, Halijtercs MHOKecTBO R € Cy, 3aBucumoe ¢ T'. I3 sroro, B gact-
HocTH, ciaeayet, 910 1’ # {¢;, u, ¢;+1}. Ho Torna T' 3aBucnmo ¢ () ;41, TO €CTh
paznenser V(F). Ilo memmam 18 u 19 310 osnauaer, uro T = {¢;, u, ¢},
[IPUYEM 9TO eJIMHCTBEHHOE MHOXKECTBO KoMILiekca Cy, cojepxkartee u. Jlasee,
nockosibky R u T 3aBucumbl, g1 € R, To ectb {u, qi, ¢iy1, v} C V(Co).
Kpowme Toro, uz jlemmsbr 11 ciemyer, ato ¢; 1o € R.

BameruM jasee, 9TO TMOCKOJIBKY BEPINUHA U BXOJIUT POBHO B OJHO U3 MHO-
KeCTB Cy, 9TOT KOMILIEKC HE MOXKET OBITH KOMILJIEKCOM OOJIBIITOTO pa3pesa.
OHn Takke He MOXKeT OBITh TPOWHBIM KOMILIIEKCOM, TaK KaK nHade oo 1, -
60 OJTHO U3 3aBUCUMBIX C 1" MHOXKECTB OBLIO OBl €10 0ChI0 — B JIIOOOM U3 ITHX
cJlydaeB OChb TPOWHOTO KOMILIeKca pasgesisiia Obl V (F'), 9To HEBO3MOXKHO.
Urak, Co — xomiuteke pomammku F’. O4eBUHO, 9TO TOIJA U — €€ JIEMeCTOK,
[pUYeM KOJIMIEeCTBO JIEeCTKOB paBHO deThipeM. Kpome toro, V(Cy) = V(F'),
unade Cy ObLI ObI KOMILJIEKCOM DOJIBIIIOTNO pa3pes3a. 3aMeTuM, 9To meHTpoM £
MOXKeT OBITh TOJIBKO ¢; (OCTaJIbHbIE BEPIIMHBL He pHHaIeKaT jmbo T, ubo
R). Ho toryma muoxkectso R = {q;, p, gi+1} comepxur nenrp pomamiku F' u
saBucuMo ¢ ee MHOXKecTBoM 1. CrienoBaresbHo, 10 jemme 4, R’ sBisiercs
MHOKecTBOM pomamku F' u, nockoibky y F' tonbko 4 jemnectka, R = R n
F' = (¢i; W, Git1, Giva, p)- Torma V(Cy) C Nb(A).

Urak, Mbl j1oKa3asm, 910 Bo Beex ciydasx V(Ce) C Nb(A). Dto o3na-
Jaer, 9To JI0b0e MHOXKeCTBO KoMiuiekca Cy ymbo mepecekaercs ¢ Int(A), u
cieoBaTeIbHO oTHOCHTC K A, ynbo comepxkurca B V(Cp). 3amernm, 9To
3-pasernstomee MHoxkectBo R C V(Cy) moxer jsmbo npunasexars Cp,
b0 ObITh TpanuIeil oxuoit u3 wacreit Part(Cy). Takum obpasom, st 3a-
BEPIIIEHUS JIOKA3ATEeIbCTBA HAM OCTAETCs IMPOBEPUTH, YTO HUKAKOE MHOXKE-
crBo R € Cy He moxker 6bITh rpanuteii wactu Ay € Part(Cy), ormanoit ot
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A. D10 Tak, MOCKOJBKY B IMPOTHBHOM CIydae MHOXKECTBO R HE3aBUCHUMO C
OCTAJILHBIMUA MHOYXKeCTBaMU KOMILIeKca Co, HO 9TO BO3MOXKHO TOJIBKO €CJIN
Cy — KOMILIEKC MAJIOro paspesa, a B arom ciydae V (Cy) C Nb(A;), To ecTh

V(Cy) NInt(A) = 2. 0

3ameuanme 19. Samernm, aTo KOMILIeKCh C; n Cy MOTIYT TepeceKaThCs.
Hanpumep, 1Ba KOMILIEKCa HEBBIPOYKJIEHHBIX POMAIIEK MOT'YT UMETh OOIIHit
IPaHUYHBINA pa3pes.

