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HSITI/IBeleII/IHHaH MOoAdeJIb C (bHKCI/IpOBaHHbIMI/I rpaHnYHbIMMA YCJIOBUAMMA.

H.M. BoroJmoboB

C.-Ilerepbyprckoe orienenne Maremarndeckoro uacruryra uM. B. A. Crekinosa PAH

191023, C.-IlerepOypr, naod. p. Ponranku, 1. 27

PaccmarpuBaercs TouHO peltaeMasi MATHBEPIIMHHAS MOJE/]b HA KBaJIpaTHON
pereTke ¢ dUKCUPOBAHHBIMI TPAaHUIHBIMU YCJIOBUSIMU. [Ipumenenne
ajgrebOpamdeckoro bere  aH3alla  O3BOJISIET  IPEJICTABUTH  CTATHCTUYECKYIO
CyMMy U TPAHUYHBbIE KOPPEJSINOHHBIE (DYHKIINA HEOJSHOPOJHONW MOIEIU B BUJIE
ompejiesnTesneil. YcTaHOBICHA CBSA3b OJHOPOIHON MOIEHN C IJIOCKIMU PA30NEHUIMH,

9TO IMO3BOJINJIO BBIYUCJIUTHL €€ CTaTUCTUYIECCKYIO CYMMY.



I. BBEJIEHUE

N3ydenne TOYHO pelraeMbIX BEPIIUHHBIX MOjeseil KJIACCHYECKON CTaTHCTUYeCKOM
dbusukn akTyaJsbHo yKe B TedeHue muOrux Jjier |1, 2|. OjHON M3 OCHOBHBIX Mojesieil
JIAHHOT'O KJIACCa SBJIETCs MIEeCTUBEPIINHHAS MOJIEb, KOTOpas MHTEHCHBHO U3yYaJsach Kak
JUTsT TIEPUOJIMIECKIX, TaK 1 Jijist (DUKCHPOBAHHBIX M'DAHUIHBIX yeaoBmii [1-7].

B mocrneanee Bpemsd BBISICHUJIOCH, YTO METOJIbI, WCIIOJb3YEeMble IIPU HCCJIEIOBAHUN
UHTEIPUPYEMBIX — MOJIeJiell, MOXKHO 3(M@PEKTUBHO NPUMEHATH K  PENIeHuIo  3aJa4
nepevrcmTe/bHOM  KomOunaropuku |8, 9]. Tak, Hanpumep, MIECTUBEPIIMHHAST MOJIE/h
C TPAHMYHBIMU YCJIOBUSIMHM THIIA JIOMEHHON CTEHKN HMeeT OTHOIIEHWEe K IEePEeYNC/IEHUIO
YKJIaJI0K aIlTeKcKux "ajMa30oB"u K Mepedrc/ieHri0 aJIbTePHIPOBAHHBIX 3HAKOBBIX MATPHUIL
[10-12|, a uerwipexBepimHHas u azoBas MOJEIN K MEPEUNCIEHUI0 IUIOCKUX YKJIAJI0K
(Tpexmephbix gumarpamm FOmra) [13-18]. CyrmecTBeHHBIM B 9TOM HANpaBJIEHUHU SIBISETCS
BO3MOXKHOCTbH JIETEPMUHAHTHOTO TIPEJICTABIEHUS CTATUCTUIECKON CYMMBI MOJiesieil W nX
IPAHUYHBIX KOPPEJIANMOHHBIX (DYHKIINI.

[IaTuBepmmHHas MOJI€JIb SBJISETCS YACTHBIM CJIydaeM IIIeCTUBEPIINHHON MOJIeJIH,
B KOTOPOW WCKJIOYeHa OJHa BeplmnHA. DB ciIydyae NEPUOJMYECKNX TI'PAHUIHBIX
YCJIOBUM MATUBEPIINHHAS MOJIeb IPUMEHSAJIach, B YaCTHOCTU, /IS HWCCJIeTOBAHUS
B3aMMOJIEHICTBYIONINX JOMEHHBIX cTeHoK |19, 20|, 3ajadum HAIPABJIEHHOTO MPOTEKAHIS
[21].

[IaTuBepmmHHasg MO/eb Ha KBAJIPATHOM PeENIeTKe ONpPeJesaeTcs MAThI0 Pa3IndHbIMA
KOHMDUTYPAIMAMEI CTPEJIOK, HAIPABJIEHHBIME KaK B CTOPOHY KasKJIOTO y3J1a PEIIeTKH, TakK
u ot Hero. Crarucrudeckuit Bec wy (k = 2,3,4,5,6) npunucbBaeTcst KaxKIoii JOMyCTUMOM
koudwuryparuu (Puc. 1). Izo6pazkas cTpesku, HalpaBJIeHHbIe BBEPX UM HAIIPABO JIMHISIMII,
MBI TIOJIYIUM aJIbTEPHATHBHOE ONMCAHNE BEPITUH C TIOMOIIHIO JIMHUM, TPOTEKAIONINX CKBO3b
y37bl perteTku. Tak Kak rpaHu PEIieTKd MOTIYT HAXOJUTBHCA JIUIIb B JIBYX COCTOSHUSX,
c JimHueit wiam 06e3 Hee, TO CyIIECTBYeT B3aUMHO OJIHOZHAYHOE COOTBETCTBUE MEXKJLY
JIOIYCTUMBIMYM KOH(MUTI'YPAIUSAMU CTPEJIOK Ha pelrerke W rpadamu JmHuii - Habopamu
PEIIETOYHBIX Iy Tel.

JList ob1ero ciiydasi HEOJHOPOIHON MOJIe/In 3Ha'UeHNe BEPIITUHHBIX BECOB W) 3aBUCUT OT



Puc. 1: Ilatp ponycTuMbIX BepIIUH B BUjie KOHMUTYypaAIUil CTPEJIOK U JIMHUIA.

KOOp/MHAT y3ia pererku (i, 7). CraTucruaeckas cyMMa MOJIEN DaBHA

z= % JI wbGiws iy it i)k (), (1)

(config) (vertices)
rje Mpou3BeJieHre OGepercss Mo BCeM BepIIMHAM DPEeIeTKH, a CYMMHPOBAHHE IO BCEM
JIOIYCTUMBIM KOH(MUTYPAITHIM CTpesoK. Kaxkias mormycruMast KOHGUTYpAIHsi OIpeieisier
Habop uncest (¥ = 0,1 , npuyeM B KazKJIOM y3JjI€ PEIIeTKH 2222 I* = 1. lna oxHOpOIHOMN
MO/IEJIH BEPIINHHBIE BECA W), HE 3ABUCAT OT MOJIOKEHUsI Y3JI1a PEIIeTKN.

