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MaremaTuko-MexaHudecKuil (hakyyJIbTeT

AusoTarusa

[Iycts K — moJsie, B KOTOPOM JTI000# MHOTOUJIEH CTEIeH! He BBIIIe MeCTOH NMeeT KOPEeHb,
a G — mpucoeannenHas rpymnma [llesasuie tuna Eg mag K. Hamwm mokasano, 910 Jr000ii
sjmeMeHT rpynnbl (G ecTh Mpou3BeieHne He 6oJee BOCBbMHA KOPHEBBIX jieMeHToB. Jlo cux mop
To00HBIE PE3YIbTaThl OBLIN U3BECTHHI TOJIHLKO IIPO KJIACCUYIECKHe IPYIIbl. B KayecTBe BCIO-
MOTaTeJbHBIX YTBEPXKIECHUH HAMHU JOKA3aHO HECKOJIHKO IOJE3HBIX TEOPEM PO OJHOCBSI3HYIO
rpynny IlleBane Tuna Fg u HEKOTOPHIE €€ TOATPYIIIIbI.

Hacrosmas paboTa BBIIIOJHEHa B paMKax coBMmecTHOro npoekta DAAD u Munmucrepcrsa ob6pa3oBaHms
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BBenenue

Dra pabora sBiagercs npojgosKerneMm cratbu [20]. OcHOBHOI pe3yabTaT HAcTOsIIEH pabo-
ThI — JIOKA3aTEJIHCTBO CJIEYIONEH TeOPEeMBbI:

Teopema. IIpednorosicum, wmo 6 nose K 410600 mHo20uAEH CMENEHU He SbLULE WecMOT
umeem kopenw. Tozda 060t saemenm 2pynnu Gaq(Eg, K) npedcmasasemcs 6 eude npous-
sedenus e boaee B0COLMU KOPHESHLT IAEMEHINOB.

Hamomuawnm, aro mupuna rpynnbl G OTHOCHTETHHO MHOYKECTBa 00pa3yomux S — 3T0 b0
MUHUMAJIBLHOE HATYPAJIHHOE YUCJIO 1, TAKOE, UTO JIIOOOH 31eMenT rpynnbl G IpeIcTaBiasercst
B BUJIe IPOU3BeEIeHN He HoJiee 4eM n 3JeMeHTOB u3 S, M0 00, eCJIM TAKOTO N He CYIIeCTBYeT.
[ToCKOJIbKY OOJIBIIMHCTBO OOBEKTOB B IPYIINAX OIPEIEISIOTCI ¢ TOTHOCTHIO 0 CONPIKEHU,
TO OOBITHO TIOJIarafoT, aro SY = S mjsa Bcex g € (G, TO ecTh S COBHAMAET C OJHUM KJIACCOM
CONPSI>KEHHOCTH WJIM O0beJUHEHUEM HEeCKOJIhKUX.

1.IITupuHa rpynnbl B KOMMYTATOPaX

BeposiTHO, caMbIM H3BECTHBIM MHOXKECTBOM 00Pa3yIOIIUX B 9TOM KOHTEKCTE sABJISeTCS MHO-
JKECTBO KOMMYTATOPOB. B aroMm ciydae, jjis ynobersa, mumpuny rpynmnsl G, ¢(G), dacro
ONPEJIETISIOT KaK MUHUMAaJIbHOE Iesioe ancyio s > 0, Takoe, 9To J1000it s1ement (G, G| ecthb
MPOU3BEJAEHNE § KOMMYTATOPOB; TAKOE ONPEJE/ICHUE TTO3BOJIIeT HaM 0000IIUTE TIOHATHE TTH-
PUHBI TPYIIILI B KOMMYTATOPaxX Ha TPYIIIILI, He COBIAIAIOIINE CO CBOUM KOMMYTAHTOM. BbImie-
yrnoMmsnyTag rumore3a Ope gBisgeTcs, 09eBUIHO, YACTHBIM CJIydaeM IpoOJeMbl HAXOMXK IeHUs
c(Q).

Brepsbie m3ydenuem mupunbl rpyin B KommyTaTopax 3ansiicd [Hloma: B 1936 roay on
nokazaJ, aro ¢(GL,(F)) = 1 ana anrebpamdeckn 3amkuyToro moss F. Tlosmmee, B 1951
rofy, oH moka3zas Takxke, 9r0 ¢(GL,(F)) < n ana maoboro Geckoneanoro moas F. Toama
u Toro mokazanm, aro ¢(G) = 1 mias Bcex CBA3HBIX KOMIAKTHBIX MOJIYTPOCTHIX Tpyt Jln
G. B 1951 roay Ope B pabore [86] mokaszas, 9T0 MIMPHHA TPYIIHI EPECTAHOBOK JIHOOOTO
(KoHEeTHOTO MM GECKOHETHOTO) MHOXKecTBa MeHbIe Jnbo pasHa 1. Takyke OH, KAk MbI yKe
rOBOpHIIH, JoKa3aJ, 9ro ¢(A,) = 1 npu n > 5 u Bbickazay runoresy, uro ¢(G) < 1 s Bcex
KOHEYHBIX IIPOCTHIX I'PYIIIL.

B 1954-55 rogax I'puddurc nccremoBas KOMMyTaTopbl B ¢BOOOIHOM Tpou3Beennn G =
Gy % Gy * - - - % G,, KOHEYHO TIpeJICTaBUMbIX IpyTn G; u mokazad, aro ¢(G) > n, ecan [G;, G
HEeTPUBUAJIBHO JiJis Beex 4. [lozauee Tomcreitn u Tepuep B [58] mokazasm, 94To Ha caMOM Jiejie
c¢(G) > > ¢(G;). B 1963 romy Mak/lonanb HaunHaeT u3ydenue rpynn G ¢ IMUKIAIECKAM
kommyTaTopom [G,G|. B [76] on nokaseiBaer, aro ¢(G) < m/2, korma G HUJIBIIOTEHTHA W
[G,G] — nmkandeckas TMOArPYINa W3 1M 3JEMEHTOB, a TaKyKe JIOKa3bIBAET CYIIeCTBOBAHUE
KOHETHBIX IPyni G ¢ IUKJIMIECKUM KOMMYTATOPOM, KOTOPbIE MMEIOT CKOJIb YT'OIHO DOJIBITYIO
mupuny. V3ydeHne TPy ¢ MUKJIAIECKAM KOMMYTATOPOM mpojgoskuim Poaeit [87], JIuGex
[75], Aiizekc [69], I'ypanbuuk [62], [63], [64] 1 maorme apyrue. IIupuHoii TpymIn onepaTopos
3aHUMAJINCh B CBOMX paborax [66], [67], [68] me 1a Apn n Ckanjganuc, a Tak>ke Bpayn n [Tupen
[33]; kommyTaropsl rpymn auddeomopduzmon nzyvannch Mak/ladbdowm [83], Masepom [78],
[79], [80], [81] u Ducreitrom [56].

By B [103] mokazam, aro ¢(G) = oo, ecau rpynna G gBJISIETCS YHABEPCAJIBHONW HAKPBI-
Batorieil rpynnbt SL,(R). Tpynna SL,(A) mist konbia A HenpepbiBHBIX (bDyHKIHH Ha TO-
MOJIOTHIECKOM TIPOCTpaHcTBe n3ydvasnach B pabore Tepcrona m Baceprreitna [94], a Takke
B paborax ommroro Bacepmreitna [95], [96]. Hakownen, rpymnmy SL,(A) st ar060ro xKom-
MyTATHBHOTO KOJIBIA TJIABHBIX HJEAJOB U3ydaju B cBoux paborax Heioman [84], Jlennuc

2



u Bacepmreiin [43] u Bacepmrreitn u Yamanyg [97]. Hbroman B cBoeil paGore moKa3aJ, 9To
c(SLn(A4)) < (2logn)/log3 + ¢(SL3(A)) mnst mo6oro KOMMYTATHBHOTO KOJIBIA IVIABHBIX
ueanos. Ou npeanonoxui, ato ¢(SLs(A)) Beerma Koneuno, oguako Jlennuc u Bacepireiin
B CBOeii paboTe JOKa3bIBAIOT, 9TO 9TO He Tak, Korja, Hanpumep, A = Cl[z]. Ormernm, [aro,
Kak 1mokazasn nosaree B [89] A. C. Cupankwuii u A. B. Crenanos, 3T0T pe3yabrar, Ha CAaMOM
Jesie, caenyer u3 paborsr [73] 1982 roma. B meit Ban jmep Kasuien jokaszas, 4ro mmpuHa
rpynmbl E,(C[x]) oTHOCHTeIBHO MHOMKECTBA BCEX JEMEHTAPHBIX TPAHCBEKIUI GECKOHETHA;
a A. C. CuBankwuii u A. B. Crenanos B 1999 romy mokasaJjm, 9T0 MHOXKECTBO BCEX KOMMYTaTO-
poB B E,(R) nMeeT KOHEUHYIO MIAPHHY BO MHOXKECTBE BCEX JIEMEHTAPHBIX TPAHCBEKIHH 15T
JF000T0 KOHETHOMEPHOTO KOMMYTATHBHOTO KoJiblla R. Jlemnuc u Bacepmrreiin B [43] Takke
JoKa3biBaOT, 910 ¢(SL,(A)) < 5+ ¢(SL3(A)) u, ecnu ¢(SLy,(A)) < oo, T0 ¢(SL,(A)) <6
pu A0cTaToIHO O60sbIoM n. [ToxoXkue pe3yabTaTh! MOy IeHbl UMU U JJTsT IPOU3BOJIHLHOTO ac-
COIMATUBHOI'O KOJIbIA ¢ KOHEYHBIM cTabuibHbIM panrom. B crarbe Baceprreitna u ¥Yasrana
MMOJIy9eHo yJIydIleHre 3Toi OleHKH, ¢ 3aMeHoi 6 Ha 4.

2. ITupuna rpynnbsl B MHBOJJIIOIUASIX

JIpyruM MHTEPECHBIM MHOXKECTBOM O0PA3yOIIUX SBJSIFOTCA MHBOJIIONUA. VI3BECTHO (CM.,
Hanpumep, [102]), aro so6oii ssemenT rpynnbl G M30MeTpPHUIl CHMMETPHIHON KBapaTHd-
HOI (DOPMBI HAJT TIOJIEM €CTh NMPOou3BejeHne He Oojee nByx muaBOJONUN w3 G. B 1976 romy
Cycradceon, Xaamor u Pajzkasu B [65] mokasasu, uro mobast marpuna u3 GL(n, K) ¢ omnpe-
JesiuresieM +1 ecTh MpousBejieHre He DOJiee YeTHIPEX MWHBOJIOTHBHBIX MATPHIL (CM. TaKKe
[32]). B pabore [74] Knioness u Husbcen pokaszanu, aro jobas marpuna u3 SL(n, K) ects
npou3BesieHne He bojee deThipex WHBOJIOTHBHBIX Marpui w3 SL(n, K). B 1999 roxy Ocrtun
B [31] nokazai, aro 1060t ssement rpymnb [Hesanne G = G(Fy, K) ecth nponsBejienne He
6osee gerbIpex uHBOJIONHIT n3 G, ecym | K| > 25. B 2000 roxy Duiepc B [51] moka3as, 9To ec-
mu G — rpynna [lesasre naa mosem K, rae K comepKuT JOCTATOYHO MHOTO 3JEMEHTOB, TO
JIF000# HeIeHTPaIbHBII 3j1eMenT (G ecTh MPOU3BeIeHNe He Oojee deThipex WHBOJIOME n3 G, a
IeHTPAJILHBIN — He bostee misitu. VHOTIa paccMaTpuBaioT Tak»Ke wHBOONMY B rpymmax [1le-
BaJIIe HaJl KOJIbIaMu; Tak, Pernke [88] mokaszas, uro eciaum R — JjloKajbHOE KOJIBIO ¢ 2 € R*,
V' — cBoGOHBINN R-MOIy/Ib pa3MepHOCTH N, [ — peryjasgpHas CHMMeTPUIHAsT OuJInHeRHas
dopwma, a rpymnma G ecth Tpyima ndomerpuit f, To Ja1000i 3meMenT u3 (G eCTh MPOU3BeeHNE
He 0OoJiee deThIpex WHBOJIONNA u3 (.

C maxoXKjeHueM IMUPUHBI TPYIIT B WHBOJONUAX TECHO CBI3aH MOUCK MUHUMAJBHOTO KO-
JINIECTBA WHBOJIIONHI, MOPOXKIAIONINAX TY WU UHYIO TPYIIY; HEOOXOJAMMO OTMETUTHh TaK¥Ke
eCTeCTBEHHYIO CBSI3b 9TOT0 BOIPOCA ¢ (2, 3)-MOPOXK IeHHEM TPYIII, KOTOPOe 06CY K IAT0CH Ty Th
panbire. OKa3bIBaeTCs, BePHA TeOpeMa, 9TO JF00asi KOHETHasl MPOCTast HEKOMMYTATHBHAST
rpynna G, #e pasHas Us(3), mopoxjgaercss TpeMsi HHBOIONUSMA (OTMETHM, 9TO JiBe WHBO-
JIFOIIUA MOT'YT HOPOJIUTE TOJBKO IUpasibHyto rpymmy). B 1978 roxy Baruep B [100] mokaszaut,
9TO JIJIs TOPOXKAeHus Tpynbl Us(3) Heobxoaumo derbipe uaBosONun. 'ujumo u TamGypu-
HY B [57] joKa3a/m TeopeMy JiJisl 3HAKOIEPEMEHHBIX W JIMHEHHBIX TPYII, CHMIIEKTHIECKIX
Py pa3MepHocTH He Merbiie mect u rpynn Cysyku. B [41] n [100] Teopema nokaszana st
rpynn G = PSpy u Us(q) npu ¢ # 3. Jamra Bonbra n TamGypunn B [42], [39], [40] mokazamm
TeopeMy JjIs OPTOTOHAJBHBIX rpymi. Jlas mpocteix rpynn [lleBaste HaJT KOHEIHBIM TOJIEM
XapaKTePUCTHKH 2, OTJIMYHBIX 0T Ao, 2A9, A3 u 2As3, Teopema Obuta jokazana Hy>KUHBIM B
[15]; nst copagmaeckux rpynn — Jlasra Bosbra B [38]; st 6OABIIMHCTBA HCKITIOIHTE b
HBIX rpynn — Beiiresem B [101]. Hakonern, B 1994 rogy Masne, Cakca u Beiiress B [77]
JTOKA3aJId TEOPEeMY Cpa3y JJIs BCeX KOHETHBIX MPOCTHIX HEKOMMYTATHBHBIX rpymi G.

B [11] B. [I. Ma3ypoB mocTaBujI BOIPOC: KAKWE KOHEUHbIE TPOCTHIE TPYIIIBI TOPOXK TAIOTCS
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TpeMsl HHBOJIIOIUIMHA, JIBE N3 KOTOPBIX KOMMYTHPYIOT. DTOT BOIPOC OKA3AJCSI TECHO CBSI-
3aH ¢ TIpobJEeMOil CyIecTBOBaHUS TaMUJIbTOHOBA IHKJa B rpade Kaim, cooTBeTCTBYIOMEM
maunoil rpymme. Hykwn B paborax [15], [16], [17], [18] mam oTBeT mjig MpPOCTHIX 3HAKOIE-
PEMEeHHBIX T'PYIIT W NpocThixX rpynn juea tumna. llo3anee Tumodeenko, Hyxun u apyrue
MaTEMATHKHU UCCIETOBAJH, UCTOIH3YsT KOMITBIOTED, CIIOPAINTIeCKNe TPYIIBI: 0Ka3aJ0Ch, ITO
cnopaanueckas rpymmna (G He MOPOXKIAETCS TPeMs WHBOJIIOMUSIMHA, IBE U3 KOTOPBIX KOMMY-
TUPYIOT, TOTJIa U TOJBKO Toraa, Korja G = Myy, Moo, Moz wmu McL. B 2003 roxy Mazypos
B [14] namn, ucrnoab3yst TabIUIbl XapaKTepOB, eAMHOe TOKA3ATEIBLCTBO ITOTO (DakTa JJIsd BCEX
criopaimaeckux rpymi. Tak»Ke Ipe3BbIYATHO WHTEPECHBIE PE3YILTATHI IIPO MATPUIHBIE TPYII-
Bl HaJT TPOU3BOJIBHBIMU KOHEUHO ITOPOXKIEHHBIMIA KOMMYTATUBHBIMA KOJIBIIAME IIOJIYIE€HBI B
pabore Tambypunu u /I3ykka [93].

3. IMTupuna rpynnei [TleBasiie B KOpHEBBIX 3JIEMEHTAX

Jlnst rpymnm [TleBasiie ecTeCTBEHHBIM MHOMKECTBOM 00PA3YIONMINX SIBJISIETCS] TaK>Ke MHOYKEe-
CTBO KOPHEBBIX 371eMeHTOB. [TockosibKy KopHeBbie seMenThl B G p (P, R) mopoxKmator sieMeH-
tapryto noarpymniy Ep(®, R), kotopast, Boobiie roBopsi, e coBnagaer ¢ G p (P, R), T0 06bI9HO
mupuny rpynnb! [leBasie Bo MHOXKeCTBe KOPHEBBIX 3JIEMEHTOB OIPEESIOT KaK MUPUHY ee
sjeMeHTapHOoi moArpymbl. Heuro mogobHoe Mbl y2Ke HaOIIOIaId B CIydae KOMMYTATOPOB.

B sameuarennHoil pabore Jlpenonne [46] HaiieHa mMuprHA KJIACCHIECKAX I'PYIIT B KOPHe-
BBIX 3jemMeHTax. llo3mHee pesynabrarhl JIpeqoHHe ObLIM PACIIHPEHBI HA T'PYIIbLI, COXPAHIIO-
mue KBaIpaTudHyo (hbOpMy ¢ HEHYJIEBBIM PaJUKajoM, cM., Hampumep, [90]. Takxke B pabore
JIbemonne wccreryeTcs MUPUHA, KJIACCUIECKUX TPYIIT B CHMMETPHSIX, TO €CTh B MHBOJIIOINAAX,
OCTABJISTIONINX HEMOJIBUKHBIM KaKyI0-HUOY/Ih TUIIEPILUIOCKOCTh. V3ydenne cummerpwuiit TeCHO
CBSI3aHO C W3YyYEeHWEM KaK WHBOJIONWII, TAK W KOPHEBBIX 3JIEMEeHTOB; mocie JIbemgonne cum-
MeTpusgMHu 3aHuMAIUCh Lorikuil, Umubamm, Diutepc u Muorue japyrue, cm. [47], [48], [49],
[50], [52], [53], [54], [55], [60], [61], [70], [71], [72], [92], [104], cm. Takexke [19], [85].

B oritmaume ot Kiraccuaeckoro ciydasi, Ipo MUPUHY B KOPHEBBIX JIEMEHTAX UCKAOYUMEND-
HOLT TPYII JIO HEJABHET0 BPEMEHW HUYEro, KPOMe eCTeCTBEHHBIX OIEHOK CHU3Y, U3BECTHO He
obu10. IlosicHEM, OTKYyIa MOSBIISIIOTCS OIEHKH CHH3Y. HamoMHHM, UTO BBIYeTOM MaTpHIbl A
Ha3bIBaeTcs panr MaTpunbl A — E. HectoxkHO BHIeTH, YTO BBIYET HE MEHSIETCS IPU COMPSIXKe-
HUW, W BBIYET TPOU3BEJIEHNST MEHbIIe 00 PaBeH CyMMe BbIUeTOB. V3 3Twx CBOWCTB BhIYeTa
JIETKO CJIeJYIOT OoreHKW Ha mupuny rpynn [lleBasute causy: 1151 mHTEpECYIONIE HAC TPYIIIBI
Gsc(Fs, K), Hanpumep, B MUHUMAJBHOM 27-MEPHOM IIDEJICTABIEHUH BbIYET KOPHEBOTO dJIe-
MeHTa PaBeH IIeCTH, OTKY/a, MOCKOIbKY B Ggc(FEg, K) CyImecTBYIOT 3JeMeHThl BblueTa 27,
caejyer, aro mmpunaa rpynnbl Gy (Fg, K) He menbiie 5. MHTepecHO, UTO JIJIS KIACCHIECKIX
IPYTINT AHAJOTWIHBIE OIEHKH COBIAAIOT ¢ TOYHBIM 3HAaUYeHHeM, HaiijleHHbIM B [46], mosTomy
eCTeCTBEHHBIM SIBJISIETCSI MTPEJIIOIOXKEHNe, 9TO 9TO TaK W JIJIsl MCKJIIOIUTEIbHBIX TPy (1o-
BUIMMOMY, OJTHAKO, IMUpUHA rpynn tuna g paBHa mectu, a we naru). He tak masao Kosw,
[Mraiiabax, Yeupobupa u Yaibe nokasann, 910 Gg.(Fg, K) MOPOXKIAETCS HEKOTOPBIMU IIsi-
ThIO KOPDHEBBIMH TOArpyTmaMu. V3 3moro MO>KHO BbIBeCTH, 9TO0 mupuHa rpynibl Gg.(Eg, K)
ue 6outbiie 10. JIpyrux oeHoOK Ha MUPUHY WCKJIIOYATEIHHBIX TPYIIT 0 HACTOSIIETO BPeMeH!
HE CyIIeCTBOBAJIO.

Hazosem mosie k-3aMKHYTBIM, €CJTH B HEM JIIOOOIl MHOTOWJIEH CTENeHW He BBINIe kK WMeeT
X0Tsl OBl OJIMH KOPEHb (K COMKAJIEHWIO, HAM He yJajioCh HaiiTh B JinTepaType oOIeynoTpe-
6uTesbHOrO TepmMuHa I Takux mosei). Ilycre G = Gaq(Ee, K), rue mose K sBisiercs
6-3amMkHyTHIM. OCHOBHO# pe3ysIbTaT HACTOSIIEH pabOThl, KAK Mbl YIIOMUHAJIN B CAMOM Ha-
JaJjie, 3TO JOKa3aTeJIHCTBO TOr0, UTO MUPHUHA TPynibl G He 60JbIIe BOCHMU. DTa OIEeHKa He
SIBJISIETCS TOYHOM, M B HAIIW OJIM>KAMININe IJIaHbI BXOINUT YJIyUIIeHAE ee 10 CEMH, a B IIePCIIeK-
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TUBE, BEPOSITHO, U JIO IeCTH. Tak>Ke MbI IJIAHUPYEM JI0KA3aTh aHAJOTUIHBIN pe3ysbTaT IIpo
onuocsa3uyo rpynny Gg.(Fg, K) u 0600IMUTh 9TH PE3yJabTaThl Ha CAYdYail TPOU3BOJIHHOTO
nog. OTMeTHM, UTO IIPU eCTECTBEHHOM IIepeHOce JTOKA3aTe/hCTBa Ha CJIydail 2-3aMKHYTOTO
TOJIsT BOSHUKHYT HEKOTOPbBIE CJIOXKHOCTH BO BTOPOM ITyHKTE ISATOTO maparpada — IPUIeTcs,
TO-BUMMOMY, 3aMEHSTh YKOPJAAaHOBY (opmy Marpul Ha (ppodberuycoBy dopmy. Ilepexon k
IPOU3BOJILHOMY IIOJIIO BBI3OBET elre Oosibinue mpodjaeMbl. [losTomy B HacTosmer paboTe MbI
HE CTPEMUJINCH CHSITH OrpaHUYEeHHUE Ha I0JIe.

