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Anvoranmst B 1992 roxy A. Xussrren [Hil92] mocTpons mepBbie KOHCTPYKINH TOKA3yeMO HAEKHBIX KPUT-
TorpaduuecKux MPUMUTUBOB, & UMEHHO GYHKUUT, 00HOCMOPOHHUT 6 cAabom cmbicae. Takue dyHKIMM TOKA-
3yeMO CJIOXKHEe 00PATHUTD, 9€M BBIYUCIUTE, HO CJIOKHOCTD TTPU 3TOM (PACCMATPUBAEMAT KAK CXEMHAS CJI0K-
HOCTH HaJT CXeMaMH C TPOU3BOTLHBIMA OMHAPHBIME FeHTAMK) yBEJTUIUBACTCS JIAITH B KOHCTAHTHOE 9UCJIO Pa3
(B paborax XmibTreHa Ta KOHCTAHTA TPUOINKACTCA K 2).

B kmaccudeckoit kpurnrorpadun 0gHOCTOPOHHNE (DYHKIMH SIBJISIOTCS GA30BBIMU IPUMUTHBAMHY 1T TPOTO-
KOJIOB COTVIACOBAHMS KJII0Ya U In(POBOI MOMAMIICH, B TO BPEMs KaK KPUITOCUCTEMBI C OTKPBITBIM KJIIOYOM
KOHCTPyHPYyIOTCa Ha 6a3e dyHKmit ¢ cekperoMm. Mbl mPOI0/IKAEM HUCCIETOBAHNS XUIbTTEHA U CTPOUM Ha-
deorcnyro 6 caabom cmoicae GYHKUUIO ¢ cexpemom; B HaIIeH KOHCTPYKITUHI IPOTUBHUK FaPAHTHPOBAHHO IOTPA-
TAT GOJIBINE BpEMEHW Ha, O0pamienne (pyHKIMHN, 9eM FIeCTHBIE YIACTHUKHU MTPOTOKOIA (TaKKe B KOHCTAHTHOE
TUCIIO Pas3).

KiroueBble ciioBa: (GyHKIUHU, OJHOCTOPOHHME B CIaDOM CMBICIE, CXEMHas CJI0XKHOCTb, HUXKHUE OIEHKH,
dbyHKIHMU ¢ cCeKpeToM.

*TIpu wactuuanoit moggepxke dborma Junacrus, rpantos PODU 06-01-00502-a u 08-01-00640-a, rpanTa IIpesunenta

P® nopepxku Bemgymux Haygabix mkos HITT 4392.2008.1, nporpammbl dbyHmamMeHTanbabX ucciaenopanuii PAH.
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1 Bseaeunune

B reuenne mociemuux 30 jieT 661710 pazpaboTaHO OOJIBIIOE KOJUIECTBO PA3IUIHBIX KPUMTOIPADUIECKIX
MIPOTOKOJIOB C OTKPBITHIM KJIFOUOM, OJTHAKO JI0 CUX IO He CYIIECTBYeT Hu eduH020 TOKA3ATEIbCTBA X Ha-
JIEZKHOCTHU: HU OE3YCI0BHOTO JI0Ka3aTenhcTBa (9T0 Hem3bexuo Biaeko 061 P # NP), nu mokaszarenncrsa,
OCHOBAHHOTO HA KJIACCHIECKUX (He 3aBUCIINX OT KOHKDPETHO! 3a/1a4i) MPEIOJIOKEHUIX CTPYKTYPHOI
CJI0KHOCTH. B TO BpeMst Kak 110JIHbIe TIPUMUTHBBI J1jist 0JHOCTOPOHHNX (yHKIwi [Lev87] u kpunrocucrem
¢ oTkpeITEIM KimouoM m3sectabl [HKNT05] (em. taxxe [GHPO0S|), onn HUKaK HE CBA3AHBI C OCHOBHBLIME
MIPEIIOIOKEHUSME KJIACCUIECKON CTPYKTYPHOW TEOPHUH CJA0KHOCTH. Bojiee TOro, aCHMITOTHIECKAS TTPHU-
pO/ia TIOJTMHOMUAJIBHBIX CBEIEHUI HEe OCTAB/ISIET HAJIEXK bl JIOKA3ATh, UTO TA WX WHAS KOHKPETHAS CXeMa
HaJeKHA HA TO¥ WM WHON KOHKPETHON JjInmHe K/foda. B obiem, mpeacTaBisiercs, 9o Kpunrorpadun
eIre OYeHb TaJeKO /10 KAKUX-aubo doxa3yemo HAJTEKHBIX KOHCTPYKITUI C OTKPBITHIM KJIOTOM.

Eciz MBI He MOXKEM JT0KA3aTh CBEPXTIOJINHOMUAIBHYIO PA3HUILY MEXKY CJO0KHOCTHIO UECTHBIX yIaCT-
HUKOB MPOTOKOJIA U B3JIOMIIUKA, MOXKEM JIM MBI JOKA3aTh TOMb Kakyro-Hubydv pasuuiy? B 1992 romxy
Ayern Xunwrren [Hil92] cymen mocrpouts (hyHKINIO, 06paTUTh KOTOPYIO 6060€ CJIOXKHEEe, UeM BBIUMC-
muth. Ero mpumep mpejcrasisger coboit muneiinyo dyaknmio van GF(2) ¢ marpureil, y KOTopoii Maio
HEHYJIEBBIX 2JIEMEHTOB, HO 3aTO B O6pa.THOfI K Hel HEHYJIEBBIX JIEMEHTOB MHOTO. PaBHI/H_[a B CJIO?KHO-
CTSIX MOJTyYaeTCsd U3 HecIoKHoro Habsonenus Jlamanbn n Cosmmka [LS73,Sav76]: kaxapiii 6uT BHIXOIA
HETPUBUAJIBHO 3aBUCUT OT MHOI'MX 6I/ITOB BXOJa, M BCE 3TN 6I/ITbI COOTBETCTBYIOT Pa3HBIM @yHKI_[I/IHM7
CJIeI0BATEIbHO, HE TAK-TO MPOCTO BRIYUCJUTE BCE 3TU (PYHKIUU cpa3y. B KadecTBe MOIEIN BBHIUUCICHMI
3JIeCh PACCMATPUBAETCST caMasi O0Iast MOJIE/Ib: KOJMIECTBO TeiTOB B OYJIEBCKOI CXeMe, KOTOpas MOYKEeT
HCITOJIB30BaTH TPOU3BOJIbHBIE ODUHAPHBIE OY/IeBCKUE TeiThl. OTMETUM, UTO OT TAKONH MOJEIN TPYIHO OXKU-
1aTh 60.)'[66 CUJIBHBIX OIMEHOK, TOTOMY YTO M3BECTHbLIC HUKHNE OIEHKN CXEMHOM CJIOXKHOCTH HaJl ITOJITHBIM
OuHAPHBIM 06A3MCOM JMHEHHBI 0T KosmdecTBa BX0o10B [Blu84, Weg87|.

B wmacrosimeit pabore MbI MpECTABSEM KOHCTPYKIMIO JPYTOro KPUMTOTPAGUIECKOT0 MPUMUTUBA,
HAJE’KHOTO B C/1ab0OM CMBIC/IE: HAJAEKHYIO B C1aO0OM CMbICTe (DYHKIUIO C CEKpPeToM. UTOOBI MOJIyInTh
9TOT Pe3y/bTaT, HY’KHO JOKa3aTh HUKHIOK OIEHKY Ha CXEMHYIO CJI0XKHOCTH OMpeeeHHON (hyHKINN;
MBI UCIOJIB3YEM METOJ, MCKJIIOUEHNS TeTOB, IPU MOMOIIA KOTOPOTO B BOCBMUIECATHIE TOMBI TIPOIILIOTO
BEKa 6]31.)'[1/1 JOKa3aHbl BCE BBHIMNECYTIOMAHYTHIC HUKHUE OIECHKU.

Harra korcTpyKIms cocront u3 aByX OyHKIIN, CIUTHIX B €UHYI0 KOHCTPYKINO. B mepBoit dyHKInm
sajava B3joMimka («Yapimy) ciaoxkuee, uem 3agada Kogupyomero («Bobay), a Bo Bropoit ¢dyHKIMN
3a/1a4a B3JIOMIIMKA CAOXKHEE, 9eM 3a7ada Jekoaupytomero («Aymmcers ). Mbl J0KaKeM, 9TO eCau 9acTh
BXOJIa TIOJATh MEpPBOil (PYHKINM, a 9aCTh — BTOPOM, TO 3ajada Jap/iu CTaHeT CAOXKHEE, UeM 3aJadu U
Aymcer, n Boba. @opmasibHO TOBOPS, CJI0KHOCTH oOparennst (J1eKoaupoBanus) 6e3 NCIoIb30BaHIs CeK-
perHoit nadopmalun Oy1eT Mo MeHbIIeil Mepe B % pasa 6oJibIle, YeM CJIOXKHOCTU YECTHOTO KOTUPOBAHUSI,
[TIEKOIMPOBAHUS W M€HEPAIUU KJIIOIei.

B pazzene 2 mu1 maem 6a3oBbie onpenenennsi. B pasmene 3 MpoOBOANTCS HEKOTOPAsT TIOATOTOBUTEILHAS
paboTa — MBI yCTaHABINBAEM KOMOWHATOPHBIE CBOWCTBA MATPUIL, COOTBETCTBYIOIUX KAH/IMIATaM Ha 3Ba-
ure ciaokubIX pyuakmuit. Pazmgen 4 comepkut 0630p 6230BOr0 METOAa UCKIIOUEHUS M€fiTOB, KOTOPHIM MbI
MTOJTB3YEMCST /TSI TOKA3aTeIbCTBA HUMKHUX OIEHOK CXEMHO CJI0YKHOCTH, a TAKXKe MPUMEHSIET STOT MeTOJ
B KOHTEKCTe HaJIeXKHOCTU B c1aboMm cMmbicie. Pa3mesn 5 mpuBoauT MUHUMAJIBHBIN TpUMED KOHCTPYKITHH,
JJIT KOTOPOTO YK€ 3aMETHA Pa3HUIla, MEXKy B3/JIOMIMUKOM W YeCTHbIME ydacTHuKamu. Hakowmer, pas-
nenbl 6 U 7 TpefCcTaB/IsiioT KOHCTPYKIIMIO HAJIEXKHOM B c1aboM CMbIce (DYHKIIUUA C CEKPETOM B OOIEeM
BHUJIE, pa3esl 8 COMEPKUT JOKA3ATETHCTBO 00/Iee CUILHBIX TAPAHTHUI HAIEXKHOCTH TPOTUB O0sIee CaadbIx
MPOTUBHUKOB, & pazjea 9 006CyKIaeT MOTEHITHATbHbBIE HAIPABICHUS TAJTBHEHIIINX UCCTIeTOBAHMIA.



