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PDMI PREPRINT 03/2008
ON THE NONSTATIONARY MOTIONOF A VISCOUS INCOMPRESSIBLE LIQUIDOVER A ROTATING BALLV. A. SOLONNIKOVSt.Petersburg Department Steklov Mathematial Institute RANMarh 13, 2008AbstratThe paper is onerned with the evolution free boundary problem for the Navier-Stokesequations governing the motion of a visous inompressible liquid that overs the surfae of aball rotating with a onstant angular veloity !: It is assumed that the liquid is subjet to thegravitational fores generated by the mass of the ball. We onsider the problem of stability ofthe solution orresponding to the rigid rotation of the liquid with the same angular veloity!. It is shown that this solution is stable, if |!| ≤ !0 where !0 depends on the parameters ofthe problem.
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Contents1 Introdution 22 On the equilibrium �gure. 83 Main result 94 Proof of Theorems 3.2 and 3.3 215 Proof of Proposition 3.1. 326 Proof of Proposition 3.2. 487 On the solvability of the problems (3.29) and (3.31). 541 IntrodutionWe onsider the free boundary problem for the Navier-Stokes equations governing the non-stationary motion of a visous inompressible liquid that overs the surfae of a ball rotatingwith the onstant angular veloity ! around a �xed axis (x3-axis). The liquid is ontained in adomain 
t ⊂ R
n bounded by the surfae S = {|x| = d} of the ball K = {|x| ≤ d} and by a freesurfae �t that has no points of intersetion with S. It is assumed that the liquid is subjet tothe gravitation fore k∇|x|−1 from the part of the ball but the self-gravitation fores between theliquid partiles and apillary fores on �t are not taken into aount. So the problem onsists ofdetermination of 
t, of the vetor �eld of veloities v(x; t) = (v1; v2; v3), and of the salar pressurep(x; t), x ∈ 
t, satisfying the following relations:vt + (v · ∇)v − �∇2v +∇p = k∇|x|−1;

∇ · v = 0; x ∈ 
t; t > 0;v(x; t) = !�3; x ∈ S;T (v; p)n = 0; Vn = v · n; x ∈ �t;v(x; 0) = v0(x); x ∈ 
0:Here �; k = onst > 0, T (v; p) = −pI + �S(v) is the stress tensor, S(v) = ( �vj�xk + �vk�vj )j;k=1;2;3 isthe doubled rate-of-strain tensor, Vn is the veloity of the evolution of �t in the diretion of theexterior normal n, �3 = e3 × x, e3 is the unit vetor parallel to the x3-axis. The funtion k=|x|is a gravitational potential of the ball K at the point x ∈ R
3 \ K. The density of the liquid isassumed to be equal to one. The domain 
0 is given.Introduing a new pressure p− k=|x| instead of p we an write the above problem in the formvt + (v · ∇)v − �∇2v +∇p = 0; ∇ · v = 0; x ∈ 
t; t > 0;2



T (v; p)n = nk=|x|; Vn = v · n; x ∈ �t; (1:1)v(x; t) = !�3; x ∈ S;v(x; 0) = v0(x); x ∈ 
0:The problem (1.1) has a solution orresponding to a rigid rotation of the liquid around thex3-axis with the angular veloity !. The orresponding veloity and pressure are given byV (x) = !(e3 × x) = !(−x2; x1; 0); P (x) = !22 |x′|2 + p0 (1:2)where x′ = (x1; x2; 0), p0 = onst. These funtions satisfy the Navier-Stokes equations. Whenwe plug them into the boundary ondition T (v; p)n = nk=|x| we obtain the equation for the freesurfae G of the rotating liquid: k
|x| + !22 |x′|2 = −p0 ≡ a2; x ∈ G: (1:3)It is natural to all the domain bounded by S and G the equilibrium �gure. It is easily seen that

G is smooth and axially symmetri. The kinemati boundary ondition Vn = V · n on G and theadherene ondition on S are satis�ed, hene the funtions (1.2) given in F represent a stationarysolution of (1.1).We assume that the equilibrium �gure F is given. Some properties of F will be onsidered inSe.2.We analyze the problem of stability of the solution (1.2) and onsider the problem for theperturbations of the veloity and pressurevr(x; t) = v(x; t)− V (x); pr(x; t) = p(x; t)− P (x)written in the oordinate system rotating around the x3-axis with the same angular veloity !.We introdue new variables x = Z(!t)ywhere
Z(�) = 


os � − sin � 0sin � os � 00 0 1 

 ;and new unknown funtionsw(y; t) = Z−1(!t)vr(Z(!t)y; t); s(y; t) = pr(Z(!t)y; t)and arrive at the free boundary problemwt + (w · ∇)w + 2!(e3 ×w)− �∇2w +∇s = 0;
∇ ·w = 0; y ∈ 
′t; t > 0;3



T (w; s)n′ = ( k|y| + !22 |y′|2 − a2)n′; (1:4)V ′n = w · n′; y ∈ �′t;w = 0; y ∈ S;w(y; 0) = v0(y)− V (y) ≡ w0(y); y ∈ 
0;where 
′t = Z−1(!t)
t; �′t = �
′t, n′ is the exterior normal to �′t. To the solution (1.2) of (1.1)orresponds the solution w = 0; s = 0 of (1.4).Our objetive is to prove that, under a ertain restrition on !, problem (1.4) with a smallinitial value of the veloity w0 given in the domain 
0 lose to G has a unique solution in anin�nite time interval t > 0 and w; s→ 0 as t→ ∞: This means the stability of the solution (1.2).We write the problem (1.4) as a nonlinear problem in a �xed domain. We return to originalnotations 
t, �t, x (instead of 
′t, �′t, y) and introdue the Lagrangian oordinates � ∈ 
0 relatedto the Eulerian oordinates x ∈ 
t byx = � + ∫ t0 u(�; �)d� ≡ X(�; t); (1:5)where u(�; t) = w(X(�; t); t):We notie that the transformation (1.5) is invertible and its Jaobian equals one. In the Lagrangianoordinates, relations (1.4) take the formut + 2!(e3 × u)− �∇2uu+∇uq = 0;
∇u · u = 0; � ∈ 
0; t > 0;Tu(u; q)n = ( k

|X| + !22 |X ′|2 − a2)n; � ∈ �0; (1:6)u = 0; � ∈ S;u(�; 0) = w0(�); � ∈ 
0;where q(�; t) = s(X(�; t); t)), ∇u is a transformed gradient with respet to x, Tu is a transformedstress tensor, i.e.,
∇u = A∇; Tu(u; q) = −qI + �Su; Su(u) = (∇uu) + (∇uu)T ;

∇ = ( ���1 ; ���2 ; ���3) ≡ ∇�, A = (Aij)i;j=1;2;3, Aij is a o-fator of the element aij = Æij+∫ t0 �ui(�;�)��j d�of the Jaobi matrix of the transformation (1.5), and �nally n = n(X): This vetor is onnetedwith the normal n0 to �0 by n(X) = A(�; t)n0(�)
|A(�; t)n0(�)| : (1:7)4



Let � and �0 be projetions on the tangential planes to �t and �0, respetively, i.e.,�f(x) = f(x)− n(f · n); x ∈ �t;�0f(�) = f(�)− n0(f · n0); � ∈ �0:Then Tu(u; q)n = ��Su(u)n + n(n · Tu(u; q)n); and it is easily veri�ed that in the ase n(X) ·n0(�) > 0 the equation Tu(u; q)n =M(X)n is equivalent to the system�0�Su(u)n = 0; −q + �n · Su(u)n =M(X)where M(X) = k
|X| + !22 |X ′|2 − a2: (1:8)Problem (1.6) an be written in the formut + 2!(e3 × u)− �∇2uu+∇uq = 0;

∇u · u = 0; � ∈ 
0; t > 0;�0�Su(u)n = 0; (1:9)
−q + �n · Su(u)n =M(X); � ∈ �0;u = 0; � ∈ S;u(�; 0) = w0(�); � ∈ 
0:We assume that �t is lose to G and an be de�ned by the equationx = z +N(z)�(z; t) ≡ e�(z); (1:10)where N is a unit normal to G, �(z; t) is a small funtion and z = �x is the point of G losest to x.It is lear that � = ±dist(x;G) ≡ R(x);the sign "−" orresponds to the ase x ∈ F and the sign "+" orresponds to the ase x ∈ R

3 \F .The funtion R(x) is smooth in a ertain neighborhood of G and
∇R(x) =N(�x):If � ∈ �0, then X(�; t) ∈ �t, andX(�; t) = �X(�; t) +R(X)N( �X) = �X(�; t) +R(X)∇XR(X):The time derivative of R(X) is given by�R(X)�t = ∇XR(X) ·Xt =N( �X) · u(�; t):5



We inlude the funtion r(�; t) = R(X) into the problem (1.9) and separate out linear termswith respet to u; q; r in the relations (1.9). Owing to (1.3),M(x) = m(x)−m(�x) = ∫ 10 ��sm(es�(z))ds == �m(es�)�s ∣∣∣s=0 + ∫ 10 (1− s)�2m(es�)�s2 ds;where m(x) = k
|x| + !22 |x′|2. Hene�m(es�)�s ∣∣∣s=0 = 3∑j=1 mj(z)Nj(z)�(z; t) = �m(z)�N �(z; t);�2m(es�)�s2 = 3∑j;k=1mjk(es�)Nj(z)Nk(z)�2(z; t);where mj(z) = �m(z)�zj ; mjk(z) = �2m(z)�zj�zk . It follows thatM(X) = −b(��)r(�; t) + (b(��)− b( �X))r(�; t) + b1(u; r)r2(�; t);where b(z) = −∑3j=1mj(z)Nj(z) = −�m(z)�N ;b1(u; r) = ∫ 10 (1− s) 3∑j;k=1mjk(es�)dsNj(z)Nk(z)∣∣∣z= �X= ∫ 10 (1− s) 3∑j;k=1mjk( �X + sN( �X)r(�; t))dsNj( �X)Nk( �X): (1:11)The expression −b(��)r(�; t) is the �rst variation of M that was sought for, and other two termsrepresent a nonlinear (quadrati) remainder.Thus, u; q; r an be regarded as a solution of the problemut + 2!(e3 × u)− �∇2u+∇q = l1(u; q);

∇ · u = l2(u); � ∈ 
0; t > 0;�0S(u)n0 = l3(u); (1:12)
−q + �n0 · S(u)n0 + b(��)r = l4(u) + l5(u; r);rt(�; t) =N(��) · u+ l6(u); � ∈ �0;u(�; t) = 0; � ∈ S;u(�; 0) = w0(�); � ∈ 
0; r(�; 0) = R(�) ≡ �0(��); � ∈ �0:6



In these relations l1(u; q) = �(∇2uu−∇2u) +∇q −∇uq;l2(u) = (∇−∇u) · u;l3(u) = �0(�0S(u)n0 −�Su(u)n); (1:13)l4(u) = �(n0 · S(u)n0 − n · Su(u)n);l5(u; r) = (b(��)− b( �X))r + b1(u; r)r2;l6(u) = (N( �X)−N (��)) · u(�; t):By the Piola identity ∇ · AT = (∑3j=1 ��xjAij)i=1;2;3 = 0, where AT means the transposed matrixA, we have l2(u) = ∇ ·L(u); L(u) = (I − AT )u:We assume that |
0| = |
t| = |F|. This ondition is equivalent to
∫

G

'(z; �)dz = 0; (1:14)where '(z; �) = �− �22 H(z) + �33 K(z); (1:15)
H and K are the doubled mean urvature and the Gaussian urvature of G, respetively.In onlusion, we linearize the problem (1.12). For this it is neessary to map the domain 
0onto F by the transformation inverse tox = y +N ∗(y)�∗0(y) ≡ e�0(y); y ∈ F ; (1:16)where N ∗ and �∗0 are extensions of N and �0 in F , and to omit all the nonlinear terms withrespet to u; q; r. This provides the following linear problem for v(y; t); p(y; t); y ∈ F , and�(y; t), y ∈ G: vt + 2!(e3 × v)− �∇2v +∇p = 0;

∇ · v(y; t) = 0; y ∈ F ; t > 0;S(v)N −N(y)(N · S(v)N(y)) = 0; (1:17)
−p + �N · S(v)N + b(y)� = 0;�t =N(y) · v(y; t); y ∈ G;v(y; t) = 0; y ∈ S;v(y; 0) = v0(y); y ∈ F ; �(y; 0) = �0(y); y ∈ G:Linearization of (1.14) gives ∫

G

�(y; t)dS = 0: (1:18)If (1.18) holds for t = 0; � = �0, then it is satis�ed for all t > 0.7



2 On the equilibrium �gure.We onsider the urve on the plane (y1; y2) given by the equationm(y)− a2 = 0; (2:1)where m(y) = k
|y| + !22 y21(this urve is a meridional setion of the axially symmetri surfae G). It intersets the y2-axisat the points y1 = 0; y2 = ± ka2 and the y1-axis at the points y1 = ±t1; y2 = 0, where t1 > 0 is aminimal positive root of the equationf(t) ≡ a2t− !22 t3 − k = 0: (2:2)The funtion f(t) takes a negative value −k at the point t = 0 and grows in the interval (0; t0)where t0 = √23 a! (we assume that ! > 0). The maximal value of f(t) equals f(t0) = (23)3=2 a3! − k;and the equation (2.1) de�nes a losed urve if and only if f(t0) > 0; whih is equivalent to! < (23)3=2a3k : (2:3)Under this ondition, the equation (2.2) has a minimal positive root t1 < t0, whih an be expressedby Cardano's formula but we do not give it here.The exterior normal to the urve (2.1) is parallel to

−∇m(y) = ((k=|y|3 − !2)y1; ky2=|y|3):When the point y moves along the urve (2.1) from the point y(1) = (0; k=a2) to y(2) = (t1; 0), thefuntion k=|y|3 − !2 dereases from the value a6=k2 − !2 > 0 to k=t31 − !2 ≥ 0. It an be shownthat k=t31 − !2 > 0. This follows from the inequalityf(( k!2)1=3) = a2( k!2)1=3
− !22 k!2 − k = a2 k1=3!2=3 − 32k > 0;whih is equivalent to (2.3). It follows that the point t4 = ( k!2)1=3 possessing the propertyk=t34 − !2 = 0 is loated to the right of t1 on the y1-axis, whih implies k=t31 − !2 > 0:We summarize our results: under the assumption (2.3) equation (2.1) de�nes a urve  pos-sessing the property ∇m(y)| 6= 0; moreover,

−�m(y)�N ∣∣∣ = k
|y|3y ·N − !2y1N1∣∣∣ ≥ b0 > 0; (2:4)8



where N is the unit exterior normal to . The orresponding surfae G is the boundary of anoblate spheroid F1. If k=a2 > d, then K ⊂ F1.It will be shown below that ondition (2.4) guarantees the stability of the equilibrium �gure
F . In onlusion, we give a formula for the volume of the domain F1. The equation (2.1) an beresolved with respet to y2: y2 = ±

√g(y21)where g(y21) = k2(a2 − !22 y21)2 − y21:By the symmetry of G,
|F1| = 4� ∫ t10 y1√g(y21)dy1 = 2� ∫ t210 √g(�)d�:Sine g(t21) = 0, we have �|F1|�a2 = −2� ∫ t210 1√g(�) k2(a2 − !22 �)3d� < 0for a �xed ! and �|F1|�!2 = 2� ∫ t210 12√g(�) k2�(a2 − !22 �)3d� > 0for a �xed a.3 Main resultWe onsider the problem (1.12) in weighted anisotropi Sobolev-Slobodetskii spaes [1℄. By W l2(
)where l > 0 and 
 is a domain in R

n we mean the spae of funtions u(x), x ∈ 
, with the norm
‖u‖2W l2(
) = ∑0≤|j|≤l ‖Dju‖2L2(
) ≡ ∑0≤|j|≤l∫
 |Dju(x)|2dx;if l = [l℄, i.e., if l is an integral number, and

‖u‖2W l2(
) = ‖u‖2W [l℄2 (
) + ∑

|j|=[l℄∫
 ∫
 |Dju(x)−Dju(y)|2 dxdy
|x− y|n+2� ;if l = [l℄+�; � ∈ (0; 1). As usual, Dju denotes a partial derivative �|j|u�j1x1:::�jnxn where j = (j1; j2; :::jn)and |j| = j1 + ::: + jn. The spae W l;l=22 (QT ), QT = 
× (0; T ); an be de�ned asL2((0; T );W l2(
)) ∩W l=22 ((0; T ); L2(
))9



and supplied with the norm
‖u‖2W l;l=22 (QT ) = ∫ T0 ‖u(·; t)‖2W l2(
)dt+ ∫
 ‖u(x; ·)‖2W l=22 (0;T )dx: (3:1)There exist many other equivalent norms in W l;l=22 (QT ); some of them will be used below. Sobolevspaes of funtions given on smooth surfaes, in partiular, on G and on G × (0; T ), are introduedin a standard way, with the help of loal maps and partition of unity. We also �nd it onvenientto introdue the spaesW l;02 (QT ) = L2((0; T );W l2(
)); W 0;l=22 (QT ) = W l=22 ((0; T ); L2(
));the squares of norms in these spaes oinide, respetively, with the �rst and the seond term in(3.1). Finally, following Y.Hataya [2℄, we introdue weighted spaes W̃ l;l=22 (QT ); l > 1; T ≤ ∞;as the sets of funtions u ∈W l;l=22 (QT ) suh that tu ∈W l−1;(l−1)=22 (QT ), and we de�ne the norm inW̃ l;l=22 (QT ) by

‖u‖2̃W l;l=22 (QT ) = ‖u‖2W l;l=22 (QT ) + ‖tu‖2W l−1;(l−1)=22 (QT ):In the same way the spaes W̃ l;l=22 (GT ) are introdued.By the interpolation inequality, we have
‖(1 + t)u‖W l−;(l−)=22 (QT ) ≤ ‖u‖W̃ l;l=22 (QT ) (3:2)for arbitrary  ∈ [0; 1℄.We reall the theorem on mixed derivatives and the trae theorem for the spaes W l;l=22 (QT ):If u ∈W l;l=22 (QT ) and l1 = l − 2k − |j| > 0; then DktDju(x; t) ∈W l1;l1=22 (QT ), and
‖DktDju(x; t)‖W l1;l1=22 (QT ) ≤ ‖u‖W l;l=22 (QT ):Moreover, the funtions from W l;l=22 (QT ) have "traes" u|x∈�
 ∈ W l−1=2;l=2−1=42 (GT ), GT = �
 ×(0; T ); and u|t=t0 ∈ W l−12 (
), provided that l > 1=2 and l > 1, respetively, and the norms of thetraes an be estimated by ‖u‖W l;l=22 (QT ): The onverse statements are also true: every funtion' ∈W l−1=2;l=2−1=42 (GT ) an be extended into QT so that