CraTbhst opranm3oBaHa, ciaeayomum obpazom. B §1 ompeesnsrorest oOCHOBHBIE 0003HATEHUS.
B §2 cdhopmynrpoBanbl Bee yTBepK aeHust u3 ctaThbu [20], HCmoab3yeMblie B HACTOSIIER paboTe.
B §3 paccMaTpuBaioTCs HEKOTOPBIe TOArpynbl rpyibl Gg. (Fg, K). B nmepBoM myHKTe §3 MbI
M3ydIaeM JHaroHaIbHbIe MATPHIIBI, BO BTOPOM — MaTpuIpl u3 rpymnsl D, = (Xg; 0 L «), B
TPeTheM — MATPHUIIbI U3 MapabOTUIeCKOit TOArpy bl B deTrBepTOoM myHKTE §3 MBI paccMar-
pUBaeM MATPHUIBI W3 MOArPyHnbl JleBu u, B Teopeme 1, OMUCHIBaEM WX BHJI; B MISITOM ITyHKTE
MBI HAUUHAEM UCCJIeI0BAHUE YHUITOTEHTHOTO panKaJia. B §4 MbI POI0OKaeM UCCIeI0BaAHIE
YHHUIIOTEHTHOT'O PaJUKaJa U, B TeOpeMe 2, TOKa3bIBaeM, ITO JIF000H YHUIIOTEHT ABJIAETCS TIPO-
n3BeJieHreM He Oojiee TpexX KOPHEBBIX 3JIeMeHTOB. B §5 mccienyoTces mpou3BeieHUusT MaTPHIL.
IIycts g = {gi;}, tme 1 <i <6 u 22 < j <27 — marpuna 6 X 6, pacHoyoXKeHHAs B TPABOM
BepxHeM yriy mMarpuipbl g € Gs(Eg, K). B §5, B wacTHOCTH, JOKa3biBaeTcs, 9To ecan K —
anrebpandeckn 3aMkHyToe Tojie u A € GL(6, K), To cymecrByer marpuna g € Gg.(Eg, K),
Takas, 90 § = A, u g ecTh IpousBeieHne He 6oJiee UeM YeThIPEX KOPHEBBIX JIEMEHTOB (CJIeI-
crBre u3 TeopeMbl 5). B §6 MbI qoKa3biBaeM Teopemy 6: JJIsT TIPOU3BOJIHHOTO HEIEHTPATHHO-
ro anementa g € Gg.(FEg, K) cymecrByer ssement h € Gg.(Fg, K), Takoii, aro mogmaTpura
hgh—1 obparuma. Haxomern, B §7 MBI JOKa3bIBa€M OCHOBHOI Pe3y/IbTAT HACTOMAIIEH pabOTHI,
TEOpeMy O TOM, 9TO Jyisi 6-3aMKHYyTOrO TI0sist K 111060 3emenT rpynibl Gaq(Eg, K) ecthb
npousBejienre He 60Jiee BOCbMU KOPHEBBIX JIEMEHTOB.

ABTop BBIpaxkaer OsaromapHocTh Hukosaro AsekcammapoBudy BapumioBy, 0e3 KOTOPOro
sTa pabora HUKOra He ObLia OBl HAIMCAHA, a TaK:Ke DHTOHH Baky 3a roCTeIpUHMCTBO U
BCECTOPOHHIOIO TOJJIEPXKKY.



§1. OcHOBHBIE 0003HAYEHUHA

1. T'pynnsr IlleBanie

Bce mammu obo3HaveHnsI, OTHOCAIIAECST K KOPHSIM, BecaM, ajareopam JIu, ajarebpanmdaecKum
rpyIIaM W IpeJCTaBIeHIsIM BIIOJHE CTaHIAPTHLI 1 caeaytor [1], [2], [3], [22], [23], cM. Takxke
[4], [98], e MOXKHO HafTH MHOTO JaJbHEHITNX CCHITIOK. MbI He HAOMWHAEM OIpejeeHne
rpynn [IleBajie W OCHOBHBIX MOJATPYII B HUX, KOTOPbIe MOXKHO HaiiTh, Hampumep, B [1],
[22], [82], ... B macrosmmem maparpade Mbl JIHUIIb 3aDUKCHPYEM OCHOBHBIE HCIIOJIb3yeMble B
JajJbHeieM 0003HaYeHNSs.

[Ipexx e Bcero, mycth & — mpuBeJileHHAsd HEMPUBOIMMAs cUCTeMa KopHeil panra [, I =
{ai, ..., o} — byngamenranpaasg cucrema B @, @ u &~ — coOTBETCTBYIONME MHOKECTBA
MTOJIO>KUTEJIHHBIX ¥ OTPHUIATEIHHBIX KOPHEH. DyrieMeHThI [ Ha3bIBAIOTCS NpoCcmuLMYy KOPHSIMH,
U MBI BCETJIa UCIOJB3YeM JIJIsl HUX Ty YKe HyMepanuio, uto B [2]. Tak kak Hacrosimas pabora
nocesrieHa cucreme ¢ = FEg u, B KakKOi-TO Mepe, ee IOJICHCTeMaM, TO Hac OyaeT mHTepe-
COBAThH TVIABHBIM 00pa30M CJIydail, KOrja Bce KOpHu ® mMeroT oMHAKOBYIO JJIMHY — TaKUe
CUCTEMBI OY/IyT HA3BIBATHCS CHCTEMAMU C NPOCMuMU c8a3amu = simply-laced, B TpOTHBO-
MOJIOKHOCTH CHCTEMAM C KpamuovLMu céazamu = multiply-laced. Kak o6brano, W = W (®)
oboznauaer rpymmny Beitng cucrembr ®; w, — oTpakeHHe OTHOCUTEIbHO KOpHA « € ¢ m
w; = Wq,, 1 < i < [, — dyngamenranbasle oTpaxkenus. DynmavmentanbHas cucrema [I
dukcupyer HeKOTOPHIH MOpsioK Ha ®. Hepes § 0bo3HATMM MaKCHMAJIBHBIN KOPEHDb CHCTEMBI
® oTHOCHTETHHO TOTO MOPSIIKA; JJIsT THTEPECYIOIEro HAC B MEPBYI0 ouepe b caydas ¢ = Fg

nMeeM § = 12321.

[TocTpoenune rpynn [leBasie ocHoBaHo Ha BbIOOpe Oa3uca IlleBase B mpocToit KOMILIEKC-
Hoit aynrebpe JIu L tuma . HamomauMm, aro BeOOp momaarebpsl Kaprana H B L ompeenser
KopHeBoe paznoxenne L = H@ > L, rine L, — ojHOMEpHBIE KOPHEBBIE MOAIIPOCTPAHCTBA,
MHBapHUAHTHBIE 110 oTHOMenuo K H. Jlnsa Kaxkjoro kopaa o € @ BoibepeM Kakoii-To HeHy-
JIEBOIi KOPHEBOI BEKTOp €, € L, W OTOXKIECTBAM KOPEHb ( C JUHEHHBIM (OYHKIIHOHAJIOM
wa H, nng koroporo [h,e,] = a(h)e,. Orpanunuenne dpopmbr Kusmara anre6pst Jlu L na
H HeBBIPOXKIEHO U, TeM CaMbIM, YCTAHABJIUBAeT KaHOHWYecKuit mzomopdusm H = H*, tak
9TO MBI MOYXKEM Jlake camTarh, ato o € H. Bupodem, obbrano ymobHee paccMarpuBaTrh
KOKOpHU h, = 2a/(, ). Takum ob6pasom, 060 BBHIGOD HEHYIEBBIX €, € Lo, a € &
OJTHOZHATHO ONpejieNaeT € o, € L_,, a € ®1, Takme, 9T0 [en,€_o] = ho. MHOXKECTBO
{eq, @ € ®; hy, a € TI} aBasercss 6a3ucom anre6psl JIu L, HazbiBaeMbiM Oasucom Beitsst.
[Ipu stom [hq, eg] = Aapgeg, e Aap = 2(a, B)/(a, ) € Z uncia Kaprana. CrpykrypHbie
KOHCTAHTBI N3 OLPENEIISIOTCS PABEHCTBOM [€q, €3] = Nogeq4s. Basuc Beitas moxHO HOD-
MHPOBATH TaK, YTOOBI BCe CTPYKTYPHBIEe KOHCTAHTHI N,g OBLIN IEJBIMH, B 9TOM CJIydae OH
HasbiBaercs 6aszucom Illesasune, a MHOXKeCTBO {e,,a € @}, — cucremoii IIlesasiie.

Jiig cucteM ¢ mpocThIMu cBA34aMu BeerJa Nog = 0, £1, Tak 9T0 HaM HY?KHO TOJIBKO 3a]UK-
CUPOBATH 3HAKU CTPYKTYPHBIX KOHCTAHT. MbI 3adpurcupyem mosioxkutesibHbIN Oa3uc [1le-
BaJlIe, KOTOPBII onpeJiesisseTcsa TeM cBOHCTBOM, 9T0 Nog > 0 i1 BCeX 9KCTpa-CIenualbHbIX
map, cM. [21], [24], [36]. Iyist cucTeM ¢ TPOCTBIME CBSI3SIME 9TO YCJIOBHE O3HAYAET B TOU-
HOCTH, 9T0 N,,3 = +1 Kax/plil pa3, Kak a; + [ € ® obiaagaer TeM CBOHCTBOM, UTO eCiH
o + v = a; + B 115 KaKoro-To pyHIaAMEeHTAIHHOTO KOPHS (vj U KAKOT'O-TO MOJIOXKATEIHHOTO
KOPHS 7Y, TO J > 1.

O6o3uaunm depe3 Q(P) permerky kopueit cucrembl P, a uepe3z P(P) — ee pemmeTky Becos.
Hanomuum, ato P(®) cOCTOUT U3 MEJIOUUCTEHHBIX JTUHEHHBIX KOMOMHAIU (DYHIAMEHTAIb-
HBIX BECOB W1, ... , W], KOTOPble 00pa3yiOT JBOWCTBEHHBIH 0A3WC MO OTHOIMEHUIO K 0a3uCy
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hays- -y hay, TI€, KaK y3Ke TOBOPUIIOCH, hy = 20/ (o, o). B gactaocTH, Q(P®) C P(®). Ilyctn
P — meroropas permerka, jexamiasa Mex 1y Q(®) u P(®). Kak obbrano, Py (P) obo3nada-
eT KOHYC O0OMUHAHMMHHLT TEIbIX BECOB, ABJIAIONUXCI HEOTPUIATEILHBIMA MEJI0YNCICHHBIMA
JINHENHBIMU KOM6I/IHaHI/IHMI/I Cl)yHI[aMeHTaHbHBIX BeCOB wWwi,... ,wW].

[TycTh, manee, R — koMmmyTaTuBHOE KOJIHIO ¢ 1. Kak u3BecTHO, 110 3TUM JaHHBIM MOXKHO T10-
crpoutsh rpynmy IlleBasie G = Gp(P, R), ABALIONIYOCS IPYIIIONH TOUeK HAJ| R HEKOTOPOIi
addurnOl rpynmoBoii cxembl G = Gp(®, —), HazsiBaemoit cxemoii [Tlesasine-/Iemasiopa.
B unrepecyomem Hac ciaydae ¢ = Eg, kak xoporno usectHo, [P(®) : Q(P)] = 3, nosromy
P pasro P(®) nim Q(P). Takum obpazom, npu & = Fg cymecTByeT jiBe TDYIIbI TOYEK
G = Gp(Es, R), a mvmenno mpucoenunennad rpynna Gaqa(Es, R) = Gp@)(Es, R) n oxmo-
ceasHag rpymna Gg.(Es, R) = Go@)(Es, R). IIpu 5ToM B cXeMHOM CMBICTIE IIPHCOeTHHCHHAS
IpyIIoBas cxeMa dBjsgercs (haKTOPOM OJIHOCBI3HON 10 cxeme 3. M3 3TOro, B 4acTHOCTH,
cJIelyeT, 9To ecau B noje K 1060l MHOTOU/IeH CTeIeH! He BBIIIE TPeX UMeeT KOPEeHb, TO TIPH-
COEJIMHEHHAS T'PYIIIa ABJIgeTCsd (PAKTOPOM OJIHOCBA3HOM 110 IIEHTPY, U30MOP(MHOMY TPYIIIE [i3
KyOuueckux kopueit u3 1: Goq(Fg, K) & Gs.(Fg, K)/ 3.

[Tycts Teneps G = G(P, R) ectb rpynma [lesasute Tuna ® na kouabiom R. Beibop 6a3uca
[MTeBasie 3aaer, B 9aCTHOCTH, paciienuMblii Makcnmasbabiii Top T = T'(P, R) B rpynne G
¥ TapaMeTpu3aIiuio KOPHEBBIX YHUIOTEHTHBIX moirpynn X,, a € P, OTHOCHTEJHLHO TOpa
T. QukcupyeM 3Ty MapaMeTPH3AIUIO, MYCTh Lo (E) — 37€MEHTAPHBI KOPHEBOW YHUIIOTEHT,
orBeuatomuit € ¢, £ € R. Ilpu sTom

Xo = {xa(g) | &€ R}

st semenToB x U y rpynnbl G uepes [x, y| 0bo3HATAETCS WX JIEBOHOPMUPOBAHHBIA KOM-
myTaTop zyxr Ly~ !, Kommyrammonnas dbopmyna IlleBamte yTBep:Kiaet, 9To

[@a(€) 25 (] = [ [ @iatss(Nagi&'n’),

Jutst Jiiobbix o, € & makmx, aro o+ B # 0, u £, € R. llpoussenenune B mpapoii gacTu
dopmyIiel Oeperca mo BceM KopHaM Buaa ta+ j0 € @, i, j € N, B HeKoTOpoM (DUKCHPOBAHHOM
nopajke. Ilpu srom cTpykrypuble KoHcTanThl rpynnsl Illesanne N,g;; He 3aBucar or { u
1. bouee Toro, Nogi1 = Nag CyTb B TOYHOCTH CTPYKTYPHBIE KOHCTAHTBI airedops! JIm L
B coorBercTByfomem OGazuce [llesasme. st cucTemMbl ¢ MPOCTHIMU CBA3SIMUA €IMHCTBEHHAST
MOJIOXKATEIbHAS JUHeHad KOMOUHAISA KOpHeil o U [3, KOTopas MOXKeT ObITh KOPHEM, 3TO
nx cymma « + (#. Takmm obpazom B 3TOM ciaydae KomMmyTanuonHasg opwmysrta lllesasre
npuHAMaeT BUX [T4(£), z3(n)] = e B cayuae, ecin o + [ He ABISIETCST KOPHEM, ¥ BHL

[2a(8), 25(n)] = Tays(Napén),

ecn « + 3 saBagerca kopuem. ['pynma E(®, R) = (X,,a € @), HOPOXKJIEHHAS BCEMU dJIe-
MEHTAPHBIMYU KOPHEBBIMHU TO/IPYIIIAMA, HA3BIBAETCS IJIEMEHTAPHOU MOATrPYyHNMOM rpyIi-
nel [TleBasute G(®, R). B nacrosimeit pabore Hac Oy/eT HHTEPECOBATH TOJBKO CJIydaii, Koraa
R = K — mosie. X0OpoIIo U3BECTHO, YTO B 9TOM CJydUae, ecjau panr cucreMbl P Oosbire 0, TO
Es(?,K) = Gs (D, K).

2. Moaynu Beiins

O6nraro Mbl paccmarpuBaeM rpyty [lesamie G = Gp(P, R) B7MecTe ¢ jeiicTBrHeM Ha MO-
nymne Beitns V = V(w) juist HekoToporo JoMuHAHTHOTO Beca w. Pukcnpyem Bec w € Py (P)
u nycrb V = V(w) — moaynb Beiig rpynnsl G co crapmuM BecoM w. COOTBETCTBYOIIEE
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upejcrasierne G — GL(V') 6yner obosznadarbest depe3 m = m(w). Yepes A = A(w) obo3na-
qaercss nabop BecoB Moy V = V(w) ¢ yuemom xpammuocmu. Jast 0603HATEHHST MHOMCE-
cM6a BECOB, PACCMATPHBACMBIX 6€3 KPATHOCTH, MBI 0OBITHO GymeM mucath A(w). B macto-
stimeil pabore Hac OYJyT WHTEPECOBATH, TJIABHBIM 0OPa30M, TOJIHKO MUKDOBECOBBIE MOJLYJIH,
cm. [34], [37], [35], [45] u comepkammecss Tam cchbKu. JIjist MEKPOBECOBOTO ITPeJICTaBIEHHST
BCe Beca 9KCTPEMAJbHBI U, 3HAUAT, HMEIOT KPATHOCTH 1, Tak 4To B 3TOM ciydae A = A(w)
coBuagaer ¢ BeitmeBckoit opbuToii crapirero Beca, A = Ww.

B jlasibHedimeM Mbl (pUKCHpyeM JOMYCTHMBIH 6asuc v, A € A, momyns V. Hamomumnwm,
q9TO0 6a3I/IC Ha3bIBa€TCA AOIIYCTUMBIM, €CJIN BBIIIOJIHAIOTCA JBa CJACAYIOIMNX YCJIOBHAA.

o Kasxaplii BEKTOp v JeifCTBATEIHHO SBJISETCS BEKTOPOM BECA \, €CJIN PACCMATPHBATH \
KaK BeC 0e3 Kpammocmu.

e JleiicTBre KOPHEBHIX YHUTIOTEHTOB To(£), a € ®, & € R B 6asuce v*, A € A(w), 3amaercs
MaTPUIIAMH, JIEMEHTHI KOTOPBIX CYTh MOJUHOMBI OT & C MeJbIMA KOI(MDDUITMEHTAMU.

Jlemma Mamywmoro, cm. [34], [37], yrBep:kaaer, 9T0 Jjisi MUKPOBECOBBIX ITPEICTABICHUI
MO>KHO TaK HOPMHPOBATH JIOMYCTHUMBbIH 6a3uc, 9TO0bI

za(€)0 = v} + eranEo?e,

TJle BCe CTPYKTYPHBbIe KOHCTAHTHI JI€HCTBUS C)yq, ) PABHBI 1. OOBIYHO 3TH KOHCTAHTHI 000-
3HAYAIOTCH C)q, OJHAKO HaM OyzeT yno0Hee MCIIOIb30BaTh 0D03HAMEHWE Ch4q,)\- B JamabHeii-
IITeM MBI BCET/Ia BHIOMpaeM KPUCTAINIECKU 6a31c, B KOTOPOM BCE CTPYKTYPHBIE KOHCTAH-
TBI Cx4q,\ PABHBI +1 JJjId IPOCTBIX B OTPUIATEIBHBIX MPOCTBIX KOPHeH, T.e. Cxta,x = +1,
ecin o € £I1. TIpm a1oM c) 45,0 Oymer paBrO +1 gt Bcex A, A+ 0 € A. CymecrBoBanue Ta-
KOTO Dasuca BbITeKaeT u3 obiux pesynabraroB Jx.J/lroctura u M.Kamusapa, ssiemenTapubie
JIOKa3aTesbCTBa npuBenenbl B [10] u [45].

MBI MBICIEM BeKTOp a € V, a = Y. v ay, Kak cmoabey, KoopmuHaT a = (ay), A € A.
[Ipu sToMm 3jieMeHT b KOHTparpaJueHTHOrO MOy V* ecTeCTBEHHO IPEICTaBIATh cebe Kak
cmpoky b = (by), A € A. Pasymeercs;, o oTHOmeHno K Becam A* KOHTparpaj@eHTHOrO
mMomysst V* kapruHa obparHast: sseMeHThl V¥ nipegcraBisiiorcst cmoabuyamu b = (by), A € A*,
a syieMeHThl V — empokamu a = (ay), A € A*. Tloaromy MBI erie pa3 obpaiaeM BHUMAHUE HA
TO, YTO MBI HHIEKCUPYEM KaK CTOJIOIBI, TAK U CTPOKU BecaMu MOAYAd V — WHIEKCHI A\, [, V U
1.7 npuHagIexkar A. VabpiMu cioBamu, HaM yaI0O0HO HYMepOBaTh KOOPAWHATHI BeKTOpa u3 V'*
BecaMu MOJyJst V U 3aliChIBATH UX KaK CTPOKH — B TO BPEMsI KaK OOBITHO OHM HYyMepPYIOTCS
BecaMu caMoro Mojyasd V* u 3alUChIBAIOTCSI KaK CTOJIOIHI.

OuH U3 TPUHIUIAAIBHBIX TEXHUYECKHX MOMEHTOB COCTOHUT B TOM, UTO 3JIEMEHTBHI STHX
CTPOK SIBJISIOTCS He JIMHEHHO YIIOPSIOUeHHBIMHA, a JIUIIh YaCTUIHO YIIOPSIOUeHHBIMHA, B COOT-
BETCTBHUU C TOPSAJIKOM Ha A, 3a1aBaeMbIM BBIOOPOM cHCTeMbBI TPOcThiX KopHeit I1. A mmenHo,
MBI TIOJIAraeM, 9TO0 A > [, eciid X\ — [ = »_ my;ay, rae m; > 0. Tlpu onwcaHHoi BbIe WH-
TepIpeTaIuu JIEMEeHTOB Moy s V' anemeHTbl rpynnbl [lleBasie ecTecCTBEHHO MBICIUTH KakK
mMarpunsl ¢ = (gau), A, ¢ € A, mo orTHOmEHHIO K Gazucy v*. Kax 06BIYHO, CTOIOIIAME 3TOl
MATPHIIBI SIBJISIOTCS CTOJIOIBI KOOPJAMHAT BEKTOPOB gu*, 1 € A, 1o oTHOIMEHNIO K 6a3ucy v,
A € A. MbI 6ysieM 9acTO TOJIB30BATHCS CJICYIONTIM 0O03HATEHUEM: L-i CTOJIOEI] MATPHIIBI g
OyzeT 0b603HAUATHCSA 9ePe3 (s, a A-A CTPOKa — 9epe3 (i«.

B macrosimeit pabore Mbl paccmarpuBaeM rpyminy Gg.(Eg, R) BMecte ¢ jeficTBuem Ha 27-
mepaOM Mogyie V = V(wi). CooTBeTcTByIOIiee MpeCTaBIeHne SBIISIeTCs, KaK XOPOIO M3~
BECTHO, MUKPOBECOBBIM. K COXKaJIEHNI0, 9y Th JaJbIle HAM MOTPEOYI0TCsT HEKOTOPhIe CBOMCTBA
CHUCTEMBI BECOB, HE COBCEM OUEBHIHBIE M3 MaHHOTO Bhime omucanus A. ITosromy ceituac mb
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IpUBEJEM IyTh JIPYTYI0 KOHCTPYKIUIO 3TOTO MHOXKECTBa. A HMEHHO, PACCMOTPHM CHCTEMY
kopHeit A = F7. O4eBHIHO, ITO MOICUCTEMA, COCTOAIAS U3 KOPHEeH, HMEIOINX B PA3JI0XKe-
HHUHM Ha IPOCThbie KOpHH Kodddunuent 0 mpu «r, KaHoHnmdecku m3omopdua ® = Eg. Ilycthb
A1 — MHOXKECTBO KOpPHEil, IMEIONNX B PA3JIOXKEHUH HA, IIPOCThIe KOPHU Kodpdunment 1 mpu
ar7. Ha mux cranmaprabiM obpasom geiictByer rpymnma We = (wq,;1 < i < 6). Hecioxno
BUJIETH, ITO 3TO JEHCTBWE TPAH3UTHBHO. IlycTh  — OPTOrOHAJIBHAS TTPOEKIIMS Ha THITEp-

_ 234321
= 250
BaMernM, ITO v OPTOrOHAJEH KOPHAM «v; mpu 2 < i < 6 u obpasyer yroa 7/3 ¢ ay. Unaue

rosops, (o, 1) = 1/2 u (,;) = 0 ipu 2 < ¢ < 6. Orcroa, TOCKOIBKY o — @ L oy mpu
1 <1 <6, citesryer, 9To & = Wy — NEPBBIN pyHIaMeHTa LB Bec. [loaTromy mosrydaem, aTo
A=Ww, =Wa=Wa=A,. Heciio:xHO BUJIETh, YTO HPOEKIMs , OrpaHudeHHas Ha Aj,
sapisiercsd oueknueii. [Ipu srom ona, 110 OUE€BUIHBIM COODPAYKEHUIM, COTJIACOBAHA C JEHCTBU-
eM rpynmbsl W u ¢+ 3 = ¢ + 3 naa apousBossHbIX € & u ¢, ¢ + € A;. Takum o6pasom,
MOXKHO OTOXKeCTBUTH MHOKecTBa A m A;. Hamuoro 6osiee mogpobHO, 1 Ha HECKOJIBKO IPYTOM
sI3bIKe, 9Ta KOHCTPYKIWs JaHa B [7]. Tam ke MOXKHO HalTH MHOTOUYHC/JEHHBIE JTaJhHEHTne

ILJIOCKOCTh, HATAHYTYIO Ha KopHH «; mpu 1 < ¢ < 6. PaccmMoTpum KopeHb «

CCBLUJIKHM HA JIATEPATYPY.

