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Ǒà¥¯à¨â Ǒ��� 12/2008
�¥®¬¥âà¨ï ª®à¥¢ëå í«¥¬¥â®¢ ¢ £àã¯¯ å â¨¯  E6

�. �. Ǒ¥¢§¥à
� ªâ-Ǒ¥â¥à¡ãà£áª¨© £®áã¤ àáâ¢¥ë© ã¨¢¥àá¨â¥â� â¥¬ â¨ª®-¬¥å ¨ç¥áª¨© ä ªã«ìâ¥â

�®â æ¨ïǑãáâì G | ®¤®á¢ï§ ï £àã¯¯  �¥¢ ««¥ â¨¯  E6  ¤ ¯à®¨§¢®«ìë¬ ¯®«¥¬ K. � à -¡®â¥ à áá¬ âà¨¢ îâáï ª®à¥¢ë¥ í«¥¬¥âë ¢ £àã¯¯¥ G ¢ ¬¨¨¬ «ì®¬ 27-¬¥à®¬ ¯à¥¤-áâ ¢«¥¨¨. �ë ¤®ª §ë¢ ¥¬, çâ® áãé¥áâ¢ã¥â ¥áâ¥áâ¢¥ ï ¡¨¥ªæ¨ï ¬¥�¤ã ¬®�¥áâ¢®¬ª®à¥¢ëå ¯®¤£àã¯¯ ¨ ¬®�¥áâ¢®¬ è¥áâ¨¬¥àëå á¨£ã«ïàëå ¯®¤¯à®áâà áâ¢, á®£« á®-¢  ï á ¤¥©áâ¢¨¥¬   ®¡®¨å ¬®�¥áâ¢ å £àã¯¯ë G. � à ¡®â¥ ¯®ª § ®, ª ª ¯® ¢§ ¨¬-®¬ã à á¯®«®�¥¨î ¤¢ãå è¥áâ¨¬¥àëå á¨£ã«ïàëå ¯®¤¯à®áâà áâ¢ ®¯à¥¤¥«¨âì ã£®«¬¥�¤ã á®®â¢¥âáâ¢ãîé¨¬¨ ª®à¥¢ë¬¨ ¯®¤£àã¯¯ ¬¨. � ª�¥ ¬ë ®¯¨áë¢ ¥¬, ª ª ®¯à¥¤¥-«¨âì, ª ªãî £àã¯¯ã ¢ SO(2n,K) ¨«¨ ¢ G ¯®à®�¤ îâ âà¨ ª®à¥¢ë¥ ¯®¤£àã¯¯ë, ¤¢¥ ¨§ª®â®àëå ¯à®â¨¢®¯®«®�ë, ¯® ¢§ ¨¬®¬ã à á¯®«®�¥¨î á®®â¢¥âáâ¢ãîé¨å ¤¢ã¬¥àëå¨§®âà®¯ëå ¨«¨ è¥áâ¨¬¥àëå á¨£ã«ïàëå ¯®¤¯à®áâà áâ¢.

� áâ®ïé ï à ¡®â  ¢ë¯®«¥  ¢ à ¬ª å á®¢¬¥áâ®£® ¯à®¥ªâ  DAAD ¨ �¨¨áâ¥àáâ¢  ®¡à §®¢ ¨ï�®áá¨¨ ý�¨å ¨« �®¬®®á®¢þ,   â ª�¥ ¯à®¥ªâ  INTAS 03-51-3251.



�¢¥¤¥¨¥Ǒãáâì G = Gs(E6, K),   V | ¬¨¨¬ «ìë© 27-¬¥àë© ¬®¤ã«ì,   ª®â®à®¬ ¤¥©áâ¢ã¥â
G. �¥á«®�® ¢¨¤¥âì, çâ® ¤«ï «î¡®£® ¥¥¤¨¨ç®£® ª®à¥¢®£® í«¥¬¥â  g ∈ G ¯®¤¯à®-áâà áâ¢® Im(g − E) ï¢«ï¥âáï è¥áâ¨¬¥àë¬. Ǒà¨ íâ®¬ í«¥¬¥â ¬ ¨§ ®¤®© ª®à¥¢®©¯®¤£àã¯¯ë á®®â¢¥âáâ¢ã¥â ®¤® ¨ â®�¥ è¥áâ¨¬¥à®¥ ¯®¤¯à®áâà áâ¢®,   í«¥¬¥â ¬ ¨§ à §-ëå ª®à¥¢ëå ¯®¤£àã¯¯ | à §ë¥ ¯®¤¯à®áâà áâ¢ . �â® ¯®§¢®«ï¥â ¯®áâà®¨âì ¨ê¥ªæ¨î¨§ ¬®�¥áâ¢  ª®à¥¢ëå ¯®¤£àã¯¯ ¢ ¬®�¥áâ¢® è¥áâ¨¬¥àëå ¯®¤¯à®áâà áâ¢, á®£« á®-¢ ãî á ¤¥©áâ¢¨¥¬ £àã¯¯ë G, £¤¥ ¯®¤ ¤¥©áâ¢¨¥¬ G   ¬®�¥áâ¢¥ ª®à¥¢ëå ¯®¤£àã¯¯¯®¨¬ ¥âáï á®¯àï�¥¨¥. �á®¢®© à¥§ã«ìâ â  áâ®ïé¥© à ¡®âë | ¤®ª § â¥«ìáâ¢® â®£®,çâ® ®¡à § ¬®�¥áâ¢  ª®à¥¢ëå í«¥¬¥â®¢ ¯®¤ ¤¥©áâ¢¨¥¬ íâ®© ¨ê¥ªæ¨¨ á®¢¯ ¤ ¥â á ¬®-�¥áâ¢®¬ è¥áâ¨¬¥àëå á¨£ã«ïàëå ¯®¤¯à®áâà áâ¢. �®ç¥¥,  ¬¨ ¤®ª §   á«¥¤ãîé ïâ¥®à¥¬ :�¥®à¥¬ . Ǒãáâì n = 1, 2, 3, 4 ¨«¨ 6, {ui}ni=1 | ¥ª®â®àë¥ á¨£ã«ïàë¥ ¢¥ªâ®à , ¯®-à®�¤ îé¨¥ n-¬¥à®¥ á¨£ã«ïà®¥ ¯®¤¯à®áâà áâ¢®. �«ï ¯à®¨§¢®«ì®£®  ¡®à  á¨£ã-«ïàëå ¢¥ªâ®à®¢ {vi}ni=1, ¯®à®�¤ îé¨å n-¬¥à®¥ á¨£ã«ïà®¥ ¯®¤¯à®áâà áâ¢®, áã-é¥áâ¢ã¥â ¬ âà¨æ  g ∈ Gs(E6, K), â ª ï, çâ® ui = gvi ¯à¨ i ≤ n, 5. �á«¨ n = 6, â®
u6 = agv6, £¤¥ a ∈ K∗.�§ íâ®© â¥®à¥¬ë «¥£ª® á«¥¤ã¥â, çâ® ¢ëè¥®¯¨á ®¥ ®â®¡à �¥¨¥ ¨§ ¬®�¥áâ¢  ª®à-¥¢ëå ¯®¤£àã¯¯ ¢ ¬®�¥áâ¢® è¥áâ¨¬¥àëå á¨£ã«ïàëå ¯®¤¯à®áâà áâ¢ ï¢«ï¥âáï ¡¨-¥ªæ¨¥©.� áâ âì¥ �. �. � ¢¨«®¢  ¨  ¢â®à  [20℄ ¯¥à¥ç¨á«¥ë ¢á¥ £àã¯¯ë, ¯®à®�¤¥ë¥ âà¥¬ïª®à¥¢ë¬¨ ¯®¤£àã¯¯ ¬¨ ¢ ¯à®¨§¢®«ì®© ®¤®á¢ï§®© £àã¯¯¥ �¥¢ ««¥  ¤ ¯®«¥¬, ¤¢¥¨§ ª®â®àëå ¯à®â¨¢®¯®«®�ë. �  áâ®ïé¥© à ¡®â¥ ¬ë ®¯¨áë¢ ¥¬,   £¥®¬¥âà¨ç¥áª®¬ï§ëª¥, ª ª ¯® âà¥¬ ª®à¥¢ë¬ ¯®¤£àã¯¯ ¬ ¢ SO(2n,K) ¨ Gs(E6, K), ¤¢¥ ¨§ ª®â®àëå¯à®â¨¢®¯®«®�ë, ¯®ïâì, ª ªãî £àã¯¯ã ®¨ ¯®à®�¤ îâ.� ¯®¬¨¬ ®á®¢ë¥ ¢¥å¨ ¢ ¨§ãç¥¨¨ £¥®¬¥âà¨¨ £àã¯¯ �¥¢ ««¥.�¤¢  ¯®ï¢¨¢è¨áì, â¥®à¨ï £àã¯¯ �¨ § ï«  ®¤® ¨§ ¢ �¥©è¨å ¬¥áâ ¢ £¥®¬¥âà¨¨: £¥®-¬¥âà¨ï ¤ ®£® ¯à®áâà áâ¢  ®¯à¥¤¥«ï¥âáï, ¢ ¡®«ìè®© áâ¥¯¥¨, £àã¯¯®© ¥£®  ¢â®¬®à-ä¨§¬®¢ ¨ ¥¥ ¯®¤£àã¯¯ ¬¨, ®áâ ¢«ïîé¨¬¨ ¥ª®â®àë¥ ª®ä¨£ãà æ¨¨ â®ç¥ª ¥¯®¤¢¨�-ë¬¨ ¨«¨ ä¨ªá¨àãîé¨¬¨ ¨å ¯®â®ç¥ç®. �â® ¯®§¢®«ï¥â, ¢® ¬®£¨å á«ãç ïå, á¢®¤¨âì¢®¯à®áë ® £¥®¬¥âà¨¨ ¯à®áâà áâ¢  ª ¢®¯à®á ¬ ® áâàãªâãà¥ á®®â¢¥âáâ¢ãîé¥© £àã¯¯ë¨  ®¡®à®â. �« áá¨ç¥áª¨¬ ¯à¨¬¥à®¬ â ª®£® á®®â¢¥âáâ¢¨ï ï¢«ïîâáï ¯à®¥ªâ¨¢®¥ ¯à®-áâà áâ¢® ¨ ¯à®¥ªâ¨¢ ï «¨¥© ï £àã¯¯ . Ǒ®§¤¥¥ ¯®å®�¨¥ £¥®¬¥âà¨¨ ¡ë«¨  ©¤¥ë¤«ï á¨¬¯«¥ªâ¨ç¥áª¨å ¨ ®àâ®£® «ìëå £àã¯¯. �¥®¬¥âà¨ç¥áª ï â®çª  §à¥¨ï   íâ¨ ¨¬®£¨¥ ¤àã£¨¥ ¯à®áâà áâ¢  ¯®¤à®¡® ¨§«®�¥  ¢ ª¨£¥ [37℄.�¢ï§ì ¬¥�¤ã íâ¨¬¨ £¥®¬¥âà¨ï¬¨ ¨ ¯ à ¡®«¨ç¥áª¨¬¨ ¯®¤£àã¯¯ ¬¨ ¯®§¢®«¨« �. �¨â-áã ¢ 1953 £®¤ã ¢¢¥áâ¨ ¯®¤®¡ë¥ £¥®¬¥âà¨¨ ¤«ï ¨áª«îç¨â¥«ìëå £àã¯¯. �§ ¥£® à ¡®â ¢ë-à®á«   ªâ¨¢® à §¢¨¢ îé ïáï ë¥ â¥®à¨ï ¡¨«¤¨£®¢ (=¡¨«¤¨£®¢ �¨âá , £¥®¬¥âà¨©�¨âá , á¨áâ¥¬ �¨âá ), ¢¯¥à¢ë¥ á¨áâ¥¬ â¨ç¥áª¨ ¨§«®�¥ ï ¢ à ¡®â¥ [90℄. �¥®à¨ï ¡¨«-¤¨£®¢ ã�¥ ¤ ¢® ¢ëè«  §  à ¬ª¨ á®¡áâ¢¥® â¥®à¨¨  «£¥¡à ¨ç¥áª¨å £àã¯¯ ¨  ªâ¨¢®¨á¯®«ì§ã¥âáï ¢ £¥®¬¥âà¨¨, â¥®à¨¨ £à ä®¢ ¨ â¥®à¨¨ ª®£®¬®«®£¨©. �¥®à¨¥© ¡¨«¤¨£®¢ § -¨¬ «¨áì, ¢ â®© ¨«¨ ¨®© ¬¥à¥, ¬®�¥áâ¢® â « â«¨¢ëå ¬ â¥¬ â¨ª®¢: �¨âá, �. �à ã,�. �® , �. �®í, �. �ã¯¥àáâ¥©, Ǒ. �¡à ¬¥ª®, �. �  � «ì¤¥£¥¬ ¨ ¬®£¨¥ ¤àã£¨¥.�¤¨¬ ¨§ á ¬ëå ¢ �ëå ¨, ®¤®¢à¥¬¥®, á ¬ëå ¯à®áâëå ®¡ê¥ªâ®¢ ¢ £àã¯¯ å �¥-¢ ««¥ ï¢«ïîâáï ¤«¨ë¥ ª®à¥¢ë¥ ¯®¤£àã¯¯ë. Ǒà¨ íâ®¬, ®¤ ª®, ¨áá«¥¤®¢ ¨¥ "¢§ -2



¨¬®£® à á¯®«®�¥¨ï", ¢ â®¬ ¨«¨ ¨®¬ á¬ëá«¥, ¥áª®«ìª¨å ¤«¨ëå ª®à¥¢ëå ¯®¤-£àã¯¯ | çà¥§¢ëç ©® á«®� ï ¨ ¨â¥à¥á ï § ¤ ç , ª®â®à®© § ¨¬ «®áì ¨ ¯à®¤®«� ¥â§ ¨¬ âìáï ¬®�¥áâ¢® ¬ â¥¬ â¨ª®¢. � ¤ íâ¨¬¨ ¢®¯à®á ¬¨,   â ª�¥ â¥á® á¢ï§ ë¬¨á ¨¬¨ ¢®¯à®á ¬¨ ®¯¨á ¨ï ¯®¤£àã¯¯, ¯®à®�¤¥ëå ª®à¥¢ë¬¨ í«¥¬¥â ¬¨, à ¡®â «¨â ª¨¥ ¢ë¤ îé¨¥áï ¬ áâ¥à , ª ª ��. � ª« ä«¨, �. � £¥à, �. �è¡ å¥à, �. �¥©âæ,�. � â®à, �ã¯¥àáâ¥©, �. �. � «¥ááª¨© ¨ ¬®£¨¥ ¤àã£¨¥, á¬., ¢ ç áâ®áâ¨, [9℄, [27℄, [48℄,[52℄, [53℄, [58℄, [59℄, [60℄, [61℄, [62℄, [70℄, [72℄, [95℄ ¨ ¤ «ì¥©è¨¥ ááë«ª¨ ¢ [12℄, [25℄, [26℄, [28℄,[71℄. � á¥à¥¤¨¥ 1990-å £®¤®¢ �¨¡¥ª ¨ �¥©âæ ¯à¥¤«®�¨«¨ § ¬¥ç â¥«ì® ¯à®áâë¥ ¤®ª -§ â¥«ìáâ¢  ¨ ®¡®¡é¥¨ï à¥§ã«ìâ â®¢ ® ¯®à®�¤¥¨¨ ª®à¥¢ë¬¨ í«¥¬¥â ¬¨ ¢ ª®â¥ªáâ¥â¥®à¨¨  «£¥¡à ¨ç¥áª¨å £àã¯¯ [73℄. � ¤àã£®© áâ®à®ë, çà¥§¢ëç ©® £«ã¡®ªãî â¥®à¨î ¡áâà ªâëå ª®à¥¢ëå ¯®¤£àã¯¯ à §¢¨« ¢ á¢®¨å à ¡®â å �. �¨¬¬¥áä¥«ì¤ ¨ ¥£® ãç¥¨ª¨| �. �â ©¡ å, �. �î©¯¥àá ¨ ¤àã£¨¥, á¬. [63℄, [64℄, [65℄, [66℄, [78℄, [79℄, [80℄, [81℄, [82℄,[83℄, [84℄, [85℄, [86℄, [87℄, [88℄, [89℄. �¥®¡å®¤¨¬® â ª�¥ ã¯®¬ïãâì § ¬¥ç â¥«ìë¥ à ¡®âë�. �. � èª¨à®¢  [1℄, [2℄, [3℄, [4℄, [5℄, [49℄, [50℄, [51℄ ®   «®£¨çëå ¢®¯à®á å  ¤ â¥« ¬¨.�®£¤   ¢â®à § ¨â¥à¥á®¢ «áï ¢®¯à®á®¬ ® â®¬, çâ® ¯®à®�¤ îâ âà¨ ª®à¥¢ë¥ ¯®¤£àã¯-¯ë ¢ Gs(E6, K), ®ª § «®áì, ®¤ ª®, çâ®  ©â¨   ¥£® ®â¢¥â ¢ «¨â¥à âãà¥ ®ç¥ì ¥¯à®-áâ®. � ®¤®© áâ®à®ë,  ¤ ª®¥çë¬¨ ¯®«ï¬¨ íâ®â à¥§ã«ìâ â áä®à¬ã«¨à®¢  ¢ [60℄ ¨,¯®-¢¨¤¨¬®¬ã, ¤¥©áâ¢¨â¥«ì® á«¥¤ã¥â ¨§ à ¡®â �ã¯¥àáâ¥©  [58℄, [59℄, [60℄, [61℄ ¨ [62℄, ®¤- ª® ®, ¢®-¯¥à¢ëå, à §¡à®á  â ¬   ¥áª®«ìª® ¤¥áïâª®¢ áâà ¨æ,   ¢®-¢â®àëå, ¥ ¬®�¥â¡ëâì ®¡®¡é¥   á«ãç © ¯à®¨§¢®«ì®£® ¯®«ï. � ¤àã£®© áâ®à®ë, ®â¢¥â   ¨â¥à¥áãî-é¨©  á ¢®¯à®á, ¡¥§ á®¬¥¨ï, á®¤¥à�¨âáï £¤¥-â® ¢ à ¡®â å �¨¬¬¥áä¥«ì¤ , ®¤ ª®, ªá®� «¥¨î, ¢ íâ¨å à ¡®â å ¤®ª §ë¢ îâáï £®à §¤® ¡®«¥¥ ®¡é¨¥ à¥§ã«ìâ âë, ç¥¬  ¬ ã�-®. Ǒ®-¢¨¤¨¬®¬ã, ¢ à ¡®â å � èª¨à®¢  ¨â¥à¥áãîé¨©  á à¥§ã«ìâ â â ª�¥ á®¤¥à�¨âáï£¤¥-â® ¢ ¤®ª § â¥«ìáâ¢ å, ®¤ ª®, á®¢ , ¢ £®à §¤® ¡®«ìè¥© ®¡é®áâ¨.�¤¨áâ¢¥ë©  ©¤¥ë©  ¬¨ ¯®¤®¡ë© à¥§ã«ìâ â á í«¥¬¥â àë¬ ¤®ª § â¥«ìáâ¢®¬á®¤¥à�¨âáï ¢ áâ âì¥ [69℄. � ¥© ®¡áã�¤ ¥âáï, çâ® ¬®£ãâ ¯®à®�¤ âì âà¨ ª®à¥¢ë¥ ¯®¤-£àã¯¯ë, áà¥¤¨ ª®â®àëå ¥áâì ¤¢¥ ¯à®â¨¢®¯®«®�ëå, ¢ SL(n,K). �¥¤ ¢® ¢ëè«  áâ âìï�.�. � ¢¨«®¢  ¨  ¢â®à  [20℄, ¯®á¢ïé¥ ï   «®£¨ç®¬ã ¢®¯à®áã ¤«ï ¯à®¨§¢®«ì®© ®¤-®á¢ï§®© £àã¯¯ë G(�, K) ¯à¨ harK 6= 2. �  áâ®ïé¥© à ¡®â¥ ¬ë ®¯¨áë¢ ¥¬, ª ª ¢£àã¯¯ å SO(2n,K) ¨ Gs(E6, K) ¯® âà¥¬ ª®à¥¢ë¬ ¯®¤£àã¯¯ ¬, ¤¢¥ ¨§ ª®â®àëå ¯à®â¨-¢®¯®«®�ë, ®¯à¥¤¥«¨âì,   ¨¢ à¨ â®¬ ï§ëª¥, ª ªãî ¨¬¥® £àã¯¯ã ®¨ ¯®à®�¤ îâ.�«ï à ¡®âë á ª®à¥¢ë¬¨ ¯®¤£àã¯¯ ¬¨ ¢ £àã¯¯¥ E6 ¯®«¥§® ¨¬¥âì å®à®è¥¥ £¥®¬¥â-à¨ç¥áª®¥ ®¯¨á ¨¥ ª®à¥¢ëå ¯®¤£àã¯¯. � ª ¨§¢¥áâ®, «î¡®© ª®à¥¢®© ¯®¤£àã¯¯¥ á®-®â¢¥âáâ¢ã¥â ¥ª®â®à®¥ è¥áâ¨¬¥à®¥ á¨£ã«ïà®¥ ¯®¤¯à®áâà áâ¢®. �¤¨ ¨§ ®á®¢ëåà¥§ã«ìâ â®¢  áâ®ïé¥© à ¡®âë ãâ¢¥à�¤ ¥â, çâ® ¢¥à® ¨ ®¡à â®¥ | «î¡®¬ã è¥áâ¨-¬¥à®¬ã á¨£ã«ïà®¬ã ¯®¤¯à®áâà áâ¢ã á®®â¢¥âáâ¢ã¥â ¥ª®â®à ï ª®à¥¢ ï ¯®¤£àã¯¯ .�à®¬¥ íâ®£®, ¬ë ®¯¨áë¢ ¥¬, ª ª ¯® ¤¢ã¬ è¥áâ¨¬¥àë¬ á¨£ã«ïàë¬ ¯®¤¯à®áâà áâ¢ ¬®¯à¥¤¥«¨âì ã£®« ¬¥�¤ã á®®â¢¥âáâ¢ãîé¨¬¨ ª®à¥¢ë¬¨ ¯®¤£àã¯¯ ¬¨. �â® ¡ë«® ¥âà¨-¢¨ «ì®© § ¤ ç¥© ¯à¨ ¡®«ìè¨áâ¢¥ ¤àã£¨å ¢®§¬®�ëå ®¯¨á ¨ïå ª®à¥¢ëå ¯®¤£àã¯¯.Ǒà¨ ®¯à¥¤¥«¥¨¨, ª ªãî £àã¯¯ã ¯®à®�¤ îâ âà¨ ª®à¥¢ë¥ ¯®¤£àã¯¯ë, ¬ë â ª�¥ ¨á-¯®«ì§ã¥¬ ¨¬¥® £¥®¬¥âà¨ç¥áª¨© ï§ëª.�®¢®àï ¯à® £¥®¬¥âà¨î ¤«¨ëå ª®à¥¢ëå ¯®¤£àã¯¯, ¥«ì§ï ¥ ã¯®¬ïãâì ¯à® £¥®¬¥â-à¨¨ ª®à®âª¨å ª®à¥¢ëå ¯®¤£àã¯¯ ¨ â®à®¢. �â¨ £¥®¬¥âà¨¨ ¨ á¢ï§ ë¥ á ¨¬¨ ¢®¯à®áëáãé¥áâ¢¥® á«®�¥¥ ¨  ¬®£® ¬¥ìè¥ ¨§ãç¥ë. �¤ ª® ¥¤ ¢® ¯®ï¢¨«¨áì § ¬¥ç -â¥«ìë¥ à ¡®âë �. �. �¥áâ¥à®¢  ¨ �. �. � ¢¨«®¢  [17℄, [18℄, [33℄, [34℄, [35℄, ¯®á¢ïé¥ë¥íâ¨¬ çà¥§¢ëç ©® ¨â¥à¥áë¬ ®¡ê¥ªâ ¬. � ç áâ®áâ¨, â ¬ ®¡áã�¤ îâáï á¯¨áª¨ ®à¡¨â¯ à ¬¨ªà®¢¥á®¢ëå â®à®¢ (¢ [17℄ ¨ [18℄) ¨ ¯ à ª®à®âª¨å ª®à¥¢ëå ¯®¤£àã¯¯ (¢ [33℄, [34℄ ¨3



[35℄), ¯à¨ç¥¬ ¢ ¯¥à¢®¬ á«ãç ¥ ® ¯®«ãç ¥âáï ¯à¨¬¥à® â®© �¥ á«®�®áâ¨, çâ® ¨ ¯®«ã-ç¥ë© ¢ [20℄ á¯¨á®ª âà®¥ª ¤«¨ëå ª®à¥¢ëå ¯®¤£àã¯¯,   ¢® ¢â®à®¬ | ¥é¥ á«®�¥¥.�â âìï ®à£ ¨§®¢   á«¥¤ãîé¨¬ ®¡à §®¬. � §1 ®¯à¥¤¥«ïîâáï ®á®¢ë¥ ®¡®§ ç¥¨ï.� §2 ®â¬¥ç îâáï ¡ §®¢ë¥ ä ªâë ¯à® ª®à¨, ¢¥á  ¨ á¨£ã«ïàë¥ ¢¥ªâ®à . � §3 ¬ë ¨§ãç -¥¬ ª®à¥¢ë¥ í«¥¬¥âë £àã¯¯ë Gs(E6, K). � ç áâ®áâ¨, ¢ íâ®¬ ¯ à £à ä¥ ¯®ª §ë¢ ¥âáïâ¥®à¥¬  1, ª®â®à ï ãª §ë¢ ¥â 22 ¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥ë¥, ®¤®§ ç® ®¯à¥¤¥«ïîé¨¥ª®à¥¢®© í«¥¬¥â (¯à¨ ãá«®¢¨¨, çâ® ¥ª®â®àë© ¬ âà¨çë© ª®íää¨æ¨¥â ¥ã«¥¢®©).�à®¬¥ íâ®£®, ¬ë  å®¤¨¬ ¥áª®«ìª® ãà ¢¥¨©   ¬ âà¨çë¥ ª®íää¨æ¨¥âë ª®à¥-¢ëå í«¥¬¥â®¢. � §4 ¢ â¥®à¥¬¥ 2 ¤®ª §ë¢ ¥âáï, çâ® ¥áâ¥áâ¢¥®¥ á®®â¢¥âáâ¢¨¥ ¬¥�¤ãª®à¥¢ë¬¨ ¯®¤£àã¯¯ ¬¨ ¨ è¥áâ¨¬¥àë¬¨ á¨£ã«ïàë¬¨ ¯®¤¯à®áâà áâ¢ ¬¨ ï¢«ï¥âáï¡¨¥ªæ¨¥©,   â ª�¥ ¨§ãç ¥âáï á¢ï§ì ¬¥�¤ã ¢§ ¨¬ë¬ à á¯®«®�¥¨¥¬ ¤¢ãå è¥áâ¨¬¥à-ëå á¨£ã«ïàëå ¯à®áâà áâ¢ ¨ ã£«®¬ ¬¥�¤ã á®®â¢¥âáâ¢ãîé¨¬¨ ª®à¥¢ë¬¨ ¯®¤£àã¯-¯ ¬¨. � ª®¥æ, ¢ §5 ¬ë ¨§ãç ¥¬, ª ª ¯® ¢§ ¨¬®¬ã à á¯®«®�¥¨î âà¥å è¥áâ¨¬¥àëåá¨£ã«ïàëå ¯®¤¯à®áâà áâ¢, ¤¢  ¨§ ª®â®àëå ¯à®â¨¢®¯®«®�ë, ¯®ïâì, ª ªãî £àã¯¯ã¯®à®�¤ îâ á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ª®à¥¢ë¥ ¯®¤£àã¯¯ë.�¢â®à ¢ëà � ¥â ¡« £®¤ à®áâì �¨ª®« î �«¥ªá ¤à®¢¨çã � ¢¨«®¢ã, ¡¥§ ª®â®à®£®íâ  à ¡®â  ¨ª®£¤  ¥ ¡ë«  ¡ë  ¯¨á  ,   â ª�¥ �â®¨ � ªã §  £®áâ¥¯à¨¨¬áâ¢® ¨¢á¥áâ®à®îî ¯®¤¤¥à�ªã.
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§1. �á®¢ë¥ ®¡®§ ç¥¨ï1. �àã¯¯ë �¥¢ ««¥�á¥  è¨ ®¡®§ ç¥¨ï, ®â®áïé¨¥áï ª ª®àï¬, ¢¥á ¬,  «£¥¡à ¬ �¨,  «£¥¡à ¨ç¥áª¨¬£àã¯¯ ¬ ¨ ¯à¥¤áâ ¢«¥¨ï¬ ¢¯®«¥ áâ ¤ àâë ¨ á«¥¤ãîâ [6℄, [7℄, [8℄, [40℄, [41℄, á¬. â ª�¥[13℄, [92℄, £¤¥ ¬®�®  ©â¨ ¬®£® ¤ «ì¥©è¨å ááë«®ª. �ë ¥  ¯®¬¨ ¥¬ ®¯à¥¤¥«¥¨¥£àã¯¯ �¥¢ ««¥ ¨ ®á®¢ëå ¯®¤£àã¯¯ ¢ ¨å, ª®â®àë¥ ¬®�®  ©â¨,  ¯à¨¬¥à, ¢ [6℄,[40℄, [74℄, . . . �  áâ®ïé¥¬ ¯ à £à ä¥ ¬ë «¨èì § ä¨ªá¨àã¥¬ ®á®¢ë¥ ¨á¯®«ì§ã¥¬ë¥ ¢¤ «ì¥©è¥¬ ®¡®§ ç¥¨ï.Ǒà¥�¤¥ ¢á¥£®, ¯ãáâì � | ¯à¨¢¥¤¥ ï ¥¯à¨¢®¤¨¬ ï á¨áâ¥¬  ª®à¥© à £  l, � =
{α1, . . . , αl} | äã¤ ¬¥â «ì ï á¨áâ¥¬  ¢ �, �+ ¨ �− | á®®â¢¥âáâ¢ãîé¨¥ ¬®�¥áâ¢ ¯®«®�¨â¥«ìëå ¨ ®âà¨æ â¥«ìëå ª®à¥©. �«¥¬¥âë �  §ë¢ îâáï ¯à®áâë¬¨ ª®àï¬¨,¨ ¬ë ¢á¥£¤  ¨á¯®«ì§ã¥¬ ¤«ï ¨å âã �¥ ã¬¥à æ¨î, çâ® ¢ [7℄. � ª ª ª  áâ®ïé ï à ¡®â ¯®á¢ïé¥  á¨áâ¥¬¥ � = E6 ¨, ¢ ª ª®©-â® ¬¥à¥, ¥¥ ¯®¤á¨áâ¥¬ ¬, â®  á ¡ã¤¥â ¨â¥à¥-á®¢ âì £« ¢ë¬ ®¡à §®¬ á«ãç ©, ª®£¤  ¢á¥ ª®à¨ � ¨¬¥îâ ®¤¨ ª®¢ãî ¤«¨ã | â ª¨¥á¨áâ¥¬ë ¡ã¤ãâ  §ë¢ âìáï á¨áâ¥¬ ¬¨ á ¯à®áâë¬¨ á¢ï§ï¬¨ = simply-laed, ¢ ¯à®â¨¢®-¯®«®�®áâì á¨áâ¥¬ ¬ á ªà âë¬¨ á¢ï§ï¬¨ = multiply-laed. � ª ®¡ëç®, W =W (�)®¡®§ ç ¥â £àã¯¯ã �¥©«ï á¨áâ¥¬ë �; wα | ®âà �¥¨¥ ®â®á¨â¥«ì® ª®àï α ∈ � ¨
wi = wαi

, 1 ≤ i ≤ l, | äã¤ ¬¥â «ìë¥ ®âà �¥¨ï. �ã¤ ¬¥â «ì ï á¨áâ¥¬  �ä¨ªá¨àã¥â ¥ª®â®àë© ¯®àï¤®ª   �. �¥à¥§ δ ®¡®§ ç¨¬ ¬ ªá¨¬ «ìë© ª®à¥ì á¨áâ¥¬ë� ®â®á¨â¥«ì® íâ®£® ¯®àï¤ª ; ¤«ï ¨â¥à¥áãîé¥£®  á ¢ ¯¥à¢ãî ®ç¥à¥¤ì á«ãç ï � = E6¨¬¥¥¬ δ = 123212 .Ǒ®áâà®¥¨¥ £àã¯¯ �¥¢ ««¥ ®á®¢ ®   ¢ë¡®à¥ ¡ §¨á  �¥¢ ««¥ ¢ ¯à®áâ®© ª®¬¯«¥ªá-®©  «£¥¡à¥ �¨ L â¨¯  �. � ¯®¬¨¬, çâ® ¢ë¡®à ¯®¤ «£¥¡àë � àâ   H ¢ L ®¯à¥¤¥«ï¥âª®à¥¢®¥ à §«®�¥¨¥ L = H
⊕∑