‖'‖W l;l=22 (QT ) ≤ ‖'‖W l−1=2;l=2−1=42 (GT ):An analogous proposition holds for the funtions  ∈W l−12 (
).Our main result is the following.Theorem 3.1. Let w0 ∈W l+12 (
0) with l ∈ (1; 3=2), and let the surfae �0 be given byx = z +N(z)�0(z); z ∈ G;with �0 ∈W l+3=22 (G). Assume also that w0 satis�es the ompatibility onditions
∇ ·w0 = 0; �0S(w0)n0|�0 = 0; w0|S = 0 (3:3)10



and that
‖w0‖W l+12 (
0) + ‖�0‖W l+3=22 (G) ≤ " (3:4)where " is a suÆiently small positive number. Moreover, let the ondition (2.4) be satis�ed.Then the problem (1.4)-(1.9)-(1.12) has a unique solution u ∈ W̃ l+2;l=2+12 (Q∞), ∇q ∈ W̃ l;l=22 (Q∞),r ∈ W̃ l+1=2;02 (G∞), where Q∞ = 
0 × R+, G∞ = �0 × R+ suh that p|G∞ ∈ W̃ l+1=2;l=2+1=42 (G∞);r ∈ W l+12 (�0), ∀t > 0. The surfae �t is representable in the form (1.10), where � is onnetedwith r(�; t) = R(X) by �( �X) = r(�; t): (3:5)The solution satis�es the inequality

‖u‖W̃ l+2;l=2+12 (Q∞) + ‖∇q‖W̃ l;l=22 (Q∞) + ‖q‖W̃ l+1=2;l=2+1=42 (G∞)+‖r‖W̃ l+1=2;02 (G∞) + supt>0 ‖r(·; t)‖W l+12 (�0)+supt>0 ‖tr(·; t)‖W l2(�0) ≤ (‖w0‖W l+12 (
0) + ‖�0‖W l+12 (G)): (3:6)A similar theorem is proved in [3℄ for the problem governing the evolution of an isolated massof a visous inompressible self- gravitating liquid bounded only by a free surfae �t. This problemis more ompliated tehnially, in partiular, in view of the presene of the non-loal terms inthe form of the Newtonian and single layer potentials. However, the sheme of the proof of themain result is the same as in the present paper. We an say that (1.1) is a model problem for theproblem studied in [3℄.The proof of Theorem 3.1 is based, in partiular, on the estimates of solutions of a non-homogeneous problem (1.17), i.e.,vt + 2!(e3 × v)− �∇2v +∇p = f(x; t);
∇ · v(x; t) = f(x; t); x ∈ F ; t > 0;T (v; p)N +Nb(x)� = d(x; t); (3:7)�t −N(x) · v(x; t) = g(x; t); x ∈ G;v(x; t) = a(x; t); x ∈ S;v(x; 0) = v0(x); x ∈ F ; �(x; 0) = �0(x); x ∈ G;and of the evolution problem for the Stokes equations with the Dirihlet boundary ondition on Sand the Neumann ondition on G: vt − �∇2v +∇p = f(x; t);
∇ · v(x; t) = f(x; t); x ∈ F ; t > 0;T (v; p)N = d(x; t); x ∈ G; (3:8)11



v(x; t) = a(x; t); x ∈ S;v(x; 0) = v0(x); x ∈ F :We assume for simpliity that a · n = 0, where n(x) is the normal to S exterior with respetto F .We prove theorems on the solvability of these problems in the Sobolev spaes of funtions andobtain the orresponding oerive estimates. Our main auxiliary result onerns the problem (3.7).Theorem 3.2 Let l ∈ (1; 3=2), QT = F × (0; T ), GT = G × (0; T ) and let the data of theproblem (3.7) possess the following regularity properties: f ∈ W l;l=22 (QT ), f ∈ W 1+l;02 (QT ); f =
∇ · F ; F ∈ W 0;1+l=22 (QT ), v0 ∈ W 1+l2 (F), d ∈ W l+1=2;l=2+1=42 (GT ), g ∈ W l+3=2;l=2+3=42 (GT ), a ∈W l+3=2;l=2+3=42 (�T ); �0 ∈W l+12 (G); where �T = S×(0; T ). Assume also that a·n = 0, F ·n|x∈S = 0and that the ompatibility onditions

∇ · v0 = f(x; 0); x ∈ F ; ��GS(v)N = �Gd(x; 0); x ∈ G;v0(x) = a(x; 0); x ∈ S; (3:9)are satis�ed, where �Gd = d − N(N · d): Then the problem (3.7) has a unique solution v ∈W 2+l;1+l=22 (QT ), ∇p ∈W l;l=22 (QT ); � ∈W l+1=2;02 (GT ); suh that p|GT ∈ W l+1=2;l=2+1=42 (GT ), �(·; t) ∈W l+12 (G) for arbitrary t ∈ (0; T ), and
Y(T ) ≡ ‖v‖W 2+l;1+l=22 (QT ) + ‖∇p‖W l;l=22 (QT ) + ‖p‖W l+1=2;l=2+1=42 (GT ) + ‖�‖W l+1=2;02 (GT )+supt<T ‖�(·; t)‖W l+12 (G) ≤ (N (T ) + (∫ T0 (‖v‖2L2(F) + ‖�‖2W−1=22 (G))dt)1=2); (3:10)where

N (T ) = ‖f‖W l;l=22 (QT ) + ‖f‖W l+1;02 (QT ) + ‖F ‖W 0;1+l=22 (QT ) + ‖�0‖W l+12 (G)+‖v0‖W 1+l2 (F) + ‖d‖W l+1=2;l=2+1=42 (GT ) + ‖g‖W l+3=2;l=2+3=42 (GT ) + ‖a‖W l+3=2;l=2+3=42 (�T ):Moreover, if f ∈ W̃ l;l=22 (QT ), d ∈ W̃ l+1=2;l=2+1=42 (GT ), g ∈ W̃ l+3=2;l=2+3=42 (GT ), a ∈W̃ l+3=2;l=2+3=42 (�T ); f ∈ W̃ 1+l;02 (QT ); F ∈ W̃ 0;1+l=22 (QT ) (this means that f ∈ W 1+l;02 (QT );tf ∈W l;02 (QT )); F ∈W 0;1+l=22 (QT ); tF ∈W 0;(l+1)=22 (QT )), then
Ỹ(T ) ≡ ‖v‖W̃ 2+l;1+l=22 (QT ) + ‖∇p‖W̃ l;l=22 (QT ) + ‖p‖W̃ l+1=2;l=2+1=42 (GT ) + ‖�‖W̃ l+1=2;02 (GT )+supt<T ‖�(·; t)‖W l+12 (G) + supt<T t‖�(·; t)‖W l2(G)

≤ (Ñ (T ) + (∫ T0 (1 + t2)(‖v‖2L2(F) + ‖�‖2W−1=22 (G))dt)1=2); (3:11)where
Ñ (T ) = ‖f‖W̃ l;l=22 (QT ) + ‖f‖W̃ l+1;02 (QT ) + ‖F ‖W̃ 0;1+l=22 (QT ) + ‖�0‖W l+12 (G)12



+‖v0‖W 1+l2 (F) + ‖d‖W̃ l+1=2;l=2+1=42 (GT ) + ‖g‖W̃ l+3=2;l=2+3=42 (GT ) + ‖a‖W̃ l+3=2;l=2+3=42 (�T ):The onstants in (3.10), (3.11) are independent of T .In the proof of this theorem we use a similar result for the problem (3.8).Theorem 3.3 Let l ∈ (1; 3=2), and let the data of the problem (3.8) possess the followingregularity properties: f ∈ W l;l=22 (QT ), f ∈ W 1+l;02 (QT ); f = ∇ · F ; F ∈ W 0;1+l=22 (QT ); v0 ∈W 1+l2 (F), d ∈ W l+1=2;l=2+1=42 (GT ), g ∈ W l+3=2;l=2+3=42 (GT ). Assume also that the ompatibilityonditions (3.9) are satis�ed and that a · n = 0, F · n|x∈S. Then the problem (3.8) has a uniquesolution v ∈ W 2+l;1+l=22 (QT ), ∇p ∈W l;l=22 (QT ) suh that p|GT ∈W l+1=2;l=2+1=42 (GT ), and
V(T ) ≡ ‖v‖W 2+l;1+l=22 (QT ) + ‖∇p‖W l;l=22 (QT ) + ‖p‖W l+1=2;l=2+1=42 (GT ) ≤ F(T ); (3:12)where

F(T ) = ‖f‖W l;l=22 (QT ) + ‖f‖W l+1;02 (QT ) + ‖F ‖W 0;1+l=22 (QT )+‖v0‖W 1+l2 (F) + ‖d‖W l+1=2;l=2+1=42 (GT ) + ‖a‖W l+3=2;3=42 (�T );and  is a onstant independent of T .Similar theorems hold for the problems (3.7) and (3.8) in the domain 
0 bounded by thesurfaes S = {|x| = d} and �0 = {x = z +N (z)�0(z); z ∈ G; } (3:13)with a small �0 ∈W l+3=22 (G) (we restrit ourselves with the ase a(x; t) = 0):vt + 2!(e3 × v)− �∇2v +∇p = f(x; t);
∇ · v(x; t) = f(x; t); x ∈ 
0; t > 0;T (v; p)n0 + n0b(�x)r = d(x; t); (3:14)rt −N(�x) · v(x; t) = g(x; t); x ∈ �0;v(x; t) = 0; x ∈ S;v(x; 0) = v0(x); x ∈ 
0; r(x; 0) = r0(x); x ∈ �0;vt − �∇2v +∇p = f(x; t);
∇ · v(x; t) = f(x; t); x ∈ 
0; t > 0;T (v; p)n0 = d(x; t); x ∈ �0; (3:15)v(x; t) = 0; x ∈ S;v(x; 0) = v0(x); x ∈ 
0:Theorem 3.4 Let QT = 
0×(0; T ), GT = �0×(0; T ), and let �0 be given by the equation (3.13)with a small �0 ∈ W l+3=22 (G); l ∈ (1; 3=2). Assume that the data of the problem (3.14) possess the13



following regularity properties: f ∈ W l;l=22 (QT ), f ∈ W 1+l;02 (QT ); f = ∇ · F ; F ∈ W 0;1+l=22 (QT )v0 ∈ W 1+l2 (
0), d ∈ W l+1=2;l=2+1=42 (GT ), g ∈ W l+3=2;l=2+3=42 (GT ), r0 ∈ W l+12 (�0). Assume also thatthe ompatibility onditions
∇ · v0(x) = f(x; 0); x ∈ 
0; ��0S(v0)n0 = �0d(x; 0); x ∈ �0;v0(x) = 0; x ∈ S;are satis�ed and that F · n|x∈S = 0: Then the problem (3.14) has a unique solution v ∈W 2+l;1+l=22 (QT ), ∇p ∈ W l;l=22 (QT ); r ∈ W l+1=2;02 (GT ); suh that p|GT ∈ W l+1=2;l=2+1=42 (GT ),r(·; t) ∈W l+12 (�0) for arbitrary t ∈ (0; T ), andY (T ) ≡ ‖v‖W 2+l;1+l=22 (QT ) + ‖∇p‖W l;l=22 (QT ) + ‖p‖W l+1=2;l=2+1=42 (GT ) + ‖r‖W l+1=2;02 (GT )+supt<T ‖r(·; t)‖W l+12 (�0) ≤ (N(T ) + (∫ T0 (‖v‖2L2(
0) + ‖r‖2W−1=22 (�0))dt)1=2); (3:16)where N(T ) = ‖f‖W l;l=22 (QT ) + ‖f‖W l+1;02 (QT ) + ‖F ‖W 0;1+l=22 (QT ) + ‖v0‖W 1+l2 (
0)+‖d‖W l+1=2;l=2+1=42 (GT ) + ‖g‖W l+3=2;l=2+3=42 (GT ) + ‖r0‖W l+12 (�0):Moreover, if f ∈ W̃ l;l=22 (QT ), d ∈ W̃ l+1=2;l=2+1=42 (GT ), g ∈ W̃ l+3=2;l=2+3=42 (GT ), f ∈ W̃ 1+l;02 (QT );F ∈ W̃ 0;1+l=22 (QT ), thenỸ (T ) ≡ ‖v‖W̃ 2+l;1+l=22 (QT ) + ‖∇p‖W̃ l;l=22 (QT ) + ‖p‖W̃ l+1=2;l=2+1=42 (GT ) + ‖r‖W̃ l+1=2;02 (GT )+supt<T ‖r(·; t)‖W l+12 (�0) + supt<T t‖r(·; t)‖W l2(�0)

≤ (Ñ(T ) + ( ∫ T0 (1 + t2)(‖v‖2L2(
0) + ‖r‖2W−1=22 (�0))dt)1=2); (3:17)where Ñ(T ) = ‖f‖W̃ l;l=22 (QT ) + ‖f‖W̃ l+1;02 (QT ) + ‖F ‖W̃ 0;1+l=22 (QT ) + ‖r0‖W l+12 (�0)+‖v0‖W 1+l2 (
0) + ‖d‖W̃ l+1=2;l=2+1=42 (GT ) + ‖g‖W̃ l+3=2;l=2+3=42 (GT ):The onstants in (3.16), (3.17) are independent of T .Theorem 3.5 Let l ∈ (1; 3=2), and let the data of the problem (3.15), f , f , d, v0, satisfythe assumptions of theorem 3.4. Then this problem has a unique solution v ∈ W 2+l;1+l=22 (QT ),
∇p ∈W l;l=22 (QT ) suh that p|GT ∈ W l+1=2;l=2+1=42 (GT ), and

V(T ) ≡ ‖v‖W 2+l;1+l=22 (QT ) + ‖∇p‖W l;l=22 (QT ) + ‖p‖W l+1=2;l=2+1=42 (GT ) ≤ F(T ); (3:18)where
F(T ) = ‖f‖W l;l=22 (QT ) + ‖f‖W l+1;02 (QT ) + ‖F ‖W 0;1+l=22 (QT )14



+‖v0‖W 1+l2 (
0) + ‖d‖W l+1=2;l=2+1=42 (GT );with the onstant independent of T .The proof of Theorems 3.4 and 3.5 onsists of the redution of the problems (3.14), (3.15) to(3.7) and (3.8) by means of the mapping� = y +N ∗�∗0(y) ≡ e�0(y)of the domain F onto 
0, where N ∗ and �∗0 are extensions of N and �0 into F suh that N ∗ issuÆiently regular and �∗0 satis�es the onditions �∗0|S = 0 and
‖�∗0‖W l+22 (F) ≤ ‖�0‖W l+3=22 (G) ≤ �≪ 1: (3:19)By this mapping, the problems (3.14) and (3.15) are onverted into the problems (3.7), (3.8) withsmall additional linear terms, and the solvability of (3.14), (3.15) follows from the ontrationmapping priniple (see [3℄ for more detail).A general sheme of the proof of Theorem 3.1 is the following: using (3.17), we obtain a uniformwith respet to T estimate of the solution given in the time interval (0; T ) with an arbitrary T > 0and satisfying a ertain smallness ondition, whih an be guaranteed by the hoie of suÆientlysmall initial data. For this we need to estimate the nonlinear terms in (1.12) and the weak norms ofthe solution (the L2-norm of u and the W−1=22 -norm of r). Then we prove a loal in time theoremon the solvability of the problem (1.9) and extend the solution step by step to the in�nite timeinterval t > 0. We obtain the estimate (3.6) that guarantees a power-like deay of (u; q; r) ast→ ∞ whih means the stability of the zero solution of the problem (1.9).Proposition 3.1. Let (u; q; r) be a solution of (1.12) with the �nite norm Ỹ (T ); T ≥ 1;de�ned in (3.17), and let Ỹ (T ) ≤ Æ (3:21)with a ertain small Æ > 0. Then

‖l1‖W̃ l;l=22 (QT ) + ‖l2‖W̃ 1+l;02 (QT ) + ‖L‖W̃ 0;1+l=22 (QT )+‖l3‖W̃ l+1=2;l=2+1=42 (GT ) + ‖l4‖W̃ l+1=2;l=2+1=42 (GT )+‖l5‖W̃ l+1=2;l=2+1=42 (GT ) + ‖l6‖W̃ l+3=2;l=2+3=42 (GT )
≤ (‖u‖2̃W 2+l;1+l=22 (QT ) + ‖∇q‖2̃W l;l=22 (QT ) + ‖r‖2̃W l+1=2;l=2+1=42 (GT )) (3:22)with a onstant  independent of T ≥ 1.Proposition 3.2. Assume that the solution w; s of the problem (1.4) is given for t ∈ (0; T ),is square integrable together with the derivatives that our in (1.4), and �t is representable in theform (1.10) with � ∈W l+1−�2 (G); � ∈ (0; l − 1), satisfying the inequalitysupt<T |�(·; t)|C1(G) ≤ Æ ≪ 1: (3:23)15



Then there exist two positive funtions, E(t) and E1(t), suh thatdE(t)dt + E1(t) = 0; (3:24)1(‖w(·; t)‖2L2(
t) + ‖�(·; t)‖2L2(G)) ≤ E(t) ≤ 2(‖w(·; t)‖2L2(
t) + ‖�(·; t)‖2L2(G)); (3:25)and E1(t) ≥ 3(‖S(w(·; t))‖2L2(
t) + ‖�(·; t)‖2W−1=22 (G))
≥ 4(‖w(·; t)‖2W 12 (
t) + ‖�(·; t)‖2W−1=22 (G)) (3:26)with the onstants independent of T .When we integrate (3.24) between zero and t, we obtain1(‖w(·; t)‖2L2(
t) + ‖�(·; t)‖2L2(G))+ 4 ∫ t0 (

‖w(·; �)‖2W 12 (
� ) + ‖�(·; �)‖2W−1=22 (G))d�
≤ 2(‖w0‖2L2(
t) + ‖�0‖2L2(G)):By Proposition 4.6 in [3℄, this implies

‖u(·; t)‖2L2(
0) + ‖r(·; t)‖2L2(�0) + ∫ t0 (
‖u(·; �)‖2L2(
0) + ‖r(·; �)‖2W−1=22 (�0))d�

≤ (‖w0‖2L2(
0) + ‖�0‖2L2(G)): (3:27)Propositions 3.1 and 3.2 are proved in Se. 5 and 6.Theorem 3.2 and Propositions 3.1, 3.2 enable us to obtain the following uniform estimate ofthe solution of the problem (1.12).Theorem 3.6. Assume that the solution of (1.12) is given for t ∈ (0; T ) and satis�es (3.21).Then Ỹ (T ) ≤ N0; (3:28)where N0 = ‖w0‖W l+12 (
0) + ‖�0‖W l+12 (G):Proof. Making use of (3.16), (3.21), (3.27), we obtainY (T ) ≤ (Ỹ 2(T ) +N0) ≤ (ÆỸ (T ) +N0):Now, we multiply (3.24) by t2 whih leads todt2E(t)dt + t2E1(t) = 2tE(t);16



and, as a onsequene, tot2E(t) + ∫ t0 � 2E1(�)d� = 2 ∫ t0 �E(�)d� ≤ 2√∫ t0 � 2E(�)d�√∫ t0 E(�)d�
≤ √Ỹ (t)√Y (t):By (3.17), (3.27), we have Ỹ (T ) ≤ (ÆỸ (T ) +N0) + √Ỹ (T )√Y (T );whih implies Ỹ (T ) ≤ 1√ÆỸ (T ) + 2N0;and if √Æ ≤ 121;then Ỹ (T ) ≤ 22N0;q.e.d.Now, we turn to the question of solvability of the problem (1.12). We follow the arguments in[3℄ and onsider the problem (1.9). By (1.3), we an represent M(X) asM(X) = m(X)−m(��) = m(X)−m(�) +m(�)−m(��):We express the di�erene m(X)−m(�) = m(� + ∫ t0 u(�; �)d�)−m(�) in the formm(X)−m(�) = ∫ 10 �m(Xs)�s ds = �m(Xs)�s ∣∣∣s=0 + ∫ 10 (1− s)�2m(Xs)�s2 ds;where Xs = � + s ∫ t0 u(�; �)d� , and we set`1(u) = �m(Xs)�s ∣∣∣s=0 = 3∑j=1 mj(�) ∫ t0 uj(�; �)d� = ∇m(�) · ∫ t0 u(�; �)d�;`2(u) = ∫ 10 (1− s)�2m(Xs)�s2 ds= ∫ s0 (1− s) 3∑k;j=1mkj(Xs)ds ∫ t0 uk(�; �)d� ∫ t0 um(�; �)d�;where mj(�) = �m(�)��j ; mkj(�) = �2m(�)��k��j ; �nally, we putM1(�0) = m(�)−m(��) = m(�� +N(��)�0(��))−m(��):17



It follows that the problem (1.9) an be written in the formut + 2!(e3 × u)− �∇2u+∇q = l1(u; q);
∇ · u = l2(u); � ∈ 
0; t > 0;�0S(u)n0 = l3(u); (3:29)

−q + �n0 · S(u)n0 − `1(u) = l4(u) + `2(u) +M1(�0); � ∈ �0;u(�; t) = 0; � ∈ S;u(�; 0) = w0(�); � ∈ 
0;We should also onsider the problem of extending the solution of (1.12) given in the timeinterval [0; T ℄ into a larger interval [0; T + 1℄. It redues to the onstrution of the solution of theproblem (1.9) with the initial ondition u(�; T ) = u(�; T − 0) in the interval t ∈ (T; T + 1); here,as usual, u(�; T − 0) = lim�→0u(�; T − �) with � > 0: As in [3℄, we introdue the funtions u0 andq0 that oinide with u and q for t < T and are de�ned byu0(�; t) = −3u(�; 2T − t) + 4u(�; 3T=2− t=2);q0(�; t) = −3q(�; 2T − t) + 4q(�; 3T=2− t=2); (3:30)for t > T (this extension guarantees preservation of lass) and we setv = u− u0; p = q − q0;so that v(�; t) = 0; p(�; t) = 0 for t < T . We represent the di�erene M(X[u0 + v℄)−M(X[u0℄),where X[w℄ = � + ∫ t0 w(�; �)d� , in the formM(X[u0 + v℄)−M(X[u0℄) = m(X[u0 + v℄)−m(X[u0℄)= ∫ 10 ��sm(X[u0 + sv℄)ds = `3(v) + `4(v);where `3(v) = ∇m(X[u0℄) · ∫ tT v(�; �)d�;`4(v) = ∫ 10 (1− s) 3∑j;k=1mjk(X[u0 + sv℄)ds ∫ tT vj(�; �)d� ∫ tT vk(�; �)d�:It is easily seen that the problem mentioned above is equivalent tovt + 2!(e3 × v)− �∇2v +∇p = l1(u0 + v; q0 + p)− l1(u0; q0) + f(�; t);
∇ · v = l2(u0 + v)− l2(u0) + f(�; t); � ∈ 
0;�0S(v)n0 = l3(u0 + v)− l3(u0) + d(�; t); (3:31)18



−p+ �n0 · S(v)n0 − `3(v) = l4(u0 + v)− l4(u0) + `4(v) + d(�; t); � ∈ �0;v(�; t) = 0; � ∈ S;v(�; T ) = 0; � ∈ 
0;where f = l1(u0; q0)− l(0)1 (u0; q0) + u∗t ;f(�; t) = l2(u0)− l(0)2 (u0) = ∇ · F (�; t);F (�; t) = L(u0)−L(0)(u0); (3:32)d(�; t) = l3(u0)− l(0)3 (u0);d(�; t) = (l4(u0)− l(0)4 (u0)) +m(X[u0℄)−m(0)(X[u0℄);l(0)i and m(0) are extensions of li and m, t < T , onstruted aording to the rule (3.30),u∗t = (ut)0 − u0t = −6ut(�; 2T − t) + 6ut(�; 3T=2− t=2); t ∈ (T; T + 1);u∗t = 0; t ≤ T (3:33). Theorem 3.7. There exists � > 0 suh that if w0 and �0 satisfy (3.4), then the problem (3.29)has a unique solution u ∈W 2+l;1+l=22 (Q1); ∇q ∈W l;l=22 (Q1), and
‖u‖W 2+l;1+l=22 (Q1) + ‖∇q‖W l;l=22 (Q1) + ‖q‖W l+1;(l+1)=22 (G1)

≤ (‖w0‖W l+12 (
0) + ‖�0‖W l+1=22 (G)): (3:34)Theorem 3.8. Assume that the solution of the problem (1.12) is given for t ∈ (0; T ). Thereexists Æ > 0 suh that if (3.21) holds, then the problem (3.31) is uniquely solvable in the interval(T; T + 1) and
‖v‖W 2+l;1+l=22 (QT;T+1) + ‖∇p‖W l;l=22 (QT;T+1) + ‖p‖W l+1=2;l=2+1=42 (GT;T+1)+T(

‖v‖W 1+l;1=2+l=22 (QT;T+1) + ‖∇p‖W l−1;l=2−1=22 (QT;T+1) + ‖p‖W l−1=2;l=2−1=42 (GT;T+1))
≤ (‖u‖W̃ 2+l;1+l=22 (QT ) + ‖∇q‖W̃ l;l=22 (QT )); (3:35)where QT;T+1 = 
0 × (T; T + 1); GT;T+1 = �0 × (T; T + 1):Theorem 3.1 is a onsequene of Theorems 3.6-3.8. We reprodue here the proof of this state-ment outlined in [3 ℄. By Theorem 3.7, the solution u; q of (1.9) exists for t ∈ [0; 1℄ and satis�es(3.34); moreover, it satis�es (1.12) together with the funtionr(�; t) = R(X) = R(�) + ∫ t0 N( �X) · u(�; �)d�:19



By Proposition 4.5 in [3℄,
‖r(·; t)‖W l+12 (�0) ≤ (‖�0‖W l+12 (�0) + ∫ t0 ‖u(·; �)‖W l+12 (�0)d�)

≤ (‖w0‖W l+12 (
0) + ‖�0‖W l+12 (G)); t ≤ 1:Hene Ỹ (1) ≤ 1N0 with a ertain 1 independent of T . If 1� ≤ Æ, then, by Theorem 3.6,inequality (3.28) with T = 1 is satis�ed, so we an assume that 1 oinides with the onstantin (3.28). Suppose that the solution of (1.12) is de�ned for t ∈ (0; T ) and satis�es (3.28). ThenỸ (T ) ≤ Æ, and, by Theorem 3.8, the problem (3.31) has a solution v ∈ W 2+l;1+l=22 (QT;T+1),
∇p ∈ W l;l=22 (QT;T+1). For t = T we have v = 0, vt + ∇p = 0; �p�n ∣∣∣S = 0; p|G = 0, hene, p = 0;vt = 0. As a onsequene, u = u0 + v ∈ W l+2;l=2+12 (QT+1); ∇q = ∇q0 +∇p ∈ W l;l=22 (QT+1). Byvirtue of (3.35),

‖u‖W̃ 2+l;1+l=22 (QT+1) + ‖∇q‖W̃ l;l=22 (QT+1) + ‖q‖W̃ l+1=2;l=2+1=42 (GT+1)
≤ ‖u0‖W̃ 2+l;1+l=22 (QT+1) + ‖∇q0‖W̃ l;l=22 (QT+1) + ‖q0‖W̃ l+1=2;l=2+1=42 (GT+1)+(‖v‖W 2+l;1+l=22 (QT;T+1) + ‖∇p‖W l;l=22 (QT;T+1) + ‖p‖W l+1=2;l=2+1=42 (GT;T+1))+T(
‖v‖W 1+l;1=2+l=22 (QT;T+1) + ‖∇p‖W l−1;l=2−1=22 (QT;T+1) + ‖p‖W l−1=2;l=2−1=42 (GT;T+1))

≤ (‖u‖W̃ 2+l;1+l=22 (QT ) + ‖∇q‖W̃ l;l=22 (QT ) + ‖q‖W̃ l+1=2;l=2+1=42 (GT )) ≤ Ỹ (T ):Together with the funtion r(�; t) = r(�; T )+ ∫ tT N( �X) ·u(�; �)d� = R(X), u and q satisfy (1.12).It is easily seen thatsupt∈(T;T+1) (‖r(·; t)‖W l+12 (�0) + T‖r(·; t)‖W l2(�0)) ≤ ‖r(·; T )‖W l+12 (�0)+T‖r(·; T )‖W l2(�0) +  ∫ T+1T (
‖u(·; �)‖W l+12 (�0) + T‖u(·; �)‖W l2(�0))d�
≤ Ỹ (T ):It follows that we have onstruted the extension of u; q; r into the time interval (0; T + 1) suhthat Ỹ (T + 1) ≤ 2Ỹ (T ) with a ertain 2 independent of T . Hene Ỹ (T + 1) ≤ 12N0, and ifwe impose on � one more last restrition 12� ≤ Æ, then, by Theorem 3.6, Ỹ (T + 1) ≤ 1N0. Sowe an repeat the extension step by step into the in�nite time interval t > 0 and obtain estimate(3.6). This ompletes the proof of Theorem 3.1.
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4 Proof of Theorems 3.2 and 3.3The problems (3.7) and (3.8) in the domain bounded only by the surfae G are treated in the paper[4℄ for other (greater) values of l. The proofs are somewhat inomplete, and we repeat here themain ideas of the proofs.Proof of theorem 3.3. We follow the arguments in [4℄ and redue the problem (3.8) to asimilar problem with f = 0, v0 = 0 and with f and d that an be extended by zero into F×(−∞; 0)and G × (−∞; 0) with preservation of lass. We introdue v1 = ∇� where � is a solution of theDirihlet-Neumann problem
∇2�(x; t) = f(x; t); x ∈ F ;�(x; t) = 0; x ∈ G; ��(x; t)�n = 0; x ∈ S: (4:1)By a well-known oerive estimate for this problem,

‖v1‖W 2+l;02 (QT ) ≤ ‖f‖W l+1;02 (QT ):Moreover, sine �t is a solution of
∇2�t = ∇ · F t; x ∈ F ; �t∣∣∣x∈G = 0; ��t�n ∣∣∣x∈S = 0;and F · n|x∈S = 0, we have

‖∇�t‖L2(QT ) = ‖v1t‖L2(QT ) ≤ ‖F t‖L2(QT ):Applying this estimate also to �nite di�erenes of �t with respet to time, we obtain
‖v1t‖W 0;l=22 (QT ) ≤ ‖F t‖W 0;l=22 (QT );hene

‖v1‖W 2+l;1+l=22 (QT ) ≤ (‖f‖W l+1;02 (QT ) + ‖F t‖W 0;l=22 (QT )): (4:2)The di�erene w1 = v − v1 is a solution of the problemw1t − �∇2w1 +∇p = f1(x; t); ∇ ·w1 = 0; x ∈ F ;T (w1; p)N = d1(x; t); x ∈ G; w1(x; t) = a1(x; t); x ∈ S;w1(x; 0) = w10(x); x ∈ Fwhere a1 = a− v1;f 1 = f − v1t + �∇2v1; d1 = d− �S(v1)N ; w10 = v0(x)− v1(x; 0) (4:3)are vetor �elds satisfying the inequalities
‖f1‖W l;l=22 (QT ) ≤ (‖f‖W l;l=22 (QT ) + ‖v1‖W 2+l;1+l=22 (QT ));21



‖d1‖W l+1=2;l=2+1=42 (GT ) ≤ (‖d‖W l+1=2;l=2+1=42 (GT ) + ‖v1‖W 2+l;1+l=22 (QT )):
‖w10‖W l+12 (F) ≤ ‖v0‖W l+12 (F) + ‖v1‖W 2+l;1+l=22 (QT );

‖a1‖W l+3=2;l=2+3=42 (�T ) ≤ ‖a‖W l+3=2;l=2+3=42 (�T ) + ‖v1‖W 2+l;1+l=22 (QT ):Clearly, a1 · n = 0: Next, we deompose f 1 into an orthogonal sum of a solenoidal and potentialvetor �elds: f 1 = f ′1 +∇'1; (4:4)where '1 is a solution to the problem
∇2'1 = ∇ · f1; x ∈ F ; '1|x∈G = 0; �'1�n ∣∣∣x∈S = f1 · n:We have

‖∇'1‖W l;l=22 (QT ) + ‖f ′1‖W l;l=22 (QT ) ≤ ‖f1‖W l;l=22 (QT ): (4:5)The funtions w1 and q1 = p− '1 satisfy the relationsw1t − �∇2w1 +∇q1 = f ′1(x; t); ∇ ·w1 = 0; x ∈ F ;T (w1; q1)N = d1(x; t); x ∈ G; w1 = a1; x ∈ S;w1(x; 0) = w10(x); x ∈ F :The next step is the onstrution of v2 and p2 satisfying appropriate initial and boundaryonditions. We notie that w1 · n|S = 0 and q1 an be regarded as a solution of the problem
∇2q1(x; t) = 0; x ∈ F ;q1(x; t) = �N · S(w1)N − d1 ·N ; x ∈ G; �q1�n = �∇2w1(x; t) · n(x); x ∈ S:In the limit as t→ 0 we obtain
∇2q1(x; 0) = 0; x ∈ F ;q1(x; 0) = �N · S(w10(x))N − d1(x; 0) ·N ; x ∈ G; (4:6)�q1�n = �∇2w10(x) · n(x); x ∈ S:Sine the funtion �N · S(w10(x))N − d1(x; 0) ·N ≡ p0(x)belongs to W l−1=22 (G), we an onstrut its extension p∗0 ∈W l+1=2;l=2+1=42 (G∞) suh that p2(x; 0) =p0(x) and

‖p∗0‖W l+1=2;l=2+1=42 (G∞) ≤ ‖p0‖W l−1=22 (G)
≤ (‖w10‖W l+12 (F) + ‖d1‖W l+1=2;l=2+1=42 (GT )): (4:7)22



We may assume that p∗0(x; t) = 0 for t > 1 (this an be ahieved by multipliation of the extendedfuntion by an appropriate ut-o� funtion of t). We also onstrut a divergene free vetor �eldw∗ ∈W l+2;l=2+12 (Q∞) suh that w∗(x; 0) = w10(x) and
‖w∗‖W l+2;l=2+12 (Q∞) ≤ ‖w10‖W l+12 (F):First we extend w10 from F in R

3 with the preservation of lass and solenoidality (see [5℄), andthen we set w∗(x; t) = �(t) ∫
R3 �(x− y; t)w10(y)dy; (4:8)where �(t) is a smooth monotone funtion equal to one for small t and to zero for t > 1, and�(x; t) = 1(4�t)3=2 exp (

− |x|24t )is a fundamental solution of the heat equation. Well-known estimates of the heat potential imply
‖w∗‖W l+2;l=2+12 (Q∞) ≤ ‖w10‖W l+12 (R3) ≤ ‖w10‖W l+12 (F): (4:9)Now, we de�ne p2(x; t) as a solution of the problem

∇2p2(x; t) = 0; x ∈ F ;p2(x; t) = p∗0(x; t); x ∈ G; �p2(x; t)�n = �∇2w∗(x; t) · n; x ∈ S:We have
‖∇p2‖W l;02 (Q∞) ≤ (‖p∗0‖W l+l=2;02 (G∞) + ‖∇2w∗ · n‖W l−1=2;02 (�∞)); (4:10)

‖∇p2‖L2(F) ≤ (‖p∗0‖W 1=22 (G) + ‖∇2w∗ · n‖W−1=22 (S))
≤ (‖p∗0‖W 1=22 (G) + ‖∇2w∗‖L2(F))(for ∇2w∗ is a solenoidal vetor �eld), and, as a onsequene of the last estimate,

‖∇p2‖W 0;l=22 (Q∞) ≤ (‖p∗0‖W l+1=2;l=2+1=42 (G∞) + ‖∇2w∗‖W 0;l=22 (Q)): (4:11)Inequalities (4.10), (4.11) imply
‖∇p2‖W l;l=22 (Q∞) ≤ (‖p0‖W l−1=22 (G) + ‖∇2w∗‖W l;l=22 (Q∞))

≤ (‖w10‖W l+12 (F) + ‖d1‖W l+1=2;l=2+1=42 (GT )): (4:12)The funtion ∇2w∗ · n ∈ L2(0; T;W l−1=22 (G)) ∩W l=22 (0; T;W−1=22 (G)) has a limit as t → 0 that isequal to ∇2w10 · n, hene p2(x; 0) is a solution of (4.6).23



Let w11(x) = f ′1(x; 0)−∇p2(x; 0) + �∇2w10(x) ∈W l−12 (F):We onstrut a solenoidal vetor �eld v2 ∈W 2+l;1+l=22 (Q∞) suh thatv2(x; 0) = w10(x); v2t(x; 0) = w11(x) (4:13)and
‖v2‖W 2+l;1+l=22 (Q∞) ≤ (‖w10‖W l+12 (F) + ‖w11‖W l−12 (F)): (4:14)To this end, we extend w10 and w11 from F to R

3 with the preservation of their lasses andsolenoidality [5℄ and de�ne a solenoidal h ∈ W l;l=22 (Q∞) suh that h(x; t) = 0 for t > 1, h(x; 0) =w11(x)−∇2w10(x) and
‖h‖W l;l=22 (Q∞) ≤ ‖w11 −∇2w10‖W l−12 (F):This an be done by the formula similar to (4.8):h(x; t) = �(t) ∫

R3 �(x− y; t)(w11(y)−∇2w10(y))dy:Now we setv2(x; t) = �(t) ∫
R3 �(x− y; t)w10(y)dy + �(t) ∫ t0 d� ∫

R3 �(x− y; t− �)h(y; �)dy:This vetor �eld satis�es (4.13). Inequality (4.14) follows from the estimates of the heat potentials.The funtions w2 = w1 − v2 and q2 = q1 − p2 satisfy the equationsw2t − �∇2w2 +∇q2 = f ′1(x; t)− v2t + �∇2v2 −∇p2 ≡ f2;
∇ ·w2 = 0; x ∈ F ;T (w2; q2)N = d1 − T (v2; p2)N ≡ d2(x; t); x ∈ G;w2 = a1 − v2 ≡ a2(x; t); x ∈ S;w2(x; 0) = 0; x ∈ F :It is lear that