Jna ymobcrBa pabOTHI ¢ WHTEPECYIOMHUM HAC 27-MEePHBIM TPEJICTaBICHHEM T'DYIIIbI
Gs.(Fg, R), crout 3amymMepoBaTh ero Beca. Kak y»Ke rOBOPHJIOCH, HA MHOYKECTBE BECOB
€CTECTBEHHBIM 00PA30M BBOJUTCSH YaCTHUYHBIA MOPSJIOK; PACCMATPUBAIOT OOBITHO TOJIHKO T€
JINHEWHbBIE TOPSIJIKA, KOTOPbIE COTJIACOBAHBI ¢ 3THM YAaCTUIHBIM. (JHAKO TAKUX TOPSIKOB
JIOBOJTBHO MHOT'O, U MbI, 9TOObI M30€>KATh ITyTAHUIII, TOMBITAJINCH KAK MOYXKHO MEHBIIE UC-
OJTh30BATH KOHKPETHYIO HyMepanuio. A WMeHHO, BCIOIY, KpoMme §6, HaM JIOCTATOIHO TOTO,
9TOOBI MOPSAJIOK OBLI coryiacoBan ¢ As-BerBiienuem (cM., HampuMep, [7]). DTo o3HAUAET, UTO
i+21=1i—0 nua Becex 1 < i <6 (37ech MBI JIOMYCKaeM HEKOTOPYIO HETOTHOCTD, TIyTas Beca
W WX HOMEpa: WMeeTCs B BUJLY, UYTO €CJIU K BeCcy ¢ HOMepOM i + 21 mpubaBuUTh KOPEeHb 0, TO
HOJIYIUTCS BEC ¢ HOMEPOM 7). DTO YCJIOBUE OJHO3HATHO OMPEJIEJISIeT, YINThIBAT UMEIOTHHCS
JaCTUYHBIN TMOPSJIOK, IEPBYIO W TOCJIEIHIOI BOCbMEPKHU BecoB. B mecrom maparpade, K co-
JKaJIEHWIO, HaM TIPUXOJIUTCA UCIIOJIH30BaTh BCIO HyMepaluio. Vcrosb3yemblit HaMu TOPSI0K
HECKOJIBKO OTJINIAETCS OT MOPSIJIKOB 13 [7]; COOTBETCTBYIOIIAs BECOBasI A@arpaMMa IpUBe/IeHa
Ha, PHUC.:

Kak 00b19H0, BEPITUHBI JUATPAMMBI COOTBETCTBYIOT BECAM; JIBE BEPITUHBI COeTUHEHBI Ped-
POM C HOMEPOM %, €CJIT PA3HOCTh COOTBETCTBYIONIUX BECOB €CTh MPOCTOM KOPEHD ;; ~MapaJi-
JieJibHBbIE” pebpa COOTBETCTBYIOT OJIMHAKOBBIM MPOCTHIM KOPHAM. BoJjiee mojapobroe onucanue
BECOBBIX JIMATPAMM BMeECTe ¢ UCTOPUIECKON CIPABKOM U TaIbHEHIITMMHI CCHIIKAMU Ha, IMTePa-
Typy MoxkHO Hajitu B [7]. Uepes €', rae i € A, B qambreitniem GyyT 0603HATATHCS Ha3UCHDIE
BEKTOPa MPOCTPAHCTBA V'; COOTBETCTBEHHO, OA3MCHBIE KOBEKTOPA OYIyT 0603HAYATHCA depe3
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e, e i € A.

3. Tpunuueitnas ¢dpopma u 3-dpopma

[Iycts V = V(wy) — 27-mepubiit Mojayab st rpynmbst [esamie G = Gy (Eg, R). Torma
cymectByer TpuiauaeiHasgs ¢opma F @V x V x V — R, takast, aro G SBJISETCS TPYIIIOi
uzomerpuii F', T.e., wabiMEU cioBamu, G coBnajaer ¢ rpynnoii Bcex g € GL(V, R), takux, 910
F(gu, gv, gw) = F(u,v,w) njis Bcex u,v,w € V.

Buepsoie dbopma F' nmogBuiachk B paborax /lukcona B 1901 roxy. B manbHeiiniem ee akTUB-
HO m3ydasu m ucnoib3oBaan llesasre, @peiinenrans, Cupunrep, Turc, Cenurman, [Ixe-
kobcon, Penpakamn, Kosn, Kynepcreitn u muorune apyrume (em. [7] w [6] qus gasbreitmmx
CCBLIOK). BHauajie oHa W3ydasach HaJ MOJSMHU HYJEBOIl XapaKTEPUCTUKHU, a B JaJbHeimem
Ob11a 0600ITIeHa Ha TPOM3BOJIHHBIE TTOJIS C XapaKTEePUCTUKONW He paBHO 2 u 3. Anpuopwu npu
HeOOPATHMBIX 2 WJIM 3 MOTYT BO3HHKATh MPOOJIEMBI, OJHAKO, KaK Mmoka3as Ambaxep [24], [25],
[26], [27], [28], [29] aTorO He Hpoucxoaut. Bosee Toro, kak mokazano B [187], dopmy F' MoKHO
paccMaTpuUBaATh HAJT TPOU3BOJIBHBIM KOMMYTATHBHBIM KOJIBIIOM, HO B HACTOSIIEH pabore HAC
WHTEPEeCyeT TOJTBKO CJIydail moJid.

B seiictBuresnibrocTH, Ambaxep B cBoux paborax ucnosb3yer 3-bopmy § = (T, Q, F), rue
T — xybudeckas ¢popma, () — ee YacTUIHAS MOIsIpU3aIusi, a F — ee TMOJIHAS TTOJISIPA3ATHASI.
Boutee moipo6Ho, 3-bopma § — aro Tpoiika (T, Q, F), Takas, aT0:

(1) F — rpuauneitnas dbopma;
(2) Q : V xV — K juHe#dHO TO TepBOH MepeMEHHOW W yJOBIETBOPSIET PABEHCTBAM
Q(x,ay) = a®>Q(z,y) 1 Q(z,y+2) = Q(z,y) + Q(x,2) + F(x,y, 2) naa Bcex a € K u
x,y,z €V,
(3) T:V — K ynosaersopsier pasercrsam T'(az) = a®*T(x) u T(x +y) = T(z) + T(y) +
Q(x,y)+ Q(y,z) nisi Becex a € K m z,y € V.
B gactrocTH, B cBomx paborax Ambaxep MOKa3bIBAET, YTO HAJ| ITPOU3BOJBHBIM MTOJIEM TPYII-
na Gg.(Eg, K) coBuasaer ¢ rpynnoit uzomerpuii 3-hopMbl § U, KpoMe 3TOro, ¢ IpyHIIaMu
m3omerpuit popm F um (). B macrosmeit pabore, kpome TpusmHeiHONH (Gopmbr F, MbI mC-
MTOJIb3yeM, B OIPEJIEJIEHUN CHHTYJISPHBIX BEKTOPOB, hopMy (). DTO C/ieJlaHO It TOTO, ITOOBI
eIMHO00OPA3HO PACCMATPUBATE MOJS JTIO0O0 XapaKTePUCTUKH.

Tounstii But popmbl T (moadTHO, 9T0 110 T hopMBbI ) U F' JIETKO ONPEJIEISIIOTCS ) BBITHCTIEH
B pabote [7], OlHAKO, TIOCKOJIBKY B HACTOSIIEH paboTe 9yTh JApyTasi HyMepalus BeCOB, Mbl ee
TOYXKe TpuBeieM. A WMEHHO,

T(x) = 21X11T27 — T1T15T26 + T1T18T25 — T1XT20T24 + T1T21223
— T2X10T27 + T2X14T26 — L2T17L25 + T2XL19T24 — T2T21T22
+ T3T9T27 — T3T13T26 + T3T16T25 — T3L19T23 + T3T20T22
— T4X8T27 + T4T12X26 — T4T16T24 + T4T17223 — T4L18T22
+ T5X7T27 — T5T12T25 + T5X13T24 — T5T14%23 + T5T15T22
— TeT7T26 + TeL8T2s — TeX9T24 + TeT10T23 — TeL11X22
+ T7T16%21 — T7X17%20 + T7T18T19 — TL13T21 + T8L14X20
— T8X15T19 + T9T12T21 — L9T14X18 + T9X15T17 — T10L12T20
+ 10213218 — 10215216 + T112L12T19 — 1121317 + T11214T16-

st 6OaBIIMHCTBA HHTEPECYIOMUX HAC BOITPOCOB, OJIHAKO, JOCTATOYHO 3HATh, uTo 1'(T) =

> +x,2,2,, TOe cyMMa OepeTcs Mo BCeM HeYIOpsAAOdIeHHBIM mpuadam {p, o, T} (Tpuamoi
10



HA3BIBAETCS TPOKA MOmapHO jajiekux BecoB, cM. [20, §2] ). CoorsercrBenno, F(x,y,z) =
> *x,ys 2y, THe cyMMa Gepercs MO BCeM YIOPsAOUYeHHBIM TpuazaMm (p,o,T), a Q(z,y) =
> +%,Ysy-, TAE cyMMa Gepercs mo BceM TpuagaM (p, {0, 7}), B KOTOPBIX mapa, COCTOSIIASI
W3 BTOPOIO W TPEThEro Beca, HeynopsijjodeHa. bBosee moapobHo 006 3TOM ToBopuTes B [7).
Hakomnerr, Heo6xo/iuM0O OTMETHTH, YTO TOYHO Takas »Ke (popma jeficTByeT u Ha JBOWCTBEHHOM
MomyJsie V'*, 3jieMeHThl KOTOPOrO MBI 00O3HAUaeM CTPOKaMH. Ty (DOPMY MbI TakxKe OyaeM
obozuauarh yepe3 § = (T,Q, F).
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§2. Ucnosb3yembie yrBepxKaeHus u3 [20]

Hacrosimast crarhst siBiIsieTcst mpojioJizKeHrneM paboThl [20], ¥ Mbl 9acTo OyeM CChLIaThCs
HA yTBEpPXKJEHUS u3 TOi paboTwhl. Jljag ymobcTBa MBI B 3TOM maparpade MepedncnM Bce
ucob3yeMbie (pakTel 1 0603HaueHus u3 [20]. CTouT oTMETHTH, UTO BCe ITU (HDAKTHI, KPOME
TPeX TeopeM W JieMMbl 4.2, SBJISIOTCS COBEPITEHHO 3JIEMEHTAPHBIMUA U JIETKO MOTYT OBITH
JIOKa3aHbl camocTosiTesbHo. Cehbulkn Ha yTBepKaernst w3 [20] 6yayT B jajbHeiinieM uMerh
BUJL [yTB. 6].

1. O KopHsX U Becax s

ITycrh we(t) = Ta(t)z_o(—t7 ")z (t) € Goe(Es, K), a rpyuna W, nasbisaemasi Daciupen-
noit rpynmoit Beitis, pasna (wy(1); € ®). Xopomio uzsecto, uto we(1)zs(a)wa (1)1 =
Tw,p(Ea) maa Beex o, € ® = Eg u a € K. Cormacuo [20], momoxnm I = {p;p,p —a €
ALIS = {psp € Apta ¢ A}y u IS = {p;p,p+ a« € A}. Hecnoxuo BUIETH, UTO
IPH COIPSXKEHWU IIPU HOMOIM wg MHoxecTBa I{, I3 m 1§ nepexondar B Iiu s (a),I;U @) g
I;Uﬁ(a) cooTBeTcTBeHHO. I[losoxkmM Takke [; = If,]z = Ig n Iy = Ig. Nuadge roBops,
L={i;1<i<6},[p={;6<i<22}ml3=1{i;22<i<27}.

Ounpenenenne. Paccrosgnue Mexjy pasjddHBIMEA Becamu | u j, obozHauaemoe d(i,j) —
3TO MUHUMAJbHOE KOJIMYECTBO KOPHEi, cCyMMa KOTOPBIX paBHAa pas3HocTH ¢ — j. KEcim Beca
COBIIaJaI0T, TO PAaCCTOAHUE MEXKIAY HUMU CHUTACTCA PaBHBIM 0

CuencrBue u3 yrBepxkaenusi 2 pa6orser [20]. Iyemov p € I uw o € IS. Tozda ecau
d(p,o)=1, mo p=oc+ .

VYrBepxkaenue 4 paborsl [20]. [Tycmo o, 3 € & — npoussosvhve kopru u i,j € A —
eeca, makxue, umo i + 3 = j. Toeda:

(1) Veaosue o = 3 pasmocuavro momy, wmo i € IS, a j € I,

(2) Yeaosue Z(a, B) = w/3 pasnocuavro momy, wmo aubo i € I, a j € 1§, aubo i € 1,
aj € I, Ilpu amom oba cayvas ecmpevwaromca no mpu pasa.

(3) VYeaosue Z(a, B) = 7/2 pasnocuavno momy, wmo aubo i,j € I{, aubo i,j € IS,
aubo i,j € IS, Ilpu smom nepewi u mpemuil cayuwau GCmpewaromces 0dun pas, a
6MopPotli — uemoipe pasa.

(4) Yeaosue Z(a, B) = 27/3 pasnocuavro momy, wmo aubo i € IS, a j € I, aubo i € 1Y,
aj € 1. Ilpu amom oba cayvas ecmpevwaromca no mpu pasa.

(5) Yeaosue a = —f pasnocuavrio momy, wmo i € I{, a j € I§.

VYrBepxkaenue 5 paborsi [20].

(1) B unmepecyrowem nac 27-meprom npedcmasieHul, PAcCMOARUE MEAHCOY BECAMU MO-
otcem 6vimov pasro moavko 0, 1 uau 2. /s arobozo seca cywecmsyem posro 16 secos
na paccmoanuu 1 om nezo u 10 8ecos na paccmoanuu 2 om Heao.

(2) [ d6yxr npouseosvHur 6€CO8 HA PACCMOAHUY 2 cyulecmsyem posHo 00uH 6eC Ha
paccmoaruy 2 om Hux 060uT.

(3) ITyemv o € & — npoudsosvuvili Kopensv, a ¢1, P2, p3 € A — npoussosvras mpoi-
ka eecos, makux, wmo d(¢1,p2) = d(¢1,d3) = d(¢a, ¢3) = 2. Toeda aubo ece ¢;
npunadaescam 15, aubo odun us wuxr npunadsescum 17, odun — I uw odun — I§'.

Samevanue. Beca Ha paccrosHum 2 HA3BIBAIOTCS HAMU JaseKumu, a Ha paccTogawu 1 —
bauskumu. Tpoiikyu momapHO JTajleKHX BECOB YaCTO HA3BIBAIOTCA Mpuadamu.
12



VYrBepxkaeaue 6 paborsr [20]. I[Tycmo o € & — npoussosvHvill KOpeHs.

(1) Jna npouseoavrozo wkopua 3, 0pmo2onaAvHO20 (', W3 NEPECMABAAET MECTAMU
Kaxue-mo dea seca uz Iy, a npouue seca uz I ocmasasem HenodeuNCHHLMU.

(2) Jasa npoussoavrozo eeca p € I cywecmesyem poeno dsa eeca py,pz € I, darexur
om p.

(3) Ecau dsa seca p € 1§ u py € I danexu, mo 6eca p u p1 — a makoce danrexu.

(4) Jasa npoussoavhoii napwv. eecos pi, pe € IY, cywecmeyem posno odun eec p € IS,
danrexuti om HUT 0boux.

(5) ITyemov p,o € 1§ — npoussoavnue seca u {p1,p2}, {01,002} — coomeememeyrousue
um, no nyukmy (2), napw eecos uz I{'. Tozda d(p,0) = 2 pasnocusbHo MoOMY, ¥MO

{p1,p2} N{o1,02} = 0.

JIlemma 2.1 paGors! [20].

(1) ITyemw o, B € @, npuvem o L (3. Hanee, nycms p — makoii eec, umo p+a u p+ 5 —
maxotce eeca. Tozda

Cp.ptalpta,ptatf = Cp,p+BCp+B,p+ats:

B wacmnocmu, p+ o + 3 mosice AGAAECMCA GECOM.
(2) ITyemwv o, B,y € @, npuvem o L B,y u Z(B,v) = 2w /3. Hanree, npednorostcum, wmo
cywecmeyem maxot eec o, 4mo o + o, 0 + B,0+ [+ v € A. Toeda

Co,0+BCo,0+8+7Co+B,0+0+y = Cota,otatBCota,otatBtyCotatB,otatBfty:
B wacmmnocmu, ece amu eeca cyu,ecmeyom.

2. O cuHryJasspHOCTH

Ounpenenenne. BekTop v HA3BIBAETCS CHHTYJISIPHBIM (OTHOCHTEHHO 3-DOPMBI §), €Ciin Jjist
JF000T0 BEKTOPA X BBIMOJIHSAETCST paBeHCTBO Q(z, v) = 0. TloAmpocTpaHCTBO HA3BIBACTCS CHH-
TYJISPHBIM, €CJIM JII000i ero BeKTOp cuHrysispeH. Paccrosnue Mexxjy ABYyMS Pa3jiudHbIMA
CHHTYJISIPHBIMA BEKTODaMU U U v, obo3Hadaemoe d(u, v), HOJIAraeTcsi pABHBIM 1, eCIH BEKTOD
U — U CHHTYJISIPEH, U 2 B IIPOTUBHOM CjIydae. B mepBoM ciiydae BeKTOpPa HA3BIBAIOTCS OJIU3-
KHMH, & BO BTOPOM JaJeKUMHU. Ecim u = v, To paccTogare MeXKJy HUMHA CIATAETCSI PABHBIM

0.

[MockombKy Jobas marpuna A € Gy (Eg, K) coxpanser dopmy F, TO OHa CHHTYJISIDHBIE
BEKTOpA IIePEBOIUT B CUHTYJISIDHBIE, a HECUHTYJIsIpHbIe — B HecUHTyIspHbIe. CreoBaTeIbHo,
Marpuma A coOXpaHSIeT PaCCTOSTHEE MEXKIY BEKTOPAMHU.

VYrBepxkaenue 7 paborsi [20].

(1) ITyemv u — cuneyaapuuii eexmop, u p — nekomopud eec. IIpednosostcum, wmo das
npoudsoavHoz0 eeca o € A, dasexozo om p, Koapduuyuenm u, pasen 0. Tozda sexmop
U 6AU30K K eP.

(2) ITyemv v — cunzyasaphod eexmop, bauskull k bazuchomy eexmopy eP, u nycmv o €
A — npoussorvunii sec, darexuti om p. Toeda u, = 0.

JIemma 2.2 pa6orsr [20]. ITyemv u u v — 064 6AUBKUT CUHRYAAPHUL 6EKMOPA, NPULEM
u € Vi. Toeda u,vs—s5 = UgV,—s 0as ecex p,o € I;.
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Vreepxkaeaue 13 paborwr [20]. ITycmo u — cunzyaapuodi eexmop ¢ V, a p € A —
nexomoputi 6ec. IIpednonrosicum, wmo u, # 0, a u, = 0 daa ecex 6ecos o, bAUIKUT K p.
Tozda u = u,e’.

3. KopHeBbIe 3JIeMeHTBI

B [20] ormedasioch, 9T0 ecan g — KOPHEBOI 3JIEMEHT, TO g — € MPUHAJJIeXKUT aaredpe JIn
1, CJIeJI0BaTeIbHO, MOXKET ObITh pas3JyioxkeHo mo 6azucy IlleBasiie. Bmenmewm, g ymobcTBa,
caeayroriee 0003HATEHHE.

Oupenenenune. Byjaem nasbiBaTh KOOPAUHATON KOPHEBOrO JIE€MEHTA ¢ (MJIM MATPHUIIHI
g) nupu KopHe o € & = E u obo3nagars depe3 (a), k0abunmenT npu e, B PasIoKeHnH
snemenTa g — e o bazucy llleBasure.

JIemma 3.1 paborsr [20]. [Tycmo g — kopuesot saemenm. Tozda

(1) gpyp =0 daa amobwx ¢,vp € A, makux, wmo d(¢, ) = 2;
(2) Goyp = Cop(P — 1)y dna mobux ¢, € A, maxuz, wmo d(¢,v) = 1.

Teopema 1 paborsi [20]. ITycmv g — kopuesoti snemenm epynnove Gg.(Eg, K), a € & =
E¢ — makot xopeno, wmo (o) # 0, a X maxot sec, wmo A\, A\ + a € A. Tozda nepemennuvie:
(a)g, 6ce (B)g, makue, wmo Z(a, f) = /3 (marux xopued [ posno 20), u grx, Asraomca
HE3A6UCUMBLMU U 00HOZHAUHO ONPEICAAIOM. .

B jokazarenncTBe Teopembl 1 B pabore [20] mMOKA3BIBAIOCH, B YACTHOCTH, UTO €CJIH § —
KOpHeBoii syement u (a), # 0, To g MOXKeT OBITH TpejcTaBIeH B Buje fxo((a),)f~t, Tme
[ ecTb mpon3BesieHNe HECKOIBKIX JEMEHTAPHBIX KOPHEBBIX 3j1eMeHTOB Zg(a), Tae a € K, a
L(a, B) > 27/3.

JIJ1s1 KOpHEBOTO jieMeHTa g 0003HAUUM uepe3 V'Y mecTuMepHoe ToanpocTpancTso Im(g —
E). Nuave roBOpsi, 3TO MOIIPOCTPAHCTBO, TOPOXKIEHHOE BCEMU CTOJONAMA MATPHUIBI g — F.
B nanpmeiimenm HaM TakzKe IIOHaJ00HTCH IIeCTHMepHOe IOoAIpocTpaHcTBO V, < V™, mopox-
JICHHOE BCEMU CTPOKaMu MaTpuilpl g — F.

JIemma 3.5 paborsr [20]. ITycmb g — KopHegotd ssemenm u o — NPouU36oAbHbT KOPEHD.
Tozda caedyrowgue ymeeporcoeHus IKEUBANCHIMMHDL:
(1) (a)g #0;
(2) wecmv cmoabyos (g — E)y ;. 2de p; € 1§ u 1 < i < 6, nopootcdarom wecmumeproe
npocmparcmeo VI;
(3) 6 VI cywecmsyem 6asuc {v'}S_,, maxoti, wmo vij =0;,20e 1 <i<6, N\ €Iy u
1<j<6.

4. KopHeBbI€ 3JIEMEHTHI I CUHTYJISPHBbIE MOAIIPOCTPAHCTBA

Jlemma 4.2 pa6otst [20]. Tycmo n = 1,2,3,4 uau 6, {u'}?_, — nexomopuie cunzyrapmoie
6eKMOpPa, 06PA3YIOULUE N-MEPHOE CUHYAADHOE nodnpocmpancmeo. Jlasee, nycmo cyulecmey-
em maxoti KopeHsv o, 4mo ug\j = ¢\ )z —alij, 2de Nj € 1T, 1 < i < n,1 < j < 6. Tozda

cyuecmeyem maroti Kopruecoti aaemernm h, wmo hy x,—o = u’.

Teopema 2 paborsr [20]. ITycmo n = 1,2,3,4 uau 6, {u'}"_; — nexomopue cunzyasp-
HBLE 6EKMOPA, NOPONCOUOULUE N-MEPHOE CUHLYAAPHOE NOONPOCTPAHCME0. JlAd Npouscoss-
H020 MAbOPa CuNYAAPHHT 6exmopos {v' 1|, noposicdarowur n-meproe cunzyaaproe nood-
npocmpancmeo, cyuecmeyem mampuua g € Gye(Eg, K), maxaa, wmo u® = gv® npu i < n,5.
Ecaun =6, mo ub = agv®, ede a € K*.
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CaencrBue u3 teopembr 2 paborwl [20]. Joboe wecmumepnoe cunzysaproe noonpo-
CMPArCmMB0 COOMBEMCMBYEM HEKOEMY KOPHEGOMY aremenmy. Jobuve wemuvipexr-, mpex-,
08YT- U 0OHOMEPHBLE CUHRYAAPHBIE NOONPOCTMPAHCINGA AEHCAM, 6 KAKOM-MO ULECTNUMEPHOM,
00HAKO CYWECNBYIOM UCKANUUMEALHBIE NAMUMEPHBLE CUH2YAAPHBLE NOONPOCTPAHCMEA, He
AedACaUUE HU 8 00HOM WECTNUMEPHOM CUHYAADPHOM TOINPOCMPAHCIMEE.

Onpenenenne. Ilycts mapa KOpHEBLIX JIEMEHTOB ¢ U h cOIpsiKeHa Iape 3JeMEeHTapHBIX
KODHEBBIX 3JIeMEeHTOB T, () U x3(-). Torma yriom mexkay KOPHEBBIME djieMeHTAMU ¢ U h
HA3BIBACTCS yTOJ MEXKY KOpHsSIMHU v 1 [3.

Vreepxkaeaue 12 paborwr [20]. ITycmo danwve dea kopueswir saemenwma g u h. Tozda
noHAMUE Y240 ONPEeJeNeHO KOPPEKMHO U BBNOAHACNCA POSHO 00UH U3 CACOYOULUT CAYUAEE:
(1) ecau VI =V" mo Z(g,h) =0;

(2) ecau dim(VINVH) =3, mo Z(g,h) = 7/3;

(3) ecau dim(VINVH) =1, mo Z(g,h) = 7/2;

(4) ecau VINVH =0 u cywecmsyem wecmumepnoe cunzyaaproe nodnpocmparcmeo W,
maxoe, wmo dim(V9 NW) = dim(V* N W) =3, mo Z(g,h) = 27/3;

(5) ecau VI N VI =0 u dasn npouszeoavrozo sexmopa v € VI cywecmeyem posno odun,

¢ mounocmvio do kpammocmu, eexkmop u € V", maxoti, wmo v + u cuneyaapen, mo
Z(g,h) =m.

