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I'eomeTpusi KOpHEBBIX 3JIEMEHTOB B IPYHIIax TUMA Fg

H. M. IleB3Hep

Cankr-IlerepOyprekuit TOCYIapCTBEHHBIN YHUBEPCUTET
MareMaTuKO-MeXaHnIecKnii (hpakyIbTeT

AusoTarusa

[Iyctes G — omuaocBsizrast rpymma [[lepasute Tuna Fg max npousBoiababiM moem K. B pa-
DoTe paccMaTPUBAIOTCS KOPHEBBIE 3JI€MEHTHI B rpyiiie (G B MUHUMAJbHOM 27-MEPHOM TIPE/I-
craBieHuu. MbI JOKa3bIBaeM, 9TO CYIIECTBYeT €CTeCTBEHHAsS OMEKITHS MEK]Iy MHOXKECTBOM
KOPHEBBIX TMOATPYII U MHOXKECTBOM TMECTUMEPHBIX CHHTYJIIPHBIX MOAIPOCTPAHCTB, COTJIACO-
BaHHAs C jJeiicTBueM Ha 0060mx MHOXKecTBax rpymnmnbl (. B pabore moka3zaHo, Kak 10 B3anM-
HOMY PACIOJIOKEHUIO JBYX MIECTUMEPHBIX CHHTYJISAPHBIX TOJITPOCTPAHCTB ONPEIEJUTDH YyToJI
MEZKJTy COOTBETCTBYIONUMH KOPHEBBIME TOArpynmamMu. TakKe MbI OMUCHIBaAEM, KaK OIpe/Te-
UTh, Kakyio rpymny B SO(2n, K) wim B G TOPOXKIAIOT TPU KOPHEBBIE TOArPYIIIbI, JIBE U3
KOTOPBIX MTPOTUBOMOJIOXKHDBI, IT0 B3aUMHOMY PACIOJIOKEHUI0 COOTBETCTBYIOMIUX JIBYMEDHBIX
U30TPOMHBIX WJIM IMECTUMEPHBIX CHHTYJISPHBIX MOAITPOCTPAHCTB.

Hacrosmas paboTa BBIIIOJHEHa B paMKax coBMmecTHOro npoekta DAAD u Munmucrepcrsa ob6pa3oBaHms

Poccun «Mwuxann JlomonocoBs, a Takske nmpoekta INTAS 03-51-3251.



BBenenue

[Iycts G = Gy (FEg, K), a V — MUHUMAJBHBIA 27-MEPHBIil MOJIYJIb, Ha KOTOPOM JIeHCTBYET
G. HecmoxHuO BUIETH, 9TO JJIst JIIOOOTO HEEIWHUIHOTO KOPHEBOTO 3jieMeHTa g € G TOAIpPO-
crparctBo Im(g — E) siBasiercst ectuMepHbiM. [Ipn 5TOM 371eMeHTaM W3 OJ[HOW KOPHEBO
IO PYIITHI COOTBETCTBYET OJTHO W TOXKe IMeCTUMEPHOe IOIITPOCTPAHCTBO, a dJIeMeHTaM U3 pa3-
HBIX KOPHEBBIX MMOATIPYI — Pa3HbIe MOAMTPOCTPAHCTBA. IJTO MO3BOIIET TOCTPOUTH HHHEKITHIO
U3 MHOYXKECTBA, KOPHEBBIX IMMOJIIPYIIT B MHOXKECTBO TIECTUMEPHBIX IMOJITPOCTPAHCTB, COTJIACO-
BaHHYIO C jeiicTBuem rpymmbl G, rye moj jeiictBrueM (G Ha MHOXKECTBE KOPHEBBIX TOATPYIIIT
moHUMaeTcs compsikenre. OCHOBHO pe3y/ibTaT HACTOSIIEH paboThl — MO0KA3ATETHCTBO TOTO,
9TO 00pa3 MHOXKECTBA KOPHEBBIX 3JIEMEHTOB IO JIeCTBUEM 3TON MHBHEKITUU COBIIAIAET C MHO-
»KeCTBOM IMEeCTUMEPHBIX CHHTYJIAPHBIX MOAIPOCTPAHCTB. ToUHee, HAMU JTIOKA3aHA CJIETYIOTIAd
Teopema:

Teopema. Ilycmv n = 1,2,3,4 uau 6, {u*}* , — nexomopwvie curysapHvle 6EKMOPaA, NO-
g Ly Iy ) =1 ’
pootcdaruLue N-MepHoe CuHysaproe nodnpocmpancmso. Jlai npoussoisvroz2o nabopa cum2y-
aapror exmopos {v' 1, noposcdarousux N-MEPHOE CUHZYAAPHOE noonpoCMparcmeo, ciy-
wecmsyem mampuya g € Gy (Eg, K), makas, wmo u' = gv* npu i < n,5. Ecau n = 6, mo

u® = agv®, 2de a € K*.

N3 3T0if TeOpeMBI JIETKO CJIe/IyeT, YTO BBINMIEONUCAHHOE OTOOPaXKeHne 3 MHOXKeCTBA KOp-
HEBBIX TOJITPYIIT B MHOXKECTBO MIECTUMEPHBIX CHHTYJISPHBIX TOJIMPOCTPAHCTB ABJIETCT OU-
E€KINEen.

B crarpe H. A. BaBusnosa u aBropa [20] mepeducienbl Bce IPYIIIbI, TTOPOXKJIEHHBIE TPEMsI
KOPHEBBIMH TOJATPYIIAMU B MIPOU3BOJIHHOM omHOCBA3HOM Tpynme [lleBaste wam mosem, aBe
13 KOTOPBIX MPOTUBOIMOJOXKHBI. B HacTodmieit pabore MBI OMUCHIBAEM, HA T€OMETPUIECKOM
sI3bIKe, Kak 1Mo TpeM KopHesbiM moarpymmam B SO(2n, K) u Gy (Eg, K), aBe u3 KOTOPHIX
MTPOTUBOTIOJIOYKHBI, TTOHATH, KAKYI0 TPYIIY OHUA MTOPOXKIAOT.

Hamomaum ocHoBHBIE Bexu B m3ydenun reomerpuu rpymm [Tlesasre.

EnBa mogBuBmmucs, Teopus rpymni JIn 3ang1a 0HO U3 BayKHEUITAX MECT B TEOMETPHUU: TeO0-
MeTpHUd JIAHHOTO MPOCTPAHCTBA OMpPeedeTcsd, B OOJIbINOi cTeneHn, IPyNIoil ero aBToMop-
GU3MOB U ee TOATPYIIIAMU, OCTABJISIIONIAMHU HEKOTOPhIE KOH(MUTYPAIUA TOYEK HEMOIBUK-
HBIMY WU (PUKCAPYIOMUMHA WX MOTOYETHO. ODTO TMO3BOJISET, BO MHOTUX CJIy9asiX, CBOJIUTH
BOIIPOCHI O T€OMETPHUHU MPOCTPAHCTBA K BOMPOCAM O CTPYKTYPE COOTBETCTBYIOIIEH T'DYIIIHI
n HaobopoT. KiaccmueckuM mpuMepoM TaKOrO COOTBETCTBUS SABJISIOTCA MPOEKTUBHOE TTPO-
CTPAHCTBO W MPOEKTUBHAS JiMHeitHas rpymmna. [lo3nHee moxoxkue reoMeTpun OBLIN HANIEHBI
JUIST CUMILIEKTHYEeCKAX W OPTOTOHAJBHBIX TPymIl. leoMerputdeckasi TOYKA 3PDEHUST HA ITH U
MHOTHE JPyTHe MPOCTPAHCTBA MOPOOHO M3JI0KeHa B KHure [37].

CBg3b MeXKTy ITUMHU TeOMETPUIMHA U TapadoJMIecKuMu oarpynmnamu mozsosmia 2K. Tur-
cy B 1953 roy BBeCTH TOJIOOHBIE TEOMETPUN JIJI UCKJTIOUUTEIBHBIX rpymir. V3 ero paboT BbI-
pocJia aKTHBHO Pa3BUBAIOIIAsICSI HbIHE Teopusi ousamaros (=6uimmaros Twurca, reomerpuii
Turca, cucrem Turca), BepBble cucreMaTnveckn nssoxkennas B padore [90]. Teopust 6ui-
JITHTOB y¥Ke JIABHO BBINLIA 38 PAMKHU COOCTBEHHO TEOPHUH AJTeOpPAmIecKUX T'PYII U AKTUBHO
HCIIOJIb3YeTCd B TeOMETpHH, Teopur rpadoB 1 Teopun Koromosioruit. Teopueit OMIIMHTOB 3a-
HAMAJINCh, B TOW WJIM WHOU Mepe, MHOYKECTBO TaJaHTINBBIX MaremarukoB: Twurc, K. Bpayn,
M. Ponan, A. Kosn, B. Kynepcreitn, [1. Abpamenko, X. Ban MaJiberem n MuOTHE ApyTHE.

OHUM W3 caMbIX BajyKHBIX W, OJHOBPEMEHHO, CAMBIX MPOCTHIX 00bekTOB B rpymmax [1le-
BaJlJIe SIBJISIOTCS JITUHHBIE KOPHEBBIE MOATrpynnbl. llpm 3ToMm, ommako, mcciiemoBanue ~ B3a-
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UMHOTO PACIOJIOXKEHUT , B TOM WJIA WHOM CMBICJIEe, HECKOJbKUX JIMHHBIX KOPHEBBIX MOJI-
TPYII — YPE3BBIYANHO CJIOYKHAS W WHTEPEeCHAs 3a]1a9a, KOTOPOil 3aHUMAJIOCh W MPOJIOJIZKAET
3aHUMATHCSI MHOYKECTBO MaTeMaTHKoB. Haj 3TuMu BompocaMu, a TaKKe TeCHO CBI3aHHBIMU
C HAMW BOIPOCAMY OIMCAHWS TOJTPYIII, TTOPOXKIEHHBIX KOPHEBBIMU JJIEMEHTAMU, PadoTaIn
Takne BbIJafoImecss macrepa, kak J>xx. Makmadaun, A. Barmep, M. Ambaxep, I'. 3eiir,
VY. Kanrop, Kynepcreiin, A. E. 3anecckuit u MHOTHE JApyrue, cM., B uacTHOCTH, [9], [27], [48],
[52], [53], [58], [59], [60], [61], [62], [70], [72], [95] u mambHeiimume cepinkru B [12], [25], [26], [28],
[71]. B cepemmne 1990-x romos JIubek u 3elTI| MPeUIOKMIN 3aMeIaTEIHHO MTPOCTHIE JIOKa-
3aTeJIbCTBA W 0DODIIEHNST PE3y/IHTATOB O TOPOXKIEHUN KOPHEBBIMU 3JIEMEHTAMU B KOHTEKCTE
reopun ajrebpandeckux rpyni [73]. C apyroit ¢TOpOHBI, UPE3BBIYANHO TIyGOKYI TEOPHIO
abCcTPaKTHBIX KOPHEBBIX MTOATPYII pa3BUI B cBouxX paborax @. Tummecdeabt n ero yIeHnKu
— A. IIraitnbax, X. Kroiinepc u apyrue, cm. [63], [64], [65], [66], [78], [79], [80], [81], [82],
[83], [84], [85], [86], [87], [88], [89]. Heobxommmo Takke yHOMSIHYTH 3aMedaTesbHbIe PAbOTHI
E. JI. Bamkuposa [1], [2], [3], [4], [5], [49], [50], [51] 0 aHasOrEIHBIX BOIIPOCAX HAJ| TEJIAMH.

Korpma aBTop 3amuTepecoBasics BOIPOCOM O TOM, 9TO TOPOXKIAIOT TPU KOPHEBBIE MOATPYTI-
bl B Ggc(Eg, K), 0Ka3aj10Ch, OJJHAKO, YTO HAUTH HA HETO OTBET B JIUTEPATYDPE OUEHb HEMpO-
cro. C ofHON CTOPOHBI, HAJ KOHEWHULMU TTOJISMA STOT pe3yabrar chopmynuposaH B [60] u,
HO-BUMMOMY, JleficTBuTeIbHO careyer u3 pabor Kymepcereitna [58], [59], [60], [61] n [62], ox-
HAaKO OH, BO-TIEPBBIX, Pa30POCAH TaM Ha HECKOJIHKO JEeCATKOB CTPAHUII, a BO-BTOPBIX, HE MOYKET
OBITH 0000ITIeH Ha cjaydail Tpou3BOJbHOTO mojsgd. C JIpyroit CTOPpOHBI, OTBET HA HHTEPECYIO-
Uit HAC BOMPOC, 0€3 COMHEHUs, COJIEPXKUTCA rje-To B paborax Tummecdenbia, ogHako, K
COXKAJIEHWIO, B 3TUX paboTax JOKA3bIBAIOTCA ropas3io 0osiee odIue pe3ysibTaThl, YeM HaM HY K-
vo. [lo-Bupmmomy, B paborax BamrkupoBa nHTEpECyIOMMil HAC PE3YJIbTAT TAKIKE COJIEPHKUTCS
TJIe-TO B JIOKA3aTeJIHCTBAX, OJTHAKO, CHOBA, B TOPA3/I0 OOIbIIel OOITHOCTH.

EnuncTBeHHbIN HaMIeHHBI HAMHT TTOAO0HBIN PE3YIbTAT ¢ 3JIeMEHTAPHBIM JOKA3aTeIbCTBOM
cojepuTcss B crathe [69]. B Heil obcykmaercsi, 9T0 MOTYT MOPOXKAATH TPH KOPHEBbBIE MO/
IPYTIbI, CPE KOTOPHIX eCTh JiBe TPOTHBOMOIOXKHBIX, B SL(n, K). HemaBHo Bbia craThs
H.A. BaBusioa u aBropa [20], MOCBSIIEHHAS] AHAJIOTUIHOMY BOIIPOCY JJIsl TPOU3BOJBHON 01
HocBsa3Hol rpynmbl G(®, K) npu char K # 2. B macrosimeil pabore Mbl ONMUCHIBAEM, KaK B
rpynmnax SO(2n, K) n Gg.(Fg, K) mo TpeM KOPHEBBIM MOJTPYIIIAaM, JiBe W3 KOTOPHIX TPOTH-
BOITOJIOXKHBI, OTIPEIe/TUTh, Ha, MHBAPUAHTHOM sI3bIKe, KAKYI0 UMEHHO IPYIITY OHU TTOPOXK IAOT.

Jlist paboThl ¢ KOPHEBBIME TOJPpyNIamMu B rpyime Fg mojie3Ho mmerh Xopoiiee reoMeT-
pUYecKoe omucaHue KOpHeBBIX moarpymni. Kak m3BecTHO, JiT060ii KOpHEBO TOArpyMIe COo-
OTBETCTBYET HEKOTOPOE IMEeCTHMEPHOE CHHTYJISIPHOE MOAITPOCTPAHCTBO. OJUH M3 OCHOBHBIX
pe3yJIbTaTOB HACTOAIIEH pPabOThl YTBEPXKIAeT, 9TO BEPHO W oOpaTHOE — JIFOOOMY ITeCTH-
MEPHOMY CHHTYJISIPHOMY ITO/IIPOCTPAHCTBY COOTBETCTBYET HEKOTOPAsi KOPHEBas MOJTPYIIIIA.
Kpowme 3Toro, Mbl onucbiBaeM, KakK 1Mo JIBYM MECTUMEPHBIM CHHTYISIPHBIM TOIITPOCTPAHCTBAM
OTIPEIETUTH YTOJI MEXKJTYy COOTBETCTBYIONMUMHU KOPHEBBIMU TOJITPYIIIAMUA. DTO OBIIO HETPH-
BUAJILHOM 3a/a49eil mpu OOJIBITUHCTRE JIPYTUX BO3MOXKHBIX OMUCAHUSX KOPHEBBIX TOTPYIII.
[Ipu ompesesiernu, Kakyo TPYIITY MOPOXKIAIOT TPU KOPHEBbBIE MOJTPYIITHI, Mbl TAKYKe WC-
MTOJTb3yeM UMEHHO T€OMEeTPUYIECKU T3BIK.

[FoBops mpo reoMeTpHIo JUIMHHBIX KOPHEBBIX TMOJITPYII, HEJIb3d HE YIOMIHYTH PO TeOMeT-
pUM KOPOTKUX KOPHEBBIX MOJATPYII U TOPOB. DTU T€OMETPUN W CBI3aHHBIE C HUMH BOITPOCHI
CYIIECTBEHHO CJIOKHEEe W HAMHOTO MeHbIe n3ydenbl. (OJHAKO HEJIABHO TOSIBUJIUCH 3aMeda-
tesibable paborer B. B. Hecreposa u H. A. Basusosa [17], [18], [33], [34], [35], nocBsimenuble
3TUM 9IPE3BBIYANHO WHTEPECHBIM 00beKTaM. B dacTHOCTH, TaM OOCYKIAIOTCI CIUCKA OPOUT
nap MUKpOBecOBbIX TOpoB (B [17] u [18]) u nap KopoTKuX KOpHEBBLIX noarpynn (B [33], [34] u
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[35]), mpuyeM B mepBOM CJIydae OH MOJYYAETCs TPUMEPHO TOH YKe CJIOXKHOCTH, UTO U HOJIY-
yeHHBIA B [20] cOMCOK mpoek JIIMHHBIX KOPHEBBIX MOJATPYII, & BO BTOPOM — €Ille CJIOXKHEee.

CraThs opraHn3oBaHa CJaeayonumM obpa3zoM. B §1 onpemensioTcsa ocHOBHbIE 0003HAUEHNI.
B §2 ormeuarorcst 6a30BbIe (haKThI TPO KOPHU, BECA W CUHTYJISPHBIE BEKTOPa. B §3 MbI nu3yda-
eM KOpHeBbIe ssieMeHThl TpyIibl Gy (Fg, K). B gacTHOCTH, B 3TOM Maparpade moKa3bBaeTcs
TeopeMa 1, KOTopasd YKa3bIBaeT 22 He3aBUCUMbIe TE€PEMeHHbIe, OJHO3HATHO OIPeIesTIoNTne
KOPHEBOI 3j1eMeHT (IpH YCJIOBHH, YTO HEKOTOPBIl MATPUUHBIN KOIMDMUIMEHT HEHYJIEBOI ).
Kpome 3Tor0, MBI HaxoJMM HECKOJIbKO yPaBHEHUN HA MaTpPUYHbIE KOIPPUIMEHTHI KOpHEe-
BBIX 3JIeMeHTOB. B §4 B Teopeme 2 10Ka3bIBAETCS, 9TO €CTECTBEHHOE COOTBETCTBUE MEXKJLY
KOPHEBBIMH TMOJTPYIIIAMHA U MMEeCTUMEPHBIMEA CHHTYJIIPHBIMA TOIIPOCTPAHCTBAMU SBJISETCS
OuekImeil, a TakyKe M3ydaeTcsd CBA3b MEXKJy B3aUMHBIM DACIOJIOXKEHWEM JIBYX IeCTUMep-
HBIX CHHTYJIIPHBIX MPOCTPAHCTB W YTJIOM MEXKJy COOTBETCTBYIOIIMMU KOPHEBBIMU ITO/TPYII-
mamu. Hakowmer, B §5 Mbl m3ydaeM, Kak 10 B3aUMHOMY PACITOJIOKEHUIO TPEX MEeCTUMEPHBIX
CUHTYJISIDHBIX TIOIIPOCTPAHCTB, JIBA W3 KOTOPBIX MPOTHBOTOJIOXKHBI, MOHSIThH, KAKYI0 TPYTIITy
MOPOK/TAIOT COOTBETCTBYIONINE UM KOPHEBBIE TIOJITDYIIIIHI.

ABTop BBIpaxKaer OjaromapHocTh Hukomaro Asekcamaposudy BasuimoBy, 6e3 KoTOporo
3Ta paboTa HUKOTJA He ObLIa Obl HAIMCAHA, & TaKXKe DHTOHW DBaky 3a roCTenpuuMCcTBO U
BCECTOPOHHIOIO TOJJIEPXKKY.



§1. OcHOBHBIE 0003HAYEHUHA

1. T'pynnsr IlleBanie

Bce mammu obo3HaveHnsI, OTHOCAIIAECST K KOPHSIM, BecaM, ajareopam JIu, ajarebpanmdaecKum
rpyIIaM W MpeJCTaBIeHHsIM BIIOJHE CTaHIAPTHLI U caeaytor [6], [7], [8], [40], [41], cm. Takxke
[13], [92], ryie MOXKHO HAWTH MHOTO JaJIbHEHATNX CChIIOK. MbI He HAITOMHUHAEM OMpejieeHne
rpynn [IleBajie W OCHOBHBIX MOJATPYII B HUX, KOTOPbIe MOXKHO HaiiTh, Hampumep, B [6],
[40], [74], ... B macrosmmem maparpade Mbl JIHUIIb 3aDUKCHPYEM OCHOBHBIE HCIIOJIb3yeMble B
JajJbHeieM 0003HaYeHNSs.

[Ipexx e Bcero, mycth & — mpuBeJileHHAsd HEMPUBOIMMAs cUCTeMa KopHeil panra [, I =
{ai, ..., o} — byngamenranpaasg cucrema B @, @ u &~ — coOTBETCTBYIONME MHOKECTBA
MTOJIO>KUTEJIHHBIX ¥ OTPHUIATEIHHBIX KOPHEH. DyrieMeHThI [ Ha3bIBAIOTCS NpoCcmuLMYy KOPHSIMH,
U MBI BCETJIa UCIOJB3YeM JIJIsl HUX Ty YKe HyMepanuto, uto B [7]. Tak kak Hacrosimas pabora
nocesrieHa cucreme ¢ = FEg u, B KakKOi-TO Mepe, ee IOJICHCTeMaM, TO Hac OyaeT mHTepe-
COBAThH TVIABHBIM 00pa30M CJIydail, KOrja Bce KOpHu ® mMeroT oMHAKOBYIO JJIMHY — TaKUe
CUCTEMBI OY/IyT HA3BIBATHCS CHCTEMAMU C NPOCMuMU c8a3amu = simply-laced, B TpOTHBO-
MOJIOKHOCTH CHCTEMAM C KpamuovLMu céazamu = multiply-laced. Kak o6brano, W = W (®)
oboznauaer rpymmny Beitng cucrembr ®; w, — oTpakeHHe OTHOCUTEIbHO KOpHA « € ¢ m
w; = Wq,, 1 < i < [, — dyngamenranbasle oTpaxkenus. DynmavmentanbHas cucrema [I
dukcupyer HeKOTOPHIH MOpsioK Ha ®. Hepes § 0bo3HATMM MaKCHMAJIBHBIN KOPEHDb CHCTEMBI
® oTHOCHTETHHO TOTO MOPSIIKA; JJIsT THTEPECYIOIEro HAC B MEPBYI0 ouepe b caydas ¢ = Fg

nMeeM § = 12321.