‖f 2‖W l;l=22 (QT ) ≤ (‖f ′1‖W l;l=22 (QT ) + ‖v2‖W 2+l;1+l=22 (QT ) + ‖∇p2‖W l;l=22 (QT ));
‖d2‖W l+1=2;l=2+1=42 (GT ) ≤ (‖d1‖W l+1=2;l=2+1=42 (GT ) + ‖v2‖W 2+l;1+l=22 (QT )+‖p2‖W l+1=2;l=2+1=42 (GT ));
‖a2‖W l+3=2;l=2+3=42 (�T ) ≤ ‖a1‖W l+3=2;l=2+3=42 (�T ) + ‖v2‖W 2+l;1+l=22 (QT ):24



By the de�nition of v2, the vetor �eld f 2 vanishes for t = 0 and its zero extension into F×(−∞; 0)is an extension with the preservation of lass. Moreover, in view of the ompatibility ondition andof the de�nition of p2, we have d2(x; 0) = 0, hene d2 an be also extended by zero into G×(−∞; 0)with the preservation of lass W l+1=2;l=2+1=42 . The same is true for a2. Letv3(x; t) = ∇	(x; t);where 	(x; t) is a solution to the problem
∇2	(x; t) = 0; x ∈ F ;	(x; t) = 0; x ∈ G; �	�n = a2 · n = −v2(x; t) · n; x ∈ S:We have

‖v3‖W 2+l;02 (QT ) ≤ ‖v2 · n‖W l+3=2;02 (�T ); (4:16)and from the energy relation ∫

F

|∇	t|2dx = ∫

G

v2t · n	tdSwe onlude that
‖v3t‖L2(F) ≤ ‖v2t · n‖W−1=22 (G) ≤ ‖v2t‖L2(F);sine ∇·v2 = 0. Applying this inequality to the �nite di�erenes of 	 with respet to t and takingaount of (4.16) we obtain

‖v3‖W 2+l;1+l=22 (QT ) ≤ ‖v2‖W 2+l;1+l=22 (QT ): (4:17)We also have v3(x; 0) = 0 and v3t(x; 0) = 0, for, by the ompatibility onditions,v2(x; 0) · n = w10(x) · n = 0; x ∈ S;moreover, v2t(x; 0)|S · n = w11(x) · n = (�∇2w10 · n− �p2(x; 0)�n )∣∣∣S = 0:The funtions w3 = w2 − v3 and q2 satisfyw3t − �∇2w3 +∇q2 = f2(x; t)− v3t + �∇2v3 ≡ f 3;
∇ ·w3 = 0; x ∈ F ;T (w3; q2)N = d2 − �S(v3)N ≡ d3(x; t); x ∈ G;w3 = a2 − v3 ≡ a3; x ∈ S;w3(x; 0) = 0:25



Our last step in this hain of transformations is the deomposition of f3, as in (4.4):f 3 = f ′3 +∇'3;where '3 is a solution of
∇2'3 = ∇ · f3; x ∈ F ; '3|x∈G = 0; �'3�n ∣∣∣x∈S = f3 · n:The following inequality analogous to (4.5) holds:

‖∇'3‖W l;l=22 (QT ) + ‖f ′3‖W l;l=22 (QT ) ≤ ‖f3‖W l;l=22 (QT ): (4:18)The funtions w3 and q3 = q2 − '3 satisfy the relationsw3t − �∇2w3 +∇q3 = f ′3(x; t); ∇ ·w3 = 0; x ∈ F ;T (w3; q3)N = d3(x; t); x ∈ G; w3 = a3; x ∈ S; (4:19)w3(x; 0) = 0; x ∈ F :The vetor �elds f ′3, d3, a3 vanish for t = 0 and admit the zero extension in the domain t < 0with the preservation of lass. In addition, a3 · n = 0.The estimate (3.12) for the solution of problem (4.19) an be obtained by using Shauder'sloalization method that redues the proof of (3.12) to the proof of similar estimates for the modelproblems in the half-spae R
3+, for whose solution expliit formulas are available (see [6-8℄). Theproof an be arried out following the arguments in [7℄, Theorems 3.2, 3.3, 4.1 (with � = 0,  = 0),whih an be somewhat simpli�ed. The details are omitted. The �nal result of the appliation ofthe Shauder proedure is the estimate of the type (4.32) in [7℄, i.e.,

‖w3‖W 2+l;1+l=22 (QT ) + ‖∇q3‖W l;l=22 (QT ) + ‖q3‖W l+1=2;l=2+1=42 (GT )
≤ (‖f ′3‖W l;l=22 (QT ) + ‖d3‖W l+1=2;l=2+1=42 (GT ) + ‖a3‖W l+3=2;l=2+3=42 (�T )+‖w3‖L2(QT ) + ‖q3‖W 0;l=22 (QT ) + ‖q3‖L2(QT )): (4:20)To estimate the norms of q3 in (4.20), we onsider q3 as a solution of the problem

∇2q3(x; t) = 0; x ∈ F ;q3|x∈G = �N · S(w3)N − d3 ·N ; �q3�n ∣∣∣x∈S = �∇2w3 · n;and we de�ne  (x; t) by
∇2 (x; t) = q3(x; t); x ∈ F ; |x∈G = 0; � (x; t)�n ∣∣∣x∈S = 0:26



It satis�es the well-known oerive estimate
‖ ‖W 22 (F) ≤ ‖q3‖L2(F):From this estimate and from the Green formula

∫

F

q23(x; t)dx = ∫

G

� �n q3(x; t)dS −
∫S  (x; t)�q3�N dS= ∫

G

� �n (�N · S(w3)N − d3 ·N)dS − � ∫SN · (rotw3 ×∇ )dSit follows that
‖q3‖L2(F) ≤ (‖∇w3‖L2(G∪S) + ‖d3‖L2(G)):Applying this inequality to the �nite di�erenes of q3 with respet to t, we obtain

‖q3‖W 0;l=22 (QT )) ≤ (‖∇w3‖W 0;l=22 (GT∪�T ) + ‖d3‖W 0;l=22 (GT )): (4:21)The norms of w3 on the right-hand side an be estimated by the interpolation inequality with asmall � > 0
‖∇w3‖W 0;l=22 (GT∪�T ) ≤ �‖w3‖W 2+l;1+l=22 (QT ) + (�)‖w3‖L2(QT ); (4:22)and from (4.20)-(4.22) we onlude that
‖w3‖W 2+l;1+l=22 (QT ) + ‖∇q3‖W l;l=22 (QT ) + ‖q3‖W l+1=2;l=2+1=42 (GT )

≤ (‖f ′3‖W l;l=22 (QT )) + ‖d3‖W l+1=2;l=2+1=42 (GT ) + ‖a3‖W l+3=2;l=2+3=42 (�T ) + ‖w3‖L2(QT )): (4:23)Finally, we estimate ‖w3‖L2(QT ) by the energy inequality. We multiply the �rst equation in (4.19)by w3 and integrate over F . This leads to12 ddt‖w3‖2L2(F) + �2‖S(w3)‖2L2(F)= ∫

F

f ′3 ·w3dx+ ∫

G

d3 ·w3dS + ∫S T (w3; q3)n · a3dS:Making use of the Korn inequality
‖w3‖W 12 (F) ≤ ‖S(w3)‖L2(F);we obtain12 ddt‖w3‖2L2(F) + �‖w3‖2L2(F) ≤ (‖f ′3‖2L2(F) + ‖d3‖2L2(G)) + ‖T (w3; q3)n‖L2(S)‖a3‖L2(S);where � = onst > 0: This impliesddte2�t‖w3‖2L2(F) ≤ 2e2�t(‖f ′3‖2L2(F) + ‖d3‖2L2(G)) + 2e2�t‖T (w3; q3)n‖L2(S)‖a3‖L2(S);27



‖w3‖2L2(F) ≤ 2 ∫ t0 e−2�(t−�)(‖f ′3‖2L2(F)+‖d3‖2L2(G))d�+2 ∫ t0 e−2�(t−�)‖T (w3; q3)n‖L2(S)‖a3‖L2(S)d�;
∫ t0 ‖w3‖2L2(F)d� ≤  ∫ t0 (

‖f ′3‖2L2(F) + ‖d3‖2L2(G) + ‖T (w3; q3)n‖L2(S)‖a3‖L2(S))d�:Together with (4.23), the last inequality yields estimate (3.12) for the solution of the problem(4.19):
‖w3‖W 2+l;1+l=22 (QT ) + ‖∇q3‖W l;l=22 (QT ) + ‖q3‖W l+1=2;l=2+1=42 (GT )

≤ (‖f ′3‖W l;l=22 (QT )) + ‖d3‖W l+1=2;l=2+1=42 (GT ) + ‖a3‖W l+3=2;l=2+3=42 (�T )); (4:24)and (4.24), (4.2), (4.14), (4.16) imply (3.12).We omit the proof of the solvability of problem (4.19) in the Sobolev spaes that an be arriedout in the same way as in [4℄, Theorem 1.In fat, Theorem 3.3 holds for arbitrary l ∈ [0; 3=2); in the ase l ≥ 3=2 additional ompatibilityonditions are required. In the proof of (3.11) we use the estimate (3.12) with l ∈ (0; 1=2): In thisase, the ompatibility ondition ��0S(v0)N = �0d(x; 0) makes no sense and is not required;moreover, the zero extension in the domain t < 0 with the preservation of lass is possible forarbitrary f ∈W l;l=22 (QT ), d ∈W l+1=2;l=2+1=42 (GT ); sine l=2+ 1=4 < 1=2: This enables us to repeatthe above arguments without onstruting p2 and with v2 = w∗. So we arrive at (4.19) withw3 = v − v1 −w∗, q3 = p− '1 − '3. It is easily seen that a3 vanishes for t = 0, so at the end weobtain (3.12) with l ∈ (0; 1=2):We note in onlusion that inserting a weak linear term 2!(e3×v) into the �rst equation (4.19)does not hange the result: Theorem 3.3 remains valid.Proof of theorem 3.2 The solvability of the problem (3.7) an be dedued from Theorem 3.3,beause the funtion � an be exluded with the help of the formula �(x; t) = �0(x)+∫ t0 (v·N+g)d�:So we only need to obtain the estimates (3.10), (3.11). Without loss of generality we an assume! = 0. As above, we introdue the funtion v1 = ∇� where � is a solution of (4.1), and we reduethe problem (3.7) to a similar problem with zero divergene:w1t − �∇2w1 +∇p = f1(x; t); ∇ ·w1 = 0; x ∈ F ;T (w1; p)N +Nb(x)� = d1(x; t); �t −N(x) ·w1 = g1(x; t); x ∈ G;w1(x; t) = a− v1 ≡ a1(x; t); x ∈ S; (4:25)w1(x; 0) = w10(x); x ∈ F ; �(x; 0) = �0(x); x ∈ G;where w1 = v−v1; g1 = g+N ·v1; and f 1, d1, w10 are de�ned in (4.3). The funtion v1 satis�es(4.2).We obtain (3.10) following arguments in [4℄, Se.3. We onsider a model problem in the half-spae R
3+ = {x3 > 0} :vt − �∇2v +∇p = f(x; t); ∇ · v = f(x; t) x ∈ R

3+;28



Ti3(v; p) + Æi3�� = −di(x; t); � = onst > 0; i = 1; 2; 3;�t + v3 = g(x; t); �(x; 0) = �0(x); x ∈ R
2; (4:26)v(x; 0) = v0(x); x ∈ R

3+;and we use Lemma 1 in [4℄:Proposition 4.1 Let RT = R
3+ × (0; T ), R

′T = R
2 × (0; T ) and let v ∈ W 2+l;1+l=22 (RT ),

∇p ∈ W l;l=22 (RT ), � ∈ W l+1=2;l=2+1=42 (R′T ) be a solution of the model problem (4.26) having for allt ≤ T a ompat support ontained in C� = B� × (0; �); where B� is a dis |x′| ≤ � in R
2 and� ∈ (0; 1) is a small positive number. The solution satis�es the inequalitysupt<T (

〈〈v(·; t)〉〉2l+1;R3+ + ‖�(·; t)‖2W l+12 (R2))+ ∫ T0 (
〈〈∇v(·; t)〉〉2l+1;R3+ + ‖�(·; t)‖2W l+1=22 (R2))dt
≤ (〈〈v0〉〉2l+1;R3+ + ‖�0‖2W l+12 (R2))+ ∫ T0 (

〈〈f(·; t)〉〉2l;R3+ + 〈〈f(·; t)〉〉2l+1;R3+ + ‖d(·; t)‖2W l+1=22 (R2)+‖g(·; t)‖2W l+3=22 (R2))dt+(∫ T0 〈〈f(·; t)〉〉2l+1;R3+dt)1=2(∫ T0 〈〈p(·; t)〉〉2l+1;R3+dt)1=2 (4:27)where
〈〈u〉〉l;R3+ = (∫ ∞0 ‖u(·; x3‖2W l2(R2)dx3)1=2is the W l2-norm of u with respet to the tangential variables x1; x2 and  is a onstant independentof T .Then, as desribed in [4℄, we estimate the norm

R2(T ) ≡ ‖�(·; t)‖2W l+12 (G) + ∫ t0 ‖�(·; �)‖2W l+1=22 (G)d�of the solution of (4.25) using the loalization method. Let x0 ∈ G and let �(x) be a smooth ut-o�funtion equal to one for |x − x0| ≤ �=2 and to zero for |x − x0| ≥ � where � is a small positiveparameter. The funtions u = w1�; q = p�; r = ��satisfy ut − �∇2u+∇q = f1�+ f ′1; ∇ · u = f ′1;T (u; q)N +Nbr = d1�+ d′1; rt = u ·N + g1�; (4:28)29



r(x; 0) = �0(x)� ≡ r0(x); u(x; 0) = w10(x)� ≡ u0in a neighborhood of x0 withf ′1 = −�(∇2(w1�)− �∇2w1) + p∇�; f ′1 = w1 · ∇�; d′1 = �(S(�w1)− �S(w1))N :We pass to the loal Cartesian oordinates {y1; y2; y3} with the origin at x0 and with the y1 andy2-axes loated on the tangential plane to G at x0, and we write (4.28) in the form (4.26) setting� = b(x0) and leaving only prinipal linear terms on the left-hand side of all the equations. We useProposition 4.1. Then we over G by a �nite number of the subsets Gk = {x ∈ G : |x − x0| ≤ �},write estimates (4.27) obtained in the neighborhoods of all xk and add them. We �x � suÆientlysmall and arrive at the inequality analogous to (3.21) in [4℄, namely,
R2(T ) ≤ (F21 (T ) + �V21 (T ) + �R2(T ) + ‖w1‖2W 1+l;1=2+l=22 (QT ) + ‖p‖2W l;l=22 (QT ) + ‖�‖2W l;02 (GT ));where

F21 (T ) = ‖f1‖2W l;l=22 (QT ) + ‖d1‖2W l+1=2;l=2+1=42 (GT ) + ‖g1‖2W l+3=2;l=2+3=42 (GT ) + ‖w10‖2W l+12 (F) + ‖�0‖2W l+12 (G);
V21 (T ) = ‖w1‖2W 2+l;1+l=22 (QT ) + ‖∇p‖2W l;l=22 (QT ) + ‖p‖2W l+1=2;l=2+1=42 (GT ):Next, we onsider w1; p as the solution of the problem (3.8) with f = f1; f = 0, d = d1 −Nb�;a = a1, v0 = w10 and apply the inequality (3.12). This leads to

V21 (T ) ≤ (‖f1‖2W l;l=22 (QT ) + ‖d1‖2W l+1=2;l=2+1=42 (GT ) + ‖w10‖2W l+12 (F) +R2(T ) + ‖�‖2W 0;l=2+1=42 (GT ));hene,
V21 (T ) +R2(T ) ≤ (F21 (T ) + ‖w1‖2W 1+l;1=2+l=22 (QT ) + ‖p‖2W l;l=22 (QT ) + ‖�‖2W l;02 (GT ) + ‖�‖W 0;l=2+1=42 (GT ));if � is suÆiently small.Now, we estimate the norms of the solution on the right-hand side. We use the interpolationinequality

‖p‖2W l;02 (QT ) ≤ �1‖∇p‖2W l;02 (QT ) + (�1)‖p‖2L2(QT )with arbitrarily small �1 > 0: To estimate the L2-norm of p, we regard p as a sum p = p1 + p2,where the pi are solutions to the problems
∇2p1 = ∇ · f1; x ∈ F ; p1|G = 0; �p1�n ∣∣∣S = f1 · n;

∇2p2 = 0; x ∈ F ;p2|G = �N · S(w1)N + b�− d1 ·N ; �p1�n ∣∣∣S = �∇2w1 · n:30



Sine ‖∇p1‖L2(F) ≤ ‖f 1‖L2(F); we have
‖p1‖L2(F) ≤ ‖∇p1‖L2(F) ≤ ‖f1‖L2(F):The funtion p2 an be estimated preisely in the same way as q3 in the preeding theorem:

‖p2‖L2(F) ≤ (‖d1‖L2(G) + ‖�‖L2(G) + ‖∇w1‖L2(G∪S)):Similar inequalities hold for the �nite di�erenes of pi with respet to t, hene
‖p‖W 0;l=22 (QT ) ≤ (‖f1‖W 0;l=22 (QT )+‖d1‖W 0;l=22 (GT ) + ‖�‖W 0;l=22 (GT ) + ‖∇w1‖W 0;l=22 (GT∪�T )):We estimate the W 0;l=22 -norm of �, using the equation �t = w1 ·N + g1:

‖�‖W 0;l=22 (GT ) ≤ (‖�‖L2(GT ) + ‖�t‖L2(GT ))
≤ (‖�‖L2(GT ) + ‖w1‖L2(GT ) + ‖g1‖L2(GT ));and the W l;02 -norm, using the interpolation inequality

‖�‖W l;02 (GT ) ≤ �2‖�‖W l+1=2;02 (GT ) + (�2)(∫ T0 ‖�‖2W−1=22 (G))1=2:Finally, we have
‖∇w1‖W 0;l=22 (GT∪�T ) + ‖w1‖W l+1;l=2+1=22 (QT ) ≤ �3‖w1‖W l+2;l=2+12 (QT ) + (�3)‖w1‖L2(QT ):Choosing �i suÆiently small, we easily obtain (3.10) for the solution of problem (4.25) whihimplies (3.10) for v; p; �.The above proof of the inequality (3.10) is valid also for l ∈ [0; 1=2):In order to prove (3.11), we should obtain additionally estimates of the norms of tv; tp, t�.They an be dedued from (3.10). Let us onsider the problem (4.25) and estimate tw1; tp, t�.Indeed, these funtions an be regarded as a solution of the problem(tw)1t + 2!(e3 × tw1)− �∇2tw1 +∇tp = tf(x; t) +w1;