2 Oumnpeaenenus

Ob6oznaunm gepe3 B, ,, MHOXKeECTBO Bcex 2m2" bymkmmit f : B® — B™, rme B = {0,1} — mone u3 aByx
9JIEMEHTOB. Hamel‘/’l BBIYUCINTEALHON MOJCJIBIO ABJIAIOTCA 6y.}'[eBCKI/Ie CXEMBbI C IPON3BOJIBHBIMN 6I/IHa.pHI)I—
Mu reiitamu. ByeBckas cxema — 9TO alUKIXYECKW HATPaBIEHHBIN rpad, KaxKaast BEPITUHA KOTOPOTO
b0 HE MMEET HM OJIHOTO BXOJSINEro pebpa (Takme BepITUHBI HA3LIBAIOTCA 6L00AMU CLEMDL, W Nepe-
MeHHDLMU), TITH BA, BXOAAIIAX pebpa (TaKue BepIIMHBI HA3BIBAIOTCA zetimamu’) Kaxiplil reiiT moMeden
OuHapHOit OyseBcKoit (pyHKIMel, TO ecTh /000i 13 mecTHaAnaTH dyHknmit m3 By 1. HekoToprre reitTor
MOMEYEHBbI KaK 6u200b, (IO TeXHUYECKUM MPUYIMHAM MBI TAK¥Ke JTOMYCKAEM, UTO BBIXOJOM MOXKET OBIThH
OMPUUGHUE BBIYUCIAEMOr0 B refiTe 3HAYEHWHA, TAaKUM 00pPa30M MBI MOXKEM n30eXKaTh JIMITHUX TeHTOB—
orpunanuit). Cxema ¢ n BXOJaMHI H 1M BBIXOJAMI eCT€CTBEHHBIM 00pa30M BeIMHCISET (DyHKIHIO U3 By, .

Pasmep cxembl MbI Oygem obo3aadarh Kak Size. Cremhas cAodcHocms (WM POCTO CAOHCHOCTD )
dbyukmun f, obozrnauaemas gepes C'(f), — 9T0 HAUMEHBIIEE KOJUYECTBO TeTOB B CXeMe, BBIUUC/ISIONIEi
f, To ecth

c(f) = min  Size(c).
cVz c(z)=f(z)

Takast cxemMa Ha3BIBAETCS ONMUMGALHOU cxemots nyist pyarmun f. MoxuOo 6e3 morepn OBIHOCTH TPE/I-
oJIaraTh, YTO KaXKblil TeHT CXeMbl HETPUBUAJIBHO 3aBUCUT OT 00OUX BXOJOB, TO €CTh UTO B CXEMe HeT
dyukmuii—koncranT n yuapubix dyukiuit Id w NOT, moromy 9To Takwme reiiThl Jerko WCKIIOYUATL N3
CXeMBbl, He yBeJIn4YnBasgd KOJIMYECTBO IM'eATOB B Hel.

A. Xwumprren BBém AIa Kaxka0il obpamumoti (nbexTuBHON) dbynkuun f, € B, , Domarme wmepu
caooicrocmu 6 caabom cmvicae (measure of feeble one-wayness)

~1
MF(fn) = %};))

(mamomunm, aro C'(f) — pa3Mep MUHUMAJIBHON CXeMbl U3 OUHAPHBIX OyIeBCKUX (DYHKIMIA, pean3yomnei
f). Pesynbrarer Xuabrrena 3ak/IH09aauCh B TOM, 9TO OH HAIIEN MOCIEA0BATETLHOCTH (DYHKIUIT { fn}%ozl

C HETPUBHAJIBHBIME KOHCTAHTAMN
lim inf Mp(f,),

n—oo

KOTOpble XUJIBTIeH HasbiBaeT nopadkom neobpamumocmu (order of one-wayness). Ero pesyabrarsr mbi
noapobHee obcyauMm B pazmene 4.

Hawm morpebyercs BBecTH BechbMa, JeTAJIBLHOE OMPee/ieHne ceMeicTBa (DyHKIIN C CEKPETOM, TIOTOMY
YTO B KOHTEKCTE CJOKHOCTH B CJAOOM CMBIC/IE BasKHA KayKIasd KOHCTAHTa. [0CKOIBKY ompemenenne 1
HIOYEro He YTBEPXKIAET O COOCTBEHHO CJOXKHOCTH W HEODPATUMOCTH, MBI HA3BAIH 9Ty KOHCTPYKITHIO
Kanoudamom 6 PYHKUUU ¢ cexpemom.

Onpenesenue 1 CemeiicTBO KaHAUAATOB B (DYHKITHH C CEKPETOM — 2M0 MpoliKa
C = {Key,,, Eval,, Inv, },

2de:

— Key,, — amo cemeticmeo comnaupyrouuxr crem Key,, : B* — BPi(™) x Bti(n)
— Eval, — amo cemeticmso svwucasowus dynkyuo cxem Eval, : BRI x Bmn) _ Be) g
— Inv,, — 2mo cemeticmeo obpawaowur Gyrryuo crem Inv, : BHE) x B — gmn)

! B pycCKOSI3BIUHOI JIMTepaType BCTPEUaeTCss TEPMUH «BEHTMIIb», 8 JIET COPOK Ha3al OH Ghur obmiempumsT. Ho MBI He
PHUCKHEM €ro ymoTped/asTh.



NPUNEM OAA KAIICA020 N, KAHCI020 HAYAABHO20 wucAa 2enepamopa s € B™ u kaocdozo coobuenua m €

B™(n)
Invn(Keme(s), Evaln(Keyml (s),m)) =m,

2de Key,, 1(s) u Key,, 1(s) — nepsvie pi(n) 6umos («nybauunas ungopmavua», public information) u
nocaednue ti(n) 6umos («cexpems, trapdoor information) swzoda cxemn Key, (s), coomseememeenno.

Ceityac Mbl MeHee (pOpMaIbHO 00bICHUM CMbBICI onpeaenenns 1. Yuciao n — 310 mapamerp HaIexK-
HOCTH, JINHA HAYAIHLHOTO YHC/Ia TeHepaTopa CaydaiHbix ducesn. uay Bxoma pyHKIUN MBI 0003HAYUMIN
gepe3 m(n), aepe3 ¢(n) — IIUHY €6 BBIXO/a, a depe3 pi(n) u ti(n) — mauny mybamyaroii nHOpManun n
CceKpera COOTBETCTBEHHO. MbI Ha3bIBAEM TaKOE CEeMeCTBO (DYHKIUI «KAHIUIATOM S, TTIOTOMY UTO B OIpe-
JeeHrr 1 HUYEro He TOBOPUTCS O HAJEKHOCTH, a TOJHKO BBOIATCA OOO3HAUEHWS I Pa3MepHOCTeit
¥ yCTaHABIWBAETCS KOPPEKTHOCTH obparrenus. Bo Bcex KOHCTPYKIUAX, BCTPEIAONMINXCA B HACTOLAIIEH
pabote, m(n) = c¢(n) n pi(n) = ti(n), HO MBI COUIN PA3YMHBIM JAaTh MAKCHMATIBLHO OOIIEe OIpEIesIeHNe.

Yrobbl MOHATH, HACKOIBKO (DYHKIIHST HAIEKHA, HY?KHO BBECTH MOHsTHE B3j0Ma (yukmun. Hedop-
MAaJIbHO TOBOPs, TPOTUBHUK JI0JIZKEH 00pATUTh (DYHKITHIO, He 3Hasd CeKpeTa. Mbl BBOJUM YCIEITHbIH B3JIOM
Kak obparenne ¢ BeposaTHOCTHI0 6ostee 50% (1m032ke MbI PACCMOTPHUM ¥ IPOTUBHUKOB, MMEIOIIUX MEHBIITIE
BEPOSITHOCTHU YCIIEXa).

Yepes C; /2( f) MBI Byzem 0603HAYATH MUHUMAILHBIH Pa3Mep CXeMbl, KOTOPas BBIUYUC/ISET (DyHKIIUIO
[ € By, wa bosee wem moosunre eé Bxoaos (Ammme n). Owesuano, C o (f) < C(f) ana moboit bymkImm

f.

Onpenesaenue 2 Crema N ycremHo obparmaer cemelicmso kandudamos 6 dynrxyuu ¢ cexkpemom f Ha
BT00AT OAUHDL T, ECAU DA PABHOMEPHO020 pacnpedesenus U, 634M020 No HAUAALHBM YUCAAM 26HEPATIODG
s € B" u exodam m € B

S,T];’DLéU [N(Key, 1(s),Eval,(Key, 1(s),m)) = m] > %
3ameuanue 1 Ha camom dese moi 6 danrvretiuiem dokascem bosee cusbhbill Pe3ysomanm, Mo, OKANHCEM,
YMO HU 00HA CTEMA HE CMOIICEM YCNEUWHO 00PAMUMDb NOCMPOEHHOE HAMU CEMETCMBO PYHKUULT HI s
KAKOT0O HAYATBLHOTO UHCIA TEHEPATOPA S, MO eCMb OAf KaHCA020 HAUAALHOZ0 YUCAA S A0O0T NPOMUSHUK
ewvidaém neseprwili omeem 6 ne menee uem 50% cayuaes.

YTo6w! cemeiicTBO DYHKITHUI C CEKPEeTOM OBIIO HAJMEXKHBIM, B KOHTEKCTE HAIEXKHOCTH B CJ1A0OM CMBICTIE
JIOCTATOYHO, 9TO0OBI OOPAIIAIOIINE CXEMbI OBLIM XOTh HEMHOTO (B KOHCTAHTHOE YUCI0 Pa3) 6osbine, gem
CXeMbI, Y9aCTBYIOIIIME B €0 BBIYUC/ICHUN.

Onpenesnenue 3 Cemelicmeo kandudamos 6 pynuxyuu ¢ cexpemom [ umeem TOPSIOK HATEKHOCTH K,
ecau 0as kaotcdol nocaedosamensvrnocmu crem { Ny 10 |, Komopwie ycnewno obpawatom [ na kascdot
oaune 8xoda m,

lim inf min
1—00

Size(N,) Size(N,) Size(N,)
{C(Keyn)’ C(Bval,)’ C(nv,) } =

3ameuyanue 2 Kak ommeuansocv 6 sameswanuy 1, wa camom deae mo. dokasicem boaee CusvbHbll Pesysv-
mam, a UMEHHO

lim inf
n—oo

Cl/2 (fpi(n)+c(n) ) 01/2 (fpi(n)+c(n) ) Cl/2 (fpi(n)—l—c(n) ) >k
C(Key,) ' C(Eval,) C(Invy,) -

20e foitn)+en) € Bpitn)+e(n),m(n) 0mobpadicaem (Keynvl(s),Evaln(KeynJ(s),m)) 6 m.



Sameuanme 3 Mooicho 6vL.a0 6bL PAcCCMOMPEMb NOPONCOEHUE KAI0UEL KAk 0OMOCALHBIT NPOUECC U UCKAIO-
YUMD €20 CAOHCHOCTL U3 onpedeserus nopadka wadéocnocmu. O0nako mor 00KA3BIBAEM HAULY DE3YAL-
mamot OAA 9M020 ONPEICACHUA, U OHU OM IMO20 CINAHOBAMCA MOALKO CUNDHEE.

3ameuyanue 4 Caedyem A6HO OMMEMUMD, MO MbL 2080PUM UCKAOUUMEADHO 00 eTUHOBPEMEHHON Ha-
déorcrocmu. TIpomusrur ModCcem Ucnoab3084Mb MEHLULEE KOAUNECTNBO 2elmos, 00pawas cemeticmeao
Kandudamos 6 Pynkyuu ¢ cexpemom 6mopot pa3 o0aa mol dice Napvl Kouel: HanPuUMep, Ot MOAHCEM
BHIUUCAUTND CEKPEMHYI0 UHPOPMAYULIO U YCNEULHO UCTLOAD306AMS €€ 6MopuyHo. Taxum 0bpazom, 6 HAWUL
KOHCTPYKUUAT MPebyemcs 0as Kadcdo20 106020 6x00a 6ubupams Hosy1o napy kamoued (Ppaxmuvecku,
HOBOE HAUAABHOE HUCAO 2EHEPATNOPA,).