[TocTpoenune rpynn [leBasie ocHoBaHo Ha BbIOOpe Oa3uca IlleBase B mpocToit KOMILIEKC-
Hoit aynrebpe JIu L tuma . HamomauMm, aro BeOOp momaarebpsl Kaprana H B L ompeenser
KopHeBoe paznoxenne L = H@ > L, rine L, — ojHOMEpHBIE KOPHEBBIE MOAIIPOCTPAHCTBA,
MHBapHUAHTHBIE 110 oTHOMenuo K H. Jlnsa Kaxkjoro kopaa o € @ BoibepeM Kakoii-To HeHy-
JIEBOIi KOPHEBOI BEKTOp €, € L, W OTOXKIECTBAM KOPEHb ( C JUHEHHBIM (OYHKIIHOHAJIOM
wa H, nng koroporo [h,e,] = a(h)e,. Orpanunuenne dpopmbr Kusmara anre6pst Jlu L na
H HeBBIPOXKIEHO U, TeM CaMbIM, YCTAHABJIUBAeT KaHOHWYecKuit mzomopdusm H = H*, tak
9TO MBI MOYXKEM Jlake camTarh, ato o € H. Bupodem, obbrano ymobHee paccMarpuBaTrh
KOKOpHU h, = 2a/(, ). Takum ob6pasom, 060 BBHIGOD HEHYIEBBIX €, € Lo, a € &
OJTHOZHATHO ONpejieNaeT € o, € L_,, a € ®1, Takme, 9T0 [en,€_o] = ho. MHOXKECTBO
{eq, @ € ®; hy, a € TI} aBasercss 6a3ucom anre6psl JIu L, HazbiBaeMbiM Oasucom Beitsst.
[Ipu stom [hq, eg] = Aapgeg, e Aap = 2(a, B)/(a, ) € Z uncia Kaprana. CrpykrypHbie
KOHCTAHTBI N3 OLPENEIISIOTCS PABEHCTBOM [€q, €3] = Nogeq4s. Basuc Beitas moxHO HOD-
MHPOBATH TaK, YTOOBI BCe CTPYKTYPHBIEe KOHCTAHTHI N,g OBLIN IEJBIMH, B 9TOM CJIydae OH
HasbiBaercs 6aszucom Illesasune, a MHOXKeCTBO {e,,a € @}, — cucremoii IIlesasiie.

Jiig cucteM ¢ mpocThIMu cBA34aMu BeerJa Nog = 0, £1, Tak 9T0 HaM HY?KHO TOJIBKO 3a]UK-
CUPOBATH 3HAKU CTPYKTYPHBIX KOHCTAHT. MbI 3adpurcupyem mosioxkutesibHbIN Oa3uc [1le-
BaJlIe, KOTOPBII onpeJiesisseTcsa TeM cBOHCTBOM, 9T0 Nog > 0 i1 BCeX 9KCTpa-CIenualbHbIX
map, cM. [39], [42], [66]. Iyist cucTeM ¢ TPOCTBIME CBSI3SIME 9TO YCJIOBHE O3HAYAET B TOU-
HOCTH, 9T0 N,,3 = +1 Kax/plil pa3, Kak a; + [ € ® obiaagaer TeM CBOHCTBOM, UTO eCiH
o + v = a; + B 115 KaKoro-To pyHIaAMEeHTAIHHOTO KOPHS (vj U KAKOT'O-TO MOJIOXKATEIHHOTO
KOPHS 7Y, TO J > 1.

O6o3uaunm depe3 Q(P) permerky kopueit cucrembl P, a uepe3z P(P) — ee pemmeTky Becos.
Hanomuum, ato P(®) cOCTOUT U3 MEJIOUUCTEHHBIX JTUHEHHBIX KOMOMHAIU (DYHIAMEHTAIb-
HBIX BECOB W1, ... , W], KOTOPble 00pa3yiOT JBOWCTBEHHBIH 0A3WC MO OTHOIMEHUIO K 0a3uCy
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hays- -y hay, TI€, KaK y3Ke TOBOPUIIOCH, hy = 20/ (o, o). B gactaocTH, Q(P®) C P(®). Ilyctn
P — meroropas permerka, jexamiasa Mex 1y Q(®) u P(®). Kak obbrano, Py (P) obo3nada-
eT KOHYC JOMUHAHIMHBLT TIEIBIX BECOB, SABJMIONUXCH HEOTPUIATEIbHBIMEA EJIOUNCICHHBIMA
JINHENHBIMU KOM6I/IH&HI/IHMI/I Cl)yHI[aMeHTaHbeIX BeCOB wWwi,... ,wW].

[TycTh, manee, R — koMmmyTaTuBHOE KOJIHIO ¢ 1. Kak u3BecTHO, 110 3TUM JaHHBIM MOXKHO T10-
crpoutsh rpynmy IlleBasie G = Gp(P, R), ABALIONIYOCS IPYIIIONH TOUeK HAJ| R HEKOTOPOIi
addurnOl rpynmoBoii cxembl G = Gp(®, —), HazsiBaemoit cxemoii [Tlesasine-/Iemasiopa.
B unrepecyomem Hac ciaydae ¢ = Eg, kak xoporno usectHo, [P(®) : Q(P)] = 3, nosromy
P pasro P(®) nim Q(P). Takum obpazom, npu & = Fg cymecTByeT jiBe TDYIIbI TOYEK
G = Gp(FEg, R), a mvenno npucoemunennad rpymma Gaq(Eg, R) = G pe)(Eg, R) n ogHocBa3-
nag rpymna Gg.(Ls, R) = Goa)(Ls, R).

[Tycts Teneps G = G(P, R) ectb rpynma [TleBasure Tuna ® nag kosabiom R. Beibop 6asnca
[TeBasie 3aaer, B 9aCTHOCTH, paciienuMblii Makcumasbabiii Top T = T'(®, R) B rpynne G
¥ TapaMeTpu3aIiuio KOPHEBBIX YHUIOTEHTHBIX moirpynn X,, a € ®, OTHOCHTEJHLHO TOpa
T. QukcupyeM 3Ty TMapaMeTPH3AIUIO, MYCTh Lo (E) — 3€MEHTAPHBI KOPHEBOW YHUIIOTEHT,
orBeuaromuit € ®, £ € R. Ilpu sTom

Xo = {xa(g) | &€ R}

st semenToB x U y rpynnbl G uepes [x, y| obo3HATAETCS WX JIEBOHOPMUPOBAHHBIA KOM-
myTarop xyx ty . Kommyranmonnas dpopmyna Illesaiie yTBep:KiaeT, 9rTo

[2a(€) 25 (] = [ [ #iatss(Nagi&'n’),

Juts Jo0bIX «, 3 € ® Tmakux, ato a + 3 # 0, mw £,n € R. Ilpoussenenue B mpaBoii dactu
dopmysiel Oepercsa mo BceM KopHaM Buaa ta+ j0 € ®, i, j € N, B HeKOTOpOoM (DUKCHPOBAHHOM
nopgajke. Ilpu srom cTpykrypuble KoHcTanThl rpynnsl Illesanne N,g;; He 3aBucar or { u
1. bouee Toro, Nogi1 = Ngg CyTb B TOYHOCTH CTPYKTYPHBIE KOHCTAHTBI airedops! JIm L
B coorBercTByfomeMm OGazuce [llesasme. st cucTemMbl ¢ MPOCTHIMU CBA3SIMUA €IMHCTBEHHAST
MOJIOXKHUTEIbHAS JUHeHad KOMOUHAISA KOpHeil o U [3, KOTopas MOXKeT ObITh KOPHEM, 3TO
nx cymma « + (. Takmm obpazom B 3TOM ciaydae KomMmyTanuonHas opmysra lllesasre
npuHAMaeT BUL [T4(£), z(n)] = e B cayuae, ecin o + ( He ABIISIETCST KOPHEM, ¥ BHL

[2a(8), (1)) = Tats(Napén),

ecn « + (3 siBasiercst kopaem. ['pynma E(®, R) = (X,,a € @), nopoxjieHHas BCEMU dJie-
MEHTAPHBIMU KOPHEBBIMHU TO/TPYIIIAMA, HA3BIBAETCS IJIEMEHTAPHOU MOATrPYNMOM rpyIi-
nel [TleBasute G(®, R). B nacrosimeit pabore Hac Oy/eT HHTEPECOBATH TOJBKO CJIydaii, KOoraa
R =K — none.

2. Moaynu Beiiss

O6nraro Mbl paccmarpuBaeM rpytiy [lesamne G = Gp(P, R) B7MecTe ¢ jeiicTBrHeM Ha MO-
nyne Beins V = V(w) auist HekoToporo joMuHAHTHOTO Beca w. Pukcupyem Bec w € Py (P)
u nycrb V = V(w) — moaynb Beiig rpynnsl G co crapmuM BecoM w. COOTBETCTBYOIIEE
upejcrasierne G — GL(V') 6yner obo3uadarbest depe3 m = m(w). Yepes A = A(w) obo3na-
qaercss nabop BecoB Moaynst Vo= V(w) ¢ yuemom kpamuocmu. s obo3HAUEHWST MHOMCE-
CM6a BECOB, PACCMATPUBAEMBIX 6€3 KPATHOCTH, MBI 06braro Gygem micath A(w). B macro-
el pabore Hac OyjyT WHTEPECOBATH, IJIABHBIM 00pPa30M, TOJIHKO MHUKPOBECOBBIE MOJLYJIH,
cM. [54], [57], [55], [67] u comepkammumecss TaM CCHUIKH. JIJIT MEKPOBECOBOTO MpeICTABIIEHHS
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BCE BeCa HKCTPEMAJIbHBI U, 3HAYUT, UMEIOT KPATHOCTH 1, Tak 4To B 3TOM ciaydae A = A(w)
coBuagaer ¢ BeitmeBckoit opbuToii crapirero Beca, A = Ww.

B nasbHeiimmeM Mbl (bEKCHpYeM JOMYCTHMBbIi 6asuc v, A € A, monyna V. Hamomumw,
970 OA3UC HAZHIBAETCS JIOMYCTUMBIM, €CJIA BBITOJHIIOTCS JIBa, CJAELYIOMUX YCIOBUS.

o Kasxaplii BEKTOp v J€iCTBATENHHO SBIISETCS BEKTOPOM BECA \, €CJIM PACCMATPHBATH \
KaK BeC 0e3 Kpammocmu.

e JleiicTBre KOPHEBHIX YHUTIOTEHTOB To(€), a € ®, & € R B 6asnce v*, A € A(w), 3amaercs
MaTPUIIAMHK, JIEMEHTHI KOTOPBIX CYTh MOJUHOMBI OT & C MeJbIMA KOI(MDDUITTEHTAMU.

Jlemma Mamywmoro, cm. [54], [57], yTBep:Kgaer, 9T0 Jjisi MUKPOBECOBBIX ITPECTABICHUI
MOYKHO TaK HOPMHPOBATH JIOMYCTUMBbIH 6a3uc, 9TO0bI

za(€)0 = v} + eranEo?e,

rJle BCe CTPYKTYPHBbIe KOHCTAHTHI JIE€HCTBUS C)yq, ) PABHBI 1. OOBIYHO 3TH KOHCTAHTHI 000-
3HAYAIOTCH C)q, OJHAKO HaM Oyzer yno0Hee MCIIOIL30BaTh 0003HAMEHWE Ch4q,)\- B JaiabHeii-
IITeM MBI BCET/Ia BHIOMpaeM KPUCTAIUIECKU 6a31c, B KOTOPOM BCE CTPYKTYPHBIE KOHCTAH-
TBI Cx4q,\ PABHBI +1 JJId IPOCTLIX B OTPUIATEIBHBIX IMPOCTBIX KOPHeH, T.e. Cxta,x = +1,
ecmn o € £I1. IIpm sToMm cy4s x Oyaer paBHO +1 jyra Bcex A, A+ 0 € A. CymecrBoBanue Ta-
KOTO Dasuca BbITeKaeT u3 obiux pesynabraroB Jx.J/lroctura u M.Kamusapa, sjiemenTapubie
JIOKa3aTeJIbCTBA IpUBeIeHnl B [28] u [67].

Mol MBICTEM BeKTOp a € V, a = Y v ay, Kak cmoabey, koopauaaT a = (ay), A € A.
[Ipu sToMm 3jieMeHT b KOHTparpaJueHTHOrO MOy V* ecTeCTBEHHO IPEICTaBIATh cebe Kak
cmpoky b = (by), A € A. Pasywmeercs;, o oTHOmEHnIO K Becam A* KOHTparpaj@eHTHOrO
momysst V* kapruHa obparHast: sseMeHThl V¥ nipejgcraBisiiorcst cmoabuyamu b = (by), A € A*,
a syteMeHThl V — empokamu a = (ay), A € A*. Tlosromy MbI erie pa3 obpaiaeM BHUMAHWE HA
TO, YTO MBI HHIEKCUPYEM KaK CTOJIOIbI, TAK U CTPOKU BecaMu MOAYAd V' — WHIEKCHI A\, [, V U
T.7. mpuHagiaexar A. VHbIME ctoBaMu, HaM yI00HO HYMepOBaTh KOOPAUHATHI BEKTOpa u3 V™
BecaMu MOJyJst V U 3aliChIBATH UX KaK CTPOKH — B TO BPEMsI KaK OOBITHO OHU HYyMepPYIOTCS
BECAMH CaMOro MOyjst V™ u 3amuchIiBalOTCA KaK CTOJIOIBI.

OuH U3 TPUHIUIAAJIBHBIX TEXHUYECKUX MOMEHTOB COCTOHUT B TOM, UTO JIEMEHTBHI STHX
CTPOK SBJISIOTCS He JIMHEHHO YIIOPSIOUeHHBIMHA, a JIUIIh YaCTUIHO YIIOPSI0UeHHBIMHA, B COOT-
BETCTBHUU C TOPSAJIKOM Ha A, 3a1aBaeMbIM BBIOOPOM cHCTEMbBI MPocThiX KopHeit I1. A mmenwHo,
MBI TOJIAraeM, 9TO A > [, eciim X\ — [ = »_ my;ay, rae m; > 0. Tlpu onmcaHHoi BbIe WH-
TepIpeTaIuu JIEMEeHTOB Moy s V' anemeHTbl rpynnbl [lleBasie ecTecCTBEHHO MBICIUTH KaK
mMarpunsl ¢ = (gau), A, ¢ € A, mo orTHOmIEHHIO K Gazucy v*. Kak 06BIYHO, CTOIOIIAME 3TOl
MATPHIIBI SIBJISIOTCS CTOJIOIBI KOOPJAMHAT BEKTOPOB gu*, 1 € A, 1o oTHOIMEHNIO K 6asnucy v,
A € A. Mbr 6ynem 9acTo o/Ib30BaATHCS CAEAYIONNM 0D03HATEHUEM: [i-if CTOIOE MATPHIIHI §
OyzeT 0b603HAUATHCA 9ePe3 (s, & A-A CTPOKa — 9epe3 (i«.

B macrosimeit pabore Mbl paccmarpusaeM rpyniny Gg.(Eg, R) BMecTe ¢ jeficrBuem Ha 27-
mepaOM Mogyie V = V(wi). CooTBercTByIoIiee MpeJcTaBIeHne SBIISIeTCs, KaK XOPOIO M3~
BECTHO, MUKPOBECOBBIM. K COXKaJIEHNI0, 9y Th JajbIle HaM MOTPEOYITCsT HEKOTOPhIe CBOMCTBA
CHUCTEMbBI BECOB, HE COBCEM OUEBHIHBIE M3 JTaHHOTO Bhime omumcanus A. ITosromy ceifuac mMbl
IpUBEJEM IyTh JIPYTYI0 KOHCTPYKIUIO 3TOTO MHOXKECTBa. A HMEHHO, PACCMOTPHM CHCTEMY
kopueit A = Ey. O4eBHAHO, 9TO MOJACUCTEMA, COCTOSAIIAS W3 KOPHEH, MMEIOIINX B Pa3JIoyKe-
HUM Ha MpocThie KOpHu Kodddunuent 0 nmpu ar, Kanonndecku nzomopdua ¢ = Fg. Ilycrs
A1 — MHOXKXeCTBO KOpPHEil, MMEIOINX B PA3JIOKEHNH Ha MPOCThie KOPHU KOo3d burumenT 1 npn
ar7. Ha mux crammaprabiM obpasom neiictByer rpymma We = (we,;1 < i < 6). Hecmoxmno
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BUJIETH, 9TO 3TO JieficTBUEe TpaH3UTUBHO. llycTh  — opToroHajbHas TPOEKINI Ha THIEP-

IJIOCKOCTh, HATAHYTYIO Ha KopHH «; mpu 1 < ¢ < 6. PaccMoTpmm KopeHb o = 23%321.

BamernM, ITO v OPTOrOHAJEH KOPHAM «v; mpH 2 < i < 6 u obpasyer yroa 7/3 ¢ ay. Unaue
rosops, (o, 1) = 1/2 u (,;) = 0 ipu 2 < 7 < 6. Orciofa, TOCKOIBKY o« — @ L oy mpu
1 <1 <6, citesryer, 9To & = Wy — NEPBBINA pyHIaMeHTa bLHBIH Bec. [loaTromy mosrydaem, aTo
A=Ww, =Wa=Wa=A,. Heciio:xHO BHJIETH, YTO HPOEKIHs , OrpaHudeHHas Ha Aj,
aBisierca oueknueii. IIlpu 3ToM oHA, IO OUEBUIHBIM COODPAXKEHUAM, COTIACOBAHA C JEHCTBH-
eM rpynumsl W i ¢+ 3 = ¢ + 3 naa apousBossHbIX € & u ¢, ¢ + [ € A;. Takum o6pasom,
MOXKHO OTOXK1eCTBUTH MHOXKecTBa A m A1. Hamuoro 6ostee mogpobHO, 1 HA HECKOJIBKO JIPYTOM
sI3bIKe, 9Ta KOHCTPYKIWs gana B [16]. Tam ke MOKHO HalTH MHOrOYMCIIEHHBIE JabHEATHe
CCBIJIKU HA JINTEPATYPY.

Jna ymobcTBa pabOTHl ¢ WHTEPECYIOMHUM HAC 27-MEePHBIM TPEJICTaBICHHEM Db
Gs.(Fg, R), crour 3amymMepoBaTh ero Beca. Kak y»Ke rOBOPHJIOCH, HA MHOYKECTBE BECOB
€CTEeCTBEHHBIM 00Pa30M BBOJUTCSA YACTUIHBIN TMOPSIOK; PACCMATPUBAIOT OOBITHO TOJIBKO T€
JINHEWHbBIE TOPSIJIKA, KOTOPbIE COTJIACOBAHBI ¢ 3THM YAaCTUIHBIM. (JHAKO TAKUX TOPSIKOB
JIOBOJTBHO MHOT'O, U MBI, 9TOOBI M30€3KATh IIyTAHUIII, TOMBITAJINCH KAK MOXKHO MEHBIIE HUC-
IIOJIb30BATh KOHKPETHYIO HyMepanuio. A MMeHHO, BCIOZY, KpOMe §5, HaM JTOCTATOIHO TOTO,
9106l TIOPsIIOK ObLI cornacoBan ¢ As-BerBiiernem (cM., Hampumep, [16]). Do o3Hagaer, 9To
i+21 =4i—6 s Beex 1 < i < 6 (31€Ch MBI JIONyCKaeM HEKOTOPYIO HETOYHOCTH, ITyTast
Beca W MX HOMepa: MMeeTCsd B BHJLY, YTO €CJIU K Becy ¢ HOMepOM ¢ + 21 npubaBuTh KOpeHb
J, TO TOJYIUTCS BEC C HOMEPOM 7). DTO YCJIOBUE OJHOZHAUHO OMPEEIISET, YINTHIBAT UMEI0-
MACA IaCTUIHBIN TOPSII0K, MIEPBYIO U MOCJIETHIOI BOCBMEPKHU BecoB. B marom maparpade,
K COYKAJIEHWIO, HAM TIPUXOIUTCS UCIOJIH30BATH BCIO HyMepamuio. Vcrmoabp3yembrit HaMu 1o-
DSIJIOK HECKOJIBKO OTJIMYAETCsT OT MOPsIKOB U3 [16]; cooTBeTCTBYIOIAsT BecoBas IHArpaMMa
IIpUBe/IeHa Ha PHC.:

Kak 00braHO, BEpITUHBI ArarpaMMbl COOTBETCTBYIOT BECAM; JBE BEPIIUHBI COeIUHEHBI Ped-
POM C HOMEPOM %, €CJI PA3HOCTH COOTBETCTBYIOIIUX BECOB €CTh MPOCTOM KOPEHB (;; ~mapaJi-
JIeJIbHBIE” pebpa COOTBETCTBYIOT OJIMHAKOBBIM IIPOCTHIM KOpHAM. Bojee moapobHOe onncanme
BECOBBIX JIHarPaAMM BMECTe ¢ UCTOPHIECKON CIIPABKOM U JTAJHHEHIITUMHE CChIIKAME Ha, JIUTepa-
Typy MoxHo HaiiTh B [16]. Uepes e, rye i € A, B anbrelnTeM OyyT 0603HaUATHCA Ha3UCHDIE
BEKTOpa MPOCTPaHCTBA V'; COOTBETCTBEHHO, ODa3MCHBIE KOBEKTOPa OyayT 0003HaIaThCA Uepes
e, e i € A.

3. Tpunuueitnass dpopma u 3-dpopma

[Tycts V = V(wy) — 27-mephbriit Moayab st rpymmsl [esanne G = Gy (Eg, R). Torma
cymectByer TpuiauaeiHasg ¢gopma F : V x V x V. — R, takass, aro G SBJISETCS TPYIIIOi
uzomerpuii F', T.e., vabiMu cioBamu, G coBnajaer ¢ rpynnoii Bcex g € GL(V, R), takux, 910
F(gu, gv, gw) = F(u,v,w) njis Bcex u,v,w € V.
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Buepsoie dbopma F' mogBuiachk B paborax /lukcona B 1901 roxy. B manbHeiinem ee akTUB-
HO m3ydanun u ucnoab3opayu llleBaname, Opeitnerrans, Crupunrep, Turc, Cemurman, JIxxe-
koOcoH, Penpakamvm, Kosn, Kynepcreiin u Mmaorue apyrue (cm. [16] w [15] s gaibHeimmx
cchlIOK). Bradase oHa m3ydasach HaJi MOJSIMU HYJEBOIl XapaKTEPUCTUKH, & B JaJbHereMm
ObLIa 0000ITeHa HA TTPOU3BOJIBHBIE TTOJISI C XaPAKTEPUCTUKOW He paBHO 2 n 3. Anpuopu mpu
HEOOPATHMBIX 2 UJIM 3 MOTYT BO3HUKATEH MPOOJIEMBI, OJJHAKO, KaK moka3ay Ambaxep [42], [43],
[44], [45], [46], [47] sToro He mpoucxoauT. Bosee Toro, kak mokazano B [91], popmy F' MOXKHO
paccMaTpuUBaATh HAJ TPOU3BOJIBHBIM KOMMYTATHBHBIM KOJIBIIOM, HO B HACTOSIIEH paboTe HAC
UHTEpecyeT TOJILKO CJydail 1moJd.