Teopema 3 pa6orst [20]. Oduy napy Kopresvr nodepynn MoHCHO NEPECECTNU CONPANCEHU-
em npu nomouwyu aremenma u3 G(Eg, K) 6 dpyeyro napy, ecauw u moavKo ecau yeav, merHcoy
ANEMEHMAMU KANHCIOT NAPYL PABHBL.
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§3. Hekoropbie NOATPYIIIIbI

B srom maparpade MbI pacCMOTPHM HECKOJIHKO Toarpytn rpymmbl G = G (Fg, K), nc-
MOJTb3YEMBIX B JaJIbHEHITeM, U MOKayKeM HEKOTOPBIe OOINre CBOWCTBA 3JIEMEHTOB 3TUX ITOJI-
TPYTIIL.

1. IToarpynna auaroHaJbHBIX MaTPUIL

[Mycte T'={A € Gy (Es, K);i # j & A;; = 0} — noarpymna [uaroHaJIbHBIX MATPHIL.

Jlemma 3.1. ITycmv A — npoussosvras duazonarvras mampuua pazmepa 27 x 27. Tozda

A € T mozda u moavko mozda, kozda dasn kaxncdot mpuadv {p, o, T} BONOAHACMCA PABEHCMEO
AppAseArr = 1.

Jlokazameavcmeo. Kak mbi ropopuim B §1, rpynma Gg.(Eg, K) coBmagaer ¢ Tpymmoi
uzoMerpuii TpusmHelHoil dopmer F. B uwacrtHoctn, ecim A € T, 1o F(ef,e%,e™) =
F(Aef, Ae?, Ae™) = A,pAvcAr-F(eP,e%,€7), 9r0 10Ka3bIBAET yTBEPXKEHNE CJeBa HAIPa-
BO, TIOCKOJIbKY F'(eP e?,e™) # 0. s noka3aresibcTBa B 06PATHYIO CTOPOHY HAJO MOKA3aTh,
aro F(x,y, z) = F(Az, Ay, Az) nig Beex x,y u z. [lo TUHEHHOCTH, JOCTATOYHO TIOKA3ATH ITO
JUTS CJTydasi, KOTja &,y U z — Oa3ucHble BeKTOpa. llo mpeamosokenuio, Tpebyemoe paBeH-
CTBO BBIMIOJIHSETCSI, KOT[a Beca, COOTBETCTBYIONINE T,y U 2z, 00pa3yoT Tpuaay. B mpoTuBHOM
ciydae B 00enxX 9acTsX PaBeHCTBA CTOAT Hyjau. Takum obpasom, F(z,y, z) = F(Az, Ay, Az)
JIJIS BCEX T, Y U 2, YTO U TPeDOBAJIOC.

Hanomunwm, aro, 1o [yTB. 6], /st Mpon3BOJIbHOTO Beca u3 I§ cyImecTByeT POBHO JiBa Beca
u3 I{, nasmekux ot Hero. B Hacrosmewm maparpade 11a 0003HaYMEHNS TAKAX BECOB MBI Oy1eM
JI0OABIATH K 0DO3HAUEHUIO Beca W3 1§ HUXKHME WHJEKCH 1 n 2: ecm p € IS5, To p1, p2 € I

u d(p, p1) = d(p, p2) = 2.

IIpemnoxkenue 1. IIycmv A — npousdsosvhasn duazoHnarvras mampuua pazmepa 27 X 27.
Tozda A € T ecau u moavko ecau cywecmsyem da € K, maxoe, umo:

(1) d% = TI Agg,

¢pel

(2) Ay = 225552 20e ¢ € Iy, u
— da

(3) A¢¢  Ap1.01 462,00 2de ¢ < 12'

Jloxaszameavcmeo. Jokaxem, aro A € T, ecim uckomoe d,4 cymectByer. Jljasg sToro, mo
IpeJbIIYINeit IeMMe, TOCTATOYHO IPOBEPUTH paBeHCTBO A,,A,sAr; = 1 1y1g IPOU3BOIBHOIL
tpuagapl {p,o,7}. o [yrB. 5], mmbo p,o,7 € Iz, 6O, ¢ TOTHOCTHIO JI0 MEPEHYMEPAIUH,
p€l,0€lynr € l;. Bruepsom ciydae, BOCIOIH30BABIINCH [yTB. 6], mosydaem, 910

da da da &,
A A 0 A = = =1.
permeeTTT AP17P1AP27P2 AU1701AU2702 AT177'1AT277'2 q A%
[ASY T

Jlist ioka3aTebeTBa BTOPOro ciaydas (korjpa p € I1,0 € Iy u 7 € [3) BCIOMHHM, 4YTO, KAK
cienyer u3 [yTB. 6], Bec o OyJer JajieK OT BECOB p W T + §, MOITOMY, ¢ TOYHOCTHIO JIO
MEPECTAHOBKU, p = 01 U T + 0 = 09. Takum 00pa3om, oy IaeM:

da A02 ,02

. —1.
! Aal ,o1 Aag,ag dA
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Hokaxem, aro eciu A € T', To uckomoe d 4 cymiectByer. Pacemorpum tpuajs {p, p1, p2—0}
u {p, p2, p1 — 0}, vie p € I5. Tlockosibky A € T, 10

AppAplplAm—&pz—é = APPAPQPQAP1_67P1—5 =1 (3-1)

Orcroma, mo [yTB. 6], Ay_54—5 = kApe, tae k € K ogmo u 1o ke 1yis Beex ¢ € I;. Cienosa-

_ 1
TesbHo, 1m0 (3.1), A,, = T, Ay, /VIA TIPOU3BOIBHOTO Beca p & I5. Jlamee, paccMoTpuM

NPOM3BOJILHYIO Tpuaxy {p, o, T}, rue p,o, 7 € Iy. s Hee

1 1 1
kApl,plApz,pz kAUl,UlAaz,Uz kATl,TlATz,T2 ‘

App AO’O’ AT’T -

Io [yTB. 6] 3T0 paBHO 13 . TTosromy da = % HAM TIOJXOJINT.

ser, Aso

2. Hoarpynna D,

[Iycts o € & — mpousBosbHbli Kopenb. [asee, mycrs D, = (Xg; 8 L «). Io [yrs. 4],
MPOCTPAHCTBO PACKJIAABIBAETCS B MPSIMYIO CyMMY TPeX WHBAPUAHTHBIX MOJ jeiictBueMm D,
HOJIPOCTPaHCTB: V,™* = (e?;p €1 ), toe 1 < k < 3. Paccmorpum orpannvenue D, na V.
Cuosa 1o [yTB. 4], moboe X3, orpanmdennoe Ha Vi*, gBisgeTcs TpaHcBeKnueil, mosromy Do,
orpanndennoe Ha V¥, copmagaer ¢ SL(V®, K). Anamornausiii (hpakT BepeH JJist OrpaHnIeHusT
na V3.

IIpennmoxenue 2. Ilycemv A € Do u ¢ # ¢ € If'. Toeda Ap_np—a = App U
Cop—ap—alp—ap-a = CopApy-

Zloxazameavcmeo. Tlo onpeneneruto D,, marpuna A sBasteTcss MpOW3BeIeHUEM N dJIEMEH-
TapPHBIX KOPHEBBIX JIEMEHTOB. DByJjieM JI0Ka3bIBATH HACTOSIIEE MPEJIOYKEHNEe WHIYKIUed 1o
n. Ecain A — equHnYHast MaTpuIia, TO MpeJJIosKeHne 09eBrIHO. Jlajtee, yMHOXKHUM MaTpPHILY
A, st KoTOpOoii TpebyeMble PaBeHCTBA BBIMOJHIIOTCI, Ha 3JI€MEeHTAPHBIA KOPHEBOM 3JI€MEHT
zg(a), tme f L a. Ilycts B = x3(a)A. Ecimm ¢ — § ¢ A, To K03bdunuenTs B cTpoke ¢
HOMepOM ¢ He MeHsifoTcsA. Ilpumensis [yrB. 4], moaydaem, aro ¢ — a — 3 ¢ A. Tlosromy

KO3 DUIUEHTHI B CTPOKE C HOMEPOM ¢ — (v He MEHAIOTCH Tak»Ke. Takum 00paszsoM, MOXKHO
cuuTaTh, 9t0 ¢ — 3,0 — a — B € A. Torna

Byap-a=Ag-ap—a T Co-ap-a-plA¢—a—p¢-a-
[To mpemmooXKeHnio WHIYKIIMU, 3TO PABHO
Agy + Co—a,6-a-pUCo—a—p,9—aCo-p,6As-p.6) = Agp + Co,6-paAs—p.6 = Byo-
Jamnee, mpeamosoxxum, aro ¢ — 3 = 1. Torma
Byap—a = Ap—ap—a T Co-ap—atAy—ay—a;
qTO, TIO TIPEJIMOJIOYKEHUIO WHYKIINU, PABHO

Cop—a,p—aCopApp + Co—ap—a@Aypy = Co—a,p—aCoyp Boy,

9TO U TpeDOBAJIOCH.
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[Ipeamooxkum, HAKOHEIT, 9TO ¢ — 3 # 1. Torma

Bg-ap-a = Ap—ayp—a + Cp—a,4-a-p0A¢—a—pp—a-

[To mpemmooXKeHnio WHIYKIIMU, 3TO PABHO

Cop—ap—aCopApp T Cop—a,p—a—pAUCo—a—pp—aCs—ppAp—p1p)-

C npyroit cTopoHbI,
By = Apy + Cp9—paAp—p s

IO9TOMY HaM JOCTATOYHO ITOKa3aTh, YTO

Cop—a,p—aCepCo—a,p—a—BCo—a—B,p—aCo—B,yChp—p = L. (3.2)

Bamernm, 910 ¥ — ¢ € & — KOpeHb, OPTOTOHAILHBIN «, TodTOMY (3.2) coemyer u3 1. 2.1],
ecJIi KOpPeHb 7y B Heil TOJOKUTh PABHBIM 1) — ¢, a 0 — paBHBIM ¢ — « — (3.

B naspmeitmem y mac Oy/eT MCIOJB30BATHCSA B OCHOBHOM rpymma s, KOTOPYyIO MBI Oy-
JieM s KpaTKocTH obo3Hadarh npocto D. IIpocTpancTsa V,f B JIAJIbHEHTIEM Tak>Ke OYIyT
oboznauarhes depe3 Vi. [jsa rpynisr D nipebiayiiee MpeJjiosKeHne YITPOCTHTCS:

CnencrBue. Ilycemv A€ D u ¢, € I). Toeda Ay_s5p—5 = Agpy-

IIpengioxenune 3. I[Ipednoaootcum, wmo A € D u p,o € Is. [anee, nycmo Ay = Aly, u
Aﬁ”"’) — nodmampuua A1, NOAYYEHHAA GLOPACHIBAHUEM CMPOK P1, P2 U CMOAOYOE T1,0T3.
Haxowney, nycmo d&f’”) = det AgP’”)_ Tozda A,y = d(:’a).

Zloxazameavcmeso. 1. Tlo onpenenenutro D, marpuna A sBiaseTcs mpow3BeIeHUEM N dJIEMEH-
TapPHBIX KOPHEBBIX 3JIEMEHTOB, COOTBETCTBYIOIIUX NPOCMBIM U OMPUUAMEALLHBIM NPOCTBLM
KOpHsIM. MbI Oy1eM JI0Ka3bIBATh MPEJJIOXKeHNe WHAYKIueld mo n. Jljig e TMHIIHONR MaTpUIIBI
yTBEpPKJIeHHe OUYeBUIHO. [IpemmososkumM, ITO s MATPHUILI A TpesioyKeHre BbITOJTHIeT-
ca. YMHOKAM A Ha 37eMeHTapHbIiT KOPHeBOil saeMenT x4 (a), tie o € I+, o L 6, m mycrs
B = z,(a)A. Bamernm, 9T0 JJIsi TPOCTHIX ¥ OTPHUIATEIBHBIX TPOCTHIX KOPHEH CTPYKTYpPHBIE
KOHCTAHTHI JleficTBua paBHbI 1. [losTomy, ecmm p—a € A, 10 B,p = Ape +aA,—q,0; ecom XxKe
p—a¢ A 10 B,y = Ay

2. Paccmorpum carywait, korga p — a € A. CormracHo [yTB. 6], B I1 ecTh Tpu Beca, 6M3KUX
K p 1 p— (&, OJAH BeC, CKaXXeM p1, JaJEeKuil oT p U p — «, OOUH BeC, P2, JAJIEKUl OT p U
OaM3KWI K p — (v M, HAKOHEII, OJINH BeC, P2 + <, 6iu3Kwii K p u ganekuii ot p — . [lo [yTs. 4],
P2 — €JIMHCTBEHHBIN Bec B I1, Takoi, 9T0 po+a € A, mosTomy maTpura By moxydaercs w3 Aq
3JIeMEeHTAPHBIM TIpeobpa3oBaHueM, a UMEHHO HpubaBiIeHHeM ¢ K0d(MDMOUIHEHTOM a CTPOKHU C

HOMEPOM p2 K CTPOKE ¢ HOMEPOM pg + o ClieoBaTebHO, MaTPHUIILI ng’a), A&”"’) u A&”‘“’”)
)

g
COBTMAJAIOT B TPEX CTPOKAX, & CTPOKA C HOMEPOM p2 + (v MATPHUIIHI ng "’ eCcTh CyMMa CTPOKH

C HOMEPOM py + (v MATPHITEI Agp’a)

Ag_p_a’o-)

", ¢ KO3(PPUITUEHTOM @, CTPOKHA C HOMEPOM P2 MATPHUIIHI
. 3amMerum, 9TO, TOCKOJIBKY (x — TIPOCTOI KOPEHb, TO BECA P2 U P2 -+ ( OTIIHIAIOTCS
10 HOMepy Ha 1, TO eCTh CTPOKHU C C HOMEPAMU P2 U P+ — coceqaune. [losTomy B maTpumax
Agp ) o Agp ) CTPOKHM C HOMEPAMH pPg U P + (¢ OKA3BIBAIOTCI HA OJIMHAKOBOI TO3WIUU.
Orcroa, UCIOIB3YsT PA3JIOKEHNE ONPEIETUTENsT 10 CTPOKE, MOIydaeM, ITO dSBp’U) = d%’a) +

ad%_a’g), YTO U TPeHOBAIOC.
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3. Ipeanonoxkum, aro p — «a ¢ A, u nyctsb ¢ € I; — Takoit Bec, uro ¢ + o € A (10 [yTB.
4], Takoit Bec cymecTByeT poBHO ojnuH). Torma u3 [yrB. 6] ciemyer, aro qmbo ¢ u ¢ + «
JIaJIeKu OT p, JUO0 ¢ OJIM30K K p, a ¢ + « jajiek, jqubo ¢ m ¢ + o 6au3km K p. B mepBom
9 — Ag”"’), OTOMY dg’o) = dff’a),
u TpeboBaIOCh. B TpeTheMm ciydae MaTpPHUIA ng ?) fomyaaercs w3 Agp 7) npubanseneM ¢
K03 DUIIEHTOM @ OJHONi U3 CTPOK K JIPYroi, 9TO, KAK U3BECTHO, HEe MEHIET OIPEIeNTEI,

W BTOPOM CJIydasX, KaK HECJIO0XKHO BUJETH, ng ’ 970

(pio) _ 4(p,o)
TO ecTh dy;" " = d, "’ ¥ B 3TOM CJIyuae.

CaencrBue. Omobpasicenue us D ¢ SL(6, K), nepesodauiee npoussoivuviii ssemenm A €
D 6 Ay = Aly,, asasemes uzomoppusmom. Boaee moezo, omobpascenue uz D, 6 SL(6,K),
nepesodausee npouscorvnii sremenm A € Do 6 Alyve, maxoice asaaemea usomopfusmom.
B wacmmnocmu, Alye odnosnauno sadaemesa mampuuei Alye.

Zlokazameavcmeo. IlepBoe yTBepXKjieHHE OYEBHIHO W3 TPEIJIOKEHWS 3 W CJEJICTBUS W3
npejyiokenuss 2. B §2 ormeuasoch, uro we(1)xg(a)wa(1)"! = z4,5(F£a). Orciona
wa(1)Dswa(1)™Y C Dy, 5. Yuuresag to, uto w,(1)* = E, nonyuaem, uro conpsikenne
9JIEMEHTOM Wy, (1) saBrserca m3omopdusmom rpynn D u D, . Temeps BTOpoe yTBep:K/Ie-
HUE CJIeyeT W3 TepBOT0 W TOTO, U9TO W, MEePEBOJIAT I,’f B I o npu 1 < k < 3. Tperbe

yTBEpXKIAeHUuE Cpaly CJIeayeT U3 BTOPOro.

3. ITapabosmyeckast mOATPYIIIa
[Tycts P = {A € Gs.(Eg, K); AV; = V1}, T0 ectb P — mapabosimyeckas MOArPYIINa TUIA
P>. Nnadge roBops, Bce MaTpuiipl u3 P UMeoT Takyoo 0J09HYI0 (hopMy:

A1 A Aigs
0 Ay A |,
0 Ay Ass

rae 6ok Aqq, A1z m A3z uMmeror pazMep 6 X 6, 6J0K Asy — 15 X 15, 610k Ao m Azy —
6 x 15, a 610K Az — 15 x 6. O6o3naunm Takke depes P~ rpymny PT = P_,.

IIpenmoxxkeune 4. J[aa npouszsosvroti mampuuve A € P nodnpocmparcmeo AVy aescum 6
Vi@ Vy. Huave 2060psa, baok Az 6 sviwwenanucanioti opme A8AAEMCA HYACBIM.

Zloxaszameavcmaeo. Paccmorpum mMHOXKeCTBO {2 CHHTYISIPHBIX BEKTOPOB v € V', yI0B/IeTBO-
PSIONIAX CAEAYIONEMY CBOMCTBY: B V) CyIIECTBYeT UeThIpeXMEpHOe IOIIPOCTPAHCTBO, BCE
BEKTOpPa KOTOpOoro oym3ku K v. Ilyers V! <V — moanpocTpaHcTBO, MOPOXKICHHOE BEKTOPA-
vu 13 Q. Hecstoskno Buzers, ato V! D Vi @ Vs, nockombKy e 1ipu i € I; U I puHAIIERAT
Q. C gpyroit croponsl, u3 [1. 2.2] cieayer, aro ecam v ¢ Vi @ Va, To B V) cymecTByer
MaKCHUMyM OJINH, ¢ TOYHOCTHIO JIO KPATHOCTH, BEKTOD, OJM3Kuil K v, orkyma v ¢ Q. Takwum
obpaszom, Q C Vi @ Vs, mosromy V' = Vi @ Vs, Janee, nockoubky AVy = Vi, To AQ = Q n,
cnepoarenbno, AV = V', Orciona momygaem, aro AVs C Vi @ Vs, 9T0 1 Tpe6oBaIOCE.

Samevanue. HecsoKHO BUIETD, UTO Y MPeJIOYKeHUd 4 CYIECTBYIOT aHAJIOT: €CJTH Y MATPHUIIBI
A € Gy(Fs, K) 60xm Az u Asy HyneBbie, To Ay TakKe HyJseBoii, To ectb A € P. Kpowme
9TOT0, W TPEJJIOXKEHre 4, M TOJHKO UTO OMMMCAHHBIN aHAJIOT MOXKHO TPAHCIIOHUPOBATH, TOJIY-
9uB yTBepxKJAeHud npo P~. U amajor, m TpaHCTIOHUPOBAHHBIE YTBEPXKIEHUS JOKA3BIBAIOTCS
TOYHO TaK XKe, KaK U TpeJJIoKeHune 4.

4. Illoarpynna JleBu

[Iycts L — noxprpynmna Jlesu, coorBercrBytomas napabojandeckoir nojarpyimmne P, To ecTh
L = Pn P~. Tlo upengoxenuio 4 u ” rpancronupoBanuoMy” tpejyioxkennio 4, L cocrout u3
Bcex Marputl u3 Gy (Fg, K), uMeomux Takyo 6J09Hy0 hopMmy:

19



A 0
0 B (3.3)
0 0

Qoo

rae osokn A u C mmeror pasmep 6 X 6, a 610k B — 15 x 15. OueBuano, uro B L comeprRarcs
TulD.

IIpennoxenme 5. 1D =L = DT.
[Tepes 10ka3aTEIHCTBOM 3TOTO TPEJIOMKEHUS JIOKAYKEM BCIIOMOTATEIHHYIO JIEMMY.

JIlemma 3.2. ITycmo C € L u Cy = Cly, duazonaavua. Tozda eca mampuya C moorce
Juazonarvra.

Jlokazameavcmeo. penmonoxum, ato C|y, HequmaroHasbHa. Torga CymecTByOT TaKie Beca
p # o € I3, aro Cp, # 0. anee, 0 6im30k K 0 + 0 € Iy, nim, naade roBopsi, BEKTOp €’
onm3ok K €10, Iomoxkum & = C,, = Ce? € V. Ilo mpeamosoxkennio, z, # 0. Ilpnm stom
x 630K K €710, mockomnky Ceto kparen €19, Torma Bektop y = & + €710 cunryaspen.
Hasee, mo [cin. w3 yrB. 2], Bec p masek or Beca o + . Ilycrs 7 € I, — Bec, gajekuii o
p u o+ d. Paccemorpum, wemy pasHo Q(e7,y). Kak Hecs0)KHO BBIBECTH W3 ONpeeIeHus
@, 9TO PaBHO Y £YsYy, T/l CyMMa GepeTcs MO BCEBO3MOXKHBIM HEYIOPSIOUEHHLIM ITapaM
{#,v}, obpasytomum, BMecTe ¢ T, Tpuaiay. Ilo [yre. 5], smbo ¢, € Iy, mubo oxuH u3
BECOB, HaNpuMep ¢, npuHaAIeKuT [1, a apyroit — I3. Bce Tpuajibl 1epBOro THUIla, HAC HE
UHTEPEeCYIOT, IIOCKOJILKY eciu ¢ € I, To y4 = 0. Bosee Toro, no onpejesnenuto y, ecin ¢ € Iy
u Yy # 0, T0 ¢ = 0+, orkyna ¢ = p. Takum obpasom, Q(e7,y) = £Yot6Yp = LY, TTO,
1o mpejnoaoxkennto, ve papao 0. C apyroit cTopoHsl, y cuaryagpen, nosromy Q(e”,y) = 0.
[MonyguenHoe npoTuBopedre mokasbiBaet, uro Marpuna C|y, AuaroHaIbHA.

To, aro marpuna C|y, auaroHaabHa, JOKA3bIBAETCST AHAJIOIMIHO. A WMEHHO, TIPEJInoJIo-
JKUM TIPOTHBHOE, TO €CTh CyIECTBYIOT Takme Beca p # o € Iy, uro C,e # 0. Tlomoxkmm
z = Gy = Ce? € V. Ilo mpennonoxkenuio, z, # 0. Ilo [yrB. 6], cymectsyer Bec p; € Iy,
OJUBKWIT K 0 U JAJEeKuil oT p, U MycTh pa — & € I3 — Bec, nasekuit or p u pi. llomoxxkum
Y = x + €' 1 mocMOTpUM, 4YeMy paBHO Q(e/’2_5, y). Kak u B mpegpiaymem ab3are, 310 paBHO
> £YsYy, TOAE cyMMa Gepercs MO BCEBO3MOXKHBIM HEYHOPsIIOUeHHBIM HapaMm {¢, ¢}, obpasy-
IOIAM, BMeCTe ¢ pg — §, Tpuajy. 1lo [yTB. 5|, ojuH U3 BecoB, HAIIpUMED ¢, IPUHAJIEKAT [1,
a apyroit — I». Bosee Toro, mo ompexenenuto y, ecmm ¢ € 11 n yy # 0, T0 ¢ = p1, OTKyI2
¢ = p. Takum obpaszom, Q(e”2%,y) = +y,,y, = £y,, 9T0, O TPETTOTOKEHNIO, HE PABHO
0. C mpyroit cTOPOHHI, i CHATYIApeH, mosToMy @Q(e”?%, y) = 0. Ilomyuennoe mpoTHBOpeYme
noka3biBaet, arTo Marpuria C|y, TakyKe JUarOHAJIbHA, 9TO 3aBEPIIAET JOKA3ATETHCTBO JIEMMBI.