Onpegnenenne 32. Ilycrs € = {Cy,...,C,} — MHOXKeCTBO BCEX KOMILIEKCOB
rpacda G. Obosnaunm ugepe3 A;~; gacts Part(C;), k KoTopoil oTHOCATCA BCe
pasiesigroniue MHOXKecTBa KoMiulekca C;. Bynem rosoputs, uTo Komiuiekce C;
OTHOCHTCS K JacTu A;;.

Kaxk oMy xommiekcy C; moctaBuM B cOOTBeTCTBHE pazbuenne €; 0CTab-
HBIX KOMIITTIEKCOB Ha KJacChl: KOMIUIeKChl C; m Cy TIONaJyT B OAMH KJIAcCC
pasbueHHs TOIJIa U TOJILKO Torja, Korma A5 = A;-y.

Byzaem rosoputs, uro komiuieke C; pasdeasem C; u Cy, eciin OHI COIePKaT-
csl B pa3HbIX Kiaccax pasbuenus €;. Hazosem komiiexcel €; u €; cocenumu,
ecJTi UX He pazjiessgeT HUKAKOW OTJINIHBIN 0T HuX KoMintekc. Obo3HaInM 1e-
pe3 T(G) runeprpad, BepIImHAME KOTOPOTO SIBJISIFOTCS KOMILIEKCHI Tpada
GG, a runeppedbpaMu — MaKCHUMAaJIbHbBIE 110 BKJIIOYEHUIO MHOXKECTBA MOTAPHO
coceux KoMiutekcoB. ['uneprpad T(G) HazoBeMm eunepzpagom pazbuenus

rpacda G.

Koncrpyknus runeprpada pasbuenns noapobHO olrcana B |2, pasjes 2|.
B nannoit pabore Mbl Oy/JieM HCIOJIB30BATH CJEAYIONIYI0 TeopeMy (cM. (2,
Teopema 3)).

Teopema 4. Kaowcdomy asemenmy mmooscecmea V. nocmasieno 6 coomeem-
cmeue pa3buerue ocmasvHulT asemenmos Vo na xaaccol. Tycmo oas a100vix
a,b,c € V svinoanero ycaosue: ecau a pazdeasem b u c, mo b ne pazdeasem a
u c. Tozda cnpasedausnvl caedyrowue YmeepHcoeHus.

1) Tunpeepagp T(V) dammnozo pazbuenusn ssasemcs eunepdepesom (mo
ecmu, 0600 YUKA 6 IMoM 2unepepage ecmvb NOOMHOHCECNEO 2uneppedpa,).

2) Hycmwv das nexomopoti sepwuns, a € V- eunepepag H(V') —a pacnada-
emca na Komnonenmor ceaznocmu Wy, ... . Wy. Toeda mroocecmeo xaaccos,
HA KOMOPBLE INEMEHM, & Pa3duUBaem 0CMasbHBIE dAemermyl V , ecmsb 6 moy-
nocmu {Wy, ..., Wy}.

Jlemma 32. IIyemov B — menycmas wacmo Part(C;), omauwnas om Aj-;.

Toeda Nb(B) C Nb(A;5;). Boaee mozo, ecau B ¢ Aisj, mo |Cj| = 1 u
eduncmeennoe pazdessrouiee mroorcecmeo komnaerca C; pasdeasem V(C;).
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HoxkazarenbcTBo. [Iycte R = Bound(A4;5;), S = DBound(4;-;),
T = Bound(B).

Bamerum™, uro ecim B C A;5;, 1o Nb(B) C Nb(A;5,). HeiicrBuresnsHo,
ecn y € Nb(B) \ B, To MuHOKecTBO 1" MOXKHO JIONOJHATE pebpoM zy (Te
x € T). Ecin ke npu stoMm y ¢ A;5j, T0 £ € R, 1 U3 JIeMMBI 5 OUY€BH/IHO
CJIeJTyeT, 9YTO pedpPOM Ty MOXKHO JIONOJIHUTH TakKe u MHoxkecTBO R. Torma
y € Nb(A4;5;).