B seiictBuresnibaocTH, Anbaxep B cBoux paborax ucnosb3yer 3-bopmy § = (T, Q, F), rue
T — kybudaeckas popma, () — ee dacTHIHAS MOJIPU3AIUd, a F' — ee moHas MOJIIPU3AIAL.
Boutee moipo6Ho, 3-bopma § — aro Tpoiika (T, Q, F), Takas, ar0:

(1) F — rpununeitnas dbopma;
(2) Q : V xV — K jmHeilHO 10 TIepBOH MepeMeHHOW W yJOBIETBOPSIET PAaBEHCTBAM
Q(z,ay) = a*Q(z,y) n Q(z,y+ 2) = Q(z,y) + Q(z,2) + F(x,y,2) mist Beex a € K n
x,y,z €V;
(3) T :V — K ynosnersopsier pasenctsaM T'(ax) = a®T(x) u T(z +y) = T(z) + T(y) +
Q(z,y) + Q(y,z) s Beex a € K mx,y e V.
B wactrOCTH, B cBOMX paborax Amibaxep MOKa3bIBAET, UYTO HAJI MPOU3BOJHHBIM ITOJIEM TPYII-
na Gs.(Eg, K) coBnamaer ¢ rpynnoii nzomerpuii 3-hbopmbl § 1, KpoMe 3TOro, ¢ rpyrinamu
m3omerpuit popm F um (). B macrosmeit pabore, kpome TpusmHeiHONH (Gopmbr F, MbI mC-
IIOJIb3yeM, B OIPeIeIeHUH CHHTYIAPHBIX BEKTOPOB, (popMy (). DTO CAETAHO JJIT TOrO, ITOOBI
eIMHOO0OPA3HO PACCMATPUBATE MOJS JTIO0O0 XapaKTepUCTUKH.

Tounsrii Bus popmbl T (mousiTHO, 910 110 T hopMbl () M F' JIErKO ONPEIeISIIOTCST) BBITHCTIEH
B pabore [16], omHAKO, TOCKOJBKY B HACTOsAIIEH paboTe dyTh Jpyras HyMepalus BeCOB, Mbl
ee TOXKe IMpUBeIeM. A MMeHHO,

T(x) = 21211227 — T1%15%26 + T1L18%25 — T1T20T24 + T1T21T23
— T2X10T27 + T2X14T26 — L2T17L25 + T2XL19T24 — T2T21T22
+ T3T9T27 — T3T13T26 + T3T16L25 — T3T19T23 + T3T20T22
— XT4T8T27 + T4T12T26 — T4T16T24 T T4L17T23 — T4T18T22
+ T5X7T27 — T5T12T25 + T5X13024 — T52L14%23 + T5T15T22
— TeT7T26 + TeTgTas — TeT9T24 + TeL10T23 — TL11T22
+ T7T16T21 — T7T17T20 + T7T18T19 — L8T13T21 + T8XL14T20
— XgT15T19 + T9T12T21 — T9L14T18 + T9X15L17 — L10L12220

+ £10T13718 — 10%15T16 + T11X12L19 — L11X13%17 + £11L14%16-

Jlist GOJIBIIMHCTBA MHTEPECYIOIUX HAC BOMPOCOB, OJHAKO, JIOCTATOYHO 3HATH, a0 1'(x) =
Y +x,2,%7, Lo cymMMa GepeTcs 1o BceM HeymopsaodeHHBIM mpuadam {p, o, T} (Tpmaga —
9TO TPOiiKa HOmApHO JajeKux BecoB, cM. §2). CoorBercrBenno, F(x,y,z) = Y +%,Ys2r,
rIe cymMMma OepeTcsi MO BCeM yIopsiOodeHHBIM Tpuazam (p,o,7), a Q(z,y) = Y. 2,5y,
rjae cymma Oepercst o BceM Tpuajgam (p, {0, T}), B KOTOPBIX Tapa, COCTOsAIIAs W3 BTOPOTO
U TPEThEro Beca, HEyNopsijjodeHa. bBosee moapodbro o6 srom roopurces B [16]. Hakowerr,
HEOOXOIMMO OTMETHTb, YTO TOYHO TaKad ke (popMa JeHCTBYeT W Ha JBOMCTBEHHOM MOJLYJIE
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V*, 3;meMeHThI KOTOPOTO MBI 0003HAUaeM CTPOKAMHU. DTy (POPMY MbI TaK¥Ke Oy1eM 0003HaIaTh

yepe3s § = (T,Q, F).
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§2. KopHu, Beca u CUHTyJIIPHOCTH

1. KopHmu u Beca

B sTom myHKTE MBI TOKaYKeM HECKOJBKO HECJTIOXKHBIX (PAKTOB PO B3AUMHOE PACTIOJIOKEHUE
muOKecTB A m ®. Ilpm sToM MBI OyJeM aKTHBHO IOJIB30BATHCA BECOBOM aumarpaMMoi. Bce
YTBEPXKJIEHUS, KOTOPbIE HAM BCTPETITCA B 3TOM IyHKTE, MMEIOT KOMOMHATOPHBIN XapakTep,
MTOCKOJIbKY W KOPHEit, © BecOB KOHeIHOe dncyio. OiHAKO MpsiMOoii 1epebop OOBITHO JIOBOJIHHO
TS2KeJT, TOITOMY MBI BOCIIOJb3YeMCS HEKOTOPBIMU YXUIIPEHUSIMU, OCHOBHBIM W3 KOTOPBIX SIB-
JISIeTCS WCIoJIb30oBanme rpynmnbl Beiss. Kak w3sectHo, rpynmna Beitnia W neiictByer na A u
®. TIpu stom, ecim A\, A + o € A 1ipu Hekoropom v € @, To w(A) + w(a) = w(A+ «) € A.
Nuage rosop«, aeiicTBust rpynibl Beitiss Ha MHOXKeCcTBax BECOB W KOPHeil corjiacoBaHbl. Mbl
IoCcTapaJnch 060UTUCH MUHUMYMOM CBOWCTB I'PyHIibl Beitsis: Ham nmoTpeboBaJioch TOJHKO TPH
cBoiicTBa. A WMeHHO:

(1) Ecauav € @ u XA € A — maxoti sec, wmo A+ a, A —a ¢ A, mo wa(N\) = X. Ecau orce
MA+a €A, mowy(N) = A+ a uwy(A+a) =A. D10 cTanIAPTHOE CBOWCTBO MUKDO-
BECOBBIX TIpeJICTaBIeHuil. B mHTepecytomem Hac ciaydae 27-MepHOTO TIPeJICTABICHUS
7(w1) TpebyemMoe CBOWCTBO CTAHOBUTCS OUEBUIHBIM TIPU HCIOIH30BAHUN H30MOPGhU3-
ma A = Ay, onucannoro B §1.

(2) Jhoobyro napy xopuet npu nomousu 2pynnv, Betas mootcno nepesecmu 6 a106y10 0py-
2Y10 C MeM JHCE Y2A0M MENCOY HUMU; 8 YACTHOCTU, A000T KOPEHD MONCHO Nepese-
cmu 6 41060t dpy20ti. DTO IMpocTeiiliee CBONCTBO CUCTEM KOPHEId.

(3) Jhobotu eec npu nomowu epynno. Betas moorcno nepesecmu 6 ao6oi dpyzoti. B
npebiayeM naparpade Mbl yke yrmomuHa g, 910 A coBnastaer ¢ Beitesckoit opou-
TOi cTapirero Beca, Ww; oTcioga cpasy ciaeayeT Tpebyemoe. Bmpodem, 3TO cTOIb XKe
JIETKO CJIEJIyeT W3 IMePBOr0 CBOMCTBA M CBI3HOCTH BECOBOM MUATrDAMMOBI.

B §4 mam Tak:ke morpebyercsd paciupeHHas rpymnmna Beiis. A mMeHHO, IycTh
Wa(t) = 2o () 2_o(—t o (t) € Gse(Eg, K)

u W = (wa(1); o0 € ®). HecstomKuo BUIETD, 9T0 wq (1) mepesonut MuOKecTBo AL = {+eP; p €
A} B ceba. DmementTh MEOKecTBa AT HaME HaszpIBaloTCa TTIOC/MUHYyC Becamu. OTMeTEM
TAKIKe, ITO CYMeECTBYeT eCTeCTBeHHAs IPOeKIHd U3 A* B A, mepesomamee +e” B Bec p. DTa
poeKIMsi coryiacoBana ¢ jgeiicruem W. Bosee Toro, kKak MOXKHO BHJETH, jeficTBre wy (1) €
W na A% mepexomut, mpu 9TOH mpoexuun, B elcTBHe we € W Ha A; coorsercrsenno, W
nepexogur B W. Hecnoxuo nokazarb, uro we(1)zs(a)we(1)™! = @y, s(Fa). Togpobuoe
JIOKA3aTeIHCTBO ITONO W MHOYKECTBA JIDYTUX OJIM3KUX BOMPOCOB cM. [40].

YrBepxkaeuue 1. /[aa npoussosvhozo kopua o € P cywecmsyem posno wecmv 6ecos
Ai € A, maxuz, wmo \; + a € A. Pasznocmv a100vx 08YxT maxur \; AGAACMCA KOPHEM.

Zlokaszameavcmaeo. Tpebyemoe yTBep:>KIeHHE Cpaly CJIeILyeT U3 TOro, 9TO 00 KOPeHb MOXK-
HO CUMMETPUSIMH U3 TPYIIbl Beitst nepeBecTu B JIFOOOH JIPYTOIA.

YrBepxkaeuue 2. Ilycmv o, € ® — dsea npouszsosvhuix Kophs, maxue, wmo [ #* —a.
Tozda:

(1) He cywecmeyem eeca p, makoz20, ¥mo p+ o u p + 2a — makoice seca;
(2) HE cyulecmsyem eeca p, maxoz20, wmo p+ o, p+a+ 0 u p+2a+ [ — makowce seca.

Zlokaszameavcmaeo. Tpebyemoe yTBep>KIeHHE CJIEIyeT U3 TOI'O, 9TO JIIOOYIO IMapy KOpHeil MOXK-
HO CUMMETPUsIMU U3 rpymnbl Beityisg mepesectn B JI00yI0 JIPYTYIO € TEM YK€ YIJIOM MEXKTY
HUAMH.
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[0 — . 6 N . [0 2 .

Hyers If = {p;p.p—a € ALIY = {pp € A,pta ¢ Ay ulf = {pipp+a € A}
OuesnjHO, 9TO A ecTb 00beuuenue I1', I$' u IS, npu sToM I§' He IepeceKaeTcs ¢ OCTAIbHBIMH.
[To mymkTy (1) yTBepxKJenna 2, IT* n I§' Takke He nepecekatoTcd. llo yTepxkienuio 1,
MHOXKecTBa [{* u I§ cocToaT m3 6 31eMeHTOB KarKJoe, Mo3ToMy B [5' POBHO 15 3/€eMeHTOB.

(0% (6% o
Haxonern, Heci0:KHO BAJIETh, 9TO TP CONPSI?KEHUN TPHU TIOMOIN wg MHOXKecTBa [{, I n I3

(0% w (0% w «
( ), I” @) 4 " @) coorsercrento. B OCHOBHOM, HacC OyJIeT MHTePecOBAThH

nepexoyat B I, °
caydait o = §, MO3TOMY, JIjisT KPATKOCTH, TMOJOXKUM [; = [ f , 1o = Ig n Iz = I?‘f. [Tpu narmmeit
HyMepanuu BecoB mojydaem, ato [ = {i;1 <i <6}, Io ={;6 <i <22} u I3 ={i;22<i <
27}, 910 0ObsICHSIET BHIOPAHHYIO HAMH HyMepanuio MHOXKecTB I{, I$ u IS,

Hanomunm, 9To mo onpejenenuto A siBisiercst oqMHOXKecTBOM perrerkn BecoB P(®). Tlo-
ckosibky A = W, To pa3HOCTh JABYX MPOU3BOJBHBIX BECOB M3 A TPUHAJIEKUT PEIIeTKe
kopueii Q(®). Muaue TOBOpPsI, PA3HOCTH JBYX MPOU3BOJIBHBIX BECOB M3 A sSIBJISI€TCS CyMMOIA

HECKOJIbKIX KODHeH (TakzKe 3TO Cpa3y CJiejyeT U3 CBSI3HOCTH BECOBOM JTUATDAMMBI).

Ounpenenenune. Paccrosiane Mexjiy pasjindHbIMEA Becamu i W j, obosnadaemoe d(i,j) —
3TO MUHUMAJIbHOE KOJUIEeCTBO KOPHEe#, cyMMa KOTOPBIX paBHA pa3HocTH ¢ — j. Kciam Beca
COBTIAJAIOT, TO PACCTOSHUE MeKIy HUMHU CIUTaeTcs paBHBIM (.

Tenepb MOXKHO JaTh CJIELYIONIYIO epedOPMYJIUPOBKY ITyHKTA (2) yTBEpXKIeHUs 2:
CaencrBue. ITycmo p € I v o € I$. Tozda ecau d(p,0) =1, mo p =0 + a.
Jlokasameavcmeo. Cpasy ciejlyer U3 BrOpOro IyHKTa yTBEPXKIeHHsl 2.

YrBepxkaeuue 3. [lycmo o € & — npoussosvnoili kKopennv. Tozda:

(1) ycaosue o = § PasHOCUABHO TOMY, 4MNO 6 PAZAOAHCEHUL O HA NPOCTBIE KOPHU KOPEHD
Qo scmpeuaemcs ¢ Koapduvuenmom 2;

(2) ycaosue Z(a,d) = T/3 pasnocusbHO MOMY, WMO 6 PAAOAHCEHUU X HA NPOCTBIE KOPHU
Kopensb Qip ecmpevaemces ¢ kosphuyuenmom 1;

(3) yeaosue Z(a,d) = T/2 pasHOCUALHO MOMY, YWMO 8 PAZAOAHCEHUL O HA NPOCTBLE KOPHU
KOpEHD iy OMCYMCMEYEm,;

(4) ycaosue Z(a,0) = 2w/3 pasHOCUALHO MOMY, WMO 6 PA3AOACEHUU & HA NPOCTLE
KOpHU KOPEeHb iy 6cmpenaemcs ¢ Koapduyuenmom -1;

(5) ycaosue a = —3§ paBHOCUABHO MOMY, MO 6 PABAOAHCEHUL X HA NPOCTNVLE KOPHU KOPEH
gy 6cmpevaemcsa ¢ Koapduyuernmom -2.

Zloxaszameavcmaeo. IlepBbliit U TATHIN TyHKTHI HACTOSIIIETO YTBEPXKIEHUST OYEBUIHBI. 3aMe-
THUM, YTO MaKCUMaJIbHBIN KOpeHb OpPTOTroOHaJIeH BCeM IIPOCThIM, KPpOME€ (2, C KOTOPBIM OH
obpasyer yros w/3. Orcrofa cpa3y ciaeayer, 9TO eCau B PA3I0XKEHUH ( HA MPOCThle KOPHU
KOPeHb (v OTCYTCTBYeT, TO o | §. Jlajee, ecii B pa3jIosKeHUHW (v Ha IIPOCTHIE KOPHU K03hhu-
[IUEHT IPU (rg PaBeH 1, TO CKaJspHOE MPOM3BEJICHNE (r U § PABHO %, nosromy Z (o, d) = 7/3.
Amanormuno pasbupaercs Cilydail, eClM B Pa3oKeHWH (¢ Ha, TPOCThIe KOPHU KOI(MDDUIUEHT
npu oo pasen -1. B oOpaTHyio cTopony Tpebyemble yTBEPXKIEHHs CPa3y CJICLYIOT U3 TOTO,

YTO BO3MOXKHBIE KOADMUIUEHTHI TIPH (vg B PA3JIOKEHUU KOPHS v — TOJbKO 2, 1, 0, -1 m -2.

VYreepxaenue 4. ITycmo o, 3 € & — npoussosvuvie Kophu u i,j € A — eeca, maxue, ¥mo
i1+ [ =j. Toeda:

(1) Veaosue o = 3 pasnocuavno momy, wmo i € IS, a j € I,

(2) Veaosue Z(a, B) = w/3 pasnocusvro momy, wmo aubo i € I, a j € 1§, aubo i € I,

aj € I, IIpu amom oba cayvas ecmpevwaromca no mpu pasa.
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(3) VYeaosue Z(a, B) = 7/2 pasnocuavno momy, wmo aubo i,j € I{, aubo i,j € IS,
aubo 1,7 € 15, Ilpu amom nepswvili u mpemuil cayvwau écmpevaromea odun pas, a
68Mopoti — uemupe pasa.

(4) Yeaosue Z(a, B) = 271/3 pasnocuavro momy, wmo aubo i € 1§, a j € IS, aubo i € 1Y,
aj € Is. Ilpu amom oba cayvas 6cmpenwaromesa no mpu pasa.

(5) Yeaosue o = —f pasnocuavrio momy, wmo i € I, a j € I§.

Zloxaszameavcmaeo. Tpebyemoe yTBep>KIeHHE CJIEIyeT U3 TOI'O, 9TO JIIOOYIO IMapy KOpHeil MOXK-
HO CUMMETPUsIMU U3 rpymnbl Beityis nmepesectr B JI00yI0 JIPYTYIO € TEM YK€ YIJIOM MEXKLY
HUMMU.

YrBepxkaeHue 5.

(1) B unmepecyrowem nac 27-meprom npedcmasieHul PAcCMOARUE MENHCOY BECAMU MO-
otcem 6vimov pasro moavko 0, 1 uau 2. [as arobozo seca cywecmsyem posro 16 secos
Ha paccmoanuu 1 om nezo u 10 8ecos na paccmoanuu 2 om Hezo.

(2) JIra 06yxr npouseosvHulr 6€CO8 HA PACCMOAHUY 2 CYyulecmsyem posho 00un 6eC Ha
paccmoanuy 2 om Hux 060uL.

(3) ITyemv o € & — npoudsosvHvili KopeHusv, a ¢1, P2, p3 € A — npoussosvras mpot-
ka eecos, makux, wmo d(¢1,p2) = d(¢1,d3) = d(¢a, ¢3) = 2. Toeda aubo ece ¢;
npunadaescam 15, aubo odun us wuxr npunadsesrcum 17, odun — I uw odun — I§'.

Samevanue. B mambHeiinem Beca Ha PACCTOSTHUN 2 HA3BIBAIOTCS 0GAEKUMU, a HA PACCTOSTHUN
1 — 6auskumu. Tpoiiku mOMAPHO JAJEKWX BECOB TACTO HA3BIBAIOTCS MPUAIaMU.

Zlokazameavcmaeo. IlepBbie jiBa NMyHKTA OYE€BUIHBI, €CJIN YIECTh, YTO TPEOOPA3OBAHUAMU U3
rpynnbel W MoxkHO 110001 Bec miepeBecTtu B jt0boit jgapyroit. Jlokaxkem tpermit. [lo yTBep-
KJEeHUI0 1, HaM JIOCTATOYHO J0Ka3aTh, YTO HE CYMECTBYET TPONKH MOTMAPHO JAJEKIX BECOB,
TaKoli, UTO JBa W3 HUX mpuHasgexar IS, a oqua — I (cayuail, Korga JBa U3 HUX TPUHAT-
nexxar I, a ogua — I§, moyvaercs u3 3moro 3aMeHoi o Ha —a). TIpemosrokmm, 9o Takast
Tpoiika cymecTByeT. IIpumennm x Becam u3 mee w,. Torga Beca m3 I5' ocTtanyTcs Ha MecTe,
a Beca m3 I{* mepeiinyT B Beca u3 I§. OgHako Tpmaja ABYMS CBOMMH BeCAMH, II0 BTOPOMY
IIYHKTY, ONIpejesigeTcda oHO3HaTHO. [lomydaennoe mpoTuBopedne 3aBepInaeT J0Ka3aTeTHCTBO
YTBEPKJICHUA.

YrBepxkaeuue 6. [lycmv a € & — npoudsosvhvill Koperv.

(1) Jna npouseoavrozo wkopua 3, 0pmo2onasvHO20 «, W3 NEPECMABAAET MECTAMU
Kaxue-mo dea seca uz Iy, a npouue seca uz I ocmasasem HenodeuNCHHLMU.

(2) Jas npouseoavnoeo eeca p € I cywecmsyem posno dsa 6eca py,p2 € I, darexux
om p.

(3) Ecau dsa seca p € IS u py € I{ danexu, mo seca p u p1 — « makoce dasexu.

(4) Jasa npoussoavhoti napwv. eecos pi, pe € IY, cywecmeyem posno odun eec p € IS,
danrexuti om HUT 0boux.

(5) ITyemov p,o € 1§ — npoussoavhue eeca u {p1,p2}, {01,002} — coomeememeyrousue
um, no nynkmy (2), napw eecos uz Iy'. Tozda d(p,0) = 2 pasnocusbHo MoMY, wMoO

{p1,p2} N{o1,02} = 0.

Jloxazamenvcmeo. TlepBhiil MyHKT HACTOSIIErO YTBEPKIAEHWUS CIeyeT n3 myHKTa (3) yTBep-

xaeans 4. Kak y»ke roBopmiioch, mpeobpa3oBaHuSAMU U3 TPynnbl W MoKHO 715000#1 Bec mepe-

BecTH B J1I000#1 Jpyroit. Orciona, a Tak»ke n3 yrepxKaeHus 4, cieyer BTopoit mynkT. Jloka-

KeM Tperuil myHKT. [Ipemosoxkum, aro Beca p u p; —« 6ausku. Torma p—(p1—a) = 3 € .
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[To nymkry (2) yrBepxuenust 4, Z(«,3) = =w/3, ciepoBarenpuo, o — 3 € @, ogHAKO
a — 3 = p1 — p — TPOTUBOpEUHE.

JlokaxkeM 9eTBepTHIi MyHKT. JIjis 9TOro JOCTATOYHO IOKA3aTh €QUHCTBEHHOCTH TAKOTO P,
TOIJIa CyIIecTBOBaHME (IT0 BTOPOMY IYHKTY) Oy/eT CJIej0BaTh U3 PABEHCTBA KOJIMIECTBA TTap
{p1,p2}, vie p1, p2 € I, u Beco B 1§, BameTnm, 9T0 BeC p MO TPETheMy IyHKTY JaJieK OT p1
1 pa—a. Ilo cleCcTBHIO U3 YyTBEPXKIEHN 2, p1 U pP3 — (¢ ABJISIOTCS JAJEKAMHI BECAMM, TIOITOMY
P, p1 U pa — a 00pa3yor Tpuajdy. Torga mo myHKTY (2) yTBEp:KIEHUS D, p OIPEIeTAeTcs p1
U po OJHO3HAYHO, YTO W TPEOOBAIOCH.

[Mokazxkem, aro ecau d(p,0) = 2, To {p1,p2} N {o1,02} = 0. Tpeamosoxum, aro 310 HE
tak. Torma Bec x € {p1, p2} N {01, 02} OKasbIBaeTCs Jaek OT p U 0, TOITOMY BECA P, T U X
obpazytor Tpuaay. [Ipm saTom B Heit 1Ba Beca u3 15, a omua u3 I§*, 9TO TPOTHBOPEYUT ITyHKTY
(3) yrBepxkaenust 5. Ocrasnock jqokazarTh, 9ro ecau {pi, p2} N{o1, 02} = 0, ro d(p,0) = 2.
CoBnajiath p ¥ 0 O BTOPOMY TyHKTY He MOryT. IIpemmosoxum, aro o — p = 3 € . Torma
wg JOJDKHO IEPEBOANTH p B O W, CJIEJOBATEIbHO, Tapy {pi1,p2} B mapy {o1,o2}, 4T0, 1O
HepBOMY IIYHKTY, IPOTHBOPEUNT IIPEIIIOI0KCHIIO.

