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ABSTRACT: We finish the proof of the main structure theorems for a Chevalley group G(Φ, R)

of rank ≥ 2 over an arbitrary commutative ring R. Namely, we prove that for any admissible pair

(A,B) in the sense of Abe the corresponding relative elementary group E(Φ, R,A,B) and the

full congruence subgroup C(Φ, R,A,B) are normal in G(Φ, R) itself, and not just normalised by

the elementary group E(Φ, R) and that [E(Φ, R), C(Φ, R,A,B)] = E(Φ, R,A,B). For the case

Φ = F4 these results are new. The proof is new also for other cases, since we explicitly define

C(Φ, R,A,B) by congruences in the adjoint representation of G(Φ, R) and give several equivalent

characteristaions of that group.
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1. Introduction

In the present paper, which is a sequel of [7], we solve Problem 1 stated there and thus
put the last dot in the proof of the main structure theorems for Chevalley groups of rank
≥ 2 over commutative rings.

Namely, let Φ be a reduced irreducible root system of rank ≥ 2 and R be a commutative
ring. We consider the corresponding simply connected Chevalley group G = G(Φ, R) and
its elementary subgroup E(Φ, R). Recall, that E(Φ, R) is generated by the unipotent root
elements xα(ξ), α ∈ Φ, ξ ∈ R, elementary for a choice of a split maximal torus T (Φ, R) in
G(Φ, R).

Let A be an ideal of R. Denote by A2 the ideal, generated by 2ξ and ξ2 for all ξ ∈ A.
The first component A of an admissible pair (A, B) is an ideal of R, parametrising short
roots. When Φ 6= Cl the second component B, A2 ≤ B ≤ A, is also an ideal, parametrising
long roots. In the exceptional case Φ = Cl the second component B is an additive subgroup
stable under multiplication by ξ2, ξ ∈ R (in other words, it is a relative form parameter in
the sense of Bak). A similar notion can be introduced for the type G2 as well, but in this
case one should replace 2 by 3 everywhere in the above definition.

Now the relative elementary subgroup, corresponding to an admissible pair (A, B), is
defined as follows:

E(Φ, R, A, B) = 〈xα(ξ), α ∈ Φs, ξ ∈ A; xβ(ζ), β ∈ Φl, ζ ∈ B〉E(Φ,R).

where Φs and Φl are the sets of long and short roots in Φ, respectively.
Further, [1]–[5] and [41] define the full congruence subgroup C(Φ, R, A, B) as the follow-

ing transporter

C(Φ, R, A, B) = {g ∈ G(Φ, R) | [g, E(Φ, R)] ≤ E(Φ, R, A, B)}.

Now we are in a position to state the first main result of the present paper.

Theorem 1. Let Φ be a reduced irreducible root system of rank ≥ 2, R be a commutative

ring, (A, B) an admissible pair. In the case, when Φ = B2 or Φ = G2 assume, more-

over, that R has no residue fields F2 of 2 elements. Then one has the following standard

commutator formulae:

[G(Φ, R), E(Φ, R, A, B)] = [E(Φ, R), C(Φ, R, A, B)] = E(Φ, R, A, B).

The extra assumption in the cases Φ = B2 or Φ = G2 is imposed only to guarantee that
these are indeed equalities, and not just inclusions. The exceptional cases are exhaustively
treated by Costa and Keller [15] and [16] and we do not dwell on them anymore.

In fact, this theorem seems to follow from the published results in most cases. Namely,
for even unitary groups (including symplectic groups = Chevalley groups of type Cl) it is
established in [10] and for odd unitary groups (including odd orthogonal groups = Chevalley
groups of type Bl) — in [28]. For Chevalley groups of type G2 it seems to follow from
[16] (but will be proven again in the present paper). However, the most difficult case of
Chevalley groups of type F4 seems to be new.
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In [46] we outlined three different approaches to the proof of the standard commutator
formulae in the Chevalley group of type F4.

• Localisation proof in the style of [38], [9], [19].

• Relativisation proof, based on a version of Stein’s relativisation [32] with two parame-
ters, as developed in [10], [28].