Lα, £¤¥ Lα | ®¤®¬¥àë¥ ª®à¥¢ë¥ ¯®¤¯à®áâà áâ¢ ,¨¢ à¨ âë¥ ¯® ®â®è¥¨î ª H. �«ï ª �¤®£® ª®àï α ∈ �+ ¢ë¡¥à¥¬ ª ª®©-â® ¥ã-«¥¢®© ª®à¥¢®© ¢¥ªâ®à eα ∈ Lα ¨ ®â®�¤¥áâ¢¨¬ ª®à¥ì α á «¨¥©ë¬ äãªæ¨® «®¬  H, ¤«ï ª®â®à®£® [h, eα℄ = α(h)eα. �£à ¨ç¥¨¥ ä®à¬ë �¨««¨£   «£¥¡àë �¨ L  
H ¥¢ëà®�¤¥® ¨, â¥¬ á ¬ë¬, ãáâ  ¢«¨¢ ¥â ª ®¨ç¥áª¨© ¨§®¬®àä¨§¬ H ∼= H∗, â ªçâ® ¬ë ¬®�¥¬ ¤ �¥ áç¨â âì, çâ® α ∈ H. �¯à®ç¥¬, ®¡ëç® ã¤®¡¥¥ à áá¬ âà¨¢ âìª®ª®à¨ hα = 2α/(α, α). � ª¨¬ ®¡à §®¬, «î¡®© ¢ë¡®à ¥ã«¥¢ëå eα ∈ Lα, α ∈ �+,®¤®§ ç® ®¯à¥¤¥«ï¥â e−α ∈ L−α, α ∈ �+, â ª¨¥, çâ® [eα, e−α℄ = hα. �®�¥áâ¢®
{eα, α ∈ �; hα, α ∈ �} ï¢«ï¥âáï ¡ §¨á®¬  «£¥¡àë �¨ L,  §ë¢ ¥¬ë¬ ¡ §¨á®¬ �¥©«ï.Ǒà¨ íâ®¬ [hα, eβ ℄ = Aαβeβ , £¤¥ Aαβ = 2(α, β)/(α, α) ∈ Z ç¨á«  � àâ  . �âàãªâãàë¥ª®áâ âë Nαβ ®¯à¥¤¥«ïîâáï à ¢¥áâ¢®¬ [eα, eβ ℄ = Nαβeα+β . � §¨á �¥©«ï ¬®�® ®à-¬¨à®¢ âì â ª, çâ®¡ë ¢á¥ áâàãªâãàë¥ ª®áâ âë Nαβ ¡ë«¨ æ¥«ë¬¨, ¢ íâ®¬ á«ãç ¥ ® §ë¢ ¥âáï ¡ §¨á®¬ �¥¢ ««¥,   ¬®�¥áâ¢® {eα, α ∈ �}, | á¨áâ¥¬®© �¥¢ ««¥.�«ï á¨áâ¥¬ á ¯à®áâë¬¨ á¢ï§ï¬¨ ¢á¥£¤  Nαβ = 0,±1, â ª çâ®  ¬ ã�® â®«ìª® § ä¨ª-á¨à®¢ âì § ª¨ áâàãªâãàëå ª®áâ â. �ë § ä¨ªá¨àã¥¬ ¯®«®�¨â¥«ìë© ¡ §¨á �¥-¢ ««¥, ª®â®àë© ®¯à¥¤¥«ï¥âáï â¥¬ á¢®©áâ¢®¬, çâ® Nαβ > 0 ¤«ï ¢á¥å íªáâà -á¯¥æ¨ «ìëå¯ à, á¬. [39℄, [42℄, [56℄. �«ï á¨áâ¥¬ á ¯à®áâë¬¨ á¢ï§ï¬¨ íâ® ãá«®¢¨¥ ®§ ç ¥â ¢ â®ç-®áâ¨, çâ® Nαiβ = +1 ª �¤ë© à §, ª ª αi + β ∈ � ®¡« ¤ ¥â â¥¬ á¢®©áâ¢®¬, çâ® ¥á«¨
αj + γ = αi + β ¤«ï ª ª®£®-â® äã¤ ¬¥â «ì®£® ª®àï αj ¨ ª ª®£®-â® ¯®«®�¨â¥«ì®£®ª®àï γ, â® j > i.�¡®§ ç¨¬ ç¥à¥§ Q(�) à¥è¥âªã ª®à¥© á¨áâ¥¬ë �,   ç¥à¥§ P (�) | ¥¥ à¥è¥âªã ¢¥á®¢.� ¯®¬¨¬, çâ® P (�) á®áâ®¨â ¨§ æ¥«®ç¨á«¥ëå «¨¥©ëå ª®¬¡¨ æ¨© äã¤ ¬¥â «ì-ëå ¢¥á®¢ ̟1, . . . , ̟l, ª®â®àë¥ ®¡à §ãîâ ¤¢®©áâ¢¥ë© ¡ §¨á ¯® ®â®è¥¨î ª ¡ §¨áã5



hα1 , . . . , hαl
, £¤¥, ª ª ã�¥ £®¢®à¨«®áì, hα = 2α/(α, α). � ç áâ®áâ¨, Q(�) ⊆ P (�). Ǒãáâì

P | ¥ª®â®à ï à¥è¥âª , «¥� é ï ¬¥�¤ã Q(�) ¨ P (�). � ª ®¡ëç®, P++(�) ®¡®§ ç -¥â ª®ãá ¤®¬¨ âëå æ¥«ëå ¢¥á®¢, ï¢«ïîé¨åáï ¥®âà¨æ â¥«ìë¬¨ æ¥«®ç¨á«¥ë¬¨«¨¥©ë¬¨ ª®¬¡¨ æ¨ï¬¨ äã¤ ¬¥â «ìëå ¢¥á®¢ ̟1, . . . , ̟l.Ǒãáâì, ¤ «¥¥, R { ª®¬¬ãâ â¨¢®¥ ª®«ìæ® á 1. � ª ¨§¢¥áâ®, ¯® íâ¨¬ ¤ ë¬ ¬®�® ¯®-áâà®¨âì £àã¯¯ã �¥¢ ««¥ G = GP (�, R), ï¢«ïîéãîáï £àã¯¯®© â®ç¥ª  ¤ R ¥ª®â®à®© ää¨®© £àã¯¯®¢®© áå¥¬ë G = GP (�,−),  §ë¢ ¥¬®© áå¥¬®© �¥¢ ««¥-�¥¬ §îà .� ¨â¥à¥áãîé¥¬  á á«ãç ¥ � = E6, ª ª å®à®è® ¨§¢¥áâ®, [P (�) : Q(�)℄ = 3, ¯®íâ®¬ã
P à ¢® P (�) ¨«¨ Q(�). � ª¨¬ ®¡à §®¬, ¯à¨ � = E6 áãé¥áâ¢ã¥â ¤¢¥ £àã¯¯ë â®ç¥ª
G = GP (E6, R),   ¨¬¥® ¯à¨á®¥¤¨¥ ï £àã¯¯  Gad(E6, R) = GP (�)(E6, R) ¨ ®¤®á¢ï§- ï £àã¯¯  Gs(E6, R) = GQ(�)(E6, R).Ǒãáâì â¥¯¥àì G = G(�, R) ¥áâì £àã¯¯  �¥¢ ««¥ â¨¯  �  ¤ ª®«ìæ®¬ R. �ë¡®à ¡ §¨á �¥¢ ««¥ § ¤ ¥â, ¢ ç áâ®áâ¨, à áé¥¯¨¬ë© ¬ ªá¨¬ «ìë© â®à T = T (�, R) ¢ £àã¯¯¥ G¨ ¯ à ¬¥âà¨§ æ¨î ª®à¥¢ëå ã¨¯®â¥âëå ¯®¤£àã¯¯ Xα, α ∈ �, ®â®á¨â¥«ì® â®à 
T . �¨ªá¨àã¥¬ íâã ¯ à ¬¥âà¨§ æ¨î, ¯ãáâì xα(ξ) | í«¥¬¥â àë© ª®à¥¢®© ã¨¯®â¥â,®â¢¥ç îé¨© α ∈ �, ξ ∈ R. Ǒà¨ íâ®¬

Xα = {
xα(ξ) | ξ ∈ R

}
.�«ï í«¥¬¥â®¢ x ¨ y £àã¯¯ë G ç¥à¥§ [x, y℄ ®¡®§ ç ¥âáï ¨å «¥¢®®à¬¨à®¢ ë© ª®¬-¬ãâ â®à xyx−1y−1. �®¬¬ãâ æ¨® ï ä®à¬ã«  �¥¢ ««¥ ãâ¢¥à�¤ ¥â, çâ®[xα(ξ), xβ(η)℄ = ∏

xiα+jβ(Nαβijξiηj),¤«ï «î¡ëå α, β ∈ � â ª¨å, çâ® α + β 6= 0, ¨ ξ, η ∈ R. Ǒà®¨§¢¥¤¥¨¥ ¢ ¯à ¢®© ç áâ¨ä®à¬ã«ë ¡¥à¥âáï ¯® ¢á¥¬ ª®àï¬ ¢¨¤  iα+jβ ∈ �, i, j ∈ N, ¢ ¥ª®â®à®¬ ä¨ªá¨à®¢ ®¬¯®àï¤ª¥. Ǒà¨ íâ®¬ áâàãªâãàë¥ ª®áâ âë £àã¯¯ë �¥¢ ««¥ Nαβij ¥ § ¢¨áïâ ®â ξ ¨
η. �®«¥¥ â®£®, Nαβ11 = Nαβ áãâì ¢ â®ç®áâ¨ áâàãªâãàë¥ ª®áâ âë  «£¥¡àë �¨ L¢ á®®â¢¥âáâ¢ãîé¥¬ ¡ §¨á¥ �¥¢ ««¥. �«ï á¨áâ¥¬ë á ¯à®áâë¬¨ á¢ï§ï¬¨ ¥¤¨áâ¢¥ ï¯®«®�¨â¥«ì ï «¨¥© ï ª®¬¡¨ æ¨ï ª®à¥© α ¨ β, ª®â®à ï ¬®�¥â ¡ëâì ª®à¥¬, íâ®¨å áã¬¬  α + β. � ª¨¬ ®¡à §®¬ ¢ íâ®¬ á«ãç ¥ ª®¬¬ãâ æ¨® ï ä®à¬ã«  �¥¢ ««¥¯à¨¨¬ ¥â ¢¨¤ [xα(ξ), xβ(η)℄ = e ¢ á«ãç ¥, ¥á«¨ α+ β ¥ ï¢«ï¥âáï ª®à¥¬, ¨ ¢¨¤[xα(ξ), xβ(η)℄ = xα+β(Nαβξη),¥á«¨ α + β ï¢«ï¥âáï ª®à¥¬. �àã¯¯  E(�, R) = 〈Xα, α ∈ �〉, ¯®à®�¤¥ ï ¢á¥¬¨ í«¥-¬¥â àë¬¨ ª®à¥¢ë¬¨ ¯®¤£àã¯¯ ¬¨,  §ë¢ ¥âáï í«¥¬¥â à®© ¯®¤£àã¯¯®© £àã¯-¯ë �¥¢ ««¥ G(�, R). �  áâ®ïé¥© à ¡®â¥  á ¡ã¤¥â ¨â¥à¥á®¢ âì â®«ìª® á«ãç ©, ª®£¤ 
R = K | ¯®«¥.2. �®¤ã«¨ �¥©«ï�¡ëç® ¬ë à áá¬ âà¨¢ ¥¬ £àã¯¯ã �¥¢ ««¥ G = GP (�, R) ¢¬¥áâ¥ á ¤¥©áâ¢¨¥¬   ¬®-¤ã«¥ �¥©«ï V = V (ω) ¤«ï ¥ª®â®à®£® ¤®¬¨ â®£® ¢¥á  ω. �¨ªá¨àã¥¬ ¢¥á ω ∈ P++(�)¨ ¯ãáâì V = V (ω) | ¬®¤ã«ì �¥©«ï £àã¯¯ë G á® áâ àè¨¬ ¢¥á®¬ ω. �®®â¢¥âáâ¢ãîé¥¥¯à¥¤áâ ¢«¥¨¥ G −→ GL(V ) ¡ã¤¥â ®¡®§ ç âìáï ç¥à¥§ π = π(ω). �¥à¥§ � = �(ω) ®¡®§ -ç ¥âáï  ¡®à ¢¥á®¢ ¬®¤ã«ï V = V (ω) á ãç¥â®¬ ªà â®áâ¨. �«ï ®¡®§ ç¥¨ï ¬®�¥-áâ¢  ¢¥á®¢, à áá¬ âà¨¢ ¥¬ëå ¡¥§ ªà â®áâ¨, ¬ë ®¡ëç® ¡ã¤¥¬ ¯¨á âì ��(ω). �  áâ®-ïé¥© à ¡®â¥  á ¡ã¤ãâ ¨â¥à¥á®¢ âì, £« ¢ë¬ ®¡à §®¬, â®«ìª® ¬¨ªà®¢¥á®¢ë¥ ¬®¤ã«¨,á¬. [54℄, [57℄, [55℄, [67℄ ¨ á®¤¥à� é¨¥áï â ¬ ááë«ª¨. �«ï ¬¨ªà®¢¥á®¢®£® ¯à¥¤áâ ¢«¥¨ï6



¢á¥ ¢¥á  íªáâà¥¬ «ìë ¨, § ç¨â, ¨¬¥îâ ªà â®áâì 1, â ª çâ® ¢ íâ®¬ á«ãç ¥ � = ��(ω)á®¢¯ ¤ ¥â á �¥©«¥¢áª®© ®à¡¨â®© áâ àè¥£® ¢¥á , � =Wω.� ¤ «ì¥©è¥¬ ¬ë ä¨ªá¨àã¥¬ ¤®¯ãáâ¨¬ë© ¡ §¨á vλ, λ ∈ �, ¬®¤ã«ï V . � ¯®¬¨¬,çâ® ¡ §¨á  §ë¢ ¥âáï ¤®¯ãáâ¨¬ë¬, ¥á«¨ ¢ë¯®«ïîâáï ¤¢  á«¥¤ãîé¨å ãá«®¢¨ï.
• � �¤ë© ¢¥ªâ®à vλ ¤¥©áâ¢¨â¥«ì® ï¢«ï¥âáï ¢¥ªâ®à®¬ ¢¥á  λ, ¥á«¨ à áá¬ âà¨¢ âì λª ª ¢¥á ¡¥§ ªà â®áâ¨.
• �¥©áâ¢¨¥ ª®à¥¢ëå ã¨¯®â¥â®¢ xα(ξ), α ∈ �, ξ ∈ R ¢ ¡ §¨á¥ vλ, λ ∈ �(ω), § ¤ ¥âáï¬ âà¨æ ¬¨, í«¥¬¥âë ª®â®àëå áãâì ¯®«¨®¬ë ®â ξ á æ¥«ë¬¨ ª®íää¨æ¨¥â ¬¨.�¥¬¬  � æã¬®â®, á¬. [54℄, [57℄, ãâ¢¥à�¤ ¥â, çâ® ¤«ï ¬¨ªà®¢¥á®¢ëå ¯à¥¤áâ ¢«¥¨©¬®�® â ª ®à¬¨à®¢ âì ¤®¯ãáâ¨¬ë© ¡ §¨á, çâ®¡ë

xα(ξ)vλ = vλ + cλ+α,λξvλ+α,£¤¥ ¢á¥ áâàãªâãàë¥ ª®áâ âë ¤¥©áâ¢¨ï cλ+α,λ à ¢ë ±1. �¡ëç® íâ¨ ª®áâ âë ®¡®-§ ç îâáï cλα, ®¤ ª®  ¬ ¡ã¤¥â ã¤®¡¥¥ ¨á¯®«ì§®¢ âì ®¡®§ ç¥¨¥ cλ+α,λ. � ¤ «ì¥©-è¥¬ ¬ë ¢á¥£¤  ¢ë¡¨à ¥¬ ªà¨áâ ««¨ç¥áª¨© ¡ §¨á, ¢ ª®â®à®¬ ¢á¥ áâàãªâãàë¥ ª®áâ -âë cλ+α,λ à ¢ë +1 ¤«ï ¯à®áâëå ¨ ®âà¨æ â¥«ìëå ¯à®áâëå ª®à¥©, â.¥. cλ+α,λ = +1,¥á«¨ α ∈ ±�. Ǒà¨ íâ®¬ cλ+δ,λ ¡ã¤¥â à ¢® +1 ¤«ï ¢á¥å λ, λ+ δ ∈ �. �ãé¥áâ¢®¢ ¨¥ â -ª®£® ¡ §¨á  ¢ëâ¥ª ¥â ¨§ ®¡é¨å à¥§ã«ìâ â®¢ ��.�îáâ¨£  ¨ �.� è¨¢ à , í«¥¬¥â àë¥¤®ª § â¥«ìáâ¢  ¯à¨¢¥¤¥ë ¢ [28℄ ¨ [67℄.�ë ¬ëá«¨¬ ¢¥ªâ®à a ∈ V , a = ∑
vλaλ, ª ª áâ®«¡¥æ ª®®à¤¨ â a = (aλ), λ ∈ �.Ǒà¨ íâ®¬ í«¥¬¥â b ª®âà £à ¤¨¥â®£® ¬®¤ã«ï V ∗ ¥áâ¥áâ¢¥® ¯à¥¤áâ ¢«ïâì á¥¡¥ ª ªáâà®ªã b = (bλ), λ ∈ �. � §ã¬¥¥âáï, ¯® ®â®è¥¨î ª ¢¥á ¬ �∗ ª®âà £à ¤¨¥â®£®¬®¤ã«ï V ∗ ª àâ¨  ®¡à â ï: í«¥¬¥âë V ∗ ¯à¥¤áâ ¢«ïîâáï áâ®«¡æ ¬¨ b = (bλ), λ ∈ �∗,  í«¥¬¥âë V { áâà®ª ¬¨ a = (aλ), λ ∈ �∗. Ǒ®íâ®¬ã ¬ë ¥é¥ à § ®¡à é ¥¬ ¢¨¬ ¨¥  â®, çâ® ¬ë ¨¤¥ªá¨àã¥¬ ª ª áâ®«¡æë, â ª ¨ áâà®ª¨ ¢¥á ¬¨ ¬®¤ã«ï V { ¨¤¥ªáë λ, µ, ν ¨â.¤. ¯à¨ ¤«¥� â �. �ë¬¨ á«®¢ ¬¨,  ¬ ã¤®¡® ã¬¥à®¢ âì ª®®à¤¨ âë ¢¥ªâ®à  ¨§ V ∗¢¥á ¬¨ ¬®¤ã«ï V ¨ § ¯¨áë¢ âì ¨å ª ª áâà®ª¨ | ¢ â® ¢à¥¬ï ª ª ®¡ëç® ®¨ ã¬¥àãîâáï¢¥á ¬¨ á ¬®£® ¬®¤ã«ï V ∗ ¨ § ¯¨áë¢ îâáï ª ª áâ®«¡æë.�¤¨ ¨§ ¯à¨æ¨¯¨ «ìëå â¥å¨ç¥áª¨å ¬®¬¥â®¢ á®áâ®¨â ¢ â®¬, çâ® í«¥¬¥âë íâ¨åáâà®ª ï¢«ïîâáï ¥ «¨¥©® ã¯®àï¤®ç¥ë¬¨,   «¨èì ç áâ¨ç® ã¯®àï¤®ç¥ë¬¨, ¢ á®®â-¢¥âáâ¢¨¨ á ¯®àï¤ª®¬   �, § ¤ ¢ ¥¬ë¬ ¢ë¡®à®¬ á¨áâ¥¬ë ¯à®áâëå ª®à¥© �. � ¨¬¥®,¬ë ¯®« £ ¥¬, çâ® λ ≥ µ, ¥á«¨ λ − µ = ∑

miαi, £¤¥ mi ≥ 0. Ǒà¨ ®¯¨á ®© ¢ëè¥ ¨-â¥à¯à¥â æ¨¨ í«¥¬¥â®¢ ¬®¤ã«ï V í«¥¬¥âë £àã¯¯ë �¥¢ ««¥ ¥áâ¥áâ¢¥® ¬ëá«¨âì ª ª¬ âà¨æë g = (gλµ), λ, µ ∈ �, ¯® ®â®è¥¨î ª ¡ §¨áã vλ. � ª ®¡ëç®, áâ®«¡æ ¬¨ íâ®©¬ âà¨æë ï¢«ïîâáï áâ®«¡æë ª®®à¤¨ â ¢¥ªâ®à®¢ gvµ, µ ∈ �, ¯® ®â®è¥¨î ª ¡ §¨áã vλ,
λ ∈ �. �ë ¡ã¤¥¬ ç áâ® ¯®«ì§®¢ âìáï á«¥¤ãîé¨¬ ®¡®§ ç¥¨¥¬: µ-© áâ®«¡¥æ ¬ âà¨æë g¡ã¤¥â ®¡®§ ç âìáï ç¥à¥§ g∗µ,   λ-ï áâà®ª  { ç¥à¥§ gλ∗.�  áâ®ïé¥© à ¡®â¥ ¬ë à áá¬ âà¨¢ ¥¬ £àã¯¯ã Gs(E6, R) ¢¬¥áâ¥ á ¤¥©áâ¢¨¥¬   27-¬¥à®¬ ¬®¤ã«¥ V = V (̟1). �®®â¢¥âáâ¢ãîé¥¥ ¯à¥¤áâ ¢«¥¨¥ ï¢«ï¥âáï, ª ª å®à®è® ¨§-¢¥áâ®, ¬¨ªà®¢¥á®¢ë¬. � á®� «¥¨î, çãâì ¤ «ìè¥  ¬ ¯®âà¥¡ãîâáï ¥ª®â®àë¥ á¢®©áâ¢ á¨áâ¥¬ë ¢¥á®¢, ¥ á®¢á¥¬ ®ç¥¢¨¤ë¥ ¨§ ¤ ®£® ¢ëè¥ ®¯¨á ¨ï �. Ǒ®íâ®¬ã á¥©ç á ¬ë¯à¨¢¥¤¥¬ çãâì ¤àã£ãî ª®áâàãªæ¨î íâ®£® ¬®�¥áâ¢ . � ¨¬¥®, à áá¬®âà¨¬ á¨áâ¥¬ãª®à¥© � = E7. �ç¥¢¨¤®, çâ® ¯®¤á¨áâ¥¬ , á®áâ®ïé ï ¨§ ª®à¥©, ¨¬¥îé¨å ¢ à §«®�¥-¨¨   ¯à®áâë¥ ª®à¨ ª®íää¨æ¨¥â 0 ¯à¨ α7, ª ®¨ç¥áª¨ ¨§®¬®àä  � = E6. Ǒãáâì�1 | ¬®�¥áâ¢® ª®à¥©, ¨¬¥îé¨å ¢ à §«®�¥¨¨   ¯à®áâë¥ ª®à¨ ª®íää¨æ¨¥â 1 ¯à¨
α7. �  ¨å áâ ¤ àâë¬ ®¡à §®¬ ¤¥©áâ¢ã¥â £àã¯¯  W� = 〈wαi

; 1 ≤ i ≤ 6〉. �¥á«®�®7



¢¨¤¥âì, çâ® íâ® ¤¥©áâ¢¨¥ âà §¨â¨¢®. Ǒãáâì | ®àâ®£® «ì ï ¯à®¥ªæ¨ï   £¨¯¥à-¯«®áª®áâì,  âïãâãî   ª®à¨ αi ¯à¨ 1 ≤ i ≤ 6. � áá¬®âà¨¬ ª®à¥ì α = 2343212 .� ¬¥â¨¬, çâ® α ®àâ®£® «¥ ª®àï¬ αi ¯à¨ 2 ≤ i ≤ 6 ¨ ®¡à §ã¥â ã£®« π/3 á α1. � ç¥£®¢®àï, (α, α1) = 1/2 ¨ (α, αi) = 0 ¯à¨ 2 ≤ i ≤ 6. �âáî¤ , ¯®áª®«ìªã α − α ⊥ αi ¯à¨1 ≤ i ≤ 6, á«¥¤ã¥â, çâ® α = ̟1 | ¯¥à¢ë© äã¤ ¬¥â «ìë© ¢¥á. Ǒ®íâ®¬ã ¯®«ãç ¥¬, çâ®� = W̟1 = Wα = Wα = �1. �¥á«®�® ¢¨¤¥âì, çâ® ¯à®¥ªæ¨ï , ®£à ¨ç¥ ï   �1,ï¢«ï¥âáï ¡¨¥ªæ¨¥©. Ǒà¨ íâ®¬ ® , ¯® ®ç¥¢¨¤ë¬ á®®¡à �¥¨ï¬, á®£« á®¢   á ¤¥©áâ¢¨-¥¬ £àã¯¯ë W ¨ φ+ β = φ+ β ¤«ï ¯à®¨§¢®«ìëå β ∈ � ¨ φ, φ+ β ∈ �1. � ª¨¬ ®¡à §®¬,¬®�® ®â®�¤¥áâ¢¨âì ¬®�¥áâ¢  � ¨ �1. � ¬®£® ¡®«¥¥ ¯®¤à®¡®, ¨   ¥áª®«ìª® ¤àã£®¬ï§ëª¥, íâ  ª®áâàãªæ¨ï ¤   ¢ [16℄. � ¬ �¥ ¬®�®  ©â¨ ¬®£®ç¨á«¥ë¥ ¤ «ì¥©è¨¥ááë«ª¨   «¨â¥à âãàã.�«ï ã¤®¡áâ¢  à ¡®âë á ¨â¥à¥áãîé¨¬  á 27-¬¥àë¬ ¯à¥¤áâ ¢«¥¨¥¬ £àã¯¯ë
Gs(E6, R), áâ®¨â § ã¬¥à®¢ âì ¥£® ¢¥á . � ª ã�¥ £®¢®à¨«®áì,   ¬®�¥áâ¢¥ ¢¥á®¢¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¢¢®¤¨âáï ç áâ¨çë© ¯®àï¤®ª; à áá¬ âà¨¢ îâ ®¡ëç® â®«ìª® â¥«¨¥©ë¥ ¯®àï¤ª¨, ª®â®àë¥ á®£« á®¢ ë á íâ¨¬ ç áâ¨çë¬. �¤ ª® â ª¨å ¯®àï¤ª®¢¤®¢®«ì® ¬®£®, ¨ ¬ë, çâ®¡ë ¨§¡¥� âì ¯ãâ ¨æë, ¯®¯ëâ «¨áì ª ª ¬®�® ¬¥ìè¥ ¨á-¯®«ì§®¢ âì ª®ªà¥âãî ã¬¥à æ¨î. � ¨¬¥®, ¢áî¤ã, ªà®¬¥ §5,  ¬ ¤®áâ â®ç® â®£®,çâ®¡ë ¯®àï¤®ª ¡ë« á®£« á®¢  á A5-¢¥â¢«¥¨¥¬ (á¬.,  ¯à¨¬¥à, [16℄). �â® ®§ ç ¥â, çâ®
i + 21 = i − δ ¤«ï ¢á¥å 1 ≤ i ≤ 6 (§¤¥áì ¬ë ¤®¯ãáª ¥¬ ¥ª®â®àãî ¥â®ç®áâì, ¯ãâ ï¢¥á  ¨ ¨å ®¬¥à : ¨¬¥¥âáï ¢ ¢¨¤ã, çâ® ¥á«¨ ª ¢¥áã á ®¬¥à®¬ i + 21 ¯à¨¡ ¢¨âì ª®à¥ì
δ, â® ¯®«ãç¨âáï ¢¥á á ®¬¥à®¬ i). �â® ãá«®¢¨¥ ®¤®§ ç® ®¯à¥¤¥«ï¥â, ãç¨âë¢ ï ¨¬¥î-é¨©áï ç áâ¨çë© ¯®àï¤®ª, ¯¥à¢ãî ¨ ¯®á«¥¤îî ¢®áì¬¥àª¨ ¢¥á®¢. � ¯ïâ®¬ ¯ à £à ä¥,ª á®� «¥¨î,  ¬ ¯à¨å®¤¨âáï ¨á¯®«ì§®¢ âì ¢áî ã¬¥à æ¨î. �á¯®«ì§ã¥¬ë©  ¬¨ ¯®-àï¤®ª ¥áª®«ìª® ®â«¨ç ¥âáï ®â ¯®àï¤ª®¢ ¨§ [16℄; á®®â¢¥âáâ¢ãîé ï ¢¥á®¢ ï ¤¨ £à ¬¬ ¯à¨¢¥¤¥    à¨á.: 11
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◦� ª ®¡ëç®, ¢¥àè¨ë ¤¨ £à ¬¬ë á®®â¢¥âáâ¢ãîâ ¢¥á ¬; ¤¢¥ ¢¥àè¨ë á®¥¤¨¥ë à¥¡-à®¬ á ®¬¥à®¬ i, ¥á«¨ à §®áâì á®®â¢¥âáâ¢ãîé¨å ¢¥á®¢ ¥áâì ¯à®áâ®© ª®à¥ì αi; "¯ à «-«¥«ìë¥" à¥¡à  á®®â¢¥âáâ¢ãîâ ®¤¨ ª®¢ë¬ ¯à®áâë¬ ª®àï¬. �®«¥¥ ¯®¤à®¡®¥ ®¯¨á ¨¥¢¥á®¢ëå ¤¨ £à ¬¬ ¢¬¥áâ¥ á ¨áâ®à¨ç¥áª®© á¯à ¢ª®© ¨ ¤ «ì¥©è¨¬¨ ááë«ª ¬¨   «¨â¥à -âãàã ¬®�®  ©â¨ ¢ [16℄. �¥à¥§ ei, £¤¥ i ∈ �, ¢ ¤ «ì¥©è¥¬ ¡ã¤ãâ ®¡®§ ç âìáï ¡ §¨áë¥¢¥ªâ®à  ¯à®áâà áâ¢  V ; á®®â¢¥âáâ¢¥®, ¡ §¨áë¥ ª®¢¥ªâ®à  ¡ã¤ãâ ®¡®§ ç âìáï ç¥à¥§

ei, £¤¥ i ∈ �.3. �à¨«¨¥© ï ä®à¬  ¨ 3-ä®à¬ Ǒãáâì V = V (̟1) | 27-¬¥àë© ¬®¤ã«ì ¤«ï £àã¯¯ë �¥¢ ««¥ G = Gs(E6, R). �®£¤ áãé¥áâ¢ã¥â âà¨«¨¥© ï ä®à¬  F : V × V × V → R, â ª ï, çâ® G ï¢«ï¥âáï £àã¯¯®©¨§®¬¥âà¨© F , â.¥., ¨ë¬¨ á«®¢ ¬¨, G á®¢¯ ¤ ¥â á £àã¯¯®© ¢á¥å g ∈ GL(V,R), â ª¨å, çâ®
F (gu, gv, gw) = F (u, v, w) ¤«ï ¢á¥å u, v, w ∈ V .8



�¯¥à¢ë¥ ä®à¬  F ¯®ï¢¨« áì ¢ à ¡®â å �¨ªá®  ¢ 1901 £®¤ã. � ¤ «ì¥©è¥¬ ¥¥  ªâ¨¢-® ¨§ãç «¨ ¨ ¨á¯®«ì§®¢ «¨ �¥¢ ««¥, �à¥©¤¥â «ì, �¯à¨£¥à, �¨âá, �¥«¨£¬ , ��¥-ª®¡á®, �¥«ì¤ª ¬¯, �®í, �ã¯¥àáâ¥© ¨ ¬®£¨¥ ¤àã£¨¥ (á¬. [16℄ ¨ [15℄ ¤«ï ¤ «ì¥©è¨åááë«®ª). � ç «¥ ®  ¨§ãç « áì  ¤ ¯®«ï¬¨ ã«¥¢®© å à ªâ¥à¨áâ¨ª¨,   ¢ ¤ «ì¥©è¥¬¡ë«  ®¡®¡é¥    ¯à®¨§¢®«ìë¥ ¯®«ï á å à ªâ¥à¨áâ¨ª®© ¥ à ¢®© 2 ¨ 3. �¯à¨®à¨ ¯à¨¥®¡à â¨¬ëå 2 ¨«¨ 3 ¬®£ãâ ¢®§¨ª âì ¯à®¡«¥¬ë, ®¤ ª®, ª ª ¯®ª § « �è¡ å¥à [42℄, [43℄,[44℄, [45℄, [46℄, [47℄ íâ®£® ¥ ¯à®¨áå®¤¨â. �®«¥¥ â®£®, ª ª ¯®ª § ® ¢ [91℄, ä®à¬ã F ¬®�®à áá¬ âà¨¢ âì  ¤ ¯à®¨§¢®«ìë¬ ª®¬¬ãâ â¨¢ë¬ ª®«ìæ®¬, ® ¢  áâ®ïé¥© à ¡®â¥  á¨â¥à¥áã¥â â®«ìª® á«ãç © ¯®«ï.� ¤¥©áâ¢¨â¥«ì®áâ¨, �è¡ å¥à ¢ á¢®¨å à ¡®â å ¨á¯®«ì§ã¥â 3-ä®à¬ã F = (T,Q, F ), £¤¥
T | ªã¡¨ç¥áª ï ä®à¬ , Q| ¥¥ ç áâ¨ç ï ¯®«ïà¨§ æ¨ï,   F | ¥¥ ¯®« ï ¯®«ïà¨§ æ¨ï.�®«¥¥ ¯®¤à®¡®, 3-ä®à¬  F | íâ® âà®©ª  (T,Q, F ), â ª ï, çâ®:(1) F | âà¨«¨¥© ï ä®à¬ ;(2) Q : V × V → K «¨¥©® ¯® ¯¥à¢®© ¯¥à¥¬¥®© ¨ ã¤®¢«¥â¢®àï¥â à ¢¥áâ¢ ¬