JIlemma 2.1.

(1) ITyemw o, B € @, npuvem o L (3. Hanee, nycms p — makoii eec, umo p+ao u p+ 5 —
makotce eeca. Tozda

Cp.p+aCpta,ptatB = Cp,p+BCo+p,p+a+p:

B wacmmocmu, p + «+ 3 mootce asaiemca 6ecom.
(2) ITyemov o, B,y € @, npuvem o« L B,y u Z(B,v) = 2w /3. [anree, npednoarostcum, wmo
cywecmeyem maxot eec o, 4mo o + o, 0 + B,0+ f+v € A. Toeda

Co,04+6Co,0+B+7Co+B,0+6+y = Cota,ot+atBCota,o+atft+yCotatB,otatftry: (2.1)
B wacmmocmu, 6ce amu 6eca CyuLecmeyiom.

Jokazameavemeo. Jlokaxkem mepBbiii myHKT. To, 9T0 p + v + (3 9BISETCT BECOM, CJIEyeT
u3 yrepxkenns 4. Kak yxke roBopmsioch B mpejbiiyiiem maparpade, jiad v € ® u 7 €
A nonyuaem z,(a)e” = " + Crqpqyrae”tY ecm T+ v € A, u x4(a)e” = €7 unaue. Ilo
komMyTaruonuoit dpopmyrte Illesaute (cm. § 1) momywaem, aro z4(1)zg(l) = x5(1)za(1).
[Ipumensas obe wacTm 3TOTO paBeHCTBa K ef, mosyuauMm Tpebyemoe. Bec p ompenensercd,
no nyHKTy (3) yrBepxkienus 4, omnoznadno. Jlokaxkem Bropoit myHKT. CylecrBoBanue
BCeX TPebyeMbIX BECOB TaK»Ke, KaK W B MEPBOM ITIYHKTE, MOJYyYaeTCsd W3 yTBEPXKjeHus 4.
st mokasaresbeTBa (2.1) 10CTATOTHO TTEPEMHOXKUTH PABEHCTBA W3 TIEPBOTO MMyHKTA JJIs [ap
KOopHell o u 3 (3/1ech p mosiaraerca paBHbIM o), o u ¥ (p = o + (), u, Hakowemn, o u 3 +
(p=o0).

Samevarue. OTMETUM, IYTO B IEPBOM IIyYHKTE KOPHU < U 3 00pa3yoT “KBajpar” ¢ BepIIHHAMU
p,pta,p+pBup+a+ [, uaeMMmy MOXKHO TPAKTOBATH KaK YTBEPXKJIEHUE O TOM, 9TO TPONU3Be-
JIeHVe 3HAKOB BJIOJIb OJIHOI Taphl CTOPOH PABHO MPOW3BEEHUI0 3HAKOB BJIOJIb JIPYTOl TaphI.
AHaJ0OrMIHO BO BTOPOM IIYHKTE KOPHHU v, 3,y U [3 + 7y 00pa3yioT “IpaBUIbHYIO TPEYTOIbHYIO
npusMy”’ ¢ BepmmHaMu 0,0 + 3,0 + 3 +v,0+a, 0 +a+ B uoc+ a+ [+, n IeMMy MOXK-
HO TPAKTOBATH KaK yTBEPXKIEHHE O TOM, UTO IIPOM3BeIeHHe 3HAKOB HA OJHOM TPEYTOJHLHOM
OCHOBAHUW PABHO TPOU3BEEHUIO 3HAKOB Ha, MPOTUBOIIOJI0XKHOM OCHOBaHuM. JloKa3zaTeancTBO
JK€ TPAKTYeTCsl KaK IMePEMHOYKEHNEe COOTBETCTBYOINX PABEHCTB JJIsTt DOKOBBIX TDAaHEI.
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2. CuHryagpHbIe BEKTOpAa: 3JIEMEHTapHbIE CBOMCTBA

Ounpenenerne. BekTop v HA3BIBAETCS CUHTYJISIPHBIM (OTHOCHTEHHO 3-hOPMBI §), €cin Jjist
JI000T0 BEKTOpa X BBIMOJIHSIETC paBeHCTBO Q(x,v) = 0. IloAmpocTpaHCTBO HA3LIBAETCS
CHUHTYJISIPHBIM, €CJIH JI000# ero BEKTOp CHHTYJIAPEH.

Sameuarue. VIHOTIA TPOCTPAHCTBA, BCE BEKTOPA KOTOPBHIX CUHTYJISIPHBI, HA3BIBAIOTCA BIIOJIHE
CUHTYJIAPHBIMHA.
Teneps u3 onpenenerus: 3-OpMbI HECJIOXKHO BBIBECTH CJIELyIOINE CBOMCTRA.

(1) Ecau char K # 2, To B OlIpeieIeHUH CHHTYJISIPHOIO BEKTOPA MOXKHO BMECTO DABEHCTBA
Q(z,v) = 0 manucars F(v,v,z) = 0. Ecan xe char K = 2, to F(v,v,z) = 0 s
JIIOOBIX BEKTOPOB U | .

(2) Iycrb W — moampocTpaHCTBO ¢ GA3UCOM, COCTOAIIMM U3 CHHTYJISIPHBIX BEKTOPOB
w'mpn 1 < i < n, rme n > 1. Torma W — CHHIYIEIPHO, €CJIM W TOJBKO eCJIH
F(w',w?,z) = 0 s Beex Bextopos z n 1 < i,j < n.

(3) Ilycrb u,v w u + v — CUHTYIAPHBIE BeKTOpa. Toraa JAByMepHOe TOAIPOCTPAHCTRO,
HATIHYTOE HA HUX, TOXKe CHHTYJISPHO.

Omnpenenenne. Paccrogaue MexKJy JByMd Pa3JUIHBIMU CHHTYISPHBIMUA BEKTOPAMU U H U,
obozuauaemoe d(u, v), oJIaraeTcs PABHBIM 1, €CJIM BEKTOP U — v CHHTYJISPEH, U 2 B TPOTHBHOM
ciydae. B mepBoM ciiydae BeKTOpa Ha3bIBAIOTCs OJM3KUMH, & BO BTOPOM JajieKUMu. Ecian
U = v, TO PACCTOSHUE Me¥K/Iy HUMU cauTaeTcd paBHbIM ().

Hamomanm, aro F(u,v,w) = ) tu,v,w;, e cyMMa 0ePeTcs 110 BCEBO3MOXKHBIM YIIOPsi-
JIOYEHHBIM TPO#KaM BeCOB p,o U T, TakuM, 9to d(p,0) = d(p,7) = d(o,7) = 2. Orcrona
cremyet, ato d(¢,) = n < d(e?,e?¥) = n 119 OIPOE3BOILHBIX BecoB ¢, € A. B mamnHeii-
IIeM MbI HHOT/A OyIeM 3aMeHATh, IS IIPOCTOTHI, PACCTOSHIE MeXK/Ly 6A3UCHBIME BEKTOPAME
Ha PACCTOSTHUE MEXKJY COOTBETCTBYIONMMU BECAMM.

[Mockoabky Jrobast marpuria A € Gy (Eg, K) coxpansier dopmy F', TO OHa CHHTYJIsIDHbBIE
BEKTOPA MEPEBOIUT B CUHTYJISPHBIE, a HECHHTYJISPHBIE — B HecuHTyasapHble. CiegoBaTesbHo,
MaTpura A coxpaHgeT pacCTOSHUE MKy BEKTODAMU.

YrBepxkaeHue 7.

(1) ITyemov u — cuneyaapnui eexmop, u p — nekomopud eec. Ipednosootcum, wmo das
npou3eoavHoz0 eeca o € N, daaexozo om p, xospduyuenm u, pasen 0. Tozda sexmop
u Oau30k K €.

(2) ITyemov u — cuneyaapholi 6exkmop, bauskul K bazuchomy eexmopy e, u nycmv o €
A — npoussoavhwiti sec, daaexuti om p. Toeda u, = 0.

Zloxazameavcmeo. Ban3ocTh BEKTOPOB u U €, 1O BBINIECKA3aHHOMY, PABHOCHIBHA TOMY, UTO
F(u,e?, ) = 0 ayst mpou3BosibHOrO BekTOpa x. Orcioga u u3 Bujga (hopMbl F cpady ciejiyer
mepBbiilt myaKT. JljIg JMokasaresbcTBAa BTOPOTO IMYHKTA MPEANOIOXRUM, 910 U, # 0. Ilycrs
T — Bec, jganekuii ot p u o. Pacemorpum F(u,e”,e™) = 0. U3 Buga dopmbr F' nomydaem,
9TO 3TO PaBHO +U, — IPOTHBOPEUHE.

IIyctes o € ® — mpomsBosbHbLil Kopensb. [asee, mycts D, = (X336 L «). Ilo mymkry
(3) yTBepxKjieHust 4, MPOCTPAHCTBO PACKJIAJBIBAETCS B MPSAMYI0 CYMMY TPEX WHBAPUAHTHBIX
oy, seficreuem D, noanpocrpancts: V& = (e?;¢ € 1Y), tie 1 < k < 3. Pacemorpum orpa-
amaenne D, na V,*. Crosa no yTeepxkaennio 4, moboe X g, orpanndennoe Ha V)", spisdercs
TpaHcBekImeii, nosromy D, orpannaennoe wa V¥, copmamaer ¢ SL(V¥, K). Anasoruanbrii
daxT Bepen mra orpanndennd Ha VY.
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B manbHeiimem a1 kparkocTu rpyniy D 6yaem obo3nadaTh mpocto D. IIpocTpancTsa Vf
B JaJibHeieM Takxke OyayT obo3HauaThCd uepe3 Vi. HecmoxkHOo BHIETH, UTO /I MaTPHUIIBI
A € D 6moku Aly, n Aly, coBnagaior (unn, 60iiee TOTHO, 11 ¢, Y € Iy momydaeM Agy_s.p—5 =

Apy)-

Jlemma 2.2. [lycmo v u v — 0d6a bAuU3KUX cuneysapnolr sexmopa, npuvem u € Vyi. Tozda
UpUg—§ = UgVp—s OnA 6Cex p,0 € 1.

Jlokasameavcmeo. Mycers Ay — marpuna uz SL(Vy, K), nepesogsimast u B e!. Toryia, kak Mbl
y’Ke yHOMHWHAJN, cymecTByer marpuna A € D, takast, ato A|y, = A;. Tlo BbimeckazanHomy,
Au = e’ u Av = v’ 6m3Ku, 0TKy1a, 10 yTRepXKAeAnio 7, v, = 0 npu 22 < p < 27. U3 Toro,
qro Aly, = Alv,, cpasy cienyer Tpebyemoe.
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63. KopHeBbIe 3JIeMEeHTHI

[Iycts g — npousBosbHBIN KOpHEBO# 3jiemenT. [lockosibKy Halie npejcTaBiieHue MUKPO-
BECOBOe, TO ¢ = e + T, TJle £ — KOpHeBoi dmeMeHT ayreOpwl [lleBasme Ly, T.e. 3jieMeHTt,
COTIPSIZKEHHBIA ¢ ae,. Torma x MOXKHO paznoxkuTh 1mo Gasucy IlleBajure B Buje cymmbl (¢
HEKOTOPBIMU Ko durmenramn) e,, o € ® = FEg, u h;, 1 < i < 6. [lockosnbky masiee nam
npujeTcsd padboTaTh ¢ 3TuMu Kodddunuentamu OoJiee moapodbHO, BBEIEM ciejyioriee 0003Ha-
JeHue.

Ounpenenenune. ByjaeMm Ha3bBATh KOOPAUHATON KOPHEBOTO 3J€MEHTA ¢ (MM MATPUIIHI
g) npu KopHe o € & = E u obo3nagars depes (a), k0abunmenT npu e, B PasIoKeHnH
sseMenTa g — e 1o 6azucy [llesasure.

TakuM 06pa30M, s KOPHEBOTO 3JIEMEHTa ¢ MOJIyIaeTCs PA3IoKeHne g = e+ » (o)geq +
> a;h;, Toe mepBas cymma Gepercs mo BceM o € ® = FEg, a Bropag — 1mo 1 < i < 6.
Y 1mepBoit cymMMmbI, Y (@)4€q, BCe amaroHasbHbe KO3 duuenTsl paBaer (), BTOpas cyMMma,
> a;h;, HATIPOTUB, TOJHOCTHIO JHATOHAILHA.

Jlemma 3.1. Ilycmov g — xopnesoti asemenm. Tozda

(1) gpyp =0 daa amobwx ¢,vp € A, makux, wmo d(¢, ) = 2;
(2) gop = cop(d — V) g dna mobuz ¢, € A, maruzx, wmo d(¢,) =

Joxasameavcmeo. Kak yxe ropopuinocs, g = e + » (a)geq + > a;h;, TAe mepBas cymMma
bepercs mo Bcem o« € ¢ = Fg, a Bropag — mo ¢ = 1,...,6. Bosee Toro, Bropas cymma
MPE/ICTAB/ISETCS JIMArOHAJIBLHON MATPUIEil, MO3ITOMY B JIAJbHEHIIIEM MOXKHO PAacCMaTPUBATH
TOJIBKO TIepBYyIO cymMmy. ¢cHo, aro ecian d(p, 1)) = 2, TO MaTPUIHBIE DJIEMEHTHI BCEX €, B
nosurun (¢, 1) pasabl 0, aro mokasbiBaer (1). C apyroit croponsl, ecau d(¢,v) = 1, To
€IVUHCTBEHHBINA 3JIeMEHTAPHBIA KOPHEBOI 3JIEMEHT €, IJId KOTOPOI'O MATPUYHBLIA 3JI€MEHT B
no3unu (¢, 1)) ornuaer oT 0 — 370 ey_y. OTCIOTA, O OIPEIETeHHIo (¢ — 1)y B Cehyp, CIELYET
OyHKT (2).

Jlemma 3.2. ITycmov g — Kophesot sremenm u o (@) — IAeMEHMAPHOLT KOPHEBOT IAEMEN.
Aanee, nycmo g’ = x4(a)gza(—a). Tozda ecau Z(o, B) = w/3, mo (8)g = (8)g + Napa(5 —
@)y Beaw ace 2(ar B) > 13, m0 (B)g = (8)y-

Jokasameavcmeo. Kak yxe rosopuiocs, g = e + »_(8)g4es + > a;h;, Tae mepsas cymma
bepercs o BceMm J € ®, a Bropag — mo ¢ = 1,...,6. ITosTomy

/

9 = xa(a)gra(— —€+Z JgZala)egra(— Zazwa Yhizo(—a).

HecnoxxHo BUETH, 9TO TOCHEIHSsT cymMMa paBHa » a;h; + x,(b) mmst mekoroporo b € K,
[IO3TOMY Ha HWHTepecyloiue Hac Koddduimentsl ona He BiuseT. [locmoTpum Ha TIepBYIO
cymmy. Ecmm Z(o, 8) < 271/3, 10 (8)gza(a)esra(—a) = (B)qep; ecmn L(a, f) = 2m/3, TO
(B)grala)esra(—a) = (B)g(ep + Nagaegiqa); ecmm xe f = —a, 10 (B)g2q(a)egra(—a) =
(B)g(eg + ha(ab) + ceq) nms mekoropsix b, ¢ € K. Otciona cienyer Tpebyemoe.

YrBepxkaeHue 8.

(1) ITyemv mampuya g € M (27, K) pasua hy das nexomopozo a € ® = Eg. Toeda das
NPOU3BOALHOT, MPOTIKU NONAPHO OAAEKUL 6€CO8 P, T U T GHINOAHACTNCA PABEHCME0

9pp + 900 + 9rr = 0.
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(2) s npouseoavhotli duazonasvholc mampuus, g = e + Z?:l a;h; € M(27,K) u
nPou36oALHOT MPOTUKY NONAPHO OGAEKUT 6ECO8 P, 0 U T BOINOAHACMCA DAGEHCMEO
9pp + 900 + 9rr = 3.

(3) Jlaa npoussoavrozo KopHe6o2o sAEMEHMA § U NPOUBOALHOT MPOTKU NONAPHO da.ne-
KU 6€CO8 P, 0 U T BUNOAHAEMCA PABEHCME0 §pp + Goo + Grr = 3.

oxasamesvcmeo. Heciioxkno sujiers, uro ecmm ¢ € I, 1o gop = 1, ecm ¢ € I3, To
Gop = 0, a eciim ¢ € IS, 10 gy = —1. Ilo mymkry (3) yrBepxkienust 5, amubo p,0 u T
npunajiexxar Is, imbo ojun u3 Hux npuHayiexxur I{, oqun — I§ u onun — I§'. Orcroona
cJeyeT TEpBBIi TyHKT. BTOpoii cpa3y ciemyer u3 mepBoro. Jlad qoka3zaTebcTBa TPeThero
MYHKTa JOCTATOYHO BCIIOMHHUTD, YTO, KaK YK€ FOBOPUJIOCH, €CTU § — KOPHEBOI 3JIEMEHT, TO
g=-e+Y (a)geq + Y a;h;; upu 3TOM TEpBast cymma, » () g€q, HA AHATOHAJILHBIE KO3 DH-
[IAEHTHI He BJIUSIET.

JIemma 3.3. ITycmo dan xopenv «. Toeda duazonasvmas mampuya g = e + > ah; €
M (27, K) onpedeasemca namnadyamoio Kosphuyuenmams gy, ., , 20e vi € 15, 00nosnauno
¢ mouHocmovio do npubasserus ahg,.

Joxazamesvcmeo. 3amMernM, 9TO, IO ITHERHOCTH, TOCTATOTHO TOKA3aTh, YTO €CIIH ¢y, 1, = 1
g Beex vy, € 15, To g = e + ah, 14 mekoToporo a. Ilpeamosnoxum, aro gy, ., = 1 maa
Beex v € I, Ecmm A € If m p € I§ — mpousBOsIbHBIE Beca, IpUdeM (L + & 7# A, TO, IO
OpeablIyIIeMy yTBePKICHUIO, CYMMa, g\ + guu = 2, TIOCKOJIbKY, 110 IIyHKTY (3) yTBepXK IeHust
5, Bec, jgajiekuit or A u p, npunajexut 15, Orcioza, n3-3a IPOM3BOJILHOCTH BBIOOPaA \ U [,
CJIeJIyeT YTBEpKJIeHUE JIeMMHBI.

[Tepes; Tem, Kak mepeiiTu K Teopeme 1, HATIOMHUM OTIPeeIeHue.
Ounpenenenne. Beraer marpuipst A — 310 panr marpunbl A — E (obo3naqaercs res A).

13 cBoiicTB BbIUeTa HaM mOTpebyercs JBa: 1) BHIUET He MEHseTCs IPH U3MEeHEHHN 0A3WCa;
2) res AB < res A + res B.

Teopema 1. ITycmv g — wopresoti aaemenm 2pynno, Gs.(Eg, K), a € ® = FEg — makoti
Kopenv, wmo (a)y # 0, a A maxod sec, wmo A\, \+a € A. Tozda nepemennwvie: ()4, sce (),
maxue, wmo Z(a, ) = /3 (maxux xopuetr B posno 20), u grx, ABAAOMCA HE3ABUCUMBLMU
U 00HO3HAYHO ONPEIENAIOM. (.

Zloxaszameavecmeo. 1. 3amernm, 9TO BbIYET MPOU3BOJHHOTO KOPHEBOTO 3JIeMEHTa, paBeH 6.
Mycts N\; € I, vp € I mp; € IS mpr 1 <7 < 6m 1l <k <15, mpuaem \; = p; + .
ITockosbky (ar)g # 0 1, HO cieAcTBHIO U3 yTBepKAeHus 2, d(\;, p1;) = 2, ecan i # j, TO, 1O
Jgemme 3.1, CTPOKM ¢ HOMepaMHu \; Ha IIepecedeHuy CO CTOJIOIAMK C HOMePaMu [i; 00pa3yioT
JIMaroHaJbHyI0 obpaTumyio marpuily. Panr marpunst h = g — E pasen 6, moaromy Jio0oit
ee cTosIOer BhIpazkaeTcs depe3 CTOJIOIEI ¢ HoMepaMHu fij. CienoBaTenbHo, g s € IS U IS u
t € I U I$ MOXKHO 3almcaTh, 9TO

6

6
hst H hAi:Hi = Z hAiythSaMi H hAj:Hj ’ (31)
=1

i=1 j#i
WJIHM, TIO OIIpeJieJIeHuI0 MaTpull h u c,

6

(gst — 5s,t)(a)g = Z((gAi,t - 6>\i7t)(gsyﬂi - 537Ni)c>\izﬂi)' (32)
=1
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Hecnoxxuo Buserh, mo jiemme 3.1, uro 3ta dopmysia BepHa JJjIsd BceX s u t; HGojee TOro,
TyTh Jajiee MBI JOKaXKeM HEeCJIOXKHOe yTBepXKJeHHe, UTO OHa BepHa, jaxke ecian (o), = 0.

2. PaccMoTpuM IIpOW3BOJILHBIN KOPEHb 7y, MePIeHIuKYJIIpHbIi . Kak ciaeayer u3 yTBep-
JKJeHus 4, CymecTBYIOT Beca Vi, v € 1§, Takme, 9r0 v = v + v, 0TKyAa (V)g = Cupo1yGvi, v -
[lasee, 10 I€PBOMY IYHKTY, §y, ., BBIPAXKAETCA T€PE3 GX, 1, Jupu; B ()g. Kodbdunment
Gx;,1, DaBEH JHOO Cy, 1, (6)g, ecnu = \; — vy, 6o 0, ecu \; — v ¢ ®. Amasmorudno, g, .,
paseH 6o ¢, ,,(5)g, ecan 3 = v — p;, 1ubo 0, ecaun v, — p; ¢ ©. Ilpu sTOM, IO yTBEpXK I€-
mnio 4, Z(«, ) = /3. Takum obpasom, (7), BBIpAsKaeTCs, IPUIEM MOINHOMUAIBHO, €CJIH
3adukcuposars (a)y, wepes (§)g, rae L(a,v) =7/2, Z(a, B) < w/3. Caenosaresnbho, qepes
HUX K€ BBIPAXKaloTCd Bee KodMMUIUEHTDI gy, 0 B ga,,\; TPH @ 7 J.

[Tokazkem, 9TO BCe AuArOHAJIbHBIE KOI(MMUIUEHTHI TAKZKE BHIPAXKAIOTCA Uepe3 TpedyeMble
22 nepemennbie. [TogobHo npenpayIEemMy, g, ., BbIpakaercs depes (),, rae Z(o, ) = m/3.
Torna o emme 3.3 ocrasibHbIE JHaroHaJbHbIE KOXMDMUIINEHTHI TaKXKe OIMPEIe/ISTIOTCS OJIHO-
3HAYHO ¢ TOYHOCTBHIO JIO MPUOABIEHUS K gy, ), ¥ BBIYUTAHUSA U3 gy, ,; OAHOTO W TOXKE UNCIIA
a € K. Takum o6pa3oM, Bce JuaroHaJbHbIe KO3(DbUINEHTH BhIpaxKaioTcs depe3 ([),, Tue
Lo, B) < /3, m gax. OcTasoch MOKa3aTh, 9TO 9TO BHIPAYKEHUE SABJISETCS, €CJIU 3aDUKCHPO-
BaTh ()4, TTOJMHOMAAIBHBIM. DTO SICHO /1715t KO3 DHIIenTos g, ,,. Kpome sroro, 3amernm,
9TO §pp AJIF BeeX p € A qumeitno BeIpakatoTcs depes hg,, rie 1 < ¢ < 6. CoenosaTesnnno,
he, MAHEHHO BBIpazKaloTcd Uepe3 ¢, ,, U gax, TO €CTh MOTHHOMHUAJIBLHO BBIPAXKAIOTCH, €CJIN
3aduKCHPOBATE ()4, Tepe3 (f),, e L(a, f) = 7/3, 1 gxx. [losromy u g,, TOTHTHOMHAATIHHO
BBIPAXKAIOTCH, eCJin 3aUKCHPOBATH ((¢) 4, T€PE3 T YK€ CaMble TIePEMEHHbIE.

