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1 Bseaenne

1.1. B mauganme XX Beka ['. Beiiyib mokaszaJj, 910 cOOCTBEHHbIE YUCIa MHOTUX OIEPATO-
POB MaTeMaTUIecKON (DU3MKN MOMIMHAIOTCA HEKOTOPBIM aCUMIITOTUKAM U paspabdoTalt
OOIYIO TEXHUKY BBIMUC/IEHUS TaKUX acuMITOTUK. OJHUM U3 TPUMEPOB SBJIAETCS 3a/1a9a
06 3JIEKTPOMArHUTHBIX Kojlebanuax pesonaropa {2 C R3 ¢ mjeanbHo mpoBosiieit rpa-
uureit 0§2. YacTtoTbl cOOCTBEHHBIX KOJIEOAHUN COOTBETCTBYIOT CIEKTPY CTAIMOHAPHOIO
oneparopa Makcsesia M, neiictByorero Ha napy {F, H} o dopmyse

M{E,H} = {ic'rot H,—iu ' rot E}, (1.1)

rne E, H o60o3Ha9a0T 3JEKTPUIECKYI0 M MarHUTHYIO cocTaBjigroriue moJsd. [Ipu srom
npearoJiaracTcd, 9To BBIIIOJIHEHBI YCJIOBHA COJIEHOUIaJIbHOCTH

div(eF) = div(uH) =0 (1.2)

1 I'paHUYIHBIE YCJIOBUA
Er [oo= (1H)y loa= 0. (1.3)

Baech (), p(x) — MaTpunb-GYHKINN, OMUCHIBAIONINE AUIEKTPUUECKYIO I MArHUTHYIO
IPOHUIIAEMOCTH CPEeJIbl, 3aloyiHgdmomeil (), nHAeKCe T n v 0003HAYAIOT KaCATEIbHYIO 1
HOPMAJILHYIO KOMIIOHEHTHI BeKTopa Ha Jf). B 1912 r. Beits [13] Beraucsimt raBmblii €ien
ACUMIITOTHUKHY JIJIsT CIydas mycToro (¢ = p = 1l) pesoHaTopa ¢ IaKoil MpaHuIei:

mes Q' /3
a3 ;

= k — oo, (1.4)
m

mp ~

rJie My, — MOJIOKUTEIbHBIE COOCTBEHHBIE YhC/Ia oneparopa Makcpesuia, 3aHyMepOBAHHbIE
B MOpsijIKe HEYObIBAHUS.

[Ipn mapyiennn rrakocT rpanuibl 02 n/mwim Ko3bUIMEnToB €, (1 3a/1a9a CyIIecT-
BeHHO ycsioxkHgeTcs. Tobpko B 1976 1. A. B. Asiekcees u M. II1. Bupman B paborax [1, 2|
060CHOBAJIN aCHMIITOTHKY CIIEKTpa oreparopa MakcBesuia Jjisi HerIaJKuX €, p (Kiacca
L) n rnagkoii rparuiier 0§2. B aroM citydae acuMOToTHaeckasi (pOpMyIIa yCIOKHSIETCST
o cpasrenuio ¢ (1.4), em. mmxke (4.3), (5.2). B 1987 r. M. III. Bupman u M. 3. Cosomsk
B pabore |7| nokazamu dopmyny (1.4) g ciaydas obgacTu ¢ JIMIITHAIEBON IpaHUIEH 1
e = p =1L OTMernM, 9TO B 9TOI CUTYAINU BeilJleBCKasl BADHAIIMOHHAS TEXHUKa He MOKET
OBITH IPUMEHEHA HelOCpe/ICTBEHHO. Bostee TOro, caMo KOPPEKTHOE OIPEIesIeHne CaMOCO-
IpszKeHHOTo oreparopa Makcsesiia npu Hervia koit 0€) HaTaIKuBaeTcs: Ha OlIpe/ie/IeHHbIe
TpyaHocTH (noxpobree 06 5ToM M. [6]).

[Moaxoasr pador [2] u |7] ynanocs o0beauunTh, n B crarbax [9, 3| Gbuia mosydeHa
BelJIeBCKasi aCUMITOTHKA JJIsl CIydasi HEMIQKuX (OrpaHUYeHHbIX, W3MEPUMbIX ¥ IOJIO-
JKUTEJILHO-OIIPE/IETIEHHBIX ) KO3 bUImenTos ¢, p u jumnmmiesoil rparuipst JS). Henbio Ha-
CTOSIIIEN CTATHH ABJISETCS TIEPEHOC ITONO Pe3yIbTaTa Ha CJIydail JUIIUIEBBIX MHOT0OOpa-
3Wil TIPOU3BOJILHON pasMepHOCTH ¢ KpaeM (cM. Huzke Teopemy 4.3). Omeparop Makcsesuia
Ha MHOT0OOPa3UAX PACCMATPHUBAJICH PA3HBIMU aBTOPAMH, HO BOIIPOC 00 ACHMIITOTHKE €r0
CIIEKTPa B HEIVIAJIKON CHUTYaInH, HACKOJIHKO HAM H3BECTHO, paHee He N3ydalsICs.



1.2. B pabore [14] Beisib npusest 3anuch craruoHapHoit cucreMbl MakcBesua B eBKIIAI0-
BOM ITPOCTPAHCTBE MPOU3BOJILHON Pa3MEPHOCTU 1 Ha dA3bIKe JuddepeHnnaabHbX (GopM.
Dta cucTeMa ObLIA TIEPEHeCeHa Ha, IJIAJIKOe PUMaHOBO MHOroo6pasue B pabore [12]. Hamps-
xennoct E i H 1pu 5ToM paceMaTpusaiorcs Kak auddepenipaibabe GopMbl crernenei
kuk+1 (k< n), akodbdunuentsl £ u fi — Kak JuHelHbIE Tpeobpa3oBanust HA k-dopMax
u (k + 1)-dopmax coorsercrBenno. /leiictBue oneparopa MakcBesuia BBINISIAT CJIeLyTO-
M 00pa3oM:

MI{E, HY = {—ie ' (=1)*" D v a« H, —ig 'dE},

e * — omeparop XojKa. Mbl mpejjiaraeMm Japyroe obobiieHue oreparopa Makcpesuia,
KOTOPOE He TpedyeT HAJIMYUs PUMAHOBON CTPYKTYPHI Ha MHOrooOpa3uu. B HaieMm cirydae
E — 510 k-dopma, H — (n — k — 1)-dopma, € paccMaTpuBaeTcst KaK JIMHEHHBINH OlepaTop
u3 mpocrpaHcTBa k-gopM B mpoctpancTtBo (n — k)-bopm, a p — u3 (n — k — 1)-dopm B
npocrpanctBo (k + 1)-dopm. [eiictBue oneparopa M maercs dopmyioit

M{E,H} = {(-1)F"e " dH, p ' dE}.

Ecnun muoroobpasue obsiajiaer KakKuM-anb0 METPUYECKUM TEH30POM, TO 10 3aJI[@HHBIM &
¥ /i, JIETKO HIOCTPOMTH COOTBETCTBYIOINIME TEH30pHI &, ji u omeparop M. Ilpu sTom ome-
paropsl M u M OKaKyTCsl yHUTAPHO SKBHBAJEHTHBI HE3ABIHCHMO OT METPHKH. 1109TOMY
HaM KazkeTcsd 0oJjiee pa3yMHBIM PabOTaTh ¢ oneparopoM M, He 3aBUCAIIMM OT PUMaHOBOI
cTpyKTypbl. Harr mosixo s 3naunTesbHO MeHee TpedoBaTesieH K IVIaIKOCTA MHOTOOOPa3us.

OrmeTnM, 9TO 00JIACTH C TAKUME OCOOEHHOCTSIMH I'DAHUIIBI, KAK SKPaHbl U KOHU'E-
CKHe TOYKHU, TaKyKe MOI'YT PACCMATPUBATHCS KaK JIMIIIUIEBbl MHOTOOOpa3us (CM. HEZKe
. 5.2). [Tosromy OCHOBHOU pe3y/IbTar naHHON paboTh! (Teopema 4.3) HPUBOAUT K Beilen-
CKOIf aCUMIITOTHUKE W JIJIsi TAKUX obJsiacteit. IToT (pakT ObLI M3BECTEH paHee IIPU JIOTI0J-
HUTEJILHBIX Oorpanndennsax (cm. |9, m. 5|).

Cxema JI0OKa3aTeIbCTBA OCHOBHOTO PEe3Y/IbTaTa BLIMJIAJNAT CJIEIyIoNuM obpazoM. Bo-
IIPOC O CHEKTPAJbHON ACUMIITOTHKE HA MHOTOOOPA3UH C ITOMOIIBIO JIOKAJIU3AIUN CBOJIT-
cs K aHAJOTUIHOMY BOIPOCY JIJIsi €BKJIMJIOBOH 00JacTh. ACUMITOTHKA JIJI €BKJIMJIOBON
006JIaCTH IIPOU3BOJILHON PA3MEPHOCTH MOXKET ObIThH 000CHOBaMHa O cxeMe paborsl [9] (rae
ObLI PACCMOTPEH TPEXMEPHBII CJIydail); OJHOE JOKA3aTeIbCTBO OYIET OIyOJIMKOBAHO OT-
JesbHo B padore [10]. OTmernm, 4T0 OCHOBHBIE HJIEU, UCHOJIb3YeMbIe [PU MEPEXOJE OT
citydast 00JIaCTH K CJIy9Iar0 MHOrOOOpasus, B3AThI U3 paboTsl |7].

