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AuHoranust

B 1977-m romy Crokmaiiep mokaszas, 9To jobasi cxeMa HaJl [TOJTHBIM GUHAPHBIM GA3UCOM J1JIsi HEKOTO-
poro Kjacca cummerpudecknx GyHKmii, comepxkamero sce dyaxkimuun MOD], (m > 3), comepkut xors
661 2.5n — ¢ reiitoB. OH Tak)Ke NPeJCTaBUII ONTHUMaJbHYK cxeMy st MODY. B nanHoit paGore Mbl
NIPUBOIAMM MOAMMDUIIMPOBaHHOE JoKa3areabcTBO CTOKMaiiepa, Jaoliee HUXKHYIO OIEHKY 2.5m — ¢ Jjis
JIPYToro KJacca, COIEPKAIIero He TOJIbKO CUMMeTpruYecKue (MYHKIMHA. DTOT KJIACC, B YaCTHOCTH, CO/EP-
xut Gyaxmmio MODE. Mbl Takke JJaéM O9€Hb IIPOCTOE JIOKA3ATEIbCTBO HUXKHEH OIEeHKH Tn/3 — ¢ JJist
kitacca (YHKIMIA, 3a7aBaeMbix nosimHoMaMu 2Kerajikuna BbICOKOH crerrenu. OCHOBHOI uyeell siBJsieTcs
KOMOWHHIPOBAHHAS Mepa CJI0KHOCTH, IPUCBANBAIONIAs PA3Hble Beca rediTaM pa3HBIX TUIOB. B KomHIile pa-
GOTBHI MBI TaK»Ke IPUBOJIUM cxeMy pasmepa 3n s dyrknun MODS u onmcsiBaeM criocod, ¢ IOMOIIBIO
KOTOpOro OHa ObliIa HaiijieHa.

Wcenenopanmsa sactuano nopepzkans Poccniickom donmom dbyHiaMenTaabHbIX HCCIe0Banntt (IPaHTh

06-01-00502-a u 08-01-00640-a).
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1 Bsenenue

Jloka3aTesibCTBO HUYKHUX OIEHOK HA CXEMHYIO CJIO2KHOCTD SIBHO 3aJ[AHHBIX OYJIEBBIX (DYHKIIMIA sIBISAETCS O
HOI M3 CaMbIX M3BECTHBIX W TPY/HBIX 3aJ[a4 COBPEMEHHOI Teopernyeckoii nunpopmaruku. Hecmorpst Ha TO,
9TO U3 COODPAKEHMI MOIITHOCTH JIETKO CJIEJIYET, 9TO IMOYTH BCe OyJieBbl (DYHKIMH UMEIOT SKCIIOHEHIINAIbHBIN
pa3mep, HaM JI0 CUX [I0p HEM3BECTHO HM OJHOU (DYHKIMU, TPeOYIOIIeil cxeM cylep/nHeiiHoro pa3mepa. bosee
TOrO, U3BECTHO BCEI'O HECKOJIBKO JIOKA3ATENbCTB JUHEHHbIX oneHoK. VMenno, [Tuopp [10] mokazas HUKHIOO
OIEHKY 2N — ¢ It Kjaacca (DYHKIWIA, /IJIsi KOTOPBIX [IPU MO/ICTAHOBKE KOHCTAHT JIIOOBIM JIBYM IT€PEMEHHBIM
MOXKHO TIOJIyIUTb XOTsi 661 Tpu pasuble noadyskiun. Hamee Iox [9] mokasan HUKHIO OIEHKY 2.5n — ¢
Jutst MopmdunppoanHoil Bepcun dyHkuun negekcaiu. Crokmaiiep [11] qokasas Ty e OIEHKY JIs Kiac-
ca cuMMeTprYecKuX (DYHKIWMIL, YIO0BJIETBOPSIONMX HEKOTOPOMY IpocToMy yeiosuio. V1 HakoHer, Birom [3]
citerka Mogudunuposas Gyukuuio [losa u moka3an HUKHIOW OLeHKY 3n — o(n) mig Heé. Dra oueHka OblLia
onyOsukoBana B 1984-M 1oy u 70 CuX IOP OCTAETCS JIydIllell U3 M3BECTHBIX I CXE€M HAJl ITOJHBIM OMHAD-
HbIM Gasucom By. Pekopauas onenka 5n — o(n) s 6asuca Us = Bg \ {®, =} upencrasiena B 2001-m rogy
Wsamoii u ap. [6].

Bce yromsinyThIE BBIIIIE OIEHKU OBLINM JOKA3aHBI METOJIOM yJlaJjieHus: reidToB. OCHOBHAs UJiesi 9TOI0 METO-
J1a COCTOUT B CJIEIYIONEM: PACCMATPUBAETCH OyseBa (DYHKINA OT N IEPEMEHHBIX U3 OIPEIEIEHHOTO KIacca
GbYHKIMIT 1 TOKA3BIBAETCH, UTO JTI00AST OINTAMAIbHAS CXeMa COJEPKAT KOMOMHAITUIO TEATOB, KOTOPYIO MOXKHO
VJIAJATH PUCBAUBAHUEM 3HAYEHU mepeMeHHbIM. OOBIYHO TEeHT yIaaseTcs, TOTOMY 9TO OJIUH U3 €r0 BXOJOB
CTaHOBUTCSI KOHCTAHTOI. B HEKOTOPBIX CIIydasiX MOXKHO TaKKe yJIaJIUuTh TeilT IIyTEM [IePEeCTPANBAHUS CXEMBI.
XoTsl 3TOT METOJ, sIBJISIETCS 110 CYTHU €JIMHCTBEHHBIM U3BECTHBIM METOJIOM JJIsl JOKA3aTeIbCTBA HETPUBHUA/Ib-
HBIX HUYKHUX OIIEHOK JIjIsi OOBIYHOI CXEeMHOMU CJIOKHOCTHU, MHOTHE aBTOPbBI OOPAIal0T BHUMaHUE Ha TO, YTO
[IOJIy9eHrEe HEeJIMHEHHBIX HI2KHUX OIEHOK TAKUM METOIIOM BPSII JIN BO3MOYKHO.