B cnexyromux pazgenax Mbl pa3padoTaeM KOHCTPYKIINIO (DYHKIINK C CEKPETOM, HAJIEXKHONI B C1abOM
CMBICTIE, T.€. CeMEeNCTBa KAHANIATOB B (DYHKITHIO C CEKPETOM, ¥ KOTOPOTO Oy/IeT HeTPUBHAIBHBIN MIOPSI0K
HATEKHOCTH.

3 Marpunbl CJI0XKHBIX (pyHKITII

Bce mamm koHCTpyKIMU OCHOBaHBI Ha JuHeitHoi dyukmun f : B — B" aaa xoropoit A. Xwuibrren
JIOKA3aJI, 9TO OHA, ABJISIETCS OJHOCTOPOHHE B ¢1aboM cMbICIe ¢ mopsiakoMm Hajaéxkuoctn 3/2 [Hil92]. Mbr
orpaHnunMcs ciaydaem, korga n = 0 (mod 4), no npuunHaM, KOTOpbIe ByyT M3JI0KEHBI YyTh HUXKE.
Bamerum, uTo onpesenenne 3 6e3 mpodeM BbIIEpKUBAeT 3T0 orpanudenue: g n Z 0 (mod 4) MOXKHO
IPOCTO PACCMOTPETh CXEeMY, JIMHA BXO/a KOTOPOil mpeicTapiserT coboil HaumMeHbIee messineecs Ha 4
9UCJIO, TTPEBOCXOISATIIEE N.

B gasibreiintem Mbr 00o3HaunM Marpuly (yskimn Xuabrrena [ gepes A. B kaxmoit crpoke A crosit
[0 JIBE eJIMHUIBI (HA TUaroHaIW U HAJl Heii), KpOMe MOCIeTHell CTPOKM, B KOTOPOIl €MHUIL IEJIBIX TPU:

B 1IepBoM crojibie, B crosbie [ 4] u B mocaeguem crosbue. Bor marpumer A u AL

00...0/11...11

10...0011...11
110...0...000 11...0111...11
011...0...000 1
001...0...000 ii 6ii ii

I ) 1. _

Ap=1:i00 0 riife, Ave=s o ra—— | @
000...0...110 11 101 11
000...0...011 11...1/00...11
100...1...001 1o

11...1/00...01

Bamernm, uro B Kaxioit crpoke A~! ecTh 1mo Membieit Mepe [5] menyneBbIx saemenToB (exuHmiy), a
[5]-2 cTpoka I BOBCe HyJIeil He CONEePIKHT.



Kpome marpuip A~L mam taxxe nmorpebyerca eé KBaapaT A2, KOTODEIi BBITISTAT KaK

1111...1114101...101
1111...111010...010
0111...111j]101...101
1011...111010...010
0101...111j101...101

1010...111{010...010
A2x=(0101...011]101...101 | «,
1010...101[010...010
0101...010{101...101
1010...101{110...010
0101...010{111...101

0101...101j111...101
1010...010(111...110

ec n JgequTces Ha 4 (MMEHHO MOSTOMY MBI OPDAHUYMBAEMCST STUM CJIYYaeM). 3aMeTHM, UTO y STOi
MaTPHIIB KasK/lash CTPOKa COJEPKUT MO MEeHBIeil Mepe 5 eJWHuMII; 6oee Toro, eé TpeyroThbHbIe OI0KH,
COCTOSIITINIE U3 €UHUI], COBIAAIOT C TPEyTodbHBIME 60KaMu MaTpunsl AL, cocrosmumu u3 mymeii, a
OCTaJIbHOE MIPOCTPAHCTBO MOKPBITO HYAAMU U eIUHUIIAMHU B IIAXMATHOM ITOPI/JIKE.
Hac Takske mnTepecyer marpmia 2 pasmepom n X 2n, cocrosmas u3 A~2 u A~ pacmomoxenHbx
JIPYT 3 IPYTOM:
A = (A*2 Ail) .

Hawm moTpebyioTcs ciaemyromme coiictea A~ u 2.

JIlemma 1 ITycmov n =0 (mod 4). Tozda

1. Bce cmoabuyv U (u, caedosamenvino, A~1) pasiumns.

2. B waoicdoti cmpoke mampuuse A1 (coomeememsenno, A) ecmv no menvwedi mepe 5 (coomeem-
CMBeHHO, %”) HEHYACBDLT INEMEHMOB.

3. Iocne ydanrenus 6cex, Kpome 06YT (COOMEEMEMEENHO, 6CET, KPOME NAMA) cmoabuos mampuuyse A~
(coomseememesenno, 2A) 6 neti ocmanemea no kpatinet mepe 00Ha CMPOKa ¢ 08YMA HEHYAEEVMU INE-
MEHMAMU.

Zloxazameavcmeo. IlepBoe yTBepKaeHME 09YEBUIHO.

Crpoka MaTpuisl A~ ¢ HOMepOM i comepKuT 5 + 1 HEHYJIeBLIX 3JeMEHTOB i ¢ < § U 5 + N — i

HEHYJIEBBIX 3/IEMEHTOB 7 ¢ > Z. Takum oO6pa3oM, BTOpOe YTBEPKIEHNE BBIMTOJTHAETCS JIJIT MATPUITBI

2 :
A~ B 1o xe camoe Bpewmsi, i-s1 cTpoka A2 copep:kuT 1m0 MeHbIIel Mepe % — 5 HEHYJIeBBIX 3JIEMEHTOR
A i < § 1 10 MeHbIei Mepe 5 + %(z — 5 — 1) HemyaeBEIX 3MeMeHTOB g i > 5. IlosTomy 4-a cTpoka

A~2 ComepKuUT TI0 MeHBIIeil Mepe
n it 3n 1 on n
AT ST A i
2 4 2 4

HEHYJIEBBIX JJIEMEHTOB JJTs 1§ < % U TI0 MEHbIIEl Mepe

n+ ,+n+1(,
—+n—1+—+—(1—
2 2 2

o3



HEHYJIeBEIX 3IeMEHTOB [T § > 5.

JlokaykeM Temepb TpeTHii MyHKT jeMMbl. IIocKoabKy B A7 ecTh CTpoKa, IeJTHKOM COCTOSIAS U3
eIMHUIL, TPUIAETCS YIAIUTH BCE CTOJIOITBI 3TOM MATPHUILHI, KPOME OHOTO, YTODBI B CTPOKE OCTAIACH TOJIHKO
omna exuumna. To e caMoe BepHO J/Id J1eBOii yacTn MaTpurpl A2 (obparuTe BHUMAaHUE Ha €6 MEPBYIO
CTPOKY), a TaksKe J/Is MpaBoil yacTi Marpuibl A2, 3a uckiodenuem eé nocieanero croybma (obparuTe
BHUMAHHUE Ha €6 MOCJIEHIO CTPOKY ). O

4 HckiamoodeHue reiiTos

B sTrom paszmene MBI CHavuaja KpPaTKO HAIIOMHHM METOIBI JIOKA3aTEIbCTBA OIEHOK, MCIOJb30BAHHBIE B
paborax XWIHTTEHA, & 3aTEM BBEIEM METOJ MCKIIOUYEHUsT TefiTOB KaK OCHOBHON MeTOI J0Ka3aTeThCTBA,
HIU2KHUX OIEHOK B 3TO# pabore. XUJBTIEH J0KA3aJ BCE CBOW OIEHKH IIPU ITOMOIIY C/IEIYIOIIEro BeChbMa,
IPOCTOro HabJIIONEeHNs, BIIEpBLIe caeaanHoro Jlamanbeir 1 CoOBHIKEM.

IIpennoxenue 1 ([LS73,Sav76]; [Hil92, Teopemsr 3 u 4]) 1. Ilpednoaoorcum, wmo dynxyua f :
B" — B uempusuaivio 3a6ucum om Kaicdol u3 n CE0UT NEPEMEHHBIT, MO eCMb OAA A106020 i
HATOYMCA MAKUE ZHAUYEHUA A1, . ., Qi 1, jt1,---,0n € B, umo

f(al, ce ,ai_l,O,aHl,. .o ,an) 7& f(al, ce ,ai_l,l,aiﬂ,. .o ,an).

Tozda C(f) > n — 1.

2. Hycmo f = (f(l), e ,f(m)) :B" — B™, 20e f*) — omo k-a xomnonenma dynxyuu f. Ecau 6ce m
Pyrsyui-—xomnonenm O nonapro passuumn, u das kascdot us nux C(fO) > ¢ > 1, mo C(f) >
c+m—1.

Hoxazameavemeo. 1. PaccMoTprmM MUHUMAIBHYIO cxeMy pazmepa §, seranciasionyio f. [Tockoasky f
3aBUCHUT (3716Ch U JIajiee Mbl OyJIeM TOBOPHUTH «3aBUCHT», WMes B BHUJYy <«HETPUBUAILHO 3ABUCHUT )
OT BCEX T CBOWX MEPEMEHHBIX, y KaXKJOT0 W3 BXOJOB CXEMBbI JOJIZKHO OBITH 1O KpaifHeil Mepe OmgHO
ucxojsiee pebpo. [Tockoabky cxema MUHUMAJIBHA, Yy KaXK/IOTO M3 OCTABIIUXCS MefTOB B HEll, KpOMe,
BO3MOYKHO, BBIX0JIa, TOYKe JIOJI2KHO OBITH 110 KpaiiHeil Mepe oo ncxosiiee pedbpo. [losromy B cxeme
JIOJIKHO OBITH O Kpaiineit Mepe s +n — 1 pébep. C Apyroit CTOPOHBI, B cCXeMe n3 § OMHAPHBIX MefTOB
HE MOXKeT OBbITh Dojiee ueM 2s pébep. [loatomy 2s > s +n — 1.

2. Paccmorpum cxemy, Buraucisiionyo f. OTMeTnM, 9TO B Hell eCTh MO0 MeHbIeil Mepe ¢ — 1 TeifToB,
He BBIUUC/ISIIONX HUKAKYIO0 (DYHKIMIO CXEMHOMN CIOKHOCTH ¢ Win 6ojiee (B KAUeCTBe TAKUX TefTOB
MOYKHO PAaCCMOTPETH MEpPBbIE ¢ — 1 refiToB B KakKOM-1ub0 Tomosorndeckom mopsiake). Ho mis Boi-
apcsennst mo6oi GyHkmmE-KoMnonenTs! f () TpebyeTcs T06aBUTE 0 MEHbIIeH Mepe eIg OH TeilT,
npudéM norpedyercs 100aB/IATH O OJHOMY TeHTY JJTsT KayKI0i KOMITIOHEHTHI, BE/Ib OJWH HOBBIM IeiT
06aBJIIeT TOJIBKO OJHY HOBYIO (DYHKINIO. TaK U MOJIydaeTcsd HeoOX0anMast OIeHKA B ¢+m— 1 TeifiToB.