∇ · tw1(x; t) = 0; x ∈ F ; t > 0;T (tw1; tp)N +Nb(x)t� = td(x; t);(t�)t −N(x) · tw1(x; t) = tg(x; t) + �; x ∈ G;tw1(x; t) = ta(x; t); x ∈ S;31



(tw10)(x; 0) = 0; x ∈ F ; (t�)(x; 0) = 0; x ∈ G:By the inequality (3.10) with l − 1 instead of l, we have
‖tw1‖W 1+l;1=2+l=22 (QT ) + ‖t∇p‖W l−1;l=2−1=22 (QT ) + ‖tp‖W l−1=2;l=2−1=42 (GT )+‖t�‖W l−1=2;02 (GT ) + supt<T t‖�(·; t)‖W l+2 (�0)

≤ (‖tf‖W l−1;l=2−1=22 (QT ) + ‖tf‖W l;02 (QT ) + ‖tF ‖W 0;1=2+l=22 (QT )+‖td1‖W l−1=2;l=2−1=42 (GT ) + ‖tg‖W l+1=2;l=2+1=42 (GT ) + ‖ta‖W l+1=2;l=2+1=42 (�T ))+(∫ T0 t2(‖w1‖2L2(F) + ‖�‖2W−1=22 (G))1=2+(‖w1‖W l;l=22 (QT ) + ‖�‖W l+1=2;l=2+12 (GT )) (4:29)The last two terms an be estimated by the inequality (3.10) (written for the solution of (4.25)).When we add the resulting estimate to (3.10), we obtain (3.11) for w1; p; � and onsequently forv; p; �. This ompletes the proof of Theorem 3.2.5 Proof of Proposition 3.1.. In this setion we estimate the nonlinear terms in (1.12). For this we need some auxiliarypropositions.Proposition 5.1. Arbitrary funtions u(x); v(x) given in a domain 
 ⊂ R
n satisfy the in-equality

‖uv‖W l2(
) ≤ ( sup
 |v(x)|‖u‖W l2(
) + ‖u‖Lp(
)‖v‖W l+n=p2 (
)); (5:1)where 2 < p ≤ ∞: In partiular,
‖uv‖W l2(
) ≤ ‖u‖W l2(
)‖v‖W s2 (
); s > n=2; (5:2)if l ≤ n=2, and

‖uv‖W l2(
) ≤ ‖u‖W l2(
)( sup
 |v(x)|+ ‖v‖Wn=22 (
)); (5:3)if l < n=2.Inequalities (5.1)-(5.3) hold also for funtions given on smooth manifolds. The proof of Propo-sition 5.1 an be found, for instane, in [3℄.In addition, we have
‖uv‖L2(
) ≤ ‖u‖Lp(
)‖v‖Lq(
) ≤ ‖u‖W l2(
)‖v‖Wn=2−l2 (
); (5:4)32



where 1=p+ 1=q = 1=2, l = n=2− n=p = n=q.Proposition 5.2 [3℄ Let b1(x); :::; bM(x) be funtions of lass W r2 (
) ∩W 3=22 (
) de�ned in thedomain 
 ⊂ R
3, and let f(b), b = (b1; :::bM), be a smooth funtion uniformly bounded together withits derivatives with respet to bk when b = b(x); x ∈ 
. Then

‖f(b(·)‖W r2 (
) ≤ ‖f‖L2(
) + ‖b‖W r2 (
); (5:5)if r < 1; and
‖∇xf(b)‖W r−12 (
) ≤ ‖∇b‖W r−12 (
); (5:6)if r ≥ 1. The onstant in (5.6) depends on ‖b‖W r−12 (
) and ‖b‖W 3=22 (
).The inequalities (5.5), (5.6) hold also in the two-dimensional ase under the assumption b ∈W r2 (
) ∩W 12 (
).Proposition 5.3 1. An arbitrary funtion u ∈W �2 (0; T ), � ∈ (0; 1); satis�es the inequality

‖u‖2L2(0;T ) + ∫ T0 ∫ T0 |u(t)− u(t′)|2
|t− t′|1+2� dtdt′

≤ (‖u‖2L2(0;T ) + ∫ min(T;1)0 dhh1+2� ∫ Th |u(t− h)− u(t)|2dt): (5:7)2. If u ∈W 12 (0; T ) and � ∈ (0; 1); then
‖u‖W�2 (0;T ) ≤ ‖u‖W 12 (0;T ); (5:8)The onstants in (5.7),(5.8) are independent of T .We omit an elementary proof of this proposition. Applying (5.7) to the funtion tu(t), we easilyobtain

‖tu‖2L2(0;T ) + ∫ T0 ∫ T0 |tu(t)− t′u(t′)|2
|t− t′|1+2� dtdt′

≤ (‖(1 + t)u‖2L2(0;T ) + ∫ min(T;1)0 dhh1+2� ∫ Th t2|u(t− h)− u(t)|2dt)
≤ (‖(1 + t)u‖2L2(0;T ) + ∫ min(T;1)0 dhh1+2� ∫ Th |(t− h)u(t− h)− tu(t)|2dt) (5:9)Let �t(−h)u(t) = u(t− h)− u(t): In what follows we often use the relation�t(−h)(u(t)v(t)) = (�t(−h)u(t))v(t− h) + u(t)�t(−h)v(t): (5:10)If u and v depend also on x ∈ 
 ⊂ R

n, then
‖�t(−h)(u(·; t)v(·; t))‖L2(
) ≤ sup
 |v(x; t− h)|‖�t(−h)u(·; t)‖L2(
)+ ∫ h0 ‖vt(·; t− �)‖Lq(
)d�‖u(·; t)‖Lp(
); (5:11)33



where 1=p+ 1=q = 1=2: If n=2− n=p = l, then, by (5.4),
‖�t(−h)(u(·; t)v(·; t))‖L2(
) ≤ sup
 |v(x; t− h)|‖�t(−h)u(·; t)‖L2(
)+ ∫ h0 ‖vt(·; t− �)‖Wn=2−l2 (
)d�‖u(·; t)‖W l2(
): (5:12)The estimates of nonlinear terms in (1.12) are based on the analysis of the elements Aij of thematrix A. They are seond degree polynomials of Dkm(�; t) = ∫ t0 �uk(�;�)��m d�:Proposition 5.4 Assume that u(�; t), de�ned for t ∈ [0; T ℄, satis�es the inequality

‖∇u‖W̃ l+1;l=2+1=22 (QT ) ≤ Æ ≤ 1: (5:13)Then for arbitrary l1 ∈ [0; l + 1=2)
‖Dkm(·; t)‖W l12 (
0) ≤ ‖∇u‖W̃ l+1;02 (Qt): (5:14)Moreover, sup
0 |Dkm(�; t)| ≤ ‖∇u‖W̃ l+1;02 (Qt); (5:15)

‖Dkm(·; t)‖W l+12 (
0) ≤ √t‖∇u‖W̃ l+1;02 (Qt); (5:16)
‖I − A‖W l12 (
0) ≤ ‖∇u‖W̃ l+1;02 (Qt); (5:17)sup
0 |I −A(�; t)| ≤ ‖∇u‖W̃ l+1;02 (Qt); (5:18)

‖A‖W l12 (
0) ≤ ; ‖A‖W l+12 (
0) ≤ (1 +√t); (5:19)
‖I −A‖W l+12 (
0) ≤ √t‖∇u‖W̃ l+1;02 (Qt); (5:20)
‖At(·; t)‖W l2(
0) ≤ ‖∇u(·; t)‖W l2(
0); (5:21)

‖Att(·; t)‖L2(QT ) ≤ ‖∇u‖W l+1;l=2+1=22 (QT ); (5:22)
‖∇At(·; t)‖W l2(
0) ≤ (‖∇u(·; t)‖W l+12 (
0) +√t(sup
0 |∇u(�; t)|+ ‖∇u(·; t)‖W 3=22 (
0))); (5:23)and, as a onsequene,

‖∇At‖W l;02 (QT ) ≤ ‖∇u‖W̃ l+1;02 (QT ); (5:24)where ‖A‖ = maxk;m ‖Akm‖. The onstants in all these inequalities are independent of T .Proof. By the H�older inequality,
‖Dkm(·; t)‖W l12 (
0) ≤ ∫ t0 ‖�uk(·; �)��m ‖W l12 (
0)d�

≤
(∫ t0 (1 + �)2�‖∇u(·; �)‖W l12 (
0)d�)1=2( ∫ t0 (1 + �)−2�d�)1=2

≤ ‖∇u‖W̃ l+1;02 (Qt);34



where � = 1 + l − l1 > 1=2; moreover,
‖Dkm(·; t)‖W l+12 (
0) ≤ ∫ t0 ‖�uk(·; �)��m ‖W l+12 (
0)d� ≤ √t‖∇u‖W̃ l+1;02 (Qt):Estimate (5.15) is a onsequene of (5.14) and of the imbedding of W s2 (
0), s > 3=2; in C(
0).Sine Ækm − Akm is a linear ombination of Dij and DijDqs, (5.17)-(5.20) follow easily from(5.14)-(5.16) and Proposition 5.1. The time derivatives Aijt are linear ombinations of Dkmt = �uk��mand �uk��mDqi, and Aijtt are linear ombinations of ��t �uk��m , ��t �uk��mDqs and �uk��m �ui��j . Hene

‖At(·; t)‖W l2(
0) ≤ ‖∇u(·; t)‖W l2(
0)(1 + sup
0 |D(�; t)|+ ‖D(·; t)‖W 3=22 (
0))
≤ (1 + Æ)‖∇u(·; t)‖W l2(
0);

‖Att‖L2(QT ) ≤ (‖∇ut‖L2(QT ) + supt<T ‖∇u(·; t)‖W l2(
0)‖∇u‖W l;02 (QT ));whih implies (5.22).Finally, (5.23) is a onsequene of the fat that ���sAijt(�; t) is a linear ombination of �2uk��m��j ,�2uk��m��jDqi, �uk��m �Dqi��j :
‖∇At(·; t)‖W l2(
0) ≤ ‖∇u(·; t)‖W l+12 (
0)(1 + sup
0 |D(�; t)|+ ‖D(·; t)‖W 3=22 (
0))+( sup
0 |∇u(�; t)|+ ‖∇u(·; t)‖W 3=22 (
0))∫ t0 ‖∇u(·; �)‖W l+12 (
0)d�

≤ (‖∇u(·; t)‖W l+12 (
0) +√t sup
0 |∇u(�; t)|+√t‖∇u(·; t)‖W 3=22 (
0))
≤ (‖∇u(·; t)‖W l+12 (
0) +√t‖∇u(·; t)‖W l+1=22 (
0)):This implies (5.24), for ∫ T0 (1 + t)‖∇u(·; t)‖2W l+1=22 (
0)dt

≤  ∫ T0 (
‖∇u(·; t)‖2W l+12 (
0) + (1 + t)2‖∇u(·; t)‖2W l2(
0))dt ≤ ‖∇u(·; t)‖2̃W l+12 (QT ):The proposition is proved.Now, we proeed to the estimates of l1(u; q); l2(u);L(u).Proposition 5.5. If (5.13) holds, then the expressions l1(u; q), l2(u), L(u) satisfy the in-equalities

‖l1(u; q)‖W̃ l;l=22 (QT )
≤ ‖∇u‖W̃ l+1;l=2+1=22 (QT )(‖∇u‖W̃ l+1;l=2+1=22 (QT ) + ‖∇q‖W̃ l;l=22 (QT )); (5:25)35



‖l2(u)‖W̃ l+1;02 (QT ) + ‖L(u)‖W̃ 0;1+l=22 (QT )
≤ ‖∇u‖W̃ l+1;l=2+1=22 (QT )(‖∇u‖W̃ l+1;l=2+1=22 (QT ) + ‖ut‖W̃ l;l=22 (QT ) + supQT |u(�; t)|+‖(1 + t)u‖W l+1=2;02 (QT )) ≤ ‖∇u‖W̃ l+1;l=2+1=22 (QT )‖u‖W̃ l+2;l=2+12 (QT ) (5:26)with onstants independent of T .Proof. We start with the estimate of ‖(I −A)∇q‖W l;02 (QT ). It follows from (5.3), (5.17), (5.18)that
‖(I − A)∇q‖W l2(
0) ≤ ( sup
0 |I − A(�; t)|+ ‖I − A‖W 3=22 (
0))‖∇q‖W l2(
0)

≤ ‖∇u‖W̃ l+1;02 (Qt)‖∇q(·; t)‖W l2(
0); (5:27)
‖t(I −A)∇q‖W l−12 (
0) ≤ ‖∇u‖W̃ l+1;02 (Qt)‖t∇q(·; t)‖W l−12 (
0);hene,

‖(I − A)∇q‖W̃ l;02 (QT ) ≤ ‖(I − A)∇q‖W l;02 (QT )+‖t(I − A)∇q‖W l−1;02 (QT ) ≤ ‖∇u‖W̃ l+1;02 (QT )‖∇q(·; t)‖W̃ l;02 (QT ): (5:28)The expression l2(u) = (I − A)∇ · u satis�es
‖l2(u)‖W l+12 (
0) = ‖(I − A)u‖W l+12 (
0)

≤ ( sup
0 |(I − A)|‖∇u‖W l+12 (
0) + ‖I − A‖W l+12 (
0) sup
0 |∇u|)
≤ ‖∇u‖W̃ l+1;02 (Qt)(‖∇u‖W l+12 (
0) +√t sup
0 |∇u|); (5:29)
‖t(I −A)∇u‖W l2(
0) ≤ t‖∇u‖W̃ l+1;02 (Qt)‖∇u‖W l2(
0);whih implies

‖l2(u)‖W̃ l+1;02 (QT ) ≤ ‖∇u‖2̃W l+1;02 (QT ): (5:30)Now, we onsider(A∇ · A∇)u−∇2u = A∇ · (A− I)∇)u+ ((A− I)∇ · ∇)u:The inequality
‖(A− I)∇ · ∇u‖W l2(
0) ≤ ‖∇u‖W̃ l+1;02 (Qt)‖∇u‖W l+12 (
0)is proved in the same way as (5.27). Moreover, by (5.19) and (5.29),

‖A∇ · (A− I)∇u‖W l2(
0) ≤ ‖(A− I)∇u‖W l+12 (
0)
≤ ‖∇u‖W̃ l+1;02 (Qt)(‖∇u‖W l+12 (
0) +√t sup
0 |∇u(�; t)|);36



hene
‖(A∇ · A∇)u−∇2u‖W l2(
0) ≤ ‖∇u‖W̃ l+1;02 (Qt)(‖∇u‖W l+12 (
0) +√t sup
0 |∇u|):Replaing l by l − 1 we obtain

‖(A∇ · A∇)u−∇2u‖W l−12 (
0) ≤ ‖∇u‖W̃ l+1;02 (Qt)‖∇u‖W l2(
0):The last two inequalities imply
‖(A∇ ·A∇)u−∇2u‖W̃ l;02 (QT ) ≤ ‖∇u‖2̃W l+1;02 (Qt):This estimate ompletes the proof of

‖l1(u; q)‖W̃ l;02 (QT ) ≤ ‖∇u‖W̃ l+1;02 (Qt)(‖∇u‖W̃ l+1;02 (QT ) + ‖∇q‖W̃ l;02 (QT )): (5:31)Next, we estimate the W̃ 0;l=22 (QT )-norm of (A− I)∇q. By (5.18),
‖(1 + t)(A− 1)∇q‖L2(QT ) ≤ ‖∇u‖W̃ l+1;02 (Qt)‖(1 + t)∇q‖L2(QT ): (5:32)Moreover, by virtue of (5.12),

‖�t(−h)((I − A)∇q)‖L2(
0) ≤ sup
0 |(1−A(�; t− h)|‖�t(−h)∇q‖L2(
0)+ ∫ h0 ‖At(·; t− �)‖W 3=2−l2 (
0)d�‖∇q(·; t)‖W l2(
0)
≤ (‖∇u‖W̃ l+1;02 (Qt)‖�t(−h)∇q‖L2(
0)+h sup�∈(t−h;t) ‖∇u(·; �)‖W l2(
0)‖∇q(·; t)‖W l2(
0)); (5:33)

‖�t(−h)((I − A)∇q)‖L2(
0) ≤ sup
0 |(1−A(�; t− h)|‖�t(−h)∇q‖L2(
0)+ ∫ h0 ‖∇u(·; t− �)‖W 5=2−l2 (
0)d�‖∇q(·; t)‖W l−12 (
0)
≤ (‖∇u‖W̃ l+1;02 (Qt)‖�t(−h)∇q‖L2(
0) +√h‖∇u‖W l+1;02 (Qt)‖∇q(·; t)‖W l−12 (
0)); (5:34)whih implies

(∫ min(T;1)0 dhh1+l ∫ Th ‖�t(−h)((I − A)∇q(·; t))‖2L2(
0)dt)1=2
≤ (‖∇u‖W̃ l+1;02 (QT ) + supt<T ‖∇u(·; t)‖W l2(
0))‖∇q‖W l;l=22 (QT );37



(∫ min(T;1)0 dhhl ∫ Th t2‖�t(−h)((I −A)∇q(·; t))‖2L2(
0)dt)1=2
≤ ‖∇u‖W̃ l+1;02 (QT )((∫ min(T;1)0 dhhl ∫ Th t2‖�t(−h)∇q‖2L2(
0)dt)1=2+‖t∇q‖W l−12 (QT )):By Proposition 5.3, these inequalities, together with (5.32), yield

‖(A− 1)∇q‖W̃ 0;l=22 (QT ) ≤ (‖∇u‖W̃ l+1;02 (QT ) + supt<T ‖∇u(·; t)‖W l2(
0))‖∇q‖W̃ l;l=22 (QT ): (5:35)Next, we estimate ‖L(u)‖W̃ 0;1+l=22 (QT ). It is easily seen that
‖(1 + t)L(u)‖L2(QT ) ≤ ‖∇u‖W̃ l+1;02 (QT )‖(1 + t)u‖L2(QT ):Let us onsider Lt(u) = (I −AT )ut − ATt u: The inequality

‖(I −AT )ut‖W̃ 0;l=22 (QT ) ≤ (‖∇u‖W̃ l+1;02 (QT ) + supt<T ‖∇u(·; t)‖W l2(
0))‖ut‖W̃ l;l=22 (QT )is obtained in the same way as (5.35), so it remains to estimate ‖ATt u‖W̃ 0;l=22 (QT ). First, we have
‖(1 + t)ATt u‖L2(QT ) ≤  supt<T ‖∇u(�; t)‖W l2(
0)‖(1 + t)u‖W l;02 (QT ): (5:36)Now we estimate the norms ontaining the �nite di�erene�t(−h)ATt u = ATt (�; t− h)�t(−h)u(�; t) + (�t(−h)At(�; t))u(�; t):Using (5.4) we obtain

‖�t(−h)ATt u‖L2(
0) ≤ ‖At(·; t− h)‖W 3=2−l2 (
0) ∫ h0 ‖ut(·; t− �)‖W l2(
0)d�+sup
0 |u(�; t)| ∫ h0 ‖Att(·; t− �)‖L2(
0)d�:Sine 3=2− l < l, we have
(∫ min(T;1)0 dhh1+l ∫ Th ‖�t(−h)Atu(·; t)‖2L2(
0)dt)1=2