Q(x, ay) = a2Q(x, y) ¨ Q(x, y+ z) = Q(x, y)+Q(x, z) +F (x, y, z) ¤«ï ¢á¥å a ∈ K ¨
x, y, z ∈ V ;(3) T : V → K ã¤®¢«¥â¢®àï¥â à ¢¥áâ¢ ¬ T (ax) = a3T (x) ¨ T (x+ y) = T (x) + T (y) +
Q(x, y) +Q(y, x) ¤«ï ¢á¥å a ∈ K ¨ x, y ∈ V .� ç áâ®áâ¨, ¢ á¢®¨å à ¡®â å �è¡ å¥à ¯®ª §ë¢ ¥â, çâ®  ¤ ¯à®¨§¢®«ìë¬ ¯®«¥¬ £àã¯-¯  Gs(E6, K) á®¢¯ ¤ ¥â á £àã¯¯®© ¨§®¬¥âà¨© 3-ä®à¬ë F ¨, ªà®¬¥ íâ®£®, á £àã¯¯ ¬¨¨§®¬¥âà¨© ä®à¬ F ¨ Q. �  áâ®ïé¥© à ¡®â¥, ªà®¬¥ âà¨«¨¥©®© ä®à¬ë F , ¬ë ¨á-¯®«ì§ã¥¬, ¢ ®¯à¥¤¥«¥¨¨ á¨£ã«ïàëå ¢¥ªâ®à®¢, ä®à¬ã Q. �â® á¤¥« ® ¤«ï â®£®, çâ®¡ë¥¤¨®®¡à §® à áá¬ âà¨¢ âì ¯®«ï «î¡®© å à ªâ¥à¨áâ¨ª¨.�®çë© ¢¨¤ ä®à¬ë T (¯®ïâ®, çâ® ¯® T ä®à¬ë Q ¨ F «¥£ª® ®¯à¥¤¥«ïîâáï) ¢ëç¨á«¥¢ à ¡®â¥ [16℄, ®¤ ª®, ¯®áª®«ìªã ¢  áâ®ïé¥© à ¡®â¥ çãâì ¤àã£ ï ã¬¥à æ¨ï ¢¥á®¢, ¬ë¥¥ â®�¥ ¯à¨¢¥¤¥¬. � ¨¬¥®,

T (x) = x1x11x27 − x1x15x26 + x1x18x25 − x1x20x24 + x1x21x23
− x2x10x27 + x2x14x26 − x2x17x25 + x2x19x24 − x2x21x22+ x3x9x27 − x3x13x26 + x3x16x25 − x3x19x23 + x3x20x22
− x4x8x27 + x4x12x26 − x4x16x24 + x4x17x23 − x4x18x22+ x5x7x27 − x5x12x25 + x5x13x24 − x5x14x23 + x5x15x22
− x6x7x26 + x6x8x25 − x6x9x24 + x6x10x23 − x6x11x22+ x7x16x21 − x7x17x20 + x7x18x19 − x8x13x21 + x8x14x20
− x8x15x19 + x9x12x21 − x9x14x18 + x9x15x17 − x10x12x20+ x10x13x18 − x10x15x16 + x11x12x19 − x11x13x17 + x11x14x16.�«ï ¡®«ìè¨áâ¢  ¨â¥à¥áãîé¨å  á ¢®¯à®á®¢, ®¤ ª®, ¤®áâ â®ç® § âì, çâ® T (x) =∑

±xρxσxτ , £¤¥ áã¬¬  ¡¥à¥âáï ¯® ¢á¥¬ ¥ã¯®àï¤®ç¥ë¬ âà¨ ¤ ¬ {ρ, σ, τ} (âà¨ ¤  |íâ® âà®©ª  ¯®¯ à® ¤ «¥ª¨å ¢¥á®¢, á¬. §2). �®®â¢¥âáâ¢¥®, F (x, y, z) = ∑
±xρyσzτ ,£¤¥ áã¬¬  ¡¥à¥âáï ¯® ¢á¥¬ ã¯®àï¤®ç¥ë¬ âà¨ ¤ ¬ (ρ, σ, τ),   Q(x, y) = ∑
±xρyσyτ ,£¤¥ áã¬¬  ¡¥à¥âáï ¯® ¢á¥¬ âà¨ ¤ ¬ (ρ, {σ, τ}), ¢ ª®â®àëå ¯ à , á®áâ®ïé ï ¨§ ¢â®à®£®¨ âà¥âì¥£® ¢¥á , ¥ã¯®àï¤®ç¥ . �®«¥¥ ¯®¤à®¡® ®¡ íâ®¬ £®¢®à¨âáï ¢ [16℄. � ª®¥æ,¥®¡å®¤¨¬® ®â¬¥â¨âì, çâ® â®ç® â ª ï �¥ ä®à¬  ¤¥©áâ¢ã¥â ¨   ¤¢®©áâ¢¥®¬ ¬®¤ã«¥9



V ∗, í«¥¬¥âë ª®â®à®£® ¬ë ®¡®§ ç ¥¬ áâà®ª ¬¨. �âã ä®à¬ã ¬ë â ª�¥ ¡ã¤¥¬ ®¡®§ ç âìç¥à¥§ F = (T,Q, F ).
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§2. �®à¨, ¢¥á  ¨ á¨£ã«ïà®áâì1. �®à¨ ¨ ¢¥á � íâ®¬ ¯ãªâ¥ ¬ë ¯®ª �¥¬ ¥áª®«ìª® ¥á«®�ëå ä ªâ®¢ ¯à® ¢§ ¨¬®¥ à á¯®«®�¥¨¥¬®�¥áâ¢ � ¨ �. Ǒà¨ íâ®¬ ¬ë ¡ã¤¥¬  ªâ¨¢® ¯®«ì§®¢ âìáï ¢¥á®¢®© ¤¨ £à ¬¬®©. �á¥ãâ¢¥à�¤¥¨ï, ª®â®àë¥  ¬ ¢áâà¥âïâáï ¢ íâ®¬ ¯ãªâ¥, ¨¬¥îâ ª®¬¡¨ â®àë© å à ªâ¥à,¯®áª®«ìªã ¨ ª®à¥©, ¨ ¢¥á®¢ ª®¥ç®¥ ç¨á«®. �¤ ª® ¯àï¬®© ¯¥à¥¡®à ®¡ëç® ¤®¢®«ì®âï�¥«, ¯®íâ®¬ã ¬ë ¢®á¯®«ì§ã¥¬áï ¥ª®â®àë¬¨ ãå¨éà¥¨ï¬¨, ®á®¢ë¬ ¨§ ª®â®àëå ï¢-«ï¥âáï ¨á¯®«ì§®¢ ¨¥ £àã¯¯ë �¥©«ï. � ª ¨§¢¥áâ®, £àã¯¯  �¥©«ï W ¤¥©áâ¢ã¥â   � ¨�. Ǒà¨ íâ®¬, ¥á«¨ λ, λ + α ∈ � ¯à¨ ¥ª®â®à®¬ α ∈ �, â® w(λ) + w(α) = w(λ + α) ∈ �.� ç¥ £®¢®àï, ¤¥©áâ¢¨ï £àã¯¯ë �¥©«ï   ¬®�¥áâ¢ å ¢¥á®¢ ¨ ª®à¥© á®£« á®¢ ë. �ë¯®áâ à «¨áì ®¡®©â¨áì ¬¨¨¬ã¬®¬ á¢®©áâ¢ £àã¯¯ë �¥©«ï:  ¬ ¯®âà¥¡®¢ «®áì â®«ìª® âà¨á¢®©áâ¢ . � ¨¬¥®:(1) �á«¨ α ∈ � ¨ λ ∈ � | â ª®© ¢¥á, çâ® λ+ α, λ− α /∈ �, â® wα(λ) = λ. �á«¨ �¥
λ, λ+α ∈ �, â® wα(λ) = λ+α ¨ wα(λ+α) = λ. �â® áâ ¤ àâ®¥ á¢®©áâ¢® ¬¨ªà®-¢¥á®¢ëå ¯à¥¤áâ ¢«¥¨©. � ¨â¥à¥áãîé¥¬  á á«ãç ¥ 27-¬¥à®£® ¯à¥¤áâ ¢«¥¨ï
π(̟1) âà¥¡ã¥¬®¥ á¢®©áâ¢® áâ ®¢¨âáï ®ç¥¢¨¤ë¬ ¯à¨ ¨á¯®«ì§®¢ ¨¨ ¨§®¬®àä¨§-¬  � ∼= �1, ®¯¨á ®£® ¢ §1.(2) �î¡ãî ¯ àã ª®à¥© ¯à¨ ¯®¬®é¨ £àã¯¯ë �¥©«ï ¬®�® ¯¥à¥¢¥áâ¨ ¢ «î¡ãî ¤àã-£ãî á â¥¬ �¥ ã£«®¬ ¬¥�¤ã ¨¬¨; ¢ ç áâ®áâ¨, «î¡®© ª®à¥ì ¬®�® ¯¥à¥¢¥-áâ¨ ¢ «î¡®© ¤àã£®©. �â® ¯à®áâ¥©è¥¥ á¢®©áâ¢® á¨áâ¥¬ ª®à¥©.(3) �î¡®© ¢¥á ¯à¨ ¯®¬®é¨ £àã¯¯ë �¥©«ï ¬®�® ¯¥à¥¢¥áâ¨ ¢ «î¡®© ¤àã£®©. �¯à¥¤ë¤ãé¥¬ ¯ à £à ä¥ ¬ë ã�¥ ã¯®¬¨ «¨, çâ® � á®¢¯ ¤ ¥â á �¥©«¥¢áª®© ®à¡¨-â®© áâ àè¥£® ¢¥á , Wω; ®âáî¤  áà §ã á«¥¤ã¥â âà¥¡ã¥¬®¥. �¯à®ç¥¬, íâ® áâ®«ì �¥«¥£ª® á«¥¤ã¥â ¨§ ¯¥à¢®£® á¢®©áâ¢  ¨ á¢ï§®áâ¨ ¢¥á®¢®© ¤¨ £à ¬¬ë.� §4  ¬ â ª�¥ ¯®âà¥¡ã¥âáï à áè¨à¥ ï £àã¯¯  �¥©«ï. � ¨¬¥®, ¯ãáâì

wα(t) = xα(t)x−α(−t−1)xα(t) ∈ Gs(E6, K)¨ W̃ = 〈wα(1);α ∈ �〉. �¥á«®�® ¢¨¤¥âì, çâ® wα(1) ¯¥à¥¢®¤¨â ¬®�¥áâ¢® �± = {±eρ; ρ ∈�} ¢ á¥¡ï. �«¥¬¥âë ¬®�¥áâ¢  �±  ¬¨  §ë¢ îâáï ¯«îá/¬¨ãá ¢¥á ¬¨. �â¬¥â¨¬â ª�¥, çâ® áãé¥áâ¢ã¥â ¥áâ¥áâ¢¥ ï ¯à®¥ªæ¨ï ¨§ �± ¢ �, ¯¥à¥¢®¤ïé¥¥ ±eρ ¢ ¢¥á ρ. �â ¯à®¥ªæ¨ï á®£« á®¢   á ¤¥©áâ¢¨¥¬ W̃ . �®«¥¥ â®£®, ª ª ¬®�® ¢¨¤¥âì, ¤¥©áâ¢¨¥ wα(1) ∈
W̃   �± ¯¥à¥å®¤¨â, ¯à¨ íâ®© ¯à®¥ªæ¨¨, ¢ ¤¥©áâ¢¨¥ wα ∈ W   �; á®®â¢¥âáâ¢¥®, W̃¯¥à¥å®¤¨â ¢ W . �¥á«®�® ¯®ª § âì, çâ® wα(1)xβ(a)wα(1)−1 = xwαβ(±a). Ǒ®¤à®¡®¥¤®ª § â¥«ìáâ¢® íâ®£® ¨ ¬®�¥áâ¢  ¤àã£¨å ¡«¨§ª¨å ¢®¯à®á®¢ á¬. [40℄.�â¢¥à�¤¥¨¥ 1. �«ï ¯à®¨§¢®«ì®£® ª®àï α ∈ � áãé¥áâ¢ã¥â à®¢® è¥áâì ¢¥á®¢
λi ∈ �, â ª¨å, çâ® λi + α ∈ �. � §®áâì «î¡ëå ¤¢ãå â ª¨å λi ï¢«ï¥âáï ª®à¥¬.�®ª § â¥«ìáâ¢®. �à¥¡ã¥¬®¥ ãâ¢¥à�¤¥¨¥ áà §ã á«¥¤ã¥â ¨§ â®£®, çâ® «î¡®© ª®à¥ì ¬®�-® á¨¬¬¥âà¨ï¬¨ ¨§ £àã¯¯ë �¥©«ï ¯¥à¥¢¥áâ¨ ¢ «î¡®© ¤àã£®©.�â¢¥à�¤¥¨¥ 2. Ǒãáâì α, β ∈ � | ¤¢  ¯à®¨§¢®«ìëå ª®àï, â ª¨¥, çâ® β 6= −α.�®£¤ :(1) ¥ áãé¥áâ¢ã¥â ¢¥á  ρ, â ª®£®, çâ® ρ+ α ¨ ρ+ 2α | â ª�¥ ¢¥á ;(2) ¥ áãé¥áâ¢ã¥â ¢¥á  ρ, â ª®£®, çâ® ρ+α, ρ+α+ β ¨ ρ+2α+ β | â ª�¥ ¢¥á .�®ª § â¥«ìáâ¢®. �à¥¡ã¥¬®¥ ãâ¢¥à�¤¥¨¥ á«¥¤ã¥â ¨§ â®£®, çâ® «î¡ãî ¯ àã ª®à¥© ¬®�-® á¨¬¬¥âà¨ï¬¨ ¨§ £àã¯¯ë �¥©«ï ¯¥à¥¢¥áâ¨ ¢ «î¡ãî ¤àã£ãî á â¥¬ �¥ ã£«®¬ ¬¥�¤ã¨¬¨. 11



Ǒãáâì Iα1 = {ρ; ρ, ρ − α ∈ �}, Iα2 = {ρ; ρ ∈ �, ρ ± α /∈ �} ¨ Iα3 = {ρ; ρ, ρ + α ∈ �}.�ç¥¢¨¤®, çâ® � ¥áâì ®¡ê¥¤¨¥¨¥ Iα1 , Iα2 ¨ Iα3 , ¯à¨ íâ®¬ Iα2 ¥ ¯¥à¥á¥ª ¥âáï á ®áâ «ìë¬¨.Ǒ® ¯ãªâã (1) ãâ¢¥à�¤¥¨ï 2, Iα1 ¨ Iα3 â ª�¥ ¥ ¯¥à¥á¥ª îâáï. Ǒ® ãâ¢¥à�¤¥¨î 1,¬®�¥áâ¢  Iα1 ¨ Iα3 á®áâ®ïâ ¨§ 6 í«¥¬¥â®¢ ª �¤®¥, ¯®íâ®¬ã ¢ Iα2 à®¢® 15 í«¥¬¥â®¢.� ª®¥æ, ¥á«®�® ¢¨¤¥âì, çâ® ¯à¨ á®¯àï�¥¨¨ ¯à¨ ¯®¬®é¨ wβ ¬®�¥áâ¢  Iα1 , Iα2 ¨ Iα3¯¥à¥å®¤ïâ ¢ Iwβ(α)1 , I
wβ(α)2 ¨ Iwβ(α)3 á®®â¢¥âáâ¢¥®. � ®á®¢®¬,  á ¡ã¤¥â ¨â¥à¥á®¢ âìá«ãç © α = δ, ¯®íâ®¬ã, ¤«ï ªà âª®áâ¨, ¯®«®�¨¬ I1 = Iδ1 , I2 = Iδ2 ¨ I3 = Iδ3 . Ǒà¨  è¥©ã¬¥à æ¨¨ ¢¥á®¢ ¯®«ãç ¥¬, çâ® I1 = {i; 1 ≤ i ≤ 6}, I2 = {i; 6 < i < 22} ¨ I3 = {i; 22 ≤ i ≤27}, çâ® ®¡êïáï¥â ¢ë¡à ãî  ¬¨ ã¬¥à æ¨î ¬®�¥áâ¢ Iα1 , Iα2 ¨ Iα3 .� ¯®¬¨¬, çâ® ¯® ®¯à¥¤¥«¥¨î � ï¢«ï¥âáï ¯®¤¬®�¥áâ¢®¬ à¥è¥âª¨ ¢¥á®¢ P (�). Ǒ®-áª®«ìªã � = W̟, â® à §®áâì ¤¢ãå ¯à®¨§¢®«ìëå ¢¥á®¢ ¨§ � ¯à¨ ¤«¥�¨â à¥è¥âª¥ª®à¥© Q(�). � ç¥ £®¢®àï, à §®áâì ¤¢ãå ¯à®¨§¢®«ìëå ¢¥á®¢ ¨§ � ï¢«ï¥âáï áã¬¬®©¥áª®«ìª¨å ª®à¥© (â ª�¥ íâ® áà §ã á«¥¤ã¥â ¨§ á¢ï§®áâ¨ ¢¥á®¢®© ¤¨ £à ¬¬ë).�¯à¥¤¥«¥¨¥. � ááâ®ï¨¥ ¬¥�¤ã à §«¨çë¬¨ ¢¥á ¬¨ i ¨ j, ®¡®§ ç ¥¬®¥ d(i, j) |íâ® ¬¨¨¬ «ì®¥ ª®«¨ç¥áâ¢® ª®à¥©, áã¬¬  ª®â®àëå à ¢  à §®áâ¨ i − j. �á«¨ ¢¥á á®¢¯ ¤ îâ, â® à ááâ®ï¨¥ ¬¥�¤ã ¨¬¨ áç¨â ¥âáï à ¢ë¬ 0.�¥¯¥àì ¬®�® ¤ âì á«¥¤ãîéãî ¯¥à¥ä®à¬ã«¨à®¢ªã ¯ãªâ  (2) ãâ¢¥à�¤¥¨ï 2:�«¥¤áâ¢¨¥. Ǒãáâì ρ ∈ Iα1 ¨ σ ∈ Iα3 . �®£¤  ¥á«¨ d(ρ, σ) = 1, â® ρ = σ + α.�®ª § â¥«ìáâ¢®. �à §ã á«¥¤ã¥â ¨§ ¢â®à®£® ¯ãªâ  ãâ¢¥à�¤¥¨ï 2.�â¢¥à�¤¥¨¥ 3. Ǒãáâì α ∈ � | ¯à®¨§¢®«ìë© ª®à¥ì. �®£¤ :(1) ãá«®¢¨¥ α = δ à ¢®á¨«ì® â®¬ã, çâ® ¢ à §«®�¥¨¨ α   ¯à®áâë¥ ª®à¨ ª®à¥ì

α2 ¢áâà¥ç ¥âáï á ª®íää¨æ¨¥â®¬ 2;(2) ãá«®¢¨¥ ∠(α, δ) = π/3 à ¢®á¨«ì® â®¬ã, çâ® ¢ à §«®�¥¨¨ α   ¯à®áâë¥ ª®à¨ª®à¥ì α2 ¢áâà¥ç ¥âáï á ª®íää¨æ¨¥â®¬ 1;(3) ãá«®¢¨¥ ∠(α, δ) = π/2 à ¢®á¨«ì® â®¬ã, çâ® ¢ à §«®�¥¨¨ α   ¯à®áâë¥ ª®à¨ª®à¥ì α2 ®âáãâáâ¢ã¥â;(4) ãá«®¢¨¥ ∠(α, δ) = 2π/3 à ¢®á¨«ì® â®¬ã, çâ® ¢ à §«®�¥¨¨ α   ¯à®áâë¥ª®à¨ ª®à¥ì α2 ¢áâà¥ç ¥âáï á ª®íää¨æ¨¥â®¬ -1;(5) ãá«®¢¨¥ a = −δ à ¢®á¨«ì® â®¬ã, çâ® ¢ à §«®�¥¨¨ α   ¯à®áâë¥ ª®à¨ ª®à¥ì
α2 ¢áâà¥ç ¥âáï á ª®íää¨æ¨¥â®¬ -2.�®ª § â¥«ìáâ¢®. Ǒ¥à¢ë© ¨ ¯ïâë© ¯ãªâë  áâ®ïé¥£® ãâ¢¥à�¤¥¨ï ®ç¥¢¨¤ë. � ¬¥-â¨¬, çâ® ¬ ªá¨¬ «ìë© ª®à¥ì ®àâ®£® «¥ ¢á¥¬ ¯à®áâë¬, ªà®¬¥ α2, á ª®â®àë¬ ®®¡à §ã¥â ã£®« π/3. �âáî¤  áà §ã á«¥¤ã¥â, çâ® ¥á«¨ ¢ à §«®�¥¨¨ α   ¯à®áâë¥ ª®à¨ª®à¥ì α2 ®âáãâáâ¢ã¥â, â® α ⊥ δ. � «¥¥, ¥á«¨ ¢ à §«®�¥¨¨ α   ¯à®áâë¥ ª®à¨ ª®íää¨-æ¨¥â ¯à¨ α2 à ¢¥ 1, â® áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ α ¨ δ à ¢® 12 , ¯®íâ®¬ã ∠(α, δ) = π/3.� «®£¨ç® à §¡¨à ¥âáï á«ãç ©, ¥á«¨ ¢ à §«®�¥¨¨ α   ¯à®áâë¥ ª®à¨ ª®íää¨æ¨¥â¯à¨ α2 à ¢¥ -1. � ®¡à âãî áâ®à®ã âà¥¡ã¥¬ë¥ ãâ¢¥à�¤¥¨ï áà §ã á«¥¤ãîâ ¨§ â®£®,çâ® ¢®§¬®�ë¥ ª®íää¨æ¨¥âë ¯à¨ α2 ¢ à §«®�¥¨¨ ª®àï α | â®«ìª® 2, 1, 0, -1 ¨ -2.�â¢¥à�¤¥¨¥ 4. Ǒãáâì α, β ∈ � | ¯à®¨§¢®«ìë¥ ª®à¨ ¨ i, j ∈ � | ¢¥á , â ª¨¥, çâ®

i+ β = j. �®£¤ :(1) �á«®¢¨¥ α = β à ¢®á¨«ì® â®¬ã, çâ® i ∈ Iα3 ,   j ∈ Iα1 .(2) �á«®¢¨¥ ∠(α, β) = π/3 à ¢®á¨«ì® â®¬ã, çâ® «¨¡® i ∈ Iα3 ,   j ∈ Iα2 , «¨¡® i ∈ Iα2 ,  j ∈ Iα1 . Ǒà¨ íâ®¬ ®¡  á«ãç ï ¢áâà¥ç îâáï ¯® âà¨ à § .12



(3) �á«®¢¨¥ ∠(α, β) = π/2 à ¢®á¨«ì® â®¬ã, çâ® «¨¡® i, j ∈ Iα1 , «¨¡® i, j ∈ Iα2 ,«¨¡® i, j ∈ Iα3 . Ǒà¨ íâ®¬ ¯¥à¢ë© ¨ âà¥â¨© á«ãç ¨ ¢áâà¥ç îâáï ®¤¨ à §,  ¢â®à®© | ç¥âëà¥ à § .(4) �á«®¢¨¥ ∠(α, β) = 2π/3 à ¢®á¨«ì® â®¬ã, çâ® «¨¡® i ∈ Iα2 ,   j ∈ Iα3 , «¨¡® i ∈ Iα1 ,  j ∈ Iα2 . Ǒà¨ íâ®¬ ®¡  á«ãç ï ¢áâà¥ç îâáï ¯® âà¨ à § .(5) �á«®¢¨¥ α = −β à ¢®á¨«ì® â®¬ã, çâ® i ∈ Iα1 ,   j ∈ Iα3 .�®ª § â¥«ìáâ¢®. �à¥¡ã¥¬®¥ ãâ¢¥à�¤¥¨¥ á«¥¤ã¥â ¨§ â®£®, çâ® «î¡ãî ¯ àã ª®à¥© ¬®�-® á¨¬¬¥âà¨ï¬¨ ¨§ £àã¯¯ë �¥©«ï ¯¥à¥¢¥áâ¨ ¢ «î¡ãî ¤àã£ãî á â¥¬ �¥ ã£«®¬ ¬¥�¤ã¨¬¨.�â¢¥à�¤¥¨¥ 5.(1) � ¨â¥à¥áãîé¥¬  á 27-¬¥à®¬ ¯à¥¤áâ ¢«¥¨¨ à ááâ®ï¨¥ ¬¥�¤ã ¢¥á ¬¨ ¬®-�¥â ¡ëâì à ¢® â®«ìª® 0, 1 ¨«¨ 2. �«ï «î¡®£® ¢¥á  áãé¥áâ¢ã¥â à®¢® 16 ¢¥á®¢  à ááâ®ï¨¨ 1 ®â ¥£® ¨ 10 ¢¥á®¢   à ááâ®ï¨¨ 2 ®â ¥£®.(2) �«ï ¤¢ãå ¯à®¨§¢®«ìëå ¢¥á®¢   à ááâ®ï¨¨ 2 áãé¥áâ¢ã¥â à®¢® ®¤¨ ¢¥á  à ááâ®ï¨¨ 2 ®â ¨å ®¡®¨å.(3) Ǒãáâì α ∈ � | ¯à®¨§¢®«ìë© ª®à¥ì,   φ1, φ2, φ3 ∈ � | ¯à®¨§¢®«ì ï âà®©-ª  ¢¥á®¢, â ª¨å, çâ® d(φ1, φ2) = d(φ1, φ3) = d(φ2, φ3) = 2. �®£¤  «¨¡® ¢á¥ φi¯à¨ ¤«¥� â Iα2 , «¨¡® ®¤¨ ¨§ ¨å ¯à¨ ¤«¥�¨â Iα1 , ®¤¨ | Iα2 ¨ ®¤¨ | Iα3 .� ¬¥ç ¨¥. � ¤ «ì¥©è¥¬ ¢¥á    à ááâ®ï¨¨ 2  §ë¢ îâáï ¤ «¥ª¨¬¨,     à ááâ®ï¨¨1 | ¡«¨§ª¨¬¨. �à®©ª¨ ¯®¯ à® ¤ «¥ª¨å ¢¥á®¢ ç áâ®  §ë¢ îâáï âà¨ ¤ ¬¨.�®ª § â¥«ìáâ¢®. Ǒ¥à¢ë¥ ¤¢  ¯ãªâ  ®ç¥¢¨¤ë, ¥á«¨ ãç¥áâì, çâ® ¯à¥®¡à §®¢ ¨ï¬¨ ¨§£àã¯¯ë W ¬®�® «î¡®© ¢¥á ¯¥à¥¢¥áâ¨ ¢ «î¡®© ¤àã£®©. �®ª �¥¬ âà¥â¨©. Ǒ® ãâ¢¥à-�¤¥¨î 1,  ¬ ¤®áâ â®ç® ¤®ª § âì, çâ® ¥ áãé¥áâ¢ã¥â âà®©ª¨ ¯®¯ à® ¤ «¥ª¨å ¢¥á®¢,â ª®©, çâ® ¤¢  ¨§ ¨å ¯à¨ ¤«¥� â Iα2 ,   ®¤¨ | Iα1 (á«ãç ©, ª®£¤  ¤¢  ¨§ ¨å ¯à¨ ¤-«¥� â Iα2 ,   ®¤¨ | Iα3 , ¯®«ãç ¥âáï ¨§ íâ®£® § ¬¥®© α   −α). Ǒà¥¤¯®«®�¨¬, çâ® â ª ïâà®©ª  áãé¥áâ¢ã¥â. Ǒà¨¬¥¨¬ ª ¢¥á ¬ ¨§ ¥¥ wα. �®£¤  ¢¥á  ¨§ Iα2 ®áâ ãâáï   ¬¥áâ¥,  ¢¥á  ¨§ Iα1 ¯¥à¥©¤ãâ ¢ ¢¥á  ¨§ Iα3 . �¤ ª® âà¨ ¤  ¤¢ã¬ï á¢®¨¬¨ ¢¥á ¬¨, ¯® ¢â®à®¬ã¯ãªâã, ®¯à¥¤¥«ï¥âáï ®¤®§ ç®. Ǒ®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®ãâ¢¥à�¤¥¨ï.�â¢¥à�¤¥¨¥ 6. Ǒãáâì α ∈ � | ¯à®¨§¢®«ìë© ª®à¥ì.(1) �«ï ¯à®¨§¢®«ì®£® ª®àï β, ®àâ®£® «ì®£® α, wβ ¯¥à¥áâ ¢«ï¥â ¬¥áâ ¬¨ª ª¨¥-â® ¤¢  ¢¥á  ¨§ Iα1 ,   ¯à®ç¨¥ ¢¥á  ¨§ Iα1 ®áâ ¢«ï¥â ¥¯®¤¢¨�ë¬¨.(2) �«ï ¯à®¨§¢®«ì®£® ¢¥á  ρ ∈ Iα2 áãé¥áâ¢ã¥â à®¢® ¤¢  ¢¥á  ρ1, ρ2 ∈ Iα1 , ¤ «¥ª¨å®â ρ.(3) �á«¨ ¤¢  ¢¥á  ρ ∈ Iα2 ¨ ρ1 ∈ Iα1 ¤ «¥ª¨, â® ¢¥á  ρ ¨ ρ1 − α â ª�¥ ¤ «¥ª¨.(4) �«ï ¯à®¨§¢®«ì®© ¯ àë ¢¥á®¢ ρ1, ρ2 ∈ Iα1 , áãé¥áâ¢ã¥â à®¢® ®¤¨ ¢¥á ρ ∈ Iα2 ,¤ «¥ª¨© ®â ¨å ®¡®¨å.(5) Ǒãáâì ρ, σ ∈ Iα2 | ¯à®¨§¢®«ìë¥ ¢¥á  ¨ {ρ1, ρ2}, {σ1, σ2} | á®®â¢¥âáâ¢ãîé¨¥¨¬, ¯® ¯ãªâã (2), ¯ àë ¢¥á®¢ ¨§ Iα1 . �®£¤  d(ρ, σ) = 2 à ¢®á¨«ì® â®¬ã, çâ®
{ρ1, ρ2} ∩ {σ1, σ2} = ∅.�®ª § â¥«ìáâ¢®. Ǒ¥à¢ë© ¯ãªâ  áâ®ïé¥£® ãâ¢¥à�¤¥¨ï á«¥¤ã¥â ¨§ ¯ãªâ  (3) ãâ¢¥à-�¤¥¨ï 4. � ª ã�¥ £®¢®à¨«®áì, ¯à¥®¡à §®¢ ¨ï¬¨ ¨§ £àã¯¯ë W ¬®�® «î¡®© ¢¥á ¯¥à¥-¢¥áâ¨ ¢ «î¡®© ¤àã£®©. �âáî¤ ,   â ª�¥ ¨§ ãâ¢¥à�¤¥¨ï 4, á«¥¤ã¥â ¢â®à®© ¯ãªâ. �®ª -�¥¬ âà¥â¨© ¯ãªâ. Ǒà¥¤¯®«®�¨¬, çâ® ¢¥á  ρ ¨ ρ1−α ¡«¨§ª¨. �®£¤  ρ−(ρ1−α) = β ∈ �.13