B §2 mbr npuBesiem psajt (bakTOB U3 TEOpUM JIUIIIUIEBBIX MHOT0OOpasmii. B §3 ompe/te-
M onieparop Makcsesia Ha MHOroobpasun. B §4 copmymupyem OCHOBHON pe3ysIbTarT.
B §5 mbI mokazkem, 4TO B ciiydae 00JIACTU B €BKJIMJIOBOM ITPOCTPAHCTBE HAI PE3YJILTAT
COBIIAJIA€T C M3BECTHLIMHU ACUMIITOTUKAMU CIEKTpa JJId CKaJIdpHBIX 3ajad Jlupuxie u
Heitmana u s oneparopa Makcesemta (1.1) — (1.3). B §6 nepedopmyupyem Borpoc o
criekTpe oreparopa MakcBesia B TepMUHAX OTHOIEHUS KBaJpaTu4dHbx dopm. B §7 mo-
KaKeM DsIJI JIEMM O IMOKPBITUN MHOI000pa3us, KOTOPhIE TTO3BOJIAT JIOKAIU30BATE 3a/1a4dy.
B §8 MbI j0KazKkeM OCHOBHOI PE3YJILTAT.



2 JImnommneBbI MHOroobpa3us

2.1. Iuddepenmnanbubie popmbl. B 5TOM IyHKTE MBI HAIIOMHIM OCHOBHBIE ITOHSTHS
TeOPUH JIAIIIHUIEBBIX MHOr00Opasuii (cM., Hanpumep, [11]).

Bsenem obosuauenne R? = {x € R" : 2" > 0}. Berony nasee, roBopst 06 OTKPBITBIX
noamuozkectsax R, Mbl OyJeM umeTh B Bujy oTHOcUTeIbHYIO Tonosoruio R’ . Onpene-
JIEHHOE Ha OTKPBITOM HojaMHoxkecTse R orobpaxkenne ¢ : U — R™ nasbiBaeTca 10KaAbHO
AUNWUYUEBDILM, €CITH €TI0 CyKeHue Ha Jiroboit komirakT K C U jumnmmuiieBo. BbuektuBHoe
orobpazkenne ¢ : U — V HazbIBaeTcd A0KAALHO OUAUNUWUUEEHIM, €CITH ¢ T ¢~ ' JTOKAIBHO
JIMIIIATIEBBI. N-MEPHOE TOIOJI0rn4Yeckoe MHOrooopasue X ¢ kpaeM 0X Ha3bIBACTCS AUN-
wuyesvim, eciim Ha HeM dukcupoBan atiac {V,, a}, Takoil 9To it J0ObIX JABYX KapT
a:Vy,— R} uvy:V, — R} ckposHoe oTobpazkenue 7y o a~! IoKaIbHO GUIINIIIIUIIERO.

Jns orkpeitoro muoxkectsa U C RY uepes L”;(U ), 1 < p < 00, 0603HAUNM KITACC
k-dopm, mMmeromux B cTaHZapTHOM 0as3uce KOMILIEKCHBIE KOdDdumments! u3 Ly o (U).
JIummuieBo orobparkeHue 1moaTu Besjie auddepeHnupyeMo, I03TOMY sl JIOKAJIbHO Ou-
JmmmIesoro orobpaxkenus ¢ : U — V, U,V C R%, onpejeneno uHIyIUPOBaHHOE
oTobpazkenue hopM, JIeficTByIOIIee MO CTAHIAPTHBIM TpasuiaM. [Ipu 3ToM BbIIOTHEHO
¢*£];(V) = E’;(U).

[Iycrs X — smmmmnieBo MHOTOOOpaswue ¢ ariaacom {V,, a}. [lycrs Takxke {w,} — Habop
muddepenimanbHbix HopM, onpejesneHHbix Ha MHOKecTBax (V). HazoBem w = {w,}
nuddepentanbaoit dpopmoit Ha X, eciu mist yo6bx aByx kapt (Vo,«) u (V,,7y) BbI-
nosiHeno (o v~ 1)*w, = w,. [Ipocrpancrso k-popm w = {w,} na X, Takux 4ro w, €
L ((Vy)), obosrauny LF(X). fcro, uro

k I k-t
weLyX), 0eLl(X) = wAleLlT(X), 1/p+1/q=1/r
Ham nonaio6uTest Takzke o6o3HadeHne
WHX) = {w € LYX) : dw e LT (X)),

Ormerum, uto npocrpancrso WO cosnaaer ¢ npocrpancrsom Cobostesa H (X)) ckamsap-
HbIX QyHKIMA, Toraa Kak W" = L1,

Ecau mMHOTOOGpasue X KOMIIAKTHO W OPUEHTHPOBAHO, TO jid (opmbl w € LT(X)
CTaHJIaPTHBIM 00Pa3OM OlPEeNHeTCs HHTErpal [ w.

2.2. I'paanunbie ycjgoBud. [lycts X — opueHTHpOBaHHOE KOMIIAKTHOE MHOTOOOpa3ue
¢ Kpaem. Bioxkenune kpas B MHOroobpasme obosnadnm depe3 j : 0X — X. Cyxenue
dopmbr Ha Kpait 0X MOXKHO OIPEIETUTh B 0000IIEHHOM CMbICIe. Mbl OIpeie/iuM TOJIBKO
paBeHcTBO j*w = 0.

Onpegenenne 2.1. Ilyers w € WF, k < n. Yenosue j*w = 0 oszHaugaer, 9T0

/ wAdf = (—1)’““/ donB® VO e Wrht,
X b

Hotst dopmbl w € W™ = LI Bceryia cuuraeM ycyoBue j*w = () BBIIIOJHEHHBIM.

Bameuanne 2.2. fcuo, yro u3 j*w = 0 ciegyer j*(dw) = 0.

4



2.3. KoaddburumenToi. Boeidbepem B R" crangapTHbil 0a3uc m pacCMOTPUM JIMHEWHBIHA
onepatop 3 : F¥(n) — F"k(n), rme F¥(n) — mpocTpaHCTBO AHTHCHMMETPUIHBIX K-
JINHEIHBIX KOMILIEKCHO3HAYHBIX (yHKIN w Ha R™. Byrem nucars § € M f;(n), ecyn
Bw = Bw u dynxmus b(w), onpenensemas paseHcTBoM w A fw = b(w)dz! A -+ A dz™,
TOJIOYKHUTEIbHA, 11 JTIoboro w # 0. PaBencTro

WABI=0APw w,bcFn).

JIOKA3bIBAETCs aHAJIOTUIHO JIEMEHTAPHOMY YTBEP:K/ICHUIO JIMHEHHON a/iredphl O TOM, UTO
BeIeCTBEHHYIO KBaJIpaTHIHYIO (DOPMY MMEIOT TOJIbKO SPMHUTOBCKHE MaTpuilbl. Ham 510
PaBEHCTBO MOHAI00UTCST B BUJIE:

wA B = (—D*"PBuAG, w0 € Fi(n). (2.1)
fAcno, uro f € MF(n) umeer obparubiit oneparop
B FrH ) — FH(n),
npuaem (—1)Fn=Rg=1 ¢ M?*(n). PacipocTpani 5T0 olpeiesienie Ha MHOrooOpasue.

Onpenenenue 2.3. Jluneitnoe orobpazenue 3 : L5(X) — L£57%(X) npumayiesxur kiac-
cy MFE(X), ecmm pana moboit  kaprer  (V,,«) cymectsyer Taxkas (DyHKIHS
Ba € Loo(a(Va), M¥(n)), aro BbimOIHEHO

(Bw)a = fawa Vw € L5(X),
(=DM € Loo(a(Va), MY (n)).
Bameuanue 2.4. 3 € M*(X) & (=1)Fr-kg=1 e M1F(X).
B nampneiinem OyieMm canTaTh, 910 Ipu KaxkjaoM k = 0, 1, ..., n, PUKCHPOBAHO HEKOTO-

poe otoGpazkenne [ € MY (X). Yepes L5(0;,) Gynem 0603HaUaTH IHIIBGEPTOBO HPOCTPAH-
cTBO L} co cKaIspHBIM TpOU3BEIeHIeM

(w, 0)5k = /);u) AN ﬁkg (22)

2.4. Oneparop nuddepennupoBanus. Beejem omeparop
di : L5(Br) — L5 (Bry1), dpw =dw, Domdy = {w € W": j*w =0}
Jlerko BujieTh, 9TO O1EPATOP d) IJIOTHO OIIPEJIEJIEH.