• Explicit definition of the congruence subgroup G(F4, R, A, B) by congruences on matrix
entries in the 26-dimensional (or, rather, 27-dimensional) representation, in the style of [47].

However, we were not quite happy with either of these approaches, for the following
reasons.

• To implement a localisation proof, one should first develop commutator calculus, prov-
ing analogues of all subsidiary lemmas of, say, [38] or [19]. Routine, but very tedious.

• To carry through relativisation with two parameters, for Chevalley groups of type F4,
one should first define cubic form parameters, and the corresponding groups G(F4, R, Λ).
Occasionally, we do know, how to do it [11], but already the definitions are so technical,
that make any further use of the group G(F4, R, Λ) appalling.

• It is easy to see, that C(F4, R, A, B) is a subgroup of G(F4, R), but to prove it is a nor-

mal subgroup, requires standard, but awkward calculations. It was precisely to avoid such
calculations in the (much easier) case of unitary groups, that we developed relativisation
with two parameters in [10].

Thus, we had to rethink the whole problem from scratch. A paper by Alexei Stepanov [33]
suggested that one has only to construct any subgroup of level (A, B), normal in G(Φ, R).
In fact, we do much more than that. We explicitly construct subgroup C(Φ, R, A, B) that
could be interpreted as the full congruence subgroup of level (A, B) and prove the following
result. The first of the equalities below is now an assertion, not a definition.

Theorem 2. Let Φ be a reduced irreducible root system of rank ≥ 2, R be a commutative

ring, (A, B) an admissible pair. Then the following four subgroups coincide:

C(Φ, R, A, B) = {g ∈ G(Φ, R) | [g, E(Φ, R)] ≤ E(Φ, R, A, B)}

= {g ∈ G(Φ, R) | [g, E(Φ, R)] ≤ C(Φ, R, A, B)}

= {g ∈ G(Φ, R) | [g, G(Φ, R)] ≤ C(Φ, R, A, B)}.

Observe, that C(Φ, R, A, B) on the right hand side of these formulae could be replaced
by any subgroup between C(Φ, R, A, B) and E(Φ, R, A, B) normal in G(Φ, R). One such
subgroup is the principal congruence subgroup G(Φ, R, A, B), but for the exceptional cases,
we are most interested in, it coincides with C(Φ, R, A, B).

Together with results by Abe and Abe—Suzuki [1] – [5], Taddei [39], Vaserstein [41],
Costa—Keller [15], [16] and Vavilov—Nikolenko [46], these theorems finish the proof of the
main structure theorems for Chevalley groups of rank ≥ 2, over an arbitrary commutative
ring R.
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A standard argument2, based on the Hall—Witt identity and the fact, that E(Φ, R, A, B)
is E(Φ, R)-perfect, shows that to prove Theorem 1 it suffices to exhibit some normal sub-
group in G = G(Φ, R) between E(Φ, R, A, B) and C(Φ, R, A, B). It remained only to
observe, that in fact congruence subgroups are defined not by ideals of R, but rather by
submodules of G-modules. One such module is, of course, the adjoint module L = LR.
The ideals of LR were described by James Hurley [21] back in 1969, and they correspond to
admissible pairs. Modulo some elementary facts about E(Φ, R, A, B), this proof does not
use anything beyond elementary linear algebra and group theory. It is conceptual, rather
than computational and naturally accounts for several hitherto unrelated facts.

All necessary facts concerning Chevalley groups over rings can be found in [1] – [5], [26],
[31], [42], [48].

2. Main structure theorems

The main structure theorems are stated in terms of relative subgroups, which in the
case of simply-laced systems depend on one parameter, usually interpreted as an ideal
I E R. Namely, one considers the reduction homomorphism ρI : G(Φ, R) −→ G(Φ, R/I)
and defines the following three relative subgroups of level I.

• The relative elementary subgroup E(Φ, R, I), defined as the normal subgroup of the
absolute elementary group E(Φ, R), generated by all elementary root unipotents xα(ξ),
α ∈ Φ, ξ ∈ I, of level I.