O

Ornenkn XuabTTeHA JOKA3AHBI CAEAYIOMINM 00pa30M: CHavYaa JOKA3BIBAETCS OIEHKA HA CJI0KHOCTH
BBIUMC/ICHNs OJHOrO OHTa BBIXO/A (HAIPHUMEp, MOCKOIBbKY B KaxK10ii cTpoke A ecTh 10 Kpaiineil Mepe &
eJIMHUI, TO MUHEMAIbHAS CI0KHOCTh KasKIOH KOMIOHEHTBEI Ay cocTaBiger g — 1), a M3 HEX IOJTydYa-
I0TCSl HUYKHWE OLEHKN Ha CJIOJKHOCTh BBIYHCIEHNS Bceil (DyHKImm, To ecTh obpamennsa A~ (mampmwvep,
clI0KHOCTD Bhrumcienns: Ay cocrasuser % +n —2 = 32 — 2).

Kpowme Toro, B kpunrorpaduu 00bIYHO KeJTaTeIbHO JOKA3ATh HEe TOJBKO OIEHKU B XYIIIEM CJIydae,
HO TakKe TOT (PAKT, 9TO MPOTUBHUK HECIIOCOOEH 0OpaTUTH (DYHKIWIO HA 3HAYUTE/IHHOM 10JIe €€ BXOIOB.

[TepBBIM 1MIATOM K JTIOKA3aTEIBCTBY STOTO YTBEPXKIEHUST MOXKET CTaTh CAEIYIONHil (pakT.



Ipennoxxenne 2 /g xaocdoti us mampuy, A, A%, A mobaa crema, ucnosb3youas Menee wem M-
HUMAADHO HEOOTOOUMOE OAL MOUHO20 BHIYUCAEHUA COOMBEMCMBYIWET GYHKUUU KOAUNECMEO 2e1mos,

1
obpawaem Gynryuro na 1e bosee uem 5 6cer 620006.

B paborax Xuabrrera 3ToT (HaKT TOKA3BIBAJICA MPU TMOMOIIN CJIEAYIOMIEr0 0YeHb MPOCTOr0 HAD/II0-
nenns (KOTOpOe TaM JlayKe siBHO He chOPMYIMPOBAHO).

n

Jlemma 2 Paccmompum dynryuro f = @, x;. Jasa xasncdot dynxyuu g, Komopas HEmMpusuasoHo

3a6UCUM MOABKO OM M U3 IMUT NEPEMEHHBIT NPpU M < N,

1
Prxl,...,zn [f(xla .- ,fL’n) = g(xiu oo axim)] =5

2
Aoxasamenavcmeo. Ilockonbky m < n, cymecTByeT Takoit HoMmep j € l.nm, 9TO g He 3aBUCHT OT T;.
DTO 3HAUUT, UYTO I KaXKJO0r0 HAOOpa 3HAUEHUI BCEX OCTAIBHBIX MEPEMEHHBIX [JIsT OMTHOTO U3 3HAYEHUN
Z; Pe3ylbTaT BEIYUCICHUS ¢ COBMAJAET C PE3YJbTaToM f, a JIId APYroro 3HAYEHMS He COBMAJAaeT. JTO
BHAYUT, 9TO f OT/IMYAETCA OT g B TOYHOCTU HA % CBOUX BXOJIOB. O

Taxoro paccyK/IeHusl BIOJHE JOCTATOYHO JIJisT HEOOPATUMOCTHU B CIaOOM CMBIC/IE M0 XUIBTTeHY /I
KBa/IPATHOM MaTPHUIIBI A~ cravama MBI IpUMeHsSeM TEePBYIO 9aCTh MpeIoKennsd 1 u mojgydaeM, 9To
CJIO?KHOCTBH KazKJIOI'0 BBIXO/Ia 110 MEHBIIE Mepe % — 1, a 3areM BTOpasd 9acTh Tpeiokennd 1 TaéT HaM
KeJaeMylo OIIeHKY B 37” — 1 reiitoB. BoJjiee Toro, ecyin y cxembl Te€iTOB MeHbIIe, YeM TpedyeTcs, OJUH u3
e€ BBIXO/IOB HEM3DEIKHO TOJIKEH Oy/IeT 3aBUCETh OT MEHBIIEr0 YMNC/Ia BXOJHBIX TEPEMEHHBIX, IeM HYKHO.
A 310, IO JTeMMe 2, HEMEIJTEHHO JTaéT HaM JIOJII0 OITHOKY B %

OpxHako B 970 paboTe MBI TOIB3YEMCsT TAK¥Ke U MPSIMOYTOJIBHBIMI MATPUIIAMU, U OKA3BIBAETCS, ITO
AHAJIOTUIHOE TTPOCTOE PACCYKJCHUE YKe He TaK 3aMevaresibHO paboTaeT B 3ToM caydae. [loaromy mHam
NPUJIETCS MCITOIB30BATH JAPYTOil CII0Cob /10Ka3aTeIbCTBA HU2KHHUX OIIEHOK, & UMEHHO UCKAt0YeHue 2etimos,
KOTOpOE 0 CHX MOp OBLIO MCIOIB30BAHO BO BCEX TOKA3ATEIBCTBAX HUKHUX OIEHOK HA pa3Mephl CXeM
npoussosbHOro Buga [Weg87].

OcHoBHAas Uest TOTO METO/Ia — WHIYKTUBHOE PACCyKIeHUe CIenyomnero suga. Paccmorpum yHK-
nuto f U MOJCTaBUM HEKOTOPOE 3HAUEHUE ¢ B HEKOTOPYIO TIEPEMEHHYIO &, TIOJIYIUB TAaKUM 00pa30M CXEMY,
BBITUCISAIONTYI0 QyHKINO f ’J::c- DTy CXeMy MOYKHO YIPOCTUTH, TOTOMY 9TO TefThI, B KOTOPbIE BXOIM/IA
9Ta TepeMeHHasl, Tereph JUO0 CTajiu YHAPHBIMU (& OTPHUIAHUE MOXKHO Y/IAJUTh U3 CXeMbI, TIEPEHECs ero
PoOJIb Ha CJeayoIne FeﬁTbI), OO 1 BOBCE MTPEBPATHINCH B KOHCTAHTHI (I/I TOT[a MOXKHO OyIeT yIaIsaTh
W WX TOTOMKOB). BaKHbI cirydaii 37€Ch TOT, KOTJa TeAT HeJTMHEeeH, HAMPUMED TelT, BBIYUC/ISTIONT
koubIOHKINIO AND win guzbioakmuio OR. B arom ciyuae Bcerga BO3MOXKHO BBIOpATh Takoe 3Hade-
HUE JIJIsT BXOJa, UYTO TeiT CTaHEeT KOHCTAHTHBIM. DTOT MPOIECC MOXKHO MPOIOIKATH WHIYKTUBHO, ITOKA,
MOKHO BBIOMPATH MOIXOIAILYIO TIEPEMEHHYIO, BXOISAIIYIO B JOCTATOYHOE KOJIUIECTBO reifiros. OdueBuIHO,
KOJIMIECTBO UCKIIOUEHHBIX B TE€UEHHUE ITOrO MPOIeCcca MefiTOB MpeCTaB/IgeT cOO0il HUKHIOIO OIEHKY Ha
CXEMHYTIO CJIOKHOCTD f.

B narmeit pabore uCK/II0YeHNE TEHTOB MCIIOIB30BAHO B OJHON n3 cBouX mpocteitiux ¢gpopm. Bor riias-
Hasd JieMMa, KOTOPYIO MBI TTO32K€ TPUMEHNM K MHTEPECYIOIUM HaC MaTPpUIAM.

Jlemma 3 IIycmo t,u > 1. Ilpednonoosicum, umo X : B*(™) — B" — smo aunetinan Pyrryus ¢ mampuyed
X wnao nosem GF(2). IIpednososicum maxorce, wmo:

— 6ce cmoabubt X pasauHvl;

— 6 Kaoicdot cmpoke X ecmb No MERLWET MEPE U HEHYACBYLL IACMENMNOG;

— nocae yoarenua mobuxr t cmoabuos X 6 mampuye 8CE ewé 0Cmanemca Cmpoka, co0epHcauLas No
Kpatinet mepe 064 HEHYACBHLT INEMEHME.



Tozda C(x) > u +t u, 6oaee mozo, Cy5(X) > u +t.

Zoxazameavcmeo. Paccmorpum cxemy, BBITHCISIONIYI0 X Ha Oojee dem % €€ BXOJIOB. 3aduKcupyem
KaKOW-HUOY/Ib TOTOJIOTUYIECKUH MOPATOK Ha eé Bxomax. Mel Oyzaem o603Ha4aTh (DYHKITUIO, KOTOPYIO CXe-
Ma BBIYUCIAET Ha camom dese, depe3 h (h He oba3aTesbHO JMWHEHHA, HO JOJKHA COBIQJATH C X HA
DOJTBIIIMHCTBE BXOJIOB).

PaccmoTpuM camblit BepxHUil reiiT g 1o 3aduKcupoBaHHOMY MOpsAnky. [IockombKy g — camblil Bepx-
HUl, BXOAAIINE B HEr0 péOpa MOIKHBI UATH U3 BXOJ0B cxeMbl. Obo3naunM nx deped x u y. [lo gemme 2,
HU OIWH W3 9TUX BXOJIOB HE MOXKET caM 10 cebe OBITH BBIXOIOM CXEMBI, BeJIb JaXKe MOC/e YIAJIEHUs mep-
BBIX ¢ — 1 cTo16110B 3 MaTpuiibl X Kaxk/as CTPOKa OyIeT cofep:KaTh [0 MEHbINel Mepe /IBe eUHUIbI,
TO €CTh Ka)K,ZI;beI BbIXO/T 6y,£|;eT 3aBHCETh 110 MEHbIIENR Mepe 0T IBYX MEePEMEHHbIX.

Bo3MOXKHBI CIeyIONINE CIIyIamn.

1. OmHa U3 mepeMeHHBIX, BXOISIIUX B ¢, HAIPUMED X, BXOJIUT TaK»Ke B KaKOW-HUOYIbL npyroii reiit. B
9TOM CJIyvae, MOACTABUB JII000€ 3HAUEHNE BMECTO T, Mbl CMOYKEM WCKJIIOUUTH JBA TeiiTa.