≤ ( supt<T ‖At(·; t)‖W l2(
0)‖ut‖W l;02 (QT ) + supQT |u(�; t)|‖Att‖L2(QT ))
≤ ‖∇u‖W l+1;l=2+1=22 (QT )(‖ut‖W l;02 (QT ) + supQT |u(�; t)|):38



We an estimate �t(−h)ATt u in a di�erent way, namely,
‖�t(−h)ATt u‖L2(
0)

≤ √h(‖At(·; t− h)‖W l2(
0)‖ut‖W l;02 (Qt) + sup
0 |u(�; t)|‖Att‖L2(Qt));and obtain (∫ min(T;1)0 dhhl ∫ Th t2‖�t(−h)ATt (u)‖2L2(
0)dt)1=2
≤ ‖∇u‖W̃ l+1;l=2+1=22 (QT )(‖ut‖W l;02 (QT ) + ‖tu‖W l+1=2;02 (QT )):This ompletes the proof of
‖L(u)‖W̃ 0;1+l=22 (QT ) ≤ ‖∇u‖W̃ l+1;l=2+1=22 (QT )( supQT |u(�; t)|+‖ut‖W̃ l;l=22 (QT ) + ‖(1 + t)u‖W l+1=2;02 (QT ))and of inequality (5.26).In order to onlude the proof of (5.25), we need to estimate the W̃ 0;l=22 (QT )- norm of(A∇ · A∇−∇2)u = ((A− I)∇ · A∇+∇ · (A− I)∇))u ≡ �:We have �t(−h)� = �1 +�2,�1 = (A(�; t− h)− I)∇ · A(�; t− h)∇−∇ · (A(�; t− h)− I)∇)v; v = �t(−h)u;�2 = (A(�; t− h)− I)(∇ · (�t(−h)A)∇)u+ (�t(−h)A)∇ · A∇u+∇ · (�t(−h)A∇)u:By (5.4),

‖�1‖L2(
0) ≤ ( supQt |A(�; t)− I|‖D2v‖L2(
0) + ‖∇A‖W 1=22 (
0)‖∇v‖W 12 (
0))
≤ ‖∇u‖W̃ l+1;02 (Qt)(‖∇v‖L2(
0) + ‖D2v‖L2(
0));where D2v = ( �2vi��j��k )i;j;k=1:2:3: This implies

(∫ min(T;1)0 dhh1+l ∫ Th ‖�1‖2L2(
0))1=2
≤ ‖∇u‖W̃ l+1;02 (QT )(‖∇u‖W 0;l=22 (QT ) + ‖D2u‖W 0;l=22 (QT ));

( ∫ min(T;1)0 dhhl ∫ Th ‖t�1‖2L2(
0))1=239



≤ ‖∇u‖W̃ l+1;02 (QT )(‖t∇u‖W 0;(l−1)=22 (QT ) + ‖tD2u‖W 0;(l−1)=22 (QT ) + ‖∇u‖W 1;02 (QT )):The expression �2 satis�es the inequality
‖�2‖L2(
0) ≤  ∫ h0 ‖At(·; t− �)‖W l2(
0)d�(‖∇u(·; t)‖W 1+l2 (
0) + ‖∇ ·A∇u(·; t)‖W l2(
0))+ ∫ h0 ‖∇At(·; t− �)‖W l2(
0)d�‖∇u(·; t)‖W l2(
0): (5:37)By (5.1), (5.19),
‖∇ ·A∇u(·; t)‖W l2(
0) ≤ ‖A∇u(·; t)‖W l+12 (
0) ≤ (‖∇u‖W 1+l2 (
0) +√t sup
0 |∇u(�; t)|);whene

‖�2‖L2(
0) ≤ (∫ h0 ‖∇At(·; t− �)‖W l2(
0)d�‖∇u(·; t)‖W l2(
0)+h sup�<t ‖At(·; �)‖W l2(
0)(‖∇u(·; t)‖W 1+l2 (
0) +√t sup
0 |∇u(�; t)|);and, by virtue of (5.24),
(∫ min(T;1)0 dhh1+l ∫ Th ‖�2‖2L2(
0)dt)1=2

≤ ‖∇u‖W̃ l+1;02 (QT )(‖∇u‖W̃ l+1;02 (QT ) + supt<T ‖∇u(·; t)‖W l2(
0));Along with (5.37), we have
‖�2‖L2(
0) ≤  ∫ h0 ‖At(·; t− �)‖W l+12 (
)d�(‖∇u(·; t)‖W l2(
0) + ‖∇ · A∇u(·; t)‖W l−12 (
0))+ ∫ h0 ‖∇At(·; t− �)‖W l2(
0)d�‖∇u(·; t)‖W l2(
0)

≤ √h‖∇u‖W̃ l+1;02 (QT )‖∇u(·; t)‖W l2(
0);
(∫ min(T;1)0 dhhl ∫ Th ‖t�2‖2L2(
0)dt)1=2

≤ ‖∇u‖2̃W l+1;02 (QT ):This shows that (∫ min(T;1)0 dhh1+l ∫ Th ‖�t(−h)�‖2L2(
0)dt)1=2+(∫ min(T;1)0 dhhl ∫ Th t2‖�t(−h)�‖2L2(
0)dt)1=2
≤ ‖∇u‖W̃ l+1:02 (QT )‖∇u‖W̃ l+1:l=2+1=22 (QT )and ompletes the proof of (5.25) and of the proposition.40



Let us pass to the estimates of l3(u) and l4(u).Proposition 5.6. Under the assumption (5.13), the expressions l3(u) and l4(u) satisfy
‖l3(u)‖W̃ l+1=2;l=2+1=42 (GT ) + ‖l4(u)‖W̃ l+1=2;l=2+1=42 (GT )

≤ ‖∇u‖W̃ l+1;02 (QT )‖∇u‖W̃ l+1;l=2+1=22 (QT ): (5:38)Proof. We start with the estimate of Su(u)− S(u): By virtue of (5.29),
‖Su(u)− S(u)‖W l+1=22 (�0) ≤ ‖(A− I)∇u‖W l+12 (
0)

≤ ‖∇u‖W̃ l+1;02 (Qt)(‖∇u‖W l+12 (
0) +√t sup
0 |∇u(�; t)|);
‖Su(u)− S(u)‖W l−1=22 (�0) ≤ ‖∇u‖W̃ l+1;02 (Qt)‖∇u‖W l2(
0);whih implies

‖Su(u)− S(u)‖W̃ l+1=2;02 (�T ) ≤ ‖∇u‖2̃W l+1;02 (QT ):By (5.12), further we have
‖�t(−h)(Su(u)− S(u))‖L2(�0) ≤ (‖∇u‖W̃ l+1;02 (Qt)‖�t(−h)∇u‖L2(�0)+ ∫ h0 ‖∇u(·; t− �)‖W l−1=22 (�0)d�‖∇u(·; t)‖W l−1=22 (�0));whene (∫ min(T;1)0 dhh1+2�2 ∫ Th ‖�t(−h)(Su(u)− S(u)‖2L2(�0)dt)1=2
≤ ‖∇u‖W̃ l+1;02 (QT )((∫ min(T;1)0 dhh1+2�2 ∫ Th ‖�t(−h)∇u(·; t)‖2L2(�0)dt)1=2+supt<T ‖∇u(·; t)‖W l2(
0)) ≤ ‖∇u‖W̃ l+1;02 (QT )‖∇u‖W l+1;l=2+1=22 (QT );

(∫ min(T;1)0 dhh1+2�3 ∫ Th ‖t�t(−h)(Su(u)− S(u)‖2L2(�0)dt)1=2
≤ ‖∇u‖W̃ l+1;02 (QT )(∫ min(T;1)0 dhh1+2�3 ∫ Th ‖t�t(−h)∇u(·; t)‖2L2(�0)dt)1=2+‖(1 + t)∇u‖W l;02 (QT ) supt<T ‖∇u(·; t)‖W l2(
0));where �2 = l=2 + 1=4, �3 = l=2− 1=4: The last two inequalities onlude the proof of
‖Su(u)− S(u)‖W̃ l+1=2;l=2+1=42 (GT ) ≤ ‖∇u‖W̃ l+1;02 (QT )‖∇u‖W̃ l+1;l=2+1=22 (QT ): (5:39)41



Now, we estimate ‖Su(u)n− S(u)n0‖W̃ l+1=2;l=2+1=42 (GT ). Suppose we have shown that
‖n(X)‖W l−1=22 (�0) ≤ ; ‖n(X)‖W l+1=22 (�0) ≤ (1 +√t); (5:40)

|n0(�)− n(X)| ≤ ‖∇u‖W̃ l+1;02 (Qt); (5:41)
‖n0 − n‖W l22 (�0) ≤ ‖∇u‖W̃ l+1;02 (Qt); l2 < l; (5:42)
‖n0 − n‖W l+1=22 (�0) ≤ (1 +√t)‖∇u‖W̃ l+1;02 (Qt): (5:43)Then, making use of the relationSu(u)n− S(u)n0 = (Su(u)− S(u))n+ S(u)(n− n0); (5:44)we obtain

‖Su(u)n− S(u)n0‖W l+1=22 (�0) ≤ (‖Su(u)− S(u)‖W l+1=22 (�0)+‖n‖W l+1=22 (�0) sup� |Su(u)− S(u)|+ sup� |S(u)|‖n− n0‖W l+1=22 (�0)+sup�0 |n− n0|‖S(u)‖W l+1=22 (�0)) ≤ ‖∇u‖W̃ l+1;02 (Qt)(‖∇u‖W l+12 (
0) +√t sup
0 |∇u(�; t)|);
‖Su(u)n− S(u)n0‖W l−1=22 (�0) ≤ (‖Su(u)− S(u)‖W l−1=22 (�0)(sup�0 |n|+ ‖n‖W 12 (�0))+‖Su(u)‖W l−1=22 (�0)(sup�0 |n− n0|+ ‖n− n0‖W 12 (�0)))

≤ ‖∇u‖W̃ l+1;02 (Qt)‖∇u(·; t)‖W l2(
0)and, as a onsequene,
‖Su(u)n− S(u)n0‖W̃ l+1=2;02 (GT ) ≤ ‖∇u‖2̃W l+1;02 (QT ):To estimate ‖Su(u)n− S(u)n0‖W̃ 0;l=2+1=42 (GT ), we apply the operation �t(−h) to (5.44) whihgives �t(−h)(Su(u)n− S(u)n0) = �t(−h)(Su(u)− S(u))n(X(�; t− h))+�t(−h)(S(u))(n(X(�; t− h))− n0(�)) + Su(u)�t(−h)n(X)and

‖�t(−h)(Su(u)n− S(u)n0)‖L2(�0) ≤ (‖�t(−h)(Su(u)− S(u))‖L2(�0)+‖�t(−h)S(u)‖L2(�0) sup�0 |n(X(�; t− h))− n0(�)|+ ‖Su(u)�t(−h)n‖L2(�0)):Sine |nt| ≤ |∇u|; the last term does not exeed
‖∇u(·; t)‖W l−1=22 (�0) ∫ h0 ‖∇u(·; t− �)‖W l−1=22 (�0)d�:42



Taking (5.39) into aount, we show that
(∫ min(T;1)0 dhh1+2�2 ∫ Th ‖�t(−h)(Su(u)n− S(u)n0)‖2L2(�0)dt)1=2+(∫ min(T;1)0 dhh1+2�3 ∫ Th ‖t�t(−h)(Su(u)n− S(u)n0)‖2L2(�0)dt)1=2

≤ ‖∇u‖W̃ l+2;02 (QT )‖∇u‖W̃ l+1;l=2+1=22 (QT )and onlude the proof of
‖Su(u)n− S(u)n0)‖W̃ 0;l=2+1=42 (GT ) ≤ ‖∇u‖W̃ l+1;02 (QT )‖∇u‖W̃ l+1;l=2+1=22 (QT ):So it remains to verify (5.40)-(5.43). We haven(X)− n0(�) = (A− I)n0 + An0(|An0|−1 − 1);1

|An0| − 1 = (n0 − An0) · n0 + An0(n0 − An0)
|An0|(1 + |An0|) :Under the assumption (5.13), the funtion |An0| is bounded from below. From this fat and from

|(A− I)n0| ≤  sup�0 |A(�; t)− I)| ≤ ‖∇u‖W̃ l+1;02 (Qt);we easily dedue (5.41). We also have
‖(A− I)n0‖W l2(�0) ≤ ‖∇u‖W̃ l+1;02 (Qt);

‖(A− I)n0‖W l+1=2(�0) ≤ (1 +√t)‖∇u‖W̃ l+1;02 (Qt);By Proposition 5.2, for an arbitrary regular funtion f(An0) bounded together with its derivativesfor � ∈ �0; the following inequality holds:
|f(An0)|+ ‖f(An0)‖W l22 (�0) ≤ ;
‖f(An0)‖W l+1=22 (�0) ≤ (1 +√t):It follows that

‖|An0|−1 − 1‖W l22 (�0) ≤ ‖(A− I)n0‖W l22 (�0) ≤ ‖∇u‖W̃ l+1;02 (Qt);
‖|An0|−1 − 1‖W l+1=22 (�0) ≤ (1 +√t)‖∇u‖W̃ l+1;02 (QT ):Hene, the di�erene n−n0 satis�es (5.42), (5.43), and from those inequalities it is easy to dedue(5.40). So we have justi�ed (5.40)-(5.43) and estimated Su(u)n − S(u)n0. Other terms in l3(u)43



and l4(u) are treated in a similar way and satisfy the same inequalities as Su(u)n− S(u)n0. Theproposition is proved.For the estimates of l5(u; r) and l6(u) we need the following auxiliary proposition.Proposition 5.7. Assume that �t, t ∈ (0; T ), is de�ned by equation (1.10) with suÆientlysmall �(z; t) (i.e., �t is loated in a ertain small neighborhood of G), u satis�es the inequality
‖u‖W̃ 2+l;1+l=22 (QT ) ≤ Æ; (5:45)and let f(z) be a smooth funtion given on G. Then

‖f( �X)− f(��)‖W l+1=22 (�0) ≤ ‖u‖W̃ 2+l;02 (QT ); (5:46)
‖f( �X)− f(��)‖W l+3=22 (�0) ≤ (1 +√t)‖u‖W̃ 2+l;02 (QT ): (5:47)Proof. We reall that the point �x is onneted with x by�x = x− R(x)∇R(x) ≡ R(x):The funtion R(x) is smooth in a ertain neighborhood of G. Let us extend f in this neighborhoodby setting, for instane, f(x) = f(�x): Then f(�x) = f(R(x)) ≡ f(x) is also a smooth funtion, andf( �X)− f(��) = ∫ 10 ��s f(Xs)ds = ∫ 10 ∇f(Xs)ds · ∫ t0 u(�; �)d�; (5:48)where Xs(�; t) = � + s ∫ t0 u(�; �)d�: It is lear that

‖Xs‖W l−1=22 (�0) ≤ (1 + ‖u‖W̃ 2+l;02 (Qt)) ≤ ;
‖Xs‖W l+1=22 (�0) ≤ (1 +√t‖u‖W̃ 2+l;02 (Qt))with onstants independent of T . Therefore inequalities (5.46), (5.47) follow from (5.48) and fromProposition 5.1. For instane,

‖f( �X)− f(��)‖W l+3=22 (�0) ≤  ∫ 10 ( sup�0 |∇f(Xs)| ∫ t0 ‖u‖W l+3=22 (�0)d�+‖∇f(Xs)‖W l+3=22 (�0) ∫ t0 sup�0 |u(�; �)|d�)ds
≤ (√t‖u‖W̃ l+2;02 (QT ) + (1 +√t‖u‖W̃ l+2;02 (QT ))‖u‖W̃ l+2;02 (QT ))

≤ (1 +√t)‖u‖W̃ l+2;02 (QT );and (5.46) is established in the same way. The proposition is proved.44



Proposition 5.8. If u satis�es (5.45), then
‖l6(u)‖W̃ l+3=2;l=2+3=42 (GT ) ≤ (‖u‖W̃ 2+l;02 (QT ) + supQT |u(�; t)|)‖u‖W̃ 2+l;1+l=22 (QT ): (5:49)If, in addition, ‖�0‖W l+1=22 (G) ≪ 1; then

‖l5(u; r)‖W̃ l+1=2;l=2+1=42 (GT )
≤ (‖u‖W̃ 2+l;02 (QT ) + supt<T ‖r(·; t)‖W l+1=22 (G))(

‖u‖W̃ 2+l;02 (QT ) + ‖r‖W̃ l+1=2;02 (GT )): (5:50)Proof. We start with the proof of (5.50). By (5.1), (5.3) and (5.46),
‖(b( �X)− b(��))r‖W l+1=22 (�0) ≤ ‖u‖W̃ 2+l;02 (Qt)‖r(·; t)‖W l+1=22 (�0);

‖(b( �X)− b(��))r‖W l−1=22 (�0) ≤ ‖r(·; t)‖W l−1=22 (�0)( sup�0 (
|(b( �X)− b(��)|+‖b( �X)− b(��)‖W 12 (�0)) ≤ ‖u‖W̃ 2+l;02 (Qt)‖r(·; t)‖W l−1=22 (�0):Moreover, if supt<T ‖r(·; t)‖W l+1=22 (�0) ≪ 1; (5:51)then the norm ‖b1(u; r)‖W l+1=22 (�0) (with b1 de�ned in (1.11)) is bounded, and

‖b1(u; r)r2‖W l+1=22 (�0) ≤ ‖r2‖W l+1=22 (�0) ≤ ‖r‖2W l+1=22 (�0);
‖b1(u; r)r2‖W l−1=22 (�0) ≤ ( sup�0 |b1(�; r)|+ ‖b1(·; r)‖W 12 (�0))‖r2‖W l−1=22 (�0)

≤ ‖r‖W l+1=22 (�0)‖r‖W l−1=22 (�0):Combining the above estimates, we obtain
‖l5(u; r)‖W̃ l+1=2;02 (GT )

≤ (‖u‖W̃ 2+l;02 (Qt) + supt<T ‖r(·; t)‖W l+1=22 (�0))‖r‖W̃ l+1=2;02 (GT ): (5:52)It is shown in [3℄ that
‖r‖W l+1=22 (�0) ≤ (‖�0‖W l+1=22 (G) + ‖u‖W̃ 2+l;02 (Qt));so the ondition (5.51) holds if �0 and u are small.45



Now we pass to the estimate of ‖l5(u; r)‖W̃ 0;l=2+1=42 (GT ). Sine l=2 + 1=4 < 1, we an useProposition 5.3:
‖l5(u; r)‖W̃ 0;l=2+1=42 (GT ) ≤ (‖(1 + t)l5(u; r)‖L2(GT ) + ‖(1 + t)l5t(u; r)‖L2(GT )): (5:53)The �rst term on the right -hand side has already been estimated in (5.52), so we need to onsiderthe time derivative of l5: We have��t(b( �X)− b(��))r(�; t) = ∇Xb(X) · u(�; t)r(�; t) + (b( �X)− b(��))rt(�; t)where b(X) = b( �X), as well as ∇Xb(X), is a bounded funtion. We use the equation rt =N( �X)·uand obtain