B janHOii craThe MBI PACCMOTPUM MOJIE/Ib Ha KBaJPaTHON pererke pasmepHocT 2N X
(M +1) co ciieryromumu TpaHIYHBIMU YCJIOBUSME: BCE CTPEJIKK Ha [PABOIl U JIEBO rpaHuIle
HAIIPABJIEHbl HAJICBO, BEpXHWME W HUYKHUE CTPEJKH HepBbiX N KOJOHOK (cumTasi CJeBa)
HAIIPABJIEHbl BHYTPb, & BEPXHUE W HUKHUE CTPEIKN TOCeaHux N KOJIOHOK HAIPaBJIEHbBI
HapyXKy. /laHHBIE yCIIOBUS MBI Oy/1eM HAa3bIBATH (DUKCHPOBAHHBIMU TDAHUIHBIMHI YCIOBHUSIMU.
Mpgr Beerpa 6yem cuaurars, ato (M + 1 > 2N).

Tunuunas KoHGUrYpalus CTPeIoK U COOTBETCTBYIONIHUIT eif Habop PEIeTOYHbIX Iy Tell Ha
perierke ¢ (PUKCHPOBAHHBIMU MPAHUYIHBIME YCJIOBUAMEI HM300pazkensl Ha (Puc. 2).

BBeieHHast HAME HEOJHOPOJIHAST MOJIE/Th OIMCHIBAET PACIPOCTPAHEHNE JJOMEHHBIX CTEHOK
C 3aKpeIUIeHHbIMU KOHIIAMH B aHU30TPOIHOW cpeje. [laHHbIE CTEHKH yIOBJIETBOPSIOT
YCJIOBUIO OTTAJIKUBAaHUS, TaK Kak, COracHO omnpejenennto BepimmH (Puc. 1), ux rpasurpt
HE CONPUKACAIOTCH.

Msr npumennm Kpanrossiii Meron O6parnoii 3agaun (KMO3) [22-24] k perennto
HEOJIHOPOJIHOf TISITHBEPIINHHON MO ¢ (DUKCHPOBAHHBIME T'DAHUYHBIMU YCIIOBUSIMH.
JlaHHBI 1MOXO0/] TO3BOJIUT MPEJCTABATH CTATUCTUIECKYIO CYMMY MOJIEN U €€ TPaHUIHbIe

KOppeJIAInOHHbIC (byHKHI/H/I B BHJE onpe/:LeJmTe,neﬁ n IIOJIYyYUTH fBHBIE OTBETBLI JIJIsA
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Puc. 2: Tunuunas xoudurypaius cTpejok u HaboOp PEIIeTOYHBIX Iy Teil.

IpeJIeIbHBIX 3HAYEHUI BEPITUHHBIX BECOB.

OnmnHOopomHas Mojesb He yKaaabiBaerca B cxemy KMO3. Omgrako, Oyaer moKa3aHO, 9ITO
CTaTUCTUYECKaAd CyMMa MOZIeJIN U ee KOppeﬂHHI/IOHHbIe beHKHI/H/I TECHO CBA3aHBI C TeOpI/Ieﬁ
IIJIOCKHX pa.36HeHHﬁ, nJjim TpeXMeprIX ,[LI/IanaMM ];OHF&, 3aKJIIOYCHHDBIX B AWK KOHCYHOI'O
pasmepa.

Crarbs opraHn3oBaHa cJjeayiommuM obpasoM. B pasnene 2 mbl usiaraem mogaxoa KMO3
K PEelIeHnIo MO ¢ (PUKCUPOBAHHBIMYI IPAHUIHBIME yCJIOBUIMU. B pasjese 3 rpaHndHbIe
KOpPe/IAIMOHHbIe (DYHKITUU MOJIE/IN TIPEJICTaBJIEHbI B BHJE ompejenuTeseir. B pazmaene 4
yCTaHOBJIEHA, CBA3b OJHOPOJIHON MOJIE/IM CO CTPOTUMHU 110 CTOJIONAM IIOCKUMU Pa30UeHUSIMUI
U BBIYUCJIEHA CTATUCTHYECKAsd CyMMa MOJEN U I'PaHUYHbIE KOPPeIdInoHHble GpyHkiuu. B
IPUJIOZKEHUH BBIBOAATCA L-omeparop u R-marpuiia Mojgenn u3 L-omeparopa u R-MaTpuIibl

IHeCTI/IBepHII/IHHOfI MOIECJIN.

II. PEIIEHUE HEOJHOPOJIHO MOJEJIN

Hns Toro urobsr mpumenunts KMO3 s ucciiejioBanus HEOIHOPOIHON MOJIETN, MbI
BOCITOJIb3yeMCsl CIIMHOBBIM OIMCaHUEM Mojiesin. KarKJIoMy BepTUKAJIBLHOMY U KaryKJIOMY
FOPU30HTAJLHOMY PeOpY PelIeTKn CTaBUTCA B COOTBETCTBHUE JIOKAJIHHOE ITPOCTPAHCTBO
C2. Cocrognmsl O CHEHOM BBepX H CIIMHOM BHI3 OOPa3ylOT €CTECTBEHHBIH Oasnc B
sToM mpocTparcTBe. COCTOsTHME CO CIIMHOM BBEPX HA BEPTUKAJIHLHOM pedpe COOTBETCTBYET
CTpeJIKe, HallpaBJIEHHON BBEPX, & COCTOdHME CO CIMHOM BHU3 CTPEJIKe, HallpaBJIEHHOI

: 1y —
Ban3. CocTosgHUEe CO CIMHOM BBEPX Ha (-TOM TOPH30HTAJILHOM pebpe (O)i = | <)



COOTBETCTBYET CTpeJIKe, HallpaBJIEHHON HAJIEBO, & COCTOsIHUE CO CIIMHOM BHU3 ((1))@ =|—-)

CTpeJIKe, HaIllpaBJIEHHON HalpaBo. BcroMorarebHbIM ITPOCTPAHCTBOM MbI Oy/IeM Ha3bIBATD
IPOCTPAHCTBO, ACCOIMMPOBAHHOE CO BCEMU BepTHKaIbHbIMU pebpamu pernerku V = (C2)®N,
& KBAHTOBBIM - IIPOCTPAHCTBO, ACCOIMUPOBAHHOE CO BCEMH T'OPU30OHTAJIBHBIMU DPedpaMu
pemerku H = (C?)®N B kax oM y3i1e pemerku B IpocTpancTse V& H JeiicTByeT onepaTop.
DTOT omepaTop, JeHCTBYIONHI HEeTPUBHAILHO TOIBKO B JTOKAJILHOM BeromoraTeabaom C? u

7oKaIbHOM KBaHToBoM C? mpocTpaHcTBax, HasbIBaeTCH L-OMepaToOpPOM.