Takum ob6paszom, K03(hDMUINEHTbI MATPHUILI § BUJA g\, « U s, BbIPArKaroTcs, IPUYEM
MOJITHOMMAJIBHO, ecin 3adburcnposars (a),, epes (B)y, rue Z(a, f) = 7/3, n gaxr. Orcro-
Ja, o dbopmye (3.2), caeayer, 9To Bce KOIDMUIMEHTH MATPHUIBI § BBIPAYKAIOTCS, TPUIEM
IOJMHOMHUAJIBHO, €CIU 3aUKCHPOBATD ((v),y, I€Pe3 Te XKe CaMble ITepeMeHHbIe.

3. Ocranock ybemuThCst, 9TO ITH IMepPeMeHHbIe MOTYT MPUHUMATH Jifo0ble 3Hadenns. Jljis
9TOTO JIOCTATOYHO CKOHCTPYHPOBATH KOPHEBOH 3JIEMEHT C JAHHBIMYU 3HATEHUSIMHU TepPeMeH-

vbIX. IlycTh f — HEKOTOpPBI KOPHEBOI 3JI€MEHT U (3 — IPOU3BOJILHBII KOPeHb, 00pa3yommit

yron /3 ¢ . ComupszkeM f KODHEBBIM JIEMEHTOM h = Zg_q <Ng_a7agggg>. Cortacuo
g

jgeMMe 3.2, TIPH TAKOM COIPSIPKEHHH MOTYT H3MEHHTHCS KOd(DDHUIMenTsl () TOJBKO HpH
(v, B — «a) < w/3. Tockonbky Z(a, f — «) = 27/3, To KoOpanuHATA TIPW KOPHE (v HE Me-

HSIETCsI, a W3 BCeX KOPHeil, obpa3yormumx yroia m/3 ¢ «, MeHSIeTCsl TOJBKO KOODAMHATA MPH

kopHe 3: (B)pn—1 = (B)f + % [omoxxum f = 4 ((®0)y) U COMPSIZKEM €r0 3IeMEHTOM

TB—a (Ng_a,a%> JJIs1 Beex Kopreit 3, obpasytomnux yrou m/3 ¢ a. HecaoxxHo BueTh, 910
II0CJIe BCEX TAKHUX COIpszKenuit ()5 = (7)g A/ T1060T0 KOPHA ¥, TaKoro, 1aro Z(7y, ) < /3.
Takum oO6pa3oM, epBag 21 Tpebyemas mepeMeHHas y¥Ke MOoJIydeHa.

BameruM, UTO, MO JieMMe 3.2, TpPU CONPSKEHUH f ¢ TMOMOIIBI0 T_,(a) KOOpJAUHATHI
IPH KOPHE (¢ M KOPHSAX (3, 0Opasymomux yroua m/3 ¢ «, He MeHSOTCH (TO ecTh, (a)f =
()2 (@) fr_a(=a)s (B)f = (B)a_o(a)fe_o(—a))- IIpE 3TOM K cymme ) azh; npubabisercs
ha(ab), tme b or a we 3aBucut. [losromy miast mosryderusi TpeGyeMOro 3HaveHWsT Beex 22
HepEeMEHHBIX JOCTATOYHO COIPAYD TO, YTO IIOJIYUYUIOCH B IPEIABLILyIeM ab3ale, ¢ T _, C IOJI-
XOIAIAM KO3 PUITUEHTOM.

Samevanue. HecsokHO BUAETH, 9TO JIjIs TPOU3BOJIBHOTO HEETUHUIHOTO KOPHEBOTO JIEMEHTA,

g CyIIeCTBYeT KODeHb «, Takoii, uro (a), # 0. B camom nese, g coupsiken sjieMeHTaAPHOMY

KOPHEBOMY 3JIEMEHTY H, CJIeJ0BaTeJIbHO, BCe cOOCTBeHHBbIE uncja ¢ paBHBI 1. IlosTomy, ecin
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¢ JUaroHaJieH, TO OH eJIUHUYEH.

Chenyromnuit TexHUIecKuit (hpakT TPUTOAUTCA HaM B JajbHeimeMm. OH, BooOIe TOBOPH,
cJelyeT U3 JI0KA3aTeJbCTBA TeopeMbl 1, OJHAKO HAINCAHHOE HHXKe JOKA3aTeJIbCTBO CYIIe-
CTBEHHO KOpO4Y€ U IIOHATHEE ('bOpMaJIbHOI"O BBIBO/1a 3TON JIeMMBbI U3 TEeOPpEeMBbI.

Jlemma 3.4. ITycmv g — Kopnesot saemenm, a & — Kopenv, npuvem (5)g =0 das scex [3,
maxuzx, wmo Z(a, 3) > w/3. Tozda gpp, =1 daa ecex p € A.

Zloxazameavcmeo. TlpeamonoXum, 9T0 yTBEPXKIEHWE JIEMMbI HE BBITOJIHAETCS. 3aMeTHM,
ITO gy MOXKET OBITH He paBHLIM 0, TOMbKO ecam: 1) ¢ € If, a ¢ € I§ UIS; 2) ¢ € I3,
a1 € I 3) ¢ = 1. Paccmorpum mepecranoBounyto marpury f € GL(27,K), kotopas
nepesogut I{* B Iy, IS B Iz, a I B I3. Torjma HecIoXKHO BHJETH, UTO MAaTPHUIA faf~t
Oyaer BepxHeTpeyroabHoii. [Tocko/IbKY g KOpHEBOI 3JIEMEHT, TO OH COMPSIYKEH JIEMEHTAPHOMY
KOpHeBoMYy 3siementy. [losTomy Bece coberTpeHmble umcena marpunbl g (w fgf~ 1) pasmwr 1.
Orciona cpasy cienyer Tpebyemoe.

O6o3raqnmM gepe3 V9 mectumeproe moanpocrpanctso Im(g — E). Vnade rosopst, 910 1M0/1-
IPOCTPAHCTBO, TOPOXKJIEHHOE BCeMU cTOJIONaMu MaTpulibl ¢ — E. B jnaabueitem HaMm Takke
HOHaJ00UTCS IecTUMepHoe HOAIpocTpancTBo Vy < V™, opoxKaeHHOe BCeMH CTPOKAMH MaT-
punpl g — E. Kak u3sectro (cM., Hampumep, [92]), Cyy = Cye IS BCEBOBMOXKHBIX BECOB ¢ U
. Otcrona caenyet, ato x4(a)l = x_,(a). IlosToMy, ecim g SBIAETCS KOPHEBBIM 3JIEMeEH-
ToM, To g7 — Toxe, n ec;n g € Gye(Eg, K), To g7 — Toxxe. TakmM 06pa3oM, MBI MOMKEM
" TPAHCIIOHUPOBATHL” BCE TOCJIEYIONIIE YTBEPXKIEHUST BMECTE € UX JIOKA3ATEIHCTBAMU, TPAHC-
ITOHUPYs Bce 0003HAYEHNSI, PABEHCTBA U T.I1., © MEHSSI MECTaMU CJIOBA ~ CTPOKU~ 1 ” CTOJIOIBI” .
[Ipm 3TOM KOpHU OYAYyT MEPEeXO/INTh, €CTECTBEHHO, B IIPOTUBOIMOJIOXKHBIE, & BECA OCTAHYTCS
Ha MecTe (MOCKOJIbKY MBI OTOXKJIECTBIIsIEM Beca U KoBeca). B wacTHOCTH, MHOXKecTBa (', IS
I$ mpu " TpancionupoBaHHU” OcTaloTcA Ha MecTe. Bciony B nanbHeiinmem, ynoMmunas Vy, Mbl
roJiaraeM, 4TO HaM U3BECTHBI BCE YTBEPIXKJICHUS, ~TPAHCIIOHUPOBAHHbBIE” K YK€ JIOKa3aHHBIM
yTBepkKIeHusaM 1mpo V9. B ocrasibHBIX Cydasx, eCjiu HCIOJIb3YyeTCs ~ TPAHCIIOHHPOBaHHOE”
YTBEPKJIEHWEe, TO MBI YIIOMUHAEM 3TO.

JIemma 3.5. ITycmv g — Kopneeoti ssemenm u o — npouseosvhbii kKopens. Tozda caedy-
ouue YmeepicoeHus IKGUCAACHMHDL:
(1) (a)g #0;
(2) wecmv cmoabyos (g — E)y ;. 2de p; € I u 1 < i < 6, nopoocdarom wecmumeproe
npocmparcmeo VI ;
(3) 6 VI cywecmsyem 6asuc {v'}S_,, maxoti, wmo vij =0;,20e 1 <i<6,\; €Iy u
1<j<6.

oxazameavcmeo. Ilycte \; € IT, vy € IS mp;, € IS mpu 1 <7 <6 mu 1 < k <15, npuuem
Ai = p; + . Ilycrs (1) Bomonmsiercs. Kak y»xe ormedasocsh B Teopeme 1, ecan (o), # 0,
TO OAMATPHIA {gx, 4, }5 j—1 AMaroHaIbHa u obparTima. Orcioma ciepyor myHKTh (2) u (3).
Taxum o6pazom, Mbl mokazasn mepexoast u3 (1) B (2) u (3). INokaxkem mepexoq u3 (2) B (1).
IIycrs (1) He BRIMOIHSETCH, TO ecThb () = 0. Torma gy, ,, = 0 ama Becex 1 < 4,5 < 6. Jamee,
(2) BBImOMTEZETCA, TO ecThb cTOIONLL (g — E)4 4., re 1 < j < 6, HOPOoXKIAI0T HOAIPOCTPAHCTBO
V9, B KOTOpPOM JiexkaT Bce cTosdIbl Marpunbl g — E. [losromy Bce crpoku marpuisl g — E ¢
wHomepamu \; nipu 1 < ¢ < 6 — wHysaeBble. B gacTHOCTH, I =0 s Beex 1 < j < 6,1 <
k < 15. Tlosromy (5)y = 0 musa takux (3, aro Z(«, ) = m/3 u, crenoBaresbHo, ¢y, ,, = 0
st Beex 1 < ¢ < 6,1 < k < 15. Orcioza, MOCKOIBbKY (2) BBITOJIHSIETC, Jup.p = 5,,,67/) g
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npon3BoabHbIX 1 < k < 15 u p € A. B wacrrocrH, g, 1, = 0y, A0 Beex 1 < k1 < 15.
Kpowme aToro, Kak yzKe TOBOPUIIOCE, gy, = Ox,,p AT TPoU3BOIBHLIX 1 < i < 6 1 p € A,
II09TOMY, 110 JIeMMe 3.3, g, = 1 JJI9 IPOu3BOJILHOrO p € A. 3aMeTHM, YTO JyId IPOU3BOIbHBIX
1 <1 # j <6 cymecrytor v, # vy € I3, Takue, 9to g, ., = +Gu, v, 9T0 pasno 0. Takum
00pa3oM, ¢y . = Op p;, ITO TIPOTHBOPETAT (2).

Ocranocs mokazarhb mepexon u3 (3) B (1). IIpeamonoxum, aro (3) BeimosHgeTcsd, a (1) —
wer. Torma gy, ,, = 0 mng Bcex 1 < 4,5 < 6. Ilo (3), ecrm uw € V9 m uy, = 0 mua
Becex 1 < j < 6, TO BEKTOp U BLIparkaeTcs depe3 v’ ¢ HyJIeBBIME KO3(MDQMUIMEHTAMH, TO
ectb u = 0. Ilosromy g, ,, = 0, ,,. Orcioma cmemyer, uro (v), = 0 Qg Beex vy, TAKux,
aro /(7y,—a) > 7/3, M03TOMY MBI HAXOJUMCS B YCJIOBUAX TPEAbLAyIIeil jeMMbl. [TosTomy
gpp = 1 aa seex p € A. OTcroza cieyer, 9To gy, , = 6x,,p, HOITOMY (3) He BHITOIHACTCA —
POTUBOPEYHE.

B teopeme 1 u jemme 3.5 y Hac MOIBUJIOCH OTOOparkeHWe U3 MHOXKECTBA KOPHEBBIX ITOI-
TPYI B MHOXKECTBO MECTUMEPHBIX MMOIIPOCTPAHCTB, TTEPEBO/ISIIIEE IJIEMEHT ¢ B TOAITPOCTPAH-
cro V9. B caeayromeM ciieICTBUE TOKAa3bIBAETCS, 9TO 3TO WHbeKIus. Jlamee, B §4, MbI
MMOKazkKeM, 9TO ITPU OTPAHUYEHNUN MHOXKECTBA, MMEeCTUMEPHBIX TOIITPOCTPAHCTB JI0 MHOYKECTBA
CHUHTYJISPHBIX IMECTUMEPHBIX IMOAIPOCTPAHCTB 3TO 0TOOpaskeHne CTAHOBUTCS OMEKITHeid.

CaencrBue. Kaotcdoti Kopresoti nodepynne coomeemecmeyem wWecmuMepHoe noonpocmpa-
CMBO; KOPHEBLIM INEMEHMAM U3 PA3HOLT KOPHEBHLT NOJPYNN COOMBEMCMEYIOM PA3HBLE NOO-
NPoOCMPAHCMEA.

Jlokasameavcmeso. Hano mokazars, ato ecom V9 = V", rne g u h — KOpHEBbIe 3JIeMEHTHI,
TO g U h JIesKAT B OJHOI KOPHEBOI IIOArpyIIIe; HHade ToBopd, ¢ = g — F kparao b’ = h — E.
[Tycts o« — KOpeHb, Takoii, aro (a)y 7# 0. CileoBaTesabHO, BBHIIOIHAETCS MyHKT (3) IIpepl-
Jymieit emuMbl, ostomy (o), # 0. $lcno, aro Gazme {v'}S_; 3 Toro ke myHKTa ompeses-

eTcs OHOZHATHO. 3aMeTuM, 9To g, . = (a)yCx, 40" s Beex 1 < 4 < 6 u, aHaIorHIHO,
/ _ i 1 (g 11
., = (@)nen, ;0" OTciona, mo Teopeme 1, g = mh , 9TO JIOKA3bIBAET CJICJICTBHE.

SaKOHYUM MbI 3TOT Haparpad IBYMs HECTOXKHBIMHU, HO, HA HAII B3IV, HHTEPECHBIMU U
TMOJIE3HBIMU Y TBEP>KJICHUSTMH.

VrBepxkaenue 9. [Tycmo g € Gy.(Eg, K), a — npousdsoavuwiti kopenv. Tozda cywecmeyem

makoti Kopeuv 3, wmo mampuua {gw’ua }Agellg peelg obpamuma.

Jlokasameavcmeo. Pacemorpum Kopresoit snement f = gr_,(a)g~!. 3amernm, aro Vt-ala)
MOPOXKEHO CTOIOIAME (Z_4 (Q))s ro = +aer” ~?, rae \* mpoGeraer I{. Torma V/ nopoxeno
MIECTBIO CTONOIAMMA Gy o, THAE U € IS, TlocKONIBKY KOPHEBOI 371eMeHT [ — He eMHNIHbIH,
TO, 110 3aMEYAHHIO MOCJe TeOPeMbI 1, cyImecTByeT Takoit Kopeusb 3, aro () # 0. Crenosa-
TeJIbHO, BBIMOJHSAETCS MYyHKT (3) JIeMMbI 3.5, B3 KOTOPOTO CJIeyeT TpebyeMoe yTBEepKIeHHe.

YrBepxkaenue 10. I[Iycmv g — wopuesoti anemenm. FEcau (a)y = 0, mo ycaosue (3.2)
GOINOAHACTNCA.

Jloxazamenvcmeo. TIOCKOJIIbKY JIJisl €TMHUTHON MATPHUIBI yCaoBUe (3.2) BBINOJIHIETCS, TO,

0 3aMEYAHUIO TOCJe TeopeMbl 1, MOYXKHO CYUTATH, YTO CYIIECTBYET TaKoil KOpeHb (3, 9To

(B)g # 0. Torma, mo Teopeme 1, Bce KOI(DOMUIMEHTH MATPHIBI § BHIPAKAOTCI Hdepes3

(B)g, (7)g, Tme L(B,v) = w/3 u g,p, THE p,p — B € A. Cuenosarensno, (3.2) MOXKHO pac-

CMATPUBATHh KaK PABEHCTBO MHOTOYJIEHOB OT 22 mepeMeHHbIX. bosiee TOT0, KO3MDDUImenTH

9TUX MHOTOYJIEHOB TIeJIble W OT TIOJIT He 3aBHUCAT, a HAM HEOOXOIMMO JOKAa3aTh PABEHCTBO
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MHOTOUJIEHOB B JIeBOil u TpaBoii gactu (3.2). CiesoBaTelbHO, BMECTO TPOU3BOJIBHOTO MOJIS
MOZKHO PacCMATPUBATD, HAIPHMED, I0JIe KOMIIJIEKCHBIX 1nces. Torga ycnosue, 1to (o) = 0,
OTIpeiesIgeT TOJIMHOT000Opa3ne Ha eJIMHUILY MeHbIeil pazMepHocTr. OTHAKO HAJ, TOJIEM KOM-
IJIEKCHBIX YHCEJI U3 PABEHCTBA MHOTOYIEHOB Be3Jle, KPOME MOJMHOI000pa3us Ha €JMHUILY
MEHbINIeH pa3MepPHOCTH, CJIeJlyeT paBeHCTBO Ko duimenTos. [loaromy MHOTOUIEHBI TOXK 1€~
CTBEHHO PABHBI HAJT JIIOOBIM MTOJIEM.
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4. KopHeBble 3JIeMEHTHI U CHUHTYJIAPHBIE MMOAIIPOCTPAHCTBA

B nacrosimem naparpade Mbl uccselyeM CUHTYJIsIpHbIE TTOITPOCTPAHCTBA M UX CBI3b C KOP-
HEBBIMH JIeMEHTaAMHU. B 9acTHOCTH, MBI JOKaKeM, ITO JIIOOOMY HMIeCTUMEPHOMY CHHTYJISPHO-
My HOJIPOCTPAHCTBY COOTBETCTBYET HEKOTOPask KOpHEBas MOArpymia (00paTHOe 0OTMETaI0Ch
B §3), a Tak)Ke 0OCYIMM, KaK IO JBYM JAHHBIM MIECTHMEPHBIM CHHIYJISIPHBIM TIOITPOCTPAH-
CTBaM OIIPEJIEJINTh yIoJI MeKJIy COOTBETCTBYIONIUMHA KOPHEBBIMU TOJAIPYIITIAMH.

1. CuHryagpHbIe MOAIIPOCTPAHCTBA

HamomuuMm ompemenienne, gjanHoe HaMA B §2. A MMEHHO, BEKTOD ¥ HA3BIBAETCS CHHTYJISIP-
HBIM, €CJIH JIJIs JIF000T0 BEKTOPA T BBIOJHSIETCS paBeHCTBO Q(xz,v) = 0. IloampocTpancTBO
Ha3bIBAETCA CUHTYJIAPHBIM, €CJIU JIF0OOW €ro BEKTOP CUHTYJISPEH.

VYrBepxkaenue 11.

(1) ITyemv g — npouseoavrwii ssemenm u3 Gg.(Eg, K), a « — npousdeosvhuiil Kopens.
Tozda wecmumeproe nodnpocmpancmeo (g4 : ¢ € IS) cuneyaapro.

(2) Ecau g — xopnesoti asemernm, mo wecmumephoe noonpocmpancmeo V9 <V cuney-
AAPHO.

Hoxazameavcmeo. Kak y»Ke yIOMHHAIOCH B §2, ¢ MePEBOJUT CHHTYJIAPHBLIC BEKTOPA B CHH-
TyJIIpHBbIE. 3aMeTHUM, 9TO BCe e CHHTYJSPHBI, MO3TOMY W BCE CTOJIOIBI MATPUIHI § CHHTY-
sgsapubl. Jlanee, u3 Buga dpopmbl F' ciiejyer, 9To Jjisd ABYX PA3JUYHBIX BECOB p U 0 PABEHCTBO
F(ef,e?,2) = 0 BbINONHSIETCS JJIs JIEOOOTO T €CJH W TOJBKO €CJI Pa3HOCTh BECOB p U O
sBysieTcst KopaeM. [To yrBepxkaenuto 1, orcioma ciegyer myHKT (1).

st jokasaresbcTBa BTOPOro IyHKTa nojgdepem sjiement g’ € Gg.(Eg, K) n Kopenb a,
Takue, 9to (¢, : ¢ € I§) = V9. Ilycth a — xopenb, Takoit, uto (a)y # 0. Hanee, momoxum

f=z_4 <—ﬁ> u paccmorpuM Mmarpuiy ¢ = fgf~!. Hecnoxuo ybemiuThCs, 9TO 3TOT

3JIEMEHT HAM I1OJIXOJIUT.

[Hess 3TOrO MMyHKTA — J0Ka3aTh, YTO KaXKJ0€ IMECTUMEPHOE CUHTYJISAPHOE TOJITPOCTPaH-
CTBO COOTBETCTBYET KAaKOW-TO KOPHeBOI moarpynme. HauaeM MBI cO cileyIomeil JJeMMbI:

JIlemma 4.1.

(1) ITyemv 1 < n < 6. Toeda muoscecmso ynopadouennur Habopos us n nonapHo 6aus-
Kux 6ecos nod deticmeuem 2pynnovt Betias umeem, npu n # 5, 00wy opbumy, a npu
n=>5 — dse.

(2) ITyemv n = 1,2,3,4,6. Tozda ynopadouernviii nabop u3 n 0A3UCHLLT 8EKMOPOS, NO-
POSHCOMOUUT N-MEPHOE CUNZYAAPHOE NOINPOCINPANCNBO, MOdHCEM Ouimb nepeseden
epynnot WT < Gs.(Eg, K), 6 nepsvie n 6a3ucnux 6eKmopos.

Jamevanue. B mepBoM MyHKTe IpU N = 5 OJIHA OPOUTA — ITO MATEPKHU MOMAPHO OJIUIKUX
BECOB, BKJIQJIBIBAIONIMECS B KaKyIO-HUOY/Ib TecTepKy. B KadecTBe MpuMepa MOYXKHO yKa3aThb
IepBbie MATh BECOB. Bropas opbuTa — 3TO UCKJIIOYUTEIHHbIE MATEPKU IMOMAPHO OJM3KUX

BECOB, He BKJAJbIBAIOIINECS HH B KaKYIO IIECTepKy IIOMapHO OJM3KHX BecoB. B KadecTBe
mpuMepa MOXKHO B3ATh CeJIbMOU W TIepBbie YeThIpe Beca.