• The principal congruence subgroup G(Φ, R, I) of level I, defined as the kernel of the
reduction homomorphism ρI modulo I.

• The full congruence subgroup C(Φ, R, I) of level I, defined as the inverse image of the
centre of G(Φ, R/I) with respect to the reduction homomorphism ρI modulo I.

It turns out, that for simply laced systems, and under some additional assumptions also
for multiply laced systems, one has the following results, known as the main structure
theorems.

• For every subgroup H ≤ G(Φ, R) normalised by E(Φ, R) there exists a unique ideal
I E R such that

E(Φ, R, I) ≤ H ≤ C(Φ, R, I).

• The following standard commutator formulae hold

[G(Φ, R), E(Φ, R, I)] = E(Φ, R, I) = [E(Φ, R), C(Φ, R, I)].

It is not feasible even to sketch the development of these results for the classical groups
here, see [17], [42], [10], [20], [34], [8] for details and further references. Since in the present
paper we are only concerned with the second of these results, let us mention, that for
classical groups the first equality was proved by Andrei Suslin and Vyacheslav Kopeiko
[36], [37], [23] and the second one by Leonid Vaserstein, Zenon Borewicz and the third

2Compare [33], where one can find it in the case of GL(n, R).
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author, and Li Fuan, see [40], [13], [24], [25] (and subsequent papers by Vaserstein, for
more general related results).

For exceptional groups the first proofs of these results were based on localisation and
were obtained and by Eiichi Abe [1] – [4], Abe and Kazuo Suzuki [5], and Vaserstein [41],
and by Giovanni Taddei [39] and Vaserstein [41], respectively.

Subsequently, new proofs of the standard commutator formulae and their generalisations
were published by many authors, see, for example, [42] [38], [9], [33], [10], [34], [18], [19],
[35]. New proof were published also for the description of normal subgroups [42], [34], [44],
[46], [49], and further references in [45] and [43]3.

Recently two new contexts emerged, of remarkable generality, when the elementary sub-
group has been shown to be normal. One of them is the work of the second author on odd
unitary groups, [27], [28]. Another one is a very recent paper of the second author and
Anastasia Stavrova [29], where normality of the elementary subgroup is established for the
group of points of an isotropic reductive group over an arbitary commutative ring, under
the assumption that all localisations have only components of semi-simple ranks ≥ 2 (see
[29] for the precise statements).

However, a correct analogue of these results for multiply laced systems should be stated
in more general terms. For classical groups this was discovered by Anthony Bak [6] and
Hyman Bass [12], and for exceptional groups — by Eiichi Abe [1], the same year! Namely,
for classical groups ideals should be replaced by form ideals (I, Γ), see [6], [12], [17], [10],
and in general — by admissible pairs (A, B), see [1] – [5]. Almost simultaneously admissible
pairs were introduced — in related, but somewhat different contexts! — by James Hurley,
see in particular [21], [22], and Michael Stein [30], [31].

These notions take into account the fact that in general some coefficients in the Chevalley
commutator formula are not invertible, and thus a normal subgroup may have two different
levels, the upper level, defined in terms of short roots, and the lower level, defined in terms
of long roots. Let δ and η be the long and the short dominant roots of Φ, respectively.
Further, let H ≤ G(Φ, R). Then the additive subgroups

A = {ξ ∈ R | xη(ξ) ∈ H}, B = {ξ ∈ R | xδ(ξ) ∈ H},

are called the upper and the lower level of H , respectively.
In view of the standard description of normal subgroups, Lemma 4 below, for subgroups

normalised by E(Φ, R) these notions happen to coincide with the classical notions of the
lower and upper level, defined as the largest ideal such that E(Φ, R, B) ≤ H and the
smallest ideal such that H ≤ C(Φ, R, A).

By the very definition the relative elementary subgroup E(Φ, R, A, B), is normal in the
absolute elementary group E(Φ, R). We wish to prove that it is normal in G(Φ, R). Thereby

3Since we are only interested in Chevalley groups, here we do not mention remarkable non-commutative
generalisations, published mostly by the Moscow School, Vaserstein himself, Alexander V. Mikhalev, Igor
Golubchik and Sergei Khlebutin, and by others, including Anthony Bak, Alexei Stepanov, Hong You, and
ourselves.
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we use the following results, which can be found in [31] or [3]. These facts are elementary
in the sense, that they rely exclusively on the Chevalley commutator formula.