Ǒ® ¯ãªâã (2) ãâ¢¥à�¤¥¨ï 4, ∠(α, β) = π/3, á«¥¤®¢ â¥«ì®, α − β ∈ �, ®¤ ª®
α− β = ρ1 − ρ | ¯à®â¨¢®à¥ç¨¥.�®ª �¥¬ ç¥â¢¥àâë© ¯ãªâ. �«ï íâ®£® ¤®áâ â®ç® ¯®ª § âì ¥¤¨áâ¢¥®áâì â ª®£® ρ,â®£¤  áãé¥áâ¢®¢ ¨¥ (¯® ¢â®à®¬ã ¯ãªâã) ¡ã¤¥â á«¥¤®¢ âì ¨§ à ¢¥áâ¢  ª®«¨ç¥áâ¢  ¯ à
{ρ1, ρ2}, £¤¥ ρ1, ρ2 ∈ Iα1 , ¨ ¢¥á®¢ ¢ Iα2 . � ¬¥â¨¬, çâ® ¢¥á ρ ¯® âà¥âì¥¬ã ¯ãªâã ¤ «¥ª ®â ρ1¨ ρ2−α. Ǒ® á«¥¤áâ¢¨î ¨§ ãâ¢¥à�¤¥¨ï 2, ρ1 ¨ ρ2−α ï¢«ïîâáï ¤ «¥ª¨¬¨ ¢¥á ¬¨, ¯®íâ®¬ã
ρ, ρ1 ¨ ρ2 − α ®¡à §ãîâ âà¨ ¤ã. �®£¤  ¯® ¯ãªâã (2) ãâ¢¥à�¤¥¨ï 5, ρ ®¯à¥¤¥«ï¥âáï ρ1¨ ρ2 ®¤®§ ç®, çâ® ¨ âà¥¡®¢ «®áì.Ǒ®ª �¥¬, çâ® ¥á«¨ d(ρ, σ) = 2, â® {ρ1, ρ2} ∩ {σ1, σ2} = ∅. Ǒà¥¤¯®«®�¨¬, çâ® íâ® ¥â ª. �®£¤  ¢¥á χ ∈ {ρ1, ρ2} ∩ {σ1, σ2} ®ª §ë¢ ¥âáï ¤ «¥ª ®â ρ ¨ σ, ¯®íâ®¬ã ¢¥á  ρ, σ ¨ χ®¡à §ãîâ âà¨ ¤ã. Ǒà¨ íâ®¬ ¢ ¥© ¤¢  ¢¥á  ¨§ Iα2 ,   ®¤¨ ¨§ Iα1 , çâ® ¯à®â¨¢®à¥ç¨â ¯ãªâã(3) ãâ¢¥à�¤¥¨ï 5. �áâ «®áì ¤®ª § âì, çâ® ¥á«¨ {ρ1, ρ2} ∩ {σ1, σ2} = ∅, â® d(ρ, σ) = 2.�®¢¯ ¤ âì ρ ¨ σ ¯® ¢â®à®¬ã ¯ãªâã ¥ ¬®£ãâ. Ǒà¥¤¯®«®�¨¬, çâ® σ − ρ = β ∈ �. �®£¤ 
wβ ¤®«�® ¯¥à¥¢®¤¨âì ρ ¢ σ ¨, á«¥¤®¢ â¥«ì®, ¯ àã {ρ1, ρ2} ¢ ¯ àã {σ1, σ2}, çâ®, ¯®¯¥à¢®¬ã ¯ãªâã, ¯à®â¨¢®à¥ç¨â ¯à¥¤¯®«®�¥¨î.�¥¬¬  2.1.(1) Ǒãáâì α, β ∈ �, ¯à¨ç¥¬ α ⊥ β. � «¥¥, ¯ãáâì ρ| â ª®© ¢¥á, çâ® ρ+α ¨ ρ+β |â ª�¥ ¢¥á . �®£¤ 

cρ,ρ+αcρ+α,ρ+α+β = cρ,ρ+βcρ+β,ρ+α+β .� ç áâ®áâ¨, ρ+ α+ β â®�¥ ï¢«ï¥âáï ¢¥á®¬.(2) Ǒãáâì α, β, γ ∈ �, ¯à¨ç¥¬ α ⊥ β, γ ¨ ∠(β, γ) = 2π/3. � «¥¥, ¯à¥¤¯®«®�¨¬, çâ®áãé¥áâ¢ã¥â â ª®© ¢¥á σ, çâ® σ + α, σ + β, σ + β + γ ∈ �. �®£¤ 
cσ,σ+βcσ,σ+β+γcσ+β,σ+β+γ = cσ+α,σ+α+βcσ+α,σ+α+β+γcσ+α+β,σ+α+β+γ. (2.1)� ç áâ®áâ¨, ¢á¥ íâ¨ ¢¥á  áãé¥áâ¢ãîâ.�®ª § â¥«ìáâ¢®. �®ª �¥¬ ¯¥à¢ë© ¯ãªâ. �®, çâ® ρ + α + β ï¢«ï¥âáï ¢¥á®¬, á«¥¤ã¥â¨§ ãâ¢¥à�¤¥¨ï 4. � ª ã�¥ £®¢®à¨«®áì ¢ ¯à¥¤ë¤ãé¥¬ ¯ à £à ä¥, ¤«ï γ ∈ � ¨ τ ∈� ¯®«ãç ¥¬ xγ(a)eτ = eτ + cτ+γ,τaeτ+γ , ¥á«¨ τ + γ ∈ �, ¨ xγ(a)eτ = eτ ¨ ç¥. Ǒ®ª®¬¬ãâ æ¨®®© ä®à¬ã«¥ �¥¢ ««¥ (á¬. § 1) ¯®«ãç ¥¬, çâ® xα(1)xβ(1) = xβ(1)xα(1).Ǒà¨¬¥ïï ®¡¥ ç áâ¨ íâ®£® à ¢¥áâ¢  ª eρ, ¯®«ãç¨¬ âà¥¡ã¥¬®¥. �¥á ρ ®¯à¥¤¥«ï¥âáï,¯® ¯ãªâã (3) ãâ¢¥à�¤¥¨ï 4, ®¤®§ ç®. �®ª �¥¬ ¢â®à®© ¯ãªâ. �ãé¥áâ¢®¢ ¨¥¢á¥å âà¥¡ã¥¬ëå ¢¥á®¢ â ª�¥, ª ª ¨ ¢ ¯¥à¢®¬ ¯ãªâ¥, ¯®«ãç ¥âáï ¨§ ãâ¢¥à�¤¥¨ï 4.�«ï ¤®ª § â¥«ìáâ¢  (2.1) ¤®áâ â®ç® ¯¥à¥¬®�¨âì à ¢¥áâ¢  ¨§ ¯¥à¢®£® ¯ãªâ  ¤«ï ¯ àª®à¥© α ¨ β (§¤¥áì ρ ¯®« £ ¥âáï à ¢ë¬ σ), α ¨ γ (ρ = σ + β), ¨,  ª®¥æ, α ¨ β + γ(ρ = σ).� ¬¥ç ¨¥. �â¬¥â¨¬, çâ® ¢ ¯¥à¢®¬ ¯ãªâ¥ ª®à¨ α ¨ β ®¡à §ãîâ \ª¢ ¤à â" á ¢¥àè¨ ¬¨

ρ, ρ+α, ρ+β ¨ ρ+α+β, ¨ «¥¬¬ã ¬®�® âà ªâ®¢ âì ª ª ãâ¢¥à�¤¥¨¥ ® â®¬, çâ® ¯à®¨§¢¥-¤¥¨¥ § ª®¢ ¢¤®«ì ®¤®© ¯ àë áâ®à® à ¢® ¯à®¨§¢¥¤¥¨î § ª®¢ ¢¤®«ì ¤àã£®© ¯ àë.� «®£¨ç® ¢® ¢â®à®¬ ¯ãªâ¥ ª®à¨ α, β, γ ¨ β+ γ ®¡à §ãîâ \¯à ¢¨«ìãî âà¥ã£®«ìãî¯à¨§¬ã" á ¢¥àè¨ ¬¨ σ, σ + β, σ + β + γ, σ+ α, σ + α+ β ¨ σ + α+ β + γ, ¨ «¥¬¬ã ¬®�-® âà ªâ®¢ âì ª ª ãâ¢¥à�¤¥¨¥ ® â®¬, çâ® ¯à®¨§¢¥¤¥¨¥ § ª®¢   ®¤®¬ âà¥ã£®«ì®¬®á®¢ ¨¨ à ¢® ¯à®¨§¢¥¤¥¨î § ª®¢   ¯à®â¨¢®¯®«®�®¬ ®á®¢ ¨¨. �®ª § â¥«ìáâ¢®�¥ âà ªâã¥âáï ª ª ¯¥à¥¬®�¥¨¥ á®®â¢¥âáâ¢ãîé¨å à ¢¥áâ¢ ¤«ï ¡®ª®¢ëå £à ¥©.14



2. �¨£ã«ïàë¥ ¢¥ªâ®à : í«¥¬¥â àë¥ á¢®©áâ¢ �¯à¥¤¥«¥¨¥. �¥ªâ®à v  §ë¢ ¥âáï á¨£ã«ïàë¬ (®â®á¨â¥«ì® 3-ä®à¬ë F), ¥á«¨ ¤«ï«î¡®£® ¢¥ªâ®à  x ¢ë¯®«ï¥âáï à ¢¥áâ¢® Q(x, v) = 0. Ǒ®¤¯à®áâà áâ¢®  §ë¢ ¥âáïá¨£ã«ïàë¬, ¥á«¨ «î¡®© ¥£® ¢¥ªâ®à á¨£ã«ïà¥.� ¬¥ç ¨¥. �®£¤  ¯à®áâà áâ¢ , ¢á¥ ¢¥ªâ®à  ª®â®àëå á¨£ã«ïàë,  §ë¢ îâáï ¢¯®«¥á¨£ã«ïàë¬¨.�¥¯¥àì ¨§ ®¯à¥¤¥«¥¨ï 3-ä®à¬ë ¥á«®�® ¢ë¢¥áâ¨ á«¥¤ãîé¨¥ á¢®©áâ¢ .(1) �á«¨ harK 6= 2, â® ¢ ®¯à¥¤¥«¥¨¨ á¨£ã«ïà®£® ¢¥ªâ®à  ¬®�® ¢¬¥áâ® à ¢¥áâ¢ 
Q(x, v) = 0  ¯¨á âì F (v, v, x) = 0. �á«¨ �¥ harK = 2, â® F (v, v, x) = 0 ¤«ï«î¡ëå ¢¥ªâ®à®¢ v ¨ x.(2) Ǒãáâì W | ¯®¤¯à®áâà áâ¢® á ¡ §¨á®¬, á®áâ®ïé¨¬ ¨§ á¨£ã«ïàëå ¢¥ªâ®à®¢
wi ¯à¨ 1 ≤ i ≤ n, £¤¥ n > 1. �®£¤  W | á¨£ã«ïà®, ¥á«¨ ¨ â®«ìª® ¥á«¨
F (wi, wj, x) = 0 ¤«ï ¢á¥å ¢¥ªâ®à®¢ x ¨ 1 ≤ i, j ≤ n.(3) Ǒãáâì u, v ¨ u + v | á¨£ã«ïàë¥ ¢¥ªâ®à . �®£¤  ¤¢ã¬¥à®¥ ¯®¤¯à®áâà áâ¢®, âïãâ®¥   ¨å, â®�¥ á¨£ã«ïà®.�¯à¥¤¥«¥¨¥. � ááâ®ï¨¥ ¬¥�¤ã ¤¢ã¬ï à §«¨çë¬¨ á¨£ã«ïàë¬¨ ¢¥ªâ®à ¬¨ u ¨ v,®¡®§ ç ¥¬®¥ d(u, v), ¯®« £ ¥âáï à ¢ë¬ 1, ¥á«¨ ¢¥ªâ®à u−v á¨£ã«ïà¥, ¨ 2 ¢ ¯à®â¨¢®¬á«ãç ¥. � ¯¥à¢®¬ á«ãç ¥ ¢¥ªâ®à   §ë¢ îâáï ¡«¨§ª¨¬¨,   ¢® ¢â®à®¬ ¤ «¥ª¨¬¨. �á«¨

u = v, â® à ááâ®ï¨¥ ¬¥�¤ã ¨¬¨ áç¨â ¥âáï à ¢ë¬ 0.� ¯®¬¨¬, çâ® F (u, v, w) = ∑
±uρvσwτ , £¤¥ áã¬¬  ¡¥à¥âáï ¯® ¢á¥¢®§¬®�ë¬ ã¯®àï-¤®ç¥ë¬ âà®©ª ¬ ¢¥á®¢ ρ, σ ¨ τ , â ª¨¬, çâ® d(ρ, σ) = d(ρ, τ) = d(σ, τ) = 2. �âáî¤ á«¥¤ã¥â, çâ® d(φ, ψ) = n ⇔ d(eφ, eψ) = n ¤«ï ¯à®¨§¢®«ìëå ¢¥á®¢ φ, ψ ∈ �. � ¤ «ì¥©-è¥¬ ¬ë ¨®£¤  ¡ã¤¥¬ § ¬¥ïâì, ¤«ï ¯à®áâ®âë, à ááâ®ï¨¥ ¬¥�¤ã ¡ §¨áë¬¨ ¢¥ªâ®à ¬¨  à ááâ®ï¨¥ ¬¥�¤ã á®®â¢¥âáâ¢ãîé¨¬¨ ¢¥á ¬¨.Ǒ®áª®«ìªã «î¡ ï ¬ âà¨æ  A ∈ Gs(E6, K) á®åà ï¥â ä®à¬ã F , â® ®  á¨£ã«ïàë¥¢¥ªâ®à  ¯¥à¥¢®¤¨â ¢ á¨£ã«ïàë¥,   ¥á¨£ã«ïàë¥ | ¢ ¥á¨£ã«ïàë¥. �«¥¤®¢ â¥«ì®,¬ âà¨æ  A á®åà ï¥â à ááâ®ï¨¥ ¬¥�¤ã ¢¥ªâ®à ¬¨.�â¢¥à�¤¥¨¥ 7.(1) Ǒãáâì u | á¨£ã«ïàë© ¢¥ªâ®à, ¨ ρ| ¥ª®â®àë© ¢¥á. Ǒà¥¤¯®«®�¨¬, çâ® ¤«ï¯à®¨§¢®«ì®£® ¢¥á  σ ∈ �, ¤ «¥ª®£® ®â ρ, ª®íää¨æ¨¥â uσ à ¢¥ 0. �®£¤  ¢¥ªâ®à

u ¡«¨§®ª ª eρ.(2) Ǒãáâì u | á¨£ã«ïàë© ¢¥ªâ®à, ¡«¨§ª¨© ª ¡ §¨á®¬ã ¢¥ªâ®àã eρ, ¨ ¯ãáâì σ ∈� | ¯à®¨§¢®«ìë© ¢¥á, ¤ «¥ª¨© ®â ρ. �®£¤  uσ = 0.�®ª § â¥«ìáâ¢®. �«¨§®áâì ¢¥ªâ®à®¢ u ¨ eρ, ¯® ¢ëè¥áª § ®¬ã, à ¢®á¨«ì  â®¬ã, çâ®
F (u, eρ, x) = 0 ¤«ï ¯à®¨§¢®«ì®£® ¢¥ªâ®à  x. �âáî¤  ¨ ¨§ ¢¨¤  ä®à¬ë F áà §ã á«¥¤ã¥â¯¥à¢ë© ¯ãªâ. �«ï ¤®ª § â¥«ìáâ¢  ¢â®à®£® ¯ãªâ  ¯à¥¤¯®«®�¨¬, çâ® uσ 6= 0. Ǒãáâì
τ | ¢¥á, ¤ «¥ª¨© ®â ρ ¨ σ. � áá¬®âà¨¬ F (u, eρ, eτ ) = 0. �§ ¢¨¤  ä®à¬ë F ¯®«ãç ¥¬,çâ® íâ® à ¢® ±uσ | ¯à®â¨¢®à¥ç¨¥.Ǒãáâì α ∈ � | ¯à®¨§¢®«ìë© ª®à¥ì. � «¥¥, ¯ãáâì Dα = 〈Xβ; β ⊥ α〉. Ǒ® ¯ãªâã(3) ãâ¢¥à�¤¥¨ï 4, ¯à®áâà áâ¢® à áª« ¤ë¢ ¥âáï ¢ ¯àï¬ãî áã¬¬ã âà¥å ¨¢ à¨ âëå¯®¤ ¤¥©áâ¢¨¥¬ Dα ¯®¤¯à®áâà áâ¢: V αk = 〈eφ;φ ∈ Iαk 〉, £¤¥ 1 ≤ k ≤ 3. � áá¬®âà¨¬ ®£à -¨ç¥¨¥ Dα   V αk . �®¢  ¯® ãâ¢¥à�¤¥¨î 4, «î¡®¥ Xβ, ®£à ¨ç¥®¥   V α1 , ï¢«ï¥âáïâà á¢¥ªæ¨¥©, ¯®íâ®¬ã Dα, ®£à ¨ç¥®¥   V α1 , á®¢¯ ¤ ¥â á SL(V α1 , K). � «®£¨çë©ä ªâ ¢¥à¥ ¤«ï ®£à ¨ç¥¨ï   V α3 . 15



� ¤ «ì¥©è¥¬ ¤«ï ªà âª®áâ¨ £àã¯¯ãDδ ¡ã¤¥¬ ®¡®§ ç âì ¯à®áâ®D. Ǒà®áâà áâ¢  V δk¢ ¤ «ì¥©è¥¬ â ª�¥ ¡ã¤ãâ ®¡®§ ç âìáï ç¥à¥§ Vk. �¥á«®�® ¢¨¤¥âì, çâ® ¤«ï ¬ âà¨æë
A ∈ D ¡«®ª¨ A|V1 ¨ A|V3 á®¢¯ ¤ îâ (¨«¨, ¡®«¥¥ â®ç®, ¤«ï φ, ψ ∈ I1 ¯®«ãç ¥¬ Aφ−δ,ψ−δ =
Aφψ).�¥¬¬  2.2. Ǒãáâì u ¨ v | ¤¢  ¡«¨§ª¨å á¨£ã«ïàëå ¢¥ªâ®à , ¯à¨ç¥¬ u ∈ V1. �®£¤ 
uρvσ−δ = uσvρ−δ ¤«ï ¢á¥å ρ, σ ∈ I1.�®ª § â¥«ìáâ¢®. Ǒãáâì A1 |¬ âà¨æ  ¨§ SL(V1, K), ¯¥à¥¢®¤ïé ï u ¢ e1. �®£¤ , ª ª ¬ëã�¥ ã¯®¬¨ «¨, áãé¥áâ¢ã¥â ¬ âà¨æ  A ∈ D, â ª ï, çâ® A|V1 = A1. Ǒ® ¢ëè¥áª § ®¬ã,
Au = e1 ¨ Av = v′ ¡«¨§ª¨, ®âªã¤ , ¯® ãâ¢¥à�¤¥¨î 7, v′ρ = 0 ¯à¨ 22 < ρ ≤ 27. �§ â®£®,çâ® A|V1 = A|V3 , áà §ã á«¥¤ã¥â âà¥¡ã¥¬®¥.
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§3. �®à¥¢ë¥ í«¥¬¥âëǑãáâì g | ¯à®¨§¢®«ìë© ª®à¥¢®© í«¥¬¥â. Ǒ®áª®«ìªã  è¥ ¯à¥¤áâ ¢«¥¨¥ ¬¨ªà®-¢¥á®¢®¥, â® g = e + x, £¤¥ x | ª®à¥¢®© í«¥¬¥â  «£¥¡àë �¥¢ ««¥ LK , â.¥. í«¥¬¥â,á®¯àï�¥ë© á aeα. �®£¤  x ¬®�® à §«®�¨âì ¯® ¡ §¨áã �¥¢ ««¥ ¢ ¢¨¤¥ áã¬¬ë (á¥ª®â®àë¬¨ ª®íää¨æ¨¥â ¬¨) eα, α ∈ � = E6, ¨ hi, 1 ≤ i ≤ 6. Ǒ®áª®«ìªã ¤ «¥¥  ¬¯à¨¤¥âáï à ¡®â âì á íâ¨¬¨ ª®íää¨æ¨¥â ¬¨ ¡®«¥¥ ¯®¤à®¡®, ¢¢¥¤¥¬ á«¥¤ãîé¥¥ ®¡®§ -ç¥¨¥.�¯à¥¤¥«¥¨¥. �ã¤¥¬  §ë¢ âì ª®®à¤¨ â®© ª®à¥¢®£® í«¥¬¥â  g (¨«¨ ¬ âà¨æë
g) ¯à¨ ª®à¥ α ∈ � = E6 ¨ ®¡®§ ç âì ç¥à¥§ (α)g ª®íää¨æ¨¥â ¯à¨ eα ¢ à §«®�¥¨¨í«¥¬¥â  g − e ¯® ¡ §¨áã �¥¢ ««¥.� ª¨¬ ®¡à §®¬, ¤«ï ª®à¥¢®£® í«¥¬¥â  g ¯®«ãç ¥âáï à §«®�¥¨¥ g = e+∑(α)geα +∑
aihi, £¤¥ ¯¥à¢ ï áã¬¬  ¡¥à¥âáï ¯® ¢á¥¬ α ∈ � = E6,   ¢â®à ï | ¯® 1 ≤ i ≤ 6.� ¯¥à¢®© áã¬¬ë, ∑(α)geα, ¢á¥ ¤¨ £® «ìë¥ ª®íää¨æ¨¥âë à ¢ë 0, ¢â®à ï áã¬¬ ,∑
aihi,  ¯à®â¨¢, ¯®«®áâìî ¤¨ £® «ì .�¥¬¬  3.1. Ǒãáâì g | ª®à¥¢®© í«¥¬¥â. �®£¤ (1) gφψ = 0 ¤«ï «î¡ëå φ, ψ ∈ �, â ª¨å, çâ® d(φ, ψ) = 2;(2) gφψ = cφψ(φ− ψ)g ¤«ï «î¡ëå φ, ψ ∈ �, â ª¨å, çâ® d(φ, ψ) = 1.�®ª § â¥«ìáâ¢®. � ª ã�¥ £®¢®à¨«®áì, g = e + ∑(α)geα + ∑

aihi, £¤¥ ¯¥à¢ ï áã¬¬ ¡¥à¥âáï ¯® ¢á¥¬ α ∈ � = E6,   ¢â®à ï | ¯® i = 1, . . . , 6. �®«¥¥ â®£®, ¢â®à ï áã¬¬ ¯à¥¤áâ ¢«ï¥âáï ¤¨ £® «ì®© ¬ âà¨æ¥©, ¯®íâ®¬ã ¢ ¤ «ì¥©è¥¬ ¬®�® à áá¬ âà¨¢ âìâ®«ìª® ¯¥à¢ãî áã¬¬ã. �á®, çâ® ¥á«¨ d(φ, ψ) = 2, â® ¬ âà¨çë¥ í«¥¬¥âë ¢á¥å eα ¢¯®§¨æ¨¨ (φ, ψ) à ¢ë 0, çâ® ¤®ª §ë¢ ¥â (1). � ¤àã£®© áâ®à®ë, ¥á«¨ d(φ, ψ) = 1, â®¥¤¨áâ¢¥ë© í«¥¬¥â àë© ª®à¥¢®© í«¥¬¥â eα, ¤«ï ª®â®à®£® ¬ âà¨çë© í«¥¬¥â ¢¯®§¨æ¨¨ (φ, ψ) ®â«¨ç¥ ®â 0 | íâ® eφ−ψ. �âáî¤ , ¯® ®¯à¥¤¥«¥¨î (φ−ψ)g ¨ cφψ, á«¥¤ã¥â¯ãªâ (2).�¥¬¬  3.2. Ǒãáâì g| ª®à¥¢®© í«¥¬¥â ¨ xα(a)| í«¥¬¥â àë© ª®à¥¢®© í«¥¬¥â.� «¥¥, ¯ãáâì g′ = xα(a)gxα(−a). �®£¤  ¥á«¨ ∠(α, β) = π/3, â® (β)g′ = (β)g +Nαβa(β −
α)g. �á«¨ �¥ ∠(α, β) > π/3, â® (β)g′ = (β)g.�®ª § â¥«ìáâ¢®. � ª ã�¥ £®¢®à¨«®áì, g = e + ∑(β)geβ + ∑

aihi, £¤¥ ¯¥à¢ ï áã¬¬ ¡¥à¥âáï ¯® ¢á¥¬ β ∈ �,   ¢â®à ï | ¯® i = 1, . . . , 6. Ǒ®íâ®¬ã
g′ = xα(a)gxα(−a) = e+∑(β)gxα(a)eβxα(−a) +∑

aixα(a)hixα(−a).�¥á«®�® ¢¨¤¥âì, çâ® ¯®á«¥¤ïï áã¬¬  à ¢  ∑
aihi + xα(b) ¤«ï ¥ª®â®à®£® b ∈ K,¯®íâ®¬ã   ¨â¥à¥áãîé¨¥  á ª®íää¨æ¨¥âë ®  ¥ ¢«¨ï¥â. Ǒ®á¬®âà¨¬   ¯¥à¢ãîáã¬¬ã. �á«¨ ∠(α, β) < 2π/3, â® (β)gxα(a)eβxα(−a) = (β)geβ ; ¥á«¨ ∠(α, β) = 2π/3, â®(β)gxα(a)eβxα(−a) = (β)g(eβ + Nαβaeβ+α); ¥á«¨ �¥ β = −α, â® (β)gxα(a)eβxα(−a) =(β)g(eβ + hα(ab) + ceα) ¤«ï ¥ª®â®àëå b, c ∈ K. �âáî¤  á«¥¤ã¥â âà¥¡ã¥¬®¥.�â¢¥à�¤¥¨¥ 8.(1) Ǒãáâì ¬ âà¨æ  g ∈ M(27, K) à ¢  hα ¤«ï ¥ª®â®à®£® α ∈ � = E6. �®£¤  ¤«ï¯à®¨§¢®«ì®© âà®©ª¨ ¯®¯ à® ¤ «¥ª¨å ¢¥á®¢ ρ, σ ¨ τ ¢ë¯®«ï¥âáï à ¢¥áâ¢®

gρρ + gσσ + gττ = 0. 17



(2) �«ï ¯à®¨§¢®«ì®© ¤¨ £® «ì®© ¬ âà¨æë g = e + ∑6
i=1 aihi ∈ M(27, K) ¨¯à®¨§¢®«ì®© âà®©ª¨ ¯®¯ à® ¤ «¥ª¨å ¢¥á®¢ ρ, σ ¨ τ ¢ë¯®«ï¥âáï à ¢¥áâ¢®

gρρ + gσσ + gττ = 3.(3) �«ï ¯à®¨§¢®«ì®£® ª®à¥¢®£® í«¥¬¥â  g ¨ ¯à®¨§¢®«ì®© âà®©ª¨ ¯®¯ à® ¤ «¥-ª¨å ¢¥á®¢ ρ, σ ¨ τ ¢ë¯®«ï¥âáï à ¢¥áâ¢® gρρ + gσσ + gττ = 3.�®ª § â¥«ìáâ¢®. �¥á«®�® ¢¨¤¥âì, çâ® ¥á«¨ φ ∈ Iα1 , â® gφφ = 1, ¥á«¨ φ ∈ Iα2 , â®
gφφ = 0,   ¥á«¨ φ ∈ Iα3 , â® gφφ = −1. Ǒ® ¯ãªâã (3) ãâ¢¥à�¤¥¨ï 5, «¨¡® ρ, σ ¨ τ¯à¨ ¤«¥� â Iα2 , «¨¡® ®¤¨ ¨§ ¨å ¯à¨ ¤«¥�¨â Iα1 , ®¤¨ | Iα2 ¨ ®¤¨ | Iα3 . �âáî¤ á«¥¤ã¥â ¯¥à¢ë© ¯ãªâ. �â®à®© áà §ã á«¥¤ã¥â ¨§ ¯¥à¢®£®. �«ï ¤®ª § â¥«ìáâ¢  âà¥âì¥£®¯ãªâ  ¤®áâ â®ç® ¢á¯®¬¨âì, çâ®, ª ª ã�¥ £®¢®à¨«®áì, ¥á«¨ g | ª®à¥¢®© í«¥¬¥â, â®
g = e+∑(α)geα +∑

aihi; ¯à¨ íâ®¬ ¯¥à¢ ï áã¬¬ , ∑(α)geα,   ¤¨ £® «ìë¥ ª®íää¨-æ¨¥âë ¥ ¢«¨ï¥â.�¥¬¬  3.3. Ǒãáâì ¤  ª®à¥ì α. �®£¤  ¤¨ £® «ì ï ¬ âà¨æ  g = e + ∑
aihi ∈

M(27, K) ®¯à¥¤¥«ï¥âáï ¯ïâ ¤æ âìî ª®íää¨æ¨¥â ¬¨ gνk,νk
, £¤¥ νk ∈ Iα2 , ®¤®§ ç®á â®ç®áâìî ¤® ¯à¨¡ ¢«¥¨ï ahα.�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ®, ¯® «¨¥©®áâ¨, ¤®áâ â®ç® ¯®ª § âì, çâ® ¥á«¨ gνk,νk

= 1¤«ï ¢á¥å νk ∈ Iα2 , â® g = e + ahα ¤«ï ¥ª®â®à®£® a. Ǒà¥¤¯®«®�¨¬, çâ® gνk,νk
= 1 ¤«ï¢á¥å νk ∈ Iα2 . �á«¨ λ ∈ Iα1 ¨ µ ∈ Iα3 | ¯à®¨§¢®«ìë¥ ¢¥á , ¯à¨ç¥¬ µ + δ 6= λ, â®, ¯®¯à¥¤ë¤ãé¥¬ã ãâ¢¥à�¤¥¨î, áã¬¬  gλλ+gµµ = 2, ¯®áª®«ìªã, ¯® ¯ãªâã (3) ãâ¢¥à�¤¥¨ï5, ¢¥á, ¤ «¥ª¨© ®â λ ¨ µ, ¯à¨ ¤«¥�¨â Iα2 . �âáî¤ , ¨§-§  ¯à®¨§¢®«ì®áâ¨ ¢ë¡®à  λ ¨ µ,á«¥¤ã¥â ãâ¢¥à�¤¥¨¥ «¥¬¬ë.Ǒ¥à¥¤ â¥¬, ª ª ¯¥à¥©â¨ ª â¥®à¥¬¥ 1,  ¯®¬¨¬ ®¯à¥¤¥«¥¨¥.�¯à¥¤¥«¥¨¥. �ëç¥â ¬ âà¨æë A | íâ® à £ ¬ âà¨æë A− E (®¡®§ ç ¥âáï resA).�§ á¢®©áâ¢ ¢ëç¥â   ¬ ¯®âà¥¡ã¥âáï ¤¢ : 1) ¢ëç¥â ¥ ¬¥ï¥âáï ¯à¨ ¨§¬¥¥¨¨ ¡ §¨á ;2) resAB ≤ resA+ resB.�¥®à¥¬  1. Ǒãáâì g | ª®à¥¢®© í«¥¬¥â £àã¯¯ë Gs(E6, K), α ∈ � = E6 | â ª®©ª®à¥ì, çâ® (α)g 6= 0,   λ â ª®© ¢¥á, çâ® λ, λ+α ∈ �. �®£¤  ¯¥à¥¬¥ë¥: (α)g, ¢á¥ (β)g,â ª¨¥, çâ® ∠(α, β) = π/3 (â ª¨å ª®à¥© β à®¢® 20), ¨ gλλ, ï¢«ïîâáï ¥§ ¢¨á¨¬ë¬¨¨ ®¤®§ ç® ®¯à¥¤¥«ïîâ g.�®ª § â¥«ìáâ¢®. 1. � ¬¥â¨¬, çâ® ¢ëç¥â ¯à®¨§¢®«ì®£® ª®à¥¢®£® í«¥¬¥â  à ¢¥ 6.Ǒãáâì λi ∈ Iα1 , νk ∈ Iα2 ¨ µi ∈ Iα3 ¯à¨ 1 ≤ i ≤ 6 ¨ 1 ≤ k ≤ 15, ¯à¨ç¥¬ λi = µi + α.Ǒ®áª®«ìªã (α)g 6= 0 ¨, ¯® á«¥¤áâ¢¨î ¨§ ãâ¢¥à�¤¥¨ï 2, d(λi, µj) = 2, ¥á«¨ i 6= j, â®, ¯®«¥¬¬¥ 3.1, áâà®ª¨ á ®¬¥à ¬¨ λi   ¯¥à¥á¥ç¥¨¨ á® áâ®«¡æ ¬¨ á ®¬¥à ¬¨ µj ®¡à §ãîâ¤¨ £® «ìãî ®¡à â¨¬ãî ¬ âà¨æã. � £ ¬ âà¨æë h = g − E à ¢¥ 6, ¯®íâ®¬ã «î¡®©¥¥ áâ®«¡¥æ ¢ëà � ¥âáï ç¥à¥§ áâ®«¡æë á ®¬¥à ¬¨ µj . �«¥¤®¢ â¥«ì®, ¤«ï s ∈ Iα2 ∪ Iα3 ¨

t ∈ Iα1 ∪ Iα2 ¬®�® § ¯¨á âì, çâ®
hst

6∏
i=1hλi,µi

= 6∑

i=1 
hλi,ths,µi

∏

j 6=i hλj ,µj


 , (3.1)¨«¨, ¯® ®¯à¥¤¥«¥¨î ¬ âà¨æ h ¨ c,(gst − δs,t)(α)g = 6∑

i=1((gλi,t − δλi,t)(gs,µi
− δs,µi

)cλi,µi
). (3.2)18



�¥á«®�® ¢¨¤¥âì, ¯® «¥¬¬¥ 3.1, çâ® íâ  ä®à¬ã«  ¢¥à  ¤«ï ¢á¥å s ¨ t; ¡®«¥¥ â®£®,çãâì ¤ «¥¥ ¬ë ¤®ª �¥¬ ¥á«®�®¥ ãâ¢¥à�¤¥¨¥, çâ® ®  ¢¥à , ¤ �¥ ¥á«¨ (α)g = 0.2. � áá¬®âà¨¬ ¯à®¨§¢®«ìë© ª®à¥ì γ, ¯¥à¯¥¤¨ªã«ïàë© α. � ª á«¥¤ã¥â ¨§ ãâ¢¥à-�¤¥¨ï 4, áãé¥áâ¢ãîâ ¢¥á  νk, νl ∈ Iα2 , â ª¨¥, çâ® νk = νl + γ, ®âªã¤  (γ)g = cνk,νl
gνk,νl

.� «¥¥, ¯® ¯¥à¢®¬ã ¯ãªâã, gνk,νl
¢ëà � ¥âáï ç¥à¥§ gλi,νl

, gνk,µi
¨ (α)g. �®íää¨æ¨¥â

gλi,νl
à ¢¥ «¨¡® cλi,νl

(β)g, ¥á«¨ β = λi − νl, «¨¡® 0, ¥á«¨ λi − νl /∈ �. � «®£¨ç®, gνk,µià ¢¥ «¨¡® cνk,µi
(β)g, ¥á«¨ β = νk−µi, «¨¡® 0, ¥á«¨ νk−µi /∈ �. Ǒà¨ íâ®¬, ¯® ãâ¢¥à�¤¥-¨î 4, ∠(α, β) = π/3. � ª¨¬ ®¡à §®¬, (γ)g ¢ëà � ¥âáï, ¯à¨ç¥¬ ¯®«¨®¬¨ «ì®, ¥á«¨§ ä¨ªá¨à®¢ âì (α)g, ç¥à¥§ (β)g, £¤¥ ∠(α, γ) = π/2, ∠(α, β) ≤ π/3. �«¥¤®¢ â¥«ì®, ç¥à¥§¨å �¥ ¢ëà � îâáï ¢á¥ ª®íää¨æ¨¥âë gµi,µj

¨ gλi,λj
¯à¨ i 6= j.Ǒ®ª �¥¬, çâ® ¢á¥ ¤¨ £® «ìë¥ ª®íää¨æ¨¥âë â ª�¥ ¢ëà � îâáï ç¥à¥§ âà¥¡ã¥¬ë¥22 ¯¥à¥¬¥ë¥. Ǒ®¤®¡® ¯à¥¤ë¤ãé¥¬ã, gνk,νk