L-oniepatop ISTHBEPITHHHON MO/ 3aluiieM B Buje [25]:

L) = [ "7 2)

—1
of ul —ute,

=cen+ (I —e)(ul —ulte,) +o0 o +ot0,,

rie mapamerp u € C, 0% 1o Marpuinsr [layam, a IpoeKTOp Ha COCTOSHEE CO CIITHOM BBEPX
e = %(az + 1). Marpuma ¢ mojcTpOIHbIM HHIEKCOM 7 JAeHCTBYeT HETPUBUAJILHO TOJIBKO B
N-TOM KBAHTOBOM IPOCTPAHCTBE: S;, = [ ® ... I Qs ® ... R I.

OmneparopHo3HauHas Marpuna (2) yI0BJIeTBOPSAET CILIETAIONIEMY COOTHOIIEHUTO
R(u,v) (L(n|u) @ L(n|v)) = (L(n|v) © L(n|u)) R(u,v), (3)

B KOTOpoM R(u,v) 970 4 X 4 MaTpuna pasHasd

flo,u) 0O 0 0
R(u.v) = 0 gvu) 1 0 | (4)
0 0 gw,u) 0
0 0 0 f(v,u)
e )
fl,u) = . g(v,u) = ———. (5)

BepTI/IKaJIbHaH MaTpulla MOHO/IPOMUU OIIPEIE/IACTCA KaK IIPOU3BEIACHUE L—onepaTopOB

B ) (A B
T(u) = L(M|u)L(M — 1|u)...L(0Ju) = Ct) Dl (6)

KOMMyTaL[I/IOHHbIG COOTHOIIEHUA MATPUYHBIX 9JIEMEHTOB MAaTPUIIbI MOHOJIPOMUN 3aJal0TCA

Toit ke R-marpureii (4)

R(u,v) (T(u) @ T(v)) = (T'(v) ® T(u)) R(u, v), (7)



HanboJiee BaXKHBIMU U3 KOTOPBIX SABJIAIOTCH:
C(u)B(v) = g(u,v) {A(u)D(v) — A(v)D(u)}, (8)
A(u)B(v) = f(u,v)B(v)A(u) + g(v, u) B(u)A(v),
D(u)B(v) = f(v,u)B(v)D(u) + g(u,v)B(u)D(v),
[B(u), B(v)] = [C(u),C(v)] = 0.
L-omnieparop (2) yaoBiaeTBopsieT COOTHOIIEHUIO

e L(nju)e ™ = 77" L(n|u)e, 9)

rjae g 9TO HpOI/IBBOJIbelf/'I IHapaMeTp. W3 sToro pPaBE€HCTBa M U3 OIIPpEAEJICHUA MaTPUIIbI

monoznpomun (44) cemyer, 9To

eCSzT(u)e’CSZ =e 37 T(u)e%" , (10)

z 1 M z
rae 57 = 5 ) ;i , 0 ABIACTCA OLEPATOPOM 2-KOMIIOHEHTBI IIOJIHOTO ClinHa. Papencrsa
S*B(u) = B(u)(S*—1), (11)
S*C(u) = C(u) (S*+1),

SIBJISTIOTCsT catesicTBreM  cootHorenns (10) m o3Havator, 9to omnepatop B(u) moHWKaeT
HOJTHBI CIIUH cucTeMbl, a orepatop C'(u) MOBBIMIAET €ro.
[TpousBOALAIIMM BEKTOPOM KBAHTOBOI'O HMPOCTPAHCTBA H ABJISETCH COCTOSHHUE CO BCEMU

CIIMHaMM HallpaBJIECHHBIMU BBEPX

1
| =) = ®ilol )i = ®iZg e (12)

Janubrii BekTOp yHIUTOXKaeTcs omeparopom C'(u)
C(u)| <) =0 (13)
U sIBJIsIeTCsT COOCTBEHHBIM BEKTOpOM oriepatopoB A(u) u D(u)
A(u)| =) = apn(u)] <); D) <) = du(u)] <), (14)
¢ COOCTBEHHBIMU 3HAYEHUAMU

anrpr(u) = uM Sar () = (uw—u HM (15)



TTosHBLl CIMH IIPOU3BOJAIIEIO BEeKTOpa paseH (M + 1):
. 1
S| <:):§(M+1)\<:>. (16)

U3 oupenenenwuit (2) n (44) cieyer npejcraBiieHue
M
uMB(u) = u*M Z ent - ep10y + oo+ (=)Mo enr...e, (17)
k=0

M
uMC(u) = u*M Za:ek_l coegt A+ (=) Mepy.en0] .
k=0

OzpuM  #M3  OCHOBHBIX OOBEKTOB JaJIbHEHINero paccMOTpeHHd OyJeT COCTOdHHE,
HOJIyI€HHOE II0CJIEIOBATEIBbHBIM JleficTBHeM oreparopoB B(u) na cocrosmme | <=):

N

U (ur, g, o un)) = [ [ Blus)| <=). (18)

=1

U3 pasenctsa (11) cre/yer, 9To MOJHBII CIIMH 9TOrO BEKTOPa PaBeH

N N
1
H()I)Q( )H()I) (19)
Conpsizkernbiit K (18) BekTOp onpejiessiercs Kak
N
<\Ifn(U1,U2,...,UN>| = <<: ‘HC(UZ) (20>
=1