B namnoit crarhe paccMaTpuBaercs cxemuast ciiokHoctb MOD-dyakuit. TaTepecHo oTMeTuTh, 94T0 JIJTs1
dopmyn u cxem Han Gasucamu Us u Bs msBectHo, uto citokHocts MODY | rme m = 3 wim m > 5, He
Menbiie ciaoxkaoctn MODY. OgHako HE Jist Kakoil U3 9THX Mojiesiell He M3BeCTHO, npasia ju, 410 MODY
wm MOD? crporo cioxuee, uem MODY. B rabsure 1 npejcraBieHbl M3BECTHbIE BEPXHAE W HUYKHUE OIEHKH
gt MODY, B pasaudHbIX Mojensx BbranciaeHuil (depe3 C u L Mbl 0003HAYAEM CXEMHYIO U (DOPMYIIBLHYIO
CJIO’KHOCTD, COOTBETCTBEHHO).

Mur BBOsM Kitace dyukmmit GMOD) | cocTosmuit n3 Beex Oymnesbix GyHmmit f(x1, ..., T, ), 3HAUCHAE
KOTOPBIX 3aBUCAT OT ., a;x; (mod m). CHauasa Mbl 3aMedaeM, 4ro jobast dynkius uz GMOD]), nis
upocToro m > 3, 3a7aérest NoJImHOMOM BbIcOKOi crenenn Ha GF(2). C ucnosnb3oBannem 310ro dhaxkTa Mbl
[IPUBOJIMM JOKA3aTe/IbCTBO HUKHE OLeHKH Tn/3 — ¢ Ha CXeMHYIO CJIOXKHOCTB Jii060i Takoil dbyukiuu. Joka-
3aTeJIbCTBO TAKOE XK€ IIPOCTOoe, KaK J0Ka3aTesbcTBo HuxkHell onenku 2n — ¢ Iluoppa [10]. Kioyesas nnes

N |t | e | Cw | Cm |
2 T om2) [ n 3n + ¢ [10] n—1
BEPXHSS
g | EEKHAA Q(n?) 1] Q(nlogn) [5] | 4n+c[13] | 2.5n+c [1]]
sepxuas | O(n?58) [4] O(n?) [12] | Tn+o(n) [2] | 5n + o(n) [2]
HIKHSIST 0(n?) [1] 4n + ¢ [13]
! sepxmss | O(n?log? n)[5] Qlnlogn) |3 5n [13] 25n e L]
5 g [ EHKHEA Q(n?) 1] Q(nlogn) [5] | 4n+c[13] | 2.5n+c [1]]
N sepxusas | O(n*57) [§] Om>13) [8] | Tn+o(n) [2] | 5n+ o(n) [2]

Ta6smna 1: VI3BecTHble HIDKHUE W BepxHUe oneHKN st dyHKnuid MOD!) B pasiMaHbIX MOJEJISIX BBIUUCIIe-

HUI.




9TOTO J0KA3aTEIbCTBA COCTOUT B KOMOMHIPOBAHHOM Mepe CJIOXKHOCTH, KOTOpasi IPUCBANBAET Pa3JInIHbIe Be-
ca refiTaM pasjIMYHbIX TUIOB. /Ipyrasi nuHTEpecHasi 0COOEHHOCTb TOI0 J0KA3aTe/IbCTBA COCTOUT B TOM, UTO
B HEM He TOJIBKO aHAJM3UPYETCsl BEPXHsisl 9aCTh CXEMbI, HO TaKKe UCIO0JIb3YeTCsl HEKOTOpasi HH(OopMaIus o
CBOICTBAX CXEMBI B IIEJIOM.

3aTeM MbI IPUBOIUM JIOKA3ATEJbCTBO HUXKHEN OleHKH 2.5n — ¢ Jyist Kjacca (DYHKIHUH, COMepKaIiero
GMODY, koropoe siBistercst Mojubukaimeii gokasarenscrsa Crokmaiiepa [11]. Ormernm, uro Crormaiiep
JTOKa3aJI HUKHIOIO ONEHKY 2.5n — ¢ myist Beex dynkmmit MOD! | tae (m > 3), HO ero JoKa3aTeIbeTBO paboTaeT
TOJIBKO Jijist cuMMerpudeckux dyuknuii. OcHoBaoe orimune Kjiaacca GMOD,, or kiacca MOD,,, cocrout B
ToM, uro GMOD,,, "HBapHaHTEH OTHOCUTEJILHO MOJICTAHOBOK THIIA T; = X;.

B KoHIle cTaThi MBI IPUBOJNM CXeMy pa3Mmepa 3n s kiaacca GMODYE, koropast Oblia HaiijieHa ¢ HCc-
nosib3oBanneM SAT-cosBepos.

2 OO6mias ocTaHOBKA 33124l

2.1 Kimacc GMOD;,

Yepes B,, 0603naunM MHOXKeCTBO Beex Oysebix dbyuximit f: {0,1}" — {0,1}. ®ynkuua f € B,, Ha3biBaercs
CHMMETPUYECKOI, eCJIn €€ 3HAYEHNE 3aBUCHT TOJILKO OT CyMMbI BXOJHBIX 6UTOB. TO €CTh JOJIKEH CyIIecTBO-
Bath Bekrop v € {0,1}" " Taxoit, uro f(z1,...,2,) = vs, e 8 = Y1, x;. THIUYHON CUMMeTPHYECKOI

dyHKIMeEH sIBIIsieTcst PyHKITHS MODfn’ &> OIIpeJiesisseMasl CJIELYIOIUM 00pa30M:

MOD:Ln,k(Ila ceyTn) =1 ®le =k (modm).
i=1

Mpbr Takke paccmaTpuBaeM (DyHKIUM, 3aBUCAIIME HE MPOCTO OT Y T;, HO OT IPOM3BOJIBHON JIMHEHHOM
KOMOUHAIMH ¢ 1My Kosddunuerntamu Y o, x;. Yepes GMOD), o6oznaunm kiaace yHkiwit f € By, s
KOTOPBIX CyINEeCTBYIOT Ieble uncna 1 < aq,...,a, < m — 1 u nenoe ducyio k Taxoe, 4To

flze,...,xn) =1 @Zaixi =k (modm).
i=1

Bamernm, uro ecaun f € GMOD;, u ¢ € {0,1}, rorga
60 fly—z,8c € GMODE! | 6O fy,—0;0c € GMODI 2.