¢ëà � ¥âáï ç¥à¥§ (β)g, £¤¥ ∠(α, β) = π/3.�®£¤  ¯® «¥¬¬¥ 3.3 ®áâ «ìë¥ ¤¨ £® «ìë¥ ª®íää¨æ¨¥âë â ª�¥ ®¯à¥¤¥«ïîâáï ®¤®-§ ç® á â®ç®áâìî ¤® ¯à¨¡ ¢«¥¨ï ª gλi,λi
¨ ¢ëç¨â ¨ï ¨§ gµi,µi

®¤®£® ¨ â®�¥ ç¨á« 
a ∈ K. � ª¨¬ ®¡à §®¬, ¢á¥ ¤¨ £® «ìë¥ ª®íää¨æ¨¥âë ¢ëà � îâáï ç¥à¥§ (β)g, £¤¥
∠(α, β) ≤ π/3, ¨ gλλ. �áâ «®áì ¯®ª § âì, çâ® íâ® ¢ëà �¥¨¥ ï¢«ï¥âáï, ¥á«¨ § ä¨ªá¨à®-¢ âì (α)g, ¯®«¨®¬¨ «ìë¬. �â® ïá® ¤«ï ª®íää¨æ¨¥â®¢ gνk,νk

. �à®¬¥ íâ®£®, § ¬¥â¨¬,çâ® gρρ ¤«ï ¢á¥å ρ ∈ � «¨¥©® ¢ëà � îâáï ç¥à¥§ hαi
, £¤¥ 1 ≤ i ≤ 6. �«¥¤®¢ â¥«ì®,

hαi
«¨¥©® ¢ëà � îâáï ç¥à¥§ gνk,νk

¨ gλλ, â® ¥áâì ¯®«¨®¬¨ «ì® ¢ëà � îâáï, ¥á«¨§ ä¨ªá¨à®¢ âì (α)g, ç¥à¥§ (β)g, £¤¥ ∠(α, β) = π/3, ¨ gλλ. Ǒ®íâ®¬ã ¨ gρρ ¯®«¨®¬¨ «ì®¢ëà � îâáï, ¥á«¨ § ä¨ªá¨à®¢ âì (α)g, ç¥à¥§ â¥ �¥ á ¬ë¥ ¯¥à¥¬¥ë¥.� ª¨¬ ®¡à §®¬, ª®íää¨æ¨¥âë ¬ âà¨æë g ¢¨¤  gλi,∗ ¨ g∗,µi
¢ëà � îâáï, ¯à¨ç¥¬¯®«¨®¬¨ «ì®, ¥á«¨ § ä¨ªá¨à®¢ âì (α)g, ç¥à¥§ (β)g, £¤¥ ∠(α, β) = π/3, ¨ gλλ. �âáî-¤ , ¯® ä®à¬ã«¥ (3.2), á«¥¤ã¥â, çâ® ¢á¥ ª®íää¨æ¨¥âë ¬ âà¨æë g ¢ëà � îâáï, ¯à¨ç¥¬¯®«¨®¬¨ «ì®, ¥á«¨ § ä¨ªá¨à®¢ âì (α)g, ç¥à¥§ â¥ �¥ á ¬ë¥ ¯¥à¥¬¥ë¥.3. �áâ «®áì ã¡¥¤¨âìáï, çâ® íâ¨ ¯¥à¥¬¥ë¥ ¬®£ãâ ¯à¨¨¬ âì «î¡ë¥ § ç¥¨ï. �«ïíâ®£® ¤®áâ â®ç® áª®áâàã¨à®¢ âì ª®à¥¢®© í«¥¬¥â á ¤ ë¬¨ § ç¥¨ï¬¨ ¯¥à¥¬¥-ëå. Ǒãáâì f | ¥ª®â®àë© ª®à¥¢®© í«¥¬¥â ¨ β | ¯à®¨§¢®«ìë© ª®à¥ì, ®¡à §ãîé¨©ã£®« π/3 á α. �®¯àï�¥¬ f ª®à¥¢ë¬ í«¥¬¥â®¬ h = xβ−α

(
Nβ−α,α

(β)g(α)g ). �®£« á®«¥¬¬¥ 3.2, ¯à¨ â ª®¬ á®¯àï�¥¨¨ ¬®£ãâ ¨§¬¥¨âìáï ª®íää¨æ¨¥âë (γ)f â®«ìª® ¯à¨
∠(γ, β − α) ≤ π/3. Ǒ®áª®«ìªã ∠(α, β − α) = 2π/3, â® ª®®à¤¨ â  ¯à¨ ª®à¥ α ¥ ¬¥-ï¥âáï,   ¨§ ¢á¥å ª®à¥©, ®¡à §ãîé¨å ã£®« π/3 á α, ¬¥ï¥âáï â®«ìª® ª®®à¤¨ â  ¯à¨ª®à¥ β: (β)hfh−1 = (β)f + (β)g(α)f(α)g . Ǒ®«®�¨¬ f = xα((α)g) ¨ á®¯àï�¥¬ ¥£® í«¥¬¥â®¬
xβ−α

(
Nβ−α,α

(β)g(α)g ) ¤«ï ¢á¥å ª®à¥© β, ®¡à §ãîé¨å ã£®« π/3 á α. �¥á«®�® ¢¨¤¥âì, çâ®¯®á«¥ ¢á¥å â ª¨å á®¯àï�¥¨© (γ)f = (γ)g ¤«ï «î¡®£® ª®àï γ, â ª®£®, çâ® ∠(γ, α) ≤ π/3.� ª¨¬ ®¡à §®¬, ¯¥à¢ ï 21 âà¥¡ã¥¬ ï ¯¥à¥¬¥ ï ã�¥ ¯®«ãç¥ .� ¬¥â¨¬, çâ®, ¯® «¥¬¬¥ 3.2, ¯à¨ á®¯àï�¥¨¨ f á ¯®¬®éìî x−α(a) ª®®à¤¨ âë¯à¨ ª®à¥ α ¨ ª®àïå β, ®¡à §ãîé¨å ã£®« π/3 á α, ¥ ¬¥ïîâáï (â® ¥áâì, (α)f =(α)x−α(a)fx−α(−a), (β)f = (β)x−α(a)fx−α(−a)). Ǒà¨ íâ®¬ ª áã¬¬¥ ∑
aihi ¯à¨¡ ¢«ï¥âáï

hα(ab), £¤¥ b ®â a ¥ § ¢¨á¨â. Ǒ®íâ®¬ã ¤«ï ¯®«ãç¥¨ï âà¥¡ã¥¬®£® § ç¥¨ï ¢á¥å 22¯¥à¥¬¥ëå ¤®áâ â®ç® á®¯àïçì â®, çâ® ¯®«ãç¨«®áì ¢ ¯à¥¤ë¤ãé¥¬  ¡§ æ¥, á x−α á ¯®¤-å®¤ïé¨¬ ª®íää¨æ¨¥â®¬.� ¬¥ç ¨¥. �¥á«®�® ¢¨¤¥âì, çâ® ¤«ï ¯à®¨§¢®«ì®£® ¥¥¤¨¨ç®£® ª®à¥¢®£® í«¥¬¥â 
g áãé¥áâ¢ã¥â ª®à¥ì α, â ª®©, çâ® (α)g 6= 0. � á ¬®¬ ¤¥«¥, g á®¯àï�¥ í«¥¬¥â à®¬ãª®à¥¢®¬ã í«¥¬¥âã ¨, á«¥¤®¢ â¥«ì®, ¢á¥ á®¡áâ¢¥ë¥ ç¨á«  g à ¢ë 1. Ǒ®íâ®¬ã, ¥á«¨19



g ¤¨ £® «¥, â® ® ¥¤¨¨ç¥.�«¥¤ãîé¨© â¥å¨ç¥áª¨© ä ªâ ¯à¨£®¤¨âáï  ¬ ¢ ¤ «ì¥©è¥¬. �, ¢®®¡é¥ £®¢®àï,á«¥¤ã¥â ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1, ®¤ ª®  ¯¨á ®¥ ¨�¥ ¤®ª § â¥«ìáâ¢® áãé¥-áâ¢¥® ª®à®ç¥ ¨ ¯®ïâ¥¥ ä®à¬ «ì®£® ¢ë¢®¤  íâ®© «¥¬¬ë ¨§ â¥®à¥¬ë.�¥¬¬  3.4. Ǒãáâì g | ª®à¥¢®© í«¥¬¥â,   α | ª®à¥ì, ¯à¨ç¥¬ (β)g = 0 ¤«ï ¢á¥å β,â ª¨å, çâ® ∠(α, β) > π/3. �®£¤  gρρ = 1 ¤«ï ¢á¥å ρ ∈ �.�®ª § â¥«ìáâ¢®. Ǒà¥¤¯®«®�¨¬, çâ® ãâ¢¥à�¤¥¨¥ «¥¬¬ë ¥ ¢ë¯®«ï¥âáï. � ¬¥â¨¬,çâ® gφψ ¬®�¥â ¡ëâì ¥ à ¢ë¬ 0, â®«ìª® ¥á«¨: 1) φ ∈ Iα1 ,   ψ ∈ Iα2 ∪ Iα3 ; 2) φ ∈ Iα2 ,  ψ ∈ Iα3 ; 3) φ = ψ. � áá¬®âà¨¬ ¯¥à¥áâ ®¢®çãî ¬ âà¨æã f ∈ GL(27, K), ª®â®à ï¯¥à¥¢®¤¨â Iα1 ¢ I1, Iα2 ¢ I2,   Iα3 ¢ I3. �®£¤  ¥á«®�® ¢¨¤¥âì, çâ® ¬ âà¨æ  fgf−1¡ã¤¥â ¢¥àå¥âà¥ã£®«ì®©. Ǒ®áª®«ìªã g ª®à¥¢®© í«¥¬¥â, â® ® á®¯àï�¥ í«¥¬¥â à®¬ãª®à¥¢®¬ã í«¥¬¥âã. Ǒ®íâ®¬ã ¢á¥ á®¡áâ¢¥ë¥ ç¨á«  ¬ âà¨æë g (¨ fgf−1) à ¢ë 1.�âáî¤  áà §ã á«¥¤ã¥â âà¥¡ã¥¬®¥.�¡®§ ç¨¬ ç¥à¥§ V g è¥áâ¨¬¥à®¥ ¯®¤¯à®áâà áâ¢® Im(g−E). � ç¥ £®¢®àï, íâ® ¯®¤-¯à®áâà áâ¢®, ¯®à®�¤¥®¥ ¢á¥¬¨ áâ®«¡æ ¬¨ ¬ âà¨æë g−E. � ¤ «ì¥©è¥¬  ¬ â ª�¥¯® ¤®¡¨âáï è¥áâ¨¬¥à®¥ ¯®¤¯à®áâà áâ¢® Vg < V ∗, ¯®à®�¤¥®¥ ¢á¥¬¨ áâà®ª ¬¨ ¬ â-à¨æë g − E. � ª ¨§¢¥áâ® (á¬.,  ¯à¨¬¥à, [92℄), cφψ = cψφ ¤«ï ¢á¥¢®§¬®�ëå ¢¥á®¢ φ ¨
ψ. �âáî¤  á«¥¤ã¥â, çâ® xα(a)T = x−α(a). Ǒ®íâ®¬ã, ¥á«¨ g ï¢«ï¥âáï ª®à¥¢ë¬ í«¥¬¥-â®¬, â® gT | â®�¥, ¨ ¥á«¨ g ∈ Gs(E6, K), â® gT | â®�¥. � ª¨¬ ®¡à §®¬, ¬ë ¬®�¥¬"âà á¯®¨à®¢ âì" ¢á¥ ¯®á«¥¤ãîé¨¥ ãâ¢¥à�¤¥¨ï ¢¬¥áâ¥ á ¨å ¤®ª § â¥«ìáâ¢ ¬¨, âà á-¯®¨àãï ¢á¥ ®¡®§ ç¥¨ï, à ¢¥áâ¢  ¨ â.¯., ¨ ¬¥ïï ¬¥áâ ¬¨ á«®¢  "áâà®ª¨" ¨ "áâ®«¡æë".Ǒà¨ íâ®¬ ª®à¨ ¡ã¤ãâ ¯¥à¥å®¤¨âì, ¥áâ¥áâ¢¥®, ¢ ¯à®â¨¢®¯®«®�ë¥,   ¢¥á  ®áâ ãâáï  ¬¥áâ¥ (¯®áª®«ìªã ¬ë ®â®�¤¥áâ¢«ï¥¬ ¢¥á  ¨ ª®¢¥á ). � ç áâ®áâ¨, ¬®�¥áâ¢  Iα1 , Iα2 ¨
Iα3 ¯à¨ "âà á¯®¨à®¢ ¨¨" ®áâ îâáï   ¬¥áâ¥. �áî¤ã ¢ ¤ «ì¥©è¥¬, ã¯®¬¨ ï Vg, ¬ë¯®« £ ¥¬, çâ®  ¬ ¨§¢¥áâë ¢á¥ ãâ¢¥à�¤¥¨ï, "âà á¯®¨à®¢ ë¥" ª ã�¥ ¤®ª § ë¬ãâ¢¥à�¤¥¨ï¬ ¯à® V g. � ®áâ «ìëå á«ãç ïå, ¥á«¨ ¨á¯®«ì§ã¥âáï "âà á¯®¨à®¢ ®¥"ãâ¢¥à�¤¥¨¥, â® ¬ë ã¯®¬¨ ¥¬ íâ®.�¥¬¬  3.5. Ǒãáâì g | ª®à¥¢®© í«¥¬¥â ¨ α | ¯à®¨§¢®«ìë© ª®à¥ì. �®£¤  á«¥¤ã-îé¨¥ ãâ¢¥à�¤¥¨ï íª¢¨¢ «¥âë:(1) (α)g 6= 0;(2) è¥áâì áâ®«¡æ®¢ (g − E)∗,µi

, £¤¥ µi ∈ Iα3 ¨ 1 ≤ i ≤ 6, ¯®à®�¤ îâ è¥áâ¨¬¥à®¥¯à®áâà áâ¢® V g;(3) ¢ V g áãé¥áâ¢ã¥â ¡ §¨á {vi}6i=1, â ª®©, çâ® viλj
= δi,j, £¤¥ 1 ≤ i ≤ 6, λj ∈ Iα1 ¨1 ≤ j ≤ 6.�®ª § â¥«ìáâ¢®. Ǒãáâì λi ∈ Iα1 , νk ∈ Iα2 ¨ µi ∈ Iα3 ¯à¨ 1 ≤ i ≤ 6 ¨ 1 ≤ k ≤ 15, ¯à¨ç¥¬

λi = µi + α. Ǒãáâì (1) ¢ë¯®«ï¥âáï. � ª ã�¥ ®â¬¥ç «®áì ¢ â¥®à¥¬¥ 1, ¥á«¨ (α)g 6= 0,â® ¯®¤¬ âà¨æ  {gλi,µj
}6i,j=1 ¤¨ £® «ì  ¨ ®¡à â¨¬ . �âáî¤  á«¥¤ãîâ ¯ãªâë (2) ¨ (3).� ª¨¬ ®¡à §®¬, ¬ë ¯®ª § «¨ ¯¥à¥å®¤ë ¨§ (1) ¢ (2) ¨ (3). Ǒ®ª �¥¬ ¯¥à¥å®¤ ¨§ (2) ¢ (1).Ǒãáâì (1) ¥ ¢ë¯®«ï¥âáï, â® ¥áâì (α)g = 0. �®£¤  gλi,µj

= 0 ¤«ï ¢á¥å 1 ≤ i, j ≤ 6. � «¥¥,(2) ¢ë¯®«ï¥âáï, â® ¥áâì áâ®«¡æë (g−E)∗,µj
, £¤¥ 1 ≤ j ≤ 6, ¯®à®�¤ îâ ¯®¤¯à®áâà áâ¢®

V g, ¢ ª®â®à®¬ «¥� â ¢á¥ áâ®«¡æë ¬ âà¨æë g −E. Ǒ®íâ®¬ã ¢á¥ áâà®ª¨ ¬ âà¨æë g −E á®¬¥à ¬¨ λi ¯à¨ 1 ≤ i ≤ 6 | ã«¥¢ë¥. � ç áâ®áâ¨, gλj ,νk
= 0 ¤«ï ¢á¥å 1 ≤ j ≤ 6, 1 ≤

k ≤ 15. Ǒ®íâ®¬ã (β)g = 0 ¤«ï â ª¨å β, çâ® ∠(α, β) = π/3 ¨, á«¥¤®¢ â¥«ì®, gνk,µi
= 0¤«ï ¢á¥å 1 ≤ i ≤ 6, 1 ≤ k ≤ 15. �âáî¤ , ¯®áª®«ìªã (2) ¢ë¯®«ï¥âáï, gνk,ρ = δνk,ρ ¤«ï20



¯à®¨§¢®«ìëå 1 ≤ k ≤ 15 ¨ ρ ∈ �. � ç áâ®áâ¨, gνk,νl
= δνk,νl

¤«ï ¢á¥å 1 ≤ k, l ≤ 15.�à®¬¥ íâ®£®, ª ª ã�¥ £®¢®à¨«®áì, gλi,ρ = δλi,ρ ¤«ï ¯à®¨§¢®«ìëå 1 ≤ i ≤ 6 ¨ ρ ∈ �,¯®íâ®¬ã, ¯® «¥¬¬¥ 3.3, gρρ = 1 ¤«ï ¯à®¨§¢®«ì®£® ρ ∈ �. � ¬¥â¨¬, çâ® ¤«ï ¯à®¨§¢®«ìëå1 ≤ i 6= j ≤ 6 áãé¥áâ¢ãîâ νk 6= νl ∈ Iα2 , â ª¨¥, çâ® gµi,µj
= ±gνk,νl

, çâ® à ¢® 0. � ª¨¬®¡à §®¬, gρ,µi
= δρ,µi

, çâ® ¯à®â¨¢®à¥ç¨â (2).�áâ «®áì ¤®ª § âì ¯¥à¥å®¤ ¨§ (3) ¢ (1). Ǒà¥¤¯®«®�¨¬, çâ® (3) ¢ë¯®«ï¥âáï,   (1) |¥â. �®£¤  gλi,µj
= 0 ¤«ï ¢á¥å 1 ≤ i, j ≤ 6. Ǒ® (3), ¥á«¨ u ∈ V g ¨ uλj

= 0 ¤«ï¢á¥å 1 ≤ j ≤ 6, â® ¢¥ªâ®à u ¢ëà � ¥âáï ç¥à¥§ vi á ã«¥¢ë¬¨ ª®íää¨æ¨¥â ¬¨, â®¥áâì u = 0. Ǒ®íâ®¬ã gρ,µj
= δρ,µj

. �âáî¤  á«¥¤ã¥â, çâ® (γ)g = 0 ¤«ï ¢á¥å γ, â ª¨å,çâ® ∠(γ,−α) > π/3, ¯®íâ®¬ã ¬ë  å®¤¨¬áï ¢ ãá«®¢¨ïå ¯à¥¤ë¤ãé¥© «¥¬¬ë. Ǒ®íâ®¬ã
gρρ = 1 ¤«ï ¢á¥å ρ ∈ �. �âáî¤  á«¥¤ã¥â, çâ® gλj ,ρ = δλi,ρ, ¯®íâ®¬ã (3) ¥ ¢ë¯®«ï¥âáï |¯à®â¨¢®à¥ç¨¥.� â¥®à¥¬¥ 1 ¨ «¥¬¬¥ 3.5 ã  á ¯®ï¢¨«®áì ®â®¡à �¥¨¥ ¨§ ¬®�¥áâ¢  ª®à¥¢ëå ¯®¤-£àã¯¯ ¢ ¬®�¥áâ¢® è¥áâ¨¬¥àëå ¯®¤¯à®áâà áâ¢, ¯¥à¥¢®¤ïé¥¥ í«¥¬¥â g ¢ ¯®¤¯à®áâà -áâ¢® V g. � á«¥¤ãîé¥¬ á«¥¤áâ¢¨¨ ¯®ª §ë¢ ¥âáï, çâ® íâ® ¨ê¥ªæ¨ï. � «¥¥, ¢ §4, ¬ë¯®ª �¥¬, çâ® ¯à¨ ®£à ¨ç¥¨¨ ¬®�¥áâ¢  è¥áâ¨¬¥àëå ¯®¤¯à®áâà áâ¢ ¤® ¬®�¥áâ¢ á¨£ã«ïàëå è¥áâ¨¬¥àëå ¯®¤¯à®áâà áâ¢ íâ® ®â®¡à �¥¨¥ áâ ®¢¨âáï ¡¨¥ªæ¨¥©.�«¥¤áâ¢¨¥. � �¤®© ª®à¥¢®© ¯®¤£àã¯¯¥ á®®â¢¥âáâ¢ã¥â è¥áâ¨¬¥à®¥ ¯®¤¯à®áâà -áâ¢®; ª®à¥¢ë¬ í«¥¬¥â ¬ ¨§ à §ëå ª®à¥¢ëå ¯®¤£àã¯¯ á®®â¢¥âáâ¢ãîâ à §ë¥ ¯®¤-¯à®áâà áâ¢ .�®ª § â¥«ìáâ¢®. � ¤® ¤®ª § âì, çâ® ¥á«¨ V g = V h, £¤¥ g ¨ h | ª®à¥¢ë¥ í«¥¬¥âë,â® g ¨ h «¥� â ¢ ®¤®© ª®à¥¢®© ¯®¤£àã¯¯¥; ¨ ç¥ £®¢®àï, g′ = g−E ªà â® h′ = h−E.Ǒãáâì α | ª®à¥ì, â ª®©, çâ® (α)g 6= 0. �«¥¤®¢ â¥«ì®, ¢ë¯®«ï¥âáï ¯ãªâ (3) ¯à¥¤ë-¤ãé¥© «¥¬¬ë, ¯®íâ®¬ã (α)h 6= 0. �á®, çâ® ¡ §¨á {vi}6i=1 ¨§ â®£® �¥ ¯ãªâ  ®¯à¥¤¥«ï-¥âáï ®¤®§ ç®. � ¬¥â¨¬, çâ® g′∗,µi

= (α)gcλi,µi
vi ¤«ï ¢á¥å 1 ≤ i ≤ 6 ¨,   «®£¨ç®,

h′∗,µi
= (α)hcλi,µi

vi. �âáî¤ , ¯® â¥®à¥¬¥ 1, g′ = (α)g(α)h h′, çâ® ¤®ª §ë¢ ¥â á«¥¤áâ¢¨¥.� ª®ç¨¬ ¬ë íâ®â ¯ à £à ä ¤¢ã¬ï ¥á«®�ë¬¨, ®,    è ¢§£«ï¤, ¨â¥à¥áë¬¨ ¨¯®«¥§ë¬¨ ãâ¢¥à�¤¥¨ï¬¨.�â¢¥à�¤¥¨¥ 9. Ǒãáâì g ∈ Gs(E6, K), α| ¯à®¨§¢®«ìë© ª®à¥ì. �®£¤  áãé¥áâ¢ã¥ââ ª®© ª®à¥ì β, çâ® ¬ âà¨æ  {gλβ,µα}
λβ∈I

β1 ,µα∈Iα3 ®¡à â¨¬ .�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ª®à¥¢®© í«¥¬¥â f = gx−α(a)g−1. � ¬¥â¨¬, çâ® V x−α(a)¯®à®�¤¥® áâ®«¡æ ¬¨ (x−α(a))∗,λα = ±aeλ
α−δ, £¤¥ λα ¯à®¡¥£ ¥â Iα1 . �®£¤  V f ¯®à®�¤¥®è¥áâìî áâ®«¡æ ¬¨ g∗,µα , £¤¥ µα ∈ Iα3 . Ǒ®áª®«ìªã ª®à¥¢®© í«¥¬¥â f | ¥ ¥¤¨¨çë©,â®, ¯® § ¬¥ç ¨î ¯®á«¥ â¥®à¥¬ë 1, áãé¥áâ¢ã¥â â ª®© ª®à¥ì β, çâ® (β)f 6= 0. �«¥¤®¢ -â¥«ì®, ¢ë¯®«ï¥âáï ¯ãªâ (3) «¥¬¬ë 3.5, ¨§ ª®â®à®£® á«¥¤ã¥â âà¥¡ã¥¬®¥ ãâ¢¥à�¤¥¨¥.�â¢¥à�¤¥¨¥ 10. Ǒãáâì g | ª®à¥¢®© í«¥¬¥â. �á«¨ (α)g = 0, â® ãá«®¢¨¥ (3.2)¢ë¯®«ï¥âáï.�®ª § â¥«ìáâ¢®. Ǒ®áª®«ìªã ¤«ï ¥¤¨¨ç®© ¬ âà¨æë ãá«®¢¨¥ (3.2) ¢ë¯®«ï¥âáï, â®,¯® § ¬¥ç ¨î ¯®á«¥ â¥®à¥¬ë 1, ¬®�® áç¨â âì, çâ® áãé¥áâ¢ã¥â â ª®© ª®à¥ì β, çâ®(β)g 6= 0. �®£¤ , ¯® â¥®à¥¬¥ 1, ¢á¥ ª®íää¨æ¨¥âë ¬ âà¨æë g ¢ëà � îâáï ç¥à¥§(β)g, (γ)g, £¤¥ ∠(β, γ) = π/3 ¨ gρρ, £¤¥ ρ, ρ − β ∈ �. �«¥¤®¢ â¥«ì®, (3.2) ¬®�® à á-á¬ âà¨¢ âì ª ª à ¢¥áâ¢® ¬®£®ç«¥®¢ ®â 22 ¯¥à¥¬¥ëå. �®«¥¥ â®£®, ª®íää¨æ¨¥âëíâ¨å ¬®£®ç«¥®¢ æ¥«ë¥ ¨ ®â ¯®«ï ¥ § ¢¨áïâ,    ¬ ¥®¡å®¤¨¬® ¤®ª § âì à ¢¥áâ¢®21



¬®£®ç«¥®¢ ¢ «¥¢®© ¨ ¯à ¢®© ç áâ¨ (3.2). �«¥¤®¢ â¥«ì®, ¢¬¥áâ® ¯à®¨§¢®«ì®£® ¯®«ï¬®�® à áá¬ âà¨¢ âì,  ¯à¨¬¥à, ¯®«¥ ª®¬¯«¥ªáëå ç¨á¥«. �®£¤  ãá«®¢¨¥, çâ® (α)g = 0,®¯à¥¤¥«ï¥â ¯®¤¬®£®®¡à §¨¥   ¥¤¨¨æã ¬¥ìè¥© à §¬¥à®áâ¨. �¤ ª®  ¤ ¯®«¥¬ ª®¬-¯«¥ªáëå ç¨á¥« ¨§ à ¢¥áâ¢  ¬®£®ç«¥®¢ ¢¥§¤¥, ªà®¬¥ ¯®¤¬®£®®¡à §¨ï   ¥¤¨¨æã¬¥ìè¥© à §¬¥à®áâ¨, á«¥¤ã¥â à ¢¥áâ¢® ª®íää¨æ¨¥â®¢. Ǒ®íâ®¬ã ¬®£®ç«¥ë â®�¤¥-áâ¢¥® à ¢ë  ¤ «î¡ë¬ ¯®«¥¬.
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§4. �®à¥¢ë¥ í«¥¬¥âë ¨ á¨£ã«ïàë¥ ¯®¤¯à®áâà áâ¢ �  áâ®ïé¥¬ ¯ à £à ä¥ ¬ë ¨áá«¥¤ã¥¬ á¨£ã«ïàë¥ ¯®¤¯à®áâà áâ¢  ¨ ¨å á¢ï§ì á ª®à-¥¢ë¬¨ í«¥¬¥â ¬¨. � ç áâ®áâ¨, ¬ë ¤®ª �¥¬, çâ® «î¡®¬ã è¥áâ¨¬¥à®¬ã á¨£ã«ïà®-¬ã ¯®¤¯à®áâà áâ¢ã á®®â¢¥âáâ¢ã¥â ¥ª®â®à ï ª®à¥¢ ï ¯®¤£àã¯¯  (®¡à â®¥ ®â¬¥ç «®áì¢ §3),   â ª�¥ ®¡áã¤¨¬, ª ª ¯® ¤¢ã¬ ¤ ë¬ è¥áâ¨¬¥àë¬ á¨£ã«ïàë¬ ¯®¤¯à®áâà -áâ¢ ¬ ®¯à¥¤¥«¨âì ã£®« ¬¥�¤ã á®®â¢¥âáâ¢ãîé¨¬¨ ª®à¥¢ë¬¨ ¯®¤£àã¯¯ ¬¨.1. �¨£ã«ïàë¥ ¯®¤¯à®áâà áâ¢ � ¯®¬¨¬ ®¯à¥¤¥«¥¨¥, ¤ ®¥  ¬¨ ¢ §2. � ¨¬¥®, ¢¥ªâ®à v  §ë¢ ¥âáï á¨£ã«ïà-ë¬, ¥á«¨ ¤«ï «î¡®£® ¢¥ªâ®à  x ¢ë¯®«ï¥âáï à ¢¥áâ¢® Q(x, v) = 0. Ǒ®¤¯à®áâà áâ¢® §ë¢ ¥âáï á¨£ã«ïàë¬, ¥á«¨ «î¡®© ¥£® ¢¥ªâ®à á¨£ã«ïà¥.�â¢¥à�¤¥¨¥ 11.(1) Ǒãáâì g | ¯à®¨§¢®«ìë© í«¥¬¥â ¨§ Gs(E6, K),   α | ¯à®¨§¢®«ìë© ª®à¥ì.�®£¤  è¥áâ¨¬¥à®¥ ¯®¤¯à®áâà áâ¢® 〈g∗φ : φ ∈ Iα3 〉 á¨£ã«ïà®.(2) �á«¨ g | ª®à¥¢®© í«¥¬¥â, â® è¥áâ¨¬¥à®¥ ¯®¤¯à®áâà áâ¢® V g ≤ V á¨£ã-«ïà®.�®ª § â¥«ìáâ¢®. � ª ã�¥ ã¯®¬¨ «®áì ¢ §2, g ¯¥à¥¢®¤¨â á¨£ã«ïàë¥ ¢¥ªâ®à  ¢ á¨-£ã«ïàë¥. � ¬¥â¨¬, çâ® ¢á¥ eρ á¨£ã«ïàë, ¯®íâ®¬ã ¨ ¢á¥ áâ®«¡æë ¬ âà¨æë g á¨£ã-«ïàë. � «¥¥, ¨§ ¢¨¤  ä®à¬ë F á«¥¤ã¥â, çâ® ¤«ï ¤¢ãå à §«¨çëå ¢¥á®¢ ρ ¨ σ à ¢¥áâ¢®
F (eρ, eσ, x) = 0 ¢ë¯®«ï¥âáï ¤«ï «î¡®£® x ¥á«¨ ¨ â®«ìª® ¥á«¨ à §®áâì ¢¥á®¢ ρ ¨ σï¢«ï¥âáï ª®à¥¬. Ǒ® ãâ¢¥à�¤¥¨î 1, ®âáî¤  á«¥¤ã¥â ¯ãªâ (1).�«ï ¤®ª § â¥«ìáâ¢  ¢â®à®£® ¯ãªâ  ¯®¤¡¥à¥¬ í«¥¬¥â g′ ∈ Gs(E6, K) ¨ ª®à¥ì α,â ª¨¥, çâ® 〈g′∗φ : φ ∈ Iα3 〉 = V g. Ǒãáâì α | ª®à¥ì, â ª®©, çâ® (α)g 6= 0. � «¥¥, ¯®«®�¨¬
f = x−α

(
− 1(α)g ) ¨ à áá¬®âà¨¬ ¬ âà¨æã g′ = fgf−1. �¥á«®�® ã¡¥¤¨âìáï, çâ® íâ®âí«¥¬¥â  ¬ ¯®¤å®¤¨â.�¥«ì íâ®£® ¯ãªâ  | ¤®ª § âì, çâ® ª �¤®¥ è¥áâ¨¬¥à®¥ á¨£ã«ïà®¥ ¯®¤¯à®áâà -áâ¢® á®®â¢¥âáâ¢ã¥â ª ª®©-â® ª®à¥¢®© ¯®¤£àã¯¯¥. � ç¥¬ ¬ë á® á«¥¤ãîé¥© «¥¬¬ë:�¥¬¬  4.1.(1) Ǒãáâì 1 ≤ n ≤ 6. �®£¤  ¬®�¥áâ¢® ã¯®àï¤®ç¥ëå  ¡®à®¢ ¨§ n ¯®¯ à® ¡«¨§-ª¨å ¢¥á®¢ ¯®¤ ¤¥©áâ¢¨¥¬ £àã¯¯ë �¥©«ï ¨¬¥¥â, ¯à¨ n 6= 5, ®¤ã ®à¡¨âã,   ¯à¨

n = 5 | ¤¢¥.(2) Ǒãáâì n = 1, 2, 3, 4, 6. �®£¤  ã¯®àï¤®ç¥ë©  ¡®à ¨§ n ¡ §¨áëå ¢¥ªâ®à®¢, ¯®-à®�¤ îé¨å n-¬¥à®¥ á¨£ã«ïà®¥ ¯®¤¯à®áâà áâ¢®, ¬®�¥â ¡ëâì ¯¥à¥¢¥¤¥£àã¯¯®© W̃T < Gs(E6, K), ¢ ¯¥à¢ë¥ n ¡ §¨áëå ¢¥ªâ®à®¢.� ¬¥ç ¨¥. � ¯¥à¢®¬ ¯ãªâ¥ ¯à¨ n = 5 ®¤  ®à¡¨â  | íâ® ¯ïâ¥àª¨ ¯®¯ à® ¡«¨§ª¨å¢¥á®¢, ¢ª« ¤ë¢ îé¨¥áï ¢ ª ªãî-¨¡ã¤ì è¥áâ¥àªã. � ª ç¥áâ¢¥ ¯à¨¬¥à  ¬®�® ãª § âì¯¥à¢ë¥ ¯ïâì ¢¥á®¢. �â®à ï ®à¡¨â  | íâ® ¨áª«îç¨â¥«ìë¥ ¯ïâ¥àª¨ ¯®¯ à® ¡«¨§ª¨å¢¥á®¢, ¥ ¢ª« ¤ë¢ îé¨¥áï ¨ ¢ ª ªãî è¥áâ¥àªã ¯®¯ à® ¡«¨§ª¨å ¢¥á®¢. � ª ç¥áâ¢¥¯à¨¬¥à  ¬®�® ¢§ïâì á¥¤ì¬®© ¨ ¯¥à¢ë¥ ç¥âëà¥ ¢¥á .�®ª § â¥«ìáâ¢®. Ǒãáâì ρ1, ρ2, . . . , ρn | ¯®¯ à® ¡«¨§ª¨¥ ¢¥á . Ǒ®á¬®âà¨¬, ªã¤  ¬ë ¨åá¬®�¥¬ ¯¥à¥¢¥áâ¨ ¯à¨ ¯®¬®é¨ £àã¯¯ë �¥©«ï W ; ¤«ï  £«ï¤®áâ¨ ¡ã¤¥¬ ¤¥©áâ¢®¢ âìâ®«ìª® í«¥¬¥â ¬¨ wi = wαi
¨ ®¡à §ë ¢¥á®¢ ρj ®¡®§ ç âì â¥¬¨ �¥ ¡ãª¢ ¬¨. Ǒ®áª®«ìªã¢¥á®¢ ï ¤¨ £à ¬¬  á¢ï§ , â® ¢¥á ρ1 ¬®�® ¯¥à¥¢¥áâ¨ ¢ ¯¥à¢ë© ¢¥á. � «¥¥, ¥á«®�®¢¨¤¥âì, çâ® ¯®á«¥ ã¤ «¥¨ï ¨§ ¢¥á®¢®© ¤¨ £à ¬¬ë à¥¡¥à, á®®â¢¥âáâ¢ãîé¨å α1, ¢¥á   23