Lemma 1. Let rk(Φ) ≥ 2. In the case, when Φ = B2 or Φ = G2 assume, moreover, that

R has no residue fields F2 of 2 elements. Then the elementary subgroup E(Φ, R, A, B) is

E(Φ, R)-perfect, in other words,

[E(Φ, R), E(Φ, R, A, B)] = E(Φ, R, A, B).

In particular, E(Φ, R) is perfect.

Lemma 2. As a subgroup E(Φ, R, A, B) is generated by the elements x−α(ζ)xα(ξ)x−α(−ζ),
where ξ ∈ A for α ∈ Φs and ξ ∈ B for α ∈ Φl, while ζ ∈ R.

Lemma 3. Let rk(Φ) ≥ 2. Then the upper and lower levels of a subgroup H ≤ G(Φ, R)
normalised by E(Φ, R) form an admissible pair. This is the largest admissible pair (A, B)
such that E(Φ, R, A, B) ≤ H.

With the same definition of the group C(Φ, R, A, B) as in the introduction, Abe [2] –
[4] establishes the following result (which relies on the previous work by Abe—Suzuki [1],
[5], Taddei [39] and Vaserstein [41]). Observe, that this fact is not elementary in the above
sense, in that it relies on results, whose prove uses localisation.

Lemma 4. Let rk(Φ) ≥ 2. In the case, when Φ = B2 or Φ = G2 assume, moreover, that R
has no residue fields F2 of 2 elements. Then for every subgroup H ≤ G(Φ, R) normalised

by E(Φ, R) there exists a unique admissible pair (A, B) such that

E(Φ, R, A, B) ≤ H ≤ C(Φ, R, A, B).

The answer in the exceptional cases requires a further modification of the notion of level.
Such a generalisation, known as radix , was introduced by Douglas Costa and Gordon Keller
in their amazing papers [15] and [16], but its far too technical to be defined here.

However, this only generalises the first of the above structure theorems. To the best of
our knowledge analogues of the second one, with ideals replaced by admissible pairs, can
be found in the existing literature in most, but not in all cases. In particular, it is natural
to ask the following questions.

• is the relative elementary group E(Φ, R, A, B) normal not in the elementary group
E(Φ, R), but in the Chevalley group G(Φ, R) itself?

• Does the second commutator formula hold in this setting?

• Moreover, for one parameter the full congruence subgroup is defined as a different
transporter, which in our case should look as

C(Φ, R, A, B) = {g ∈ G(Φ, R) | [g, G(Φ, R)] ≤ G(Φ, R, A, B)},

or, what is the same, as

C(Φ, R, A, B) = {g ∈ G(Φ, R) | [g, E(Φ, R)] ≤ G(Φ, R, A, B)},
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where G(Φ, R, A, B) is the principal congruence subgroup of level (A, B), which should be
normal in G(Φ, R).

But in the existing literature one cannot even find the definition of G(Φ, R, A, B), see the
discussion in [46], [49]. In the present paper we fill all these gaps by proving the theorems
1 and 2 above. To prove them, we actually define the principal congruence subgroup
G(Φ, R, A, B), thereby clarifying, what a congruence subgroup is in general.

3. Congruence subgroups

First, let G be any group acting on a right R-module V and let U ≤ V be a G-submodule.
Then we can define a set

G(V, U) = {g ∈ G | ∀v ∈ V, gv − v ∈ U}.

The following obvious observation is crucial for our purposes.

Lemma 5. For any U ≤ V the set G(V, U) is a normal subgroup of G.