Jlerko BHAETH, 9TO A7 HPOCTOTO p U N > p? + 2 u ajg moboit f € GMODZ, f He aBiIsieTCs KOHCTAHTON U
€CTh XOTs Obl TPU PA3IUIHBIX (PYHKIIAA CPEIH

flxi=0,£j=07 f|;ci=0,a~j=17 fl:ci=1,:cj=07 f|$i=1,$]‘=1 .

2.2 Crenenb OysieBbIX DYHKITU

JTiobas Gynesa dyukus f: {0, 1} — {0, 1} serko MozkeT GbITH IPEACTABICHA B BUJIE [OJIMIIMHEHOIO [10JI1-
Homa Hast GF(2), r.e. B Bujie xor (CyMMbl) KOHBIOHKIHNI (MOHOMOB). TaKoii OJMHOM HA3BIBAETCS ITOJTHHOMOM
ZKerasnknaa. XopoIo n3BeCTHO, 9TO TAKOE IPEJICTABIIEHNE eIUHCTBEHHO. TakuM 06pa3oM, B JaIbHERIIEeM 13-
JIOXKEHUH MBI 00O3HAYAEM eMHCTBEHHBIN nosminHeiiHblit osmHoM Hag GF(2), npencrasisionmit f, depes
Xx(f). Baxnoit xapakrepucrukoii dbyukuuu f spisercs creneb X (f), obosnauaemas kax deg(f). IlonsiTHo,
YTO €CJIM CXEMA COJEPKAT MAaJIO MefiTOB THIIA-A, TO OHA HE MOXKET BBIYHC/IATH (DYHKIMIO BBICOKOH CTEIICHH.

Jlemma 2.1. Jhobas crema, svruucasowan 6yaesy dynxyuro f: {0,1}" — {0,1}, codeporcum xoms 6w
(deg(f) — 1) eettmos muna-A.



Hecnoxkno nokasats, uto jayia moboit f € GMODy, deg(f) > n — p, ama npocroro p u n > p?. Hos
JIOKA3aTesbCTBa 9TOr0 (PaKTa Hy?KHO 3aMeTHTh, ITO s Oynaesoit dyukmuu f: {0,1}" — {0,1}, deg(f) =n
TOT/IA U TOJMBLKO Tor/a, Kora |f~1(1)| meuérno. Dro Jerko JokazaTh MO UHILYKIMH, 3AMETHB, ITO

f_l(]-) = (f|ﬂ7i:1)_1(1) U (f|ﬂ7i:0)_1(1) ) (1)
X(f) = zi - x(flai=1) + (L = i) - X(flei=0) - (2)

Barem Hy»KHO TOKa3aTh, 410 Jjist joboit f € GMODy, |f~!(1)| neuérno. D10 TakiKe MONKET ObITH HOKA-
3aHO [0 HHAYKIUH C UCHOJIb30BaHueM pasencrsa (2). Obosuaunm uepes ¢y € {0, 1} xoaddunuenr moHoMa
x1...2n B X(f). I3 paBencrsa (2) Torna cienyer, uro ¢f = ¢y @ cyv mas Hekoropeix [/, f € GMODZil.

2.3 Cxembl B 6a3uce B,

Cxema mipeJicTaBjsieT co00i OPUEHTHPOBAHHBIN AIMKJINIECKUi Tpad ¢ BeprImHAMEI, UMEIONIME BXOJISIILY IO
crenenb 0 mim 2. BepmmHbl, nMeromye BXOJSILYO cTeneHb (, COOTBETCTBYIOT NEPEMEHHBIM {Z1,...,Tn}t 1
Ha3bIBAIOTCS BXOJaMU. BepIMHBI CO BXOAMAIIEH CTEIEHBIO 2 BRIYUC/IAIOT DYHKIMKA U3 By 1 Ha3bIBAIOTCS Teli-
Tamu. Takzke eCcTh refiThl, COOTBETCTBYIOIIME BHIXO/AM CXeMbl. Pa3MepoM CXeMbl HA3BIBAETCS YUCJIO IefiTOB,
U3 KOTOPBIX OHa cocTouT. Mpbr HazpiBaem dbyakmuio f € B™ BBIPOXKIEHHON, €CJIM OHA HE 3aBUCHAT CyIIe-
CTBEHHO OT HEKOTOPBIX CBOUX IEPEMEHHBIX, TO €CTh CYIIEeCTBYET TaKas MEPEMEHHAS X;, UTO MO(yHKINN
flei=0 u f|z,=1 paBubL Jlerko Bujerb, 4TO reiiT, BHIYUCIIAIONMN BBIPOXKICHHYIO MYHKIMIO u3 Ba, Moxer
ObITH JIEIKO YIAJEH U3 CXeMbI €3 yBeJudeHus e pazmepa (IpH yIaJeHun STOr0 reifiTa, BOSMOXKHO, IIPUIETCs
U3MeHUTh (DYHKIMH, BBIYHUCIsIEMble B €ro MOTOMKax). MHoxKecTBO DyHKIWMI B 6asuce By CONEPKUT JIECATH
HEBBIPOXKIEeHHbIX byHKImil f(x,y):

e BoceMmb dyukuuii Buga ((z®a)A(ydb))®c, rue a, b, c € {0,1}; mbl HazbBaeM uX (DYHKIUAMEA TUIIA-A;
e sBe dbyHKIMHN BUga £ By d a, rae a € {0,1}, KoTopble Ha3bIBaOTCs GDYHKIUAME TAIA-D.