Jlerko nposepurb, uto (< |B(u) = 0.
MarpudHble 3JIeMeHThI BBEJEHHOTO L-omeparopa (2) MOXKHO IIPEJICTABUTH B BHJE TOYEK

¢ npumbikafomumu crpesikavu (Puc. 3). Marpuuneiii ssement Lip(n|u) coorsercTByer

(H @ 3) @)
Puc. 3: Bepmunnoe npejicraBienre MAaTPUIHBIX JIEMEHTOB L-omepaTopa.

gepiune (1) (Puc. 3), mie Toukoii o6o3HaUeH oepaTop Ue,, JeHCTBYIONMI B JTOKAJIBHOM



KBAHTOBOM IPOCTDAHCTBE. LIMHCTBEHHBIH HEHYJIEBOH SJIEMEHT 3TOro omeparopa (<
|ue,| <), ompemensier Bepmmmy (4) (Puc. 1) ¢ Becom wy = w. Marpudnblit s1eMeHT
Lo (n|u) coorsercriyer Bepimuue (2) (Puc. 3) ¢ Toukoit, o6oznauaromeii oneparop ul —u~'e,,
MMEIOIIHIT HEeHyJIeBble 3JIeMeHThI ,,{«— |ul — u™te,| <), u ,(— |ul —u~'e,| —),, KoTopLIE
onpenensior sepmunbl (2),(3) (Puc. 1) ¢ BecaMu paBHBIME Wy = u — u ' U w3 = U
coorBercrBeHHo. Marpuunsie siementsl Lis(n|u) = o, u Loi(n|u) = o coorsercrByior
geprimaaM (3) u (4) (Puc. 3), a HenyseBble MaTpUIHbIE JIEMEHTHI STHX OHEPATOPOB ,(—
|| < )n 1 n( |o)7| —)n oupenessitor Bepruurs (5), (6) (Puc. 1) ¢ Becamn wy = wg = 1.
Marpudnble 371eMeHTbl MaTpuilbl MOHOgpoMun (44) BBIPAXKAIOTCA HYepe3 CyMMBI 110
BCEM BO3MOYKHBIM KOH(bUTYpAIUsM CTPEJIOK Ha OJHOMEpHOil pemerke ¢ M + 1 yznamu
(Puc. 4). Hanpumep, omneparopy B(u), paBHOMy coracHo ompejesenuto (44): B(u) =
Zikalzl Ly, (M|w) Ly, ky, (M —1]w) . .. Ly, 2(0|u), COOTBETCTBYIOT IPAHUYHBIE YCIOBHUS,
KOIJIa BEPXHsisl M HUXKHSIsI CTPEJIKH HallpaBjieHbl Hapy:XKy (Koudurypaius (B)). Omneparopy
C(u) cOOTBETCTBYIOT IDAHUYHBIE YCJIOBHs, KOIJIa BEPXHssl U HUKHSAS CTPEJIKU HAIIPABJICHBI

BuyTpb (KoH(Duryparms (C)). Oneparopam A(u) m D(u) COOTBETCTBYIOT TPAHUYHBIE

yYCJjioBUd, KOI'la BEPXHAA MW HHUXKHAA CTPEJIKM HallpaBJIEHbI B OJJHOM HallpaBJICHUU

(xkorduryparmu (A) u (D)).

i=0
(B) (C) (A) (D)
Puc. 4: FpaqueCKoe IpeJcTaBJICHNE MaTPUYIHBIX 9JIEMEHTOB MaTPHUIIbBI MOHOAPOMUWHN

Pacemorpum ckasisipHoe Tipou3Be/ieHne BeKTopoB cocrosuus (18) u (20)
WM(ul, ey UNS U, - UN) = <<: |C(01)C(UN)B(U1)B(UN)| <:>, (21)

rie {u} wm {v} 910 HaGOpBHI HE3aBUCHMBIX mapaMeTpoB. Mbl MOXKeM IIpeJCTaBUTH

MATPUYHBIE 3JIEMEHTHI CKAJISPHOTO TMpom3Be/eHns (21) Kak JByMepHYIO KBaJpPATHYIO



perrerky pasmeproctn 2N X (M + 1). Ilepeeie N BepTHKATBHBIX JIMHUI pPEIIETKN
(c mHOMepamu (—N,...,—1)) acconumpyiorca c oueparopamu C(v;), a mnocaegnne N
BepTHKAILHBIX JmHui (¢ Homepamu (1,...,N)) c oneparopamu B(u;). Topusonraibubie
JIMHUKM ACCOLUUPYIOTCS € JIOKAJBLHBIMU KBAHTOBBIMU IIPOCTPAHCTBAMU, IPUYEM, JIMHUS C
HomepoM ¢ (0 < ¢ < M) cooTBETCTByeT KBAHTOBOMY IIPOCTPAHCTBY C WHJEKCOM i.
U3 rpadudueckoro mpescraierus omeparopos B(u) m C(u) ciemyer, 9T0 MaTPUYHBII
semeHT (21) paBeH cyMMe BCeX JIOIYCTHMBIX KOHQUIYDAIMil CTPEJIOK Ha PpereTke ¢
dbukcupoBanubiME TpaHudHbiME yeiaoBuaMu (Puc. 2). Orcioma cirejyer, 9To cKajsipHOE
npoussesierne (21) paBHO CTATHCTHYECKON CyMMe AHU30TPOIHON MSITUBEPITMHHON MOJIEIN
C BEDIIMHHBIMU BeCaMM, 33JaBAeMbIMU MaTPUYHBIMEU 3jieMeHTaMu L-oneparopa (2) u

3aBUCAITUMHA OT HOMEDPaA CTOH6H& pemeTKu:

ZM(UL -y UN5 VT, --->UN) = WM(Ul, -y UN5 VT, --->UN) (22)
—N N
= > TT o = om o)t T = ) () 541,
(config) k=—1 j=1

IJle CYMMUPOBAHUE BEJIETCS 110 BCEM JIONYCTUMBIM KOH(MUTYPAIUAM CTPEJIOK Ha PEIIeTKE.
Ckansipuoe mpomssesienre (21) mpu HIPOM3BOIIBHOM 3HAYEHHH IAPAMETDPOB  Uj, Uj

BBIYHCJISIOTCS € [TOMOIIBIO [IEPECTAHOBOYHBIX cooTHomenuit (8) [13, 23]:

WM(“l"")“N;Ulﬂ”'),UN) = H g(vj,?}k) H g(umaul) det QM (23)

N>j>k>1 N>I>n>1

Matpuanbie smemeHTol N X N Marpuiibl ()y; paBHbBI

(Qar(vy, ur)) i (24)
e N-1 e —N+1 1
= S anr1(vy)dnrga (ug) (—) — a1 (ug)Orr41 (v5) <_) X =1
Uj Uj ug (u_k>
vj vj
o N-1 wrer ~N+1 1
— [Uj(uk — u,;l)} — — [uk(vj — v;l)} — X —————,
Uj Uj up (u_k>
vj vj

rje apr41(u) u dpry41(u) onpenenens: B (15).