2. g — TeiiT, BEIYUC/IAIONINI HeTMHEHHY IO (DYHKINIO, M HU X, HU Y HE TMOIAI0TCS Ha BXOM APYTUM reiTaM.
Ecmm y g ecTh MOTOMKH, TO, TOACTABUB B KAUYECTBE X TOIXOIAIITYIO KOHCTAHTY, MBI CMOXKeM UCKTIOUNTH
4 caM IedT g, U ero IOTOMKOB, TO €CThb 110 MEHbIIIeil Mepe JBa reira.
Ecnu xe y g HET MOTOMKOB, 9TO 3HAYUT, UTO ¢ ABJISIETCS BBIXOIOM; PACCMOTPUM 3TOT BBIXOA h;. Ecau
Xi 3aBMCUT OT KaKO¥-1100 APYTOii MepeMennoii z, Mbl JocTuraem seposaTHocTr ommoku B 50%, Mensis
3HavYeHus 2. [IJ1s STOro pacCMOTPHUM JIBa PA3IMIHBIX 3HadYeHus nepeMenHoii z (0 u 1), u 3adbukcupyem
3HAYEHUS BCEX OCTAJIbHBIX MMepeMeHHbIX. g ogHoro u3 3uadenuit z dpyukmus h 6ymger HempeMeHHo
JTaBaTh HEBEPHBIN OTBET, IIOTOMY UTO

hi(...,z=0,x=a,y=0b,...)=hi(...,z=1L,z=a,y=0,...)
(h; HE 3aBUCHT OT z), HO

Xi(-eyz=0,z=a,y=0,...) 2 xi(-..,z2=1L,z=a,y=0,...),

MOTOMY 9TO X; = 2@ .... Aecm x; = 2, X4 = Y, Xi = xRy wm x; = x Py D1, MBI MOKEM
3aMEHWTH ¢ Ha JIMHEHHBIH refT (4 TO M ero OTCyTCTBHE), KOTOPBIH Oy€T TOYHO BBIYUCAATE X;; TIPU
TaKO 3aMeHe B cxeMe 0OJIbIlle HUYero He U3MEHUTCs, TIOCKOIBKY v g HeT jereii. Ce0BaTe/IbHO, MBI
OTIa/TaeM B YCJOBUS CAyUad 3.

3. g BBRIUMCAsIET JiMHENWHYIO YHKIWIO, ¥ HU T, HU Y HE MOJAIOTCA Ha BXOJ ApPyruMm refitam. B stom
ciaydae h He 3BaBUCUT OT T WIH Y IO OTAEIBHOCTH, & 3aBUCUAT TOJIBKO OT @ y. s cxembr, KoTOpast
BBIYUC/IAIA OBl X TOYHO, 9TO 3HAUMIO OBI, 9TO B MATpuile A ecTh 1Ba COBMAJAIONINX CTOJONA, ITO
OPUBOINAT K TTPOTUBOPEUUIO.

Ho mama cxema Bcero juilb mblTaeTcs npubiam3uTh . JlapBaiiTe mokaykem, 9TO B 3TOM ciydae h
OTIMYIAETCA OT ) IO KpaiiHeil Mepe Ha MOJIOBUHE CBOUX BXOI0B. BO-TIEPBBIX, 3aMETHUM, 9TO TTOCKOIBKY
X 3aBUCUT OT & W Y IO OTAETBLHOCTH, CYIIECTBYET BBIXOM X;, KOTOPBIN 3aBUCUT TOJLKO OT ONHOIN M3
9TUX MEPEMEHHBIX, HANpuUMep I (APyrux BO3MOMKHOCTEH ObITH HE MOXKET, IMMOCKOJILKY X JMHEHHA).
Torma x; =z & @ZEZ z, rie y ¢ Z. Bo3aMOXKHBI JBa, cydas: mubo BBIXOA h; (DYHKIUU h 3aBUCHT OT
x @ y, mubo OH He 3ABUCUT HU OT X, HUA OT Y.

B mepBoM citydae paccMOTpUM J1Ba Pa3IWUHBIX 3HadeHus nepementoit y (0 u 1), u 3adukcupyem
3HAYEHUS BCEX OCTAJIbHBIX MepeMeHHbIX. lisa omroro u3 3uadenuit y dpyuxiua h Oymger HempeMeHHo
JTaBaTh HEBEPHBIN OTBET, IIOTOMY YUTO

hi(...,y=0,x=a,...) # hi(...,y=1,z=a)



(KOT/Ta MBI MeHSIEM 3HAYEHUE Y, MBI T€M CaMbIM MeHsieM = @ y), HO

Xi(--,y=0,z=a,...) =xi(...,y =1,z =a),

MIOTOMY |TO X; BOBCE He 3aBHUCHUT OT ¥y. Bo BTOpoM ciydae paccyxKaeHWe aHAJOTUIHO, HO MeHATH
HY’KHO 3HaUYeHne x: h He M3MEHUT 3HAYEHUE BBIXOMA, & Y W3MEHUT.

Takum 00pa3om, TOKa Bce CTPoKU A comep:kar OOJIbIIE OJHOTO HEHYJIEBOIO 9JIEMEHTA, MBI MOYKEM
UCKJTIIOYATh TI0 MEHbIIell Mepe J[Ba refita mocje MOJCTAHOBKU OJHOI MepeMeHHOit; OyaeM Ha3bIBATH Ta-
KW€e TePEMEHHBIE «XOpomuMuy. Beero 9To gact mHam 1o Kpaitaeit mepe 2(u — 1) refiToB. 3aMeTHM, 9TO
MIO/ICTAHOBKA MMEPEMEHHO SKBUBAJIEHTHA, YIAJIEHUIO CTOIOIA U3 MATPUIIHI.

Yro mpon30iiaér, Kormga Mbl YIAJIUM BCE «XOpOIney nepeMeHHbie? MBI MpomIoIKaeM TOT JKe MPOIece
HCKJIIOUenus refitos?. DToT IIPOIleCC MOXKHO MPOJOJIZKATh 0 TeX MOpP, IMOKa B MaTpPUIle IPUCYTCTBYET
XOTA 6bI OHa CTPOKa C ABYMA HEHYJIEBBIMU JJIEMEHTAMM: €CJIN XOTA 6bI OHa TaKad CTPOKa €CTh, 3HAYUT,
cxema JTOJI2KHA ObITh HETPUBUAIBHOM, M, 3HAUNT, BEPXHU reidiT cymecryer. [IpaBma, Temepb BO3MOXKeH
eIe n cayvai (I/I B TOYHOM BBIYHUCJICHWH (DYHKIWH Y, U B €€ HpI/I6J'[I/DKeHI/II/I), KOorjga O/fHa M3 BXOIHBIX
MMEPEMEHHBIX CPa3y Ke MOMaETCs Ha BBIXO BCell (DYHKINU, U MBI, TAKUM 0OpPA30M, CMOXKEM HUCKJIFOUUTH
3a OJUH IIar TOJAbKO oxuH reiiT. OQHaKO UCK/II0YEHNEe OJHOr0 I'eifTa 10C/Ie IMOACTAHOBKY [TePEMEHHON HaM
TapaHTUPOBAHO B JifoOOM ciaydae. Takum o6pazom, Mbl CyMMApPHO HCKJIFOUMM TI0 MEHbBIIEH Mepe

2 —1)+(t+1)—(u—1)=u+t
TelTOB. O

B cBOMX KOHCTPYKITUSX MBI OY/JIEM HUCIIOIH30BATH U OJIOYHO-TUATOHAJIBHBIE MATPUIlbl. KOHEUHO, «UH-
TYUTUBHO $ICHO», UTO COBMECTHOE BBIYHUC/IEHUE IBYX (PYHKIINN, y KOTOPBIX HU BXOJbI, HU BBIXOJbI HE
TTEPEeCeKaIOTCsI, JOIKHO OBITH He MPOIIE, YeM WX BBIYUCIEHNE 10 OTAEILHOCTH, 8 HUMKHSIS OIEHKa, JTOJIK-
Ha TOJyYIAThCI KaK CyMMa COOTBETCTBYIOIINX HUXKHUX OlleHOK. Ho, Kak HU cTpaHHO, 3TOT (HakT B 06-
eM CJIydae HeBepeH, Kak nokasaHo, Hanpumep, B [Weg87, Section 10.2]. ITosromy MBI OKaKeM TOJBKO
YACTHBIN C/Iydail, s WHTEPECYIONNX HAC JUHEHHbIX (DyHKIui. s SICHOCTH M3/I0KEHUsT MbI CHAYaJIa
JTOKAYKEM Pe3yJIbTaT I ABYX OJIOKOB, & 3aTeM PACIPOCTPAHUM €ro Ha MPOU3BOJIBHOE WX KOJIUIECTBO.

JIemma 4 ITyems mampuya X1 pasmepom n X v1(n) u mampuya Xo pasmepom w(n) X vy (n) ydosaemeso-
PAIOM, YCAOBUAM Aemmbl 3 ¢ napamempamu ui(n) (coomsememeenno, uz(n)) u t1(n) (coomeememsenno,
ta(n)). (Ommemum, wmo onu mozym OGoimd NPAMOYLONLHHMYU U UMEMD PA3Hvl pasmep.)
Obosnavum wepes (1), 2?) = (X120, Xox®) dynunyuio, onpedesénno Grouno-duazonarvrot
MAMPUYET
X; 0
0 X,

Tozda
C(Q) =z ui(n) + ta(n) + uz(n) + t2(n) — 1

u, boaee mozo,
01/2(4) > ul(n) + tl(n) + UQ(TL) + tg(n) — 1.

Zoxazameavemeo. okazaTeabCTBO MOYTH MOBTOPSET J0KA3ATEALCTBO JEMMbI 3. 3aMETUM, Y4TO KO/
MBI IOCTAB/IsIEM IepeMerHyo u3 (1) | oHa HIero He Mensier B MaTpune Xo, 1 HA060poT. TakmM 06pasoM,

2 B 0Ka3aTeIhCTBE STOM JIEMMBI €r0 MOYKHO GBITIO GBI ¥ HE MTPOI0JIKATH, & CPA3y MOIYUHThH PE3YIbTAT U3 yTBepKIeHns 1,
HO MBI II032K€ HCIIOJIb3yeM 3TO JOKA3aTe/bCTBO ellé pa3 B jieMMe 4.



MBI TIOJICTABJISIEM «XOPOIIHEe» MepeMeHHbIe (KOTOPbIE MO3BOJISIIOT MCKJIOUATH Ba TeiiTa) 10 Tex Iop,
MOKa OHW €CTh, & 3aTEM MOJCTAB/ISIEM <IIJIOXUE» TTEPEMEHHBIE (KOTOPBIE NCKJIIOYAIOT TOJHKO OJIMH TeiT)
omadeavHo 0as KaxHcAol mampuyst. Kcam ogHa W3 MaTpUI, TPUBUAIN3YETCSI, TO €CTh B Hell He 0CTaéTCs
CTPOK C JIByMsI HEHYJIEBBIMU 3JIEMEHTAMU (9TO MOXKET MPOM3ONTH TOCIe TOTO, KaK MBI MOJCTABAM B
Heé u;(n) — 1 «xopommmx», a 3arem t;(n) — u;(n) + 2 APYrux IMEPEMEHHBIX), Mbl IIPOCTO MOJCTABUM BCE
OCTAJIbHBIE MTEePEMEHHbBIE, COOTBETCTBYOIINE STON JaCTH GJI0THO-TUATOHATBHON MATPUIIBI (HE UCKJTIOYast
HU OJIHOTO TeiiTa — MaTpuia cBoé yxke orpaborana) n 3abyeMm O Heii.

OJ[HAKO MOZKET CIIYUUTBCS TAK, UTO OIMH U3 BXOJAOB B BepxHMil refit npoucxoaut u3 z(M), a apyroi —
w3 (2. D10 Hudero He Mensier, KOrga 00e NMEPEMEHHBIE «XOPOIIMEe» WM 06€ «ioxues. OIHAKO ecim
«XOpPOIIIay TOJIBKO OJ[HA W3 HUX, CUTyallis HEMHOTO MEHSIeTCsI, ¥ HaM MPUIETCS MepernpoBEPUTH CIydan
1-3 u3 mokazarenbCTBA JIEMMBI 3.