OcHOBHOE OT/IMYME MEXKJYy STUMH JBYMsl TUIAMU (DYHKIMI COCTOUT B TOM, 4TO (DYHKIIUIO TUIA-/\ BCETA
MOKHO CJIeJIaTh KOHCTAHTOMN Iy TEM IIPUCBAUBAHMS KOHCTAHTBI JIOOOMY U3 €6 BXOZIOB (HAIIPUMED, [IOCJIE 3aMe-
HBI BXO/Ia & Ha KOHCTAHTY @ Ha BBIXOJIE T'eiiTa oIyvaeTcd KOHCTAHTa C; B TAKOM CJIydae Mbl TOBOPUM, YTO IefT
CTaJl TPUBMAJIBHBIM), B TO BpeMsl Kak Jyist (QDYHKIWMH THIA- 9TO HEBO3MOXKHO. Takum o6pa3oM, ecii ecThb
TiepeMeHHas, BXO/IANAs B JIBA TeiiTa TUMa-4, TO MyTéM MPUCBAMBAHUS JIIOOOTO 3HAYEHUS ITON MEPEMEHHON
MOXKHO YJIAJIUTh TOJIBKO 3TH JBa reiira. OIHAKO ec/id XOTst ObI OJIUH U3 JABYX IOTOMKOB ITEPEMEHHOI sIBJISIETCS
refiToM THIa-/A, TO IPUCBANBAHNEM COOTBETCTBYIONIErO 3HAYCHIS ITOM IEPEMEHHOI MOXKHO YIAJIUTEH 008 3TU
refita, a Tak»Ke BCEX IIOTOMKOB 3TOTO reiira tumna-A. VIMeHHO 10 9TOi npuyunHe HA JAHHBIA MOMEHT JIydIlne
HIKHUIE OTEHKH JjIsI cxeM B 6asuce Us Jydrre, 9eM OIEHKH I cxeM B Oasuce Bs.

3 Hwuxknuss orenka 7n/3

B aroM pasziesie Mbl IPUBOAUM J0KA3ATE/IbCTBO HIZKHEN OLeHKH 71 /3 — ¢, KOTOPOe HACTOJILKO YKe IIPOCTO, KAK
u nokazarenbcrBo unoppa onenku 2n — ¢ [10]. Cragasa Mbl onpezesnseM Kiace QyHKIui, KOTOPbIH sABJIs-
eTcsl KJIACCOM, MCITOJIb30BaHHbIM [IIHOppOM, HO C JOIOJHUTEILHBIM OrpaHUYeHneM Ha cTereHb. C IOMOIIbIO
9TOTO OTPAHUYEHUs] MBI TIOJIyUaeM HIZKHIOI OIEHKY (IIOKAa3aHHYIO B jleMMe 2.1) Ha aucsio refiToB Tuna-A B
J060# cxeme, KOTopast BEIAuc/sieT (bYHKIUIO U3 JAHHOTO KJIACCA. 3aTEM Mbl BBOIUM MEPY CJIOXKHOCTH CXEM
IIyTEM IPUCBANBAHUS PA3JINIHBIX BECOB TefiTaM TUITa-P M TUIA-A U JIOKa3bIBAEM HIUXKHIOIO OIEHKY JIJIS Heé,
HUCHOJIB3Y4 IIOTOM 3TY HUKHIOIO OIIEHKY JIJId IIOJIyYeHUs HUKHEN OIeHKN Ha CXEMHYIO CJIO?KHOCTb.

Omnpenenenne 3.1. Ilycmo Si; — amo Kkaacc 6cex Ppynrxuyud f € B, co caedyrowumu c80TUCMEaAMU:

1. ecaun > k, mo das mobux 0BYT NEPEMENHOIT T; U T; NOAYAIOMCA TOMA bl MPU PASAUYHBIL NOO0-
dynryuu f npu npuceausanuy sHaverul T; U T;;

2. ecaun >k, mo das w0600 nepementol x; u 410600 xKonemarmos ¢ € {0,1}, flo=c € SZ;I;
;
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Puc. 1: Pazpmuansie cinyaan B stemme 3.1.

3. deg(f) > n—d.

st loKa3aTeIbCTBA IPUBEISHHON HUZKHEH OIEHKN MBI UCHOJIb3YeM CJIEYIOILYI0 MEPY CXeMHOMN CJI0XK-
Hocrn: ((C) = 3X(C) + 2A(C), rne X(C) u A(C) 060o3HAYAIOT, COOTBETCTBEHHO, YHCJIO TefiTOB THHA-E 1
tuna-A B C.

Jlemma 3.1. Jlas amo6ot cxemor C, 6vucasmowet gynryuo f € Sy,
u(C) =z 6(n—k—1).

Joxasameavcmeso. okazarenneTBo Begéres uapykimeir mo n. Ciaydait n < k+ 1 ogeBugyen. [Ipeanosoxum,
aro n > k+ 1 u nycrs C' ecTb ontuMabHas (OTHOCHTEILHO MEPDI [) CXeMa, Bhrauc/stiomag f. Mbl mokasbi-
BaeM, 9YTO MOXKHO IIPUCBOUTH 3HAYEHUE OJHOW U3 ITEPEMEHHBIX TAKUM 00Pa30M, YTO [ YMEHBIIUTCS XOTs ObI
na 6. [Tockonbky mosyuuBIIasicss moAdyHKINS TPUHAJIEXKAT Sgﬁl, TO HEOOXOJMMOE HEPABEHCTBO BBIIOJI-
HSIETCS 10 TPEJIITOJIOKEHUI0 WHIyKITMA. 3aMeTHM, 9TO MOJIyYuBINasics (DYHKIUS He SBJISIeTCs KOHCTAHTOI.
Takum 06pazoM, eciu refiT CTAHOBUTCS KOHCTAHTON B PE3y/IbTATE MOJICTAHOBKH, TO STOT I'efiT HE SIBJISETCS
BBIXOJIOM CXEMBI, M XOTsI ObI OJ[MH €r0 MMOTOMOK TOXKE YJIAJISeTCH.