Taxkum 06pa30M, MBI OJIYIH/IH IIPE/ICTABICHIE CTATUCTHIECKON CyMMBI IS THBEPIINHHON
HEOJIHOPO/THOI MOJIE/IN B BUJIE OIIPEJIETHTES.

PacemorpuM crienmasibHBIN cirydaii, KOTjia OCHOBHON BKJIAJ, B CTATHCTHYECKYIO CYMMY

gator Bepumubl (2),(3),(4) (Puc. 1). B stom mpenene Beca wsg, w3, wy CTPEMATCA K
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6eckoneunocru. Ecmm v; — oo npu 1 < j < N, To craTucTuyeckasd CyMMa PaBHA:

N
Z](\;o’u) :{l}im v MW (U, o un; UL s UN). (25)
V—0o0 -1
Beraucsme npegest, mosryamm
al 1
(cou) _ M+1
k=1 N>I>n>1 n

rjae Vesro N x N MaTpulla C MaTPUYIHBIMU 3JIEMEHTAMW PaBHbBIMUA

j—1
M 1_n .
Vieg = (—1)”<n)ui(]1 ),1§3§N—1; (27)
0

. - n M —2(n—N+1)
Ve = = Y (-1) ) w .
=N-1

n

Korpa Bce Beca u;, v; — 00 onpegenurens (23) BBIUNCIAETCS, I CTATHCTHYECKas cyMMa (22)

paBHa KOMOMHATOPHOMY KO3DDUINEHTY:
il (M)

 N{(M+1-N)!

(28)

Z](‘?IO) — . ll{ﬂ (ukvk)*MW(ul,...,uN;vl,...,UN)
u,v}—00 Pt

IIT. TPAHMWYHBIE KOPPEJIAIIMOHHBIE ®YHKIINN

PacemorpuM  kKoppesianonnble  (DyHKIIME, OIMCBHIBAIONIUE BEPOATHOCTHOE ITOBEJICHHE
JIOKQJIBHBIX COCTOsIHWII Ha TpaHuiie. BeposgTHOCTH TOTO, YTO B HUYKHEH CTPOKE PpeNeTKu
crpenka Mexy k — 1 u k crosiOriamy HampaBjieHa BIPABO, OIPEJENIAeTCs OJHOTOUETHOM

KOPPEJISIUOHHON (DyHKITHe:

P, = % (< |C(vn)...C(v1)B(uy) ... B(uk—1)goB(ug) . .. Bluy)| <), (29)

M
e go = 1 — €p - 9TO MPOEKTOP Ha COCTOSHUE CO CIUHOM BHU3, & Zj; 3TO CTATUCTUYECKAS
cymma (22).

BepogrHocTh Toro, uro B K + 1 HUXKHUX CTPOKAX pPENIeTKHU BCe CTPeJKH Mexiay —1 m 1
CTOJIOIAMY HaIPABJIEHBI BJIEBO OIpPEEISeTCs] KOPPEISIIMOHHOM (DYHKIIeN

Guo) — %M<¢ Clox)...Clo1)eo - - ex Blur) ... Bluy)| <. (30)
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J171s1 BBIMUCIeHNST KOPPEJISAIHOHHBIX (DYHKIHI IPEJICTABIM MaTpHILy MOHOgpomun (44) B

BUJIE
Apn(u) By(u) ueg o

T(u) =
Cu(u) Dy(u) oq ul —uteg

(31)

Orciona ciemayer, 9TO0 MATPUUIHbBIE 3JIEMEHTHI MaTPHILI MOHOJAPOMEH, 3ajaHHoi Ha M + 1
y3JIaX pemieTKH, CBA3aHbl ¢ MATPUIHBIMU JIEMEHTAMI MaTPHUITHI MOHOAPOMUU, 33 JaHHOM Ha

M yznax:

= uAp(u)eo + By (u)oyg,

()
B(u) = Ap(u)oy + uBy(u) — u ' By (u)eo,
(u) = uCr(u)ey + D(u)oy,

()

- -1
= Cy(u)oy +uDy(u) —u™ " Dyr(u)ep.
I3 5TuX paBeHCTB CJIEJYIOT [IEPECTAHOBOYHbBIE COOTHOIICHNsI BH/IA

eoB(u) = (u—u"1)By(u)eo, (32)
C(u)eg = uegCh(u),

goB(u) = Apy(u)oy + uBy(u)go, (33)
B(u)o, = uog By(u),
C(u)o, = egDy(u).

I‘IELHOMHI/IM7 9TO COIJIaCHO OIIpeaeJICHUIO (2), o1repaTopbl € pPa3/IMYHbBIMA  HHJ/IEKCaAMN

KOMMYTHUDPYIOT MKy COOOIi.

I[lepeiiiem renepb K Bbramciennto dynakiuu (30) npu K = 1. BocnosbzosaBmmcs
CBONCTBOM MPOEKTOPA Ha COCTOSTHHE CO CIIMHOM BBEDX € = €3; ¢g| <) = | <), (< |ey = (< |,
TTOJTY THM:

1
G(l) = Z—<<: |C(UN) - C’(vl)eoB(ul) - B(UN)| <:> (34)
M
1
= Z—(<: IC(vx)...C(v1)eiB(uy) ... Bluy)| <)
M
| N

= = Uj(Uj — Uj_l)<<: |€OCM(UN) C CM(Ul)BM(Ul) R BM(UN)€0| <:>
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:LH% 5 — (= [Car(on) - Cag (1) Bar(w) . .. Bag(un)| <)

YAV
N
— Testus — w22
- J\%y — Yy :
J Zu
Crarucruyeckas cyMMa Z ;1 MOJIESIA Ha KBa IpaTHOi pereTke pa3zmeprocTu 2N X M naercs

BhIpazkenneM (23), B KOTOpoM MaTpuiia Qs 3aMeneHa Ha marpuity Qa1 (24).