[TepBrie mBa ciydas TPOXOMST TJIAJKO: MBI TOJCTABJSEM 3HAUEHUE B TY U3 MEPEMEHHBIX, KOTOpas
MTO3BOJISIET yIauTh 1Ba Teiita. Ciaydait 3 BCE el He MOXKET MPOU30MTH B CXeMe, BRITUC/IAONIE dyHK-
muio ( TOYHO, TOTOMY YTO y HAC BCE eIé HeBO3MOYKHBI OJMHAKOBBIE CTOJIOII, /1a W B NPUO/IMKEHUN
JTIOKA3aTeIbCTBO HUYEM HE OTJINYAETCS OT JIEMMBI 3. a

Jlemma 5 ITycmov aunetinas pynrkyus ¢ onpedeasemcs 6404H0-0UG2OHANHOT MamPuyet
X1 0...0 (D)
0 Xp... 0 )
C(w(l)’w(2)""7w(m)> = . -2 . w. )
0 0 ...X, (™)
u mampuys X yodoeaemeoparom ycaosuam semmove 3 ¢ napamempamu u;i(n) ut;(n), coomeemcmeenno
(Mampuyve Mo2ym 6vimb NPAMOY20ALHUMY U UMEMD paskoiil pasmep). Tozda

C(Q) =) (uj(n) +t;(n)) —m+1
j=1
u, boaee moeo,
C1a() = 3 (uy(n) + £5(n) —m + 1.
j=1

Hoxaszameavcmso. Bcee paccyX)aenus 00 UCK/IIOUEHUN TeTOB KACAIOTCS POBHO JIBYX BXOJTHBIX MEPEMEH-
HBIX. DTH MEPEMEHHBIE MOT'YT ITPOUCXOINTE U3 He DoJiee 9eM JIBYX Pa3/IMIHbBIX OJOKOB MAaTPHUILLI (DYHKITUT
(. CnenoBaTebHO, T0KA3aTEIHCTBO B JAHHOM CIyYae MOTHOCTHIO WIEHTUIHO JOKA3ATETHCTBY JEMMBI 4.

a

CdopmynupyeMm Temnephb TpsSIMbIe CJAEJCTBUS STUX JIEMM U KOMOWHATOPHBIE JEMMBI O KOHKPETHBIX
WHTEPECYIONNX HAC MATPHUIIAX.

JIemma 6 ITycmo n,n’ =0 (mod 4),
—1 42
a@ =4z w@ =4 Ne e = (Y e

2de A7' obosnanaem mampuuy ¢ moti oice cmpyxmypoti, wmo u A™L, no ¢ pazmeprocmovio n' emecmo n.

Tozda ; " .
Cla) =5 -2, Cla) 2= =5 COla) = 5+ == =7,



u, boaee mozo,

3n 13n 3n’  13n
Ciya(a) > -5 2 Ci2(az) > - > C1ya(ax) > -5t 7,

Joxasamesvemeso. Crefyer u3 jeMMbl 3 1 JeMMBbI 4 [O/ICTAHOBKOI JIOKQ3aHHBIX B JeMMe 1 OIEHOK Ha
u(n) u t(n) (B wactrocTH, t(n) = n — 2 g marpumsr A~1) a ama marpumer 2 t(n) = 2n — 5). 0

C zmpyroit cTOPOHBI, BEPHA, CJIEAYIONIAast BEPXHSAS OIEHKA.

Jlemma 7 Caedyrousue ymeepotcoenus eepHo.

1. Cywecmeyem crema pasmepa 37” — 1, svuucaarowasn sunetdnyro gyuxyuro ¢ : B — B ¢ mampuuyed
AL

2. Cywecmsyem cxema pasmepa 77”, BUUUCAAOWAA AUHETRYI0 Pynryuo ¢ = B2 — B” ¢ mampuyet
(A1 4).

3. Cywecmsyem crema pa3mepa 57” — 1, ewnucamowas sunetiryro pyrnkyuto ¢ = B2 — B ¢ mampuuet
(A1 A7),

n/2 n .
Hoxasameavemeo. 1. Crauama nocrponm 6oseiryio cymmy ;27 x; (ma s1o norpebyercs § — 1 reiiTos).
3areM, [OC/TEI0BATEIHHO JOOABISS BXOBI L, i = §..7, MBI CMOKEM BBIUHC/IUTE BBIXOIBI Yj, i = 5.1,

a B Pe3yJbTaTe TOMYyIATCS CyMMa BceX BXooB (D, x; (Ha sro yitgér emg § reiitos). Haxower,

nepBble % BBIXOJOB IOJIYYaTCd IMOCTeI0BATEIbHBIM «BbIYUTAHUEM» MEPBBIX % BXO/IOB U3 CYMMBI BCeX
BXOJI0B (emé § refiTos).

2. MBI TOIBKO YTO BBISICHUJIM, 9TO JjIsi TOTO YTOOBI PeaaIn30BaTh JIEBYIO YaCTh ITOW MATPHUIILI, HYKHBI
37"—1 refiToB. 3aTeM MBI IIPOCTO MPUOABAM K KaXKIOMY BBIXOIY II0 OTAEILHOCTH II0 JBa OUTA, KOTOPHIE
HYKHO 100aBUTH U3 TIPABOH YacTu (B NOCJIeTHeN CTPOKE — TPH 61/1Ta); 910 3aiimMeér emié 2n+ 1 reiros.

3. BamernMm, 9TO B JAHHOM CJIydae

a

¢(a,b) = (A7 A1) <b> =AY a®b)

st mo0bIX a, b € B™. TlosTromy mbl cHagata crokum a@b (daro 3aiiMér n reifiToB), a 3aTeM peajnzyem
A7! (uro zaitmér em@ 22 — 1 reiiros).
O

5 IIpocreiitnmit npumep

OOBIYHO OUYEHB TIOJIE3HO MTPUBECTH MTPOCTON W HAIJISIHBIN TPUMEDP OCHOBHOW KOHCTPYKITUHU, MPEXKIE deM
HAYMHATH TOAPOOHO OMUCHIBATH JOKA3ATETHCTBO B 00IEM Cciydae. B 3ToM pasiesie MBI TOKaXKeM TPUMED
KOHCTPYKIINK (DYHKIINK C CEKPETOM, HAIEKHON B C1a00M CMBICTIE.

Kak wmbl yxke ymoMuwHa/ N, BCe KOHCTPYKIIMU 371€Ch OCHOBAHBI Ha JwuHelHOW dyHkmmn f : B" —
B™, paspaborannoii A. Xuasrrenom [Hil92|. Hamvenbinee n, mag kotoporo f IeliCTBUTEIHHO TPY/IHEe
00paTuTh, YeM BBIYUCIUTH, PABHO 7, HO MOCKOJIBKY HAM HYXKHO, 9TOOBI N JAEIWI0CH HA 4, MBI B 9TOM
npuMepe OygeM paccMaTpuBarh = 8 (KpoMe TOT0, B TepMUHAX pa3jesa 7 Mbl ucrnoas3yem o = 1). Ilpn



9TOM

11000000
01100000
00110000
00011000
00001100
00000110
00000011
10010001

00011111
10011111
11011111
11111111
11101111
11100111
11100011
11100001

B mammom crywae C(f) =9, C(f~1) =11, O(f~2) = 11.

Ham kaamngar B GyHKIMU C cCeKpeToM OyIeT COCTOATH W3 CJIEIYIONNX KOMIOHEHTOB.

Keyg =

Invg =

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

00011111

10011111
11011111
11111111
11101111
11100111
11100011
11100001

00011111
10011111
11011111
11111111
11101111
11100111
11100011
11100001

y Evalg =

00011111
10011111
11011111
11111111
11101111
11100111
11100011
11100001

00011111
10011111
11011111
11111111
11101111
11100111
11100011
11100001

11110101
11101010
01110101
10101010
01010101
10111010
01011101
10111110

11000000
01100000
00110000
00011000
00001100
00000110
00000011
10010001

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000

00000000
00000000
00000000
00000000
00000000
00000000

00000000
00000000

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000

JIerko mpoBepuTh, UTO, MEeCTBUTEIHHO,

00011111
10011111
11011111
11111111
11101111
11100111
11100011
11100001

I<eY82(T)

v (EV&IS(KGYS,l(T)v m)>

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000

=m

11000000
01100000
00110000
00011000
00001100
00000110
00000011
10010001




A7 Kask7aoro Bxoga m € B® u mo6oit 6uTopoii cTpokn (mauampmoro sHauenms) r € BY, rie Keyg (r)
)

u Keyg o(r) — mepsasi u Bropasi nojosnna (nepsbie n BTOphie Bocemb 6ut) Keyg(r), coorercrsento.

JlemMma 7 1103BOJISIET OLEHUTH CJIOXKHOCTH ITUX (DYHKITHIL:

C(KeYS) - 117
C(Evalg) = 29,
C(IHV8) = 30.

[IporuBauKy, 9T06BI 00pATUTEL 3TY (DYHKIIUIO C CEKPETOM, MPUIETCA BBIYUCIUTE CAETYIONIYI0 (OyHK-

TTIIO:

Advg =

11110101
11101010
01110101
10101010
01010101
10111010
01011101
10111110

00011111
10011111
11011111
11111111
11101111
11100111
11100011
11100001

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000

00011111
10011111
11011111
11111111
11101111
11100111
11100011
11100001

ITo emwme 6,
C(Advs) > 31.

Taxum 06pazoM, MbI IOy InIn PYHKIUIO C CEKPETOM, HAIEXKHYIO B CJ1ADOM CMBIC/IE, [I/Ist KOTOPOit 0bpa-
menne 6e3 3HAHUST CEKPETHOTO KJII0Ua 3aHUMAET TI0 MeHbInel Mepe 31 reifT, B TO BpeMsi KaK BBIUUCICHUE
camoii (pyHKIHU 1 e€ obpallenre ¢ CeKPeTOM MOXKHO pean30BaTh 33 29 u 30 refiToB COOTBETCTBEHHO.
OTO 3HAYNT, UTO TOT KAHAUAAT B (PYHKIUM C CEKPETOM WMEET, TaK CKa3aTh, MOPSIOK HAIEKHOCTH
% («Tak cka3arTby, MOTOMY YTO ONPEJENEHNe 3 PACCMATPUBAET TOJLKO TPEJIEbl MPU CTPEMSAIIEMCS K

beckoneunocT n). B mampHeiimem Mbl 0600UMM 3Ty KOHCTPYKITHIO ¥ JIOKAYKEM TOPSTOK HaI6KHOCTH
25
22"

6 /IBe KOHCTPYKIIUU

ViKe mouTH BCE TOTOBO I TOrO, YTOOBI IPEACTABATH KOHCTPYKIMN HAIMAX (DYHKIIAA C CEKPETOM, I0-
KazyeMo HaJIEXKHBIX B c1aboM cMmbiciie. B 9ToM pazjese Mbl PaCCMOTPHUM JIBe Pa3IUIHbIe KOHCTPYKIHH
KAHIUIATOB B PYHKIUN C cekKperoM. Hu omgHa m3 HuUX He paboTaer; HO B CAEAYIONIEM Pa3/ese Mbl UX
COBMECTHM, U yKe KOMOMHAINA OyIeT NMEeTh HeTPUBUAJILHBIN MOPSA0K HATEKHOCTH.