JIlemma 2.5. Onepamop dj, 3amxnym. Conpasicennviti onepamop dj, deticmeyem no gop-
MYNe

030 = (1)1 d(Gaf), Domdy = {0 € L5 < d(Bnf) € L5},

Zloxazameavcmeo. IlpocrparncTBo Dom dj, siBJIsieTCsT TTOJTHBIM OTHOCUTEIBHO CKAJISIPHOIO
upomseefenns [ dw A Bj11(dw) + [ w A B0, ato menocpencreenno cieyer u3 [11]. Core-
JoBaTesIbHO, dy 3aMKHYT. [Ipeanonoxum, aro 6 € Domd; u n = d;;0, To ectb

/ dw A B0 = / wA Bk Yw € WF: j*w = 0. (2.3)
b b

Torma (—1)¥*1d(B,110) = Brn. Obparno, ecm 6 € L5 u d(Br10) € LY, To ma
n = (—1) 13, d(B410) pasencrro (2.3) BBITONHEHO B cuity onpesesenus 2.1. B



3 Omneparop Makcsesia

3.1. PyHKIMOHAJIbHBIE IIPOCTPAHCTBA. B 3TOM IIyHKTE MBI BBEJIEM PsiJ IPOCTPAHCTE
k-cbopm. Bo-tiepBbIX, mycTh

Gt ={dp:pe W}, Gi={dp:pe W jp=0}
st k> 1, m nonoxum G) = G° = {0}. Iycrs Takske

JE(Br) = {w e LE d(Bw) = 0}, JE(B) = {w € J*(B) : 57 (Brw) = 0}.

dceno, uro J§ = J° = L. Vuurnisag onpesenenue (2.2) cKajgpHOTO NPOU3BEICHUS B
L5(Br), HeTpyIHO BUJIETH, 4TO OPTOrOHAJILHBIM JlonojHenueM K G asisercs J*, a opro-
roHaJILHBIM Jlono/HenueM K G¥ — npoctpancrso J§:

‘Cé;(ﬁk) = G(k; @ﬁk ‘]k = Gk @ﬁk ‘](I; (31)

DTO OPTOrOHAJIBLHOE PA3JIOXKEHNe BCTPEYaeTCs B Pa3INYHBIX pasienax Teopun mudde-
PEHIMAIbHBIX YPaBHEHUN B YaCTHBIX ITPOU3BOJIHBIX M U3BECTHO KaK pasjoxKeHnune Beitrs-
l'estbMmrogibiia- XoKa.

Jasee cunraem k < n — 1. BeeseMm ruibb6epToBO MIPOCTPAHCTBO

F(Br) = {w e W1 d(Bw) € L57}

C HOPpMOI1
w3 = / dw A Bri1(dw) + Bt d(Brw) A d(Brw) + w A B (3.2)
X

(B ciyuae k = 0 cpejiHee ciaraeMoe OTCYTCTBYET), M €ro HOIPOCTPAHCTBaA "9jIeKTpuie-
ckux"u "MarauTHBIX moJ1ei"

Fli(Be) ={w € F*B) : jw =0}, Fh(B) = {w e F*B) : j*(Bew) = 0}.

Bameuanue 3.1. IIpu k = 0 npocrpancrso FY coBnagaer ¢ 0ObIMHBIM MPOCTPAHCTBOM
Cobosesa H'(X), npocrpancrso F° = FY — ¢ nmpocrpancrsom CoGostesa H'(X).

ITosnoxxum
O (Br) = FA(Bk) N J*(Br),  E&(Br) = Fi(Br) NG,
OF (Br) = F(B) N I5(Be),  En(Be) = F(Be) N G".

dAcuo, aro
Fly =0 @5, By, F, =@, &5, By,
q)gl:ﬁll(X)a CI)Sn:Hl(X), Egl:Egn:{O}'

[IycTh, nHakoHerr,

K*(Br) = {w € ®(Br) 1 dw =0} = {w e LE :dw=0,d(Bw) =0,5°w =0}. (3.4)

[pocrpancreo K% (By) koneunomepno (MozKer GbITb, TPHBHAJBLHO), CM. HUZKE CJIJICTBHUE
7.6. [1ns oneparopa dj, BBeJIeHHOTO B 1I. 2.4, uMeeM

ker dj, = G§ ©g, K5 (By). (3.5)



Sameuanue 3.2. CornacHo 3aMevaHuio 2.4 nmeeMm
b€ ME(X) & (—1)F 9500 € M ().

o k(n—k) p—1
B nasnbreiiiem Mbl Oynem  paboTarh ¢ mpocTpaHCTBamMu ¢ Becom (—1) ( )ﬁk .
st KpaTKOCTU MBI OYJIEM OIYCKaTh 3HaK, CTOLAIIMI Tepes] BecOM B 0003HAYEHUSX TH-

ma 'R,

3.2. Onpenenenne omneparopa MakcBesia. Mbl XOTUM ITOCTPOUTH CAMOCOIPSIZKEH-
HbII b depeHIabHbIi OepaTop MePBOTO MOPSIKA. DTO MOYKHO CJIEATh, UCXOT U3
6aokoB Bugia (d. Sleno, uto npocrpancTsa Tounbix bopm GF u GE nonaayr B s1po coor-
BETCTBYIOIIUX orepaTopos. [losTomy Mbr Oyem paboTarh B OPTOrOHAJILHOM JIOTIOJTHEHUT
K nun: JY, JF (em. (3.1)).

[Ipu k < n — 1 BBesem omeparop (cum. 3amedanue 3.2)

Rk(ﬁkaﬁk-ﬁ-l) : ‘]k(ﬁk) - g)l_k_l(ﬁk_jl)a

Rkw = Bk+1dw, Dom Rk = q)lsl(ﬁk)

Oneparop Ry 3amknyT, ero siiapo ker R = K¥(3;). Onuncanune conpsizkennoro orneparopa
MOZKET 6BITb IIOJIyY€HO aHaJIOTUYIHO J0Ka3aTCJIbCTBY JIEMMbI 25

Ri(Br, Bes1)* = I 1B y) — T (Br),
R0 = (=1)*'3,'df, Dom Rj, = @1 ' (8,).

Ounpenenenne 3.3. Oneparopom Maxrcseia My (B, Brv1), K = 0,1,...,n — 1, Gyzmem
Ha3BIBATH GJIOUHBIT OMepaTop B ruibGeprosoM npocrpanctse J5(3) @ Ji (6, )

Mk(ﬁk’?ﬁk‘i’l) = ( }gk }3;: ) )

ﬁkﬂdw

Omneparop My (B, Bri+1) camoconpsizker, ero siipo kKoneanomepro. Crekrp o(My), Kak
MBI YBUJIUM HUKe, quckperen. 3 Toxecrsa

(o ) Cac i) = (a 6 60 )

BBITEKAET, 9TO oneparopbl My u — M), yHUTApHO S5KBUBAJIEHTHBI, TaK 91O 0(M)) cummer-
pUYEH OTHOCUTELHO HYJIS.

st camoconpsizkeHHOrO orieparopa A ¢ JMCKPETHBIM CIIEKTPOM OOO3HAYUM Uepes3
N(A, A) xommdaecTBO cOOCTBEHHBIX 3HadeHUid A (¢ yueroMm mx KparHOCTeil) B WHTepBaJse
(0, A). Hammmam ocroBHBIM pesyiibraTom Oyer acumnroruka dyskmmn N (A, My (Ok, Bri1))
npu A — 00.

_1\k -1
M, ( C; > — ( (—1) +1ﬁk do > , Dom My (B, Brt1) = Q)Z(ﬁk) D q)nmfkﬂ(ﬁﬁl).



3ameuanue 3.4. fcuHo, uTo

» (RR. 0
M’f‘( 0 R.R: )

Omneparopsl R R n Ry R; yHNTapHO SKBUBAJIEHTHBI B OPTOIOHAJIBHBIX JONOJHEHUAX K
CBOMIM $JIpaM, TIO9TOMY

N\, My.(Br, Bret1)) = NN, Ri(Br, Bet1)* Ri(Br, Brt1)), (3.6)

[IpUYeM B [IPABOIl YaCTU, COTJIACHO HAIIIEMY OIIPEJIeJIEHUI0 CUUTAIONel PYHKIINU, HYJIeBOe
cobcTBeHHOE 3Hadenue Ry Ry, He yuuThIBaeTC.

4 AcuMMIITOTHKaA CHEKTpa

[iasubiit anen acummroruku N (A, My) npu A — 00 MMeeT JOBOJIbHO CJIOXKHBIH BH/I,
3aICh COOTBETCTBYIOIIEIO BbIpaykKeHUs TpeOyeT pacCMOTPEHHUs CIeIUaJbHON anredbpan-
JecKoil 3ajaun, npuseieHHoil B 1. 4.1. Acummroruka N (A, My) Bbiucana B 1. 4.2.