/loxaszameavcmeo. llycts py, pa, ..., pnp — monapuo Osu3kue Beca. [locmoTpuM, Kyma MBI UX

CMOKeM TiepeBecTH Tpu mnomolu rpymnbl Beis Wi st vHaraggaocTun Oyjem JieficTBOBaTH

TOJIKO 3JIEMEHTaMU W; = W,, U 00pa3bl BecoB p; 0003Ha4aTh TeMu »Ke byksamu. Ilockoabky

BecoBas JuarpaMMa CBsS3HA, TO BEC p; MOYKHO ITepeBecTH B TepBbIi Bec. Jlasee, HECTIOXKHO

BHUJIETH, UTO IMOCJIE yIaJeHUus W3 BECOBOH JUAarpaMMbl pedep, COOTBETCTBYIOIINX (v, BeCca HA
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paccrostHur 1 OT TEpBOro Beca 00pa3yroT CBs3HBIN moarpad (Takux BecoB poBHO 16). Do
O3HAYAET, UTO Mbl MOXKEM, OCTABJisis HA MECTe MEPBBI BecC, MepeBecTH ps (€CIIH, KOHETHO,
n > 1) Bo BTOPOil BecC, MOCKOJBKY U3 BCEX wW; TOJBKO Wi MEHSIET MEPBBIA BeC. AHAJIOTUIHO,
rocJie yJAaJjieHus U3 BECOBO# JimarpaMMbl pebep, COOTBETCTBYIONIUX (v U (3, BECca Ha, pac-
crositHuK 1 OT MepBOTO W BTOPOTO BecOB 00pa3yrorT CBsA3HBIN moarpad (Takux BeCOB POBHO
10). Dro mo3BoJister HaM TepeBecTH p3 (ecau m > 2) B TPeTHii BeC, OCTABJISASA MEPBHIE JIBa
6e3 m3menennii. /Jlasee, moce ymajieHusT U3 BECOBO guarpaMMbl pebep, COOTBETCTBYIOMIIX
1, i3 ¥ (g, BECA HA PACCTOAHUU 1 OT IEPBOr0, BTOPOTO U TPETHEr0 BECOB TAaK>Ke 00Pa3yroT
cBs13HBIH moarpad (Takux Becos 6). DTO MO3BOJISET HEPeBECTH py (€Cau N > 3) B 4eTBEPTHIl
BeC, OCTABUB IepBble Tpu Oe3 m3Mmenenuit. Hakoner, cymecTByeT poBHO TpH Beca, a UMEHHO
OATHINA, MEeCTOR U ceabMOil, OJIM3KUX K IMEePBLIM YeThbipeM BecaM. [Ipu 3TOM HATHINR U IIeCTOM
Beca OJIM3KH JIPYT K JIPYTY, & CeJIbMOil — Jjajek oT Hux. [loaromy, eciim n = 5, TO, ocTaBJIsAsS
IepBbie YeThIpe Beca Ha MECTe, BEC p5 MOXKHO TEPEBECTH B MATHIA WU B CeJIbMON Bec. Ecim
Ke n = 6, To, OCTaBJIsAd TIEPBbIE YeThIPe BeCa HA MECTe, MOYKHO BEC pP5 MEPEBECTH B TATHIM, a
pPe — B IIECTOH Bec.

Kak mbI yke ormedasu B §2, nmeiicrBue rpymmbl Beitst W na MHOXKecTBe BecoB A co-
OTBETCTBYET JIEHCTBUIO PACIIMPEHHON TpyIinbl Beitss W Ha MHOXKeCTBe TUIIOC/MUHYC BECOB
AT = {£eP;p € A}. Tam ke, B §2, MBI YIOMHHAJIH, 9TO PACCTOSHIE MEXKY OA3UCHBIMHI BeK-
TOpPaAMHU PAaBHO PACCTOSTHUIO ME3KJIY COOTBETCTBYIOIIUMHU BecaMu. TakuMm oOpa3oM, n MOTapHO
OIM3KUM OA3MCHBIM BEKTOPAM COOTBETCTBYET 1 IONAapHO OJM3KHX BecoB. B wacTHOCTH, B

HpeablLyeM ab3ale Mbl M0Ka3ajn, uto ecan n = 1,2,3,4 nim 6, To nadop a',a?, ..., a",
rie a' — momapro Gimskue Beca u dim(al,a?, ..., a™) = n, MOXKHO TIepeBecTH JefCTBHEM
rpynmst W B mabop (fel, +e?, ..., £e™). Hecnoxkno Bumers, 9To s 006010 IOy IeHHOTO

Habopa Ga3MCHBIX BEKTOPOB CyIecTByeT Marpura u3 D, nepeBojsimasi ero B HyKHbIii (7110~

=299

noxuTesbHbI” ). OTciofa caepyer Tpebyemoe.

[Iepen mokazaTeabCTBOM OCHOBHOTO YTBEPKIEHWS ITOTO pasjiesa, JOKaXKeM JIBe BCIIOMO-
raTejbHbIE JIEMMBI.

JIemma 4.2. ITycmo n = 1,2,3,4 uwau 6, {u'}}, — nexomopwie cuneyraprovie eexmopa,

00pasyoULUE N-Mmeproe cunysaproe nodnpocmparncmso. laree, nycmo cyuecmsyem maxot
i . o . .

KOpenb a, “mo uy, = Cajn—alig, 2de Ay € 1T, 1 <i < n,1 < j < 6. Toeda cywecmeyem

makot xKopresot sremenm h, wmo hy x,—o = u'.

Hoxasameavcmeo. Ilycts N\; € IT, vy € I§ mp;, € I§ mpu 1 <7 <6m 1l <Ek <15, npuaem
Ai = fj + . MBI XOTUM CKOHCTPYHPOBATHL TpebyeMblit KopHeBoit 3siemeHT h. Ilo Teopeme 1
KODHEBOIl 3JileMeHT h CyIIecTByeT W OJHO3HAYHO OINPeJesIeH, eciu onpejeneHbl (a), # 0,
(B)n, upn Z(B,) = w/3 m hy, x,- Hecioxmno Buiers u3 JOKa3aTeJbCTBA TEOPEMBI 1, 9TO
BMecTO hiy, 3, MOXKHO oupejensats hy, ;. Hoxoxum («), pasusiv 1, (8), npu £(8,a) = 7/3
PaBHBIM Uy, Cyy 1y €CHH Vi — ft; = 3, 1 hyy = uil. Ecnun ocranuch nHezadukcupoBaHHbIE
(B8)n (30 MOKeT OBITD, ecyin n < 4), TO UX MOXKHO IMPUPABHSITH TPOU3BOJbLHOMY dncyy. Hawm
HEOOXOJIMMO MTPOBEPUTH KOPPEKTHOCTH ITOTO ONpejiesienus (3amerum, 9to ([3); Ompejeensl,
BOOOIIE rOBOPs, HEOJHOZHAYHO), & TaK¥kKe TO, 9T0 U’ = R, ;.

Kak rosopusoch B §3, cTOIOIBI C HOMEPAMHU [i; MATPHUIIHI KOPHEBOTO 3JIEMEHTA ¢ BBITJISIISIT
CJIEIYIOTITUM 0OPAa30M:

(1) i = Cxi,ui(a)g aia Beex 1 <1 < 6;
(2) 9 = 0 murst Becex 1 < j # 1 < 6;
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(4) mag Beex 1 < i,j < 6 koapdunuent 9u;,p; OMHO3HATHO BBIPAKAETCA I€PE3 Gy py; U
Ir;, e Ip7 1 < K < 15;

(5) Gupops = Copops (Ve — phi)g At Becex 1 < i <6 m 1 < k <15, Takux, 910 v} — f1t; € P;

(6) ms Becex 1 < 4,5 < 6 xoapdurment g, ,, OJHOZHATHO BHIPAKAETCA TEPE3 G, 1)
Inipis Gugops B Gy, om 1 <k < 15.

Jlastee MBI TIPOBEPHM, UTO CTOJOIBI U’ YIOBIETBOPSIOT 3TUM ycJoBHAM. V3 3TOro cpasy
CJIeJlyeT ¥ KOPPEKTHOCTH BBIMIEOMMUCAHHOTO ONpeaenerns h, u To, aro u’ = h, ,, (IOCKOIBKY
crosnbnpl hy ,, mpu 1 < ¢ < n TakzKe 00pa3yIOT n-MepHOe CHHIYJISIpHOe IIOJIPOCTPAHCTBO IO
yTBepK IeHnto 11).

3aMeTHM, UTO MepBble J[BA, YCJAOBHS IS CTOJOIOB U’ BBLIMOJIHSIOTCS, WOO 10 YCIOBUIO
uf\j = ¢x, 0, —aliy.  Hokaxkem, uro ul, = 0, ecmm d(vg,p;) = 2 (910 yemosue (3) myis
cTonboB u'). [l 9TOro PacCMOTPHM, €My MOXKeT ObITh paBHO Q(e,,,u’), rae ¢ # j u
d(pj,vi) = 2 (Takoii Bec u; cymectByer mo myHKTY (4) yrBepxaenus 6). C oxmoii cTopo-
HBI, 9TO CyMMa IISITH CJIAraeMbIX, B KaxKJI0e U3 KOTOPBIX BXOIUT B KAYECTBE COMHOXKHTEJIS
KaKoe-10 \;, | # j. Tlosromy Bee ciaraemble, kpome tul, uf , pasubr 0. ITocKOIBKY BeKTOD
u' CHHTYIADEH, TO BCA CyMMa JNOJIKHA PAaBHATHCA HyINO, odTOMY u,, = 0. Amajormamo,
pacemarpubast Q(ey, ,u'), e d(Vm, i) = d(Vim, ptj) = 2, HECJIOXKHO yOEUTHCS, 4TO uij npum
i # j OiHO3HAYHO BBIpaxKaercs depes up, , 1 < k < 15 (sro yeosue (4)).

Hainee, mycth n > 1. MbI X0THM J0Ka3aTh, 9TO uij OJIHO3HAYHO BBHIPAJKAETCS Yepes u,

3

uy,,

J i — ] .
wul,, 1 <k <15 (yemosue (6)), a TakKe, 9TO Uy, Cpy piy = Ul Cuy ;s €CTH Vg - i =
v — p; (9ro ycmosue (5) m, 3a01HO, KOPPeKTHOCTD ompezgernernst h). Ilycts u = u' + u’.
BeKkTop u 10 NPEeNOIOKeHU0 CUHTYIsIpeH, nodromy Q(z,u) = 0 maga secex x € V. g
JIOKA3aTeIbCTBA [EPBOTO YTBEPXKACHAS PACCMOTPUM T = €,,, Tae d(vg, p;) = d(Nj,vg) =
2. Torma Q(x,u) aBjisieTcsa CyMMOH TATH CJIATAEMBIX: Tty un,, £y, Uy, & TaAKXKe TPex
claraeMbiX BHJA £U,, U, . VI3 paBeHcTBa 910t cymmbl 0 ciejyeT epBoe yTBEPKIeHHe.

[Iycts vy — pi = v — pj. Torma vy, —vp = p; —pj € ®, 1o ecrs d(vg, ;) = 1. Tlo caencrsuro
u3 yreepxaenns 2, d(u;,v;) = d(pj,vg) = 2. Ilosromy HaM HEOOXOAMMO JOKA3aTh, TITO
Uy Cupo oy = Uy Cuypy- 1o mynkTy (5) yrBepxkpgenus 6, ecim d(vg,v;) = 1, To cymecTByeT
BEC [Lyy,, TAKOM, 910 d(Vg, lby) = d(Vi, tim) = 2. Torma m # i,j. Orciona, Mo CIEICTBHUIO U3
yreepxkaennst 2, d(\;, fbm) = d(Aj, prm) = 2. Tockombky uy, = 0 npn s # 4, j, 10 Q(e,,, ,u)
€CTh CyMMa TOJIBKO JIBYX CJTaraeMbIX: +u,, ux; U £uy, Uy, . Takum 00pasom, u,, = tu,,. Bnak
+ B 3TOM BBIpayK€HHHM MOXKHO HE CUHATATHL, JOCTATOYHO TOTO, UTO OH ONpEIe/eH OSHO3HATHO
U He 3aBHCHT OT u. B caMoM Jeje, CTOJOIBI ¢ HOMEDAMH fi; U [i; KOPHEBOTO SJIEMEHTA
h obpa3syoT JByMepHOE CHHIYJISIPHOE MOJIIPOCTPAHCTBO, II09TOMY DPABEHCTBO Uy, = U,
BBINOJIHACTCA JJId U = hy yy, + Py 1 - [Mockosbky jiist u = hy ; + hy, 1 TpebyeMoe paBEeHCTBO
Uy, Cupy oy = Uy, Cyy,p; BBIIOJHSCTCH, TO £1 = ¢y 4, Cyy,p;» U, TIO3TOMY, TPEOyeMOe PABEHCTBO
BBIIIOJIHACTCS U JIJISA IIPOU3BOJIBLHOTO 1.

Jlemma 4.3. Ilycmo n = 1,2,3,4 uau 6, {ul Y1 HeKomopoule CUHYAAPHLIE 6EKMOPa,
00pasyoULUE N-meproe cunysaproe nodnpocmparncmso. aree, nycmo cyusecmsyem maxot
KOpeHb , YMO MAMPUUQ {uf\j}, ede \;j € I¥, 1 < i <nul < j <6, umeem pane n.
Tozda cywecmeyem mampuua g € Gse(Eg, K), umo g.; = u® npu i < n,5. Ecaun =6, mo
g6 = au’,a € K*.

Zloxaszamesvcmeo. I1OCKOJIBKY MaTpHUIA {ug\j}, e 1 <:<nunl < j <6, nMeeT panr n,

TO ee MOYKHO JIOMOJTHUTE 70 obparumoit marpuribl A pazmepom 6 X 6. Jlasee, maitmem Takyio

marpuny B, uro AB;; = ¢y, u;0i5, Tae p; = Ay —a € Ig, 1 < i < 6,1 < j < 6. Ecm
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n < 6, TO MOXKHO cuuTaTh, uro B mpunajmexar SL(6, K). Ecau x)e n = 6, To Toro xe
MOXKHO JOOHTHCA, yMHOXKag u® Ha ckamgp. B mampHeimeM, TOTOMY, MBI BCET/IA MOJIATaeM,
uro B € SL(6,K). Hanee, paccmorpum Marpuny C € D, Takyio, uro Cy, \, = B;; npu
1 < 4,5 < 6. Bamernm, uTo Torma cTOJIONGI v* = Cu' mMomagalT B yCJAOBUA IIPEJIbIIYINeit
JIEMMBI, ITO3TOMY CYINeCTBYeT TaKO# KOpHeBoil ajeMeHT h, 4To h, ,, = v' = Cu’, upn p; =
ANi —a€lful <1 <n. llosemme 4.1, cymecrsyer marpuna X, Takas, 9410 Xe; = €, JJd
1 < i <6. Cnepoarensro, u' = C~th, ,, = {C~th}.,, = {C~*hX}. ;. Ecam oGosnanrs
g = C7'hX n BcmOMHATB, 9TO u® MBI MeJHIN Ha HEKOTOPHBIH OIpee uTenh, HepaBHbIl 0,
TO TOJIYIUM TpebyeMoe paBeHCTBO.

Teopema 2. Ilycmv n = 1,2,3,4 uau 6, {u’ 1 — HEKOmOopuvle CUHRYAAPHVIE 6EKMOpa,
nopostcdarowjue n-meproe CuH2YAAPHOe NOONPOCMPancmeo. JIis npoudsosvHozo Habopa cuh-
2yaapnur 6exmopos {v' | noposcoarouus n-mepnoe CunzyaApHoe nooOnpPoCIPancmeo, cy-
weemeyem mampuua g € Gse(Eg, K), maxaa, wmo u* = gv* npu i < n,5. Ecaun = 6, mo

u® = agv®, 2de a € K*.

Zloxaszameavcmeo. 3amernm, 9TO  HAM  JIOCTATOYHO  JIOKA3aTh  TEOpeMy  JiJIsi
{32, = {e'}",. Ilycrb n = 1. Torga cyuecrsyer Bec p, Takoi, 4TO u}) % 0. Ecum
B34Th KOPEHb (v TAKOU, ITO p — « € A, TO MBI MOXKEM TPUMEHUTDH TIPEJIBIIYIIYIO JIEMMY.

IIycts 1 < n < 5. Ilo yxke JoKa3aHHOMY, MOXKHO mepeBect: Bce u', 1 < i < n, B €.
Paccvorpum obpa3 mnmpu TakoMm mepeBojie BeKTopa u', KOTOpbiii Mbl Ha3oBeM u. [lokakem,
qro u, = 0, ecam st Kakoro-to 4, 1 < i < n, d(i,p) = 2. B camom zere, myctb 0 — Bec,
JIAJIEKUi OT ¢ U p, U paccMoTpuM F' (ei, u,e’) = tu,. Iouarno, aro 310 paBHO 0, MOCKOIBKY
BekTOpa u ¥ €' Gmmskn. [losromy u, = 0. CiemoBaTenbHO, CyIECTBYeT BeC p, TAKoil, 9TO
dii,p)=1,1<i<n,u u, # 0. Bocmonb30BaBMMCh MEPBLIM ITyHKTOM JIEMMBI 4.1, HECT0KHO
ybemuThest, aro ecamn d(i, p) = 1 npu 1 < i < n, To, ipu n < 5, CymecTByeT KOPeHb (, TAKOii,
aro p —a,t —«a € A;1 < i < n. Torma, mo BeIOOPY p, MBI CHOBA HAXOIUMCS B YCJIOBHUSIX
NPEeabIAYINE JIEMMBI.

IIycts n = 6. Ilo y»Ke moKazaHHOMY, MOKHO TepeBecTH Bee u', 1 < i < 4, B €'; 1y1a 06pa3oB
BeKTOpOB u° 1 u® mpu 3TOM IpeobpazoBaHIE MBI 6YIeM HCIOJIb30BATH IPEsKHIE 0603HATCHHS.
Torna, Tak»ke Kak u B IIPEIBIAYIIEM CIIyIae, u;r; =0wu ug = 0, ecam pjrsg kKakoro-Tto 4, 1 < ¢ < 4,
d(i, p) = 2. Janee, MoxHO cuutarh, uro uy,ul = 0 npu 1 < i < 4. Torga y sekropos u’® u ub
MOTYT OBITH HEHYJIEBHIMU TOJHKO TPH KOOPJUHATHI: TP H-0M, 6-oM u 7-oMm Becax. [Ipm sTom
eCJIA XOTh y OJTHOTO BEKTOPa KOOPJAUHATA TIPH 7-0M Bece He paBHa (), TO KOOPJAUHATHI IIPU H-OM
u 6-0M Becax y HUX 0OOWX JIOJIZKHBI PABHATHCS HYJIO (TTOCKOJIbKY 062 BEKTODa CHHTYJISIPHBI
UX CyMMa TOYKe CHHTYJISIDHA), YTO HEeBO3MOXKHO. [TosToMy y 06onx BEKTOPOB MOTIYT OBITH He
paBHBIME () TOJILKO TI€pBBbIe 6 KOOPJIMHAT, U Mbl CHOBA HAXOJUMCS B YCJIOBHUSIX IIPEIbIIyIIeH
JIEMMBI TIpA @ = 0.

CaencrBue. Jlboe wecmumepHoe cun2yiapHoe noonpocmpaHcmaeo coOmeemcemaeyem HeKo-
emy Kopmwesomy asemenwmy. Jlobwve wemuviper-, mpex-, 08Yxr- U 00HOMEPHBLE CUHYAAPHBLE
NOONPOCMPAHCNBA AEAHCAM 6 KAKOM-MO ULLCMUMEPHOM, O00HAKO CYULECNBYIOM UCKAIOYU-
MEeNbHBLE NATMUMEPHBIE CUHZYAAPHBIE NOINDOCTPAHCNEA, HE AEHCAULUE HU 68 00HOM ULECTNU-
MEPHOM CUHYAAPHOM TLOONPOCMPAHCMGE.

Jloxazameavcmeo. Ilycrs V — mectumeprnoe cuHrysisspaoe noamnpoctpanctso. [lo Treopeme 2,
CYIECTBYeT MaTPHUIA ¢, MEePeBOsIIas V B MOANPOCTPAHCTBO, MOPOXK/IEHHOE TIEPBBIMU TITe-
cThio Oa3ucHbIMKU BeKTOpamu. Ilycts h = g_lscg(l) g. Hecnoxkno BujyieTs, uto Torja V = Vvh.
Bropag gacTh cpa3y BBITEKAeT U3 TEOPEMBI 2.
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2.¥YroJs Mexxay KOPHEBBIMH 3JIEMEHTAMM

B sToM myHKTE MBI JOKAazKeM HECKOJILKO XOPOIIO M3BECTHBLIX (DAKTOB IIPO TEOMETPHIO ABYX
JUIMHHBLIX KOPHEBBLIX IOATPYNIL. EIMHCTBEHHBIM HOBBIH, XOTS W TPUBHAJBHBINA, (DAKT — 3TO
OIIMCAHUE YTJIOB B TEPMUHAX MIECTHMEDPHBIX CHHIYJISPHBIX HOAIPOCTPAHCTB (yTBEPXKIEHUE
12). MbI ocTapagnch BblIEpyKATh HUXKE HAIMCAHHBIE JIOKA3ATENbCTBA B jIyXe §3, HA yPOBHE
3JIEMEHTOB, U 0e3 BHEMHNX (aKTOB. A MMEHHO, B 9TOM IIYHKTE€ HCIIOJIL3YIOTCA TOJIBLKO TEO-
pema 1, memMa 3.4 U, B CJIEJCTBUN U3 yTBEPXKAeHUA 12, HEIBHO MCIOJB3YETCA CIIECTBHE U3
TeopeMbl 2.

Hanomuanwm, aro X, = {x,(a);a € K} —snementapHasi KOpHEBasi TOArPYINa I'PYIITHI
G(Fs, K). Ecmu Ham He BayKHO, KAKONH UMEHHO (HEeeJMHWIHBI) 3JIEMEHT B3AT U3 dJeMeHTap-
HOIT KOpHEBO# moarpynibt X, To GyaeM mucath q(-).

Jlemma 4.4. Jlobas napa KOPHESHLT INEMEHMOE CONPANCEHA HEKOMOPOT NApPe IAeMEHMAP-
HOLT KOPHEBBLT INEMEHOE.

Jlokazamenvemeo. PaccMOTpUM TIPOM3BOJIBHYIO APy KOPHEBLIX 3JIEMEHTOB. Ilo ompejese-
HUIO, MOYKHO CUUTATH, YTO OJUH W3 HUX PaBeH I (-). IlycTh BTOpOii — g.

[IpeamonoxkuM, aro KoopanHaTta (—a), — He HOAb. Torga 3 myHKTa 3 JI0KA3aTeIbCTBA
Teopembr 1 cirenyer, ato g = fr_o(-)f 71, rae f — mpomsBesenue 3eMEHTAPHBIX KOPHEBHIX
sstementoB Zo(-) u z5(+), L(a, B) = /3. Tosromy z_o(-) = f~1gf. Ocranoch zamernTh,
410 T (1) = [T 26 (") f, MOCKOIBKY T4 () KOMMYTHDYET ¢ KaxJIbIM COMHOKHUTEJIeM f.