Jlokazameavcmeo npedaoscenusn 5. Ilyerb A € L u Ay = Aly,. Pacemorpum marpuiy By €
SL(Vi, K), nonyuennyto uz A; gemenumem mocienueit crpoku Ha det A;. Torma marpuia
C1 = Ay(By)~! asnsterca amaronambroit. [To ceACTBUIO W3 TPEIJIOKEHNs 3, CyTIECTBYET
sinement B € D, taxoit, uro Bly, = By, n nycts C = AB™1. Taxum o6pasom, Cly, = Cj.
Orcroma caemyet, mo gemme 3.2, uro C' nuaronasbHa, To ecThb A = CB, tne B € D, a C € T.
Bropas gactsh ecTh " TpaHCIOHHPOBAHHAS IEPBasdl.

Teopema 1. ITyemv A — npoussosvhan mampuya us GL(27, K), omnocumesvro xkomopot

g
nodnpocmpancmea Vi, Vo u Vs asastomea unsapuawmuovmu. ITyemv Ay = Aly,, a Aﬁ”’ )
npu p,o € Is — smo mampuuya 4 X 4, noayuennas uz Ay sukudvieanuem cmpox p1 u P2 U

20



cmoabuo8 o1 U oo, d%’g) = det Agp’a). Tozda mo, umo A € L, pasHocusvHo cyuecmseosaHuio
(p,o)

makozo da = v/det Ay, wmo A,; = A”tl#:” npu p,o € Is u A,y = ‘3—2A npu p,o € I.

Zoxazameavcmeo. 1. Ilokazxkem, aro eciim A € L, T0 d 4, OIIUCAHHOE B YCJIOBUU, CYIIECTBYET.
I[To npemioxkennto 5, A = BC, tne B € D u C € T; nycrs By = Bly, u C1 = C|y,. Tono-
KUM UCKOMOe d 4 paBHBIM d¢ u3 mpeioxkenus 1, mpumenennoro K marpure C. OdueBuHO,
o ompejenenuto C, uro dy = +/det A;. TIpoBepum, aro BhIOpaHHOE d 4 Y/IOBJIETBOPSIET U

B C
ocrasbHBIM pasercTBaM. Ilycrs p,o € I3. Torna A,; = ByoCoo = "”"’*;A 740,980 1o peI-

A
JIOXKeHUo 1 U CJIeICTBUIO U3 TpeaoxKenusd 2. OcTajgoch 3aMeTUTh, UYTO 3TO PABHO %,

9TO U TPeDOBAJIOCH.

(p,o)
dte ) d
Hanee, mycts p,0 € I>. Torma A,, = By)oCoe = o A po mpemoyKeHuaM 1 m 3.
01,01 Y 09,09
o Nes
Heciioxkuo Bugernb, 4To dff ) = dg )HCTT, rie mpousBejeHue depercs 1mo Bcem T € Iq,
(p,o) (pyo) (p,o)
dte a7 d d
O6Mu3KUM K 0. IloaroMy =—B——2— = 424 — ZA_ 4q70 U TpeGOBAJIOCh.
Col,ol 002,02 HTell CTT dA

2. Tlpeamonoxxkum, aTo d 4, ONMMCAHHOE B yCJIOBHUH, cymecTByeT. [lokaskem, aro Torma A €
L. Tlycts Cy € GL(V;, K) — Takas auaronajbHas Matpuia, aro By = A1Cy € SL(V1, K).
Torna, kKak HECJIOKHO BHUJIETh, B KadecTBe d¢ W3 NPeJJIOsKeHUsT 1| MOXKHO B34Th d;ll. ITyctn
C € T — marpuna, moctpoerHas B mnpemjioxkennn 1 mo C7 u do. Ilycers B = AC; Torma
B|y, = B;. Heob6xomumo jgokasath, uro B € D. Ilo mpejioKeHUi0 3 U CAEJCTBAAM U3

IPeJUIOXKEHHiA 2 ¥ 3, JJIs 9TOr0 JOCTATOYHO MOKa3aTh, 9To Bly, = Bly, u 4ro B,, = dg’g)

npu p,o € I. Jlokaxem mepsoe pasenctso. llycts p,o € Is. Torma By, = ApeCoe =

Apts,o+s  Cotsors _ —
. dc = Apt5,0+6Cot5,046 = Bprsots-

(p,o)
dAp2 . dc
dA 001701002702

Jokazxem BTopoe pasenctso. Ilycts p,0 € Ir. Torna B,y = A)Che =

Heci03kHO BHUIETH, 9TO dg’g) = d%’g) [1C>~, tne npoussenenume Gepercss mo Bcem 7 € I,

(p,o) do d(BP70>d?é

A _
2 : —
d Co1.01C05,09 Hrell Crr

g
o6smm3kum K o. [losromy = dgg’ ), 9TO U TPeDOBAJIOCH.

5. YHUNOTEHTHAd MOArpynna
[Iycts U = UT — yHUNOTeHTHBIH paJuKaJ Napaboddeckoil MoArpymnbl P, TO ecTb
U= (X,; ZL(a,6) < 7/3). Unaqe roBopst, Bce maTpuiipl n3 U uMeroT Takyto 6109Hy0 Ghopmy:

Is A B
0 Ii; C |, (3.4)
0 0 I

rie [, obo3HaTaeT eMHUTHYIO MaTPHUIly pasmepa n X n. O0o3HAIMM TPYIILY BCEX MATPHIL
u3 G(Eg, K), uMeomux BbINEONUCcaHHbli 009HbI Bu, uepe3 U'. Xopomo u3BecTHO, uTo
U = U’, ogHako B HACTOdAIIEl paboTe, KAK MbI YK€ MOBOPHJIU, MBI CTAPAEMCH KAaK MOYXKHO
MEHDIIIE TI0JIb30BAThCS BHEIIHUMHA pe3yibraTaMu. B §5 Oymer mokasano, uro U = U’, Ho BO
BCeil HacTosimeit paboTe HaM JOCTATOYHO TOTrO odesugHOro axra, aro U < U’. Anasormuno,
U~ =UT = (X,; (o, —6) < 7/3).

Hecsoxkno BumeTh, 9T0 AjId JBYX KOPHEBBIX MOJATPYIII, JiexKamuxX B U, UX KOMMYTaHT
JexXuT B X4, cama ke X5 KOMMyTHpyeT co Bceit rpynmoit U. Ilostomy koaddumuent, c
KOTOPBIM o, Tpu Z(a,d) = m/3, BXOJUT B Pa3JIOKeHWEe YHUIIOTEHTa § HA dJIeMEeHTapHbIe
KODHEBbBIE JIEMEHTBI, OIPejiesieH 0/IHO3HAYHO. B jnasbueiiniem Mbr OyjieM ero 0603HavYaTh de-
pe3 (a)gy. 3amernm, 4TO mPW MEPEMHOXKEHHN [[BYX YHUIIOTEHTOB MX OJIOKH, ODO3HATEHHBIE
B (3.4) wepe3 A (coorBercrBenno, C') ckiaagpBaioTca. [lodTOMY JIsi MPOM3BOIHHOTO YHHU-
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norenTa g ero kodddunuentsl B 6sioke A (coorBercTBeHHO, C') YIOBIETBOPSIOT YCJIOBUSIM,
AHAJIOTUIHBIM [71. 3.1]. A MMEHHO, MBI TTOKA3AJM CJIEIYIONLYIO JIEMMY:

Jlemma 3.3. Ilycmov g € U — ynunomenm u aubo ¢ € Iy u p € Iy, aubo ¢ € Iy u € I3.
Tozda:

(1) 9oy = 07 ecay d(¢7 77[)) = 2;
(2) ggp = oy (b — @) g, ecau d(¢,¢) = 1.

U3 970it 1eMMBbI, B 9aCTHOCTH, CJIEJyeT CONIACOBAHHOCTH CTAPOro, JaHHOTO B pabore [20],
1 HOBOTO OIPeJeJIeHu ((v),: TaM, The y HAX COBIAJAI0T OOIACTH OIPeJesIeHns, TO eCTh JJIs
KOPHEBBIX 3JIEMEHTOB, SIBJISIIONIUXCSA OJHOBPEMEHHO YHHUIIOTEHTAMU, U IPHU KOPHAX (v, TAKHUX,
ar0o /(,§) = 7/3, UX 3HAYEHUS TAK¥Ke COBIIAJIAIOT.

22



4. YHUIOTEHTHBIE JIEMEHTHI

[Tycts g € U — yHunorent, a z4(a), rae o L § — smemeHTapHbI KOpHEBO# s1ement. 13
JIeMMBI 3.3 cJejiyeT, 9To

g=e+ Y. Bees+ > g

5,L(ﬂ,6):7r/3 7/7.777/6117.7613

Corpsirast 370 PaBEHCTBO TPH MOMOIIHA T (@), TOTyIaeM:

xa(a)gma(_a) =e+ Z (ﬁ)gxa(a)eﬁxa(_a) + Z xa(a)gijxa(_a)-

ﬂ)é(ﬁvé):ﬂ-/S 16117]613
[Iycts z4(a)gza(—a) = ¢'. Tlo [yrB. 4], HECTOXKHO BHIETH, YTO BTOPasi CyMMa DaBHA
> gi;- Jlamee, mocMOTpPUM Ha caraemble W3 TepBoil cymmbl. OweBmIHO, ITO yTOT

i, J51€11,j€ 13

Mexay « u (3 mMoxker ObITh pasen w/3,7/2 win 27w /3. Eciau on paseH /3 wim /2, ToO
zq(a) xommyTHpyeT ¢ 3(b), oTRymA To(a)esro(—a) = eg. Ecmm xe Z(a, ) = 27/3, To
zo(a)egra(—a) = eg + Nopeatp. W3 aTOTO Cpasdy ciemyer gemma:

Jlemma 4.1. IIyemov g € U — ynunomenm, x4 (a), 2de o L 6 — saemenmaproiii xopnesoi
anemenm, a g’ = xq(a)gra(—a). Tozda ecau Z(ov, B) = 7/3, mo (B)g = (B)g+ Napa(f—a)g.
Tiase (8)y = (9),.

Jlemma 4.2. Ilyemv g € U — ywunomewm u cywecmeyem xopensv 3, maxoi, «mo

£(8,0) = w/3 u (B)g # 0. Toeda, conpazaa, npu neobrodumocmu, g sremenmom us D,
321
T

Zloxaszameavcmao. [lo oueBmHBIM cOOOparXKeHUIM, KOPHA (v U [ MOYKHO CBSI3aTh IEITOYKOM
kopueii 3 = (o, (1, ..., Bn = a, Takoii, aro Z(d, 5;) = L(Bi—1, ;) = 7/3 ayst Becex 1 < i < n.
[TosToMy mocraTodno mokaszarh, uro ecian (B;—1)g # 0, TO, compsaras g smementoMm u3 D,
MOZKHO CINTATD, 9TO ([3;)4 7 0. Ilocimemnee xe serko ciaemyer u3 memmst 4.1 mpu o = 3, — ;1.

MOAHCHO cuumamov, wmo (a)g # 0, 2de a = 12

Jlemma 4.3. ITycmov g € U — ynunomenm u (a)g # 0, 2de o = 12‘;’21. Tozda, conpaezas,
npu neobxodumocmu, g aremernmom uz D, moocno cuumamo, wmo (o), = 0 daa scex kopuet
o, makuz, wmo £(d/, ) = L(d/, o) = 7/3.

Jloxazameavcmeo. Ilycrh (3 — MpoU3BOJIbHBIH KOpeHb, Takoii, uro Z(3,d) = £(8,a) = 7/3,

u npeanosokuM, 9to (), # 0. CompszkeM ¢ 971eMeHTOM Tg_q(a). IIpu TakoM compsxennm,
no siemme 4.1, MeHsTIOTCS KO3(DMUIMEHTH TOJIHKO TIPU KOPHSIX, obpasyromux yroi 7/3 ¢ 3 —

a. TMockosbky Z(a, f — a) = 27 /3, To w3 Bcex KopHeil o, Takux, aro Z(a/,a) = 7/3,
_Nocﬁ(ﬁ)g
K03 dburuenT mMenserca ToabKo npu KopHe (3. lloacrasisgsg BMecTo a Ipodh () , MBI
g
nosygaem, 910 (), = 0. Iloropss sty omepammio ;s Bcex (3, Takmx, aro Z(3,0) =

Z(B, o) = m/3, nomyqaum Tpebyemoe.

PaccMoTpuM MHOXKECTBO KOpHEH, 00pa3yomux yroy 7/3 ¢ KOpHeM § U UX Pa3JIoKeHue Ha
IIPOCThIe KOPHU. ¥ HHX BCeX, KaK HECJTOXKHO BHUJIETH, KOA(MAMUIMEHT IpU KOPHE (rg paBeH 1.

Mo>kHO 3aMeTUTh, YTO B 3TOM MHOXKECTBE CYIECTBYET OJIMH KOPEHb ¢ KO3MUIHeHToMm 3 npu

KOpHEe (4, & IMEHHO (¢ = 121;’21, 1 OJINH KOpeHb ¢ KovddunmenTom 0, a UMEHHO § — . = 00(1)00.

Bce ocranbubie kopuu npu oy umeroT kodddunuenTt aubo 1, mubo 2, no 9 KopHeit KaxJi0ro
tuna. Hakorer, ormMernm, 9To v 00pa3yer yros /3 ¢ KOPHSIMH, HMEOMIMI KOoDdOUIHeHT

2 IpH (4, ¥ OPTOTOHAJIEH KOPHIM, UMeIOuM Ko3dduiument 1 mpu ay, a § — a — Ha0OOPOT.
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12321 Zlanee, nycmo

Jlemma 4.4. ITycmv g € U — ynunomenm, (), # 0, 2de a =
(a')g =0 daa scex kopnet o, makux, wmo £(a/,5) = (o', ) = 7/3. IIpednoaooicum, wmo

cyugecmeyem kopenv v L o, maxod, wmo £(v,0) = w/3 u (y)g # 0. Tozda, conpazas, npu

neobxodumocmu, g asemenmom u3 D, mootcrno cuumamo, wmo (), # 0, 2de B = 11100

Jlokazamenvemeo. HecltosKHO BUIETH, 9TO yTOJI MEXKIy KOPHAMHA (3 1 -y paBeH Jaubo 7 / 3, b0
7 /2. BoJiee TOro, BO BTOPOM CJIyuae CYIIeCTBYeT KopeHb v, Takoii, uro Z(v',v) = Z(v/,3) =
Z(7y',0) = m/3. TlokaxkeM, ITO €CJIH €CTh JIBA Beca Y1 U Yg, upuaeM Z(y1,v2) = Z(vi,0) =7/3
uZ(vi,a) =n/2upui=1,2,u (y1), # 0, TO, conpsirast g ssemeHTOM 13 [, MOXKHO CIATATH,
910 (7y2)g # 0. yist aroro, mo jgemme 4.1, 10CTATOYHO HOKA3ATH, UTO MOCIE CONPSIKEHUS ¢
KOPHEBBIM 3JIEMEHTOM T, _~, (@) 0 mpexueMy (a)g, # 0 u (), = 0. Bamernm, 410 Y2 — 71
B pa3JIOXKeHUMW Ha MpocThble KopHU uMeeT Kodddunment 0 npu ay. Otcooma, mo jgemme 4.1,
cireyer Tpebyemoe.

Jlemma 4.5. ITycmv g € U — ynunomenm, (), # 0, 2de a = 12:;’21. Zlanee, nycmo
(a')g = 0 daa scex xopuet o, maxuzx, wmo £(c',0) = Z(¢/,a) = w/3. IIpednorosicunm,

wmo (()g # 0, 2de § = 11%00. Tozda, conpazaa, npu neobrodumocmu, g aremernmom u3 D,

MooHcHo cuumamov, wmo (§')g = 0 daa scex koprets B', maxux, wmo L(F',0) = L(F', ) =
/3.

Jloxazameavcmeo. eiictByem anajsiornano jemme 4.3. IlycTh v — TPOU3BOJILHBIN KOPEHbD,
Takoit, ato £(7,6) = Z(v, f) = 7/3, u npeamonoxuM, 1o (7y), # 0. CompsizkeMm g d/1eMeHTOM
z—pg(a). Kak MbI mOKa3bIBasH B jeMMe 4.3, IPH TAKOM COUDS?KeHHN KOd(MMOHUIUEHTH Ipn
kopusix (3 # v, takux, aro Z(3',0) = Z(F',B) = ©/3, He mensitorcsi. 3amernm, 9ro y — 3
B Pa3/IOKeHUW Ha MPOCThie KOPHU mMmeeT Kodphdunment 0 mpu ay. Orcroma, o jgemme 4.1,
caemyer, 9To KoM unmenTsl npu « U o TakxKke He maMeHaTcda. [lombupas kosddunument a
TaK, ITOOBI (7y)g CTAJIO PaBHLIM (, U IOBTODSIS TAKyIO HPOIELYPY Ui BCEX <y, TAKUX, TTO
£(v,0) = Z(v,B) =7/3 u (7)4 # 0, momygaem Tpebyemoe.

Jlemma 4.6. Ilycmv g € U — ynunomenwm. Tozda, conpazaa, npu weobrodumocmu,
anemenmom u3 D, mootcrno cuumamo, wmo (v)y = 0 das ecex kopueds v # 12321 11%00,

01110 00111 , 00000
17 1 1
Jloxazameavcmeo. Ilpumenum nemmbl 4.2-4.5. Ham ocrajioch, corpsiras g sjemenTom u3 D,

01%11) g = (00%10)9 = 0 (pa3ymeercsi, He UCIIOPTUB APYTUX K03bbu-

, makuzx, wmo Z(v,0) = /3.

JO6UTHCsST TOTO, ITOOBI (

MUeHTOB). [IpeJIIoIOKIM, ITO UK (Olill)g, WJIN (00%10)51 e pasuo 0. Torma, compsras,
IpH HEOOXOJAUMOCTH, ¢ KOPHEBBIME dJIEMEHTaMU I/ (a) mpu 7' = —00801 WJIN 01800, MOK-

HO CYUTATDH, 9TO (Olilo)g # 0. Orcioza, compsarast g KOPHEBLIME JJ€MEHTAMH L~/ (a) IpH

/00001 . 01000 01111y _ ,00110
V= 0 n 0 1 )g‘—( 1

Teopema 2. Jhoboi ynunomenm g € U mootcho npedcmasums 6 sude npoussedenus He
bosee vem mpexr KOPHEBHLT INEMEHIMOE.

, MO’KHO CIUTATh, 9TO ( )g =0, 9T0 1 TpebOBAIOCH.

Jlokasameavcmeo. Ilo nemme 4.6, MoxkHO cunmTtarh, uTo (7), = 0 I Bcex KOpHe# 7y #
12321 11100 01110 00111 - 00000

1 101 1
(00000)9 # 0. Tornma, conpgaras g 3eMeHToM T/ (a) mpu 7/
(00111

1

, takmx, 9ro Z(v,8) = w/3. Ilpeamomoxum, dUTO

_ 00111
0

)g = 0. IIpm sTOM, BO3MOXKHO, II€PECTAHYT OLITH HYJSIMH KOI(DMOUIUEHTH! IPH
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n 01%21. Nnadve roBopsi, YHUIIOTEHT ¢ Y HAC MPEJCTABISAETCS B BUJIE ITPOU3BEJICHUS JIEMEH-

TapPHBIX KOPHEBLIX 3JIEMEHTOB, COOTBETCTBYIOIMHUX KOPHAM 00000, 01110 11100 11211 01221

1 11 1 7 1
u 12?21, a TaKKe, BO3MOXKHO, 12321. 3aMeTnM, 9TO IPOU3BEJIEeHNE JIBYX KOPHEBBIX dJEMEH-

TOB, 00PA3yIONMX YroJ 7/3, TaK¥Ke sIBJseTCs KOPHEBBIM 3JIEMEHTOM. B camowm Jesie, 1o |[T.
3], MOXKHO CUHTATDH, UTO ITU KOPHEBBIE HJIEMEHTHI — HJIEMEHTAPHBIE, a JIJIT HUX 9TO OYeBU/I-
Ho. I[loaTomy mpomsBegeHUsS MEPBOTO W BTOPOTO, TPETHETO W UETBEPTOrO, a TaKXKe IMATOTO,
MMEeCTOTO0 W CeAhbMOTO KOPHEBBIX 3JIEMEHTOB TaKKe ABJIAIOTCA KOPHEBBIMU JI€EMEHTAMU, W WX
MIPOM3BeJIEHNE PABHO (.

00000
1
K03 dburumenToB Takxke paBeH 0, TO yTBepKIeHHEe TeOpeMbl OUeBUIHO. lIpemamosoxKum, 9To

ocrapmnecs TeTbpe Kodddunuenra 0 me paBabl. CompszkeM g KOPHEBBIM 3JI€MEHTOM Z./ (1)

Ocrajoch paccMoTpeTh cirydaii, korga ( )g = 0. Ecau xoTh ofuH U3 OCTaBIIAXCS

upu v = —11100. [Ipu TakOM CONpPSI>KEHUH CTAHYT HEHYJIEBBIMU KOI(MDMUITUEHTHI IPHU 00(1)00
u 01%21. Temneps, compsras g smemeHTOM ./ (a) TpH ' = 00111, MOKHO JIOOUTHCS, ITOOBI

(00%11) ¢ = 0. IIpu sTom mepecTaneT OLITL HyJeM KOI(D@PUIEEHT IpH 11%11. WNnuade rosops,

YHAIIOTEHT ¢, KaK W B NMPEABIAYINEM CIydae, MPEJICTABIACTCA B BAJE TTPON3BEJICHUA dJIEeMEH-
00000 01110 11100 11211 01221
T 1> 1 1 1

. IlosTomy, KaK W B IpPeABIIYINEM CiIydae, g TpPe/ICTaB-

TapPHBIX KOPHEBLIX 3JIEMEHTOB, COOTBETCTBYIOIMHUX KOPHAM

12321 321
N 2

JIdEeTCA B BUJE TPOU3BEACHUA TPEX KOPHEBBLIX 9JIEMEHTOB, 9YTO U Tpe6OBaJIOCB.
12321 11100 01110 00111 _ 00000
1 1 T
12321, JeXKaT B MOJICUCTeMe KOpHel

tura Dy. CoOTBETCTBEHHO, JOKA3ATEIHCTBO TEOPEMBI 2 TIPOXOJIUT, Ha4 CamMom deae, B Dy.

B nmambmeiitem, HAC Oy/1eT WHTEPECOBATH MOAMATPHIA 6 X 6 MATPHUIHI ¢, PACIOJIOKEHHAS
B IpaBoM BepxHeMm yriay. O6osmadmm 3Ty Marpuny depe3 § = {gijticr, jel;- OTa MaTpUIa
mepeBouT moanpocTpancTso Vi B Vi. OueBWmgHO, OJHAKO, UTO CYIIECTBYET CTaHIAPTHBIN
m3omopduam u3 Vi B Vi, mepesomsimit €, npm i € I, B 0.
YTBEPKJIEHUASIX, JIJIsT TIPOCTOTHI (DOPMYIHPOBOK, MBI Oy/IeM TOBOPUTH PO COMPSI?KEHUE MAaT-
PHIIBI G, ee YKOPJAAHOBY (hOPMY U TOMY TIOJ0OHOE, MOApa3yMeBas UCIOJb30BAHUE STOr0 (UjIH
06paTHOroO eMy) CTaHAAPTHOTO W30MOPMU3MA.

[Toceayromee onpejiesieare Mbl y2Ke (hOPMYIUPOBATIN B BBEJIECHUN.

, & TaK>Ke, BO3MOXKHO, 12

Sameuarue. HecmokHO BUIETH, ITO KOPHH , BRIOpAHHBIE

B jgemMMax 4.2-4.6, a TakyKe MaKCHMAJIbHBIA KOPEeHb 0 =

Bo muormx masnHeRIIX

Omnpenenenne. [lone K Ha3zbiBaeTcs n-3aMKHYTHIM, €CJIU B HEM JIFOOOH MHOIOYJIEH CTEIeHN
He BBIIIE 7 UMeeT XOTs ObI OINH KOPEHb.

YrBepxkaenue 1.