B mepBoit koucTpykIinu obpalenne ¢ cekperoMm OvicTpee, yem obparneHue 0e3 cekpera, HO, K COXKa-
JIGHHIO, TIPSIMOe BBIUKCIeHne (DYHKIHMH eImé caoxkHee. B TepMmaax ompemenaeHns 1 MbI IpeaCTaBIgEM
KAHIUIATa B (DYHKIINHM C CEKPETOM C OJIMHAKOBBIMU J[IMHAMU HAYAIBHBIX YUCET TEHEPATOPA, My IuIHOT
nadOpMAaI, CEKPETa, BXOJa U BLIXOIA!

c¢(n) =m(n) = pi(n) = ti(n) = n.



Camruiep Tpou3BOAUT mapy u3 mybaunanoit undopmaruu u cekpera (pi, ti), rae ti — 3T0 caMo HATATLHOE
qucsio rereparopa, a pi = A(ti) (rakum obpasom, Ha reHepaTop HyKHO 37” + O(1) reiiros). B sroit
KOHCTPYKIINY BBIYUCI€HNE (DYHKIINNA TPOU3BOIUT KO C ISt COODIEHUsT M CJIEIYIOIIM 00Pa30M:

Eval(pi,m) = A~ Y(pi) @ A(m).

Bor marpurnia Beraucienust pyHKIIAN:

00...011...11j110...000...000
10...011...11011...000...000
11...011...11001...000...000

11...111...11000...110...000
11...101...11000...011...000
11...100...11000...001...000

11...100...11000...000...110
11...100...11000...000...011
11...100...01)100...100...001

BepxHioo OmeHKY Ha CXEMHYIO CI0YKHOCTH MBI y K€ TOKa3ajd B JIEMMe 7; MOXKHO BBIUUCIUTH ITY
" n
dbyHKIMIO cxeMoit pazmepa ‘-
Ob6pairierne ¢ CEKpPeTOM TTPOUCXOIUT CJIETIYIONTUM 00PA3OM:

Inv(ti,c) = A" YA Y (pi) @) = A7 (ti @ ¢).

Brarogapst smHeitHOCTH (OTMETHM, UTO OIEHKHU U3 MPEIBIIYIUX maparpadoB 3/1eCh HEMPUMEHUMBI, M0~
TOMY 9TO B MATPHIE OOPAIIEHUS MOJTHO OJMHAKOBBIX CTOJIOIOB) 3Ty CXEMY MOYKHO PEATN30BaTh 34 57” —
reifiTOB: CHAYAIa 32 N TeHTOB MOYKHO BBIUUCIUTE ti @ ¢, a 3aTeM NpuMeHuTs A erné 3a 37” — 1 reiiToB (cMm.
aemmy 7).
Haxkomner, npoTuBHUKY TPUIAETCT 0OpaiaTh (BYHKITHIO O0Jiee CJI0KHBIM CIIOCODOM, OH BeJib He 3HAET
ti: '
m=AY A" (pi)®c)=2A <pcz) .

ITo nemme 6, cxemHast CJA0KHOCTH 3TON (DYHKIUU HE MEHBIIIE K?T” — 5 reiiTOB, W KaXXJIbIif MPOTUBHUK C

Menee 1eM 1% — 5 refiTaMu B CBOEM PACIOPSIKEHHH He CMOKET eé BBIMHCINTD Gostee deM Ha 50% BX07I0B.

B sroit KoHCTpYKIME BhIYHCTeHNe (DYHKINE OKA3BIBAETCS CJIOXKHEe, deM obparnenne 6e3 cekpera.
Yr00bI 5TO MCIPABUTH, PACCMOTPUM APYTYI0 KOHCTPYKIIAIO, TAKYKE CEMEHCTBO KaHIUIaTOB B (DYHKIINN
¢ cekperoMm. Ho temepn ¢(n) = m(n) = n u pi(n) = ti(n) = 0, TO ecTh POBHBIM CIETOM HHUKAKOI
nH(MOPMAIUU, HI CEKPETHOW, HU MyOJUIHOM, 3/1eCh HET. DTa KOHCTPYKIUS — MPOCTO OJHOCTOPOHHSIST

dyuknus Xuaprrena. PopmaaibHO (DYHKITUN OMPESTIIOTCI CIETYOIIM 00pa30oM:

Eval,(m) = A(m),
Inv,(c) = A~Y(c),
Adv,(c) = A7 (c).

Koneuno, 310 BoBce He (DYHKIUM C CEKPETOM, Belb OOpAIleHNe peau3yeTcs BoobIe 6e30 BCAKOTO

cekpera. st coobiennst m jauHbl [m| = n Beraucssiomas byHKIMIO CXeMa COCTOUT u3 n + 1 reiiTos,

a obparenune, Mo JeMMe 7, TpedyeT CXeM pa3MepoM He MEHBIIE 37" — 1 reiitoB xKaxkmag. [losTomy BO

BTOPOIl KOHCTPYKIMHM BBIYUCJIATH (DYHKIWIO JIETKO, & 0OpaIlarh TPYIHO, KaK JJid MPOTHBHUKA, TaK U
JI7Id 9eCTHOTO YYaCTHUKA ITPOTOKOJIA.



7 CewmeiicTBo QYyHKIHI C CEKPETOM, HAAEXKHBIX B CJ1abOM CMBICJIE

B npeapiayiem pasenie Mbl TOCTPOWIN IBA CEMeCTBa KaHAUIaTOB B (DyHKINHY C cekperoM. B ognom u3
HUX BBIYUCATH (DYHKIUIO OBLIO JIETKO, & 0OpaIaTh CJI0XKHO, a B IPYroM OOpallieHne ¢ CEKPEeTOM ObLIO
MIPOCTHIM, & BBIYUCJIEHNE U ODpalleHre 0e3 ceKpera — CJAOKHBIMU.

Teneps 06beauanM 3TH B QyHKINU. B pesyabrare u obpaleHne ¢ CeKPeToM, U BEIYUCIeHNe PYHK-
[NV OKAXKYTCs MPOITE, YeM obpalrenne 0e3 cekpera.

Paznemy BXos HA [TBE YACTH: MEPBYIO YaCTh M1 JJINHBI 1 TIOJIBEPrHEM Hailleii mepBoii (MeHee TpUBH-
AJTBHOM ) KOHCTPYKIIUH, 8 KO BTOPOIi 9aCTh Meo JJIMHBI (v TIPUMEHNM BTOPYIO KOHCTPYKIMIO. Mbl BRIGEpEM
Q TIO37Ke, TaK, 9TOOBl MAKCHUMU3UPOBATH OTHOCUTENBHYIO CJIOXKHOCTD JIJIsT TTPOTHBHUKA.

Temeps Kakablii yIACTHUK OMUCHIBAETCS OJIOUHO-THATOHAIHHON MaTPUIIei:

1 pi
Eval, (pi,m) = (AO 132) my | = (2) ;

ma
. P R my
Inv,(ti,c) = 0 0 Al al=\,,)"
* Co 2
) A2 A1 0 pi m
Adv, (pi,m) = < 0 0 A_1> c | = <m;)’
* o

rae A’ obo3HadaeT MaTpUILy C TOi ¥Ke CTPYKTYpoil, uro m A, HO mIs pasmeprocTn an BMmecto n. Torma
B TEPMUHAX ONpeaeeHnsd 1 Mbl MOJIydaeM CeMelCTBO KaHIUIaTOB B (DYHKIMH C CEKPETOM, TJe BXOILI 1
BBIXOJbI (DYHKITUU JIMHHEEe HAYaILHOTO YUC/IA TeHepaTopa, a TakK»Ke MybJIndHoi nHMOPMAINN U CeKpeTa;:

Jlemma, 7 1aéT BepXHUE OIEHKW CJIOYKHOCTHU BBIYHUC/ICHUS (PYHKIUU U OOPAIIEHUsT C CEKPETOM:

7
C(Eval,) < ?n +an+1,

5 3
C(Inv,) < g + % - 2.

A nemma 6 TaéT HIKHIOIO OIEHKY CJIOXKHOCTH obpareHnns (GyHKINN 6e3 cekperTa:

13n  3an
Ci/o(Advy,) > — + — —T.
1/2( n) =72 9

Taxum 06pazom, 9T0OBI MOYIUTH CEMEHCTBO HAIEKHBIX B CJIA0OM CMBICTE (DYHKIINA C CEKPETOM, HaM

JIOCTATOIHO BBIOPATH (v TAK, ITOOBI
13 n 3 - 7 ta
4 2 2 ’
5 3o
2

7.

13 3«
— 4+ — >

4 2 +

Bropoe mepaBeHCcTBO TPUBMATLHO, & W3 TMEPBOTO TOTYYIAETCT, ITO (v > %



Mpbr GBI XOTEIM MAKCUMU3UPOBATH MOPSIOK HAJIEKHOCTH B CaabOM CMbIcie (cM. ompejesenue 3);
MTOCKOJIBKY TeHepalnsd CEeKPeTa B 3TOM KOHCTPYKITUU BCErja CTPOTO OBICTPEE BBIYUC/ICHUS U OOPAIIeHUST
C CEKPEeToM, Mbl Ha CaMOM JIejle MaKCUMU3NPyeM

. . 01/2(Advn) . 01/2(Advn) . % + 3704 113 + 3704
min ¢ lim , lim =min{ ———=-, =
N—00 C(Invn) N—00 C(Evaln) S+ 704 T+a
OTO BBIPAXKEHUE JIOCTUTAET MAKCUMYMa MPU (v = 2, U MOPSAIOK HAJIEKHOCTU TPU ITOM JOCTUTAET %
B urore Mbr mokazasu CAeLyIONLYyI0 TEOPEMY.

Teopema 1 Cywecmsyem cemeticmseo HadENCHHT 6 CAGOOM cmbicae PYHKUUG ¢ cexpemom ¢ 0Aunot
HA%aALHO020 “ucaa zenepamopa Pi(n) = ti(n) = n, daunamu 6xoda u swxroda Gynkyud c(n) = m(n) = 3n
U NOPAIKOM HAVENCHOCTIU 6 CABOOM CMDBICAE %

8 ®yHKHIUS C CEKPETOM C 3KCIOHEHIMAJHLHOUN rapaHTmeili HaaE>KHOCTH

MbI OCTPOMIN KOHCTPYKITUIO CEMEHCTBA, IMHEHHBIX HAMTEKHBIX B CJIA00M CMbICTE (DYHKITHI C CEKPETOM,
KOTOPbIE TAPAHTUPOBAJINA, 9TO JI0DAs CXEeMa, C YUCIOM TedTOB MeHee TpebyemMoro He CMOXKeT 0OpaTuTh
st dyuKIun Ha 6omee yeM 50% MX BXOIOB.

Ceitgac MBI UCTIOIB3yeM 3Ty KOHCTPYKIWIO, YTOOBI CO3JATh CUCTEMY C CYNEPIOJUHOMUAJIBHBIMUA Ta-
PAHTHSIMM HAJIEXKHOCTH (2 WMEHHO 2’0\%*0(\/5)). Ob6ozHaunm depe3 h (byHKINIO, KOTOPYIO MPOTUBHUK
JTOJT?KeH OBLT BBIYUCSTH B MPEIbIIYINEM pasiesie, a eé Marpuily — uepe3 X.