Proof. Let g, h ∈ G(V, U), v ∈ V . Then ghv − v = (ghv − hv) + (hv − v) ∈ U and
g−1v− v = g−1(v− gv) ∈ g−1U = U . Finally, if h ∈ G(V, U) and g ∈ G, then g−1hgv− v =
g−1(hgv − gv) ∈ g−1U = U . �

In the sequel we call G(V, U) congruence subgroup modulo U . By the very definition
the factor-group G/G(V, U) acts on V/U . Since for every g /∈ G(V, U) there exists a v ∈ V
such that gv /∈ v + U , this action is faithful. Let us list some obvious properties of this
construction.

• If U ≤ W ≤ V , then G(V, U) ≤ G(U, W ).

• Let U1 ≤ V1 and U2 ≤ V2. Then G(V1 ⊕ V2, U1 ⊕ U2) = G(V1, U1) ∩ G(V2, U2).

Now, we are all set to apply this construction to a Chevalley group G(Φ, R) and its
rational module V . As usual, to distinguish the simply-connected Chevalley group and
the adjoint group we write Gsc(Φ, R) and Gad(Φ, R). Further, let P (Φ)++ be the cone of
integral dominant weights. Our modules are Weyl modules V = V (ω), with the highest
weight ω ∈ P (Φ)++. It is well-known that V is faithful as an algebraic representation if
and only if ω generates P/Q(Φ), where P is the lattice corresponding to G.

In our new terms the usual congruence subgroups are interpreted as follows. For any
module V and any ideal I E R the product U = V I is a G-submodule (actions of G and
R commute). Here are the two archetypical examples.

Lemma 6. When V is faithful, G(V, V I) = G(Φ, R, I) is the usual principal congruence

subgroup of level I.

Proof. Follows from the commutative diagram

G(Φ, R) //

��

GL(V )

��

G(Φ, R/I) // GL(V/V I)
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whose horizontal maps are injective by the assumption. �

Lemma 7. When V = L is the Lie algebra of G(Φ, R), considered as the adjoint module,

then G(L, LI) = C(Φ, R, I) is the usual full congruence subgroup of level I.

Proof. Indeed, the action of G(Φ, R) on L factors through the faithful action of the adjoint
group Gad(Φ, R). Hence C(Φ, R, I) coincides with the inverse image of the congruence
subgroup in Gad(Φ, R). �

However, it may happen — and it does happen! — that V has G-submodules other, than
those of the form V I. Since we are mostly interested in the case of exceptional groups, we
consider the case when V = L is the Lie algebra of G.

Fix an order of the root system Φ, let Π = {α1, . . . , αl} be the corresponding set of
fundamental roots. Choose in L a Cartan subalgebra H and let eα, α ∈ Φ and hαi

, αi ∈ Π
be a Chevalley base of L. Here hα = [eα, e−α] is a coroot, corresponding to the root α.
Further, let Nαβ be the structure constants in this base, [eα, eβ ] = Nαβeα+β and

Nαβi1 =
1

i!
NαβNα,β+α . . . Nα,β+(i−1)α.

Finally, Aβα = 2(β, α)/(β, β) denotes Cartan numbers.
The action of elementary root unipotents in a Chevalley base is classically known, see

for example [14]. We summarise it for subsequent use.

Lemma 8. The action of the elementary root unipotent xα(ξ), α ∈ Φ, ξ ∈ R, is described

by the following formulae

xα(ξ)eα = eα,

xα(ξ)e−α = e−α + hαξ − eαξ2,

xα(ξ)eβ = eβ +

q∑

i=1

eβ+iαNαβi1ξ
i,

xα(ξ)hβ = hβ + eαAβαξ,

where q is the largest integer such that β + qα ∈ Φ.

On the other hand, the element of the torus T (Φ, R) act on L in an obvious way:

teα = eαα(t), thα = hα.

Now it is easy to construct G(Φ, R)-submodules of the Lie algebra L which do not have
the form LI for an ideal I E R. In fact, denote by Ll, or respectively by Ls, the span of
all eα and hα, where α is long, or respectively, short. — clarify!!

Let (A, B) be an admissible pair Consider the submodule LlB + LsA in L. Actually it
is a Lie ideal in L [21]. We prove that it is in fact a G(Φ, R)-submodules.