4.1. Anrebpandeckas 3aja4a. B kaxoit Touke r € X paccMOTPUM BCIOMOTaTE b~
HYI0 KOHEYHOMEDHYIO CIEKTpaIbHYIO 3a1ady. Pukcupyem Touky x B Kapre (V,,a) u Be-
mectBennyio 1-gpopmy & € F1(n). PaccmoTpuM anreGpantecKyio 3a1ady

EN Bri1.a(@)(hAE) = APk o(x)h, (4.1)

e HeusBecTHBIME aBisiorcd b € F¥(n) u A € C. lomuozxkast (4.1) na h ciesa, nojydaem

(E A é-) A ﬁkJrl,a(h A é-) = AE A ﬁk,aha

OTKYJIa C YI€TOM TOJIOKUTEJBHOCTH (3 U (g1 CJIEIyeT, 9TO BCe COOCTBEHHBIE dmcya A
HeorpuraresbHbL. [Tycts 0 < Aj(z,€) < Ay(x,€) < --- cyTb HeHyJIeBble COOCTBEHHbIE 3HA-
genust 3aja4n (4.1), 3aHyMepoBaHHbBIE C YUETOM KPATHOCTU. BBeJeM CUuTaronyo (yHK-

o Ni o (A; 2, &) = #{j : Aj(z,€) < A}. Onpenemnm n-dopmy
Vko(N;jz) = (2m)7" . Nio(A; 2, €)d"E; (4.2)

3/1€Ch HCIIOJIb30BAHO KAHOHUYECKOE OTOXKJIECTBJIEHUE BellecTBeHHBbIX 1-cpopm ¢ R™. Mubr
nosty i nabop n-popm {vy o (A)} Ha muoxecrsax a(V,).

Jlemma 4.1. IIpu ecex A > 0 nabop (4.2) dopm {vgo(A)} onpedeasem n-dopmy vi(A)
na mrozoobpasuu X, npuvem vg(A) € L1 (X).

Joxasamenvcmeo. IIpoepum cormacosannocTs Habopa {1y o(A)}. ycrs (Vi, «), (V5,7)
— JIBe HepeceKalommecs KapThl, ¢ = o 0y~ 1 — cKBO3HOE oTOOpaskenue. e mapaMeTphl
§a ¥ &, CBA3AHBI 110 IpaBUILy IIpeobpasobaHus l-dopm, To ecTb §, = @*&,, TO perleHus
(4.1) cBs3ambl caegyonmm obpasoM: b, = ¢*ha, Aj, = A;,, oTKyIA

Nk:,oz(A; z, 5&) = Nk:,'y(Av gb_l(x)v 57)
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(1St TIAIKOrO MHOTO0Opa3msi MOXKHO 6bLI0 ObI cKa3aTh, uT0 Ni(A) — ckasstp Ha KOKaca-
TesbHOM paccsoenn). CiieJl0BaTelIbHo,

VkolA;z) = (2m)7" . Nio(A; 2, &) d"Ey
=) [ Nunl67(0).)100/08] 6, = 106/00] 1, (4567 ),

[Tosyuennoe paBeHCTBO n 03HAYaAET, IT0 {V) o(A)} — n-dbopma ma X. Jlerko Bugers, 4To0
dbopmsl vy o (A) m3MepnMbl 1 orpanudensl, To ectb v (A) € L2 (X). B

4.2. ®opmynupoBKa pesdyiabrara. [lokaxkem creppa, 910 GopMbl Vg (A) 0ZHOPOIHBI
nopszika /2 mo A. Crosa dukcupyem touky x B Kapre (V,, ). CobcrBennble qucia A;
saziaun (4.1) ogHoposHbl Broporo nopsiiaka 1o &, Aj(z,ré) = r?A;(z, &) upn Beex r > 0.
CiiefoBaTesIbHO,

Nka(A x,&)d"E = Zmes{f Aj(z, &) <A}

(A/A; (z, )t n/2
_Z/ / 1y dS () = / S Ay (x, &) (©),
1€1=1 l€]=1

J

rie dS(€) —mepa Jlebera na enanaHOit cdepe. Taknm 06pa3zoM, MbI JOKA3AJH CJIEIYIOIIEe
YTBEPKJICHUE.

Jlemma 4.2. @opma vip(N), onpedesernasn (4.2), odnopodna no A cmenenu n/2, vp(A) =
A2y, 2de v = (1) € L7 (X). B aokasvnvx xoopdunamax gopma vy 6vpasicaemcs
caedyrowum 0opasom:

)"2dS ().

vg(x) =

l§l=1
Tertepb MbI MO2KEM cHOPMYIUPOBATH OCHOBHOW PE3YJIHTAT.

Teopema 4.3. [lycmv X — KoMNaxmmoe opueHmuposartoe AUNWUUEEO MHO2000pa3ue
¢ kpaem, B, € ME(X), B € MfH(X). ITyecmv My (Bk, Bkr1) — onepamop Maxcsenna,
onpedesennviti 6 nyukme 3.2. Tozda das cuumarowet: GYHKUUL NOAOHCUMEALHBLT COO-
cmeennvir 3navenuti My (O, Pri1) umeem mecmo acumnmomura

NOWMe(Br o)) ~ /X U(A2) = A" /X Ve A o0, (4.3)

2de vi(N) u v, — Popmui, onpedeaenrvie eviwe.

Bameuanune 4.4. 35ech U BCIOJAY B JaJbHEHIIEM 3HAK ~ O3HAYAET, YTO OTHOIIEHUE Be-
JIMYUH, CTOSAIIMX B JIEBOI M NMPABON 4acTaX, CTpeMHUTC K 1.

B repmunax coberBerHbix 3Hadernit 0 < my < my < --- oneparopa My (B, Br+1) d1a
ACUMIITOTHIECKAas (POPMyJIa O3HAMAET, YTO CYIIECTBYET MPEIET

—1/n
lim 5~ 1/mj:(/yk) .
J—0 X



Sameuanue 4.5. YTBepKIeHre TeopeMbl 4.3 CIpaBeJInBO U B CIydae, Korjaa X He nMeer
kpas. [Ipu sTom onpemenenne oneparopa MakcBeia yIpoIaeTcs: I'PaHUYIHbIE YCJIOBUsT
UCYE3AI0T, a HEKOTOPbIE (DYHKIIMOHAIbHBIE TPOCTPAHCTBA COBIAIAIOT,

Gh=G* Jb=J% Fr=Ff=FF of=0" FEY=FEF

JlokazaTeibcTBO T€OpEeMbI 4.3 He 3aBUCUT OT HAJUYU Kpas MHOIOOOPA3U.

5 O0b6sacTb B €BKJNUJI0BOM ITPOCTPAHCTBE

B srom naparpade paccMoTpuM B KadecTBe IPpUMeEPa IaCTHBIH C/Tydail JTAIITUIEBA MHOTO-
obpasuss X : MbI 6y/eM mpesnonarats, uro X = (), riae  C R” — orpanudennas o6/1acTh
C JIMIIUIEBO rpanuteil (To ecTb B OKPECTHOCTH KayKJO#W TOYKM TpaHuipl OS) cyiie-
CTBYET JIOKaJIbHas cucreMa koopaunat B R™, B KoTOpoit 06J1acTh ABJIIETCA TOAIPAMDUKOM
JITIIUIEBOH (DYHKIWN).

TeoEEMa 5.1. Hycmb_Q C R™ — oeparunennas obracms ¢ sunwuyesot epanuuet, B €
ME(QY), By € MfH(Q), M. (Br, Br+1) — onepamop Maxceeana. Tozda ezo cuumarowas
dynruus N (N, My(Br, Brr1)) nodwunsemes acumnmomurxe (4.3).

B enyuaen = 3, k = 1 (cm. Takke 11. 5.2. HUzKe) 9Ta TeopeMa JloKasaHa B paborax |9, 3.
J1e1 IpON3BOJIBHBIX Pa3MEPHOCTH 1 U CTEIeHN A JI0Ka3aTeIbCTBO, B II€JIOM, aHAJOIMIHO
u Oyzer omybsmkosamo B [10].

5.1. Ckangpublie 3agaan. O6cyqum caydaii k = 0. EcrectBenro oroxiectButh [Fy(x) co
CKAJISIPHON HOJIOKUTEIBHO byHKIuMeit, F1(x) — ¢ (nXn)-MaTpUIHOZHATHON HOJIOKUTEIHHO-
oupeiesieHnoil GyukImeit; 5,, §1 € Lo (€2). Oneparop RRy — 9T0 He 9TO HHOE, KaK Olle-
parop

Ay = —fo(x)"t div(Bi(2)V -)

sajaqn upuxite B BecoBoM npoctpancTse Lo (€2, Go(x)d"x). Bamaqga (4.1) mepenmcoiBaercs
Kak

(Br(2), E)h = AGo(x)h, b € C\ {0},

rjae g OTO2K/IECTBJIEHO C BEKTOPOM B R™. CYH_LQCTByeT POBHO OIIHO COOCTBEHHOE 3HAUCHUE

Ale,€) = Bola)~ {51 (2), €). Careaosareabio,

ﬁnAn/2ﬁ0 (x)n/Q
(2m)"(det By ()2’

e K, — oobeM eaunnaHoro mapa B R”. [Ipuaumast Bo BHUMaHue 3amevdanue 3.4, acHUMII-
Torudeckyio popmyiry (4.3) MOXKHO IEpenucarh B Buje

)\n/2/_€n ﬁo(:c)”/2d”x
(2m)" /Q (det 5y (w))1/2"

Brosne AaHaJIOTUYHO, 3a/Ja4a Heitmana JJId YpaBHEHNA BTOPOI'O IIOPAJIKa ITOJIydaeT-

cd IIpU paccMOTpeHnn ciydasa k = n — 1 u oneparopa R,_1R;,_,, 11 KOTOPBIX TaKKe

(A, z) = (2m) " mes{¢ : A(z,€) < A} =

N(X, Ag) ~ A — oo (5.1)
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umeer MecTo acuMmnToruka tuma (5.1). D1 pesysbrarsl 1t 061acTeil B eBKIMIOBOM IIPO-
CTPAHCTBE XOPOIIIO U3BECTHBI, CM., Hanpumep, [4] (rae acumnroruka s 3amadn Jupuxite
[OJTy9eHa He TOJIBKO IS JIUIIIIUIIEBOi, HO ¥ JIJIsl IIPOU3BOJILHO OMPAHIMYeHHO 00JIaCTH).
OTMmeTnM, 9TO BeilleBCKas acCUMIITOTHKA CIIEKTPa CKAJIAPHBIX 33J1a4 Ha JIUIIIITUIIEBOM MHO-
roobpasum MoKeT ObITh IIPOCTO BBIBEJIEHA U3 COOTBETCTBYIONIUX PE3Y/ILTATOB I 00JIACTH
B €BKJIJIOBOM IIPOCTPAHCTBE IIPU [TOMOIIHN TaK HasbiBaeMoil "Busiku upuxie-Heiivana" .