(1) ITyemv g € U — ynunomewm. Tozda G conpastceno mampuue

a 0 0 kx 0 O
0 a 0 0 ky O
0 0 a 0 0 Ekz
yz 0 0 b 0 0
0O zz 0 0 b 0
0 0 2y 0O 0 b

ora nexkomopux a,b, k,x,y, z € K.
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2) Ilpednonootcum, wmo noae K asasemca 2-zammnymoim. Ilycmv g € U — ynuno-
) ) g )
meum. Tozda g umeem 00y u3 caedyrouur Hcopdanosuvx dopm:

a 0 0 0 0 O a 1 0 0 0 O a 1 0 0 0 0
0O a 00 0 O 0O a 00 0 O 0O a 00 O O
0 0 a 0 0 O 0 0a 0 0 O 0 0a 1 0 O
0 00 a 0O O0Of’J]O 0O 0 a 0 0’0 O 0 a 0 O
0 000 a O 0 000 a O 0 00 0 a 1
0 00 0 0 a 0 000 0 a 0 00 0 0 a
uau, npu a #b e K,

a 0 0 0 0 O

0O a 00 0 O

0 0 a 0 0 O

0 0 0Ob 0 O

0 000 b O

0 0 00O 0 b

(3) Ipednonostcum, wmo nose K asasemes 2-samrxnymum. ITyemo A € GL(6,K) —
NPOU3BONLHAA MAMPUUA, HCOPOAHOBA Hopma KOmopoli — 00HA U3 NEPEYUCAEHHVT 6
npedvwdywem nynwkme. Toeda cywecmsyem ywunomenwm g € U, maxot, wmo g = A.

B nanpreitmem, korga Ham Oymer Berpedarhes marpuna A € GL(6, K), conpsikeHHast
MAaTpHIe BUJA, YKA3AHHOTO B myHKTe (1), MBI Oy/IeM TOBOPHUTH, 4T0 A uMeer Buj, .

Zloxaszamesvcmaeo. Kak HECJI0KHO BUIETH, IPU CONIPsi>KeHNN ¢ daementoMm f € D marpuna g
yMHOMKaeTcs ciieBa Ha fly,, a cipasa Ha f 1|y, . Hockombky f~t € D, o f71|y, = f Yy, =
(flv,) ™1, mosTomy compsikenne g MaTpuneit f COOTBETCTBYET COTPSKEHUIO § MaTputiei f|y, -
[Ipumenum jmemmy 4.6. s pokaszaTesbCTBa IMEPBOrO IIYHKTA HAM OCTAJIOCH HMOKA3aTh, UTO
ecJI ¢ BBITVISIUT, Kak B jJemme 4.6, To g umeer Tpebyembrit Bua. Ilycts @ € 11,5 € I3 u i #
Jj+0. TIoCKOIbKY BEKTOD ¢4 j CHHTYJIAPEH, TO Q(e*, g. ;) pasHo 0 pu Bece k € Iy, majekoM OT ¢
u j. C npyroit croponsl, u3 Buia GopMel @ caemyet, ato Q(e”, G+j) = £0ij95;+L£Gi—s5;9j+6.;+
> £91iGm;. pusrom, mo [yTs. 6], HOCTEAHA CyMMa COCTOUT U3 TPEX CJIAraeMbIX U [, m € Io;
Kpome 31oro, g;; = 1, a g;—s5; = 0. OTcrofa HECI0XKHO MOJIyYNTh HPAMBIM BBIYHCIEHAEM,
9TO @g;; TpH ¢ # j + 0 NpUHUMAaeT HykKHOe 3HaueHue. TpebyeMble COOTHOIIEHHS MEXKLy
JIIATOHAJILHBIME 3JIEMEHTAMU §, CKaXKeM, §;;_s U §; j—s5, MOMKHO IIOJIy9UTh AHAJOTMIHBIM
BhIIHCIeHTeM U3 Toro, 910 Q(eF, gsi s+ gvj_5) = 0, e k € Ir u d(k,i) = d(k, j) = 2.

Bropoit myHKT cpa3y cieayer u3 nepsoro. Jlokaxkem Tperwii myHKT. HecjI0KHO BUIETH,
9TO CyIIECTBYIOT YHUIIOTEHTHI ¢, TAKWE, U9TO § MMeeT TaKyl »Ke YKOPJAAHOBY (POpMY, 9TO U
A. Bosee Toro, Kax MbI TOBOPWIN B IIPEJABLIyINEM ab3ale, IPU CONPIXKEHUH ¢ 3JIEMEHTOM
f € D mogmarpunia g conpsraerca marpurei f|y, € SL(6, K). I HaoGopor, 1o cJiejcTBUIO
U3 MpeJJIoXKeHnst 3, JJIsi MPOu3BoJIbHON Marpunpsl B € SL(6, K) cymecrByer marpuna f €
D, rakas, uro fly, = B. Takum o6pazom, HAM JOCTATOYHO MOKa3aTh, 910 A compsikeHa
HEKOTOPOil MaTpwuie U3 myHKTa (2) mpu momomntu maTpuil u3 SL(6, K). DT0, B CBOIO 04Yepeib,
cpasy ciaeayeT h3 TOro, 4To moje K — 2-3aMKHYTOe W MHHHMAJBHBIA pa3Mep YKOpPIaHOBa,
6s10Kka B MaTpunax u3 (2) pasen 1 wim 2.
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$5. IIpousBenenusi

1. CBenenmne npoussBenenust marpuit n3 G (Fg, ) K MpON3BEeIEHUI0O MATPUIL U3
GL(6,K) m yHUIIOTEHTHBIM 3JIEMEHTAM.

[Iycts g € U — yuunorent. llociemaune mectb cToabIOB g 06pa3yioT MeCTUMEPHOE CUH-
ryssiproe ognpocrpancrso W. Torma no [1. 2] cymecTByeT KOpHeBOii 3jeMeHT h, Takoii, 910
V" = W. Boaee Toro, 1o [1. 3.5] (—0);, # 0. TakuM 06pa3zoM, MBI MOLyHHIN OTOOparkenwe 0
u3 U B MHOXKECTBO KOPHEBBIX dsieMeHTOB Root El_s = {h; h — KopueBoii ssement, (—J)p = 1}.
BameTnm, 9T0, 1Mo JieMMe 3.3, MEeCTUMEPHBIM CHHTYISIPHBIM TOAITPOCTPAHCTBOM W yHHUIIOTEHT
g OTIPEJIETISIETCS OJTHO3HATHO, MOITOMY 6 sBjIseTcs nHbeKIue. JIerko BumeTh Takke, ITO ec-
m g € Un h =60(g9) € RootEl_s, To niepBble MecTh CTOJIOIOB MATPHUIIBI I — € COBIaatoT

C TIOCJIEJHUMU IMeCThIo cTojabmamu MaTpuipl g. WMmade rosopd, h,e — 0,6 = Gpo—s TPH
p€Auo el Buacrnocrn, (v), = £(y — §)p AIA IPOU3BOIBLHOTO KOPHS 7Y, TAKOTO, TITO
Z(vy,0) =m/3.

[TpumernM K WHTEpeCyIoIeMy Hac ciaydaio « = —4 [1. 1]. B ueil Mbl mokazamu, 910 J060i

ssieMenT u3 Root El_ s 101y daeTcst CONPsI)KeHNEM 3JIeMEeHTAPHOT0 KOPHEBOTO dementTa 2 _5(1)
KOPDHEBBIMHA 3JIEMEHTAME Zg44(-), B, 0 + 60 € ® u x5(-). Vnage rosops, s IpOR3BOIHHOTO
h € RootEl_s mbl monaydaem, aro h = gx_s(1)g~! nna mekoroporo g € U. Taxum obpa-
30M, TIOIyYmIoCch oTobpazkenne n u3 RootEl_s B U, nepesogamee h B g. Cpapmnusag he’
¢ gr_s(1)g~ e}, obmapy>kuBaem, 4TO 1) ABAAETCA OOPATHBIM K 0 1, TI03TOMY, () — GHEKIIHS.
Boutee Toro, MOXKHO 3aMeTHTD, UTO 7) U, CJEI0BATEIBHO, ) COXPAHSIOTCS Tpu conpsizkeann U u
RootEl_s snementamu u3 D. [loHITHO, ITO KpOMe BBIINIEONUCAHHONK OHEKIUN #, CyIeCTBYIOT
ere Tpu 1moio0HbIe OueKIun. Bo-mepBbix, 310 6uekiusg u3 U B RootEl_s, nepeBoasIas yHH-
MOTEHT ¢ B KOPHEBOW ajieMeHT h, Takoii, aro Vi, = (g;x;i € I1). Bo-Bropsix, 6Guekmust n3 U~
B RootEls, mepeosifimas YHUTIOTEHT g B KOPHEBOiT seMenT h, Takoit, ato VP = (g1 € I1).
B-Tperbux, 6uekius uz U~ B RootEls, nepeBojisiiiiasi YHUIIOTEHT ¢ B KOPHEBOW 3JI€eMeHT h,
Takoit, 9to Vi, = (gix; 1 € I3). Takum 06pa30oM, MBI JIOKA3AJHN CIEJYIOee yTBEPKICHHE.

YrBepxKkaeHue 2.

(1) Jasa npoussoavnozo kopuesozo asemenma h, maxozo, wmo (—0), # 0, cywecmeyem
yrunomenm g € U, maxoti, wmo VP = (g.;;1 € I3).

(2) Jasa npoussoavrozo kopuesozo ssemenma h, maxozo, wmo (—0), # 0, cywecmeyem
yrnunomenm g € U, maxots, wmo Vi, = (gix;1 € I1).

(3) Jasa npoussoavnozo ropnesozo ssemenma h, maxozo, wmo (0), # 0, cywecmeyem
ynunomenm g € U™, makoti, wmo V" = (g.;;i € I).

(4) Jaa npoussoavnozo kopnesozo saemernma h, makozo, wmo (0), # 0, cywecmeyem
yrnunomenm g € U™, makoti, umo Vi, = (gis; i € I3).

Cianencrsue.

(1) Iycmo g — wopuesot sremenm u aubo (8)g, aubo (—J), ne pasuo 0. Tozda mampuywe

6 27
{gij}i,jzl u {gij}i,j:22 umeem 6ud .
(2) IIpednoaootcum, wmo nose K aeasemea 2-samxnymum. Tozda das npouseosvrot
mampuuve A, umerowet sud T, cyuiecmsyrom kopneswvie asemenmor g u h, maxue,

“mo (5)9 #0, (8)n #0, {gij}'?,jzl =Au {hij}?;:zz = A.

Jloxaszamesvecmeo. Oba MyHKTA CJeyeT U3 yTBepKaeHuit 1 u 2.

Bamevanue. OueBuAHO, 9TO BO BTOPOM IIyHKTE yCsI0Bus (0)y 7 0 1 (0) 7# 0 MOXKHO 3aMEHUTH

Ha (—0)y #0 u (=9), # 0.
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B §3 Ml pacemarpusaiau rpymnsl U u U'. Tam mber 3amermm, aro U < U'. Ceiivac Mbl
JIETKO CMOYKEM JTOKa3aTh UX PaBEHCTBO.

Yreepxaenne 3. U' =U.

oxazameavemeso. Jlocrarouno nokasarh, aro U’ < U. Ilycrs ¢’ € U’. Torma nocieanue
MIECTH CTOJIOIOB MATPHILI ¢ 06pa3yIoT MEeCTUMEPHOe CHHTY/IApHOe moanpocrpancTso V. Tlo
[cm. m3 T. 2], cymecTByeT KopHeBoit amement h € RootEl_s, takoit, aro V" = V', Torma, mo
YTBEPXKIEHUIO 2, CYIIECTBYET 3aeMeHT g € U, Takoii, 9TO HOAIIPOCTPAHCTBO, MOPOXKICHHOE
MOCJIEHUMHA TECThI0 CTPOKAMKU MaTpunbl g, conamaer ¢ V'. Mnaue rosops, gV = ¢'Vi =
V'. Tlosromy marpuna ¢ 'g’ ocrasmser Vi ma mecre, To ecth g 'g’ € P~. Teneps u3
npejiozkenus 4 (TouHee TOBOPS, U3 €ro TPAHCIIOHUPOBAHHOTO aHAJIOTA, CM. 3aMevaHue TMOCTe
npeyioxkenns 4) u oupenenenusa U’ cienyer, aro g~ 1g’ = E, 4To u Tpe6oBaIoCh.

[Iycts J € Ggo(Es, K) — wmarpura, pasaasg ws(l) = xs(1)z_s5(—1)zs(1). Paccmorpum
MHOXKeCTBO L', mosryuaemoe u3 noarpynist Jlesu L ymuoxkenuem crpasa ua J: L' = {AJ; A €

L}.

3ameuanue. Mbl UCTIOTB3yeM HOBOe oGo3HaueHme Jjist Wy (1), 9TOObI HE MyTaTh YMHOXKEHHEe
Ha Hero u compsizkenwne nMm. Kak w mpexxje, roBopst mpo " meiictue smemeHToM ws(1)”, MbI
TOIPa3yMEBAEM COTIPSIYKEHUE TUM IJIEMEHTOM.

Teopema 3. ITycmo g € Gso(Es, K) — npoussosvroti saemenm c det(g) # 0. Toeda g =
vdw, 2de v,w e U™, ade L.

Zloxaszameavcmaeo. Paccmorpum mmectuMepHOe TOAITPOCTPAHCTBO W, TIOPOXKIEHHOE TTOCTIE-
HUMH IECTHIO CTOJIOIAME MATPUILl g. IlycTh h — KOpHEBOit sjemenT, Takoif, uro V" = W.
[Tockoabky 1o yesosuto det(g) # 0, to, mo [1. 3.5], (§)y, # 0. Hnst mekoroporo a € K, 1o-
stomy, ah € RootEls. Torma cymecrByer yuumnorent v € U™, Tako#l, 9TO MOAIIPOCTPAHCTBO,
IOPOZK IEHHOE TIePBBIMH IIECTHIO CTOIOIAMH v, coBmagaeT ¢ VA = VP = W. Jlanee, paccmot-
pum mecrumepnoe noanpocrpancTso W/ < V* | nopoxkaenHoe nepBbIME NIECTHIO CTPOKAMMA
Marpunbl g. ” Tpancrnonupys” mpejabliyire coobparXKeHus, MoJlydaeM, 9TO CyIECTBYET YHHU-
noreHT w € U™, TaKoil, 9TO MOAIPOCTPAHCTBO, MTOPOXKIEHHOE ITOCIETHUMHE IIECTHIO CTPOKAMU
w, conamaer ¢ W',

Teneps nosoxknm d = v~ gw ™. Paccmorpum moanpocTpancTso V' | TOPOXK IeHHOE TT0CIe, -
HAMM TMecThbio cTosbnamm Marpunsl d. Ipu stom w1V = Vi, mosromy V/ = v~ lgw= V5 =
v V. Janee, u3 BoiGopa v cienyer, aro V = vVy, mosromy V' = V;. WUnaue rosops, d;; = 0
mpu 7 <1 < 27,22 < j < 27. Ananornuno, ” TpaHCIOHADPYs” BBIMIEONUCAHHBIE PACCYKICHAI,
MOXKHO HOJIy4nTb, uTo d;; = 0 mpu 1 < ¢ < 6,1 < j < 21. Haxomern, paccMOTpUM MaT-
puny dJ~!. HecloKHO 3aMeTHTh, UTO OHA JIEXKHUT B Tapabomaecknx moarpymnmax P u P,
caenosarensno, dJ 1 € L, o ecth d € L', aTo u Tpe6oBaIOCh.

IIpenmoxxenne 6. Ilycmo g1, g2 — dea Kopuesux snemenma, makue, wmo (8)g, u (0)g, He
pasHv 0.

(1) Mampuya g1gz umeem 6ud .

(2) IIpednonosicum, wmo nose K asasemes 2-zamxnymum. 3adurcupyem kopresoti sne-
menwm g1. Tozda drs npoussosvrotll mampuuyv A euda T cywecmsyem maxot KopHe-
801 aNeMEHM. G2, 4O G1G2 = A.

Zloxaszameavcmaeo. Jlokaxkem mepBbwiil myHKT. Kak Mbl HAIIOMWHAJNA B §2, U3 JJOKA3ATETHCTBA
[T. 1] caenyer, uto g1 = fxs(a)f~t, tme f € U~. Jlanee, HECIOXKHO BUJETh, UTO I
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IPOU3BOJILHOTO yeMenTa g € G(FEg, K) u IpOU3BOJILHOrO YHUTOTEHTa u € U~ MaTpuia g
paBHa ug u gu. B wacraocru, gigz = flg192f = xs(a)(f~rgaf). Hanee, xs(a)(f~1gaf) =

fYgof + a{(f~'92f)ij}ijers- ITockombKy g2 — KOpHEBOii 3jeMeHT, TO MaTpuna f~lgaf =
G, — ckamapras u He pasHa 0. [To cencrsmio u3 yreepxaenus 2, marpuna { (f~tgaf)ij i jers
uMeeT BUJ T, TOITOMY W (1 UMeeT BHJ, T.

Jokaxkem Bropoii mynkT. Kak u B mpejbiiymmem myHkTe, umeeM gigs = Zs(a)(f~1gaf) =
f=Ygof +a{(f~'92f)ij}ijers, 1PM 3TOM f m a 3aBuCAT TosBKO OT g1. Iycrs h = f~lgof,
Torna gigz = h + af{hij}tijer,. Ilpm aTom h MOXKeT GBITH IPOU3BOIBHLIM KOPHEBLIM JIEMEH-
TOM, a MOCKOJBKY (0)n, = (d)4,, TO ycroBue, ato (6)4, # 0, mepexoaut B ycuosue (0)p # 0.
Orcioma, UCIOJIB3YS CAEJCTBUE N3 YTBEPXKIEHUS 2, TOdydaeM Tpedyemoe.

Teopema 4.

(1) ITyemov g1 u g2 — 06a npoussoavuvx aaemenma epynnove Gs.(Eg, K), makxue, wmo
det g1 u det gz ne pasnol 0. Tozda G1gz = g1 AGs, 2de A — nexomopas mampuua 6uda
T. B wacmmnocmu, ecau gs — Kopnesoti aremenm, mo Gigz = giA.

(2) IIpednonosicum, wmo nose K aeasemcs 2-zamkuymoim. Sadurcupyem ssemenm
91 € Gs(Eg, K). Toeda daa npoussorvnoti mampuyve A euda T cyusecmsyem ma-
Kot KOpHEBoT anemenm gs, ¥mo gigs = g1 A.

Jloxazameavcmeo. Ilycrb f1 — kopreBoit anmement, Takoii, ato ({f1}i«; i € I1) = ({g1}ie; 0 €

Ii) n (0)y, = 1. WNnave rosops, eciit W = ({g1}is;% € [1) m hy — KOpHEBO# 3sIeMeHT,

takoit, aro V" = W u (0)n, = 1, o fi = z_s5(1)hiz_s(—1). Amnamormano, mycth fo —

KOPHEBO# 3eMenT, Takoii, ato ({fo}wiit € I3) = ({g2}wisi € I3) u (9)y, = 1. Torma mpm

ielh,jelzukeAunveem {g1}ix = > {91}i1—s{f1}ik, mOCKOIBKY cTPOKA MaTPHIBI g1 C
=

HOMEPOM % €CTh CyMMa CTPOK fi ¢ HoMepamu [ ¢ kKoadbdumumentamu {g1 }ij—s; AHAIOITIHO,

{92}65 = > {92} mts,i{f2}em- HosTOMYy
mels

{9192} = Z{gl}ik{QZ}kj

keA

_ Z <Z{gl}i,l—6{fl}lk> (Z {92}m+5,j{fz}km>
keA \lel, mels

— Z Z <{gl}i,l—6{g2}m+6,j (Z{fl}lk{fz}km>>
lely mels keA

= Z Z ({g1}ii—s{fifotim{g2} m+s,j)-
lel mels

9TO0 BhIpaskeHne, YIUThIBasI YIIOMUHAEMBI B IIPeJIbIIyIeM maparpade HedBHO UCIOIb3ye-
MBIl HAMU CTaHAAPTHBIA n3oMopdusm V3 — Vi, ecTh B TOUHOCTH TO, YTO TPEOYeTCs B IIEPBOM
nyHKTe. BTOpOit MyHKT cjiejiyeT U3 MPeblIyUuX BHIKJIAJI0K U MPEJJIOKEeHU 6.

2.IIpoussenenusi marpun u3 GL(6, K).

B aTom nyHKTE HAM NIPUJIETCsT JIOBOJIHLHO MHOTO padoTaTh € >KOP/IAHOBBIMU (DOPMaMU Pas3-
mepom 6x6. s kparkoctu, Gygem obosnadars aepe3 D(By, - -+, By) 6JI09HO-IHATOHAIBHY O
maTpuily ¢ 6iokamu By, - -, Bg; KOpJaHOBbI 6J10KH MbI Oyjem obo3HavYaTh Kak (a,--- ,a),
IJIe @ — COOTBETCTBYIOIEeEe COOCTBEHHOE UHUCJIO, a X KOJUIECTBO — pa3Mep KJeTKH. Ecin
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coOCTBEHHBIE UHCJIAa 0003HATAIOTCS PA3JMIHBIMEU OyKBaMM, TO OHM He paBHbI. Hampumep,

a 0 0 0 O
0 a 0 0 O
sanuchk D(a,a, (b,b),b) oboznauaer marpuy [ 0 0 b 1 0
0O 00 b O
0O 0 0 0 b

Panee mb1 1acTo ncnosb3oBan Beipaxkenne ' Marpuilbl Buaa 77. Teneps HaMm monamobuTcst
YTOYHUTH 3TOT TepMuH. Bygem HaswiBath A € GL(6, K) marpuneit Buga I, ecau oHa co-
npsixkena Marpurne D(a,a,a,b,b,b) npu HeKOTOPBIX a,b # 0. B wacTHOCTH, MaTpuna BUIa |
SIBJISIETCST MaTPUIleil BUIA .

JlemMma 5.1. Ilpednoarootcum, wmo nose K asasemces 2-3aMKHYMDBIM.

0o b)" 0 d
us GL(2,K). Tozda mobas neckarspnas mampuya u3d GL(2,K) ¢ onpedesumenem
abcd npedcmasasemcea 6 eude npoussedenus mampuy A u B, 20e A’ conpascena A,
a B — B.
(2) ITyemv A € GL(6,K) — 640410-0u020HAADHAA MAMPUYA C MPEMA HECKAAADPHBLMU
brokamu 2 X 2, npuvem onpedesument. amur 640k06 pasuu. Tozda ona asasemcs
npoussedenuem 08Yxr mampui, 6uda 1.

(3) ITyemv mampuya B € GL(6, K) umeem 6 nose K cobcmeennve wucaa x, %,y,% u

Z, %, npuuem 6ce onu passuvnst. Toeda B asasemca npoussedenuem dsyxr mampuy,

euda 1.

(1) ITyemv A = a 0 B = (C 0) — 0d8e NPOU3BONLHBIE HECKANAPHVLE MAMPULDL

Hoxazameavcmeo. HectoKHO BUAETD, 9TO JJIA JOKA3ATEIbCTBA IIEPBOTO IIyHKTA JTOCTATOTHO
OKa3aTh, 9TO y npomsBenenna A’ B’ moxer 6uITh mpoums3BouabHbIA ciaen. Ilyers A = A m
BI — Y y

- To, aro B’ conpszkeno B, paBHOCHIBLHO TOMY, 9TO T+t = c+d u 2t —yz = cd.

r+t=c+d
Hanee, cnen marpunsl A’B’ pasen ax + bt. Ilockonbky a # b, To cucrema { ax + bt = k

xt —yz = cd
pazpemuma mpu Jirobom k. OtTcioga ciaeayer Tpedyemoe yTBepxKaeHHe. BTopoit myHKT cpa3y
cJIelyeT u3 MepBOTO, & TPETHil — U3 BTOPOTO.

Jlemma 5.2. Ilpednoaootcum, umo nose K asasemcs 2-3aMKHYMBLM, U NYCMH MAMPUUA
A € SL(6, K) asasemca 6.404H0-6epTHEMPEY2040H0T ¢ MPema OA0KaMU 2 X 2 HA JUA2OHAAU.
Ilanee, npednososcum, wmo:

(1) ece Gaoku Ha JuazoHAAU HE ABAANOMNCA CKAAAPHOMU, UAL
(2) us mpex 640K06 Ha JUA2OHAAU POBHO 00UH ABAAEMCA CKAAAPHHLM.

Toz0a A asasemcsa npoussedenuem mper mampuy, 6uda i.