Jastee, npeamonoxuM, ato (—a)y = 0, HO cymecTByeT KOpeHb v, Z(«,y) = 27/3, TaKoi,
aro (7)g # 0. Torma g = fa,(-)f ™!, upu 5TOM f — NMpOU3Be/ICHNE HTEMEHTAPHBIX KOPHEBBIX

(=g
(7)g
(—a)g = 0, TO MHOXKUTENDb T_—~(-) B f He BXOIUT, U, TIOSTOMY, L (-) OIATH KOMMYTHPYET C

KaXKJIbIM COMHOXKUTeEM f.

Cayuaii, korya Bce KO3MDOUIHEHTHI TPH KOPHSIX, 06pa3yIoNuX ¢ (v yIibl T u 27 /3, paBHBI
0, oHAKO CYIIECTBYET OPTOTOHAJBHBIN K (v KOPEHb, KOA(MDMUIUEHT NTPU KOTOPOM He paseH (),
pa3bupaeTrcs aHAJOTHIHO.

B ciywae e, korga gus soboro (3, takoro uro Z(w,3) > 7/3, (8)y = 0, HO cymecTByer
KOPE€HDb 7 7# (v, Takoii 4To (y)y # 0, MBI AHAJOTHIHBIME PACCY’KICHUSIME MOXKEM IIOKA3aTh,
910 B f HEHyJIeBbIe KOODJAWHATHI UMEIOTCsI TOJIBKO NPU KOPHsIX 3, Takue, uro Z(w, ) < /2,
u —v. U3 gemmbr 3.4 ciepyer, 94To jraroHajbHbie KoddduimenTs Mmarpunbl g pasabl 1. U3
9TOTO, TI0 TeopeMe 1, ciejyer, 4To KoopauHaTa f mpu —7 TakXKe paBHa 0, T03TOMY X, (+) U B
TOM CJIydae KOMMYTHPYET C KaXKJIbIM COMHOXKUTeJeM f.

ssemeHToB Z3(+), rae Z(a, f) = 0,7/3 nim 7/2, a TakKe T_ g~ ( ) OsiHAaKO, TIOCKOJIBKY

JIemma 4.5. Ecau Z(B1,7v1) = Z(B2,72), mo cywecmsyem mampuya g € G(Eg, K), makas,
umo gXg, 9 ' = Xgp, ugX, 9t =X,,.

Jlokazameavcmeo. Kak Mbl yKe TOBOPUITH B §2, CONPSIZKEHUE TIPU TOMOIIHA W, (1) mepeBoguT
X3 B Xy, - IloaToMy n3 TOro, 4To r00yio apy KOpHeil ¢ HOMOIIBIO Ipynnbl Beitng MoxKHO
MIePeBECTH B JIFOOYIO JIPYTYIO C TE€M >Ke YTJIOM MeKJIy HUMW, CJIeayeT TpedbyeMoe.

Onpeznenenne. Ilycts mapa KOpHEBLIX JIEMEHTOB ¢ U h cCOIpsKeHa Iape 3JeMeHTapHBIX
KODHEBBIX 3JIeMEeHTOB T, () U x3(-). Torma yriom Mmekay KOPHEBBIME 3JjeMeHTAMH ¢ U h
HA3BIBACTCS yTOJ MEXKIY KOpHsSIMHU v 1 [3.

KoppekTHocTh 3TOr0 ormpejenennss Mbl JOKa)KeM BMECTE C HECJIOXKHBIM, HO TOJIE3HBIM
YTBEPXKJEHUEM, 9TO YTOJI MeXK /Iy KODHEBBIMH 3JIEMEHTAMA ONPEIeIAeTC s OJHOZHATHO 10 B3a-
UMHOMY PACHOJIOXKEHWIO TMTECTUMEPHBIX CHHTYJAAPHBIX ITOJIPOCTPAHCTB, COOTBETCTBYIOIINX
3TUM KOPHEBBIM 3JIEMEHTaM.
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YrBepxkaeuue 12. Ilycmv danwv, dsa kopneswr aremenma g u h. Tozda nowamue yeaa
onpedeneno Koppexmmo u 6uNOAHACNCA POBHO 00UH U3 CACOYIOULUT CAYUAES:
(1) ecau VI =V" mo Z(g,h) =0;
(2) ecau dim(VINVH) =3, mo Z(g,h) = 7/3;
(3) ecau dim(VINVH) =1, mo Z(g,h) = 7/2;
(4) ecau VINVH = 0 u cywecmsyem wecmumepnoe cunzyaaproe nodnpocmpancmeo W,
maxoe, wmo dim(V9 NW) = dim(V* N W) =3, mo Z(g,h) = 27/3;
(5) ecau VI N VP =0 u dasn npouszeoavrozo sexmopa v € VI cywecmeyem posno odun,

¢ mounocmvio do kpammocmu, eexkmop u € V", maxoti, wmo v + u cuneyaapen, mo
Z(g,h) =m.

Jlokasamenavcmeo. 3aMeTnM, NMPeX/Jie BCEro, UTo YCJAOBHsI BCEX IIyHKTOB WHBAPMAHTHBI O]
JeiicrBueM conpsikennst.  Jlasee, mepesejieM KODHEBBIE 3JIEMEHThI ¢ U h B 3JIeMEHTApHbIE
KopHeBbIe coryacHo jiemme 4.4. TTocse aroro, 1o jemme 4.5, MOXKHO NEPEBECTH, HATIPUMED,
g B z5(-), a h B xs(),Tay(+),Tay (*), T—a,(+) wim z_s(-). HecsokHO BHIETH, 9TO JJI KaxK-
JIOTO W3 STHX CJIyYaeB BBIMOJHIETCS POBHO OJMH U3 IIYHKTOB YTBEDPXKJEHUS, JJIS KaXKJIOTO
ceoit. Ilosromy moHsiTve yriia onpejeseHo KoppekTHO. OTCosa cielyer J0Ka3aTejbCTBO
YTBEPKICHHUSI.

CJIe,[[CTBI/Ie 1. Bszaummnoe PACTIONONHCEHUE WECTNUMEPHDBLL CUHZ2YAAPHBLT noanpocmpaucme
MOHCEM OBIMD MOADKO maxum, xKakx Cka3aHo 6 ymeepofcdenuu 12.

Lloxazameavcmeo. OdeBumIHO.

Crenyrormias TeopeMa — IOCJeTHAN HHTepecyonuii Hac (aKT Ipo mapbl KOPHEBBIX JJIe-
MEHTOB, 00beIUHAIONINN HECKOJIHKO TP IbITYIIIX.

Teopema 3. Qduy napy KopHesvlx NoOd2PYnn MOACHO NEPECGECTU CONPANCEHUEM NPU NOMOULL
anemenma u3 G(Eg, K) 6 dpyeyro napy, ecau u moavko €cau yeavl MeHCOY IAEMEHMAMU
Kaotcdoti napovl PasHoL.

Zloxazameavcmeo. HeobXxomuMoCTh paBeHCTBa YIJIOB CJeyeT W3 yTBep:KaeHus 12, a jgocTa-
TOYHOCTHL — "3 JeMm 4.4 w 4.5.
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§5. Tpoliku KOpHEBBIX MOATrPYMII

B pa6ore H.A. BaswuioBa n aBropa [20] n3ydascst BOIPOC 0 TOM, 9TO TIOPOXKIAIOT TP KOP-
HEeBbI€ IMOJTPYIIILI, 1B U3 KOTOPHIX IPOTUBOIIOJIOXKHbBI, B TPOU3BOJILHON OJHOCBAZHON I'PYIIIIE
G(®, K) npu char K # 2. Ilesb mHacTogmero naparpada — JaTh, Ha FeOMETPHIECKOM T3bIKE,
OTBET Ha BOIPOC, KakK MO TpeM KopHeBbIM moarpynnam B SO(2n, K) (B [20] usyuenune mpo-
u3BosibHOM rpynmbl G(P, K) cBogniaoch uMeHHO K 3ToMy ciydaro) u Gg.(Eg, K) onpenennts,
KaKyto TPyTIIy u3 Haiijennoro B [20] coucKa OHU MOPOXKJIAIOT.

1. Tpoiiku kopHeBbix moarpynn B SO (2n, K)

HamomuuMm ocHOBHO# pe3ysbraT pabors! [20]. Pacemorpum rpymmy [eitsenGepra

1 a b ¢
o = 1 © ] abeek
1

OTO B TOYHOCTH YHHIIOTEHTHBIN paJIMKaJI CTaHIAPTHON mapaboIndecKoit moArpynnbl Py cuM-
wiekTuaeckoit rpynnbt Sp(4, K). eiictBue moarpynnbl JIeBu Ha YHUIIOTEHTHOM DaJIUKAJIe
Py, wagynupyer neiicreue SL(2, K) na Hy. VimenHo 310 JeiicTBre MMeeTCsT B BULY B IIyHKTe
(5) careyroreit TeOpemBbl.

[Tpumep B myHKTe (8) ABGCOTIOTHO AHAJOTHYEH, HO TIPU ITOM HYIKHO PACCMATPUBATH JIefi-
CTBUE TOATPYIIbl JIeBH Ha YHUIOTEHTHOM pajuKaje Hs mapabonudeckoir moArpynmnbl Ps B
rpymie [Mlepasute Tuma Go.

Teopema 4. ITycmv X,Y,Z — xopneswvie nodepynnu ¢ G(®, K), npuvem X u'Y npomuso-
noaootcnot. anee, nyemov H = (XY, Z). Ilpednoaootcum, wmo char K # 2. Toeda umeem
MECO 00HaA U3 CACOYIOULUT B03MOHCHOCTMET:

(1) H =~ SL(2,K),
2) H~SL(2,K)x K,
3) H=SL(2,K).K?,

(2)

(3)

(4) H = (SL(2,K).K?) x K,
(5) H = SL(2,K).Hy,

(6) H= SL(3,K),

(7) H=(SL(2, K).K*) x K,
(8) H = SL(2,K).H,,

(9)

9) H=SU(3,L), 2de [L: K| =2.
B pabore [20] ncrosb3oBasicst Caeyomuii pe3yabTar:

Teopema 5. ITyemv G = G(®, K) — epynna Illesannre, X,Y, 7 — mpu 0Aunnolr Kopresvixr
nodepynno.. Tozda cywecmsyem nodcucmema A C @, asssowaaca ckpywusaHuem noocu-
cmemuvl Kopreti cucmemv, muna Dy u makot u € G(®, K), umo

(X,Y,Z) <uG(A,K)u™*
Bce soamootcnocmu das A nepevucienv, 8 cAeIYOULEM CRUCKe

A:Ala A27 A37 B27 B37 D47 G2-
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Dra peayknus 6buia gokazana B [10], [11] s HHAMBAIYATHHBIX JTHHHBIX MOJIYTTPOCTHIX
KOPHEBBIX 9JIEMEHTOB, a moroM B [22], [23], [38] B okoHUaTEILHOI (hOPME JIJIsT ITTHHHBIX KOPHE-
BbIX TOpOB. C TEXHMUYECKOH TOUYKM 3PEHUS Pedb 3/eCh HIET 0 OOPEIEBCKUX OPOUTAX TPYIIILI
B(®\ {«;}, K) B HEKOTOPBIX TIPEJICTABIEHUSIX, TJIe (v; — MPOCTOI KOPEHb, CBSI3aHHBIN ¢ MaK-
CUMAaJILHBIM KOPDHEM B PaCHIMPEHHON auarpamme JIpiHkuna. DTy pepyKnuio B 6JU3KOM cuTy-
Ay He3aBUCUMO OTKpbUT Pepiie [75]. CToUT OTMETHTH TAaKKe KJIFOUEBYIO POJIb TPYII THIIA
D, B paborax Esrenus Bamkuposa [3], [4], [5], [49], [50], [51], koTopasi, KoHEUHO, OTKHA B
KOHEIHOM CUeTe OObACHATHC TeMH >Ke (PYHIAMEHTAJIBHBIMUA TPUIHHAMHY.

Teopema 5 103BOJMIA B JAJbHEHIIEM OTPAHUYUTHCS PACCMOTPEHUEM TOJBKO TPYTIIIHI
SO(8, K). Ilomoxxum, B 3TOM 1 caeytomeM myHKTe, uro G = SO(8,K), a V = K®. 3aduk-
cupyeM Takxke 6a3zuc Burra e, eq,e3,€4,6_4,€_3,€_ 9,6 1, u nycTh X,Y U Z — TpHU KOpHE-
BbIe MOJrpyIibl, mpudeM X u Y mporuBonookubl. Hamomuuwm, uro #Ha V' ecTh HEBBIPOXK-
JIeHHasi CHMMeTpUuYIHas OunmHelrast (popma B, KOTOpyto coxpansieT rpyiima (G; B BBIOPAHHOM
bazuce ona nmeer Buj B(u,v) = ujv_1 + -+ + u_jv;. BekTop u Ha3BIBaETCS M30TPOIHBIM,
ecu B(u,u) = 0; COOTBETCTBEHHO, MOIIPOCTPAHCTBO U HA3BIBAETCS BIOJHE H30TPOIHBIM,
ecau JI060# BEKTOP B HeM M30TpomeH. Tak Kak rpymnma (G TpaH3UTHBHO JEHCTBYeT Ha Ia-
pax MPOTUBOIIOJIOKHBIX KOPHEBBIX MOJArPYII, TO HE TEPsAsd OOMIHOCTH MOXKHO CYUTATH, ITO
X = X192, Y = X_5;. Kak ussecrno, kopuessim nogarpynmam 8 SO(2n, K) coorsercrsy-
IOT JIByMepHBIE BIIOJHE U30TPOIMHBIE mojanpocTpancTsa. Ilycrs U = Im(Z — E), u (u,v) —
HEeKOTOpbIi 6a3uc U.

Hautee, mycts F' — wopmasmsarop noarpymms (X, Y). fcho, aro

F = S0(4,K) x SO(4, K)

SIBJISIETCSI TIPFMBIM TIPOU3BEJIEHUEM JIBYX 9K3eMIUIgpoB rpynmsl SO(4, K), mepBblii U3 KOTO-
PBIX JeficTBYeT Ha ToanpocTpancTee Vi = (eq, ea,€_2,€_1), & BTOPO — Ha JIONOTHATETHHOM
nogmpocrpancTee Vo = (e3,e4,e_4,e_3). [loasaTHO Tak)ke, aro V packiaIbBaeTcs B 0pmo-
20HaAbHY0 TIpIMYTIo cymmy Vi m V.

[Tocste 3TOTO MBI YKa3bIBAJIN OPOUTHI ¥ HEHYJIEBBIX H30TPOITHBIX BEKTOPOB IO/ JIEHCTBUEM

F:

Jlemma 5.1. [lod deticmeuem F kaotcovii nenyaesoti usomponuuili sexkmop u € V. npuso-
dumes K 00Homy u3 caedyrouuxr 6udos:

€1, €3, €1+€3, e t+es —ae_3+ae_1,
daa mexomopozo a # 0.

Hasee, B pabore [20] q0Ka3bIBAIUCH CIeIyOMTe 4 JTEMMBI.

JIemMma 5.2. ITycmo Z = Xy, npuvem UNVy # 0. Toz0a, ¢ mounocmvio do conpascennocmu
anemenmom u3 F u ewbopa 6azuca U = (u,v), MONHCHO cuumams, wmo:

(A) u=-e1, v=ey,

(B) u=-¢e1, v=-e_y,

(C) u=-ey, v=es,

(D) u=e1, v=-ey+es,

(E) u=-e1, v=-e_s+es,

(F) u=-e1, v=-ey+e3—ae_3+ ae_z, das nexomopozo a # 0.

Bameuanue. B cayuae (F) B pabore [20] Obliaa cesaHa omedaTka.
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JIemma 5.3. ITycmv Z = Xy, npuuem UNVE =0, nwo U N Vs # (). Tozda ¢ mounocmwio do
conpastcennocmu asemernmom u3 F u evbopa 6azuca U = (u,v), ModHCHO cuumamo, 4mo:

(G) u=e3, v=ey,

(H

U=¢€3,V==~C_4,

)
(I) u=-e3, v=-e1+ ey,
(J) u=-e3, v=re1+e_y4,
)

(K) u=-e3, v=-e1+e4 —ae_y4 + ae_1, das nexomopozo a # 0.

JIemma 5.4. IIycmo Z = Xy, npuvem U NV = U NVy = 0, no U codeporcum sexmop,
npoexuyus komopozo 6 Vi uzomponna. Tozda ¢ mounocmvio do conpastcenHocmu INEMEHMOM
u3 F' u ewbopa 6azuca U = (u,v), MootcHho cuumamo, wmo:

(L) u=e1+e3, v=e_1—e_g,

(M u=e1+e3, v=ey+ aey, dra nexkomopozo a # 0,

)
(N) u=e1 +e3, v=-e3+ ae_yg, dasa nekomopozo a # 0,
(O) u=-ey +e3, v=-e_s+ aeq, daa nexomopozo a # 0,
(P) u=-e1 +e3, v=e_g+ae_y, daa nekomopozo a # 0,
(Q) u=-e1 +e3, v=-eg+bes+ ce_y —bce_y, dasa nexomopwix b, c # 0.

Jlemma 5.5. Ilpednoaootcum, wmo char K # 2. Ilyecmv Z = Xy, npuvem U we codeporcum
8eKMOPO8, npoekuus xKomopux 6 Vi uzomponna. Tozda ¢ mounocmuvio do conpastcennocmu
anemenmom us F u ewbopa 6azuca U = (u,v), MONCHO cuumamy, 4mo

(R) u=-e;+e3—ae_3+ae_q1, v=ey+beg+ ce_qy — bce_s, das nexomopox a,b,c # 0
maxux, wmo abc ¢ K2.

[Tocse sToro, B pabore [20] ormewaercs, aro B caydasx (G) u (H), (I) u (J), (M) u (N),
(O) u (P) nosy9arorcst rpymibl, KOTOPbIe HE TOJIHKO W30MOPMHBI, HO W TIEPEBOJSITCS OJHA B
JIPYTyIo mocpescTBoM BHerHero apromopdusma SO(8, K), XoTst W He CONPS’KEeHbI B CaMoii
rpynme. Hakomer, B KOHIE TOKA3aTeILCTBA TEOPEMbI 4 BLIICHAETCSA, KAKYIO TPYIILY ITOPOXK-
mafor X, Y m Z B KaxKJIOM ciydae. A MMEHHO, IIOKa3aHO, UTO MMEIOT MECTO CJIeIyIOIINe
U30MOP(MU3MBI.

B cayaae (A) rpynma H uzomopdna SL

Y

Y

) &
B cayuae (B) rpynna H wzomopdna SL(2
B cayaae (C) rpynma H w3omopdua SL(2
B ciyuae (D) rpynmna H uzomopdna SL(2,
B ciyuae (E) rpynma H uzomopdua (SL(2, ) K?) x K.
B ciyuae (F) rpynna H uzomopdua SL(2, K).H;.

B ciyuae (G) ~ (H) rpynma H uzomopdua SL(2, K) x K.
B ciyuae (I) ~ (J) rpynma H uzomopdmra (SL(2, K).K?) x K.
B cayqae (K) rpymma H msomopdna (SL(2, K).K*) x K.
B ciyuae (L) rpymma H uzomopdua SL(3, K).
B ciyuae (M) ~ (N) rpynna H uzomopdua SL(2, K).Hy.
(

B ciyqae (O) ~ (P) rpynna H uzomopdna (SL(2,K).K*) x K.
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B cayuae (Q) rpynna H uzomopdua SL(2, K).Hs.

B ciyuae (R) rpynna H wsomopdua SU (3, L), tne [L: K| = 2.

JIist 110J1y9eHns] MHBAPUAHTHOTO T€OMETPUYECKOTO OIMCAHUS BBINIENEPEIUCIEHHBIX CIIy-
JaeB HY>KHO HECKOJIbKO BUJIOM3MEHUTH OIMMCAHWE 3TUX CIydaeB B jemmax 5.2-5.5. [lpexe
BCero, ormMeruM, 9To B caydasx (A) u (B) moxmpocrpanctso U nexur B Vi, B caydasax (C),
(D), (E) u (F) pasmepnocTs ux mepecedenns para 1, a B ciydasax (G) ~ (H), (I) ~ (J), (K),
(L), (M) ~ (N), (O) ~ (P), (Q) n (R) omnu mepecekaioTcst TOJIBLKO O HYJIIO.

Jlagee, paccmorpuMm npocrpancTso U’, asiastomeecs npoeknmeit U na Vi, u nycrs U” —
HOJIIPOCTPAHCTBO, TIOPOXKIEHHOE BeeMu n30TpornubiMu BekTopamu U’. Torma, Kak HECTIOXKHO
BUjieTh, B caydae (G) ~ (H) dimU’ = 0, B caywagx (C), (I) ~ (J) u (K) npocrpancrso U’
OJIHOMEPHO, & BO BCEX OCTAJIbHBIX CiIydasx — gBymepro. IIpu srom B caiywasx (G) ~ (H),
(K) u (R) mpocrpancrso U” sBastercs mynessiM, B caydasx (C), (F), (I) ~ (J) n (Q) omo
OJIHOMEPHO, & BO BCEX OCTAJbHBIX CJydasx — jgByMepHO. CBejeM IMoJydeHHble Pe3yabTaThl
B CJIEJIVIOTILYIO TaOJIHUILY.

dim(UNVy) dimU’ dimU”
2

—~
3

O O OO O OO M DN

NN ONDDNDDN DN

EF NN OFFOFDNDNFNDDIN

~
o
[\
]

Takum 00pa30M, HAM OCTAJIOCHh HAYIUTHCSA pa3enasTh mapel ciayvaes (A) u (B), (D) u (E),
u Tpoiiky (L), (M) ~ (N) u (O) ~ (P); Bupouewm, B ciyuae (L) B mpocrpanctse U’ poBHO
JIBA, ¢ TOYHOCTBIO JIO KPATHOCTH, W30TPOIHBIX BEKTOPA, 4 BO 6CEX OCTAJIBHBIX Caydasx U’
BIIOJTHE W30TPOIMHO, TAK UTO €r0 Mbl TAKYKE MOXKEM OTIEIUTh. JIJIsa pa3e/ennst OCTaBITIXCST
cJlydaeB HeoOXOIUMO TTOCMOTpeTh Ha pacnosoxkenne U’ = U (Bo Bcex stux cayuasx U’ u U”
comaiaor) B Vi. JIes0 B TOM, 9TO, KAK HECJOXKHO BUJETH, B V| JBYMEpHbIE H30TPOIHBIE MO]I-
NPOCTPAHCTRA MOJ JeiicTBueM F MMEoT POBHO JIBE€ OPOUTBI: COOTBETCTBYIOIIUE HEKOTOPBIM
KopHeBbIM 3yteMenTaMm u3 (X, Y'), u vecoorsercrytomue. Hanpumep, U’ u3 ciayqaaes (A), (D)
u (M) ~ (N) monamaer B nepsyio opoury, a u3 caydaes (B), (E) u (O) ~ (P) — Bo BTOpYyIO.
JIJisl BBISICHEHUsI TOrO, B KAKYI0 UMEHHO OpOMTY HOmajIo mpocTpaHcTBo U’ B HalleM ciydae,
IpoIIe BCEro MOCMOTPeTh Ha pa3dmepHocTh nepecederuss U' ¢ Vx = Im(X — FE). Ecmu U’
MIPUHA/JIEXKUT TIePBOil opOuTe, TO 9Ta pa3zMepHOCTh paBHa () mim 2, a ecau BTopoit, To 1. 1o
MO3BOJISIET HAM MOJIHOCTHIO ONUCATh Kaaccudukanuio u3 pabors [20] Ha MHBAPDUAHTHOM Te0-
METPUYECKOM S3BIKE. ITO OIMHMCAHUE, OUEBUIHO, TPAKTUICCKH 6€3 M3MEHEHWi MepeHOCHTCS
Ha caydail rpynnsl G = SO(2n, K).