à ááâ®ï¨¨ 1 ®â ¯¥à¢®£® ¢¥á  ®¡à §ãîâ á¢ï§ë© ¯®¤£à ä (â ª¨å ¢¥á®¢ à®¢® 16). �â®®§ ç ¥â, çâ® ¬ë ¬®�¥¬, ®áâ ¢«ïï   ¬¥áâ¥ ¯¥à¢ë© ¢¥á, ¯¥à¥¢¥áâ¨ ρ2 (¥á«¨, ª®¥ç®,
n > 1) ¢® ¢â®à®© ¢¥á, ¯®áª®«ìªã ¨§ ¢á¥å wi â®«ìª® w1 ¬¥ï¥â ¯¥à¢ë© ¢¥á. � «®£¨ç®,¯®á«¥ ã¤ «¥¨ï ¨§ ¢¥á®¢®© ¤¨ £à ¬¬ë à¥¡¥à, á®®â¢¥âáâ¢ãîé¨å α1 ¨ α3, ¢¥á    à á-áâ®ï¨¨ 1 ®â ¯¥à¢®£® ¨ ¢â®à®£® ¢¥á®¢ ®¡à §ãîâ á¢ï§ë© ¯®¤£à ä (â ª¨å ¢¥á®¢ à®¢®10). �â® ¯®§¢®«ï¥â  ¬ ¯¥à¥¢¥áâ¨ ρ3 (¥á«¨ n > 2) ¢ âà¥â¨© ¢¥á, ®áâ ¢«ïï ¯¥à¢ë¥ ¤¢ ¡¥§ ¨§¬¥¥¨©. � «¥¥, ¯®á«¥ ã¤ «¥¨ï ¨§ ¢¥á®¢®© ¤¨ £à ¬¬ë à¥¡¥à, á®®â¢¥âáâ¢ãîé¨å
α1, α3 ¨ α4, ¢¥á    à ááâ®ï¨¨ 1 ®â ¯¥à¢®£®, ¢â®à®£® ¨ âà¥âì¥£® ¢¥á®¢ â ª�¥ ®¡à §ãîâá¢ï§ë© ¯®¤£à ä (â ª¨å ¢¥á®¢ 6). �â® ¯®§¢®«ï¥â ¯¥à¥¢¥áâ¨ ρ4 (¥á«¨ n > 3) ¢ ç¥â¢¥àâë©¢¥á, ®áâ ¢¨¢ ¯¥à¢ë¥ âà¨ ¡¥§ ¨§¬¥¥¨©. � ª®¥æ, áãé¥áâ¢ã¥â à®¢® âà¨ ¢¥á ,   ¨¬¥®¯ïâë©, è¥áâ®© ¨ á¥¤ì¬®©, ¡«¨§ª¨å ª ¯¥à¢ë¬ ç¥âëà¥¬ ¢¥á ¬. Ǒà¨ íâ®¬ ¯ïâë© ¨ è¥áâ®©¢¥á  ¡«¨§ª¨ ¤àã£ ª ¤àã£ã,   á¥¤ì¬®© | ¤ «¥ª ®â ¨å. Ǒ®íâ®¬ã, ¥á«¨ n = 5, â®, ®áâ ¢«ïï¯¥à¢ë¥ ç¥âëà¥ ¢¥á    ¬¥áâ¥, ¢¥á ρ5 ¬®�® ¯¥à¥¢¥áâ¨ ¢ ¯ïâë© ¨«¨ ¢ á¥¤ì¬®© ¢¥á. �á«¨�¥ n = 6, â®, ®áâ ¢«ïï ¯¥à¢ë¥ ç¥âëà¥ ¢¥á    ¬¥áâ¥, ¬®�® ¢¥á ρ5 ¯¥à¥¢¥áâ¨ ¢ ¯ïâë©,  
ρ6 | ¢ è¥áâ®© ¢¥á.� ª ¬ë ã�¥ ®â¬¥ç «¨ ¢ §2, ¤¥©áâ¢¨¥ £àã¯¯ë �¥©«ï W   ¬®�¥áâ¢¥ ¢¥á®¢ � á®-®â¢¥âáâ¢ã¥â ¤¥©áâ¢¨î à áè¨à¥®© £àã¯¯ë �¥©«ï W̃   ¬®�¥áâ¢¥ ¯«îá/¬¨ãá ¢¥á®¢�± = {±eρ; ρ ∈ �}. � ¬ �¥, ¢ §2, ¬ë ã¯®¬¨ «¨, çâ® à ááâ®ï¨¥ ¬¥�¤ã ¡ §¨áë¬¨ ¢¥ª-â®à ¬¨ à ¢® à ááâ®ï¨î ¬¥�¤ã á®®â¢¥âáâ¢ãîé¨¬¨ ¢¥á ¬¨. � ª¨¬ ®¡à §®¬, n ¯®¯ à®¡«¨§ª¨¬ ¡ §¨áë¬ ¢¥ªâ®à ¬ á®®â¢¥âáâ¢ã¥â n ¯®¯ à® ¡«¨§ª¨å ¢¥á®¢. � ç áâ®áâ¨, ¢¯à¥¤ë¤ãé¥¬  ¡§ æ¥ ¬ë ¯®ª § «¨, çâ® ¥á«¨ n = 1, 2, 3, 4 ¨«¨ 6, â®  ¡®à a1, a2, . . . , an,£¤¥ ai | ¯®¯ à® ¡«¨§ª¨¥ ¢¥á  ¨ dim〈a1, a2, . . . , an〉 = n, ¬®�® ¯¥à¥¢¥áâ¨ ¤¥©áâ¢¨¥¬£àã¯¯ë W̃ ¢  ¡®à (±e1,±e2, . . . ,±en). �¥á«®�® ¢¨¤¥âì, çâ® ¤«ï «î¡®£® ¯®«ãç¥®£® ¡®à  ¡ §¨áëå ¢¥ªâ®à®¢ áãé¥áâ¢ã¥â ¬ âà¨æ  ¨§ D, ¯¥à¥¢®¤ïé ï ¥£® ¢ ã�ë© ("¯®-«®�¨â¥«ìë©"). �âáî¤  á«¥¤ã¥â âà¥¡ã¥¬®¥.Ǒ¥à¥¤ ¤®ª § â¥«ìáâ¢®¬ ®á®¢®£® ãâ¢¥à�¤¥¨ï íâ®£® à §¤¥« , ¤®ª �¥¬ ¤¢¥ ¢á¯®¬®-£ â¥«ìë¥ «¥¬¬ë.�¥¬¬  4.2. Ǒãáâì n = 1, 2, 3, 4 ¨«¨ 6, {ui}ni=1 | ¥ª®â®àë¥ á¨£ã«ïàë¥ ¢¥ªâ®à ,®¡à §ãîé¨¥ n-¬¥à®¥ á¨£ã«ïà®¥ ¯®¤¯à®áâà áâ¢®. � «¥¥, ¯ãáâì áãé¥áâ¢ã¥â â ª®©ª®à¥ì α, çâ® uiλj

= cλj ,λj−αδi,j, £¤¥ λj ∈ Iα1 , 1 ≤ i ≤ n, 1 ≤ j ≤ 6. �®£¤  áãé¥áâ¢ã¥ââ ª®© ª®à¥¢®© í«¥¬¥â h, çâ® h∗,λi−α = ui.�®ª § â¥«ìáâ¢®. Ǒãáâì λi ∈ Iα1 , νk ∈ Iα2 ¨ µi ∈ Iα3 ¯à¨ 1 ≤ i ≤ 6 ¨ 1 ≤ k ≤ 15, ¯à¨ç¥¬
λi = µi + α. �ë å®â¨¬ áª®áâàã¨à®¢ âì âà¥¡ã¥¬ë© ª®à¥¢®© í«¥¬¥â h. Ǒ® â¥®à¥¬¥ 1ª®à¥¢®© í«¥¬¥â h áãé¥áâ¢ã¥â ¨ ®¤®§ ç® ®¯à¥¤¥«¥, ¥á«¨ ®¯à¥¤¥«¥ë (α)h 6= 0,(β)h ¯à¨ ∠(β, α) = π/3 ¨ hλ1,λ1 . �¥á«®�® ¢¨¤¥âì ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1, çâ®¢¬¥áâ® hλ1,λ1 ¬®�® ®¯à¥¤¥«ïâì hµ1,µ1 . Ǒ®«®�¨¬ (α)h à ¢ë¬ 1, (β)h ¯à¨ ∠(β, α) = π/3à ¢ë¬ uiνk

cνk,µi
, ¥á«¨ νk − µi = β, ¨ hµ1,µ1 = u1µ1 . �á«¨ ®áâ «¨áì ¥§ ä¨ªá¨à®¢ ë¥(β)h (íâ® ¬®�¥â ¡ëâì, ¥á«¨ n < 4), â® ¨å ¬®�® ¯à¨à ¢ïâì ¯à®¨§¢®«ì®¬ã ç¨á«ã. � ¬¥®¡å®¤¨¬® ¯à®¢¥à¨âì ª®àà¥ªâ®áâì íâ®£® ®¯à¥¤¥«¥¨ï (§ ¬¥â¨¬, çâ® (β)h ®¯à¥¤¥«¥ë,¢®®¡é¥ £®¢®àï, ¥®¤®§ ç®),   â ª�¥ â®, çâ® ui = h∗,µi

.� ª £®¢®à¨«®áì ¢ §3, áâ®«¡æë á ®¬¥à ¬¨ µi ¬ âà¨æë ª®à¥¢®£® í«¥¬¥â  g ¢ë£«ï¤ïâá«¥¤ãîé¨¬ ®¡à §®¬:(1) gλi,µi
= cλi,µi

(α)g ¤«ï ¢á¥å 1 ≤ i ≤ 6;(2) gλj ,µi
= 0 ¤«ï ¢á¥å 1 ≤ j 6= i ≤ 6;(3) gνk,µi
= 0 ¤«ï ¢á¥å 1 ≤ i ≤ 6 ¨ 1 ≤ k ≤ 15, ¥á«¨ d(νk, µi) = 2;24



(4) ¤«ï ¢á¥å 1 ≤ i, j ≤ 6 ª®íää¨æ¨¥â gµj ,µi
®¤®§ ç® ¢ëà � ¥âáï ç¥à¥§ gνk,µi

¨
gλi,µi

¯à¨ 1 ≤ k ≤ 15;(5) gνk,µi
= cνk,µi

(νk − µi)g ¤«ï ¢á¥å 1 ≤ i ≤ 6 ¨ 1 ≤ k ≤ 15, â ª¨å, çâ® νk − µi ∈ �;(6) ¤«ï ¢á¥å 1 ≤ i, j ≤ 6 ª®íää¨æ¨¥â gµi,µi
®¤®§ ç® ¢ëà � ¥âáï ç¥à¥§ gνk,µi

,
gλi,µi

, gµj ,µj
¨ gνk,µj

¯à¨ 1 ≤ k ≤ 15.� «¥¥ ¬ë ¯à®¢¥à¨¬, çâ® áâ®«¡æë ui ã¤®¢«¥â¢®àïîâ íâ¨¬ ãá«®¢¨ï¬. �§ íâ®£® áà §ãá«¥¤ã¥â ¨ ª®àà¥ªâ®áâì ¢ëè¥®¯¨á ®£® ®¯à¥¤¥«¥¨ï h, ¨ â®, çâ® ui = h∗,µi
(¯®áª®«ìªãáâ®«¡æë h∗,µi

¯à¨ 1 ≤ i ≤ n â ª�¥ ®¡à §ãîâ n-¬¥à®¥ á¨£ã«ïà®¥ ¯®¤¯à®áâà áâ¢® ¯®ãâ¢¥à�¤¥¨î 11).� ¬¥â¨¬, çâ® ¯¥à¢ë¥ ¤¢  ãá«®¢¨ï ¤«ï áâ®«¡æ®¢ ui ¢ë¯®«ïîâáï, ¨¡® ¯® ãá«®¢¨î
uiλj

= cλj ,λj−αδi,j . �®ª �¥¬, çâ® uiνk
= 0, ¥á«¨ d(νk, µi) = 2 (íâ® ãá«®¢¨¥ (3) ¤«ïáâ®«¡æ®¢ ui). �«ï íâ®£® à áá¬®âà¨¬, ç¥¬ã ¬®�¥â ¡ëâì à ¢® Q(eµj

, ui), £¤¥ i 6= j ¨
d(µj , νk) = 2 (â ª®© ¢¥á µj áãé¥áâ¢ã¥â ¯® ¯ãªâã (4) ãâ¢¥à�¤¥¨ï 6). � ®¤®© áâ®à®-ë, íâ® áã¬¬  ¯ïâ¨ á« £ ¥¬ëå, ¢ ª �¤®¥ ¨§ ª®â®àëå ¢å®¤¨â ¢ ª ç¥áâ¢¥ á®¬®�¨â¥«ïª ª®¥-â® λl, l 6= j. Ǒ®íâ®¬ã ¢á¥ á« £ ¥¬ë¥, ªà®¬¥ ±uiνk

uiλi
, à ¢ë 0. Ǒ®áª®«ìªã ¢¥ªâ®à

ui á¨£ã«ïà¥, â® ¢áï áã¬¬  ¤®«�  à ¢ïâìáï ã«î, ¯®íâ®¬ã uiνk
= 0. � «®£¨ç®,à áá¬ âà¨¢ ï Q(eνm

, ui), £¤¥ d(νm, µi) = d(νm, µj) = 2, ¥á«®�® ã¡¥¤¨âìáï, çâ® uiµj
¯à¨

i 6= j ®¤®§ ç® ¢ëà � ¥âáï ç¥à¥§ uiνk
, 1 ≤ k ≤ 15 (íâ® ãá«®¢¨¥ (4)).� «¥¥, ¯ãáâì n > 1. �ë å®â¨¬ ¤®ª § âì, çâ® ujµj

®¤®§ ç® ¢ëà � ¥âáï ç¥à¥§ uiµi
,

uiνk
¨ ujνk

, 1 ≤ k ≤ 15 (ãá«®¢¨¥ (6)),   â ª�¥, çâ® uiνk
cνk,µi

= ujνl
cνl,µj

, ¥á«¨ νk − µi =
νl − µj (íâ® ãá«®¢¨¥ (5) ¨, § ®¤®, ª®àà¥ªâ®áâì ®¯à¥¤¥«¥¨ï h). Ǒãáâì u = ui + uj .�¥ªâ®à u ¯® ¯à¥¤¯®«®�¥¨î á¨£ã«ïà¥, ¯®íâ®¬ã Q(x, u) = 0 ¤«ï ¢á¥å x ∈ V . �«ï¤®ª § â¥«ìáâ¢  ¯¥à¢®£® ãâ¢¥à�¤¥¨ï à áá¬®âà¨¬ x = eνk

, £¤¥ d(νk, µi) = d(λj , νk) =2. �®£¤  Q(x, u) ï¢«ï¥âáï áã¬¬®© ¯ïâ¨ á« £ ¥¬ëå: ±uµj
uλi

, ±uµi
uλj

,   â ª�¥ âà¥åá« £ ¥¬ëå ¢¨¤  ±uνl
uνm

. �§ à ¢¥áâ¢  íâ®© áã¬¬ë 0 á«¥¤ã¥â ¯¥à¢®¥ ãâ¢¥à�¤¥¨¥.Ǒãáâì νk−µi = νl−µj . �®£¤  νk−νl = µi−µj ∈ �, â® ¥áâì d(νk, νl) = 1. Ǒ® á«¥¤áâ¢¨î¨§ ãâ¢¥à�¤¥¨ï 2, d(µi, νl) = d(µj , νk) = 2. Ǒ®íâ®¬ã  ¬ ¥®¡å®¤¨¬® ¤®ª § âì, çâ®
uνk

cνk,µi
= uνl

cνl,µj
. Ǒ® ¯ãªâã (5) ãâ¢¥à�¤¥¨ï 6, ¥á«¨ d(νk, νl) = 1, â® áãé¥áâ¢ã¥â¢¥á µm, â ª®©, çâ® d(νk, µm) = d(νl, µm) = 2. �®£¤  m 6= i, j. �âáî¤ , ¯® á«¥¤áâ¢¨î ¨§ãâ¢¥à�¤¥¨ï 2, d(λi, µm) = d(λj , µm) = 2. Ǒ®áª®«ìªã uλs

= 0 ¯à¨ s 6= i, j, â® Q(eµm
, u)¥áâì áã¬¬  â®«ìª® ¤¢ãå á« £ ¥¬ëå: ±uνk

uλj
¨±uνl

uλi
. � ª¨¬ ®¡à §®¬, uνk

= ±uνl
. � ª

± ¢ íâ®¬ ¢ëà �¥¨¨ ¬®�® ¥ áç¨â âì, ¤®áâ â®ç® â®£®, çâ® ® ®¯à¥¤¥«¥ ®¤®§ ç®¨ ¥ § ¢¨á¨â ®â u. � á ¬®¬ ¤¥«¥, áâ®«¡æë á ®¬¥à ¬¨ µi ¨ µj ª®à¥¢®£® í«¥¬¥â 
h ®¡à §ãîâ ¤¢ã¬¥à®¥ á¨£ã«ïà®¥ ¯®¤¯à®áâà áâ¢®, ¯®íâ®¬ã à ¢¥áâ¢® uνk

= ±uνl¢ë¯®«ï¥âáï ¤«ï u = h∗,µi
+ h∗,µj

. Ǒ®áª®«ìªã ¤«ï u = h∗,µi
+ h∗,µj

âà¥¡ã¥¬®¥ à ¢¥áâ¢®
uνk

cνk,µi
= uνl

cνl,µj
¢ë¯®«ï¥âáï, â® ±1 = cνk,µi

cνl,µj
, ¨, ¯®íâ®¬ã, âà¥¡ã¥¬®¥ à ¢¥áâ¢®¢ë¯®«ï¥âáï ¨ ¤«ï ¯à®¨§¢®«ì®£® u.�¥¬¬  4.3. Ǒãáâì n = 1, 2, 3, 4 ¨«¨ 6, {ui}ni=1 | ¥ª®â®àë¥ á¨£ã«ïàë¥ ¢¥ªâ®à ,®¡à §ãîé¨¥ n-¬¥à®¥ á¨£ã«ïà®¥ ¯®¤¯à®áâà áâ¢®. � «¥¥, ¯ãáâì áãé¥áâ¢ã¥â â ª®©ª®à¥ì α, çâ® ¬ âà¨æ  {uiλj

}, £¤¥ λj ∈ Iα1 , 1 ≤ i ≤ n ¨ 1 ≤ j ≤ 6, ¨¬¥¥â à £ n.�®£¤  áãé¥áâ¢ã¥â ¬ âà¨æ  g ∈ Gs(E6, K), çâ® g∗i = ui ¯à¨ i ≤ n, 5. �á«¨ n = 6, â®
g∗6 = au6, a ∈ K∗.�®ª § â¥«ìáâ¢®. Ǒ®áª®«ìªã ¬ âà¨æ  {uiλj

}, £¤¥ 1 ≤ i ≤ n ¨ 1 ≤ j ≤ 6, ¨¬¥¥â à £ n,â® ¥¥ ¬®�® ¤®¯®«¨âì ¤® ®¡à â¨¬®© ¬ âà¨æë A à §¬¥à®¬ 6× 6. � «¥¥,  ©¤¥¬ â ªãî¬ âà¨æã B, çâ® ABij = cλj ,µj
δi,j , £¤¥ µj = λj − α ∈ Iα3 , 1 ≤ i ≤ 6, 1 ≤ j ≤ 6. �á«¨25



n < 6, â® ¬®�® áç¨â âì, çâ® B ¯à¨ ¤«¥� â SL(6, K). �á«¨ �¥ n = 6, â® â®£® �¥¬®�® ¤®¡¨âìáï, ã¬®� ï u6   áª «ïà. � ¤ «ì¥©è¥¬, ¯®íâ®¬ã, ¬ë ¢á¥£¤  ¯®« £ ¥¬,çâ® B ∈ SL(6, K). � «¥¥, à áá¬®âà¨¬ ¬ âà¨æã C ∈ Dα, â ªãî, çâ® Cλi,λj
= Bij ¯à¨1 ≤ i, j ≤ 6. � ¬¥â¨¬, çâ® â®£¤  áâ®«¡æë vi = Cui ¯®¯ ¤ îâ ¢ ãá«®¢¨ï ¯à¥¤ë¤ãé¥©«¥¬¬ë, ¯®íâ®¬ã áãé¥áâ¢ã¥â â ª®© ª®à¥¢®© í«¥¬¥â h, çâ® h∗,µi

= vi = Cui, ¯à¨ µi =
λi − α ∈ Iα3 ¨ 1 ≤ i ≤ n. Ǒ® «¥¬¬¥ 4.1, áãé¥áâ¢ã¥â ¬ âà¨æ  X , â ª ï, çâ® Xei = eµi

¤«ï1 ≤ i ≤ 6. �«¥¤®¢ â¥«ì®, ui = C−1h∗,µi
= {C−1h}∗,µi

= {C−1hX}∗,i. �á«¨ ®¡®§ ç¨âì
g := C−1hX ¨ ¢á¯®¬¨âì, çâ® u6 ¬ë ¤¥«¨«¨   ¥ª®â®àë© ®¯à¥¤¥«¨â¥«ì, ¥à ¢ë© 0,â® ¯®«ãç¨¬ âà¥¡ã¥¬®¥ à ¢¥áâ¢®.�¥®à¥¬  2. Ǒãáâì n = 1, 2, 3, 4 ¨«¨ 6, {ui}ni=1 | ¥ª®â®àë¥ á¨£ã«ïàë¥ ¢¥ªâ®à ,¯®à®�¤ îé¨¥ n-¬¥à®¥ á¨£ã«ïà®¥ ¯®¤¯à®áâà áâ¢®. �«ï ¯à®¨§¢®«ì®£®  ¡®à  á¨-£ã«ïàëå ¢¥ªâ®à®¢ {vi}ni=1, ¯®à®�¤ îé¨å n-¬¥à®¥ á¨£ã«ïà®¥ ¯®¤¯à®áâà áâ¢®, áã-é¥áâ¢ã¥â ¬ âà¨æ  g ∈ Gs(E6, K), â ª ï, çâ® ui = gvi ¯à¨ i ≤ n, 5. �á«¨ n = 6, â®
u6 = agv6, £¤¥ a ∈ K∗.�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ®  ¬ ¤®áâ â®ç® ¤®ª § âì â¥®à¥¬ã ¤«ï
{vi}ni=1 = {ei}ni=1. Ǒãáâì n = 1. �®£¤  áãé¥áâ¢ã¥â ¢¥á ρ, â ª®©, çâ® u1ρ 6= 0. �á«¨¢§ïâì ª®à¥ì α â ª®©, çâ® ρ− α ∈ �, â® ¬ë ¬®�¥¬ ¯à¨¬¥¨âì ¯à¥¤ë¤ãéãî «¥¬¬ã.Ǒãáâì 1 < n < 5. Ǒ® ã�¥ ¤®ª § ®¬ã, ¬®�® ¯¥à¥¢¥áâ¨ ¢á¥ ui, 1 ≤ i < n, ¢ ei.� áá¬®âà¨¬ ®¡à § ¯à¨ â ª®¬ ¯¥à¥¢®¤¥ ¢¥ªâ®à  un, ª®â®àë© ¬ë  §®¢¥¬ u. Ǒ®ª �¥¬,çâ® uρ = 0, ¥á«¨ ¤«ï ª ª®£®-â® i, 1 ≤ i < n, d(i, ρ) = 2. � á ¬®¬ ¤¥«¥, ¯ãáâì σ | ¢¥á,¤ «¥ª¨© ®â i ¨ ρ, ¨ à áá¬®âà¨¬ F (ei, u, eσ) = ±uρ. Ǒ®ïâ®, çâ® íâ® à ¢® 0, ¯®áª®«ìªã¢¥ªâ®à  u ¨ ei ¡«¨§ª¨. Ǒ®íâ®¬ã uρ = 0. �«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â ¢¥á ρ, â ª®©, çâ®
d(i, ρ) = 1, 1 ≤ i < n, ¨ uρ 6= 0. �®á¯®«ì§®¢ ¢è¨áì ¯¥à¢ë¬ ¯ãªâ®¬ «¥¬¬ë 4.1, ¥á«®�®ã¡¥¤¨âìáï, çâ® ¥á«¨ d(i, ρ) = 1 ¯à¨ 1 ≤ i < n, â®, ¯à¨ n < 5, áãé¥áâ¢ã¥â ª®à¥ì α, â ª®©,çâ® ρ − α, i − α ∈ �, 1 ≤ i < n. �®£¤ , ¯® ¢ë¡®àã ρ, ¬ë á®¢   å®¤¨¬áï ¢ ãá«®¢¨ïå¯à¥¤ë¤ãé¥© «¥¬¬ë.Ǒãáâì n = 6. Ǒ® ã�¥ ¤®ª § ®¬ã, ¬®�® ¯¥à¥¢¥áâ¨ ¢á¥ ui, 1 ≤ i ≤ 4, ¢ ei; ¤«ï ®¡à §®¢¢¥ªâ®à®¢ u5 ¨ u6 ¯à¨ íâ®¬ ¯à¥®¡à §®¢ ¨¨ ¬ë ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¯à¥�¨¥ ®¡®§ ç¥¨ï.�®£¤ , â ª�¥ ª ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥, u5ρ = 0 ¨ u6ρ = 0, ¥á«¨ ¤«ï ª ª®£®-â® i, 1 ≤ i ≤ 4,
d(i, ρ) = 2. � «¥¥, ¬®�® áç¨â âì, çâ® u5i , u6i = 0 ¯à¨ 1 ≤ i ≤ 4. �®£¤  ã ¢¥ªâ®à®¢ u5 ¨ u6¬®£ãâ ¡ëâì ¥ã«¥¢ë¬¨ â®«ìª® âà¨ ª®®à¤¨ âë: ¯à¨ 5-®¬, 6-®¬ ¨ 7-®¬ ¢¥á å. Ǒà¨ íâ®¬¥á«¨ å®âì ã ®¤®£® ¢¥ªâ®à  ª®®à¤¨ â  ¯à¨ 7-®¬ ¢¥á¥ ¥ à ¢  0, â® ª®®à¤¨ âë ¯à¨ 5-®¬¨ 6-®¬ ¢¥á å ã ¨å ®¡®¨å ¤®«�ë à ¢ïâìáï ã«î (¯®áª®«ìªã ®¡  ¢¥ªâ®à  á¨£ã«ïàë ¨¨å áã¬¬  â®�¥ á¨£ã«ïà ), çâ® ¥¢®§¬®�®. Ǒ®íâ®¬ã ã ®¡®¨å ¢¥ªâ®à®¢ ¬®£ãâ ¡ëâì ¥à ¢ë¬¨ 0 â®«ìª® ¯¥à¢ë¥ 6 ª®®à¤¨ â, ¨ ¬ë á®¢   å®¤¨¬áï ¢ ãá«®¢¨ïå ¯à¥¤ë¤ãé¥©«¥¬¬ë ¯à¨ α = δ.�«¥¤áâ¢¨¥. �î¡®¥ è¥áâ¨¬¥à®¥ á¨£ã«ïà®¥ ¯®¤¯à®áâà áâ¢® á®®â¢¥âáâ¢ã¥â ¥ª®-¥¬ã ª®à¥¢®¬ã í«¥¬¥âã. �î¡ë¥ ç¥âëà¥å-, âà¥å-, ¤¢ãå- ¨ ®¤®¬¥àë¥ á¨£ã«ïàë¥¯®¤¯à®áâà áâ¢  «¥� â ¢ ª ª®¬-â® è¥áâ¨¬¥à®¬, ®¤ ª® áãé¥áâ¢ãîâ ¨áª«îç¨-â¥«ìë¥ ¯ïâ¨¬¥àë¥ á¨£ã«ïàë¥ ¯®¤¯à®áâà áâ¢ , ¥ «¥� é¨¥ ¨ ¢ ®¤®¬ è¥áâ¨-¬¥à®¬ á¨£ã«ïà®¬ ¯®¤¯à®áâà áâ¢¥.�®ª § â¥«ìáâ¢®. Ǒãáâì V |è¥áâ¨¬¥à®¥ á¨£ã«ïà®¥ ¯®¤¯à®áâà áâ¢®. Ǒ® â¥®à¥¬¥ 2,áãé¥áâ¢ã¥â ¬ âà¨æ  g, ¯¥à¥¢®¤ïé ï V ¢ ¯®¤¯à®áâà áâ¢®, ¯®à®�¤¥®¥ ¯¥à¢ë¬¨ è¥-áâìî ¡ §¨áë¬¨ ¢¥ªâ®à ¬¨. Ǒãáâì h = g−1xδ(1)g. �¥á«®�® ¢¨¤¥âì, çâ® â®£¤  V = V h.�â®à ï ç áâì áà §ã ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 2.26