5.2. Oneparop Makcsesia. Ilycts Tenepn n = 3, k = 1, Q C R?® — orpanndennag
obJ1acTh ¢ JummmuIeBoit rpanureit. EerecrBenno oroxpectButh 1-popmbr w, 6 ¢ BeKTOP-
byuxusavm E, H, koaddunuentsr 51 u fs — ¢ (3 X 3)-MaTpUIHO3HAYHBIME (DYHKIHSIMU;
TIOJIOKUM emmie € = (1, pt = 35 . OYHKIMOHAIbHBIE TIPOCTPAHCTBA BHITJIAIAT TaK:

JH(e) = {E € Ly(Q,C?) : div(eE) = 0},
Jo(n) = {H € Ly(2,C°) : div(uH) = 0, (uH), |so= 0},

PL(e) = {F € Ly(Q,C?) : rot E € Ly(Q, C?),div(eE) =0, E; |so= 0},
O (1) = {H € Ly(Q,C?) : rot H € Ly(Q, C?), div(uH) =0, (uH), |ao= 0},
u TakuM obpasoM, yciosus (1.2), (1.3) BKIIIOYEHBI B OLPEJEJICHIE TPOCTPAHCTB @il(s),

®! (1). Oneparop Makcsesuta meiicteyer B pocrpanctse J'(g) @ J3 (1) na obaactu onpe-
nenenus P (e) @ ®L (1) no dopmyie

E e lrot H

H pwoorot B
Oneparop Makcseia M, onpesenennbiit B paborax [5, 6] u orBevaromuii dpopmysiam
(1.1) = (1.3), omimuaeTcss OT BBINIENPUBEJIEHHOTO HAJMYUEM MHUMON €JIUHUIIBL:

E ie lrot H
M - S| .
H —ipu~rot B
dcuo, aro oneparopsl M7 u M yHUTApHO SKBUBaJIEHTHBI. Teopema 4.3 B JJaHHOM CJIydae
O3HAYAET, YTO
/\3

N, M)~ 2473

/Q/;_1 (Al(fl',g)_?’/Q + Ag(l',g)—fﬂ/?) dS(g)dgfL‘, \ — 0, (52)

rjae ALQ — HEHYJIEBbLIE CO6CTB€HHBI€ 3Ha4YeHUd 3ala91
(€, 1(@) (1 €] = Ac(@)h, EE€R, heC®, AeC,

[., .] — BekTOpHOE TIpOU3BeieHNe. AcummroTryecKast hopmysia (5.2) siBJsieTcss OCHOBHBIM
pesybTaToM paboTsl [9).

Tenepnb B kauecTBe X MBI MOXKEM B3ATb HE TOJIHKO 00JIACTU C JIMIIIIIUAIIEBOM IpAHUIIEN,
HO u Gostee "sx30THUEecKme" 0bTACTH.

ITpumep 1. Pacemorpum map {z = (1, ¢,0) : r < 1} ¢ Bepe3aHHbIM Ty ucKOM {2 =
(r,p,0) :r <1,0=0,0€ 0,7}, rue (r, , 0) — crangapTHble chepryecKue KOOPJUHATHI B
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R3. Yepes € 0603HaUNM TIOMOTHEHNE ONMUCAHHON 06JIaCTH IO CBOEil BHYTpeHHell MeTpHKe.
DTO 1O3BOJIET Pa3J/inydaTh CTOPOHBI paspesa ¢ = 0 u p = 27.

Orobpazkenne (r, @, 0) — (r,¢/2,0) sBisercs OUINIIIUAIEBBIM U B3aMMHOOTHO3HAY-
HO TepeBoUT {2 B 3aMKHYTBHIH mosyiiap. TakuMm obpasom, ) sBJISETCs JIAIITHIIEBBIM
muOroob6pasueM. TouHo Tak ke obaacmu ¢ sxpanamy (CM. [8]) SBIISIOTCS JIUTIITHUIEBHIMU
MHOT00OOpa3usMu. ACHMITOTHKA CIIeKTpa oreparopa MakcBeia B 06JIacTsdX € 9KpaHa-
mu moydeHa B (8] npu e = p = 1w B |9, 3] mig npousBosbHBIX £, p. OnHAKO, B 9THX
paboTax MpenoJIaraaoch, 9ro rpannia obaactu Bae "kpasi"sKpaHa (TO €CTb caMu 9Kpa-
ubl 1 "BHemHAa"yacTh rpanuip) — C2-riaagkue. Hamr pesyiabrar oXBaThiBaeT U Cirydait
" anueBeIX 9K PAHOB.

Ipumep 2. Ilycrs Q = {z =rs : r € [0,1], s € E}, e = — OTKPBITOE OJIHOCBSI3-
HOE ITOAMHOYKECTBO €IMHIYHOI cdephl ¢ riaakoil rpanumeir. Ha ) cHoOBa j1erko BBECTH
CTPYKTYPY JIMIIIIATIEBA MHOTOOOpa3ust, XOTst B OKpecTHOCTH TOUYKH () rpanura d) MoxkeT
HE SIBJISITHCS JINIIITAIIEBOIA.

6 Bapmamnuonabie popMyJIUPOBKNA

6.1. KBagiparnanable popmbl. [Ipu nuzydennn acuMITOTUK COOCTBEHHBIX YUCET YI00OHO
paboTaTh CO CIIEKTPOM OTHOIIEHWA KBaIpaTu4IHbIX (popM. [lycTh B rumbbeproBoM Ipo-
cTpaHcTBe ‘H 3aJaHbl JIBE TOJIOKUTE/IbHbIE KBaApaTudnble (popMbl a, b, mpuueM (opma
a 3a7aeT B H HEKOTOpOe CKaJIIpHOe IpousBejieHue, a ¢gpopme b oTBevaeT KOMIIAKTHBIN
CaMOCOIPs2KEeHHBIH ontepatop B. Pacemorpum otHotenue

blz]/alx], xr € H. (6.1)

Yepes n(A, (6.1)) 6yaem 0603HAYATH CUUTAIONLYIO (DYHKIMIO TTOCJIEI0BATETHHOCTH MAKCH-
MyMmoB orromenns (6.1), nnade rosops, n(A, (6.1)) = #{j : b; > A}, e b; cyrb cob-
CTBEHHbIE 3HAYEHUs onepaTopa B, IpoHyMepoBaHHbIE ¢ yueToM KparHoctu. Ciemyromas
JleMMa JIOKa3aHa B [7] B HEKOTOPOM KOHKPETHOM cirydae. JloKasareibeTBo B abCTPaKTHOM
CUTYaIUN MPAKTHIECKU HUYEM HE OTINIACTCH.

Jlemma 6.1. Ilycmv Hy, Ho — euavbepmosvr npocmparcmsa, A : Hi — Hy — naommo
onpedenennoili 3amknymuiti onepamop. Ipednonootcum, wmo srooicerue obaacmu onpede-
aenus Dom A 6 Hy xomnaxmmo omuocumensHo nopmol epadura onepamopa A, sedennot
6 Dom A. Paccmompum omHoweHus K6adpamuiHus Hopm

Iyll3, /1 Ayll%,, v € Dom A,y L ker A, (6.2)

|Az||3, /||A*Az||3,,, = € Dom(A*A), =z L ker A. (6.3)
Tozda n(A, (6.2)) = n(A, (6.3)).

Jlokasameavcmeo. s oneparopa A umeem nosisipuoe passoxkenune A = U|A|, tne U —
nzoMeTpudeckuii mzomopdusm npocrpanctsa Hy © ker A B Hy © ker A*. Tlpu srom

Dom |A| = Dom A, ker |[A| =ker A, A*=|A|U* un A*A=|A]
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g x € Dom A, x L ker A, nonoxum y = |Alz. Torma ||ylln, = ||Az|n,. Hanee, x €
Dom(A*A) torna n toabko Torga, korna y € Dom |A| = Dom A, u

[A* Azl = [[|Alyllm = [[Ayll2,-

CreoBaresbHo, creKTpsl 3aaa4 (6.2) u (6.3) coBunajgaior. i

HOBG,ZLGHI/IQ MaKCUMYMOB OTHOIIIEHUA (61) OIIMCbIBAaCTCA aCUMIITOTUYICCKUMU CbYHKHI/I—
OHaJIaMM:

alx] A—0

04(6.1) = 0, (M) = liminf A%n (A, (6.1)),

A, (6.1) = A, (%) = hrifélp Afn(A, (6.1)),

rie n(A, (6.1)) — canraromas DyHKIMS T0CIe0BATEBHBIX MAKCUMYMOB OTHOIIeHus (6.1).
Hawm nonaiobsitest coeytormue (aktbl u3 [4].