Samevanue. CTOUT MOSICHUTH, 1MOYeMy B Vi JAByMepHBbIE W30TPOIHBIE MTOAITPOCTPAHCTBA, IO/
JneiicrBueM I umeroT poBHO JiBe opbuThl. Jlejio B ToM, UTO HEIBHO HCIIOJIB3yeMoe 0TOOpaKe-
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e (X,Y) — (Vx, Vy), e X u' Y — KopHeBbIe 3jieMeHThl, a Vy u Vy — COOTBETCTBYIOIINE
UM JIByMEpHBbIe M30TPOIHBIE TOAIIPOCTPAHCTBA, SIBJISIETCS KOPPEKTHO OIpeIe/IeHHBIM, HO He
OTHO3HAYHBIM. A HMEHHO, JIJIsI TPOM3BOJIBHOM Tpynmbl (X, Y) CyImecTByer erne pOBHO OJIHA
rpymma (X', Y"), rakast, aro (Vx, Vy) = (Vx/, Vy+). B gacrrocTn, mis nHTEpeCyToIero Hac
cayqast (X1 _2, X_o1) cymecrsyer rpymma (X; 2, X2 1), KOTOPOil COOTBETCTBYET TO K€ CaMOe
JeThIpexMepHoe MpocTpaHcTBO Vi. KOpHEBBIM 3jleMeHTaM M3 MepBO# TPYIIIhI COOTBETCTBY-
IOT JIByMepHbIe M30TPOIHbBIE MOANPOCTPAHCTBA Buja (aeq + fe_o, aeg — [fe_1), & KOPHEBBIM
3JIeMEHTaM U3 BTOPOi rpymmbl — (ae; + Bey, ae_o — fe_q)

2. Tpoiiku kopHeBbIX moarpynn B Gy.(FEg, K)

B srom miynkTe y Hac onath G = Gse(FEg, K), a V — 27-MepHOe IPOCTPAHCTBO, Ha KOTOPOM
neiicteyer G (kak omucano B §1). amee, mycts X, Y u Z — TpoiiKa KOPHEBBIX MOJTPYII B
G, npuaem X u Y nporusonosioxkubl. Corsacao Teopeme 5, cymectsyer mojcucrema A C Fg
tutia Dy u Takoit u € G, uro (X,Y, Z) < uG(A, K)u~t. TlockosibKy, Kak H3BECTHO, BCe TaKue
rpynnbl G(A, K) conpsikenbl B G Mex 1y coboif, To MOXKHO cautarh, uro (X,Y, Z) € Gy =
(Xans Xas, Xags Xas). Ormernm, aro G gBiagercs cnuHOpHO rpymnoii. I[log meiicrBuem
Gy 27-MepHOE TPOCTPAHCTBO V' pacmaiaercs Ha MeCTh HHBAPHAHTHBIX IOAMPOCTPAHCTB: TPU
omHOMepHBIX, a nmerno (el), (e'l) u (€27), u Tpu BochbMmMMepHBIX, a UMEHHO

V1= (e2,6% et 8 e, 8, e?, el0),

2 __,6 12 13 _14 _16 _17 _19 _22
Vi={(e’,e " e’ e e e’ e’ e*?),

V3 — <€15, 618,620, 621,623, 624,625, 626>.

Jeitcreue Gq Ha OJHOMEPHBIX IOJIIPOCTPAHCTBAX TOXKJecTBeHHO, a Ha VI, V2 u V3 06-
pa3yeT TpU XOPOIITO W3BECTHBIX BOCBMUMEDPHBIX MPEJICTABICHUS CIUHOPHON T'PYIIBI — ecTe-
CTBEHHOE U J[Ba TOJIYCIIHHOPHBIX, KOTOPbIE MEPEBOJISITCS JPYT B JIpyra BHEITHUMH aBTOMOD-
dbusmamu. DTu MpecTaBIeHNs He SIBISIOTCS TOYHBIMU, UX sijipa n3oMopbHbl Z/27. Paxrop
Gy 1o KaxkJIoMy u3 3TuX sijiep ecth rpymma SO(8, K); arobbl pa3imyarh ee 00pa3bl, 1eficTBY-
tomme wa V1, V2 u V3 Gynem ux oboznagars gepes SO(V1), SO(V?) u SO(V3). Toapobno
0 9TUX TPEJICTABIEHUAX U UX MPOlicMEEeHHOCTY HATIUCAHO, HATIpUMep, B [77].

Hecnoxxuo BuaeTh, uto TpuauHeiinas (gpopma F Ha V' mopoxkmgaer ounureiinyoo dopmy f
wa Vi f(z,y) = F(x,y,e*"), tae x,y € V!; amamormano, ) mOposkaaeT KBajpaTHIHYIO
bopmy q: q(z) = Q(e*7,x), tne x € VL. Jliaa Toro, 9r0661 9TH GOPMBI B TOTHOCTH COBIAJH C

HY?KHBIMH, HAJIO TIPABIILHO BHIOPATDH 6a3mc mpocTpancTsa V. A mMeHHO, TTOJIOXKAM e = €2,

ea=ees=¢et,es=e% e y4=—€",e_3=€%e_9=—-e"me_; =e'° e e ecTp GazucHbIE
BEKTOpa, Ipuie e u3z V, a e; 0bpasytor nosbiii 6azuc Vi. B V2 u V3 6asuce Beibupatorcs
COBEPIIIEHHO AHAJIOIMYHO. TaknuM 06pa3oM, B V! CHHIYISPHBIE BEKTOPA (orHOCHTENHHO ()
COBIIAQIAIOT C M30TPOIHBIMU (OTHOCHTENHHO ().

Hecmorpa Ha To, uTo Kaxkgomy siementy m3 SO(V1) coorsercrsyer npa siemenTa u3s
G'1, KopHeBoii aneMeHT u3 G JIeTKO BoccTaHapmBaeTcs 1o ero npoekmun B SO(VY). Ilycrs
E? — roxpecrsennoe jeiicteue ma V. Torma kopresoit sgement g € G 3a/jaeTcs MECTH-
MEPHBIM CHHTYJISpHBIM nosmpoctpanctsom U = Im(g — E), a ero orpanwdenus g° = g|y:
mpu 1 < i < 3 3a1a10TCs, COOTBETCTBEHHO, ABYMEPHBIMU M30TPOIHBIMH IOIIPOCTPAHCTBAMMI
Ut = Im(g* — EY), npuuem U = U @ U? @ U3. Ilpu 3TOM 119 JaHHOTO JBYMEpPHOTO H30-
TporHoro mojanpocrpancTsa Ul € V! cymecTByer pOBHO OJHO MIECTHMEPHOE CHHTYJISPHOE
noznpoctpanctso U, Takoe, uro U € U n dimU NV =dimUNV2 =dimUNV3 = 2.

Bce Bhimreckazannoe TO3BOJIIET HAM BOCIOJIB30BATHCS W3JIOKEHHBIMUA B IIPEJIBIIYIINEeM
IyHKTE pe3yabraraMu paboTsl [20], TO ecTh, CBECTH M3yUYeHHE TPOEK KOPHEBBIX MOJIPYIII,

33



JIBe U3 KOTOPBIX NPOTHBOIIOJIOXKHBI, K onHOMYy 13 18 ciydaes. Ilpm sTom ssemenTsr Xq _»

n X_5 1 W3 mpedpiymiero myHKTa nepeitayT B X, m X_o, TIE o0 = 01%10, qJeThIpEeXMEPHOe

HOAIIPOCTPAHCTBO Vi mepeiifer B ABeHaAIATHMEPHOE, KOTOPOe MBI OyaeM 0003Ha9aTh depes
W: W = (e2,e3,e8,e2,el0 12 15 18 19 22 25 ¢26)  Tlepeuncinm, ams kaxgoro w3 18
CcIIydaeB, MIECTUMEPHOE CHHTYJISPHOE IIOAIpPOCTpancTBo V2. B KasKIoM ciydae ImepBble JBa

3JIeMeHTa, 6a31/1ca JIe>KaT B V!, Bropsie — B V2, a nBa mociaegaux — B V3,

(A) VZ = <e ,e b, el? el5 el8);
(D) VZ <62,6 Te 4 66 12 4 13 15 (18 4 20y,
E) VZ = (2. ¢4 96 +616 13 (15 4 23 20y,
) ) ) )
(F) VZ = (eQ, e +e* + aed + ae? 66 ael® el? +el3 el® — qe?3, el® 4 e20);
(1) VZ <62 4 e, 4,66’ e13 _ el9 o154 21 20y,
(1) VZ = (e - e 64,66 _ 614 613’ e15 20 4 ¢25).
(K) VZ = (e? + e + ae + ae'0, e, €8 + aelt, el — 19 1% 4 21 20 — qe25);
(L) VZ = (e + e e n 610 12 e, 16 | 19 o18 _ 21 (23 4 25y,
7 ) ) Y
(M) VZ = (e? + e e + ae® 66 el? — et + ael6 4 ael?, el® — e’ el8 — e21);
(N) VZ = (e + e ,e3 ae7, €S + ael3 el —elt el5 18 — 21 — e23 — qe25);
(0) VZ = (e? + e ae5 e9 ael —el3, 16 4 e19 qel® — qe?! + 23 + €25 e20);
(P) VZ = (e? + e ae + € ae12 aelt —el6 — 19 el3 qeld 4 20 23 + ; 5>,
(Q) VZ = <e +et e3 4 be® —ce” 4+ bee?, eb + cel3, el — e + belb 4 bel? el — be20 el8 — 21 —
23 _ 025
ce®? — );
(R) VZ = <€2 +e* —ae® +ael® €3+ bed —ce” +bee?, €® + ce'® — ae'” +ace??, e'? — et + bel® +
bel®, €15 — be?0 — qe2t — qbe?S 18 21 _ e o2,

[ToHATHO, UTO KPOMe 3THX CIydaeB, CBA3AHHBIX ¢ IpejacTaBaenreM rpynns Gy B V1, mox-
HO TaK»Ke pacCMaTpHBaTh CIydal, CBI3aHHBIE ¢ mpejcTasienuamu B V2 u V3. YacTo atu
CJIyYad COBIAJIAIOT, OJTHAKO WHOTJA OHU OKA3bIBAIOTCS pAa3JudHbiMU. OTMETHUM TakKe, ITO
rpynnb (X, Y, Z) B 9THX ciy9asix JOJKHBI ObITh OJMHAKOBBI; DOJIEe TOrO, ¢ TEOMETPHIECKO
TOYKW 3PEHUST ITH CJIyIaW TaK¥Ke Oy/IyT Hepa3InduMbl. DTO MO3BOJISET HAM 00BEIUHSITEH Ta-
Kue Tpoiiku ciaydaes. Takum obpa3om, mbl, u3 18 ciyuaes, mosydaem Beero 10: (A), (B) ~
(G) ~ (H), (C), (D), (E) ~ (1) ~ (J), (F) ~ (M) ~ (N), (K) ~ () ~ (P), (L), (Q), (R).

Haxox tenne nHBApUAHTHOTO MEOMETPUIECKOTO OMUCAHUS ITUX CJIyIaeB HAYHEM, KaK U B
IIpeJIbILYIeM IyHKTe, ¢ HAXOXKJleHnus pasMepHocTu nepecedenuss W N V2. Mel nosydaen,
aro B cayuae (A) npocrpanctso VZ nexur 8 W, B ciydae (B) ~ (G) ~ (H) npocrpancTBo
W N VZ okasbiBaerca aByMepHbIM, B caydasgx (C) u (D) — Tpexmepubiv, B ciydaax (E) ~
(D) ~ (J) m (F) ~ (M) ~ (N) — onnomepnbiM, a B crydaax (K) ~ (0) ~ (P), (L), (Q) u (R)
npocrpancrea W u VZ nepecekaiorcs: TosbKo 10 0.

B V., k coxkajieHunio, HET €CTECTBEHHO OIPeIeIeHHOH MPOEKIINY HA, TPOU3BOJIHLHOE TOITPO-
crparcTBO. (OKa3bIBAETCS, OJHAKO, UTO JIJIsT TPOCTPAHCTBA W MOXKHO, HA T€OMETPHIECKOM
SI3bIKE, ONPEJIEJIUTh  CTAHAaPTHOE” JOMOJHUTENBLHOE MOIIPOCTPAHCTBO (TO €CTh, ero BBIOOD
He CBsi3aH ¢ BBIOODOM 06a3zmca) W, CJIel0BATEeJbHO, MPOEKIUIO IPOU3BOIHLHOTO TIOIITPOCTPAH-
crea Ha W. llpexme dem mepexognTh K 3TOMY OMPEIEIEHUI0, HYXKHO MOKA3aTh HECKOJIHKO
HECJIOXKHBIX (PaKTOB.

YrBepxkaenue 13. [lycmo u — cuneysapuuiii sekmop 6 V., a p € A — nexomopuii sec.
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IIpednonosicum, wmo u, # 0, a u, = 0 daa ecex 6ecos o, bauskur x p. Tozda u = u,e’.

Zloxaszameavcmao. Ilpemmosioxum, 910 U, # 0 17151 HEKOTOPOTO Beca, g, jrajekoro ot p. Torma
nycrh T — Bec, Jajekuii ot p u o. Ilockonbky w cuarynsipen, 1o Q(e™,u) = 0. C apyroii
CTOPOHBI, IO OIPEJEIeHuI0 (), 3TO PABHO Y tuUyly,, T CyMMa Gepercs IO BCeM mapaMm
{®, 1}, obpasyromum Bmecre ¢ 7 Tpuaiy. Ilo Beibopy u u myrkTam (1) u (2) yrBep:Kaenus 5
OJIyTaeM, ITO 9Ta CyMMa PaBHA tuU,lUy, OTKYJA U, = 0 — IPOTHBOpPEYNe.

O6ozmaumm 1epes Wj, mpoctpancTsa (€5 ¢ € I) mpur 1 < k < 3.

Sameuarue. B §2 Takme mpocTpaHCTBa Ha3bIBAJIUCH Vi, HO B 3TOM maparpade, 9Todb u3ode-
»KaTh HAKJIAJIO0K, Mbl HECKOJIHLKO U3MEHHUJIN 3TO 0DO3HAUEHHE.

JlemMma 5.6. Bce nenyaesoie cuneyaapusie eexmopa uz Wy 0bpasyrom, nod deticmsuem nood-
epynnu, Jlesu L, odny opbumy.

Jlokasameavcmeo. OTMeTHM, IPEXKJe BCETO, 9TO BCe OA3UCHBIE BEKTOPa €' npn 1 € Iy jmeskar
B OJ[HO¥ OpOUTE, MMOCKOJIHKY TOC/Ie BHIOPACHIBAHWS BTOPOTO KOPHS W3 jguarpaMmbl JIbiHKrHA,
Beca n3 [o OKA3BIBAIOTCA B OJTHOI KOMITOHEHTe CBA3HOCTH. [lamnee, ecnu ¢, ) € [o w1 —j € £11,
T0, yMHOXKas €/ Ha T;_;(—1)x;_;(a), momyaaem, aro BekTOpa ae’ s moGoro i € Ir u Beex
HEeHyJIeBbIX a € K jexkart B TO#l e camoii opoure.

[Tycth v — mpowm3BoOJIBHBII cuHTYIIPHBIIT BekTOp 13 Wo, a i € s — Takoit Bec, aro v; # 0.
JlocTaTovHO TOKA3aTh, 9TO MOYKHO MOIOOPATH TaKOU 3JIEMEeHT g € L, 9TO gu nMeeT HEHYJIeBO
K03 buruenT npu Bece i U HyJaeBble KOXMDMUIMEHTHI IIPU BCEX Becax, OJU3KUX K 2; TOTJIA
n3 yTBepxKaeHud 13 caemxyer Tpedyemoe. Ilycts j € Is — Bec, OJu3KwWii K ¢, W TaKOi, 9TO
v; # 0. YMHOXKHIM v Ha :UJ_Z(%{UJ), mocste 3Toro Koadduiment v; craner pasubiM 0. Ilpu
9TOM, MO YTBEPKIEHUIO 2 W CJIEJICTBUIO U3 HEro, v; W BCe vV, Takue, aro d(k,i) =1 u k # j,
He W3MeHATCsA. [lOBTOpsist 3Ty omepamuio Jjisi BCeX BecoB j € [p, OJM3KHUX K 4, MOJIydaeM
Tpebyemoe.

N3 310l TeMMBI, UCIOJIB3YS JIeMMY 2.2, JIETKO BBIBOJTUTCA JBa CJIEJICTBUI:

Caencrsue 1.

(1) Bce sexkmopa uz Wy A6AA0MCA CUHYAAPHUMYU U GAUSKUMU OpYe K OpYy2y.

(2) Jas aroboz0 cuneyaapnozo sexkmopa v € Wi & Ws, ne aesrcawezo 6 Wy, cuneyaaproie
sexmopa u3 Wy, bauskue k nemy, o6pasyom wemuvipermepHoe nodnpocmparcmeo.

(3) Jasa awbozo cunzyaaprozo sekmopa v & Wi & Wy cuneyaapuue eexmopa us Wi,
bauskue K nemy, 0opasyrom odnomeproe noodnpocmparcmeo.

Caencrsue 2. ITycmo W = (VX VYY) 20e X uY — dse npomusonososicvie nodepynnao.
Ob6o3nanum wepes & MHOACECNBO CUHRYAAPHOLL 8eKkmopos v € V|, daa Komopwux cuMeysip-
note sexkmopa 8 W, bauskue k v, nopostcdarom socomumeproe nodnpocmpancmso. Tozda mro-
orcecmso Q nopoorcdaem namuaduyamumeproe nodnpocmparcmeo W, u s060% curzyiaproLi
sexmop uz W aeorcum 6 2. IIpu amom 060t sexmop us V. odnoznauno packaadveaemcs 6
cymmy sexmopa us W u eexmopa uz W.

Samevanue 1. MoxKHO pacmupuTh MOHATHE OJU3KUX BEKTOPOB, TOBOPSI, ITO BEKTOPA U U U
6u3ku, ecan F(au,bv, z) = 0 g Beex a,b € K u z € V. Torga W cocTouT U3 BCeX BEKTOPOB
v € V, 1y1g KoTopbix BekTopa B W, biim3kue K v, 00pa3yoT BOCbMUMEPHOE TOIITPOCTPAHCTBO.

Samevanue 2. Tak>ke WHTEpPECEH BOIPOC, KAKOBA MOXKET ObITh PAa3MEPHOCTH IMPOCTPAHCTBA,
MTOPOXKIEHHOTO CHUHTYIAPHBIME BeKTOopaMmu n3 W, OJU3KUME K HEKOTOPOMY BeKTOopy v € V.
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N3 nemMbl 5.6 HETPYTHO BBIBECTH, UYTO 3Ta PA3MEPHOCTD ObIBaeT paBHa 2, 5, 7 uim 8. Mckomoe
UHBAPUAHTHOE ONUCAHKE BO3ZMOXKHBIX CYUAEB MOXKHO JIaTh U HA 3TOM A3bIKE, OCKOJIBbKY Ha-
6Op COOTBETCTBYIOIINX PA3MEPHOCTEH B PA3HBIX CJAyJasaxX OKa3bIBaeTCda pasandabiM. OmgHako
aBTOPY MOKA3AJIOCh, UTO JaBaeMOe 9yTh HUXKE ONMUCAHUE HECKOJHKO MPOIIE.

Caencrrue 2 Mo3BoOJISIET HAM MOBOPHUTH O TPOEKIHH IPOU3BOIHHBIX BeKTOpoB Ha W (mmapadi-
nemsro W). Tlycrs W/ — npoexnms mpoctpanctsa V2 na W; TOCMOTPHM Ha ee Pa3MepHOCTh
B Kaxxa0M u3 10 ciyqaes. B cayqasx (A), (D), (F) ~ (M) ~ (N), (L), (Q) u (R) ona pasma 6,
B(B)~(G)~ (H)—2,B(C)—3,8(E)~(I)~(J)—4,8(K)~ (0)~ (P)—5. Hakoner,
KaK W B IyHKTe 1, HOCMOTPHUM, B KayKJIOM CJIydae, HA Pa3sMepHOCTH moimpocrpancTtsa W,
MOPOKJIEHHOTO BCEMHU CHHTYJIPHbIMU BekTopamu u3 W'. B cayuae (A), (D) u (L) ona paBua
6,5 (B) ~ (G) ~ (H) — 2,5 (C) 1 (Q) — 3,5 (B) ~ () ~ (3) n (K) ~ (O) ~ (P) — 4, 5
(F) ~ (M) ~ (N) — 5, B (R) — 0. Ceziem mosiydenHblie pe3yJabTaThl B TaOJIAILY:

dim(VZNWwW) dimW’' dimW” (X,Y,Z)
(A) 6 6 6 SL(2,K)
(B) ~ (G) ~ (H) 2 2 2 SL(2,K) x K
(& 3 3 3 SL(2, K).K?
(D) 3 6 6 SL(2, K).K?
(E) ~ (1)~ (J) 1 4 4 (SL(2, K).K?) x K
(F) ~ (M) ~ (N) 1 6 5 SL(2,K).H;
(K) ~ (0) ~ (P) 0 5 4 (SL(2, K).K*) x K
(L) 0 6 6 SL(3,K)
Q) 0 6 3 SL(2,K).H,
(R) 0 6 0 SU3,L),[L: K] =2

3amevanue. Heci0’kHO BUIETH, 9TO B OTJMYHA OT TEPBOTO MyHKTa, HOAIIPOCTPAHCTBO W =
(VX VY onrosraano ompenensier moarpymmy (X, Y).

CpaBHEBasl Pe3yJIbTaThl IIEPBOTO W BTOPOTO IIYHKTA, MOXKHO OTMETHUTbL, UYTO C I€OMETDH-
YEeCKOH TOUYKHM 3peHus KjaacCudukanus HOATPYNNI B Fg, TOPOXKIECHHBIX TPeMs KOPHEBLIME
MTOArPYIIIIAMU, JIBE U3 KOTOPBHIX ITPOTUBOIIOJIOXKHBI, OKa3bIBAETCS IPOIIe, YeM B [y — B Heil
MEHBIIIe PA3JIMIHBIX CIYy9IaeB, U OHU OOJIbIe pas3andaoTcs. C BBITUCIUTENIHHON TOYKHA 3pe-
HUS, Pa3yMeeTcs, CUTyalusa OyIeT IPIMO IIPOTUBOIOIOXKHAA — B D4 KOHKPETHBIE PACUETHI
OyIyT CyIMeCTBEHHO IPOIIE.
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