2.�£®« ¬¥�¤ã ª®à¥¢ë¬¨ í«¥¬¥â ¬¨� íâ®¬ ¯ãªâ¥ ¬ë ¤®ª �¥¬ ¥áª®«ìª® å®à®è® ¨§¢¥áâëå ä ªâ®¢ ¯à® £¥®¬¥âà¨î ¤¢ãå¤«¨ëå ª®à¥¢ëå ¯®¤£àã¯¯. �¤¨áâ¢¥ë© ®¢ë©, å®âï ¨ âà¨¢¨ «ìë©, ä ªâ | íâ®®¯¨á ¨¥ ã£«®¢ ¢ â¥à¬¨ å è¥áâ¨¬¥àëå á¨£ã«ïàëå ¯®¤¯à®áâà áâ¢ (ãâ¢¥à�¤¥¨¥12). �ë ¯®áâ à «¨áì ¢ë¤¥à� âì ¨�¥  ¯¨á ë¥ ¤®ª § â¥«ìáâ¢  ¢ ¤ãå¥ §3,   ãà®¢¥í«¥¬¥â®¢, ¨ ¡¥§ ¢¥è¨å ä ªâ®¢. � ¨¬¥®, ¢ íâ®¬ ¯ãªâ¥ ¨á¯®«ì§ãîâáï â®«ìª® â¥®-à¥¬  1, «¥¬¬  3.4 ¨, ¢ á«¥¤áâ¢¨¨ ¨§ ãâ¢¥à�¤¥¨ï 12, ¥ï¢® ¨á¯®«ì§ã¥âáï á«¥¤áâ¢¨¥ ¨§â¥®à¥¬ë 2.� ¯®¬¨¬, çâ® Xα = {xα(a); a ∈ K} |í«¥¬¥â à ï ª®à¥¢ ï ¯®¤£àã¯¯  £àã¯¯ë
G(E6, K). �á«¨  ¬ ¥ ¢ �®, ª ª®© ¨¬¥® (¥¥¤¨¨çë©) í«¥¬¥â ¢§ïâ ¨§ í«¥¬¥â à-®© ª®à¥¢®© ¯®¤£àã¯¯ë Xα, â® ¡ã¤¥¬ ¯¨á âì xα(·).�¥¬¬  4.4. �î¡ ï ¯ à  ª®à¥¢ëå í«¥¬¥â®¢ á®¯àï�¥  ¥ª®â®à®© ¯ à¥ í«¥¬¥â à-ëå ª®à¥¢ëå í«¥¬¥â®¢.�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¯à®¨§¢®«ìãî ¯ àã ª®à¥¢ëå í«¥¬¥â®¢. Ǒ® ®¯à¥¤¥«¥-¨î, ¬®�® áç¨â âì, çâ® ®¤¨ ¨§ ¨å à ¢¥ xα(·). Ǒãáâì ¢â®à®© | g.Ǒà¥¤¯®«®�¨¬, çâ® ª®®à¤¨ â  (−α)g | ¥ ®«ì. �®£¤  ¨§ ¯ãªâ  3 ¤®ª § â¥«ìáâ¢ â¥®à¥¬ë 1 á«¥¤ã¥â, çâ® g = fx−α(·)f−1, £¤¥ f | ¯à®¨§¢¥¤¥¨¥ í«¥¬¥â àëå ª®à¥¢ëåí«¥¬¥â®¢ xα(·) ¨ xβ(·), ∠(α, β) = π/3. Ǒ®íâ®¬ã x−α(·) = f−1gf . �áâ «®áì § ¬¥â¨âì,çâ® xα(·) = f−1xα(·)f , ¯®áª®«ìªã xα(·) ª®¬¬ãâ¨àã¥â á ª �¤ë¬ á®¬®�¨â¥«¥¬ f .� «¥¥, ¯à¥¤¯®«®�¨¬, çâ® (−α)g = 0, ® áãé¥áâ¢ã¥â ª®à¥ì γ, ∠(α, γ) = 2π/3, â ª®©,çâ® (γ)g 6= 0. �®£¤  g = fxγ(·)f−1, ¯à¨ íâ®¬ f | ¯à®¨§¢¥¤¥¨¥ í«¥¬¥â àëå ª®à¥¢ëåí«¥¬¥â®¢ xβ(·), £¤¥ ∠(α, β) = 0, π/3 ¨«¨ π/2,   â ª�¥ x−α−γ ( (−α)g(γ)g ). �¤ ª®, ¯®áª®«ìªã(−α)g = 0, â® ¬®�¨â¥«ì x−α−γ(·) ¢ f ¥ ¢å®¤¨â, ¨, ¯®íâ®¬ã, xα(·) ®¯ïâì ª®¬¬ãâ¨àã¥â áª �¤ë¬ á®¬®�¨â¥«¥¬ f .�«ãç ©, ª®£¤  ¢á¥ ª®íää¨æ¨¥âë ¯à¨ ª®àïå, ®¡à §ãîé¨å á α ã£«ë π ¨ 2π/3, à ¢ë0, ®¤ ª® áãé¥áâ¢ã¥â ®àâ®£® «ìë© ª α ª®à¥ì, ª®íää¨æ¨¥â ¯à¨ ª®â®à®¬ ¥ à ¢¥ 0,à §¡¨à ¥âáï   «®£¨ç®.� á«ãç ¥ �¥, ª®£¤  ¤«ï «î¡®£® β, â ª®£® çâ® ∠(ω, β) > π/3, (β)g = 0, ® áãé¥áâ¢ã¥âª®à¥ì γ 6= α, â ª®© çâ® (γ)g 6= 0, ¬ë   «®£¨çë¬¨ à ááã�¤¥¨ï¬¨ ¬®�¥¬ ¯®ª § âì,çâ® ¢ f ¥ã«¥¢ë¥ ª®®à¤¨ âë ¨¬¥îâáï â®«ìª® ¯à¨ ª®àïå β, â ª¨¥, çâ® ∠(ω, β) ≤ π/2,¨ −γ. �§ «¥¬¬ë 3.4 á«¥¤ã¥â, çâ® ¤¨ £® «ìë¥ ª®íää¨æ¨¥âë ¬ âà¨æë g à ¢ë 1. �§íâ®£®, ¯® â¥®à¥¬¥ 1, á«¥¤ã¥â, çâ® ª®®à¤¨ â  f ¯à¨ −γ â ª�¥ à ¢  0, ¯®íâ®¬ã xα(·) ¨ ¢íâ®¬ á«ãç ¥ ª®¬¬ãâ¨àã¥â á ª �¤ë¬ á®¬®�¨â¥«¥¬ f .�¥¬¬  4.5. �á«¨ ∠(β1, γ1) = ∠(β2, γ2), â® áãé¥áâ¢ã¥â ¬ âà¨æ  g ∈ G(E6, K), â ª ï,çâ® gXβ1g−1 = Xβ2 ¨ gXγ1g−1 = Xγ2.�®ª § â¥«ìáâ¢®. � ª ¬ë ã�¥ £®¢®à¨«¨ ¢ §2, á®¯àï�¥¨¥ ¯à¨ ¯®¬®é¨ wα(1) ¯¥à¥¢®¤¨â
Xβ ¢ Xwαβ. Ǒ®íâ®¬ã ¨§ â®£®, çâ® «î¡ãî ¯ àã ª®à¥© á ¯®¬®éìî £àã¯¯ë �¥©«ï ¬®�®¯¥à¥¢¥áâ¨ ¢ «î¡ãî ¤àã£ãî á â¥¬ �¥ ã£«®¬ ¬¥�¤ã ¨¬¨, á«¥¤ã¥â âà¥¡ã¥¬®¥.�¯à¥¤¥«¥¨¥. Ǒãáâì ¯ à  ª®à¥¢ëå í«¥¬¥â®¢ g ¨ h á®¯àï�¥  ¯ à¥ í«¥¬¥â àëåª®à¥¢ëå í«¥¬¥â®¢ xα(·) ¨ xβ(·). �®£¤  ã£«®¬ ¬¥�¤ã ª®à¥¢ë¬¨ í«¥¬¥â ¬¨ g ¨ h §ë¢ ¥âáï ã£®« ¬¥�¤ã ª®àï¬¨ α ¨ β.�®àà¥ªâ®áâì íâ®£® ®¯à¥¤¥«¥¨ï ¬ë ¤®ª �¥¬ ¢¬¥áâ¥ á ¥á«®�ë¬, ® ¯®«¥§ë¬ãâ¢¥à�¤¥¨¥¬, çâ® ã£®« ¬¥�¤ã ª®à¥¢ë¬¨ í«¥¬¥â ¬¨ ®¯à¥¤¥«ï¥âáï ®¤®§ ç® ¯® ¢§ -¨¬®¬ã à á¯®«®�¥¨î è¥áâ¨¬¥àëå á¨£ã«ïàëå ¯®¤¯à®áâà áâ¢, á®®â¢¥âáâ¢ãîé¨åíâ¨¬ ª®à¥¢ë¬ í«¥¬¥â ¬. 27



�â¢¥à�¤¥¨¥ 12. Ǒãáâì ¤ ë ¤¢  ª®à¥¢ëå í«¥¬¥â  g ¨ h. �®£¤  ¯®ïâ¨¥ ã£« ®¯à¥¤¥«¥® ª®àà¥ªâ® ¨ ¢ë¯®«ï¥âáï à®¢® ®¤¨ ¨§ á«¥¤ãîé¨å á«ãç ¥¢:(1) ¥á«¨ V g = V h, â® ∠(g, h) = 0;(2) ¥á«¨ dim(V g ∩ V h) = 3, â® ∠(g, h) = π/3;(3) ¥á«¨ dim(V g ∩ V h) = 1, â® ∠(g, h) = π/2;(4) ¥á«¨ V g∩V h = 0 ¨ áãé¥áâ¢ã¥â è¥áâ¨¬¥à®¥ á¨£ã«ïà®¥ ¯®¤¯à®áâà áâ¢® W ,â ª®¥, çâ® dim(V g ∩W ) = dim(V h ∩W ) = 3, â® ∠(g, h) = 2π/3;(5) ¥á«¨ V g ∩ V h = 0 ¨ ¤«ï ¯à®¨§¢®«ì®£® ¢¥ªâ®à  v ∈ V g áãé¥áâ¢ã¥â à®¢® ®¤¨,á â®ç®áâìî ¤® ªà â®áâ¨, ¢¥ªâ®à u ∈ V h, â ª®©, çâ® v + u á¨£ã«ïà¥, â®
∠(g, h) = π.�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, ¯à¥�¤¥ ¢á¥£®, çâ® ãá«®¢¨ï ¢á¥å ¯ãªâ®¢ ¨¢ à¨ âë ¯®¤¤¥©áâ¢¨¥¬ á®¯àï�¥¨ï. � «¥¥, ¯¥à¥¢¥¤¥¬ ª®à¥¢ë¥ í«¥¬¥âë g ¨ h ¢ í«¥¬¥â àë¥ª®à¥¢ë¥ á®£« á® «¥¬¬¥ 4.4. Ǒ®á«¥ íâ®£®, ¯® «¥¬¬¥ 4.5, ¬®�® ¯¥à¥¢¥áâ¨,  ¯à¨¬¥à,

g ¢ xδ(·),   h ¢ xδ(·), xα2(·), xα1(·), x−α2(·) ¨«¨ x−δ(·). �¥á«®�® ¢¨¤¥âì, çâ® ¤«ï ª �-¤®£® ¨§ íâ¨å á«ãç ¥¢ ¢ë¯®«ï¥âáï à®¢® ®¤¨ ¨§ ¯ãªâ®¢ ãâ¢¥à�¤¥¨ï, ¤«ï ª �¤®£®á¢®©. Ǒ®íâ®¬ã ¯®ïâ¨¥ ã£«  ®¯à¥¤¥«¥® ª®àà¥ªâ®. �âáî¤  á«¥¤ã¥â ¤®ª § â¥«ìáâ¢®ãâ¢¥à�¤¥¨ï.�«¥¤áâ¢¨¥ 1. �§ ¨¬®¥ à á¯®«®�¥¨¥ è¥áâ¨¬¥àëå á¨£ã«ïàëå ¯®¤¯à®áâà áâ¢¬®�¥â ¡ëâì â®«ìª® â ª¨¬, ª ª áª § ® ¢ ãâ¢¥à�¤¥¨¨ 12.�®ª § â¥«ìáâ¢®. �ç¥¢¨¤®.�«¥¤ãîé ï â¥®à¥¬  | ¯®á«¥¤¨© ¨â¥à¥áãîé¨©  á ä ªâ ¯à® ¯ àë ª®à¥¢ëå í«¥-¬¥â®¢, ®¡ê¥¤¨ïîé¨© ¥áª®«ìª® ¯à¥¤ë¤ãé¨å.�¥®à¥¬  3. �¤ã ¯ àã ª®à¥¢ëå ¯®¤£àã¯¯ ¬®�® ¯¥à¥¢¥áâ¨ á®¯àï�¥¨¥¬ ¯à¨ ¯®¬®é¨í«¥¬¥â  ¨§ G(E6, K) ¢ ¤àã£ãî ¯ àã, ¥á«¨ ¨ â®«ìª® ¥á«¨ ã£«ë ¬¥�¤ã í«¥¬¥â ¬¨ª �¤®© ¯ àë à ¢ë.�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì à ¢¥áâ¢  ã£«®¢ á«¥¤ã¥â ¨§ ãâ¢¥à�¤¥¨ï 12,   ¤®áâ -â®ç®áâì | ¨§ «¥¬¬ 4.4 ¨ 4.5.
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§5. �à®©ª¨ ª®à¥¢ëå ¯®¤£àã¯¯� à ¡®â¥ �.�. � ¢¨«®¢  ¨  ¢â®à  [20℄ ¨§ãç «áï ¢®¯à®á ® â®¬, çâ® ¯®à®�¤ îâ âà¨ ª®à-¥¢ë¥ ¯®¤£àã¯¯ë, ¤¢¥ ¨§ ª®â®àëå ¯à®â¨¢®¯®«®�ë, ¢ ¯à®¨§¢®«ì®© ®¤®á¢ï§®© £àã¯¯¥
G(�, K) ¯à¨ harK 6= 2. �¥«ì  áâ®ïé¥£® ¯ à £à ä  | ¤ âì,   £¥®¬¥âà¨ç¥áª®¬ ï§ëª¥,®â¢¥â   ¢®¯à®á, ª ª ¯® âà¥¬ ª®à¥¢ë¬ ¯®¤£àã¯¯ ¬ ¢ SO(2n,K) (¢ [20℄ ¨§ãç¥¨¥ ¯à®-¨§¢®«ì®© £àã¯¯ë G(�, K) á¢®¤¨«®áì ¨¬¥® ª íâ®¬ã á«ãç î) ¨ Gs(E6, K) ®¯à¥¤¥«¨âì,ª ªãî £àã¯¯ã ¨§  ©¤¥®£® ¢ [20℄ á¯¨áª  ®¨ ¯®à®�¤ îâ.1. �à®©ª¨ ª®à¥¢ëå ¯®¤£àã¯¯ ¢ SO(2n,K)� ¯®¬¨¬ ®á®¢®© à¥§ã«ìâ â à ¡®âë [20℄. � áá¬®âà¨¬ £àã¯¯ã �¥©§¥¡¥à£ 

H1 = 






1 a b c
. 1 . b
. . 1 −a
. . . 1 

 , a, b, c ∈ K




.�â® ¢ â®ç®áâ¨ ã¨¯®â¥âë© à ¤¨ª « áâ ¤ àâ®© ¯ à ¡®«¨ç¥áª®© ¯®¤£àã¯¯ë P1 á¨¬-¯«¥ªâ¨ç¥áª®© £àã¯¯ë Sp(4, K). �¥©áâ¢¨¥ ¯®¤£àã¯¯ë �¥¢¨   ã¨¯®â¥â®¬ à ¤¨ª «¥

P1 ¨¤ãæ¨àã¥â ¤¥©áâ¢¨¥ SL(2, K)   H1. �¬¥® íâ® ¤¥©áâ¢¨¥ ¨¬¥¥âáï ¢ ¢¨¤ã ¢ ¯ãªâ¥(5) á«¥¤ãîé¥© â¥®à¥¬ë.Ǒà¨¬¥à ¢ ¯ãªâ¥ (8)  ¡á®«îâ®   «®£¨ç¥, ® ¯à¨ íâ®¬ ã�® à áá¬ âà¨¢ âì ¤¥©-áâ¢¨¥ ¯®¤£àã¯¯ë �¥¢¨   ã¨¯®â¥â®¬ à ¤¨ª «¥ H2 ¯ à ¡®«¨ç¥áª®© ¯®¤£àã¯¯ë P2 ¢£àã¯¯¥ �¥¢ ««¥ â¨¯  G2.�¥®à¥¬  4. Ǒãáâì X, Y, Z { ª®à¥¢ë¥ ¯®¤£àã¯¯ë ¢ G(�, K), ¯à¨ç¥¬ X ¨ Y ¯à®â¨¢®-¯®«®�ë. � «¥¥, ¯ãáâì H = 〈X, Y, Z〉. Ǒà¥¤¯®«®�¨¬, çâ® harK 6= 2. �®£¤  ¨¬¥¥â¬¥áâ® ®¤  ¨§ á«¥¤ãîé¨å ¢®§¬®�®áâ¥©:(1) H ∼= SL(2, K),(2) H ∼= SL(2, K)×K,(3) H ∼= SL(2, K).K2,(4) H ∼= (SL(2, K).K2)×K,(5) H ∼= SL(2, K).H1,(6) H ∼= SL(3, K),(7) H ∼= (SL(2, K).K4)×K,(8) H ∼= SL(2, K).H2,(9) H ∼= SU(3, L), £¤¥ [L : K℄ = 2.� à ¡®â¥ [20℄ ¨á¯®«ì§®¢ «áï á«¥¤ãîé¨© à¥§ã«ìâ â:�¥®à¥¬  5. Ǒãáâì G = G(�, K) | £àã¯¯  �¥¢ ««¥, X, Y, Z | âà¨ ¤«¨ëå ª®à¥¢ëå¯®¤£àã¯¯ë. �®£¤  áãé¥áâ¢ã¥â ¯®¤á¨áâ¥¬  � ⊂ �, ï¢«ïîé ïáï áªàãç¨¢ ¨¥¬ ¯®¤á¨-áâ¥¬ë ª®à¥© á¨áâ¥¬ë â¨¯  D4 ¨ â ª®© u ∈ G(�, K), çâ®
〈X, Y, Z〉 ≤ uG(�, K)u−1.�á¥ ¢®§¬®�®áâ¨ ¤«ï � ¯¥à¥ç¨á«¥ë ¢ á«¥¤ãîé¥¬ á¯¨áª¥� = A1, A2, A3, B2, B3, D4, G2.29



�â  à¥¤ãªæ¨ï ¡ë«  ¤®ª §   ¢ [10℄, [11℄ ¤«ï ¨¤¨¢¨¤ã «ìëå ¤«¨ëå ¯®«ã¯à®áâëåª®à¥¢ëå í«¥¬¥â®¢,   ¯®â®¬ ¢ [22℄, [23℄, [38℄ ¢ ®ª®ç â¥«ì®© ä®à¬¥ ¤«ï ¤«¨ëå ª®à¥-¢ëå â®à®¢. � â¥å¨ç¥áª®© â®çª¨ §à¥¨ï à¥çì §¤¥áì ¨¤¥â ® ¡®à¥«¥¢áª¨å ®à¡¨â å £àã¯¯ë
B(� \ {αi}, K) ¢ ¥ª®â®àëå ¯à¥¤áâ ¢«¥¨ïå, £¤¥ αi | ¯à®áâ®© ª®à¥ì, á¢ï§ ë© á ¬ ª-á¨¬ «ìë¬ ª®à¥¬ ¢ à áè¨à¥®© ¤¨ £à ¬¬¥ �ëª¨ . �âã à¥¤ãªæ¨î ¢ ¡«¨§ª®© á¨âã- æ¨¨ ¥§ ¢¨á¨¬® ®âªàë« �¥à«¥ [75℄. �â®¨â ®â¬¥â¨âì â ª�¥ ª«îç¥¢ãî à®«ì £àã¯¯ â¨¯ 
D4 ¢ à ¡®â å �¢£¥¨ï � èª¨à®¢  [3℄, [4℄, [5℄, [49℄, [50℄, [51℄, ª®â®à ï, ª®¥ç®, ¤®«�  ¢ª®¥ç®¬ áç¥â¥ ®¡êïáïâìáï â¥¬¨ �¥ äã¤ ¬¥â «ìë¬¨ ¯à¨ç¨ ¬¨.�¥®à¥¬  5 ¯®§¢®«¨«  ¢ ¤ «ì¥©è¥¬ ®£à ¨ç¨âìáï à áá¬®âà¥¨¥¬ â®«ìª® £àã¯¯ë
SO(8, K). Ǒ®«®�¨¬, ¢ íâ®¬ ¨ á«¥¤ãîé¥¬ ¯ãªâ¥, çâ® G = SO(8, K),   V = K8. � ä¨ª-á¨àã¥¬ â ª�¥ ¡ §¨á �¨ââ  e1, e2, e3, e4, e−4, e−3, e−2, e−1, ¨ ¯ãáâì X, Y ¨ Z | âà¨ ª®à¥-¢ë¥ ¯®¤£àã¯¯ë, ¯à¨ç¥¬ X ¨ Y ¯à®â¨¢®¯®«®�ë. � ¯®¬¨¬, çâ®   V ¥áâì ¥¢ëà®�-¤¥ ï á¨¬¬¥âà¨ç ï ¡¨«¨¥© ï ä®à¬  B, ª®â®àãî á®åà ï¥â £àã¯¯  G; ¢ ¢ë¡à ®¬¡ §¨á¥ ®  ¨¬¥¥â ¢¨¤ B(u, v) = u1v−1 + · · ·+ u−1v1. �¥ªâ®à u  §ë¢ ¥âáï ¨§®âà®¯ë¬,¥á«¨ B(u, u) = 0; á®®â¢¥âáâ¢¥®, ¯®¤¯à®áâà áâ¢® U  §ë¢ ¥âáï ¢¯®«¥ ¨§®âà®¯ë¬,¥á«¨ «î¡®© ¢¥ªâ®à ¢ ¥¬ ¨§®âà®¯¥. � ª ª ª £àã¯¯  G âà §¨â¨¢® ¤¥©áâ¢ã¥â   ¯ -à å ¯à®â¨¢®¯®«®�ëå ª®à¥¢ëå ¯®¤£àã¯¯, â® ¥ â¥àïï ®¡é®áâ¨ ¬®�® áç¨â âì, çâ®
X = X1,−2, Y = X−2,1. � ª ¨§¢¥áâ®, ª®à¥¢ë¬ ¯®¤£àã¯¯ ¬ ¢ SO(2n,K) á®®â¢¥âáâ¢ã-îâ ¤¢ã¬¥àë¥ ¢¯®«¥ ¨§®âà®¯ë¥ ¯®¤¯à®áâà áâ¢ . Ǒãáâì U = Im(Z − E), ¨ (u, v) |¥ª®â®àë© ¡ §¨á U .� «¥¥, ¯ãáâì F | ®à¬ «¨§ â®à ¯®¤£àã¯¯ë 〈X, Y 〉. �á®, çâ®

F = SO(4, K)× SO(4, K)ï¢«ï¥âáï ¯àï¬ë¬ ¯à®¨§¢¥¤¥¨¥¬ ¤¢ãå íª§¥¬¯«ïà®¢ £àã¯¯ë SO(4, K), ¯¥à¢ë© ¨§ ª®â®-àëå ¤¥©áâ¢ã¥â   ¯®¤¯à®áâà áâ¢¥ V1 = 〈e1, e2, e−2, e−1〉,   ¢â®à®© {   ¤®¯®«¨â¥«ì®¬¯®¤¯à®áâà áâ¢¥ V2 = 〈e3, e4, e−4, e−3〉. Ǒ®ïâ® â ª�¥, çâ® V à áª« ¤ë¢ ¥âáï ¢ ®àâ®-£® «ìãî ¯àï¬ãî áã¬¬ã V1 ¨ V2.Ǒ®á«¥ íâ®£® ¬ë ãª §ë¢ «¨ ®à¡¨âë ã ¥ã«¥¢ëå ¨§®âà®¯ëå ¢¥ªâ®à®¢ ¯®¤ ¤¥©áâ¢¨¥¬
F :�¥¬¬  5.1. Ǒ®¤ ¤¥©áâ¢¨¥¬ F ª �¤ë© ¥ã«¥¢®© ¨§®âà®¯ë© ¢¥ªâ®à u ∈ V ¯à¨¢®-¤¨âáï ª ®¤®¬ã ¨§ á«¥¤ãîé¨å ¢¨¤®¢:

e1, e3, e1 + e3, e1 + e3 − ae−3 + ae−1,¤«ï ¥ª®â®à®£® a 6= 0.� «¥¥, ¢ à ¡®â¥ [20℄ ¤®ª §ë¢ «¨áì á«¥¤ãîé¨¥ 4 «¥¬¬ë.�¥¬¬  5.2. Ǒãáâì Z = XU , ¯à¨ç¥¬ U∩V1 6= ∅. �®£¤ , á â®ç®áâìî ¤® á®¯àï�¥®áâ¨í«¥¬¥â®¬ ¨§ F ¨ ¢ë¡®à  ¡ §¨á  U = 〈u, v〉, ¬®�® áç¨â âì, çâ®:(A) u = e1, v = e2,(B) u = e1, v = e−2,(C) u = e1, v = e3,(D) u = e1, v = e2 + e3,(E) u = e1, v = e−2 + e3,(F) u = e1, v = e2 + e3 − ae−3 + ae−2, ¤«ï ¥ª®â®à®£® a 6= 0.� ¬¥ç ¨¥. � á«ãç ¥ (F) ¢ à ¡®â¥ [20℄ ¡ë«  á¤¥«   ®¯¥ç âª .30



�¥¬¬  5.3. Ǒãáâì Z = XU , ¯à¨ç¥¬ U ∩ V1 = ∅, ® U ∩ V2 6= ∅. �®£¤  á â®ç®áâìî ¤®á®¯àï�¥®áâ¨ í«¥¬¥â®¬ ¨§ F ¨ ¢ë¡®à  ¡ §¨á  U = 〈u, v〉, ¬®�® áç¨â âì, çâ®:(G) u = e3, v = e4,(H) u = e3, v = e−4,(I) u = e3, v = e1 + e4,(J) u = e3, v = e1 + e−4,(K) u = e3, v = e1 + e4 − ae−4 + ae−1, ¤«ï ¥ª®â®à®£® a 6= 0.�¥¬¬  5.4. Ǒãáâì Z = XU , ¯à¨ç¥¬ U ∩ V1 = U ∩ V2 = ∅, ® U á®¤¥à�¨â ¢¥ªâ®à,¯à®¥ªæ¨ï ª®â®à®£® ¢ V1 ¨§®âà®¯ . �®£¤  á â®ç®áâìî ¤® á®¯àï�¥®áâ¨ í«¥¬¥â®¬¨§ F ¨ ¢ë¡®à  ¡ §¨á  U = 〈u, v〉, ¬®�® áç¨â âì, çâ®:(L) u = e1 + e3, v = e−1 − e−3,(M) u = e1 + e3, v = e2 + ae4, ¤«ï ¥ª®â®à®£® a 6= 0,(N) u = e1 + e3, v = e2 + ae−4, ¤«ï ¥ª®â®à®£® a 6= 0,(O) u = e1 + e3, v = e−2 + ae4, ¤«ï ¥ª®â®à®£® a 6= 0,(P) u = e1 + e3, v = e−2 + ae−4, ¤«ï ¥ª®â®à®£® a 6= 0,(Q) u = e1 + e3, v = e2 + be4 + ce−4 − bce−2, ¤«ï ¥ª®â®àëå b, c 6= 0.�¥¬¬  5.5. Ǒà¥¤¯®«®�¨¬, çâ® harK 6= 2. Ǒãáâì Z = XU , ¯à¨ç¥¬ U ¥ á®¤¥à�¨â¢¥ªâ®à®¢, ¯à®¥ªæ¨ï ª®â®àëå ¢ V1 ¨§®âà®¯ . �®£¤  á â®ç®áâìî ¤® á®¯àï�¥®áâ¨í«¥¬¥â®¬ ¨§ F ¨ ¢ë¡®à  ¡ §¨á  U = 〈u, v〉, ¬®�® áç¨â âì, çâ®(R) u = e1 + e3 − ae−3 + ae−1, v = e2 + be4 + ce−4 − bce−2, ¤«ï ¥ª®â®àëå a, b, c 6= 0â ª¨å, çâ® abc /∈ K2.Ǒ®á«¥ íâ®£®, ¢ à ¡®â¥ [20℄ ®â¬¥ç ¥âáï, çâ® ¢ á«ãç ïå (G) ¨ (H), (I) ¨ (J), (M) ¨ (N),(O) ¨ (P) ¯®«ãç îâáï £àã¯¯ë, ª®â®àë¥ ¥ â®«ìª® ¨§®¬®àäë, ® ¨ ¯¥à¥¢®¤ïâáï ®¤  ¢¤àã£ãî ¯®áà¥¤áâ¢®¬ ¢¥è¥£®  ¢â®¬®àä¨§¬  SO(8, K), å®âï ¨ ¥ á®¯àï�¥ë ¢ á ¬®©£àã¯¯¥. � ª®¥æ, ¢ ª®æ¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 4 ¢ëïáï¥âáï, ª ªãî £àã¯¯ã ¯®à®�-¤ îâ X, Y ¨ Z ¢ ª �¤®¬ á«ãç ¥. � ¨¬¥®, ¯®ª § ®, çâ® ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥¨§®¬®àä¨§¬ë.� á«ãç ¥ (A) £àã¯¯  H ¨§®¬®àä  SL(2, K).� á«ãç ¥ (B) £àã¯¯  H ¨§®¬®àä  SL(2, K)×K.� á«ãç ¥ (C) £àã¯¯  H ¨§®¬®àä  SL(2, K).K2.� á«ãç ¥ (D) £àã¯¯  H ¨§®¬®àä  SL(2, K).K2.� á«ãç ¥ (E) £àã¯¯  H ¨§®¬®àä  (SL(2, K).K2)×K.� á«ãç ¥ (F) £àã¯¯  H ¨§®¬®àä  SL(2, K).H1.� á«ãç ¥ (G) ∼ (H) £àã¯¯  H ¨§®¬®àä  SL(2, K)×K.� á«ãç ¥ (I) ∼ (J) £àã¯¯  H ¨§®¬®àä  (SL(2, K).K2)×K.� á«ãç ¥ (K) £àã¯¯  H ¨§®¬®àä  (SL(2, K).K4)×K.� á«ãç ¥ (L) £àã¯¯  H ¨§®¬®àä  SL(3, K).� á«ãç ¥ (M) ∼ (N) £àã¯¯  H ¨§®¬®àä  SL(2, K).H1.� á«ãç ¥ (O) ∼ (P) £àã¯¯  H ¨§®¬®àä  (SL(2, K).K4)×K.31



� á«ãç ¥ (Q) £àã¯¯  H ¨§®¬®àä  SL(2, K).H2.� á«ãç ¥ (R) £àã¯¯  H ¨§®¬®àä  SU(3, L), £¤¥ [L : K℄ = 2.�«ï ¯®«ãç¥¨ï ¨¢ à¨ â®£® £¥®¬¥âà¨ç¥áª®£® ®¯¨á ¨ï ¢ëè¥¯¥à¥ç¨á«¥ëå á«ã-ç ¥¢ ã�® ¥áª®«ìª® ¢¨¤®¨§¬¥¨âì ®¯¨á ¨¥ íâ¨å á«ãç ¥¢ ¢ «¥¬¬ å 5.2-5.5. Ǒà¥�¤¥¢á¥£®, ®â¬¥â¨¬, çâ® ¢ á«ãç ïå (A) ¨ (B) ¯®¤¯à®áâà áâ¢® U «¥�¨â ¢ V1, ¢ á«ãç ïå (C),(D), (E) ¨ (F) à §¬¥à®áâì ¨å ¯¥à¥á¥ç¥¨ï à ¢  1,   ¢ á«ãç ïå (G) ∼ (H), (I) ∼ (J), (K),(L), (M) ∼ (N), (O) ∼ (P), (Q) ¨ (R) ®¨ ¯¥à¥á¥ª îâáï â®«ìª® ¯® ã«î.� «¥¥, à áá¬®âà¨¬ ¯à®áâà áâ¢® U ′, ï¢«ïîé¥¥áï ¯à®¥ªæ¨¥© U   V1, ¨ ¯ãáâì U ′′ |¯®¤¯à®áâà áâ¢®, ¯®à®�¤¥®¥ ¢á¥¬¨ ¨§®âà®¯ë¬¨ ¢¥ªâ®à ¬¨ U ′. �®£¤ , ª ª ¥á«®�®¢¨¤¥âì, ¢ á«ãç ¥ (G) ∼ (H) dimU ′ = 0, ¢ á«ãç ïå (C), (I) ∼ (J) ¨ (K) ¯à®áâà áâ¢® U ′®¤®¬¥à®,   ¢® ¢á¥å ®áâ «ìëå á«ãç ïå | ¤¢ã¬¥à®. Ǒà¨ íâ®¬ ¢ á«ãç ïå (G) ∼ (H),(K) ¨ (R) ¯à®áâà áâ¢® U ′′ ï¢«ï¥âáï ã«¥¢ë¬, ¢ á«ãç ïå (C), (F), (I) ∼ (J) ¨ (Q) ®®®¤®¬¥à®,   ¢® ¢á¥å ®áâ «ìëå á«ãç ïå | ¤¢ã¬¥à®. �¢¥¤¥¬ ¯®«ãç¥ë¥ à¥§ã«ìâ âë¢ á«¥¤ãîéãî â ¡«¨æã. dim(U ∩ V1) dimU ′ dimU ′′(A) 2 2 2(B) 2 2 2(C) 1 1 1(D) 1 2 2(E) 1 2 2(F ) 1 2 1(G) ∼ (H) 0 0 0(I) ∼ (J) 0 1 1(K) 0 1 0(L) 0 2 2(M) ∼ (N) 0 2 2(O) ∼ (P ) 0 2 2(Q) 0 2 1(R) 0 2 0� ª¨¬ ®¡à §®¬,  ¬ ®áâ «®áì  ãç¨âìáï à §¤¥«ïâì ¯ àë á«ãç ¥¢ (A) ¨ (B), (D) ¨ (E),¨ âà®©ªã (L), (M) ∼ (N) ¨ (O) ∼ (P); ¢¯à®ç¥¬, ¢ á«ãç ¥ (L) ¢ ¯à®áâà áâ¢¥ U ′′ à®¢®¤¢ , á â®ç®áâìî ¤® ªà â®áâ¨, ¨§®âà®¯ëå ¢¥ªâ®à ,   ¢® ¢á¥å ®áâ «ìëå á«ãç ïå U ′′¢¯®«¥ ¨§®âà®¯®, â ª çâ® ¥£® ¬ë â ª�¥ ¬®�¥¬ ®â¤¥«¨âì. �«ï à §¤¥«¥¨ï ®áâ ¢è¨åáïá«ãç ¥¢ ¥®¡å®¤¨¬® ¯®á¬®âà¥âì   à á¯®«®�¥¨¥ U ′ = U ′′ (¢® ¢á¥å íâ¨å á«ãç ïå U ′ ¨ U ′′á®¢¯ ¤ îâ) ¢ V1. �¥«® ¢ â®¬, çâ®, ª ª ¥á«®�® ¢¨¤¥âì, ¢ V1 ¤¢ã¬¥àë¥ ¨§®âà®¯ë¥ ¯®¤-¯à®áâà áâ¢  ¯®¤ ¤¥©áâ¢¨¥¬ F ¨¬¥îâ à®¢® ¤¢¥ ®à¡¨âë: á®®â¢¥âáâ¢ãîé¨¥ ¥ª®â®àë¬ª®à¥¢ë¬ í«¥¬¥â ¬ ¨§ 〈X, Y 〉, ¨ ¥á®®â¢¥âáâ¢ãîé¨¥. � ¯à¨¬¥à, U ′ ¨§ á«ãç ¥¢ (A), (D)¨ (M) ∼ (N) ¯®¯ ¤ ¥â ¢ ¯¥à¢ãî ®à¡¨âã,   ¨§ á«ãç ¥¢ (B), (E) ¨ (O) ∼ (P) | ¢® ¢â®àãî.�«ï ¢ëïá¥¨ï â®£®, ¢ ª ªãî ¨¬¥® ®à¡¨âã ¯®¯ «® ¯à®áâà áâ¢® U ′ ¢  è¥¬ á«ãç ¥,¯à®é¥ ¢á¥£® ¯®á¬®âà¥âì   à §¬¥à®áâì ¯¥à¥á¥ç¥¨ï U ′ á VX = Im(X − E). �á«¨ U ′¯à¨ ¤«¥�¨â ¯¥à¢®© ®à¡¨â¥, â® íâ  à §¬¥à®áâì à ¢  0 ¨«¨ 2,   ¥á«¨ ¢â®à®©, â® 1. �â®¯®§¢®«ï¥â  ¬ ¯®«®áâìî ®¯¨á âì ª« áá¨ä¨ª æ¨î ¨§ à ¡®âë [20℄   ¨¢ à¨ â®¬ £¥®-¬¥âà¨ç¥áª®¬ ï§ëª¥. �â® ®¯¨á ¨¥, ®ç¥¢¨¤®, ¯à ªâ¨ç¥áª¨ ¡¥§ ¨§¬¥¥¨© ¯¥à¥®á¨âáï  á«ãç © £àã¯¯ë G = SO(2n,K).� ¬¥ç ¨¥. �â®¨â ¯®ïá¨âì, ¯®ç¥¬ã ¢ V1 ¤¢ã¬¥àë¥ ¨§®âà®¯ë¥ ¯®¤¯à®áâà áâ¢  ¯®¤¤¥©áâ¢¨¥¬ F ¨¬¥îâ à®¢® ¤¢¥ ®à¡¨âë. �¥«® ¢ â®¬, çâ® ¥ï¢® ¨á¯®«ì§ã¥¬®¥ ®â®¡à �¥-32