Zloxazameavcmeo. 1. llycTh ompemennTesb mepBoro 0JI0Ka paBeH a, BTOPOro — b, a Tperbe-
ro — ¢, e abc = 1. Jlayiee, HEC/IOKHO BHUJIETh, YTO JIF0DOE 2-3aMKHYTOE T10Ji€¢ OECKOHEUIHO.
Jlist mokazaTesbCTBa MEPBOTO MYHKTA PACCMOTPHUM MTPOU3BOJIHHYIO HECKAJISAPHYIO MATPHILY
P = D(p, I—lj,p, %,p, %), To ecth p # +1. Torma, mo mepBoMy TyHKTY JieMMbl 5.1, P MOXHO
TaK CONMpsidh BI0UHO-AMAroHa bHOM Marpuneit Q € GL(6, K) ¢ 6iiokamu 2 X 2, 910 MaTpu-
ma AQPQ~! 6yner uMeTb, B COOTBETCTBYIOMIX JUATOHATLHLIX GJI0KAaX, COOCTBEHHLIE THCIA
{z, 2}, {y, 5} u {z, £} U9 OPOM3BOMIBHBIX T, Y, 2 € K*, Takux, uT0 T # %,y # 5 uz# <. Mo
30



XOTHM TaK ToA00paTh T,y U 2, uTobbl MaTpuna AQPQ ™! ymosiersopsaa yclIoBHIO ITyHKTA
(3) memmbr 5.1.

2. Ilpeamosnoxum, uto a,b u ¢ ne pasubl 1. Torma momoxkum y = 2 1 2 = % = cx. llpm
sroM MaTpuna AQPQ ™! mmeeT cobcTBeHHbBIE UNCA, T, i, Y, %, z, % JL1st Toro, 9TOOBI MaTPHUITA,
AQPQ~! ynosnersopsia yciosuto myrkTa (3) semmbr 5.1, HyxHO Tak mogobpath T € K*,
9TOOBI BCe ee COOCTBEHHDBIE YHCJIa ObLIM PA3JIMYHBI; 9TO HAM JIA€T CUCTEMY U3 15 HepaBEHCTB
Ha x. HecyioxkHO BUJIeTH, 9TO BCE HEPABEHCTBA, SIBJIAIOTCS MHOTOYJIEHAMU WJIH CBOJIATCHA K
HuM yMHOXKeHneM Ha x. [lockosmbky mosie K GeCKOHEYHO, & HEPABEHCTB — KOHEYHOE UHCJIO,
TO JJI JIOKA3aTeJbCTBA CYIECTBOBAHUS T JIOCTATOTHO TMOKA3ATh, UYTO B IMOJyIE€HHON crcTeMe
HET HEPABEHCTB CTEIeHN —00, TO eCTh cBOAAmuXxca K Buay 0 # 0. 3ameTnm, 9T0 HEPABEHCTB

crerieHu He BbINIe HyJesoit y Hac posHo 6. IIpu 3TOM HepaBeHCTBa O TOM, YTO T, Yy = =

U z = cx HEpPaBHBI JPYT JIPYTY, CJAEJYIOT W3 TOro, 4To a,b,c # 1 (Tak ke, pazymeercd,
. 11 1
HY>KHO HOMHHUTH, 9T0 = # ()); aHAJIOTUYHbIE HEPABEHCTBA PO 21 y ¥ 3 CICNYIOT U3 TOrO

xxe. Takum obpazom, Bce HepaBEHCTBA MUMEIOT CTeNEHb He MEHbIe HYJId, TTO9TOMY MCKOMBIi
x € K* cymectsyer. B3sgB 3ToT x, MBI IoaydaeM, uro mMarpuna AQPQ~! yrnosmersopser
ycoBuio myHKTa (3) seMmbl 5.1 H, ciieoBaTesbHO, SIBISETCs TIPOU3BEIEHNEeM JIBYX MATPHIL
Buja . Takum obpazom, A siBjIsteTcst TPOU3BEIEHUEM TPEX MATPWIL BUIA, 1.

3. Ocrajmoch paccMoTperh JiBa ciaydas: Korma a = 1, a b mw ¢ He paBubl 1, m Korja
a = b = c = 1. Ilonaras B mepBOM M3 3THX CIyYaeB z = ¥, IOTydaeM B OOOHMX CIydasdx,
gro marpuna AQPQ ™! umeer cobcTBeHHBIE WHCIA T, %,y, é, zZ " % st Toro, 9TobbI 3T
MaTPHIA YIOBJIETBOPSIA YCIOBUIO TyHKTa (3) JeMMbl 5.1, Tpebyercst BhIoaHeHE TexX ke 15
HEPABEHCTB, OJIHAKO B PACCMATPHUBAEMbBIX CJydasdx — OT JIBYX, B IIEPBOM CJIydae, WA TPeEX,
BO BTOpOM, epeMeHHbIX. Hecstoxkmno ybeanThed, 9T0, KAK W paHee, MOJydeHHAasd CUCTEMa He
COJIEPYKUT HEPABEHCTB CTEIeHW —OO, TO €CTh mMeeT pernenue. V3 3Toro, Tak Ke Kak W B
MpEJIBIAYIeM MyHKTe, ToJyIaeM, 9To A aBjgeTcsa mpon3BeieHneM TpexX MATPHI] BUJAA I, 9T
JIOKA3bIBAET TEPBBIN MYHKT JIEMMBbI.

4. JlokaxkeMm BTopoi myHKT. [losioskuMm, Jijisd OmpejieJIeHHOCTH, YTO CKAJSIPHBIM OJIOKOM
D(d, d) sensercsa nepsblii, n d?> = a. HecJ0:KHO BHIeTD, 9TO JIJTd HOJyIeHHS TAKOH Ke, KaK
U B mepBoM myHKTe, MaTpunsl AQPQ ™! moctaTouno B3aTh MaTpuily P He IPOH3BOJLHYIO, a
¢ p = % (MOCKOMIBKY &,y W Z OT P He 3aBHUCAT, TO P MOXKHO BHIOMPATH TIOC/IE BRIOOpA T,y W Z2).
B sTom ciydae, mockosbKy p % £1, MBI oIy9aeM JIBa JOMOJHATEILHBIX HEPABEHCTBA HA I,
a nMeHHO x # +d. IIoCKOJIBbKY 9TO HEPABEHCTBA TEPBOU CTEMeHU, TO Jajee T0KA3aTEeTbCTBO
MEePBOTO IMYHKTA MMPOXOJIUT 0e3 M3MeHeHMiA.

Teopema 5. Ilpednorootcum, wmo nose K asasemcea 6-zamknymoim. Tozda npouszsosvHas
mampuya A € GL(6, K) ecmv npoussedenue we Goaee wem wemuiper mampuy, 6uda 1.

Zloxazameavcmeo. Ilockonbky mose K 6-3aMKHYTO, TO BCe COOCTBEHHBIE UMCIa MATPUIbl A
nexkat B K. TTosromy xopnanoBa ¢popma marpuiel A jexur B GL(6, K), u A eii conpsizkena.
Jlastee, MOCKOJIBKY MATPHUIIGI BUA | OMPEJESIEHbI ¢ TOYHOCTHIO JO COMPSIXKEHUS, TO MOYKHO
cantaTh, 9T0 A coBmajaer co cBoeil kopmanoBoit ¢gopmoit. [lepeunciaum Bce KopIaHOBBI
dbopmbr st marpur uz GL(6, K). Jljst ynobcTBa, OHU pa3bUThl HAMHA Ha IPYIIIBI TI0 HAOOPAM
CcOOCTBEHHBIX UHCEJI.

I D(a/7 b? c7 d7 67 f);
IT a) D(a,b,c,d,e,e), b) D(a,b,c,d, (e, e));
IIT a) D(a,b,c,d,d,d), b) D(a,b,c,d,(d,d)),c) D(a,b,c,(d,d,d));

IV a) D(a,b,c,c,d,d), b) D(a,b,c,c,(d,d)), c) D(a,b,(c,c),(d,d));
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VI

VII
VIII

IX

XI

) D( ), (c.c,0)):

a) D(a,a,b,b,c,c),b) D(a,a,b,b,(cc)),c) D(a,a, (b,b),(c,c)),d) D((a,a), (b,b),(c,c));
a) D(a,b,b,b0,b,b), b) D(a,b,b,b, (b)), ¢) D(a,b,b,(b,b,b)), d) D(a,b,(b,b),(b,b)),
e) D(a,b, (b,b,b,b)), ) D(a, (b,b),(b,b,b)), g) D(a, (b,b,b,b,b));

a) D(a,a,b,b,b,b), b) D(a,a,b,b,(bb)), ¢) D(a,a,b,(b,b,b)), d) D(a,a,(b,b), (b)),
e) D(a,a,(b,b,b,b)), f) D((a,a),b,b,b,b), g) D((a,a),b,b, (b)), h) D((a,a),b, (b,b,b)),
i) D((a,a), (b,b), (b,b)),]j) D((a,a), (b,b,b,b));

a) D(a,a,a,b,b,b), b) D(a,a,a,b, (b)), c¢) D(a,a,a,(bb,b)), d) D(a,(a,a),b, (b)),
e) D(a, (a,a),(b,b,b)), ) D((a,a,a),(b,b,b));

a) D(a,a,a,a,a,a), b) D(a,a,a,a,(a,a)), c) D(a,a,a,(a,a,a)), d) D(a,a,(a,a),(a,a)),
e) D(a,a,(a,a,a,a)),f) D(a,(a,a),(a,a,a)),g) D(a,(a,a,a,a,a)),

h) D((a,a), (a,a), (a,a)), 1) D((a,a),(a,a,a,a)),]) D((a,a,a),(a,a,a)),

)
k) D((a,a,a,a,a,a)).

[TockosibKy MaTpUIIBl BUAA T MOYKHO YMHOXKATH HA, CKAJISIP, TO MOXKHO CIUTATH, 9T0 det A =

1; B cnyuae XI, 6osee Toro, 6yaem mosararh, 9To a = 1.

Ormernm, uro mox yejaoBue myHkTa (1) semmbr 5.2 mopmagator cayuan I, I, 11, TV, V

6e3 mogcaygas a), VI, VII, VIII 6e3 mogcaywaes a), b) u c), IX 6e3 nomcryqaaes a) u f), X
u mojcaydan h), i) u k) B XI. [TosTomy B 3THX ciyuasix TeopeMa y¥ke jokazaHa. Jlasee, u3
OCTaBINUXCsI CJIYYAeB TOJ YCJIOBHe TyHKTa (2) jslemMbl 5.2 mognagator ciaydan V a), VIII b)

n

c), IX a) u f), u XI d)-g) n j). Takum obpasom, y HAC OCTATIOCH PACCMOTPETH BaPUAHTHI

VIII a) u XI a)-c). [asee, HECTOXKHO BHIETH, UTO Jyisi caydas X1 ¢) xBaTaer JABYX, JJIs
XI b) — omuoii, a jys XI a), B HEKOTOPOM CMBICJIe, HYJIS MaTPHI] ¢ YKOPAAHOBOH (hopmoii

D(

1,1,1,1,(1,1)). st ocraiierocst ciyuas VIII a), oueBuIHO, XBATHT YeTHIPEX MATPHIL

BHJIA T.

CaencrBue. ITycmv K — anzebpauvecku samrxnymoe nose u A € GL(6, K). Tozda cyue-
cmeyem g € Gge(Fg, K), makoti, wmo g = A u g A6aaemca npou3eedeHuem namu KopHEGuLT
2NEMEHMOB.

Lloxazameavcmeo. CorytacHO TIpeabiayineii Teopeme, A SBISETCS MPOM3BEIEHUEM YETHIPEX
MaTpuIl Buja T; HazoBeMm ux A, As, Ag u Ay. BosbMmeMm KopHeBoit smement gg = x5(1). Tlo
nyHKTY (2) TeopeMbl 4, CyIIeCTByeT TaKOW KOPHEBOH 3JIEMEHT g1, 9TO Jogi = JoA1 = Aj.
[Tpumensist myHKT (2) Teopembl 4 erie TPy pasa, moxyvdaeM §pg19z29394 = A1 A2A3Ay = A, aro
u TpebdOBAJIOCE.
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§6. Teopema 0 HEBBIPOXKIEHHOCTHU
[Tess sToro maparpada — goKa3aTh TEOPEMY:

Teopema 6. /[ia npouscoavrozo neuenmparvhozo snemenma g € Gso(Eg, K) cywecmey-
em anemenm h € Gse(Es, K), maxoti, wmo nodmampuua {hgh™'},;, ede i € I u j € I,
obpamuma.

Hamomanm, aro mogmarputy {¢i; bier, jer, Marpuipl g € Gyo(Eg, K) Mbl 0b03HaTaeM de-
pes3 g.

JIoKayKeM HECKOJIbKO BCIIOMOTATENbHBIX (XOTS IPEJICTABISIONINX U CAMOCTOATETHLHBIA HH-
Tepec) yTBEPKJICHUI.

Jlemma 6.1. Ilycmov u u v — 06a CUHRYAAPHVIT BEKMOPA.

(1) Ecau v = au, mo cywecmsyem mampuua h € Gs.(Eg, K), maxaa, wmo hu = el, a

hv = ael.

(2) Ecau (u,v) —deymeproe cunzyaaphoe noonpocmpancmeo, mo CYu,eCmseyem Mampu-
ua h € Gy(Eg, K), maxaa, wmo hu = e', a hv = €22.

(3) Ecau modnpocmpancmeo {(u,v) mecumeyaapno, mo cyuwecmeyem mampuua h €

Gse(Eg, K), maxaa, wmo hu = e', a hv = €23,

Jlokazameavcmeo. TlepBoiit U BTOPOi MyHKTHI cpasdy cieaytor u3 [T. 2]. Jlokaxkem Tperwmit
nyekT. Ilo Toit e TeopeMe, MOYKHO CIATATh, 9TO U = e'. IIOCKOIBKY MOIIPOCTPAHCTBO
(u,v) HECHHTYJIIPHO, TO, 1O [yTB. 7|, cylmecTByer Bec k, JaJIeKWil OT TEPBOTO BeCa, TaKOM,
aro v 7 0.

Jlastee, mycth | — mpOU3BOJIBHBIN Bec, Ou3Kuit K k n Takoit, aro v; # 0. YMHOXUM v Ha,
KOPHEBO#t ajiemenT hy = x;_ <—clk ;’—;) Heciioxkuo BuieTh, 9TO MOCE 3TOTO KOOPJAMHATA, U]

cranoBurcs pasuoit 0. Ilpu sToM, 1O [cJ. 3 yTB. 2|, KOOPAMHATHI BEKTOPA U MPH JIPYTHX
Becax, OJIM3KUX K k, He MeHgioTCsd. Tak:Ke He MeHAeTCs KOOpJnHaTa u npu camoM k. Haxonerr,
3aMeTHM, UTO JIsS TOro, uTobul hiel # el, meobxommmo, 4robbI B pasnokennu | — k Ha
pOCThie KOPHU KO3(d durment npu o ObLT paBer -1. OHAKO, KAK HECJIOKHO BHUETH, ITOT
K03(bGUIIEHT MOXKeT OLITH paBeH TOJLKO 0 WiIH 1, HOITOMY BeKTOp u = €' mpm yMHOXKeHHH
Ha hj octaercd HeMOABUKHBIM. lIpuMeHsas aHAJIOTHYHYIO MPOIEIYPY KO BCEBOZMOXKHBIM [,
MOXKHO CJ[eJIaTh KOOPINHATHI BEKTOPA ¥ TIPU BCEX BECAX, OJU3KUX K k, TIPU ITOM MO-TIPEXKHEMY

v # 0w u = el. Tpumensa [yrs. 13], momywaem, ato v = vyer.

Ocranoch goKazaTh, uto n3 mapsl (u,v) = (el, aek), ecrm d(1,k) = 2, MoxHO TOTYIUTH
mapy (el,e??). Jljas aToro, 09eBHIHO, JOCTATOYHO IIOKA3aTh, 9T0 3 mapsl (u,v) = (e!, aek)
MOYKHO TIOTyInuTh Tapy (e, e!) mms mpomssosbroro Beca [, 61m3Koro XK k U majnexkoro ot 1.
JIjist 3TOTO, B CBOIO OYepesb, MOCTATOIHO 3 maphl (u,v) = (e!, ae’) mayunrhea momywars
mapy (el, aek +bel), e [ Tor e cambrit Bec, a b € K — nponssobroe. OCTaIoch 3aMeTHTh,

9TO 3TOrO JIETKO NOOUTHCH, YMHOXKAA U W U Ha, T]_ k(clkg).

Jlemma 6.2. ITycmv A € GL(6, K).

(1) Ecau tkA = 1, mo cywecmeyem mampuuya B € SL(6,K), makas, wmo
{BAB™'},;=0npu1 <i<6ul<j<6;
(2) Ecau tkA = 3, mo cywecmeyem wmampuuya B € SL(6,K), makas, wmo

{BAB™'},; = 0npul < i <6 ud<j<6,anodmampuya {BAB™'};; npu
4<i<6ul<j <3 obpamunma.

Lloxazameavcmeo. OdeBHIHO.
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YrBepxkaeHue 4.

(1) ITyemov v — cuneyaaprodi sexkmop, npuuem vea # 0, a v; = 0 npu 22 < i < 27. Toeda
v bausok ¥ el.
(2) ITyemov u,v — dea cuneyrapnuxr eexmopa, npuvem u € Vi, a v ¢ Vi & Va. Ilpedno-

AOACUM, YMO UVj_5 = WjVi—5 0A4 6cex 1,] € I1. Tozda eexmopa u u v bauswu.

Zloxazameavcmeo. Jlokaxkem mepBbiii myHKT. [lokaskem, 9To Ui mpom3BOJbLHOTO k € Io,
Jajgekoro ot 22-ro Beca, vr = 0. IIpeamosiokKuM TpOTUBHOE — IIYCTHh CYIIECTBYET TaKOe
k € Iy, namekoe ot 22-ro Beca, uto v # 0. Ilycrs j € Iy — Bec, manekuit or k u 22-
ro seca. Ilo ompenenenmio, Q(e/,v) = > +vv,, e d(j,1) = d(j,m) = d(l,m) = 2 u
napa {l,m} Heynopsiiouena. 3amerum, 4ro mo [yTB. 5| B Kaxmoil mape {l,m} omun u3
BecoB puHAIEXKUT [3. OTCiona, o yeJI0BUIO, BCe CaaraeMble, KpoMe +vUgvU22, OKA3BIBAIOTCS
HyJeBLIMH. 1IpH 9TOM, W3 CHETYIApHOCTH v caexyer, aTo Q(e’,v) = 0, oTkyma vy = 0 —
nporuBopedre. [asee, o [ca. w3 yTB. 2] u [yTB. 6], Beca, jgajsiekue OT MEPBOro Beca — 3TO
BCce 22 < j < 27, a takxke k € [5, nanekue or 22-ro Beca. Takum obpazom, KOIDDUIIHEHTH
BEKTOpa v IIPH HUX Beex pasHbl 0. U3 sToro, a Takske u3 suja F, ciemyer, aro F(v,el, x) = 0,
MIO3TOMY BEKTOpa v U €1 OJIM3KH.

Hokaxxem Bropoii myHkT. Ilycrs A; — marpuna uz SL(V, K), nepeBojsiimast BEKTOp U B
el. Torma, Kak MBI y>Ke ymoMuHa W, cymecTByeT marpuna A € D, Takas, uto Aly, = Aj.
[Iycts v = Av. Ilockombky Ay, = Ay, B yIATBIBas, 9TO U;Vj_5 = U;V;—s A Beex i,] € I,
nostydaem, aro v, = 0 mpu 22 < i < 27. Ilockoabky v ¢ Vi @ Va, To v’ ¢ Vi @ Va, orkyna
vhy # 0. Vcmosb3yst mepBblil yHKT, MOIydaeM Tpedyemoe.

Jlemma 6.3. ITycmo g € Gyo(Es, K), npuuem g;; = 0 npu 1 < i <6 u 22 < j <27, no
cywecmeyem i, makoe, wmo g; 22 7 0. Tozda cywecmeyem h € Ggc(Fs, K), maxoe, wmo

(hgh_l)z* = €92.

Zloxazameavcmeo. Ilycts ¢ = 1. llpuMmeHndas mepBblili MyHKT ~TPaHCIOHHPOBAHHOIO  yTBEp-
XKJleHnd 4 IpA v = gy, TOJy9IaeM, 9TO KOBEKTOPa ;s W €1 Oum3ku. B aTom cirydgae, MOXKHO
IIPUMEHHUTH BTOPOi MyHKT ” Tpancrnonuposanuoit” jiemMbl 6.1. Ilo Hemy, cymecrByer maTpuia
f € Gse(Fs, K), Takast, aro e1 f = e, a g1.f = eza. Orcroma ciemyer, 9to erflgf = ean.
TakmM 06pa3oM, B KadecTBe NCKOMOTO h MOXKHO B34Tb f L.

[Iycts ¢ # 1. Tpumensst ” TpancnoHUpOBaHHY0” [J1. 2.2] IpH v = g U U = €;, MOJYyIaeM,
9TO KOBEKTOPA ¢+ U €; JlaJieKu. B 3ToMm ciydae, MOXKHO TPUMEHUTH TPETHIl IMyHKT ~ TpaHC-
noarpoBanHoit” semmbl 6.1. U3 Hero ciemyer, uro cymecrByer marpuna f € Gg.(Eg, K),
Takasg, uTo €;f = €;, a gixf = ezz. Orcioma, e;f 1gf = ess. Taxum obpasoMm, B KauecTse
HICKOMOTO h MOYKHO B34Th f L.

Jlemma 6.4. IIycmo tkg = 1, npuvem {G}i; = 0 daa wmobmr 1 < i < 6, 22 < j
cywecmsyem makoe 1 < 1 < 6, 4mo g, 99 # 0. Toeda cywecmsyrom seca 6 < k
22 < j <27, makue, wmo d(i, k) =1, j#i—09 u gg; #0.

< 27
< 22

u
22 u
Zloxazameavcmeo. Ilpenamnonoxum, aTo TaKux k u j He cyiiecTByeT. PaccMoTpuM pon3BoJib-
HBIil Bec 22 < j < 27, me pasnbiit ¢ — §. Torma, mo npeamonoxennio, gi; = 0 g Beex k € I,
takux, aro d(i, k) = 1. Iycrs | € I u d(i,1) = 2. Hanee, myctb m € I3 — Takoii Bec, 4To
d(i,m) = d(l,m) = 2. PaccMOTpuM Hapy CHHTYJISPHBIX BeKTOpoB ge?? u gel. OHU JOJIKHBI
06pa30BBIBATE JABYMEPHOE CHHTYJISIPHOE TTIOITPOCTPancTBo B V., mostromy F(ge??, gel e™) = 0.
Jlesast gacTh, o onpejenennto dhopmbl F, pasua Y +(ge??),(ge’);, re cymma Gepercst mo
BCEM yIOPSIOIEHHBIM ITapaM BECOB § U t, TaJI€EKUM JPYT OT JPYTa U OT M. 3aMETHM, 9TO BeC
t, majekuit or m, aubO JajeK u OT i, TO ecTh, mo [yTB. 6], paBeH [, 1ubO GJIU30K K i, GO
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paset i. OJHAKO, IO IPEIIOIOKEHHI0, ¢;; = 0 s Beex ¢ # ¢ — J, Takux, 910 d(i,t) < 1.
ITockompKy Beca @ — d m m OJIM3KH, TO BCe cjaraeMble B CyMMe, KpoMe +g; 2295, paBHEL (.
Orcrona caemyet, uro g;; = 0 g4 Beex | < 22.

Taxmm o6pasom, gel € Vi = (e22,e23, 24,25, 20, ¢27) nma Beex j, Takmx, 9ro 22 < j < 27,
j # i — 6. Kpome artoro, pasymeercs, ge/ € gVz. Ilo [yrs. 12|, 1Ba ImecTHMEpPHBIX CHHTY-
JIIPHBIX TOANPOCTPAHCTBA, Ybe MEPECeYeHre COJIEPXKUT YeThIPeXMePHOe MO/ITPOCTPAHCTBO,
cosnaaior. [Tosromy Vi = gV3, orkyma ge?? € Va. B uacraoctn, g; 99 = 0, 94TO IPOTHBODE-

YUT IOPEIIIOJIOZKEHUIO.

Jlemma 6.5. ITycmo g € Gyo(Eg, K), i1,42,93 € 1 v gij =0npul <i <6 u25<j<
27. Ipednonrooicum makoice, wmo det{g;;} # 0, 2de i = i1,i9,i3, a 22 < j < 24. Toeda
cywecmeyem h € Gge(Eg, K), maxoe, wmo (hgh™1);; =0 npu i = i1,42,i3 u j # 22,23,24.