A, (W)WH) <A, (1;1[[;])1/ o A (ZQ[—[;] )1/(%1)'

A Takzke

() = (o) > G =2 () (65

ecim opma a1 [x] — as[r] KOMIAKTHA OTHOCHTEILHO (POPMBI G4 [Z].

6.2. BapuarnmonHble oTHorneHusi. Bmecto My mbl Oyjem paboTaTh € OIEPATOPOM
R} Ry, cm. 3amedanne 3.4. Yao6HO nIepeiiT K 0OpaTHOMY OLEpaTOPy B OPTOrOHAJIBHOM
nonoiHeHnn K a1py ker Ry = K. Emy cooTBeTcTBYeT oTHOIIEHHE KBaPATHIHBIX (HOPM

2 _
”WHgg(gk) _ Jxw A B
[ Ry (B, 5k+1)WHig—k_1(ﬁk_il) [ dw A By (dw)’

/w/\ﬁmzovneKjl.
X

w € DG(Br), (6.6)

fcno, aro
N()\Qa Rk(ﬁka ﬁkJrl)*Rk(ﬁka ﬁkJrl)) = n()\727 (66>) (67)

Otnorenne dopm (6.6) Hey06HO TexHUUecKH, Tak Kak yHKIMU U3 Kjiacca w € ®F,
He BBIJIEPKUBAIOT YMHOYKEHUsI Ha cpe3Ky (Hapymaercs yciosue d(frw) = 0). Tlosromy
HAM [OHAI00UTCS elle OTHOIIEHNE

[x 0N B0
Jx d0 A Brsr (dB) + B, (d(B0)) A d(B6)

0 c Ffl(ﬁk)a/ 0N B =0Vne K, (6.8)
X
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(mpu k = 0 BTOpOE CIaraeMoe B 3HAMEHATEe JOJIZKHO ObITh omyIieno). CyKeHne oTHOIIe-
Hust (6.8) HA HOIIPOCTPAHCTBO <I>’;l coBnajaer ¢ orHoreHreM (6.6), 0JHAKO ITPOCTPAHCTBO
F* unpapnanTHO OTHOCHTEILHO YMHOMKEHUS Ha JIUIIIUIEBY CPE3KY.

KimodeByio posib B I0Ka3aTeIbCTBE TEOPEMBI 4.3 UIpaeT PeKypPpPEeHTHOE COOTHOIIECHHE
(6.10) s canratomieit dbyukuun n(A, (6.6)). dus roro, urober ero chopmympoBars, me-
penmiieM (6.6), 3amenus k na k — 1:

fX w A ﬁk—lw
[y dw A Br(dw)’

(k > 1). JlokazareabCTBO CIIeyolIeil TeOpeMbI OIMPAETC HA OPTOIOHAJIBLHOE PA3JIOZKEHIe
F"j = q)l;«‘l Dg, Efl (em. (3.3)).

e

RS q)fl_l(ﬁk_ﬂ, /X WA By =0Vn e Kjl_l (6.9)

Teopema 6.2. Bo ssedennvir eviwe obosnauernusr npu k = 0 umeem n(A, (6.8)) =
n(A, (6.6)), a npu k > 1

n(\, (6.8)) = n(X, (6.6)) + n(A, (6.9)). (6.10)

Joxasamenvcmeo. Ilpu k = 0 yrBepxkaenne ouesnuo. [Iycrs k > 1. Crlaraemble B pas-
noxkennn Ff = ®F & EY oproronambubl kak ornocurensno dbopmbl ancamrens (6.8),
Tak u oTHocuTe bHO 3HaMeHaress (6.8). Cywxenne ornomenust (6.8) na ®F cosnayaer c
ornomenuem (6.6), a cyxenue na EX — ¢ ornomenuem

fX dw A ﬁk (w)
[y Bl (d(Brdw)) A d(Brdip)’

d(Budv) € L3+, / O A Bl = 0¥y € W - diy = 0.
X

Y eW =0, (6.11)

CitetoBaTeIbHO,

n(\, (6.8)) = n(A, (6.6)) + n(\, (6.11)).

Ocraercst jokazarh, ato n(A, (6.11)) = n(A, (6.9)). lns sroro Bocnosb3yemest jiemmoii 6.1,
noJiarasi

Hy = L5 NBr1), Ho=L5(B), A=dp.

Cornacuo (3.5) mmeem Hy © ker A = J*~1 o K™ 1o ects ornomenne (6.9) copmasaer c
ornomterneM (6.2). lasee, u3 jgeMMbL 2.5 BBITEKAET, ITO

Dom A*A = {¢) € Domdy._; : dip € Domdj_,}
={p e W " =0, d(Bpdy) € L5},
u A* Ay = (=1)*B. ! d(Brdvp), mostomy orromrenue (6.11) copmamaer ¢ (6.3). B
6.3. Cxema JOKa3aTeJIbCTBA OCHOBHOTO pe3yJbraTa. 13 Teopem 6.2 u 5.1 MbI Jierko
HOJIy9UM ACUMIITOTHKY OTHOIIeHus (6.8) ist eBKIMI0BOi 0b1acTu:

Jlemma 6.3. [Tycmo Q2 C R™ — oepanuvennas obaacms ¢ aunwuyesoli epanuyet. Tozda

n(A, (6.8)) ~ A"/ /Q Vk(Brs Brs1) + Ve—1(Br—1, B), A — 40, (6.12)

2de nodpazymesaemcs v_1 = 0.
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Jlokasameavcmeo. 13 teopemsr 5.1 u dopmya (3.6) u (6.7) BeITeKaer, 4To

n(\, (6.6)) ~ A2 /Q (B Ber), A — +0.

[Tockosbky orHomenue (6.9) coBnagaer ¢ ornomenueM (6.6) mocie 3amenst k Ha k — 1,
uMeeM
WO 69) ~ X [ vs(Ba, ). A= 40,
Q
Ocraerca cocnarbea Ha Teopemy 6.2. B

B ocraBmuxcst ayx naparpadax Mbl 0606mmuM acuMurorndeckyio dopmyny (6.12)
Ha cJlydail JIMIImuieBa MHoroobpasus. B Joka3aTesbcTBe MBI BOCIOJIB3YEMCS TeM, UITO
K oTHOIIeHno (6.8) mprMeHNMbI IPUEMBI, CTaHIaPTHBIE J[JIsi paBGOThI ¢ MHOIOOOPA3HSIMU:
3aMeHa KOOPJMHAT U yMHOYKEHHe Ha CPE3KY.

Haxkonerr, B 1. 8.3 MBI IOJIYIMM aCHMIITOTHKY Jist oTHOIIeHus (6.6) B ciaydae Jmi-
HINIIEBa MHOT0OOpa3Hs ¢ MOMOIIBIO NHAYKIUA 110 k. 371€Chb MBI BHOBb HCIIOJIB3YEM DEKyp-
pentroe coorHomenue (6.10). OrmernM, 9TO Mies nepexoa oT oTHomenus Tuia (6.6) K
orHomenuto Tuna (6.8) 3ammcroBana u3 |7).

7 KommnakrtHocTh Biioxkenust ' C LA

7.1. Jlemmbl 0o iokpbiTun. Ciejiyiomiee yTBepK/IeHIe OUEBUIHO.

Jlemma 7.1. Ilycmos X — xomnaxmmoe aunwuyeso mrozoobpasue. Cywecmsyem Koney-
noili nabop omrpuimur mnoscecms {U;}TL,, maxots wmo X = UJL,Uj;, wasicdoe mmodice-

cmeo U; emecme c samvikanuem sesicum 6 oonoti kapme, Uy C Vo, u obpas o;(U;) C R
— 9MO WaP UAU NOAYULAD.

XOpOoIIo U3BECTEH TaKXKe CJIeIYIONHi dhakT.

JIlemma 7.2. a) llyemv M C R" — omxpwmoe mnooicecmeo. [as aobozo € > 0 cywe-
cmeyem omkpoimoe mnoscecmeo Y C M, maxoe wmo 0Y € C* umes(M \Y) < e.
b) IIyemv N C V CRY, N — samrnymoe, V — omxpoimoe muoorcecmea. Jlasn 1106020

e > 0 cywecmesyem Z — omxpvimoe muodcecmeo, maxoe wmo N C Z C V, 0Z € C® u
mes(Z \ N) < e.