Lemma 9. The module U = LlB + LsA is E(Φ, R)-invariant.
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Proof. Follows from Lemma 8. Indeed, xα(ξ) carries the element eαζ ∈ U to an element
of U simply because A and B are ideals. Similarly, xα(ξ) carries the element hβζ ∈ U to
an element of U because A and B are ideals if |α| = |β|, because B ≤ A if α is short and
β is long, and because pA ≤ B is α is long and β is short, where p = 2 for Φ 6= G2 and
p = 3 in this last case (compare, for example, [48], Table IV). It remains to verify, why
xα(ξ) carries the element xβζ ∈ U , β 6= −α, to an element of U . Considering all possible
configurations of pairs of roots, we see that this again follows from the fact that A and B
are ideals, B ≤ A and 3A ≤ B or, respectively 2A ≤ B, depending on whether Φ 6= G2 or
not. �

Lemma 10. The module U = LlB + LsA is G(Φ, R)-invariant.

Proof. We have to prove that gu belongs to LlB +LsA for all g ∈ G(Φ, R), u ∈ LsA+LlB.
By local-global principle it suffices to show that in all localisations at maximal ideals.
Since (LlB + LsA)M = LlMBM + LsMAM , we may assume that R is a local ring. But then
G(Φ, R) = E(Φ, R)T (Φ, R), and the assertion follows from Lemma 9 and the fact, that T
acts diagonally on all generators of U , whereas A and B are ideals. �

Now we define C̃(Φ, R, A, B) as G(L, LlB + LsA); by Lemma 5 it is a normal subgroup

in G(Φ, R). In the next section we prove that C̃(Φ, R, A, B) = C(Φ, R, A, B), as defined in
the introduction.

4. Standard commutator formulae

In this section we prove Theorems 1 and 2. Throughout the section we assume, that Φ
is a reduced irreducible root system of rank 2, and, moreover, when Φ = B2 or Φ = G2 the
ring R does not have residue field F2 of 2 elements. Further, (A, B) is an admissible pair
in R.

The following result immediately follows from the Chevalley commutator formula. Its
detailed verification can be found in [31], [3].

Lemma 11. The elementary subgroup E(Φ, R, A, B) is E(Φ, R)-perfect, in other words,

[E(Φ, R), E(Φ, R, A, B)] = E(Φ, R, A, B).

We prove the next result for Φ 6= Cl — for the symplectic group Theorems 1 and 2 are
known anyway, see [10].

Lemma 12. Assume, that Φ 6= Cl. Then

E(Φ, R, A, B) ≤ C̃(Φ, R, A, B) ≤ C(Φ, R, A, B).

Proof. First, we prove that the level of C̃(Φ, R, A, B) equals (A, B). Indeed, let xα(ξ) ∈

C̃(Φ, R, A, B). If there is a root β of the same length as α forming the angle 2π/3 with
it, then xα(ξ)eβ − eβ = ±eβ+αξ ∈ U , so that by condition ξ ∈ A or ξ ∈ B, depending on
whether α is short or long. This already accounts for all cases, except Φ = Cl and α is
long or Φ = Bl, G2 and α is short. When α is short, there exists a long root β forming
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mutual angle 3π/4 or 5π/6 with it and then xα(ξ)eβ − eβ = ±eβ+αξ + . . . ∈ U . Since β +α
is necessarily short, this again guarantees that ξ ∈ A in this case.

Now, since C̃(Φ, R, A, B) is normal in G(Φ, R) and, thus in particular, E(Φ, R)-normalised,

the inequality C̃(Φ, R, A, B) ≤ C(Φ, R, A, B) follows from the Normal Structure Theorem,
Lemma 4. �

In fact, as we see below as part of the proof of Theorem 2, one has even C̃(Φ, R, A, B) =
C(Φ, R, A, B). This is not needed to establish Theorem 1, however.

Proof of Theorem 1. The inclusion

[E(Φ, R), C(Φ, R, A, B)] ≤ E(Φ, R, A, B)

is just the definition of the group C(Φ, R, A, B) given in the introduction. Next, we prove
that E(Φ, R, A, B) is normal in G(Φ, R). In other words, we have to verify the inclusion

[E(Φ, R, A, B), G(Φ, R)] ≤ E(Φ, R, A, B).