Paccmorpum nuneiinyio dyukuio H, onpenenérryio ciaemayomeil 6,109HO- TMaroOHaIbHOM MATPHUITEH:

X0...0 W
0X...0 z(2)

00...xX/) \am™

ITo memme 5, cxemuas caoxkuocTh H cocrasiser no mensineii mepe m(C'(h) —1). Pazmeproctn MaTpurist
X cocraBasmior (1 + a)n X (24 a)n; BBegém mist ynobersa obosnavenwne n' = (1 + a)n.

Jlemma 8 Sagurcupyem muozousen p. Ecau cxema swwucasem pynkyuto H na bonree wem Tin) done

eé 610006, u daa Kasicdozo baoxa H :

— 6ce cmoabuvt X passuuHbl;

— xaoicdasa cmpora X codepocum He MEHEE U HEHYACEDIL IAEMEHMOB;

— nocae ydaaerus uz X 41006z t cmosbyoe ocmaswasca mampuya 6cé ewé codeporcum no Kpalined
Mmepe 00HY CMPOKY C HE MeHee YeMm J8YMA HEHYAEBVLMU IAEMEHMAMU;

mo cA0dHCHOCMb Mot cxemv cocmasaaem we menee (u+ t)(m —logp(m)).

Zloxazameavcmeso. Ilpexxkne Bcero BcmoMHUM, 9TO0 H COCTOWT M3 m OTHEIBHBIX OJOKOB C HEMepeceKka-
IONIMICS MHOXKECTBAMHI TepeMeHHBIX X;; obo3uaumm h; = H |x,. Ilockompky X; He mepecekaiorcs,
ommbKy B BuIYUCIeHHN PYHKINN h; He3aBUCHMBL: ecau cxema C' Boranmciager (byHKImo h; Ha moae (;
eé BX0/I0B, a GyHKIUIo h; — Ha Jose [; eé BXO/IOB, OHa HE MOXKET BRIYHCINTE H Goiee dem Ha Jl071€
BiB; eé Bxomos. CrenoBarenbno, B Marpure H ects He 60s1ee log p(m) 610K0B, rie cxema C Moxker cebe
ITIO3BOJIUTH OH_II/I6I/ITBCH Ha H;e.}'[OfI IIOJIOBUHE BXOJO0B. Ha TPOTAKEHNHN 9TOT0 JO0Ka3aTeJIbCTBa MBI 6y,£|;eM
Ha3bIBATh MX «YKACHBIMU» OJIOKAMH.



[Toce sTOTO 3aMedaHusT Mbl CHOBA HAUMHAEM TO YKe CaAMOe JT0KA3aTeJbCTBO METOJOM UCKIIOUEHUS
refiToB, K KOTOPOMY MbI YK€ HECKOJIbKO pa3 mpuberaym. PaccMoTpum BepxHUil TefiT B HEKOTOPOM TO-
MTOJIOTWYECKOM MOPSAIKE U JIBE TTEPEMEeHHBIX, KOTOPhIe B HEro BXOmAT. B mokazarenbcTBe jeMMbl 4 MbI
HA3BIBAJIN [TEPEMEHHBIE «XOPOITUMUY» U «IJIOXUMWUY B 3ABUCUMOCTH OT TOTO, BXOJST Ji OHU B OJI0K, B KO-
TOPOM BCE «XOPOIINey TePeMeHHbIE yyKe 3aKOHYM/INCh. Ha 5TOT pa3 MblI jiejiaeM TO YKe caMoe, HO 3apaHee
HA3bIBAEM BCE TEPEMEHHBIE B «YXKACHBIX» OJIOKAX <ILJIOXWMUY.

Kak u B mpempiaymmx [T0Ka3aTeabCTBAX, €CJAW B BEPXHUI TeWT BXOAUT XOTd OBl OHA «ILJIOXAST»
mepeMeHHast, Mbl TPUCBONM 3HAUEHE UMEHHO eiff W yJAJUM Ha 3TOM Iare m3 CXeMbI BCErO OJWH TelT. A
KOIJIa B BEPXHUIl refiT BXOAAT JIBE «XOPOIINX» [TEPEMEHHBIX, Mbl BCEr/J[a MMEeM BO3MOXKHOCTH YIAIUTh
KaK MUHUMYM JIBa refita u3 cxembl. /[aBaiiTe HEMHOrO MOofpoOHEE PACCMOTPHUM 3Ty CUTYAIIUIO.

ITepes mHamMu MOryT BO3BHUKHYTBH BCE Te YK€ TPW OCHOBHBIX CJIydasi, KOTOPbIE MBI PACCMATPHUBAJIN B
JIoKazaTeabcTBe jeMMbl 3. OJHAKO HA 9TOT pa3 MBI HE MOYXKEM IMOJCTABUTH B TOYHOCTH TO 3HAYMEHUE,
KOTOPO€ XOTHUM TIOJCTaBUTh. Ha 5TOT pa3 HaM OpuaeTcd BCE BPEMsi OCTABATHCA B TOH TOJIOBUHE BXOOB,
Ha KOTOPO# CxeMa OmubaeTCss Ha MEHEee YeM TI0JI0BUHE OCTABIINXCS BXOIOB (TTOCKOJIBKY MCXOIHAS CXEMa
omubaeTcs He Hojlee YeM Ha % OT BCEX BXOJIOB, TaKas MOJACXeMa JIOJKHA CYIecTBOBATD). OIHAKO MBI
MOXKeM O0bLEeIUHNTEL TPETHUil U MePBhIil ciaydan 6e3 morepu obIHOCTH: (POPMYIa MOKET 3aBUCETH MCKJTIO-
YUTEJIBHO OT & A Yy He B OOJbINell cremeHu, deMm oT B y; 0ba caydas OIMHAKOBBIMU PACCYKICHUAMU
MIPUBOIAT K BEPOSITHOCTHU OIMUOKU HE MEHEee %

OcraTok 10Ka3aTehCTBA MOTHOCTHIO MOBTOPsET jieMMy 3. Mbl BeIéM T0Ka3aTeIbCTBO O WHIYKITHH,
HUCKJIIOYad 10 JBa I'eiTa, €C/IU B BePXHUU I'ediT BXOAAT JBE «XOPOLINX» IIEePEeMEHHBIX, U 110 OJHOMY, €CJIU
€CTh CPeJii HUX «ILToxas». Taxkmm o6pa3oM, obIas CJI0KHOCTh HE MEHbIIe, YeM KOJUIECTBO «XOPOIITIX >
repeMeHHbIX, YMHOKEHHOE Ha /[BA, IJIFOC KOJIMYECTBO OCTABIIUXCSH «IJIOXUX» MEPEMEHHBIX. «YKaCHBIEY
OJIOKU TTPUXOIUTCS MOJTHOCTHIO BHIOPACKHIBATH: B KOHIIE KOHIIOB, UX CJI0XKHOCTH W HA CAMOM JEJe MOXKET
OpITh paBHA Hys0. Takum 00pa3oM, Mbl T0JydYaeM HHUXKHIOI OIEHKY CXeMHOi ciaoxkuocTu (t + u)(m —

log p(m)). 0

BamernM Tak>Ke, YTO KOMUPOBAHWE MCXOIHBIX MATPHUIL B DOJIBITYIO DJIOUHO-IHATOHAIBHYI0 KOHCTPYK-
M0 HEe MEHsieT MapaMeTpbl (B TOM YHCJEe TOPSAIOK OOPATHMOCTH) ceMeicTBa (DYHKIHUi ¢ CEeKpeToM,
HaIEXKHBIX B c1abom cmbicae. Takmm 06pa3oM, MbI MOJIyYaeM CIeLYIOIyI0 TEOPeMYy.

Teopema 2 Cywecmeyem cemeticmeo HadENCHUT 6 CAaboM cmuicae YNKEYUT ¢ cexpemom
C = {Key,, Eval,,, Inv,}

¢ 0Aunoli HaasvHo20 wucsa 2zenepamopa pi(n) = ti(n) = n, daunamu eroda u evzroda dynryut c(n) =
m(n) = 3n, CTEMHUMU CAONHCHOCTIAMU

11n 11n

C(Inv,) < - +0(1), C(Eval,) < 5 +0(1), C(Key,)=n+1

U NOPAIKOM HAOENACHOCTIU 6 CAGOOM CMDBICAE %
25

Boaee mozo, nu 0dumn npomushuk, pacnosazaouutl menee wem pn — %5\/5 2etimamu, He cnocoben
obpamums smu Gynkyu ¢ cexpemom na 6oaee wem 2~V doje ux 610006 das 0601 KOHCMAHMDL

6> 0.

9 3akJiroueHnune

B macrosmeit pabore MBI TPEACTABUIN HOBYIO KOHCTPYKIINIO KPUITOIPAMDUIECKOTO TPUMUTHBA, HAIEK-
HOTO B Cj1aDOM CMBIC/Ie. DTO MEPBast M3BECTHAST KOHCTPYKIINS JTOKA3YEMO HAJIEYKHOM (DYHKITUN C CeKpe-
TOM, XOTA «HAJEC2KHOCTH» 3J1€Ch CJIE€AYET IMMOHNMATh B OY€Hb OTPAHNYECHHOM CMBICJ/IE OTIPDEAC/ICHN A 3. BOT
CIUCOK BO3MOXKHBIX HAMPABIECHUN /I JajbHeiieir paboThl.



1. Paspaborars GoJsiee eCTECTBEHHYIO KOHCTPYKIWIO. Il Bropas m3 Hammx KOHCTpYKIuil (6e3 Kioda), u
0/I09HO—TMATOHAJIBHOE WX 00bHeINHEHNE AaHTHUHTYUTUBHEI.

2. CymiecTBeHHO YIyUIUTh MOPSIIOK HAMeKHOCTH. [IpecTaBisiercs, YTO0 HEKOTOPOe Y/IydIlleHne KOH-
CTaHTBI % MOZKHO MTOJTYYUTh JOCTATOYHO MPOCTO (HATIPUMED, BMECTO A’ MOXXHO HCIIOIB30BATE IPYTYIO
MaTpUIly XWIHTIeHA, MOPSAI0K HAIEKHOCTA KOTOPO# CTPEeMUTCS K 2 BMECTO %) O1HAKO OYEBUIHO,
YTO METOJ, MCKJIIOYEHNs MefdTOB He IMO3BOJINT J0KA3aTh DOjIee deM JUHEWHBIX OIMeHOK. IlosTomy orr-
TUMM3AIMS KOHCTAHTHI (MOKA KOHCTAHTA T4 MEHbINe 2) He MPEJCTABIAETCS CTOANMM JIEJOM. DTO
o0Iiee 1 OYeHb CYIIECTBEHHOE IPENATCTBHE B TEOPHH CXEMHON CI0KHOCTH, W HAM KAaXKeTCd, UTO
JOJIZKEH TTPOM30MTH CEPhE3HBIN MPOPHIB, MPEXK/Ie YeM B NCHOJIb30BAHHOW HAMW MOAEIW BBIYMCJICHUN
MOXKHO Oymer J0Ka3aTh 0ojee deM JHHEeHHbIe HUKHIE OIEHKH.

3. Paspaborarh KOHCTPYKINU IPYTUX HAMEKHBIX B C1aO0OM CMBICIE KPUITOrPAPUIECKUX TPUMUATHBOB.
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