Jlokazamenvcmeo. PaccMoTpuM TpexMepHoe MoAnpocTpancTBO W = (g1 = i1, 09, i3) < V*.
[o ycnosmio, cymectByer 6a3uc sToro moampocrpanctsa [, 12,13, takoit, aro I} = 6; s npn
s € I3. W cunryaspHo, nostomy, 1o ” TpaHcnoHupoBaHHOR” [1. 4.2], cymecrByer KOpHEBOM
sanement f, Takoii, aro fi, = ' mpu 1 < ¢ < 3. Ilpm srom (0)f = 1. Hazuee, mosoxnm
=2 _s(=1)fr_s(1). Torma VI = (fi.;i € I\) 1 = fij + 05 npu i € I;. Orciona,
1o TyHKTY (4) yTBep:XKJeHUs 2, cJiejlyeT CyIecTBOBaHWe yHUIOTeHTa h € U™, Takoro, 4ro
Vi = (hj«;j € I3). Kak y»ke TrOBOPHIOCH, TO O3HAYAET, 9TO f;; = fz-’j — 0, = hi_s; mis
i € I, orkyma W = (hi_54+;1 < i < 3). Wnmade roBopst, h mepeBOAUT MOAIPOCTPAHCTBO
(€92, €23, €24) < V* B W, a nmopmpocrpanctBo (€;;1 = i1,12,13) < V* ocrapisier Ha MecTe,
nockoabKy h € U~. Takum o6pa3oM, OpH i = i1, iy WIH i3 TMoaydaeM e;hgh™! = e;gh™! =
Gish ™! € (€9, €23, €24), 9TO U TPEGOBAJIOCD.

Jlokazameavcmeo meopemos 6. 1. Tlo [T. 3], mapy KOpPHEBBIX MOJTPYII MOXKHO MEPEBECTH
CONPSIPKEHUEM B JIIOOYIO JPYTYIO Mapy ¢ TeM K€ YIJIOM MeXKJy HUMH. 3aMeTHM, UTO CO-
npsi>Kerne KOpHeBoro asiemMedTa X HEKOTOpbIM f € Gye(Eg, K) cooTBeTCTBYyeT yMHOXKEHHUIO
nognpocrpancrea VX wa f, To ects fVX = VXS - Ucnosb3yst [ca. w3 T. 2], mosrydaem,
9TO Mapy MEeCTUMEPHBIX CHHTYJISIPHBIX MOAIIPOCTPAHCTB MOXKHO yMHOXKeHWeM ( = W3MeHeHH-
eM 6asmca) MepeBecTH B JIIOOYIO JAPYTYIO C TEM YKe YIJIOM MeXKJy HUMH ( = yTJIOM MeXKIy
COOTBETCTBYIOIIUMY KOPHEBBIMU MOArPYyIIaMu). MoXKHO CKa3aTh, YTO B3AUMHOE PACIIOIOKE-
HUE JABYX MECTUMEPHBIX CHHTYJISIPHBIX MOAIIPOCTPAHCTB OIPEIe/IIeTCs YIJIOM MeXK1y HUMHM.

Pacemorpum mectumepabie cuHTyasipHbIe oanpocTpancTsa Vi u gV, CormacHo Bbimme-
ckazanHOMY, cymecrByer snemenT [ € Gy(Fg, K), Takoii, aro fV3 = V3, a fgV3 pasro
VX-s = V3, VX VXar | VXeo gp VX5 = Vy. Ilockomsky f(gVs) = (fgf 1) (fV3), To
COMpSATAasT, TPU HEOOXOIUMOCTH, MATPHILY ¢, MOXKHO CIATATH, 9TO V3 — OJIHO W3 TATH Tepe-
YUCJIEHHBIX B TPEBIIYINEM IIPeII0KeHnN ToApocTpancTs. bosee Toro, pas fVz = V3, To

f € P~. Tloaromy rkg = vk fgf~—1. Ocranoch 3aMeTUTh, 4TO 3TOT PAHT OIPEJIEIIAETCI YIJIOM
MeXKJy TmoimpocTpancTBaMu Vs u gVs: ecim gVs = Vi mam VX-22, 10 ectb Z(V3,gV3) =0
nam /3, To MaTpHEIa § Hylesas; ecan gVs = VXe1, 1o ectn £(V3,gV3) = /2, To 1k = 1;
ecm gVg = VXea 1o ectn £(V3, gV3) = 270/3, o 1k g = 3; maxonen, ecim gV3 = Vi, TO ecTh
£(V3,gV3) =, rorkg = 6. Ilycre W — nponsBosbHOE 1eCTHMEPHOE CHHTYJISIPHOE TTOJITPO-
crpancTBO, Takoe, uro L(W,gW) = m, u fW = V3, tiie [ € Gg.(Eg, K). Torga yros mexiay
W u gW pasen yray mexay Va = fW u f(gW) = fgf V3. Takum o6pa3oM, yTBep:KieHne
TEOPEMbI PABHOCHJIBHO CYIIECTBOBAHUIO IMECTUMEPHOTO CHHTYJISIPHOrO nognpocrpancrsa W,
obpagyrotrero yroa w ¢ gW.

[TockobKy MaTpuIa ¢ HENEeHTPaabHas, TO CYIIECTBYeT CHHTYISPHBIA BEKTOp, 4eil obpa3
He KpaTeH eMy. Torma 1mo seMMe 6.1 MOXKHO TIepeBecTH caM BeKTop B €22 mm €23, a ero o6pa3
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B el 1, TakuM 06pa3oM, IOIYUUTH yroa Mexkay Va u gV He Meree 7/2. Ham Hy>KHO cenaTh

3TOT yTOJI, CONpATas MaTPHUILY ¢, PABHBIM T; JIJIT 3TOTO MBI pa3depeM CIydam yriia, PaBHOTO
/2 u 27 /3, 1 HOKa¥XKeM, 9TO UX MOYXKHO YBeJIMIUThH. HAOMHUM, 9TO KaK y¥Ke YIOMUHAJIOCH
B §4, conpsikenne g marpuieii A € D cooTBeTCTByeT CONpsiKeHnto g marpuieir A; = Aly,.
[Tockoapky A; MoxkeT OGbITH TTPON3BOJIBHON MaTpuieil n3 SL(6, K), To B 0boux ciydasix, TO
ecTh IpH yTJIe, paBHOM 7/2 u 27 /3, MOYKHO TPUMEHUTH JeMMy 6.2.

2. Ilycts yrom mexnay Vi u gVs pasen 7/2. IlpuBemem marpurily g K BUJIY W3 JIEMMBI
6.2. OueBumHO, YTO CcymecTByeT Takoe i € Iy, 9T0 g; 22 # 0, mockombky rkg = 1. Ilo
aemme 6.3 MOXKHO CUUTaTh, 9TO g5 = 0 mpm t # 22. Ecam mocse 3Toro gi; craso ne paBHO
0 mpu mekoropbix 1 < k < 6,22 < j < 27, ro rkg > 1, uro u TpeboOBATIOCH (KaK MBI yiKe
rosopwi, ecau kg > 1, 1o yroa mexy Va u gV3 6ombine 7w/2). Nuade, Boibupaem Beca k u
J corytacuo jgemme 6.4. Ilyctb i1 = 4,49, %3 — TPU Beca U3 NEPBBIX MEeCTU, OJIU3KUX K Becy k u
He coBnaanonwx ¢ j+0 (ecau d(k, j) = 1, To TaKAX BECOB POBHO TPH; HHAYE WX Y€THIPE W MbI
BBIOMpPAEM KaKWe-TO TPU U3 HUX), & G4, 15, lg — OCTaBIIHeCs: Tpu Beca, npuaem d(k,iq) = 1.

[Monoxkum o = ig — k € ®. Ilo [yrB. 4], L(a,0) = 7/3. TlocmoTpum, Kak M3MEHHTCS
MATPHIA ¢ TIPA CONPSIKEHUH €€ KOPHEBBIM JIEMEHTOM X (a). 3aMeTuM, 9TO P yMHOKEHUH
g Ha To(a) ciaeBa, TO eCTh 3aMeHe ¢ Ha To(a)g, K CTPOKAM C HOMEDAMH p;, TAKAMH, 9TO
p1—a € A, npubapasiorcs, ¢ ko3 UIMUEHTOM +a, CTPOKHU ¢ HOMepaMu p; — . B gacTHOCTH,
K CTPOKe C HOMePOM 14 IpubaBiisgeTcs, ¢ KoadduiumenTom +a, crpoka ¢ HomepoM k. CorjacHo
[ci. w3 yrB. 2|, Beca p;, He paBHBIE i4, Hajieku oT k. IlockoabKy, mo [yTs. 4], cymectByer
POBHO TPHU Beca p;, MPUHAJJIEKAIMUX [1, TO 3TO Beca 14,15 U ig. Jlajiee, Mpu yMHOXKEHUU ¢
Ha To(—a) cupaBa, TO eCTh 3aMeHe ¢ Ha §Tq(—a), K CTOJ0naM ¢ HOMepaMu 0, TAKUMH, 9TO
o+a € A, npubasistiorcst, ¢ KoaddunreaTom ta, cToabIb ¢ HoMepamu 0;+«. B gacTrHOCTH,
K CTOJIOITy ¢ HOMepoM k mpubaBiigeTcs, ¢ KO3 UIMEHTOM +a, cTOJ0eI] ¢ HoMepoM i4. Bce
Beca 0y, He paBHbIe k, JNOJXKHBI OBITh, MO [cJI. W3 yTB. 2|, Oim3ku K k U JajileKu OT ig.
[TockombKy, corsacHo [yTB. 4], cymecrByer pOBHO TpU Beca 0j, MPWHAJJIEX)AIUX I3, TO, 1O
[yTB. 6], 970 Beca iy — d,iy — 0 w iz — d.

PacecMoTpuM, Kak BJIUSET HA § CONPSYKEHNEe MATPUIIBI ¢ IPU MOMOIIH X, (a). BHauase aro-
TO MTPUOABIAETCI K CTPOKAM C HOMEDAMU 14, i5 U ig, IPUIEM K MEPBOI N3 HUX MPUOABIIIETCS,
¢ koaddunuentom *a, crpoka ¢ nomepom k. Ilocie sToro npubasienus g;, j CTAHOBUTCSH
paBHBIM *agy; 7# 0 (mo BeIOOPY k u j); mo-mpexuemy g+ = 0 mpm t # 22. Jlamee 4ro-To
npubapigeTca K CTOI0ImaM ¢ HOMepaMu i; — 0,12 — 0 n 43 — 0. Taxmm obpasom, g;, ; 7# 0
(MOCKONBKY j # i1 — 0,12 — d, i3 — ) u mo-tipexkuemy ¢;; = 0 mpu ¢t # 22. OcTajoch 3aMeTUTb,
YTO PAHT MOJYIeHHONH MaTpPHILI OoJtbIe 1.

3. IMycre yrom mexuay Vs u gV pasen 2w /3. IlpuBesem marTpuily § K BHUIY W3 JIEMMBbI
6.2. TIpeamonoxknum, aro marpuna {g;;} npn 1 <i < 3 n 22 < j < 24 obparnma. Torma, 1o
aeMMe 6.5, MOXKHO TaK COIPAYb ¢, 9TOOBI g;; cTano paBHo 0 mpm 1 <1 < 3 m j # 22,23, 24.
Ecnn cymectBytor Takme ¢ € [1 n 25 < j < 27, uro g;; crajgo He pasno 0, To rkg > 3,
aro u TpeboBasock. MHade, MOCKOIBLKY MarTpuiia g obparmma, TO CYMIECTBYIOT KOBEKTOPA
1,T2 W T3, TAKHE, 9TO ;g = €;424 Tpu 1 < ¢ < 3. OHM CHUHTYIAAPHBI, TOCKOJIBKY UX 00pa3bl
CUHTYJISIDHBI, ¥ TIOPOXKJIAIOT BMECTE C €1, € U €3 TMECTUMEePHOe CHHTYJISIPHOE MOITPOCTPAHCTBO
B V™.

[TpuMeHsis HECKOJIBKO pa3 ” TpaHcmoHupoBarHoe” [yTB. 7], moydaem, 4To KOBEKTOPA X1, Lo
U T3 MOT'YT UMETh HEHYyJIeBbie KOI(DMUIMEHTHI TOJHLKO ITPU Becax ¢ Homepamu 1 — 8 u 12. U3
3TOr0, O ONPENEJICHUIO T;, TMOJydaeM, 9TO, IMOCKOJIbKY g;; = 0 mpu 1 <7 <6 u 25 < j < 27,
TO MaTpPHUIA 3 X 3, JAeKarasg Ha MepecedeHnr CTPOK ¢ HoMepaMmu 7, 8 m 12 m mocaeTHuX Tpex
CTOJIOIOB, OOpaTUMA.
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CompsizkeM ¢ 9JIeMEeHTAPHBIM KOPHEBBIM 3JIEMEHTOM Zq, (1). Ilpn yMHOXKEHUE g HA T4, (1)
cJIeBa, TO eCTh 3aMeHe ¢ Ha T, (1)g, cTpoku ¢ Homepamu 7, 8 u 12 mpubaBIstoTcs K 9€TBepTOii,
HATOM U MIECTON CTPOKAM COOTBETCTBEHHO (HAC MHTEPECYIOT TOJHKO U3MEHEHUS B MATPHIIE § ).
[Tosromy mnocse Takoro ymuoxkenus: mo-mpexxuemy det{g;;} #0mprm 1 <i<3m22 <5 <24
mg; =0mpul < i< 3mu25 < j <27 wo upu srom det{g;;} # 0 mprm 4 < i < 6
m 25 < j < 27. Ocrajoch 3aMeTUTh, YTO NPU YMHOXKEHUH T, (l)g HA Z,,(—1) cmpaBa
JIBAJINATH ATHIA, IBAAIATE IIECTOR U ABAIIATH CEJIbMOI CTOJOIBI OCTAIOTCS IPEXKHAME, a U3
JBaIATH BTOPOTO, IBAAIATH TPETHEro U JIBAAIATH Y€TBEPTOr0 BEITUTAIOTCS JeBATHAIIATHIN,
JBAIATHIH W ABAINATH MEPBBIA CTOIOIBI COOTBETCTBEHHO. [IOHATHO, 9TO TOCIE STOrO T10-
npexxaemy det{g;;} #0mpn 1 <i<3m22<35<24,¢,;=0mpul<i<3m25<j <27,
u det{g;;} # 0mpu 4 < i <6 u 25 < j < 27. OueBHAHO, UTO PAHT MOJIYICHHOH MATPHUIILI
paBeH 6, 9T0 U TPeOOBAJIOCH.

4. Ocranoch paccMoTpeTh ciaydail, Korjga yroa mexay Vi u gVs pasen 27/3 w marpuia
{gij} mpu 1 < i < 3 m 22 < j < 24 meobparnma. Hamommum, waro marpuna {g;;} npn
4 <1 <6mu22<j <24 obparuma 1o semme 6.2. Ilo gemme 6.5, MOXKHO cIUTATD, 9TO g;; = 0
npu 4 < i < 6 u j # 22,23,24. Pacemorpum noarpynmny D' = (Xy;a L 6, ap). Tougaruo,
aro D' < D u D' = SL(3,K) x SL(3, K), mockonbry SL(3, K) = Gs.(Az, K) coBmajaer,
KaK MbI yIIOMUHAJH B BBeJieHNH, ¢ Fs.(Ag, K), To ecTh mopoXpaercst TpaHcBekusaMu. [lycrhb

1
AeD uAy=Al|y,. Torna Ay = (/(1)1 ;1)2 ), rne Al m A3 — varpune w3z SL(3, K). Ilycts
1

Xt Xx3 :
g = ( Y2 4 ), riae X' — marpuipl pa3zMepa 3 X 3. Torma npu conps>KeHuu g MaTpUIei
A mommarpuna X! conpsiraercs mopmarpumein Al a X* — A2, TIpw srom mojmarpuma

X2 ymuoxkaercs ciesa Ha A%, a cupasa ma (Al)~!; maxomen, momvarpuna X3 ymmoxkaercs
ciesa Ha Al, a cipasa Ha (A%)~!. B mmTepecyromenm Hac ciydae X° = X1 =0, det X2 #
0, a det X! = 0. Torma, kKak xopomio u3zsecTHo, cymecrByer Al € SL(3, K), Takas, 4aTo
mepBas CTPOKa MaTpUIbl X | CTAHOBUTCA HYJIeBOH. PaccMOTPHM IepBble IMeCTh GA3MCHBIX
KOBEKTOPOB. OHU MOPOXKIAIOT MECTUMEPHOE CHHTYJISIPHOE TMOAIIPOCTPAHCTBO B V™, mosTOMY
uxX 0Opa3bl TaK¥Ke TMOPOXKIAT MMECTUMEPHOE CHHIYJISAPHOE MOAIPOCTPAHCTBO. Vcmonb3ys
HECKOJIbKO pa3 [yTB. 7], mMoJydaeM, 9TO eCJIH KOBEKTOD OJIM30K K €22, €23 U €34, TO HEHYJIEBHIE
KOODJIMHATHI OH MOYKET UMETh TOJIBKO IPU CEIBMOM, BOCHBMOM, JBEHAIATOM ¥ ITOCJIETHUX
mectn Becax. B wacrHocTH, g1; = 0 npu j # 7,8,12. anee, mycrb X° — sro marpuna {gi; },
rie 1 <i<3,j=17,8,12. Torna npu CONps>KeHUN ¢ TOM ke Marpureil A mogmarpuma X°
yMHOKaeTcs ciaesa Ha Al a cupasa ma (A%)7!. HecnokHo BHJIETH, 9TO MOXKHO TIOJ0GPATH
Al u A? Tak, 9TOODI:

(1) mepsasi cTpoka MaTpuisl X 1 ocTajach HyJIeBOH;

(2) marpuma X? crajia gMaroHaILHOL;

(3) xoadbdunument g; 7 cran mepasen 0.

Paccmorpum riectuveproe crHTYIIsIpHOE TIoanpoctpancTBo W = (eq, es, g, €16, €17, €19) <
V* u ero obpas. Ilycts e1g = ae; + beg + cejo; 1O Haleil KOHCTPYKIWUH, €59 = kegz U
e6g = leay. Ilo BbIMIECKa3aHHOMY, €199 MOXKET MMETh HeHyJeBble KOOPAWHATHI mpu 7, 8, 12
1 MOCJEIHUX IIeCTH Becax; IPH 3TOM, II0 0OpATHMOCTH ¢, XOTs ObI OJHA M3 KOOPAWHAT IPH
IIOCJIeJHUX TPeX Becax — HeHyseBasg. 3aMeTHM, UTO IIEePBLIA U NeBATHAANATHIA Beca OJIU3KH,
IIO3TOMY €19g OJIM3KO K €19 = aer + beg + ceyo. Ucnonb3ys Buy popmbl F') mosrydaem, 9To

e19g = m(aer + beg + ce12) + n(aess + beas + cear) + gig,22€22 + 19,2323 + J19,24€24.

[Tpu srom n # 0. 3amerum, 4Uro, 1Mo [yTB. 7], CYIIECTBYeT POBHO OJWH, C TOYHOCTHIO
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JIO YMHOXKEHHUsI Ha KOHCTAHTY, KOoBeKTop B W, ONHM3KHIl K €93; aHAJOTHUHOE YTBEpPXKe-
HHEe BepHO IIPO es4. bDojee TOro, MOXKHO yOEIUTbCA, UTO 3TO YTBEPXKJEHHE BEPHO JIJId
aer + beg + cers m g elyg. B mocmemmem ciydae, BIpOUeM, HPOINe 3TO MPOBEPATD I
KOBEKTOPA n(ae% + begg + 6627) + g19,22€22, TaKXKe JieKamiero B nognpoctpanctse Wg. Or-
croza, 110 " TpancnornpoanHomy” [yTB. 12], cienyer, uro momnpocrpancrea W u Wg npo-
TUBOIIOJIOXKHBI, WM, UTO TOXKE CaMoe, yroJ MexKJy HUMHU paBeH w. W3 3Toro, corjacHo
" TpaHCIIOHUPOBAHHBIM~ PACCYXKJIEHUAM U3 MYHKTa 1, ciieayer Tpebyemoe.
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§10. OcHoBHasi TeopeMa
B sTom maparpade Mbl JJoKaxkeM OCHOBHYIO T€OPEMY HACTOSIIEH pabdoThI:

OcHoBHag Teopema. I[Ipednorootcum, wmo nose K 6-3amxuymo, mo ecmv 6 K 10601 mro-
20MAEH CMENEHU He Bblwe wecmu umeem koperws. Tozda 10001 saemernm epynnot Gaq(FEe, K)
npedcmasasemcs 6 sude npousdsedenus He HOAEE BOCOLMU KOPHEBHIT IAEMEHIMOB.

Jloxazameavcmeo. 1. Kax mbl roBopuin B §1, Gaq(Fs, L) = Gsc(FEg, L)/ 13 115l TPOU3BOJIL-
HOro 3-3aMKHyTOro moJyist L. Takum o6pasom, sobomy saementy rpytnbl Gag(FEg, K) coor-
BETCTBYIOT TpH djeMenTa rpynmbl Gg.(Fg, K), moryvaronuecs: Apyr U3 Jpyra yMHOXKEHHEM
na /1. Tlycrs g € Gy(Es, K) — MPOM3BOIBHbI 3JIEMEHT, COOTBETCTBYIOIMH WHTEPECYIO-
memy Hac sseMeHTy u3 Gaq(Fg, K). Cormacuo teopeme 6, MOXKHO cuuTaTh, uTo detg # 0.
Jlasee, 1Mo CJIEJICTBUIO W3 TEOPEMBI 5, CYIIECTBYET SJEMEHT h, ABJISIONUNACS TPOU3BEICHIEM
IISITH KOPHEBBIX 3JIEMEHTOB W Takoi, uro h = §. Ilo Teopeme 3, g = viA'wi u h = vy B'ws,
e vy, wi, Vo, we € U™, a A', B’ € L. Jlajee, Kak HECIOXKHO BujeTh, A’ =G =h = B'.

2. llyctb A= A'J'uB=BJ1 e J=uzs(1)v_s(—1)zs(1). Torma, o ompepeaenuio,
A u B npunajgexar L. Ilpu srom, mo onpexenenuto L, marpuna A (coorBercrBeHHO, B)
SIBJISIETCsT OJIOTHO-MAarOHAIBHOI ¢ TpeMst Otokamm: A = Aly, (coorsercrsenno, By = Bly, ),
Ay = Aly, (B = Blv,) u A3 = Aly, (Bs = Bly;). Hosromy A’ n B’ cocroar ns rpex
6JI0KOB, PACIOJIOKEHHBIX Ha TO60UHOI juaronasm, npu srom Ay = A’ = B’ = By (31ech MBI,
KaK W PaHbIle, JOMYCKaeM HEKOTOPYIO BOJIHHOCTH PEYd, HEABHO HMCIIOJIb3ysl CTAHIAPTHBINA
uzomopdusm Vi — Vi, em. §4). Ucnosbdys teopemy 1, momygaem, aro subo A = B, wu,
crenoBaresnbao, A’ = B’ mu6o cymectByer Takoit £ = /1, uro By = £Ay u By = £2A;.
[Ipeamonoxum, uro A’ # B’. ConpszkeM h quaronaspHON Marpmieil f, Takoif, ato f,, = ¢ 2
npn p € Iy, fop = 1mupu p € Iy m f,, = £ npu p € I3. 3amernm, 9T0 f TPUHAIJIEKAT
Gse(Es, K) 1o temme 3.1 u [yrs. 5]. Hecnoxmo Buzersh, ato v3 = fuof 1 w wz = fwyf!
no-tpeskaemy mpuHajesxkar U~, a O = fB'f~1 — L'. Tlycrs C = C'J~!. Torma, xak
necioxkHo mouaATh, C; = Cly, = By = £Ay, Co =Cly, = Bo = Ay u C3 = Cly, = 2Bz =
€As. Orcioga C = A u C' = £A’. Jlanee, OCKOJIBKY HAC MHTEPECYET 3JEMEHT U3 TPYIIIbI
Gada(Es, K), To MoxkHO g 3amernTh Ha £g = v1(EA )wy = v1C’'w;. Takum obpasom, MOXKHO
canrarh, uro A’ = B'.

3. W3 mepBoro m BTOPOTO IIYHKTOB JIOKA3aTEILCTBA ciaeayer, uro g = viA'wy m h =
vaB'wy = vo A'wso, ipuueM h, mo-IpesKHEeMY, ABIFETCA TPOU3BEIEHNEM IIITH KOPHEBLIX 3Je-
mentoB. Compsirast ¢ yHUIIOTEHTOM w;, a h — YHUIOTEHTOM Wz, MOXKHO CUATATH, ITO

g = nA, ah = vA. Torma gh™" = vivy' € U™, 1o ecth, 10 Teopeme 2, sBISIETCs

[IPOU3BEJIEHUEM TPEeX KOPHEBBIX 3jieMeHTOB. [loaTomy ¢ sBisercs mpousBejeHUEM BOCHMHU
KOPHEBBIX 3JIEMEHTOB, UTO U TPeOOBAJIOCH.
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