In view of Lemma 11 it suffices to show that [[x, y], yz] belongs to E(Φ, R, A, B) for all
x ∈ E(Φ, R, A, B), y ∈ E(Φ, R), z ∈ G(Φ, R). Recall the Hall—Witt commutator identity:

[[x, y], yz][[y, z], zx][[z, x], xy] = 1.

We show, that the second and the third factors belong to E(Φ, R, A, B). Obviously, since
C̃(Φ, R, A, B) is normal in G(Φ, R), the conjugates of matrices from E(Φ, R, A, B) fall into

C̃(Φ, R, A, B). It follows, that [y, z] ∈ E(Φ, R), zx ∈ C̃(Φ, R, A, B), and thus the second
factor is in E(Φ, R, A, B). Similarly, [z, x] ∈ C̃(Φ, R, A, B), xy ∈ E(Φ, R), and thus the
third factor is in E(Φ, R, A, B). This means, that the first factor is in E(Φ, R, A, B) too,
as claimed.

These inclusions are equalities by Lemma 11.

Remark. There is another approach to the proof of Theorem 1, in the style of [2] –

[4]. One could define C̃(Φ, R, A, B) as the group of all g such that FM(g) belongs to
C(Φ, RM , AM , BM) for all maximal ideal M in R instead. Its normality follows from the
fact that G(Φ, R) = E(Φ, R)T (Φ, R) when R is local.

To prove Theorem 2 we have to invoke two further results by Eiichi Abe. The following
lemma is [3, Sec. 4, Prop. I]. In the following lemma we denote by FM the localisation
homomorphism FM : G(Φ, R) −→ G(Φ, RM ) at a maximal ideal M .

Lemma 13. For any g ∈ G(Φ, R) inclusion g ∈ C(Φ, R, A, B) is equivalent to FM(g) ∈
C(Φ, RM , AM , BM) for all maximal ideals M ∈ Max(R).

Further, denote

T ∗(Φ, R, A, B) = T (Φ, R) ∩ C(Φ, R, A, B).

The following result is established in [1] (see also [5] or [3, Lemma 4.4] for more general
results in this direction).
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Lemma 14. For any admissible pair (A, B) in a local ring R one has

C(Φ, R, A, B) = E(Φ, R, A, B)T ∗(Φ, R, A, B).

Proof of Theorem 2. First, we show, that C̃(Φ, R, A, B) = C(Φ, R, A, B) so that, in partic-
ular, C(Φ, R, A, B) is normal in G(Φ, R). Let g be an element of C(Φ, R, A, B); we have to
show that gv−v belongs to LlB +LsA for all v ∈ V . By Lemma 13 we may assume that R
is local. But for local rings we can invoke Lemma 14. Now, E(Φ, R, A, B) is contained in

C̃(Φ, R, A, B) by Lemma 12. By the very definition, for any t ∈ T ∗(Φ, R, A, B) and short,
or respectively long, root α we have α(t) is in A, or respectively, in B. Now formulae for

the action of T (Φ, R) show that T ∗(Φ, R, A, B) is contained in C̃(Φ, R, A, B) as well.
It remains only to prove the remaining two equalities. Denote

CE,E = {g ∈ G(Φ, R) | [g, E(Φ, R)] ≤ E(Φ, R, A, B)},

CE,G = {g ∈ G(Φ, R) | [g, E(Φ, R)] ≤ G(Φ, R, A, B)},

CG,G = {g ∈ G(Φ, R) | [g, G(Φ, R)] ≤ G(Φ, R, A, B)}.

Obviously, CE,E, CG,G ≤ CE,G. On the other hand, [CE,G, E(Φ, R)] ≤ E(Φ, R, A, B) and,
thus, the level of CE,G equals (A, B) and CE,G ≤ C(Φ, R, A, B) = CE,E by Lemma 4. The
last equality now follows from the fact that C(Φ, R, A, B) is normal in G(Φ, R).
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