Taknm 06pa3oM, JTOCTATOYHO JIOKa3aTh yTBeprkaenne B C A;5;, 9TO MBI
U CJIeJIaeM BO BCEX PACCMATPUBAEMbIX HUKE Cllydasx, KpoMe ciaydas 1.3.

PaccMorpuM HECKOJIBKO Clydaes.

1. ITycre C; = {T'}. DroT ciy4ail paciafaeTcs Ha CJEYONIHe TOICLY Tal.

1.1. T = R. Torga T ne pazzuenser V(C;), crenoBarensro, V(C;) C Aj-;.
Kpowme Toro, B sTom ciydae C; — OOIBINOI KOMILIEKC, CJEIOBATEIBHO, A;s;
ecTb obbeaunenue seex dacreil Part(7), kpome A;-;. Takum obpasom, B C
AiDj‘

1.2. T # R u T ne paznensier V(C;). Torma R C V(C;) C Ajn;. D10
osHavaet, uto R N Int(B) = &, 10 ecTh, 10 Jemme 2, R He pasjernser B.
Torma B comepxurcs B HekoTopoit wactu H € Part(R). Ilpu stom H C A;-,
Tak Kak 1’ C A;5; u T # R. Takum obpasom, B C A;;.

1.3. T pasnensier V(C;). Torma no cinexcrsuio 13 Part(T) = {A;-;, B}
u Nb(B) = B C Nb(A;5;). OTMeTnM, 9TO 9TO €IMHCTBEHHbI CIydail, Korua
B ¢ Ais;.

2. Iycts |C;| > 1.

Torna V(C;) ¢ V(C;), cneposarensno, V(C;) NInt(A;5;) # . Kpome To-
ro, B atoM ciaydae V(C;) C Nb(Aj-;) C Aj5; UV(C;). Bameru™, 410 MHOXKe-
crso T ue pazneinsier Aj-; UV (C;), cirenosarensno, Aj-; UV (C;) conepxurcs
B HekoTopoit wactu H € Part(T). Ilpu stom H # B, tax kak Aj-; C H. To-
raa V(C;) NInt(B) = @, caenoBarensHo, B comepKurest B OfHOI U3 dacTeit
Part(C;). Hokaxkem, uro B C A;5;. st 9T0r0 10CTATOYHO IIPOBEPUTH, YTO
TN Int(ADj) 7é .

[Tpeanosnozkum nporushoe. Torma T mbO COAEPKUT BHYTPEHHIOI Bep-
muny apyroit sactu Part(C;), 6o comepxkures B V(C;). Pacemorpum stn
nBa HogcIydas 6osee noapobuo. Ilycrs Aj-; — qacts Part(S), conepxamias
V(C)).

2.1. Ilycre cymecrByer wacte F' € Part(C;), takas, uro F # A u
T NInt(F) # @. Dro Bosmoxkuo Tosbko ecam C; = {R} u R paszaenser
V(C;). Torma no caepersuto 13 mbl mosyunm, uro |F N Ajs;| = 2. C apyroi
croponst, T C V(C;) C Ajs;, cneposarensio, T ¢ F. Ho torna T' 3aBucumo
¢ R, aro HeBo3MOkHO, IOCKOJIbKY R C H € Part(7T'). Takum obpasom, sToT
citydail HEBO3ZMOZKEH.
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2.2. Ilycre T C V/(C;). Torma T C Nb(Aj-;). Kak wmbr 3Ha-
eM, S = Bound(A,-;), npudem mHONkecTBa S um T HE3aBHCUMBI, Clle-
JoBaTeIbHO, cyiiectByer paspes M ¢ rpamummamu S u T. Ilpm srtom
V(C;) € Aj5iNH = V(M). Tax xak |C;| > 1, oTcioia 110 onpejiesieHuio
koMiILekcos cienyer, uro V(C;) = V(M) u paspe3 M makcumasieH.