JIlemma 7.3. IIycmo X — Komnaxmmoe opuermuposarHoe AUNUUYUEEO MHO2000pa3Ue.
Cywecmeyem namypasvbHoe YUcao m, 3asucau,ee moavko om X, maxoe 4mo 0as 1106w
p € LL(X), 0 >0 natdymea Y, {Z;}7, — omxpvmaie nodmmoscecmea X, obaadarousue
ceoticmeamu

e X =Y U (UL Z);
e YNOX =0;

o Y Aunwuy-20MeoMOpPHO OMEPLIMOMY 02DGHUYEHHOMY (603MOAHCHO, HECEAZIHOMY)
mnootcecmsy 6 R™ ¢ 2nadkot epanuued;
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o Kxavrcdoe Z; AUNUUY-20MEOMOPPHHO OMKEDOIMOMY 02PUHUMEHHOMY (603 MONHCHO, HECBAS-
n < <.
nomy) mroocecmey 6 R’ ¢ 2nadkoti eparuyeti;

ij p‘ < 0 npu ecex j.

oxazamesvemeo. ycrs {U;}7, — nokperrue X us jemmbr 7.1, U; C Vo, - B raxoit
kapte (Vq,, ;) n-dopma p npezcrasigerca orpanmdenHoit ynknueit p; € Lo (a;(Vay,)).
O6o3naunm p = max; ||p;|| ... Beibepem orxperroe MuOKecTBO Yy C Uy \ 0X Tak, 4To0sI
J(a1(Y1)) € C*° nmesay(Uy \ Y1) < 0/(2p). Boibepem jasree 0TKPBITOE MHOXKECTBO 27,
U, \Y) C Z; C Vg, Tak, urobe d(ay(Z;)) € C*®° u mesa,(Z;) < o/p. Muoxkecrsa
Y1, Z1 ¢ Takumu CBOMCTBAMM CyIIECTBYIOT B CHJy JieMMbl 7.2. IToBropuM aHaaorudHyro

nporerypy m pas: Ha (I + 1)-M 1mare cTpouM OTKPBIThIE MHOXKECTBA Y).1, Z)41 TaK, 9TO

! I+1
_ o
Yis1 C U\ U Y;i\0X, O(s1(Yiq1)) € C, mesoyyr | Ui \ U Y| < =,
Jj=1 j=1 2p

+1
U \JY) € Zip1 CVarry, O@i1(Zig1)) € C=, mes apy1(Zis1) < o/p.

j=1

Homywennprii nabop Y = UjL, Y, {Zj};-”:l yJIOBJIETBOpsET BceM TpeboBanmsm.

7.2. KomnakTHocTh Bioxenust FYX C L5, Yepes Lip(X) Gyaem oboznauaTh mpo-
CTPAHCTBO CKAJISIPHBIX JImuieBbix dyukimii #Ha X. fcHo, uro ecom ¢ € Lip(X), To

d¢ € L (X).

—_
—

Jlemma 7.4. ITycmov = — omkpwimoe nodmmoscecmeo X, nputem = — AUNWUYEE0 Nn00-
mnozoobpazue. Ilyemv w € F5(X), ¢ € Lip(X), supp¢ C =. Tozda (w € FE(Z).

Jlokazamesvemeo. fcno, uro Cw € LE(Z), d(¢w) € LETHE) n

d(Bi(Cw)) = Cd(Brw) + d¢ A Brw € L57(E).

—_
—

Ocraerca npoBepuTh rpanndnoe yeiosue. [Iyers § € WPF1(Z). B cuny yenosuit j*w =
0, supp ¢ C = mmeem [ w Ad(CO) = (=1)" [ dw A ¢f. Cnenosarensro,

/ECWAdHZ/EwAd(CH)—/EwAdgAe
:(_1)k+1/5dw/\§0—/3w/\d§/\9:(_1)k+1/d(cw)/\9'

Jlemma 7.5. Baooicenue FX(By) C L5(Bx) wommaxmmo.
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m m
Hoxasameavemeo. Ilycts {U;}7L, — mokpbitue s jemmbl 7.1, {(j}L, — IOTIMHEHHOE eMy
pasonenue equauibl. C yd9eToM IpeapLIyIneil JeMMbI OlepaTop BJIOKeHns | Fk .k MOZKET
€
ObITH 3allical B BHUJIE

[FQ(X)HUS(X) - Z [FQ(U]-)%U;(X) (G-)-
j=1

k (TT o
Herpynuo ybemurscs, aro npocrpancrsa K. (U;) Tpusnansusl. Buecre ¢ semmoit 6.3 910
Jl@eT KOMIAKTHOCTD OIEPATOPOB BIOKCHU Lk ) ok (@ ) CiiejloBaTe/IbHO, U OIIEPATOD
e .
[Fekl(X)—%’g(X) KoMIIakTeH. W

Cunencreue 7.6. [Ipocmpancmeo K¥(3y) wonewrnomepno, dim K% (5;,) < oo.

Joxasameavcmeo. Tlo onpenenenuto (3.4) npocrpancrsa K%(3), nopma || - 175 8,y (ont.
3.2)) coBnajiaer ¢ HOpMOit || - || & na K% (). JJokassiBaeMoe yTBEPIKIEHHAE CIPABE,I-
LQ (ﬁk) el
JIUBO B CUJIy KOMIaKTHOCTH Bioxkenus Fh(3,) C L5(Gy). B

CaenctBue 7.7. Cnexmp onepamopa Maxceeanra duckpemen.

k k
Jlokasamenvcmeso. VI3 kommaktHoctn Bioxkenns Fo(0;) C L5(0;) nHeMenaeHHo cieyer
KOMIIAaKTHOCTb BJIOZKEHUS

Dom Ry (Bk, Bret1) = fI)’Sz(Bk) - ﬁg(ﬁk)

(nockonbky ®F (B;) sBnserca nognpocrpanctsoM FE(Bg)). Dro ozHauaer, uTO CIEKTp
oneparopa Rj R muckperern. OcraeTcs cociaTbed Ha 3aMedanue 3.4. i

7.3. IIpeo6pazoBanmne BapuanmoHHoi 3aga4un (6.8). B s1om myHKTEe MBI IpEobpasy-
eM Bapuanuontoe ornomenne (6.8) k 6osee yao6uoit dhopme. Eciu 1obaButh ciaraemoe
Jx 0 A B0 B 3Hamenarens (6.8), MbI IOy 9HM OTHOIICHHE

[x 0N B0
Jx d0 N Broir (d6) + B, (d(Bx0)) A d(Brf) + 6 A Bib

/9/\5@:0 Vn € K.
X

0 € FE(By), (7.1)

B repmunax mocienoBaTesbHBIX MakcuMyMoB {b;} 9T0 mpeobpaszoBaHme COOTBETCTBYET
zamene b; — b;/(1 4+ b;). [Tosromy

n(\, (6.8)) ~ n(\, (7.1)), A — +0.

OmnycTus Tenepb ycaoBusi oproroaabHoctu B (7.1), MBI OpujieM K BapUAIMOHHOMY
OTHOIIIEHUIO

[ 0N B

k
[ A9 A Brsr (d0) + B, (d(5340)) A d(Bif) + 6 A B0 0 € Fo(Br). (7.2)

17



B cuny nepasencrs
n(\, (7.1)) < n(X, (7.2)) < n(X, (7.1)) + dim K*(5)

u caejcrsus 7.6, acumuroruku dynkiwit n(A, (7.1)) n n(A, (7.2)) coBnagaior B IIaBHBIX
wyienax. Tax uto mpesers limy o A"/2n (), (7.2)) u limy o A"/?n (), (6.8)) cymecTtBytor oj1-
HOBPEMEHHO, U €CJIU CYIIECTBYIOT, TO COBIIAJIAIOT:

lim A\"/?n (), (6.8)) = lim \"?n (), (7.2)). (7.3)

A—0 A—0
8 JlokazarejibcTBO TeopeMbl 4.3

k

8.1. IIpocrpancrBo F{f. Berony nanee B obo3Hauenun dbyHKIMOHAIOB d, U A, BBEJIEH-
HBIX B 11. 6.1, 9ncio ¢ mpejnosaraeTcst paBHBIM 1/2 U He YKa3blBAETCs sIBHO. B 9THX Ke
0603HAYEHHSIX MBI Oy/JIeM YTOUHATH THJIBOEPTOBO MPOCTPAHCTBO, BbicTymatmee B (6.1)
B kadectBe H. Kpome toro, eciu byHKIIMOHAT BBIYUCIAETCS Jyisi OTHOIIEHust (7.2), Mbl
OIIyCKaeM CCBLJIKY Ha Hero, yKasbIBasg TOJIBKO COOTBETCTBYIOIIEE MOIITPOCTPAHCTBO.

Baejiem ertie oiHO (decTHOE CJI0BO, Tocyie/Hee) poctpancTso k-bopm FF(X) — sambl-
kanue mMuoxectsa {w € F*(3,) : suppw N X = 0} no nopwme || . || px. Jlerko Bujers, uro

k k

Fy(X) C Fg(X).

JloKkazaTeIbCTBO ClIe Iy IoIIeil JIEeMMbl aHAJIOTUIHO JJOKA3aTeTbCTBY OIIEHKH CBEPXY aCHMII-
Torudeckoro byHKIMOHAA Jyist oTHOIIenus (12) B crarbe [7].