‖ ��t(b( �X)− b(��))r‖L2(�0) ≤ ‖u‖W̃ l+2;02 (Qt)‖u‖L2(�0)+‖|u||r|‖L2(�0) ≤ (‖u‖W̃ 2+l;02 (Qt) + sup�0 |r(�; t)|)‖u‖L2(�0):The time derivative of b1(u; r) is also bounded, whene
‖ ��tb1(u; r)r2‖L2(�0) ≤ (‖|u||r|‖L2(�0) + ‖r2‖L2(�0))

≤  sup�0 |r(�; t)|(‖u‖L2(�0) + ‖r‖L2(�0)):The last two inequalities imply
‖(1 + t)l5t(u; r)‖L2(GT )

≤ (‖u‖W̃ 2+l;02 (Qt) + supGT |r(�; t)|)(‖(1 + t)u‖L2(GT ) + ‖(1 + t)r‖L2(GT ));whih ompletes the proof of (5.50).We turn to the inequality (5.49). By (5.1), (5.47) and (5.46),
‖l6(u)‖W l+3=22 (�0)

≤ ( sup�0 |N( �X)−N(��)|‖u(·; t)‖W l+3=22 (�0) + ‖N( �X)−N(��)‖W l+3=22 (�0) sup�0 |u(�; t)|)
≤ ‖u‖W̃ 2+l;02 (Qt)(‖u(·; t)‖W 1+3=22 (�0) +√t sup�0 |u(�; t)|);

‖l6(u)‖W l+1=22 (�0)
≤ ( sup�0 |N( �X)−N(��)|‖u(·; t)‖W l+1=22 (�0) + ‖N( �X)−N(��)‖W l+1=22 (�0) sup�0 |u(�; t)|)

≤ ‖u‖W̃ 2+l;02 (Qt)‖u(·; t)‖W l+1=22 (�0);46



whih implies
‖l6(u)‖W̃ l+3=2;02 (GT ) ≤ ‖u‖2̃W 2+l;02 (QT ): (5:54)Now we estimate ‖l6(u)‖W̃ 0;l=2+3=42 (GT ). We notie that l=2+3=4 ∈ (5=4; 3=2) and � = l=2+1=4 ∈(3=4; 1): We onsider the �nite di�erene�t(−h)l6(u) = (�t(−h)N( �X)) · u(�; t) + (N( �X(�; t− h))−N(��)) ·�t(−h)u(�; t)= (N( �X(�; t− h))−N(��)) ·�t(−h)u(�; t) + ∫ h0 ��tN( �X(�; t− �))d� · u(�; t):Sine | ��tN( �X)| ≤ |u(�; t)|; we have

‖�t(−h)l6(u)‖L2(�0) ≤ ‖u‖W̃ 2+l;02 (Qt)‖�t(−h)u‖L2(�0)+h supQt |u(�; �)|‖u‖L2(�0);
(∫ min(T;1)0 dhh1+2� ∫ Th t2‖�t(−h)l6(u)‖2L2(�0)dt)1=2

≤ ‖u‖W̃ 2+l;02 (QT )(∫ min(T;1)0 dhh1+2� ∫ Th t2‖�t(−h)u‖2L2(�0)dt)1=2+ supQT |u(�; t)|‖(1 + t)u‖L2(GT ): (5:55)We should also onsider the time derivative of l6(u),��t l6(u) = (N( �X)−N(��)) · ut + �N ( �X)�t · uBy Proposition 5.7, we have
‖ ��t l6(u)‖L2(�0) ≤ (‖u‖W̃ 2+l;02 (Qt)‖ut‖L2(�0) +  sup�0 |u(�; t)|‖u‖L2(�0))and

‖l6t‖L2(GT ) ≤ (‖u‖W̃ 2+l;02 (QT )‖ut‖L2(GT ) + supGT |u|‖u‖L2(GT )): (5:56)Finally, we should estimate the norm
(∫ min(T;1)0 dhh1+2�1 ∫ Th ‖�t(−h)l6t‖2L2(�0)dt)1=2 (5:57)where �1 = l=2− 1=4 ∈ (1=4; 1=2): We have�t(−h)l6t = (N( �X(�; t− h))−N(��)) ·�t(−h)ut + ut ·�t(−h)N( �X) + �t(−h)(�N ( �X)�t · u):47



Sine N ∗(R(x)) is a smooth funtion in a neighborhood of G, we obtain
‖�t(−h)l6t‖L2(�0) ≤ (‖u‖W̃ 2+l;02 (Qt)‖�t(−h)ut(·; t)‖L2(�0) + h supQt |u(�; t)|‖ut‖L2(�0)+ ∫ h0 ‖|ut(�; t− �)||u(�; t− �)|‖L2(�0)d�);from whih it follows that (5.57) does not exeed‖u‖W̃ 2+l;02 (QT )‖ut‖W 0;l=2−1=42 (Gt) +  supGT |u(�; t)|(‖ut‖L2(GT ) + ‖u‖L2(GT ))Thus,

‖l6(u)‖W̃ 0;l=2+3=42 (GT ) ≤ (‖u‖W̃ 2+l;02 (QT ) + supQT |u(�; t)|)‖u‖W̃ 0;l=2+3=42 (GT ):This ompletes the proof of both (5.49) and the proposition.It is lear that the estimates (3.22) are onsequenes of (5.25), (5.26), (5.38), (5.49), (5.50).6 Proof of Proposition 3.2.In this setion, we estimate the norms ‖u‖L2(
0) and ‖r‖W−1=22 (�0). We start with the followingauxiliary proposition.Proposition 6.1. For an arbitrary f0 ∈ W 1=22 (G) suh that ∫
G
f0(z)dS = 0 one an onstruta divergene free vetor �eld W 0(z), z ∈ F , satisfying the onditionsW 0|S = 0; W 0|G =Nf0 (6:1)and the inequalities

‖W 0‖W 12 (F) ≤ ‖f0‖W 1=22 (G);
‖W 0‖L2(F) ≤ ‖f0‖L2(G): (6:2)The relation between W 0 and f 0 is linear.Proof. We de�ne W 0(x) as a solution of the stationary Stokes problem

−∇2W 0(x) +∇Q0(x) = 0; ∇ ·W 0(x) = 0; x ∈ F ;W 0|S = 0; W 0|G =N(x)f0(x):For an arbitrary f0 ∈ W 1=22 this problem has a unique generalized solution W 0 ∈ W 12 (
0), Q0 ∈L2(F), satisfying the normalization ondition ∫
F
Q0(x)dx = 0: By the trae theorem for the Sobolevspaes, we an onstrut the vetor �eldW 1 ∈W 12 (F) (not neessarily divergene free) satisfying(6.1),(6.2). The di�erene W 0 −W 1 = U is a generalized solution of the problem

−∇2U(x) +∇Q0(x) = ∇2W 1(x); ∇ ·U(x) = −∇ ·W 1(x); x ∈ F ;48



U |S = 0; U |G = 0; ∫

F

Q0(x)dx = 0:We multiply the �rst equation by U and integrate over F . Then we integrate by parts whih leadsto ∫

F

|∇U |2dx = −
∫

F

Q0(x)∇ ·W 1(x)dx− ∫

F

∇W 1 : ∇Udx
≤ ‖∇W 1‖L2(F)(‖Q0‖L2(F) + ‖∇U‖L2(F)):Sine the pressure Q0 satis�es the inequality
‖Q0‖L2(F) ≤ (‖∇U‖L2(F) + ‖∇W 1‖L2(F));we obtain
‖∇U‖L2(F) ≤ ‖∇W 1‖L2(F) ≤ ‖f0‖W 1=22 (G);whih proves (6:21).To prove (6:22), we de�ne '(x) and  (x) as a solution of the problem

−∇2'(x) +∇ (x) =W 0(x); ∇ ·'(x) = 0; x ∈ F ;'|S = 0; '|G = 0; ∫

F

 (x)dx = 0;and we reall that '(x),  (x) satisfy the well-known oerive estimate
‖'‖W 22 (F) + ‖ ‖W 12 (F) ≤ ‖W 0‖L2(F):By the Green identity, we have

∫

F

|W 0(x)|2dx = −
∫

G

f0(x)N(x) · T (';  )N(x)dS:Inequality (6:22) follows from this relation and the oerive estimate. The proposition is proved.In our appliations the funtion f0 depends also on t ∈ (0; T ). Sine the relation between W 0and f0 is linear, (6:22) implies
‖W 0t‖L2(F) ≤ ‖f0t‖L2(G): (6:3)We assume that �t is given by the equation (1.10), and we map F on 
t by the transformationx = z +N ∗(z)�∗(z; t) ≡ e�(z); z ∈ F ;with �∗ subjet to

‖�∗(·; t)‖W l1+1=22 (F) ≤ ‖�(·; t)‖W l12 (G) ≪ 1;
∀l1 ∈ [0; l + 1 − �℄; � ∈ (0; l − 1). Let L be the Jaobi matrix of this transformation, L = detL;
L̂ = LL−1. We de�ne the vetor �eld W (x; t), x ∈ 
t, byW (e�(z); t) = L(z; �)L(z; �)W 0(z; t) ≡ W̃ (z; t): (6:4)49



We have W 0(z; t) = L̂(z; t)W̃ (z; t);whih implies 0 = ∇z ·W 0 = 3∑k;m=1 L̂km�W̃m�zk = L(z; �)∇x ·W (x; t)|x=e�(z):Hene, W (x; t) is also divergene free andW · n|�t = W̃ · L̂TN
|L̂TN |

= W 0 ·N
|L̂TN |

= f0(z; t)
|L̂TN |

≡ f(x; t); x = e�(z):Now we estimate the norms ‖W ‖W 12 (
t) and ‖W t‖L2(
t). Sine the norm ‖�‖W l+1−�2 (G) is small,we have L ≥  > 0 and
‖W ‖L2(
t) ≤ ‖W̃ ‖L2(F) ≤ ‖W 0‖L2(F) ≤ ‖f0‖L2(G): (6:5)Moreover, from the relation��xkW (x; t) = 3∑m=1 `mk(( ��ym LL)W 0 + LL �W 0�zm ); x = e�(z);where `mk are elements of L−1, we obtain
‖∇W ‖L2(
t) ≤ ( 3∑m=1 ‖( ��ym LL)

‖L3(F)‖W 0‖L6(F)+sup�0 ∣∣∣LL ∣∣∣‖∇zW 0‖L2(F)) ≤ ‖W 0‖W 12 (F) ≤ ‖f0‖W 1=22 (F); (6:6)beause
‖`mk( ��ym LL)

‖L3(F) ≤  ∑

|j|≤2 ‖Dj�∗‖L3(G) ≤ ‖�∗‖W 5=22 (F) ≤ ‖�‖W 22 (F) ≤ :We pass to the estimate of W t. First we onsiderW̃ t = LL �W 0�t + ( ��t LL)W 0:By (6.2), (6.3), we have
‖W̃ t‖L2(F) ≤ sup

F
|LL |‖W 0t‖L2(F)+‖W 0‖L6(
t)(‖∇�∗t (·; t)‖L3(F) + ‖�∗t‖L3(F)) ≤ (‖f0t‖L2(G) + ‖f0‖W 1=22 (G)):50



Finally, from W̃ t(z; t) =W t(x; t) + 3∑k=1W xkN∗k (z)�∗t (z; t)∣∣∣x=e�(z)we obtain
‖W t‖L2(
t) ≤ ‖W̃ t‖L2(F) + ‖∇xW ‖L2(
t)

≤ (‖f0t‖L2(G) + ‖f0‖W 1=22 (G)): (6:7)Proof of proposition 3.2. We follow the arguments in [9℄. We multiply the �rst equation in(1.4) by w(x; t) and integrate over 
t. After simple alulations we arrive at12 ddt ∫
t |w(x; t)|2dx+ �2 ∫
t |S(w)|2dx− ∫�t(m(x)− a2)w · ndS = 0:The surfae integral is equal toddt ∫
t(m(x)− a2)dx = ddt(∫
t(m(x)− a2)dx− ∫

F

(m(z)− a2)dz):As shown in [10℄ (see (2.16)-(2.18)),
∫
t(m(x)− a2)dx− ∫

F

(m(z)− a2)dz = ∫

G

(m(z)− a2)�(z; t)dS+ ∫

G

(�m(z)�N − (m(z)− a2)H(z))�2(z; t) + q(�)= ∫

G

�m(z)�N �2(z; t)dS + q(�)where H is the doubled mean urvature of G and q(�) is a remainder term satisfying the inequality
|q(�)| ≤  ∫

G

|�(z; t)|3dS:Hene, ddt(12 ∫
t |w(x; t)|2dx+ ∫

G

b(z)�2(z; t)dS − q(�))+ �2 ∫
t |S(w)|2dx = 0; (6:8)where b(z) = −�m(z)�N ≥ b0 > 0:We obtain one more relation, multiplying the �rst equation in (1.4) by the vetor �eldW (x; t)de�ned in (6.4) and integrating over 
t (the funtion f0 will be hosen later). This leads toddt ∫
t w ·W dx− ∫
t w · (W t + (w · ∇)W )dx+ 2! ∫
t(e3 ×w) ·W dx51



+�2 ∫
t S(w) : S(W )dx− ∫�t(m(x)− a2)fdS = 0: (6:9)Now, we multiply (6.9) by a small  > 0 and add to (6.8). This gives (3.24) withE(t) = 12 ∫
t |w(x; t)|2dx+ ∫

G

b(z)�2(z; t)dS − q(�) +  ∫
t w(x; t) ·W (x; t)dx;E1(t) = �2 ∫
t |S(w)|2dx−  ∫
t w · (W t + (w · ∇)W )dx+2! ∫
t(e3 ×w) ·W dx + �2 ∫
t S(w) : S(W )dx−  ∫�t(m(x)− a2)fdS: (6:10)It is lear that (3.25) holds if  is suÆiently small. Let us onsider the surfae integral in(6.10). We introdue a projetion of � on the subspae L̂2(G) of funtions orthogonal to onstantsin L2(G): P� = �(z; t)− 1
|G|

∫

G

�(y; t)dS;and set f = f0
|L̂TN |where f0 ∈ L̂2(G) is a solution of the equationPbf0 = PbPf0 = (−�G)−1=2P�and �G is the Laplae-Beltrami operator on G. This equation is uniquely solvable beause theoperator PbP is positive de�nite in the subspae L̂2(G); and the Laplae-Beltrami operator atsin this subspae. It is lear that

‖f0‖W 1=22 (G) ≤ ‖(−�G)−1=2P�‖W 1=22 (G) ≤ ‖P�‖W−1=22 (G): (6:11)Sine the funtion '(z; �) (1.15) satis�es (1.14), we have
∣∣∣
∫

G

�(z; t)dz∣∣∣ = ∣∣∣
∫

G

(�− ')dS∣∣∣ = ∣∣∣
∫

G

(�22 H− �33 K)dS∣∣∣

≤ ‖�‖W−1=22 (G)‖�2H− �23 K‖W 1=22 (G) ≤ Æ‖�‖W−1=22 (G):This shows that
‖�− P�‖W−1=22 (G) ≤ Æ‖�‖W−1=22 (G)and for small Æ −1‖�‖W−1=22 (G) ≤ ‖P�‖W−1=22 (G) ≤ ‖�‖W−1=22 (G):52



The di�erene m(x)− a2 an be written in the formm(x)− a2 = m(e�(z))−m(z) = −b(z)� + ∫ 10 (1− s)�2m(es�)�s2 ds
≡ −b(z)� +m′(z; �)�2 (6:12)where m′(z; �) = ∫ 10 (1− s) 3∑j;k=1mjk(z + sN(z)�)dsNj(z)Nk(z):Hene

−
∫�t(m(x)− a2)fdS = ∫

G

(b(z)�(z; t) − �2m′(z; �))f0dS = ∫

G

P�(−�−1=2
G )P�dS+ ∫

G

b(z)(� − P�)f0dS −
∫

G

�2m′(z; �)f0dS: (6:13)The integral ∫
G
P�(−�−1=2

G )P�dS is equivalent to ‖P�‖2W−1=22 (G), and the last two terms in (6.13)do not exeed
‖�− P�‖W−1=22 (
0)‖bf0‖W 1=22 (
0) + ‖�‖W−1=22 (
0)‖�m′(·; �)f0‖W 1=22 (
0)

≤ Æ‖�‖2W−1=22 (G):This shows that for small Æ
−

∫�t(m(x)− a2)fdS ≥ ‖�‖2W−1=22 (G):By (6.5)-(6.7), other terms in (6.10) are estimated in the following way:
∣∣∣2! ∫
t(e3 ×w) ·W dx+ �2 ∫
t S(w) : S(W )dx∣∣∣

≤ ‖w‖W 12 (
t)‖W ‖W 12 (
t) ≤ ‖w‖W 12 (
t)‖�‖W−1=22 (G);∣∣∣ ∫
tw · (w · ∇)W dx∣∣∣ ≤ ‖w‖2L4(
t)‖�‖W−1=22 (G);∣∣∣ ∫
t w ·W tdx∣∣∣ ≤ ‖w‖L2(
t)(‖�t‖L2(G) + ‖�‖W−1=22 (G)):Sine the kinemati boundary onditions in (1.4), V ′n = w · n′, an be written in an equivalentform �t(z; t) = w(e�(z); t) · L̂T (z; t)N(z)N(z) · L̂T (z; �)N (z) ;we have ‖�t‖L2(G) ≤ ‖w‖L2(�t). Finally, we use the Korn inequality
‖w‖W 12 (
t) ≤ ‖S(w)‖L2(
t)and show that (3.26) holds in the ase of small Æ and . Proposition 3.2 is proved.53



7 On the solvability of the problems (3.29) and (3.31).Let us go bak to Theorems 3.7 and 3.8 on the solvability of the problems (3.29) and (3.31). We on-sider the seond slightly more ompliated problem. It is studied in the spaes Ŵ l;l=22 (QT;T+1); l >1; with the norm
‖u‖Ŵ l;l=22 (QT;T+1) = ‖u‖W l;l=22 (QT;T+1) + T‖u‖W l−1;l=2−1=22 (QT;T+1);we also set

‖u‖Ŵ l;02 (QT;T+1) = ‖u‖W l;02 (QT;T+1) + T‖u‖W l−1;02 (QT;T+1);
‖u‖Ŵ 0;l=22 (QT;T+1) = ‖u‖W 0;l=22 (QT;T+1) + T‖u‖W 0;l=2−1=22 (QT;T+1):The spaes Ŵ l;l=22 (GT;T+1) of funtions de�ned on GT;T+1 are introdued in a similar way.For the analysis of the problem (3.31) we need some additional estimates of the expressionsl1(u; q); l2(u); l3(u); l4(u):Proposition 7.1. Assume that u; q are de�ned in QT , extended in the time interval (T; T +1)aording to the rule (3.30), and that