Tak xkak V(C;) C H € Part(T), muoxkecrso T we pazuensier V (C;). Torna
u3 roro, uro 1" C V(C;), cremyer, aro T' — rpanuiia Komiurekca C;. 3aMeTiM
rakxke, 910 C; # {T'}, M0CKOJIBKY MHOKeCTBO T OTHOCHTCS K OTJIMIHOI OT
A,c; wactu B € Part(C;). Cnenosarensuo, B € Part(C;) u Nb(B) = B U
V(M). Do ozuagaer, uro V(M) C V(C;) — uporusopeune ¢ Tem, aro V (C;)N
Int(A;-;) # @. Takum 06paszoM, STOT cilydail TaKKe HEBO3MOZKEH. O

Teopema 5. 1) lunepepagp T'(G) asasemes zunepdepesom (mo ecmo, 10600
YUKA 6 9Mom 2page ecmb NOOMHONCECTNEO HEKOTOPO20 2uneppebpa,).

2) IIyemv C' € €, a Hy, ..., H; — Komnonenwmol, céaznocmu zunepzpada
T(G)—C'". Tozda € = {Hy,...,H}.

HokazareabcTBo. Oba yTBEpKIEHUS JAHHON TEOPEeMbl HEIOCPEICTBEHHO
CJIEYIOT U3 T€OpeMbI 4, M03TOMY HaM JOCTATOYHO IPOBEPUTH, YTO BBIIOJIHE-
HO €€ yCJIOBHE.

ITpeamomnozxmm, aro kKomiteke C; pasgaenser C; u Cy, To ecTb Aj~; # Aise.
Hawm my2xHO JoKasaTh, 1o C; He pazueiser C; u Cy, T0 ecTb 410 Ajo; = Aoy
ITo semme 32 mbr umeem Nb(A;5) C Nb(A,-;), crenosarensno, V(Cp) C
Nb(A;~;). C mpyroit croponst, V(Cp) C Nb(A;5).

Iycrs Aj-; # Ajoe. Torma V(Cp) C Nb(Aj-;) N Nb(A,-,). Kpome Toro,
Nb(A;-;) # Ajoi, mockoimbKy B mporusHoM ciydae V(Cp) C Aj-; m, cie-
JoBaTesIbHO, KoMiuteke Cp orHocuTes K dactu Aj-;. lamee Mbl paccMorpum
CJIEJIYIONINE JIBA CIIyUasi.

1. [Iycrs |Cj| > 1. Torma V(C;) C Nb(A;-;) N Nb(4;5,) C V(C;). D10
osHavaet, 9ro C; — Gosbmroit komiutexe u Cp = {1'}, re T' = Bound(A4;-,). To
ects V(Cy) C Ajop. Kpome Toro, no emme 32 B atom ciaydae A~y C A,
cieposarenbho, V(Cy) C A;5j. Ho Torma xommexc Cp OTHOCHTCH K YaCTH
Ai5j, 1o ectb Aj5; = A;5¢. IIporuBopeune.

2. llycrs C; = {R}. Torna, nmockonbky Nb(Aj-;) # Ajo;, MHo)kecTBO R
ue oquuouano. Cieosaressno, Part(C;) = {A;-;, Aj-¢} u 1o aemme 26 mooty-
JaeM, 9TO Bce pedpa, KOTOPBIME MOYKHO JIONOJHUTE R jrexkaT B gacTu Aj-y.
910 o3nauaer, 4To Nb(A,5,) = A, 10 ectb V(Cp) C Aj-p. Torma R pasze-
ager V(C;), mocKosbKy uHade 1o jemme 32 Ay C A;5; u Cp OTHOCHTCS K
gacT A;5;, 9TO IPOTUBOPEUUT CJIEJIAHHOMY BBIIIE HIpelosoxKenuo. [lycrs
S = Bound(A;-,). Tak kak R pasnensier V(C;), mo ciaencrsuio 13 Mbl nmeeM
Part(S) = {Ainj, Ain;} u |Aj5e N Ajsj| = 2. Oxmaxo, |V(Cp)| > 3, caemo-
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BaresbHO, V (Cp) N Int(A;-;) # @ u kommaeke C; oTHOCHTCA K dacTH Ao
[IporuBopeune. U
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