Jlemma 8.1. Ilycmoe X = UL =), ede Z; — omkpumoie mMHoocecmea, Z; — AUNUUYEEHL
noommozo06pazus, npuvem Zo N OX = 0. Tozda

S(FL(X))Y ) < §(FF(Z0)) ) + ) T A(FS(E)) ), (8.1)
j=1
A(FL(X)Y0H2 < A(FF(Z0))Y ) 4+ T A(F(E)Y ). (8.2)

J=1

Zloxazameavcmeo. Mbl IpuBejieM JI0Ka3aTeIbCTBO IIEPBOI0 HEPABEHCTBA, IIOCKOJIbKY BTO-
poe JTI0OKa3bIBAETCs BIIOJIHE aHAJIOTUIHO.
Hawm momagoburcst KBagpaTu<Hoe pasdueHne eJInHuIbI, OTBeYaloliee MOKpbITuio {=;}:

n; € Lip(X), suppn; C =, Z?ﬁ = 1. (8.3)
=0

,Z[JIH IIOCTPOEHU A Ha60pa {’f]]} JA0CTaTOYHO B34ATb CTaHAAPTHOE JIMIIIINIIEBO pa36I/I€HI/Ie

eIUHUTIBI {7);} 1 TOJIOKUTD
/

";

(o)™

Ui
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B s1ux dopmysax moakopeHHoe Bblpazkenne He Menbie 1/(m+1)%, nosromy 7; € Lip(X).
Ob6o3Ha4NM 3HAMEHATEIb U TUCAUTENb oTHOIIeHu: (7.2) depes alf] u b[f] coorsercTBemnHO.
Tax kak b[0] = > b[n;0], To 1m0 (6.4) mveem

2t m | 2/(n+2)
srseop e <o (ML rseo) s (L ro) L sa)

Ipescrapum snamenarens (7.2) B suge alf] = 37 a[n;0] + ao[0]. Ucnommbsya Toxectso
2720 n;dn; = 0, HeTpyHO NOKa3aTh, uro dbopma aglf] orpanuuena B L5(X). Tlo semme
7.5 dopma ap[f] KoMIaKTHA OTHOCHTENBHO G[f], TOSTOMY MBI MOXKeM MpUMeHUTH (6.5):

(i rien) = (G S 7o) =0 (G 7o) 69

U3 yenosus Zg N 0X = O caenyer, aro 1y € FF(Z,), mosromy

5[7709] k k=
5 (QW] , Fd<X>) < S(FEE)).

910 BMecTe ¢ (8.5) maer

5 (””09] F’f(X)) < S(FHED).

C apyroit cropousl, 1o jemme 7.4 1,0 € F* (Ej) a1d 7 2> 1 m aHaJIorn4HbIe PacCyzKJIeHUd
MIPUBOJIAT K HEPABEHCTBY

b[n,b] =
A (P F ) < AEE)D)

Us (8.4) m nByx mocjeHux HepaBeHCTB cieayer (8.1). B

[TokazkeM Terepb, 4TO B ciiydae 00JIaCTH B €BKJIUIOBOM IIPOCTPAHCTBE aCUMITOTHKA
criekTpa oTHoIeHus (7.2) He MeHsieTcs, ec/lu ero paccMarpusarh He Ha FF(Q), ana F¥ ().

Jlemma 8.2. Ilycmov Q2 C R™ — oeparuuernnas obracms ¢ aunwuyesot: epanuuet. Tozda

3 lim A2, (7.2), FF(Q)) = lim A2 (N, (7.2), FE(Q)) (8.6)

= /ka(ﬁk, Br+1) + Vie—1(Br-1, Bk)-

Jlokasameavcmso. Bropoe pasencTBo cieayer u3 jemmbl 6.3 1 dopmyist (7.3). fAcuo
takwe, ato n(\, (7.2), FF(Q)) < n(), (7.2), F%(Q)). Ocraercs noxazats, aro §(EFF(Q)) >
S(FL(Q)).

IIycteb 0 > 0 1 Zp,=; C R™ — OTKpBITbIE MHOXKECTBa C JIIIIHUIEBLIMI 'DAHUIIAMU,
Takne 4to ) = Zg UZ;, ZgNIN = ) u mes =, < o. [pumenas dopmyry (8.1) cm =15
1epBoit oreHke u jJeMmy 6.3 BO BTOPOil, Oy INM

O(F(Q))* ) < 6(Fy (Z0)) ") + A(FG(E1))2

B 2/(n+2)
< SR 1 ( / ve+ ) |

=1
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[ocsieHee caraeMoe B IPaBoil 9aCTH MOKET GBITh CJIEIAHO CKOJIb YTOIHO MAJIBIM 32 CIeT
BbIGODa 0, cieosarenbho, 6(FX(Q)) < 5(FF(Q)). n

Bameuanne 8.3. @opmyny (8.6) MOXKHO TEepeHECTH HA MHOrooOpasue, JIMIIIUI-TOMEO-
MOpPQHOE eBKJIMJIOBOI 00JIACTU C JIMIIIIUIEBOM rpanurneil. B camom jese, Kak Bapuaru-
onnoe orHorrerne (7.2), Tak U aCUMITOTHYECKHH KoadhdunmeHt B mpapoii dactu (8.6)
WHBAPUAHTHBI OTHOCUTEIHLHO 3aMEHBI MEPEMEHHBIX, ITOCKOJIBKY BbIPpAyKEHbI Yepe3 MHTe-
rpaJibl N-popM.

8.2. CuekTp (6.8) Ha MHOrooGpa3um.

Teopema 8.4. [Tycmv X — KoMnaxmHoe opueHmuposaHHOE AUNULULESO MHO2000PA3UE C
xkpaem. Tozda

n(A, (6.8)) ~ A"/Q/ Vie(Brs Brs1) + Vi—1(Br—1, Br), A — +0,
X

2de nodpaszymesaemcs v_1 = 0.
Jlokasameavcmeo. Kak u Bbiiie, B cuity (7.3) 10CTaToO9HO paccMOTpeTh oTHOMIeHue (7.2).
[Iyctb 0 > 0,Y, Zy, ..., Z,, — OKpBITHE X, rapaHTHPYyEeMOe JIeMMOM 7.3 TIpU p = Vi +Vj_1.

Crepsa nojtyunm onenky cuusy st §(F%(X)). B cuty MUHIMAKCHMAJILHOTO TPUHITH-
na

n (A (7.2), F5(X)) > n () (7.2), F5(Y)),

nostomy §(FX(X)) > §(FF(Y)). Hanee, o jiemme 8.2 u samevanuio 8.3 umeenm 6(Fy(Y)) =
[y V& + k1. B cuity semmbt 7.3 cupaseinso

/Vk+Vk—1Z/(Vk+Vk—1)—m0-
Y X

BBI/I,ZLy HpOI/IBBOJIbHOﬁ MaJIOCTHU 0 OTCIO/la CJIEAYET, 9YTO

S(FA(X)) > / Ve + Vir.

X

Q>

(X)). ds1 9TOTO BOCIIONIB3Y€EMCST HEpa-

Y :

Teriepsb MBI TOJTyanM ONEHKY cBepxy it A(F,
BeHCTBOM (8.2) ¢ Z; = Z;upu j =1,...,mu =

AFL(X)Y0 < AR (V)0 4y A(F(Z))Y 2.

j=1
Jlajiee, BHOBb CChLIasiCh Ha JjieMMy 8.2, 3amedanue 8.3 u jieMMy 7.3, IMOJIydaeM

MEKT) = |

Vg + V1 < / Uk + Vg1, A(F£(7j)) :/ Vi + V-1 < 0,
y X Z

J

OTKYyJa
2/(n+2)
A(FQ(X))Q/(nJrz) < (/ Ui + Vk1> + mo/ (D)
X

Ocraercsa cHOBa BOCIIOJIL30BATHLC IIPOU3BOJILHOCTBIO 0. [ |
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8.3. JokaszaresibcTBO TeopeMsbl 4.3. 113 dopmyi (3.6) u (6.7) ciremyer, 9T0 10CTATOTHO
[IOKa3aTh, 9TO

TL()\, (66)) ~ )\—n/2 /X l/k(ﬁk, ﬁk+1), A — +0. (87)

CrekTpasbHas aCHMITOTHKA JIJI BAPUAIHOHHOrO orHomrenus (6.8) mamu yxke JoKa3aHna
(em. reopemy 8.4). Hamommmm, 4o ornomenns (6.6) n (6.8) pasimvaiorcs Jmmb Ipo-
CTPAHCTBAMU, Ha KOTOPBIX OHH paccMarpuBaiorcda. Mer ycranosum (8.7) umgyknueil 1mo
k, ncnonb3yst pekyppenrtHoe coornomtenne (6.10) u Teopemy 8.4. [Iyist sT0r0 HE0GX0OMUMO
PeINoNoKuTh, ato B; € M (X) onpesemensr st Beex j (MBI BCEIa MOMKEM MOCTPOHTH
Taxoit Habop {f;}, mocKosIbKy MHOrooOpasue X OPHEHTHPOBAHO).

Ipu k = 0 (8.7) cpasy BbiTekaer u3 Teopembl 8.4, Tak kak ®%(X) = FY(X).

Uuyknmonnstii epexos. Ilycrs (8.7) Bepro npu k — 1, To ectb

(A, (6.9)) ~ A2 / Ve 1(Bers B), A — 0.
X

Torma ¢ yuerom Teopem 6.2 n 8.4 mosrydaem
n(A, (6.6)) = n(\, (6.8)) —n(A, (6.9)) ~ /\"/2/ Vk(Bky Brs1), A — +0.
X

Dopmya (8.7) mokazana. i
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