Jauublii pesysbrar Jierko obobmaercs Ha dbyHkimio (30) ¢ npousBobHbIM K

N

Zni—
G = [T Tyt =] =55,

Jj=1
rjae ZM—K 9TO CTaTUCTUYECKad CyMMa MOJIEJ/IN Ha KBa,HpaTHOfI pemeTke pasMepHOCTU 2N X

M- K.

Koppemsmonnas dynxmus P (29) ceasana ¢ koppersmuonnoit dyrkmein G (30):
P =1-GW. (35)

s Berauciaenus xkoppessiuonnoit dyskimn Py (29) BOCHOIb3yeMcs COOTHOIIECHUSIMI

(32), (33), coiicteoM (14) u yenoBuem go| <) =0 :
1

Py = ZM <<: |C(UN) C(Ul)B(Ul) .. ~B(UN—1)QOB(UN)| <:> (36)
- %H: |C(vy)...C(v1)B(w) ... Blun—1)og An(un)| <)
_ Z_lMaM(uN)(«z C(on)...C(o0)Bu) ... Blun1)og | <)
= Z—lMOéM(UN> H u; (<= |C(un)...C(v1)og By (ur) ... Bu(un—1)| <)
= %QM(UN) H u;j (<= |Cluy)...C(v2)eoDas(v1)Bar(ug) - .. By(un—1)| <)
= %&M(UN) T U Hvk<<: |Crr(vn) .. Crp(v2) Dy (v1) Bag(uy) . .. By (un—1)] <)
Jj=1 k=2

[MoscraBiisst oJiHy U3 OCHOBHBIX (hopMysi ajnrebpandeckoro ansara Bere [22; 24|, koropast

BBIBOJUTCA IIyTEM IT1OCJIEA0BATE/IBHOI'O IIPUMEHEHNA KOMMYTallMOHHBIX COOTHOIIEHUI (8),

HBu]|<: = Oy (v Hfu], HBu]|<: (37)

—|—Z(5M+1 Un U Un H f U],Un (U) H B(u])| <:>

J=Lj#n J=L,j#n
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B dopm-dakTop omeparopa Dy (vy)
DM(Ul) = <<: |CM(UN)...CM(UQ)DM(Ul)BM(Ul)...BM(UN_l)| <:> (38)

HOJIy9UM C TIOMOIIBI0 hopMysibr (23):

Dy(v1) = dm(v1) H fuj,v1) [ H 9(vj, vr) H (U, w) (39)

N>j>k>2 N—-1>I>m>1
N
{det Q-1+ Y det Qg;p_l} ,
n=1

rje Matpuna Q)1 onpejeiena B (24), a Mmarpuia Qg\?_l paBHa

(Qu-1)5y = Qura(vj,we) for k #m,
(QM—1)§-Z) _ Ou(un) <ﬂ )NQM—l(Uj,Ul)-

p(v1) Vv

PaBencTBO MOXKHO IIpeJCTaBUThH B BUJIE

DM<vl>zaM<v1>ﬂf<uj,v1>[ I oo JI  9lwmw (40)

N>j>k>2 N—1>I>m>1

det {QM—l + H},

rne N X N panra ogun Marpuria H paBHa

P TATES

OkoHuaTeIbHOE BhIpazkKeHue JJId Koppeasinuouuoil gpyuknuu (36) uveer BuI

N-1 N

1

Py = Z—&M(UN) H u; HkaM(vl). (41)
M =1 k=2

JeTepMuHaHTHBIE TPEICTABICHUS IS KOppessiuoHabix Gyaknuit P, (36) ¢ 1 < k < N
BBIBOJIATCS C TIOMOIIBIO KOMMY TAITOHHBIX cOOTHOIIEeHUH (8) 1 hopmyiis (23) u nmeroT 60Jiee
I'POMOB/IKHI BIJI, 9€M OTBETHI, IPUBE/ICHHDIE BBIIIIE.

U3 (28) cremyer, 4T0 B mpejielie, KOLJa BCE BECA Uj, V; — 0O, KOPPEJISIHOHHAs (DYHKIINA

o) Zyx _ (M=K +1)(M+1-N)!
Z&) (M —-K+1-N)I(M+1)!

B srom ke npejiene us npejcrasienns (17) ciaenyer, uro Py = Pj. Torpa, cornacuo (35),

nmMeeM

N
M+1

Py=P=1-GW =
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IV. OJHOPOJHA4A MOAEJIb N IIJIOCKUE PASBMEHNA

Paccmorpum o1HOPOIHYIO MO/Ie/Ib, B KOTOPOI BCe BEPIIIMHHBIE BeCca, pABHbBI MKy COOOIi:
Wy = W3 = Wy = Wy = wg = w. OTMETUM, 4TO JAHHBIN CIydail He YK bIBAETCA B OOILYIO

cxemy KMO3, onucannyio B npeabaymux paseiiax. CraTuctudeckas CyMMa MOJIE/N PaBHA

Z =N N (42)
(con fig)
rjie CyMMUpOBaHue, Kak 1 B (1), BeJleTcs 1mo BceM JIOIMyCTUMBIM KOHMDUIYpAIUsIM CTPEIOK a
pereTke.