ITycte @) ects TOm-reiiT cxembl C, a ; U T; CyTh BXOJAIINE B HEro mnepeMenHsle. IlockosbKy mpn 1o
CTaHOBKE 3HAYEHUN ITUM [IEPEMEHHBIM II0JIyYaeTCsl XOTsI Obl TPU PA3JIMYHBIX MOI(MYHKIMK, TO XOTsI ObI OHA
73 9TUX EPEMEHHBIX J0JIKHA BXOIUTH XOTs Obl emé B oxuu reiit. He ymassss oOmHOCTH, MBI CIUTAEM, 9TO
x; BXOIUT Takxke B reiir P # Q. Eciu u P u Q) sBisiiorcst refitamMu Tuna-», TO MBI IPOCTO PUCBANBAEM
3HaYeHue 1epeMeHHoil x;. [Ipu sToMm p ymeHbimaercst xorsi 6b1 Ha 6. Ecyu onue u3 reiito P u @ ecTb reiir
THUIA-/A, TO MbI IPUCBAUBAEM &; 3HAUYEHUE, KOTOPOE JIeJaeT ITOT MefiT TPUBUAJBHBIM. TakuM 00pa3oM, yiia-
JsiroTest 06a reffta P u (Q u XoTst ObI OJIMH U3 UX [IOTOMKOB (JIazke B ciiydae, ecian () ecTh pacCMaTPUBAEMBbIil
reifr Tuna-A u P sBisiercs ero eJIuHCTBEHHBIM IIOTOMKOM, TO MbI yuajiseMm (), P u Bcex noromkos P). Ha
puc. 1 IoKa3aHO HECKOJIBKO BO3MOXKHBIX CJIydaeB (3aMeTHM, 9TO 31eCh TaK YK€, KAK U B CJE/YOIEM pasJiedie,
[IOKA3aHbl TOJILKO THUIIbI I€ATOB, a He KOHKPETHbIe (DYyHKIMU, KOTOPbIe B HUX BBIYUCJIAIOTCS). JIErKO BUIETD,
9TO (4 CHOBA YMEHBIIAETCsI XOTsl ObI Ha 6. O

Jlemma 3.2. Jlaa woboti f € Sit 4, C(f) > Tn/3 — c(k,d).

Hokasamesvcmeo. Uucio reiiros B cxeme C pasro X (C) + A(C). Heobxonnmoe HEPABEHCTBO CJIELyeT W3
CJIEJIYOIUX JIBYX HEPABEHCTB:

Y]

3X(C) + 24(C)
A(C)

6n—6(k+1),
n—(d+1).

Y

Bameuas, uro GMOD} C S;LQ p MBI TIOJIy 4aeM HEOOXOIMMYIO HUYKHIOIO OIIEHKY.
.

Caencrsue 3.3. /as mobot f € GMOD,, C(f) > Tn/3 - O(1).



4 HwmxHaa onenka 2.5n gia GMODg;

Bnawase mMpl onpefeniseM Kiacce 1), KOTOPBII aHAJIOTHYeH Kaaccy Si ;.

Onpepesnenne 4.1. [lycmo T} — amo xaacc ecex gynxyut f € By, obradarouwux caedyrouumu ceoticmsa-
MU

1. ecaun > k, mo 0as a1006& 08YLT NEPEMERHBIT T; U Tj NOAYAENCHA TOMA Obt MPU PASAULHBL NO0-
dynryuu f npu npucsausaruu snavenul x; u Tj;

2. ecaun >k, mo das w060l nepemennol x; u dasn 410600 Koncmarwmos ¢ € {0,1}, flz,=c € T,?*l;

3. ecaun > k, mo daa mobur 08Yr nepemennur T; u rj cyuwecmeyem xoncmarma ¢ € {0,1} maxas,
Ymo f|x%=¢j@c S T,:“l U f|x%=l-j@c@1 € T£72, Mo eCmb NOCACOHAA NOOPYHKUUA HE 3a8UCUM HU OM
Ti, HU OM ;.

Teopema 4.1. Jlasa 060t cxemv, C, svivucaarowet gynwywo f € 17,
C(f) >25n—-25k+2).

ITepes moxa3aTeIbCTBOM TEOPEMBI MBI OIPEIE/IseM IOHSITHE XOI-IIeNN, KOTOPOoe OBLJIO BIIEPBbIE BBEIEHO
Tosom [9]. st reiita Gy cxembl C' MBI TOBOPHUM, YTO CYIIECTBYeT XOr-Iiellb JyuHbl k B G TOra U TOJIBKO
TorJa, Korjga ecth k reitroB G, ..., Gy B C Takux, 910

1. a1 < i <k, G; aBagercs refitoMm Tumna-d;
2. ma 1 <i <k, G; aBasgercd eIUHCTBEHHBIM TTOTOMKOM (G;_1;

3. B G}, Her xor-1emnn, To ecth GG aubo saBasgercs BbixogoM C, b0 MMeeT UCXOSIIYI0 CTEeHb 2, JIMOO0
€ro eJINHCTBEHHLII IIOTOMOK SABJISICTCA TefTOM THUIa-A.

Zoxazameavcmeo. JlokazarebCTBO CHOBa IIPOBOAUTCsI nHtyKIiuei o n. s n < k42 yrBepKieHne BEpHO.
IIycTb Teneps n > k + 2. Mbl ubo ynaauM Tpu refiTa U MoyauM Mo yHKIUIO U3 T,:“l, 00 2Ke yIaJIuM
[ISITh TEATOB U TOJIyYUM TOA(DYHKIUIO U3 T,?_Q.