¨¥ 〈X, Y 〉 → 〈VX , VY 〉, £¤¥ X ¨ Y | ª®à¥¢ë¥ í«¥¬¥âë,   VX ¨ VY | á®®â¢¥âáâ¢ãîé¨¥¨¬ ¤¢ã¬¥àë¥ ¨§®âà®¯ë¥ ¯®¤¯à®áâà áâ¢ , ï¢«ï¥âáï ª®àà¥ªâ® ®¯à¥¤¥«¥ë¬, ® ¥®¤®§ çë¬. � ¨¬¥®, ¤«ï ¯à®¨§¢®«ì®© £àã¯¯ë 〈X, Y 〉 áãé¥áâ¢ã¥â ¥é¥ à®¢® ®¤ £àã¯¯  〈X ′, Y ′〉, â ª ï, çâ® 〈VX , VY 〉 = 〈VX′ , VY ′〉. � ç áâ®áâ¨, ¤«ï ¨â¥à¥áãîé¥£®  áá«ãç ï 〈X1,−2, X−2,1〉 áãé¥áâ¢ã¥â £àã¯¯  〈X1,2, X2,1〉, ª®â®à®© á®®â¢¥âáâ¢ã¥â â® �¥ á ¬®¥ç¥âëà¥å¬¥à®¥ ¯à®áâà áâ¢® V1. �®à¥¢ë¬ í«¥¬¥â ¬ ¨§ ¯¥à¢®© £àã¯¯ë á®®â¢¥âáâ¢ã-îâ ¤¢ã¬¥àë¥ ¨§®âà®¯ë¥ ¯®¤¯à®áâà áâ¢  ¢¨¤  〈αe1 + βe−2, αe2 − βe−1〉,   ª®à¥¢ë¬í«¥¬¥â ¬ ¨§ ¢â®à®© £àã¯¯ë | 〈αe1 + βe2, αe−2 − βe−1〉2. �à®©ª¨ ª®à¥¢ëå ¯®¤£àã¯¯ ¢ Gs(E6, K)� íâ®¬ ¯ãªâ¥ ã  á ®¯ïâì G = Gs(E6, K),   V | 27-¬¥à®¥ ¯à®áâà áâ¢®,   ª®â®à®¬¤¥©áâ¢ã¥â G (ª ª ®¯¨á ® ¢ §1). � «¥¥, ¯ãáâì X, Y ¨ Z | âà®©ª  ª®à¥¢ëå ¯®¤£àã¯¯ ¢
G, ¯à¨ç¥¬ X ¨ Y ¯à®â¨¢®¯®«®�ë. �®£« á® â¥®à¥¬¥ 5, áãé¥áâ¢ã¥â ¯®¤á¨áâ¥¬  � ⊂ E6â¨¯  D4 ¨ â ª®© u ∈ G, çâ® 〈X, Y, Z〉 ≤ uG(�, K)u−1. Ǒ®áª®«ìªã, ª ª ¨§¢¥áâ®, ¢á¥ â ª¨¥£àã¯¯ë G(�, K) á®¯àï�¥ë ¢ G ¬¥�¤ã á®¡®©, â® ¬®�® áç¨â âì, çâ® 〈X, Y, Z〉 ∈ G1 =
〈Xα2 , Xα3 , Xα4, Xα5〉. �â¬¥â¨¬, çâ® G1 ï¢«ï¥âáï á¯¨®à®© £àã¯¯®©. Ǒ®¤ ¤¥©áâ¢¨¥¬
G1 27-¬¥à®¥ ¯à®áâà áâ¢® V à á¯ ¤ ¥âáï   è¥áâì ¨¢ à¨ âëå ¯®¤¯à®áâà áâ¢: âà¨®¤®¬¥àëå,   ¨¬¥® 〈e1〉, 〈e11〉 ¨ 〈e27〉, ¨ âà¨ ¢®áì¬¨¬¥àëå,   ¨¬¥®

V 1 = 〈e2, e3, e4, e5, e7, e8, e9, e10〉,
V 2 = 〈e6, e12, e13, e14, e16, e17, e19, e22〉,
V 3 = 〈e15, e18, e20, e21, e23, e24, e25, e26〉.�¥©áâ¢¨¥ G1   ®¤®¬¥àëå ¯®¤¯à®áâà áâ¢ å â®�¤¥áâ¢¥®,     V 1, V 2 ¨ V 3 ®¡-à §ã¥â âà¨ å®à®è® ¨§¢¥áâëå ¢®áì¬¨¬¥àëå ¯à¥¤áâ ¢«¥¨ï á¯¨®à®© £àã¯¯ë | ¥áâ¥-áâ¢¥®¥ ¨ ¤¢  ¯®«ãá¯¨®àëå, ª®â®àë¥ ¯¥à¥¢®¤ïâáï ¤àã£ ¢ ¤àã£  ¢¥è¨¬¨  ¢â®¬®à-ä¨§¬ ¬¨. �â¨ ¯à¥¤áâ ¢«¥¨ï ¥ ï¢«ïîâáï â®çë¬¨, ¨å ï¤à  ¨§®¬®àäë Z/2Z. � ªâ®à

G1 ¯® ª �¤®¬ã ¨§ íâ¨å ï¤¥à ¥áâì £àã¯¯  SO(8, K); çâ®¡ë à §«¨ç âì ¥¥ ®¡à §ë, ¤¥©áâ¢ã-îé¨¥   V 1, V 2 ¨ V 3, ¡ã¤¥¬ ¨å ®¡®§ ç âì ç¥à¥§ SO(V 1), SO(V 2) ¨ SO(V 3). Ǒ®¤à®¡®® íâ¨å ¯à¥¤áâ ¢«¥¨ïå ¨ ¨å âà®©áâ¢¥®áâ¨  ¯¨á ®,  ¯à¨¬¥à, ¢ [77℄.�¥á«®�® ¢¨¤¥âì, çâ® âà¨«¨¥© ï ä®à¬  F   V ¯®à®�¤ ¥â ¡¨«¨¥©ãî ä®à¬ã f  V 1: f(x, y) = F (x, y, e27), £¤¥ x, y ∈ V 1;   «®£¨ç®, Q ¯®à®�¤ ¥â ª¢ ¤à â¨çãîä®à¬ã q: q(x) = Q(e27, x), £¤¥ x ∈ V 1. �«ï â®£®, çâ®¡ë íâ¨ ä®à¬ë ¢ â®ç®áâ¨ á®¢¯ «¨ áã�ë¬¨,  ¤® ¯à ¢¨«ì® ¢ë¡à âì ¡ §¨á ¯à®áâà áâ¢  V 1. � ¨¬¥®, ¯®«®�¨¬ e1 = e2,
e2 = e3, e3 = e4, e4 = e5, e−4 = −e7, e−3 = e8, e−2 = −e9 ¨ e−1 = e10, £¤¥ ei ¥áâì ¡ §¨áë¥¢¥ªâ®à , ¯à¨è¥¤è¨¥ ¨§ V ,   ei ®¡à §ãîâ ®¢ë© ¡ §¨á V1. � V 2 ¨ V 3 ¡ §¨áë ¢ë¡¨à îâáïá®¢¥àè¥®   «®£¨ç®. � ª¨¬ ®¡à §®¬, ¢ V i á¨£ã«ïàë¥ ¢¥ªâ®à  (®â®á¨â¥«ì® Q)á®¢¯ ¤ îâ á ¨§®âà®¯ë¬¨ (®â®á¨â¥«ì® q).�¥á¬®âàï   â®, çâ® ª �¤®¬ã í«¥¬¥âã ¨§ SO(V 1) á®®â¢¥âáâ¢ã¥â ¤¢  í«¥¬¥â  ¨§
G1, ª®à¥¢®© í«¥¬¥â ¨§ G1 «¥£ª® ¢®ááâ  ¢«¨¢ ¥âáï ¯® ¥£® ¯à®¥ªæ¨¨ ¢ SO(V 1). Ǒãáâì
Ei | â®�¤¥áâ¢¥®¥ ¤¥©áâ¢¨¥   V i. �®£¤  ª®à¥¢®© í«¥¬¥â g ∈ G1 § ¤ ¥âáï è¥áâ¨-¬¥àë¬ á¨£ã«ïàë¬ ¯®¤¯à®áâà áâ¢®¬ U = Im(g − E),   ¥£® ®£à ¨ç¥¨ï gi = g|V i¯à¨ 1 ≤ i ≤ 3 § ¤ îâáï, á®®â¢¥âáâ¢¥®, ¤¢ã¬¥àë¬¨ ¨§®âà®¯ë¬¨ ¯®¤¯à®áâà áâ¢ ¬¨
U i = Im(gi − Ei), ¯à¨ç¥¬ U = U1 ⊕ U2 ⊕ U3. Ǒà¨ íâ®¬ ¤«ï ¤ ®£® ¤¢ã¬¥à®£® ¨§®-âà®¯®£® ¯®¤¯à®áâà áâ¢  U1 ∈ V 1 áãé¥áâ¢ã¥â à®¢® ®¤® è¥áâ¨¬¥à®¥ á¨£ã«ïà®¥¯®¤¯à®áâà áâ¢® U , â ª®¥, çâ® U1 ∈ U ¨ dimU ∩ V 1 = dimU ∩ V 2 = dimU ∩ V 3 = 2.�á¥ ¢ëè¥áª § ®¥ ¯®§¢®«ï¥â  ¬ ¢®á¯®«ì§®¢ âìáï ¨§«®�¥ë¬¨ ¢ ¯à¥¤ë¤ãé¥¬¯ãªâ¥ à¥§ã«ìâ â ¬¨ à ¡®âë [20℄, â® ¥áâì, á¢¥áâ¨ ¨§ãç¥¨¥ âà®¥ª ª®à¥¢ëå ¯®¤£àã¯¯,33



¤¢¥ ¨§ ª®â®àëå ¯à®â¨¢®¯®«®�ë, ª ®¤®¬ã ¨§ 18 á«ãç ¥¢. Ǒà¨ íâ®¬ í«¥¬¥âë X1,−2¨ X−2,1 ¨§ ¯à¥¤ë¤ãé¥£® ¯ãªâ  ¯¥à¥©¤ãâ ¢ Xα ¨ X−α, £¤¥ α = 012101 ; ç¥âëà¥å¬¥à®¥¯®¤¯à®áâà áâ¢® V1 ¯¥à¥©¤¥â ¢ ¤¢¥ ¤æ â¨¬¥à®¥, ª®â®à®¥ ¬ë ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§
W : W = 〈e2, e3, e6, e9, e10, e12, e15, e18, e19, e22, e25, e26〉. Ǒ¥à¥ç¨á«¨¬, ¤«ï ª �¤®£® ¨§ 18á«ãç ¥¢, è¥áâ¨¬¥à®¥ á¨£ã«ïà®¥ ¯®¤¯à®áâà áâ¢® V Z . � ª �¤®¬ á«ãç ¥ ¯¥à¢ë¥ ¤¢ í«¥¬¥â  ¡ §¨á  «¥� â ¢ V 1, ¢â®àë¥ | ¢ V 2,   ¤¢  ¯®á«¥¤¨å | ¢ V 3.(A) V Z = 〈e2, e3, e6, e12, e15, e18〉;(B) V Z = 〈e2, e9, e13, e16, e20, e23〉;(C) V Z = 〈e2, e4, e6, e13, e15, e20〉;(D) V Z = 〈e2, e3 + e4, e6, e12 + e13, e15, e18 + e20〉;(E) V Z = 〈e2, e4 − e9, e6 + e16, e13, e15 + e23, e20〉;(F) V Z = 〈e2, e3 + e4 + ae8 + ae9, e6 − ae16, e12 + e13, e15 − ae23, e18 + e20〉;(G) V Z = 〈e4, e5, e6, e19, e20, e21〉;(H) V Z = 〈e4, e7, e13, e14, e15, e25〉;(I) V Z = 〈e2 + e5, e4, e6, e13 − e19, e15 + e21, e20〉;(J) V Z = 〈e2 − e7, e4, e6 − e14, e13, e15, e20 + e25〉;(K) V Z = 〈e2 + e5 + ae7 + ae10, e4, e6 + ae14, e13 − e19, e15 + e21, e20 − ae25〉;(L) V Z = 〈e2 + e4,−e8 + e10, e12 − e14, e16 + e19, e18 − e21, e23 + e25〉;(M) V Z = 〈e2 + e4, e3 + ae5, e6, e12 − e14 + ae16 + ae19, e15 − ae20, e18 − e21〉;(N) V Z = 〈e2 + e4, e3 − ae7, e6 + ae13, e12 − e14, e15, e18 − e21 − ae23 − ae25〉;(O) V Z = 〈e2 + e4, ae5 − e9, ae6 − e13, e16 + e19, ae18 − ae21 + e23 + e25, e20〉;(P) V Z = 〈e2 + e4, ae7 + e9, ae12 − ae14 − e16 − e19, e13, ae15 + e20, e23 + e25〉;(Q) V Z = 〈e2+ e4, e3+ be5− ce7+ bce9, e6+ ce13, e12− e14+ be16+ be19, e15− be20, e18− e21−
ce23 − ce25〉;(R) V Z = 〈e2+ e4−ae8+ ae10, e3+ be5− ce7+ bce9, e6+ ce13−ae17+ ace22, e12− e14+ be16+
be19, e15 − be20 − ae24 − abe26, e18 − e21 − ce23 − ce25〉.Ǒ®ïâ®, çâ® ªà®¬¥ íâ¨å á«ãç ¥¢, á¢ï§ ëå á ¯à¥¤áâ ¢«¥¨¥¬ £àã¯¯ë G1 ¢ V 1, ¬®�-® â ª�¥ à áá¬ âà¨¢ âì á«ãç ¨, á¢ï§ ë¥ á ¯à¥¤áâ ¢«¥¨ï¬¨ ¢ V 2 ¨ V 3. � áâ® íâ¨á«ãç ¨ á®¢¯ ¤ îâ, ®¤ ª® ¨®£¤  ®¨ ®ª §ë¢ îâáï à §«¨çë¬¨. �â¬¥â¨¬ â ª�¥, çâ®£àã¯¯ë 〈X, Y, Z〉 ¢ íâ¨å á«ãç ïå ¤®«�ë ¡ëâì ®¤¨ ª®¢ë; ¡®«¥¥ â®£®, á £¥®¬¥âà¨ç¥áª®©â®çª¨ §à¥¨ï íâ¨ á«ãç ¨ â ª�¥ ¡ã¤ãâ ¥à §«¨ç¨¬ë. �â® ¯®§¢®«ï¥â  ¬ ®¡ê¥¤¨ïâì â -ª¨¥ âà®©ª¨ á«ãç ¥¢. � ª¨¬ ®¡à §®¬, ¬ë, ¨§ 18 á«ãç ¥¢, ¯®«ãç ¥¬ ¢á¥£® 10: (A), (B) ∼(G) ∼ (H), (C), (D), (E) ∼ (I) ∼ (J), (F) ∼ (M) ∼ (N), (K) ∼ (O) ∼ (P), (L), (Q), (R).� å®�¤¥¨¥ ¨¢ à¨ â®£® £¥®¬¥âà¨ç¥áª®£® ®¯¨á ¨ï íâ¨å á«ãç ¥¢  ç¥¬, ª ª ¨ ¢¯à¥¤ë¤ãé¥¬ ¯ãªâ¥, á  å®�¤¥¨ï à §¬¥à®áâ¨ ¯¥à¥á¥ç¥¨ï W ∩ V Z . �ë ¯®«ãç ¥¬,çâ® ¢ á«ãç ¥ (A) ¯à®áâà áâ¢® V Z «¥�¨â ¢ W , ¢ á«ãç ¥ (B) ∼ (G) ∼ (H) ¯à®áâà áâ¢®

W ∩ V Z ®ª §ë¢ ¥âáï ¤¢ã¬¥àë¬, ¢ á«ãç ïå (C) ¨ (D) | âà¥å¬¥àë¬, ¢ á«ãç ïå (E) ∼(I) ∼ (J) ¨ (F) ∼ (M) ∼ (N) | ®¤®¬¥àë¬,   ¢ á«ãç ïå (K) ∼ (O) ∼ (P), (L), (Q) ¨ (R)¯à®áâà áâ¢  W ¨ V Z ¯¥à¥á¥ª îâáï â®«ìª® ¯® 0.� V , ª á®� «¥¨î, ¥â ¥áâ¥áâ¢¥® ®¯à¥¤¥«¥®© ¯à®¥ªæ¨¨   ¯à®¨§¢®«ì®¥ ¯®¤¯à®-áâà áâ¢®. �ª §ë¢ ¥âáï, ®¤ ª®, çâ® ¤«ï ¯à®áâà áâ¢  W ¬®�®,   £¥®¬¥âà¨ç¥áª®¬ï§ëª¥, ®¯à¥¤¥«¨âì "áâ ¤ àâ®¥" ¤®¯®«¨â¥«ì®¥ ¯®¤¯à®áâà áâ¢® (â® ¥áâì, ¥£® ¢ë¡®à¥ á¢ï§  á ¢ë¡®à®¬ ¡ §¨á ) ¨, á«¥¤®¢ â¥«ì®, ¯à®¥ªæ¨î ¯à®¨§¢®«ì®£® ¯®¤¯à®áâà -áâ¢    W . Ǒà¥�¤¥ ç¥¬ ¯¥à¥å®¤¨âì ª íâ®¬ã ®¯à¥¤¥«¥¨î, ã�® ¯®ª § âì ¥áª®«ìª®¥á«®�ëå ä ªâ®¢.�â¢¥à�¤¥¨¥ 13. Ǒãáâì u | á¨£ã«ïàë© ¢¥ªâ®à ¢ V ,   ρ ∈ � | ¥ª®â®àë© ¢¥á.34



Ǒà¥¤¯®«®�¨¬, çâ® uρ 6= 0,   uσ = 0 ¤«ï ¢á¥å ¢¥á®¢ σ, ¡«¨§ª¨å ª ρ. �®£¤  u = uρe
ρ.�®ª § â¥«ìáâ¢®. Ǒà¥¤¯®«®�¨¬, çâ® uσ 6= 0 ¤«ï ¥ª®â®à®£® ¢¥á  σ, ¤ «¥ª®£® ®â ρ. �®£¤ ¯ãáâì τ | ¢¥á, ¤ «¥ª¨© ®â ρ ¨ σ. Ǒ®áª®«ìªã u á¨£ã«ïà¥, â® Q(eτ , u) = 0. � ¤àã£®©áâ®à®ë, ¯® ®¯à¥¤¥«¥¨î Q, íâ® à ¢® ∑

±uφuψ, £¤¥ áã¬¬  ¡¥à¥âáï ¯® ¢á¥¬ ¯ à ¬
{φ, ψ}, ®¡à §ãîé¨¬ ¢¬¥áâ¥ á τ âà¨ ¤ã. Ǒ® ¢ë¡®àã u ¨ ¯ãªâ ¬ (1) ¨ (2) ãâ¢¥à�¤¥¨ï 5¯®«ãç ¥¬, çâ® íâ  áã¬¬  à ¢  ±uρuσ, ®âªã¤  uσ = 0 | ¯à®â¨¢®à¥ç¨¥.�¡®§ ç¨¬ ç¥à¥§ Wk ¯à®áâà áâ¢  〈eφ;φ ∈ Ik〉 ¯à¨ 1 ≤ k ≤ 3.� ¬¥ç ¨¥. � §2 â ª¨¥ ¯à®áâà áâ¢   §ë¢ «¨áì Vk, ® ¢ íâ®¬ ¯ à £à ä¥, çâ®¡ë ¨§¡¥-� âì  ª« ¤®ª, ¬ë ¥áª®«ìª® ¨§¬¥¨«¨ íâ® ®¡®§ ç¥¨¥.�¥¬¬  5.6. �á¥ ¥ã«¥¢ë¥ á¨£ã«ïàë¥ ¢¥ªâ®à  ¨§ W2 ®¡à §ãîâ, ¯®¤ ¤¥©áâ¢¨¥¬ ¯®¤-£àã¯¯ë �¥¢¨ L, ®¤ã ®à¡¨âã.�®ª § â¥«ìáâ¢®. �â¬¥â¨¬, ¯à¥�¤¥ ¢á¥£®, çâ® ¢á¥ ¡ §¨áë¥ ¢¥ªâ®à  ei ¯à¨ i ∈ I2 «¥� â¢ ®¤®© ®à¡¨â¥, ¯®áª®«ìªã ¯®á«¥ ¢ë¡à áë¢ ¨ï ¢â®à®£® ª®àï ¨§ ¤¨ £à ¬¬ë �ëª¨ ¢¥á  ¨§ I2 ®ª §ë¢ îâáï ¢ ®¤®© ª®¬¯®¥â¥ á¢ï§®áâ¨. � «¥¥, ¥á«¨ i, j ∈ I2 ¨ i− j ∈ ±�,â®, ã¬®� ï ej   xj−i(− 1

a
)xi−j(a), ¯®«ãç ¥¬, çâ® ¢¥ªâ®à  aei ¤«ï «î¡®£® i ∈ I2 ¨ ¢á¥å¥ã«¥¢ëå a ∈ K «¥� â ¢ â®© �¥ á ¬®© ®à¡¨â¥.Ǒãáâì v | ¯à®¨§¢®«ìë© á¨£ã«ïàë© ¢¥ªâ®à ¨§ W2,   i ∈ I2 | â ª®© ¢¥á, çâ® vi 6= 0.�®áâ â®ç® ¯®ª § âì, çâ® ¬®�® ¯®¤®¡à âì â ª®© í«¥¬¥â g ∈ L, çâ® gv ¨¬¥¥â ¥ã«¥¢®©ª®íää¨æ¨¥â ¯à¨ ¢¥á¥ i ¨ ã«¥¢ë¥ ª®íää¨æ¨¥âë ¯à¨ ¢á¥å ¢¥á å, ¡«¨§ª¨å ª i; â®£¤ ¨§ ãâ¢¥à�¤¥¨ï 13 á«¥¤ã¥â âà¥¡ã¥¬®¥. Ǒãáâì j ∈ I2 | ¢¥á, ¡«¨§ª¨© ª i, ¨ â ª®©, çâ®

vj 6= 0. �¬®�¨¬ v   xj−i(−cijvj

vi
); ¯®á«¥ íâ®£® ª®íää¨æ¨¥â vj áâ ¥â à ¢ë¬ 0. Ǒà¨íâ®¬, ¯® ãâ¢¥à�¤¥¨î 2 ¨ á«¥¤áâ¢¨î ¨§ ¥£®, vi ¨ ¢á¥ vk, â ª¨¥, çâ® d(k, i) = 1 ¨ k 6= j,¥ ¨§¬¥ïâáï. Ǒ®¢â®àïï íâã ®¯¥à æ¨î ¤«ï ¢á¥å ¢¥á®¢ j ∈ I2, ¡«¨§ª¨å ª i, ¯®«ãç ¥¬âà¥¡ã¥¬®¥.�§ íâ®© «¥¬¬ë, ¨á¯®«ì§ãï «¥¬¬ã 2.2, «¥£ª® ¢ë¢®¤¨âáï ¤¢  á«¥¤áâ¢¨ï:�«¥¤áâ¢¨¥ 1.(1) �á¥ ¢¥ªâ®à  ¨§ W1 ï¢«ïîâáï á¨£ã«ïàë¬¨ ¨ ¡«¨§ª¨¬¨ ¤àã£ ª ¤àã£ã.(2) �«ï «î¡®£® á¨£ã«ïà®£® ¢¥ªâ®à  v ∈W1⊕W2, ¥ «¥� é¥£® ¢ W1, á¨£ã«ïàë¥¢¥ªâ®à  ¨§ W1, ¡«¨§ª¨¥ ª ¥¬ã, ®¡à §ãîâ ç¥âëà¥å¬¥à®¥ ¯®¤¯à®áâà áâ¢®.(3) �«ï «î¡®£® á¨£ã«ïà®£® ¢¥ªâ®à  v /∈ W1 ⊕ W2 á¨£ã«ïàë¥ ¢¥ªâ®à  ¨§ W1,¡«¨§ª¨¥ ª ¥¬ã, ®¡à §ãîâ ®¤®¬¥à®¥ ¯®¤¯à®áâà áâ¢®.�«¥¤áâ¢¨¥ 2. Ǒãáâì W = 〈V X , V Y 〉, £¤¥ X ¨ Y | ¤¢¥ ¯à®â¨¢®¯®«®�ë¥ ¯®¤£àã¯¯ë.�¡®§ ç¨¬ ç¥à¥§ 
 ¬®�¥áâ¢® á¨£ã«ïàëå ¢¥ªâ®à®¢ v ∈ V , ¤«ï ª®â®àëå á¨£ã«ïà-ë¥ ¢¥ªâ®à  ¢W , ¡«¨§ª¨¥ ª v, ¯®à®�¤ îâ ¢®áì¬¨¬¥à®¥ ¯®¤¯à®áâà áâ¢®. �®£¤  ¬®-�¥áâ¢® 
 ¯®à®�¤ ¥â ¯ïâ ¤æ â¨¬¥à®¥ ¯®¤¯à®áâà áâ¢® W , ¨ «î¡®© á¨£ã«ïàë©¢¥ªâ®à ¨§ W «¥�¨â ¢ 
. Ǒà¨ íâ®¬ «î¡®© ¢¥ªâ®à ¨§ V ®¤®§ ç® à áª« ¤ë¢ ¥âáï ¢áã¬¬ã ¢¥ªâ®à  ¨§ W ¨ ¢¥ªâ®à  ¨§ W .� ¬¥ç ¨¥ 1. �®�® à áè¨à¨âì ¯®ïâ¨¥ ¡«¨§ª¨å ¢¥ªâ®à®¢, £®¢®àï, çâ® ¢¥ªâ®à  u ¨ v¡«¨§ª¨, ¥á«¨ F (au, bv, z) = 0 ¤«ï ¢á¥å a, b ∈ K ¨ z ∈ V . �®£¤ W á®áâ®¨â ¨§ ¢á¥å ¢¥ªâ®à®¢

v ∈ V , ¤«ï ª®â®àëå ¢¥ªâ®à  ¢W , ¡«¨§ª¨¥ ª v, ®¡à §ãîâ ¢®áì¬¨¬¥à®¥ ¯®¤¯à®áâà áâ¢®.� ¬¥ç ¨¥ 2. � ª�¥ ¨â¥à¥á¥ ¢®¯à®á, ª ª®¢  ¬®�¥â ¡ëâì à §¬¥à®áâì ¯à®áâà áâ¢ ,¯®à®�¤¥®£® á¨£ã«ïàë¬¨ ¢¥ªâ®à ¬¨ ¨§ W , ¡«¨§ª¨¬¨ ª ¥ª®â®à®¬ã ¢¥ªâ®àã v ∈ V .35



�§ «¥¬¬ë 5.6 ¥âàã¤® ¢ë¢¥áâ¨, çâ® íâ  à §¬¥à®áâì ¡ë¢ ¥â à ¢  2, 5, 7 ¨«¨ 8. �áª®¬®¥¨¢ à¨ â®¥ ®¯¨á ¨¥ ¢®§¬®�ëå á«ãç ¥¢ ¬®�® ¤ âì ¨   íâ®¬ ï§ëª¥, ¯®áª®«ìªã  -¡®à á®®â¢¥âáâ¢ãîé¨å à §¬¥à®áâ¥© ¢ à §ëå á«ãç ïå ®ª §ë¢ ¥âáï à §«¨çë¬. �¤ ª® ¢â®àã ¯®ª § «®áì, çâ® ¤ ¢ ¥¬®¥ çãâì ¨�¥ ®¯¨á ¨¥ ¥áª®«ìª® ¯à®é¥.�«¥¤áâ¢¨¥ 2 ¯®§¢®«ï¥â  ¬ £®¢®à¨âì ® ¯à®¥ªæ¨¨ ¯à®¨§¢®«ìëå ¢¥ªâ®à®¢  W (¯ à «-«¥«ì®W ). ǑãáâìW ′ | ¯à®¥ªæ¨ï ¯à®áâà áâ¢  V Z  W ; ¯®á¬®âà¨¬   ¥¥ à §¬¥à®áâì¢ ª �¤®¬ ¨§ 10 á«ãç ¥¢. � á«ãç ïå (A), (D), (F) ∼ (M) ∼ (N), (L), (Q) ¨ (R) ®  à ¢  6,¢ (B) ∼ (G) ∼ (H) | 2, ¢ (�) | 3, ¢ (E) ∼ (I) ∼ (J) | 4, ¢ (K) ∼ (O) ∼ (P) | 5. � ª®¥æ,ª ª ¨ ¢ ¯ãªâ¥ 1, ¯®á¬®âà¨¬, ¢ ª �¤®¬ á«ãç ¥,   à §¬¥à®áâì ¯®¤¯à®áâà áâ¢  W ′′,¯®à®�¤¥®£® ¢á¥¬¨ á¨£ã«ïàë¬¨ ¢¥ªâ®à ¬¨ ¨§ W ′. � á«ãç ¥ (A), (D) ¨ (L) ®  à ¢ 6, ¢ (B) ∼ (G) ∼ (H) | 2, ¢ (C) ¨ (Q) | 3, ¢ (E) ∼ (I) ∼ (J) ¨ (K) ∼ (O) ∼ (P) | 4, ¢(F) ∼ (M) ∼ (N) | 5, ¢ (R) | 0. �¢¥¤¥¬ ¯®«ãç¥ë¥ à¥§ã«ìâ âë ¢ â ¡«¨æã:dim(V Z ∩W ) dimW ′ dimW ′′ 〈X, Y, Z〉(A) 6 6 6 SL(2, K)(B) ∼ (G) ∼ (H) 2 2 2 SL(2, K)×K(C) 3 3 3 SL(2, K).K2(D) 3 6 6 SL(2, K).K2(E) ∼ (I) ∼ (J) 1 4 4 (SL(2, K).K2)×K(F ) ∼ (M) ∼ (N) 1 6 5 SL(2, K).H1(K) ∼ (O) ∼ (P ) 0 5 4 (SL(2, K).K4)×K(L) 0 6 6 SL(3, K)(Q) 0 6 3 SL(2, K).H2(R) 0 6 0 SU(3, L), [L : K℄ = 2� ¬¥ç ¨¥. �¥á«®�® ¢¨¤¥âì, çâ® ¢ ®â«¨ç¨¨ ®â ¯¥à¢®£® ¯ãªâ , ¯®¤¯à®áâà áâ¢® W =
〈V X , V Y 〉 ®¤®§ ç® ®¯à¥¤¥«ï¥â ¯®¤£àã¯¯ã 〈X, Y 〉.�à ¢¨¢ ï à¥§ã«ìâ âë ¯¥à¢®£® ¨ ¢â®à®£® ¯ãªâ , ¬®�® ®â¬¥â¨âì, çâ® á £¥®¬¥âà¨-ç¥áª®© â®çª¨ §à¥¨ï ª« áá¨ä¨ª æ¨ï ¯®¤£àã¯¯ ¢ E6, ¯®à®�¤¥ëå âà¥¬ï ª®à¥¢ë¬¨¯®¤£àã¯¯ ¬¨, ¤¢¥ ¨§ ª®â®àëå ¯à®â¨¢®¯®«®�ë, ®ª §ë¢ ¥âáï ¯à®é¥, ç¥¬ ¢ D4 | ¢ ¥©¬¥ìè¥ à §«¨çëå á«ãç ¥¢, ¨ ®¨ ¡®«ìè¥ à §«¨ç îâáï. � ¢ëç¨á«¨â¥«ì®© â®çª¨ §à¥-¨ï, à §ã¬¥¥âáï, á¨âã æ¨ï ¡ã¤¥â ¯àï¬® ¯à®â¨¢®¯®«®� ï | ¢ D4 ª®ªà¥âë¥ à áç¥âë¡ã¤ãâ áãé¥áâ¢¥® ¯à®é¥.
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