J171s1 TOro 9To6BI EPEINCIINTE BCe JTOMyCTUMble KOHMuUryparmn crpesok Ha 2N X (M +1)
KBaJApaTHOl pelrerke ¢ PUKCHPOBAHHBIMU I'PAHUIHBIMU YCAOBUAMU, 3HAYUTEILHO YI00HEe
UCIIOJIL30BAaTh OIMCAHUE MOJEIN B TEPMHUHAX JIMHUNA, IPOTEKAIONINX CKBO3b Y3JIbl PEIIETKH,
U IPEJICTaBIATh 9TU KOH(UIYpalyuu Kak HabOpbl pemeTodHbix myreil. [Iyrh Haumbnaercs
B OnHON 3 N HUKHUX JIEBBIX BEpIIMH U 3aBEPINAETCA B OJHONH m3 N BEPXHUX IPaBBIX
U BCerja WJIeT Ha BOCTOK WJIM CEBEP BJOJb CTPEJIOK, HAIIPABJEHHBIX BBEPX HJIM BIPABO.
[Tyt He compukacaroTCs, IPUIEM HECKOJIBKO IIOCJIEI0BATENbLHBIX IIAr0B JIOIYCTUMbI KaK B
BEPTUKAJBLHOM HAIIPABJIEHUN, TaK U B TOPU30HTAILHOM. Eciu nepsbie N KOJOHOK PeleTKn
nmeror Homepa (— N, ..., —1), a mocaemuue - (1,..., N), eciin HIZKHsAsI CTPOKA UMEET HOMED
0, a BepxHsisi - HOMep M, Torja myTh ¢ HoMepoM m Oyjer uiaru u3 Bepmusbl (—N +m —1;0)

K Beprmae (m; M), 1 < m < N. Tunwansrii #Habop myreit nzobpaxen na (Puc. 5).

SE3)
e

O

\ O\ N\
O

&

_-.-“-

<

=

N

Y ;
(3) (2 (1) () 2 @)

Puc. 5: Tunwunas koudwurypamus JONYCTUMBIX PEIIETOYHLIX IIyTel Ha  peIieTke ¢
(PUKCUPOBAHHBIMU T'DAHUYHBIMU YCJIOBUSMHU U COOTBETCTBYIOIIAsl €if TpexMepHasl Juarpamma

IOmnra.
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Kaxiprit HaOOp JIOMYCTUMBIX PEMIETOYHBIX IIyTell MOXKET OBbITh IIPEJCTaBJIECH B BHJIE
MaTpuibl 7 pasmeproctu N X N . IlyTb ¢ HOMepoM m COOTBETCTBYET M-I KOJIOHKe 9TOi
MaTPUILBI C MATPUIHBIMU 3JIEMEHTaMU T jy, PABHBIMU YNCILY A9€eK B II0CJIe/IyIOINX KOJOHKaX

J pemerku (HadMHast ¢ IpaBoii) 1o myTeM ¢ HoMepoM m. Marpuna

643
=521 (43)
320

coorBeTcTByeT Habopy myreil Ha (Puc. 2).

Habop m;; HeoTpHIATENBbHBIX IEJBIX YHCEJ, PAaCIOJOKEHHBIX B IHOPAJKe HECTPOIOro
yObIBaHust 110 MHeKcaM @ u j (4, = 1,2, ...), Ha3blBaeTcs WI0CKUM pasbuenueM 7 [8]. Hucsa
T;; Ha3bIBAIOTCS YaCTAMU IJIOCKOIO pasOuenus. Y IUIOCKOrO pasOUeHusi ecTh TpexMepHad
JiparpamMmMa, IIpeJICTaBIANAsd MHOKECTBO CTOJIONOB U3 €JIMHUYIHBIX KyOOB - TpeXMepHas
muarpamma FOmra. Yucno || = ) m;; HaseBaercs ee 0OBEMOM H/IM BECOM ILIOCKOIO
pasbuenus. Brpicora koJOHKH ¢ KoopauHatamu (i,7) paBHA 9YacTH INIOCKOTO pasOuenus
mj. B @ < rj < s m om; <t g Bcex vacTeil IUIOCKOTO pa30HeHHsd, TO TaKoe
IJIOCKOe pa30OheHne Ha3bIBAeTCA IJIOCKUM pas30ueHHeM, 3aKIIOUE€HHBIM BHYTPH AINUMKA CO
cropoHamu 7,s,t. Ecam npu sTom T > mij4q, T.e. €CJIM YacTH IJIOCKOrO pa3OMeHust
yOBIBAIOT BJOJIb KarKJOH CTPOKH, TO TaKOe T Ha3bIBAETCA CTPOTUM IO CTPOKAM IIJIOCKIM
pazbuennem. Tpexmepnas jquarpammva FOHra, Koropast COOTBETCTBYET IJIOCKOMY PasOUEHHIO
(43), mzobpazkena Ha (Puc. 2).

Crarucruueckast cymMMma paccMarpuBaeMoii Mogesnn  (42) IpONOpHHOHATBHA IHCILY
JIOIIyCTUMBIX PeIIeTOYHbIX IyTeil, a cjeoBaTebHO, YHUCJYy BCEX CTPOIMX IO CTPOKaM
(crombriam) tutockux pasbuenuit B smmke N X N x M. Bocnosbsosasimch (hopmyIioit

MaxMarona Jijist 4uc/ia CTPOTHX IO CTPOKAM ILJIOCKUX pazdumenuii B gaiuke L X N x M

N L .
M+14+75—-k
S(L,N, M) = 44
wovan =TT (41
Jj=1k=1
IOJIY YUM
N M1+ —k
Zh: 2N(M+1) ) 45
v =55 (45)

Jj=1k=1
W3 anannsza JOITYCTUMbIX PEIETOYHbIX Hy’feﬁ CJIEJIYET, 9YTO BEPOATHOCTDH TOI'O, 9TO B K+ 1

HU2KHUX CTPOKaX PEHIETKU BCE CTPEJIKU ME2XKIY —1ul CTOJI6IL&MH HalIpaBJIEHbBI BJIEBO (T.e.
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He SIBJISIFOTCsT CerMEHTaMU PEIIEeTOYHBIX IyTelt), eCTh OTHOIIEHIEe YNCJIa CTPOIUX MO CTPOKAM
wiockux pasbuennii B smmke L X N X (M — K) K 9mcyry cTporux Mo CTPOKaM ILUIOCKUX

pasbuennii B gmuke L X N X M:

N N .
M—-K+1+j—k
GK) _ , 46
JI:IMI:Il Mtit)—F (46)

BepositHocTh TOrO, UTO B HUXKHEIT CTpOKe perterku crpeika mexjay N — 1 u N crosbiom
HAIpaBJIeHa BIIPABO (T.e. JIAHHOE pPEOPO SIBJISIETCS CETMEHTOM PENIeTOYHOrO IIyTH) €CTh
OTHOIIIEHNE YUCJIa CTPOTUX II0 CTPOKAM IIOCKHX pasbmenuii B smmke (N — 1) x N x M
K YUCJIy CTPOTUX II0 CTPOKAM ILIOCKUX pasouenuii B smmke N X N x M:

A g (2N — 1)I(M — N + 1)!
PN_HM—N+1+j: (N—DI(M+1)l (47)

j=1

V. 3AKJ/IIOYEHUE

B zakinogenne oTMETHM, YTO XOTs PACCMOTPEHHas IATUBEPIINHHAs MOJIe/Ib U ABJIAeTCs
YaCTHBIM CJIydaeM IeCTUBEPIINHHON MOJIesIN, OJIHAKO, JIeTePMUHAHTHBIE IIPe/ICTaBICHUs JJId
CTATACTUIECKON CYMMbI U I'PaHUYIHBIEC KOPPEJIAIMOHHDbIC (bYHKHI/II/I HeO,ZLHOpO,ZLHOfI MOJes1
Ha penieTke C (bHKCI/IpOBa.HHbIMI/I I'PaHUYIHBIMU YCJIOBUAMM HEJIb3d IIOJIYYUTh IIPOCTbBIM
IpeaesioM, TaK KakK HO,ZLO6HBIIU/I oTBET JId ]_HeCTI/IBepH_H/IHHOIU/I MOJeJIM HEen3BEeCTCH.

KBaHTOBBIM raMUILTOHHAHOM, KOMMYTHUPYIOIIMM C MaTpHIleil Ilepexo/ia NATHBePIIMHHON
MOJIC/IM, BJIAETCA HEeIPMHUTOB I'aMUJIBTOHHAH, HCIIOJIb3YeMblil JIjIs OIMCAHUs I[IPOCTOrO
HOJIHOCTBIO ~ ACHMMETPUYHOIO  Ipollecca ¢  HCK/IodeHmeM  [26-28|  mepaBHOBeCHOi
craTucTudeckoil  ¢usukn. OmnmcaHHBIE B CTaTbe  IOAXOJ, — IIO3BOJUT  IOJIYIHUTH
JIETEPMUHAHTHBIE — TPEJCTABJICHUA  JIIg  PA3JIMIHBIX  KOPPEJAINMOHHBIX  (DYHKITU

COOTBGTCTByIOHLGfI KBaHTOBOI1 MO/EJIN.

VI. BJIATOOJAPHOCTU

Hannas padora vactu4no nojiepxkana mnpoekrom PODI 07-01-00358.



VII. IIPNJIO2KEHUE

L-omiepaTop MIECTUBEPITUHHON MOJIe/I1

z _ _ z _ _
ue’n —y e g (e¥ — e )

Ley(n|u) =
o) of (e —e ) ue 9 —uleron

YZIOBJIETBOPSIET CILJIETAIONIEMY COOTHOIIEHHO (3) ¢ R-mMarpurieit Buja

f(v,u) 0 0 0
. 0 g(v,u 1 0
Rlu.v) = g(v, u) |
0 1 glv,u) 0
0 0 0 f(v,u)
rje
= u?e? —v?e uv 9 _9
f(U,U): w2 — 12 7g(vau>:u2_vg (e’y_e 'y)

Pacemorpum crepyroree nmpeobpasosanue L-oneparopa (48):
L(n|u) = € L, (n|u)e 7"

Dtor L-oneparop ciuieraeTcs mpeodbpasoBannoil R-marpurieit

¥

R(u,v) = (1®@e ™) R(u,v) (1®e™)
flv,u) 0 0 0

0  glv,u) €e* 0

0 e glv,u) 0

0 0 0 f(v,u)
YT006bI JI0Ka3aTh 9TO, 3aMETHM, YTO L-oreparop yuoBieTBopser paBeHCTBY (9)
e™n L(n|u)e " = =" L(n|u)e*,
a R-maTpuia KOMMYTAIHOHHBIM COOTHOIIEHUSIM:

(e ®e“) R(u,v) = R(u,v) (e ®e“)

e ™ R(u,v) = R(u,v)e .

Nmeem ciieayroniyro MernovKy paBeHCTB U3 KOTOPBIX U CJIEJIYET Hallle YTBEPKJIEeHUE:

R(u,v)Ley(n|u) @ Lgy(n|v) = Ley(n|v) & Le,(n|u)R(u,v),

17

(48)

(49)

(50)

(51)

(52)
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R(u,v)e™ ™" L(n|u)e*”” @ e %% L(n|v)e*”
= e L(n|v)e*”” @ e " L(n|u)e*” R(u,v),
R(u,v)L(n|u) @ e* L(n|v)e™" = L(n|v) ® ¢* L(n|u)e " R(u,v),

z

R(u,v) (I ®e™ ) L(n|u) @ L(n|v) (I ®e ™)
= (I®e™) L(n|v) ® L(nju) (I ® e ™) R(u,v).
[Tepenmmem L-onepatop (51) B MaTpudHOM BHUJIE

we—wt@ton _ g —lo—wt(z—7)oy e(w+myi)a; (¥ — =)

L(n|u) = ( z zZ z
e _w+xan)0—: (627 — 6_2'7) uew'f'(m_'y)o'n — u_lew"’(m'f"y)o'n
_ Ly (n|u) Lig(n|u)
- Y
Loy (n|u) Log(n|u)
rie
ue Tty — g lewtey 0
Lll(n\u) = y
0 ueYTETY — gy lemw Tty
n
ue T — T lew Tty 0
LQQ(”‘U) = y
0 uer Tty — ylew Ty
n
0 0
Liz(nfu) = ,
ewv—x (627 —e 27) 0
n
0 ewar:v (627 e 2’y)
L21 (n\u) =
0 0

Marpura ¢ HoJCTPOUHBIM HHAEKCOM 71 HAXOJIUTCA Ha N-TOM MeCTe B IIPAMOM IIPOU3BE/ICHIN:
5, =1®.1®sI®..®1.

[Tosoxkum = w = 7 B (51) u IprMeM BO BHUMAaHUE, YTO COOTHOIIEHNE (3) HHBAPHAHTHO
OTHOCHTEJILHO IpeobpazoBanust u — xu. Torma L-omepaTtop msiTMBepHIMHHON Mojenn (2)
olpejieideTcd KaK Ipejest:

L(n|u) = lime™*" L(n|e"u).

CootsercrByromuii mpegesn R-marpurpt (52) ects (4).
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