‖u‖W̃ 2+l;1+l=22 (QT ) + ‖∇q‖W̃ l;l=22 (QT ) ≤ Æ;moreover, let v; v′; p; p′ satisfy the onditions v(�; t) = v′(�; t) = 0, p(�; t) = p′(�; t) = 0 for t ≤ T ,v; v′ ∈ Ŵ l+2;l=2+12 (QT;T+1), ∇p;∇p′ ∈ Ŵ l;l=22 (QT;T+1) and
‖v‖Ŵ l+2;l=2+1=22 (QT;T+1) + ‖∇p‖Ŵ l;l=22 (QT;T+1) ≤ Æ;
‖v′‖Ŵ l+2;l=2+1=22 (QT;T+1) + ‖∇p′‖Ŵ l;l=22 (QT;T+1) ≤ Æwith suÆiently small Æ > 0: Then

‖l1(u0 + v; q0 + p)− l1(u0 + v′; q0 + p′)‖Ŵ l;l=22 (QT;T+1)
≤ Æ(‖v − v′‖Ŵ l+2;l=2+12 (QT;T+1) + ‖∇(p− p′)‖Ŵ l;l=22 (QT;T+1));

‖l2(u0 + v)− l2(u0 + v′)‖Ŵ l+1;02 (QT;T+1) + ‖L(u0 + v)−L(u0 + v′)‖Ŵ 0;1+l=22 (QT;T+1)+‖l3(u0 + v)− l3(u0 + v′)‖Ŵ l+1=2;l=1+1=42 (GT;T+1)+‖l4(u0 + v)− l4(u0 + v′)‖Ŵ l+1=2;l=1+1=42 (GT;T+1) ≤ Æ‖v − v′‖Ŵ 2+l;1+l=22 (QT;T+1); (7:1)where u0; q0 are de�ned in (3.30).In addition,
‖`4(v)− `4(v′)‖Ŵ l+1;l=2+1=42 (GT;T+1) ≤ Æ‖v − v′‖Ŵ 2+l;1+l=22 (QT;T+1): (7:2)54



Inequality (7.2) is obvious. The proof of (7.1) is based on the estimates of the di�erenesAij−A′ij, where Aij and A′ij are o-fators orresponding to the transformations x = �+∫ t0 u(�; �)d�and x = � + ∫ t0 u′(�; �)d� , respetively.Proposition 7.2. If u, u′ satisfy (5.13), then
‖A(·; t)− A′(·; t)‖W l12 (
0) ≤ ‖∇(u− u′)‖W̃ l+1;02 (Qt); (7:3)sup
0 |A(�; t)−A′(�; t)| ≤ ‖∇(u− u′)‖W̃ l+1;02 (Qt); (7:4)

‖A(·; t)− A′(·; t)‖W l+12 (
0) ≤ (1 +√t)‖∇(u− u′)‖W̃ l+1;02 (Qt); (7:5)
‖At(·; t)− A′t(·; t)‖W l2(
0)

≤ (‖∇(u(·; t)− u′(·; t))‖W l2(
0) + ‖∇(u− u′)‖W̃ l+1;02 (Qt)‖∇u′‖W l2(
0)); (7:6)
‖Att −A′tt‖L2(Qt) ≤ ‖∇(u− u′)‖W l+1;l=2+1=22 (Qt); (7:7)
‖∇At −∇A′t‖W l;02 (Qt) ≤ ‖∇(u− u′)‖W l;02 (Qt); (7:8)where l1 < l + 1=2:Proof. Inequalities (7.3)-(7.5) follow easily from the obvious estimates

‖D(·; t)−D′(·; t)‖W l12 (
0) ≤ ‖∇(u− u′)‖W̃ l+1;02 (Qt);sup
0 |D(�; t)−D′(�; t)| ≤ ‖∇(u− u′)‖W̃ l+1;02 (Qt);
‖D(·; t)−D′(·; t)‖W l+12 (
0) ≤ (1 +√t)‖∇(u− u′‖W̃ l+1;02 (Qt):Other estimates follow from the fat that Aijt−A′ijt are linear ombinations of �(uk−u′k)��m , �(uk−u′k)��m Dqi,�u′k��m (Dqi − D′qi), Aijtt − A′ijtt are linear ombinations of �2(uk−u′k)��m�t �2(uk−u′k)��m�t Dqi, �2u′k��m�t(Dqi − D′qi);�(uk−u′k)��m �uq��i , ���s (Aijt − A′ijt) are linear ombinations of �2(uk−u′k)��m��s , �2(uk−u′k)��m��s Dqi, �2u′k��m��s (Dqi − D′qi),�(uk−u′k)��m �Dqi��s , �u′k��m �(Dqi−D′qi)��s . We have

‖At − A′t‖W l2(
0) ≤ ‖∇(u− u′)‖W l2(
0)(1 + sup
0 |D(�; t)|+ ‖D‖W 3=22 (
0))+‖∇u′‖W l2(
0)( sup
0 |D(�; t)−D′(�; t)|+ ‖D −D′‖W 3=22 (
0))
≤ (‖∇(u− u′)‖W l2(
0) + ‖∇(u− u′)‖W̃ l+1;02 (Qt)‖∇u′‖W l2(
0));

‖Att −A′tt‖L2(Qt) ≤ (‖∇(ut − u′t)‖L2(Qt) + ‖∇(u− u′)‖W̃ l+1;02 (Qt)+‖∇(u− u′)‖W l;02 (Qt) supt′<t ‖∇u(·; t′)‖W l2(
0));55



whih implies (7.7). Finally,
‖∇(At − A′t)‖W l2(
0) ≤ (‖D2(u− u′)‖W l2(
0) +√t sup
0 |∇(u(�; t)− u′(�; t))|+√t‖∇(u(·; t)− u′(·; t))‖W 3=22 (
0)) + ‖∇(u− u′)‖W̃ l+1;02 (Qt)(‖∇u′‖W l+12 (
0)+√t sup
0 |∇u′(�; t)|+√t‖∇u′(·; t)‖W 3=22 (
0));whih implies (7.8). The proposition is proved.The proof of (7.1) is analogous to that of Propositions 5.5 and 5.6. We illustrate the methodof obtaining these inequalities for the simple ase

P = (I − A)∇q − (I −A′)∇q′ = P1 + P2;where q = q0 + p, q′ = q0 + p′, P1 = (I −A′)∇(q − q′); P2 = (A′ −A)∇q: We also set u = u0 + v,u′ = u0 + v′. The norm ‖P1‖Ŵ l;02 (QT;T+1) an be estimated preisely as in Proposition 5.5:
‖P1‖Ŵ l;02 (QT;T+1) ≤ ‖∇u′‖W̃ l+1;02 (QT+1)‖∇(q − q′)‖W̃ l;02 (QT+1)

≤ Æ‖∇(p− p′)‖Ŵ l;02 (QT;T+1):Moreover, we have
‖�t(−h)P1‖L2(
0) ≤ sup
0 |I −A′(�; t− h)|‖�t(−h)∇(q − q′)‖L2(
0)+h supt<T ‖A′t(·; t)‖W l2(
0)‖∇(q − q′)‖W l2(
0);
‖�t(−h)P1‖L2(
0) ≤ sup
0 |I −A′(�; t− h)|‖�t(−h)∇(q − q′)‖L2(
0)+√h‖A′t‖W l+1;02 (Qt)‖∇(q − q′)‖W l−12 (
0);and, as a onsequene, (∫ 10 dhh1+l ∫ T+1T+h ‖�t(−h)P1‖2L2(
0)dt)1=2
≤ ‖u′‖W̃ l+1;02 (QT+1(∫ 10 dhh1+l ∫ T+1T+h ‖�t(−h)∇(q − q′)‖2L2(
0)dt)1=2+ sup�<h ‖u′(·; t− �)‖W l2(
)‖∇(q − q′)‖W l;02 (QT;T+1);

( ∫ 10 dhhl ∫ T+1T+h t2‖�t(−h)P1‖2L2(
0)dt)1=2
≤ ‖∇u′‖W̃ l+1;02 (QT+1(∫ 10 dhhl ∫ T+1T+h t2‖�t(−h)∇(q − q′)‖2L2(
0)dt)1=256



+‖∇u′‖W l;02 (QT;T+1)‖t∇(q − q′)‖W l−1;02 (QT;T+1);whih implies
‖P1‖Ŵ 0;l=22 (QT;T+1) ≤ Æ‖∇(p− p′)‖Ŵ l;l=22 (QT;T+1):Hene,
‖P1‖Ŵ l;l=22 (QT;T+1) ≤ Æ‖∇(p− p′)‖Ŵ l;l=22 (QT;T+1):The funtion P2 is estimated in a similar way. We have

‖P2‖Ŵ l;02 (QT;T+1) ≤ ‖∇(u− u′)‖W̃ l+1;02 (QT+1)‖∇q‖Ŵ l;02 (QT+1)
≤ Æ‖∇(v − v′)‖Ŵ l;02 (QT;T+1)(we have used the fat that u− u′ = v − v′ = 0 for t ≤ T ); moreover, from

‖�t(−h)P2‖L2(
0) ≤ sup
0 |A(�; t− h)− A′(�; t− h)|‖�t(−h)∇q‖L2(
0)+h supt<T ‖At(·; t)− A′t(·; t)‖W l2(
0)‖∇q‖W l2(
0);
‖�t(−h)P2‖L2(
0) ≤ sup
0 |A(�; t− h)− A′(�; t− h)|‖�t(−h)∇q‖L2(
0)+√h‖At − A′t‖W l+12 (Qt)‖∇q‖W l−12 (
0)we obtain

‖P2‖Ŵ 0;l=22 (QT;T+1) ≤ Æ‖∇(v − v′)‖Ŵ l+1;02 (QT;T+1):Hene
‖P‖Ŵ l;l=22 (QT;T+1) ≤ Æ(‖∇(v − v′)‖Ŵ l+1;02 (QT;T+1) + ‖∇(p− p′)‖Ŵ l;l=22 (QT;T+1)):Other inequalities in Proposition 7.1 are also obtained by the arguments presented in the proofof Propositions 5.5 and 5.6, on the basis of (7.3)-(7.8). The details are omitted.As in [3℄, we establish the solvability of the problem (3.31) by the method of suessive approx-imations: vm+1t + 2!(e3 × vm+1)− �∇2vm+1 +∇pm+1= l1(u0 + vm; q0 + pm)− l1(u0; q0) + f(�; t);

∇ · vm+1 = l2(u0 + vm)− l2(u0) + f(�; t); � ∈ 
0; t > T;�0S(vm+1)n0 = l3(u0 + vm)− l3(u0) + d(�; t); (7:9)
−pm+1 + �n0 · S(vm+1)n0 − `3(vm+1) = l4(u0 + vm)− l4(u0)+`4(vm) + d(�; t); � ∈ �0;vm+1(�; t) = 0; � ∈ S;vm+1(�; T ) = 0; � ∈ 
0;57



m = 0; 1; :::: As the zero approximation, we take v0 = 0; p0 = 0; so v1; p1 are found as a solutionof a linear problem v1t + 2!(e3 × v1)− �∇2v1 +∇p1 = f(�; t);
∇ · v1 = f(�; t); � ∈ 
0; t > T;�0S(v1)n0 = d(�; t); (7:10)

−p1 + �n0 · S(v1)n0 − `3(v1) = d(�; t); � ∈ �0;v1(�; t) = 0; � ∈ S;v1(�; T ) = 0; � ∈ 
0:The funtions f , f = ∇ · F , d, d are de�ned in (3.32). They satisfy the inequality
‖f‖Ŵ l;l=22 (QT;T+1) + ‖f‖Ŵ l+1;02 (QT;T+1) + ‖F ‖Ŵ 0;1+l=22 (QT;T+1)+‖d‖Ŵ l+1=2;l=2+1=42 (GT;T+1) + ‖d‖Ŵ l+1=2;l=2+1=42 (GT;T+1) ≤ U(T );where U(T ) = ‖u‖W̃ 2+l;1+l=22 (QT ) + ‖∇q‖W̃ l;l=22 (GT ):This inequality follows from the estimates of nonlinear terms obtained in Se. 5. The di�erenem(X[u0℄)−m(0)(X[u0℄) needs a speial treatment. It an be written in the formm(X[u0℄)−m(0)(X[u0℄) = −3(m(X0(�; t))−m((X0(�; 2T − t)))+4(m(X0(�; t))−m((X0(�; 3T=2− t=2)));where X0(�; t) = X[u0℄(�; t); t ∈ (T; T + 1). SineX0(�; t) = X0(�; 2T − t) + ∫ t2T−t u0(�; �)d�;we have m(X0(�; t))−m((X0(�; 2T − t))= ∫ 10 ∇m(X0(�; 2T − t) + s ∫ t2T−t u0(�; �)d�))ds · ∫ t2T−t u0(�; �)d�;m(X0(�; t))−m((X0(�; 3T=2− t=2))= ∫ 10 ∇m(X0(�; 3T=2− t=2) + s ∫ t3T=2−t=2 u0(�; �)d�)ds · ∫ t3T=2−t=2 u0(�; �)d�:These expressions are estimated in the same way as the di�erene (5.48). The norm ‖m(X[u0℄)−m(0)(X[u0℄)‖W̃ 0;l=2+1=42 (GT ) is estimated with the help of (5.8). As result, we obtain

‖m(X[u0℄)−m(0)(X[u0℄)‖W̃ l+1=2;l=2+1=42 (GT ) ≤ ‖u‖W̃ l+2;l=2+12 (QT ):58



The problem (7.10) di�ers from (3.8) by the presene of additional linear terms 2!(e3 × v1)and `3(v1). But they are of a lower order, so estimate (3.12) is still appliable to (7.10). Theompatibility onditions are satis�ed, hene, this problem is uniquely solvable and the solutionsatis�es the inequalityX1(T ) ≡ ‖v1‖Ŵ l+2;l=2+12 (QT;T+1) + ‖∇p1‖Ŵ l;l=22 (QT;T+1) ≤ U(T ):By (3.28), U(T ) ≤ �. It is easily seen that v1t|t=T = 0; p1|t=T = 0:If vm and pm are found and the funtions u,q, vm; pm, v′ = 0; p′ = 0 satisfy the assumptionsof Proposition 7.1, then we an �nd vm+1; pm+1 as a solution of the problem (7.9). By virtue of(3.12). (7.1), (7.2),Xm+1(T ) = ‖vm+1‖Ŵ l+2;l=2+12 (QT;T+1) + ‖∇pm+1‖Ŵ l;l=22 (QT;T+1) ≤ 1ÆXm(T ) + 2U(T ): (7:11)Let � in (3.4) be so small that 2(1− 1Æ)−1U(T ) ≤ Æ. IfXm(T ) ≤ 2(1− 1Æ)−1U(T ); (7:12)then it follows from (7.11) that Xm+1 satis�es the same inequality and u,q, vm+1; pm+1, v′ = 0; p′ =0 satisfy the assumptions of Proposition 7.1. This allows us to �nd vm+2; pm+2 and so forth. Inthis way we �nd all the approximations vm; pm and obtain a uniform estimate (7.12) for them.Sine the funtions (3.32) vanish for t = T , we have vt|t=T = 0; p|t=T = 0:To prove the onvergene of the sequene vm; pm, we estimate the di�erenes wm+1 = vm+1 −vm; sm+1 = pm+1 − pm, m = 1; 2; :::. They satisfy the relationswm+1t + 2!(e3 ×wm+1)− �∇2wm+1 +∇sm+1= l1(u0 + vm; q0 + pm)− l1(u0 + vm−1; q0 + pm−1);
∇ ·wm+1 = l2(u0 + vm)− l2(u0 + vm−1); � ∈ 
0; t > T;�0S(wm+1)n0 = l3(u0 + vm)− l3(u0 + vm−1);

−sm+1 + �n0 · S(wm+1)n0 − `3(wm+1) = l4(u0 + vm)− l4(u0 + vm−1)+`4(vm)− `4(vm−1); � ∈ �0;wm+1(�; t) = 0; � ∈ S;wm+1(�; T ) = 0; � ∈ 
0:By inequalities (3.12), (7.12), and Proposition 7.1, we haveZm+1(T ) ≤ ÆZm(T );where Zm(T ) = ‖wm‖Ŵ l+2;l=2+12 (QT;T+1) + ‖∇sm‖Ŵ l;l=22 (QT;T+1):59



It follows that ∑Mm=1 Zm+1(T ) ≤ Æ∑Mm=1 Zm(T ), and if Æ < 1=2, whih an be guaranteed bythe hoie of a small �, then ∑Mm=1 Zm+1(T ) ≤ 2Z1(T ) = 2X1(T ); whih means the onvergeneof vm; pm to a solution of the problem (3.31). It is unique, sine for the di�erene w = v − v′,s = p− p′ of the two solutions we have
‖w‖Ŵ l+2;l=2+12 (QT;T+1) + ‖∇s‖Ŵ l;l=22 (QT;T+1)

≤ 12(
‖w‖Ŵ l+2;l=2+12 (QT;T+1) + ‖∇s‖Ŵ l;l=22 (QT;T+1));so these solutions oinide. Theorem 3.8 is proved.Referenes.1. L.N.Slobodetskii, Generalized S.L.Sobolev spaes and their appliation to the boundary valueproblems for partial di�erential equations, Uhen. Zap. Leningr. Herzen Ped. Inst., 197 (1958),54-112.2. Y.Hataya, Deaying solutions of the Navier-Stokes ow without surfae tension, submittedto J.Math.Kyoto Univ.3. V.A.Solonnikov, On the stability of uniformly rotating visous inompressible self-gravitatingliquid, Zapiski Nauhn. Semin. POMI 348 (2007), 209-253.4. V.A.Solonnikov, On the linear problem related to the stability of uniformly rotating self-gravitating liquid, J.Math.Si. 144, No 6 (2007), p.4671.5. M.E.Bogovskii, Resolution of some problems of the vetor analysis onneted with the oper-ators div and grad, Trudy semin. S.L.Sobolev, No 1 (1980), 5-40.6. V.A.Solonnikov, Estimates of solutions of initial-boundary value problem for a linear nonsta-tionary system of the Navier-Stokes equations, Zapiski nauhn. semin. LOMI, 59, (1976), 178-254.7. V.A.Solonnikov, On initial-boundary value problem for the Stokes system arising in the studyof a free boundary problem, Trudy Mat. Inst. Steklov, 188, (1990), 150-188.8. E.V.Frolova, Solvability of a free boundary problem for the Navier-Stokes equations desribingthe motion of visous inompressible nonhomogeneous uid, Progress in Nonlinear Di�erentialEquations and Their Appliations, 61 (2005), 109-124.9. V.A.Solonnikov, The problem of evolution of a self-gravitating isolated uid mass that is notsubjet to the surfae tension fores, Probl. Math. Anal. 28 (2004), 123-140.10. V.A.Solonnikov, A generalized energy estimate in a problem with a free boundary for avisous inompressible uid, Zap. Nauhn. Sem. POMI 282 (2001), 216-243.
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