Pacemorpum ontumansayio cxemy C, Beraucisiontyo GyHKnuo f.

Cayyait 1. C comepKuT IEpPeMEeHHYIO0 HCXOJsIieil cremenn xoTs Obr 3. IIpucBamBasi eii KOHCTAHTY,
orygaeM (OYHKITHIO B T,?*l U yIaJisieM XOTs Obl Tpu refiTa.

Cay4ait 2. C comep:KuT IEPEMEHHYI0 UCXOJISIIell cTeneHn 2, KOTopas uMeer rmoromka tuma-A. [Ipu-
CBaMBaeM STO IepeMeHHON KOHCTaHTY, KOTOpasi JeJIaeT IOTOMKa TUIa-A TPUBHAJIbHBIM. JIerko BUIeTh, 4TO
[IPU 9TOM YIAJISETCS XOTs ObI TPU reifTa.

Cuayyait 3. Kaxnas nepemennas B C umeer 00 UCXOSIILYIO CTEMEHD 1, MO0 MCXOMAIIYIO CTEIEHD 2.
PaccemoTrpmm Ton-reitT () cxemsr C' 11 BXOJIAIME B HETO TIEPEMEHHBIE T; 1 L. XOTS ObI O/THA N3 MepeMeHHBIX T;
U T; JOJI’KHA BXOJIUTH B KAKOH-TO JIPYyroii TefiT, HOCKOIbKY B IIPOTUBHOM CJIydae INPUCBaUBaHUEM 3HAUEHUIT
TUM I[EPEMEHHBIM MOXKHO IOJIyYHUTh He 0oJiee JIBYX pasjindHbIX noidyskiuit. He ymassis obrHOCTH MBI
nupejnosaraeM, 4ro x; xomur B refir P. Torma oba refita P u () 10J0KHBL ObITh THIA-® (MHAYE TPUMEHUM
ciryuaii 2). Takum o6paszom, j06oii Tor-reifit cxembl C' sBJigercs reifToM Tuma-@.

Cuayyait 3.1. Teiir () nmeer HCXOAILYIO cTeneHb X0Tsi Obl 2. B Takom ciryuae Mbl 3aMensieM x; Ha
x; @ ¢, modupasi KOHCTAHTY C TAKHM 00Pa30M, YTOOBI IOy YUBINACS MOAMYHKIHS TPUHAIJIeXKaTa T,:“l. B
pe3yJibrare yjaJjsieTcst reifiT () U Bce ero IOTOMKH, TO €CTh XOTs ObI TPU TeiiTa.

Cayw4aii 3.2. Teiit () nmeer ncxongdmiyto crenesb 1. IIpe/nosoKuM, 4TO NCXOJAIIAS CTENIEHDb T; TaK¥XKe
paBHA 2, B IPOTUBHOM CJIydae AHAJU3 TOJIHKO YIIPOIIAETCS, CM. PHC. 2.

CrauaJsia MbI 3aMeHSAEM T Ha X; B ¢ TAaKUM 00Pa30M, 4TOOBI IIOJIy IMBIIAsICS HOAMDYHKIHA IPUHA/Ie KA
Ja T,?*Q. Iomyansmascsa mofabyHKIA He 3aBUCHT HU OT Z;, HA OT T;, OJHAKO CXeMa BCE eIré COTEPIKHUT
[IEPEMEHHYIO T;. DTO 03HAYAET, YTO T; MOXKHO 3aMEHUTh Ha JIF0OYI0 (DYHKIUIO, He 3aBUCHIILYIO OT x;. llocie
3aMeHBl T; = %; ¢ ¢ IepeMeHHasl T; BXOJUT B JBa reiita tuma-@ (B ciydae, eCilll &; UMEET HCXOZIANLYIO
crenenb 1 B uCXO[HOI cxeMe, x; OGyJerT BXOAUTH TOJIBKO B OJUH IeifiT B moJydusineiicsa cxeme). O6o3Haqum



rer” 20

Puc. 2: 'naBubiit ciayvait B qokasareabcrse Teopembr 4.1.

X To X;
P@® RO T, P@®
P ® R @ P ®

: : T, :
RO n P,
(a)

Puc. 3: Ynanenue xor-nenu.

3TH j1Ba refita yepes P u () u paccmorpum xor-nemn Py, ..., P, u Ry, ..., R,, Haunnaromuecs B P u R coot-
BETCTBEHHO (P U 7 MOTYT OBITH PaBHBI HyJI0), cM. puc. 3(a). He ymassis 0GIHOCTH MBI IIPEIIONATAEM, UTO
He cyuiecrByeT myTu u3 P, B R,. 910 o3Hauaer orcyrcrsue mytu u3 z; B T} (0 < k < r). IeiicrBuresibHo,
JIF00OH IyTh U3 T; JOJIZKEH HIPOXOJAUTD uepe3 P, nin depe3 R,. Oxuaxo Hauudue myta u3 ¢; B 1, depe3 R,
mprBesIo OBl K CyIeCTBOBAHMIO INKJIA B CXeMe, B TO BpeMs KaK IIyTh depe3 F, Mor ObI OBITH POOIZKEH 0
R,., 9T0 IPOTUBOPEYUT HAIIEMY UCXOJHOMY ITPEIIIIOJIOKEHUIO.

Toryia MBI TIepecTpanBaeM cxeMy Kak IoKasaHo Ha puc. 3(b) u 3arem 3aMeHsieM T; Ha DYHKIUIO, KOTOpAst
BBIYKCJISIETCST HA JAPyroM Bxojie R,., win eé orpunanne. Kak mokasaHo Bbille, 3Ta (PYHKIUs HE 3aBUCUT OT
2;. TIOCKOJIbKY B IIepecTPOEHHOIl cxeme HeT Xor-uenu B R, (310 o3Hauaer, 9410 JubO UCXOZAIIas CTelneHb R,
paBHa X0Tsd Obl JIBYM, JnOO €IMHCTBEHHBIH OTOMOK R, 910 reiir Tuma-A), To xors 6bl Tpu refira OymyT
V/IaJIeHBI.

Ecnn ucxoggmas cTenens r; paBHa 1, TO HOCJIE TIOJICTAHOBKY ; 3HAYEHUs T; B C UCXOJAMNIAA CTENeHb T;
craHosuTcst paBHa 1. Torma Mbl yaaJisieM XOr-1ielib B 9TOM refiTe U 3aTeM 3aMeHsieM X; Ha (DYHKIII0, KOTOPast
BBIUUCJISETCS B JIPYTOM BXO/IE 9TOTO refita. dra DYHKIHSA He 3aBUCUAT OT I;, TAK YTO MOJACTAHOBKA KOPPEKTHA.

O
Jlerko nokazars, uro GMODE C T§', U3 4ero moJydaeM CJIeJyIoliee CJie/ICTBHIE.

CaencrBue 4.2. Jlas mobot f € GMODY, C(f) > 2.5n — c.

5 Bepxaasa onenka 3n gaa GMODg

B 9ToM pasjiesie MbI IIpeJICTaBJISIEM KOHCTPYKIMIO, M3 KOTOPOM cJieflyeT BepxHsas onenka 3n + O(1) s

GMODY. OcHoBroit 6/10K (a TakKe ero TabJIHIa HCTHHHOCTH ), U3 KOTOPOI'O CTPOUTCS CXeMa pasmepa 3n +

O(1), mokasan Ha puc. 4. BIOK NpUHUMAET HA BXOJ TPU HOBBIX NEPEMEHHBIX Tki1,Lkt2,Tk4+3 U SHATCHUE
k

> i1 i (mod 3), 3akonupoBaHHOe JBYMsI OuTaMu (21, 22) CIELYIONAM 06PA30OM:

k 0, ecum (z1,22) = (0,0),
in (mod 3) =< 1, ecuu (z1,22) = (0,1),
=1 2, ecmu z; = 1.



Thk41 22 21 Tr+2 Tk+3

Tk+1
Lk+2

Tk+3

01010101010101010101010101010101
00110011001100110011001100110011
oooo1111000011110000111100001111
oooo0000111111110000000011111111
oooooooo00000000011T1IT11I1I1I1T11111111

10101010101010100101010101010101
10101010111111110101010111111111
10011001110011000110011011001100
10011001001100110110011000110011
00110011100110011100110010011001
10001000011001100001000101100110
01111000100101101110000110010110
00011110101001010111100010100101
00010110100000010110100010000001
00010110100000010110100010000001
01111000100101101110000110010110

Puc. 4: Napykrusnbiit 6710k 1151 MOD3 1 ero tabuia MCTUHHOCTH.




Beixosiom 6Ji0Ka siBisiercs Tapa O6uUToB (21, 25), KOJUPYIOIIas 3HAUYCHUE Zf:f x; (mod 3). OueBmHO, UTO
cxema pasmepa 3n + O(1) mas MODE moxker GBITH HOCTPOEHA U3 TaKuX 0JIOKOB. Bojiee TOro, Tak e moJry-
qaercst cxema pasmepa 3n + O(1) ayss GMODY. s mo6oit dyakuun f € GMODY cymecrsyer pasbuenune

MHOX)KecTBa nHJekcoB {1,2,...,n} Ha JBa HelepeceKaruXcsl MOJAMHOKECTBA HHJEKCOB [1, 2 Takoe, 910
f(:cl,...,zn):labg :ciJrQE z; =7 (mod 3).
S i€l

Jlerko BuAETH, UTO It Takoi# (GDyHKIINHE MOXKHO TOCTPOUTE cxemy pasmepa 3|I1| 4 3|Iz| + O(1). Tockoabky
JIFODOI TelT THuma-@ MOXKeT ObITh 3aMEHEH TpeMsl MefiTaMu THIla-/\, TO 3Ta KOHCTPYKIMS TaKXKe J1aéT HaM
BEDPXHIOI OleHKY Tn B 6asuce Us. HTEpecHOe cBoiicTBO nokasanHoit cxembl st GMODY cocrout B TOM, 4TO
OHAa COJIepKUT N reiToB Tuma-A. Takum 0O6pa3zom, HUXKHsIsSI OIlEHKa Ha YUCJIO NeidTOB TUIa-/A, IPUBEJIEHHAs B
pasi. 2, rouna. JIpyroe uaTepecHoe CBOMCTBO 3aKJIIOYAETCS B TOM, YTO IPUMEPHO 271/3 BCeX nepeMeHHbIX,
BXO/ISIIIIAX B CXEMY, UMEIOT UCXOJAILYIO CTeleHb 1.

st HaXOXK JIeHUsl MPUBEIEHHOTO Ha puc. 4 6j10Ka Obn uctob30Banbl SAT-cosiBepbl. Y TBEpKIEHHE O CY-
[IIECTBOBAHUU CXEMbI, BBITUCJISONIEN HEKOTOPYO (DYHKIINIO M UMEIIell (UKCUPOBAHHOE YUCJIO TeATOB, OBLIO
zammcano B Buje (popmyiibl B KH®. [ljist HaxoxK1eHUs BBIIOJIHAIOMEr0 Habopa Jjisl TOJIyYeHHONH (hOPMYJIbI
ucnosib3oBanch SAT-cosBepbl. 3ajada MOMCKa CXeMbI 0Ka3aJ0ch CoKHON mist SAT-coBepoB maxke npu
HEOOJIBIIOM YHCJIE TEHTOB. DTO CBA3AHO C T€M, UTO YUCJIO PA3JIMIHBIX CXeM Kak (DYHKIUS 9UCIa MefiTOB pac-
TéT o4enb ObicTpo. Ilpencrasirenmpiii 6J10K ObLT HAMIEH B PE3Y/IbTATE JOJITAX YKCIIEPUMEHTOB C PA3INIHBIMA
OIDAHMYEHUSsIMU HA PACCMATPUBAEMBIE CXEMbl. B 4aCTHOCTH, HAKJIABIBAINCH CJIEYIONIE OIPAHIYEHHS: A)
CYIIECTBYET I1yTh, IPOXOJSIINI Yepe3 Bce relThl 6s10Ka; 6) NCXOZAIAs CTEIEHb KaXK/I0T0 TefiTa He [PeBoC-
XOJIUT 2.

6 3akJirovueHus u JajJbHelInne HaITpaBJIEHUs MCCJIeIOBAHU

CaMBIM €CTeCTBEHHBIM BOIIPOCOM SIBJISIETCsI HAXOXKJIEHHE TOUHOH cxeMHO# cioxkroctn MODYE. st sToro
HEOOXOJMMO YJIYUIIUTh JUOO BEPXHIOK, JUOO HUKHIOW ONeHKy. OJuH U3 CrocobOB yirydIlleHns HUXKHEH
OLIEHKH 2.5n, HAIPUMED, COCTOUT B TOM, 4T00bI jioKa3aTh, uro 5X (C) + 4A(C) > 12n. U3 sroro ciemyer
HUKHsisT OlleHKa 2.6n. 3aMeTuM, 9To yjajieHre IsiTH MefiToB Thla-@ pUCBauBaHUEM 3HAYeHWil JIByM Iiepe-
MEHHBIM YMEHBIAeT TaKyl Mepy Ha 25, yiaaJisisi IPA 9TOM TOJIBKO 2.5 TefiToB st KaXKJI0i U3 yJIaJIeHHBIX
repeMeHHbIX. JIpyrumu cjioBamMu, 9Ta Mepa yIUThIBAET TOT (PAKT, YTO CJIydau, B KOTOPBIX YJIAJISIIOTCS TOJIBKO
refiThl TUNa-@, OKa3bIBAIOTCS XOPOIIMME, TaK KaK HAM HU3BECTHO, YTO CXeMa JOJIKHA COJIEPKATH IMPUMEP-
HO n refitoB Tuna-A. OJHUM U3 CIydaeB, JJisi KOTOPOTO Mbl B JIAHHBIH MOMEHT HE MOXKEM TapaHTHPOBATDH
HEOOXOJIMMOE yMEHbBIIIEHNEe MePhl CJIOXKHOCTH, SIBJISETCS CJIydail, KOrja XOr OOJIBIINOr0 YHCIa MEePEeMEHHBIX
BBIUHCIISIETCS] B BEPXHEH JacTu cxeMbl. KOHEUHO, MOXKHO HCIOJIb30BaTh Apyrue kKoaddumuents jist X (C)
u A(C). Takke MOXKHO POGOBATH UCIOJIbL30BaTh NpeIokeHHy 0 [sukom [13] niero: BBeCTH 3aBUCHMOCTD
Mepbl TAKXKe OT YHUCJIa [EPEMEHHBIX B CXeMe ¢ MCXOseil crenenbio 1 (01HAKO HEOOXOUMO 3aMETHTh, YTO
Takas Mepa Opuia ucnoJb3oBana Llsukom jyis 6asuca Us).

HecMmorpst Ha MHOTOYHC/IEHHBIE SKCIIEPUMEHTBI, HAM HE YIAJ0Ch HAWTH WHIYKTUBHBIN OJIOK, JAIOIINit
BEPXHIOK OlEHKY Jyurie, deM 3n miss MODY. OnHako onTuMalbHasi CXeMa BOBCE He 00s3aTesIbHO JOJIZKHA
COCTOSITh U3 WHJIYKTUBHBIX OJIOKOB. 3aMETHM TaKKe, 9TO HAIl METOJl HAXOXKIeHNs WH/yKTUBHBIX OJIOKOB He
paboraer jitst GOJIBINUX 3HAYEHHI P, TOCKOIBKY JIJIsi TOTO 9TOOBI 3aKOMPOBATE OCTATOK B TAKOM CJIYUae I10-
Tpebyercst bosbioe dncyao 6uto. Bo Muorux ciaydasx SAT-cosBepsl He MOIJIM PENTUTH TOCTPOEHHYIO HAMU
dopmyiry mpocTo u3-3a €€ OOJIBINOro pasmepa. BO3MOXKHO, UTO HAIN METOJ CBEIEHUS MOXKET OBITH CyIIe-
CTBEHHO yiydineH. Takzke ObLIO ObI MHTEPECHO Peasin30BaTh 3(M@MEKTUBHYIO IIPOrPAMMY JIJIsl HAXOXKJIEHUsI
ONTUMAJIbHBIX CXeM 0e3 ucroJib3oBanusi ceejenns kK SAT. Kak ObLIO CKa3aHO BO BBEIEHUU, HAM JI0 CUX
0P HEU3BECTHO, KaK cooTHOCATCs Mexty coboit C(MODy) u C(MODy) misa npoctbix p < g. Unryutusno
KazKeTcs, ITO MODZ He ciaoxkaee vem MOD”. HamoManM TakzKe, 9TO BCe CUMMETPHYECKUE (DYHKIMH MOTYT
ObITh BBIYMCIIEHBI CXeMaMu pasMepa He Gosiee Hn + o(n). AHajorudHbil BONpoc o riiybuHe TaKuX CXeM JJist
rakux QyHKnuii 6611 nocrasied B [4]. Bosee npocroii Bonpoc MoxkeT 6biTh ¢hOpMyJIMPOBaH TaK: IpaB/a JIH,
uto Bee dynknun u3 GMOD] mveror npuvepro omHakoByio cxemyto cioxkuocts? To ects cymecrsyer jm
KOHCTaHTa ¢ = ¢(p) TaKas, 9T0 jyis mobbix aByX yukuuii f1, fo € GMODy, [C(f1) — C(f2)| < ¢?
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